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Abstract: In the framework of the generalized Lorenz–Mie theory (GLMT), the optical force and
torque on a graphene-coated gold nanosphere by a vector Bessel beam are investigated. The core
of the particle is gold, whose dielectric function is given by the Drude–Sommerfeld model, and the
coating is multilayer graphene with layer number N, whose dielectric function is described by the
Lorentz–Drude model. The axial optical force Fz and torque Tz are numerically analyzed, and the
effects of the layer number N, wavelength λ, and beam parameters (half-cone angle α0, polarization,
and order l) are mainly discussed. Numerical results show that the optical force and torque peaks can
be adjusted by increasing the thickness of the graphene coating, and can not be adjusted by changing
α0 and l. However, α0 and l can change the magnitude of the optical force and torque. The numerical
results have potential applications involving the trapped graphene-coated gold nanosphere.

Keywords: optical force; optical torque; vector Bessel beam; graphene-coated gold nanosphere;
generalized Lorenz–Mie theory; polarization

1. Introduction

Light carries both linear and orbit angular momentum. During the interaction between
light and small particles, the angular momentum will be transferred from light to particle,
and the particles will experience optical force and torque. Optical tweezers, which are
based on the optical force and torque, have been used for the manipulation and rotation
of microscopic objects, and have found many particularly appealing applications in the
field of biomedical engineering. Traditional optical tweezers use Gaussian beams, which
suffer from diffraction. To overcome the diffraction, some novel manipulation techniques
based on nondiffracting beams [1–4] have been developed. Bessel beams [5–8], a typical
nondiffracting beam, can simultaneously trap and manipulate many particles in multiple
planes because of their unique properties of nondiffraction and self-healing. In addition,
by adjusting the beam parameters including half-cone angle, beam order, and polariza-
tion, Bessel beams can exert pulling force [9–36] and negative optical torque [3,37–41]
on particles.

In recently years, gold nanoparticles have proven to be an excellent tool for optical-
tweezer-based micromanipulation due to their properties of large polarizability, relatively
low cytotoxicity, and localized surface plasmon resonance (LSPR) [42–44], and optically
trapped gold nanoparticles have wide applications in bioengineering such as nanosen-
sors [45,46], bioimaging [47–50], diagnostics [51–53], etc. For instance, gold nanoaperture
optical tweezers have been used for the manipulation, sensing, and spectroscopy of biolog-
ical nanoparticles below 50 nm in size [54]. Furthermore, the gold nanoparticles have been
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used to enhance bio-optical imaging, and to improve its resolution, sensitivity, and penetra-
tion depth [55]. Because of the LSPR in the visible or near-infrared region, nanoparticles
can play crucial roles in optical tweezers by enhancing the gradient force if the trapping
laser is tuned to the long-wavelength side [56].

In recent years, graphene has attracted much attention because of its extraordinary
electro-optical properties. Adding a graphene coating on gold nanoparticle shows many
advantages and has many novel applications. The graphene can protect the nanoparticles
since it can avoid the oxidation of nanoparticles [44]. A graphene-coated gold nanoparticle
shows high thermal stability and unique optical properties, and has potential applications
for photothermal therapy (PTT) [57]. Taking graphene-coated spherical nanoparticles as
the unit cells, a tunable optical metasurface was realized [58]. In these applications, the
coating is monolayer graphene, which is considered a thin sheet with a complex surface
conductivity. Research shows that using multilayer graphene coating has many novel
applications. The increasing of graphene coating thickness (or layer number of graphene
coating) significantly shift the resonance wavelength, and the spectral properties of the
system enhances the applicability for sensing applications [44]. By increasing the graphene
coating thickness, the extinction peak of graphene-coated gold nanoparticle can be adjusted.
A gold nanoparticle coated with multilayer graphene has photothermal applications, since
graphene with a controllable thickness has excellent robustness and stability in a biological
environment [57].

Many studies have been devoted to the optical force on a graphene-coated particle,
with emphasis on the effect of the graphene coating. Caused by the local field enhancement
due to surface plasmon resonance and the nonlinear response of graphene, a tunable
optical force on graphene-coated nanoparticles can be observed [59]. With a graphene
coating, a tunable optical force on a microparticle can be realized under the illumination of
Gaussian [60] or Bessel beams [61]. However, in these studies, the core of the particles was
dielectric. In this paper, the optical force and torque on a graphene-coated gold nanosphere
by a vector Bessel beam are investigated.

The rest of the paper is organized as follows. A general theory of the optical force and
torque on a graphene-coated gold nanosphere by a vector Bessel beam is given in Section 2.
The core is a gold sphere, whose dielectric function is given by the Drude–Sommerfeld
model. The coating is multilayer graphene with layer number N, whose dielectric function
is described by the Lorentz–Drude model. The generalized Lorenz–Mie theory for optical
force and torque are given. The scattering coefficients are the traditional Mie scattering
coefficients for a coated sphere, and the beam-shaped coefficients are given based on the
angular spectrum decomposition method and multipole expansion. The optical force
and torque are expressed in terms of the surface integration of a Maxwell stress tensor.
Section 3 discusses some numerical results of the optical force and torque exerted on a
graphene-coated gold nanosphere, with emphasis on the effects of the graphene coating
thickness and the beam parameters including half-cone angle α0, order l, and polarization.
A conclusion of the present work is outlined in Section 4.

2. Theory

Consider a graphene-coated gold nanosphere illuminated by a vector Bessel beam,
as shown in Figure 1. The center of the particle is located at O, which is the origin of the
coordinate system O− xyz. The center of the beam is located at O′, which is the origin of
the coordinate system O′ − x′y′z′. The coordinates of the beam center O′ in O− xyz are
(x0, y0, z0). The refractive index of the surrounding media is m3, which is assumed to be 1
in our calculation.
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Figure 1. Geometry of a graphene-coated gold nanosphere illuminated by a vector Bessel beam.

The core of the particle is a gold nanosphere, whose radius is r1 and whose dielectric
function is given by the Drude–Sommerfeld model [57,62]:

ε1(ω) = εb −
ω2

Au
ω(ω + iγAu)

(1)

with
γAu = γbulk + A

vF
ae f f

(2)

where ω is the angular frequency, εb is the phenomenological parameter, ωAu is the bulk
plasmon frequency of gold, γbulk is the frequency of electron collisions, A is a constant
parameter for matching theoretical and experimental results, vF is the Fermi velocity of the
electron, and ae f f is the effective radius of the particle. In our calculation, they are εb = 9.8,
ωAu = 9 eV, γbulk = 0.066 eV, A = 0.25, and vF = 1.4× 106 m/s.

The coating is multilayer graphene with layer number N, and its thickness is τG = Nτsg.
τsg is the thickness of monolayer graphene, and is taken to be 0.335 nm in our calculation.
The dielectric function of graphene can be given by the Lorentz–Drude mode [57,63]:

ε(ω) = ε∞ −
ωp

2

ω2 + iωγ
+

N

∑
j=1

∆ε jΩ2
j

Ω2
j −ω2 − iωΓj

(3)

In our calculation, the parameters in Equation (3) were: ε∞ = 1.964, ∆ε j = (6.99, 1.69, 1.53),
h̄ωp = 6.02 eV, h̄γ = 4.52 eV, h̄Ωj = (3.14, 4.03, 4.59) eV, and h̄Γj = (7.99, 2.01, 0.88) eV.

The incident beam is an l-order vector Bessel beam propagating along the z axis, and
its electric field can be given by the angular spectrum decomposition method (ASDM):

E(r, θ, φ) =
∫ 2π

β=0
Epw0Queilβeik·(r−r0)dβ (4)

where k is the wave vector, r is the position vector, and r0 = (x0, y0, z0) is the center of the
beam. The vector complex polarization function Qu with the superscript u denoting the
polarization state is [64,65]

Qu =

 px(cos α0cos2β + sin2β)− py(1− cos α0) sin β cos β

−px(1− cos α0) sin β cos β + py(cos α0sin2β + cos2β)
−px sin α0 cos β− py sin α0 sin β

 (5)

where α0 is the half-cone angle of the Bessel beam. By choosing px and py, we can obtain
the electric field of the vector Bessel beam with various polarizations using Equation (4).
For convenience, the electric fields of Bessel beams with linear, circular, radial, azimuthal,
and mixed polarizations are given in Appendix A.
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According to the generalized Lorenz–Mie theory (GLMT), the incident and scattered
electric fields can be expanded using VSWFs and BSCs (gm

n,TE, gm
n,TM) [66,67]:

Ei =
∞

∑
n=1

n

∑
m=−n

cpw
n

[
gm,u

n,TMN(1)
mn(kr) + igm,u

n,TEM(1)
mn(kr)

]
(6)

Hi = −
ik
ω

∞

∑
n=1

n

∑
m=−n

cpw
n

[
gm,u

n,TMM(1)
mn(kr) + igm,u

n,TEN(1)
mn(kr)

]
(7)

Es =
∞

∑
n=1

n

∑
m=−n

cpw
n

[
Am,u

n N(4)
mn(kr) + iBm,u

n M(4)
mn(kr)

]
(8)

Hs = −
ik
ω

∞

∑
n=1

n

∑
m=−n

cpw
n

[
Am,u

n M(4)
mn(kr) + iBm,u

n N(4)
mn(kr)

]
(9)

where k = 2π/λ = ω/c is the wavenumbers. cpw
n is defined by

cpw
n = in+1 2n + 1

n(n + 1)
. (10)

According to the GLMT, we can obtain the relation between the expansion coefficients
of scattered fields (Am,u

n , Bm,u
n ) and BSCs (gm,u

n,TM, gm,u
n,TE), which have been derived in our

previous papers and are given in Appendix B for convenience:

Am,u
n = angm,u

n,TM, Bm,u
n = bngm,u

n,TE (11)

where an and bn are traditional Mie scattering coefficients for a coated sphere:

an =
ψn(y)[ψ′n(m2y)− Anχ′n(m2y)]−m2ψ′n(y)[ψn(m2y)− Anχn(m2y)]
ξn(y)[ψ′n(m2y)− Anχn ′(m2y)]−m2ξn ′(y)[ψn(m2y)− Anχn(m2y)]

(12)

bn =
m2ψn(y)[ψn

′(m2y)− Bnχn
′(m2y)]− ψn

′(y)[ψn(m2y)− Bnχn(m2y)]
m2ξn(y)[ψn ′(m2y)− Bnχn ′(m2y)]− ξn ′(y)[ψn(m2y)− Bnχn(m2y)]

(13)

An =
m2ψn(m2x)ψn

′(m1x)−m1ψn
′(m2x)ψn(m1x)

m2χn(ñ2x)ψn ′(m1x)−m1χn ′(m2x)ψn(m1x)
(14)

Bn =
m2ψn(m1x)ψn

′(m2x)−m1ψn
′(m1x)ψn(m2x)

m2χn ′(m2x)ψn(m1x)−m1χn(m2x)ψn ′(m1x)
(15)

where ψn(x) = xjn(x), χn(x) = −xyn(x), ξn(x) = xh(1)n (x) are Ricatti–Bessel functions.
x = kr1, and y = kr2 are the dimensionless size parameters of the core and coating,
respectively.

The optical force exerted on a particle by a beam is proportional to the net momentum
removed from the incident beam, and can be expressed in terms of the surface integration
of a Maxwell stress tensor

< F >=<
∮

S
n̂ · ←→A dS > (16)

where <> represents a time average, n̂ the outward normal unit vector, and S a surface
enclosing the particle. The Maxwell stress tensor

←→
A is given by

←→
A =

1
4π

(
εEE + HH− 1

2

(
εE2 + H2

)←→
I
)

(17)

where the electromagnetic fields E and H are the total fields, namely, the sum of the incident
and scattered fields. Substituting the incident and scattered fields for a vector Bessel beam
into Equations (16) and (17), we can get the optical force according to the GLMT [66]:

Fu(r) =
2m3 I0

c

[
exCu

pr,x(r) + eyCu
pr,y(r) + ezCu

pr,z(r)
]

(18)
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where the longitudinal (Cu
pr,z) and transverse (Cu

pr,x and Cu
pr,y) radiation pressure cross

sections are

Cu
pr,z =

λ2

π

∞

∑
n=1

Re
{

1
n + 1

(Ang0,u
n,TMg0,u∗

n+1,TM

+ Bng0,u
n,TEg0,u∗

n+1,TE) +
n

∑
m=1

[
1

(n + 1)2
(n + m + 1)!
(n−m)!

× (Angm,u
n,TMgm,u∗

n+1,TM + Ang−m,u
n,TMg−m,u∗

n+1,TM

+ Bngm,u
n,TEgm,u∗

n+1,TE + Bng−m,u
n,TE g−m,u∗

n+1,TE)

+ m
2n + 1

n2(n + 1)2
(n + m)!
(n−m)!

Cn(gm,u
n,TMgm,u∗

n,TE −g−m,u
n,TMg−m,u∗

n,TE )
]}

(19)

Cu
pr,x = Re(Cu) Cu

pr,y = Im(Cu) (20)

with

Cu =
λ2

2π

∞

∑
n=1

{
− (2n + 2)!

(n + 1)2 Fn+1,u
n +

n

∑
m=1

(n + m)!
(n−m)!

1
(n + 1)2[

Fm+1,u
n − n + m + 1

n−m + 1
Fm,u

n +
2n + 1

n2 (Cngm−1,u
n,TM gm,u∗

n,TE

− Cng−m,u
n,TMg−m+1,u∗

n+1,TE + C∗ngm−1,u
n,TE gm,u∗

n,TM −C∗ng−m,u
n,TE g−m+1,u∗

n,TM )
]}

(21)

and

Fm,u
n = Angm−1,u

n,TM gm,u∗
n+1,TM + Bngm−1,u

n,TE gm,u∗
n+1,TE

+ Am∗
n g−m,u

n+1,TMg−m+1,u∗
n,TM + Bm∗

n g−m,u
n+1,TEg−m+1,u∗

n,TE

(22)

An = an + a∗n+1 − 2ana∗n+1

Bn = bn + b∗n+1 − 2bnb∗n+1 (23)

Cn = −i(an + b∗n+1 − 2anb∗n+1)

Note that Equations (19)–(23) hold for both homogeneous and coated spheres, depend-
ing on the use of Mie scattering coefficients.

The optical torque exerted can also be expressed in terms of the Maxwell stress tensor
according to the GLMT as:

< T >= −
∮

S
n̂· <←→A > ×rdS (24)

Substituting the electromagnetic fields into Equation (24) and after some algebra,
we have

lTu
x =

4m3

c
π

k3

∞

∑
n=1

n

∑
m=1

Cm
n R(Am,u

n ) (25)

Tu
y =

4m3

c
π

k3

∞

∑
n=1

n

∑
m=1

Cm
n I(Am,u

n ) (26)

Tu
z = −4m3

c
π

k3

∞

∑
n=1

n

∑
m=1

mCm
n Bm,u

n (27)



Micromachines 2022, 13, 456 6 of 22

with

Cm
n =

2n + 1
n(n + 1)

(n + |m|)!
(n− |m|)! (28)

Am,u
n = An

(
gm−1,u

n,TM gm,u∗
n,TM − g−m,u

n,TM g−m+1,u∗
n,TM

)
+ Bn

(
gm−1,u

n,TE gm,u∗
n,TE − g−m,u

n,TE g−m+1,u∗
n,TE

)
(29)

Bm,u
n = An

(∣∣∣gm,u
n,TM

∣∣∣2 − ∣∣∣g−m,u
n,TM

∣∣∣2)+ Bn

(∣∣∣gm,u
n,TE

∣∣∣2 − ∣∣∣g−m,u
n,TE

∣∣∣2) (30)

An = <(an)− |an|2 (31)
Bn = <(bn)− |bn|2. (32)

3. Numerical Results and Discussion

The theory developed in the previous section was used to calculate the optical force
and torque exerted on a graphene-coated gold nanosphere placed in a vector Bessel beam.
The axial components of the optical force Fz and torque Tz are discussed, with emphasis on
the effects of the beam order l, polarization, half-cone angle α0, and layer number N. In our
calculation, the thickness of monolayer graphene was 0.335 nm and the layer number was
N, so the thickness of the whole coating was tG = 0.335×N nm. The radius of the core was
10 nm. The beam center was assumed to be (x0, y0, z0) = (0, 0, 0), that is, the on-axis case
was considered. Note that the transverse components (Fx, Fy, Tx and Ty) and the off-axis
case ((x0, y0, z0) 6= (0, 0, 0)) were also considered but they are not given in this paper.

3.1. Optical Force

The axial optical force exerted on a graphene-coated gold nanosphere was first inves-
tigated. Figure 2 shows the axial optical force Fz on a graphene-coated gold nanosphere
with layer number N = 0 by a zeroth-order Bessel beam (l = 0). Thus, the particle is a gold
nanosphere without graphene coating. Figure 2a–f correspond to linear, circular, radial, and
azimuthal polarizations, respectively. It can be seen that the axial optical force has an island
formed by broad band peaks caused by a localized surface plasmon resonance (LSPR),
which occurs due to the collective oscillations of free electrons when the particle is placed
in the oscillating electric field of the incident beam. The islands for linear and circular
polarizations (Figure 2a–d) are the same. The island for a radial polarization (Figure 2e)
is located at the same wavelength as that for the linear and circular polarizations, since
the resonance frequency should be independent of the polarization. However, the LSPR
peak moves toward a larger half-cone angle α0. This can be explained from the dominant
electric fields for various polarizations. As shown in Appendix A, the electric fields for
linear, circular, and radial polarizations are dominated by the component including the
term Jl(σ). However, the dominant component for the radial polarization includes another
term P‖, which increases with α0. The same collective oscillations of free electrons need the
same dominant oscillating electric field of the incident beams, so a larger α0 is necessary
for the radial polarization. For the azimuthal polarization, the island disappears. This is
because the weaker electric field, which is dominated by the term Jl±1(σ), leads to a weaker
interaction between the free electrons and the incident beam.

The effects of increasing the layer number of graphene coating to N = 1 on the axial
optical force were investigated and are shown in Figure 3. A panel-to-panel comparison
of Figures 2 and 3 shows that with the increase of N, the LSPR peaks shift to the longer
wavelength. This is mainly caused by the phase retardation effect with the increase of the
graphene coating thickness, which is the same as the redshift of extinction spectra [57].
Therefore, we can use a laser beam with a longer wavelength to trap particles by increasing
the graphene layers. Furthermore, since the increase of the coating thickness leads to
the decrease of free electrons, which participate in the LSPR oscillation, the magnitude
of the axial optical force becomes smaller. Meanwhile, the peaks are broader along both
wavelength and half-cone angle directions, so we can trap the particle using a Bessel beam
in a larger spectrum and half-cone angle range. As shown in Figures 4–6, if the thickness of
the graphene coating (layer number N) is further increased, the peaks shift to the longer
wavelength, and the islands become wider.
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Figure 2. The axial optical force Fz of a zeroth-order Bessel beam centered on a graphene-coated gold
nanosphere. The layer number is N = 0, which means the particle is a gold nanosphere without
graphene coating. Panels (a–f) correspond to linear, circular, radial, and azimuthal polarizations,
respectively. The titles of panels xp, yp, rc, lc, rp, and ap denote x, y, right circular, left circular, radial,
and azimuthal polarizations, respectively.
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Figure 3. The same as in Figure 2, but with N = 1.
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Figure 4. The same as in Figure 2, but with N = 2.
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Figure 5. The same as in Figure 2, but with N = 3.
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Figure 6. The same as in Figure 2, but with N = 4.

Next, the axial optical force exerted on a graphene-coated gold nanosphere by a
first-order (l = 1) vector Bessel beam was considered, with a particular emphasis on the
effect of the graphene coating thickness. Figure 7 shows the axial optical force on a gold
nanoparticle, namely, the layer number of graphene coating is N = 0, by a first-order
Bessel beam. Figure 7a–f correspond to linear, circular, radial, and azimuthal polarizations,
respectively. A panel-to-panel comparison of Figures 2 and 7 shows that the LSPR peaks
for l = 1 are located at the same wavelength as that for l = 0, since the LSPR frequency is
the intrinsic frequency of the particle and is independent of the incident beam. Comparing
to the case of l = 0, the LSPR peaks shift to a larger half-cone angle α0 for linear and
circular polarizations, while the peaks shift to a smaller α0 for the radial polarization. This
is because for l = 1, the electric fields are dominated by the component including the term
Jl−1(σ). However, for linear and circular polarizations, a term P‖ is included. Thus, a larger
α0 is necessary for l = 1 to generate the same dominant oscillating electric field of the
incident beams as that for l = 0, and to generate the same LSPR. For the radial polarization,
in addition to the term P‖, an additional term cot(α0), which decreases with the increase of
α0, is included. Thus, a smaller α0 is necessary. Note that the LSPR peaks for the azimuthal
polarization can be seen. This is because, for l = 1, the Bessel beam with the azimuthal
polarization has a dominant electric field component including the term Jl−1(σ). Since this

electric field component has a term
P‖

sin α0
= 1

1+cos α0
, which decreases with the increase of

α0, the LSPR peaks are located at a smaller α0.
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Figure 7. The axial optical force Fz of a first-order Bessel beam centered on a graphene-coated gold
nanosphere. The layer number is N = 0, which means the particle is a gold nanosphere without
graphene coating. Panels (a–f) correspond to linear, circular, radial, and azimuthal polarizations,
respectively.

The effects of increasing the graphene coating thickness (layer number N) on the axial
optical force by a first-order vector Bessel beam were also investigated. Figures 8–11 shows
the axial optical force for layer number N = 1∼4, respectively. From a panel-to-panel
comparison of Figures 7–11, it can be seen that with the increase of the graphene coating
thickness (N), the LSPR peaks shift toward a longer wavelength and also become wider.
Furthermore, with the increase of the N, the LSPR peaks cover a larger range of the half-
cone angle, and the magnitude of the axial optical forces decrease. These characteristics
can be explained by the same method used in the case of l = 0.

For a better quantitative understanding of the effects of graphene coating thickness,
we calculated the axial optical force spectrum, namely the axial optical force Fz versus
the wavelength λ, for a single half-cone angle α0 with layer number N being a parameter.
Figures 12–14 display the results for α0 = 0◦, 20◦, and 80◦, respectively. Note that in
our calculation, only the on-axis (x0 = y0 = z0 = 0) was considered. Since zeroth-order
Bessel beams with radial and azimuthal polarizations have a zero central electric field, the
optical force vanishes as shown in Figure 12e,f. The Bessel beams with linear and circular
polarizations have a similar optical force spectrum. For N = 0, the optical force spectrum
has an LSPR peak at about λ = 474 nm. If the layer number increases to N = 1, the peak
shifts to about λ = 482 nm. If the thickness increases further, the peaks for N = 2, 3, and 4
are at λ = 490 nm, 497 nm, and 503 nm, respectively. In the meanwhile, the magnitudes of
Fz decrease with the increasing of N, and the LSPR peaks become wider once the graphene
coating thickness is added. As shown in Figures 13 and 14, the LSPR peaks for α0 = 20◦

and 80◦ are located at the same wavelength as that for α0 = 0◦ as shown in Figure 12. This
means that the increasing of the half-cone angle does not affect the LSPR frequency (or
wavelength). For the radial and azimuthal polarizations, a zeroth-order Bessel beam with
α0 6= 0◦ has a nonzero central field, so the axial optical forces are not zero. Meanwhile,
since the electric field for azimuthal polarization is weak, the optical forces are smaller than
that for other polarizations, and the LSPR vanishes. Note that the increase of the half-cone
angle affects the magnitude of the axial optical force.
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Figure 8. The same as in Figure 7, but with N = 1.

400 500 600 700 800
λ (nm)

0

30

60

90

α 0
  (
de

gr
ee

)

(a) xp

0

1

2

×10−14

400 500 600 700 800
λ (nm)

0

30

60

90

α 0
  (
de

gr
ee

)

(b) yp

0

1

2

×10−14

400 500 600 700 800
λ (nm)

0

30

60

90

α 0
  (
de

gr
ee

)

(c) rc

0

2

4

×10−14

400 500 600 700 800
λ (nm)

0

30

60

90

α 0
  (
de

gr
ee

)

(d) lc

0

2

4

6

×10−17

400 500 600 700 800
λ (nm)

0

30

60

90

α 0
  (
de

gr
ee

)

(e) rp

0.5

1.0

×10−13

400 500 600 700 800
λ (nm)

0

30

60

90
α 0
  (
de

gr
ee

)
(f) ap

0.5

1.0

×10−13

Figure 9. The same as in Figure 7, but with N = 2.
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Figure 10. The same as in Figure 7, but with N = 3.
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Figure 11. The same as in Figure 7, but with N = 4.
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Figure 12. The axial optical force Fz exerted on a graphene-coated gold nanosphere by a zeroth-order
vector Bessel beam as a function of wavelength with various layer numbers N. The half-cone angle is
α0 = 0◦.
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Figure 13. The same as in Figure 12, but with α0 = 20◦.
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Figure 14. The same as in Figure 12, but with α0 = 80◦.

The axial optical force spectrum for a first-order Bessel beam was also investigated,
and the results for α0 = 0◦, 20◦, and 80◦ are given in Figures 15–17, respectively. In general,
the positions of the LSPR peaks are the same as those for zeroth-order Bessel beams, since
the LSPR is independent of the incident beam. Since first-order Bessel beams with α0 = 0◦

and linear and circular polarizations have null central fields, the axial optical forces are
zero as shown in Figure 15a–d. On the contrary, the axial optical forces for the radial and
azimuthal polarizations are not zero, since the corresponding central fields are not zero. It
can be seen from Figures 16 and 17 that the LSPR peaks can be observed for all α0 6= 0◦

and polarizations. With the increase of the thickness of the graphene coating, the LSPR
peaks shift to a longer wavelength, and the axial optical force becomes weaker. Note that
the half-cone angle α0 affects the magnitude of the axial optical force.
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Figure 15. The axial optical force Fz exerted on a graphene-coated gold nanosphere by a first-order
vector Bessel beam as a function of wavelength with various layer numbers N. The half-cone angle is
α0 = 0◦.
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Figure 16. The same as in Figure 15, but with α0 = 20◦.
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Figure 17. The same as in Figure 15, but with α0 = 80◦.

As discussed above, the half-cone angle α0 can affect the magnitude of the axial optical
force. For a better quantitative understanding, we calculated the axial optical force versus
the half-cone angle α0. Figures 18 and 19 display the results for zeroth- and first-order
Bessel beams, respectively. In the calculation, the wavelength of the incident beam was
λ = 480 nm, which is close to the LSPR peak for a gold nanosphere without graphene
coating. As shown in Figure 18, the optical force decreases with the increase of α0, if the
incident beams are zeroth-order Bessel beams with linear and circular polarizations, while
for radial and azimuthal polarizations, the axial optical forces increase first, reaches the
maximum at about α0 = 55◦, and then decreases. The thickness of the graphene coating
decreases the number of free electrons participating in the LSPR oscillation, and eventually
makes the optical force become smaller. If the incident beam is a first-order Bessel beam with
linear and circular polarizations, the optical force increases first, reaches its maximum at
about α0 = 55◦, and then decreases. For the radial and azimuthal polarizations, the optical
forces decrease with the increase of α0. Similar to the case of a zeroth-order Bessel beam,
with the increase of the thickness of the graphene coating, the optical force becomes smaller.
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Figure 18. The axial optical force Fz exerted on a graphene-coated gold nanosphere by a zeroth-order
vector Bessel beam as a function of half-cone angle α0 with various layer numbers N. The wavelength
is λ = 480 nm.
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Figure 19. The same as in Figure 18, but with l = 1.

3.2. Optical Torque

The optical torque on a graphene-coated gold nanosphere by a vector Bessel beam
was investigated. Though we calculated all three components, Tx, Ty, and Tz, of the optical
torque, we only discuss the axial component Tz in this paper, since we mainly focus on
the effects of graphene coating thickness and beam parameters including half-cone angle,
order, and polarization on optical torque. The radius of the core was 10 nm.

The axial optical torque by a zeroth-order Bessel beam was first calculated.
Figures 20–24 display the results for a graphene-coated gold nanosphere with layer num-
bers N = 0 ∼ 4, respectively. Since zeroth-order Bessel beams with linear, radial, and
azimuthal polarizations carry no angular momentum, the particle does not experience
any optical torque. Since a Bessel beam with circular polarization carries a spin angular
momentum, it exerts an axial optical torque on the particle and makes the particle rotate
around its center of mass. Therefore, only the axial optical torques for circular polarizations
are given in Figures 20–24. Panels (a) and (b) of each figure correspond to the right and
left circular polarizations, respectively. In general, we have Trc

z = −Tlc
z . This means that

the axial optical torques for the left and right polarizations have the same magnitudes
but opposite directions. Similar to the optical force, we can see the LSPR peaks of the
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optical torque. With the increasing of the graphene coating thickness (layer number N),
the peaks shift to a longer wavelength. For N = 0 ∼ 4, the LSPR wavelengths are about
λ = 474 nm, 482 nm, 490 nm, 497 nm, and 503 nm, respectively. A comparison shows that
these LSPR wavelengths are the same as those for optical forces. The reason is that both
optical force and torque are based on the same particle scattering problem, and the LSPR
wavelength is determined by the scattering of particles. Furthermore, with the increase of
the graphene coating thickness, the LSPR peak becomes wider, and the axial optical torque
becomes smaller.
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Figure 20. The axial optical torque Tz of a zeroth-order Bessel beam centered on a graphene-coated
gold nanosphere. The layer number is N = 0, which means the particle is a gold nanosphere without
graphene coating. Panels (a–f) correspond to linear, circular, radial, and azimuthal polarizations,
respectively.
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Figure 21. The same as in Figure 20, but with N = 1.
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Figure 22. The same as in Figure 20, but with N = 2.
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Figure 23. The same as in Figure 20, but with N = 3.

400 500 600 700 800
λ (nm)

0

30

60

90

α 0
  (
de

gr
ee

)

(a) rc

−1.5

−1.0

−0.5

×10−20

400 500 600 700 800
λ (nm)

0

30

60

90

α 0
  (
de

gr
ee

)

(b) lc

0.5

1.0

1.5
×10−20

Figure 24. The same as in Figure 20, but with N = 4.

The effect of increasing the beam order to l = 1 on the axial optical torque was
investigated and is displayed in Figures 25–29. Since a first-order Bessel beam carries
an orbit angular momentum, the axial optical torques generated by Bessel beams with
linear, radial, and azimuthal polarizations are nonzero, as shown in panels (a), (b), (e) and
(d) of Figures 25–29. Bessel beams with a circular polarization also carry a spin angular
momentum. Since each photon of a first-order Bessel beam with a circular polarization
carries an orbit angular momentum h̄ and a spin angular momentum ±h̄ (+for left circular
polarization, and − for right circular polarization), the total angular momentum carried by
each photon is 2h̄ (left circular polarization) or 0 (right circular polarization). Therefore,
the axial optical torque for the right circular polarization vanishes as shown in panel (c)
of Figures 25–29, while the optical torque for the left circular polarization is twice as great
as that for the linear polarization. As the graphene coating thickness increases, the LSPR
peaks become wider, and the axial optical torque becomes smaller. It is very interesting
that the increase of the graphene coating thickness does not shift the LSPR wavelength.
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Figure 25. The axial optical torque Tz of a first-order Bessel beam centered on a graphene-coated
gold nanosphere. The layer number is N = 0, which means the particle is a gold nanosphere without
graphene coating. Panels (a–f) correspond to linear, circular, radial, and azimuthal polarizations,
respectively.
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Figure 26. The same as in Figure 25, but with N = 1.
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Figure 27. The same as in Figure 25, but with N = 2.
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Figure 28. The same as in Figure 25, but with N = 3.
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Figure 29. The same as in Figure 25, but with N = 4.

4. Conclusions

The optical force and torque on a graphene-coated gold nanosphere by a vector Bessel
beam were investigated in the framework of the generalized Lorenz–Mie theory. The
dielectric function of the gold core was described by the Drude–Sommerfeld mode, and
that of the graphene coating was given by the Lorentz–Drude model. The coating was a
N-layered graphene. The axial optical force and torque were numerically discussed, with
particular emphasis on the effects of the graphene coating thickness (layer number N) and
beam parameters, including the half-cone angle α0, order l, and polarizations. Numerical
results showed that LSPR peaks can be seen when a graphene-coated gold nanosphere is
placed in a vector Bessel beam. With the increase of the graphene coating thickness, the
LSPR peaks shifted toward a longer wavelength, and they became wider. Furthermore,
the increase of the graphene coating thickness made the optical force and torque become
smaller. Furthermore, the LSPR peaks were very sensitive to the beam parameters α0,
order l, and polarizations. Thus, by choosing suitable beam parameters and graphene
coating thickness, we can provide a better manipulation and rotation of the particle at
desirable wavelengths.
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Appendix A. Electric Fields of Vector Bessel Beams with Various Polarizations

• x−polarization
Ex

x = E0eikzzeilφil
[

Jl +
1
2
(

Jl+2e2iφ + Jl−2e−2iφ)P⊥]
Ex

y = E0eikzzeilφil−1
(

1
2

)(
Jl+2e2iφ − Jl−2e−2iφ)P⊥

Ex
z = E0eikzzeilφil−1(Jl+1eiφ − Jl−1e−iφ)P‖

(A1)

where E0 = πEpw0(1 + cos α0) with Epw0 the amplitude of the plane wave forming the
Bessel beam. Jl(·) is the lth-order Bessel function, and its argument σ = kρρ = kρ sin α0

has been omitted. P⊥ =
(

1−cos α0
1+cos α0

)
and P‖ =

(
sin α0

1+cos α0

)
.

• y−polarization
Ey

x = E0eikzzeilφil−1
(

1
2

)(
Jl+2e2iφ − Jl−2e−2iφ)P⊥

Ey
y = E0eikzzeilφil

[
Jl − 1

2
(

Jl+2e2iφ + Jl−2e−2iφ)P⊥]
Ey

z = −E0eikzzeilφil(Jl+1eiφ + Jl−1e−iφ)P‖
(A2)

• Circular polarization 
Ecirc

x =
(

Ex
x ± iEy

x

)
/
√

2

Ecirc
y =

(
Ex

y ± iEy
y

)
/
√

2

Ecirc
z =

(
Ex

z ± iEy
z

)
/
√

2

(A3)

where + and − correspond to left and right polarizations, respectively.
• Radial polarization

Erp
x = −E0eikzzeilφil−1(Jl+1eiφ − Jl−1e−iφ)P‖ cot α0

Erp
y = Eikzz

0 eilφil(Jl+1eiφ + Jl−1e−iφ)P‖ cot α0

Erp
z = −2P‖E0eikzzeilφil Jl

(A4)

• Azimuthal polarization
Eap

x = −Eikzz
0 eilφil(Jl+1eiφ + Jl−1e−iφ)P‖/ sin α0

Eap
y = −E0eikzzeilφil−1(Jl+1eiφ − Jl−1e−iφ)P‖/ sin α0

Eap
z = 0

(A5)

Appendix B. BSCs for Vector Bessel Beam with Various Polarizations

gm,u
n,TM =


n(n+1)

in+1(2n+1) qu
mn m ≥ 0

1
in+1(−1)m

(n+m)!
(n−m)!

n(n+1)
(2n+1) qu

mn m < 0
(A6)

gm,u
n,TE =


−in(n+1)

in+1(2n+1) pu
mn m ≥ 0

−i
in+1(−1)m

(n+m)!
(n−m)!

n(n+1)
(2n+1) pu

mn m < 0
(A7)
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with
pu

mn = −4in+1Dmne−ikzz0 [πmn(cos α0)Iu
+ + τmn(cos α0)Iu

−] (A8)

qu
mn = −4in+1Dmne−ikzz0 [τmn(cos α0)Iu

+ + πmn(cos α0)Iu
−] (A9)

• x−polarization

Ixp
± = π

[
i1+l−mei(1+l−m)φ0 J1+l−m(σ0)± i−1+l−mei(−1+l−m)φ0 J−1+l−m(σ0)

]
(A10)

where, φ0 = arctan(y0/x0), and σ0 = −kρ0 sin α0.
• y−polarization

Iyp
± = −iπ

[
i1+l−mei(1+l−m)φ0 J1+l−m(σ0)∓ i−1+l−mei(−1+l−m)φ0 J−1+l−m(σ0)

]
(A11)

• Circular polarization {
pcp

mn
qcp

mn

}
=

{
pxp

mn
qxp

mn

}
± i
{

pyp
mn

qyp
mn

}
(A12)

• Radial polarization
Irp
+ = 2πil−mei(l−m)φ0 Jl−m(σ0)

Irp
− = 0

(A13)

• Azimuthal polarization

Iap
+ = 0

Iap
− = −i2πil−mei(l−m)φ0 Jl−m(σ0)

(A14)
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