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where (Hy(curl ; Q))’ denotes the dual of Hy(curl ;Q) = {v € H(curl;Q) : n x v|r = 0}, and that
the boundary data  lies in the tangential trace space of H (curl ; Q), denoted as H 2 (div 1; I), i.e.,

x € H 2 (div p;T). (1.4)

These data f and x which may belong to negative-order Sobolev spaces are also referred to as singular.

Even if the domain Q is of C1'! class (cf., [2]), these singular data f and x would still bring about a
singular solution. On the other hand, even if f and x are smooth enough, say x = 0 and f € (L*(Q))3
with div £ = 0, the solution u may still be singular whenever the domain §2 is nonsmooth with reentrant
corners and edges (e.g., see [, [2]l, [27]). So, it is commonplace that the solution of (T.I)-(T.2) is singular,
namely, not belonging to (H*(£2))3.

In this paper, we consider a least-squares approach, with the use of the Lagrange elements which are
nodal-continuous and (H*(2))3-conforming, dealing with the singular data and the singular solution which
does not belong to (H*(€2))3. For this purpose, we first note that from (T.3) and (T:4), (T.I) holds in the
dual space (Hy(curl ;) and (T2) in the trace space H 2 (div ;T'), and the appropriate space for the
solution is H(curl ; 2). Keeping this fact in mind, we next identify the dual space (Ho(curl ;2))" with a
subspace of the product of (H~1(Q))? x H~1(Q) in the sense that (Hy(curl ; Q)) = {f € (H~1(Q))?:
divf € H1(Q)}, see Lemma We then find that (I.I)) and (T.3) can be stated as follows: g :=
“A~Ldiv £(if A = 0, then ¢ := 0),

curlcurlu— X u=f in(H 1(Q))3, (1.5)

divu=g in H (). (1.6)
or in variational setting, for all z € (H3(Q))? and ¢ € H}(Q),

(curlu,curl z) — A\(u,z) = (f, z), (T3)

—(u,Vq) = (9.9, @
where (-, -) denotes the duality between H~1(Q) and H} () or between (H~1(0))? and (H}(Q2))3. Fur-
ther, the trace space H 2 (div p; ') is identified as a subspace of the product of (H 2 (I"))3 x H~2 (T')(see
Remark [31)), in the following sense that

nxuce (H 2(I)>, (1.7)

cur1u~n€H_%(F). (1.8)

Such characterizations follow from the results in [28]] which are not trivial. Thus, in variational setting,
(T2) and (T.4) can be stated as follows: for allyy € H*(Q) andy € (H*(Q))3,

(curlu, Vy)) = (x,n x (V¢ x n))p ., (1))

(curlu,y) — (u,curly) = {(x,n x (y X n))r, (T23)

where (-, -)p, is the duality between the dual (H ~ 2 (div r;T"))’and H~2 (div p; ') and (-, -)r the duality
between (H~2(I'))® and (H2(T"))3. The statements in (T.3)-(T-8) more explicitly reveal the regularity
of the data f and »x in the usual negative-order Hilbert spaces (H ~1(€))3 x H~1(Q) and (H~2(I"))? x
H2 (I"), respectively. Naturally, we propose a least-squares(LS) method by measuring the residuals in

these usual negative-order Sobolev spaces, and a minimization problem for solving u of problem (T:I)-
(T2) can be stated as follows:

Fi(wf,g,x) = vern o Z1(vif,9,%), (1.9)

IMA Journal of Numerical Analysis
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where the LS functional is 7 (v;f, g, x) := ||curl curl v — A\v — f||2; + ||divv — g||2; + |[n x v —
x| 1 p+lleurl v-n— L(x)|[* , ., where L(x), which is a scalar linear functional of the trace x based
2 35

on (T.8), will be defined later. Also, naturally, the Lagrange elements which are (H*(2))3-conforming and
nodal-continuous are suitable for discretizing the minimization problem (T.9).

A big advantage of this functional (T.9) is that any conforming finite element space of H(curl ;)
can be employed for the solutions, particularly, the classical nodal-continuous Lagrange elements which
are (H'(9))3-conforming can be used. Of course, the Nédélec elements([18} 20]) which are H (curl ; Q)-
conforming but (H!(Q))3-nonconforming can be used as well. In the discretization of (T.9), by the Riesz-
representation, we lift H~1(Q) and H~2(T') onto H}(€) and H' (), respectively, and then we deal
with it in H3 () and H' () instead. The approximations of H} () and H'(f2) are classical Lagrange
elements, and we only use the linear element to compute the Sobolev negative-order norms in the functional
F1(5£,9,x). Of course, a drawback of the method here is that it involves higher computational cost than
the existing methods by additionally numerically solving a number of Poisson equations of Dirichlet and
Neumann boundary conditions while these are done only with linear elements(See Remark [i-T).

Featuring scalar degrees of freedom and nodal continuity, the Lagrange elements are still very useful,
although they have not been used so widely in computational electromagnetism as the Nédélec elements
have. As a matter of fact, there have been a number of methods available with the use of Lagrange elements,
e.g., see [311, [170, (101, [6], [0, 130, (150, (191, [221, [231, [33], [34], [11], and references therein, etc. In
these methods, error estimates of the finite element approximations may not be satisfactory. For example,
some obtained the error estimates in weighted H (curl ; Q) norm with a geometrical weight function(e.g.,
[23]),[41, [3]); some obtained the error estimates in L? norm and no error estimates in ||curl - ||o-semi-
norm are possible for singular solutions(e.g.,[31l], (101, [6]], [11], [22]]); some obtained error estimates of
low order in H(curl; Q) norm(e.g., [13]], [I7], [19]). Some of these methods involve special Lagrange
elements on composite meshes(e.g., [33]], [34]], [23]]). All these methods do not deal with singular data.

One goal here is to develop a finite element method, with the standard Lagrange elements and with no
special meshes, to obtain the best convergence rate that can be attained in H(curl ; Q) norm. In fact, to
the authors’ knowledge, in these existing methods, none could reach such goal. The other goal here is to
assume minimal regularity on the solution and on the data of the right-hand side and the boundary data. In
realistic world, due to the complexity of the domain, the issue of the minimal regularity is important and
meaningful. But, we are not aware of these methods which dealt with such issue, even in the literature
of edge element methods, and the discontinuous methods, e.g., see [9], [16], (211, [38], [37], [30], and
references therein. Precisely, we shall deal with only H (curl ;) solution and the data (T-3) and (T:4),
and prove the quasi-optimal error estimates and the convergence in (T.12)) and (T.13)), which are not known
for other methods(Lagrange element method, edge element method, discontinuous method, etc), to the
authors’ knowledge, and we prove the convergence rate (I.I3]), which is the best that can be attained, not
known for other Lagrange element methods, in general. In addition, all the techniques and arguments are
new, to the authors’ knowledge, only the proof of Lemma[5.1] follows the technique in [[I0].

The finite element discretization of (T.9) we propose, although Lagrange elements are used for the
solution, is capable of approximating a singular solution, with u € (H"(Q2))?,curlu € (H"(Q))3,0 <
7 < 1. Moreover, the method is suitable for singular data in (Ho(curl ;Q))’ x H~ 2 (div 1;I"). We prove
that the Lagrange finite element method is coercive, and the convergence and the error bounds are obtained
in the norm of H (curl ;). More precisely, we first establish the H (curl ; Q)-norm equivalence

C||V||(2),c1_u‘l < <ﬂ\l(v; 0?070) < Cil”"”%,curl Vv e H(curl ; Q)a (110)

and let .%, be the finite element discretization of .7 (see section[d)), there also holds an H (curl ; )-norm
equivalence on Up,(a Lagrange finite element space Uy, C (H'(Q2))? of the solution), i.e.,

C||vh||(2),cur1 < cg‘\h(Vh;O,(),O) < CilHVhH%,curl vvh € Uh' (111)

Then, an H(curl ;2)-quasi-optimal error estimate is established, namely, for the exact solution u €
H(curl ; Q) and the finite element solution uy, € Up,

||u_uh||0,curl < Cvinf ||u_vh||0,curl . (1.12)
IMA Journal of Numerical Analysis
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As a result, for u € H(curl ;Q) with f € (Hy(curl;Q))" and x € H~=(div 0;T'), the convergence
holds:

li — curl = 0. 1.13
hlil%Hu up||o,curl (1.13)

For a more regular solution but still possibly singular (not in (H(Q2))?), i.e.,

u,curlu € (H"(Q))*, 0<r <1, (1.14)

we obtain the convergence rate as follows:

lu— wpllo.cart < ch?(|[ul], + |lcurlull,), £>1, (1.15)

where £ stands for the order of approximation of the Lagrange finite element space Uy, (i.e., the standard La-
grange element of polynomial ;). If the solution possesses a higher-order regularity, say u € (H'*+¢(Q))3,
the convergence rate in H (curl ; )-norm is optimal ¢ the same as the order of the approximation, i.e.,

0,curl < Ché||u”€+17 14 > 1. (116)

|[u — up|

Although the rate of convergence in ((1.15)) is not the desired optimal value 7, several observations are
well worth being noted.

(i) The error bound in (I.I3)) reveals an interesting fact how the order of approximation affects the
convergence rate. As ¢ becomes greater, the convergence rate will become better, asymptotically
tending to r(the optimal order for singular solution ((1.14})).

(i) If the finite element space Uy, could contain the gradient fields of a scalar H!(Q)-conforming finite
element space, the optimal r order can be recovere

When the meshes are composite meshes such as Clough-Tocher/Alfeld macro meshes, then Uy, does
satisfy such property(cf. [34]]), and as a consequence, (1.15) restores to the optimal r order.

Nevertheless, we note that the optimal error bound (I.16) holds with no need of the gradients of a
scalar H'()-conforming finite element space.

(iii) As far as the Lagrange elements are concerned, the error bound in H(curl ; ©2)-norm that can be
obtained is at most (I.15) for singular solution, in general.

To the authors’ knowledge, in the regime of Lagrange finite element methods, the proposed method
is the only one that can achieve the error bound (T.13)) in the H (curl ; Q) norm.

Moreover, to the authors’ knowledge, both the quasi-optimal error estimates (I.12)) and the conver-
gence ([.13) are not known for other methods in the literature.

The rest of this paper is outlined as follows. In section we give notations and review of L2-orthogonal
and regular-singular decompositions of L2-vector fields. In section a norm equivalence is proven, and an
LS method of Maxwell equations is formulated. In section 4] the finite element method (FEM) is defined.
In section [5} coercivity is established. In section [6] convergence and error bound are obtained. In section
the implementation issue is addressed, and numerical results are given in the last section.

2 Preliminaries

For an open set D C R3, we shall use the Sobolev spaces H*(D), for s € R, equipped with norm
| - ||s,p- Reader may refer to [I]] for details. If D = (2, the subscript D = Qin || - ||5,p is omitted, i.e.,
| “|ls = || - ||s.o. Particularly, for s = 1, we use |g|1 = ||Vq||o to denote the H'-semi-norm of H!({2).
When s = 0, we use the notation L?(D) = H(D), with the L?-inner product (p,¢)o,p = [, pg, and

'We note that the reason for why the Nédélec elements can have the optimal r order is because they contain the gradient fields of
a scalar H'*(£2)-conforming finite element space.
IMA Journal of Numerical Analysis
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in the case D = €, both subscripts 0, D are omitted in the L?-inner product, i.e., (p,q) = (p,q)o,o. The
trace space of H'(() is denoted by H2 (T'), while the dual space is H~ (I'), where the duality pairing
between H~=(I') and Hz (') is denoted by (-,-)p. We use Hg(D) as the completion of Cg°(D) with
respect to the norm || - ||s,p, where C5°(D) denotes the linear space of infinitely differentiable functions,
with compact support in D. We also use the duality pairing (-,-) between H~1(Q) and H{ (£2), where
H} () = {ve H'(Q) : v|r = 0}. If n € L?(T") then the duality paring (1, {)r is identified as L2-inner
product (1, €)p for & € Hz(T); similarly, if f € L2() then the duality paring (f, v) is identified with
L?-inner product (f,v) forv € Hg(Q).

In what follows, referring to B3], we review and collect the Helmholtz-Hodge L?2-orthogonal
decomposition and regular-singular decomposition of vector fields on Lipschitz domains. In addition
to H(curl ;) and Hy(curl ;) that have been introduced earlier, we introduce H(div;Q) = {v €
(L*(©))? : divv € L*(Q)} which is equipped with the norm [|v[[§ 5, = [|VI[§ + [|div v|[5. Let
H(div% Q) = {v € H(div;Q) : divv = 0}, Ho(div;Q) = {v € H(div;Q) : v-n|r = 0}, and
Ho(div 53.0) — Ho(div ;) A H(div % ). Denote by |[VIR et — [[vIR + lfcurl vI + [[div v][3
the norm of H (curl ; Q) N H(div ; Q). The dual of Ho(curl ; Q) is denoted by (H,(curl ; €2))’, with the
duality pairing being denoted by the notation (-, -).. The tangential trace space of H(curl ;) is denoted
by H~2(div p;T)(see [28]), and the dual of H~2 (div p;T) is denoted as (H 2 (div 1;T"))’, where the
notation (-, )1 . will be used as the duality pairing. About the definition of the trace space H ~3(div p;T),
since it is quite complicated involving a number of nonstandard Sobolev spaces on I', we would rather refer
the readers to for details.

Forv € Hy(curl ; Q)N H(div ;Q) orv € H(curl ; Q)N Hy(div ; ), we have the following Poincaré
inequality (e.g., see [2]], Lemma 3.4 on page 52, Lemma 3.6 on page 53):

lvllo < [IVleust e = /llcurl v[[2 + [|div v][3. @1

For a given v € (L?(£2))3, a Helmholtz-Hodge L?-orthogonal decompositions of v are as follows (e.g.,
see [2]], Theorem 2.7 on page 30, and [27], (3.35)-(3.37) on pages 847-848):

v=v'+Vqg, 2.2)

where
vl e Ho(div%Q), ¢'e€ H'(Q)/R, [V'[§+[IVe'(l5 = VI, (23)

and the following vector potential exists (see [2], Theorem 3.6 on page 48, and [27]], Theorem 3.17 on page
844):
vlie Hy(div % Q), v!=curlv!', v!!'e Hy(curl;Q)n H(div?Q), (2.4)

HVIIHO,curl div — Hvlluo,curl S CHCHI‘] V11||0 == C||V1||0» (25)

where we have used (2.2)) in deriving (2:3). For a more regular v, there are some regular-singular decom-
positions in the following. Letv € H(curl;Q). Since curl v € H(div "; ), combining Theorem 3.4
on page 45 and Theorem 2.9 on page 31 in [2]], we have the following regular-singular decomposition of
H(curl ; Q) functions:

v € H(curl ;Q), v=v"+Vq", (2.6)
v e H(div% Q) n (HY(Q))?, ¢ € HY(Q)/R,
VA1l + g™l < elvllo,curt - 2.7)

It is noted that no boundary condition must be imposed on the vector potential v*. Otherwise, v* would
not belong to (H'(£2))?, unless the domain boundary I is smoother than Lipschitizian (e.g., I" is of C'»!
class) or  is a convex polyhedron, see [2], Theorem 3.5 on page 47 and Theorem 3.6 on page 48. A
second regular-singular decomposition which plays a fundamental role in our argument for characterizing
(Ho(curl ;Q))" in the next section is that, see the proof in proving Proposition 5.1 on page 2034 in [12],

v € Hy(curl ;Q), v=v"+ Vq®, (2.8)
IMA Journal of Numerical Analysis
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v e (H3(Q)?, ¢° € HL (),
IVl + 11g® 11 < €llvlfo.curt - (2.9)

Associated with the curl operator, the Green formula of integration by parts is recalled as follows:

(curlv,¢) — (v,curl ¢) = (n x v, ¢p)r (2.10)

for all v € H(curl;Q),¢ € (H'(Q))3, where if ¢ € H(curl ;) only, then the above right-hand side
should be replaced by (n x v,n X (¢ x n))r . (see Theorem 3.31 on page 59 in [23] and see also [28]]).
From [28]] we have

[|v x n| < |v|lo,curt VvV € H(curl;Q), (2.11)

1
H™2(div p;T") —

[In x (¢ x n)]

Associated with the div operator and the gradient operator, the Green formula of integration by parts is also
recalled: for all v € H(div;Q), ¢ € H'(),

(4 (@iv r)) < c||d|lo,curt V¢ € H(curl ; Q). (2.12)

(v,Vq) + (divv,q) = (v -n,q)r. (2.13)

Throughout this paper, all the constants which are denoted by a generic notation ¢ may depend on A
and may also be different at different occurrences. We assume that if A > 0, it is not a Maxwell eigenvalue.
All the analysis and theoretical results hold for any such .

3 Norm equivalence

In this section, we formulate a norm equivalence, relating the norm of H(curl ;) to the norms of both
the dual (Hp(curl ;)" and the tangential trace space of H (curl ; 2). The norm equivalence provides an
guidance to design the FEM.

We first characterize (Hg(curl ; Q))’ (the dual of Hy(curl ; Q2)).

Lemma 3.1.
(Ho(curl ;Q)) = {f € (H1(Q))%:divf e H1(Q)},

cr([[f]]-x + [|div £]| 1) < €]l (eurt sy < ca(([E]|-1 + [[|div £][-),

where ¢;,1 = 1,2, are two positive constants which depend on ) but not on f.

Proof. Let f € (Hgy(curl;Q)), it is obvious that f € {f € (H~1(Q))3 : divf € H~1(Q)}, since
(H}())? € Ho(curl;Q) and VHE(Q) C Hy(curl ;). Below, we show the converse. Let v €
Hy(curl ; Q). From 2.8) and (2.9), for all v € Hy(curl ;2), we have

v=w+Vq we (Hy(Q)® qe H(Q),

[[wll1 +[lgll < clvlfo,curt -
Iff € {f € (H1(Q))3:divf e H1(Q)}, letting

(f,v). = (f,w) — (div f, q),
we have
[(E, V)l < MEll2lIwlly + [[div £][—1llgl[x < e([|f][-1 + [|div £]|-1)[[V]]o,curt »

that is to say, f € (Hp(curl ;Q))". O

IMA Journal of Numerical Analysis
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9 which is equivalent to the canonical norm of (Hy(curl ; Q))" defined by sup s

10 0#vEH(curl ;Q)
1 v € H(div ;Q),
<V -, 1/’>1“

lllr

enllyr= sup
0#pEH 2 (T)

15 and, forax € (H~2(I))3,

Ixll-gr=" sup
0A£yE(H 2 (I))?

19 We now study the norm equivalence. This consists of the following two lemmas and one theorem.

Lemma 3.2. Assume that A is not a Maxwell eigenvalue. For any u € H(curl ;Q),

22 [lullo < c(|lcurl curl u — Auf|—y + [[div uf|—1 + [[n x uf|_1
23
24 where c depends on \.

L+ ||cur1u-n||7%’r)7

26 Proof. Letu € H(curl ; Q) be given. Consider the following auxiliary problem: to find v € Hy(curl ; )
57 such that
28 curlcurlv— Av=u inQ2, vxn=0 onl.

29 From [23]] (Theorem 4.17, page 95) we have

31 [[V]|o,curt + [|curl curl v||o < ¢||ullo.

33 It is a trivial fact that

v € Hy(curl ;Q), curlv € H(curl ; Q)N Hy(div %; Q).

36 Then
|[u]|2 = (curl curl v — Av,u).

39 For curl v, from (2:6) and (2.7) we have a regular-singular decomposition of curl v as follows:
curlv=A+Vo, Ac(H' Q) o¢ecH(Q),

AL+ ll¢lh < e(||curl vijo + [Jeur] curl v[[o) < c|[ulfo.

44 We have
45 (curl curl v,u) = (curl A,u) = (A, curlu) — (n X u,n x (A x n))p.

46 From 2:2), 23), 24), 2:3), 2:3), (2.9), and 1), we further decompose A in the following:

48 A=curlB+Vy, Be (H} Q)3 veH(Q)/R,

49

50 where

51 [leurl BJ|§ + [|V|[5 = [|A[3,

52

p 1Bl < cl[Allo < clfullo.

54 Thus,

55 20
56 curlcurl v =curlcurl B, curlv=curl B+V0, 6:=¢+¢c HY(Q), = 0.
57 n
58 Obviously,

59 f = constant, curl v.= curl B,

60 IMA Journal’of Numerical Analysis
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where, since curl (v — B) = 0, from [2, 27], there exists a scalar potential p such that
v=B+Vp, peH;),

lIpll1 < c(l[vllo + [|Bllo) < ellullo.

Hence,

(A, curlu) = (curl B + Vi, curl u) = (curl curl u,B) + (curl u - n,¥)r,
(=Av,u) = (—2u,B) + (Vp, —Au),
(Vp, —Au) = X(div u, p).
Combining the above, we find that

laflf < e(lleurl curl u — Aul| 1 [[B[y + [[Adiv ul| -1 [[p]]x
i<l AL+ leurlu-nlly 6]
< ¢(||curl curlu — Auf|—; + [[div u[[—1 + [[u x n[|_1 p + [lcurlu-nf[_1 p)[|ufo.

The proof is complete. O

Lemma 3.3. Under the same assumption in Lemma foranyu € H(curl ; (),

[|curl u||p < ¢(]|curl curl u — Au||_1 + ||div u||—1 + ||n x u|_

Proof. From (2.2)), 2:3), 2.4) and (2.5), we have

curlu=curlw+ Vp, w € Hy(curl; Q)N H(div’;Q), pe HY(Q)/R,

ir+[lcurlu-nf[_1 ).

[lcurl w||o + ||p|]1 < c||curl uf|o.

From 2.8), 2.9) and 2.1)), we have
curlw = curlz, zc (Hj(Q))?,

1zl < el[Wllo.curt < cf|curl wllo < ¢f|curl ulfo.

Thus, we have
||curl u||2 = (curl u, curl u) = (curl z + Vp, curl u),

where
(curl z, curl u) = {(curl curl u, z) = (curl curl u — \u, z) + \(u, z),

(curl curl u — Au, z) < ||z|]1]|curl curl u — Au||_; < ¢||curl u||g||curl curl u — Au||_4,
Mu, z) = A(u,z) < ¢f[zlfo[|ullo < cflcurlulfo||ullo,

(Vp,curlu) = (curlu-n,p)r < cllp||; pllcurlu-n|[_, p
< d[lpllillcurlu-nf|_1 p < ¢||curlulfol[curlu-nf|_; p,

and we have
|lcurl uflo < ¢(|[curl curl u — Au|[—; + |[curlu - n|[_1 ) + c/[ullo,
Hence, combining Lemma 3.2 for ||u|o and the above, we obtain the desired. O

Combining Lemmas 3.2 and [3.3] we obtain the following theorem on the norm equivalence.

Theorem 3.1. Assume that \ is not a Maxwell eigenvalue. For allu € H(curl ; ), we have the following
norm equivalence: there are two positive constants cs, c4 such that

cs|ul +|lcurlu-n|[_;1 r < esf[ulfo,curt -

q < lcurl u—Aul||_; +||div u|| XUl
ocurt < lourl curlu—Xullpyylidiv ull i linxyllos e+

A Journal umerical
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Proof. From Lemmas [3.2and [3.3] we have the left-hand side inequality in the stated norm equivalence,
while the right-hand side inequality is obvious, since

(curl curl u — A\, z) = (curl u,curl z) — \(u,z) Vz € (H}(Q))?,
(divu,q) = —(u,Vq) Vg€ Hy(Q),
(nxu,y)r = (curlu,y) — (u,curly) Vy e (H'(Q))’,
(curlu-n,¥)p = (curlu, Vi) Vop € HY(Q).
O

Remark 3.1. According to [28], for u € H(curl ; ), the tangential trace u x n € H~2 (div r;T'), and

equivalently, u x n € (H~2(I'))3 and curlu-n € H—2(T).

Corollary 3.1. Assume that X is not a Maxwell eigenvalue. Let u € H (curl ; Q) be the solution to problem
(T1) and (T2), with £ € (Ho(curl ;Q)) and x € H~ = (div p;T). Then, the following stability holds:

clfullo.curt < (€1l caourt ;00 + X134y Lory:

Proof. Since, foru € H(curl ; Q) withn x u = x on I, from (2:13),

[lcurlu-n||_1<c sup M:C sup (curl u, Vi)
* 0FAYeH () 1K1 0£YEH(Q) 11

where, from 2.10)-(2:12),
(curlu,V¢)) = (n x u,n x (Vi x n))r. = (x,n x (V¢ x n))r .,

0 (T 5B € 1 o[ (T8 0] g
5 (V6 5 0l g e ryy < [ 9llcumt = 90010 < [l
we have
et nll e < el g,
Therefore, combining Theorem [3.T]and Lemma[3.I] we arrive at the conclusion. O

Recalling the minimization problem (T.9), we find the solution u of (T.I)-(T.2) to satisfy

T u;f, ; = i F V;fa ’ ’
1(u; £, 9,x) verin o 1(v;f,9,x)

where .7, (u; f, g, x) is introduced by (T.9), while L(x) € H~2(I') is defined by
(L(x):O)r = (x;n x (VO x m))r. VI € H(Q).

To formulate the variational problem which is equivalent to the LS minimization problem as stated in
the above and to motivate the design of the FEM, we introduce some Riesz-representation lifting operators
from the negative-order Hilbert spaces onto the usual Hilbert spaces. All these operators are associated
with the H'({2) space. Denote the inner product of H(2) by (-,")ov = (+,-) + (V+, V+), where (-, -) is
the L2-inner product, and the norm is || - ||1(i-e., ||¢|[1 = v/(¢, 2)0.v)-

Letf € (H~1(Q))3. Find R(f) € (H}(Q))? such that

(R(f),2)o,v = (f.2) Vz e (Hs())>. (3.1
Let x € (H~2(I"))3. Find Y"(x) € (H'())? such that

T _ 1 3
0095, 5 Bl A 62
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Let g € H=(Q). Find S(g) € H}(Q) such that

(8(9): 0oy = (g.9) Va € Hy(€). (3.3)
Let x € H—2(T). Find AT (k) € H' () such that

(A (K),9)o.v = (8,0 VI € H(Q). (3.4)

With the above Riesz-representation liftings, instead of the LS functional .%; which is introduced earlier in

(T.9), we define

Z(vif,g.x) == |[R(curl curlv — Av — D)[]2 + [|S(div v - g)]?

3.5
HIX (0 x v — x)|2 + [IAT (curl v - n — L(x))|[2. G-2)

The advantage of .% over .%# is that the norm ||-||; is easier discretizable and computable than the negative-
order norms, particularly much more convenient than computing the norm || - ||_ 1.r- By the definitions
(B-1)-(3-4), it is not difficult to show that both functionals % (v; £, g, x) and %, (v; f, g, x) are equivalent,
and now, minimizing the functional .%, we find the solution u of problem (I.I)-(L.2) to satisfy

Z(u; f = i F (v f .
(u:f,9,x) vern o (vif,9,x)

Defining

L(u,v):= (R(curl curl u — Au), R(curl curl v — Av))o v + (S(div u), S(div v))o,v (3.6)
+(X"(n xu), Y (nxv))y + (A (curl u-n), A (curl v - n))o.v, ’
G(v):= (R(f),R(curlcurl v —Av))ov + (S(g), S(div v))o,v
HX (), Y (% v))o,v + (x,n x (VAT (curl v - n) x n))r.,
we find that the variational problem which is equivalent to the above LS minimization problem is to find
u € H(curl; Q) such that

3.7)

L(u,v) =G(v) Vv e H(curl;Q). (3.8)
From the definitions (3.3)-(3.4) and Theorem[3.1] we have the coercivity
Liv,v) = |[Rlcurl curl v — Av)|12 + 1S(div v)[[2 + X (n x v)|[2 + AT (curl v - m)]2
> ¢(||curl curl v — Av||?; + ||div v||2; + |[n x V|2, r+[lcurl v n|]?, )
2 35

> C| |V| |%,curl

and the boundedness
|£(u, v)| < c[[ullo,curt [|V]|o,curt ;

and we also have, from Corollary

G(v) = (R(f),R(curl curl v —Av))o v + (S(g), S(div v))o,v

+(X"(x), X' (m x v))o,v + (x,n x (VAT (curl v - n) x n))r .
< C(”f”(Ho(Curl Q) =+ ||X||H_%(div 1“;1—‘))||V||O,curl .

Thus, the well-posedness of the variational problem (3.8) directly follows from the classical Lax-Milgram
lemma. The above coercivity and boundedness say that Vv € H(curl ; ),

CHV”g,curl < ﬁ(V,V) = yl(v; 07 Oa 0) = y(v; 07 Oa 0) < C_lHVHg,curl ’ (39)

which is (I.I0) in the Introduction section [I] In the next section, we shall design the finite element
method(FEM) to discretize the variational problem (3.8) to preserve the above coercivity or the norm

equivalence in the finite element space. . .
IMA Journal of Numerical Analysis
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4 FEM

In this section, we state the finite element problem. The guide for designing the finite element method is to
preserve the norm equivalence in Theorem [3.1]or in (3.9). We need to discretize the Riesz-representation
liftings by (3.3)-(3.4). The replacement by the discrete Riesz-representation liftings brings about the loss
of the coercivity. To remedy such loss we shall use some stabilizations.

We shall assume that €2 is a polyhedral domain, with piecewise planar boundary I". This assumption is
only for simplifying the meshes of the finite element method so that the technicalities involved in treating
the curved elements are avoided. Let 7}, denote the usual conforming and shape-regular triangulation of 2
into tetrahedra (cf. [7]) , where the mesh size h = maxxe7;, hi,and kg is the diameter of the tetrahedron
K. Let F}, denote the set of all element faces in 7}, while F, }? C JF}, denotes the set of all interior element
faces in 2 and F] C Fj, the set of element faces on I'. It is assumed that F} which is composed of
straight-sided triangles constitutes a conforming and shape-regular triangulation of I'. Let hr denote the
diameter of F' € Fj,. Over K € Tp, let Py(K) stand for the space of polynomials of total degree not
greater than the integer ¢ > 1.

Let )\f € P1(K), j = 1,2,3,4, be the jth local basis of linear polynomial corresponding to the ith
vertex of the tetrahedron element K € 7j,. For a face F' C 0K, letting a;, i = 1,2, 3, be the three vertices
locating on F', we define the face bubble b5 € H'(K):

bE = NENK\E,

This face bubble satisfies
bl € Hy(F), bplm =0 VF' #F.

‘We also introduce the element bubble:
b = MNEAENE € H)(K).

Define Lagrange finite element spaces as follows:

Uy, ={ve (H(Q)?:v|k € (P(K))* VK € Tp}, 4.1)
Zn, ={z € (H}(N)": 2|k € (P1(K))*,VK € Tp}, 4.2)
Yy ={y € (H'(2)* : y|x € (P1(K))>, VK € Ta}, 4.3)
Qn = {q € Hy() : gl € P1(K),VK € Tp}, (4.4)
Uy, = {¢ € HY(Q) : ¢|x € P1(K),VK € T}, (4.5)

where Uy, is used for the solution, while the rest which are always chosen as linear elements are auxiliary
spaces. These two pairs (Zp,, Q) and (Y, ¥p,) will be used respectively for lifting the right-hand side f
and x to smooth finite element functions, i.e., they are used for discretizing the Riesz-representation lifting

operators in (3.1)-(3.4).
Corresponding to (3.1)-(3.4), define the so-called discrete Riesz-representation liftings as follows:
Let f € (H=(2))3. Find Ry (f) € Zj, such that

(Rh(f)azh)O,V = <f,Z;L> VZh S Z}L. (46)
Let x € (H~2(I"))3. Find Y}, (x) € Y}, such that
(YL (X):¥n)o,w = (x;n % (yr, xn))r Vys € Y. 4.7

Let g € H~(Q). Find Sy, (g) € Qp, such that
IMA Journal of Numerical Analysis
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(Sh(9),an)o.v = (9:qn) Van € Qn- (4.8)
Let k € H=3(T). Find A} (k) € ¥}, such that

(AL (K),9n)o,w = (K, Op)r  VI4 € Uy, (4.9)

Remark 4.1. All these discrete Riesz-representation liftings which are in fact the linear finite element
solutions of the Poisson equations with different right-hand sides are also called H'-projections. We
remark that the role of these projections is essentially to lift the singular data f and x to smooth functions
(finite element functions). In addition, all the computations of @.6)-@9) involve the same coefficient
matrix for linear finite elements, and they can be realized by the same codes up to right-hand sides.

Alternatively, instead of exactly solving these Riesz-representation liftings, we can replace all the linear
element liftings Ry, Tg, Sh, Ag by the associated spectrally equivalent linear element preconditioners.
Such replacement means that we do not need to really solve @.6)-@.9); also such replacement will not
affect all the theoretical analysis and results in the sequel. For ease of the presentation, we shall not dwell
on such replacement, since it is a well-known technique in the context of LS methods, e.g., see [36] and
references therein.

Since there occurs a loss of the coercivity due to the discrete Riesz-representation liftings in place
of those continuous ones, below, we shall define some mesh-dependent stabilizations. All of them are
evaluated locally. For that purpose, we need to define some sets of element-bubble and face-bubble poly-
nomials. Firstly, according to the nodes which are chosen as the principal lattice of K (See the definition
of the principal lattice by (A.19) on page 99 in [2]]), we introduce

Po(K) = span{p"™ 1 < i <my}, (4.10)

w and cpf’K is the ‘canonical’ local basis corresponding to the ith node, satisfy-

where my =
ing Lpf’K(aj) = 4;;. Here a; denotes the jth node, 1 < j < my, and the notation J;; is the Kronecker delta
(i.e., 0;; = 1if i = j, otherwise ¢;; = 0 ). For example, P (K) = span{gp;’K = A1 <i<my =4},
In this example, the set of nodes is just the set of four vertices of the tetrahedron /K. Secondly, for any
given F' € Fy, we define a so-called macro-element M, where M is the union of the two tetrahedra
sharing F' as the common face if F' € F; Qand Mpis Kpif F € ]-',1; . Here K denotes the tetrahedron
with its face F' in I'. For any given F' € F, ,?, corresponding to the macro-element Mr = K; U K5 and

0K, NOKy = F, we introduce the macro-element bubble in the following way:

b]wF _ b?l in Kl,
E bE>  in K.

Obviously,
bYF € HY(MF), bY*|r € HY(F).

Thirdly, we define
A&K = Span{(bf’K = gof’Kbe]_ <1< mg} C H& (K)

where @?’K := 1 and mg := 1. For macro-element M = K U K5 with the common face F’, we define
ASME = span{pp™ 1 < i <mf oM |k, = o b =1,2,} € HY (Mp),

where <pf’Kj are basis corresponding to the nodes on F and m}" = % and m{’ := 1. Put <pf’K =

LK 0K 0K 0—1,Mp =1, Mp =1, Mp f—1M
(‘Pi yPi P )and¢i F= (sz F7¢i F»¢i ), then define

QUM = AR =span{ey T = ol bk 1 < i <mya} C HY(K), (4.11)

i

75K = (AP = span{epi™ = Kbk, 1 < i <my} C (HL(K))?, (4.12)
IMA Journal of Numerical Analysis
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— = o =span{¢p, T, 1<1<m; 4} C 7)), .
ZE 1,.Mg Ae 1,Mpr\3 f 1,Mp 1 [F L H& M 3 (4 13)
YORF = span{piFr = wf’KFbI;F, 1<i<mi} c(HYKF))?, (4.14)
UL EE — gpan{of 1P = ST VERpRE 1 < <mf |} € HY(KF), (4.15)

where K is any of the two elements with the given face I’ C 0K, and we have
P g€ (HY(F))®, pi"F|p =0 VF'#F, F COKp,

ol VR | p e HY(F), o MEP|p =0 VF'£F, F' CKp.

With the above element-bubbles and face-bubbles, we define the following mesh-dependent stabiliza-
tions:

Feurl curl (u, V) =
me

> ((curl u, curl qu’K)O,K — AMu, ¢f’K)07K)((curl v, curl qbf’K)o,K — Av, ¢f’K)07K)

=1
> c ,

X K
K 3 1165511 0.1
- (4.16)
where |[V|[5 ¢ x = IIVII5 x + [VVI[G &
i 0K 0K 0K
> (£, )k ((curl v, curl ;7)o — ANV, &, )o,i)
Reurt cun (£,v) = 3 = Ta—— : 4.17)
KeTh ; ||¢Z | g’v’K

where (£, ¢:) k is understood as (f, ¢:™) after the zero extension of qﬁf’K € (H}(K))? outside K to

the whole domain €2,

ycurl curl ,xn(uv V) =

F
my_1
> ((curlu, curl ¢, ") ar, — M, ¢y M) 1, ) ((curl v, eurl ¢ M) ar — Av, 07 M )0 a0 )
i=1
FGXJ:T;Q MLk 2
'21 R IRV
i=
(4.18)
where [[V|[5 ¢ ar, = VI arp + IVVIIE arps
%curl curl ,Xn(fv V) =
F
my_1
_ /— —1,
> (£, 00 M) s (curl v, curl ¢ ) — A(v, @5 )0y
Z i=1 4.19)
F b

m

VAR Vs
}:1 ||¢i FH(z),V,Mp
iz

FeF
where (f, ¢! 1M} 5/, is understood as (f, ¢!~ ") after the zero extension of ¢!~ "M* e (HL(Mp))?
outside M to the whole domain €2,

IMA Journal of Numerical Analysis
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> (0, Ve Mok (v, Vo ) k
Faiw (W, v) = Y , (4.20)
(—1,K
Keh > IIV6{ IR
R SVAR Y —1,K
'21 (9,0; ")k (v,Vd; "ok
Rav (9,V) =~ 3 i ; ) (4.21)
KET; —-1,K
oo IR
where (g, ¢571’K>K is understood as (g, ¢571’K> after the zero extension of ¢f71’K € H}(K) outside K

to the whole domain €2,

Fxn(w,v) =
F
My
¢, 2, 2, ‘,
> ((curlu, pi™)o,rep — (w, eurl pi Yo sep ) (curl v, pi" o se — (v, curl pi" o rcy.)
i=1
Fg”;f mg 0K (12 7
Zl e ™ 118 v kv
i=
4.22)
where K € T;' denotes the tetrahedron element which shares the face F' with T,
mg 0K 0K 0K
2 Oemx (p " xm)yp((eurl v, o™ o, = (vo eurl oo,k
— 1=
Fxn(X: V) = ZF T , (423)
FeFy Zl\lpz FH(z),v,KF
i=
where (x,n x (p"%" x n))p is understood as (x,n x (p'*" x n))p = (x, pi")r after the zero
extension of p;"" ¥ outside K to the whole domain €,
ion of pi"™** outside K r to the whole domain
"7'5—1
'21 (curl u, Voffl’KF)o’KF (curl V,Voffl’KF)o’KF
— 1=
S (1, v) = ZF s , (4.24)
FeF ' (—1,K
& 2 |Ivo; 118 ke
1=
m’f—l
; {x,n x (Voffl’KF x n))p(curl V,Voffl’KF)OﬁKF
Rn(x,v)= Y = _ , (4.25)
FeF)

e —1,Kp |2

1; [[Vo; FHO,KF
where (x,n x (Vo' "7 x n))p is understood as (x,n x (Vo 157
of o' M EF outside K £ to the whole domain Q.

%

X 1n))p . after the zero extension

Remark 4.2. The rationale for designing the above stabilizations will be seen respectively in Lemma
and Lemmal(6.1) Remark[5.1|and Remark[6.1] From the proof of the coercivity of the finite element problem
in the next section, one can see the role of the stabilizations. Also, these stabilizations can accommodate
singular solution u and singular data £ and x.

We are now in a position to state the finite element problem.
Let 3 be a constant to be determined later. Put

IMA Journal of Numerical Analysis
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yh(u; V) = ycurl curl (u7 V) +6t§ﬂcurl curl ,><n(u7 V) +f5ﬂdiv (u7 V) +t§ﬂ><n(ua V) +f5ﬂ»n(u7 V); (4‘26)

'%h (fa 9, X V) = %curl curl (fa V) + ﬁ'@curl curl ,Xn(fy V) + '%div (97 V) + %XH(X7 V) + L%JI(X? V)'
4.27)
The finite element problem reads as follows: Find u;, € Uy, such that, for all v;, € Uy,

Ln(ap,vy) = Gn(vy) Vv, € Uy, (4.28)

where

Ly(u,v) = (Rp(curl curl u — Au), Ry (curl curl v — Av))g v + (Si(div u), Sp(div v))o,v
+(Yh(n x u), X),(n x v))ov + (A} (curl u-n), A} (curl v - n))o v + % (u,v),
4.29)

h(V) ( (f) Rh(curl curl v — )\V))O v + (Sh( ) Sh(div V))o \v4

+(Yh(x), Yr(nx v))ov + (x,n x (VAL (curl v - n) x n))r. +Z(f, 9, x; V). (4.30)

It can be verified from (4.29) and (4.30) that the finite element formulation (4.28)) is consistent, or the
error orthogonality property holds, i.e., for the exact solution u and the finite element solution uy,

Eh(u — uh7vh) =0 Vv, € Uy. 4.31)

5 Coercivity

In this section, we shall establish the coercivity of the proposed finite element method @.28). As a con-
sequence, the resulting algebraic linear system is symmetric, positive definite. For that goal, we first give
two lemmas below on the stabilizations defined in the previous section.

Lemma 5.1. Forall v € Uy, we have

Feurl curl (V,V) > ¢ Z h%||curl curl v — )\VHOK,
KeTy

Feurl curl ,xn(V,V) > ¢35 Z hr||[n x (curl v x n)]HaF —cg Z h%||curl curl v — /\v||(2)7K,
FeFy} KeTn

where [-] denotes the jump across F,

iy (V,v) > ¢ Z hic||div v|[3
KEeTh

yxn(v7v) >c Z hFHV X n||(2),F7
FeF}
(v, v)>c Z hp|lcurl v - n|[f 5.
FeFy
Proof. For v € Uy, from the construction of the element-bubble and face-bubble spaces in @.T1)-@.15),

we know that
(curl curl v — \v)bg|x € Z°% VK € Ty,

)]bMF f 1]WF|F v G]:h,

n x (curl v x
[ ( arral oiFNumerlcaI Analysis
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(div V)bK‘K S Qeil’K VK € Tp,
(v x n)bE|p e YOEP | VF € FL,
(curl v -n)b¥ | € U1K | vF e FL.

Thus, it is not difficult to adapt the argument in [10] (Lemma 4.3 on page 1285) to have the conclusion. For
the sake of completeness and for illustrating the idea and the argument therein, below we give a demon-
stration of the third inequality in the above Lemma[5.1] i.e.,

Faiv (v,v) Z ¢ Y hi|ldivv|[§ Vv € Uy, (5.1)
KeTn
using the fact that
(div v)bg|x € QYK VK €T, Vv e Uy, (5.2)
where Sy (v, V) is defined by while Qfﬁl’K is defined by 1i From we have
me—_1

> ((V7 V¢f_1’K)0,K> i

Faw (v,v) = Y S ) : (5.3)
KET, —1,K
< ; Ve 115
and since ¢f_1’K = @f_l’Kb K € Hi(K), by the Green formula of integration by parts we have
mye—1 2
> ((diV V,¢571’K)0,K)
ydiv (V7V) = Z 1_1m271 . (54)
KET S IVei IR &
i=1 ’
But, from the construction of Q*~ 1% by (4.11)
QU VK = ALK — gpan{¢fTHE = TR 1 < i <myq} € HY(K)
and (5.2) which equivalently says that
divv|g € span{goffl’K, 1<i<my_1}, (5.5)
we can write
me_1
. —1,K
divv|g = Z dje; ,
j=1
where d;,1 < j < my_y, are coefficients. Now, since qbf*l’K = wffl’KbK, we have
me—1
(div v, ¢y "o = Y di(e M 0l b0 e,
j=1
and we find that
me—1 2
3 ((div v,¢f—1vK)o,K) — d'Bd, (5.6)

[

where dt = (dla d27 e ;dme71) € R™-1 and

me—1

B = (By) e R™=mer - By= > (o 5 o b )o ke (0 0 b0 e
k=1
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Since {p! 1"

i ,1 < i < my_1} is a group of linearly independent basis, the corresponding Gram matrix

(—1,K  0—1,K
G = (Gyj) eRM=XM1 Gy = (9 7,95 K)o K,
is symmetric, positive definite, and we have
B = (G)*.

Further, by the well-known scaling argument(cf. [2} page 95]) through an affine mapping x = Fx (X) from
the reference element & (a unit tetrahedron in the reference X-coordinates system) to the physical element
K (a tetrahedron in the x-coordinates system) and by the fact that { wf_l’K, 1 <4 < my_1} are concretely
given basis functions, it is not difficult in finding that under the shape-regularity condition of the meshes,
the least eigenvalue of G satisfies

Hmin > ¢| K], (5.7)

where ¢ depends on {gbf‘l = @f_l’K oFk,1 <i<my_1}and on b := by o Fg all of which live on the

reference element K, but it is independent of K, i and v. On the other hand, we find that
(div v, (div v)bx )o.x = d'Gd, (5.8)
and from a similar argument in [2, page 142] that

(div v, (div v)bg )o,x > cl|div v[[§ x, (5.9)

where ¢ depends on b but it is independent of K, h and v. From any standard textbook of linear algebra, it
is easy to show that
d’'Bd = d'(G)*d > fimind'Gd. (5.10)

Also by the scaling argument, under the shape-regularity condition of the meshes, we find that

me—1

> Ve RIS ke < chiPIK], (5.11)

=1

where ¢ depends on {@ffl, 1 <i<my_1}and on ZA) but it is independent of K, h and v. Summarizing
G3). G4, E3). G0, G, E3). G, and (5.1, we obtain

2

o —1,K
> ((@ivv, ¢ ok
i=1

T = chil|div 1[5k, (5.12)

2 Ve x
where ¢ is independent of K, h and v. It follows from and (5.3) that holds. Other coercivity
results in Lemma[5.1] can be similarly shown. O

As a consequence of Lemma 5.1} for a suitable value for 3, for all v € Uy, we have

Seurl curl (V7 V) + Bycurl curl ,><n(V7 V) >

c| > hpl||[nx (curl v x n)]Hg,F + KgT h%||curl curl v — /\v||(2)7K> . (5.13)
h

FeFj}

Below, we can prove the coercivity.

Theorem 5.1. For all v € Uy, for a suitable value of B, we have

Eh(vvv) > CHVHg,curl .

IMA Journal of Numerical Analysis
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Proof. For v € Uy, From Theorem 3.1} we have

cl[vllo,curt < [[eurlcurlv — Av||_y + |[div v[[—1 + [[curl v -n[[ i p +[lv xn|[_1p. (514

In what follows, we show that

Nl

chrlcurlv—/\vH,l—|—||divv||,1+chr1v-n|\7%,lﬂ+||v><nH7%’FSc(ﬁh(v,v)) . (5.15)

‘We first consider the first term in the above left-hand side. Notice that

(curl curl v — \v, z)

[lcurl curl v — Avl||_; = sup
02€(HL(Q))? |1

Denote by Ej, : (H'(Q))?> — Zj, the classical interpolation operator such as the Clément interpolation
operator or the Scott-Zhang interpolation operator(e.g., see [8, 12, 26] ). Choosing zj, := E,z € Zj, so that

1 2
(Z h;‘fIIZ—ZhI?J,h) | D hElz—zallle |+ llzalls < cllzfl,

KeTn FE]:}&}
we have
(curl curl v — Av,z) = (curl curl v — Av, z;) + (curl curl v — A\v,z — z,,),

where

(curl curl v — \v,z — z;) = (curl v, curl (z — z)) — A\(v,z — zp)

= Y (curlcurlv —Av,z—z)ox + > [p(nX(z2—24)) [0 x (curl v xn)]
KeTn FeF

( > h;‘fIZZhII%,K)
KeTy,
1

+0< 2 hFII[nX(curlvxn)]llﬁ,p> (Z hF1|z_zh||(2),F>

FeFj FeFy?

2

2

< < S>> h%||curl curlv)\v|g7K>

KeTy,

SIS

1

3
<c| ¥ hkllcurleurlv — Av[[§ o+ > hp|lnx (curlv xn)]|[§ | =],
KeTh FeF

and from (#.6), we have

(curl curl v — A\v, z)
(curl curl v — Av)||o,v||zrl|o.v

= (Rp(curl curl v — Av),z,)0 v
<|
< ||Rn(curl curl v — Av)||o.v||2|]1-

| R,
| R,
Hence,

c|lcurl curl v — Av||_; < [|Rp(curl curl v — Av)||o.v

-

2
5.16
+| X hkllcurleurlv — Av[[§ -+ > hpll[nx (curlv xn)]|[§ ] . (>-16)
KeTh FeFy!
Similarly, for the second-term, we have

1

2
cl|div v||=1 < ||Sk(div v)||o.v + g > h3|div v||37K> . (5.17)
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Below, we estimate the two terms |[curl v - n|[_1 p and |[v x n||_1 p. Note that

(curl v -n, )

1911

|lcurl v -m||_s1 p sup

0£pEH 3 (I)
Let Uy, (F; ,1; ) denote the restriction of ¥y, over F; ,1; (the conforming and shape-regular triangulation of T').
Denote by I}, : L' (I') — W, (F.) the Clément interpolation operator (cf., [8,12]). Choose a ¢y, := IT3) €
Wy, (F}) so that

> bt len = vl e |+ sl e < cllvl

FeF})

Denote by E : Hz (I') — H'(€) the lifting operator. Let Etp, € H'(Q) be the lifting of the boundary
trace ¢y, € H2 (I), satisfying

1 .
20

1Bl < cllnlly r < cllvlly r-

Now, denote by m;, : H 1((2) — WUy, the Scott-Zhang interpolation operator, and define 7, By, € Uy,
which preserves the piecewise polynomials on the boundary T', satisfying (see [26])

mhEvn|r = ¢,

lmnEbn|l1 < cl|[Evnlly < cllnlls r < clldl]s -
Since
(curl v -n,¢)r = (curl v - n,¥p)r + (curl v - n, ¢ — ¥p)r,
where, from (4.9), we have

(curl v - n,¢p)r (curl v -n, mp Evp)r = (Ag(curl v-n), . Evn)ov
|

< 1A} (curl v - 1)l o,v | [ Bl < cl[AL (curl v -n)lo.o 1]l 1.

(curl v-n, ¢ —¢p)p = [(¢) —hp)curl v-n 1 1
< ( > hF||CUP1V'n||3,F> < > hF1|¢h—¢||3,F>

FeFy FeFy
2
<c| X hellearlven[fg o | (1Y),
FeFf

and we thus have

N

clleurlv-nf|_; p < |[A}, (curl v - n)|jo.v + Z he|lcurl v n|ff 7 | . (5.18)
FeF),

Similarly, we have

[N

clvxnl_ip <[ ThmxV)ov+ | D hellvxnlfr] . (5.19)
FeF]

Summarizing (5.16)-(5-19), we have

c(||eurl curl v — Av||_1 + [|div v||-1 + [lcurl v - n[|__1 ¢ + [[v x n|[_4
|| B (curl eurl v — Av)|[o,v + [|Sk(div v)[lo,v + || (0 x v)llo,v + [|A}(

| X hillewleurlv =Av[g + 3 hrllnx (curlv xn)][[ - (5.20)
e - reRp ’

N

1 1
2 2
+< 2 h%{HdiVV”(Q),K) +< 2 hF||CUP1V~n||3,F> +< 2 hF||V><n||8,F> ;
F
SIS

KeTs T . cFr
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and, hence, combining Lemma 5.1} we conclude (3.13). O

Remark 5.1. From Lemma [5.1) all the stabilizations in the finite element problem can be replaced by
simpler forms as follows:

3
< > hxlleurl curl v — Av[[§ x + > hp||[n x (curl v x n)]||§F>

KeTh FeF? A (5.21)
2

1 1
2 2
+< 2. h%ldiv"I%,K) +< 2. hFllcuﬂV‘nllﬁ,F> +< 2 hF||V><n|%,F>

KETh FeFL FeFy

The above is much easier to implement.

However, clearly, these stabilizations are only suitable for regular enough f and x, say f € (L?*(2))3
and x € (L*(T"))3. Moreover; it is easy to define the corresponding right-hand sides, but not for the
stabilization term (ZFEF{ hr||curl v-n| |37F)1/2. This term requires that the solution u is smooth enough

so that curl u-n € L*(T). For this term, if x = 0, then no right-hand side is needed. If x # 0, we cannot
find a corresponding right-hand side, and the property of consistency or error orthogonality will be lost.
Without this property, higher-order elements (i.e., { > 1) cannot result in higher-order convergence rate
for smooth solution (say, u € (H'T*(Q))3). Here, why we design the stabilizations as in @ 16)-@.23) is
explained. See a further explanation in Remark|[6.1]

Remark 5.2. Upon the interest of one of the referees, here we consider to use the element-bubbles and face-
bubbles from Z5K 7= 1Mr YOKr Q=LK W=VLEr 15 enrich all the auxiliary finite element spaces
Zy, Y, Qn and Yy, then, denoting the enriched finite element spaces by Zi,’f, Y?f, ?f, and \I'Ef, all
the discrete Riesz-representation liftings Ry, Tl,:, Sh, A}: are now defined on Z';f, Y,bf, ?f, and \I/',’f,
respectively. Under such replacements, Theorem[5.1still holds, while all the stabilizations are unnecessary
and can be dropped. In fact, with 7% in reasoning (5.16), but now choosing a zy, € Z?f, forv € Uy, so
that

(curl curlv — Av,z — z;,) =0,

and as a result, the term

[N

z hi(chrlcurlvf)\vHaK+ Z hr||[n x (curlvxn)]HaF
KeTh FeFy?

disappears in (5.16), i.e., (53.16) now reads as follows:

c|lcurl curl v — Av||_; < ||Rp(curl curl v — Av)|o.v.

Thus, the related stabilizations .%curl curl (W, V), Zeurl curl ,xn (W, V), together with their corresponding
right-hand sides Hecurl curl (£, V), Zeurl curl ,xn(f, V), are unnecessary and can be dropped. Similar
arguments apply if(Q?f, Y,bf, \IJT) are in place of (Qn, Y, Uy), and the related stabilizations and their
right-hand sides are unnecessary and can be dropped, too.

6 Convergence and error bound

In this section, we shall establish the H(curl;{2)-quasi-optimal error estimate, convergence and error
bound.
We first give the boundedness of the bilinear form £, and the linear form Gy,, and of the stabilizations,

where £;, and G;, are defined in and the stabilizations are defined in - .
" " @%R}IA Journal of Numerical Analysis &.18-¢2)
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Lemma 6.1. Let f € (Hy(curl ;Q)) = {f € (H~1(Q))3 : divf € HY(Q)} and x € H™2(div p;T)
and g = —\div f € H=1(Q). Forallu,v € H(curl ; Q), we have

Feurl curl (uav) < C||u||0,curl HVHO,curl s
ycurl curl ,Xn(u7 V) S cHu”O,curl ||V||O,cur1 )
Faiv (0, v) < cf[ulfo]|v]lo,
an(LL V) S CHu”O,curl ||V||O,cu1‘1 5
Zn(u,v) < ¢||curl uljp||curl v||o,

Keur! curl (£, V) < |lf]](Hy(curt ;0)) [ V]]0,curl ,

PReurl curl ,xn(fv V) < C||f||(H0(curl ;Q))’||V| 0,curl

Kaiv (9,v) < cllgll-allvilo < cll[l (o (eurt sy [[V]lo,

Fxn V) < el

An(x;v) <l

div ;T) ‘ |V‘ |0,curl s

H™% (div F;F)chrl Vlo-

Proof. From the expressions {#.16)-(#.23) of the stabilizations, one can easily obtain the above bounded-
ness. O

Remark 6.1. If we adopt the stabilizations in (3.21)), we cannot obtain the H (curl ; Q)-norm boundedness
in Lemma and consequently, we cannot establish the H(curl ; Q)-quasi-optimal error estimate, and
the convergence, the error bound in the sequel.

Lemma 6.2. For allu,v € H(curl ;Q) and for all £ € (Hy(curl ;Q)) and x € H™=(div ;T), we
have
“Ch(uvv)| S C||u||0,curl HVHO,curl 5

Gn (V)| < Il (0 (cur s)) + 11Xl

Hfé(div r;F))HV| 0,curl -

Proof. First observe that both £, and G, are well-defined on H (curl ; ). From the definitions of those
discrete Riesz-representation liftings or projections {.6)-@9), for f' € (H=*(Q))%,¢' € H~'(Q),x’ €
(H=2(I))3, " € H—2(T), we have

IRA(E)[lo,v < cl[f']]-1,

151(9)o.v < ellg'l]-1,
105 Ol < ellx/Il- 1 rs
1AL ()low < ellw'l] -y -

For u € H(curl ; ), putting ' := curl curlu — Ay, ¢’ :=divu, x’ =n xuand ¥’ := curlu- n, we
have
IRA(E)o,w < cl[f']|-1 < cl[ullo,curt ,

1Sh(g)lo,w < cllg'l|-1 < clju

|O7

105 O)lo.w < ellx/ll- 3 r < cllullo.cur »
1AL ()]0, < cllw’l| 3 r < cllcurlulfo.
For v, we have the same. Combining Lemma [6.1] from (#.29) and {#.30), we conclude. O

Combining Theorem [5.1] Lemmas 5.1} [6.1] and [6.2] from the classical Lax-Milgram Lemma (cf., [7])),
we conclude the following theorem on the stability of the finite element solution.
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Theorem 6.1. The finite element problem (4.28) is well-posed, i.e., there exists a unique solution uy, € Uy,
and for all £ € (Hy(curl ;Q)) and x € H 2 (div r;T"), the following stability holds:

||uh||0,curl < C(HfH(HO(curl Q) + HXHH_%(div F;F))'

In addition, under the assumption of quasi-uniform meshes, the condition number of the resulting
algebraic linear system is O(h™2), since

2 -1 2
C||V|‘O,curl < Eh(V,V) <c HVHO,curl Vv € Uy,.
The following theorem is about the quasi-optimal error estimates and the convergence.

Theorem 6.2. Let u € H(curl ;) be the exact solution and uy, € Uy, the finite element solution. We
have the following quasi-optimal error estimates:

Hu - uh||0,curl < CViEr%n ||u - VHO’C“rl '

Consequently, we have the convergence as follows:

lim |ju — upl|o,cur1 = 0.
h—0

Proof. From Theorem [5.1] the consistency or error orthogonality property (4.31)), and Lemma [6.2] we
have the quasi-optimal error estimates. Since, from Theorem 2.10 on page 34 in [2], the space (2(Q))3 N
H{(curl ; Q) is dense in H(curl ; ) with respect to the norm of H(curl ; Q), where 2(Q) = {¢|q, ¢ €
C5°(R3)}, we have a smooth enough function v which approximates u in the H(curl ; Q) norm. Such v
can be interpolated by the function in Uy, following the argument in [7] (cf. Theorem 18.2 on page 139),
it is not difficult to obtain the convergence. O

In order to establish the error bound, we first give an extension result.

Lemma 6.3. For u,curlu € (H"(Q))3 with 0 < r < 1, there exists an extension operator E such that
Eu, curl Eu € (H"(R?))?, and that
Eu=u in{,

[ Eul|,gs + |lcurl Eull,gs < c([[ul] + [|curl u],).

Proof. Since curl u € H(div °;Q) and curl u € (H"(Q))?, from [2] (see Remark 3.12 on page 47) there
exists a vector potential A € (H'*7(Q))? such that

curlu=curl A, |/Al|14+, < c|[curl ull,.
Thus, we have a scalar potential p € H() such that
u=A+ Vp.
We may require p € H'(2)/R to have a unique p and
[Ipllo < ¢lply < e(lullo + [[Allo) < el[ull, + [lcurl ul],).
It also follows that p € H' (), satisfying
Phr < c(l[ull, +[|Allr) < c([[u]l; + [lcurl ul],),

and we have
[Iplli+r < c([lull; + [[curl ulf,).
In other words, for u,curlu € (H"(£2))3, we have the following regular-singular decomposition (cf.

(2.6)-2.7) for the case r = 0):

=A+Vp, Ac(HT(Q)? HYr(Q),
" * IMA Journal(of Nur%e)rl)cal Aha ysis ()
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where
[[All14r + [lpl[14r < c([[u]]» + [[curl u]],.).

Let E1p € H'™"(R3) and E; A € (H'*"(R3))3 be the classical extensions of p and A, satisfying (see
(29, 111)
Eip=p inQ, |[Eipllitrre < c|[plli4r,
EiA=A inQ, [EiAlli4rre < d|Alli4r.
Define
Eu=E;A+ VEp.
Summarizing the above, we have the conclusion. O

Let § > 0 be a constant to be determined. Introduce the usual mollifier ps: ps(z) = 6 3p(z/6),
where p(z) = cglf(x), £(z) = exp(|z[* — 1)~ if |z < 1, otherwise, &(x) = 0, where c¢ = [, €. Let
€ (H"(R3))3. Assume that v is compactly supported in R3. Define the mollification of v by setting
Jsv i=ps* v = [os ps(x — y)v(y)dy. This Jsv € (C5°(R?))?. It is not difficult to show the following
commuting property, approximation property and inverse estimate for v, curl v € (H"(R?))? (also, cf.,
[1]], Theorem 5.33 on page 160):
curl J;v = Jscurl v,

[[v = Jsvllors < cd"[[V]|rrs,
[ T5v|[srs < 6" %[|V]]¢ s,
where 0 < t < s are any two real numbers, and ¢t < 7.

Theorem 6.3. Ler u € H(curl ;) be the exact solution and uy, € Uy, the finite element solution. Assume
thatu,curl u € (H"(Q))3 for some 0 < r < 1. Then,

or
1 (|[ufl; + |lcurl ul|,).

Proof. From Lemmal6.3] first extend u € (H7(2))* with curl u € (H"(2)) from 2 to the whole space
R3, denoted by Eu € (H"(R?))3 with curl Eu € (H"(R?))3, satisfying

Eu=u in{,

[Bul], 20 + lleur] Bul|,zs < ef|[ul], + [leurl ul|,).

Denote by (Eu)s; = JsEu = ps * Eu € (C§°(R?))? as the mollified counterpart of Eu, satisfying
curl (Eu)s; = (curl Eu)s,

and

[[u— (Eu)sllo = |[Eu— (Eu)sllo
< [|Eu — (Eu)s|[o,rs
S 65T||Eu||T’R3
<

co"(|[ull; + |lcurl ul,),

[lcurl (u — (Eu)s)|lo = ||curl Eu — (curl Eu)s]|o
< [|curl Eu — (curl Eu)s||o rs
< ¢d"||curl Eul|, gs

< c6"(||ull; + [[eurl ul},).

Let I}, denote the classical finite element interpolation operator in Uy, which is determined by nodal-values
(e.g., see [7]). Define
vy = Ih(Eu)5 S Uh,

satisfying

[[(Eu)s — I (Eu) 6|,\2 + h||(Eu ?— I;(Eu) 6/&\ < ch“[(Bu)s]|e41,
ournal of Numerical Analysis
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where
(Bwsllerr < [[(Bu)slr1ps < 6™ [Bullyzs < e6™ " (||u]l, + [|curl u]|,).
Hence,

||u - Vh||0,curl < ||u - (Eu)éHO,curl + ||(Eu)6 - V}L||O,curl
< c0"([[u]|; + [leurl u||,) 4+ ch®6" (| |ul|, +||curl u],).

Choosing
5" = héérfffl’

from Theorem 6.2} we obtain the error bound as claimed. O

Remark 6.2. In the absence of gradient fields of a scalar H'-conforming finite element space, the rate
of convergence in Theorem [6.3] for the finite element solution wy, is the best that can be attained in
H(curl ; Q)-norm for all 0 < r < 1 and for all { > 1. Unless the finite element spaces contain the
gradient fields of a scalar H*'-conforming finite element space, no existing methods in the literature can
reach the optimal rate r in H(curl ; Q)-norm, to the authors’ knowledge.

To recover the optimal value r, one has to enrich Uy, with the gradient fields of an H'-conforming
finite element space. There are four ways for achieving that goal.

The first way is to use the gradients of a scalar H?-conforming C' element to enrich Uy, and the
enriched is still H'-conforming. Thus, one can construct a finite element interpolation v, = u} + Vp}
from the regular-singular decomposition u = u* + Vp* for the solution u,curlu € (H"(Q))3, where
u* € (HY(Q))® and p* € H*"(Q). See Lemmal6.3|for an example of this type of regular-singular
decomposition. From Theorem then, it is not difficult to establish the optimal error bound O(h").

The second way is to artificially enrich Uy, by the gradient fields of a scalar H'-conforming C° ele-
ment. The enriched space is no longer H'-conforming, but, of course, it is still H(curl ;Q)-conforming.
We use again the regular-singular decomposition u = u* + Vp* to have the optimal error bound O(h").

The third way is simply to define U}, as the H(curl ; Q)-conforming only Nédélec element, which
usually contains the gradient fields of a scalar H'-conforming C° element. The optimal error bound
O(h") follows, as is a classical result.

The fourth way is to use the composite meshes such as the Clough-Tocher/Alfeld macro meshes. Then,
Uy, can contain the gradients of a scalar H?-conforming C' element, and the optimal r order can be
restored, as done in [34], [33)].

Remark 6.3. For smoothu € (H**t(Q))3 for t > 0, applying the classical finite element analysis (cf,,
[2]), from Theorem one can have the error bound ||ju — upllo.cur1 < chmin(t*z)||u||1+t, which is
optimal in H(curl ; Q)-norm for t = ¢, the same as the order of approximation. No gradient fields are
needed in the above remark.

7 Implementation issue

In this section, we address the implementation of the finite element method proposed in sectiond] There
are two ways for solving the finite element problem:

¢ To realize (4.28)-(4.30) by a symmetric positive definite system.
¢ To realize (4.28)-(4.30) by a mixed system.

7.1 Implementation by a symmetric positive definite system

We first consider the first way.
We have seen that the finite element method involves the computations of four liftings. Each lifting
needs to solve the /inear finite element solution of the Poisson equation.
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7.1.1 How to compute the duality and the liftings

Once the definitions of these functionals f € (H~'(Q))3, x € (H~Y2(T))3, g € H () and s €
H~'/2(T") are given, we solve the corresponding linear finite element problems (#.6)-#J). When a func-
tional is given, say g € H~'(Q), it means that the action on the H}({2) space is concretely prescribed, i.e.,
the formula of (g, q) for ¢ € H} () is available. Generally, we have

(9,9) = (9%, q) + (&', Va),

where ¢° and g! are known L?-functions. For g, € Q) C H{ (), then we have the value of (g, q5),
and we have the right-hand side vector. Similarly, when we are given a k € H -1/ 2(1"), it means that the
formula of (k,9)p for 9 € H'/?(T) or for ¥ € H' () is known. Usually,

<’$a 19>F = <E -1, 19>I‘ = (57 Vﬁ) + (le £a 19)7

where £ is a known vector function in H (div ;£2). We then obtain the right-hand side vector from the
formula of (k,9},) for ¥, € ), € H'(Q). For all these functionals f € (H~1(2))3, x € (H~'/2(I))3,
g € H'(Q) and x € H~'/%(T), the corresponding right-hand side vectors are obtained from the formula
of the definitions of those functionals applying to the finite element spaces.

Solving ({@.6)-(4.9), we will obtain four matrix operators of the linear element. The implementation is
as follows. For any v, € Uy, put

f:=curlcurl v, — \v;, € (H 1(Q))?, g:=divv, € H (),
x:=nxv, € (H3I))? k:=curlv, neH ().
For example, we obtain R, (f) € Zj, by solving the linear finite element problem
(Ru(£),2zn)ov = (£,2) = (curl v, curl z,) — AN(vp,2p) Vzp, € Zy,.
To see the matrix form of Ry (f), we introduce the finite dimensional basis of Uy, and Z;: U, =

(span{by,1 < i < NU})? and Z;, = (span{bZ 1 < i < NZ})3, where b¥,b? denote the global

Lagrange basis functions. Denote by v, = Ziv L cibY with ¢; = (c14, €21, ¢37) and Ry, (f) = Zf\z d;b?
with d; = (dy;,d2;,ds;). Setc € R3N” a5 the coefficient column vector of v, and similarly, setd € R3N?
as the coefficient column vector of Ry, (f). We have, with M being the left-hand side matrix and N the
right-hand side matrix,

Md = Nc¢ M€R3NZ><3NZ NER?)NZXSNU.

Note that M is the resulting matrix from Z; C (H}(Q))3, the product of the linear elements. M is
symmetric positive definite. Similarly, we obtain T£ (x) € Y}, by solving the linear finite element problem

(TE(XLyh)O,V = <Xa nx (Yh X 1'1)>1" = (curl Viu}’h) - (v;“curl Yh) VYh S Yh>
and obtain Sy, (g) € @y, by solving the linear finite element problem
(Sn(9)sqn)o,v = (9,qn) = (div vh,qn) Van € Qn,
and obtain AL (k) € ¥}, by solving the linear finite element problem

(AE(H)aﬁh)O,V = <I€,19h>1" = (curl Vh,V’ﬁh) V), € Uy,

7.1.2 A symmetric positive definite system

. v . S . -
Letting u;, = Zf\il a;bY, with o € R3VN" being the coefficient column vector, from the bilinear form £,
in (@.29), with the computed liftings in the above, we can obtain

Lp(up,vy) = cAa,

U U . . .. . . .. . .
where A € R3NV"*3N" i a symmetric positive definite matrix. Similarly, we can obtain the right-hand
side vector from (@.30), i.e., we have

G(vp)=c'n, me R3NY,

From (4.28)), the resultant system is Aa is is a symmetric positive definite system.
€29, Y IMA Joﬁrnal ofNun)w/erlcaI Anglyms Y
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7.2 Implementation by a mixed system

Next, we consider the second way: an expanded mixed problem.

This way lies in that all the Riesz-lifting solutions in (#.6)-(#.9) and the solution uy, in @.28) are solved
simultaneously from a mixed problem.

Introduce wy, € Zp,pn € Qn,dy € Yi,vn € ¥y, which are defined as follows:

wy, = Rp(curl curl u, — Auy), pp = Sp(divuy), dj:= Tg(n Xup), Yhi= Ag(curl up-n),
and introduce f}, € Z,, g1, € Qn, X1, € Y, pn € ¥, which are defined as follows:
fh = Rh(f)a 9h ‘= Sh(g>7 Xh = TIF—L‘(X)7 Ph = Ag(curl u*- Il),

where u* € H(curl ; Q) is any function that satisfies n x u* = x on I'. Note that we do not need to really
know what u* is. The introduction of u* is only for giving the meaning of py,. Then, from @.28)-@.30),
we state the mixed problem: Find

u, €Uy, wpne€Zy, phe€Qn dpeYy, ey,

and
fn€Zn, 9gn€Qn, Xxp€Yn, pn€ ¥y,

such that

(curl wp, curl vi) — A(wp, vp) — (Vi, Vor) + (0 X vp,dp)r + (curl vy - n,9:)r + S (up, vi)

—(curl vy, curl f,) + A(vp, £,) + (Vi, Vgn) — (0 X v, x)r — (curl vy - n, pp)r = Zi(f, 9, X5 Vi),

(Wh,2p)o,v — (curl uy, curl z,) + A(uy,z,) =0,
(Phsan)o,v + (un, Varn) = 0,

(dn, yn)o,v — (0 X up,n X (Yh xn))r =0,
('Yhﬂ?h)o v — (curl up - 1n ﬁh)p = 0
(fn,Zn)o,v = (£,2n),
(9, Gn)o,v = (9, n),
(Xn>Yn)o,v = (X; ¥n)r,
(s Dn)o,w = (X, X (VI X 1))p ..

forall v, € Up, 2z, € Zyn, qn € Qn, yn € Yy, VU € ¥y, and for all z, € Zy, qy €
Qn, Yn €Yy, VeV,

In both ways, the total scalar unknowns are 19 (For two-dimensional problem, the total scalar unknowns
are 10), and both ways involve the same computational cost. On the other hand, the coding for the mixed
system is relatively easier.

8 Numerical experiments

In this section, we provide some numerical experiments for illustrating the FEM ([#.28) and the theoretical
results of error estimates. For ease of implementation we consider a two-dimensional problem of Maxwell
equations over a square domain €2 = (0, 1)2. We use the mixed formulation as formulated in the previous
section to simultaneously solve all unknowns.

In all the numerical experiments, the exact solutions are known, either singular or smooth. If not
indicated, A\ = 1 is chosen. The singular solutions are in (H'/2~¢(2))? and (H?/37¢(0))?, respectively,
for any small € > 0. The smooth solution is infinitely smooth. Since the exact solution u is known, all the
data f and x are computed through (T.T)) and (T.2), with g := —A~!div f. If the data are in negative-order
Sobolev spaces, the data should be computed through their dual products in the following way (see also the
previous section):

(f,z) = (curlu,curl z) — A(u,2z), (g9,9) =—(u,Vq), (x,¥)r = (curlu,y)— (u,curly).
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For the singular boundary data and the singular right-hand side data in these examples, we may also use
the Gaussian quadrature rules with sufficiently many Gaussian points in the vicinity of the origin. With
the Gaussian quadrature rules we used fourteen Gaussian points in the computation of the line integrals
and nineteen Gaussian points in the computation of of the triangle element integralaﬂ If the data are in
L? spaces, the dual products are replaced by the L? inner products, e.g., (x,y)r = (Xx,y)r. Some of
the singular solutions are the gradients of scalar functions while others are not. In fact, any H(curl ;)
function can always be decomposed into the sum of a regular part in the H! space and a singular part which
is the gradient of a scalar function which is in the H' space(see section for various decompositions).

We consider the linear element (denoted as P; element) and the quadratic element (denoted as Ps
element) in these experiments, in order to verify the theoretical results as stated in Theorem@for singular
solution and Remark[6.3|for smooth solution. The mesh consists of uniform triangles.

8.1 Example 1

We take
u=(—1/2p"2sin(0/2),1/2p71/2 cos(6/2)),

where (p, ) are the polar coordinates system in the plane, p the distance function and € the opening
angle from the origin. Such u € (H'/?27¢(Q))? where e is any small positive number less than 1/2, and
curlu=0.

The computed errors of P; and P, elements are reported in Table [T] and Table [2] respectively. The
theoretical order in || - || cur1 -norm for P; element is ¢/(£ + 1) = (1/2 — €)/2 ~ 0.25, while for P
element 7¢/(¢ + 1) = (1/2 — €)2/3 = 0.33. From Tables |l|and |2} we see that the computed order is
approximately consistent with the predicted. We also see that for the P, element, the convergence rate in
Table 2| seems to be close to optimal 1/2. The reason is not clear so far.

Table 1: L2, H(curl ) errors of uy, for P; element: H'/27¢ solution

[ h | 1/4 | 178 | 1/16 | 1/32 1/64 1/128
[lu —upllo 0.13678493 | 0.13218979 | 0.12194860 | 0.10641319 | 0.09035986 | 0.07622981
order — 0.04929857 | 0.11633749 | 0.19659624 | 0.23592299 | 0.24532686
[lcurl (u —uy)|lo | 0.04517498 | 0.04087683 | 0.03656654 | 0.02899549 | 0.02160393 | 0.01617408
order — 0.14424071 | 0.16075919 | 0.33469559 | 0.42453508 | 0.41760948
Table 2: L2, H(curl ) errors of uy, for P, element: H'/2~¢ solution
h [ 1/4 13 [ 1/16 1732 [ 1/64 |

lu—unlo 0.08945654 | 0.06765027 | 0.05022329 | 0.03702763 | 0.02719256

order — 0.40309141 | 0.42973904 | 0.43975442 | 0.44539005

[|lcurl (u —uy,)|]o | 0.04511309 | 0.03207375 | 0.02276016 | 0.01611810 | 0.01140330

order — 0.49215306 | 0.49488262 | 0.49782858 | 0.49923029

8.2 Example 2

We take
u=(—2/3p"3sin(6/3),2/3p1/3 cos(6/3)).

Such u € (H?/37¢(Q))?, and curlu = 0. The computed errors of P; and P, elements are reported
in Table [3| and Table {4] respectively. The theoretical order in || - || curl -norm for P; and P; elements is
respectively ¢/ (£+1) = (2/3—¢)/2 ~ 0.33 and approximately 7£/({+1) = (2/3—¢)2/3 = 0.44. From

'D. A. Dunavant, High degree efficient symmetrical Gaussian quadrature rules for the triangle, Internat. J. Numer. Methods

Engrg., 21(1985), pp. 1129-1148. . .
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Tables 3] and ] we see that the computed order is approximately consistent with the predicted. Likewise,
we see again that the convergence rate in Table for the Ps element seems to tend to optimal 2/3.

Table 3: L2, H(curl ) errors of uy, for P; element: H?2/3~¢ solution

[ h | 1/4 | 178 | 1716 | 1732 | 1/64 | 17128 \
[[lu—uplo 0.08695579 | 0.08165994 | 0.07210830 | 0.05921238 | 0.04724758 | 0.03760512
order — 0.09065353 | 0.17946315 | 0.28426644 | 0.32565849 | 0.32931133
[lcurl (u —up)|lo | 0.02324863 | 0.02625699 | 0.02426743 | 0.01779159 | 0.01214099 | 0.00864408
order — -0.17555636 | 0.11368023 | 0.44782644 | 0.55130887 | 0.49010182

Table 4: L2, H(curl ) errors of uy, for P, element: H?/3~¢ solution
(% (174 (178 [ 1716 (1732 [ 1764 |
lu —upllo 0.04376512 | 0.02907927 | 0.01898241 | 0.01231933 | 0.00797417
order — 0.58979051 | 0.61532817 | 0.62373931 | 0.62751718
Teurl (u — up)[lo | 0.01773116 | 0.01124060 | 0.00712104 | 0.00449736 | 0.00283577
order — 0.65756728 | 0.65856002 | 0.66300783 | 0.66534020

Page 28 of 35

8.3 Example 3

We consider two exact solutions which are not curl -free, i.e., curl u # 0. Such solution is not gradient.
To construct such solution, let u = (uy, ug) be the exact solution of subsection The first non-gradient
solution is

*

u* :=u+ (sin(y), sin(x)).
In addition, we consider the second non-gradient singular solution:
u™ = (ug, —uz).

The two functions u* and u** are no longer gradients of scalar functions. They are still singular; both
u* and u** have the same regularity as u. We use the P; element. With the finite element solutions
respectively denoted by ujy and u;*, the computed errors are reported in Tables and@ From these tables,

we see that the computed orders are still approximately consistent with the predicted.

Table 5: L2, H(curl ) errors of uj,

[ h | 1/4 | 18 | 1/16 | 132 | /64 | 17128 \
[u* —uj o 0.15297168 [ 0.13044549 | 0.12004545 [ 0.10600884 | 0.09034701 [ 0.07623370
order — 0.22981758 | 0.11986630 [ 0.17939613 | 0.23063581 | 0.24504795
[curl (u* — uj)[lo | 0.14092891 [ 0.06301626 | 0.03577231 [ 0.02831519 | 0.02156276 | 0.01616831
order — 1.16117151 | 0.81688082 | 0.33726693 | 0.39303439 | 0.41537315

Table 6: L2, H(curl ) errors of u}*

[ h | 1/4 | 18 | 116 | 1732 | /64 | 1128 \
[u™ = uj* o 0.16383283 | 0.15626837 | 0.13598042 [ 0.11231068 | 0.09415977 [ 0.08000757
order — 0.06819872 | 0.20062689 [ 0.27590375 | 0.25431236 | 0.23497445
[curl (u™* —u;*)[lo | 0.05148881 [ 0.06424895 | 0.05297506 [ 0.03206539 | 0.02022473 [ 0.01519387
order — -0.31941398 | 0.27835953 | 0.72429652 | 0.66489654 | 0.41263111
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8.4 Example 4

We take a smooth solution
u = (—sin(27y)(cos(2wx) — 1), sin(27z)(cos(2my) — 1))

to test the proposed method, and also compare the computational results between the proposed method and
compared with the standard method (curl u, curl v) + (div u, div v) — (u,v) = (f,v) — (div f, div v),
still with A = 1. The computed errors of P; and P, elements of the standard formulation are reported in
Table[7]and Table[8] respectively, while for the proposed method by Table [7]and Table[8’] The theoretical
order in || - ||o,cur1 -norm for P; and P, elements is respectively £ = 1 and ¢ = 2. From Tables [/| and

the computed orders are optimal for the standard method in both L2 norm and H (curl ) norm. From

Tables [7'| and |8’} the computed orders are about one and two, which have confirmed the predicted. In
comparison with the standard method, there is a loss of one order in L? norm for the proposed method,
but the H(curl ) norm convergence orders are indeed optimal. The reason may be due to the fact that the
standard method provides a much stronger stability in || - ||o,curl ,aiv DOrm. It could thus be expected that
the L? norm convergence order is higher by one order, just like the Poisson Dirichlet problem of Laplace
operator. However, the standard method cannot correctly approximate singular solutions, as is well-known.

Table 7: (Standard method) L2, H (curl) errors of uy, for P; element: smooth solution

[ h | 1/4 | 1/8 | 1/16 | 1/32 | 1/64 | 1/128
[u — o 0.43669559 [ 0.13597740 | 0.03617140 | 0.00918962 | 0.00230677 | 0.00057728
order — 1.68326108 | 1.91044569 | 1.97677290 | 1.99413171 | 1.99852865
[curl (u —uy)[Jo | 4.53862691 | 2.29056553 | 1.13284587 | 0.56400690 | 0.28166763 | 0.14079067
order — 0.98655206 | 1.01575225 | 1.00616687 | 1.00171906 | 1.00044208

Table 7’: (Proposed method) L2, H (curl) errors of uy, for P; element

: smooth solution

[ h | 1/4 | 1/8 | 1/16 | 1/32 | 1/64 | 1/128
[lu —uagnllo 1.08729924 | 0.65517320 | 0.37864667 | 0.28284629 | 0.19960536 | 0.11025138
order — 0.73080081 | 0.79102409 | 0.42083400 | 0.50286781 | 0.85635372
[lcurl (u — up)|lo | 7.33457185 | 4.46214982 | 1.99958157 | 0.75975236 | 0.30417988 | 0.13947827
order — 0.71697380 | 1.15804082 | 1.39609698 | 1.32060454 | 1.12488430
Table 8: (Standard method) L2, H (curl) errors of uy, for P, element: smooth solution
[ h | 1/4 | 1/8 | 1/16 | 1/32 | 1/64 ‘

lu—uplo 0.05274715 | 0.00674109 | 0.00084982 | 0.00010652 | 0.00001332

order — 2.96803942 | 2.98774487 | 2.99610309 | 2.99891081

|lcurl (u —up)|jo | 1.13338784 | 0.29795247 | 0.07477305 | 0.01866310 | 0.00465970

order — 1.92748753 | 1.99449191 | 2.00232993 | 2.00187800

Table 8': (Proposed method) L2, H(curl) errors of uy, for P, element: smooth solution

[ h | 1/4 | 1/8 | 1/16 | 1/32 | 1/64
[[u —uflo 0.30669052 | 0.04445678 [ 0.00552012 | 0.00098352 | 0.00023148
order — 2.78630831 | 3.00963054 | 2.48868018 | 2.08708815
[curl (u —uy)lo | 1.59586550 [ 0.35138165 | 0.07536291 | 0.01808351 | 0.00449989
order — 2.18322831 | 222111233 | 2.05917953 | 2.00671427
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8.5 Example 5

In this subsection, we consider different values of A to know about how A affects the convergence rate.
We take the exact solution of subsection [8.1] with the use of the P; element and consider several values
A = 1,15,30,45. As can be seen from the results in Table [9} the higher the wavenumbers X are, the
more the convergence orders deteriorate accordingly. Such issue has been well-known for Helmholtz-type
equations with high wavenumber, and it deserves further studies, but it is beyond the scope of this paper.

Table 9: L2, H(curl ) errors of uy, for different As

Page 30 of 35

(X [h [1/4 [1/3 [1/16 [1/32 [1/64 [1/128
u—us o 0.13678493 | 0.13218979 | 0.12194860 | 0.10641319 | 0.09035986 | 0.07622981
| | order — 0.04929857 | 0.11633749 | 0.19659624 | 0.23592299 | 0.24532686
[curl (u—uy)|jo | 0.04517498 | 0.04087683 | 0.03656654 | 0.02899549 | 0.02160393 | 0.01617408
order — 0.14424071 | 0.16075919 | 0.33469559 | 0.42453508 | 0.41760948
Ta — uplfo 0.09375371 | 0.10251241 | 0.10514734 | 0.10111516 | 0.09173078 | 0.07947803
|5 | order — -0.12885093 | -0.03661376 | 0.05641300 | 0.14052155 | 0.20684980
lcurl (u—uy)|jo | 0.11340742 | 0.08103533 | 0.07691022 | 0.08884497 | 0.10040281 | 0.09554489
order — 0.48489215 | 0.07537557 | -0.20811476 | -0.17643757 | 0.07154905
Tu— o 0.07476354 | 0.08394423 | 0.08943865 | 0.09011749 | 0.08583046 | 0.07647305
50 | order — -0.16709626 | -0.09146730 | -0.01090870 | 0.07031744 | 0.16653836
lcurl (u—uy)|jo | 0.21203683 | 0.15599929 | 0.11387433 | 0.10047165 | 0.09965822 | 0.08356459
order — 0.44277543 | 0.45409687 | 0.18065411 | 0.01172779 | 0.25409704
Tu — upllo 0.06553182 | 0.07359882 | 0.08010152 | 0.08241766 | 0.08061779 | 0.07448523
45 | order — -0.16748707 | -0.12214695 | -0.04112389 | 0.03185520 | 0.11414383
lcurl (u —uyp)|jo | 0.26848267 | 0.20101306 | 0.14180167 | 0.10771165 | 0.09697876 | 0.09547564
order — 041753971 | 0.50341473 | 039670019 | 0.15143361 | 0.02253612

8.6 Example 6

We consider a case in which the right-hand side f is singular. We also compute the residual of the diver-
gence of the difference between the finite element solution and the exact solution. For this purpose, let
p = p'/?sin(0/2) which has the regularity of H3/2~¢(Q) for any small positive number e less than 1/2,
and let p© := 100sin(z + 1) sin(y + 1)p. Consider

u® = curl p® = (9p° /9y, —Op* /o).

Then, compute f = curl curl u® — u?, still with A = 1, and it follows that f € (H~/27¢(Q))2. The
singularity of f can be seen from the figures for the two components of f = (f1, f2) which are shown by

Figures [Ia)and [Tb]in Figure

We use the P; element for the finite element solution denoted by u,? and report the numerical results in
Table. Upon the interest of one of the referees of this paper, we in addition report the numerical results for
the residuals of the divergence of the difference between the finite element solution and the exact solution

in the norm ||div u?||_1 5 = \/HSh(div u2)||av + Y ket hilldiv ugHaK. It can be shown that

||[div - ||-1,n is equivalent to the H~! norm ||div - ||—; over Uy. Note that the exact solution satisfies
div u® = 0. The errors are reported in Table The convergence order is about 0.25 as predicted. In
addition, the ||div -||_1, 5 norm of the finite element solution converges with about the same order, namely,
div u,? converges to div u® in the norm || - ||_; with about the same order.

8.7 Discussion on stabilization
In this subsection, we report some numerical results from the effects of the stabilizations. We take the

exact solution from subsection The regularity of the exact solution is 1/2 — € for any small number
IMA Journal of Numerical Analysis
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(b) Component f

Figure 1: Singular right-hand side f = (f1, f2) of Example 6 in subsection

Table 10: L2, H(curl), ||div || errors of u{ with singular right-hand side in Example 6

[ h

| 1/4

[1/8

| 1/16

| 1/32

| 1/64

[[u® —uyllo

34.10050339

15.87895996

10.13679246

8.05924726

6.70825614

order

1.10267661

0.64751520

0.33088422

0.26470732

||curl (u<> —u)|o

49.43313171

23.46731781

11.18508758

6.54473633

4.21271455

order

1.07482535

1.06907641

0.77316958

0.63558490

||div uy || 1,5

3.10607212

3.29645872

3.16358151

2.77816480

226491114

order

-0.08582569

0.05935825

0.18742658

0.29467773

32 0 < e < 1/2. We first consider the case without the stabilizations with the use of P; element and Ps
33 element. When using the Py element, for h = 1/2,1/4, - | etc., all the resulting matrices are singular,
34 and no finite element solutions can be obtained. When using the P; element, the situation is a little bit
35 strange. For h = 1/2,1/4, the resulting matrices are still singular. For h = 1/8,1/16,1/32,1/64, the
36 resulting matrices are not singular, but the resulting finite element solutions look like clutters. For example,
37 for h = 1/64, the finite element solution uj, = (u1p, u2p,) are shown in Figures2a]and 2b]in Figure 2]

.
)
. §
! A
! 1
Usgé
> os

50 (a) Component w1y, (b) Component uap,

Figure 2: Finite element solution of Example 1 in subsection without stabilizations

We next report the numerical results with the stabilization in (3.21)) in Tables[TT|and[T2] From these two
tables, the computed convergence orders in ||-||o cur1 -nOrm are approximately consistent with the predicted
rl({+1) = (1/2—¢)/2 ~ 0.25 for the P; element and with the predicted 7¢({+1) = (1/2—¢€)2/3 ~ 0.33
for the Ps element. For the P5 element, the computed order seems still to be close to the optimal order 0.5.

Corresponding to Remark[5.2] we report some additional numerical results, where all the discrete Riesz-
representation lifting operators are defined in the enriched finite element spaces as described in Remark[5.2]
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so that all the stabilizations can be dropped. Here we still consider the exact solution in subsection
and use the P; element. The numerical results are reported in Table where the convergence order is
comparable to that in Table[IT] We also report the CPU times in Table[I3] for example. The computations

are performed in personal laptop using MATLAB codes.

Table 11: L?, H(curl) errors of u;, with P; element and (5.21)

[h [1/4 (18 [1/16 [1/32 1/64 |
[|lu —unllo 0.15213127 | 0.13832658 | 0.12352097 | 0.10613546 | 0.089657456
order — 0.13723827 | 0.16332243 | 0.21884930 | 0.24474576
Teurl (u — uy)|lo | 0.02912832 | 0.03514196 | 0.03293941 | 0.02614453 | 0.01945651
order — -0.27077227 | 0.09337981 | 0.33330586 | 0.42625584

Table 12: L2, H(curl) errors of u;, with P, element and (5.21)

[ h | 1/4 | 1/8 | 1/16 | 1/32 1/64
[lu—upllo 0.10846542 | 0.07814245 | 0.05561342 | 0.03948855 | 0.02802773
order — 0.47305672 | 0.49067358 | 0.49399864 | 0.49457967
[|curl (u —up)|lo | 0.02069951 | 0.01268150 | 0.00817145 | 0.00552495 | 0.00383610
order — 0.70687154 | 0.63406052 | 0.56463177 | 0.52632006

Table 13: L2, H(curl) errors of uy, with enriched FE spaces replacing stabilizations

[ h | 1/4 | 1/8 | 1/16 | 1/32 | 1/64
[[u —uxllo 0.12084605 | 0.10684409 [ 0.09061946 [ 0.07620836 | 0.06404244
order — 0.17766322 [ 0.23761420 | 0.24987168 | 0.25092098
[lcurl (u—u)[o [ 0.03427928 [ 0.04506178 | 0.04520172 | 0.04094476 [ 0.03550838
order — -0.39456743 | -0.00447348 | 0.14269888 | 0.20551923
[ CPU time(s) [ 159 [ 1.89 [ 337 [ 1413 [ 78.82 \
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Appendix

Upon the interest of one of the referees, in this Appendix section, we report some numerical results for the
weighted mixed method in [32]] in an L-shaped domain Q := (—1,1)%\ ([0,1] x [~1,0]) C R2. Consider
a two-dimensional problem of Maxwell’s equations in {2 with boundary I" and unit tangential vector 7, for
given right-hand sides f, x and boundary data Y, to find the electrical field z such that

curlcurlz=f, divz=x inQ), z-7=x onl. (A.1)

With a multiplier introduced, which identically equals zero and is called a dummy variable, for the above
Maxwell’s equations, one obtains a mixed problem. Accordingly, from [32], the weighted mixed finite
element method therein can be formulated as follows: Find z, € X, C H(curl;Q),6, € M; C H}(Q),
zy, - T = x» Where xy, is an interpolation of x, such that, ¥Vv;, € X N Hy(curl , ) and V¥, € M},

(A.2)

(curl zp,, curl vy,) + (div zp, div v)o 4 + (O, div vy,) = (£, v) + (k,div vp)o,,
(diV Zh,ﬁh) = (Ii,’&h),
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where for any two functions p and ¢, (p, ¢)o~ = fQ d*Vpq, and d is the distance function to the reentrant
corner (here is the origin) and v € (Ymin, 1] for Ymin € (0,1/2]. In [32], v is taken as 0.95. In [32] pages
507-508], the finite element space M;* for the multiplier 0, is an unusual subspace of H} (12), e.g.,

Mj = {9, € Hy(Q) : 9|k € P1(K),VK € Ty, 9, = 0 in all those elements K with 9K NT" # &}.
(A.3)
In other words, any function ¥y, € M} not only is zero on the boundary I" and but also is further identically
zero on all the elements in the neighborhood of the boundary I'.

From [32], for approximating the electrical field z, it is known that X}, cannot be chosen as the linear
element and is instead chosen as the quadratic element. Here, for the weighted mixed method (A.2),
we report the numerical results for the linear element as well as the quadratic element for the A}, while
M;: is the same(defined in (A.3)). For comparisons, we also report the numerical results of the proposed
method with the linear element and with the quadratic element for approximating the electrical field z of
the same problem (A.I). From Tables[AT|and[AZ] indeed, the weighted mixed method (A.2)) does not give
a convergent solution for the linear element while it gives a convergent solution for the quadratic element,
for both of which M} in (A.3) is used. On the contrary, from Tables and for both linear element
and quadratic element, the proposed method gives convergent solutions.

Table Al: L?, H(curl) errors of z;, with the method (A.2)) of P; element

[ h | 1/4 | 1/8 | 1/16 | 1/32 | 1/64
[z — z[lo 0.22165551 | 0.18326176 [ 0.19059676 [ 0.23653279 | 030914111
order — 0.27441350 [ -0.05661784 | -0.31151659 | -0.38622535
[lcurl (z — z4)[]o | 036614843 [ 0.42006414 | 0.49855785 [ 0.58966605 [ 0.68718886
order — -0.19818102 | -0.24715130 [ -0.24213723 [ -0.22080850

Table A2: L2, H(curl) errors of z;, with the method (A.2)) of P, element

2 | 1/4 | 1/8 | 1/16 | 1/32 | 1/64
[z — zallo 0.12818975 | 0.09567879 [ 0.07396757 | 0.05709418 | 0.04255315
order — 0.4220099 | 037130631 | 0.37354915 [ 0.42407779
[lcurl (z — z4)[[o [ 0.21310929 [ 0.17590991 [ 0.13305225 | 0.09105296 [ 0.05556513
order — 0.27675668 | 0.40284385 | 0.54721506 | 0.71252623

Table A3: L?, H(curl) errors of z;, with the proposed method of P; element

2 | 1/4 | 1/8 | 1/16 | 1/32 | 1/64
Iz — 24 ][0 0.24437197 | 021751288 | 0.18764186 | 0.15537776 [ 0.12514313
order — 0.16797800 | 0.21311909 | 0.27220169 | 0.31220098
[lcurl (z — z4)[[o | 0.03813998 [ 0.04711603 | 0.04571838 [ 0.03686610 | 0.02785113
order — -0.30491384 | 0.04344382 | 031047929 | 0.40455892

Table Ad: L?, H(curl) errors of z;, with the proposed method of P; element

[ h | 1/4 | 1/8 | 1/16 | 1/32 | 1/64
[z — zallo 0.12858677 | 0.08103176 [ 0.05114443 ] 0.03224953 | 0.02032916
order — 0.66618284 | 0.66391026 | 0.66529913 [ 0.66572721
[lcurl (z — z4)[[o | 0.00847390 [ 0.00438290 [ 0.00242808 | 0.00141754 [ 0.00085666
order — 0.95114146 | 0.85206869 | 0.77642730 | 0.72660164
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