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Abstract. We introduce a global thermostat on Kac’s 1D model for the
velocities of particles in a space-homogeneous gas subjected to binary col-
lisions, also interacting with a (local) Maxwellian thermostat. The global
thermostat rescales the velocities of all the particles, thus restoring the
total energy of the system, which leads to an additional drift term in the
corresponding nonlinear kinetic equation. We prove ergodicity for this
equation and show that its equilibrium distribution has a density that,
depending on the parameters of the model, can exhibit heavy tails, and
whose behaviour at the origin can range from being analytic, to being C*,
and even to blowing-up. Finally, we prove propagation of chaos for the
associated N-particle system, with a uniform-in-time rate of order N "
in the squared 2-Wasserstein metric, for an explicit n € (0,1/3].
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1. Introduction

1.1. Thermostated Kac Model

In 1956, Marc Kac [22] introduced a space-homogeneous dynamics for a collec-
tion of N identical particles with one-dimensional velocities v = (vy,...,vx) €
RY, undergoing binary collisions. It can be described as follows: select two par-
ticles 7 # j at random, and update their velocities according to the rule

(vi,v5) = (v}, v}) = (vicos @ — vjsinf, v; sinf + v; cos ), (1)
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for 6 chosen randomly and uniformly on [0, 27). This rule preserves the total
energy, ie. (vj)? + (vj)® = v} + v3. Particles evolve continuously with time
t > 0 by iterating (1), where the times between collisions are independent and
exponentially distributed with parameter AN; thus, every particle undergoes
2\ collisions per unit of time on average. This is known as Kac’s model, and
the above procedure produces a pure-jump Markov process on RY, called
the particle system; we denote f the probability distribution of the particle
system at time ¢ > 0. Note that the total energy of the system ), v? is
preserved; thus, if the vector of initial velocities belongs to SN ~1(VNE) :=
{v eRYN : Y v} = NE}, for some fixed energy E > 0, then f is supported
on SN=1(/NE) for all t > 0.

Assume that the family of initial distributions (f&¥)yen is symmetric
and chaotic with respect to some probability measure fy on R, that is, for
any fixed k, the marginal distribution of £V in the first k variables converges
weakly, as N — oo, to f(‘?k . In other words, initially, any fixed number of
particles becomes asymptotically independent and fp-distributed, as the total
number of particles grows. Assuming that fy has a density, Kac proved that
this property is propagated to later times by the dynamics: for all ¢ > 0, the
family (f/V)nen is symmetric and chaotic with respect to the density f;, which
is the solution to the so-called Boltzmann—-Kac equation:

O0fi(v) = 20 / / ) F:0) — Folo) (0] o 2)

This property is now termed propagation of chaos, and it has been extensively
studied during the last decades, for this and other related kinetic models, see
for instance [11,14,23,24].

Call oy the uniform distribution on SN¥~1(v/NE), and assume that f&’
is supported on SV ~1(v/NE) and has a density with respect to . Then, for
all t > 0, fV also has a density with respect to oy, and the particle system is
ergodic in L'(SN~1(vV/NE),on), having 1 as the unique equilibrium distribu-
tion. Kac initially worked in L?(S™N (v NE), o) and conjectured that there
is a spectral gap bounded below uniformly in N. This conjecture was proven
by Janvresse in [21] and the gap was computed explicitly by Carlen, Carvalho,
and Loss in [9]. Since convergence in L? gives a crude upper bound to conver-
gence in L', the relative entropy fstl(\/ﬁ) N log fNon(dv) was studied.
The best known convergence results for the relative entropy are exponential
with rate of order 1/N. To ensure fast convergence to equilibrium in L', the
authors in [6] looked for systems close to equilibrium. More specifically: for
a larger system of N particles (where N' > N > 1), they considered initial
states of the form f3¥(v) = In(vi,...,vx) H?LN_H v(v;), where Iy is a density
on L'(RY), and

y(w) = (27T) /2" /1) (3)
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is the Gaussian at a fixed temperature T'. They argued heuristically that for the
first N particles in the system, this effectively works as an external thermostat.
Thus, they introduced the thermostated Kac model for a system of N particles,
in which, in addition to the collisions mentioned above, every particle interacts
with a thermostat at a rate u. That is: when the thermostat acts on particle
1€ {l,..., N}, its velocity v; gets replaced by v; cos§ —wsin @, and the rest of
the velocities are not affected. Here, w is chosen independently and randomly
with density v(w), and 6 is again chosen uniformly on [0, 27). We will refer to
this rule as the weak thermostat. As in Kac’s original model, propagation of
chaos also holds in this case, as first shown in [6]; see also [16] for a quantitative
result.

In this paper, we consider the strong thermostat, also known as the An-
dersen thermostat and as the Mazwellian thermostat, which, when acting on
particle 4, simply replaces velocity v; by w, sampled with density . The cor-
responding nonlinear limit equation in this case is

05i0) =22 [ [T ~ ) o] o+ b () = Fio)L
()

We note that the strong thermostat is related to the weak one through a van
Hove limit, see [29] for details.

Interactions with the (weak or strong) thermostat no longer preserve the
total energy, thus the velocity distribution for the system is supported on
the whole space R™V. This model is ergodic in L*(RY) and has the Gaussian
Hfil v(v;) as its unique equilibrium distribution. The density f}¥ converges ex-
ponentially fast to equilibrium in relative entropy [ ¥ log(f /TT; v(vi))dv
with an exponent bounded below uniformly in N; see [6]. We mention that
the argument behind the model with thermostats was made rigorous in [4]
as a mean-field limit of finite-reservoir systems using the L? metric and the
Fourier-based Gabetta—Toscani—-Wennberg metric do. Studying the conver-
gence to equilibrium for the finite-reservoir system is not a simple problem
(see [5]).

1.2. Global Thermostats and Rescaling

The thermostats mentioned above act locally, in the sense that their action on
one particle is not connected to their action on the rest of the particles. In this
work, we plan on introducing global thermostats to Kac’s model which affect
the velocities of all the particles of the system in a connected way. An example
of a global thermostat is the Gaussian isokinetic thermostat (see [10], [25]).
In [3], this global thermostat was applied to a space-dependent particle model
with an external electric field, where it prevented the energy of the system
from growing to infinity and introduced non-equilibrium steady states.
Another kind of global thermostat is obtained by rescaling the velocity
of each particle after an interaction against the external source, thus keeping
the energy of the system constant. Global thermostats with rescaling have
been used in molecular dynamics. An example is the Berendsen thermostat [2]
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which was used to study particle systems that have temperature and pressure
as controllable parameters, instead of the total energy and volume (see [7] and
references therein).

In this work, we will consider the Kac particle system coupled to the
strong thermostat where, in addition, we allow the system to restore its total
energy towards N E by introducing a rescaling mechanism on this model (hence
making our thermostats global). One of our motivations for introducing this
model is to obtain a system that retains some of the nice equilibration features
of the (locally) thermostated particle system, while keeping the energy of the
system closer to its initial value, as in the original Kac model.

More specifically, one rescaling mechanism that we will consider is the
following: after a strong thermostat interaction of particle ¢ against a sample
w taken from the Gaussian distribution (3), the velocity of every particle in
the system is multiplied by the factor

NE

NE —v? + w?’ (5)

an (v, w) =
This has the effect of keeping the total energy >, vZ constant and equal to NE
almost surely. The corresponding finite particle system is defined rigorously
through its generator in (54) in the Appendix. We remark that we will mostly
be working with a particle system defined using a slightly different rescaling
factor, see (11). In the sequel, we will use the term thermostat to refer to the
local thermostat dynamics described by (4), while the term global thermostat
will refer to the rescaling mechanism.

Note that, for N large, the factor an(v;, w) becomes approximately 1;
making the effect of rescaling after a single thermostat interaction negligible.
However, since there are order N such interactions on every finite time interval,
the effect of the rescaling mechanism survives as N — oo, giving rise to an
additional drift term in (4), namely ME L9, (vfi(v)). This argument will be
made rigorous in Lemma 23. The Kac and thermostat interactions produce
the same terms as in (4). Consequently, the corresponding candidate limit
equation for our thermostated Kac model with rescaling is

Oy fi(v —2)\/ Wft )V fie(vl) — ft(v)ft(v*)]%dv*
+ ply(v ) fe(v)] = A0y (v fe(v)),

for the collection (f;);>o0 of probability densities on R, where we introduced
the constant

(6)

E-T
2F

The present paper can be seen as a continuation of our previous work [16],
where we used similar tools to make quantitative the propagation of chaos re-
sult for the thermostated Kac model (without rescaling) in [6]. Here, the main
objects of study are the thermostated finite particle system with rescaling
and its corresponding kinetic equation (6). To the best of our knowledge, the

A=p
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rescaling mechanism and its associated drift term are new in the context of
Kac-type kinetic models. The drift term in (6) has the effect of taking the
energy of f; towards F, see Theorem 5. We remark that, apart from the phys-
ical motivation explained above, the nonlinear equation (6) is mathematically
interesting on its own. Indeed, as we shall see, the equation is contractive and
admits an equilibrium density having properties that differ from those of the
Gaussian: it can exhibit heavy tails or explosion at the origin, depending on
the parameters A, u, F, and T.

1.3. Main Results

Our main results concern the convergence properties of the nonlinear equation
(6), and the propagation of chaos for its corresponding particle system. We will
use the following distance to quantify convergence: given v and © probability
measures on R¥, their 2- Wasserstein distance is given by

) & 1/2
7O |Xi - vif? ) : (7)
i=1

where the infimum is taken over all couplings of v and v, that is, over all
random vectors X = (Xy,...,Xy) and Y = (Y3,...,Y},) defined on some
common probability space, such that Law(X) = v and Law(Y) = . We follow
the convention of using the normalizing factor % to simplify the dependence on
dimension. The infimum in (7) is always achieved by some (X,Y), and such a
pair is called an optimal coupling, see [30] for details.

Regarding the nonlinear equation (6), we are interested in its stability
properties, which we study in Sect. 2. We define a notion of weak solution
for continuous functions of ¢ > 0 taking values in the space of probability
measures, and we prove the existence and uniqueness of a solution (f;);>0
with bounded energy, see Definition 4 and Theorem 5. In Lemma 7, we prove
the stability of the r*"-moments of f;, for all » > 2 satisfying

rA < 2)\Cy, + p, (8)

Wo(v,v) = <infE

where C, :== 1 — 2]1027T |cos 9|r% > 0 (note that there always exists such an
r > 2, as long as 2)\ + p > 0). The existence of an equilibrium distribution
and its main properties are stated in the following result, proven at the end of
Sect. 2:

Theorem 1 (equilibrium distribution). Let 2A 4+ p > 0. There exists a proba-
bility measure foo on R with energy E, such that lim;_. o f; = foo weakly, for
any (fi)i>0 weak solution of (6) having bounded initial energy. Moreover,

WQ(fta foo) S WQ(f(h foo)ei%ta

and foo is the unique stationary weak solution of (6). Moreover, foo(dv) has a
density, denoted by foo(v), that has the following properties:

(i) foo is even and monotone decreasing on (0,00).
(i) [ foo(V)|v|"dv < 00 if and only if v satisfies condition (8).
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(i1i) foo € C°(R\{0}), and satisfies for all v € R\{0}:
A0y (v foo(v)) = 2M(Ba[foo, fool (V) = foo (v)) + ply(v) = foo (V)] (9)

(iv) Regarding the behaviour of foo al the origin, we have: for any integer
p >0, foo € CP(R) if and only if

T 2 o \7!
Ll P . 10
E S +p+1(2>\+ﬁb> (10)

Consequently, zf% > 142 (ﬁ) , then lim,_¢ foo (v) = 00. Moreover,

if E > T, then fo is analytic. This also holds for non-integer p > 0, if
we interpret the statement foo € CP(R) as [ |foo(§)|[E[P € < o0, where

foo denotes the Fourier transform of fso-

Note that parts (ii) and (iv) of this theorem imply that unless we have
E =T or u =0 (in which case fo = ), there are two cases: either f., does
not have finite moments of high order (case E > T), or fo cannot have too
many derivatives at the origin (case F < T'). We summarize the smoothness
properties of f., at the origin in Fig. 1.

In Sect. 3, we turn to the study of the particle system associated with
(6) and its propagation of chaos property. Unfortunately, the rescaling factor
ay(vi,w) in (5) is hard to handle mathematically, since it takes large values
on sets where some v? is close to NE. Consequently, for the particle system
with an as the rescaling factor, we could only prove propagation of chaos at
the level of the generators, see Lemma 23. In order to obtain a more tractable
particle system, we will consider a different rescaling factor, namely

o0 =\ g g (1)

which is obtained from ay(v;,w) by replacing v? by its expected value E.
We call! V, = (V;},...,V;"V) the Markov process with Kac and thermostat
interactions, rescaled using 3y, as described in Sect. 1.2; see (35) in Sect. 3
for an explicit construction using an SDE with respect to a Poisson point
measure. Even though this particle system no longer preserves the total energy
exactly, the expected total energy is preserved, see Lemma 16. We also prove
a contraction property in Lemma 15, and deduce equilibration in Lemma 17.

Before we state our second main result, let us recall the following char-
acterization of chaoticity, see [26, Proposition 2.2] for details: for fixed t > 0
the collection (f¥)nen, with £ = Law(Vy), is fi-chaotic if and only if the
empirical (random) measure of the system

_ 1 &
V=5 Z Sy
i=1

converges weakly to the (non-random) measure f;.

1We do not make explicit the dependence of the particle system on the number of particles
N. Also, we use superscripts for the particles’ indexes.
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FIGURE 1. Phase diagram for the smoothness of f., at the
origin

Theorem 2 (propagation of chaos). Fix r > 2 such that condition (8) is sat-
isfied, and assume that [ |v]" fo(dv) < oo. Then, there is a finite constant C
depending only on X\, p, E, T, r, and [ |v]" fo(dv), such that for all t > 0 we
have:

N—3, >4,
EIWZ(Vi, f)] < de™ T W2, fEN) + C{ N3 1og N)2/3, r=4, (12)
N~ re(2,4).

Thus, this result, proved in Sect. 3, establishes the propagation of chaos
for the thermostated Kac particle system with rescaling, with an explicit
uniform-in-time rate of order N~=1/3 in expected squared 2-Wasserstein dis-
tance, when [ |v]” fo(dv) < oo and condition (8) is satisfied for some r > 4.
This is not so far from the optimal general rate N—1/2 valid for the expected
squared 2-Wasserstein distance between the empirical measure of an i.i.d. se-
quence and its common law, see [18, Theorem 1].

To obtain an explicit chaos rate, one needs to ensure that the initial condi-
tion term Wa(fYY, (?N)2 converges to 0 as N — 0o, hopefully with rate N—1/3
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or faster. For instance, one can simply take fi¥ = f6®N, thus Wa (£, gaN) =0.
However, we would like Theorem 2 to be useful when the initial distributions
f&V are supported on the sphere SNV ~1(v/NE), as it is commonly considered in
the literature of Kac-type models. One method of obtaining such an fy-chaotic
sequence, used for instance in [11,12], is to condition fng to the sphere; see
for instance [20, Theorem 1.5] and [13, Equation (5.33)] for a specific rate.

In our next result, we provide an alternative approach, based on scaling.
Specifically: given a probability measure f on R satisfying [v?f(dv) = E, take
a random vector X = (X1,..., Xy) with distribution f®, and define

1/2
YN =Law(Y), withY = (Y1,...,Yy) given by Y; = <1E2> X;
N2 X;

(13)
on the event Y, X? > 0, while on the event >, X? = 0 the vector Y is defined
as some given exchangeable random vector taking values on S¥N—'(v/NE),
independent of X (its particular distribution is irrelevant). By construction,
fN is supported on the sphere SV-1(v/NE).

The following theorem provides a quantitative chaoticity estimate valid
for general measures; its proof is given at the end of Sect. 3. To state our

result, we introduce the following: given NV € N and a probability measure f
on R, define

en(f) =EWa(X, f)?, (14)

where X = (X1,...,Xy) has distribution f®V, and X = 1% 5y is its
(random) empirical measure. The best available rates of convergence for e (f)
are found in [18, Theorem 1], which we present in our setting in (44); we use
these estimates in the theorem below. We remark that the scaling procedure
(13) and the main idea of the proof are already present in [17, Lemma 25] and
[14, eq. (20)], where explicit rates of chaoticity for the uniform measures on
spheres towards the Gaussian are obtained.

Theorem 3. Let f be a probability measure on R with [v?f(dv) = E and
having finite r*-moment for some r > 2. Then, (fN)nen given by (13) is a
sequence of distributions supported on the sphere SN_l(\/W) which is chaotic
to f. Moreover, we have

W3 (N, fON) <en(f).

Consequently (see (44)), we obtain the following quantitative rate: there exists
a constant C depending only on r and [ |v|" f(dv), such that

N~ r> 4,
Wo(fN, fON)? < C{ N~Y21og(N), r =4,
N-=2) re(2,4).

We stress the fact that the scaling (13) and the statement of Theorem 3
make no assumptions about f, except that it has a finite r*"-moment for some
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r > 2. In particular, f is not assumed to have a density, which is required
to even define the conditioned tensor product. We also note that the chaotic-
ity estimate we provide is a “strong” one, in the sense that it compares the
full distributions f~ and f®V, instead a fixed number of marginals, or the
empirical measure of a sample of fV against f, as in Theorem 2.

1.4. Plan of the Paper

Our proofs use both analytic and probabilistic tools. The proof of the main
properties of the equilibrium distribution f.., stated in Theorem 1, relies on
the Fourier transform. To obtain our contraction and chaoticity estimates in
Wasserstein distance, we will make use of probabilistic coupling arguments.
Most notably, in Sect. 2 we will introduce the Boltzmann process,? a stochastic
process having marginal laws equal to f;, and use it throughout the rest of the
paper to prove many of our convergence results.

We remark that our results also hold true in the case of the more physical
weak thermostat mentioned above. Most of the proofs can be easily adapted
to this case. However, some intermediate lemmas, such as Lemma 21, become
quite technical. To keep the exposition simple, we chose to work with the
strong thermostat.

The structure of the paper is as follows: in Sect. 2, we study the nonlinear
equation (6) and its properties. In Sect. 3, we study the particle system and
prove the propagation of chaos. Finally, in the Conclusion we mention some
open problems. The proofs of some technical lemmas are left to the Appendix.

2. Analysis of the Nonlinear Equation

2.1. Well-Posedness

In this section, we study the well-posedness of (6) and its main properties.
We now introduce some useful notation. Let B(R) denote the space of signed,
finite Borel measures, and define the mapping By : B(R) x B(R) — B(R) via
the equation

2m
/RBQ[V v](dv)¢ // (j)vcosGJrv*smﬂ)%v(dv) (dvy), (15)

for all continuous and bounded functions ¢ and all v, 7 in B(R). We note that
Bsl[-,+] is a symmetric bilinear form on B(R) satisfying || Bz[v, 7]|| < ||v||||17]],
where ||+ || denotes the total variation norm. B has the following monotonicity
property for non-negative measures:

v<v = By <Bp,7,
where the inequality ¥ < U means v(A) < 7(A) for all measurable set A. If
v, have densities f(v),g(v) € L*(R), then Bs[v, 7] also has a density which

2The term “Boltzmann process” is typically used in the context of the Boltzmann equation.
We will use the same name for our thermostated Kac model with rescaling.
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we also denote by Bs[f, g]. In this case, Ba[f, g] satisfies

Bz[ﬁg](v):/R/o ﬂf(v/)g(v;)gdv*.

Recall that A = p2=L, y(w) = (27rT)*1/26*w2/(2T) is the thermostat distri-
bution at temperature T, and E > 0 is the average 1-particle energy in our
system. Thus, our nonlinear equation (6) for the collection of densities (f;)i>0
takes the form

O fe(v) = 2X(Ba[fy, fr] = fr) + uly(v) = fe(v)] = ADu (v fi(v)),

where 2\ and p are the rates of Kac and thermostat interactions, respectively.
We assume that [v?fy(v)dv < co. If f; has a density, we will also call it f;,
and we will use f;(v)dv and f;(dv) interchangeably (same for ~(dv), etc.).

We now turn to the problem of existence and uniqueness of solutions for
(6). Let us first write the equation in weak form. The key idea is to note that
if f;(v) solves (6), then a formal computation shows that e’ f;(e4*v) solves an
equation with no drift term. In order to provide a precise definition, for ¢ > 0,
let B1[t] be given by

By [t](dv) = ety (eMv)dw. (16)

Let P(R) C B(R) denote the space of Borel probability measures on R,
metrized with || - ||.

Definition 4 (weak solution). We say that a collection (f;):>0 € C(]0, ), P(R))
is a weak solution to (6), if (g;):>0 defined by [ ¢(v)g:(dv) = [ ¢(e=*tv) fi(dv)
satisfies

¢
9= fo+ [ ABalgeg) ~ 9+ u(Bils) - g} ds, =0 ()
0
Note that g satisfies (17) if and only if

t
g =e Plfy+ e*Dt/ els {2ABs[gs, gs) + uB1]s]} ds, (18)
0

where D := 2\ 4+ p. We can now state and prove:

Theorem 5 (well-posedness). For any fo € P(R), there is a unique weak so-
lution (fi)e>o0 to (6). If fo € L*(R), then f; € L*(R) for all t > 0. If fo has
finite v moment, then so does f for all t. In addition, if [, v?fo(dv) < oo,
then the solution f; to (17) satisfies

/szft(dv) —e T /szfo(dv) +FE (1 — e_%> ,

for all future times. In this case, we see that

/R V2, (dv) < max{E, /R v? fo(dv)}. (19)
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Proof of Theorem 5. The proof of existence and uniqueness for (18) uses the
iterative construction of [32] (see also [28] and [8]), which is standard. Here,
we provide a full proof for convenience of the reader. Let M be the space of
bounded, positive, Borel measures on R. Let f; be a Borel probability measure
on R. Define the sub-probability measures (u})>2 , inductively by

u) = e "' fo,

t
up ™t = e P, —|—/ e~ PE=3) QAB, [u, ul] 4+ puBi[s]) ds. (20)
0

From the monotonicity properties of Ba, we see by induction that u} is contin-
uous in ¢ for each n, that v} (R) < 1, and that (u}), is increasing in n. Hence,
for each ¢, we can define u; € M as u;(A) = lim,, u}(A) for each measurable
set A. Note that u; — u}' is a non-negative measure for each t, thus we have
convergence in total variation, since

lim |luf —uef] = lim w(R) — uf(R) = 0.
n—oo n—oo

This, together with the bilinearity of By and its property that ||Ba[vy, ve]|| <
|1 ]|||v2]| for all signed measures vy, vo, implies that
T ([ Bafuf, uf] — Bafue, ]| < T [l — u(uf (B) + uy(R)) = 0.

Thus, we can take the infinite n limit in (20) and establish that w; solves
(18). Being an increasing limit of continuous functions, u : [0,00) — M is
lower semi-continuous, and thus measurable. Since u(R) < 1, V¢, u belongs to
L*([0,00), M). This fact and (18) imply that u; is continuous in .

To prove that u; is a probability measure, we follow [28]. Using (17), we
see that function h(t) = u:(R) is differentiable and satisfies the differential
equation

R (t) = —(2\ + p)h(t) + p + 2X\h(t)?.

Since h(0) = 1, h(t) = 1 for all ¢ as desired. To show the uniqueness of us,
let g, € C([0,00), M) satisfy (18). On one hand, g, > u? by definition. And
thus, by induction, g; > uy a.e. t for all n. Hence, we have g; > wu;. Since g, is
continuous in ¢ by hypothesis, it must be a probability measure for all ¢ just
like uz. Thus, ||g: — ut]] = gt (R) — ue(R) = 0.

We now show the propagation of being a density: let fo € L*(R), then
up € LY(R) for all R and we use the completeness of L' under the total
variation norm. To prove the propagation of the rt’-moments, we first note
that for any probability measures v and vy with finite " moments n, and
my, Balvy, 1] satisfies

Ny + My

/|a:|’"Bg[V1,u2](dx) <o
R

where €, = 2max{z.1} fozﬂ | cos 9|T%. If fo has a finite r*® moment for some
r > 0 then, by induction, we see that, for each ¢, ([ uf(dv)[v|"), is finite,
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monotone increasing, and bounded above by the solution R(t) to the following
integral equation:

t
R(t) = e~ ATt / v|” fo(dv) + C, / e~ GAEmt=9) (9} 4 g)R(s)ds
R 0

+a/mM@w
R

Here, C, is as above. R(t) is finite due to Gronwall’s inequality. The monotone
convergence theorem implies that R(t) controls the r* moment of f;. 0

Remark 6. The proof above can be used to show the following result which will
be useful in proving Theorem 1: if the initial density fy is even and monotone
non-increasing on [0, 00), then f; also has this properties, for all t. To justify
this, it is enough to show that being even and monotone on [0, 00) is preserved
under the map g — Bs[g, g]. Indeed, this fact allows us to show inductively
that u} is even and monotone on [0,00) for all n, which then passes to the
limit in n. Let us show the missing detail: fix ¢ € L'(R) nonnegative, even,
and monotone on [0, 00). Changing the parameter 6, one can write the post-
collisional velocities as v' = 1/v2 4+ v2 cos 0 and v, = \/v% + v2sin 0; thus, for
0 <wv < w and using the evenness of g, we have

2m
Balaal) = [ [ (ViP5 eostl) o (Vo 42 fsine]) 5.
2T de
> / / g (x/w2 + v2 |cos€|) g (\/w2 + 02 |sin9|) —duv,
rJo 2

:BQ[gug](w)7

that is, Balg, g](v) is non-increasing on [0, c0) when g is.

2.2. The Boltzmann Process

For a given fy € P(R), let (fi)i>0 € C([0,00), P(R)) be the unique weak
solution of (6) given by Theorem 5. We will now construct a stochastic pro-
cess (Z¢)e>0, called the Boltzmann process, such that Law(Z;) = f; for all
t > 0. This process is the probabilistic counterpart of (6), and it represents
the trajectory of a single particle immersed in the infinite population. It was
first introduced by Tanaka [27] in the context of the Boltzmann equation for
Maxwell molecules.

Consider a Poisson point measure P(d¢, df, dz) on [0, 00) x [0, 27) xR with
intensity 2Adt92 f;(dz), and an independent Poisson point measure Q(dt, dw)
on [0,00) x R with intensity pudiy(dw). Consider also a random variable Zj
with law fj, independent of P and Q. The process Z; is defined as the unique
solution, starting from Zj, to the stochastic differential equation

27
dz = / /[Zt- cosf — zsinf — Zy-|P(dt,d6, dz)
0o JR (21)
+ / [w — Z,)Q(dt, dw) + AZdt.
R
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Strong existence and uniqueness of solutions for this SDE is straightfor-
ward, since the rates of P and Q are finite on bounded time intervals. To show
that Law(Z;) = f, the argument is classical: one first shows that ¢; := Law(Z;)
solves a linearized weak version of (6), namely

& /R S(0)(dv) = 2 /R 6(0) (Balte, £1] — €0)(dv)
o /R 6(0) (7 — €)(dv) + A /R o6 (081 (dw)

for all bounded and continuous ¢ for which v¢’(v) is bounded and continuous.
This can be seen to have a unique solution in a weak sense similar to (18),
because: v — Balv, fi] is non-expanding in total variation for all ¢. Since f; is
also a solution of this linearized version, we must have that £; = f;.

Using the Boltzmann process (21), one can easily study the evolution of
moments for the kinetic equation (6). As the next lemma shows, when T' > F
(negative drift term in (21)), every moment is propagated uniformly in time;
otherwise, only some moments propagate:

Lemma 7 (propagation of moments). Let r > 2, assume that [ |v]" fo(dv) <
oo, and let (fi)i>0 be the weak solution to (6). Then, sup,sq [ |[v|” fi(dv) < oo
if and only if v satisfies condition (8). -
Proof. Call h(t) = E|Z,|" = [ |v]" f(dv), since Law(Z;) = f;. Using Itd calcu-
lus for jump processes and the inequality (a+b)" < a"+b"+2""1(ab" "t +ba" 1)
for a,b > 0, from (21) we deduce that for almost all ¢ > 0:

27
Oih(t) = QAE/ d—e/ Ji(d2)[|Zy cos O — zsin8|" — | Z;|"]
0o 27 Jgr
+uE [ [Jul” ~ |Zi Ty (dw) + rABZ4
R

< Arh(t)—s—BrIEl/ |Ze|" " 2| fe(dz) + By,
R

where A, = —2)\C, — p+rA, and B, B, are some constants depending on r.
By Jensen’s inequality, we have E|Z;["~! < h(t)'~!/", and also [ |2|f;(dz) <
max{E, [ fo(dv)v?}/2, because of equation (19). Thus, we obtain

_ 1/2 _
Aph(t) + B, < 0:h(t) < A.h(t) + max {E / fo(dv)v2} B,h(t)'Y" + B,,

where the first inequality is deduced similarly, using that a” + b" < (a + b)"
for all a,b > 0. From these inequalities, the conclusion follows. O

We introduce the Boltzmann process (21) since it allows us to use coupling
arguments for obtaining convergence results in 2-Wasserstein distance, such as
contraction and propagation of chaos. Regarding the former, we have:

Lemma 8 (contraction). Let (fi);>0 and (fi)iso be two weak solutions to (6)
starting from possibly different initial conditions fo and fo. Then,

Wa(fe, fr) < W2(f0,fo)e_‘3%t.
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Proof. For all t > 0, let I} be an optimal coupling between f; and ft, that is, F}
is a probability measure on R x R such that [(z— 2)2F,(dz,dZ) = Wa(f:, f:)?.
Let S(dt,df,dz,dZ) be a Poisson point measure on [0,00) X [0,27) X R x R
with intensity 2)\dt%Ft(dz,d2), and define P(dt,df,dz) = S(dt,dd,dz,R)
and ﬁ(dt,d@,dfi) = S(dt,dd,R,dz). In words, P and P are Poisson point
measures, with intensities 2Ad¢$2 f,(dz) and 2Adt 32 f¢(dZ), respectively, which
have the same atoms in the ¢ and 6 variables, and which are optimally coupled
realizations of f; and f; on the z and Z variables. Also, let Q(dt, dw) be a
Poisson point measure with intensity pudty(dw) that is independent of S, and
set @ = Q. Let also (Zo, ZO) be a realization of F{y, independent of everything
else; in particular we have E[(Zy — Zo)?] = Wa(fo, fo)?.

Let Z; and Z; be the solutions to the SDE (21) with respect to (P, Q)
and (P, Q), respectively, thus Law(Z;) = f; and Law(Z;) = f;. Consequently,
we have Wa(fy, f)2 < E[(Z, — Z;)?] =: h(t). Using It6 calculus, we have:

27
de .
Ouh(t) = 2/\IE/ — / Fy(dz,d2)[(Z; cos — zsin b — Z, cos § + Zsinh)?
0o 27 Jrxr
—(Z = Z1)%)

B [ [0 =0 = (Z = Z)P(dw) + 20

E(Z, — Z;)?

2m

= 2/\E/ o Fy(dz,dZ)[(cos? 0 — 1)(Z; — Z;)? + (2 — 2)%sin? §)
0 T JRxR

_HT

Zh(t)

where in the last step the cross-term vanished because fozﬂ cos @sinfdf = 0.
Since [(z — 2)?Fy(dz,d2) = Wa(fs, fi)? < h(t), the integral in the last line
is bounded above by 0. We thus obtain 0;h(t) < —%h(t), which yields the
result. 0

Remark 9. We can also consider the following parametrization of the Kac col-
lisions, introduced by Hauray [19]: when particles with velocities v and v,
interact, the new velocity for v is v' = \/v? 4+ v2 cos 0. Using this parametriza-
tion and the case [v?fo(dv) = E = vafO(dv), a similar coupling argument
yields the following contraction result in Wjy:

Walfe fot < B(Z0 ~ Zo)Texo (- |22+ 255 < )

- A 2uT
+E[(Z2 — Z3)?|exp | — A sk —plt).
2 E
Now we show the existence of a steady state f for (6) and its main

properties. Thanks to the contraction property of the solutions in Wasserstein
metric (Lemma 8), we can prove:
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Lemma 10 (equilibration). There exists a probability measure foo on R with
energy E, such that limy_. fi = foo weakly, for any (fi)i>o0 weak solution of
(6) having bounded initial energy. Moreover,

WQ(fta foo) S W2(f07 foo)e_g%ta

foo is the unique stationary weak solution of (6), and is also the unique solution
to

A / & (0)0 o (dv) = / S {2ANBalfoos foc] — foo) + u(1(0) — foo)}dlv
R R
(22)

for every bounded test function ¢ on R with bounded and continuous first
derivatives.

Proof. For any t,s > 0, note that f;,s can be seen as the weak solution to
(6) at time ¢, starting from f,. Hence, using Lemma 8 and the fact that the
energy is always bounded by max{F, [ fo(dv)v?}, we have

Wz(ft,ft+s)swg<fo,fs>e%tszmax{E, / v2fo(dv)} —EEt (23)

This shows that for any sequence (t,,)nen with ¢, — oo, the collection (f;, )nen
is a Cauchy sequence with respect to Ws, thus it converges to some limit distri-
bution f. (see [31, Theorem 6.18] for completeness in W), which is the same
for every such (t,)nen. Thus, (fi)i>o itself converges to foo in Wy. Similarly,
if (ft)tzo is the weak solution to (6) starting from fo, then it converges in W,
to some foo. Thus, for all ¢ > 0 we have

Wa(foos foo) < Walfoos f2) + Walfe, 1) + Wa(Ffi, foo)s

and letting ¢ — 0o gives Wa(foo, foo) = 0, again thanks to Lemma 8. This
shows that the limit is the same for any weak solution of (6). Since the con-
vergence is in Wa, we have [v?fy(dv) = lim; [v?f;(dv) = E. Letting s — oo
in (23) gives Wa(fi, foo) < Wg(fo,foo)e*%t. Moreover, taking fo = foo, the
last inequality implies that Wa(f;, foo) = 0, thus f; = foo for all ¢ > 0. That
is, foo is a stationary solution, and uniqueness is straightforward.

Now we prove that f., satisfies (22). By our deﬁnition of weak solution,
we know that (g¢)¢>0 given by [ ¢(v)gi(dv) = [ d(e™*v) foo (dv) satisfies (17).

Noting that
/d) )B1[t](dv) /d) —Aty v)dv and

/ 6(v) Balgi. g1] (dv) = / O(e™20) Bl foor foo) (dv),
R R

we thus obtain for every bounded function ¢ with continuous and bounded
first derivatives:



1644 R. Cortez and H. Tossounian Ann. Henri Poincaré

/ (e A 0) 2\ (Balfoos fro] — Fro) + 1(4(v) — foo) }(dlv)
= e ) foo (dv) = —Ae= A (e )v fou (dv).
_at/Rm ) foold) = —A /Rw o oo (1)

Evaluating at ¢ = 0 shows that fo, solves (22). Now we prove that f. is the
only solution: given f € P(R ) satisfying (22), a similar computation shows
that (g¢)i>0 defined by [ ¢(v)g(dv) = [p(e *v)f(dv) satisfies (17) inte-
grated against test functions ¢ Wthh are bounded and with bounded first
derivatives. By a density argument, it follows that (g;):>0 itself satisfies (17),
thus f is a stationary weak solution of (6). By the uniqueness of the stationary
distribution, we deduce that f = f. O

We now prepare for the proof of Theorem 1. Note that the case A\ = 0
in equation (6) can be solved explicitly by the method of characteristics. We
summarize the result in the following lemma, which we state without proof.

Lemma 11. Let A =0 and fo € L*(R). Then, the weak solution (fi);>o to (6)
18 given by

t
Fil0) = e R0+ [ e (A (e ) ds
0
Also, foo is given by

fool) = / ey (e 0)ds. (24)
0

Remark 12. When A = 0, the measure fo, given by (24) can be seen as the law
of X 6%7—, where X and 7 are independent random variables, with X ~ ~
and 7 ~ exp(1).

In Theorem 1, we will use the Fourier transform to prove the smoothness
properties of f,.. We use the convention

o6 = [ )
R
for any finite measure v. Note that for any such v4 and vy we have Ba[vy, 5] =
BQ [ﬁl, ﬁg], where

Bs[z, w](§) ::/Oﬂz(§cost9)w(§sin9)§i. (25)

Call y(&) = foo(€). We first provide some properties of y(£) in the following
two lemmas. The proofs are given in Sects. 4.2 and 4.3 . For convenience, we
introduce the following terminology: we say that a function ¢ : R — R U {oo}
satisfies property (P) if it is non-negative, even, and non-increasing on [0, c0).

Lemma 13. For the Fourier transform y(§), we have:
(i) y € C’Q(R) and satisfies for all £ € R:

— a5l =2 ([ wlecostlesnd) - u(©) + uti(©) - 16 26)

dg
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(ii) y(§) satisfies (P).
k
(#ii) For anyk =0,1,2,..., we have (fd%)ky € C(R) and lim (§d§>

[€]— o0
0. In particular, there is a constant Cy, for which we have

dFy
@(5)

Lemma 14. If z(§) : [0,00) — [0,1] is continuous and satisfies

i

< Clé|™*

A0 < ri©) + (1= 1) [ s(Ecos)z(esing) T (1)
for some r € (0,1), then
2(§) <A Ve (28)

Whenr = 0, equation (28) still holds if we assume in addition thatlime o(2(£)—
1)¢2 = —2nF.

Proof of Theorem 1. The existence [, the convergence of f; in W5 and the
fact that it is the unique stationary weak solution of (6), were proven in
Lemma 10. We now prove that f., has a density. For this, we write f., as
limy . ft where fy := . Since fy satisﬁes property (P), so does f; for all
t > 0, thanks to Remark 6; thus, fi(v) < 2|  for all v 7 0 due to the inequal-

ity 1/2 > [ fy(z)dz > vfi(v) which holds for all v > 0. Using Lemma 10
to pass to the Weak limit of infinite ¢, we have that for every bounded and
continuous function ¢ we have [ ¢(v)foo(dv) < [ ¢(v) 2\v| This, together with
an approximating argument using continuous and bounded functions that ¢
vanish around 0, implies that f., necessarily has the form

foo =160+ (1 =7)p, (29)

where dp is the Dirac mass at 0, p(v) is some density function satisfying (P)
and the estimate p(v) < 2‘ ; for all v, and r € [0,1) is some constant. Our
next task is to show that r = 0. Equation (29) implies that there is an L' (R)
probability density p; such that the following holds

Ba[feos fool = 7’250 +(1— 7’2)/)1. (30)
We substitute equations (29) and (30) into equation (22) and let ¢(v) = e=7".
This gives
2A(1 — r)/nvze*mﬁp(v)dv

R

= 2\(r® ) — pur + /]R e (2A((1 = 1)p1 (v) — (1= 1)p(0) + pry(v))d.

Letting n — oo and applying the dominated convergence implies that 2\ (r? —
r) — pr must be 0. The only solution r in [0, 1] compatible with having energy
E > 01is r = 0. This shows that f, has a density that satisfies (P), thus

proving (i).
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Now we show (ii). The forward implication follows directly from choosing
fso as the initial condition and using Lemma 7. For the converse: assume
(8) holds. Take fy as any density with finite 7*" moment and let ¢ps(z) =
max (M, |x|"). Since f; — fo weakly, Lemma 7 implies that we have

/ Om (V) foo(v)dv = tlim / dp(v) fr(v)do < sup/ [v]" fe(v)dv < o0.
R —>*Jr t>0 JR

The conclusion follows from the monotone convergence theorem.

Now, we prove (iii). To show that f., € C¥(R\{0}) for any k, we use the
Fourier transform. Fix &, and let v > 0. We will express foo(v) in terms of its
Fourier transform: y(€). Since fo € L'(R), we have that

v
. & i
futy = i [ (1 ) g
Here, the limit is taken in L!(R). We can divide this integral into an integral
over [—1, 1], which is a smooth function in v, and an integral over {1 < |¢] <
V}. On this interval, we also note that the integrand can be expressed as

k
cy(§) (1 — |§V|) C%k (ezm‘”v*k) . (31)

After performing k integrations-by-part and then taking the limit as V — oo,
we see that the contribution of {|¢| > 1} is

—2miv, —k dk
Jrany T Ggrvtert

plus boundary terms at +1. The boundary terms at +1 are smooth in v so long
as v > 0, while property (iii) in Lemma 13 implies that the boundary terms
at £V vanish as V' — oo. The integral in (31) is in the sense of Lebesgue;
and is in C*~2 because 3 (¢) decays like £%. In particular, fu is in C*~2
away from v = 0. Similarly one can show that Bs|[fs, foo] € CF72(R\{0}),
justifying the pointwise equality in (9).

Finally, we prove (iv), concerning the boundedness and smoothness prop-
erties of foo at the origin. We start by proving the last claim in (iv) concerning
the analyticity of y. When E > T (A > 0), we have —Afg—z > 0 on [0,00).
Thus, on [0, 00) we have:

22 " a0

/4
< Y 56 sin ) ——.
WO < gy O+ gt [ wleeonoputesing)
Thus, by Lemma 14, we have y(¢) < 4(€). Therefore y(€) is in L'(R), making
foo analytic. Therefore, we need only consider the case when £ < T (A < 0).
Note that (10) is equivalent to D > —A(p + 1). We rewrite equation (26) in
the following form. Recall that D = 2\ + p.

(419) = 6274 (Bbate) + faa(6)) (32)
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Here, By(x fa o Y(z cosO)y(x sin 0)42 as in Lemma 13. Note that all the
constants are positive. We integrate both sides of (32) on [0,&] and multiply
the resulting equation by &7~P/IA4l. This leads to the equation:

¢
y(f)gpzfpfp/w/o L D/1AI-1 (@BQ(IH@&(%)) de.

Hence, we can show that fRy €)|¢|Bd€ is infinite when B is large enough as
follows.

9] [eS) 13 I\
PdE = p—D/|A| D/Al-1 ( B )d d

= [" o (B + |fjl|’3’(x)) ( i 5PD/Ad5) da.
. - (33)

When p > ‘A‘ — 1, this is infinite due to the &-integral. We now show that if
p < W —1, then [, y(£)&Pd¢ is finite. Consider the integral fOX EPBy(€)dE. As
above, we restrict the average over the 6 variable to the interval [0, 7/4]. By
using polar coordinates: (z,z) := (£ cosf, {sinf), augmenting the domain to

the triangle {y < x and z < R}, and applying the change of variables z = x x ¢
we obtain:

/Ox gpéQ(g)dfé/ZXOxpy(x) (;‘; /t10(1+t2) = y(ta) dt> de.  (34)

Equation (34), together with the fact that lim¢ . y(£) = 0, implies that
p+1 X

X X
/ PBye)de < 20y e [T ery(e)de,
0 p Xo

+1

for any € whenever X > Xj(e) is large enough. Thus, multiplying (26) by &P
and integrating the result on the interval [0, X] (with X large enough) , and
performing an integration by parts gives:

X
—AXPHLy(X) + (20 + p—2he + A(p + 1)) /0 §ry(§)d¢

Xngl 00
<2\ PA(&)dE.
R ARG

Since A < 0, we can neglect the term: —AXP+1y(X). Also, because D—|A|(p+
1) > 0, and w.l.o.g. A > 0, choosing ¢ < (D—|A|(p+1))/2X and letting X — oo
shows that [~ &Py(£)ds < oo. O

3. Particle System

In this section, we study the propagation of chaos for the particle system
associated to equation (6) with rescaling factor Sy given in (11). We provide
an explicit construction of the particle system using an SDE, following [15].
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To this end, for fixed N € N, let R(dt,d#,d{,d¢) be a Poisson point measure
on [0,00) x [0,27) x [0, N)? with intensity

d0 d€dC1ie)zie)y _ AdEOAEdCT fie) i)
NN - 1) (N —-1)

N )\dt

where i is the function that associates to a variable £ € [0, N) the discrete
index i(§) = [€] +1 € {1,...,N}. In words: at rate N, the measure R
selects collision times ¢ > 0, and for each such time, it independently samples
a parameter 6 uniformly at random on [0, 27), and a pair (&,¢) € [0, N)? such
that i(§) # i(¢), also uniformly. The pair (i(£),i(¢)) provides the indices of
the particles involved in Kac-type collisions. Let Q;(dt, dw), ..., Qn(dt,dw)
be a collection of independent Poisson point measures, also independent of
R, each having intensity pdty(dw). Finally, let Vo = (Vi!,..., V") be an
exchangeable collection of random variables, independent of everything else,
such that E[(V})?] = E.

The particle system, which we denote by V; = (V,!,..., V), is defined
as the unique jump-by-jump solution of the SDE

27 N
WF/‘/ > (@i (Vi 0) = Vil Lie)=iio)—y R(dE, d6, ¢, d¢)
0 JI0N)? G i1 iz (35)

+ Z; /R[bi(vt'aw) — V]9, (dt, dw),

that starts at V. Here, for v € RV, the vectors a;;(v,0) € RY and b;(v,w) €
RY are defined as

ot~ sing if k=i, Sw(ww ik

‘ i w)w 1=k,

aij(V,G)k = v'sinf + v cosf if k=j, bi(v,w)* = { N . .
vk otherwise B (w)v®  otherwise,

where Oy (w) is the rescaling factor given by

NE
NE — E+w?’
We call V; the particle system, and denote f¥ = Law(V;) its distribution on

RY. For any i = 1,..., N, from (35) it follows that the particle V;' satisfies
the SDE

Bn(w) =

2 oN
dv; = / / [Vi cosf — Vi© sin — VP, (dt, df, d€)
o Jo 5)
+/R[ﬁN( Jw — Vi Q;(dt, dw) Z /BN — V£ 19,(dt, dw),

J=1,j#i

where P; is defined as
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and where we have —d# to transform sin 8 into — sin 8. Clearly, P; is a Poisson
2)\dtdgd§1{i(§)#i}

point measure on [0,00) x [0,27) x [0, V) with intensity (V1)

Lemma 15 (contraction for the p.s.). Let V be the solution to (35) starting
from a possibly different exchangeable initial condition Vo. Then, for allt > 0,

E[(V;! = V)% = E[(Vy — Vg')?le” O™,

where G = % > 0 uniformly in N. Denoting fN = Law(V,), this

implies that
~ ~ GN M

WQ(ftN7 ftN) < WQ(féva fé\])e_%lt
Proof. Sir}ce the pair (Vy, \70) can be chosen as an optimal coupling between
&V and fév , the second claim is a direct consequence of the first, because
Wa(fe¥, fo')? < E[(V,) = V;')?] by exchangeability. Let us prove the first claim:
for h(t) = E[(V;}} — V;})?], using exchangeability again, we have from (36):

27
de . . ~
Oh(t) = 2B [ STV = T )cost — (V2 = T2)sin6)? — (V) ~ V)
0

t UE / (B (w)w — By (w)w)? — (Vi — V)] (dw)
L (N~ )uE / (B )V} — B (w) V)2 — (Vi — V)2 (dw)

= (14 =) [ w2 = thtaw) ) unce)

where the first term vanished because f027r cosfsin0df = 0. A straightforward
computation shows that the constant in front of ph(t) in the last line equals

—G N, which proves the first claim. Finally, note that NE#]LE)?M is bounded be-

o2
low by #’fwg, which increases with N; thus, Gy > [ 2;’%&2") > 0 uniformly

in N. O

In the usual Kac particle system (without thermostat and rescaling), the
initial energy 2:14(‘/01)2 is a.s. preserved. Although this is no longer the case for
our p.s., we still have preservation of the expected energy:

Lemma 16. E[(V,})?] = E for all t > 0.

Proof. For h(t) := E[(V,})?], a similar argument as in the proof of Lemma 15
gives Oih(t) = pEGN — pGyh(t), which implies that h(t) = E for all t > 0,
because h(0) = E[(V()?] = E. O

The above results imply the existence of an equilibrium distribution f&
for the particle system, which is f.-chaotic. This is the content of the following:

Lemma 17 (equilibration for the particle system). For each N > 2, there is
a probability measure Y, depending on the parameters \,u, E, and T, such
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that for any exchangeable initial condition, the distribution I = Law(V})
satisfies

GNH

Wa(fN, f2) S Walfgh fR)e 7570 vt >0 (37)
Moreover, if r > 2 is chosen so that condition (8) holds (recall that it always
exists), then there exists a constant C' depending on v, \, u, E, and T, such
that for U with distribution fX, we have the following chaoticity estimate of
N with respect to foo:

N*I/?’7 r >4,
E[Wa(U, fx)?] < C{ N"H3(log N)?/3, 1 =4, (38)
N~ 2(7‘7"_j21)) re (2’4),

Proof. Equation (37) follows from Lemma 15 with the same argument as in
the proof of Lemma 10, so we omit the details. We now prove (38). Take
f& = f¥ and fo = fw, thus f¥ = f¥ and f, = f for all t > 0. Therefore,
E[W2(U, foo)?] = E[Wa(Vy, f;)?] for all t > 0. We also know from Theorem 1-
(ii) that f. has finite r*"-moment. Hence, applying Theorem 2 (to be proven
shortly), (12) holds. Equation (38) follows by letting ¢ — oo. O

We now prepare the grounds for proving our uniform propagation of
chaos result, Theorem 2. The proof is based on a coupling argument. The
main idea, introduced in [15], is to define a collection Z; = (Z},..., Z}) of
Boltzmann processes in such a way that, for each ¢ = 1,..., N, the process
Z! remains as close as possible to the particle V. The construction goes as
follows. First, consider a random vector Zg = (Z¢,..., Z}') with distribution

(‘?N , independent of R and of the Q;’s, optimally coupled to V), that is,

1 N
7 7\2
|y 20

Now, mimicking (21) and (36), we define Z; as the solution, starting from Z§,
to the SDE

= Waf, f&N)2. (39)

27 N
dzi = / / [Z] cos O — F}(Z,€)sin@ — Z1]P;(dt,do, d€)
0 0 (40)
+ / [w— Z]Q,(dt, dw) + AZ!dt,
R

using the same Poisson point measures P; and Q; as in (36). Here, F} : RY x
[0, N) — R is a measurable function with the following property: for each z €
R” and any uniformly distributed random variable ¢ on the set [0, N)\[i—1,1),
the pair (F}(z,¢), 219) is a realization of the optimal coupling between f; and
the empirical measure z' := '~ > ;i 0z That is, for all z € RY,

N . . dél i i i
| (Fitag - )" SO g, 52 (41)

The proof of existence of such a function F} can be found in [15, Lemma 3].
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Comparing (21) and (40), it is clear that each Z; is indeed a Boltzmann
process, thus Law(Z}) = f; for all i = 1,..., N. In words, the dynamics of
Z! mimics as closely as possible the one of Vi it uses the same jump times,
the same collision parameters 0, and the same samples of the thermostat.
Moreover, for ¢ > 0 fixed, the expression Vti.(g) in (36) corresponds to a &-
realization of the (random) empirical measure > 5‘/5;’ while F}(Zy-, &)
in (40) is a &-realization of f; that is optimally coupled to the empirical measure
ﬁ > ki 5Z{_. However, regarding the rescaling mechanism, we note that,
while in the system an interaction of any particle j # i against the thermostat
(slightly) modifies the velocity V¢ (last term in (36)), for the process Z; this
mechanism takes the form of the drift term AZ}dt.

Because the vector Z; = (Z},...,Z}) uses the same randomness as that
of the particle system, the processes Z; and Zij have a simultaneous jump
whenever a Kac-type interaction between V' and th takes place. Consequently,
the processes Z},..., Z}N are not independent. Thus, to prove Theorem 2, we
need to show that this dependence vanishes as N — oo. We do this in a
quantitative way and uniformly in time in the following lemma.

Lemma 18 (decoupling). There exists a constant C' < oo depending only on
E, T, X and p, such that for all fired k € N we have for all t > 0:

Wa (f2%, Law(Z},..., ZF))° < %

Proof. We follow the proof of [15, Lemma 6], which relies on a coupling ar-
gument; see also [14 Lemma 3|. For fixed k& € N, the plan is to define a
collection Zt . Z of independent Boltzmann processes that they stay close
to Z},...,ZF on expectation. For i € {1,...,k}, the jumps of the process
Zi will use the same randomness source that Z; uses, except when there is a
simultaneous Kac-type jump with some Zt ,J€{1,...,k}, j #i; in that case,
either ZZ or Z will not jump at that instant. To compenbate for the missing
jumps, we w1ll use an additional, independent source of randomness to gen-
erate new jumps. For k& < N, this kind of jumps occur much less frequently,
thus this construction will give the desired estimate.

To this end, let R be an independent copy of the Poisson point measure
R, and for ¢ = 1,...,k, define

751' (dt7 d07 df) = R(dt7 d97 [Z - 17 2)7 dg)
+ R(dta _dea dfa [Z - 17 Z))l[k,N) (5)
+R(dt, —df, dg, [i — 1,1)) 10,1 (€);

L . . o o 2AdEdOdEL ey siy
which is a Poisson point measure with intensity W, just as P;.

Note that the Poisson measures Py, ..., P are independent by construction.

Mimicking (40), we define Z; as the solution, starting from Z§ = Z}, to the
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SDE
~ . 2Tr N ~ . . ~ . ~
dz; = / / [Z}. cosO — F}(Zy, &) sin @ — Z; |P;(dt, db, d€)
0 0 (42)
+ / [w— Z1]1Q;(dt, dw) + AZ!dt.
R
It is clear that Ztl, ey Zt’“ is an exchangeable collection of Boltzmann processes.

Moreover, using the independence of Py, ..., Py and the fact that Fi(z,€) has
distribution f; for any z € RY and any ¢ uniformly distributed on [0, N)\[i —
1,i), one can prove that the processes Z},..., ZF are independent. For a full
proof of this fact in a very similar setting, we refer the reader to [15, Lemma
6).
Call h(t) := E[(Z} — Z})?]. By exchangeability, we have
k

k 2 1 i _ i
Wy (f&%, Law(Z},...,2F))” <E lk Z(zt — 712

i=1

= h(t),

thus it suffices to obtain the desired estimate for hA(t). From (40) and (42),
using [to calculus, we obtain:

27 N
Ouh(t) = E /0 /0 Ay [R(dt,d6, [0,1), d€) + R(dt, 6, d&, [0, 1)1 (€)]

2m N
+ E/ / AQR(dtv _dav dga [07 1))1[0k) (5)
o Jo (43)

2 N
+E /O /0 AgR(dt, —d8, e, [0, 1)) 10 4 (€)
+E / (0 — w)? — (ZE — Z1)2)Q: (dt, dw) + 2AE[(Z} — Z1)?,
R

where A; corresponds to the increment of (Z} — Z})? when Z} and Z} have
a simultaneous Kac-type jump, Ay is the increment when only Z} jumps, and
Aj is the increment when only Ztl jumps. Thanks to the indicator 1 j)(§) and
the fact that As and Az involve only second-order products of fi-distributed
variables (recall that [v?f;(dv) = E for all ¢ > 0), we deduce that the second
and third terms in (43) are bounded above by % On the other hand, for A;
we have

~ 2 ~
Ay = {Ztl cos® — FNZy,€)sinf — Z} cos + F}(Zy-,€)sinb| — (Z- — Z}1)?
= —(1—cos?0)(ZL — ZL)2.

Thus, simply discarding the negative term with the indicator 1y, ny (&) in (43),
we deduce that
2Xd0d¢ Ck

27 N ~
Oih(t) < —E/O /1 (1 —cos®0)(Z} — Z,})2m + ph(t) + 2Ah(t)
Ck

= —(A+ = 24)h(t) + —
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Recall that A = pZ=L thus 9;h(t) + (A + L5 )h(t) < SE. Since h(0) = 0, the
desired bound follows from the last inequality by multiplying by O+t and
integrating. O

We now want to use the previous lemma to obtain a chaoticity estimate
for Z; in terms of EWy(Z, f;)?. We will need some previous results. Recall
that (see (14)) given a probability measure v on R and k € N, we call e;(v) =
EW,(X,v)2, where X = (X!,..., X*) is a vector of i.i.d. v-distributed random
variables, and X = L3 §yi is its (random) empirical measure. The best
available general estimate for e;(v), found in [18, Theorem 1], asserts that if
v has finite » moment for some r > 2, then there exists a constant C' > 0
depending only on r such that for all £k € N,

k=12, r >4,

2/r
ex(v) <C (/ |:c|rz/(dsc)> k=12log(k), r =4, (44)
0D e 0.)

Remark 19. The case r = 4 is omitted in the statement of [18, Theorem 1],
but their proof can be easily adapted to include it. We provide the needed
adjustments in Sect. 4.4 of the Appendix.

We will also need the following estimate, which is a consequence of [15,
Lemma 7]: for any exchangeable random vector X on RY and any probability
measure v on R, there exists a constant C' > 0 depending only on the second
moments of v and X!, such that for any £k < N,

1 - k
SEW2(X,0)%] < W (", Law (X', .. X))+ en(v) + Cs-  (49)
We can now state and prove the following:

Lemma 20. Fizr > 2 such that [ |v]" fo(dv) < co and condition (8) is satisfied
for this r. Then, there exists a constant C' depending only on \, u, E, T, r,
and [ |v]" fo(dv), such that for all t > 0,

N-1/3, r >4,
E[W2(Zy, f1)?] < C{ N~V3(log N)?/3, r=4, (46)
N~ 26—:21) , re (2’4)_

Moreover, the same bound holds with Zi = ﬁ Zﬁéi 52{ in place of Zy.

Proof. For any k < N, we obtain from (45) applied to v = f; and X = Z;:
1 - 2 k
§E[W2(Zt,ft)2] < Wo (f2%, Law(Z}, ..., Zf))" +en(fs) + Cx

k k
S CN +€k(ft)+CN,
where in the last step we used Lemma 18. Since (8) holds for this r > 2,

we know from Lemma 7 that the r*" moment of f; is bounded uniformly in
time. If » > 4, from (44) we obtain e (f;) < Ck~'/2 for all t > 0, and then
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taking k ~ N?2/3 gives the result. If r € (2,4), take k ~ N==D . Finally, if
r =4, take k ~ (Nlog N )2/3. The estimate for Z! is deduced similarly, taking
X = (2]);: in (45). O

The proof of Theorem 2 requires the following two technical lemmas. The

proof of Lemma 21 is provided in the Appendix, while the proof of Lemma 22
can be found for instance in [1, Lemma 4.1.8].

Lemma 21. Let v be any probability measure on R with fR w?v(dw) = T and
Jp whv(dw) =: My(v) < co. Let K, K3, and K3, be given as follows.

Rl =(N-1) / v(dw)(1 - By (w))?

R
Ry = [ vidu) oy (w) = 1)70?
RS = =2 = 1) [ vldu)oy (w)(1 = (o) - T

Then, there a constant C that depends only on T, E, and My for which the
following holds.

_ _ _ C(T,E, M.
R+ Ry + Ry < S0

Lemma 22 (a version of Gronwall’s lemma). Let u: Ry — Ry be an almost-
everywhere differentiable function satisfying i—’; < —au + bu'’? + ¢ for some
constants a >0, b > 0 and ¢ > 0. Then,

2c  4b?
t) <2u(0)e ™ + =+ — Vt>0.
u(t) < 2u(0)e +a+a2 >
We are now ready to prove Theorem 2.
Proof of Theorem 2. Call h(t) = E[(V,;! — Z})?]. Using Lemma 20 and ex-
changeability, we obtain
E[W2(Vy, f1)°] < 2E[W2(Vy, Zy)?] + 2E[W2(Zy, f1)?]

N

1 4 i\2 c
<2E [N ;:1:(14 - Z*| + w75
C

Thus, it suffices to prove that h(t) < 26_%%(0) + CN~'/3, because h(0) =
Wo (£, )2 by exchangeability and (39).
We thus study the evolution of h(t). We have

Oih(t) = SE 4+ 8T 4+ SE 4 5P, (47)

where those four terms correspond to Kac interactions, thermostat interac-
tions, rescaling, and drift, respectively. That is: SX comes from the P; terms
of (36) and (40); SI' comes from the Q; terms; SF comes from the summation
in (36) (and no term from (40)); and SP comes from the drift term in (40)
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(and no term from (36)). To write them explicitly, let us first shorten nota-
tion: call Vi = Vti(g), Zi = Zti(g), and F}! = F}(Z,¢). For clarity, we split the
remaining of the proof into small steps.

Step 1, Kac term: Recall that the intensity of P;(dt,d#, d§) is

thus from (36) and (40), using It6 calculus, for S we obtain:

2Adtd9d£1{i(§)¢1}
27 (N—1) )

S

:E/27r/N [(VlcosefvisinafZ1c089+Flsin9)27(\/1,Zl)z] M
0 1 t t t t i i (N = 1)
e i . 22dOd¢

= (V2 = 23)2(eos” 6 = 1) (V{ = B)?sin? 0] o=
1 1 N de

=2\ |——h(t _E vi_ pny2_95 18
-5+ 58 [T @i - rp ] "

where in the second equality we discarded the cross-term because
fOQTr cosfsinfdf = 0. Calla(t) = E flj\[(Zti—Ftl)Q%7 thus a(t) = E[Wa(Z}, f1)?]
thanks to (41); also note that E le(Vti -7 =Bty Z;VZQ(VtJ — 712 =
h(t) by exchangeability. For the integral in (48), we add and subtract Z}, thus
obtaining:

dg

N d¢ N
i 2 YS i_ i il
B[ 0i-F) ) +at) + 28 [ (v = 2z - P52

N—-1_
< h(t) + a(t) + 2h(t)%a(t)"/?,

where we have used the Cauchy—Schwarz inequality. Plugging this into (48)
gives

SE < a(t) + 2\ (t) 2a(t) /2. (49)

Step 2, thermostat term: Recall that the intensity of Q;(dt,dw) is udty(dw).
Thus, again from (36) and (40), we have for S :

ST =y / (B (w)w — w)? — BV} — Z1)2] 4(dw)
R

= —uh(t) + [ (B () = )Py (dw). (50)

Step 3, rescaling term: Noting that every Q,;(dt,dw) has the same intensity
udty(dw), again from (36) and (40), we obtain:

N
Sf = MZE/R [(By(w)V = 2})? = (V' = Z})?] y(dw)

— (N~ DE / (B W)V — Z1)? — (V= Z1)2] 7(duw)

— u(N — DE / [Bx (w2 (VE — Z1)2 + (B (w) — 1)*(Z})?

+ 26w (w)(By (w) = DV} = Z])Z; — (V! = Z;)?] 7(dw)
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:u(an/R[(ﬂN( w)? — Dh(t) + (By (w) — 1)°E

+ 28w (w)(By (w) — DE[(V;' — Z;)Z;]] 7(dw), (51)

where we have used that E[(Z})?] = E for all t > 0.
Step 4, drift term and conclusion: It is clear that SP = —2AE[(V,} — Z})Z}].
Plugging this, (49), (50), and (51) into (47) and grouping terms, yields

Oih(t) < 22a(t)2h(t)"? + Kyh(t) + Dalt) + KR + KZE[(V;' — 212},
(52)
where K}, K% and K3; are given by

Kk = = n(N = 1) [ (By(w)? - Dy(aw),
R
K = [ (9 w) = 1Pwtaw) + Bu(N = 1) [ (8 (w) =17 (du),

K = —244 20(N — 1) / B (w) (B (1) — 1)(dw),

As in the proof of Lemma 15, a straightforward computation shows that K% =

—uGy, where Gy = % Since T = [ w?y(dw), we obtain
wl w? Nw? ulr  C
Ky =-"— — el y(dw) < -4 =

N /[E NE_Erw| sty

Using the notation and results of Lemma 21, we have K%, = uK3% +EpK} and
K3 = pK3; thus, K < C/V/N and |K3,| < C/V/N. Also, |E[(V;' - Z}) Z}]| <
2F and h(t) < 4E because E[(V,})?] = E[(Z})?] = E for all t > 0. Finally, since
[ |v]" fo(dv) < oo and condition (8) holds for this r, we can apply Lemma 20
and obtain a(t) = E[Wy(Z}, f;)?] < C/N'/3 for all t > 0, in the case r > 4.
Using all these estimates in (52) gives

c 12 BT c C C
Orh(t) < Nl/ﬁh(t) — fh(t) + Nh(t) + N3 + i
c 12 M c
Using Lemma 22 yields h(t) < 2h(0)6_%t + CN~Y3 as desired. The case
r € (2,4] is treated similarly, using the other estimates of Lemma 20. O

To conclude this section, we now prove Theorem 3, regarding the con-
struction of a chaotic sequence supported on the sphere SV =1 (v NE).

Proof of Theorem 3. We use the scaling procedure given by (13), following

[14,17]. First, note that for any probability measures v and 7 on R, we have
Wa(v,2)* > (4% = /%)%, (53)

where ¢ = fv v(dv) and § = fv 7(dv). Indeed: for any coupling X ~ v and

X ~ 7, we have E[(X —X)?] = ¢+§—2E(X X) > (¢"/?—G"/?)?, from which (53)
follows. Now, as specified in (13), consider a random vector X = (Xy,..., Xn)
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with distribution f® and define Q = % > X 2. Without loss of generality, we
assume that f does not have an atom at 0, thus @ > 0 almost surely, and let
Y = (Y1,...,Yn) be given by V; = (E/Q)'/2X, for all i € {1,..., N} (if f has
an atom at 0, on the event Q = 0, simply define Y as some fixed, independent,
exchangeable random vector Z taking values on S™V~1(v/ NE); the following
computations can be easily extended to this case). We define fV as the law of
Y. By construction, f¥ is supported on the sphere SN ~!(v/NE). We have:

N N 2 2

1 2 _ 1 o (B2 E'/? 1/2 _ H1/2y2

NZ(Yi_Xi) :NZXZ' <Q1/2_1 = W—l Q=(E/"-Q/7)".
i=1 i=1

From (53) with v = f and # = X = £ . 6x,, we obtain + > ,(Y; —
X2 < Wo(f,X)2. Since Y ~ fV and X ~ f®V taking expectations gives
Wo(fN, feN)2 < en(f). The explicit rates now follow directly from (44). O

Conclusion

In this paper, we considered the thermostated Kac model in [6] and introduced
a global thermostat in the form of a rescaling mechanism, in order to restore
the total energy. We used the coupling technique in [15] to obtain a quan-
titative, uniform in time propagation of chaos result for our particle system
with rescaling factor Sy given by (11). We studied the contractivity of the
corresponding kinetic equation (6) and its stationary distribution f.,. We dis-
covered that the behaviour of f., at the origin shows a phase transition from
blowing-up, to being continuous, C*, and all the way to analytic based on the
parameters F,T and pu, A\. We showed equilibration for our particle system in
the 2-Wasserstein distance in Lemma 17. We note that the particular form of
the Maxwellian thermostat « was not needed in our proofs; we only required it
to have finite moments of sufficiently large order (4 is enough, see Lemma 21).
Thus, Theorem 2 can be generalized to other distributions for the thermostat;
the same is true for parts of Theorem 1. Also, as a by-product of our study,
in Theorem 3 we showed how one can construct an f-chaotic sequence on the
sphere SN ~1(y/NE) by scaling an f®V-distributed random vector back to the
sphere. This procedure gives a quantitative rate of chaoticity without requiring
f to have a density, and assuming only finite moment of order 2+ €. One could
also study entropic chaoticity for this sequence, as is done for the sequence
obtained by conditioning f®V to the sphere in [11,12]; this is the subject of
future research.

As mentioned earlier, we remark that, with some modifications, such as
conforming Gy in (11) to the weak thermostat as

NE
(N —1)E + (sgn(V;)V'E cos ) — wsin 0)2
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and replacing equation (4) by

wkE—-T

Os fr(v) = 2\ (Balfs, fi] — fo) + e (Balfe, ] — fi) — gﬁﬁv(vft(v)),

our proof for contraction and propagation of chaos also work for the more
physical weak thermostat introduced in [6] with the same rates. In this case,
the proof for Lemma 21 becomes much more technical.

Many interesting questions remain open. For instance, one can consider
the particle system with the exact rescaling factor ay, given by (5). We do
not know if propagation of chaos holds in this case; we hope that Theorem 2
can be useful in answering this question. A related problem is the study of
the equilibration properties of the IV particle system using more conventional
metrics such as the spectral gap and relative entropy. It is possible that Kac’s
conjecture of a spectral gap bounded below uniformly in N holds for this par-
ticle system, as well as the one with rescaling Gy. Not knowing the exact form
of the equilibrium distribution in either case presents an additional difficulty
for studying equilibration via spectral gap or relative entropy. We hope that
global thermostats can be applied to study models that have multiple blocks
of Kac-type systems. Examples of such models are provided in [4] and [29].
Within each block, one can introduce a global thermostat to moderate the
total energy of that block.
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4. Appendix

4.1. The Master and Kinetic Equations

In this section, we justify the claim that (6) is the only candidate as the
propagation of chaos limit for our model with thermostat and rescaling (for
both choices: (5) and (11)).

It is expedient to use the generators of the Markov processes and the cor-
responding master equations which we now introduce. The distribution f(v)
in Kac’s original particle system evolved via the following master equation:

afy _ N

where @ is the Kac collision operator:

Q—<JZ>1 Z Qij

1<i<j<N
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and where the operator @); ; represents the collision of particles ¢ and j:

N N : : do
Qi,j[ft ](V) = ft (vla--~7”01'—177)1'(9),--~7'Uj—17vj(0),~~-,UN)7

o 27’

and where [ is the identity operator: I[fV] = fV.

The operator P; for the strong thermostat acting on particle i is given
by

N V):/fN(Ul,...71)1'_1,7_1),...71}]\/)(111)’}/(1}1')-
R

Now, we introduce Pj (resp. ]Sja) which encorporates the action of strongly
thermostating particle j followed by the rescaling by the factor Gy in (11)
(resp. ay in (5)). For any continuous and bounded function ¢(v), we have

ey = [ [ w0 By, ea...on) s(dwiv,

and

/]RN PE[fM)(v)d(v)dv = /RN/ft (an(w, v)(w,va,...,vn))y(dw)dv.

Thus, the generator for our particle system and its associated Master equation
are the following.

N

Ly =NXQ-1)+p) (P -
j=1

ory N

Similarly, the generator L% for the particle system with the scaling an and
the associated Master equation are given by:

LY [N =NMQ - 1)+ p ) (P —

=1
and

o N
JE Ly (54)

We now state and prove the following lemma which can be seen as a propaga-
tion of chaos result at the level of generators.

Lemma 23. (generator level propagation of chaos). Let (fN(v))y be a se-
quence of symmetric probability densities, with fN € LY(SN=Y(vV/NE),on),
that is chaotic to fo. Assume that for some r > 2 we have

sup /SN?1 (V)1 o (dv) < oo. (55)

N
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Then, for any 1 € N and any h € C*(R!) with

[1Plloe + Z 10ihlloc + Z 1055 hll < o0,

4,5=1
the following holds:

lim LY [N ho y (dv)

N —oo SN-1

/2/\2 HfO vi) | [B2[fo, fol — fo](v;)hdv (56)

J=1 \i#j

l
. E-T
+ 0N (P -1+ p o7 vV | [hldv.
=1

RI+1

The limit in (56) holds if we replace (SN~ (VNE),on) by (RY,dv) and L%
by LN-

The idea of the proof is to divide the integral of the generator against a
test function into a region where some components of v are controlled, and into
the complementary region. The moment condition (55) together with Tcheby-
shev’s inequality will imply that the contribution from the complementary
integral is small, while in the controlled region, Taylor’s expansion will be
effective.

Proof. We know from [23] and [6] that

lim [ on(dv) [ NA(Q — I+Z =) | [fN)()h(v)

N—o0 SN-—1

/2)\2 Hfovz [B2[fo, fo] — fol(v; hd"”““/ Z

J=1 \i#j

Thus, it suffices to study [gn_. S°(P; — P;)[fN]h. We have the following.

N

/SN,l > (B = P)fN(w)h(v)on(dv) :/SN NP =P =6+ &

1
where & and & are given by

Z/SN 1><R (dw)[h(aN(le,w)(vh...,w7...,vl))

—h(vy,...,w,...,v)]on(dv),

and

V=0 [ e ) ) — bl (o (du),
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respectively. We will study limp_,o E2(IN) only. Similar computations show
that £1(N) goes to zero. Let Ay be the region given below.

NE
_ oN-1 , 2
Ay =S (vNE)xRﬂ{(v,w).|vl+1| = Toa (N )} (57)
Then,

E = (N -1 . Y ) [h(an (g, w)(vr, ..., v)) — h(v)]on(dv)dw + Ry.

As promised, we now control the remainder term Ry using Tchebyshev’s in-
equality. Here, we use the boundedness of the average r** moment.

[R] < 20N = 1)[Bl|oc % (/A fN<v>oN<dv>>

r/2
<2V =Dl (B ) [ el P 0ot

This shows that we can neglect Ry. Let € := apn (vg4+1, w). Using the following
Taylor expansion:
2
€
h((1+ €)v) — h(v) = ev.Vh(v) + 5 Z v;0;0; jh(vy)
,J

we divide & — Ry into two parts €34 ,coming from the ev.Vh(v) term, and
Eyp. We now prove that our assumptions on (fV)y make Ep5(N) go to zero,
and that &4 gives the desired limit. The expression:

2
l
1
<5 5,57 oo i
Ep < zgaé\lau I /AN <i§_1v>
2

(N =) fN(w)on(dv)y(dw) < Vi — w’ )

(an (vig1, w)? + 1) NE +w? — v},

! 2 show that

together with (57) and the inequality >, ;; [viv;| <1375, v3

1 J w'y(dw)
<C(’E i P |oo .
Ean < CE) max 10550 (1o + e
This implies that E5(N) goes to zero. The term 34 contributes to the ex-
pression

/ Ly[fN](v)h(v1, ..., v)on(dv)
SN-1(VNE)
in the large N limit. The coefficient of v.Vh(v) in the limit of large N behaves
as follows:
lim f Nk Uiy — 0 = WZHE_ i

NE NE
N=eo! (i + 1) NE + v — (i)

=
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Integrating against w and against v;y; implies that, in the infinite N limit,
the coefficient of v.Vh(v) is simply:

wE =T
2 F

Here, we replaced fAN Jg fNe(v,w)v.Vh(v) by the integral over all of

SN=1(\/NE) x R. The cost of this change is negligible as seen above. The
same procedure shows that & becomes zero in the limit of large N. O

4.2. Proof of Lemma 13
Proof of Lemma 13. For part (i), the fact that y € C?(R) follows from
[ v?fs(dv) = E. Equation (26) follows from (22) by choosing ¢(v) = e~ 2%,
and noting that the left-hand side gives 2miA¢ [ e~ 28y f o (dv) = —Afz—g(ﬁ).
We now prove (ii), that is, we need to show that y(&) satisfies (P). To this
end, let (fi)i>0 be the weak solution to (6) with fy = v, and note that, since
ft — foo weakly by Lemma 10, we have y(&) = limy_ f(€) for all £ € R,
where f;(€) = g:(et€) and §(¢) satisfies the Fourier version of (18), namely

t —_—
Gi = e Pty 4Dt / eP*(2ABs§s. Gs) + puB1[s])ds,
0
with D =2\ + p.
We now aim to prove that g; satisfies (P) for every ¢ > 0, for which we will
use a fixed-point argument, similar to the one used in the proof of Theorem 5.
Consider the space

F={:€C®RC):|2(¢) <1,V € R},

endowed with the L* norm || - ||s. For 7 > 0 fixed, denote X = C([0, 7], F),
with the norm [u| = sup,c(o 7 [|ut][oo, thus (X, |-|) is a complete metric space.
For u € X, define

—

t
Fluly = e P4+ e P / P (2ABa[us, uy] + pBis])ds.
0

For z € I, we have that 7, B/l\[s] and B, [z, 2] all belong to F', which implies
that F maps X into itself. Also, since

1B2lz, 2] = Balw, w]]lse < 2]z = wll,

it follows that F is a contraction on (X, |-|) when 7 is small enough (the details
are the same as in the proof of Theorem 5). This proves that F has a unique
fixed point, which can then be extended to all times ¢ > 0. By the uniqueness
property, we deduce that (§);>0 has to be this fixed point.

Now, consider the smaller space Fp = {z € F : z satisfies (P)} and
Xp = C([0, 7], Fp) with the same metrics as before, thus Xp is a closed subset
of X. We note that By [z, w] is always even (since replacing & by —¢ corresponds
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to changing @ into 7w 4 6. This does not affect (25)), and that Bs[z, z] is non-
increasing on [0, 00) when z satisfies (P): for 0 < & < &,

R 2 0
Bule )€ = [ s(cost)z(easing) 5

< [ 2l cost)z(ersinage = Bals e

Thus, z — By [z, z] preserves the property (P), which in turn implies that F
maps Xp into itself. Therefore, the fixed point (§:):>0 of F will belong to Xp,
because starting the Picard iterations from u; = 4 will keep the sequence,
and hence its limit, in Xp. Consequently, y(£) also satisfies (P) since y(§) =
limt_,oo gt (eAff).

We now prove statement (iii). The case k = 0 holds since y(£) € C?(R)
and we have f,, € L'(R), so that lim¢_, 1o y(£) = 0 by the Riemann-Lebesgue

k

lemma. For the cases k > 1, we use induction. Let ug(§) = (5(%) y. Assume

ug (&) is continuous and limg_, 4o uk(£) = 0 whenever 0 < k < J. We have the
following Leibniz rule whenever 7 and m are less than J.

27

d o [ W
5@ ; (& cos 0)uy, (€ sin 9)% = A Upg1 (€ co8 0)uy, (€ sin 0)%

2
+/ Uy (€ o8 @)t 41 (€ sin ) d0
0

g.

This, together with equation (26), gives:

T\ [P a6
_A =2\ Nuy_ inf)—
usi1(8) ;;J<k> /0 ur(§ cos O)uy—i(§ sin 0)

J
—MW@+u@i)wwmw@.

The right-hand side is continuous, and converges to zero for large |¢| by the
J
induction hypotheses and the fact that (§ d%) (%) is a polynomial times a

Gaussian. O

4.3. Proof of Lemmas 14 and 21
Proof of Lemma 1/. First, we prove the case when r € (0,1). Let

[N

do

gm@ﬁw%@+u—ﬂl Bl cosO) (€ sin ) T

and let S be given by

S = {w € C([0,00),[0,1]) : supw < oo} )

er0 &
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equipped with the norm || - ||s given by

1£(&) —9(&)I
£ '

Then, by a standard 3e argument, we see that (S, || - ||)s is a complete metric
space. It is also easy to show that G maps S into S and that G is a contraction
in (9, ].|ls) by a factor of (1 —r) (see footnote ?). It follows that 4 is the
unique fixed point of G in S. We note also that G has a monotonicity property:
if u(¢) < w(§) for all &, then Glu](&) < Glw](§) for all £&. This implies that if
u(€) satisfies (27), then so does G[u]. We are now ready to prove the lemma.
Let z(&) satisfy (27). Consider the sequence {z,} in S with

If = glls = sup
£#0

Zey1 = Glzkl, 2o = max{z,y}.

We have z € S since zg is continuous and sup_q |20 — 1172 < sup,_ [9(€) —
1/¢72 < 0o. We also note that zo satisfies (27). Since 29 < 21, we can show by
induction and the monotonicity property of G that for each & we have

2 <a(l) << m << L

By the contracting property of G we have that z, = limg_. . 2z, exists in
(S.]l - |ls)- Thus, G(z.) = z. by continuity. Hence, z. = 4 by the uniqueness of
the fixed point. Therefore, we have z(§) < z9(§) < z.(€) < (&) for all €. This
proves the lemma when r € (0, 1).

When r = 0, we argue by contradiction. Suppose z(§) satisfies (27) and
(28), but that 2(&1) > 4(£1) for some &;. Then, & > 0. Since 2z < 1, 2(&1) =
exp(—2m2E¢?) for some E < E. Thus, we have

w/2
3/ (€1 c0s0)2 (& sin) > (1) >
0

™

ENEN

/2 B B
/ exp(—2m2 EE3 cos® 0) exp(—2m2 EEZ sin? 6).
0
So there is a subset I of [0, 7/2] of positive measure for which

6 €I = (2(&1 cosb) > exp(—2n2E€2 cos? 0) or z(£1 sin6) > exp(—272 E£? sin? 0)) .

It follows that there is & € (0,&;) for which z(&2) > exp(—272E¢£3). Since &
was arbitrary,

inf{& > 0:2(€) > exp(—27°E&)} =

3 This is because for all £ > 0 we have

|(f(£sin0) — g(£sin0))|
£2

< (1—7")Hf—9||s/0 26%(sin 0)26~2 = (1—1)[1f — gl s.

I [f](g) g[g < (1 T‘)/ §COS9 +g §COS€))
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and there is a sequence 1; > 0 approaching zero for which z(n;) > exp(fQWQEn?)
for all j. Therefore

lim inf(2(n;) — 1)77;2 > —21%F,
Jj—o0
contradicting (28). O

Proof of Lemma 21. The proof relies on Taylor approximation. Let

E —w? 1
IN:{U)Z v

< -
NE |~ 10
We will need the observation that Sy (w) < 2 for all N > 2, and the fact that,

}, Jn =R —1Iy.

when |z| < &, we have (1-z)~1/2 = 14+-£+ 222Er(x); where |Er(z)| < (%)5/2.
We are now ready to find the desired upper bounds. We will let z = E&'bi’z

We note that when w € Iy, we have |z| < 5 and

(¥ = 11 - () =~ (Epm 4 3O ) )

Let us introduce ¢ via the equation

Bn(w) =1+ ¢N]\(fw)~
It follows that we have
/R\cbzv(w)\(1+w2)V(dv) < C(1+ My(v)), (59)

which follows from the fact that on Iy we have

(5 ()7) )

and the fact that, on Jy, we have |¢pn| < 3N. Thus,

E —w?
1+ w? <30N [ (1+w?
[ ot <son [avut[E5

We now tackle K% . Using the boundedness of By and (59)

B3 <3 [ vtau)| 2| w2 < CLEIA0D)

E —w?
2F

lpn]| < ‘

v(dv) < C(1 + My(v)).

N
We now tackle K} and K3;. Using Tchebyshev’s inequality, we see that

(N — 1)/J (1 — By)*v(dw)

2

2
E-w v(dw)

N_l)[]Ny(dw)§9(N—1)/]N100’ EN

(1+ My(v)). (61)

<

Ne)
—~

<

=2l
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It follows that

Kl =(N-1) / I8 v(dw) + (N — 1) / (1 - Bx)20(dw)

JN
<

< c% /Ru +u?)u(dw) + S (14 M) < o (L+ Ma(v).

N

Here, we used (60) and (61) for the first and second terms in the first inequality.
Finally, since K%' satisfies

KN = —a(N —1) / (1 — B )(dw) + 2K — %
R

the claim |K2| < C(1+4 My)/N follows from substituting (58) into the integral
above and noting that each of

/I % |Er()(E — w2)2| v(dw),

/ E—w?
JN

and /JN(N — 1|1 = Bnlv(dw)

v(dw),

is bounded above by C(1 + My(v))/N. O
4.4. Proof of the Statement in Remark 19

Our case r = 4 corresponds to the parameters ¢ = 2p = 4 in [18, Theorem 1].
Since we are working in dimension d = 1, we only need to consider the case
p > d/2 (see step 2 on page 717 there). To extend the proof in [18, Theorem 1]
to this case also, it remains to show the following inequality holds.

Z 2"P min {2_2””7 (2_2p"/N)1/2} < CN~'2logN.
n>0

This follows after we split the sum into the region {n : VN < 2P"} and
its complement, and noting that in this region min{2-2"" (2-2"/N)'/?} =
27272 and the complementary region has O(log N) terms.
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