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ABSTRACT
In this paper we introduced what is meant by a permutation on a given set and

showed how they form a group. We discussed the cycle notation of permutation
and how it is useful in determining various properties of permutation groups. In fact
it is shown that a permutation can be decomposed into disjoint cycles uniquely
and that order of the permutation is the l.c.m of the lengths of the cycle in a
decomposition of disjoint cycles.

INTRODUCTION

In this paper we started the study of groups by considering planar isometrics.
We learnt that finite groups of planar isometrics can only be cyclic or dihedral
groups. Furthermore, all the groups we've seenthus farare, up to
iIsomorphisms, either cyclic or dihedral groups! It is thus natural to ponder
whether there are finite groups out there which can't be interpreted as
isometrics of the plane. Permutations are usually studied as combinatorial
objects, we'll see during this chapter that they need a natural group structure,
and actually , there'sa deep connection between finite groups and
permutations! We know intuitively what's a permutation: we've some objects
from a group , and that we exchange their positions. However, to figure more

precisely, we'd like a proper definition of what's a permutation.

PERMUTATION GROUP
Definition: 1.1



A non-empty G together with the binary operation *. (i.e.) (G,*) is named a
gaggle if * satisfies the subsequent
Closure : For every a, b €G, a*b €G.
) Associative :For every a, b, ¢ €G,
a*(b*c) = (a*b)*c
i)  ldentity :For exist an element e €G called
The identity element such that
a *e=e*a=a for all a €G.
i) Inverse : For exist an element a'€G called the inverse of ‘a’ such
that a*a'=a’*a=e for all a €G.
Definition: 1.2
Let (G,*) be a group and HCG (H#¢) is said to be a subgroup (H,*) of (G,*)
) e €H, where ¢ is the identity of G.
i) Foranya€H, a*€H
i) Fora, b €H, a*b €H
Definition:1.3
Let A ={a;,a,,...,a,} be a finite set such that |A|=n. A bijective mapping or one-to-
one and onto mapping p: A—A is defined as a permutation.
The sets of permutations which form a group under this operation are formed as
permutation groups.
Definition: 1.4
A group (G,*) is said to be cyclic if there exists a €G such that any x €G can be
written as either x=an or Xx=n a, where n is some integer.
Here the element ‘a’ is called the ‘generator’ of the cyclic group G. That is the
cyclic group generated by ‘a’ and we denote if by G= (a).
Example:1
Find the generator in the group (A, *) where * is defined as:



* a b C d
a a b C d
b b a d C
C C d b a
d d C a b

Solution:
Using the table for the * operation, it is readily observed that
a*a=ab*b=a,
c*c=c*=b,c*=d,c*=ac
d*d=d’=b,d*=¢,c*=a
Therefore (A, *) is generated by ¢ or d and (A, *) is cyclic.
Theorem: 2
Every cyclic group is abelian.
Proof:
A cyclic group is abelian since for any p, g €A, p =a™and q = a" for some m, neZ
andp*qg=a"*a"=a""=a""=a"a" = q*p. Thus A is abelian.
Theorem: 3
Let a €A be the generator of a finite cyclic group (A, *). Then the order of the
cyclic group is same as the order of its generator.
Proof:
Case (i):
Let the order of the generator a be finite and equals n. Therefore a" = e.
Therefore A comprises the n elements e, a, as, ..., a"tIf any two elements in it are
equal, say

a'=a, withi>],



Thena” =e. Since0<i—j<n-1<n, wefindthata? =eandi-j<n. Thisisa
contradiction and thus no two elements can be equal to each other in A.
In other words all elements are distinct and A consists of at least n elements.

Let xEA. We may write x = a" for some meZ.

Sincem=ng+rfor0O<r<n,

ng+r

a'=a"=@")"*a" =e*a =4,
We find that x = a", 0 <r < n. Therefore A consists of only n elements.
Case (ii):
The order of a is infinite. In this case it is possible to show that no two powers of
the generator can be equal.
If it is so thena" =a™ and n < m.
This implies that a"™ = e. In other words it is possible to find a positive integer n —
m such that a"™ = e i.e., the order of a is finite, a contradiction.
Hence no two powers of the generator a could be same. Therefore A has the same
order as its generator a.
Theorem: 4
A nonempty subset H of a group (A, *) is a subgroup iff,

(i) VvabeH,a*beHand

(i) (i)ac H=>a'eH.
Proof:
Let H be subgroup of A. Then H must be closed under

* Operationin Aie,VabeH a*beH.

Next let a € H and a™ be the inverse

ie.,aeH=aleH.

Theorem: 5



A nonempty subset H of a group (A, *) is a subgroup iff for any paira,b € H,a *
b*e H.
Proof:
Let H be a subgroup.
Therefore for a, b € H, b€ H and a * b™€ H.Next
To prove the converse, let a, be Hand a* b™e H.
Taking b =a, we findthata*a'=e € H.
Sincee,a, b € H,we havee *a* =a'e H.
Similarly b™e H. Finally because a, b™ are in H,
We havea* (bY)'e Hora*b € H.
Theorem: 6
The direct product of two or more groups is again a gaggle .
Proof:
Let (G, *) and (H,A) be two groups with identities e; and e,. The direct
product of G and H is defined by G x H = {(a,, b;)/ a;€ G and b;€ H}.
Now define the binary operation ° on G x H by
(a1, by) ° (a2, b2) = (al*a2, b;Aby),
Forall (a1, bl), (a2,b2) e Gx H
Associative:If (ag, by), (ay, by), (as, b3) € G x H,
(a1, b1)° (a2, b2) ° (a3, b3) = (ay, by) ° (a2*as, boAbs)
= [ar*(a2*as), b1A(b,ADs)]
= [(ar*ap) * a3, (b1Aby) Abg]
= [(ar* a2), (b1Aby)] © (a3, ba)
= [(a1, b1) ° (a2, b2)] ° (a3, ba)
Identity:
Let e; be the identity of G and e, be the identity of H and e= (ey, ;)



Now (a, by) °e = (ay, by) ° (e, &)
= (ar™eq, biAey)
= (a, by)
Similarly, e ° (at, by) = (ag, by)
Inverse:  Let (a;, b)™ = (&%, by
(a1, b1)° (a1, b))* = (al, bl) ° (al-1, b1-1)
= (al*al-li blAbz-l)
= (e 8)=¢
Similarly (a;, by)™ ° (ag, b)) = e
(G x H, °) is agroup.
Theorem: 7
The Kernel of a homomorphism f from (A, *) to (b, #) is a subgroup of (A, *).
Proof:
We know that f (ea) = eg, and ex€ ker ().
For a, be ker (f), we find that f (a) = f (b) = eg and thus f (a*b) =f (a) # f (b)
= eg # eg = 6.
This implies that a * b eker (f).
Further if a eker (f), f@™") = [f(@)]" = ez = es.
Thus a™eker (f) and so Ker (f) is a group.
A group homomorphism f is called monomorphism if it is one-to-one.
If it is onto then it termed as epimorphism and if it is both one-to-one and
onto then it is termed as isomorphism.
A homomorphism from (A, *) to (A, *) is termed as endomorphism.
Lagrange’s Theorem:
If A is a finite group and H is a subgroup of A then O (H) divides O (A).
Proof:

Let n be the order of the group A.



It is known that for each element in A, a right cosset of H can be defined in A and
the number of distinct right cossets of H in A is less than or equal to n.

We may therefore write,
A=HUHauU ... UHay;

Where m is the number of distinct right cossets of H in A. Note that the order of
each cosset is the order of H or O (H).
Thus, O(A) =0 (H)+ 0O (Hay) +... + O (Han.y)

=OMH)+OH)+...+O(H).

[Sum taken m-times]
= mk
0(4)

Where O (H) = k. Therefore m =——.
0(H)

Example: 8

The subset H = {[0], [2]} is a subgroup of

(Ay, +4).

Solution:

Following table defines the +, operation:
+, | [0] [1] [2] [4]
[0]|[0] [1] [2] I3]
[11][1] [2] [3] [O]
[2]|[2] [3] [O] [1]
[31[3] [0 [1] [2]

The distinct left cossets are respectively

{[0] [2]} and {[1], [3]} which partition Z,.

Example: 9

*1p1 P2 P3 Psa Ps  Ps




Pr | P1 P2 Ps Ps Ps Pe
P2 | P2 P1 Ps Ps Ps Pa
P3| Ps Ps P1 Ps Psa P2
Pa | Ps Ps Pe P P2 Ps
Ps | Ps Pa P2 P3 Ps P2

Pe | Pe P2 Psa P2 P1 Ps
If H={pl, p2}, find all left cossets of H in S? Also find i, (H).

Solution:

It is easy to see that
p1H = {p1, P2} = p:H = H;
PsH = {ps, ps} = peH;
p4H = {p4, ps} = psH.

Thus number of partitions is i (H) = % = 3, as expected.

CONCLUSION
In this paper we have learnt that modern algebra is a study of sets with
operations defined on them. As the main example we've started a
scientific study of groups. Group theory is one among the foremost important
areas of up to date mathematics, with applications starting from physics and
chemistry to coding and cryptography. Further study of groups can be
undertaken in the appropriate honors modules.
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