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Abstract

This thesis is concerned with two topics that are of interest for the theory
of aperiodic order. In the first part, the similar sublattices and coincidence
site lattices of the root lattice A4 are analysed by means of the quaternion
algebra H(Q(v/5)). Dirichlet series generating functions are derived, which
count the number of similar sublattices, respectively coincidence site lattices,
of each index.

In the second part, several strategies to derive upper and lower bounds
for the entropy of certain sets of powerfree words are presented. In par-
ticular, Kolpakov’s arguments [49] for the derivation of lower bounds for
the entropy of powerfree words are generalised. For several explicit sets we
derive very good upper and lower bounds for their entropy. Notably, Kol-
pakov’s lower bounds for the entropy of ternary squarefree, binary cubefree

and ternary minimally repetitive words are confirmed exactly.
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Introduction

Root lattices and words play an important role in the theory of aperiodic
order, which is concerned with systems that display order without period-
icity, see [7] for a general introduction to the field. This thesis is split into
two parts; Part I is about a particular root lattice, the root lattice A4, while
Part II deals with powerfree words.

Consider a general lattice I' in the Euclidean space R? and let o be a
similarity of R?, i.e. a non-zero linear map of R? with (o (u),o(v)) = c(u,v)
for all u,v € RY where ¢ > 0 and (.|.) denotes the standard Euclidean
scalar product. If ¢(I") C I', then the sublattice o(I) is called a similar
sublattice (SSL) of I'. Every lattice I" possesses trivial SSLs of the form
mlI', where m € N. Lattices with a rich point symmetry structure, like
root lattices, have many non-trivial SSLs in addition. Several lattices have
already been investigated with respect to their SSLs, compare [11, 12, 23,
14] and references given there. In [23], the possible indices of SSLs for
many root lattices, including the root lattice A4, were derived. However,
the question how many different SSLs of each index exist, has remained
open for the root lattice A4. In Part I we answer this question by deriving
a Dirichlet series generating function for the number of SSLs of each index;
compare also [9].

The classification of SSLs of a lattice I" is closely related to that of its
coincidence site lattices; see for example [35]. A finite-index sublattice of
I of the form I' N RI", where R is an orthogonal map of RY, is called a
coincidence site lattice (CSL) of I'. CSLs are used in crystallography in
the description and understanding of grain boundaries, compare [3] and

references given there. For many lattices in dimension d < 4, except for the
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2 INTRODUCTION

root lattice A4, the arithmetic function which counts the number of CSLs of
each index has been derived; see for instance [71, 3, 88, 13, 15]. In Part I
we derive this arithmetic function and the corresponding Dirichlet series for
the root lattice A4; compare also [8, 40, 41].

Generally, the root lattice A4 is of particular interest, because it forms
the natural setting, in the sense of a minimal embedding, for the description
of the Penrose tiling as a cut and project set, see for example [10]. The
Penrose tiling is a classical example for an aperiodic tiling. Some of the
various other applications of the root lattice A4 are described in [23].

Several attempts have been made to get further insight into the theory
of classifying SSLs and CSLs for a general lattice or module in R%, see
[92, 91, 34, 42] and references given there for recent publications. However,
results for general lattices or modules remain sparse. Another generalisation
is the analysis of multiple CSLs, i.e. finite-index sublattices of a lattice I'
which have the form I'N"R;I'N...NR,,I" where Ry, ..., R,, are isometries,
see [6, 88, 89].

Substitution sequences often provide interesting models for aperiodic

systems in one dimension. For example, the famous Thue-Morse morphism

0 — 01
(0.1) o: )
1 — 10

which was first defined by Thue [84, 83| at the beginning of the 20th century
and later rediscovered by Morse [61], generates, via iteration on the initial

word 0, the infinite word

0110100110010110100101100110100110010110011010010110100110010110... ..

This word clearly shows some kind of order, but already Thue proved that
it is cubefree [84], which means that it does not contain any subword of the

form 03 = 000, 1* = 111, (01)® = 010101, (10)®> = 101010 and so on. Its
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cubefreeness is a consequence of the fact that the morphism ¢ maps cubefree
words to cubefree words. A morphism with this property is called cubefree.

In general, the iteration of a powerfree morphism is a convenient way to
produce infinite powerfree words. However, systems produced in this way
have zero combinatorial entropy (see Definition 4.12). A natural generalisa-
tion to an interesting set with positive entropy is provided by the set of all
powerfree words.

The investigation of powerfree words is one particular aspect of combina-
torics on words. The book series [55, 56, 57| gives a comprehensive overview
of the field. Since its initiation by Thue, it has attracted considerable inter-
est particularly in the past decades [16, 25, 18, 19, 44, 51, 36, 26, 76, 17|,
and continues to do so, see [75, 64, 77, 49, 65, 66] for some recent work.
Beyond the field of combinatorics on words and aperiodic order, substitu-
tion sequences, such as the Thue-Morse sequence, have been investigated for
instance in the context of symbolic dynamics [72, 33, 1].

Part II is about the combinatorial entropy of the set of powerfree words.
Due to the fact that every subword of a powerfree word is again powerfree,
the entropy of powerfree words exists as a limit. It is a measure for the
exponential growth rate of the number of powerfree words of length n. So
far neither an explicit expression for the entropy of powerfree words nor an
easy way to compute it numerically is known. Nevertheless, there are several
strategies to derive upper and lower bounds for this limit. Upper bounds
can be obtained, for example, by the enumeration of all powerfree words
up to a certain length. Until recently, all methods to achieve lower bounds
relied on powerfree morphisms. However, the lower bounds obtained in this
way are not particularly good, since they are considerably smaller than the
upper bounds, which are close to numerical estimates of the entropy. A com-
pletely different approach, introduced recently by Kolpakov [49], provides

surprisingly good lower bounds for the entropy. Here, several methods to
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derive upper and lower bounds including Kolpakov’s are explained in detail
and applied to a number of examples.

The thesis is organised as follows. Chapter 1 introduces the general
notation and terminology of Part I. The A4 root lattice is presented in a
realisation ensuring that it is contained in a particular maximal order of the
quaternion algebra H(Q(+/5)) called the icosian ring. Its powerful arithmetic
structure is presented and used to analyse its relation to the root lattice Ay.
We proceed with the introduction of primitivity for icosians as well as for
sublattices of A4. Finally, we provide some tools concerning the relation of
the factorisation in the icosian ring and Z[7].

Chapter 2 analyses the SSLs of the root lattice A4 while Chapter 3
deals with its CSLs. In both chapters we derive a Dirichlet series generating
function which gives the number of SSLs, respectively CSLs, of each index.
In Chapter 2 we establish a parametrisation of primitive SSLs by primitive
icosians. This provides the basis of the derivation of the Dirichlet series for
the SSLs as well as the CSLs in Chapter 3.

In the first chapter of Part II, Chapter 4, we introduce the basic notation
and definitions for powerfree words and morphisms. We proceed with a
summary of relevant results for the characterisation of integer powerfree
morphisms. In particular, we are interested in the question how to test a
specified morphism for powerfreeness. We conclude with a section about the
combinatorial entropy of powerfree words. After giving the definition, we
introduce the explicit sets whose entropy is analysed in the course of this
thesis. We continue with a review on how powerfree morphisms lead to lower
bounds for the entropy. Two methods to derive upper bounds are introduced.
The first is based on the enumeration of powerfree words of length n while
the second, more efficient method relies on the central definition of open
words and a matrix A,,, based on all open words of length m, whose Perron

eigenvalue provides an upper bound for the entropy.
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What it means for a word to be open is better understood in the context
of symbolic dynamics. This leads to Chapter 5 in which powerfree words and
their entropy are considered from the point of view of symbolic dynamics.
Moreover, we introduce the topological entropy of a continuous map on a
compact topological Hausdorff space and show that for powerfree words, as
for any shift space, the combinatorial and topological entropy coincide.

In Chapter 6 we give a detailed explanation of Kolpakov’s method to de-
rive lower bounds for the entropy of powerfree words, see [49] for a sketch of
the application of his method to three examples. We generalise his method,
which starts with the Perron-Frobenius eigenvalue of the matrix A,, and
leads, via several inductive steps, to an estimate of the number of certain
power containing words. This estimation results in a procedure to calculate
lower bounds for the entropy of powerfree words.

It turns out that for the examples we have analysed, very good upper and
lower bounds for the entropy are achieved with the methods based on the
matrix A,,. This matrix seems to be the central object in the investigation
of the entropy of powerfree words.

We conclude with Chapter 7 where we review and apply the introduced
methods to the two classical cases of ternary squarefree and binary cube-
free words. For these cases we confirm Kolpakov’s results from [49] exactly.
However, for ternary minimally repetitive words our results are slightly dif-
ferent although our lower bound is the same. Moreover, we apply the best
methods to three new cases and obtain very good upper and lower bounds
for the entropy in two of the three cases. In the third we only get an upper
bound while the lower bound requires a computational effort that is beyond

our current computational capacities.






Part 1

The Root Lattice Ay






CHAPTER 1

Basics and Preparations

This chapter introduces the general notation and terminology of the
first part of this thesis. We present a particular realisation of the A4 root
lattice in four dimensions which is motivated by the observation that it is
contained in the so-called icosian ring. The powerful arithmetic structure
of the icosian ring within the quaternion algebra over the real algebraic
number field Q(v/5) is presented and the tools required in Chapter 2 and
3 are provided. We conclude with a detailed analysis of the relation of the

icosian ring and the root lattice Ay.

1.1. Generalities

1.1.1. Notation. The symbols Z,Q,R and C denote the integer, ra-
tional, real and complex numbers, respectively. Natural numbers are always
considered to be positive, i.e. N = {1,2,3,...}. If we include 0 we write
Np := NU{0}. Moreover, we set R} := {& € R | @ > 0}. The d-dimensional
Euclidean space is referred to as R?. The Euclidean inner product of two

vectors z,y € R? is denoted by

d
(x]y) = 2"y = Z%yz
i=1

The symbol C is understood to include equality of sets. The cardinality of
a set S is denoted by |S|.

For algebraic objects, e.g. groups, modules, rings, ideals, we follow the
definitions in [53]. Let S C R% and R be a subring of R, then (S)g stands
for the R-hull of S. As usual, R* denotes the group of units of a given ring
R with unit. For every Abelian group G we define G® := G\ {0}. The direct
sum of two Abelian groups G1 and G is denoted by G @ Gs.

9



10 1. BASICS AND PREPARATIONS

The general linear, the orthogonal and the special orthogonal group of
R? are referred to as GL(d), O(d) and SO(d) respectively. Occasionally, the
corresponding groups are considered for subrings of R, which will be clearly

specified.

1.1.2. Lattices. A free Z-module I' C R"™ of rank d whose R-span is
isomorphic to R? is called a d-dimensional Euclidean lattice or lattice for
short. Clearly, I' C R" is a lattice if and only if, there are d R-linearly

independent vectors by, ...,bs € R", such that
(1.1) I'=(by,...,ba)z = {Egzl msb; | m; GZ}.

The set {b1,...,bq} is called a basis of I'. It is uniquely determined up to
a matrix Z € GL(d,Z). A matrix Br whose column vectors form a basis of
I' is called a basis matriz of I' and Gp := BL.B/ is referred to as a Gram
matriz of I

Most of the time, we consider d-dimensional lattices in R?. So if it is
not clearly specified otherwise, a lattice I" stands for a d-dimensional lattice

in R%. The dual lattice of I' € R? is defined as
(1.2) I'* .= {zeR| (z|y) € Zforally € I'}.

Note that Bp« = (Bp1)t.

A lattice I' is called rational if (ulv) € Q for u,v € I'. If A C I''is a
subgroup of finite subgroup index in I it is called a sublattice of I'. The
index [I" : A] is defined as the number of cosets of A in I'. Let us recall a
helpful result from [21], which reveals the geometric meaning of the index,

as the quotient of the volumes of the fundamental domains.

LEMMA 1.1. Let I’ C R? be a lattice with basis matriz Br. A is a
sublattice of I' if and only if there exists an invertible integer matrix Z such

that BrZ is a basis matriz for A. The corresponding index is [I" : A] =
| det(Z2)].
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1.1.3. Modules. For some parts of our analysis the concept of a lattice
has to be generalised to free S-modules I' C R™ of rank d, where S is the
ring of integers of a real algebraic number field K of degree r. In other

words, such a module is given by
(1.3) I'={by,...,bo)g = {3;1 mib; | m; € S}

where b1, ...,b5 € R™ are linearly independent over R. Note that S is also a
free Z-module of rank r and thus I" can be seen as a free Z-module of rank
rd. Basis and Gram matrices are defined analogously to the lattice case. A
lattice in R™ can be interpreted as such an S-module with K = Q and thus
S =7.

Every Z-module is an Abelian group. Frequently, we will apply the

following well known result about Abelian groups.

LEMMA 1.2. Let Iy be an Abelian group and let I's be a subgroup of I

with (I : I'y]) =n. Then, nly is a subgroup of I'.

PRrOOF. Obviously, nl7 is an Abelian group. For every g € I, g + I5
is an element of the finite factor group I'1/I and generates a finite cyclic
subgroup. Its order divides n by Lagrange’s Theorem, see for example [53,
Ch. 1, Proposition 2.2]. Consequently, n(g + I') = I3, which means that
ng € I5. O

1.2. Setting in Four Dimensions

1.2.1. The Root Lattice A4. The root lattice A4 is usually defined

as

A4;:{(:L'1,...,JC5)EZ5|$1+...—|—$5:0}
(1.4)

= <61 — €2,€2 —€3,€63 — €4,64 — 65>Z)
where e; denote the standard Euclidean basis vectors in R5. Clearly, the
lattice Ay lies in a 4-dimensional hyper-plane of R?, see for example [24]. Its

Dynkin diagram is given in Figure 1.1. Following [22] we prefer a description
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€1 — €2 €3 — €4
O O O
€r — €3 €4 — €5

O

FiGure 1.1. Standard basis representation of the root lat-
tice A4.

of the root lattice A4 in R%, since this enables us to use the arithmetic of
the quaternion algebra H(Q(v/5)); see [48] for a detailed introduction to
Hamilton’s quaternions. Let 7 = (1 + 1/5)/2 be the golden ratio, then the

lattice

(1.5) L:={(1,0,0,0),4(-1,1,1,1),(0,-1,0,0),5(0,1,7—1,-7)),

is the root lattice A4 relative to the inner product 2(x|y). The Gram matrix

of L reads

which shows that L is a scaled copy of the root lattice A4 in its standard
representation with the basis from Figure 1.1. Note that with the lattice

bases from (1.5) and Figure 1.1 the Gram matrices have the relation
(1.7) Ga, = %GL.

1.2.2. Quaternions and the Quadratic Number field K. For brevity

from now on we use the notation
(1.8) K:=Q\W5)={a+bV5|a,becQ},

which is a real quadratic number field, see [38] for a detailed analysis. The

quaternion algebra H(K) is explicitly given as H(K) = K ®iK @ jK ® kK,
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where the generating elements satisfy Hamilton’s relations
i2=i?=k%*=ik=—1.

Since H(K) and K* are isomorphic as K-vector spaces we identify the
quaternion a + ib+ jc 4+ kd with the row vector (a, b, ¢,d). H(K) is equipped
with a conjugation . which is the unique map that fixes the elements of the
centre of the algebra K and reverses the sign on its complement. If we write

qg=(a,b,c,d) =a+1ib+ jc + kd, this means
(1.9) q = (a,—b,—c,—d).

Note that for p,q € H(K), we have pg = ¢p.

The reduced norm and trace of ¢ = (q1, q2, q3,q4) € H(K) are defined by

4
(1.10) nr(q) := qq = qu =7gq and tr(q) :=q¢+q =2q
i=1

where we canonically identify an element o € K with the quaternion
(r,0,0,0). For any ¢ € H(K), |q| denotes its Euclidean length, which need
not be an element of K. Nevertheless, one has |rs| = |r||s| for arbitrary
r,s € H(K). Due to the geometric meaning, we use the notations |g|?> and

nr(q) in parallel. Obviously, the inverse of ¢ € H(K)* is given by

Note that for p,q € H(K) the identity

(1.11) nr(p + q) = nr(p) + nr(q) + tr(pg),

holds, which shows that nr is a quadratic form on the vector space H(K).

Moreover, we have nr(pq) = nr(p) nr(q), i.e. nr is multiplicative, and tr(pq) =

tr(gp).
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An element g € H(K) is called integral when both nr(q) and tr(q) are

elements of
(1.12) Zit) :={m+nt | m,n € L},

which is the ring of integers of the quadratic field K, see [38] for a detailed
analysis. Here, we only recall the properties which are needed later.

The algebraic conjugation in K, as determined by the map v/5 — —/5,
is denoted by ’. For o = a + bt € K we define its absolute norm as well as

its trace as

(1.13) N(a) := |ad/| = |(a + b7)(a + br')| = |a® + ab — b?|

(1.14) Tr(a) == a+a =2a+b.

Clearly, o € Z[r] implies N(a) € N. Moreover, the absolute norm is
multiplicative, i.e. for o, € K we have N(af) = N(a)N(3). The units
of Z[r] are

(1.15) Zir)* =={a € Z|r] | N(a) =1} = {£7" | n € Z};

see [38, Theorem 257]. An element a € Z[7] is called an associate of
B € Z[r], if aB~! € Z[r]*. Since K is a Euclidean field, see [38, Theorem
247], the ring Z[7] is a principal ideal domain. Hence every ideal a in Z[7]
has the form a = aZ[7] for some « € Z[r]. If aZ[7] is a non-zero ideal, its

index, i.e. the number of cosets of aZ[7] in Z[7], is given by
[Z[r] : oZ[7]] = N(@) = ||,

compare [34, Theorem 2.7]. The Dirichlet series generating function for the
number of non-zero ideals of a given index is the Dedekind zeta function of
the algebraic number field K, see [87]. It reads

CK(S): Z [Z[T]l:a]s_ Z CLK(m)’

ms
aCZ|7] m=1
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where a runs through the non-zero ideals of Z[r| and ax(m) denotes the
number of ideals of index m. The prime numbers of Z[7] are characterised

as follows, see [38, Theorem 257].

THEOREM 1.3. Let m = (m +nt) € Z[7|, such that N(w) = p is a prime
number of Z. Then, the associates of the following elements are the prime
numbers of Z[t]:

(1) V5

(2) p, if p==42 mod 5

(3) (m+nt) and (m + n7’) with (m 4+ n7)(m +n7’) = p, if p = +1
mod 5.

O

The prime numbers of the first, second and third type, are called ram-
ified, inert and splitting primes, respectively. They lead to the following
explicit expression of the zeta function
(1.16)

a@ == I 7= II

s) = —_—
" D e

p=+1 p=12(5)

1
1—p

—2s

_ 1 1 1 2 1 2 1 1 2
sltetstetmtetotao to tar T
see [12] for further details including asymptotic properties.

1.2.3. Orders and Ideals. We call a finitely generated Z[7]-module
7 C H(K) with (Z7)x = H(K), a full Z[T]-module (in H(K)). Note that in
[85, 13| these modules are called ‘ideals’. Here, the term ‘full Z[r]-module’
is used instead, in order to avoid confusion with ideals from ring theory.

An order is a full Z[r]-module that is also a subring of H(K') containing
1. It is called mazimal when it is not contained in any larger order which is
not H(K), see for example [85, Chap. 1, Sec. 4] and [74] for details.

Clearly, if ¢ € H(K) is integral then so is g. However, the set of all
integral quaternions fails to be a ring due to the fact that quaternion mul-

tiplication is non-commutative, see for example [85, 79]. Hence instead
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of considering all integral quaternions, orders of integral quaternions are

considered. From [13, Fact 3] we recall

LEMMA 1.4. All elements of an arbitrary order O C H(K) are integral.

Moreover, one has O = O and ONK = Z|[1]. O
Obviously,
(117) L= <1’i7j’k>Z[T] = Z[T]4

is an order, as is ¢£q~ ! for every ¢ € H(K)®, but it is not maximal since
appending the integral quaternion %(1, 1,1,1) generates a larger order.

Let O be an order. A left Z|r]-module of O is a full Z[r]-module 7 with
qZ C T for every q € O. It is called principal if there is a ¢ € H(K) such
that Z = Oq. Note that every left ideal of O is a left Z[r]-module of O.
Right Z[r]-modules of O and principal right Z[r]-module of O are defined
accordingly. From now on we speak of one-sided Z[r]-modules, if we mean
either left or right Z[r]-modules.

The class number of O is the number of equivalence classes of left Z[r]-
modules of O under the following equivalence relation: Let Z and J be two
left Z[r]-modules of O. They are equivalent, if there is an a € H(K)®, such
that J = Za.

Since the conjugation of H(K) maps right multiplication to left multi-
plication and O to itself, interchanging the roles of ‘left’ and ‘right’ results
in the same value of the class number.

From [13, Fact 5| we know that all maximal orders of H(K) have
the same class number, which is known as the class number of H(K).
Moreover, if the class number is 1, all maximal orders are mutual images
of one another under inner automorphisms, i.e. under maps of the form
f:H(K) - H(K),z — ara™! for a € H(K)*. In [85, p. 156] and in [79,
Ap. A.3] we find that the class number of H(K) is 1. Hence, all one-sided

Z[r]-modules of a maximal order O are equivalent.
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This means that for every left ideal Z of a maximal order O there is
a g € O° such that 7 = Ogq, since O itself is obviously a left ideal of O.
Of course these arguments work for right ideals analogously. Hence every

one-sided ideal of O is principal.

1.2.4. Z[r]-Indices. Following [13] we denote the determinant of an
endomorphisms ¢ of the K-vector space H(K) by detx(¢). It is an element
of K and can be calculated using any K-basis of H(K), as it is not dependent
on the particular choice of the basis.

If 7 C T are full Z[r]-modules in H(K), we define the K-index of J in
7 as

(1.18) Z: Tk = detk(p),

where ¢ is a linear map that takes a Z[r]-basis of Z to a Z[r]-basis of J.
The K-index is well-defined up to units of Z[7], as changing the bases of 7
and J multiplies it by an element of Z[7]*. Since J C Z, we know that
detx (¢) € Z[r]. By considering the inverse of ¢ it is clear that Z = 7 if and
only if [7 : J]x € Z[r|*. If Iy C Zy C I3 are full Z[r]-modules in H(K),
then

[Z3 : Th|k = I3 : To]k T2 : Th] ks

i.e. the K-index is multiplicative. The following lemma is analogous to the
lattice case, see Lemma 1.2, and its claim is obvious with the definition of

the K-index in (1.18).

LEMMA 1.5. Let T be a full Z[1]-module in H(K) with basis matriz Br.
Then, J is a full Z[7]-submodule of T if and only if there exists a non-
singular matriz Z with Z[r|-entries such that BrZ = By is a basis matriz

for J. The corresponding index is then [I : J)x = det(Z). O

In complete analogy to the lattice case, compare [3, Lemma 2.2], this

description of full Z[r]-submodules leads to
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LEMMA 1.6. Let J C T be full Z|t]-modules in H(K) with [T : J]x = c.
Then, o C J is a full Z[t]-module of index o3.

PROOF. By Lemma 1.5 there is a matrix Z with Z[r]-entries such that
BsZ = By and [Z : J|g = det(Z) = a. The standard formula for the
inverse matrix implies that aZ~! is a non-singular matrix with Z[7]-entries.
So again by Lemma 1.5, aB7Z ' = aBzr which implies that aZ is a full

Z[7]-submodule of J whose index is det(aZ~!) = Cﬁlﬁ(z) =a’. O

From [13, Fact 8] we recall the following lemma, which describes the

relationship between the K-index and the usual coset-counting index.

LEMMA 1.7. Let Z,J be two full Z[t]-modules in H(K) with J C T.
Then,
Z:J=N(Z:J|k)-

O

We conclude this subsection with two lemmas that simplify the calcu-
lation of certain indices. The first can either be found in [13, Section 5,
Lemma 1] or its claim is deduced by means of straightforward calculations

with the basis matrices according to Lemma 1.5.

LEMMA 1.8. For any order O in H(K) and any q € O°, one has
[0: qO)k = [0 : Oglx = nr(q)* = |g|*.

LEMMA 1.9. Let O be an order in H(K) and let J C O be a full Z[7]-
module of H(K). For a,b € O* one has

[0 : aJb] = N(nr(a)? nr(b)*)[O : J].
Proor. Obviously, we have aJb C aOb C aO C O and

[aOb : aJb] =[O : J].
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Moreover, a combination of Lemma 1.8 and 1.7 gives [aO : aOb] = [O : Ob] =
N(nr(b)?) and [O : aO] = N(nr(a)?). Hence due to the multiplicativity of

the index we have
[0 :aJb] =[O : aO][aO : aOb][aOb : aJb] = N(nr(a)?) N(nr(b)*)[O : J].

O

1.2.5. The Icosian Ring. In this subsection we introduce a particular
maximal order of H(K), the icosian ring, and summarise its properties as
far as they are required in Chapter 2 and 3; for more details including its
connection to the root system of type Hy see for example [60, 59, 22, 12, 24|
and references given there.

Following [24, Ch. 8, Sec. 2.1] we define the icosian group I as the

multiplicative group of order 120 consisting of the quaternions
(1.19) (£1,0,0,0), 2(£1,£1,+1,+1), (7, £7,0,+£1)

and all their even coordinate permutations. The icosian ring I is defined
as I := (I)z, and has rank 8 as a Z-module. At the same time, I is a
Z[r]-module of rank 4, and can alternatively be written as

(1200 1:=((1,0,0,0),(0,1,0,0), 3(1,1,1,1), 5(1 -, 7,0,1)>Z[ .

The elements of I are called icosians.
From [60] we recall that the icosian group I is characterised as follows

within I:

(1.21) 1={get|lg?=1}.

Recall that ' stands for the algebraic conjugation in K. A straightforward
calculation with the basis matrix resulting from (1.20) reveals that I # T’
and that T as well as I' are maximal orders of H(K), in fact they are the

only maximal orders that contain £ of (1.17); compare for example [13]. By
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means of Lemmas 1.5 and 1.7 we see that
I:L]=16=1I:L]

Moreover, with (1.20) it is clear that 2I C L.

Note that (1 +¢)I = I'(1 +4), so that (1 4+ 4)I is a one-sided, but not a
two-sided ideal in I. This relation also shows that T and I’ are related by an
inner automorphism of H(K).

Considering Lemma 1.4 with respect to I as maximal order, it is obvious

nr(q

that ¢ € T with nr(q) € Z[r]* implies that ¢~! = ? y € L. Conversely, if
q € T*, we know that nr(q) and nr(¢~!) = nr(q)~! € Z[7], i.e. nr(q) € Z[7]*.
With (1.15) this leads to

(1.22)
I~ = {q€H|N(|q|2):1}:{:|:T”q|n6Zandq€I} = Zr)* x 1.

The Dirichlet series generating function for the number of non-zero one-

sided-ideals contained in I of a given index reads

L2 Ci(s) = Iz‘i i :11-]5 _ i air(:;z) = (g (2s)Ck (25 — 1)

m=1
_ 5 6

10 24 21 40 30 31
+ 81¢ + 121¢ + 2569 + 361s + 4003 + 6258 ..

where Z runs through the non-zero one-sided ideals of I, see [12] for its
derivation and further details including asymptotic properties. The arith-
metic function aj(m) is multiplicative, and hence completely specified by its

values at prime powers. These are given by

%1_1, if p=>5,

Yoo+ (r—e+1)pt,  for primes p = £1 (5),

(1.24) ag(p") =
742

%, for primes p = +2 (5) and r even,

0, for primes p = £2 (5) and r odd.
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Note that by Lemma 1.9, we know that
(1.25) [T: ¢l = N(nr(q))? = [I : Ig].

Hence the possible indices, here the denominators, are the squares of integers
that are representable by the quadratic form = + zy — y2.

The Dirichlet series generating function, which counts the number of
non-zero two-sided-ideals of I, is of an even easier form. It reads (ri(s) =
Cr(4s), see [13, Eq. (19)] . Now, we easily conclude that the two-sided

ideals in I are of a very convenient type.
LEMMA 1.10. The two-sided ideals in 1 have the form ol with o € Z[T]®.

PRrROOF. Of course, for every a € Z[r| the ideal ol = o is two-sided,
and [I : o] = N(a)* by Lemma 1.9. Since (11(s) = (i (4s) this means that

these are already all two-sided ideals in I. U

LEMMA 1.11. For every a € Z[r], there is an icosian q with o = nr(q) =

qq. Moreover, if a € Z[T]*, then q and G are associated.

PROOF. Since the reduced norm nr is multiplicative it is sufficient to
show the following for the first claim: For every prime number = € Z[7],
there is an icosian ¢ € I with 7 = nr(q) = ¢7q.

If we assume that there is no icosian ¢ with nr(q) = £+/5, this implies,
due to [I: Iq] = N(++/5)%, compare (1.25), that ar(5) = 0, which contradicts
(1.24). Thus there is an icosian ¢ with nr(q) = 4+/5. Similarly, for p € Z
with p = +2 mod 5 there is an icosian ¢ with nr(q) = p, since [I : Iq] = p*
and ay(p?) > 0. For the remaining case of the splitting prime p € Z with
p = +1 mod 5 and p = 77’ note that there exists an icosian ¢ with either
nr(q) = w or nr(q) = 7', as ag(p) > 0. If nr(¢) = 7 then nr(q) = 7’ or vice
versa. This gives the first claim.

For the second claim note that if nr(q) = a € Z[r]*, we know that

q(q) " = nr%q)qz € T and considering (1.22) this means that ¢(g)~!' € I*.

This shows that ¢ and g are associated. O
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If we substitute in the proof of Lemma 1.11 the arithmetic functions qa
by the arithmetic function which counts the number of ideals in I, generated

by a primitive icosian, see (2.8) below, we get

COROLLARY 1.12. For every a € Z[t|, there is a primitive icosian p
with o = nr(p) = pp. Moreover, p and P are not associated if and only if

a ¢ Z[T]*.

ProoF. It only remains to show the second statement. Note that p and

1
nr(p)

p are associated if and only if p(p)~! = p? € I, which is equivalent to

nr(p) € Z[r]*, due to the primitivity of p. O

One can use the quadratic form defined by tr(zy) = 2(z|y) to define the
dual of a full Z[r]-module Z C H(K) as

(1.26) I7* = {z e H(K) | tr(2y) € Z[7] for all y € T} .

With this definition, one has the following important property of the icosian

ring, compare [60] for details.
LEMMA 1.13. The icosian ring is self-dual, i.e. one has I* = 1.

1.3. Characterisation and Factorisation

Our choice of the realisation of the root lattice A4 in form of the lattice
L from (1.5) is particularly motivated by the observation that L C I. In this

section this inclusion is analysed in more detail.

1.3.1. The Module L[r]. The given basis of the lattice L in (1.5)

generates the full Z[7]-module

(1.27) L[r]:=((1,0,0,0), 5(~1,1,1,1),(0,~1,0,0), 5(0,1,7=1,=7)) ;.

which is a submodule of I. A straightforward calculation with Lemmas 1.5

and 1.7 reveals that

(1.28) [[: L[] =5.
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Since L is a rational lattice and 7L obviously not, we have LN7L = {0}, so

that
(1.29) Lirj=L& L.

1.3.2. The Twist Map. The detailed arithmetic structure of I is the
key to the characterisation of the similar sublattices and coincidence site
lattices for L in Chapter 2 and 3. Another important object is the following
map, called the twist map, which is an involution of the second kind for

H(K); see [47] for details. If ¢ = (a, b, ¢, d), it is defined by the mapping
(1.30) q—q:= (a',b,d, ).

The relevance of this rather strange looking map, with its combination of a
permutation of two coordinates with algebraic conjugation of all coordinates,
was noticed in [39] as a result of explicit calculations. It has the following

important properties.

LEMMA 1.14. The twist map~ of (1.30) is a Q-linear and K -semi-linear
involutory algebra anti-automorphism, i.e. for arbitrary p,q € H(K) and

a € K, it satisfies:

—

(a) p+q=Dp+q and ap = «p,
(b) pg =qp and p=p,

(c) p =D and thus, for p# 0, also (p)~" = p~1L.

It maps K, the centre of the algebra H(K), onto itself, but fizes only the

elements of Q within K. Moreover, I =1 and =T,

PROOF. Most of these properties are immediate from the definition, and
(b) can be proved by checking the action of the twist map on the basis
quaternions 1,1, j,k. The statements on K, I and I follow easily from the

definition in (1.20). O
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Seen as a vector space over Q, H(K) has dimension 8 and can be split

into a direct sum, H(K) = Vi & V_, where
Vi = {z e H(K) | T = £z}

are the eigenspaces under the twist map, with V; NV_ = {0} and V_ =
V5 V.. Note that L C V4, so the four basis vectors of L from (1.5) form a
Q-basis of V. This observation combined with the nature of I as a maximal
order in H(K) suggests that L might actually be the Z-module of fixed points

of the twist map inside I.

ProposITION 1.15. The lattice L can be characterised in 1 as follows:

(i) L={zel|z=2} =INnV,
(ii) L ={z+z |z €I} = ¢ (I), where the Q-linear map
o H(K) — H(K), is defined by ¢, (x) =z + .

PRrROOF. Note that the basis vectors of L in (1.5) are fixed under the
twist map, so T = x is clear for all x € L. We also know from Lemma 1.14
that I = I. To prove our claim, we have to show that no element of I\ L
is fixed under the twist map. Recall from (1.28) that [I : L[7]] = 5, so that
I/L[r] ~ C5. Consequently, the twist map, which is an involution, induces
an automorphism on the cyclic group C5. The order of this automorphism
must divide 2. With the involved basis matrices By and By, it is easily
checked that,

0#v=j—kel\ L[]

Since v = —w, the induced automorphism on C5 cannot be the identity. This
leaves only inversion (i.e. k +— —k mod 5), which has no fixed point in Cj
other than 0, so that all fixed points of the twist map inside I must lie in
L[r]. Tt is easy to see that a quaternion of the form x + 7y with z,y € L is

fixed if and only if y = 0, which completes the argument.
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The characterisation (i) implies that  +Z € L for every x € I. On the

other hand, observing that 7/ = 1 — 7, any 2 € L permits the decomposition
r= T+ =12+77 =10+ 72.

Since z is an element of the Z[r]-module I, we know that 72 € I and the

claim follows. O

For our further analysis it is convenient to have several ways of charac-

terising the submodule L[7] within the icosian ring I.

PROPOSITION 1.16. The submodule L[t] of I can be characterised as

follows:
(131) L) ={ze€l|(z-7) € V5I} = {x 1|5 divides |x — 7}

PROOF. Every quaternion x € L[7] can be written as x = a + 7b with

a,b € L; see (1.29). Using a = a and b = b, we see that for all ¢ € L|[7]
t—F=a+7b—a—-(1—-71)b=2r—1)be (2r—1)L C (2r —1)I = /5L

On the other hand a straightforward calculation with the involved basis
matrices reveals that every x € I can be written as * = ¢q + ku, where

qge L[], u= %(1 —7,7,0,1) and 0 < k < 4. Clearly,
u—u= %(1_27-)27-_17_171) ¢ \/5]1

and hence * — % = (¢ —q) + k(u — @) € /51 implies that k = 0. This means
that « € L[r|, which proves the first equality of (1.31). To prove the second

equality observe that

o = 2* = |g — 4° + k(g — @) (u — @) + k(u — @) (g — q) + k?|u —af”

= |g—q* + tr(k(qg — q)(u — w)) + 12k*.
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By the first equality (1.31) it is clear that v/5 divides |q¢ — ¢|?> and
tr(k(q — q)(u — w)). Hence only if k = 0, i.e. x € L[7], |[x — Z|? is divisible
by 5.

To show the remaining inclusion for the second equality of (1.31) let
x € L[7] and let ¢ € I such that 2 — & = /5¢. This implies that |z — Z|? =

5|q|?, i.e. 5 divides |z — Z|?. a
An immediate consequence of the previous proposition is

COROLLARY 1.17. One has v/51 = (2r — 1)I C L[7]. a

1.3.3. Primitivity. A sublattice A of L is called L-primitive when
ald C L, with a € Q, implies o € Z. Similarly, an element p € I is called
[-primitive when ap € 1, this time with o € K, is only possible with o € Z[7].
For brevity, we simply use the term ‘primitive’ in both cases, whenever the
meaning is clear from the context.

Note that an icosian p is primitive if and only if all Z[7]-divisors of p are
units. Due to the fact that I is a unique factorisation domain, this means
that if p is primitive p™ is a primitive icosian, too.

Depending on the context let lem stand for the lowest common multiple
in Z or in Z[r]. More precisely, for «, 3 € Z|r] we define, analogously to the

integer case, lem(c, 3) € Z[7] such that
lem(av, B)Z[7] = oZ]7) N BZ[T].

Note that lem(a,b) is defined uniquely up to elements of Z[r]*.

The I-content of ¢ € I is defined as
(1.32) conty(q) = lem{a € Z[7]* | ¢ € oI}
and analogously the L-content of a sublattice A of L as

(1.33) cont; (A) = lem{m e N| A C mL}.
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LEMMA 1.18. An icosian q € 1 is primitive if and only if
conty(q) € Z[7])*.

PROOF. Let a € Z[7]|* with éq € 1. If ¢ € T is primitive this implies that
a € Z[r]* and hence conty(q) € Z[r]*. Conversely, let & € K with ag € I
and o = g where 3, € Z[7] are relatively prime. Note that also %q €T and
thus we know that ~ divides cont;(q) € Z[7]* which means that v € Z[r]*
and hence a € Z[7]. O

LEMMA 1.19. A sublattice A of L is L-primitive if and only if
conty (A) = 1.

Proor. This is proved analogously to Lemma 1.18. O

Clearly, for all ¢ € T the icosian q is I-primitive and for every

1
cont ()
sublattice A C L the sublattice m/l is L-primitive. Consequently,
every icosian ¢ can be written as ¢ = ap where a € Z[r] and p € I is
primitive. Similarly, every sublattice A C L can be decomposed in A = mI’
where m € N and I' C L is L-primitive. Note that A C L is L-primitive if
and only if

ged{(zi) [1 <, j<d}=1

for an integer matrix Z = (z;;) with By = B Z.

LEMMA 1.20. Let ol C 1 be a two-sided ideal which contains a primitive

icosian p. Then, o € Z[T]*, i.e. al =1

Proor. By Lemma 1.10 we know that every two-sided ideal of I has the
form ol with a € Z[7]. If p € al there is an icosian ¢ € I such that p = aq.

Therefore ép = ¢ € I and the primitivity of p implies that a € Z[7]*. O

1.3.4. Factorisation. An icosian p € I, which is not a unit, is called
prime, if p = ab for a,b € I implies that a € I* or b € I*. Obviously,

all associates of a prime icosian are prime, too. Moreover, it is clear that
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every prime icosian is primitive. A direct consequence of Corollary 1.12
is that primes in Z[r], considered as elements of I, cannot be prime in L.

Furthermore, we have the following characterisation of primes in I.

LEMMA 1.21. An icosian p is prime in 1 if and only if |p|? is prime in

Z[].

PROOF. If p is not prime in I it is immediately clear that [p|?> cannot
be a prime in Z[r]. Conversely, if |p|? is not a prime in Z[7], for example
Ip|?> = B, where o and 3 are primes in Z[7], then we know by Lemma 1.11
that there are a,b € I such that |a|> = a, |b|> = 3 and p = ab, hence p is not

prime in I. O

The following definition and theorem are an adaption of [38, Section 20.8].

We say that a,b € I have a greatest left (right) common divisor
d = gled(a,b) (d = gred(a, b)),

if (i) d is a left (right) divisor of a and b and (ii) every common left (right)

divisor of a and b is a left (right) divisor of d.

THEOREM 1.22. For any two icosians a,b € 1* there is a gled(a,b) and
a gred(a,b) in 1. They are uniquely defined up to multiplication by a unit

factor from the right or left, respectively, as the generators of the ideals
gled(a,b)l = al + bl and Igred(a,b) = Ia+ Ib.

PROOF. The set S = all+bl is clearly a right ideal in I. Since every right
ideal in I is principal there is an icosian d such that S = dl. As d € S, there
are qg,p¢ € 1, such that d = agy + bpy. Because a,b € S, d is a common left-
hand divisor of @ and b. In fact, any common left-hand divisor of a and b is
a left-hand divisor of any element of S including d. Hence d = gled(a, b) and
as generator of the right ideal S, the icosian gled(a,b) is uniquely defined
up to a right-hand unit factor.

The claim about gred(a, b) is proved analogously. O
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THEOREM 1.23. Let p € I be primitive and let |p|?> = 71 ...m, be the
prime factorisation of |p|? in Z[7], with an arbitrary but fived order of fac-
tors. Then, there are prime icosians pi ...pn, which are unique up to ele-

ments of T, such that
P=D1---Pn and  |pi* = m;.

PROOF. Let p; = gled(m1,p), i.e. let there be 1,51 € I such that p =

p1r1 and 71 = p1s1. Hence 72 = |p1|?|s1/? and since 7 is a prime in Z[7] we

infer that |p;|? is an associate of 1,7 or 7 in Z[7].

By Theorem 1.22 we know that there are u, v € I such that p; = mju+pv.
Hence |p1|? = 7m2|ul® + |p|?|v|? + 71 tr(pvT), which reveals that 71 divides
Ip1|%. With (1.22) we conclude that |p;|? cannot be an associate of 1. Sup-
2

pose that |p1|? is an associate of w3. This implies that |s1|*> € Z[r]* and

hence s; € 1*, making 7 and p; associates, which is impossible since p;

is primitive as a divisor of p. So we have |p1|? = m and p = pir; where
|r1|?> = ma,..., . Moreover, by Lemma 1.21 we know that p; is a prime
icosian.

Repeating the argument with 1, we produce iteratively the factorisa-
tions
L =p2r2, T2 =pP37r3, --., "'n—1 = Pn—1Tn—-1, T™n = Pn

|2 = m;. This factorisation is unique up to elements of I*, since the

where |p;
greatest left common divisor of two icosians is by Theorem 1.22 well-defined

up to a right unit factor. O

COROLLARY 1.24. Let a, f € Z[] such that ged(a, ) = 1 in Z[7]. Then,
we have gled(a, B) = 1 = gred(a, ) in L.

PROOF. Let gy = gled(av, B) and g, = gred(av, 3). There are u,, ug, vy, vg €

I, such that o = u,g, = geup and B = v.g, = gevy. We see that |g.|? and
lge|? divide ged(|af?, |8]?) = ged(a?, 3%) = 1. Hence |g,|?,|g¢|* € Z[7]* and

gr, ge € I compare (1.22). O
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COROLLARY 1.25. If p € I is primitive and o € Z[7], then

| gled(p, a)|* = ged(|pf*, a) = | gred(p, a) .

PROOF. Denote v = ged(|p|?, @) and let |p|> = 71 ... 7, be the prime
factorisation of |p|? in Z[r], such that v = 7 ... 7, for some £ < m. By

Theorem 1.23 there are prime icosians pi,...,pm € [ such that p =p1...pm

and |p;|? = m;fori=1,...,m,i.e.y=pi...pDe...P1 . Since p is primitive,

p1...p¢Pe cannot be a divisor of p, as this would mean that |p,|? € Z[7]

divides p. Hence, gled(p,y) = p1 ... pe and | gled(p, v)|? = 7. Since gled(p, o)

divides v and p by definition, we infer that gled(p, o) divides gled(y, p).
Conversely, gled(7, p) divides y and thus « as well as p, such that gled(y, p) =
2

gled(p, ). Hence | gled(p, a)|? = v = ged(|p|?, a).

Let [p|> = ¢1 ... ¢m be the prime factorisation of |p|? in Z[r], such that

Y= Pm—t+1---Pm-

Of course, ¢m—r+1..-¢@m = 7 ...7¢. By Theorem 1.23 there are prime

icosians q1,...,qn € I, which do not necessarily coincide with p1,...pm,

such that p = ¢1...¢n and |g|> = ¢; for i = 1,...,m. Hence v =

Tm -« Qm—t+19m—t+1 - - - Gm- Since p is primitive, Gpm—r+1¢m—r+1 - - - @m can-
not be a divisor of p, as this would mean that |g,_¢s1|> € Z[r] divides p.
This implies that, gred(p,7) = ¢m-_¢41---qm and |gred(p,v)|?> = v. Since
gred(p, ) divides 4 and p by definition, we infer that gred(p,a) divides
gred(vy,p). Conversely, gred(y,p) divides v and thus « as well as p, such
2

that gred(v, p) = gred(p, «). Hence | gred(p, o)|? = v = ged(|p|?, o). O

For later use we state the following lemmas.
LEMMA 1.26. Let a,b € I and 7,0 € Z[7], such that ged(vy,0) = 1. We

have

(gled(a,y)I) N (gled(a, 6)I) = gled(a, vo)L.
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Proor. With Theorem 1.22, we see immediately that
gled(a,v0)I = al + 0l C (al +~I) N (al + 61) = (gled(a, v)I) N (gled(a, §)T).

Conversely, let ¢ € (al +~I) N (all 4 dI). So there are ¢; € I for 1 < i < 6,

such that

q = gled(a,v)q1 = ag2 + dq3 = aqs + g5 = gled(a, §)ge

Here, we see that gled(a,~) is a left divisor of ¢s, since it does not divide 9,
as gled(,9) = ged(y,0) = 1, and it is a left-divisor of a by definition. So
there are icosians a., §3,q7 € I such that a = gled(a,v)ay, g3 = gled(a,v)d3

and (ayq2 + 0¢3) = gled(ay, 6)g7. This implies that
q = gled(a, v)ayq2 + 0 gled(a, )Gz = gled(a, v)(ayq2 + 043)
= gled(a, ) gled(ay, §)g7r = gled(a, v0)gr,
which means that ¢ € gled(a,~0)L O
LEMMA 1.27. For p,q € I and g := gled(p, q), we have g = gred(p, q).

ProoOF. Obviously, p = gr and ¢ = gs for r,s € I. Hence p = g and
q =37, so g divides gred(p,q) =: h, i.e. we can write h = tg, where ¢t € L.
Now, we seethatpzﬁz%zﬁﬂ andngzﬁzﬁﬂ, where u,v € I,

which implies that h= gt divides ¢ and hence h= g. U






CHAPTER 2

Similar Sublattices

In this chapter the problem of counting similar sublattices of a general
lattice I € R? is introduced. For the root lattice A4 this problem is solved
by constructing an index preserving bijection between its primitive similar
sublattices and the primitive right ideals of the icosian ring. The result is
expressed in terms of a Dirichlet series generating function, which gives the
number of different similar sublattices of each index. We conclude with a
review of the corresponding results for the root lattices Ay with d < 3. The

content of this chapter was published in [9].

2.1. Generalities

2.1.1. Similarities. A similarity o is a non-zero linear map of R such

that
(o(u),a(v)) = c{u, v),
for a constant ¢ € Ry and u,v € R An alternative characterisation is the

following.

LEMMA 2.1. A linear map o of R? is a similarity if and only if it is of

the form o = aR for a € R® and R € O(d).

PROOF. Let ¢ be a linear map of R%. If for a constant ¢ € Ry and all
u,v € R? (o(u),0(v)) = clu,v), this is equivalent to (%U(u), ﬁa(v)) =
(u,v). This is again equivalent to ﬁa € O(d), which means that there exits
a matrix R € O(d) such that o(u) = \/cRu for all u € R%. As ¢ > 0 we set
Ve = a € R and we are done. O

33
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The set of isometries that occur in similarities that map the lattice

I ¢ R? into itself is defined as
(2.1) OS(I') :== {R€0O(d) | aRI" C I for some o € R }.

Moreover, we define SOS(I") as the subset of rotations in OS(I").

LeEMMA 2.2. If I' € R? is a lattice, the sets OS(I") and SOS(I") are

subgroups of O(d).

PROOF. Obviously it is sufficient to show that OS(I") is a subgroup of
O(d). If Ry, Ry € OS(I'), with a; € R such that a;R;I" C I for i = 1,2,
then ajaaR1 Rl = a1 Ry (aoR2l’) C aq R I" C I' and so Ry Ry € OS(I).

Moreover, aRI" C I', with R € OS(I") and a € R, implies that I" C
éR*Uﬂ . With Lemma 1.1 we see that there is an integer matrix Z such
that

|det(Z)| = [AR7'T": I = [": aRI] =: m.

By Lemma 1.2 , this means that %R‘lf C I', which shows that also R~!

is an element of OS(I). O
LEMMA 2.3. Let I'; be a sublattice of It C R?. Then, OS(I) = OS(I3).

PROOF. Let m := [I : I3], @ € R, and R € OS({1) such that aRI} C
I'1. With Lemma 1.2 this implies that maRI5 C maRI'T C mI} C I and
hence R € OS(I%).

Conversely, we conclude with o € Ry and R € OS(I3) such that aRIH C
I, that maRI} C aRI, C Iy C I and so R € OS(I1). O

Two lattices in I" and A in R? are called similar if there is a similarity o,
such that o(I") = A. A straightforward calculation with the corresponding

basis matrices gives the following
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LEMMA 2.4. Two lattices I' and A in R? are similar if and only if their

Gram matrices satisfy the relation
GA = OéZGFZt,

where o € R™ and Z is an invertible integer matriz. O

2.1.2. Similar Sublattices. A sublattice A C I' is referred to as a
similar sublattice (SSL) of I', if there is a similarity o of I" such that A =
o(I"). For a given lattice I' C RY one is interested in its similar sublattices
(SSLs), the possible indices of its SSLs and the number of distinct SSLs of
each index.

We define the arithmetic function fj(m) as the number of distinct SSLs
of index m. Clearly, f;(1) = 1. Note that, f, is not always multiplicative.
For example in [14] we find several planar lattices with non-multiplicative
arithmetic function f,. However, in many relevant cases, and in all cases
that will appear below, f;(m) is multiplicative, which implies that the cor-

responding Dirichlet series generating function,
o
fr(m)
(22) Dr(s) = Y
m=1

possesses an Euler product expansion, compare [2, Ch.11].
Every lattice I' € R? possesses trivial SSLs, i.e. SSLs of the form mI’
where m € N. Note that mI" has index m® in I'. If there are no non-trivial

SSLs, the generating function thus simply reads
(2.3) Dr(s) = ((ds),

where ((s) is Riemann’s zeta function [2, Ch.11]. If there are non-trivial
SSLs, each of them can again be scaled by an arbitrary natural number, so

that

(2.4) Dr(s) = ((ds) D} (s),
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where DY (s) is the Dirichlet series generating function for the primitive
SSLs of I'. It is the aim of this chapter to derive this Dirichlet series for the
root lattice Ay.

Let us first summarise some general properties of the generating func-
tions in this context. A simple conjugation argument based on Lemma 2.4,
see for example [39, 24], shows that if I" and A are similar lattices in R,

one has Dp(s) = D4(s). Moreover, we have the following.
THEOREM 2.5. If I is a lattice in RY, one has Dr(s) = Dr«(s).

PROOF. If o is any similarity in R¢, one has
o' cI' = o'I'*crI*,

which, in view of (1.2), is immediate from the relation (z|oy) = (o'z|y); see
for example [53, p. 524]. Observing that det(c) = det(c'), one thus obtains
an index preserving bijection between the SSLs of I" and those of I'*, whence

we have fp(m) = fp.(m) for all m € N. This gives Dy (s) = Dp=(s). O

Although the arithmetic function fr is not multiplicative in general, one

can show that it is super-multiplicative, which we recall from [39].

THEOREM 2.6. The arithmetic function fr(m) of a lattice I' C R? is

super-multiplicative, i.e. for coprime m,n € N one has

fr(mn) > fr(m)fr(n).

PROOF. Let Iy and I be SSLs of I" of index m, and for i € {1,2}, let

A; be an SSL of I of index n. This can be illustrated as follows:

I Iy

Ay A
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where < has to be interpreted as C and the letter next to the arrows denote
the corresponding index. Since the Dirichlet series of similar lattices coincide
we have fr(m) = fr,(m) = fr,(m) for all m € N. So we have to show that
Ay # Ag if I # I or equivalently that A; = Ao implies IT = [5. Let

A1 = Ay =: A and consider the following diagram:

I
iT
I+ 15
P
Fl FZ
N
InnNnis
is
A

As [I1 : A] = [Ib : A] = n we know that © = {; = {5 =: {. Moreover,
M = k1 = ko :=k, since [I" : 1] = [I" : I'3] = m. The second isomorphism
theorem for groups, see for example [53, p. 17], implies that I'y/(I1NIT%) ~
(It + Iy)/I and hence k = ¢. This means that k divides m as well as n,
which are coprime by assumption. This requires that k = [ : (I1+12)] =1

and thus I = I5. O

2.2. Results for A,

2.2.1. Similarities in 4-space.

THEOREM 2.7. All similarities in R* ~ H(R) can be written as either
x +— pxq (orientation preserving case) or as x — pxq (orientation reversing
case), with non-zero quaternions p,q € H(R). The determinants of the
linear maps defined this way are £|p|*|q|*. Conversely, all maps of the form

T — pxrq and x — pxTq are similarities.
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PROOF. By Lemma 2.1 we know that every similarity ¢ of R* has the
form 0 = aR where a € Ry and R € O(4). Hence the statement of this
theorem follows from the parametrisation of O(4) by pairs of quaternions,

see [48, 3, 12] for details. O

Sometimes it is convenient to refer to the standard matrix representation

of the linear map x +— pxq, which is defined via

(2.5) M(p,q)z' == (pzq)".

Recall that we denote quaternions as row vectors, so that z! is a column
vector. Moreover, note that on the right hand side of (2.5) we mean quater-
nion multiplication whereas on the left hand side we mean matrix-vector

multiplication. Further details can be found in [48, 3, 12].

2.2.2. Similar Sublattices via Quaternions and Icosians. We want
to analyse the SSLs of the root lattice A4. As outlined in Section 1.2.1 the
lattice L, from (1.5), is a scaled copy of A4, so we can equivalently analyse

the SSLs of the lattice L.

LEMMA 2.8. All SSLs of the lattice L, as defined in (1.5), are images of
L under orientation preserving maps of the form x +— pxq, with p,q € H(K)*

and K = Q(V/5).

PROOF. It is easy to check computationally that L = L, i.e. L is in-
variant under quaternion conjugation as defined in (1.9). Hence we need
not consider orientation reversing similarities. By Theorem 2.7, all SSLs are
thus images of L under maps x — pxq with p,q € H(R)".

As defined in (2.5) consider the matrix M (p,q), which corresponds to
the map = — pxq. There are certain linear combinations of the matrix
entries in M (p, ¢) which show that all products p;q; must be in the quadratic
field K = Q(+/5); see [3] for more details. This leaves the choice to take
p,q € H(K)". O
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We intend to find a subset of the set of maps from Lemma 2.8 whose
cardinality is as small as possible while reaching all SSLs. The first steps

are provided by the following observations.
LEMMA 2.9. If p €1, pLp is an SSL of L.

Proor. By Theorem 2.7, pLp is similar to L, so it remains to be shown
that pLp C L. Observe that by Lemma 1.16 p € I implies p € I, so that
pLp C 1is clear. If x is any point of L, we have £ = x by Proposition 1.15.

Using the properties of the twist map from Lemma 1.14, one gets

(pzp) = pIp = pap.
Consequently, again by Proposition 1.15, pzp € L, and hence pLp C L, as

claimed. O

ProposITION 2.10. If pLq C L with p,q € H(K)*, there is an o € Q

such that

q = ap.

PROOF. If p,q € H(K)*, the inclusion pLg C L implies, by Proposi-

tion 1.15 and Lemma 1.14, that pzq = pxq = qap for all x € L, hence also

(@) 'pr = zpg~! = (pg~') z. Since 1 € L, this implies (]5(]_1)~ = pq 1,

and we get

xpg ' = pg 'z,

still for all z € L. Noting that (L)x = H(K), the previous equation implies
that pg~! must be central, i.e., an element of K. Consequently, ¢ = ap for
some « € K.

Since p € H(K), we can choose some 0 # [ € Z[r] such that w = Op €
I. Observing that (ﬂp)N = ('p, one sees that aprp = %wx@, where
0#N(B) € Z. As wLw C L by Lemma 2.9, and since LN 7L = {0}, the

«

original relation pLqg C L now implies N € Q, hence also a € Q. O
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LEMMA 2.11. All SSLs of the lattice L are images of L under maps of

the form x — apxp with p € 1 primitive and o € Q.

Proor. By Lemma 2.8 and Proposition 2.10, we know that maps of the
form x — [qrq with ¢ € H(K) and § € Q suffice to reach all SSLs of L.
Since all coordinates of ¢ are in K = Q(\/g ), there is a natural number m
such that p := mq € £, with £ as in (1.17). Then, with a := $/m?, one
has aprp = Bqxq which means that the maps z — apzp and x — (Gqxq are
equal. Since a € Q, p and p are elements of £ C L.

If p is primitive in I, we are done. If not, we know that with ¢ =
conty(p), from (1.32), p/c is a primitive element of I. Simultaneously, we

have (p/c) = p/c’. Since ¢ € Z[r], we know that ¢’ € Z, so that this factor

can be absorbed into «. O

At this stage, we recollect an important property of the icosian ring from

[12].

THEOREM 2.12. Let p,q € H(K)® be such that plq C 1. If p or q is a

primitive icosian, the other one must be in I as well.

ProOF. This follows from [12, Proposition 1 and Remark 1], where this

is shown for any maximal order of class number one. In particular, it applies

to I. O

As a result of independent interest, we note the following.

THEOREM 2.13. The linear map o defined by x — apxp has trace
aN(tr(p)) and determinant o* N(|p|*), and its characteristic polynomial

reads

X* — trace(9) X3 + AX? — BX + det(p)

where A = o?(Tr((tr(p))?(nr(p))’) — 2 N(nr(p))) and B = o N(tr(p) nr(p)).

ProoF. This is a straightforward calculation with the standard matrix

representation from (2.5) for the linear map p, taking into account that
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nr(p) = (nr(p))’ and expressing the coefficients in terms of traces and norms.

O

As Lemma 2.11 suggests we analyse now how an SSL of L of the form

pLp with an I-primitive icosian p relates to the L-primitive sublattices of L.

ProrosiTiON 2.14. If p € 1 is I-primitive, pLp is an L-primitive sub-

lattice of the lattice L.

Proor. By Lemma 2.9, we know that pLp C L. Thus by Lemma 1.19
we have to show that %pLﬁ C L implies m = 1.
Note that 1 pLp C L implies L pL[r]p C L[r]. From (1.28) and

Lemma 1.2, we know that 5I C L[], which means that

5~ 1 ~
—plp C - pL[r]p C L[] C I.

Since p is [-primitive by assumption, then so is p . By Theorem 2.12, this
forces 5/m to be an element of Z[7]. With m € N, this only leaves m = 1
or m = 5.

Observe next that 2L[7] C £. On the other hand, it is easily checked
by means of the involved basis matrices that v/5 £ C L[r]. Together with

21 C L, this gives
W5 = — 25, 2 ~
=eplp € =2pLlp C =pLr]p C 2L[r] € L C I.

By Theorem 2.12 again, we see that 4—;{5 € Z[t], which (with m € N) is only
possible for m|4. In combination with the previous restriction, this implies

m = 1. O

The combination of Lemma 2.11 and Proposition 2.14, clarifies the re-

lation of L-primitive SSLs and I-primitive icosians.

COROLLARY 2.15. The L-primitive SSLs of L are precisely the ones of

the form pLp with p an I-primitive icosian.
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PRrOOF. After Proposition 2.14, it remains to show that every primitive
SSL M of L is of the form pLp for some primitive p € I. By Lemma 2.11,
M = apLp with o € Q and p € I primitive. By Proposition 2.14, pLp is

already a primitive sublattice, so o = +1. U

Moreover, this leads to

COROLLARY 2.16. FEvery SSL of the lattice L has the form m pLp, where

m € N and p € 1 is primitive.

The next step is to find a suitable bijection that permits us to count the

primitive SSLs of L of a given index.
LEMMA 2.17. For p €1, one has pLp = L if and only if p € T*.

PrOOF. We have pLp C L for all p € T by Lemma 2.9. An application
of Lemma 1.1 and Theorem 2.13 reveals that the corresponding index is
given by |det(M(p,p)] = N(|p|*), where M (p,p) is the standard matrix
representation from (2.5). Hence the equality L = pLp is equivalent to

N(|p[*) = 1 which, in turn, is equivalent to p € I*, see (1.22). O

We need one further result to construct a bijective correspondence be-
tween primitive SSLs of L and certain right ideals of I, which will then solve

our problem.

LEMMA 2.18. For primitive r,s € I, one has rl = sl if and only if
rLr = sLs.

PROOF. Since r,s € I, it is clear that I = s = 1 = r~lsl =

-1 1

r~'s € I. Similarly, s7'r € I, so r—'s € I*. Lemma 2.17 now implies
r_lsL(r_ls)~ = L, which gives rL7 = sLs.

Conversely, suppose that rLr = sLs, which gives yLy = L with y :=
r~1s. Choose a € K so that ay is a primitive element of I, which is always

possible. Then,
ayLay = aa'yLy = ad'L
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is a primitive sublattice of L by Proposition 2.14, whence aa’ = +1 and

ayLay = L. This implies € := ay = ar~'s € I* by Lemma 2.17. Then,

1 1

r =ree = = ase - € al,

so that o'r € T due to aa’ = £1, where o/ € K by construction. Since r € I
is primitive as well, such a relation is only possible with o € Z[7], in view
of the properties of the I-content of r. Consequently, aa’ = £1 now gives
a € Z[t]*, so that y is an element of I. Lemma 2.17 now implies y € I*,

whence yl = I, and finally sl = rL. O

In view of our discussion so far, we call a right ideal of I primitive if it

is of the form pl for some primitive p € I.

PROPOSITION 2.19. There s a bijective correspondence between the prim-
itive right ideals of 1 and the primitive SSLs of L, defined by pl — pLp.

Furthermore, one has the index formula
[I:pl] = N(nr(p)?) = N(|p|*) = [L: pLp].

PROOF. It is clear from Lemma 2.18 that the map is well-defined and
injective, while Corollary 2.15 implies its surjectivity. The index relation

follows from (1.25) and Theorem 2.13. O

2.2.3. Counting Similar Sublattices. Before we finally solve our
original problem by deriving the Dirichlet series generating function Dy,
from (2.2), we recall from [12, Eq. (32)] that the Dirichlet series generating

function for the number of non-zero primitive right ideals of I reads

2 2s — 1
(2.6) ]{JF(S) — C]I(S) — CK( 5) CK( S )
Cpc(4s) Cx(4s)
Inserting the Euler product of (x, see (1.16), one finds the expansion
2
1+572 1+p 2 1+p*
pr _
(2.7) r(s) = 1 _5l-2s 11 (1 EPNEE 11 1= p2is’
p=+1(5) p=12(5)
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THEOREM 2.20. The number of SSLs of a given index is the same for
the lattices L and A4. There is an index preserving bijection between the
primitive SSLs of Ay and the primitive right ideals of 1. When f(m) denotes
the number of SSLs of index m? and fP"(m) the number of primitive ones,
the corresponding Dirichlet series generating functions read

flm)

mQS

Da(s) = 32— crag) i)
m=1

and

ACESD SRR

mZS

m=1

where ((s) denotes Riemann’s zeta function and ¢ (s) is defined in (2.6).
Furthermore, the possible indices are the squares of non-zero integers of
the form x? + xy — y?> = N(x + y7). All possible indices are realised. In

particular, each possible index is also realised by a primitive SSL.

PROOF. Since the Gram matrices of L and A4 only differ by a factor,
see (1.7), Lemma 2.4 implies that the lattices are similar and thus their
Dirichlet series coincide which gives the first claim.

By Proposition 2.19 there is an index preserving bijection between the
primitive SSLs of L and the primitive right ideals of I, which implies that

7"(s) = DY (s). As already mentioned in Section 2.1.2, a general SSL can

be seen as an integer multiple of a primitive SSL, so we have according to

(2.4) that
Dp(s) = ¢(4s) DE(s).

The index characterisation either follows from [23] or from the index
formula in Proposition 2.19. By Lemma 1.11 we know that for every o € Z[7]
there is a ¢ € I such that o = nr(q). Thus every possible index is realised.
Since fP"(m) vanishes precisely when f(m) does (see below for an explicit

formula), the last claim is clear. O
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Inserting the Euler products of {(s) and ¢f'(s), one finds the expansion

of the Dirichlet series Dy, (s) as an Euler product,

_ 1 I4p~2° 1 I4p=* 1
Dy, (s) = (1—5-25)(1-51-25) H 1—p—25 (1_pl—25)2 H T_p—s 1_p2—as"
p==+1 (5) p=+2 (5)

Consequently, the arithmetic function f(m) (and also fP"(m)) is multiplica-
tive, i.e., f(mn) = f(m) f(n) for m,n coprime, with f(1) = 1. The functions
f and fP" are thus completely specified by their values at prime powers.
The geometric series Y02 (2" = 1 with |z| < 1, the resulting identity

% =142, 2" and the sums

n k _ 1—gntl n n—1 _ 1—(n+D)z"4na"t?!
k=0T’ =, Dg= N = (1-2)2

lead together with the Cauchy product for series to the following values of

f and fP" at prime power p":

Lﬂ_l, if p=5,
2(1_pT+1)I£;+21)(1_p2)pT, for primes p = +1 (5),
f") =
27p7‘7p'r+2 f . _
==, or primes p = +2 (5) and r even,
0, for primes p = £2 (5) and r odd,
(2.8)
6-5"1, ifp=>5,
) (r4+1p" +2rp" L+ (r —1)p"2, for p=+1(5),
p =
pr+p 2, for p = +£2 (5) and r even,
0, for p = £2 (5) and r odd.

The first few terms of the Dirichlet series thus read

6 6 11 24 26 40 36 31 60
-DA4(S) - 1 + 42s + 52s + 92s + 1125 + 1625 + 192s + 202s + 2525 + zgﬁ +

pr _ 5 6 10 24 20 40 30 30 60
-DA4 (S) - 1 + 42s + 52s 92s + 112s 162s + 192s 202s 252s + 292s + e
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where the denominators are the squares of the integers previously identified
in [23], see also [78, entry A031363]. A comparison of Da,(s) and DY (s) =
¢f"(s), reveals the origin of the various contributions. In particular, the six
SSLs of index 4% = 16 result from the five generators of primitive ideals of
I of index 16 together with the SSL 2A4,4. No such extra solution exists for
index 52 = 25, while index 92 = 81 emerges also from the SSL 3A,.

Due to our definition with f(m) being the number of SSLs of A4 of index
m?, the Dirichlet series generating function of the arithmetic function f is
Dy, (s/2), which has nice analytic properties. For their derivation we need

the Dirichlet character

0, n=0(5),
(2.9) x(n) == 91, n=4+1(5),
~1, n=+2(5),

see [2, Section 6.8] for details. Note that the corresponding L-series,
oo
L(s,x) == Y x(m)m™>,
m=1
defines an entire function on the complex plane. As (x = ((s)L(s, ), see

[87, Chapter 11, Eq. (10)], we have

(210) Do) = SKIGEED) _ GIClo =Y o) Lo -1,

In particular, D 4,(s/2) is analytic on the half-plane {o > 2}, where we write
s = o + it as usual, due to the fact that L(s, x) is analytic everywhere and
((s) is analytic except for a simple pole at s = 1 with residue 1, compare [2,
Theorem 12.5]. Therefore D 4,(s/2) is analytic on the line {o = 2}, except at
s = 2, where we have a simple pole as the right-most singularity of D4, (s/2).
Consequently, one can derive the asymptotic growth of f(m) from it, see

[12, Appendix] for details. Since the value of the arithmetic function f(m)
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fluctuates heavily, this is done via the corresponding summatory function

2

Zf , as T — 00,

m<x

where the growth constant is given by ¢ = resg—2 Dy, (s/2) = % =
%W. All the values involved here can be found in [12] and result
in

= %\/5 log(r) ~ 0.538011.

The corresponding calculations for the asymptotic behaviour of fP'(m) are

analogous and lead to

= o D () - SAULY _ G211

(

=—p~ 04 .

(@) (L) a2 04708
2.3. Related Results

From previously published results, one can read off or easily derive the

generating functions for the root lattices A4 with d < 3.

THEOREM 2.21. The Dirichlet series generating functions for the number

of SSLs of the root lattices Aq with d < 3 are Dy (s) = ((s), Dy,(s) = Co(es):

with & = e2™/3 and C@(gg)(s) the Dedekind zeta function of the cyclotomic
field Q(&3), and Dy (s) = ((35) Peun(3s), where

1-217° (¢(s)¢(s — 1)

Pan(s) = 7955 T f2s)

is the generating function of the related cubic coincidence site lattice problem

derived in [3, 13].

PROOF. A; is a scaled version of the integer lattice Z, whence Dy, (s) =
Dyz(s) = ((s). The triangular lattice As is a scaled version of the ring of
Eisenstein integers in Q(£3), so that this generating function follows from [5,
Proposition 1]. It can also be written as a product of two Dirichlet series,

Coes)(3)

Day(s) = ¢(25) 5=
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one for the scaling by integers and the other for the primitive SSLs.

For the primitive cubic lattice Z3, the SSL generating function was pre-
viously identified as ((3s) Pcyp(3s) in [11, Theorem 5.1]. Noting that Az is a
version of the face-centred cubic lattice, compare [24], one has to check that
the cubic lattices share the same SSL statistics. This is a straight-forward
calculation with their basis matrices and the integrality conditions for sim-
ilarity transforms, similar to the one outlined in [11, Section 5], using the
Cayley parametrisation of matrices in SO(3,Q) from [3], see also [39] for
details. (]

Clearly, by Theorem 2.5, one then also has the relation
(2.11) DA3(5) = Dy; (s) = Dga(s).

Other completely worked out examples include the square lattice Z2,
with Dz2(s) = CQ(i)(s), see [11], and the cubic lattices in d = 4, see [12].
Also, various Z-modules of rank r > d in dimensions d < 4 are solved in
[11, 12, 5]. Common to all these examples is the rather explicit use of
methods from algebraic number theory or quaternions in conjunction with
suitable parametrisations of the rotations involved. In higher dimensions,
results are sparse, compare [23] and references given there, and we are not

aware of any complete solution in terms of generating functions at present.



CHAPTER 3

Coincidence Site Lattices

In this chapter the problem of counting the coincidence site modules of
a free Z-module I' C R? is introduced. For the root lattice A4 this problem
is solved in several steps. First, we use the parametrisation of the similarity
rotations by a primitive icosian to characterise the coincidence rotations.
Then, we derive a formula for its coincidence index depending only on the
icosian which defines the rotation. This requires a detour to the coincidence
site modules of the icosian ring. At this point the number of coincidence
rotations of the root lattice A4 of each index could be derived. However,
non-equivalent rotations may lead to the same coincidence site lattice. The
argumentation up to this point was published in a summarised form in [8,
40]. We continue our analysis and derive conditions on the parameterising
icosians when they lead to the same coincidence site lattice. Finally, the
number of coincidence rotations as well as coincidence site lattices of each
index is expressed in form of a Dirichlet series generating function. This is
published in a summarised form in [41]. We conclude with a review of the

corresponding results for the root lattices Ay with d < 3.

3.1. Generalities

3.1.1. Coincidence Site Modules and Lattices. Two Z-modules
(additive groups) I', A C R? are called commensurate, denoted by I" ~ A, if

I' N A has finite subgroup index in I" as well as A. From [42] we recall

LEMMA 3.1. Let I A C R? be free Z-modules of finite rank r. Then the
following assertions are equivalent:
(i) I' ~ A.

49
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(ii) I'N A contains a free Z-module of rank r.

(iii) I'N A is a free Z-module of rank r. O

Moreover, commensurateness of free Z-modules in R? of the same finite rank
is an equivalence relation, see [34, 42].

An element R € O(d) is called a coincidence isometry of a free Z-module
I' C RY of finite rank, if I" and RI" are commensurate. The intersection
I' N RI is then called the coincidence site module (CSM) for the isometry
R. If I' is a lattice it is also called coincidence site lattice (CSL) for the

isometry R. The index of the submodule I" N RI" in I is denoted by
%(R) = Ep(R) = [I': (I'NRI],

and is referred to as coincidence index for the isometry R. The set of all

coincidence isometries is defined as
(3.1) OC(I') == {R€0O(d)|I"~RI'}

and forms a subgroup of O(d); see [42, 34]. The subgroup SOC(I") consists
of all rotations within OC(I"). From [42, Example 2.7] or [34, Corollary 3.9]

we infer that
(3.2) OC(I) = OC(L[r]) = OC(L) = O(d, K).

When a a free Z-module I' C R? of finite rank is given, the set $(OC(I"))
is called the simple coincidence spectrum. It may or may not possess an
algebraic structure. In nice situations, ¥(OC(I")) is a multiplicative monoid
within N. On top of the spectrum, one is interested in the number g(m)
of different CSMs of a given index m. This arithmetic function is often

encapsulated into a Dirichlet series generating function,

(3.3) Dr(s) = i gr(m)

s
m=1 m
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which is a natural approach because it permits an Euler product decompo-
sition when g¢ is multiplicative. In order to derive this generating function it
is often helpful to count the coincidence rotations of I" of index m first. Let
k denote the order of the rotation symmetry group of I, i.e. the subgroup
of SOC(I") which consists of all rotations with coincidence index X' = 1.
Obviously, the number of coincidence rotations come in multiples of k. If
k grot(m) denotes the number of coincidence rotations with coincidence index

m, we define the corresponding generating function as

0 rot
r g1t (m)
3.4 DI (s) = CAR
( ) r (S) = ms

Note that 0 < g(m) < grot(m) and that g(m) # 0 if and only if gyt (m) # 0.

In this chapter we focus on the analysis of the CSLs of the root lattice
Ay in form of the lattice L from (1.5). The results of this analysis are en-
capsulated into the Dirichlet series ®[°*(s) and @L(s), which turn out to
possess nice Euler product expansions. Moreover, we extract their asymp-
totic properties for m — oo, see [12] and references therein for details in

this context.

3.1.2. Coincidence Indices. For later use, we derive and state some

factorisation properties for coincidence indices.

LEMMA 3.2. Let I' C R be a free Z-module of rank r > d and let A be a
submodule of I' of index [I" : A] = m. Then, OC(I") = OC(A) and for any

isometry R out of this group, one has
(3.5) Yr|mEas and Xp|mXZr.

Proor. If R € OC(A), we know that AN RA has finite index in A and
hence also in I'. As ANRA C I'NRI" C I', we infer that OC(A) C OC(I').
Conversely, by Lemma 1.2, we know that mI" C A and hence by the same
arguments we get OC(mI’) C OC(A). Since OC(mI") = OC(I") the two

groups must be equal.
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Let I' = UjL,(t; + A) be the coset decomposition of I" with respect to
A. Obviously, I' N RI" = U= (t; + A) N (Rt + RA). If the set

Six(R) == (t; + A) N (Rty + RA)

is not empty let ¢;;(R) € Sji(R), i.e. tjx(R) =t;+x = Rty +y wherexz € A
and y € RA. Let u € AN RA, hence

tiw(R)+u=tj+ax+u= Rty +y+uecSjR),

which implies that ¢;;,(R) + ANRA C Sj(R). Let t),(R) = t; +2’ = Rty +y'
be any element in Sjx(R). Since tj5(R) —t%(R) =x—2' =y —y € ANRA,

we immediately see that
Sj (R) = tjk(R) + AN RA.

Let I C {1,...,m} x {1,...,m} be the set of pairs (j, k) such that S;,(R)
is not empty. Then
I'NRI'= |J tw(R)+ANRA
(4,k)el

is a coset decomposition of I' N RI" with respect to AN RA. Thus

) [ AJ[A (AN RA)] - mEy
mr= 0RO = SRy (AN RAY — 1]

which proves the first claim of (3.5). Since I has a natural group structure, it

is isomorphic to a subgroup of (I'/A) x (I'/A). By Lagrange’s Theorem, see

m23 4

for example [53, Ch. 1, Proposition 2.2], |I| divides m?. Hence m¥ = ]

implies that ¥, divides mX . O

Now, we return to the analysis of lattices I" € R? and recall some results

from [90] which are needed for the derivation of the Dirichlet series.
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THEOREM 3.3. Let I' C R? be a lattice and let Ry, Ry € OC(I"), such
that X(R1) and X(R2) are relatively prime. Then,

Y(R1R2) = X(R1)X(Ra).
O

COROLLARY 3.4. Let I' C R? be a lattice and let Ry, Ry € OC(I"), such
that X(R1) and X(R3) are relatively prime. Then,

FﬂRlRQF:FﬂleﬂRlRQF:(Fﬂle)ﬂRl(FﬂRQF).
O

This corollary is rather technical but it plays an important role, since it
relates the CSL of Ry Ry with some kind of multiple CSL and hence provides

the basis for a decomposition of CSLs.

LEMMA 3.5. Let I' be a lattice and let R1, Ry € OC(I"), such that m :=

Y(R1) and n := X(Rga) are relatively prime. Then
’I’LFﬂ(FﬂRlRQF) = n(Fﬂle) lefﬂ(FﬂRlep) = le(FﬂRgp).
U

This lemma is very important since it tells us how to recover the CSLs

of Ry and Ry from the CSL of RiR».

3.1.3. Similarity and Coincidence Isometries. We consider now
the relation of similarity and coincidence isometries for a lattice I' C R as
far as it is needed later. A general analysis, which shows in particular that

SOC(T") is a normal subgroup of SOS(I"), can be found in [35].

LEMMA 3.6. If R is a coincidence isometry for the lattice I' C R?, there
exists some a € Ry so that aRI" C I'. In other words, OC(I") is a subgroup
of OS(I).
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PROOF. If R € OC(I'), then X(R) = [I[": (INRI)] = [R[" : (TNRI)] =
n € N. By Lemma 1.2 this implies that nRI" C (I'N RI") C I' and we can

choose v = n. O

Define the denominator of a matrix R € OS(I") relative to the lattice I”

as
(3.6) deny(R) = min{a € Ry |aRI' C I'}.

Clearly, as R is an isometry, one always has den(R) > 1, and from
denp(R)RI’ C I' one concludes that (den F(R))d must be an integer. Con-
sequently, den-(R) is an algebraic integer of degree < d. Moreover, we have

the following

LEMMA 3.7. For a lattice T' C R? let R € OS(T') as defined in (2.1).
Then,
{a €eRy |aRI' C I'} = denp(R)N.

ProoF. If o € Ry, such that «RI’ C I, it follows by (3.6) that
a > denp(R). Hence we can write &« = ndenp(R) + r, where n € N is
maximal and
0 <r <denp(R). Since aRI" and ndeny(R)RI" are sublattices of I', we
conclude that rRI" C I' which is only possible if » = 0.

The converse inclusion is clear since for any n € N we know that
ndenp(R)[" C denp(R)I" C I

O

LEMMA 3.8. Let I' C R? be a lattice, with groups OS(I") and OC(I") as
defined in (2.1) and (3.1) respectively. With the denominator from (3.6),

one has

OC(I') = {R € OS(I') | denj(R) € N}.
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PRrROOF. If denj(R) € N, one has denp(R)RI" C (I' N RI'). Conse-

quently, the lattices I" and RI’ are commensurate, so that the inclusion
{R € OS(I') | denj(R) € N} € OC(I")

is clear.

Conversely, if R € OC(I"), I' and RI" are commensurate by definition.
In particular, one has ¥ (R)RI' C I' N R’ C I', so that X(R) € denp(R)N
by Lemma 3.7. As Y(R) € N, this is only possible if den(R) € Q. Since
we also know that (denF(R))d € N, we conclude that den(R) € N and the

claim follows. O

LEMMA 3.9. Let I' € R? be a lattice. If Ry, Ry € OC(I") generate the
same CSL, i.e. TN Ry = I'N RyT, then X(Ry) = X(R2) and den(R;') =
den(Ry1).

Proor. The statement about the coincidence indices is clear. For the
statement about the denominator note that den(R;)I' ¢ RyI. Since
den(R™!) € N it follows that den(Rfl)F CI'NRI' =T'NRI' C RoI'. Thus
den(R; )Ry 'T' C T, which shows that den(R; ') is a multiple of den(Ry™).
By symmetry in R; and Ry, den(R;') is a multiple of den(R;') and so
den(R;') = den(Ry1). O

3.2. Results for A,

We want to start now our analysis of the CSLs of the root lattice Ajy.
Due to the fact that the lattice L, as defined in (1.5), is a scaled copy of
the root lattice A4 we can equivalently analyse the CSLs of L. Since L = L,
any orientation reversing operation can be obtained from an orientation
preserving one after applying conjugation first, so we restrict ourselves to
rotations only. By Lemmas 3.6 and 3.8, we know how SOC(L) and SOS(L)
are related in general. Recall from Corollary 2.16 that all SSLs of L are of

the form m pLp with m € N and p € [ primitive. For a given SSL of L, now
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written as m pLp, the corresponding similarity rotation is then given by the

map x — ‘p—lﬂ pxp, which is also referred to as

(3.7) R(p)x = |pl]~9’pxﬁ

We denote the denominator of R(p) by den(p). Obviously, p is only unique
up to a factor a € Z[7]*, hence many different p result in the same rotation

R(p). However, all similarity rotations of L can be characterised as
SOS(L) = {R(p) | p € 1 is primitive }.

Among them we have to identify the SOC(L) elements, which is possible as

follows.

PropoSITION 3.10. Let 0 # g € 1 be an arbitrary icosian. Then, the
lattices ﬁqL'Lj and L are commensurate if and only if |qq| € N. If q is
primitive, then den(q) = |qq|.

Proor. If ¢ is primitive, we know by Proposition 2.14 that ¢Lq is an
L-primitive sublattice of L, hence den(q) = |qq|, which is a positive integer
by Lemma 3.8. When ¢ = ap with 0 # « € Z[r], one has |¢¢| = N(a)|pp|
with N(a) € N and the claim follows from the primitive case, since R(p) =

R(q). O

Let us call an icosian ¢ € I admissible when |qq| € N. As nr(q) = nr(q)’,
the admissibility of ¢ implies that N(nr(q)) = |¢g|? is a square in N. An

immediate consequence of the previous proposition is that
(3.8) SOC(L) = {R(p) | p € I is primitive and admissible }.
Let us summarise what all this means for the CSLs of L.
THEOREM 3.11. The CSLs of L are precisely the lattices of the form

N
Lo |pp] PLP
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with p € T primitive and admissible.

This is the first step to connect certain primitive right ideals pl of the
icosian ring with the CSLs of L. Before we continue in this direction, note
the following lemma which is needed later.

LEMMA 3.12. Let q € T be admissible and let

|q|2 =mt...mm

be its prime factorisation in Z[t]. Then, the exponent r; of every prime ;
which is either a ramified prime or a splitting prime occurring in the prime

factorisation of |q|? but not in that of |q|?, is even.
PROOF. Since |g|? = nr(q)’ = (7})™ ... (x},)™, the condition that
gl = nr(q@)? = Immi| 7 . |, F
is an integer, implies the claim. O

Let us consider now the relation of right ideals of I and CSLs of L.

LEMMA 3.13. Let r,s € T be primitive and admissible quaternions, with

rl = sI. Then, one has L N T = [ N 2LS

[r7] |s3] -

PROOF. When 7l = sl, one has s = re for some ¢ € I*; see (1.22).

Since, by Lemma 2.17, we then know that eL¢ = L, one has rL7 = sL§ in

this case. As |¢Z|?> = N(nr(¢)) = 1, one also finds |s3| = |r7|. Consequently,
T?’LFT = Tﬁ, and the CSLs of L defined by r and s are equal. O

The converse statement to Lemma 3.13 is not true, as the equality of two
CSLs does not imply the corresponding rotations to be symmetry related.
An example is provided by r = (7, 27,0,0) and s = (72, 7,7, 1), which define
the same CSL, though s™'r is not a unit in I. The CSL is spanned by the
basis {(1,2,0,0),(2,-1,0,0),(2,3,1,1), (-1, 3,75, —2)}. However, when
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two primitive quaternions r, s € I define rotations that are related by a rota-

tion symmetry of L, one has rI = sl as a direct consequence of Lemma 2.17.

Although the primitive elements of I are important in this context, we
need a variant for our further discussion. Let p € I be primitive and admissi-
ble. Since Z[r] is a Dedekind domain, one has the relation (zZ[r]) ™! = 1Z][7]
for any principal fractional ideal with nonzero x € K, see [52, 62] for details.

Then, the fractional ideal

~ 2
(2] e p)2lr]) (P2l = S g

= BpZ[T] ByL[T]
is a square as well, where (3, := lem(nr(p),nr(p))/nr(p) € Z[7] is well-
defined up to units of Z[r|, as Z[r] is a principal ideal domain. Clearly,
BpZ]t) and [B3Z[7] are coprime by construction. Since their product is a
square in Z[7], we have B,Z[r] = (a,Z[7])’ for some o, € Z[7]. Explicitly,
we may choose

(3.9) o, = \/lcm(m;l(f)()z;)nr(ﬁ)) _ \/lcm(nr(p),nr(p)’) e 7/,

where we assume a suitable standardisation for the lem of two elements of
Z[t]. Again, a, is only defined up to units of Z[r], therefore we implicitly

work with the principal ideal apZ[T] here. Moreover, we have the relation

a; = a, = ozl’,. Note that due to its definition oy, is not divisible by any

inert or ramified prime of Z[r].
Let us call the icosian a,p the extension of the primitive admissible

element p € I, and (a,p, a,p) the corresponding extension pair. In view of
L
lppl
p and p by certain Z[7]-multiples, p,, := ap,p and p, = a;p, such that nr(peq)

the form of the rotation x — pxp, it is actually rather natural to replace

and nr(p,) have the same prime divisors in Z[7]. Note that the definition

of the extension pair is unique up to units of Z[r], and that one has the
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relation

(3'10) nr(pa) = lcm(nr(p),nr(ﬁ)) = nr(ﬁa) = |paﬁa| € N,

which will be crucial later on. The introduction of the extension pair restores
some kind of symmetry of the expressions in relation to the two quaternions
involved. Clearly, since the extra factors are central, this modification does
not change the rotation, so that

pITp _ Pa TPa

3.11 PIp _ Poll
(3.1 Pl |PaPal

holds for all quaternions .

LEMMA 3.14. For g € 1 and v € K, one has q € I if and only if

{tr(qy) | y € I} CAZ[7].

PRrROOF. The statement is clear for v = 0, so assume v # 0. If ¢ € 1
one has ¢y € I and hence tr(qy) € Z[r] for all y € I. Thus %q € I implies
1 *

= tr(qy) € Z[r]. Conversely, tr(qy) € Z|r] for all y € %]I means q € (%]I) =

~I* = ~1, by Lemma 1.13, which implies the claim. (]

LEmMMA 3.15. If p € 1 is primitive, there is a quaternion z € 1 with
tr(pz) = 1. When, in addition, p is also admissible, there exists a quaternion

z € 1 such that tr(p,Z) +tr(p,z ) = 1, where p, denotes the extension of p.

PrROOF. When p € I, one has ged{tr(pZ)Z[7] | x € I} = ~Z[r] with
v € Z[7]. If v was not a unit in Z[r|, Lemma 3.14 would imply that p € 1,
which would contradict the primitivity of p. Hence 7y is a unit and so vZ[1] =
Z[t]. Since Z[7] is noetherian, there are finitely many icosians z; € I, say ¢

of them, such that

ged{tr(pm;)Z[7] | 1 < i <Lt} = tr(pT)Z[T] + ... + tr(pT,)Z[T] = Z[7].
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This implies the existence of numbers 3; € Z[r] for 1 < i < ¢, such that
V4
> Bitr(pTi) = tr(pz) = 1,
i=1

where z := Zle Bix;.

For the second claim, assume that p is also admissible and denote its
extension by p,. Let z € I be the icosian from the first part of the proof, so
that tr(pz) = 1. Since p, = a,p with a,, € Z[7], this implies tr(p,z) = a,
and thus also

o) = @ = tr(pez) = u(Z ).

Since the ideals a,Z[7] and a,Z[7] are relatively prime by construction, we
have a,Z[7] + a,Z[r] = Z[r] and thus the existence of 3,6 € Z[r] with
Ba, + day, = 1. The icosians x = Bz and y = §'z then satisfy tr(p,Z) +
tr(yp,) = 1 as well as tr(Z p,) + tr(p,7) = 1, where the second identity
follows from the first via (tr(u@)f =tr(TW).

Finally, observe that tr(uv) € K for all u,v € H(K), so that one also has
the relation (tr(uw))’ = tr(v u). Consequently, defining z = 72 + (1 — 1)y

with the x,y from above, z is an icosian that satisfies
tr(po 2) +tr(Z py) = 7(tr(pa @) +tr(Y 5a)) +(1-7) (tr(pa ) +tx(T py) = 1,

which establishes the second claim. O

Our further discussion requires the definition of the following sublattice

of L

(3.12) L(g) = {qz +2q |z €I} = ¢, (q),

where ¢ € I. This sublattice is a generalisation of the lattice in Proposi-

tion 1.15. Note that, due to I = I, one has L(q) = IX&)
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THEOREM 3.16. Let p € I be primitive and admissible, and let p, = c,p
be its extension. Then, the CSL defined by p is given by

1
LN —pLp = L(pa) ,
|pp|

with L(pa) defined as in (3.12).

ProoF. To show the claim, we establish two inclusions, where we use
the fact that p and p, define the same rotation; compare (3.11).

First, since L(p,) C L is clear, we need to show that |p,p,|L(pa) C
Po Lo, If © € L(py), there is some y € I with © = p,y+7yp,,. Consequently,

observing the norm relations from (3.10), we find

[PaPal T = Pal PalutPala UPa = Po (YDat Pall) Pa € PaliPa)Pa C Polby

which gives the first inclusion.
L
lpp|

% = %. Moreover, by Lemma 3.15 there exists an icosian z such that
« [e%

tr(paz) + tr(Z pa) = 1. Observing = Z and the norm relations in (3.10),

Conversely, let x € LN pLp, i.e. there is some y € L so that z =

one finds
z = tr(paZ)z + Ttr(ZPa) = (paZ +2D4)% + (Z Pa + DaZ )
= pa(Zz +9Z) + (T2 + 2y)p, »

which shows that € L(p,). O

COROLLARY 3.17. Let p € I be admissible and primitive and let po, = oypp

be its extension. Then, another representation of the CSL defined by p is
L(pa) = (poa]l + Hﬁa) nL.
Proor. Clearly, L(ps) C pal + Ips and L(p,) C L, i.e.

L(pa) C (pal +Ipa) N L.
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If ¢ = pat + Ypo € (Pall +1pa) N L, then ¢ = G and
q = PaT + YPa = T(Pa® + YPa) + (1 = 7)(Pa¥ + TPa) = Paz + Z Pas

where z = 72 + (1 — 7)y € I. This shows that ¢ € L(pa)- O

Now we have explicitly identified the CSLs of L. For calculating their
indices we need to analyse the corresponding indices of the coincidence sub-

modules of I and L]

3.3. Coincidence Site Modules of L[r| and I

LEMMA 3.18. Let p € I be primitive and admissible, then

L[r]n ﬁpL[T]ﬁ =L(p)®1L(p) and Xrp(p) = 2 (p).

PROOF. Since the lattice L is rational and the lattice 7L is not, the

coincidence rotations of L do not mix vectors form L and 7L, so we have

1 N 1 _ T -
Lir)n —pL[rlp= (L& 7L) N (—pLp® —pLp)
|pp| |pp| D
1 _
— (LN —pLp) & (LN —pLp)
|pp| 7

= L(p) © 7L(p).

A straightforward calculation with explicit cosets implies that

Sip(p) = [L&7L: L(p) & 7L(p)] = [L : L(p)]* = X1 (p).

With (3.2) this implies that
(3.13) SOC(L) c OC(L[r]) = OC(I).

Therefore, we continue our analysis of SOC(L) by analysing OC(I).
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Let (p,q) € I x L. The corresponding rotation x ‘p—lqlpxq is also referred

to as

1
(3.14) R(p,q)x == — prq.

Ipq|

A pair (p, q) € IxIis called primitive, if p and ¢ are primitive, and it is called
admissible, if |pq| € Z[r]. For a primitive admissible pair (p,q) € I x I we
obviously have that |pg|R(p, ¢)I = plg C IN R(p, q)I, and hence Lemma 3.1
implies that R(p, q) is a coincidence isometry of I. We denote its coincidence

index by X1(p, q). The denominator of
ReOS(I):={Re€0O(4) | aRI C I for some o € R}

is defined as denj(R) € Ry, such that [I : deny(R)RI] < [I : aRI] for all

a € Ry with aRI C I. Note that analogously to Lemma 3.7 we have
{a € Ry | aRI C I} = deny(R)Z][7]

and hence denj(R) is defined uniquely up to units of Z[r]. For a primitive

and admissible pair (p,q) € I x I we obviously have

(3.15) deny(R(p, q)) = |pgl-

In analogy to (3.9),we define for an admissible pair of icosians (p,q) € I x I

(3.16) a, = \/lcm(n;(r]zj)p,)nr(q))7 o, = \/lcm(n:l(r}g,)nr(q)) e 7/,

Note that o divides nr(¢) and o divides nr(p). The extended pair is defined

as (Pa,a) = (app, aqq). By definition it is clear that
(3'17) nr(pa) = lcm(nr(p)anr(Q)) = nr(Qa) = ’pa(bz| = O‘paq‘pfﬂ S Z[T]

as well as

(3.18) aglg]® = aplpg| and  oy|p|® = aglpql.
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Since the additional factors are central, the pair (p,q) and its extension

(Pas 4a) define the same rotation, i.e.

T

3.19 R(p,q)x = — =
(8.19) r.9) gl |Pagal

holds for all quaternions .

LEMMA 3.19. Let (p,q) be a primitive admissible pair of icosians and
(Pa, Qa) its extension. Then there exist icosians u,v € I such that tr(pau) +

tr(vg,) = 1.

Proor. Note that tr(vq) = tr(qv) so that the claim can be proved

analogously to Lemma 3.15. U

THEOREM 3.20. Let (pa,qa) be the extension of a primitive admissible

pair of icosians (p,q). Then

IN ﬁpﬂq = pol + lgq,.

PROOF. By (3.19) we can equivalently show that IN mpaﬂqa = pal+

Ig,. To show this equality, we establish two inclusions.

Since p,,,q, € I it is clear that p I+ Ig, C I . So we only need to show
that |p,q.|(p.I+1q,) C p,lg,. If x € p, I+ 1g,, there are some 7, s € I such
that x = p,r + sq,. With (3.17) this implies that

|p06q0¢’x = PaT nr(Qa) + nr(pa)SQa = Pa’qaqa + PaPaSqa = pa(rq;z + ]TozS)Qa-

Due to the fact that I = I, this means that |paga|r € Palge and we have
proved the first inclusion.

The converse inclusion relies on Lemma 3.19. Let u, v € 1 be the icosians

such that tr(pau) + tr(vg,) = 1. If z € 1 ﬁ@paﬂqa, there is a y € T such

that z = f;a%]q"“. Thus

T = tr(pau)x + x tr(vgy)

= PaUT + UPT + TUGq + TGV
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= PaUT + UYQGa + TVGa + Payv
= po(Tz + yv) + (uy + 27)qq,
which shows that = € p,I + Iq,. O

COROLLARY 3.21. Let p € 1 be primitive and admissible, and let p, =

app be its extension. Then

1
IN —plp = pal + Ipa.

1P|

COROLLARY 3.22. Let (pa, qo) be the extension of a primitive admissible

pair of icosians (p,q). Then

IN pgPla = pel + gy,

where pp = gled(pa, |pq|) and g, = gred(qa, |pql)-

PRrOOF. Obviously, pp 1Gq C plg, so it is clear that [pg|I C I N ﬁpﬂq.

The application of Theorem 3.20 gives

IN porple =10 porplg + [pall = pal + Iga + [pg|l = pel + Ig,.

THEOREM 3.23. Let p € I be primitive and admissible, then

Eﬂ(paﬁ) = 2L[‘I’] (paﬁ)

PROOF. In this proof p € I is arbitrary but fixed, so we write 35 =
Y1(p,p) and X[ = X7 (p, p) as well as R = R(p, p) for better readability.
Recall from (1.28) that L[7] is a submodule of index 5 in I. Since

R € SOC(L) Cc OC(L[r]) = OC(I),
compare (3.13), Lemma 3.2 implies that

(320) 2]1 = 52[{[7}, 52]1 = ZL[T] or Z]I = EL[T]'
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We will show that the first and the second relation are impossible, thus
proving the third.
Assume that Xy = 53 . Since

St = [1: (I thplp)] = 555 = [1: L] [Elr] : (Llr] 0 L pL{r]p)

and L[] N ﬁpL[T]ﬁ cln ﬁpﬂﬁ the assumption is equivalent to

L p=IN-<plp= B
L[t n lpplpL[T]p In lpplp]lp Pl + 1 pg.

Hence p,I C L[r] and Ip, C L[r]. By Corollary 1.17 we know that /51 C
L[7]. Let q := gled(pa, v/5), i.e. ¢l C L[r]. Since we know by Lemma 1.27
that ¢ = gred(Pa, —V/5), we infer that Ig C L[r]. Proposition 1.16 tells us
that for r € I, we have qr — 7¢ € v/5I, which implies that 7§ = q(r — s), for
s € I, and hence Ig C gl. As [I: ¢ql] = N(nr(q)?) = [I : I§], see Lemma 1.9,
it follows that ¢l = Ig. Due to its definition c, is not divisible by V5, ie.
ged(ay, v/5) = 1, which implies by Corollary 1.24 that ¢ = gled(pa, vV5) =
gled(p,v/5) € T\ Z[r]. As ql = I3 is a two-sided ideal this contradicts
Lemma 1.10.
Now, suppose that 5%y = Y7, or equivalently 253 = 5% ;1. Hence

I: L[r][L[r] : (L[t] " RL[7])]

[I:(IN RI) = 25

(821) [(LARI): (L[] N RL[7])] = .

For x € L[r] we have

Rz — ]’%}‘2 _ |brp (P$P)|2 _ 1

Bl lpp| | IeRP

p(z = 2)pf* = |z — &

Y

L

which implies by Proposition 1.16 that I N o]

pL[r]p C L[r] and hence

1 D= L D
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If we consider the coset decomposition of L[7] in I, where 9 = yo = 0 and

x5,y € Lfor 1 <@ <4, ie.

4
In \IT%IPM = U (x; + L[T]) N F%'P(yj + L{])p,
i,j=0

it is clear that there cannot be 25 distinct cosets of L] N RL[7] in I N RI,

since (z;+ L[7]) N ‘p—%lpL[T]ﬁ = @, if i # 0. This contradicts (3.21) and hence

the second case of (3.20) is ruled out, too. O

LEMMA 3.24. Let (p,q) be a primitive admissible pair of icosians and

(Pas Qo) its extension. Then,

| gled(p, [pa)* = 5 1pal = aqecd(pf? |af*)  and
| gred(q, pal)” = 4-Ipal = ap ged(pl?, lal*).

PROOF. Recall that ged(|p|?),|q|?) lem(|p|?, |¢|?) = |pq|?>. Hence consid-
ering the definitions of o, and a in (3.16) it is clear that |pg| = apaq ged(|p|?, /%)
So in each of the two cases the second of the two equalities is clear.

Moreover, ay, oy are by definition relatively prime. With Corollary 1.25

and (3.18), we conclude that

| gled(p, [pq|)|? = ged(|p[%, Ipgl) = ged(aylp|?, aplpg|)
= ged(aglpl?, aglal?) = ag ged(lpf®, [q|*)  and
| gred(q, [pg|)|* = ged(|q|?, [pq|) = ged(aplal®, aqlpal)

= ged(aplql?, aplpl?) = ap ged(|al, [pl).

PROPOSITION 3.25. Let (p,q) be a primitive admissible pair of icosians

and (P, qa) its extension pair. Then,

S1(R(p, q))Z1(R(P, q)) = N(nr(pa)?) = N(nr(ga)?).
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Proor. By Theorem 3.20 it is clear that

1

pa]ICpaH“‘]IQQ:HmW

plg C L.

and by Lemma 1.9 we know that [I : p,I] = N(nr(ps)?). Moreover,

Pa

[(pa]I+HQa) :pOcH] - [(]H_p;lﬂqa) : H] - [(]H— ’paQa|

Iga) : 1] = [(I4+R(Pas o)D) : 1]
and, the first isomorphism theorem, see for example [53, p. 17|, implies that
[(H + R(pou QQ)H) : ]I] = [R(paa Qa)H : (R(Tjom Qa)H N H)]
= [I: (TN R(Pas 4)1)] = Z1(R(Pa, 4a))-

So we have

N(nr(pa)?) = [I: (pal+1ga)][(Pal+1gn) : Pal] = Z1(R(Pas 4a)) E1(R(Bas 4a))

and N(nr(ps)?) = N(nr(gq)?) see (3.17).

PROPOSITION 3.26. Let (p,q) be a primitive admissible pair of icosians

and (pa, qa) its extension. Define gp, gq, hp, g, kp, kq, 7p,7q € 1, such that

gp = gled(p, ag) = gled(pa; ag), g4 = gred(q, ap) = gred(qa, o),

p= gphIh q= hnga

(3.22)
kp = gled(hy, [hgl?),  kq = gred(hg, [hyl?)
P = gpkprp and q = rg4keg,.
Then,
ged(|hpl?, [hgl?) = ged(|pf?, [af?) = Ikp[* = [kq[*,
and

gpkp = gled(p, [pal),  kqgq = gred(q, |pal).
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Moreover, gy, gq, kp, kg, 7p and rq are, up to units, uniquely identified as
the factors
p = gpkprp and q=rqkegq
such that |gpl* = |rp]* = ag,lgel® = |rgl* = ap and [k = |kg|* =

ged(Ipl?, 1q]?).

PROOF. Note that by Corollary 1.25 we have |g,|*> = o, and |g > =
ap. Since «; and o4 are relatively prime by definition this implies that
ged(|pl%, 1g1?)] = ged(|hpl?, |hel?) =: g. Moreover, Corollary 1.25 reveals
that | gled(hy, 9)|* = g = | gred(hg, g)* and |ky|* = | gled(hy, [hy|?)]* = g =
| gred(hg, |hp|?)|? = |kq|?. This proves the first claim.

Considering the definitions of the involved icosians, we see immediately
that g,k, divides p and gy,|h,|?. Since g, divides oy, it follows with (3.18)
that gk, divides ay|hg|? = %lq\z = |pg|. Thus g,k, divides gled(p, |pg|). By

Lemma 3.24 we have

| gled(p, |pg])|* = aqged(|pl?, [a]*) = |gp[*kp|*,

which implies that gk, = gled(p, |pg|). Similarly, we see that kqg, divides
q and |hy|%g,. Since g, divides ay, it follows with (3.18) that kg, divides
aplhy|? = Z—Z|p\2 = |pq|. Thus k,g, divides gred(q, |pg|). By Lemma 3.24 we
have

| gred(q, pal)|* = oy ged(pl?, |a]?) = |kq|*|gq]*,

which implies that kg, = gred(q, |pg|). Thus we have proved the second
claim.

To prove the third claim, recall from (3.16) that [p|* = o2 ged(|p?, |¢]?)
and |q]> = a2 ged(|pl?, |g[?). This implies that |rp|> = a4 and |re]* = ap.
Hence the icosians defined in (3.22) fulfil the third part of the claim. More-
over, as divisors of primitive icosians, with a fixed order of the elements
in the prime factorisation of their norm, they are, up to units, uniquely

identified by their norm. This completes the proof. O
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PROPOSITION 3.27. Let p,q € I be primitive and let o € Z[7] such that
alg C pl. Then, nr(p) divides a.. Moreover, if 3 € Z[1] denotes the element
with minimal norm N(B3) such that Slg C pl, then 8 = nr(p), up to units of
Z[].

PrOOF. If p and ¢ are units of I, the claim is clear. So assume that
either p or ¢ is not a unit of I. Ig ¢ plI, since otherwise Lemma 1.20 implies
that T = Igll C pll which means that p and g are units of I.

Since Z[7] is a Euclidean domain there are v, o € Z[r]| such that o =
v8 4 0 and 0 < N(p) < N(3). Consequently, (a — v3)Ig = olg C pl, which
implies that ¢ = 0 due to the definition of 3. Hence § is a divisor of a. In
particular, § divides nr(p), as obviously nr(p)lg C pl.

Assume that (3 is a proper divisor of nr(p). This implies by Theorem 1.23
that g := gled(B, p) is a proper left divisor of 3 and p. So there are hy,, hg € 1,
which are not units in I, such that p = gh,, 8 = ghg and hpl + hgl = L.
Hence hglg C hplland Iq = (hplg+hglg) C hpl, which implies that Igl C k1.
By Lemma 1.20 the two-sided ideal Igl = I and therefore I C hyl, which

contradicts the fact that h, is not a unit in I. Thus 8 = nr(p). O

COROLLARY 3.28. If p,q € 1 are primitive, then
N(nr(p)) divides [(pl + Ig) : pI],
i.e. there are at least N(nr(p)) cosets of pll in pl + Iq.

PrOOF. Let 3 := [(pl + Ig) : pl]k, then by Lemma 1.6 we know that
B(pl + 1g) C pl and hence Slg C pl. Consequently, by Proposition 3.27,
is a multiple of nr(p) and hence we conclude with Lemma 1.7 that N(3) is

a multiple of N(nr(p)). O

THEOREM 3.29. Let (p,q) be a primitive admissible pair of icosians and

(Pas qa) its extension. Then,

1(p, q) = N(lem(|p[*, |gI*)) = N(|pal®) = N(lga|*) = N(apaylpa]).
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PROOF. Recall from Theorem 3.20 that Xp(p,q) = [I : (pal + Iga)].
Considering (3.17) we only need to show that ¥j(p,q) = N(ur(p,)). Note

that (P, q) is a primitive admissible pair of icosians, too. If we show that
(3.23) Y1(p, q) divides N(nr(p,)),

this will imply for the pair (p, q) that 31(p, q) divides N(nr(p,,)). So there
will be m,n € N such that X1(p, g)m = N(nr(pa)) = N(nr(pa)) = 21(p, ¢)n
and Proposition 3.25 will imply that m = n = 1. Hence, it is sufficient to
show (3.23).

If p, and g, are units, the statement (3.23) is clear, due to the charac-
terisation of units in I, see (1.22). So assume that either p, or g, is not a
unit. Since |pa|? = |¢a|?, see (3.17), this means that neither p, nor g, is a
unit of L.

First, suppose that o, = ay = 1. Hence p, and ¢, are primitive and

Corollary 3.28 implies that N(nr(p,)) divides [(pal + Iga) : pal]. Since by

Lemma 1.9

I (Pal + 1ga)][(Pal + 1ga) : pal] = N(nr(pa))Q,

this proves (3.23) and hence [I: (pol + Ig,)] = N(nr(pa)).
Now, we use Proposition 3.26 and its notation for the reduction of the

general case to the case o, = oy = 1. Note that

Pal +Igy = pol + pollg + plga + 1ga
= pall + plga + palg + Iga
= pl(apl + Igq) + (gl + Ipy)lg

= plgg + gplg = gp(hpl + Thg)g,.
Thus Lemma 1.9 implies that

I: (padl+1ga)] = N(aﬁaﬁ)[ﬂ t (hpl + Thg)].
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2 2
Since |h,|? = % #* % = |hy|?, we cannot apply the special case yet.

Therefore we need another representation of the subgroup (h,l+1h,). Note
that
hpl 4+ Thy = byl + T hy|? + [he[*T + Thy,
(3.24) = (hpl + |hq|2]1) + (Ihq + H|hp|2)
= kpll + Ik,.
2

lq|?

where |ky|2 = [kq|2 = ged(|p[2, |q?) = 25 = 4. Finally, the application of

v
g

kSIS

the special case gives

lp|?

[L: (pal +Iga)] = N(agag)[L: (kpl + Ikg)] = N(agaﬁfg) = N(Jpal®).

«

O

The proof of Theorem 3.29 implies even more. Equation (3.24) shows
that

paH + HQa = gp(ka + Hkq}gq

depends only on g,, g4, kp and k,. With Proposition 3.26 this leads to fol-

lowing representation of a CSM of I.

COROLLARY 3.30. Let (p,q) be a primitive admissible pair of icosians.
Decompose p = gpkpry and q = 14kggq, such that |g,|*> = |rp? = ag, |g4|* =
rg|* = ayp and [ky|* = [kq|* = ged(|p|*, [a]?). Then

plg

In=% =
g

gp(kpl + 1kg)gq-

The following two corollaries give sufficient conditions for the equality

of two CSMs of I.

COROLLARY 3.31. Let (p1,q1) and (p2,q2) be two primitive admissible
pairs of icosians, such that |p1qi| = |p2qal|, op, = ap, and ag = ag,. If

gled(p1, |p1q1]) = gled(p2, [p2g2|) and gred(q1, |qip1|) = gred(qe, [gep2]), then

1N Plar A p2lee
[Pr1aa] [p2q2|




3.3. COINCIDENCE SITE MODULES OF L[r] AND I 73

ProoF. For i € {1,2} decompose p; = gp,kp,7p, and ¢ = rp,kp,qp,,

such that ‘gpiP = |Tpi‘2 = Qg ’911i|2 = ‘qu"Z = Qp; and ’kpi|2 = ‘qu"2 =

ged(|pil?, |¢:|?). By Corollary 3.30, we only have to show that

Ip1 (km]l + Hkql )gth = 9ps (kpz]I + qu)ng-

By the assumptions and Proposition 3.26

Gp kp, = gled(p1, [p1an ’) = gled(pa, [p2g2|) = Gpakp,-

Since oy, = ag, divides |p1gi| = ap, g, ged(|p1],q1]) = [p2¢z|, this implies

that 9pr = glcd(pl, O‘q1) = glCd(p27 quQ) = Gpo-

Similarly, again by assumptions and Proposition 3.26

klhgth = ngd(Qh ‘pICIl’) = ngd(QQv ‘pQCD’) = kthgth'

Since oy, = ayp, divides |p1g1| = ap, g, ged(|p1], |q1]) = [p2gz], this implies

that g4, = gred(qi, op,) = gred(q2, ap,) = ggo- O

COROLLARY 3.32. Let (p1,q1) and (p2,q2) be two primitive admissible
pairs of icosians, such that |p1q1| = |p2qz| and lem(|p1|?, |q1]?) = lem(|p2|?, |g2|?).
If gled(p1, [prq1]) = gled(p2, [p2g2|) and gred(qu, lgip1]) = gred(qe, lg2p2l),

then

1N Pla g p2lee
P11 [P2g2|

PROOF. Due to the assumptions and the fact that lem(|p;|?, |¢]?) =
a2 , o
m for i € {1,2}, it is clear that ged(|p1|?,]q1]?) = ged(|p2|?, |g2|?)-

For i = 1,2 decompose p; = gp,kp;Tp; and q; = p,kp,qp;, such that |gy,|> =

‘2 = Qg |ng"2 = |rl1¢|2 = Qp; and |kpi|2 = |kqi|2 = ng(|pi|27‘qi‘2>' By

(3

|7p;

Proposition 3.26 we know that

Gpi kp, = gled(pr, \pﬂh’) = glCd(P% ’p2(J2|) = Ipskp,-
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which implies that

I

ag, ged(Ip1f*,1a11%) = 1gpy P|kqy |* = |gpo *kipy | = gy ged(Ip2]?, la2/?).

Hence oy, = ag,. Completely analogously it follows that oy, = o, and we

can apply Corollary 3.31. O

A first step in proving the converse statement of Corollary 3.32 is

LEMMA 3.33. Let (p1,q1) and (p2,q2) be two primitive admissible pairs

of icosians. If

1N 2la A pelee 7
[p141] [P242]

then |p1q1| = |p2gz| and N(lem(|p1]?,]q1]?) = N(lem(|p2|?, |q2|?), i.e. denom-

inator and coincidence index are the same.

PROOF. Clearly, |p1q1|I C I and |p1¢1|?T C pillg;. Hence |piga|I € IN

pillgr _ p2lge i ; ; [p1a1| 1~ ~ D21 ;
] = In R This implies directly that ‘p2q2‘p2]1q2 C (poga] NI ie. |p1qi]
is a multiple of deny(R(pz2, q2)). As (P2, ¢2) is also a primitive admissible pair
of icosians, this means that denj(R(p2,3@)) = |p2@2| = |p2g2|. Exchanging
the roles of |p2g2| and |p1q1| gives the claim. By Theorem 3.29 we know that

Y1(p1, 1) = N(lem(|p1]?, |q1]?)) = N(lem(|p2|?, |q2]?)) = Z1(p1, q1)- O

For later use we gather some additional information on the index of
[I: (rI+1Is)] for arbitrary r, s € I. We first consider the case where r, s are

both primitive.
LEMMA 3.34. If r,s € I are primitive, then
[T: (rI+1s)|x  divides ged(|r|?, |s|?).

ProOOF. If r and s are units of I, the claim is clear. So assume that
either 7 or s is not a unit of I. Since rI C (rI + Is), we know by Lemmas
1.8 that,

[T (rT+ 1)) g [(rT + Is) : 71] g = nr(r)>
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Moreover, for § = [(rI + Is) : rl]x Lemma 1.6 implies that 3(rl + Is) C rl
and thus (s C rl. Consequently, by Proposition 3.27 nr(r) divides  and
hence [I : (rI + Is)]x divides nr(r). Similarly, [I : (rI + Is)]x divides nr(s)
and thus [I: (rI + Is)]x divides ged(nr(r), nr(s)). O

LEMMA 3.35. If r,s € I are primitive and 3,y € Z[r] are relatively

prime, then

[T: (Brl+Tys)] divides N(~2 ggcd(‘g—f, ‘;—‘j))

where 7, := | gled(r,¥)|? and Bs := | gred(s, B)|?.
PROOF. Define g, := gled(r,y) and g5 := gred(s, 3) and note that
Brls 4+ ~rls = rls C pBrl+ Ivs.
The decomposition r = g.k,, s = ksgs leads to
Bri+ Iys = rIf + rls + vIs + rls = rI(B + s) + (v + r)ls
= rlgs + g, Is = g, (kT + Tks)gs
With Lemma 1.9 we infer that
[L: (BrI+lys)] = N(nr(gr)®) N(nr(gs)?)[L: (k,I+1ks )] = N(y; 82)[L : (K, I+Tks)).

Since k, and kg are primitive as factors of primitive icosians, Lemma 3.34
tells us that [I : (Brl + Iys)] divides N(v23?) N(gcd(|k.|?, |ks|?)). Observing
that |k.|? = ‘;—lj and |k|? = ‘;—‘j completes the proof. O

If we apply the previous lemma to a primitive admissible pair of icosians
(p, q), where (pa,qa) denotes its extension pair, we get that [I: (pol + Iga )]

divides

2 2
N(aZa2 ged (2, 112y) = N(a2a2 ged(p|?, [g1?)) = N(lem(|p|?, []*)),

g’ ap

which is consistent with Theorem 3.29.
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Now, we have everything we need to prove the converse statement of
Corollary 3.32, and thus we get a necessary and sufficient condition for the

equality of two CSM of [ that are parameterised by different pairs of icosians.

THEOREM 3.36. Let (p1,q1) and (p2,q2) be two primitive admissible pairs

of icosians. Then,

INnalpr — 1 a2lp
[p1a1] [p2g2|

if and only if
Ip1a1| = |p2ge|, lem(|p1 %, |g1|%) = lem(|p2|?, |q2|?), gled(p1, [p1a1]) =

gled(pa, |p2g2|) and gred(qi, |gip1]) = gred(ge, |g2p2|)-

Proor. With Corollary 3.32 and Lemma 3.33 it only remains to show

that 1N {24 = TN 222 |pigi| = |pago| and N(lem(|p1 [, |q1]?)) =

N(lcm(|p2|2, ’CJ2|2))> imphes
lem(|p1|%,1q11%) = lem(|p2|?, |g2]?), gled(p1, [p1a1|) = gled(p2, [p2ga|) and

gred(qr, |qip1|) = gled(qo, |g2p2|).

We infer from Corollary 3.22 that

I I
prll+Igi, =T 78 =10 214 = pyll + Igor,

where pis = gled(pia, [P1a1]) = o, gled(pi, Z21) and ¢;, = gred(gia, [p1g1]) =

2

ag, gred(p;, %) for i € {1,2}. Clearly,
prel+1gir = prll+1gir + paecl +1gor = (pre +p2e)l+1(q1r + g2r) = Bri+1Iys,

where Or := gled(pyy, por) and s := gred(qir, g2r) such that r,s € I are
primitive and 3,7 € Z[r]. Note that 8 = ged(ay,,ap,), since p; and ps
are primitive and therefore do not have any divisors in Z[7]. Similarly,

v = ged(ayg,, g,). Since ap, and oy, are relatively prime, 8 and v are
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relatively prime, too. So we have

r = glod(gled (pr, 2220), gled(ps, 221)) - and

s = gred(gred(qq, "gql‘) gred(ge, |12q21|)).

In this representation it is clear that r divides gled(p, |1;1q1|) and s divides

gred(qz, |[;1q1‘) By (3.18) we know that ‘plql‘ divides [p|? and lplql‘ divides

|q1|?. Hence we infer with Corollary 1.25 that |7|? divides | gled(p1, ";{1‘“‘ 2=

|p1ga]
aql

\P1q1\

and |s|? divides | gred(q, o W2 = . This means that

[p1g1]
apl
(3.25) Blr> and ~|s|? divide |p1qu|.

Thus ged(|r|?, |s|?) divides gcd(|p1Q1| ‘plvqu) — ‘péfyl‘ and

(3.26) By ged(|r|?, |s|?) divides |p1qi|.
An application of Lemma 3.35 reveals that

L+ (BrI + Tys)] divides N2 ged(2, 1)),

where 7, = |gled(r,)|* = ged(|r[?,7) and B = |gred(s, 8)* = ged(|s[?, B)
by Corollary 1.25. Since =, divides v, 35 divides 8 and ged( ‘7‘2, 15 ﬂ| ) divides
ged(|r[2, |s|?) it follows with (3.26) that 322 gcd(%, %) divides Bsve|p1a].
Therefore we know that [I: (8rl + Iys)] divides N(GBsyr|p1a1])-

By Theorem 3.29 we infer that [I : (8r1 + Ivs)] = [I : (p1el + Iguy)] =
N(op, g, |p1g1]), which implies that N(ay, o, ) divides N(Gg7;). Since
ged(ap,, aq ) = 1 = ged(fBs, ), we conclude that N(ay, ) divides N(fs) and

N(ayg,) divides N(v,). If we take into account that (s divides oy, and 7,

divides ay,, we see that necessarily
Bs=0B=op =0ap, and v =7 =ag = 0g,.
This implies directly that

lem(|p1]?, |q1]?) = ap g, [p1a1] = apyag, [p2ge| = lem(|p2|?, lg2/?).
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Another application of Lemma 3.35 tells us that

[1: (BT + Iys)] = N(ay, o, [pra1 ) divides N(a2 o2, ged(LL, 12Ly),

P1q1 Qq; ’ apg

which implies that N(A22L) divides N(gcd(g, %)) and in particular
1 1

aplaql
N (al) divides N (|r?) and N (I220) divides N (Js]?).
1 1
With (3.25) and Lemma 3.24 this shows that

lp1ga]
Qpy

lpraa| _
Qqq

P = 290 = |gled(py, [pyaa ) emd |3 = |ared(r, [pras )

Hence r = gled(p1, |p1q1]) = gled(pe, |p2ge|) and s = gred(qi, |p1¢1])
= gred(qe, [p2ge|), which completes the proof. O

3.4. Counting Coincidence Site Lattices of A,

In this section we continue our analysis of the CSLs of the lattice L.
Recall from Theorem 3.11 that the CSLs of L are precisely the lattices of the
form LN R(p)L, where p is a primitive and admissible icosian. The results of

the previous section lead to the following formula for its coincidence index.
THEOREM 3.37. Let p € T be primitive and admissible, then

Yr(p) = nr(p,) = lem(nr(p),nr(p)’) .

PrROOF. By Lemma 3.18 we know that %2 (p) = Yri7(p). Moreover,
Theorem 3.23 tells us that X7(p) = ¥i(p). Theorem 3.29 implies that
S1(p) = SR, ) = Nllem(nr(p), nx(5)) = N(lem(nr(p), nr(p))) and by
(3.10), we know that nr(p,) = lem(nr(p), nr(p)’) is always an element of N.

Hence Yj(p) = nr(p,)? and we conclude that ¥7,(p) = nr(p,)- O

In analogy to Theorem 3.36 we want to find necessary and sufficient con-
ditions for the equality of two CSLs of L that result from different rotations.

The following lemma gives a first necessary condition.
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LEMMA 3.38. If Ry, Ry € SOC(L) such that LN RiL = L N RoL, then
Y(R1) = X(R2) and den(R;) = den(R2).

PROOF. Lemma 3.9 implies that
Y(R)) = X(Ry) and den(R;') = den(Ry1).

For ¢ € {1,2} let p; € I be primitive, admissible and such that R; = R;(p;).
As Rt = R(j;), it is clear that den(Ry) = |p1p1| = den(R; ') = den(Ry ') =
|p2p2| = den(Ry). O

Recall from Proposition 1.15 the Q-linear map ¢, : H(K) — H(K),
defined by ¢, (z) = + Z, and note that not only ¢ (I) = L but that

(3‘27) (P-F(paﬂ) = L(poz) =LN ﬁpLﬁ = (pa]I + Hﬁa) NL,

see Theorem 3.16 and Corollary 3.17. So two CSLs of L are certainly equal
if the corresponding CSMs of I are equal. Thus the following lemma is just

an application of Theorem 3.36. We only need to observe with Lemma 1.27

that gled(p1, |p1p1|) = gled(p2, |p2p2|) implies

gred(pr, |[pip1]) = (gled(p1, [p1p1])) = (gled(pe, [p2p2|)) = gred(pa, [p2p2|).
and that [p1|2 = |p2|? implies lem(|p1|?, |p1|?) = lem(|p2|?, [D2|?), as well as,

|p1p1| = |pope| with Lemma 3.24.

LEMMA 3.39. Let p1,p2 € 1 be primitive and admissible, such that

Ip1]? = |p2|* and gled(py, |p1p1|) = gled(pa, [p2D2])-

T LN —tapiLpy = LN —<pyLps.
hen, one has LN Pl N papa P2 P2

It turns out that the converse is not true. However, by considering
certain cases separately, we can derive necessary and sufficient conditions

on the parameterising icosians so that they generate the same CSL of L.
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THEOREM 3.40. Let p1,p2 € 1 be primitive, admissible and such that

Ip1|? or |pa|? is not divisible by 5. Then, one has

LN ——p Lp; = LN ——psLp;
N PP N s P21P2

if and only if

Ip1l? = |p2* and  gled(py, [pipi|) = gled(pa, |papal).

PRrOOF. Considering Lemma 3.39 and (3.27), it only remains to show

that
L(p1a) = o1 (p1al) = ¢4 (p2a]) = L(p2a)

implies |p1]? = |p2|? and gled(p1, [p1p1]) = gled(pe, |p2p2|). If we deduce that

ploz]I + I[]3104 = p2oz]I + H]~92a>

this is delivered by an application of Theorem 3.36, since |p1p1| = |p2p2| and

gled(p1, [p1p1]) = gled(pe, |p2p2|), implies with Lemma 3.24 that %|pu§]| =

P1

. 1 215712 1 215712
a; |p2pa| and hence a2, = a2, = em(|p1|?,|p1]?) _ lem(|p2|? |p2|*)

which reveals
D1 D2 [p1]? [p2]? ’

with lem(|p1|?, [p1]?) = lem(|p2[?, [p2[?) that |pi[* = |po|*.
With Lemma 3.18 and (3.27) it is clear that

L(pia) + 7L(p1a) = ¢+ (p1al) + 79+ (P1al)
= 04(P1al) N4 (p20l) + 7(@+ (P1al) N o4 (P2a]))
- (pla]I + Hﬁla) N (p2a]1 + HﬁZa)
C pla]I + Hﬁla cI
Considering [I : L[7]] = 5, compare (1.28), and Theorem 3.23 we see that

(3.28)
[I: L(p1a) + TL(p1a)] = 58117 (p1) = 5X 11 (p2) = 5%1(p1) = 5%1(p2)

and hence Xp(p1) = Si(p2) = N(lem(|p1[?, [p1]*) = N(lem(|po|?, [p2[*) by

Theorem 3.29. Without loss of generality let [p1|? be not divisible by 5. By
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Lemma 3.12 this implies that |p;|? and |p1|? are not divisible by /5 and
hence N(lem(|p1|?, |[p1|?) = Z1(p1) = Zi1(pe) is not divisible by 5.
Note that [ : (p1al + Ip1a) N (p2al + P2 )] must be a multiple of ¥y(p1)

and a divisor of 5X(p1), i.e. it is either Xy(p1) or 5X1(p1). Assume that

[L: (pral + 1p1a) N (2ol + Ip2a)] = 5%1(p1)-
This implies with the first isomorphism theorem, see for example [53] that

[(ploc]I + Hﬁla) : (plozI[ + ]Iﬁloz) N (an]I + HﬁQa)]
(3.29)

= [(ploz}I + ]Iﬁloc) + (PZa]I + Hﬁ?a) : (anH + Hﬁ2a)] = 5.

Moreover,

L (ol + Ipia) + (2ol + [pag)] = Z222)

which contradicts the fact that ¥r(p2) = X1(p1) is not divisible by 5.

So we have necessarily
[]I : (pla]I + Hﬁla) N (anH + ]123201)] = E]I(pl)
and therefore

(pla]I + Hﬁla) = (ploc]I + Hﬁla) N (an]I + HﬁQa) = (p?a]I + Hﬁ?a)~

LEMMA 3.41. Let p1,pz € I be primitive, admissible and such that |py|?

or |p2|? is a power of 5. Then,
L Ly = L1y Lps
L0 hmmlple1 Ln |p2p2|p2Lp2

if and only if

2 [p1p1] |p2p2| ).

p1* = Ip2* and  gled(py, P2 = gled(ps, P2E
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ProOOF. Let L N i lplel LN P ‘ngpg If |p1|?> = 5™ for some

m € N, then [p1|> = 5™. With Lemma 3.38 and Theorem 3.37 we see that
Si(p) = lem(pr 2, [p1]?) = [p1]* = 5™ = 1(p2) = lem(|p2|, [p2[*) = [p2f.

Hence oy, = 1 = ap,, i.e. p1 = Pra,p2 = p2a and |[pip1| = |p1% [pep2| =

Ip2|?. We proceed now as in the proof of Theorem 3.40 and find that

(3.30) [L: (pal+1Ip1) N (p2l + Ip2)] = Xp(p1)  or = 5%y(p1).

In the first case, we follow the argumentation in the proof of Theorem 3.40

and conclude that gled(p1, [p1p1]) = gled(pe, |p2p2|) and hence

gled(p1, |p\1/31|)—glcd( |p3%2|).

In the second case we find, see (3.29), that
[(p1I+1p1) + (pol +Ip2) : (p2l + Ip2)] =5

If g = gled(p1, p2) we have gI+1g = (p11+1p1 )+ (p2I+1p2) and since g € T and
g2 = (VB)!, for some ¢ € N, we have |gg| = (v5)2(v5)Z = (vV5)! € Z[r].
Hence (g,9) is Z[r]-admissible. Note that g and g are, as factors of prim-
itive icosians, primitive themselves. Moreover, oy = ay = 1so that ac-
cording to Theorem 3.29 [I : gl + Ig] = N(|g|?), i.e. N(|p2?) = N(|g|?)5.

Since |g|?v/5 divides |pa|?, this implies that up to units of Z[r] we have

Ipa]? = V/5|g|? and hence gled(pa, |g|?) = gled(po, |’z}| ). Symmetrically, we

infer that gled(p1, |g|?) = gled(p1, "\”[l ).

|2 |pg|2 (\/5)7", for r € 2N, and gled(py, |p17\/’721|) _
p2p2|

gled(pa, 7 ). Then either p; = py and the proof is complete, or p; # po,

Conversely, let [p;

i.e. p; and po have at most r — 1 prime icosians as factors in common. Note

that, in this case

g = gled(p1, pa) = gled(p1, 22L) = gled(py, 22)) = gled(py, 222)),
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since |p1p1| = ((\/5)7"(—\/5)’”)% = (V) = Ip1]? = |p2|?. We deduce that p;

2
and py have at least r — 1 prime factors in common. Hence |g|? = "\’}é =

lgg| = (v/5)" ! is not an integer, i.e. g is not admissible for L.

Define g1 = gled(py, lp é‘Q), which is the greatest admissible divisor of g.

Of course |g1|* = %, by Corollary 1.25. So we have with (3.27)

o+ (p1l) C @4 (p1l) + @4 (p2l) = @4 (gl) C w1 (g11)

and [p4(g1]) : o+ (mD)] = % = Ei"z = 5; see Theorem 3.37. Hence

either vy (p1l) = w4 (p1l) + @4 (p2l) — in this case the proof is complete
—or ¢i(gl) = ¢4(g11). We finish the proof by showing that the latter is
impossible.

Assume the latter is the case, i.e.[¢+(g]) : ¢4 (p1I)] = 5. By Lemma 3.18

and Theorem 3.37 we see that

(L[] 2 @4 (oal) + 7o (D] = [L[7] : L(gn) + 7L(g1)] = mr(gy)? = "B~

and [[: 1 (g11) + 71 (g1D)] = [L: L[7]|S 17 (1) = 5nr(g1)* = me)® pur-
thermore, 1 (g11)+7¢+(911) = ¢4 (91)+794(gI) C gl+Ig and [I: gI+1g] =
N(lg[2) = 2@ Hence gI+1§ = ¢4 (1) + 7o (on]) C Lr].

By Corollary 1.17 we know that /51 C L[r]. Let ¢ := gled(g, V/5),
ie. ¢l C L[r]. Since we know by Lemma 1.27 that ¢ = gred(g, —v/5),
we infer that Ig C L[r]. Proposition 1.16 tells us that for » € I, we have
qr —7q € /51, which implies that 7§ = q(r — s) for s € I and hence Ig C qI.
As [I: qI] = N(nr(q)?) = [I : Iq], see Lemma 1.9, it follows that ¢l = I. As
a divisor of g, the icosian ¢ is primitive. This leads to a contradiction with

Lemma 1.20. O

A combination of Theorem 3.40 and Lemma 3.41 leads to the following
necessary and sufficient condition on the parameterising icosians for the

remaining case.
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THEOREM 3.42. Let p1,p2 € 1 be primitive, admissible and such that

Ip1|* and |ps|? are divisible by 5. Then

LN ——p Lp; = LN ——psLps
N PP N s P21P2

if and only if

Ip1|?> = [p2|? and gled(p1, %) = gled(pa, %)'

PROOF. Since p; and py are admissible, we know by Lemma 3.12 that
in the prime factorisation of |p;|? 2

and |p2|® every ramified prime number

as well as every prime number that does not occur in ged(|p;|?, |pi|?), for

i = 1,2 respectively, has an even exponent. Here, we need to order the

prime factors of |p1|? and |ps|?. As this is done for p; and ps in exactly the

same way, we set i = 1,2. A particular ordering of the prime factors of |p;|?

with maximal exponents is

2 2r;  Si Sim; tmi+1 tn; s Sim;
(3.31) pil? = (VB)iadit ... Qi gl 1y -+ Qi g
where a1, . . ., aym, are splitting primes which do not divide ged(|p;|?, |pi|?),
and the remaining primes are denoted by @;(m,4+1),---,Qin;- Define s; =

Si1 + ...+ Sim,; and t; =ty 41 + ... + ;. While leaving the prime factors

of (3.31) in exactly the same order we rename them as

pil* = (VB)"1Bi1 ... Bias,4:)-

By Theorem 1.23 there are prime icosians w1, ..., U2, Vil,-- -, Vi2r;,
@il -« -y Bi(2s;4+;) and b1, ..., bi(QSi—‘rti) such that
2 2

Pi = Uil - - - Ug2r; Q41 - - - Gy(25,41;) where |u;;]° = V5 and |aij|* = Bij,

(3.32)
2 2
= bil e bi(?si-‘rti)v’il e Ui2r¢> Where |bz]| = ﬁij and ‘Uij‘ = \/5

To simplify this notation we define a; = a;1 . .. Aj(2s;+t;) b ="bi1... bi(QSz‘thi)’

U = Ui . Uizr; and V; = V1 ... Vi, Hence |u;]? = (v/5)%" = |v;|? and /5



3.4. COUNTING COINCIDENCE SITE LATTICES OF Ay 85

does not divide |a;|? = |b;|>. Note that

~ . im;  tm., tn,; . T ~
|aidi| = ofit g z?r:;:l-l) g (@)E (gt = [bibi]
- . Sim.,;
(333) = Q41 Q(s4t;) il - - ai(si_i_ti)(a’)f{l e (O/)Z»,:;:Z

= bil e bi(si+ti)bi1 . bi(si-i-ti)(a/)fil . (a')fgf,

which reveals that gled(a;, |a;ail) = a1 ... a;,4+,) and gled(b;, |bibi]) =
um~z|)

bi1 - - - bi(s,+¢,)- Similarly, gled(u;, N

|vivi

= Uil - - - Uj(2r;—1) and gled(v;, NG )=

Vi1 - .. Vi(2r;—1) Since
~ ~ 2;,«.
\ulu1| = ‘UZ"Ui| = (\/g) t=Uip Ui (2r;) Wil « - - Uj(2r;)
= Vi1 ... vi(QTi)vil e vi(?n)'

Since |a;a;| = |b;b;| and |u;u;| = |v;v;| are clearly integers, a;, b;, u; and v;
are admissible and as divisors of primitive icosians themselves primitive.

IfLN

1 ~ _ 1 ~ _
\qlﬁ\plel =LN |p2p~2|p2Lp2’ Lemma 3.38 tells us that den(p;) =
den(p2) and X(p1) = X(p2), hence by Proposition 3.10 we see that |pip1| =
Ip2p2| = (V5)?"t|aray| = (v/5)?"2|asds|, which implies that 71 = ro =: 7 and

|arai| = |azaz|. With Theorem 3.37 we conclude that
lem([p1 |2, [p1[?) = lem(|p2|?, [p2|*) = (V5)" lem(las ?, |a1[*)
= (V5)" lem(las/?, |az|?)
and furthermore X(a1) = X(az) = X(b1) = X(b2) =: m, as well as, X(u;) =

Y(ug) = B(v1) = B(va) = (v/5)". Since m and (1/5)" are relatively prime,

we conclude with Lemma 3.5 that

1 ~\ 1 ~
m(L N uiLuy) =mL N (LN ‘plp~1‘p1Lp1)

g

=mLn (LN ﬁngpa) = m(L N ——wuyLiiy)

Ip2 luguz|

as well as

(VB)"(LN by Lby) = (V5)"LN (LN —L=p1 Lp)
|b1b1] Ip1p1|
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= (VB)'LN (LN @pzm) = (v5)" (L N ——byLby).

\52 b |

Now, the application Lemma 3.41 and Theorem 3.40 reveals that gled(uq, ‘“\1/’%”) =
gled(us, '“2“2‘) 1b1|2 = |ba|? and gled(by, |b1b1|) = gled(bs, |babs|), Which im-
plies |p1|? = |b1]2(VB)" = |b2)?(v/5)" = |p2|>. Furthermore, we conclude

that

gled(py, (vV5)¥ 1) = gled(pa, (VB)* ™) and  gled(py, [bib1]) = gled(pa, |bib1]).

As ged((v/5)2 1, |bib1|) = 1 we infer with Lemma 1.26 that

glod(pr, 2201 = gled(py, [baby | (V5)* )1
= gled(py, \blgl NIN gled(ps, (\/5)2’”71)]1
= gled(pa, [b1b1])I N gled(pa, (V5)¥~HI
= gled(ps, [b1ba|(vV5)* )T

[p2p1]

= gled(p2, V5 )L

Conversely, if |p1|> = |p2|? and gled(p1, |p\lﬁl|) = gled(po, |p\2/p3|) we con-

clude again with Theorem 1.23 that gled(uq, |"\1/“51‘) = gled(ug, |u\2/“52‘) and
gled(by, |b1by|) = gled(b, |baba|). Hence by Lemma 3.41 and Theorem 3.40
we know that

(3.34)

LN Tllﬂl uiLuy =LN upLuy and LN ~‘b1Lb1 h=ibaLby.

| | uzus |b101 | 2 2|
Obviously, lem([p1[?, [p1[*) = lem(|p2|?, [p2]?) = (v5)" lem(Jas|?, |a1[?) =
(v/5)" lem(Jaz|?, |a2|?). Hence Theorem 3.37 implies that Y(a;) = X(az) =
Y(b1) = B(by) =: m, as well as, L(u1) = X(uz) = B(v1) = X(v2) = (V5)".

Since m and (v/5)" are relatively prime, we conclude with Corollary 3.4, for
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i = 1,2 the following;

LN R(p;)L = LN R(b;)L N R(b;)R(vi)L = (L N R(b;)L) N R(b;)(L N R(v;)L)
= LN R(w)L N R(u)R(a;)L = (LN R(w;)L) N R(u;)(L N R(a;)L)
C(LNR(b;)L)N (LN R(u;)L)

The index of (LN R(b;)L) N (LN R(u;)L) in L, is on the one hand a divisor
of X(p;) = m(v/5)" = X(b;)X(u;), and on the other hand a multiple of ¥(b;)

and X(u;), which are relatively prime. So we know that
[L s (LA R(b)L) N (L0 R(w;) L)) = S(p;)

and hence (L N R(b;)L) N (LN R(u;)L) = LN R(p;)L. Now, we see with
(3.34) that LN R(p1)L = L N R(ps)L. 0

3.4.1. Generating Functions. For the derivation of the generating

functions @7°%(s) and @1(s) from (3.3) and (3.4) we need the following

PROPOSITION 3.43. Let f¥(a) be the number of primitive right ideals
in I with K-index o* € Z[r]. Then, the arithmetic function f% («) is multi-

plicative and given by

1, ifa=1,
6-5"1, ifa =5,

(P*+1)p* 2, ifa=p" andp==£2(5),

(p+1)p =L, ifa=7n",p=mnn" and p==+1 (5).

PROOF. By Lemma 1.8 we know that [I : ¢l]x = |g|*. Hence the mul-
tiplicativity of f& is inherited from the unique factorisation in I and, as
for every multiplicative function, f§;(1) = 1. Furthermore, we know by

Lemma 1.7 that for every right ideal ¢l

[I:ql] = N([I: ql]x) = N(|q|*).
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Since v/5 is a ramified prime in Z[7], this means that every primitive right
ideal I with coset-counting index [I : ¢l] = N(|g|*) = 5?", has a K-index of
L:qlx = |g* = V5. Hence fP'(v/5) = f7(5") = 65", as defined in
(2.8), which gives the number of primitive right ideals in I of coset-counting
index 5%".

Similarly, every primitive right ideal gl with coset-counting index [I : ¢I]

N(|g[*) = p*', where p = +2 (5), has a K-index of [I : ¢l|x = |q|* = ",
since p is an inert prime of Z[7]. Note that r is even, as already N(|q|?) = p"
is a square in N. So we have in this case fF (p%) = fP"(p") or equivalently,
with arbitrary r € N, f¥(p") = fP(p?") = p*" +p* 2.

The remaining case with p = +1(5), where p splits as p = 77, has to
be treated differently. Observe, from the expansion of (f'(s) as an Euler

product in (2.7), that

1 +p—23 T r—1y, —2rs
Tl 1+Y (0 +p)p 7,
r>1
happens to be the generating function for the primitive right ideals gl of
p-power index such that |¢|* is a power of 7. Those with |¢|* a power of 7/

produce the same Euler factor. Hence we infer that f& (7") =p"+p" 1. O

We start with the derivation of #[°*(s) from (3.4). Recall from (3.8) that
every coincidence rotation of the lattice L is parameterised by a primitive
admissible icosian ¢. By Theorem 3.37 its index is ¥(q) = lem(nr(g), nr(q)).
Note that an icosian ¢ with nr(¢) = 1 is necessarily admissible and primitive.
Moreover, 1 = nr(q) = nr(q) = lem(nr(q), nr(q)) = X(q), so there are 120 =
|1|, see (1.21), rotations in SOC(L) with coincidence index 1. Therefore, let
120gy0t(m) be the number of coincidence rotations of the lattice L of index
m.

Clearly, we have grot(1) = 1. For m = 5" we realise that

(3.35)  N(q) = lem(nr(q),nr(@)) = V5 =5 = |¢2 = [d]* = |qd]
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and nr(q)? = [I : ¢l]x. Hence grot(5") = f2(5") = 6 - 5" 1. Similarly, for

r

m = p” with p = £2 mod 5 we observe that ¥(q) = p" = nr(q) = nr(q) =
|qq| and hence grot(p") = fi (p) = p* + p*" 2.

For the remaining case m = p” with p = 1 mod 5, where p splits
as p = 7w’ in Z[7], the derivation is slightly more complicated, because
one has to keep track of how the algebraically conjugate primes of Z[7]

are distributed in nr(q) and nr(g). Note that there are s,¢ € N such that

nr(q) = m%(7’)! and
(3:36)  (g) = lem(nr(q), nr(q)) = lem(nr(q), nr(g)’) = p™>" = p".

Moreover, g is admissible if and only if s + ¢ is even. In order to determine
grot(p") we have to sum up the number of all primitive quaternions g with

nr(q) = m%(n’)¢, such that s + ¢ is even. This gives with Proposition 3.43:

grot(pT)Z Ip(r( r pr /r +Z fpr 1(r— 2£ +prr r—2¢ fpr( /r)

5]
=@+ 1" 24200+ Dp' Y fR(E)
/=1
For odd r we have
r—1
Grot(P") = (p+ 1)*p" 2 +2(p+ 1)p" 1 (p+ Dp" !
/=1
-1
2, 2r—2 9 1 (P 1)
= (1P 42+
+1) -
= Ei_lip’" Yt 4prt = 2).

The calculation for even r is slightly different but leads to the same result:

(r/2)-1
grot(p) (p+1)2 2r— 2+2(p+ 1)pr71 Z (p_’_1>pr72£fl +2(p+ 1)pr71
(=1
r—1
(p_|_1)2 2r— 2+2(p+1)2 r— 1(pp2 1p) +2(p+1)pr—l

— Eit 1;pr—1(pr+1 +pr—1 . 2)
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In summary g0 is thus given by

6521, ifp=>5,
(337)  ga(p") = (Bt 4l - 2), ifp=£1(5),

p? + 1)p*—2 if p=+2(5).

—

Note that gyt is multiplicative due to Theorem 1.23 together with the
multiplicativity of the coincidence index; see Theorem 3.3. Hence (3.37)

fixes grot(m) for all m € N, and this completes the derivation of ¢#}°(s) =

00 grot(m)
m=1 mS

Based on (3.37) we calculate now g(m), the number of CSLs of L of index
m, and hence derive @1(s). We have to keep in mind that non-equivalent
coincidence rotations may lead to the same CSL.

We start again with the case m = 5". By Lemma 3.41 two primitive

admissible icosians ¢; and ¢ with ¥(q1) = 2(¢g2) = |@1]* = |q2|*> = 5,

|q151|) —
V5
lg292]

glcd(qg,ﬁ) = glcd(q1,5(’"7%)) = glcd(q2,5(’ﬂ7%)) or equivalently if and

compare (3.35), generate the same CSL if and only if gled(qq,

only if ¢; and ¢o differ at most in their rightmost prime factor. Thus the
CSL is uniquely determined by the first 2 — 1 prime factors of ¢; and ¢
of norm /5. Since primitive icosians with X(q) = |¢> = |¢q| = 5" are
necessarily admissible this means that g(5") = Ip;(\/g(%_l)) =652,
For m = p" with p = +2 mod 5 Theorem 3.40 implies that two primitive
admissible icosians ¢; and ¢o with X(q1) = 2(q2) = |q1|*> = |@*> = p"
generate the same CSL if and only if gled(q1, |q1G1|) = gled(g2, |g2G2|). Since

’2_

= |q2\2 =

lg1q1| = |@ = |g2q2| the latter just means that there is a u € I*

such that ¢; = gau. Hence g(p") = }p(f(p’") = (p* +1)p* 2.

Again the remaining case m = p” with p = £1 mod 5, where p splits as
p = 7’ in Z[7], is slightly more complicated. By Theorem 3.40 two primitive
admissible quaternions ¢; and g2 with X(¢q1) = X(q2) = p” generate the same

CSL if and only if |q1\2 = \q2|2 and gled(qi, |q1q1]) = gled(qe, |g2G2]). Let

s,t € Nsuch that |q1|> = |g2|> = 7°(7)?, compare (3.36), and recall that the
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admissibility requires s+t to be even. With this notation we have |¢1¢1| =
ps;t |g2q2|. Obviously, the condition that glcd(ql,p 3 ) = glcd(qg,psTH) is
equivalent to gled(qy, 77%) = gled(go, 7['%) and gled(q1, WISTH) = gled(go, Tr’STH).

This means that in the prime decomposition of ¢; and g9 the first S‘H

prime
factors from the left of norm 7 and 7/, respectively, must be the same whereas
the rest may differ. In other words the CSL is uniquely determined by the
first ST‘H prime factors of norm 7 and 7’. Since at least one of the inequalities

s < STH and t < STH holds, this gives with Proposition 3.43:

Lr/2] .
9") = +2§: e (%)
Lr/2]
(p_|_ 1)2 2r— 2+2(p+ 1) Z pr—f—lf%(ﬂr—22)'
/=1
If r is odd we get:
(r—-1)/2

g(p") = (p+1)*p7 2 +2(p+ 1) PR32
=1

or—2) _ 1)

(
p p 2
=@+ )P 2+ 1)
+1)2 (r=1)
_ (ig _i <p2r+1 4?2 _9p™s )
If r is even we get:
(r—2)/2
g(®") = (p+1)*p*" 2 +2(p + 1)? P 1 2p+ 1)p P!
=1
(2r—2) _ 12
(p—|—1)2 2 — 2+2(p+1)2p p3_11) +2(p+1 )r/z 1

_(p+1)? P2l g2 g/ 1 (P° +1)
p3—1 p+1
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In summary g is thus given by
(3.38)
6_527"72’ ifp:5,

(r—1)

(i%f (pQTH +p? 2 —2p 2 ) if r is odd, p = £1 (5),

(];j;ri_l)l? (pQTH + p¥ T2 — 2p”/2_1(€;%1)) , ifriseven, p=+1(5),

(p? + 1)p*—2, if p=+2(5).

Again ¢ is multiplicative due to the unique factorisation in I together with
the multiplicativity of the coincidence index, see Theorem 3.3. Hence (3.38)
defines g(m) for all m € N, and this completes the derivation of @1 (s) =

o g(m)
m=1 mS °

The explicit expressions of the multiplicative arithmetic functions gyt
and g, from (3.37) and (3.38) respectively, lead by straightforward calcula-
tions involving geometric series to the following Euler product expansions
of the corresponding Dirichlet series generating functions. As the lattices
L and A4 are isomorphic they clearly coincide. Note that the following

theorem was already stated without proof in [15].

THEOREM 3.44. Let 120g,0t(m) be the number of coincidence rotations
of Ay of index m and 120g(m) be the number of CSLs of Ay of index m.
Then, grot(m) and g(m) are multiplicative arithmetic functions, with Dirich-

let series generating functions

@rot(s) — = grot(m) _ CK(S — 1) C(S) C(S B 2)
A —m 1+55 ((25)((25 —2)

1+507 1+p~*)(1+p'™) 1+p~*

1— 52—5 pg(g)) (1 _ pl—s) (1 _p2—s) pg@) 1 _p2—s

—1+3+9+@+@+50+@+@+@+150+144
N 25 35 45 s 65 7S 8 95 105 11°
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oo
g(m)
S
m=1 m
o 1 + 655 H (1+p7‘s+2p175+2p72s+p1723+p1733) H 1+p—s
- 1—52—s (1,p2—s)(1,p1—2s)
p==+1(5) p=+2(5)

= +5JFEJF@JFEJr@Jr@+@+@+30+144
N 35 45 5s 75 95 105 11¢

where ((s) is Riemann’s zeta function and (i (s) denotes the Dedekind zeta

function of the quadratic field K = Q(+/5), see (1.16). O

Observe that gyot(m) > g(m) > 0 for all m € N. Since each element
of OC(A4) can be written as a product of a rotation with a reflection that

maps A4 onto itself we have

COROLLARY 3.45. The coincidence spectrum of the root lattice Ay is

¥ (0C(Ay4)) = B(SOC(A4)) = N.

We conclude this chapter with the analysis of the analytic properties of
@ (s). Recall from (2.9) the primitive Dirichlet character x and its L-series
L(s,x) =Y p°—1 x(m)m™*, which is an entire function on the complex plane.
Note that (i (s) = ((s) L(s, x), see [87, Chapter 11, Eq. (10)] for details.
This means that the Dirichlet series @fi is related to zeta functions with
well-defined analytic behaviour, namely

(s —1)L(s—1,x) ¢(s)¢(s—2)

i (s) = 1+5 C(25)C(2s—2)°

Hence we can easily derive its analytic properties. @r(’t( ) is analytic in the
open right half-plane {s = o + it | o > 3}, and has a simple pole at s = 3,
due to the fact that L(s, x) is analytic everywhere and ((s) is analytic except

for a simple pole at s = 1 with residue 1, compare [2, Theorem 12.5]. The
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corresponding residue is given by

125 Ge(2)C(3) _ 4505

(3:39) 0:=rese=3 P(s) = 155 OROREE

(3) ~ 1.258124,

which is based on the special values

4
W = G50 SO = g @ = 2

together with ((3) ~ 1.202057, compare [12] and [2, Theorem 12.17]. The
value of ((3) is known to be irrational, but has to be calculated numerically.

With this information one can derive the asymptotic growth of gyo(m)
according to [12, Appendix]. Since the value of the arithmetic function
grot(m) fluctuates heavily, this is done via the corresponding summatory
function. One obtains, as x — oo, that

3

G(z) = Y grot(m) ~ g‘% ~ 0.4193752°.

m<a
Clearly, this is also an upper bound for the asymptotic behaviour of g(m)
which counts the CSLs of A4. We have not found a way to write the cor-
responding Dirichlet series @4, as a product of functions with well defined
analytic behaviour. Hence its analytic properties and the asymptotic be-

haviour of g(m) remain to be be analysed.

3.5. Related Results

In one dimension, the CSL problem becomes trivial, so that ®(s) = 1
in this case. In two dimensions, a rather general approach to lattices and
modules is possible via classic algebraic number theory, see for example

[71, 6]. For the root lattice Ay, the CSL generating function reads

14+p 1 Soey(®)
3.40 & = P (s) = = ;
(3.40) 43(3) A (5) IEIII(S) 1—p= 14375 ((2s)

where & = €2™/3. Here, the equality of @ 4, (s) and P (s) is a consequence

of the commutativity of SOC(A3). The simple coincidence spectrum of
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this lattice is the multiplicative monoid of integers that is generated by the
rational primes p = 1 mod 3.

In three dimensions, various examples are derived [3] and were proved by
quaternionic methods [13] similar to the ones used here. Among these cases
is the root lattice Az, which happens to be the face centred cubic lattice in
3-space, with generating function

1+p s  1-217%((s)¢(s—1)
1—pl=s 14273 ¢(2s)

(341)  Da,(s) = 5N(s) = []
p#2

The equality of the two Dirichlet series to the left is non-trivial, and was
proved in [13] with an argument involving Eichler orders. The same formula
also applies to the other cubic lattices in 3-space [3]. The simple coincidence
spectrum is thus the set of odd integers, which is again a monoid.

Several of these results are also included by now in [78]. In 4-space,
various other lattices and modules of interest exist, for which some results
are given in [3, 88]. Beyond dimension 4, very little is known [92, 91, 42],
though it should be possible to derive the simple coincidence spectra for

certain classes of lattices.
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Entropy of Powerfree Words






CHAPTER 4

Powerfree Words

The second part of this thesis considers words over finite alphabets that
avoid certain repetitions in their sequence of letters. Another way to say
this is that we consider powerfree words over finite alphabets. In particular,
we will derive upper and lower bounds for the entropy of certain sets of
powerfree words over finite alphabets.

This chapter, which is based on [37], introduces a new notation and ter-
minology that is almost complementary to the one used in Part I. Moreover,
the characterisation of certain classes of powerfree morphisms is reviewed
and used to develop methods for the derivation of lower bounds for the en-
tropy of certain sets of words. Furthermore, two methods to derive upper
bounds for the entropy are described. In order to give the reader an idea
to what kind of sets these methods will be applied to, the sets which are

explicitly considered in Chapter 7, are already introduced here.

4.1. Notation and Definitions

4.1.1. Words. We define an alphabet A as a finite non-empty set of

symbols called letters. For definiteness, we consider ¢-letter alphabets
Ay,:={0,1,...,0—1}.

Finite or infinite sequences of elements from A are called words. The empty
word is denoted by ¢ while w = w1 ... w,, with w; € A, stands for a finite
word over A of length |w| = n. The length of the empty word is |¢| := 0.
Note that we continue to use the notation |S| for the cardinality of a set S
as it will be clear from the context what is meant. A subword or factor of
aword w = wy ... wy, is defined as w[i : j] ;== w;... wj, where 1 <i < j <n.

99
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If i = j, we write w[i] = w;. For 1 < i < n the factor w[l : 7] is called a
prefiz and the factor w[i : n] is called a suffiz of w.
The set of all finite words, the operation of concatenation of words and

¢ form the free monoid A*. For any subset S C A* and any word v € A*

we define

(4.1) S(n) ={wesS||w =n}

(4.2) SW = {w e S |vis a suffix of w}

(4.3) Fact(S) := {v € A" | v occurs as a factor of some w € S}.

4.1.2. Morphisms. Let A and B be alphabets. A map o : A* — B*

is called a morphism if
o(uv) = p(u)p(v) for all u,v € A*.

Obviously, a morphism p is completely determined by g(a) for a € A and
satisfies p(¢) = e. It is called n-uniform or just uniform, if |o(a)| = n for all
a € A.

A permutation of letters on an alphabet A, is a bijective 1-uniform
morphism
0: Ay — Ay Two words u,v € Aj are called isomorphic, if there exists a

permutation of letters o such that o(u) = v.

4.1.3. Powerfreeness. An integer p € N is called a period of

w=wi...w, € A", if w; =wjyp forallie{l,...,n—p}.

|w]

per(w) is called

The minimal period of w is denoted by per(w) and the ratio

the exponent of w.

For a word w we define w® := ¢, w! := w and, for an integer k > 1, the

power w” as the concatenation of k occurrences of the word w. If w # ¢,
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w” is called a k-power. Moreover, if per(w”) = |w|, i.e. w* does not contain
k
any shorter k-powers as factors, the exponent of w* is pléf(u']) =k.

We say that a word u contains a k-power if at least one of its factors
is a k-power. If u does not contain any k-power, it is called k-powerfree
and we say that it avoids k-powers. By definition, the empty word ¢ is k-
powerfree for all k. 2-powerfree and 3-powerfree words are called squarefree
and cubefree, respectively.

Let A be an alphabet. We denote the set of k-powerfree words over A

(4.4) FE(A) c A*.

Let a € Q with a > 1. A non-empty word w € A* is called an a-power

if there is a word u € A* which has a prefix v such that

w=u"v and k—f—M:a
|ul

If per(w) = |ul, i.e. if w does not contain any shorter k-powers as factors,

|w]
per(w)

the exponent of w is = «. For example 0123012 is a %—power of period

4.

For @ € R we say that a word w is a™-powerfree (a-powerfree) if it
contains no S-power for any rational 3 > a (8 > «a). 2*-powerfree words
are also called overlapfree, since they avoid factors of the form auaua, where

a € A and u € A*. The set of all a"-powerfree words over A is denoted by
(4.5) FE(A) c A*.
Note that we have the following proper inclusions

FlO(A) c FECI(A) c FletD(A).
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Since powerfreeness only depends on the structure of a word and not
on the actual letters, it suffices to consider equivalence classes up to permu-
tations of letters. For many cases, including the examples we consider in
Chapter 7, the equivalence classes can be represented by words with certain
sufficiently long prefixes. For example, for F = F (2)(A3), the set of equiv-
alence classes F'(m) can be represented by all ternary squarefree words of
length m which start with 01. For w € F, where F stands for F*)(A) or

F(>2)(A), we denote by w' its equivalence class and define

(4.6) F'(m) = {w' | we F(m)}.

4.2. Characterisation of Integer Powerfree Morphisms

A morphism o : A* — B*, where A and B are alphabets, is called k-
powerfree, if it maps k-powerfree words to k-powerfree words, i.e. if o(u) is
k-powerfree for every k-powerfree word u € A*. We express this symbolically
as

o(FP(A)) c FH(B).

A set T C A* is a test-set for the k-powerfreeness of (uniform) mor-
phisms on A, if for every (uniform) morphism ¢ : A — B the following

holds: g is k-powerfree if and only if o(T) < F*)(B).

4.2.1. Squarefree Morphisms. A sufficient (but in general not nec-

essary) condition for the squarefreeness of a morphism is known since 1979.

THEOREM 4.1 (Bean et al. [16]). A morphism o: A* — B* is squarefree

(i) o(w) is squarefree for every squarefree word w € A* of length
lw| < 3;

(ii) a = b whenever a,b € A and o(a) is a factor of o(b).
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If the morphism p is uniform, this condition is in fact also necessary,
because in this case p(a) being a factor of o(b) implies that o(a) = o(b). If
a,b € A exist with a # b and p(a) = o(b), then clearly ¢ is not squarefree

since o(ab) = o(a)p(b) is a square. This gives the following corollary.

COROLLARY 4.2. A uniform morphism o : A* — B* is squarefree if
and only if o(w) is squarefree for every squarefree word w € A* of length

lw| < 3. O

This corollary corresponds to Brandenburg’s Theorem 2 [18] which only
demands that o(w) is squarefree for every squarefree word w € A* of length
exactly 3. A short calculation reveals that this condition is equivalent to (i),
because every squarefree word of length smaller than 3 occurs as a factor of
a squarefree word of length 3.

For the next characterisation, we need the notion of a pre-square with
respect to a morphism p. Let A be an alphabet, w € A* a squarefree word
and g: A* — B* a morphism. A factor u # ¢ of p(w) = auf is called a
pre-square with respect to g, if there exists a word v € A* satisfying: wwv is
squarefree and w is a prefix of Bo(v) or vw is squarefree and u is a suffix of
o(v)a. Obviously, if u is a pre-square, then either go(wv) or o(vw) contains

u? as a factor.

THEOREM 4.3 (Crochemore [25]). A morphism o: A* — B* is square-
free
if and only if
(i) o(w) is squarefree for every squarefree word w € A* of length
w| < 3;
(ii) for any a € A, o(a) does not have any internal pre-squares.

O

It follows that, for a ternary alphabet Ag, a finite test-set exists, as

specified in the following corollary. However, the subsequent theorem shows
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that, as soon as we consider an alphabet with |A| > 3, no such finite test-
sets exist, so the situation becomes more complex when considering larger

alphabets.

COROLLARY 4.4 (Crochemore [25]). A morphism o: A5 — B* is square-
free if and only if o(w) is squarefree for every squarefree word w € A} of

length |w| <5. O

THEOREM 4.5 (Crochemore [25]). Let |A| > 3. For any integer n,
there exists a morphism o: A* — B* which is not squarefree, but maps all

squarefree words of length up to n on squarefree words. O

4.2.2. Cubefree and k-powerfree Morphisms. We now move on
to characterisations of cubefree and k-powerfree morphisms for k£ > 3. We

start with a recent result on binary cubefree morphisms.

THEOREM 4.6 (Richomme, Wlazinski [76]). A set T C A5 = {0,1}* is
a test-set for cubefree morphisms from A% to B* with |B| > 2 if and only if

T is cubefree and Fact(T) D Tin, where

Tinin == {0110110, 1001001, 010110, 101001,011010, 100101, 00110,
11001,01100, 10011, 01010, 10101}.
O
Obviously, the set T, itself is a test-set for cubefree binary morphisms.
Another test-set is the set of cubefree words of length 7, as each word of Tiin

appears as a factor of this set. There are even single words which contain

all the elements of T},i, as factors. For instance, the cubefree word
001101011011001001010011

is one of the 56 words of length 24 which are test-sets for cubefree morphisms
on Ajy. The length of this word is optimal: no cube-free word of length 23

contains all the words of Ty, as factors.
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The following sufficient characterisation of k-powerfree morphisms gen-

eralises Theorem 4.1 to integer powers k > 2.

THEOREM 4.7 (Bean et al. [16]). Let p: A* — B* be a morphism for
alphabets A and B and let k > 2. Then o is k-powerfree if

(i) o(w) is k-powerfree whenever w € A* is k-powerfree and |w| < k + 1;
(ii) a = b whenever a,b € A with o(a) a factor of o(b);
(iii) the equality xo(a)y = o(b)o(c), with a,b,c € A and z,y € B*,
implies that either x = ¢, a=b ory=c¢, a=c.

O

As in the squarefree case above, a uniform morphism p for which (i) holds
also meets (ii), because uniformity implies that o(a) = o(b). If a # b, the

k is a k-power, which produces

word a*~1b is k-powerfree but o(a*~'b) = o(a)
a contradiction. The condition (iii) means that, for all letters a € A, the
images o(a) do not occur as an inner factors of p(bc) for any b,c € A. In
general, this is not a necessary condition for uniform morphisms; an example
is given by the Thue-Morse morphism p of (0.1). For instance, o(00) =
0101 = 0p(1)1, which violates condition (iii) in Theorem 4.7. Nevertheless,
the Thue-Morse morphism is cubefree, even overlapfree, see [84, 55].
Alphabets with |B| < 2 only provide trivial results, because the only
k-powerfree morphism from A* to {e}* is the empty morphism &, and for
|IB| = 1 the only additional morphism is the map for |A| = 1 that maps

the single element in A to the single letter in B. From now on, we consider

alphabets with |B| > 2. First, we deal with the case |A| > 3.

THEOREM 4.8 (Richomme, Wlazinski [76]). Given two alphabets A and
B such that |A| > 3 and |B| > 3, and given any integer k > 3, there is no

nite test-set for k-powerfree morphisms from o B*.
ite test-set k-p phi. A* to B* O

This again is a negative result, which shows that the general situation

is difficult to handle. In general, no finite set of words suffices to verify
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the k-powerfreeness of a morphism. The situation improves if we restrict
ourselves to uniform morphisms, and look for test-sets for this restricted
class of morphisms only.

The existence of finite test-sets of uniform morphisms was recently es-
tablished by Richomme and Wlazinski [77]. Let |A| > 2 and k > 3 be an

integer. Define
TEA) :=uUP(A) U (FO(A) N VHEI(A))

where U*)(A) is the set of k-powerfree words over A of length at most
k+1, and V®(A) is the set of words over A that can be written in the
form

agw1ai1wy ...k 1WEag

with letters ag, a1,...,ar € A and words wy,ws ... w, € A*, which contain
every letter of A at most once and satisfy ||w;| — |w;|| < 1. Obviously, this

set is finite and comprises words with a maximum length of
max{|w| | w e T®(A)} < k(|A]) +1) + 1.

THEOREM 4.9 (Richomme, Wlazinski [77]). Let |A| > 2 and k > 3 be an
integer. The finite set T(k)(A) is a test-set for k-powerfreeness of uniform

morphisms on A*. O

Due to the upper bound on the maximum length of words in 7*)(A),

the following corollary is immediate.

COROLLARY 4.10 (Richomme, Wlazinski [77]). A uniform morphism o
on A* is k-powerfree for an integer power k > 3 if and only if o(w) is

k-powerfree for all k-powerfree words w of length at most k(|A|+1)+1. O

Although this result provides an explicit test-set for k-powerfreeness, it
is of limited practical use, simply because the test-set becomes large very
quickly. Already for A = A4 and k = 3, the set 7(3)(Ay) has 26247020

elements. For comparison, the set of cubefree words in four letters of length
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16, as required in Corollary 4.10, has 1939267560 elements, so is still much
larger.

Finally, let us quote the following result of Kerénen [45], which char-
acterises k-powerfree binary morphisms and indicates that the test-set of
Theorem 4.9 is far from optimal. Note that a word w € A* is called primi-
tive, if w = v*, with v € A* and k € N, implies that k£ = 1, meaning that w

is not a proper power of another word v.

THEOREM 4.11 (Kerénen [45]). Let o: A5 — B* be a uniform morphism
with 0(0) # o(1) and primitive words 0(0), o(1) and o(01). For every word
w e FR(Ay), o(w) is k-powerfree if and only if o(v) is k-powerfree for
every subword v of w with

v 4 for 3 <k <6;
v| <

2(k+1) fork>T.

4.3. Combinatorial Entropy

Let A be an alphabet. A subset S C A* is called factorial if for any
word w € S all factors of w are also contained in S. Define for a factorial set
S C A* the number of words of length n occurring in S by cg(n) :=|S(n)|.
This number gives some idea of the complexity of S: the larger the number
of words of length n, the more diverse and complicated the set. That is why
c¢s : N — N is called the complexity function of S. As S is factorial we infer

that
(4.7) cs(m+n) < cg(m)es(n).

DEFINITION 4.12. The combinatorial entropy of an infinite factorial set
S C A* is defined by

h(S) = Jim Llogcg(n).



108 4. POWERFREE WORDS

The inequality (4.7) ensures that this limit exists, see for example [4, Lemma 1].
This is also known as Fekete’s Lemma, see [81, Lemma 1.2.1], which says in

addition that h(S) = inf,en L log cs(n). We note the following:

(i) If S ¢ A* with |A] = ¢, then 1 < ¢g(n) < £™ for all n which
implies 0 < h(S) < log(¥).
(ii) If S = A* with |A| = ¢, then cg(n) = ¢™ and h(S) = log(?).

4.3.1. Explicit Cases. Explicitly, we intend to derive upper and lower
bounds for the entropies of the following sets, which are obviously factorial.
The numerical results are presented in the corresponding sections of Chap-

ter 7.

7.1 FB)(Ay) - Cubefree words over Ay = {0,1}

7.2 FO(A3)

7.3 7:(>%)(A3) - (T)*-powerfree words over Az
(

- Squarefree words over Ag = {0,1,2}
4
74 FCD Ay) - (%)*—powerfree words over Asg
7.5 FP(A,) - Squarefree words over Ay = {0,1,2,3}
76 ]—"(>%)(A4) - (%)Jf-powerfree words over Ay

As already mentioned the Cases 7.1 and 7.2 are the two classical cases. The
Case 7.5 is included to complete the picture.

Dejean [30] and later Brandenburg [18] introduced a repetition threshold
RT(¢), defined as the smallest number a € R such that there exists an infinite
word over A, that is a™-powerfree. Dejean proved that every sufficiently
long word over A3 contains a %—power, and that there are infinite words over
A3 which are %Jr—powerfree. This implies that RT(3) = g. Moreover, she

conjectured that
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This conjecture was proved for £ = 2 by Thue [84, 55], for £ = 4 by Pansiot
[69], for 5 < ¢ < 11 by Ollagnier [68], for 12 < ¢ < 14 by Mohammad-
Noori and Currie [58], for ¢ > 33 by Carpi [20], for £ > 27 by Currie and
Rampersad [29, 27] and for the remaining cases independently by Currie
and Rampersad [28] as well as Rao [73].

Dejean’s conjecture implies that every infinite or sufficiently long word
over Ay contains an a-power with a > RT(¢). As RT(¢)-powers are unavoid-
able we call words over A, which are RT(¢)*-powerfree minimally repetitive.
Obviously, the set of all minimally repetitive words is of particular interest.
Ochem [64] proved the exponential growth of the number of elements of the
set of minimally repetitive words over As and A4. This implies that the
corresponding entropies are non-zero and in Case 7.3 and Case 7.6 we try
to compute their lower bounds by means of Kolpakov’s method [49].

Karhuméki and Shallit showed in [43] that for Ay the dividing line be-
tween polynomial and exponential growth is % This means that the set of
binary minimally repetitive, i.e. 2T-powerfree, words grows only polynomi-
ally and hence has zero entropy. Therefore, we deal in Case 7.4 with the set

. . + . .
of binary words which are % -powerfree. Since %—powers are unavoidable

for exponential growth, a %Jr—powerfree word is also referred to as binary

quasi-minimally repetitive word.

4.3.2. Lower Bounds for the Entropy via Powerfree Morphisms.
For the rest of this chapter, if not specified otherwise, let F stand for an
infinite set of k-powerfree or a™-powerfree words. A word w € F is called
powerfree in both cases and it will be clear from the context what is meant.
Since the set F is obviously factorial, the entropy h(F) exists. Until very re-
cently, all methods used to prove that h(F) is positive and to establish lower
bounds were based on powerfree morphisms. Clearly, a powerfree morphism,
iterated on a single letter, produces powerfree words of increasing length and
suffices to show the existence of infinite powerfree words. For example, the

fact that the Thue-Morse morphism (0.1) is overlapfree and hence cubefree
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shows the existence of overlapfree and cubefree words of arbitrary length in
two letters.

To prove that the entropy is actually positive, one has to show that the
number of powerfree words grows exponentially with their length. Essen-
tially, this is achieved by considering powerfree morphisms from a larger al-
phabet. The following theorem is a generalisation of Brandenburg’s method,
compare [18], and provides a path to produce lower bounds for the entropy

of k-powerfree words.

THEOREM 4.13. Let A and B be alphabets with |A| = t|B|, wheret > 1 is
an integer. If there exists an r-uniform k-powerfree morphism o: A* — B*,

then

PROOF. For this proof define h := h(F*)(B)), ¢(n) := cru ) (n) and
s := |B|. Label the elements of A as {ai1,...,a1¢,a21,...,02¢, ..., Q51 ..., 05}
and the elements of B as {b1,...,bs}. Define a map ¢ : A* — B* as
o(a;;) == b for i =1,...,s and j = 1,...,t. Hence [p~1(b;)| = t. Ev-
ery k-powerfree word of length m over B has ¢ different preimages under
¢ which, by construction, consist only of k-powerfree words. These words
are mapped by g, which is injective due to its k-powerfreeness, to different

k-powerfree words of length mr over B. This implies the inequality
(4.8) c(mr) > t"c(m)

for any m > 0 and means that

Hence
logc(mr)  logec(m)

r > logt

mr
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for any m > 0. Taking the limit as m — oo gives
(r—1)h > logt,

thus establishing the lower bound. O

This result means that, whenever we find a uniform k-powerfree mor-
phism from a sufficiently large alphabet, we have found a lower bound for
the entropy, and in particular we have shown that the entropy is strictly
positive. Clearly, the larger ¢ and the smaller r the better the bound, so
one is particularly interested in uniform k-powerfree morphisms from large
alphabets of minimal length.

Another method due to Brinkhuis [19], which is related to Brandenburg’s
method, can be generalised as follows. Let again B = {b1,...,bs} be an

alphabet and ¢t € N. For i € {1,...s} let
U = {Ui1,Uig, ..., Ui}

with U;; ¢ F®(B) C B*(r). The set % = {%,...%,} is called an
(k,r,t)-Brinkhuis-set if the r-uniform substitution (in the context of formal
language theory), compare for example [17, Sec. 3.2], o from B* to itself
defined by

0:bj— % for i=1,...,s
has the property o(F*)(B)) ¢ F*)(B). In other words % is an (k,r,t)-
Brinkhuis-set if the substitution of every letter b;, occurring in a k-powerfree

word, by an element of %; results in a k-powerfree word over B. The exis-

tence of a (k,r,t)-Brinkhuis-set delivers the lower bound

logt
r—1

h(FP(B)) >

because every k-powerfree word of length m is mapped to t™ powerfree

words of length rm; compare (4.8).
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The method of Brinkhuis is stronger than the method of Brandenburg.
Not every (k,r,t)-Brinkhuis-set implies a map according to Theorem 4.13,
since we only choose one word out of U;, see [17, p. 287] for an example.
Conversely, if there exists an r-uniform k-powerfree morphism ¢: A* — B*
according to Theorem 4.13, then there exists a (k, r, t)-Brinkhuis-set, namely
U = {o(an),...,0(air)} fori =1,..., s, with the notation of Theorem 4.13.

Brinkhuis’ method was applied in [36, 82]; see also Sections 7.1 and 7.2
for a summary of bounds obtained for binary cubefree and ternary squarefree
words. These bounds have in common that they are nowhere near the actual
value of the entropy, and while a systematic improvement is possible by
increasing the value of ¢ in Theorem 4.13 (which, however, also means that
one has to consider larger values of 7), it will always result in a much smaller
growth rate, because only a subset of words is obtained in this way.

In 2007 Kolpakov introduced a completely different approach [49], which
we will explain and generalise in Chapter 6. The lower bounds derived by

this approach are much better, in fact they are the best known so far.

4.3.3. Upper Bounds for the Entropy. A simple way to provide
upper bounds on the entropy of an infinite factorial set S C A} is based on
the enumeration of the elements of S up to some length. Clearly, the number
of words ¢(n) := cg(n) is bounded by ¢", so the corresponding entropy is
h(S) < log¢, as mentioned above. Suppose we know the actual value of ¢(n)

for some fixed n. Then, due to the factorial nature of the set .S,
c(mn) < c¢(n)™

for any m > 1. Hence

(4.9) h(S) = lim log c(mn) < log c(n)

m—00 mn n

I

which, for any n, yields an upper bound for h. Obviously, the larger the

value of n, the better the bound obtained in this way. In some cases, the
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bound can be slightly improved by considering words that overlap in a couple
of letters; see [4] for an example.

Recall that F stands for an infinite set of k-powerfree or a"-powerfree
words. In this case (4.9) leads to the following approximation of the entropy.

The sets
Sm = Sm(A) ={w € A" | every factor of w with length < m is powerfree}

form an outer approximation of F, ie. S, C S, for every pair m,n € N

with n > m and

(4.10) Sp=F.

1

P e

Note that obviously the sets S,, are factorial and F(n) = S,,(n) for all

n<m.

LEMMA 4.14. Let F stand for an infinite set of k-powerfree or o™ -

powerfree words and let Sy, be an outer approximation of F. Then
nlgnoo h(Sm) = h(F).
Proor. We will show that

hF) < h(Sm) < h(F)+¢

for any € > 0 and all m > M € N. Since F C S, we know that h(F) <
h(Sy,) for all m € N. By definition

lim L log(|F(n)]) = h(F),

so there is an M > 1 such that 47 log(|F(M)|) < h(F) +¢. For all m > M
we know that Sp, (M) = F(M) and hence with (4.9)

W(Sm) = lim Llog(|Sm(n)]) < 57 log [Sm(M)| = 57 log |F(M)] < h(F) +e.
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u  |ull] ul2 : n]

v v[l:n—1] v[n)

FIGURE 4.1. v as a descendant of u or u as an ancestor of v.

There are several methods to calculate sharper upper bounds for ternary
squarefree and binary cubefree words, see for example [63, 75, 67, 37],
which could be generalised. However, we prefer to present here a general
method to derive upper bounds for the entropy which, at the same time,
provides the first steps for the derivation of the lower bound in Chapter 6.
We will see in Chapter 7 that, compared to other methods, it delivers upper
bounds which are only slightly greater. The following definitions will be

central.

DEFINITION 4.15. Let n > 1 and u,v € F(n). We call v a descendant

of u and u an ancestor of v if
u2:n]=v[l:n—1] and wvn]=ul[llve F(n+1),

see Figure 4.1 for an illustration. Moreover, we call v a quasi-descendant
of u and u a quasi-ancestor of v, if v is isomorphic to some descendant of
u, i.e. there is a permutation of letters o : A* — A*, such that o(v) is a

descendant of u or equivalently u is an ancestor of o(v).

DEFINITION 4.16. A word w € F(n) is called open if the following holds:

(1) w has at least one ancestor and one descendant.

(2) At least one ancestor and one descendant of w is open.

For example the word 020 € F(?)(A3) is open, since we have the follow-
ing line of descendants: 020,201,010, 102, 020.

A word which is not open, is called closed in the following sense.

DEFINITION 4.17. A word w € F(n) is called right closed (left closed),

if w has no descendant (ancestor) or all descendants (ancestors) of w are
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right closed (left closed). A word w is called closed if it is right closed or
left closed.

For example the word 0102010 € F()(As3) is right and left closed.
Let 3 < m € N and recall from (4.6) that F'(m) stands for the set of
equivalence classes of powerfree words of length m. Now, we define the set

of open words among them as
(4.11) F'(m) :={w e F(m)|wisopen } = {ws,...,ws},

where we think of this set as ordered lexicographically.

DEFINITION 4.18. Let 3 < m € N. For F'(m) = {w1,...,ws} from

(4.11) define an s x s-matriz A, = (8;5), where

1, if w; is a quasi-ancestor of w;
5ij =
0, otherwise

As Ay, is a non-negative matriz it possesses a largest eigenvalue Ay > 0,

which is called Perron eigenvalue, see for example [54, Lemma 4.4.3].

A non-negative square matrix M is called irreducible, if for each ordered
pair of indices (i, j), there exists some n = n(i, j) > 0 such that (M"); ; > 0.
In this thesis we adopt the convention that for any matrix M° = id and so
the 1 x 1 matrix (0) is irreducible. Furthermore, a non-negative square
matrix M is called primitive, if M™ > 0 for some n > 0, i.e. every entry
of M™ is strictly greater than 0. For example by [54, Definition 4.5.7,
Theorem 4.5.8] we know that a matrix M is primitive if and only if M is

irreducible and aperiodic , i.e. for an index i
ged {n | (Mn)“ > O} =1.

We will show in Chapter 7 that for the examples we look at, the matrix
A, is primitive since it is irreducible and aperiodic. However, we will see

in Chatper 6 that we actually only need that A,, is irreducible. Already
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the Perron-Frobenius Theorem for irreducible matrices, see for example [54,
Theorem 4.2.3] or [46, Theorem 1.3.5], tells us what we need. Namely, the
largest eigenvalue A, of A,,, the Perron eigenvalue, is geometrically as well
as algebraically simple and possesses a strictly positive right eigenvector,
which is unique up to multiplication with a positive factor. Moreover, the
Perron eigenvalue A, > 0 is then the only eigenvalue of A,, with a non-
negative eigenvector.

We conclude this chapter with the following theorem, which shows how
all these definitions lead to an upper bound for the entropy of powerfree
words. The theorem will be proved in the course of Chapter 5, as it will be

easier to prove it in the context of symbolic dynamics.

THEOREM 4.19. Let F be an infinite set of either k-powerfree or o™ -
powerfree words. For 3 < m € N, let A,, be the matrix from Definition

4.18. If we denote the Perron eigenvalue of Ay, by A\, then

log(A\p) > h(F).



CHAPTER 5

Dynamical Aspects

In this chapter powerfree words are described by means of symbolic dy-
namics. It is shown that the entropy of a powerfree shift space coincides
with the combinatorial entropy of the corresponding set of powerfree words.
Moreover, we define dynamical systems which arise from substitutions. Al-
though these systems are suitable to show that there are infinitely many
powerfree words, we show that their entropy is zero. We conclude with a
section on topological entropy and show explicitly that for shift spaces the

combinatorial and topological entropy coincide.

5.1. Shift Spaces

5.1.1. Definitions. A bi-infinite sequence of letters from an alphabet
A is a map

r:7Z — A, i— x

and is denoted by = = (x;)icz Or & = ... T_9x_1T0x1T2 ..., compare [54].
The symbol x; is called the ith coordinate of x. We write a specific sequence

with a dot between the —1st and the Oth coordinate. For example
r=...01.32...

means that z_o = 0,z_1 = 1,290 = 3,21 = 2 and so on. The set of all bi-
infinite sequences of letters from A is called the full A-shift and is denoted
by

AL = {z = (2;)icz | zi € A for all i € Z} .

Each 2 € AZ is called a point of the full A-shift. The shift map o : A — A%
maps a point = to the point y = o(x) whose ith coordinate is y; = x;11.

117
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Thus o shifts every coordinate one place to the left. Of course there is also
the inverse operation o~! of shifting one place to the right.

If z € A% and w is a finite word over A, it is said that w occurs in or is
contained in x if there are indices i and j such that w = x[i : j]. Note that
the empty word e occurs in every point x, since £ = x[1 : 0]. Let F be a set
of finite words over A, which we will consider as the set of forbidden words.
For any such F, define X to be the subset of elements of A% which do not
contain any word of F. A shift space is a subset X of the full shift A% of
the form X = X for some set F' of forbidden words over A. For a given
shift space X there may be several different sets describing it. Note that
the empty set @ is a shift space, since F' can be A*. We say that a shift
space X is of finite type if there is a finite set F' such that X = Xp. In any
case, even if F' is infinite, it is countable since its elements can be arranged
in a list.

Clearly, shift spaces are shift invariant, meaning that o(Xr) = Xp.
When a shift space X is a subset of a shift space Y, it is called a subshift
of Y. We denote the set of words or blocks of length n which occur in some

point of a shift space X ¢ AZ as
Bn(X) :={we A" | |lw| =n,w occurs in some x € X} .

The set of all words occurring in some point of a shift space X is denoted
by
o0
B(X):= | Bu(X)
n=1

and is also called the language of X. Obviously, B(X) is factorial and hence

its entropy, compare Definition 4.12, exists.

5.1.2. Powerfree Shift Spaces. For £k € N and a € Q we define the
set of words over A which contain at least one k-power respectively one

aT-power as a factor as

(5.1)  Cc®(A)=A"\F®(A) and CCYA):= A"\ FCY(A).
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Their corresponding shift spaces Xc(k>( A) and Xc(>a>( A) consists of all k-
powerfree respectively at-powerfree elements of AZ. Note that these shift
spaces are of infinite type. To simplify the notation we write from now on
just F, if we mean the sets F*)(A) and F>(A). Analogously, C stands
for C¥)(A) and C>*)(A) simultaneously.

Although the shift spaces X¢ are not of finite type, we can approximate
them by shifts of finite type. Observe that C(m) denotes the set of words
of length m which contain at least one forbidden power as a factor and
that this set is finite. The shift space X¢(,,) consists of all points from A?
whose factors of length m are powerfree. Obviously, for m > n, we have

XC(m) C XC(n) and

(5.2) Xe = [ Xem) = X cm)-

m=1
Note that not necessarily all elements of F occur in points of the corre-

sponding shift spaces. We can characterise them as follows.

LEMMA 5.1. Let F and C stand for F®(A) and C*)(A) or FC(A)
and C>¥(A). A word w € F(m) is open if and only if w € B (Xe(m+1))-
(]

For example, the word 0102010 € F®)(Aj3), but it cannot occur as a
factor of a point in Xe@) (m) for m > 8 since it is closed, namely right and
left closed at the same time. Moreover, there are words which are only closed
to one side. For example, the word 01021201021 € F®)(Aj) is left closed
but not right closed, hence it cannot occur as factor of a point in Xc(z)(m)
for m > 12.

Note that the shift space X¢(,,41) is an m-step shift of finite type, i.e.
its set of forbidden words consists of words of length m + 1 only. Xe¢(n41)
can be described by the following graph, compare [54, Theorem 2.3.2.]: The
vertices are the elements of By, (X¢(m41)) = {w1,- .., w,}. Two vertices u,v

are linked by an edge, if u is an ancestor of v. Let I'y, = (755) be the
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adjacency matrix of this graph, i.e.

1, if w; is a ancestor of w;
Yij = ;
0, otherwise

and let T'?, stand for the identity matrix. Note that for n > m

gives the number of words of length n, occurring in points of X¢(,,,41), which
have w; as a prefix and w; as a suffix. In other words: (Fﬁ,?‘m)i,j counts
the number of paths, as a line of descendants, starting with w; and ending

in w;. Hence we have for n > m that

r

1Bo(Xeman) = Y (CH=™);;.
ig—=1

Recall the definition of the set F”(m) = {w1,...,ws} from (4.11) and note

that

(B (Xem+1)) = {wl,...,wp } = F'(m).
If e(4) for i € {1,...,s} denotes the number of words which are represented
by w; € F"(m), we have Y7, e(i) = r. Moreover, define

emaz ‘= lnglza%g e(i) and epin = 11%1;156(@)'

Explicitly, for every word w € By, (X¢(m+1)), there are e(i) words in By, (X¢(m41))
which are the image of w under a permutation of letters. Remember the ma-
trix A,, from Definition 4.18 and note that in this matrix equivalent words
are summarised so that we have

T S

emin 3 (AT < IBp(Xemin) = D T0™)is < emar > (AFT™); 5.
ij=1 ij=1 ij=1

We conclude with [54, Theorem 4.4.4] that

s

: 1 : 1 n—m
h(XC(m+1)) < nh—{go n log emax + nh—>nc}o n log(zjzl(Agn ))i,j) = log A,
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and similarly log Ay, < h(X¢(m41)), such that

(5.3) h(XC(m-‘rl)) = log Am.

Now, we are finally in a position to prove Theorem 4.19 on page 116.

PRrROOF. Recall from (4.10) the outer approximation S, of F. First of

all we show that
(5.4) M(Sm+1) = M Xem+1))-

From what we have said so far it is clear that B, (X¢(m41)) C Smt1(n). By
Lemma 5.1 the set B;,(X¢(m+1)) only contains open words, in the sense that
every factor of length m of an element of B, (X¢(mn41)) is open. We think
of w € Bn(X¢(mt1)) as w[l : m] followed by the last letter of the n —m
descendants of w(l : m].

Let w € Spp1(n) \ Bu(Xe(m+1))- If w[l : m] is right and left closed, then
wl[l : m] possess only a finite number of ancestors and descendants. Hence
there is an index N (w(1l : m]) such that w does not occur as a factor in any
word of Sp+1(n) for n > N(w[l : m]). If w[l : m] is left closed but not
right closed, then w|1 : m] possess an infinite row of descendants, but only a
finite number of ancestors. Let a(w[l : m]) be the number of ancestors and
d(w[1 : m]) be the number of the first descendant which is open. This word
exists since there is only a finite number of words in S,,+1(m) = F(m) and
with any repetition in the row of descendants we have found an open word.
So there are a(w[l : m]) +m+ d(w[l : m]) — 1 starting positions of words of
length n which might not occur in By, (X¢(m+1))- Analogously, if w[l : m] is
right closed but not left closed , let a(w[l : m|) be the number of the first an-
cestor which is open and let d(w[1 : m]) be the finite number of descendants.

With C := {w € F(m) | w is either left or right closed but not both} and
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D :={w € F(m) | w is left and right closed} we have
c= Z a(w[l:m])+m+d(w[l:m])—1
weC
and conclude that |Sp41(n) \ Bu(Xc(m+1))| < ¢ forall n > N := max N (w).

weD
Hence

h(Sm1) = lim Llog|Smi1(n)| = lim 5 log(|Ba(Xepni1y)l+¢) = h(Xegni1))-

With (4.10) and (5.3) this implies that log A\ = "M X¢(my1)) = M(Sm+1) =

h(XF) which completes the proof. O

By [54, Proposition 4.4.6] we know that

lim h(Xe(mi1)) = h(Xe).

m—00

So we obtain, with Lemma 4.14, the following result.

COROLLARY 5.2. Let F be an infinite set of either k-powerfree or a-
powerfree words and C the corresponding set of power containing words.
Then

h(F) = lim h(Sy)= lm h(Xepmi1)) = h(Xc).

m—0o0 m—00

O

5.1.3. Shifts as Dynamical Systems. In general, dynamical systems

are defined as follows.

DEFINITION 5.3. A (topological) dynamical system (M, ) consists of
a compact topological Hausdorff space M together with a continuous map
w: M — M. If ¢ is a homeomorphism we call (M, ) an invertible dy-

namical system.

Let X be a shift space, u € B(X) and ¢ € Z. Define a cylinder set over
X as

CX(u) == {95 € X | Tyiqjul-1 = U},
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i.e. CZX (u) is the set of points in which the word u occurs starting at position
i. The cylinder sets form a countable basis for a topology on the shift space
X, see [46, Section 1.1]. The following metric generates the topology. For
x,y € X define

27% if 2 # y and 7 is maximal so that T_ig) = Y[—i]

(5.5) d(z,y) :=
0 ife=y

Observe that for any x € X and any integer n > 0 we have that

By-n(@) = {y € X | d(z,y) <27}
(5.6)
= {y € X | Yonm = m[_n,n}} = Ci{n(x[_njn]).
Cylinder sets are clopen sets, i.e. they are open and closed at the same time.
As basis of the topology cylinder sets are open. To see that cylinder sets are
closed, observe that the complement is a countable union of cylinder sets
and hence open.

The metric from (5.5) captures the idea that points of a shift space are
close when large central blocks of their coordinates agree. A sequence of
points (x(”))neN in a shift space X converges exactly when, for each i > 0,
the central (2i + 1)-blocks stabilise, i.e. 2™ — z if and only if, for each

1 > 0, there is an n; such that

Ty = T
for all n > n;.

The shift map ox : X — X is continuous, since the following holds: If
two points in X are close, they agree on a large central block, hence their
images agree on a large central block just shifted one place to the left.

By [54, Theorem 6.1.21] we know that a subset of AZ is a shift space
if and only if it is shift-invariant and compact. With the metric d from

(5.5) a shiftspace X C A% is a compact metric space, and hence a compact
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Hausdorff space. Therefore, the shift map ox together with X form an

invertible dynamical system, referred to as shift dynamical system.

5.1.4. Shift Dynamical Systems Arising from Substitutions. Let
A be a finite alphabet. A morphism ¢ : A* — A* induces a map from AZ

to A%, which we also call p, by

o(x) :=...0(x_1).0(x0)o(x1) . ...

The map o is referred to as substitution on A. Note that o : AZ — AZ is
continuous.

A substitution ¢ on A is called irreducible, if for every pair of a,b € A
there is an n = n(a,b) € N such that ¢"(a) contains b. The substitution p
is said to be primitive, if there exits an n € N such that ¢"(a) contains b for
every a,b € A. Note that, in this case, n can be chosen independently of a
and b.

A finite word w € A* is called legal for the primitive substitution ¢ on
AZif it occurs as a factor of 0" (a) for some letter a € A and n € N. Legal
words have the property that they are mapped to legal words under the
substitution.

A point w € A% is called a fized point of a primitive substitution o on

A7 if o(w) = w and w_1.wy is a legal two-letter word of o.

PROPOSITION 5.4 ([7]). Let p be a primitive substitution on the alphabet
A with |A| > 2. Then there erists a point w € A” and n > 1 such that

w = " (w), i.e. w is a fized point of o". O

COROLLARY 5.5. If ¢ is a primitive substitution on the alphabet A with

|A| > 2, then the following holds:

(i) lim,— o |0"(a)| = oo for every letter a € A.

(ii) There exists a letter a € A and n € N so that " (a) begins with a.

O
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EXAMPLE 5.6. As already mentioned in the introduction, the Thue-

Morse substitution is a substitution on the alphabet Ay = {0,1} defined

by

0+ 01

t:
1~ 10.

Two distinct bi-infinite fixed points w and w are obtained as limits of the

iteration of 2,

0.0 2, 0110.0110 2, 0110100110010110.0110100110010110 2 e =W

1.0 il 1001.0110 2, 1001011001101001.0110100110010110 N e - w

EXAMPLE 5.7. Another famous substitution on As = {0,1} is defined

by

0+— 01

f:
1—0

and is called the Fibonacci substitution. Here, two distinct bi-infinite fixed

points w and W are again obtained as limits of the iteration of f?,

2

f? f? f?
0.0 +— 010.010 +~— 01001010.0100101001 +— ... +—

w
2

12 f2 12 ~
1.0 ~—01.010 +~— 01001.01001010 ... > =W

Let w € AZ be a fixed point of the primitive substitution p on A. Define

the closed orbit of w in AZ as

O(w) :={o™(w) | n € Z}.

By definition O(w) is a closed and shift-invariant subset of the compact
metric space AZ. Therefore O(w) is a shift-space, see [54, Theorem 6.1.21],
and (O(w), 00()) is a shift dynamical system; .

Now, we cite a result from [72, p. 105], which directly implies that the

entropy of the shift space O(w) vanishes.

PROPOSITION 5.8. Let w be the fixed point of some primitive substitution

0 on A and let c¢(n) be the complexity function of O(w). Then there exists
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a positive constant k such that

cn) <kn for every n > 1.

COROLLARY 5.9. Let w be the fized point of some primitive substitution

0 on A and let c(n) be the complexity function of O(w). Then
h(O(w)) = 0.

5.2. Topological Entropy

In this section we only state most of the results. For their proofs see for

example [86, Chapter 7] and [70, Section 6.3].

5.2.1. Open Covers. Let X be a non-empty compact topological Haus-
dorff space which is not empty. We are interested in open covers of X which
will be denoted by % or ¥. If % and ¥ are open covers of X their join
% NV is the open cover which consists of all sets of the form U NV where
Ué€ and V € ¥. Similarly we define the join \/}_; % of any finite set of
open covers of X.

An open cover % of X is a refinement of an open cover ¥, written as
% > V¥, if every member of U € % 1is a subset of some V € ¥. Hence
% NV > % for any open covers %, ¥ . Note that if ¥ is a subcover of Z
then v > % .

5.2.2. Entropy of an Open Cover. If % is an open cover of X let
N (%) be the number of sets in a finite subcover of X with smallest cardi-

nality. The entropy of % is defined by
H(%) :=1log N(%).

Note that
(i) HZ) >0
(iil) H(7) =0 if and only if N(%) =1 if and only if X € %.
(i) If ¥ < % then H(V) < H(%).
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(iv) H# vV V) < HW) + H(Y)

5.2.3. Entropy of Continuous Maps. If % is an open cover of X
and
T : X — X is continuous then T7'% is the open cover of X which consists
of all sets T~'U where U € % . Note that
Q) T-YwNvy)=T"Y%)vT (V)
(ii) > ¥ implies T~ (%) > T~Y(¥).
(iii) H(%) > H(T™'%). If T is also surjective then H(% ) = H(T~1%).

For —oo < m < n < oo, we define
n .
ur =\ T =T NT "y .. vT"Y.
i=m
THEOREM 5.10. Let X be a non-empty compact topological Hausdorff

space. If % is an open cover of X and T : X — X is continuous then

W, T) = lim ~H@)

n—o0 N,

exists, and h(% ,T) < H(%). O

DEFINITION 5.11. Let X be a non-empty compact topological Hausdorff
space. If T : X — X s continuous, the topological entropy of T is given
by

hiop(T) = S;p hZ,T)

where % ranges over all open covers of X.

Note that 0 < hyop(T) < oo and that it is sufficient to take the supremum
over finite open covers of X.
The following proposition provides a possibility to calculate topological

entropy.

PROPOSITION 5.12. Let X be a non-empty compact topological Hausdorff

space and let T : X — X be continuous. If {U.},cn is a refining sequence
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of open covers, i.e. U < WU < ... and for every finite open cover ¥ of X
there is an n € N such that ¥V < %,, then

hiop(T) = lim h(%,,T).

n—oo

We conclude this chapter with the following theorem which tells us that
for a shift space the topological entropy of its shift map and the combina-

torial entropy of Definition 4.12 coincide.

THEOREM 5.13. Let X C A” be a shift space and let ox = o be its shift
map. The topological entropy of ox equals the combinatorial entropy of X,
i.e.

hiop(ox) = h(X).

PRroOOF. For i € Ny define
U ={C_i(u) | u € Baiy1(X)},

where C_;(u) = C%;(u) are cylinder sets. Obviously, {Z},cy is a refining
sequence of open covers of X.

For —oo < m < n < oo the following holds:
W)ty = \| 0% = {C—sm(tm) N0 Cgin(un) | w5 € Boiy1 (X)}
j=m

={C_itm(u) | u € Bojyn—m+1(X)}

as lul=i+n—(—i+m)+1=2i+n—m+1. With % := % this implies
that % = (%)"; = %, and

(5.7) (%)5~" ={C-i(w) | u € Baiyn(X)} = 21"

A comparison of %" and (%)3"! leads to the relation H(%g ') <

H((2%)3™") which implies that h(%,0) < h(%,o). Hence for all i € N
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we infer with (5.7) that
WU ,0) < W(U,o) = lim —H((%);™")

1 . 1 4 .
= lim —H(#T" Y = lim ~H#Z™" v

n—oo n, n—oon
1 . . 1
< lim —(H#Z7 ™ Y+ H'TY) = lim —H(%™)
n—oo n, n—oon
=h(%,0),

which implies that h(%,0) = h(%;, o) for all i € N. As at least |B,(X)]
elements of the open cover %" = {Co(u) | u € B, (X)} are needed to cover

X, we infer that

hop(0) = lim (%, 0) = W%, 0) = lim ~H@) = h(X).

n—00 n—o0o N






CHAPTER 6

The Lower Bound for the Entropy

In this chapter we prove two theorems which provide a procedure to cal-
culate lower bounds for the entropy of integer and rational powerfree words.
We generalise and explain in detail Kolpakov’s ideas from [49], which start
with a Perron-Frobenius argument and lead, via several inductive steps, to
an estimate of the number of certain power containing words. This esti-
mation results in a procedure to calculate lower bounds for the entropy of
integer powerfree words as well as rational powerfree words.

We start by pointing out the basic idea of the proofs and proceed with
a reformulation of what we have to show. For technical reasons, we treat
integer and rational powerfree words separately.

Before we start off let us simplify some existing and set up some new
notation. From now on, if not specified otherwise, let F stand for an infi-
nite set of k-powerfree or at-powerfree words over an alphabet A,, where
k.l eNand a € Q. A word w € F is called powerfree in both cases and it
will be clear from the context what is meant. We will repeatedly need the

following sets:
(6.1) Ly := L (Ay)
= {v € A} | every factor u of v with |u| = m is open or u ¢ F(m)}
(6.2) Fppi=Fm(Ay) =L NF
(6.3) FW(n):={ve Fn|lv|=n,v=zw}
Recall from (4.6) and (4.11) that F'(m) stands for the set of equivalence

classes of powerfree words of length m and that F’(m) = {wi,...,ws}

denotes the set of open words among them.

131
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For every real number 3 we define
(64) |f] =max{ne€Z|n<pB} and [f]:=min{ne€Z|n>g}.

Repeatedly we will need the concept of multisets. A multiset is a set with
repeated elements. For example [0,0, 1,2, 2, 2] is a multiset. More precisely,
a finite multiset M on a set S with |S| = n elements is a function v : S — N
such that Y cgv(x) < co. One regards v(z) as the number of repetitions

of x and we write

M=[z1,....,%1,...,&Tn,..., Ty

v(z1) times v(xp) times
Of course the union as well as the intersection of multisets is again a multiset;
see [80] for details. Note that [0,0,1,2,2,2] stands for a multiset whereas

{0,0,1,2,2,2} = {0, 1,2} continues to denote a ‘normal’ set.

6.1. Strategy

6.1.1. Idea. The derivation of the lower bound for the entropy h(F)
is based on the following idea. Assume that A,, from Definition 4.18 is
irreducible. The Perron-Frobenius Theorem for irreducible matrices, see for
example [54, Theorem 4.2.3], tells us that the largest eigenvalue \,,, called
the Perron eigenvalue of A,,, possess a strictly positive right eigenvector
(21,...,xs), which is unique up to a positive multiple. Moreover, we assume
that A\, > 1 and normalise the eigenvector according to Y ;_; z; = 1.

For w; € F"(m) we define

(6.5) d(n) == 2| F{0) (n)]
=1

and note that

cr(n) = Y [FUI )] = D @il FL ()] = du(n).
=1 =1

Moreover, d,,(m) = 1 since by definition |.7-",S;U’)(m)| =1.
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The idea of this chapter is to show that for some v € (1, \;;,) and every

n > m the inequality
(6'6) dm(n + 1) > "Ydm(n)

holds. We conclude that

and hence

h(F) = lim Flog(cz(n)) > lim & log(dm(n)) = log(y)— lim "log(y) = log(),

thus providing the lower bound log(+y) for the entropy h(F).

6.1.2. Reformulation. The main task is to prove inequality (6.6).
The reformulation of this task requires the definition of the following sets.

For any w; € F”(m) and n > m we set
(6.7)

GW(n+1):={we L (n+1)|wl:nl,wn—m+1n+1] € F},
(6.8)

H(wi)(n +1):={we g(wi)(n +1) | w = uv where v ¢ F}.

Note that for w € G (n + 1), the powerfree prefix w[l : n] and the
powerfree suffix w[n —m+ 1,n 4+ 1] overlap on w[n —m + 1 : n|, which is an

ancestor of w;. Considering (6.3) makes it obvious that
(6.9 1) = 1609 (-4 1]~ [H) (0 + 1),
and hence we have

(6.10) d(n+1) = > 2|08 (n+ 1) =Y 2 K@D (n + 1))

=1 i=1

For 1 <i < s we define

(6.11) Qi) := {w € F'(m) | w is a quasi-ancestor of w;}.



134 6. THE LOWER BOUND FOR THE ENTROPY

If u,v € A} are isomorphic we have |.7-"7(# ) (n)| = \.7-"7(#) (n)| which implies
that
(6.12) G+l = D |IF ).

we (1)

With Definition 4.18 we infer that

s

Zs:m\g(wi)(n—i-l)\:Z(xi S IFEW M)

i=1 i=1 weQ(4)
511 (521 e (551 ‘f}(nwl)(n”
012 022 ... Og2 |7:a(nw2)(”)|
= (z1,...,25) | ‘ ' ‘
(6.13) '
515 523 e 553 ]fgus)(n)]

= (@1, ws) AL (FRY )] | F2 ()], Frs ()T

= M@, s) (IFRD )L FSD ()], FD )T

= A dm(n).
Since H“)(m + 1) = & and d,,(m) = 1 due to their definitions, we infer
that
(6.14) dp(m+1) = Apy.

Considering (6.10) and (6.13), we see that

S
(6.15) A (n+ 1) = Andin (n) = Y 2 HWD (n + 1))
i=1
Hence, in order to show (6.6), we have to estimate S5_; 2;|H () (n +1)| by
dm(n).
We now concentrate on the case of powerfree words for integer powers,

and consider the case of rational powers in Section 6.3.
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eF

FIGURE 6.1. v; € Vj(wi’)and b € B, with bu, = bu”.

6.2. Words Avoiding Integer Powers

Let in this section F = F*)(A,), where k € N and A, is an alphabet
with ¢ > 2 letters such that F is an infinite set. Moreover, let m,p,q € N

such that 2 < m <pand kp —m < q.

6.2.1. Polynomial. For the derivation of the lower bound we need to
define a particular polynomial. The proof of Theorem 6.1 below will provide

the motivation for its definition. We set
m—+1 m
(6.16) Ji={ ) 4, (gL

For every j € J and w; € F”(m) we define the set of all k-powers of minimal
period j, which do not have closed words of length m as factors:
Vj(wi) D= {v e L) | v = u* with u € F(j), per(v) :j}

(6.17)
={v1,...,0}.

Now, we define for 1 <t <o
(618) By = {bEAg ’b’l)t[lkj—l] Gfm}

Note that since bv[1 : kj—1] is k-powerfree we know that B; C Ay \ {v[j]},
see Figure 6.1 for an illustration. For j € Jyw; € F'(m) and 1 <t < o we
define the following multiset

Uj(w;) := U Uji(w;), where

(6.19) I=st=o
Ujt(w;) == [(bre[1 : m —1])" | b € B] € F"(m).
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Let n,(5) == >25—; xiegr)(wi), where ey) (w;) :== [{w, € Uj(w;)}|. We substi-

tute g(j) := kj — m and define

(172 + 1) = R[5 4k —m =2 g
Furthermore, we set for go < g < g¢q
nr(ﬁTm), if g + m is divisible by k,
0, otherwise ‘

Now, we are finally in a position to define inductively our polynomial
q
(6.20) PP (g) = Z 0g 7.
9=90
Recall that we denote by (x1,...,xs) the right strictly positive eigenvector

corresponding to the Perron eigenvalue A, of A,,. We set

(6.21) 0go := min (

and v, := 1.(go) —ogyxr for r € {1,...,s}. Let v := (v1,...,vs),V = Apv =
(1, ..., vy) and finally 7;/(go + 1) :== n;,(90 + 1) + 1.
Assume now that for some g — 1 with g9 < g—1 < ¢—1 we have already

computed the numbers gy, ..., 04—1 and n{(g),...,n’(g). Then we define

— min (729
(6.22) 0g = min (*5%)
so that all entries in v := (0} (g9) — 0421, ..., 1, (g) — 04s) are non-negative.

Let v/ := A, v = (v1/,...,05) and set for r € {1,...,s}
m(g+1) =mn(g+1)+".
For g = q, we define

(6.23) 0q = max (L@)
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Note that these definitions of the coefficients of the polynomial Pq(ff ’q)(a:)

ensure that it does not matter how the eigenvector (z1, ..., x,) is normalised.

6.2.2. The Lower Bound. The main result of this chapter is the fol-
lowing theorem. It is a generalisation of the method introduced in [49]
and basically gives a procedure to calculate lower bounds for the entropy of

integer powerfree words.

THEOREM 6.1. Let Ay be a finite alphabet with ¢ > 2 letters and let
k € N such that F = F®(A) is an infinite set. For m > 2 let A, be
the corresponding matrix from Definition 4.18. Let A, be irreducible and
denote its Perron eigenvalue by \,,. Moreover, for p,q € N with p > m and
q > kp — m construct the polynomial P,%)’Q) of (6.20). If for some~y € (1, \,)

and alln € {m,...,q+m —1}.

(6.24) dm(n +1) > vdm(n)
as well as
1
_ppa) 1y _
(6.25) Am — Py, (7) A(k=Dp—1(y(k=1) _ 1) =

then
h(F) > log(v).

PROOF. Recall that we intend to show that the inequality (6.24) holds
for every n € N since this gives us the lower bound log(7y) for the entropy
h(F). We argue by induction on n > ¢ + m > kp. The basis is given by

assumption (6.24). So assume that for m < i <n — 1 the inequality
i (i + 1) = ydia (i)

holds. This implies directly that for m <i<n—1

(6.26) > i)
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wll:n+1—(k—1)j —m)]

J J J
w T I I
w[ﬁl+2*kﬂ r ' w[ﬁt+272j] Tw[ﬁlJerj] w[ﬁl+1]

wn+1—(k—1)j] wln + 1 — j]

FIGURE 6.2. w € H;(w;) where j € J;.

Recall from Section 6.1.2 that we have to estimate 3 3_; 2;|H ) (n+1)|
by dyn(n). For any word w € H(")(n 4 1) we can find the shortest suffix of
w which is a k-power. Let v,, be this suffix. Since |w| =n + 1, per(v,) can
at most be L(R%I)J and because |wn —m+1:n+1]| = m + 1, we know
that per(v,) > L(L];H)J Hence we have L%J < per(vy) < L%J We

define

(6.27) H (0 +1) = {w e HO(n + 1) | per(vw) = 5}

for L%J <Jj< L(nzl)J, so that we can write

(6.28) H@) (n 4 1) = 3 H" (n 4 1).
[ i< 5]

Now, we distinguish

(1) Jl::{jEN\p<j§{WJ} and

(2) JQ::{jEN\[L];H)J<j§p}.

It would be possible to take p = m, but our estimation in case (2) is often
better and so it makes sense to exploit it as far as computationally possible.

Note that Jy C J from (6.16).



6.2. WORDS AVOIDING INTEGER POWERS 139

(1) We start by considering J;. Let w € Hg-wi)(n +1) with j € J;. We

know that j > m and hence
wn+1—kj+1:n+1—(k—1)j]

=wn+1—-(k—1)j+1:n+1—(k—2)j]

=wn+1—-j+1:n+1],

compare Figure 6.2.
This means that w; is not only a suffix of w, but also occurs in particular
at

wn+l—(k—1)j—-m+1:n+1-(k—1)j] =w;.

So w is determined uniquely by the prefix
wll:n+1—(k—1)j—m]

which implies that

(6.29) 1 (n 4+ 1)| < [FED(n+1 - (k- 1)j)].

Considering (6.26) this means
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S

Sa(Y M (1))

=1 jen1
<3 ai(Y |FEI (41— (k- 1)5)))
i=1 jen
=Y O wm|FP(n+1— (k- 1)j)))
(6.30) j&h =1
= Z dp(n+1—(k—1)7)
jeS1

dm(n)
= Z (k1)1
p<j<[(n+1)/k]
dm(n)

S D1 (4 D) — 1)

(2) Now, we consider Jy, which is the more complicated case.

Let w € H](wi)(n—kl) with j € Jo. Note that
wn+1l—kji+1l:n+1l]=wn—-Fkj+2:n+1]

is a k-power which has w; as a suffix. It contains, by definition of Hg»wi) (n+1),

no other k-powers as factors and we know, as w € cly i)(n + 1), that every

factor of length m is open. This means that win —kj+2:n+1] € Vj(wi)
)

and all possible k-powers of minimal period j are contained in V;.(u“ =

{v1,...,0}, see (6.17). For 1 <t < o define

Hgvgz)(n +1):= {w c H§wi)(n +1) |w= y’ut}

and let w € Hﬁ")(n—l—l). Note that y # ¢, since we assumed that j < p < @

Now, we follow the construction of the polynomial in Section 6.2.1. Let

u € Uj(w;), see (6.19), and note that w is determined uniquely by the prefix

w[l:n+1-kj|,
(n+1)

which is always a proper prefix since j < =~ and hence kj < n, compare

Figure 6.3 for an illustration. As win+1—kj] € By, see (6.18), and |u| = m,
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we have

H 1)< Y |FW (- kj+m)l.

uEUjﬂg (wz)
Thus

|H; (ue) n+1|—Z|le n+1)l< S [FWn—kj+m)l.

u€Uj (wi)
Moreover, we see that
(6.318)
>y M+ 1) < sz > X 1AM kitm)
i=1  jeJs i=1  jeJy uel;(w;)

:ZZ S | FW (n—kj+m)

JE€J2 i=1 ueU;(w;)

= ZZZ&?Z (w;)) \F(wT)(n—kj—i—m)]

jeJri=1r=1

—ZZZ% (wi))|FS2) (n — kj +m)))

jeJar=1 i=1

= Zm IFS (n = kj +m)])

EJQ’V‘ 1

ZZ% IR (n = g)|

g=go r=1

We will show now that this sum is majorized by

q
Z dim(n

9=90
Therefore, we first show by induction that for ¢ € {go,...,q —1}.

l+1 s

SN (@ F (n - )]

(6.32) 9=g0 r=1

s ¢
<SS+ DIFS (0= =D+ 0gdm(n

r=1 g=go

Note that in the proof of the inequality we only need that n > ¢ + 1.
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Ut

up ws s

i

wln + 1 — kj] Wi

FIGURE 6.3. w € H;i(w;) where j € Jo and v; = uf

/

Recall that we set gg, = minlg,«gs("rgo)) and that the vectors

v = (n1(90) — 0go%1, - -+ M1 (g90) — 0gox1) = (v1,...,vs) and

V= Apv=(v],...,V.)

are non-negative. Inserting these definitions gives
S
> i (g0)|F5) (n = go)
r=1

= 0godm(n — 90) — 0g0 Y 2| FL (0 — go)| + D nl.(g0)|F) (n — go))

r=1 r=1

= 0godim(n — g0) + >_(M(g0) — 060+ )|F (n — go))|

r=1
= ngdm(n - gO) + Zyrlfy(ﬁur)(n - 90)"

r=1

From (6.9) and (6.12) we know that for r =1,...,s

78 (n = go) <1GW (n—go)l = > 1FW (n—go—1)].
weQ(r)

Thus

s

> vl FL (n = go)l < D0 vr|G™) (n — go)| =
r=1 T

r=1

s

ve > |F(n—go— 1)
1 weg(r)

= Wiy vs) Al ((FSY (= go = D], i (n = go = DT

=Y VFE (n—g0 = 1)].
r=1
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If we recall that n//(go + 1) = n.(go + 1) + v, we can infer (6.32) for £ = gq:

go+1 s

SN @ FE (n - g)]

g=go r=1

= "0 (90)|FS (0 — go)| + > mh(go + DIFL) (n — go — 1))
r=1 r=1

= 0godm(n = go) + D vl F5 (n = go)| + D (90 + DIFL™) (n — go — 1)
r=1 r=1

< 0godm(n = go) + D v FN (n = go — DI + D mi(go + DIFR" (n — g0 — 1))
r=1 r=1
< an g0+ DIF (n—go — 1) + 0g0dm (1 — go)

Assume now that for some ¢ — 1 with g9 < £—1 < ¢ — 1 we have already

shown that (6.32) holds. Inserting the definitions gives

277 )|FSer) (n — 0)]

= ordm(n — 1) —gerTIF“’T |+ZTI )FR (n — 0)]
r=1

= 00 d( +Z ) — 00y | FSE) (n — 0)]

= 0rdm( +Zur|fwr n—{)|

From (6.9) and (6.12) we know that for h =1,...,s

F =0 <60 (=0l = 3 |F (-t -1)]
weQ(r)
and hence

s

S HFES -0 <Y o S FO (1)

r=1 r=1 we Q(’r‘)

=(1,...,08) AL (|F@) (n— 0= 1)],..., Fw)(n -t - 1))

= > = L= 1))

r=1
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Thus we get
Zn (OIFS (0~ £\+Zw+ DIFG (n— €= 1)]

= 0edm(n — ) + Z | FS) (n = 0)] + Zmﬁ(ﬁ + )| (n— €= 1)
r=1 r=1

< oedp(n —€) + 3 VLF (0 — 0= D[+ nl(0+ 1D|FS) (n — £ - 1))
r=1 r=1
—Zn (C+ DIFE (0 — €= )| + gr dm(n — 0),

which provides the induction step for (6.32):

l+1 s

S S 0@l FERD (n - g)]

g=go r=1

Y S @IFE )+ S+ DIFE £ 1)

g=go r=1 —1
<Zn" (0O)|FSr) (n — )] + Z oedim(n = g) + > L0+ 1)|FL) (n — 0 - 1))
g=4go r=1
/-1
—Z (O F (0 = 0)] + (0 + D|FLI i — = 1))+ Y ordim(n — g)
g=go
<Zn//£+1|}'wr(n_£_1)|+gg +de n—g

9=9go

Now we resume the estimation from (6.31) by applying (6.32) for ¢ = ¢ — 1:

ZZW IF (n—g \<Z?7 IFS™ (n |+Z@g

g=go r=1 g=do
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and
> (@) F8) (n - q)
r=1

= 0¢dm(n —q) —quxrlf“”“ (n—q) |+Z77 (@)|F5) (n— q)l
r=1 r=1

= 0gdm(n —q +Z q) — 0q@r)| F) (n — q)|

< qum(n - Q)‘

So we have finally shown that

S q
S e I A DS opdnln— )< 3 0, n_m .

(6.33) i=1 jeJ 9=90 9=90

= d(n) Y- 20 = du(m)PLO ().

g
9=go v

Note that, since go :kLWJ +hk-—m>k2E 1) +k-m=m+1-—
k+k—m=1, we know that n — gg < n — 1.
The combination of the result (6.30) for J; and the result (6.33) for J,

now implies that

Sl HO) (14 1)] < dm(n) (PPD (L) + s )

i=1
and hence
m(n+1) Zx,yg w4+ 1)) = 3 2 H™) (n + 1)
i=1
— () — 3 1O (1 1)
i=1
> dpn(n) (A — (PR (3) + —g=mo=r=mo—)
" " mo Ayl el )

> ’Ydm(n)a

which completes the proof. O

It can take very long to check computationally that the assumption

(6.24) holds. Alternatively, we can compute inductively 7, € R for
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n € {m,...,q+m— 1}, such that
(6.34) dm(n+ 1) > mdm(n),
and obtain a very good candidate for -y, namely

= min Th,-
T m<nStmo "

The procedure to calculate 7, which was only vaguely indicated in [49], was
clarified in an email discussion with [50] and reads as follows.

We know that dp,(m) = 1 and dy,(m + 1) = Ay, see (6.14). Hence we
define 7, := Ao Let n € {m,..., ¢+ m — 1} and assume that 7; for i < n

are already defined. So we set
_ n—1
d(n) := H T

and note that d,,(n) > d(n). Moreover, we have that

i(n)
dm(n) > dp(n — T =dm(n—qg)=
(n) > di( g)ezl;[g o = dom g)d(n_g)
and hence

Recall (6.15) and note that if we define the set H;(w;) as in (6.27), we

can write here also

H@) (n + 1) = 3 HD (0 + 1),

[t | | (k) |

Let n+1 = ak +0b where a,b € N and 0 < b < k. Note that L(nzl)J =a. To
simplify the notation we set jy := L%J + 1. Recall that g(j) = kj —m

and g(jo) = go-
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If b > 0 we can follow the reasoning of Case (2) and (6.31) and apply
(6.32). In detail we get with { =n —m —1

S e H 1) = 33w G 0 — k)

Jj=jo =1 Jj=jor=1

ak—m s

Z ZT]T‘ |wa _g)‘

g=go r=1
ak+b—1—m s

= Y Y r@Fm-g)

g=go r=1
ZZW )| F@) (0 — g)|
g=go r=1
n—m-—1
<Z77" m)|Fe(m)| + 3 ogdim(n — g)
g=go

If b = 0 we can only follow the arguments of (6.31) and apply (6.32) for

n+1

periods j < For the estimation of the period "TH = a we proceed as

follows. Let
Wo(w;) = {(v[l :m)) |v e Va(wi)] =[y1,- Y|
Obviously,

|H) (0 + 1) |<Z\]—"(yt (m)| =r.
t=1

With £ (w;) = | {wy € Wa(w;)}| and 0(a) == S5, 2 £ (w;) we see that
ch [HE 0+ 1)) < Z me IFS ()]

—Zzwzf (wi) [ F (m)]

t=1i=1

= 0:(a)
t=1
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Here, by following (6.31) and applying (6.32) with £ = n — m — 1, we infer

that
Z Z xiH§wi) (n + 1)
Jj=jo i=1
a—1 s
—ZZnt (DIF@) (0 — kj +m) \—i—Z:p@ HWD (n 4 1)
Jj=jo t=1 i=1
(a—1)k—m s
= > Zm )F (0 — g |+Zet
g=go t= t=1
—ZZnt ‘}-(wz H‘Z@t
g=go t=1
n—m—1
<Zn m)|FL0) (m)] + > 0gdm(n — g+29t
9=90

Note that n'(g) =0 for (a—1Dk+1-m<g<(a—1)k+k—1—m=n—m.
With
Zf:l Uél(n—m) +Z§:1 0t<a)7 n+1= ak?

(6.36)  O(n+1):=
iz (n—m), otherwise

we can write the general case as follows:

n—m—1

(6.37) lemw (n+DI< > ogdm(n—g)+6(n+1)
9g=go

This implies with (6.15) and (6.35) that

dm (n~|—1) et -9) O(Mmr+1)
o (1) gzgo 0 dm n) dom (1)
"I dmn—g) O(n+1)
" A YT e
n—m-—1
=\ — gd n— O(n
dm<n> ( 2 ol a) vt >)

So we define

n—m—1
(6.38)  mim A — ( ) gga(n—g)+@(n+1)>.
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If the calculation of 7, for n € {m,..., g+ m — 1} reveals that 7, > v we

can infer from d,,(n + 1) > 7,d;n(n) that (6.6) holds.

6.3. Words Avoiding Rational Powers

In this section let o € Q such that o =k + ¢ > 1 with k,a,b € N where
ged(a,b) = 1. Moreover, let F = FCY(A,), where Ay is an alphabet with
£ > 2 letters such that F is an infinite set. Furthermore let m, p, ¢ € N such
that

6.3.1. Polynomial. Analogously to Section 6.2.1 the derivation of the
lower bound requires the definition of a particular polynomial. Here, the
proof of Theorem 6.2 below will motivate its definition.

The shortest forbidden powers will play a major role in what follows. Let
y be such a power with per(y) = j. Obviously, y has the structure y = u*v,

where |u| = j and h]/—‘ > a. We see that
lyl=laj] +1 and [o]=|%]+1.
Let
(6.39) Ji={jeN|ml <j<atml,

For every j € J and w; € F”(m) we define the set of all shortest forbidden
powers of minimal period j, which have the word w; as a suffix and neither

contain other forbidden powers as factors nor closed words of length m:

ViD= {y e L) |y = ubv with u € F(5), per(y) = j}
(6.40)
={y1- Yo} -

Now, we define for 1 <t <o

(6.41) Byi=1{be Ay |by[l:|aj]] € Ful}.
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Note that since by[1 : |aj]] is a-powerfree we know that By C Ay \ {y:[j]}-
For j € Jyw; € F'(m) and 1 <t < o we define the multiset
Uj(w;) = U Ujt(w;), where
1<t<o

Uji(w;) == [(by[l : m —1])" | b € B] € F"(m).

Let n,(j) :==>i, a:iey) (w;), where egr) (w;) = |{w, € Uj(w;)}|. We substi-

tute g(j) := |aj| + 1 — m and define
9(| 2 ) =: 90

Note that since a > 1 the substitution g is injective. Hence, for gy < g < ¢
we can set
, nr(j), if there exists a j € J with g(j) =g
ne(9) = .
0, otherwise
Now, in complete analogy to Section 6.2.1, we define the polynomial

q

(6.42) PP (z) = > og a9,

9=90
where the coefficients are inductively determined as in (6.21), (6.22) and

(6.23).

6.3.2. The Lower Bound. The main result of this section is the fol-
lowing Theorem 6.2. It is analogous to Theorem 6.1 and provides a way to

calculate lower bounds for the entropy of a™-powerfree words.

THEOREM 6.2. Let o € Q such that « = k + § > 1 with k,a,b € N
where ged(a,b) = 1. Moreover, let F = FCY(Ay), where Ay is a finite
alphabet with £ > 2 letters such that F is an infinite set. For m > 2 let A,
be the corresponding matriz from Definition 4.18. Let A,, be irreducible,

denote its Perron eigenvalue by Ay, its strictly positive right eigenvector by

maxlgigs Z;
miny<i<s @i

(z1,...,s), and define p := Furthermore, for p,q € N with

D> W(k—ll) — 1 and g > |ap] + 1 — m construct the polynomial P%’q)
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from (6.42). If for some v € (1, A\p,) and alln € {m,...,q+m — 1}

(6.43) dmn(n+1) > vdpy(n)
as well as

)\m_qurIL)’q)(%)_MZ \‘]‘;JJ Z’y’ Zf 2>a>1 or
(6.44) et

l 1

_pa(ly _ ;

o> 2

then
h(F) > log(y).

Proor. This theorem is proved almost analogously to Theorem 6.1.
Therefore, we restrict ourselves to pointing out what is different in this
case.

To show that the inequality (6.43) holds for every n € N, we argue
by induction on n > ¢+ m > |ap| + 1 . Again, we have to estimate

S8 2| HW) (n 4 1)| by dp(n). For w € H™)(n + 1) denote by

Yw = utv

the shortest forbidden a"-power, which is a suffix of w. Note that necessarily

|u| = per(yy). Since

|yw| < n+1
&< per(yw) — per(yw)

we infer that per(y,) < %! and hence per(y,) < [(nl—l)w _1
Because wjn —m+1:n+1] € Fand lwn—m+1:n+1]| =m+1, we
know that |y,| = |aper(yy)] +1 > m + 2 and hence per(y,,) > {7(’”;1)]

Overall, we have

(6.45) (D] < per(y) < [E2] - 1.

«

In the estimation of Hj(wi)(n +1) := {w € 'H(wi)(n +1) | per(yw) = j} we

distinguish
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u u
w e [ o] |
wll:n+1—(k—1)j—m)] Wi w;
FIGURE 6.4. k > 2,w € H;(w;) where j € J;, y = uFv and
ul = J.
u
w v v
%/—/

wll:n+1— v Wi

FIGURE 6.5. k = 1,w € H;(w;) where j € J1, y = uFv and
uf = J.

(1) J={jeN|[p<j<|®

U] -1} and

(2) he={jeN|[D]<j<p)

Note that Jy C J from (6.39).
(1) Again consider first the set J;. Let j € Jj, which means that
(a — 1)j > m. Moreover, let
S
we M= JH"(n+1)
i=1
which is a disjoint union.

If @ > 2 the word w is completely determined by
wll:n4+1—=(Jo]+ (k= 2)[ul+ (ju| = [v]) + m)] = w[l : n+1—(k—1)j —m],

compare Figure 6.4. Hence |H§»wi)(n +1)] < |[F) (n+1— (k — 1)j)|, which

is exactly (6.29). So we follow the arguments from there, which results in

(wz dm(”
Z%ZIH (n+1)]) < A=D1 (=1 — 1)

=1 j€N
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If o < 2 we infer that o = 1+ ¢ and %j > m. Moreover, w is completely
determined by
wllin+1— o) = w[t:n—|%]),

see Figure 6.5, and
wn+2-m—j:n+l—jl=w,=wn+2—-—m:n+1J.

If we set

M= {we Futn— |%9]) [wln+2-m—j] =0,wn+3-m-j] =1}

we clearly see that |[M;]| < [M/]. Let

MY = {wefm(n— {%J) lwn+1—m— {%J]zO,m[n%—?—m— V’—ij] :1}.

Obviously, there is a bijection between M; and ./\/l;»/, since both fix two

letters at different positions. Since M = U Fswi) (n — {%J) we infer that

Myl < 1M = M5 = ST I (0= | ).

i=1
Moreover,
(112223 x;) zs: ‘fr(nwi)(n — {%J” < zs: $z|fr(;}bvl)(n - \‘%J)’ = dm(n — {%J)
<i< Pt i=1

inir- |3

implies that |M;| < —
ming <;<s T

. Overall, we have that

>l (D] < max a3 M| < udn(n— [ ])

i=1
and hence
- w; aj 1
(646) 3 3w M+ 1) < p Y dmn— | L)) < pdm(n) S — -
jeJy i=1 j€ Jj>p {TJ

y
Case (2) and the rest of the proof is done analogously to the correspond-

ing part of the proof of Theorem 6.1. U
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Analogously to the k-powerfree case, we can compute 7, € R inductively

for n € {m,...,q+ m — 1}, such that
dm(n+1) > 7dp(n)

as follows. Again, we follow the reasoning of the k-powerfree case and con-
centrate on what is different for a™-powerfree words.

We know that dp,(m) = 1 and dy,(m + 1) = Ay, see (6.14). Hence we
define 7,,, := A\. Let n € {m,...,q+m — 1} and assume that 7; for i < n

are already defined. So we set
n—1
“TI=
i=m
Considering (6.45) we see that

H@) (4 1) = 3 H (0 + 1),
(m—+1) <j< (n+1)

To simplify the notation, we set jp := [MW and c¢(n+1) := PLTHW — 1.
If |ac(n 4+ 1)] < n, we know that |y| = |ac(n +1)] +1 < n+ 1 and

hence we can follow the arguments of (6.31) and apply (6.32). Recall that

9(j) = laj| +1—m and g(jo) = go. Note that g(c) < n—m. In detail, with

f=n—m—1, we get

S S 1) = 3 S e GIF (n— Lag] — 14 m)

Jj=jo =1 Jj=jor=1

g(c) s

=3 > n@)F") (n - g)]

9=go r=1

n—m S

<> (@)l F ) (n - g)]

g9=go r=1

n—m—1

<Zn”n* JFLEI )+ D 0gdm(n — g).

9=90
If |ac(n + 1)] = n, we can only follow the reasoning of (6.31) and apply
(6.32) for periods j < ¢(n+1). For the estimation of the period ¢ := ¢(n+1)
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we proceed as follows. Define the multiset
We(w) o= [(@[L:m)) | v e V] = [y, u].

Obviously,
|HD (0 +1)] < Z\}'”T m)| = t.

r=1

With fc(r) (wi) = |[{w, € We(w;)}| and 6,(c) :=>7 xl-fc(r) (w;) we see that
Do xiHE (4 1) < 3w Yo S (wi)| F (m)
=1 =1 r=1
=33 @ f1 (wy) | FL) (m)

r=1i=1

= Z 0r(c)
r=1

Here, we infer by following the arguments of (6.31) and applying (6.32) with

{=n—m—1 that

> Y wiH 1)

Jj=jo =1
_sz |.7:w1)n—La]J—1—|—m|—|—ZxH(w’ (n+1)
Jj=Jjor=1 i=1
g(c—1) s
Z an \]—'(wl (n—g |+Z€
g=go r=1
<3 S I g\+20
g=go r=1 r=1
n—m-—1 s
<Z77 m)|Fe(m) 4+ D ogdm(n—g) + > 0,(c)
9=490 r=1

With

(6.47) O(n+1):= anl(n—m)+37_16,(c), |ac(n+1)]=n

r—1 1 (n —m), otherwise

we follow exactly the reasoning of the k-powerfree case, which results in
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n—m—1
(6.48) Tp = A — ; ( Z an(n —g)+0(n+ 1)) .
d(n) \ g=g

Again, if the calculation of 7, for n € {m,...,q+ m — 1} reveals that 7, > ~
we can infer from d,(n + 1) > 7,d,,(n) that (6.6) holds.
In the following chapter, we apply Theorems 6.1 and 6.2 to the six cases

introduced above in Section 4.3.1.



CHAPTER 7

Computational Application and Bounds

In this chapter we consider upper and lower bounds for the entropy of

the following sets, which were introduced in Section 4.3.1.:

7.1

FG) (A3) - Cubefree words over Ay = {0,1}

7.2 FO(A3) -
7
1

Squarefree words over Az = {0,1,2}

7.3 ) - (1)T-powerfree words over Aj

FCD(A3) -
74 FCI(Ay) - (%) T-powerfree words over A,
7.5 F@(A,) - Squarefree words over Ay = {0,1,2,3}

7.6 .7-"(>%)(A4) - (I)T-powerfree words over A4
We start with the two classical cases, binary cubefree words in Section 7.1
and ternary squarefree words in Section 7.2. We review the bounds derived
by the various approaches mentioned in previous chapters and present the
best upper and lower bounds known so far. For the lower bounds our calcu-
lations confirm Kolpakov’s results from [49] exactly. However, for ternary
minimally repetitive words, see Section 7.3, our intermediate results differ
slightly from Kolpakov’s, but nevertheless the resulting lower bound coin-
cides with his. Moreover, in Sections 7.4, 7.5 and 7.6 we analyse sets which
have not been studied yet with respect to finding the best upper and lower
bounds for their entropy.

The derivation of the bounds relies on computations that were realised

in the programming language Python. The code is available on request.

7.1. Binary Cubefree Words

Define for this section h := h(F (3) (A2)) as the entropy of cubefree words

over the alphabet Ay and c(n) := c n) as the number of binary

(Az)(

cubefree words of length n. The values for ¢(n) with n < 47 are given

157
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in [31]; an extended list for n < 80 is shown in Table 7.1. Moreover, the

sequence is listed as [78, entry A028445].

TABLE 7.1. The number ¢(n) of binary cubefree words of
length n for n < 80.

n  c(n) n  c(n) n c(n) n c(n)
1 2 21 7754 41 14565048 61 27286212876
2 4 22 11320 42 21229606 62 39771765144
3 6 23 16502 43 30943516 63 57970429078
4 10 24 24054 44 45102942 64 84496383550
) 16 25 35058 45 65741224 65 123160009324
6 24 26 51144 46 95822908 66 179515213688
7 36 27 74540 47 139669094 67 261657313212
8 56 28 108664 48 203577756 68 381385767316
9 80 29 1568372 49 296731624 69 555899236430
10 118 30 230800 50 432509818 70 810266077890
11 174 31 336480 o1 630416412 71 1181025420772
12 254 32 490458 52 918879170 72 1721435861086
13 378 33 714856 53 1339338164 73 2509125828902
14 554 34 1041910 54 1952190408 74 3657244826158
15 802 35 1518840 55 2845468908 75 5330716904964
16 1168 36 2213868 56 4147490274 76 7769931925578
17 1716 37 3226896 57 6045283704 77 11325276352154
18 2502 38 4703372 58 8811472958 78 16507465616784
19 3650 39 6855388 59 12843405058 79 24060906866922
20 5324 40 9992596 60 18720255398 80 35070631260904

7.1.1. Upper Bound. According to (4.9), the best upper limit for the

entropy h, based on Table 7.1, is

h <

< log c(()80)

~ 0.389855.

For comparison, the limit obtained using the number of words of length 79

is 0.390020, which indicates that these limits are still considerably larger

than the actual value of h.

Already in 1983, Brandenburg showed that

2.25 <¢(n) <2-125117
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which leads in our setting to 0.07702 < h < 0.41951. The currently best
upper bound is due to Edlin [31] and Ochem and Reix [64]. They obtained
an upper bound on the growth rate of 1.457579201, which corresponds to
the bound

(7.1) h < 0.376776978

on the entropy. We managed to calculate the Perron eigenvalue of the matrix
A, from Definition 4.18 up to m = 40. According to Theorem 4.19, Ay =
1.457587595 results in the upper bound

h < 0.376782736

which is only slightly greater than the bound of (7.1). We would expect to
improve this value by calculating A, for greater m, however this requires

huge computational effort.

7.1.2. Lower Bound. We now move on to the lower bound and cube-
free morphisms. We have already seen one example, the Thue-Morse mor-
phism, recall (0.1), which is a cubefree morphism from a binary alphabet
to a binary alphabet. As explained in Section 4.3.2, it is useful to find uni-
form cubefree morphisms from larger alphabets, because these provide lower
bounds on the entropy. Clearly, if we have an r-uniform cubefree morphism
0: A; — A3, it is completely specified by the £ words w;, 1 < ¢ < £, which
are the images of the letters in Ay. Since any permutation of the letters in Ay
will again yield a uniform cubefree morphism, the set {wy,...,w,} C A%(r)

of generating words determines the morphism up to permutation of the let-

ters in Ay.
Moreover, the set {wy,...,w,}, where w denotes the image of w under
the permutation 0 < 1, also defines cubefree morphisms, as does {wy, ..., w, },

where w denotes the reversal of w, i.e., the words w read backwards. This is
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obvious because the test-sets of Theorem 4.9 are invariant under these op-
erations. Unless the words are palindromic (which means that w = w), the
set {wy,...,w,} thus represents four different morphisms (not taking into
account permutation of letters in Ay), the fourth obtained by performing
both operations, yielding {wy, ..., @, }.

For cubefree morphisms from a three-letter alphabet Ag to two letters,
one needs words of length at least six. For length six, there are twelve
inequivalent (with respect to the permutation of letters in Ags) cubefree

morphisms. The corresponding sets of generating words are

{w17w27w4}7 {w27W37w:3}7 {w27w737w4}7

and the corresponding images under the two operations explained above.

Here, the four words are
wy = 001011, we = 001101, w3 = 010110, w4 = 011001.

It turns out that none of these morphisms actually satisfy the sufficient
criterion of Theorem 4.7, but cubefreeness was verified using the test set of
Theorem 4.9.

One has to go to length nine to find cubefree morphisms from four to two
letters. There are 16 in-equivalent morphisms with respect to permutations

of the four letters. Explicitly, they are given by the generating sets

{w17 ’LUQ,UJ:Q, U):?,}, {UJ4,U)76, 'UJ77, w79}a {w57w757 w83w78}7

(7.2) N -
{w5>w75aa7é7w78}7 {%a@)wigawg}
with words
w1 = 001001101, we = 001010011, wsg = 001011001,
wyq = 001101001, ws = 010010110, we = 010011010,

wy = 010100110, wg = 011001001, wg = 011010110.
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Note that wy = wy is a palindrome, and that two of the five sets are invariant
under the permutation 0 «<» 1, which explains why they only represent 16
different morphisms.

Beyond four letters, the test set of Theorem 4.9 becomes unwieldy, but
the sufficient criterion of Theorem 4.7 can be used to obtain morphisms.
However, these may not have the optimal length, as the examples here show
— again for length nine all morphisms violate the conditions of Theorem 4.7.
Still, this need not be the case; for instance, morphisms from a five-letter
alphabet that satisfy the sufficient criterion exist for length 12, which in this
case is the optimal length.

As a consequence of Theorem 4.13, the morphisms (7.2) from a four
letter alphabet show that the entropy of cubefree binary words is positive,

and that
b log 2

~ 0.08664.
- 8

Using the sufficient condition, this bound can be improved. For instance,
for length 15, one can find cubefree morphisms from 10 letters, which yields

a lower bound of

log b

h > ~ 0.11496.

However, compared to the best upper bound in (7.1) this bound is unsatis-
factory.

Much better lower bounds are delivered by Theorem 6.1. For m =
35, we calculated the matrix A,,, whose dimension is |F"(35)| = 732274,
and checked computationally that it is irreducible and aperiodic. Its Per-
ron eigenvalue is Az5 = 1.45759871346. Since Theorem 6.1 requires that
p>m =35 and ¢ > 3p — m we choose p = 35 and ¢ = 70. We calculated
PED of (6.20) with the following result.
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PO (1) = 0.890340372 2% + 1.398381650 2°7 + 1.096456371 %5+
30.292784422 240 + 2533686573 ! + 1.296919173 42+
28.893958329 243 + 22.780261551 2 + 10.699704398 247+
64.314464491 217 4 92.853910037 2% + 91.743094160 2°°+
67.688386637 z°! 4 48.613344815 2°2 + 68.285930293 273+
113.239315726 z°* + 144.612325329 2:°¢ + 346.136318272 2%+
173.468149479 5% 4 465.000387913 299 + 134.993652948 %1 +
224.831968847 2%2 + 585.928350644 2% + 355.591901030 5%+
1335.518621400 2°7 + 343.074472809 258 + 2202.468158894 5%+

11098.126368881

This polynomial coincides with Kolpakov’s polynomial in [49].
For the results of the calculation of 7, for n € {35,...,104} see Table 7.2.
As 133 = 1.457567648 is the lowest value we conclude with 138 > v =
1.457567 that
d3s(n +1) > ydss(n)

for all n € {35,...,104}. It is easy to check computationally that

(35,70) (1 1
o =P (3) - ey 27

and hence Theorem 6.1 gives the lower bound
log(y) ~ 0.376768607,

which is the best lower bound so far. The difference between this bound and
the best upper bound, see (7.1), is less than 8.4 x 1079, showing the huge

improvement over the previously available estimates.



TABLE 7.2. 7,

7.2. TERNARY SQUAREFREE WORDS

for binary cubefree words of length
n € {35,...,104}, 735 has the lowest value in the table.

Tn

n

Tn

n

Tn

35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
o7
58

1.457598713
1.457598713
1.457598713

1.457567648

1.457598713
1.457586935
1.457571424
1.457581866
1.457582750
1.457572786
1.457579086
1.457578947
1.457576440
1.457578364
1.457578158
1.457576963
1.457577784
1.457577857
1.457576839
1.457577482
1.457577485
1.457577170
1.457577405
1.457577378

59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82

1.457577241
1.457577338
1.457577353
1.457577244
1.457577306
1.457577306
1.457577274
1.457577300
1.457577295
1.457577280
1.457577290
1.457577292
1.457577281
1.457577287
1.457577286
1.457577283
1.457577285
1.457577284
1.457577283
1.457577283
1.457577284
1.457577282
1.457577283
1.457577283

83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104

1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282
1.457577282

COROLLARY 7.1. The entropy of binary cubefree words is

h(F®(Ag)) = 0.37677 (1).

7.2. Ternary Squarefree Words

163

For this section, let the entropy of squarefree words over the alphabet

A3 be denoted by h := h(F (2)(A3)) and the number of ternary squarefree

words of length n by ¢(n) := c]_.(Q)(A?))(n). See [4] for a list of ¢(n) for n < 90

and [36] for a list of ¢(n) for 91 < n < 110. Moreover, the sequence is listed

as [78, entry A06156].
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7.2.1. Upper Bounds. Already in 1983, Brandenburg [18] showed
that
6-222 < a(n) <6-11722

which leads in our setting to

0.03151 < h < 0.32120.

In 1999, Noonan and Zeilberger [63] lowered the upper bound to 0.26391 by
means of generating functions for the number of words avoiding squares of
up to length 23. Grimm and Richard [75] used the same method to improve
the upper bound to 0.263855. At the moment, the best known upper bound

is
(7.3) h < 0.263740

which was established by Ochem in 2006 using an approach based on the
transfer matrix method, see [64] for details.

We managed to calculate the Perron eigenvalue of the matrix A,, from
Definition 4.18 up to m = 55. According to Theorem 4.19, As5 = 1.30183467

results in the upper bound
h <0.263775

which is only slightly greater than the bound of (7.3). Again, we would
expect to improve this value by calculating A,, for greater m, however this

requires huge computational effort.

7.2.2. Lower Bound. In 1998, Zeilberger showed that a Brinkhuis
pair of length 18 exists, which by Theorem 4.13 implies that the entropy is
bounded by h > log(2)/17 ~ 0.04077 [32]. By going to larger alphabets,
this was subsequently improved to h > log(65)/40 ~ 0.10436 by Grimm [36]
and h > log(110)/42 ~ 0.11192 by Sun [82].



Again, the recent work of Kolpakov [49] has made a large difference
to the lower bounds. We recalculated his results independently for m =
45,p = 52 and ¢ = 60. The matrix Ay; has dimension |[F”(45)| = 277316
and is irreducible as well as aperiodic, which we checked computationally.
Its Perron eigenvalue is Ay5 = 1.30201063562. We calculated the polynomial

P9 of (6.20) with the following result, which coincides with Kolpakov’s

in [49],

p(52,60)

45

7.2. TERNARY SQUAREFREE WORDS

(z) = 3.759478878 2 + 3.176743177 2*° + 6.048525515 2+

7.120005082 z*® + 14.679230021 2°° + 41.594269716 2°2+

37.431675327 55 4 40.471891525 2°5 + 32.780085498 55+

5.235192989 279 + 275.705550875 2%°.

TABLE 7.3. 7, for ternary squarefree words
n € {45,...,104}, 747 has the lowest value in the table.

of length

n

Tn

n

Tn

n

Tn

45
46
47
48
49
50
51
52
53
54
95
56
o7
58
99
60
61
62
63
64

1.302010636
1.302010636

1.301731377

1.302010636
1.301756981
1.301886615
1.301787341
1.301866606
1.301801609
1.301848713
1.301789005
1.301837273
1.301775049
1.301817493
1.301754764
1.301798867
1.301752252
1.301789332
1.301757832
1.301781712

65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84

1.301767180
1.301778798
1.301766723
1.301775867
1.301762840
1.301771850
1.301760827
1.301769119
1.301761444
1.301767196
1.301762138
1.301765986
1.301762703
1.301765280
1.301762266
1.301764391
1.301761830
1.301763605
1.301761342
1.301762917

85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104

1.301761297
1.301762443
1.301761345
1.301762126
1.301761338
1.301761874
1.301761212
1.301761627
1.301761070
1.301761415
1.301760949
1.301761235
1.301760881
1.301761097
1.301760839
1.301760998
1.301760809
1.301760916
1.301760770
1.301760852

For the results of the calculation of 7, for n € {45,...,104} see Table 7.3.

As 1y7 = 1.301731377 is the smallest value we conclude with 747 > ~ =
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1.30173 that
d45(n + 1) 2 ’yd45(n)

for all n € {45,...,104}. It is easy to check computationally that
1

Ay — P(3260) (1) _ >

45 P45 ('Y) 751(7 — 1) =27

and hence Theorem 6.1 gives the lower bound
log() ~ 0.263694,

which is the best lower bound so far. The difference between this bound
and the best upper bound, see (7.3), is less than 5 x 1072, showing the huge

improvement over the previously available estimates.

COROLLARY 7.2. The entropy of ternary squarefree words is
h(FP(Asz)) = 0.2637 (1).

7.3. Ternary Minimally Repetitive Words

For this section define h := h(F (>£)(A3)) as the entropy of minimally

repetitive words over the alphabet Az and c¢(n) := (n) as the

(& 7
FOD (Ag)
number of ternary minimally repetitive words of length n. The values for

¢(n) with n < 73 are given in Table 7.4.

7.3.1. Upper Bound. According to (4.9), the best upper limit for the

entropy h, based on Table 7.4, is

h< 1oge(73) 264135331

73

Our best upper limit obtained by calculating the Perron eigenvalue A, of the
matrix A,, from Definition 4.18, is much better. We managed to calculate
Am for m <62 and by Theorem 4.19 Ago = 1.245878780 results in the upper
bound

(7.4) h < 0.219841128, which is the best upper bound so far.
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TABLE 7.4. The number ¢(n) of ternary minimally repetitive

words of length n for n < 73.

n  c(n) n  c(n) n c(n) n c(n)
1 3 21 2388 41 207864 61 16944084
2 6 22 2952 42 259536 62 21108714
3 12 23 3654 43 323088 63 26298210
4 18 24 4596 44 402192 64 32762700
) 30 25 5754 45 501804 65 40805928
6 42 26 7278 46 625152 66 50831748
7 60 27 9144 47 778902 67 63322434
8 78 28 11424 48 971394 68 78880548
9 108 29 14364 49 1210974 69 98254608

10 144 30 18066 50 1508694 70 122399124

11 186 31 22644 51 1880184 71 152473620

12 240 32 28302 02 2343558 72 189929460

13 312 33 35472 53 2919456 73 236599440

14 420 34 44118 04 3638232

15 528 35 55128 05 4531668

16 678 36 68688 o6 5644764

17 888 37 85578 o7 7031772

18 1140 38 106740 o8 8761464

19 1464 39 133536 59 10914990

20 1854 40 166710 60 13598538
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7.3.2. Lower Bound. We now move on to the lower bound. Again,

we recalculated Kolpakov’s results from [49] independently. Here, for the

parameters m = 42,p = 72 and ¢ = 85. The matrix A4 has dimension

|F"(42)| = 36141 and is irreducible as well as aperiodic, which we checked

computationally. Its Perron eigenvalue is A\jo = 1.247499694. Note that

p> s —1=55and ¢ > [ap| +1—m = 85 as required in Theorem 6.2.

We calculated 7352’85) of (6.42) with the following result.

P2 (1) =1.976267794 2*2 + 1.148061630 2* + 3.519576156 245+

1.741045692 27 + 9.687624120 2% + 0.126312256 20+

31.479339159 2°% + 12.284335289 2% + 21.010556529 z°*+

24.183001280 2°% + 96.529326821 2% + 129.216325472 254+

256.213309926 26 + 14.826730989 2°7 + 64.163102822 258+
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6.862804848 297 + 84.819931474 2™ + 2.337609715 ">+
175.026144441 =™ + 41.068101819 2™ + 335.714817969 ="+
341.576383690 278 + 329.970328757 250 + 694.861207725 23 +
771.864597673 %2 4 291.777905655 223 4 583.575596936 2>* +
10506.605293083 2.5

The coefficients of this polynomial coincide exactly with Kolpakov’s coef-
ficients in [49] for g, with n < 80. The remaining coefficients differ from
Kolpakov’s as follows: pg1 is greater, ogo is greater, pg3 is lower, g4 is
greater and pgs is lower. We will see below that despite these differences the
resulting lower bound coincides.

For the results of the calculation of 7, for n € {42,...,126} see Table 7.5.
As 754 = 1.245344650 is the lowest value we conclude with 754 > v = 1.245,
which is also Kolpakov’s value in [49], that for all n € {42,...,126}

d42(n + 1) > ’yd42(n).
According to Theorem 6.2 we have to check that

(7.5) Mo = P (L) = Y- L > S
§>72

The following lemma simplifies the computational verification of (7.5).

LEMMA 7.3. For j,p € N and every real v > 1 the following identity
holds

(7.6) Syl = Bl = ) 4yl (P -
Jj>p
Proor. Note that — {%J is the greatest possible negative exponent
of the left side in (7.6). We look at j modulo 4 and see that every integer

> |32+ | Gecurs as negative e onent in ). -1%] Moreover, fo
n > 1 ur negative exponent in > .., : reover, for
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TABLE 7.5. 7, for ternary minimally repetitive words of
length n for 42 < n < 127, 154 has the lowest value in the

table.

n T n T n o

42 1.247499694 71 1.245637587 100 1.245529782
43 1.245471275 72 1.245675063 101 1.245524851
44  1.247499694 73 1.245623748 102 1.245525750
45 1.245698605 74 1.245654950 103 1.245521973
46 1.246641975 75 1.245595098 104 1.245522254
47 1.246354251 76 1.245638459 105 1.245519195
48 1.246647429 77 1.245594230 106 1.245516168
49 1.245938475 78 1.245589941 107 1.245517864
50 1.245990059 79 1.245613773 108 1.245514273
51 1.246329700 80 1.245592883 109 1.245515117
52 1.245792153 81 1.245601716 110 1.245512780
53 1.246201639 82 1.245587756 111 1.245513185
54 1.245344650 83 1.245594919 112 1.245511421
55 1.246028938 84 1.245574100 113 1.245510159
56 1.245676653 85 1.245559153 114 1.245510573
57 1.245775390 86 1.245577124 115 1.245508719
58 1.245921383 87 1.245554647 116 1.245508812
59 1.245890045 88 1.245565693 117 1.245507410
60 1.245884759 89 1.245552938 118 1.245507467
61 1.245806093 90 1.245559058 119 1.245506335
62 1.245858586 91 1.245550777 120 1.245505540
63 1.245689934 92 1.245545712 121 1.245505832
64 1.245555975 93 1.245549581 122 1.245504790
65 1.245760518 94 1.245538886 123 1.245504766
66 1.245609325 95 1.245542117 124 1.245504006
67 1.245723805 96 1.245533412 125 1.245503858
68 1.245635385 97 1.245536549 126 1.245503226
69 1.245706126 98 1.245529402

70 1.245679198 99 1.245526430

every integer n > pj—l the exponent —3n occurs. In total we have

Z*}/*L%J = Z ,y—n + Z ,7—371‘

i>p n>| 21 | n>[21]

We infer with the geometric series that

D S bl ) S Pl bl BTG ) S B G DI

n> |22l | n>0
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and

since —3 [%] +3= —3([%} -1) = —3([%}) = —3|4]. Thus we have
shown that (7.6) holds. O

The previous lemma shows that we have to check that

3p—1

(77 dm=PEY(2) - -t =Bl R ) 2,

With our parameters this means

iz — P (%) —y By =T =T - )T >y

This inequality is easily verified computationally and by Theorem 6.2 we
conclude that

log(y) =~ 0.219135529 < h.

This is the best lower bound known so far and confirms Kolpakov’s lower
bound from [49], exactly. The difference between this bound and the best
upper bound from (7.4) is less than 7.06 x 1074,

COROLLARY 7.4. The entropy of ternary minimally repetitive words is

sl

h(FE1)(Ag)) = 0219 (1).

7.4. Binary Quasi Minimally Repetitive Words

For this section denote the entropy of %Jr-powerfree words over the al-
phabet Ag by h := h(}"(>%)(A2)) and the number of binary %+—powerfree

words of length n by ¢(n) := (n). The values for ¢(n) with n < 78

are given in Table 7.6. Moreover, they are listed as [78, entry A082380 |.
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7

TABLE 7.6. The number c¢(n) of I* _powerfree words of

length n < 78.

3

n c(n) n  c(n) n c(n) n c(n)
1 2 21 774 41 44030 61 2387784
2 4 22 962 42 53808 62 2914544
3 6 23 1178 43 65744 63 3558140
4 10 24 1432 44 80316 64 4343306
5 14 25 1754 45 98052 65 5302072
6 20 26 2160 46 119742 66 6471694
7 30 27 2660 47 146124 67 7899982
8 38 28 3292 48 178488 68 9642654
9 50 29 4016 49 217980 69 11771026
10 64 30 4908 50 266126 70 14368164
11 86 31 5948 51 324890 71 17538942
12 108 32 7278 52 396592 72 21408520
13 136 33 8868 53 484198 73 26132642
14 178 34 10844 54 590970 74 31898812
15 222 35 13278 5b 721484 75 38937940
16 276 36 16230 56 880896 76 47529292
17 330 37 19826 57 1075384 77 58018024
18 408 38 24208 58 1312802 78 70818138
19 500 39 29554 59 1602568
20 618 40 36088 60 1956162
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7.4.1. Upper Bound. According to (4.9), the best upper limit for the

entropy h, based on Table 7.6, is

h <

log ¢(78)

~ 0.231738791.

Again, our best upper limit obtained by calculating the Perron eigenvalue

Am of the matrix A,, from Definition 4.18, is much better. We managed to

calculate A, for m < 66. By Theorem 4.19 Agg = 1.220699552 results in the

upper bound

(7.8)

h <0.199424097,

which is the best upper bound so far.

7.4.2. Lower Bound. We applied Theorem 6.2 with the parameters

m = 57,p = 55 and ¢ = 72. The matrix As; has dimension |F"(57)| =
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371870 and is irreducible as well as aperiodic, which we checked computa-
tionally. Its Perron eigenvalue is As7 = 1.220842548. Note that, as required
by Theorem 6.2,

p>-"7—1=4175 and q> |ap]+1-m =72

We calculated 735(?5’72) of (6.42) with the following result.

PP (1) = 2.236195116 202 + 3.212053840 20 + 5.371346804 25+
7.689687803 2% 4- 350.938869329
The results of the calculation of 7, for n € {57,...,128} can be found

TABLE 7.7. 7, for %Jr—power free words of length

n € {57,...,128}, 758 has the lowest value in the table.

n T n T n n

57 1.220842548 81 1.220694586 105 1.220699226
58 1.220541650 82 1.220706849 106 1.220699824
59 1.220842548 83 1.220707743 107 1.220699309
60 1.220641920 84 1.220699511 108 1.220699659
61 1.220801417 85 1.220705503 109 1.220699105
62 1.220806137 86 1.220698134 110 1.220699529
63 1.220689418 87 1.220703929 111 1.220699507
64 1.220780090 88 1.220697687 112 1.220699192
65 1.220646517 89 1.220702754 113  1.220699372
66 1.220742702 90 1.220702958 114 1.220699126
67 1.220635005 91 1.220699796 115 1.220699331
68 1.220725588 92 1.220702294 116  1.220699016
69 1.220730259 93 1.220699350 117 1.220699263
70 1.220715045 94 1.220701947 118 1.220699214
71 1.220727806 95 1.220697804 119 1.220699052
72 1.220690910 96 1.220701125 120 1.220699166
73 1.220720876 97 1.220700907 121 1.220699013
74 1.220693933 98 1.220699256 122 1.220699117
75 1.220717221 99 1.220700611 123 1.220698977
76 1.220716079 100 1.220699088 124 1.220699060
77 1.220706987 101 1.220700284 125 1.220699060
78 1.220714970 102 1.220698965 126 1.220698947
79 1.220698278 103 1.220699870 127 1.220699012
80 1.220711415 104 1.220700085 128 1.220698932

in Table 7.7. As 758 = 1.220541650 is the lowest value we conclude with
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Tss > v = 1.22045, that
ds7(n+1) = vds7(n)
for all n € {57,...,128}. As I > 2 we have to check that

(55,72) (1 1
As7 — Psy (;) - 7754(7 ) >

which is easily done computationally. Hence by Theorem 6.2 we have
log(~) ~ 0.199219643 < h,

which is the best lower bound so far. The difference between this bound

and the best upper bound from (7.8) is less than 2.05 x 1074

COROLLARY 7.5. The entropy of binary quasi minimally repetitive words
18

h(FED(Az)) = 0.199 (1).

7.5. Quaternary Squarefree Words

For this section, define the entropy of squarefree words over the alphabet
Ay as h:=h(F (2)(A4)) and the number of quaternary squarefree words of
length n as ¢(n) := c]_.(2>(A4)(n). The values for ¢(n) for n < 25 are listed as

[78, entry A051041].

7.5.1. Upper Bound. We managed to calculate the Perron eigenvalue
Am of the matrix A, from Definition 4.18 for m < 17. By Theorem 4.19
A17 = 2.621592352 results in the upper bound

(7.9) h < 0.963781901,

which is the best upper bound so far.

7.5.2. Lower Bound. We applied Theorem 6.1 with the parameters
m = 16,p = 17 and ¢ = 18. The matrix A has dimension |F"(17)| =
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453998 and is irreducible as well as aperiodic, which we checked computa-

tionally. Its Perron eigenvalue is Ajg = 2.621725645. We calculated Pl(é7’18)

of (6.42) with the following result.
PUTIS) (1) = 2.588218591 2 + 2.206175304 22 + 7.8101292412 23+
109.187811438 1% 4 10.426601002 ¢ + 268.818977531 =17+
1189.465204643 '8

For the results of the calculation of 7, for n € {16,...,33} see Table 7.8.

TABLE 7.8. 7, for quaternary squarefree words of length n
for 16 < n < 33, 133 has the lowest value in the table.

n n n Tn n T
16 2.621725645 22 2.621519960 28 2.621508638
17 2.621517232 23 2.621508237 29 2.621507993
18 2.621725645 24 2.621512451 30 2.621508210
19 2.621509285 25 2.621508158 31 2.621507956
20 2.621538400 26 2.621509728 32 2.621508034
21 2.621509069 27  2.621508037 33 2.621507938

As 133 = 2.621507938 is the lowest value we conclude with 733 > v = 2.6214,
that
dig(n + 1) > vydie(n)

for all n € {16,...,33}. It is easy to check computationally that

1
e —
and hence by Theorem 6.1 we have

log(v) ~ 0.963708526 < h,

which is the best lower bound known so far. The difference between this

bound and the best upper bound from (7.9) is less than 7.4 x 107°.
COROLLARY 7.6. The entropy of quaternary squarefree words is

h(FP(Ay)) = 0.9637 (1).
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7.6. Quaternary Minimally Repetitive Words

For this section define ¢(n) := ¢ (n) as the number of quaternary

FEB (A

minimally repetitive or %+—powerfree words of length n and the correspond-

ing entropy as h := h(]—"(>%)(A4)). The values for c(n) for n < 200 are given
in Table 7.9 and Table 7.10.

7.6.1. Upper Bound. According to (4.9), the best upper limit for the
entropy h, based on Table 7.10, is

< log ¢(200)

~ 0.1 11.
< 500 0.1006803

Again, calculating the Perron eigenvalue A, of the matrix A,, from Defini-
tion 4.18, gives a much better upper limit. We managed to calculate A, for
m < 92.

By Theorem 4.19 the eigenvalue Agy = 1.072732872 results in the upper
bound

(7.10) h <0.070209477,

which is the best upper bound so far.

7.6.2. Lower Bound. Asin the previous cases we applied Theorem 6.2.
We managed to calculate the set of minimally repetitive words up to length

n < 200, so we chose the parameters
(7.11) m=380,p=199 and ¢ = 199.

Note that p and g are chosen as low as possible under the assumptions of
Theorem 6.2, namely that p > ™ —1 =199 and ¢ > |ap| +1 —m = 199.
If we chose m > 80, this would require p > 202 and g > 202, which already
exceeds the maximal length of the set of words we calculated.

The matrix Agp has dimension |F”(80)] = 3102 and is irreducible as
well as aperiodic, which we checked computationally. Its Perron eigenvalue

is Ago = 1.072732872.
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TABLE 7.9. The number ¢(n) of minimally repetitive words

of length n for n < 160.

n  c(n) n  c(n) n c(n) n c(n)
1 4 41 9600 81 166080 121 2644368
2 12 42 10728 82 178200 122 2836224
3 24 43 11568 83 190920 123 3039888
4 48 44 12720 84 204552 124 3252816
) 72 45 13752 85 219960 125 3476760
6 96 46 15000 86 235872 126 3719616
7 120 47 15792 87 253776 127 3979800
8 168 48 16512 88 272616 128 4255488
9 216 49 17808 89 292392 129 4553784
10 288 50 19320 90 313512 130 4878744
11 384 51 20424 91 335808 131 5222736
12 456 52 21960 92 360744 132 5592864
13 504 53 23304 93 386256 133 5985072
14 600 54 24984 94 413808 134 6402216
15 648 55 26880 95 445056 135 6849600
16 696 56 28728 96 477240 136 7328328
17 792 o7 31152 97 512136 137 7846296
18 840 58 33312 98 548832 138 8397288
19 960 59 35928 99 587112 139 8991984
20 1128 60 38784 100 629712 140 9633552
21 1224 61 41472 101 674040 141 10309224
22 1416 62 44496 102 723504 142 11030592
23 1512 63 47280 103 773400 143 11800800
24 1704 64 50784 104 828456 144 12629112
25 1920 65 54456 105 888936 145 13516560
26 2136 66 58056 106 951096 146 14466792
27 2448 67 62568 107 1018032 147 15497112
28 2688 68 66792 108 1089048 148 16598664
29 3048 69 71856 109 1167144 149 17775648
30 3216 70 77088 110 1250520 150 19031256
31 3432 71 82560 111 1336560 151 20359968
32 3864 72 88752 112 1434168 152 21778920
33 4248 73 94824 113 1534896 153 23294064
34 4752 74 102144 114 1642464 154 24928776
35 5258 75 109632 115 1758024 155 26680440
36 5808 76 117408 116 1880592 156 28560528
37 6480 77 126240 117 2012280 157 30595440
38 7056 78 135456 118 2152080 158 32765520
39 7848 79 145176 119 2304720 159 35072136
40 8736 80 155064 120 2469528 160 37531728
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TABLE 7.10. The number ¢(n) of minimally repetitive words
of length n for 161 < n < 200.

177

n c(n) n c(n) n c(n) n c(n)
161 40156272 171 78841032 181 154630440 191 303286776
162 42944520 172 84342240 182 165459000 192 324549144
163 45917232 173 90220800 183 177065400 193 347302872
164 49123536 174 96536496 184 189490176 194 371578440
165 52579200 175 103337736 185 202755048 195 397464000
166 56272296 176 110551848 186 216857400 196 425011464
167 60236616 177 118241016 187 231877224 197 454442088
168 64457616 178 126438408 188 247920408 198 485911272
169 68936928 179 135187872 189 265113456 199 519643296
170 73724952 180 144567720 190 283529112 200 555879576

We calculated PE? of (6.42) with the following result.

(199,199)

< (z) = 0.874226453 2'1° + 0.222395316 1% + 0.755005665 2122+

0.988354125 2123 + 1.762888082 2'2* + 1.240696480 212>+

0.022483470 2128 + 0.359773091 23! + 1.872686142 2137+

1.897878429 210 + 5.347598893 245 + 2.984708373 2170+

13.02669727 1% + 4.782742329 21°8 + 3.909829464 2%+

4.071725989 164 1 5742122845 2199 + 4.481000847 2173+

14.69270437 2177 + 0.897880184 218 + 40.68750493 2185+

13.122350868 2187 + 1.988684414 2192 + 23.106705854 219+

979.514863208 7197

For the results of the calculation of 7,, for n € {80,...,278} see Ta-

ble 7.11 and Table 7.12. As 719g = 1.066057344 is the lowest value we con-

clude with

Tog > v = 1.066,
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TABLE 7.11. 7, for quaternary minimally repetitive words

of length n € {80, ...,278}, part 1, 793 has the lowest value.

Tn

n

Tn

n

Tn

80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120

1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925
1.072742925

1.066057344

1.072109169
1.072151795
1.072191576
1.066282213
1.071573147
1.071409341
1.071498224
1.071581280
1.071601018
1.071531772
1.070352241
1.067793763
1.071076094
1.067784401
1.069856548
1.070857918
1.070920867
1.070819375
1.070826666
1.070874795
1.070968440
1.070954363

147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187

1.070457849
1.070392047
1.069759848
1.070378651
1.070263935
1.070058513
1.070298723
1.070064060
1.070260012
1.070168685
1.070221200
1.070245204
1.070094075
1.070248035
1.069097631
1.068740279
1.069548737
1.069947358
1.069784620
1.069646853
1.069889426
1.069757701
1.069625229
1.069294669
1.069803453
1.069322663
1.069477646
1.069710367
1.069287875
1.069141270
1.069502888
1.069605733
1.069568979
1.069546602
1.069574676
1.069493431
1.069296795
1.069099263
1.069487326
1.069298375
1.069420561

214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254

1.068946370
1.068999879
1.068977949
1.068942669
1.068923349
1.068914312
1.068919061
1.068866031
1.068812301
1.068897692
1.068824241
1.068812248
1.068735837
1.068800145
1.068737434
1.068780789
1.068784665
1.068781382
1.068773256
1.068732031
1.068731442
1.068631130
1.068589796
1.068671884
1.068622111
1.068659400
1.068652121
1.068650030
1.068624462
1.068609053
1.068591362
1.068563940
1.068547499
1.068547857
1.068561506
1.068542929
1.068509977
1.068527294
1.068483430
1.068484142
1.068465886
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TABLE 7.12. 7, for quaternary minimally repetitive words
of length n € {80, ...,278}, part 2

n Tn n Tn n Tn
121 1.070819027 188 1.069466188 255  1.068460861
122 1.070857360 189 1.069196936 256 1.068455795
123 1.070163380 190 1.069162257 257 1.068456655
124 1.067964408 191 1.069302413 258 1.068457743
125 1.070626593 192 1.069332250 259 1.068429497
126 1.069291935 193 1.069226088 260 1.068404744
127 1.070454898 194 1.069255620 261 1.068391608
128 1.070526733 195 1.069328709 262 1.068382332
129 1.070474480 196 1.069282722 263 1.068349618
130 1.070470183 197 1.069102413 264 1.068332035
131 1.070448291 198 1.068931344 265 1.068355941
132 1.070521268 199 1.069210579 266 1.068343289
133 1.070505603 200 1.069018083 267 1.068343378
134 1.070493156 201 1.069145128 268 1.068325582
135 1.070477195 202 1.069162991 269 1.068319016
136 1.070521369 203 1.069134190 270 1.068284705
137 1.070492086 204 1.069101512 271 1.068253747
138 1.070443443 205 1.069147657 272 1.068263296
139 1.070393675 206 1.069132900 273 1.068214794
140 1.070414004 207 1.069095858 274 1.068209627
141 1.070454267 208 1.069039514 275 1.068228221
142 1.070490852 209 1.069071536 276 1.068238263
143 1.070449415 210 1.069028415 277 1.068214505
144 1.070435712 211 1.069029086 278 1.068195082
145 1.070271435 212 1.068957724

146 1.070480124 213 1.069027985

that dgo(n + 1) > ~dgo(n) for all n € {80,...,278}. According to Theo-

rem 6.2 we have to check that
199,199 1
(7.12) Ago — P&So ) (%) —H Z @ >
j>199 YL 5

The following lemma simplifies the computational verification of (7.12).

LEMMA 7.7. For j,p € N and every real v > 1 the following identity
holds

(7.13) ZV_L%JJ = 27—L$ (y— 1)t + 42l

Jj>p

ya
5

I
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PRrROOF. Note that — {@J is the greatest possible exponent of the left
side in (7.13). We look at j modulo 5 and see that every integer n > {@J
occurs as negative exponent twice in >, 77“7” Moreover, for every
integer n > % the exponent —2n occurs. In total we have

ZV*L%J =2 Z S Z T2

> SEEUTESEY

With the geometric series we deduce that

_ | 2(pt+1) _n _ | 2(p+1) o | 2p=3 .
> =y T Sy = (e = B ()
nZL@J n>0
and )
Z AT — 7—2[?} Z A2
_ry =
1
=425 2 (2 - 1)
=28 (2 - 1),
since —2 [%] +2= —2([%} -1)= —2([%}) = —2|£|. Thus we have
shown that (7.13) hold. O

The previous lemma shows that we have to check that
(714) A — PP (1) =2y~ L5 (y = 1) 71— iy 2B (2 - 1)1 2,

For our parameters, see (7.11), this means

199,199 _ _ _ _
Aso = P () = 2y (= )T =iy (R - 1) 2

Computationally it is easy to check that the former inequality with v = 1.066
is not true. The difference Agg — v = 0.006732871 but already the term

2p—3

(7.15) 2,wny 5 J(fy — 1)—1 + mszgj (72 . 1)_1

equals 1.517484148. The value of (7.15) is lower for greater p, but greater

for lower . For p > 412 its value is lower than Agg —y. However, this would
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require to calculate the set of of minimally repetitive words up to length
412 at least. The problem here is that the involved datasets become really
huge. Already, the set of equivalence classes of minimally repetitive words
of length 200 has a size of 4.4 GB as text file.

The case of minimally repetitive words over a four letter alphabet reveals
the limitation of the procedure based on Theorem 6.2. The upper bound
0.070209477, compare (7.10), for the entropy shows that it is very low com-
pared to the entropies in the other cases. Since a low entropy is equivalent
to a low growth rate of the set it seems reasonable that we need much higher
parameters for the estimation of the power containing sets H(“?) (n+1) from
(6.8). Unfortunately, the parameters we need for the procedure to work are
so large that they require sets that are beyond our computational scope.

In general, the procedure of Chapter 6 is superior to the methods in-
troduced in Chapter 4, since it estimates the number of elements of certain

power containing sets, rather than constructing subsets of powerfree words.
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I' ~ A, for Z-modules I' and A, 49
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., quaternion conjugation, 13
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3], [B], where § is a real number, 132
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', algebraic conjugation, 14
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Ay, 11

admissible, 56
admissible pair, 63
alphabet, 99

a-power, 101
a-powerfree word, 101
aT-powerfree word, 101
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aperiodic matrix, 115

A% 117

basis matrix, 10

bi-infinite sequence, 117

binary quasi-minimally repetitive, 109
B, (X), 118

B(X), 118
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class number, 16

closed orbit, 125
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combinatorial entropy, 107
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cylinder set, 122
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