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Abstract

In 2001, W. Carnielli and Marcos considered a 3-valued logic in order to prove that the
schema ¢ V (¢ — 1) is not a theorem of da Costa’s logic C,,. In 2006, this logic was studied
(and baptized) as G§ by Osorio et al. as a tool to define semantics of logic programming.
It is known that the truth-tables of G% have the same expressive power than the one of
Fukasiewicz 3-valued logic as well as the one of Godel 3-valued logic Gs. From this, the
three logics coincide up-to language, taking into acccount that 1 is the only designated
truth-value in these logics.

From the algebraic point of view, Canals-Frau and Figallo have studied the 3-valued
modal implicative semilattices, where the modal operator is the well-known Moisil-Monteiro-
Baaz A operator, and the supremum is definable from this. We prove that the subvariety
obtained from this by adding a bottom element 0 is term-equivalent to the variety generated
by the 3-valued algebra of G5. The algebras of that variety are called Gj-algebras. From
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this result, we obtain the equations which axiomatize the variety of Gj-algebras. Moreover,
we prove that this variety is semisimple, and the 3-element and the 2-element chains are the
unique simple algebras of the variety. Finally an extension of Gj to first-order languages is
presented, with an algebraic semantics based on complete Gj-algebras. The corresponding
soundness and completeness theorems are obtained.

1 Introduction and preliminaries

In 2001, W. Carnielli et al. [4] considered a 3-valued logic in order to prove that the schema
©V (¢ — 1) is not a theorem of da Costa’s logic C,,. In 2006 this logic was studied (and baptized
as G%) by Osorio et al. [7] as a tool to define semantics of logic programming. They define
the connectives — and — of Gj logic in terms of some connectives of the three-valued logic of
FLukasiewicz f.3. Conjunction and disjunction, A and V respectively, are defined as minimum
and maximum. It is known that the truth-tables of G4 have the same expressive power than
the ones of Lukasiewicz 3-valued logic Lz —hence, to the ones of Godel 3-valued logic G3. From
this, the three logics coincide up-to language, taking into account that 1 is the only designated
truth-value in these logics.

The three-valued Godel logic G3, which is also equivalent to G4 and Lg, is well-suited to
express the Stable Model Semantics. Gj, besides being very close to G3, can be used to express
non-monotonic reasoning. It is worth mentioning that the negation of G3 can be reconstructed
from connectives of G5 by virtue of the formula:

a3 ¢ = ¢ —~ay (e, Y Aay Tay ey )
where the subscripts indicate the underlying logic.

Two different Hilbert-style systems for G5 were introduced in [II] and [I0], respectively.
However, in both approaches it was assumed the validity of the Deduction Theorem in the
proposed Hilbert calculi for Gj. As it will discussed in Remark below, the Deduction
Theorem does not hold in Gj. This issue in the previous axiomatic approaches to Gj§ justifies
proposing a new Hilbert calculus for Gj, as it will be done in Section [2 Taking into account
that Gj was introduced as a model of da Costa’s logic C,,, it seems reasonable to define a Hilbert
calculus for G§ which contains the calculus C,,.

The paper is organized as follows. In the next section, we present a new Hilbert calculus
for Gj called Gj;, as an extension of C,. In Section [3| we consider the class of Gj-algebras,
proving the soundness and completeness theorem of G%, w.r.t the class of Gj-algebras. After
this, in Subsection we connect the class of Gj-algebras with the variety of 3-valued modal
implicative semilattices studied by Canals-Frau and Figallo. It will be proved that the subvariety
of 3-valued modal implicative semilattices with bottom is term-equivalent to the class of Gj-
algebras. From the latter, we obtain the equations that characterize the class of Gj-algebras as
a variety. From this algebraic analysis, we prove in Subsection a second adequacy theorem
G5, w.r.t. the class of Gj-algebras. Finally, in Section {4] we present first-order version of Gy,
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logic using algebraic tools developed in [5] (see, also, [6]) and our algebraic results of the class
of Gj-algebra presented in the above section.

2 A new Hilbert-style axiomatization of Gj

Consider from now on the propositional signature ¥ = {A,V,—,—=}. First of all, let us recall
the 3-valued semantics for Gj logic. It is obtained from the logical matrix M = (D, As), where
D = {1} and A3 = (V,0) is the 3-valued algebra over ¥ with domain V = {0,1,1} such that o
interprets the connectives of X as follows:

(nJofg[a][v]o[g[t][=]o0]g|1] =] ]
offofofo] ofolif1]oft]1]|1] o] 1
HIEIEIREI IR IENE CIE N E 1
Lol f1][afrfafr]|[2rfol5]1] 1] 0O

The set of well-formed formulas, denoted by Ly, is constructed as usual from a given denumerable
set Var = {po, p1, ...} of propositional variables. As usual, the bi-implication <+ can be defined
in G5 by ¢ < ¢ “ (¢ = ) A (¢ — ¢). Its truth-table is displayed below.

|

ol = O (ol
= O =

The consequence relation of G5 induced by the logical matrix M will be denoted by |:G%. Thus:
r ):Gé ¢ if and only if, for every valuation h (that is, for every homomorphism h : Ly, — Az of
algebras over ), if h(¢) =1 for every ¢ € I then h(p) = 1.

A formal axiomatic system for Gj called Gy, over the signature ¥ will be defined below
(see Definition [2.1)). Previous to this, some motivations will be given. The implication above is
a particular case (n = 3) of the family of implicative systems LC), proposed by Thomas in [12].
This implication, together with Thomas’s axiom for 3-valued systems

(Tho) (¢ = 1) = %) = (7 = ¢) = 7) = 7)
was used by L. Monteiro in [8] to introduce the class of 3-valued Heyting algebras. As we shall
see, the logic Gj is closely related to L. Monteiro’s 3-valued Heyting algebras. Because of this,
axiom (Tho) for 3-valued systems will be considered in Gj;,. In addition, axiom

(CF) (¢ = =) = (¢ = =) = =(p = 9)) & (7mp = =)
which is adapted from an axiom introduced by Canals-Frau and Figallo in [2] to axiomatize the
variety of 3-valued implicative semilattices, will be also considered by reasons which will be clear
in Section [3.1] below.

Definition 2.1. The Hilbert calculus Gy, over ¥ is defined as follows:
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Axiom schemas:

(Az1) ¢ — (Y =)

(Az2) (o — (v =) = (g = ¥) = (¢ = 7))
(Az3) (pAY) =

(Azf)  (pNY) =Y

(Az5) o — (Y —= (e A1)

(Az6) »— (V)

(Ax7) Y — (V)

(Az8) (o —7) = (¥ =) = (e V) =)
(Az9) oV g

(Axz10) ——p — ¢

(Az11) —p = (== — 1))

(Az12) —=(pVYP) = (mop V)

(Az13) —=(p =) < ((p = V) A (== = =)
(Tho) (¢ =) =) = (v = ¢) =) =)
(CF) (v = =) = (p = =) = ==(p = ) < (7o = =)

Inference Rules:
o oY
(0

It is worth noting that axioms (Ax1)-(Ax8) plus (MP) constitute a Hilbert calculus sound
and complete for Positive Intuitionistic Propositional Logic IPLT. This means that IPLT is
contained in Gj), (this fact will be used later). In addition, the calculus formed by axioms
(Ax1)-(Ax10) plus (MP) is exactly da Costa’s logic C,,. Thus, G5 is an extension of C,, in
accordance with the original intuitions mentioned in Section

o=

MP -
(MP) Y =

(imp)

Definition 2.2. Let T'U {¢} C Ly, be a set of formulas. A derivation of ¢ from T in Gy, is a
finite sequence @1 - - - @y of formulas in Ly, such that ¢, = ¢ and for 1 < i <n, it holds:

1. @; is an instance of some axziom in Gy, or
2. p;el’, or
3. there ewist some j, k < such that @; follows from ¢; and ¢y, by applying MP, or

4. there exist some j < i such that @; follows from @; by applying imp.

We say that ¢ is derivable from I' in Gj,,, denoted as T FGZ% @ (or simply T @), if there exists
a derivation of ¢ from T' in Gy .
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Remark 2.3. It is easy to see that the Deduction Theorem does not hold G%: indeed, p, —p |=Gf3 q
for every propositional variables p and q with p # qﬂ Howewver, I?G/a p — (—p — q): it is enough

to consider a valuation h such that h(p) = 5 and h(q) = 0. Alternatively, the failure of the

Deduction Theorem in G5 can be seen by observing that p ':Gg ——p for every propositional

variable p, but Vgé p — ——p: it suffices to consider a valuation h such that h(p) = % From

this, the Deduction Theorem should not be valid in G, (since Gj,, is intended to be adequate
to G5 ). This fact will be proven in Corollary .

Despite this, a restricted version of the Deduction Theorem holds in Gj, :

Proposition 2.4 (Restricted Deduction Theorem (RDT)). Let ' U{p, 9} be a set of formulas
in Ly. Assume that T, ¢ '_Ggh Y such that there is a derivation in Gy, of ¥ from T'U {p} in
which the inference rule imp s not used. Then, I’ l_Géh @ — Y without using imp.

Proof. Tt follows from the fact that, in such derivation of ¥ from I' U {¢} in Gj},, axioms Ax1
and Ax2 are available, and MP is the only inference rule used there. Under these circumstances,
the Deduction Theorem holds (see, for instance, [9]). Hence, I' F ¢ — 9 without using imp. [

A different form of the Deduction Theorem will be obtained in Theorem [3.13] below. A direct
consequence of Proposition is the Restricted Proof by Cases property:

Proposition 2.5 (Restricted Proof by Cases (RPC)). Let I' U {p, 9} be a set of formulas in
Ls.. Then, the following holds in Gy :

If T, |_Géh v and ', |_Géh ~v without using tmp, then I'; o V ¢ '_Géh ~v without using tmp.
In particular,
If T, l_Géh v and I', ¢ I—GZ% ~v without using imp, then T’ |_Gfo,h v without using tmp.

Proof. The first part is a direct consequence of Proposition (Ax8) and (MP). The second
part follows from the first one by using (Ax9) and (MP). O

Proposition 2.6. The following schemas are derivable in G,
(1) (= B) = ((B—=7) = (@—=7));

(2) (v —=a) = (v = B) = (v = (@nB)));

(3) (=) = (B = ') = ((aAB) = (o/ A B)));

(4) (= (B = 7)) = (A B) = 7);

(5) (0" = a) = (B = B) = (= B) = (o = 7))

Proof. It follows from the fact that all these schemas are provable in positive intuitionistic
propositional logic IPL*, which is contained in Gj,,. O]

!By structurality, ¢, - lIG/3 1 for every formulas ¢ and 1. Hence, the negation — is explosive in Gj, so this
logic is not paraconsistent w.r.t. —.
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Proposition 2.7. The following rules

(Dneg) —*— (exp) =

are derivable in Gy,

Proof. For (Dneg), observe firstly that (¢ — ¢) — ==(¢ — ¢) is a theorem in Gf%; . Indeed,
since both (¢ — ¢) = (== — ==p) and (¢ — @) — (¢ — ) are derivable in G, (by IPLT),
sois (p = @) = (¢ = @) A (79 — ==¢). Hence (¢ — ¢) — (@ — @) follows from this by
using (Ax13). Now, consider the following derivation in G, :

Loy Hyp.
2. (p—=p)—op IPL™
3. (=)= e (imp), 2 (two times)
4. (¢ = ¢) — ==(p — ) Observation above
5. (=) = - IPL*, 4,3
6. —p IPL™, 5
For (exp), consider the following (meta)derivation in G, :
L e Hyp.
2.~y Hyp.
3. (Dneg), 1
4. =@ — (mmp =) (Ax11)
5. e = (MP), 2,4
6. ¢ (MP), 3,5

Proposition 2.8. The following schemas are derivable in G,
(1) == (p AY) < (22 A ==h);

(2) =9V ) 6 (- V )

(8) ~==p < .

Proof.

(1) From (Ax5) and (Dneg) it follows that =—=(¢ — (¢ — (@A))) is a theorem of Gj;,. Using
(Ax13), (Ax3), (Ax4), Proposition [2.6]items (1), (4) and (MP) it follows that (——¢pA=—¢)) —
—=(p A1))). The converse is proved analogously.

(2) Analogously to the proof of item (1) (but now using (Ax6) and (AxT7)) it is proved that
(e V) = (- V =) is a theorem of Gjp. The converse is just (Ax12).

(3) By (Ax10) it follows that =—=—¢ — —¢ is a theorem of Gj,;,. In addition, —p, == Fay,
———p without using imp (just by using (Ax10) and (MP)), and also -, =——¢ Fay, "
without using imp (by Definition . Then, —¢ '_Gfo,h ——— without imp, by Proposition
Hence, g~ — =g by Proposition Ol
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Instead of proving directly the soundness and completeness of Gj,, w.r.t. Gj, in the next section
an algebraic semantics for G, will be proposed, based on a new class of algebras called Gj-
algebras. After proving the adequacy of G5, w.r.t. this algebraic semantics, in Section it
will be proved that the class of Gj-algebras is in fact a variety (that is, it can be axiomatized
by means of equations) which is term-equivalent to a subvariety of a variety already studied in
the literature (J2]). This allows us to show that the algebra underlying the 3-valued matrix of
GY4 generates the variety of Gj-algebras (see Corollary . The completeness of Gj, w.r.t.
G4 will be obtained easily from this (see Theorem [3.27)).

3 The class of Gj-algebras

Recall that ¥ = {A,V,—,—} is the propositional signature for logic Gj, and that Ly is the
algebra of formulas of G§ generated over X by Var. Let ¥; = {A,V,—,0,1} be the signature
of Heyting algebras and let ¥, = {A,V,—,—,0,1}.

Definition 3.1. A Gj-algebra is an algebra A = (A, \,V,—,—,0,1) of type (2,2,2,1,0,0) such
that

(i) The reduct Ha = (A,A\,V,—,0,1) is a 3-valued Heyting algebra (see [8]). That is, Ha is
a Heyting algebra such that, for every x,y,z € A:

(x—=y)—2))=2((z—=2x)—=2)—=2) =1

(i) ©V —x =1, for every x;

(iii) —x A ——x =0, for every x;

(iv) =—x — x =1, for every x;

(v) (== (zVy)— (—xV-y)) =1, for every x,y;

(vi) ==(x = y) = (x = y) A (——z — —y), for every x,y;

(vit) (((y = —~y) = (. = —~w)) = =z = y)) = (~w = ), for every z,y;
(viii) for every x,y: if x — y =1 then —y — —x = 1.
The class of G§-algebras will be denoted by AGY.

Proposition 3.2. Let A be a G§-algebra. Then, for any x,y € A:
(2) (v y) = (v —);

(3) T = ﬁx}'
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(4) ~—x — 0= —x;

(5) 0=1,--0=0,-1=0 and ~—1=1;
(6) (—x = ~y) = = oy

(7) If ~—x <y — 2 then ——x < ——y — =—2;
(8) ~ma = —my = =y =~

Proof. Straightforward, taking into account that A is an implicative lattice, hence: = < y iff
x—y=1. O

Definition 3.3. Let A be a Gj-algebra. The logical matrix induced by A is M4 2o, {1,

A wvaluation over M 4 is any homomorphism h : Ly, — .AE| If T U{p} is a set of formulas in Ly,
we say that ¢ is a consequence of I' w.r.t. the logical matriz M 4, written as I' [=xq, ¢, if the
following holds: for every valuation h over M 4, h(¢) = 1 whenever h(y) =1 for every v € I.

Definition 3.4. Let T' U {¢} be a set of formulas in Lx. Then ¢ is said to be a consequence
of I' w.r.t. Gj-algebras, denoted by T’ ):AGg @, if I' Epmn, @ for every matriz My and every
Gj-algebra A.

Now, the adequacy of Gj; with respect to the Gj-algebras semantics |= AGY, will be proved.

Theorem 3.5 (Soundness of Gj,, w.r.t. Gj-algebras). Let I'U{¢} be a set of formulas in Ls;.
Then, I' by ¢ implies that T Faay ¢-

Proof. Tt is easy to see that every axiom in Gj,, is valid in any Gj-algebra, that is: for every
A € AGj and for every valuation h over A, h(p) = 1 for every instance ¢ of every axiom of Gj, .
In addition, satisfaction is preserved by the inference rules. Indeed, suppose that h is a valuation
over A such that h(p) = h(p — ¥) = 1. Then 1 = h(p) — h(v) =1 — h(y)) = h(v)) (recall
that, in any Heyting algebra, 1 — = = x for every ). In addition, if A is a valuation such that

h(p — ¥) = h(p) = h(¥) = 1 then h(—¢) — ) = =h(y)) = —h(p) = 1, by Definition [3.1|(viii).
Using this, the result follows by induction on the length of derivations. O

In order to prove the completeness of G, with respect to Gj-algebras, some previous definitions
and results are needed.

Definition 3.6 (Tarskian Logic). A logic £ is Tarskian if it satisfies the following properties,
for every set of formulas T UY U {a}:

(i) if « €T then T F «;

(ii) if THa and T C Y then T F «;

2To be rigorous, h is a homomorphism from Ls to the S-reduct of A.
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(iii) if T = a and T+ 3 for every 8 € Y then T F «.
The logic L is finitary if it satisfies the following property:
(iv) if I' = « then there exists a finite subset I'g of T such that T'y F a.

Definition 3.7. Let £ be a Tarskian logic. A set of formulas T is closed in L if, for every
formula : T F iff v € T

Definition 3.8. Let £ be a Tarskian logic, and let T'U {¢} be a set of formulas. The set " is
maximal non-trivial w.r.t. ¢ in L, or p-saturated in L, if I'¥ ¢ but ',y = ¢ for any p ¢ T.

It is easy to prove that any (-saturated set of formulas in a Tarskian logic is closed. Recall now
the following classical result (see [13, Theorem 22.2]):

Theorem 3.9 (Lindenbaum-Y.os). Let £ be a Tarskian and finitary logic, and let TU{¢} be a set
of formulas such that I' ¥ @. Then, there exists a set of formulas T such that Y is p-saturated
in L andl C Y.

Remark 3.10. Clearly GY,, is Tarskian and finitary, then Theorem applies to it. Observe
that, if T is a @-saturated set in Gy, then, for every formula B: B € Y iff == € T.

Theorem 3.11 (Completeness of Gj,, w.r.t. Gj-algebras). Let ' U{p} be a set of formulas in
Ls. Then, I' Epqy, ¢ implies that T Fay, -

Proof. Suppose that I’ yGE’.h . By Theorem and Remark there exists a set T which

is p-saturated in G%;, such that I' C Y. Define the following relation in Lyx: § =y ~ iff
T "G; . B <> ~. By the properties of IPL™, including the ones listed in Proposition it is
easy to prove that =y is a congruence over Ly with respect to the connectives A, V and —.
Moreover, A~ < Ly /= is an implicative lattice with such operations. In addition, it has a
bottom element given by 0 = [-5A——=[]~ for any formula 3, where [1)]y denotes the equivalence
class of the formula 1 w.r.t. =y. This means that A~ is a 3-valued Heyting algebra, by virtue
of (Tho). Note also that —[8]y = [=f]y is a well-defined operation in Ay, because of (imp).
It is immediate to see that Ay satisfies properties (ii)-(viii) of Definition Hence, A is a
Gj-algebra such that [y]y = 1iff T |_G§;h ~ iff v € T. Consider now the function hy : Ly, — A~
given by hy(y) = [y]r. It is easy to see that hy is a valuation over M 4, such that hy(y) =1
iff v € Y. Therefore, hy is a valuation over M 4, such that hy(y) = 1 for every v € I' but

hy(p) # 1, since ¢ ¢ T. This shows that I' ryqy ¢ O

As a corollary of the completeness theorem above, a special and useful form of the Deduction
Theorem can be obtained (see Theorem below). Previously, some results must be stated.

Lemma 3.12. Let T U {p,¥,v} be a set of formulas in Ls.
(1) If T Fgy, e 2 Y andT'bg, ——p — (¢ = ) then T’ Fay, T =
(2) If T bay, = = (¥ =) thenT'bqr ——p = (-7 = —0).

9
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Proof. (1) It follows by using the hypothesis together with the theorems (—=—¢ — ¥) — ((——¢ —
(Y —=7) = (—e = (YA =) and (¥ A (¥ — 7)) = v of G, taking also into account
Proposition [2.6{1).

(2) Supposse that I' Fg;  ==¢ — (¥ — 7). Then I Fpgy =9 — (¥ — ), by Theorem
Let h be a valuation over a matrix My, for a given Gj-algebra A, such that h(d) = 1 for
every 6 € I'. Then, h(—-—¢ — (¢ — v)) = 1. Let x = h(p), y = h(¢)) and z = h(y). Then
-—x <y — 2z and so -~z < -~y — -z = -z — -y, by Proposition items (7) and (8).
That is, h(-=¢ — (=7 = —¢)) = 1. This shows that I' pg, =9 = (=y = —¢). By
Theorem Lhgy —e = (77 = ). O

Theorem 3.13 (Special Deduction Theorem (SDT)). Let I' U {p, ¢} be a set of formulas in
Ls,. Then, T', ¢ '_Ggh ¥ if and only if T '_Géh S — Y.

Proof.

(Only if part). Suppose that I', ¢ '_Ggh 1. By induction on the length n of a derivation ¢ - - - ¢y,
of ¥ from T' U {¢} in Gj,;, it can be proven that T Fggh ——p — @; for every 1 < i < n,
and so I |_G§h ——p — 1 (for i = n). To do this, it must taken into account the fact that
r l_G/3h - — 1 if either » € T'U {p} or ¢ is an instance of an axiom (for the base step), and
Lemma (to deal with the inference rules from the induction hypothesis). The details of the
proof are left to the reader.

(If part). Suppose that T’ |_G§,h ——p — Y, and let @1+ @, = 7 — P be a derivation of
-~ — 1 from I' in GY;. Consider now the following (meta)derivation of ¢ from I' U {¢} in

/.
3h-

L ¥1
n. Y =" =Y
n+1l. ¢ Hyp.
n+2. e (Dneg), n+1
n+3. 1 (MP), n, n+2
This shows that I'; ¢ '_G/3h . O

3.1 Gj-algebras as a variety

The aim of this section is proving that Gj-algebras are three-valued modal implicative semi-
lattices (see [2]) with a bottom element. From this, and from the results obtained in [2],
together with Theorem the completeness of G5 w.r.t. the matrix G§ will follow easily
(see Theorem below).

As mentioned in the Introduction, Canals-Frau and Figallo have studied in [2] the reduct
{N,—, A, 1} of the three-valued MV-algebras, where — is a three-valued Heyting implication,
and A is a Moisil operator from the three-valued Yukasiewicz-Moisil algebras (or, equivalently,

10
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A is a Monteiro-Baaz Delta-operator). They also consider the operator Vx = (r — Az) — Ax.
This reduct can be defined as follows:

Definition 3.14 (See [2]). An algebra A = (A, A, —, A1) of type (2,2,1,0) is a three-valued
modal implicative semilattice (a M1Ss-algebra, for short) if it satisfies the following identities,
for every x,y,z € A:

(IS1) (z—x) =1,

(1S2) ((z—=y)Ay) =y,

(IS3) (z— (yA2))=(x—=2)A(z—y)),

(IS4) (zA(z—y)) = (zAy),

(T) (@—=y)—=2)={((z=2)—=2)=2) =1,

(M1) (Az —z) =1,

(M2) (((y = Ay) = (z = ALz)) = Az — y)) = (Az — ADy),
(M3) ((Az — Ay) — Az) = Az

It is worth mentioning that any M [Ss-algebra is an ordered structure if we consider x < y if
and only if x — y = 1 (if and only if x Ay = z). Moreover, in [5] it was proved that any
MIS5-algebra A is a distributive lattice where the supremum is given by 2Vy = ((z — y) —
YAy —x)—x) forz,y € A

Recall (see the beginning of Section [2)) that A3 = (V, o) is the 3-valued algebra of Gj with
domain V = {0, 3,1}. Let By = (V,0’) be the 3-valued algebra over {A, —, A, 1} with domain
V such that o interprets the connectives as follows: ¢'(1) = 1; o/(A) and o/(—) coincide with
the corresponding operators of As; and o/(A) is defined by the truth-table belowE|

| Az ]

0
0
1

mes

It is easy to see that the induced operator Vy = ((z = y) — y) A ((y — =) — z) coincides
with the V-operator of As. In addition, 0 < % < 1. On the other hand, Vx =0 if x =0, and 1
otherwise.

The following fundamental results can be found in [2] (see also [5]).

Definition 3.15. Let A be a M1Ss-algebra and let D C A. D is said to be deductive system
ifle D, andif x,x >y € D implyy € D. Also, we say that D is modal, if x € D implies
Ax € D. Besides, we denote by D,,(A) the set of modal deductive systems and by Con(A) the
set of congruence relations.

3 As usual, we identify o’(c) with ¢, for any connective c.
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Lemma 3.16. ([2/) For a given M1ISs-algebra A, the poset Dy, (A) is lattice-isomorphic to
Con(A).

Now, for a given M ISs-algebra A, a deductive systems D of A is said to be a maximal if for
every deductive system M such that D C M implies M = A or M = D.

Theorem 3.17. ([2]) Let M be a non-trivial mazimal modal deductive system of M1Ss-algebras
A. Let us consider the sets Mo ={zx € A : Vo ¢ M} and My, ={xr €A : v ¢ M,Vx € M},
and the map h: A — V defined by

0 ifre M
1 ifx € M.

Then, h is a MI1S3-homomorphism h : A — Bs such that h=1({1}) = M.

Theorem 3.18. ([2]) The variety of M1Ss-algebras is semisimple and it is generated by the
3-valued algebra Bs.

Remark 3.19. The above theorem states that an equation s =t holds in every MI1Ss-algebra
iff it holds in Bs. For instance, since ANA\x = Az holds in Bs for every x € V, it follows that,
for every M1S5-algebra A, ANx = Az for every x € A.

The next step is to connect the variety of M I.S3-algebras with the class of Gj-algebras introduced
in Definition . Firstly, observe that any Gj-algebra has a bottom element 0. This suggest
the following definition:

Definition 3.20. An algebra A = (A, N, —,A,0,1) of type (2,2,1,0,0) is a three-valued modal
Heyting algebra (a M1S9-algebra, for short) if its reduct (A, A, —, /\, 1) is a M 1Ss-algebra and,
for every x € A:

(IS5) (0 — z) =1.

Observe that the expansion B) = (V, ') of Bs to the signature {A, —, A, 0,1} such that ¢’(0) =
0 is a MIS9-algebra. Moreover, the following result holds:

Theorem 3.21. The variety of M1S3-algebras is generated by the S-valued algebra BY.

Proof. According to Theorem there is a non-empty set X and a homomorphism h : A — B
for every M1ISs-algebra A. Besides, it is clear that h verify h(x V y) = h(z) V h(y). Thus, in
particular, this representation holds for every M I.S9-algebra A. Thus, taking into account axiom
(IS5), it is clear that h(0) < h(x) for every x € A. But As is a subdirectly irreducible algebra
of the variety of M1ISs-algebras. Therefore, every canonical projection g; : h(A) — Bs is onto
and so, ¢;(h(0)) < ¢;(h(x)) for every xz € A, in particular ¢;(h(0)) < 0. Therefore, ¢;(h(0)) =0
for every i € X and thus, h(0) = 0, which completes the proof. O
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Theorem 3.22. The class AGY of Gj-algebras and the variety of M1S3-algebras are term-

equivalent via Ax 2L ——x, on the one hand; and ~z 2 Az = 0andzVvy 2 ((z —y) —
y) A ((y = x) — ), on the other.

Proof. Let A= (A, A, —,/\,0,1) be a MIS3-algebra, and define the following operators:

-z = Az—0andzVy = ((x—y)—=y)A((y = x) — ), for every z,y € A.

Let A” < (A, A\, V,—,—,0,1). It is immediate to see that (4, A,V,—,0,1) is a 3-valued
Heyting algebra. This follows from the fact that BY satisfies the equations characterizing such
class of algebras, and then by using Theorem [3.21] Moreover, by using the same argument it can
be proven that A~ satisfies properties (ii)-(vii) of Definition Finally, suppose that = < y.
Then, Az < Ay (see [2] and [5 ]) From this, -y = Ay — 0 < Az — 0 = —x. Hence, A" satisfies
property (viii) of Definition This means that any MIS9-algebra can be transformed into a
Gj-algebra by using appropriate terms.

Conversely, let A = (A, A,V,—,—,0,1) be a Gj-algebra and define the following operation:
Az € -z, for every z € A. Consider the algebra A% <= (A, N, —, A\, 0,1). We shall
prove that A” is a M1SS-algebra. Observe that A® satisfies properties (IS1)-(IS4) and (T) of
Definition as well as property (IS5) of Definition The algebra A® satisfies properties
(M1) and (M2) since A satisfies properties (iv) and (vii) of Definition and since ~———x =
——z, by Proposition (3) Finally, A® satisfies property (M3), by Proposition (6) This
means that any Gj-algebra can be transformed into a MIS-algebra by means of a suitable
term. This shows that the class AGj of Gj-algebras and the variety of MISS-algebras are
term-equivalent via the proposed terms. ]

Let A$ = (V, o) be the expansion of Aj (recall the beginning of Section [2)) to the signature X
such that ¢(0) =0

Corollary 3.23. The class AGY of Gs-algebras is generated by the S-valued algebra AS3.
Proof. If follows immediately form theorems and

Corollary 3.24. Let ¢ be a formula. Then |:AG§’ ¢ if and only if |:G§ ®
Corollary 3.25. The class AGY of Gh-algebras is a variety defined by the following equations:

G
G

r—x) =1,

T—=y)ANy) =y,

~— ~— ~— ~— ~— ~— ~—

(

((

(= (ynz)=((z—=2)A@—=1y),

(zA(x—y))=(zAy),
G35) ((
G36) (
G37) (

(x—=y)—=2) = (((z=2)—>2)—>2) =1,

- = x) =1,

~~ o~ o~ ~~

51
52
53
54
35
56
57

T — ﬂ—\—\ﬂ?) =1,
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8) y = —y) = (2= =) = (2 = y) = (-7 = ),
) 1y — —|—\y) — —|—\[L‘) = 7,

(G38)  (((

(G39)  ((
(G510) (zVvy) = (( $—>y)—>y)A((y—>w)—>w)),
(G511) (zV-—z) =

(G512) (—z A —|—|a:) 0,

(G413) (0 2) =

Proof. By Definition and by Corollary it follows that any Gj-algebra satisfies the
equations (G51)-(G513). Conversely, let A be an algebra satisfying (G51)-(G513), and define
Az 2 ——z. Then ANz = Az for every z € A, and so A® o (AN, —, A\, 0,1) is a MTSS-
algebra. By the proof of Theorem the algebra (A®)™ is a Gj-algebra. It will be shown

def

that (A%)" = A. Indeed, the negation in (A%)” is given by vz = Az — 0 = ——z — 0.
But =~z — 0 = —z. The proof of this fact is analogous to the one given for Proposition (4)

def

above. Using this, it follows that =’z = —z. In addition, the disjunction zV'y = ((z — y) —
y) A ((y — x) — z) in (A®)” coincides with z V , by (G510). This shows that (A%)" = A,
hence A is a Gj-algebra, by Theorem O

3.2 Adequacy of G5, w.r.t. Gj

Finally, we can prove the adequacy of the Hilbert calculus Gj;,, with respect to the intended
3-valued semantics Gj. Firstly, a technical result will be stated:

Proposition 3.26. If ¢ ):Gé 1 then ):(;g i — Y.

Proof. Supose that ¢ =g, ¢, and let h be a valuation over Gj. If h(p) = 1 then h(y) = 1,
by hypothesis, hence h(—=—¢ — ¥) =1 — 1 = 1. Otherwise, if h(¢) # 1 then h(——p) = 0
and so h(-—¢ — ¢) = 0 — h(¢p) = 1. In any case, h(——¢ — 1) = 1. This shows that

I 0
Theorem 3.27 (Soundness and completeness of G5y, w.r.t. Gj). For every finite set TU{p} C
Lyx:

I'tq, ¢ ifand only if T ):Gg ®

Proof.

Only if part (Soundness): It follows from Theorem and the fact that AJ is a Gj-algebra.
If part (Completeness): Suppose that r lng @. If I' = 0 then ):AGQ @, by Corollary
From this, Fg; ¢, by Theorem Otherwise, if I' = {¢1,...,¢,} for n > 1 let ¢ =

(... ((¢n /\1/12)/\1&3) ) Ay ifn > nd Y =1 if n = 1. Since 1/1 |:G’ © then ’:G’ =) — o,
by Propos1t10n From this ):AG’ -1 — ¢, by Corollary Then I—G/ —|—|¢ — @, by

Theorem By Theorem u ) I—G, . By using the propertles of the COHJU.IICthH in Gj;,
it follows from here that I I—G/ D
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Corollary 3.28. The Deduction Theorem does not hold in Gjy,.

Proof. It is an immediate consequence of Remark and Theorem O

4 The first-order Gj-logic

In this section, a first-order version of G%, called QG3’, will be proposed. The semantics will
be given by structures defined over Gj-algebras which are complete (as lattices), in order to
interpret the quantifiers.

Recall that X denotes the propositional signature {A,V,—, -} for Gj.

Definition 4.1. Consider the symbols ¥V (universal quantifier) and 3 (existential quantifier), to-
gether with commas and parentesis as the punctuation marks. Let IV ar = {v1, v, ...} be a denu-
merable set of individual variables. A first-order signature is a triple © = (C,{Fn}nen, { Pn}tnen)
such that:

- C is a set of individual constants;
- for each n > 1, F, is a set of function symbols of arity n,
- for each n > 1, Py is a set of predicate symbols of arity nf_r]

The notions of bound and free variables inside a formula, closed terms, closed formulas (or
sentences), and of term free for a variable in a formula are defined as usual (see, for instance,
[9]). We denote by Terg and Fmg the set of terms and the set of first-order formulas over ©
(by using the connectives in X), respectively. Given a formula ¢, the formula obtained from ¢
by substituting every free occurrence of a variable x by a term ¢ will be denoted by ¢ (z/t).

Definition 4.2. Let © be a first-order signature. The logic QG3' over © is defined by the Hilbert
calculus obtained by extending Gf expressed in the language Fmeg by adding the following:

Axiom schemas:
(Ax14) o(z/t) — Jxp ift is a term free for x in ¢
(Ax15) Vrp — @(x/t) ift is a term free for x in ¢

Inference Rules:

(3—1In) m where x does not occur free in
Ty
(V—1In) % where x does not occur free in

4Tt will be assumed, as usual, that © has at least one predicate symbol, in order to have a non-empty set of
formulas.

15
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Definition 4.3. A O-structure for QG3' is a triple 2 = (U, A, *) such that U is a non-empty
set, A is a complete Gy-algebra and 2 s an interpretation map which assigns:

- to each individual constant ¢ € C, an element ¢ of U;
- to each function symbol f of arity n, a function f*:U™ = U;

- to each predicate symbol P of arity n, a function P*: U™ — A.

Given a O-structure 2 for QG3', an assignment over 2 is a function s : IVar — U. Given s
and a € U let s[x — a] be the assignment such that s[z — a](z) = a and s[x — a|(y) = s(y) for
every x #y. A O-structure 2 and an assignment s induce an interpretation map [-]% for terms
and formulas defined as follows:

[]* = s(x) if z € IVar,

[e]® = *if cec,

[[f(tlu s 7tn)]]§l = fm([[tl]]glv cee [[tn]]sm)v if f € ‘Fna

[P(t1,. . to)]® = PH([ta]?, ..., [ta]™), if P € Py,

[o#¢] = []3#[P]F for # € {A,V, =},

[e]E = -l

Vaeld = A lelda

aclU

We say that 21 and s satisfy a formula ¢, denoted by 21 F ¢[s], if [¢]* = 1. On the other hand,
@ is true in A if A E p[s] for every s. We say that ¢ is a semantical consequence of T' in QG3/,
denoted by I' Fogs «, if, for any structure 2: if every ¢ € I' is true in 2 then « is true in
2. Observe that, if 2 is a structure and ¢ is a closed formula, then [¢]¥ = [p]¥, for every
assignments s and s’. This being so, either 2 F ¢[s] for every s or A ¥ ¢[s] for every s. Thus, if
T'U{p} is a set of sentences then: I' Foga: ¢ iff there is a structure A such that every ¢ € T is
true in A but A ¥ ¢[s] for any assignment s.

In order to prove the soundness of QG3’ w.r.t. the given semantics, an important technical
result, the substitution lemma, must be established:

Proposition 4.4 (Substitution lemma). Let ¢ be a formula, t a term free for x in ¢, A an
structure and s and assignment. Then: [[a]]?[a:e[[t]]gl] = [a(z/t)]*.

Proof. 1t is easily proved by induction on the complexity of the formula a. O
Theorem 4.5 (Soundness of QG3'). Let ' U {p} C Fmg. If T Fogs ¢ then T Fogs .

Proof: Consider a given structure 2 = (U, A,-¥). It is enough to prove the following facts:
the new axioms (Ax14) and (Ax15) are true in 2, and the new inference rules (3 — In) and
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(V — In) preserve trueness in 2.

(Ax14) and (Ax15): Suppose that ¢ is a(z/t) — Jza, and let s be an assignment. Then,
by Proposition 4.4, [p]* = [o]* ay — [Bza]®. Tt is clear that [a]> a <V o]
s slz—[t]3] s sle—=[i3] = 2t sl

— slz—al’
hence [a(x/t)]* < [Fza]¥. Therefore [a(z/t) — Fza]® = 1. The validity of (Ax15) is proved
analogously.

(3—1In) and (V — In): Let o« — [ such that x is not free in §, and let ¢ = Jza — £.

Suppose that that [a — B]% = 1 for every s, and fix an assignment s. By definition, [p]¥ =
[Bra]® — [B]* = V [o]® |~ [81*. By hypothesis, [a]% < [B]* for every s'. In particular,
U

slz—a
ac
[[a]]il[x_,a} < [[ﬁ]]i‘[ﬁa] = [B]* for every a € U, since z is not free in 3. So, \/U[[oz]]il[x%a} —
ac
[B]% = [Bra — B]* = [¢]* = 1. The preservation of trueness by the rule (V — In) is proved
analogously. O

Now, let us consider the relation = defined by a = g iff Fgogs @ — 8 and Fggsy a — f.
Then, we have that the algebra Fmg/= is a Gj-algebra (the proof is exactly the same as in
the propositional case). It is clear that the algebra of formulas is an absolutely free algebra
generated by the atomic formulas. The equivalence class of a formula a w.r.t. = will be denoted
by @.

It is clear that QG3’ is a Tarskian logic, see Definition Besides, it is possible to consider
the notion of set of formulas maximal non-trivial w.r.t to some formula ¢ (see Definition
and the notion of closed theories is defined in the same way as the propositional case, see
Definition Therefore, we have that the Lindenbaum- ¥L.o§’s Theorem holds for QG3’. Then,
we have the following

Lemma 4.6. Let I' U {p} be a set of formulas with T mazimal non-trivial w.r.t. ¢ in QG3'.
LetT /= ={a@ : a €T} be a subset of G5-algebra Fmg/=, then:

1. IfaeT anda =B, then B €. Ifa €T'/=, then Voa,Iza € T/=.

2. T'/= is a modal deductive system of §mg/=. Also, if g ¢ I'/= then, for any closed modal
deductive system D containing properly to T'/=, it is the case that g € D.

Proof. Suppose that o € I' and o = 5. Then, Fogs o« —  and Fgogg  — a. Therefore,
B €T'. It is not hard to see that the conditions of Definition are verified by I'/=.

On the other hand, let D C Fmy/= be a closed modal deductive system that properly
contains I'/= and so, there is ¥ € D such that 7 ¢ I'/=. Now, we have that v ¢ " and therefore,
T'U {7} Foga’ ¢. From the latter and taking D = {a : @ € D}, we can infer that D Fogs .
Now, since D is closed we obtain that @ € D. O
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It is worth mentioning that item 2. of last lemma states that I'/= is a maximal modal deductive
system. Besides, we know that Fmg/= is a Gj-algebra, and for every I' maximal non-trivial w.r.t.
¢ we have that I'/= is a maximal modal deductive system of §my,/=. Then, from Theorems
and there is a homomorphism h : §mg/= — BY such that h=1({1}) = I'/=. Thus, if we
consider the canonical projection 7 : §mg — Fmeg/=, there is a homomorphism f : Fmg — Bg
defined by f = hom such that f~1({1}) = T. Observe that f(a) = h(@).

Proposition 4.7. Let T’ be a set of formulas which is mazimal non-trivial w.r.t. ¢ in Gy. Let
Sme /=, be the quotient algebra obtained by the following congruence: o =r B iff (o <> ) € I.
Then Ime /=, is isomorphic to a subalgebra of BY and so is a simple Gj-algebra.

Proof. Let m : §mg — Fme/=, be the canonical projection. By considering the homorphism
f: me — BY defined above and by adapting the first isomorphism Theorem from Universal
Algebra (see [1]), there is a monomorphism f : §mg /=, — BY such that f o7 = f. This means
that §meg/=, is isomorphic to a subalgebra of Bg; that is to say, §meg/=, is a simple algebra. [

Observe that f([o]r) = f(a) = h(@), where [a]p denotes the equivalence class of a in Fme/=,..
Since BY is finite, we have the following:

Corollary 4.8. Let I" be a set of formulas which is mazimal non-trivial w.r.t. ¢ in G§. Then,
Sme /=, is finite, hence it is a complete lattice.

In fact, §mg /=, is isomorphic to either the 2-element chain {0, 1} or the 3-element chain BY.

Theorem 4.9 (Completeness (for sentences) of QG3' ). Let T'U{p} be a set of closed formulas
over ©. Then: I Eggs ¢ implies that I' Fogsr ¢.

Proof. Let us suppose that I' I/ogs ¢. Then, there is M maximal non-trivial w.r.t. ¢ such
that ' C M. Hence, « € M for every a € T' and ¢ ¢ M. Now, let us consider the algebra
A := Fmg/=,, defined by the congruence a =) 5 iff (o ++ 5) € M. By Corollary Ais a
complete Gj-algebra. It is easy to see that [a]y < [B]a iff &« — 8 € M.

Now, let us consider the canonical structure 2A = (U, A, -%) such that U is the set Terg of
terms over © and A is as above, for every term ¢ we consider its name ¢ as a constant of ©.
Assume that, if 7 is a constant then % := ¢, and if f € F,, then f2(t1,...,tn) == f(t1,...,tn).
From this, it follows that, for any ¢t € U and any assignment s, [t]* = ¢. On the other hand, if
P € P, assume that the mapping P* is defined as follows: P (t1,...,t,) = [P(t1,...,tn)] M-
By induction on the complexity of the formula, it can be proven that, for every closed formula
a and every s, [a]¥ = [a]y. Indeed, the case for a atomic holds by definition of 2. The cases
a = B#4 and a = = hold by induction hypothesis, the definition of [-]% and the definition of
the operations in the Gj-algebra A; moreover, it is not hard to see that for every formula ()
and every term ¢t we have that [ (z/8)]* = [¢(x/t)]>.

Suppose now that « is Jxf. By axiom (Ax14), for every t € U, f(z/t) — o € M and so
[B(z/D)]a < [o]ar. By induction hypothesis, we have that [8(z/8)]ar = [B(z/D]* = [B(z/)]*
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(by Proposition [A.4). Thus, [3(z/t)]s < [a]um, for every ¢ € U. Now, let ¢ be a sentence such
that [B(x/t)]y < [¢]a for every term ¢ € U and so [B(z/t)]am < [¥]ar for every term t € U.
In particular, [5(z/Z)]ar < [¥]a and then, [5(z)|ar < [¢]ar. This means that f(x) — ¢ € M.
Since = does not occur free in ¢ then, by (3 — In), a — ¢» € M. This means that [y < [¢]nr

and so [a]y = V [B(x/t)]a- Analogously, but now by using (Ax15) and (V — In), it is proved
teU

that [a]® = [a]yr for o = VaB. This shows that [a]® = [a]as for every closed formula o and
every s.
Thus, A is a O-structure for QG3’ such that, for every closed formula «, « is true in 21 iff
a € M. From this we have that I' Fogs ¢.
O

Given a formula « such that the set of variables occurring free in « is {x1, ..., z,}. The universal
closure of « is the closed formula (Vo) given by « (if n = 0) or V... Vx,« otherwise. Then,
the completeness theorem of QG3’ for arbitrary formulas can now be easily obtained from the
last result:

Theorem 4.10 (Completeness of QG3’). Let ' U {¢} be a set of formulas over ©. Then:
I' Fogsr ¢ implies that T Foas ¢.

Proof. By (Ax15) and (V — In) it is easy to prove that a Fogs (V)a and (V)a Fogs «a,
for every formula o. On the other hand, by definition of Fogas/, it is immediate to see that
a Fogs (V)a and (V)a Fogs' a, for every formula . Then, for every I'U {p}: T Fogs ¢ iff
(MT Fogs (V)p, and I' Fogs ¢ iff (V)I' Fogs (V)p, where (V)" = {(V)8 : B € I'}. From
this, the desired result follows immediately from Theorem [£.9] O
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