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Abstract

In the first section of this paper we show that iII; = W—-IIl;. In the second
section of the paper, we show that for equivalence of forcing and satisfaction of
II,,-formulas in a linear Kripke model deciding Ag-formulas, it is necessary and
sufficient that the model be ¥,,-elementary. This implies that if a linear Kripke
model forces PEMprenex, then it forces PEM. We also show that, for each n > 1,
i®,, does not prove H(IIL,). Here, ®,,’s are Burr’s fragments of H A.
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0. Preliminaries

We fix the language L = {+,+,<,0,1}. The principle PEM (some of whose restric-
tions will appear below) of Excluded Middle is VZ(¢(Z) V —p(T)).

Heything arithmetic HA and its fragments (PA™)", iop, lop, iAg, i3, and 11, n > 1,

are the intuitionistic counterparts of first order Peano Arithmetic PA and its fragments
PA~, Iop, Lop, 1A, 1%, and I1II,,. More generally for any set I' of formulas we will use
notations such as iI" and /T" in the same manner. —I" is the class of formulas of the form

—p with ¢ € I'.

By W—==LN P, we mean the scheme Vy——(Jzp(z,7) — Jz(p(x,§)AVz < 2¢(2,7))).

We use the usual terminology about Kripke structures as in [TD]. Here we mention
two facts about Kripke models. The proofs are straightforward (see [AM]).

Fact 0.1 Suppose « is a node of a Kripke model and ¢ is an L,-sentence:

1) alk ¢ iff G ¢ for each § > a.
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2) a Ik = iff ¥ @ for each § > a.
3) a |k == iff for each > a there exists v > [ such that v IF ¢.

Fact 0.2 Suppose K I (PA™)" (resp. K IFiAq) and ¢ € 3; (resp. ¢ € 21). Then for
each a € K, we have:
alke e M, Foe.

If ¢ € ¥y (resp. ¥ € II;) then:

alk < VB> a Mk,

Therefore, a V; (resp. II;)-formula is forced at a node « of a Kripke model of (PA™)"
(resp. iAg) if and only if it is satisfied in the union of the worlds in any path above a.

1. :II; and its Kripke models

It was observed in [MM, Sec. 6] that, the second proof in [TD, p.131] for HA
W—==LN P actually proves the following:

Fact 1.1 If a fragment iI' of HA is m-closed under the negative translation and
IT F LT, then for any formula ¢(z,7) € T, il' - Vy——(3zp(z,7) — Jx(e(z,7) AVz <
1=0(2,7)))-

As a corollary, it was proved that iop = W ——lop where W ——lop is the intuitionistic

theory axiomatized by (PA™)¢ plus W——LN P on open formulas. Here we prove a similar
result for ¢11;.

Note that by the above fact iIl; = W—=—IIl;. Also, using ill; = i—Il;, see [W2, Cor.
6], we have iIl; = W—=l=II; where W——[-II; is the intuitionistic theory axiomatized by
1A plus W—==LN P on —II; formulas.

Proposition 1.2 W—-[—II; - II;.

Proof Assume KC I[FW—=i=Il;. Let a € K does not force I¢(x,y), for some II;-
formula ¢. Therefore, by the above facts, there will exist a node v > a with a,b € M, (b
of the same arity as ), such that

(i) 7 IF (0,5) A —~p(a, b),
(i) v IF Vo (o(x,b) — @(x + 1,b)).

By K IF W==il-Il;, we get v |- ==3z(=p(z,b) AVz < I_(,D(Z,B)). Therefore, for some
0 > 7 and some (necessarily nonzero) d € Ms, § |- =p(d,b) AVz < dp(z,b). This is a
contradiction to the fact that v (and therefore, ) forces Va(p(x,b) — p(z + 1,b)). O

Proposition 1.3 W——III; F ¢—I1;.
Proof Let a be a node of a Kripke model K |- W—=iIly, ¢(z,7) negation of a II;-

formula, and @ € M, of the same arity as . To prove a IF I,p(z,a@), assume without
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loss of generality that a IF ¢(0,a@). It is enough to show that for every 8 > «, there
exists § > (3 such that, Ms |- I,p(z,a), since ~—L,p(x,a) - I,p(z,a). Fix > a. If
B Ik Yxp(z,a), then we may take 6 = 3. Otherwise, by § |- W—=lll;, there will exist
v > [ such that, for some non-zero d € M., v IF =p(d,a) AVz < dp(z,a). Clearly, such
a node ¢ has the desired property. [J

Corollary 1.4 I} = W—=lll; = W--[-1I1,.

2. Forcing and truth

For a class I' of formulas and a Kripke structure IC, lF< rf= (or just IFepk= if K is
understood) means that for any node « of K, formula ¢(Z,y) € I" and @ € M, we have
alF ¢(z,a) if and only if M, | ¢(Z,a).

Lemma 2.1 For any Kripke structure K and any m > 0, we have:

(i) If k<, =, then Fey, .

(ii) If IF<y,, = and K is a ¥,,-elementary-extension model, then K I PEMsy, .
(iii) If I IF PEMsy,, is linear, then IF&,, =

Proof (i) and (ii) are straightforward.

(iii) Clearly for any K IF PEMa,, we have IF=p.exF- Conversely, assume K I-
PEMsy,, ., is linear, « is a node of K, ¥(z,a) € Ay and a ¥ V132, - - Qu19(Z, @),
where @ € {V,3}. Using PEMy, ., it suffices to show av IF = =32, 11 Vs, - - - Q21 9(T, @),
where Q* is the quantifier dual to Q. If not, there would exist 7 > « such that 3 IF
=321V, - Q*x1—(T, @) and so by PEMs, , 5|k V2, 13z, - Q1Y (T,a). By a ¥
V13T, - - - Q19(T, @), there exists ¥ > a and ¢ € M., such that v ¥ Iz, - - - Q19(T, @) 211/
and so by PEMsy,  again, v Ik =3z, - - - Qx1U(T, @)1/

But then § = max{3,~} leads to a contradiction. [J

Corollary 2.2 Let K IF PEMa, be linear. Then the following are equivalent:
(i) ke, E.

(i) K is a X,,-elementary-extension Kripke model.

(iii) £ IF PEMs,,.

It is known that in intuitionistic predicate logic, unlike its classical counterpart, the
prenex-normal form theorem does not hold. This is also the case for intuitionistic arith-
metic. Indeed, it was proved, by Visser and Wehmeier, that ¢ PN F' is II5-conservative over
illy, were iPNF is the intuitionistic theory axiomatized by (PA~)" plus the induction
scheme restricted to prenex formulas, see [W2, Thm. 3]. However, we have the following:

Corollary 2.3 If K I PEMprenex is linear, then K I- PEM.

For a set T of sentences, T" denotes its intuitionistical closure. In [Bus], the intuition-



istic theory of the class of T-normal Kripke structures is denoted H(7"). Buss axiomatized
H(T') by the universal closures of all formulas of the form (—6)?, where 0 is semipositive
(i.e. each implicational subformula of § has an atomic antecedent) and T +. —6. It was
proved in [M, Cor. 1.2] that, T" € range(H) iff T° = H(T). As a corollary, no fragment
of HA extending iII; belongs to the range of H.

Burr’s fragments ®,, of HA are defined as follows, see [Bur2, Sec. 7b:

(i) @9 = Ay,

(ii) & = Xy,

(iii) For n > 2, ®,, consists of all formulas Vz(B — JyC'), where B € ®,_; and
Ced,_.

Burr showed that these fragments can be considered as normal forms for the formulas
of intuitionistic arithmetic. More precisely, he proved:

(i) ITL, = I®, for n >0,
(i) U, ., ®» =Form(L) (modulo equivalence in iA),

neEw ~ N

(iii) ITI, and i®,, prove the same Ilo-formulas for n > 0.
The following was proved by T. Polacik, see [P, lemma 1]:

Fact 2.4 Fix n > 0. Let K IF PEMA, be an ¥,-elementary extension Kripke model.
Then, for each a € K and each ¢ € ®,, we have: « Ik ¢ if and only if M, E ¢.

Proposition 2.5 For each n > 1, we have H(I1I,) € i®,,.

Proof We construct a Kripke structure by putting a model of IIl,, above a X,-
elementary substructure of it which is not a model of III,, see [HP, P. 222-223] for the
existence of such substructures. Using the above fact, it is easy to see that this Kripke
model forces i®P,,. So we get a non-I1I,-normal Kripke model of :®,,. On the other hand,
as it was observed in [AM] (in the proof of 2.1 (iv)), any theory of the form H(T) is
closed under Friedman’s translation and so by [W1], each finite Kripke model of it is
H(T')*-normal. So, by [M, lemma 1.2], it must be 7-normal. [
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