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1. Introduction

For closed, even dimensional conformal manifolds, the study of Branson’s Q)-curvature
invariant [7] has been a major focus in areas including conformal geometry, geometric
analysis and physics, see for example [10,44,41,39,34,1,18,19,11,12,14,6,20]. Partly moti-
vating these studies is the result that the integral of the Q-curvature over the manifold
is a global conformal invariant. The analog for a dimension d — 1 > 2 manifold 3 with
boundary oY = A is given by a @Q-curvature—transgression pair (Q,T'), where

/Q+w—m/T
S A

is a global conformal invariant [10], even though @ and T separately have linear con-
formal transformation rules (see for example [12,47,9,25] for subsequent T-curvature
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studies). Any attempt to handle these objects using standard Levi-Civita calculus is
immediately frustrated by the facts that (i) the formulae are extremely complicated and
(ii) the definition of the Q-curvature is indirect. An aim of the current work is to solve
this problem. In fact, we will treat a generalization.

It has recently emerged that there is a nice link between @Q-curvature and the Will-
more energy as well as its higher dimensional analogs. This is in the form of a hierarchy
where for conformally embedded hypersurfaces there is a curvature quantity, also de-
noted @, that gives a Willmore-type energy density for hypersurfaces which specializes
to the usual Branson @Q-curvature for suitable even-dimensional embeddings. When s
is the boundary of any conformal compactification, the @-curvature generalizes canon-
ically [29]. In the case when the conformal compactification obeys a suitable singular
Yamabe problem [2], this @Q-curvature is a distinguished, extrinsically coupled cur-
vature invariant, determined by the conformal embedding and a choice of boundary
metric with integral again a conformal invariant. (See also [46] for a general study
of singular Yamabe problems.) When Y is a surface, the integral of this extrinsic
Q-curvature is the Willmore energy functional; in general this provides a higher di-
mensional analog [28,30,32,35,31]. The Willmore functional plays an important réle in
both mathematics and physics (see e.g. [51,50,3]); recently the celebrated Willmore
conjecture [61] concerning absolute minimizers of this energy was settled in [45]. The
Willmore energy is also linked to physical observables [39] and in particular entan-
glement entropy [52,53]. We expect higher Willmore energies to be similarly impor-
tant.

Recently the existence of a corresponding canonical transgression for the extrinsic Q-
curvature was established [33]. Once again, the Levi-Civita and its accompanying Gaufi—
Codazzi—Ricci extrinsic calculus are inadequate for developing a general theory. We also
treat this problem.

We attack all these problems holographically. This term originated in physics [58,56]
where it was concretely realized in the AdS/CFT correspondence of [44]. This relates
spacetime theories to theories living on the boundary of spacetime. Here this means that
the geometry of ¥ will be studied by embedding it in a conformal manifold M of one
dimension higher. The gain is simple formula on M that encode the complicated infor-
mation of a (Q,T)-pair; upon restriction to 3 these produce the quantities of interest.

The Branson @)-curvature was initially defined as an intrinsic quantity. However, the
holographic approach is a natural setting to study a generalizing analog that includes
extrinsic embedding data, and for this extrinsic Q-curvature, the corresponding trans-
gression T'. For a manifold ¥ with boundary A, we consider a conformal embedding, as

depicted below:
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— (M, c)
A
Thus we study the sequence of submanifold embeddings
A=Y (M),

where M is a dimension d conformal manifold, ¥ is a hypersurface (meaning dimen-
sion d — 1), A is a closed hypersurface in ¥ (so dim(A) = d — 2) with interior 3.
Throughout this paper we assume d > 3 (the cases d = 1,2 are easily handled by more
naive methods). To facilitate the study of these embeddings we consider two classical
PDE problems:

First, the data of the conformal embedding ¥ < M determines an approximate
metric ¢° that is singular along X. Given g € ¢, then ¢g° = 0~ 2g; this is determined
canonically up to terms of order o¢ where o is a defining function for ¥ (meaning that ¥
is the zero locus of ¢ and do|y # 0). This is achieved via a singular Yamabe problem
which requires the scalar curvature to obey

8¢9 = —d(d— 1)+ O(c?).

Second, the singular metric g° can be used to determine the asymptotics of a hyper-
surface Z anchored along A (so 02 = A) that is minimal; that is, its mean curvature HZ
vanishes, again to some order in o:

Héo =0(c% ).

We term = an asymptotically minimal hypersurface. Furthermore, the defining function u
for Z can be canonically determined up to terms of order u¢ by the singular Yamabe
problem for the embedding = < M. This geometry is depicted below:
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This set-up allows us to study the embedding sequence A < 3 < (M, ¢) holographically.

The above geometry was partly inspired by seminal work of Graham and Witten [39]
(see also [38]) who study the embedding of closed submanifolds in ¥ by considering
the volume asymptotics of a minimal submanifold in M whose boundary is the given
submanifold in 3. For this they considered the special case where the metric g° obeys a
Poincaré—Einstein condition; this effectively removes the information of the embedding
¥ — (M,¢). In Section 3 we further develop the theory of asymptotically minimal
hypersurfaces, including results of independent interest.

Returning to our general setting, note that even in the case that = and 3 close off a
compact region D, the volume of this is infinite with respect to g°. Nevertheless, in the
case of any suitably singular measure such as the one of ¢g°, there is a notion of a regulated
volume Vol,. This is defined by computing, for € > 0, the volumes of a one parameter
family of regions D, C D, such that Dy = D. (See Equation (4.1) and preceding text for
the precise definition of the regulated volume.) The asymptotic behavior of Vol, is then
given by

d—1
Vol = :—Z +V loge + Volyen, +0O(e) ,
k=1

with details as follows: The coefficients of the poles in e are local integrals (meaning
their integrands are functions determined by finitely many jets of the given data) along
Y =%n D, these poles are termed divergences. These depend on the choice of regulating
regions D.; we give universal holographic formulz for them in Theorem 6.1. The con-
stant term Vol,ey, is called the renormalized volume. The coefficient V of the logarithm
is the volume anomaly. Tt is the non-derivative term in an anomaly operator (see for
example [33]) that measures the dependence of the renormalized volume on the choice of
regulator and hence the metric in ¢x. Here ¢y is the conformal class of metrics induced
on X by c. The volume anomaly is conformally invariant and expressed as a sum of
local integrals along Y and A = 0%. In fact, distinguished integrands are canonically
determined by our construction and give the extrinsic Q-curvature and corresponding
transgression introduced above. As discussed above, explicit formulae for Q-curvatures
and their extrinsic generalizations explode in complexity beyond the simplest low dimen-
sional examples (see [24]). However, our first main theorem establishes that these have
remarkably simple and universal holographic formuleae in all dimensions.

In the following theorem we determine the regulated region D. by introducing a
nowhere vanishing positive conformal density 7, termed a true scale or regulator. This
additional data can be used to determine a metric in ¢, and hence an induced metric
along .. These notions are explained in Sections 2.1 and 4.

Theorem 1.1. The anomaly in the requlated volume Vol. is determined by the embeddings
A= ¥ — (M,c) and is conformally invariant. For any regulator T, it is given by
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-1
V:((d) [d 2 /QX%—)MC d 3 / TA<—>E<—>Mc)‘|7

A=0%

where (Q,T) are local (density-valued) curvatures depending on the regulator T and
the conformal embeddings indicated. Given unit and minimal unit conformal defining
densities o and p for ¥ and Z, respectively, these have holographic formule

d—3

Qe = Lo ' log| . Thosoare = > (LYY L,LE P log T N
=0

In the above, the conformal densities o and @ obey a unit and minimal unit property.
This means that o = o7 and p = p7 with 7 = [g; 1], where g, o and u obey the singular
Yamabe and minimal hypersurface conditions that we just defined. The logarithm of a
conformal density is defined in Sections 2.1. The operators Ly, L% and L;L are all variants
of the Laplace—Robin operator; these are distinguished Laplacian-type operators on the
manifold M that are degenerate along boundaries ¥, A or = respectively, where they
become the conformally invariant Robin-type combination of Dirichlet and Neumann
operators of Cherrier [13], see Sections 2.4 and 5.2. Theorem 6.1 gives analogous results
for the divergences in the regulated volume.

A nice feature of this set-up is that it encodes a second geometric problem of indepen-
dent interest (see [39]). Namely, the corresponding “area” of the minimal hypersurface =
(meaning its volume with respect to the induced singular metric; throughout we use
“volume” to refer to volumes of codimension zero regions and “area” for volumes of
codimension one regions) is also infinite, but again can be regulated using the same
method as employed above for the volume problem. Here also the family of regulating
regions Z. C E are described in terms of the true scale 7. The details of this construction
may be found in Section 4. The asymptotic behavior of their areas is then given by

1
Area, = Z Z—: + A loge + Areaen, +O(e),
k=d—2

where the coefficients of poles are regulator-dependent local integrals over A = ¥ N E;
we give universal holographic formulae for them in Theorem 6.2. The constant term
Area,ey is the renormalized area. The coefficient A of the logarithm is the area anomaly.
It measures the response of the renormalized area to the choice of regulator and is
itself conformally invariant. The integrand is another generalization of Branson’s -
curvature to what we shall call a submanifold Q-curvature. Even for the case where A
is a four-manifold and M is specialized to be Poincaré—Einstein, the classical treatment
of this requires a computational tour de force [38]. Our next theorem gives a universal
holographic formula for the area anomaly.
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Theorem 1.2. The anomaly in the requlated area Area. is determined by the embeddings
A= ¥ — (M, ) and is conformally invariant. For any regulator T, it is given by

_ (_l)d_2 T
A= m/QA‘—)E‘—}(M,C) )
A

where the holographic formula for the local (density-valued), T-dependent, submanifold Q-

curvature QXC_@%(M,C), is
T\d—2
QX‘—}E‘—)(M,C) = (LO') 10gT|A’

and where o and p are unit and minimal unit conformal defining densities for ¥ and Z,
respectively.

The proofs of Theorems 1.1 and 1.2 are given in Section 6.2. Key to these proofs is
a calculus, both integral and differential, for conformal geometries coupled to multiple
scales; this is described in Section 5.

A strong motivation for our work is that the volume and area problem not only
leads to interesting global conformal invariants of the structure A — ¥ < (M, ¢),
but also yields a rich local invariant theory surrounding the @ and T integrands. Of
particular interest are conformally invariant differential operators that measure how @
and T curvatures depend on the choice of metric in the conformal class. For the special
case of Branson’s @)-curvature, these are the (critical) conformally invariant Laplacian
powers of [36]. Their generalizations follow immediately from our construction upon
remembering that the choice of regulator T also amounts to a choice of metric g € ¢
and that log(efT) = f + logT for any smooth function f. For example, the extrinsic
Q-curvature of ¥ < (M, ¢) obeys

ef
QS (me) = QS (o) + Pufs,

where fs; = f|x and the conformally invariant operator Py := P(;;l()M o is the last
member of a sequence of conformally invariant extrinsically coupled Laplacian powers,
as described by simple holographic formula in the next theorem.

Theorem 1.3. The operator defined by

Py) e s T(ES[E4R]) - D(ES[=451]),
W \V
f = (Lﬁ-fext)‘27

for k € {1,...,d — 1} and f. any extension of f to M, is canonically determined
by the embedding data X — (M, c). When k is even, this has leading derivative term
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k
2 where Ay, is the intrinsic Laplacian of ¥ as determined by a choice

((k— 1)) (Ax)

of g € cx.

Because the extrinsic @)-curvature pairs with a transgression T' for manifolds with
boundary, the critical extrinsic Laplacian power Py pairs with a conformally invariant
boundary operator Up,5; that measures how the T-curvature responds to changing the
choice of metric in the conformal class:

el
rso(me) = Thcsso e T Urosfs

The sum of the integral of the extrinsic Q-curvature @ along % and (d — 2) times that
of the transgression T along A is conformally invariant; this implies an integral identity
for the (Pyx, Upy) pair. This and the holographic formula for Up., s are given in the
next theorem.

Theorem 1.4. The differential operator defined by

Uposw : T(EX[0]) — L(Ex2-d)|,,
W d—3
f LT JLI Ld i 3fcxt )
- (R ),

where fext 15 any extension of f to M, is canonically determined by the embedding data
A =3 < (M,¢) and, for any f € C>(X2), obeys

/sz+(d—2) / Uprssf=0.

by A=0%

Moreover, when d is odd, Up—,x, has leading derivative term

(d—2)!'(d — 4"V, (Ag) e + LTOTs,

for any g € ¢, where m is the unit inward normal to A and “LTOTs” denotes terms of
lower transverse order, meaning lower order in Vg,

The dependence on the choice of metric ¢ € ¢ for the submanifold Q-curvature
is also controlled by a conformally invariant extrinsically coupled Laplacian power
Py = PEX_)Z)H(M o) (see Equation (6.6)). This operator is the last member of a
sequence of invariant operators. These are described holographically in our next the-

orem:
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Theorem 1.5. The differential operator defined by

Pg\kz)—>2‘—>(]\/[,c) (D(EA[E=E2]) — T(EA[=E5E2])
w W
f = ((LTO')k ext)|A7

fork e {1,...,d —2} and f,, any extension of f to M, is canonically determined by
the embedding data A — ¥ — (M, c). When k is even, this has leading derivative term

((k— 1)!!)2(A%)§ for any g € e. Moreover, when OA =0, for any f € C(A),

[Par=o.

A

The proofs of Theorems 1.3, 1.4 and 1.5 are given in Section 7.

The simple holographic formule for the (Q, T')-curvature pair of Theorems 1.1 and 1.2
explode in complexity when expressed in terms of standard Riemannian invariants
along ¥ and A. For example, even the intrinsic @-curvature for a conformal eight-
manifold takes easily a page when expressed this way [24]. In the situation when one
is given explicit data for the sequence of hypersurface embeddings A — ¥ — (M, ¢) in
higher dimensions where Riemannian formulz are unwieldy, one can employ our holo-
graphic formulee and computer software to compute these curvatures and operators.
Examples of how to set up this kind of computation are given in [31,33]. When the
bulk M is a three or four-manifold, explicit Riemannian formule are still relatively
compact; these are given in following pair of theorems, the first of which gives the vol-
ume expansion, its anomaly and related curvatures and invariant operators. Any new
notations appearing in these two theorems as well as their proofs are given in Section 8.

Theorem 1.6. Given the sequence of hypersurface embeddings A — ¥ — (M4 ¢) and g €
¢ (which induces gs, € cx) the (Q%%(M c)’T‘;]\f—>E<—>(M c)) curvature pair and associated

(P (ar,e)s Unssses () operator pair are given by

1l os o
Qu=J - LENAY. T = HE
Py = Ay, Upr =V,
when d = 3, and
QU = ~AVEVLITY, — SIS FS, | T = 2o VL, + 20y 113, — AL
Py =8V>oll%® oV, Uy = 4013, VY,

when d = 4.
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Accordingly, the regulated volume expansion (4.3) is given by

1 1
Vol? = Yo /dVgE + R /dVgEHg +loge [ﬁxi /II | 4 Vol +eR(e),

= s

when d = 3, and

1 1 1 1
Vol? = 25 /dV = /dVgEHg - 2—5/dngJ-‘72 + %/d JHEE
J ! J

b)) z

o 1 o
/Hazb]:azbfg/(éﬁ%zﬂgf — I Hqu)

> A

2
+ g log € + VOlrcn +€R(€) s

when d = 4.

The area expansion, its anomaly and related curvatures and invariant operators are
given in our final theorem.

Theorem 1.7. Given the sequence of hypersurface embeddings A — ¥ — (M, ¢) and g€c
(which induces gp along A), the QA(_@%(MC) curvature and associated Pp s, (e
operator are given by

A o
Qrx =Ci=-I,,, P, =0,

when d = 3 and

1
Ky - 2F5 - 215, oIS, — C?, P = Ay,

A 1
Q?\(_)E = J9r + §KA;>Z + 1

when d = 4.
Accordingly, the regulated area expansion (4.7) is given by

1 .
Areal = - /dVgA + loge/ﬂ,zhm + Areayen +e R(€),
A

when d = 3 and

1 1 -
Areaf = o / AV, + = / AV, (He —IT%,,)
A A

+loge

1 .
XA+ ] / (KmZ —4F% . — AT, g%, — 202)]
A

+ Areayen +e R(e),
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when d = 4.

Many of our constructions and results have origins in tractor calculus techniques for
hypersurfaces, see in particular [30,32]. They allow the Laplace-Robin technology to
be extended to any conformally compact structure as well as to higher rank tensors.
Moreover, these techniques suggest a natural generalization of our method to problems
involving higher codimension embeddings; the key is to develop suitable analogs of the
tangential Laplace-Robin operator LL.. We plan to present the details of a higher codi-
mension tractor calculus for conformally embedded submanifolds and related volume
and area problems in a separate manuscript.

1.1. Conventions

We employ the notation M? to indicate the dimension d of a smooth manifold M
and drop the superscript when this is clear from context. The Euler characteristic of a
manifold M is denoted by xas, and the exterior derivative is denoted by d. When M
is equipped with a metric g, the corresponding volume element is denoted dV,. We will
often employ an abstract index notation for tensors on M, where for example, v* denotes
a section of T'M but no choice of coordinates is implied (see, for example [49]). Canonical
operations such as contraction of a vector field v* and a one-form w, € I'(T*M), are
then given by expressions such as v%w,. In this notation the squared length |v|£27 of
a vector v® with respect to a metric ¢ is v*gqv?, but we will often abbreviate this
quantity by v2. In the same vein, u.v denotes g,pu®v® = g(u,v). Throughout we work
with Euclidean signature metrics, but many of our results generalize directly to a pseudo-
Riemannian setting. The Levi-Civita connection of a metric g is denoted V¢ (again the
superscript g will be dropped when context makes this clear), and the negative energy
rough Laplacian of V¥ is denoted AY = V*V,. The Riemann tensor R of V is defined
by R(u,v)w = V,V,w — V,Vyw — Vi, ., where [+, -] is the Lie bracket and u,v,w are
arbitrary vector fields. In the abstract index notation R is denoted by R,;¢q and the Ricci
tensor is Rup%q =: Ricpq. In d > 3 dimensions, this is related to the Schouten tensor P by
the trace-adjustment Ricqy, = (d —2)Pap + gapJ, where J := P? and the scalar curvature
Sc = Ricg = 2(d— 1)J. When d = 2, we define J := 1Sc. In dimensions d > 4, the
Weyl tensor is defined by Wapeq = Rabved — Pacvd + PocGad — PodGac + Padgse. Moreover
Wg, ¢, = Wa,, <, for any smooth function 2. As for the quantity zero, we denote 0! = 1
and any operator A raised to the zeroth power is the identity map: A° = Id.

2. The calculus of scale

An effective method for handling geometric problems holographically is to treat the
bulk as a conformal manifold. In this approach, asymptotically hyperbolic (or asymp-
totically anti de Sitter) metrics are treated as a coupling of conformal geometry to a
singular scale. This allows us to utilize potent hidden symmetries because the bulk con-
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formal structure extends smoothly to the boundary even when the hyperbolic metric
does not.

2.1. Conformal geometry

A conformal manifold (M, c) is a manifold equipped with a conformal class of metrics

c:=[g] = [Q%],

where € is any smooth, strictly-positive function. Conformal densities are fundamental
objects on conformal manifolds: A (conformal) density of weight w € R is an equivalence
class of metrics and smooth functions defined by

vi=[g;v] = [Q%g; QY]

Conformal densities may also be treated as sections of the line bundle £ M[w] induced
from the corresponding R, representation, where one views the conformal structure as
a ray subbundle of ®27*M and in turn as an Ry principal bundle over M [24,8]. Weight
zero densities f = [g; f] = [Q2g; f] can be treated as functions and thus we often use
the notation f for these. We will also be interested in operators between sections of
line bundles A : T'(EM[wn]) — T(EM[ws]). In this case we will refer to the difference
wg —wy =: w(A) as the operator weight of A and also use the terminology “A is an
operator of weight wy —wy”. We also need the notion of a log density. These are (see [29])
equivalence classes of functions defined by an additive R representation

A=[g; A = [Q®g; A+ Llog Q).

The number ¢ is called the (log)-weight of A. A log density is a section of a log-density
bundle FM[{] for some ¢ € R. A more detailed description of the algebra and calculus
of conformal densities and their tensor analogs may be found in [29,31]. For example,
with the obvious adaptation of the abstract index notation to tensor-valued conformal
densities, the equation v® = [g;v?] € T'(T'M[w]) denotes a vector-valued density of
weight w and its corresponding section space.

When 7 = [g;7] is a weight w = 1 density and the smooth function 7 is strictly
positive, we call T a true scale. Given this, we can define a weight £ = 1 log-density
log T := [g;log 7], and any weight ¢ = 1 log density can be written this way for some
true scale.

A true scale canonically determines a Riemannian geometry (M, g,) via the equiva-
lence class representative 7 = [g,; 1]. Conversely, given a true scale T and a density f, this
canonically determines a function f by expressing f = [gr, f], or equivalently f = f/7%,
where w is the weight of f. Thus one may also regard a true scale as a choice of metric
gr € c. Alternatively, defining (tautologically) the symmetric cotensor-valued conformal
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metric gop = [9; gap] € T(®?*T*M[2]) (which we denote by g in an index-free notation),
the metric given by the choice of scale 7 is
o9
T 'T2 .

It is often propitious to perform computations involving densities by making such a
choice, we shall term this operation working in a scale and label it either by a choice of
metric or a true scale, and use unbolded symbols for the corresponding equivalence class
representatives for densities. Similarly, an unbolded notation will be used for operators
acting on densities when a choice of scale has been made. Once a scale has been chosen
we may (or may not, according to convenience) use this to trivialize density bundles.

For submanifolds embedded in a conformal manifold, density bundles of the induced
conformal structure agree with the restriction of ambient density bundles of the same
weight. We shall use this frequently without further mention.

2.2. Defining densities

The data of a conformal manifold and a true scale is equivalent to a Riemannian
geometry. The situation is far richer when one considers scales with a non-trivial zero
locus.

Given an embedded hypersurface ¥ <— M, a defining density o is a weight w = 1
density o = [g; 0] with zero locus

Zo)={peM|o(p)=0} =%,
and such that do(p) # 0, for all p € ¥ (so the function o is a defining function for X).

For a given hypersurface, a defining density always exists locally.
Given a defining density o, we define the weight zero density

2
S5 = |g;|do]? — 70 (A% + aJ)] , (2.1)

termed the S-curvature. Away from the zero locus X of o, the S-curvature is the scalar
curvature of the metric g° = g/o?,

Se9” = —d(d—1)8s,

up to the given negative multiplicative constant. This shows that the scalar curva-
ture Sc?” of the metric ¢° extends smoothly to X, where ¢° is singular.

When working in a scale g, we will denote n := do and

1
Po = _E(Ag +J)o.
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The S-curvature [g; S] is then given by the function
S=n+2pc. (2.2)

Hence, along the hypersurface 3, the S-curvature determines the length of the conormal n
and Sy is necessarily non-vanishing in a neighborhood of ¥. Since our considerations
concern such a neighborhood, throughout and without loss of generality we assume
that 84 is everywhere non-vanishing.

2.8. The singular Yamabe problem

Every Riemannian metric ¢ on a closed manifold M can be conformally rescaled
to one of constant scalar curvature [59,54,4], and the problem of finding Q € C*(M)
such that Sc?’9 is constant is termed the Yamabe problem [62]. Compact, connected,
manifolds with boundary and a singular metric g° = g/o?, where the boundary and
singularity of g° of M are given by the zero locus of the defining function o € C*° (M),
are termed conformally compact. (Note that, in this situation, the term conformally
compact is often reserved for the complement of the zero locus of ¢.) A Yamabe-type
problem for the metric g° was considered, first in Euclidean space with g the standard flat
metric by Loewner and Nirenberg [43], and subsequently for general compact Riemannian
manifolds (M, g) with boundary in [2]. More general related problems were called the
singular Yamabe problem and studied in [46]. When the metric ¢° is in addition Einstein
on M\OM, we say that (M, g°) is Poincaré—FEinstein.

Actually it will be convenient to consider conformal manifolds (M, ¢) with defining
density o for an embedded, oriented, separating hypersurface 3. On each side of X, the
defining density gives a canonical singular metric g° via o = [¢°; 1]; or equivalently

_ 9
go—p~

The hypersurface X is termed a conformal infinity for the metric g°, and we may again
ask whether there exists a defining function for 3 such that its singular metric has
constant scalar curvature. We shall also use the singular Yamabe problem moniker for
this problem.

Whether ¥ is a boundary component or hypersurface, the requirement that Se9” is
constant may be phrased in terms of the S-curvature. In particular, for negative constant
scalar curvature equaling —d(d — 1) we must solve

Sy =1, (2.3)

for o given ¥ < (M, ¢). Of relevance to us here is that this problem is intimately related
to the study of invariants of the conformal embedding ¥ — (M, c) (see [28,30,32]).
Indeed, there is an obstruction to the existence of a smooth solution of the singular



C. Arias et al. / Advances in Mathematics 384 (2021) 107700 15

Yamabe problem [2] (see also [30]). However there does exist an asymptotic solution
for o such that

S, =1+0F, (2.4)

where F is a smooth, weight —d density known as the obstruction density. The quan-
tity Fy = F|x is a non-trivial invariant of ¥ — (M, c). When M is a conformal
three-manifold this gives the Willmore invariant, which is the functional gradient of the
Willmore energy functional [28]. A defining density solving Equation (2.4) is termed a
(conformal) unit defining density. Unit defining densities always exist and are unique
up to addition of terms o?t! A =: O(a?*!) where A is any smooth weight —d density.
In general, given any weight one density v, we use the notation O(v*) to denote v* A
where A is any smooth density of the appropriate weight and tensor type determined
by context.

2.4. The Laplace—Robin operator

Natural Laplace-type equations on conformal geometries coupled to scale enjoy a
hidden solution generating algebra [29]. To uncover this, inspired by the tractor calculus
based approach of [22,27,29], we introduce an operator that combines a bulk Laplace
operator and a conformally invariant boundary operator:

Let o = [g; 0] be a weight 1 density. Then the corresponding Laplace—Robin operator

Lo : T(EM[w]) — T(EM[w —1]),
maps weight w densities f = [g; f] to weight w — 1 densities according to
Lof = [g;(d+2w—2)(Vp, +wp)f — (A +wld)f]. (2.5)
The Laplace—Robin operator also maps weight ¢ log-densities A to weight —1 densities:
Lo := [g;(d = 2)(VaA + lp) — o (AN + £J)] . (2.6)

It is not difficult to verify that if the log density A = log(ef7) where 7 > 0 is a density
of any non-vanishing weight, and f € C°°(M), then

Lo log(e/T) = Lo log T+ Lo f ,
where the right hand side is computed using the definitions given in Equations (2.5)

and (2.6).

The operator Ly is a Laplacian-type operator that is degenerate along the zero locus
of o. It arises naturally in a tractor calculus description of (pseudo)Riemannian geome-
tries and related physical wave equations from a conformal perspective [22,27]. In the
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case that o is a defining density for a hypersurface X, this operator restricted to X is
proportional to a conformally invariant Robin-type (i.e., Dirichlet plus Neumann) op-
erator along the corresponding hypersurface . When the defining density additionally
obeys S, =1+ (’)(0'2) then, on weight w # 1 — % densities f = [g; f], along ¥ one has

Lo f| = o5 (Va—wh) S|, = 831 27)
The operator 85 is well-defined by the above display for all weights w, and is termed
the conformal Robin operator [13]. Here 7 is the unit conormal to ¥, and HY is the
mean curvature of 3 with respect to the metric g. The quantity 8% f is an example of a
conformal hypersurface invariant. These are invariants of the conformal embedding ¥ —
(M, ¢). The precise definition is given in [30, Section 6.1]. We use a boldface notation for
these invariants, other examples include the trace-free second fundamental form Ir aEb €
[(®?T*X[1]) of the hypersurface ¥ and its unit conormal A, € T'(T*3[1]).

Away from the hypersurface X, when computed in the scale g° corresponding to the
scale o, the Laplace—Robin operator gives the Laplacian-type operator

e 2

w(d+w—1),

where A? is the Laplacian of the singular metric g° and similarly for J°. Moreover, acting
on a weight w =1 — % density f, the Laplace—Robin operator obeys

Lof =—-c0f,
where O is the conformally invariant Yamabe operator

O : IEM1-4) — T(EM[-1-49)
w w (2.8)
[9; f] — (g Af+ (1= 9)JTf];

because several definitions for the Yamabe operator [J appear in the literature, do recall
that A denotes the negative Laplacian. We will refer to the distinguished weight w = 1—%
as the Yamabe weight.

The utility of the Laplace-Robin operator is based on the following solution generat-
ing s[(2) triple (see [29]): Define the operators

x : T(EMw]) — T(EMw+1))
w w
g;f1  +—  lg;of],

ho: TEM[W]) — T(EMw)])
W W
lg; f1 = lg;(d+2w)f],
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and, supposing the S-curvature is nowhere vanishing,

y : T(EMw]) — T(EM[w —1])
w w

lg;f1  — lg—Lof/S],

where L, f = (d + 2w — 2)(V, + wp)f — 0(A + wJ)f. Note that the operator
y = —(1/8¢)Lg, and z is multiplication by o. Then, a key result of [29] is that for
any conformal class of metrics ¢, the operator triple (z,h,y) obeys the standard s[(2)
commutator relations

[yl =h, [ha]=2x, [y,h]=2y. (2.9)
In particular, we will rely heavily on the U (5[(2)) enveloping algebra identities
[y, 2¥] = 2" k(h + k= 1), [y% 2] = —y"k(h —k+1). (2.10)

Observe that, acting on densities of weight w = % (k —d —1), the right hand side of the
second identity above vanishes, which implies that the operator y* acting on densities f
of weight 3 (k — d + 1) has the special property

v (f+af)ls=y"fls,

where here f’ is any smooth density of weight % (k—d—1). So along ¥, the action of y*
is independent of the choice of extension f of the boundary data f|s. We encode this
notion in a general definition:

Definition 2.1. Let A : T'(EM[w]) — T'(EM[w']). Then we call the operator A tangential
to ¥ = Z(o) if it obeys

A(f +af)ls = Afls, (2.11)
for any f € T(EM|w]) and f € T(EM[w — 1]).

For operators acting on log-densities, we say A : I'(FM[1]) — I'(EM[w)) is tangential
to ¥ when, for any true scale T,

A(log(fT))ls = A(log(1))lx,
for all 0 < f € C*°(M) such that f|x = 1. [ |

Remark 2.2. Since f and f’ are smooth and A is linear, the requirement in Equa-
tion (2.11) can be restated as

Alof')=oh,
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for some smooth h € T'(EM[w’ — 1]), and analogously for operators on log densities.
Tangential operators are useful for expressing operators along ¥ holographically because,
as a consequence of the above definition, a tangential operator A defines an operator

A :T(EX[w]) — T(ES[W])
according to

Af = Afext’z )
where f.. is any smooth extension of f € I'(£X[w]) to M. [ ]

Definition 2.1 and its consequences, remarked upon above, extend naturally to higher
codimension embedded submanifolds. In particular, for a codimension two embedded
submanifold A defined as the zero locus of a pair of defining densities o and p, we
require

A(f+of +pf")a=Af|s,

for any f', f” € T(EM[w — 1]). We call such operators tangential to A = Z(o, u); they
define operators I'(EA[w]) — T(EA[w']). We will also encounter the intermediate case
where tangentiality of an operator only holds along a hypersurface A < ¥ with respect
to a single defining function o, so that

A(f +of)a=Afla,

for any f' € T'(EM[w — 1]). Here we will say that A is tangential to & along A. This
defines a conformally invariant operator along A that may take derivatives in directions
normal to the embedding of A in ¥, and that outputs a density on A. When A is the
intersection of two hypersurfaces ¥ and =, tangentiality to 3 along A and tangentiality
to 2 along A together imply tangentiality to A.

2.5. Leibniz rules

Because it is a scale-coupled conformal analog of the Laplace operator, the Laplace—
Robin operator does not obey the Leibniz rule when acting on products of densities. To
handle this feature we proceed as follows. For weight w # 1 — % densities f and weight /¢
log densities A we define

Ea.f = mLﬂfa

_ (2.12)
LoA:= 755 LoA.

The first of these operators obeys a generalized Leibniz rule:
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20
d+2(w+w') —2

Lo(ff) = Lo f)f + fLof — (f. f). (2.13)

In the above f and f’ are densities of weight w # 1 — % # w’ and w+w’ # 1 — 4. The
bracket (-,-) is defined by

(£ f) = |9 (VDS — o IAS — g AT — G ayarsoron 1T

€ T(EMw+w —2]). o.11)

In the case that w = w’ = 1 we will often use an unbolded notation for the resulting
function-valued symmetric bracket. Indeed, when o and p are defining densities for
hypersurfaces 3. and Z intersecting along a codimension two submanifold ¥ N =, then

(o, )

Vie, o), ) |y =

computes the cosine of the angle between the respective conormals to ¥ and Z. Note
also that

(o,0) =85
Moreover, when f has weight w # 1 — %, it follows that

(0, f) =Lof. (2.15)

We will also need analogs of the generalized Leibniz rule (2.13) at certain critical
weights. First, when w +w' =1 — % but w# 1 — % # w’ we have

Lo(ff) = —20(f,f). (2.16)

The case when w =1 — % # w',w + w’ is more delicate. For that we focus on the case
that o is a defining density for a hypersurface 3. Then we observe that the space of
equivalence classes with respect to the equivalence f ~ f +o f' for any f' € T(EM[w —
1]), denoted by

Ts(EMw]) = {[f]: f eT(EMw)}, (2.17)

is congruent to the space I'(£X[w]) of conformal densities along the hypersurface with
conformal class of metrics ¢x; induced by c. Observe that operators that are tangential
along ¥ are canonically well-defined on the space I's (€M [w]).

Now we note that along the hypersurface %, the operator V,, + (1 — g)p(I is the
conformal Robin operator 85 at the weight 1 — %. Therefore we have the following
well-defined operator
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Lo : D(EM[1-9)) —  TDy(EM[-2))
w w (2.18)
[9; f] — (g Vnf + (1= $)pof] -

In the last expression in the above display we have used square brackets to indicate
equivalence classes with respect to both metric rescalings and the addition of smooth
terms proportional to o.

Given a defining density p = [g; ] for a second hypersurface Z, it is possible to build
invariant operators along = from combinations and compositions of representatives of the
operators ia and f;u, as well as analogs for the bracket of Equation (2.14). A key example
is the combination (which by a slight abuse of notation will be) denoted by ig — afmi“
with domain I'(EM([1 — £]). This can be made well-defined with codomain I's,(EM[—2])
by suitably interpreting the second term, which in any case does not contribute. In
fact, one can also make it well-defined with codomain I'z(EM[—%]) via a continuation
argument in the weight w by simultaneously using the corresponding representatives of
the two tilded operators. Indeed, there is a pole 1/(d + 2w — 2) when extending the
operator L defined in Equation (2.12) (for any weight one density o) to the critical
weight w = 1 — %7 but this pole cancels for the particular combination ia — af,#f,u.
Hence, along =, we may invariantly define

Lo—oL,L, :T(EM[1 - 4]) — = (EM[-4])
w w

;] — (3 (Vat (1 = £)po—0(Vim—2pu)(Vim+(1 = £)pu)) £,
(2.19)

where m := du.

Along similar lines, we define a modified “bracket”, whose codomain depends on its
second argument:

%faf/> [ga(Vf) Vf +mf(A+w J)f} Gcokerf’. (220)

In the above, coker f' is the cokernel of f' viewed as the linear operator mapping
D(EM[-1 - %)) = T(EM[-1 — ¢ + w’]) that acts by multiplication In these terms,

we then have the Leibniz-type rule for the critical case w =1 — % 75 w,w+w':

~ ~ 1 = o
Lo (f£) = (Lo + 5 L) N)F + FLof = T4f,f) €T=(EM[-4 +u)). (221)
It is not difficult to use a weight continuation argument similar to that discussed above
(and employing a similar abuse of notation) that the operator L, and the modified
bracket £-,-) combine in this formula to produce a density-valued result.

In the doubly critical case, w =1 — % = w’ one has

Lo(FF) = (Lof = 7510 f)F + F (Lof' — 5Lof) + 725 o4 F. £} (2:22)
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el=(EM[1 —d)),
where the doubly-modified “bracket” is defined similarly to above by
Lf, = [9: (V). Vf'] € coker(f, f').
Here the coker notation above means we quotient by the linear span of the images of f
and f'.
Given a pair of scales o and T we may also form the invariant differential operator

Lo+ : T(EM[w]) — T'(EM[w]) defined by

Lo-f= [g; T(Vp +wps)f —o(Vi + pr)f] , (2.23)

where k := d7. At weight w = 0, in the 7 scale, this operator maps functions f to V,, f,
and thus was denoted by V,r and dubbed the coupled conformal gradient operator
n [33]. Note also that at weight w # 1 — £ one has

Lo+ =7Ls —oL-.

At the critical weight w = 1 — %, the above identity still holds (abusing notation as

above) upon replacing i with L.
2.6. Distributions and integral theory
A weight w = —d density f = [g; f] can be invariantly integrated over a conformal d-

manifold (or some region D C M thereof) since the volume element dV'9 of g € ¢ defines
a weight d measure-valued density [g; dV9]. Thus we define the conformally invariant

[[f:—[[dvgf.

Given a hypersurface ¥ — M and a function fx, € C*°(X), it is propitious to treat

integral of f over D by

the integral of fs, over % in terms of a defining function ¢ for 3. In particular, given
g € ¢, we have (see, for example, [48] or [21])

/ AV fy = / dve|dol, 5(c)f . (2.24)

P M

In the above display, gs is the metric along ¥ induced by g, f denotes any (smooth)
extension of fx to M, and §(o) is the Dirac-delta distribution.

The distributional identity §(Q20) = Q716(0) (valid for any 0 < Q € C°°(M)) implies
that if o = [g; 0] is any weight w = 1 density, then
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6(o) := [g;6(0)]

is a weight w = —1 distribution-valued conformal density (see [31] for details). Thus
d(o—eT), wheree € R and 7 € I'(EM|[1]), gives a one parameter family of weight w = —1
densities. Successively differentiating this k& times with respect to € and subsequently
setting ¢ to zero establishes that §(*) (o) = [g; 6% ()] is a weight w = —k—1 distribution-
valued density. Moreover, the conformally invariant integral of a weight 1 — d density
fs = [gs; f|s] along ¥ may be expressed in terms of any smooth extension f of this
density via

[ 5= [ st (2.25)
> M

This relation reduces to Equation (2.24) upon expressing it in a choice of metric.
We will employ standard distributional identities (on R) for the Dirac delta 6(z) and
Heaviside step function 6(z), such as

0 (z) =6(z), x6(z)=0, xd(z)=—6(z),
and

6™ (z) == x% = " V(2), neZs,
where n € Z>;. These are valid when integrating against suitable test functions. In
particular we will need to consider the situation where the coordinate x is replaced by a
defining function o. Again, this is discussed in detail in [31,33], the key maneuver is to
assume that in a neighborhood of ¥, the bulk manifold M can be treated as a product
3 x I where I is an open interval about 0 and the defining function ¢ pulls back to a
coordinate x on I. Thus, integrals over such neighborhoods can be handled using Fubini’s
theorem.

Remark 2.3. The distributional calculus is also well adapted to hypersurface compu-
tations. For example, when o is a defining density for a hypersurface X, we have the
operator identity relating the Laplace-Robin and Robin operators

§(0)Ly = 6(0)8%

valid acting on any density of weight w # 1 — g. At the critical weight we may use the
operator Lg of Equation (2.18) to write the identity

§(o)Lg = 6(0) 8%,

because 0(o)[(EM[w]) = §(o) s (EMw]). [ |
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One integral result will play a key role, namely that the Laplace—-Robin operator is
formally self-adjoint [31]. Hence, if M is a closed conformal manifold, f a weight 1—d—w
density and g a weight w density, then

/fLa—g = /gLaf- (2.26)
M M

The same conclusion holds if f or g have compact support. We will use the notation { for
the formal adjoint along M, which ignores boundary terms, so that the above equation
reads

Lo =L[ .
The boundary terms are given in [32, Theorem 4.3].
3. Minimal hypersurfaces for singular metrics
Here we begin with the data of a sequence of conformal hypersurface embeddings
A>T (M), (3.1)

meaning that A is a hypersurface in X and in turn ¥ is a hypersurface in M. Then, given
a choice of defining density o for ¥ and thus a metric g° that is singular along 3, we
consider the problem of determining, at least asymptotically, an oriented hypersurface Z
(with boundary) that meets 3 transversely with intersection A = 9=, and such that = is
minimal with respect to g°. We will often refer to A as the anchoring hypersurface/sub-
manifold. This situation is depicted below:

(M, ¢)

(1]

As discussed earlier, in the case that the singular metric g° is Poincaré-Einstein, this
problem has been studied by Graham and Witten [39] (see also [38]) using a different
approach.
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A minimal hypersurface = is characterized by the vanishing of its mean curvature HZ
with respect to the ambient metric g. Our treatment of minimal surfaces relies on for-
mulating this condition in terms of defining densities. This is achieved by the next
proposition. In what follows we use the notation A & B when smooth densities A, B
and p obey A = B+ uC for some smooth density C. Also recall that we universally, and
without loss of generality, assume that S-curvatures depending on the defining density
of a hypersurface are everywhere non-vanishing.

Proposition 3.1. Let p and o be defining densities for embedded hypersurfaces = and %,
respectively. Then, away from A, the mean curvature of = with respect to the metric
g° = g/o? is given by

0 H?,
HY = - —E | | (3.2)
= /S’L =
where
1
o _
H”_<a’”>+2(d—1)(d—2) oL,logS,,, (3.3)

and hence Héo is extended smoothly to A by the right hand side of Equation (5.2).
Moreover, if f is any smooth, strictly positive function, then

HE, L MG and Spu X 28,

Proof. Given any defining function p and metric g°, the mean curvature of Z — (M, ¢°)
is given by

H = —= (3.4)

where M is the extension of the unit conormal to = given by

du
|dﬂ|g° .

m:

Now, the divergence of 7 with respect to the Levi-Civita connection of g° = g/o? is
related to that of the metric g via

92V iy = 02 gV iy — (d — 2)o g nari .

Calling m = du, we have m = o~'m/|m|, so that

o . 1 1
gV i, = il (Jg“bvamb —(d —1)g"®ngmy — 5 09™®m,Vy log \m|§) .
9
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Hence we have (using an index-free notation now that all explicit metric dependence is
through g)

m.n+op, + pps + m o((d—2)Vy — pA) log (|m|2 + 2p,p)
JImPE + 26,0

Comparing the above display with the definition of the bracket (-,-) in Equation (2.14),

o
HS L —

the S-curvature in Equation (2.1) and the Laplace—Robin operator in Equation (2.5),
gives the result claimed in the first two displays of the proposition.

To prove the second claim, we could rely on the fact that Equation (3.4) gives the
mean curvature for any defining function p and only compute the homogeneity of the
S-curvature. Here, we give a detailed proof to further develop our hypersurface calculus.
First we note that for any weight w = 1 densities  and o, given a smooth function f,
it is not difficult (using, away from critical weights, the identity (o, ) = Lo and the
Leibniz rule (2.13)) to verify that

Thus, since S, = (p, ), it follows upon applying the above display twice that

Spp= (s ) = ) + 252 0w, f) + O(p?) & £28,,

which gives the claimed result for the S-curvature. The above display and the additive
property for logarithms of products of densities allows us to compute

LiylogSsy, ~ fLy|logS, +2log f + log (1 + 2(dd_2) ﬁiu log f)}
L fLylog S, + 2=UE=2) ff, og f .

Here we have used that log Sy, is a weight zero density and that L, is a derivation
along the zero locus of p. Combining the last and next to last displays gives the required
result. O

Given a hypersurface ¥ < (M, ¢), we may always find a conformal unit defining

density p solving the singular Yamabe problem S, = 1+ O(u?). In that case the
minimal surface condition

HT KO (3.5)

simplifies to
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This implies that if a minimal hypersurface Z for a singular metric g° = g/o? intersects
the zero locus ¥ of o = [g; 0], it does so at right angles.

In general the minimal surface condition (3.5) for a singular metric g° determined
by o cannot be solved smoothly, so instead we solve this problem asymptotically, in the
following sense:

Problem 3.2. Let o be a defining function for ¥ = Z(o) — (M, ¢) and let A — ¥ be an
embedded hypersurface. Find a hypersurface Z such that

Héo = O'kA|E 5

where ¢° is the singular metric determined by o, A = Z N X, the density A is smooth,
and the order k£ € Z>, is as high as possible.

The key to solving this problem is the following lemma:
Lemma 3.3. Let k € Z>q and ' = p+ "y, for any pyy € T(EM[—K)). Then

(k+1)(d—1—k)

HE, L HT (14 0(ch)) + i

Soo iy +O(a* ).

Proof. The proof is an elementary application of the Leibniz rules developed in Sec-
tion 2.5. The details are as follows: First we use the sl(2) identity obeyed by the
Laplace-Robin operator in (2.10) to compute

(o.1) = (0. 1) = §Lo (0" y) = W 0" Sappr + O ). (3.6)
Then we note that acting on a weight w = 0 density f, we have
Lyf-Luf=(k+1) 0" Lof + O,

This identity is easily established by examining the definition of the Laplace—Robin
operator in Equation (2.5). Thus, because oL, logS,, is itself a weight w = 0 density

and log S, = log S,, + log (ss‘;'),

S ’
oL, logS, —oL,logS, = oL, log (S—”) +O(akt1). (3.7)
"

Moreover, using

T o k(k _
Lyo"t = (k+1)o"(o,pu) — 5:2_11) " Ss e,

and
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k2 (k4+1)

) = (k+ 1) 0" Lopy oy + T2k " S0 g s

(o
we have

Spw—8u= 2(#»0'k+1ﬂk+1> + <‘7k+1ﬂk+1a Uk+1#k+1>

k(k - -
= 2Wp 41 ((k +1) " (o, p) - % ot 18, N) + 20k+1Lu/~‘k+1

(3.8)

~ 2
—Su((k+1) 0" Loy + kd(fgkl) ot 1S, Pii1) + O(a?")
= (P o180 s + O(0h) + H, O(0%) + 0(o™ ).

Now, acting on weight w densities—again thanks to the Laplace—Robin sl(2) algebra—we
have the operator identity

Lo’ (d+2w) 8, + 0",

so that Equations (3.7) and (3.8) imply
oL, logS, “ oL,logS, — w 0" Sy pyyy + H, O(a*) + O(a* ).

Here we used that L, o o “ O(c*=1) and the identity log(4/B) = log(1 + 455).
Employing Equation (3.6) and the above display to compute ’HZ/ as defined by Equa-
tion (3.3) gives the quoted result. O

The above lemma is the basis for an iterative solution to the minimal surface condi-
tion (3.5). First consider a defining density for a hypersurface that meets X transversely
along A. Working locally, it is straightforward to improve this to a defining function g,
for a hypersurface =y such that ¥ and =y intersect along A at right angles. Moreover,
without loss of generality, assume that g, is a conformal unit defining density, so that
Sy, =14 O(pf). Then

HE R (o, o) = éLaHO ~ O(a),

Ko
since (o, pg) vanishes along A. Hence, we consider an improved defining density
_ 2
B=po+ o Hy.

By the above lemma we should choose p, that solves

Wony+ 2P Soon, L O(0?).

It is not difficult to verify that Lg(uf) © O(o) for any density f. Thus, dividing the
above display by S5 (as remarked earlier this is well defined, at least in some neighbor-
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hood of ) and then acting with L, with the help of the s[(2) algebra (see Section 2.4),
we find

1Ly 0 8, 0 Lopy+ 29=2° Sop, £ O(0).
Hence we have proved the following Lemma:

Lemma 3.4. Let p, be a defining density for a hypersurface =y that intersects ¥ = Z(o)
at right angles. Then the density

1= po— gz 0 (S o L)’y

obeys

The preceding two lemmas are the induction and base steps that establish the following
theorem:

Theorem 3.5. Given the conformal embedding data A — ¥ — (M,c) and a defining
density o for X, there exists a conformal unit defining density p such that

H Lo B, (3.9)

Moreover, the weight w =1 — d density along
BA = BlA
is uniquely determined by the above data.

The quantity B obstructs smooth solutions to the singular minimal hypersurface
problem and is therefore termed the minimal obstruction density. It is an invariant of
the conformal embedding data A — ¥ — (M, ¢) and the defining density o. Then if o
is determined, to sufficient order, in terms of these embeddings via a suitable problem it
follows that B, is determined in terms of the conformal embeddings. For example, the

singular Yamabe problem determines o modulo terms of order o-%t!

, and so achieves this.
In the special case that (M, g°) is Poincaré—Einstein, By is an invariant of A < (3, ex).
This is another hierarchy in the same vein as that discussed in the introduction. Moreover,
for Poincaré-Einstein structures, it is known that B, is the functional gradient of the

area anomaly for the minimal surface Z [38].

Remark 3.6. A useful tool for computations with Poincaré-Einstein structures is to
choose a canonical metric g € ¢. Writing o to denote the function in o determined
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by g, which may be taken to equal the arc length z for a suitable geodesic shooting
problem, one obtains the Graham-Lee normal form [37] for the singular metric

o

_da? + h(z)
==

The Poincaré-Einstein condition then gives that h(x) has an even expansion in x. This
facilitates a simple proof of vanishing theorems for anomalies and obstructions in ap-
propriate dimension parities. For example, this implies the area anomaly (in the sense
used in this article) and hence the minimal obstruction density By vanishes in this case
when d is odd [39,38]. Noting that the Laplace-Robin operator is odd under the inter-
change x +» —z, when expressed in the Graham-Lee normal form, it is not difficult to
check that Lemmas 3.3 and 3.4 also lead to an even expansion in z for the function u
corresponding to p, and in turn vanishing obstruction for d odd. [ ]

We will employ the term minimal defining density for densities p obeying the minimal
condition (3.9) given the data A — ¥ — (M, g°), where the singular metric ¢° is
determined by the unit defining density o (given the conformal class). When we need
to emphasize the choice of o, we will use the term o-minimal. This condition restricts
the zero locus Z(p) to be a hypersurface = that solves Problem 3.2 to order k = d — 1.
We will term such a hypersurface an asymptotically minimal hypersurface. When g is
also chosen to further obey the singular Yamabe condition S, = 1+ O(u?), we term p
a minimal unit defining density. A minimal defining density may always be improved to
a minimal unit one (while keeping = in the zero locus) with the same zero locus = (see
Section 2.3 and [30,32]).

Equation (3.9) implies that (generically) the failure of H}; to vanish along ¥ is propor-
tional to the minimal defining density u; this leads to another invariant of the embedding
data A — X — (M, ¢), which we record in the following lemma.

Lemma 3.7. Let the conformal data A — ¥ — (M, ¢) be given and let o be a correspond-
ing unit defining density for . Moreover let p be a o-minimal unit defining density for =
with 0= = A. Then

’HZ =uC+o''B

for some C € T(EM[—1]), and Cp := C| is a uniquely defined invariant of the embedding
data A — ¥ — (M, ¢) given by

where M is the unit conormal for the hypersurface embedding A — X.

Proof. Together, the minimal unit and unit defining density definitions for g and o
imply
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H) = (o,p) +op’”'C'=pC+0'B, (3.10)
for some smooth, weight w = —1 density C and some weight —d density C’' (coming from

the log term in Equation (3.3)). Uniqueness of C'y = C|, is guaranteed by Theorem 3.5
and the uniqueness property of unit defining density solutions to the singular Yamabe
problem. In particular this determines g uniquely to O(u?), which suffices for uniqueness
of C |A~

Now let us denote p = [g; u], o = [g;0], m := dp, n := do. From the minimal unit
and unit defining density definitions (see Equations (2.1), (2.14) and (3.3)) we then have

m? + 2up, =1+ 0%, n*+20p, =1+ 0(c?), (3.11)
and
man+ pps + puo = pC + O(op®™1) + O(c?71). (3.12)

Here C denotes C in the scale g. Differentiating the last display along the conormal m
and restricting to A (which we indicate by a superscript A above the equals sign) we
have

A
Vi(mmn)+ps =C.

A

Here we used V,,pu = m? and V,,0 = m.n 2 0. Now in general for unit defining

1
densities (see [32, Lemma 3.3]) one has

It

pe = —H®,  Vany ZI%5 + HZ gy, (3.13)

and thus V,,m, = maH=. Hence, since m.n A 0 we have
cim® .
Along A we have that m = 7i; this gives the quoted result for C|y. O

There are various conformally invariant relations obeyed by extrinsic quantities associ-
ated to an asymptotically minimal hypersurface = along its boundary A. The first of these
was discussed above, namely that unit conormals 7 and 72 of Z and ¥ obey .7 2.
Another example is given in the following Lemma:

Lemma 3.8. Let = be an asymptotically minimal hypersurface determined by the sequence
of embeddings (3.1) where fv is the unit conormal to ¥. Then the trace-free second fun-
damental form of = obeys

=0. (3.14)
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Proof. This is a corollary of Equation (3.20) below, but a direct proof can also be given:
Without loss of generality we can take = to be the zero locus of a minimal unit defining
density p. This means that we can use Equations (3.11) and (3.12) of the previous proof.
So now we compute

n“nb(vamb + pugap) = Vp(m.n) — n®*mbV,ny + ngp# .

Along A, the left hand side above equals I = while for the right hand side we find

Vol = 0pu = ppo + 1€ + O(op®™ 1) + 00 1)) + p, £ 0.

Here we have used Equation (3.13) and m.n|y = 0 to show that n®m’V,nyy = 0.
Similarly V, u|s = 0. This completes the proof. 0O

Remark 3.9. When the singular metric ¢g° = g/o? is Poincaré-Einstein, the hypersur-
face X is necessarily umbilic [42,23], so the invariant C|a then vanishes. Also note that
Equation (3.14) implies that A“IIS, |5 is a covector tangent to A. [ |

The following Lemma explains the significance of the result in Equation (3.14), and in
particular demonstrates that along A, the mean curvatures of = equals that of A when =
is an asymptotically minimal hypersurface determined by the embedding sequence (3.1).

Lemma 3.10. Let = and X be hypersurfaces in a Riemannian d-manifold (M,g) that
intersect at right angles along a submanifold A. Then the following relation on mean
curvatures holds along A,

o Ze (M,
Hyoisgs) = Heosoang) — 550 M7,

where gs; is the induced metric on 3, and 7 is the unit conormal to X.

Proof. Let m, be any extension to M of the unit conormal m, of =. Then the mean
curvature of A — (X, gx) is given along by

) =753 (e (5)

where n is any extension of the unit conormal of ¥. Without loss of generality (see [30,

a

)

1 2(m
by

d—2 " \|m|

Proposition 2.5]) we may choose m = dp where |m|, = 11in M (i.e., p is a unit defining
function for =). This further implies that II aEb equals V,m; along =. Hence the above
display becomes

L
d—2

nn

(d—1)Hzsar.g) — oy M)
( (M) )

The proof is completed by using that HGE?(M’Q) :leffl?(M’g) + g5 Hz s (M,g)- O
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We now turn to the problem of computing the minimal obstruction density. This may
be achieved using a variant the idea behind the recursion developed in [30] for calculating
the obstruction to smoothly solving the singular Yamabe problem. The key is to compute
d — 1 derivatives normal to ¥ of the canonical extension ’HZ of the mean curvature of
the singular metric defined in Equation (3.2). When p is chosen to solve the singular
Yamabe problem we may instead study (o, ) (see Equation (3.10)). The following result
underlies a recursion for that computation.

Lemma 3.11. Let o = [g; 0] be a unit defining density, p = [g; p] be a o-minimal unit
defining density, and suppose k € {1,...,d —1}. Then for a given g € ¢ and k > 1,

(VI o, m)+(d—k—1) (V) Lo, 2 (V)R 190V my) — (k—1)(V,) )* "2 A+ LOT,
where m = du, n = do, Ip := Gap —MaMp — ngny SMoothly extends the first fundamental
form Ié\b = gﬁb to M,VT =V —mV,,, A=Vps — PuPo — Pum*Vmng, and “LOT”

denotes terms involving at most k — 2 powers of the operator V.| acting on Pu- When
k=1, the result is (d — 2)p, A —I%V  my,.

Proof. The weight zero density (o, u) is given in any scale g € ¢ by
mn—+opy + ppo -
However, along = we have V! u|z = 0. Hence we only need study powers of V,! acting

on m.n + p,. Moreover, by assumption, Equations (3.11) and (3.12) hold. It therefore
follows that

n 1
Vz(m.n) — n“nbv;rmb = m“VIna L §an2 +opum*Vpng + O(adil)
K —0(Vmpo = pupo — pum®~Vmng) + O(c?"1) . (3.15)
The second term on the left hand side of the previous display gives

—n V] my = IV ] my — Vim® +m*mPV ] m .

Observe that V) m® = V,m?® — %mez L —(d —1)p, and m*m®V ' my X0, because

meV] =V, —m?V,, and m? = 1 — 2up, + O(p?) £ 1. Thus we have
Vo (mn) & =1V fmy, = (d = 1)pu = 0(Vimpo = pupo — pum*Vimna) + O(a"1) .
So far we have found that

(Vi) o, m) = (VDR (= 10 Jmy = (d = D)py = 0 4) + (Vi) H(op,) . (3.16)
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Now Vo =n? — (mn)? £ 1 - 20p, — o?p? + O(c?). Hence along A, (V)1 (cA)
can be replaced with (k—1)(V)¥~2A4 modulo terms involving fewer than k — 2 powers
of V. acting on p,. Similarly, (V) )*(op,) can be replaced with (V! )5~1p, modulo
terms involving at most k — 2 powers of V! acting on pu- The k =1 case follows directly
from the above display and explanation. 0O

Remark 3.12. Observe that when k& < d — 1, the first term displayed in the above lemma
(VI)* o, p) 4 0, because p is a minimal unit defining density. Hence, for these k, the

k—1

lemma then determines (V] )¥~1p, in terms of terms involving lower powers of V! acting

on p,. When k = d — 1, we have

(Vi) o, u) = (d = 1! By,
so the lemma instead determines the minimal obstruction density. [ |

The above recursion can be used to compute the minimal obstruction density for
three-manifolds, as given in the following proposition.

Proposition 3.13. Given the data A — ¥ — (M, c¢), where M is a three-manifold, the
minimal obstruction density By is given by

BA = {g; (vbA (maﬁaEch) + %(mambviﬁaxb + HA‘%Zﬁzﬁuh)) ‘A] .

Proof. Without loss of generality we may always choose g to be a minimal unit defining
density. When k = 1, Lemma 3.11 simply says that

2 IV,my & ~Hz,

Pu
where the last equality uses Equations (3.14) and (3.13). This is a particular case of the
more general result p,|=z = —Hz= (see [23, Proposition 3.5]). Now we proceed to the case
k = 2 which determines the obstruction. We must now be careful to record the terms
labeled “LOT” in Lemma 3.11. For that we return to Equation (3.16) which for k = 2
gives

A A a a
2B = (V;Lr)2<o'7 /1’> = _V;lr(l bvzmb) — Vmps + PuPo + pum Vmng + p;L(VI)QU

A V. (IVmp) — Vinpe — H=IS . — 2Hs He |

mm

where in the last line we used that V,, (n? — (m.n)?) S —2p, as well as Equation (3.13).

Now we note that

Vang z neHsys , Vamg = nbﬁaEb +n,H=, VimMa = meHz . (3.17)
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These identities follow from Equation (3.13). Applying them and remembering that I =l

=0, we find that along A, the quantity —V,,(1?°V,m;) equals

— IV, Vymy, + 2Hs 1, Vom® = —190,,V ymy, + 2Hs Hs .
So far we have found
2B L 1V, Vumy, — Vops — Hell3,, .
We now attack the first term on the right hand side along A and find
—IV  Vmy — I Regpam® + 19°(V )V emy .

Each term above is easily handled. For the first we note that, because the operator 14V,
is tangential along A, by virtue of Equation (3.17) we may replace V,;m; in the first
term by any extension of nell = + fpyH=. Then remembering that aell = gives a tangent
covector to A, and using that for any smooth extension v, of a covector v} € T*A it
holds that I%V v, £ VPAu) | we have —I%V,V,my, = —VPA (Al S,) + (TS, — Hy)Hz.
Along A, the second term of the above display equals Ricyp = Pasg. For the third
term, using Equation (3.13), we find g“cgbdﬁfbﬁfd — HEHEn — Hgﬂam -+ HxH=. Using
Equation (3.14), the identity

Vinpo = —VE Hy, | (3.18)

and orchestrating these results gives

2B L _UPNRTE) — HoITE

mm +ﬁ§bﬁab5 + V',Z%HE + P -
By the Codazzi-Mainardi equation specialized to d = 3 (see for example [30, Equation
(2.9)]) the last two terms obey the identity

Z meveIIrT, (3.19)

V% Hs + P
We now want to rewrite the above in a form similar to the first term in 28, this is done
as follows: First we note that it equals the restriction to A of

ma(vb _ nbvn)ﬁafll;cxt _ (vb _ nbvn) (maﬁi]l;cxt) _ﬁazbvbma ;

where II fl;eXt is any smooth extension to M of the trace-free second fundamental form
of ¥.. Using Equation (3.13), the derivatives of m in the last term can be replaced by II=
while for first term we convert the leading derivative to one tangential to A. Then the
above display becomes
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IV (T ) 4+ mPV  (mO ™) — I 5,7
VNI + TV g T3, + mOmP VSIS, + Ha TS, — 5,175
Noting that along A we have 1°°V,m;, = Hzg, collecting terms gives

2B L VPN RTZ,) + VP (RIS IE) + MOt VE TS, + Hall% .
The proof is completed upon using Lemmas 3.8 and 3.10, and then demonstrating the
following identity (which in fact holds in any dimension d) along A

AMTE, + meIlZ,I¢ = 0. (3.20)

This is established by computing V2 (/.7) and noting that this quantity must vanish
since 7 and 7 are perpendicular along A. O

Remark 3.14. The above proposition shows that the three-manifold minimal obstruction
vanishes when ¥ is umbilic. In particular this is the case when (M, ¢°) is Poincaré-
Einstein. Also, we note that the quantity VA (maflachg) —I—% (mambvaﬁEﬁHA%gﬁ?m)
is a weight —2 boundary invariant for a conformally embedded surface X, which is new
to the best of our knowledge. A straightforward computation shows that under the
transformation g — QZ2g, invariance requires all three terms to be present. That this
invariant is non-trivial can be verified by checking that the obstruction is non-vanishing
for a sample geometry; an example is given below. [ |

Example 3.15. Let M = R? with conformal class of metrics ¢ containing the metric
ds* = dx? + (1 + ax)dr? + (1 + Bx)r?db?

where (x,r,0) are cylindrical coordinates and «, 8 are constant parameters inserted to
deform the geometry away from Euclidean 3-space. Take X to be the plane z = 0 and A
to be the circle x = 0 = r — 1. Then for the asymptotically singular Yamabe metric
¢° = ds*/(z[1 + §(a + B)z — 35(20% — aB + 28?)x?])?, the asymptotically minimal
surface Z is given by r = 1 — 12% and the obstruction By = & (o — 3). The trace-free
second fundamental form I = 1(a — 8)(dr? — r2d6?), the mean curvature Hyo s = 1,
and the unit conormal to A in ¥ is /i = dr. Only the last term in the result for By in
Proposition 3.13 is non-vanishing for this simple example; it produces the quoted result
for the obstruction. M

4. Renormalized volumes and areas

Here we consider the sequence of conformal embeddings A — ¥ < (M, ¢) where X
is an orientable hypersurface in M and A is a closed orientable hypersurface in ¥. The
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closure of the interior of A in ¥ is denoted by Y. We assume that ¥ is compact and that
YNOM = (), this may involve a choice of interior for A. In addition we consider a second
orientable hypersurface = < (M, ¢) anchored along A = 9= such that the union ZU S is
closed with interior denoted by D. For technical reasons we require some subset of D to
be a collar neighborhood of 3. At this point we do not require any of these hypersurfaces
to be minimal. This geometry is depicted below:

(M, ¢)

(1]

We now input the additional data of a defining density o = [g;0] for ¥ which de-
termines a metric g° on M\X that is singular along ¥. We assume o is positive on the
side of X occupied by D. We wish to study the “volume” of D and the “area” of = with
respect to this singular metric. These diverge so we must regulate them suitably.

To begin with, we introduce a unit defining density pu = [g; ] for = where

D={peM|0<u(p),0<a@},
and
E=2Zpn{peM|o(p) >0}.
Then we pick any true scale T = [g; 7] and define a regulating hypersurface
Y.=Z(o/T—¢),
where 1 > ¢ € R;. Then the metric g° is non-singular in the region
D.:={pe M|0<pu(p),0<71(p)e <a(p)}.

The choice of 7 determines the regulating hypersurface, hence we call it the regulator.
Of key interest are quantities that are independent of the choice of regulator.

The regulated volume Vol, of D is defined as the volume of the region D, with respect
to the singular metric g°. This is regulator-dependent and given by
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1
Vol = | —. 4.1
€ U'd ( )
D,
It turns out to be advantageous to write this result in terms of Heaviside step functions
and an integral over the manifold M:

Vo, = [ttt =0
M

In what follows we will assume that OM = @ (alternatively one can multiply the measure

of integration by a smooth unit cut-off function that vanishes far from the region D).

This leads to no loss of generality for our purposes.

The regulated area of = is computed by integrating the volume element of the pull-
back of g° along the hypersurface =, := {p € 2| o(p) > e7(p)}. This could be computed
(inefficiently) by recycling the renormalized volume computations of [31] for the confor-
mal manifold (Z, cz), where cz is the conformal class of metrics induced by c¢. Instead
it is propitious to also write the regulated area in terms of distributions; indeed using
Equation (2.25) and that p is a unit defining density, we have

Area. =
d—1
o

M

4.1. The € expansion

By using the distributional identity

7d9(0’27€' ) =—d0(o/T—¢),
in [31,33] it was proved that
v
Vol, = Z 5_]’2 +V loge + Volyen +e R(e), (4.3)

k=d—1

where R(¢) is smooth. The e-independent term Vol,e, defines the renormalized volume.
The poles in € (which we denote Poles(Vol.)) are called divergences and have coefficients
given by local (along ), but regulator-dependent, formulae

Ve = (44)

(=1 th /9(u)5(d_1_’“)(0)

(d—1-k)k Tk '
M

The coefficient of the loge term is called the anomaly. It is again local but in addition

regulator-independent and given by
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V= (=1 /e(u) 54V (q). (4.5)
(d—1)!
M
Analogous results may be derived for the regulated area using the methods developed
in [31,33], a sketch goes as follows: First we differentiate Equation (4.2) with respect to e
to obtain

-1 dArea, _ / o(w)d(o —eT) .

de Td=2
M

The right hand side is manifestly an analytic function of €, and hence we may compute
its Taylor series coefficients by taking successive € derivatives and setting ¢ to zero. This

gives
_; dArea, o(p)d(o) (p)d' (o) (=)t [ 0(pn)s¥ (o)
d—1 _
—c P _/ 2 —g/de_g 4.4 7 / e 4+ (4.6)
M M M
whence we have
L oa
Area, = Z 6—: + Aloge + Areae, +e R(e), (4.7)
k=d—2

where R(¢) is smooth and Area,, is the constant of integration. The coeflicients of the
divergences are given by

—1)d—2-k ) §(d—2—k) o
" (c(l—;—k:)!k/ . = 2, (48)
M
while the anomaly is
_1)d-1
A= % / S(p)s=2(a). (4.9)
M

The renormalized area Area,e, is not determined by Equation (4.6) and thus is not
forced to be local along . Our next task is to develop machinery to compute holo-
graphic formulae for the area and volume anomalies A and V as well as the divergence
coefficients ay, vg.

5. Distributional calculus

In this section we develop the general calculus required for handling products of distri-
butions involving multiple defining densities such as those appearing in (4.4), (4.5), (4.8)
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and (4.9). Just as for single scale problems, main ingredients are the sly algebra involving
the Laplace-Robin operator described in Section 2.4, and formal self-adjointness of the
Laplace—Robin operator (2.26).

5.1. Multiscale calculus

In the previous section, we showed that the divergences and anomalies we are inter-
ested in computing are written in terms of integrals of the form

[ 06 @)f ana [ 5501 (5.1)
M

M

where k is a non-negative integer and f is some weight —d + k + 2 density, or possibly
log density when k = d — 2. Our aim is to rewrite integrals of the above form as

/Q(u)é(a)F and /6(u)6(a)G, (5.2)

M M

where F and G have weight 1—d and 2—d, respectively. The integrands in Equation (5.1)
have support along the compact hypersurface and submanifold ¥ and A, respectively.
This will allow us to discard boundary terms when integrating by parts because we
uniformly assume either that oM N ¥ = () or that we are dealing with integrals where a
cut-off function has been inserted to ensure vanishing support there. Moreover, when o
is a unit defining density, the first integral in Equation (5.2) becomes fi F', and when
in addition the density g is unit defining, the second integral is [, G. Hence F and G
are holographic formule in the sense discussed in the introduction.

We will mainly focus, partly because it is canonical and simplifying, on the case
that o = [g; o] is a unit defining density; the method to handle to general o is described
n [31]. Our main interest is in the case where Z is the zero locus of a minimal unit
defining density p. In other words the singular metric ¢g° has asymptotically constant
scalar curvature and = is an asymptotically minimal surface:

Se’ =14+ 0(c%),  HL £0(*Y).

A key tool is the following (single scale) recursive identity for derivatives of delta
functions of unit defining densities (see [31, Proposition 3.3])

(Lo)s(e)=(d—k—1)(d—k—=2)---(d—2)6® (o), ke{l,....d—1}. (5.3)

Turning to the multiscale setting, our starting point is the following identity for
Laplace—Robin operators acting on the Heaviside function:
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Lemma 5.1. Let p and o be arbitrary weight w = 1 densities, then

Lo0(1) = —Sud (1) + (d — 2)(e 1) 5 (1)
Proof. This is a simple application of the distributional identity df(z)/dz = é(x) and

the Definition (2.5) of the Laplace-Robin operator. Calling o = [g; 0] and p = [g; p] one
has

Lo0(p) = Lo [g;0(1)] = [g; (d — 2)V,0(p) — o A0 ()]
= [g; (d = 2)mn d(p) — o (m*&' (1) + (1) Ap)] .

Here, as usual, we denoted n = do and m = du. Now, using that ud(u) = 0 = p26’(u)
and pd’(n) = —0(u), we have the identities

m.nd(p) = (mn— L(eAp+ pAo +2Jopn))d(p) + 26(p)oAp,

om?§' () = o (m? = Zu(Ap+ Jp))8 (1) + 36(n)oAp.

Using these, all terms proportional to d(u)ocAp cancel and, thanks to Equations (2.14)
and (2.1), the coefficients of 0(p) and 8’ () are respectively (d—2)(o, u) and —6S,. O

The above lemma has the following corollary:
Corollary 5.2. Let o be a weight w = 1 density, then
Lo0(o) = (d—1)846(0).

Exactly the same proof technique as used for the above lemma extends to the Laplace—
Robin operator acting on differentiated delta functions:

Lemma 5.3. Let p and o be arbitrary weight w =1 densities. Then, if k € Z>.,
L% (o) = —puSs0" ) (a) + (d — 2k — 2) (o, p) 6™ (o) .

Remark 5.4. The central result (5.3) is a corollary to Lemma 5.3, since replacing p by o
and using a0t () = —(k + 1)6%) (o) gives (for k € Zx)

Lod* V(o) =(d—k—1)856% (). (5.4)

In the above, we have employed the notation 6(°)(¢) := §(e). Also, calling 5~V (o) :=
6(o), Lemma 5.1 extends Lemma 5.3 to the case k = 0. [ ]
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5.2. Multiple distributions

Lemmas 5.1 and 5.3 provide the basic identities required to handle integrals of the
type (5.1), which include distributions with codimension two support that are built from
distributions with support along hypersurfaces. The central relations we need to derive
are Equations (5.9) and (5.17) below; these underlie the key Proposition 5.18.

To begin with we observe that generically the product of a differentiated delta function
multiplied by a Heaviside function lies in the span of images of Laplace-Robin operators:

Proposition 5.5. Let o be a unit defining density and p a minimal unit defining density.
If¢+£ke{l,...,d—2}, then

0(p)s M (o) = ﬁ Lo (0(1)0% (o)) ~ d’“_‘;kLu (6w ())]

where the second term is absent when k = 1.

Proof. Since our strategy relies on the Leibniz rules of Section 2.5 we first assume k #
g — 1 and use Equation (2.14) to compute (again much along the lines of the proof of
Lemma 5.1)

(O(p), 5% () = (o, ) 6()3M (o) + 258,08 (w)3F V(o) = £5 ' (n)s* (o) .

Here we used that the unit and minimal unit defining properties imply (o, u) & O(a?1).
Combining this display with Lemma 5.1, Equation (5.4) and the Leibniz rule of Sec-
tion 2.5 we find

Lo (0(1)6* D (0)) = (k = )" ()6 (o) + (d = k — 1)8(u)sM (),

where the first term is absent when & = 1. Although the above display was computed
when k # % — 1, it is not difficult to choose a scale g € ¢ and verify that it holds for any
ke{l,...,d—2}.

Next we address the other term on the right hand side of the result. Because §(u) has
Yamabe weight in four dimensions, we first consider d # 4 and compute (again using
Equation (2.14) and taking k > 2)

((n), 8“2 (@) = (o, 1) 8" ()" V() + 5= 6" ()64 (o) + g 5(m)8™) (o),
(5.5)
in order to use the generalized Leibniz rule (2.13) (away from k = 4 — 1 and d = 4),
which then gives

L, (0(n)s" ) (o)) = (d — 2k)6' (n)5* ) (o) . (5.6)
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In fact the last display holds for any integer k € {2,...,d — 2} and for d = 4; this can
be checked by direct computation in any choice of scale g € ¢. Combining the above
displays completes the proof. 0O

Corollary 5.6. Let o be a unit defining density and p a minimal unit defining density.
If f is a weight w=k+1—d# 17% density with k € {1,...,d — 2}, then

[ 06901 = o | [ 006" (@)Lt + (b-1) [ 605" 20 Tyt

M M

The second term on the right hand side is absent when k = 1.

Proof. The above result is a direct corollary of Proposition 5.5, the vanishing of 9M N ¥
(or the support of the integrands there) and the formal self-adjointness of the Laplace—
Robin operator (see Equation (2.26)). O

There is a critical value of k excluded from the above proposition and corollary, at
which the density f has bulk Yamabe weight w = 1 — £. At this weight the operator
f‘u f becomes ill-defined. However, observe that in the above display, the product 6 (p ) M
appears; this suggests the replacement

f,u — Ly,
when k = %, where the operator L is defined in (2.18). This is executed as follows:

Lemma 5.7. Let o be a unit defining density and p a minimal unit defining density.
Suppose d > 4 is even, and let f be a weight w =1 — % density, then

/9 )62 (o L/e )6C Y (o)Lg f+—/5 )62 (o) LS

Proof. We begin by using §(2) () = 72, Ly6( 1 (see Equation (5.4)) and formal self-
adjointness of the Laplace-Robin operator to obtain

[ows@)s = 25 [0 @Laows).
M M

Because f has critical weight we encounter the bulk Yamabe operator

Lo (0()f) = —o0(0(n)f) -

Now we pick a g € ¢ and compute
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(A7 4 [1 = 417) (0G0)f) = (128" () + (T9.0)8(1))  + 20(1) Vo f + 0()Of
= 8"(W)f +26(1) (Vin — TF2pu) f +0(w)Of -

Here m := dp and the second line used that p is a unit conformal density so that
Im|2 4 2p,p =1+ O(p?) with p,, := —2(V9.m + Ju). Using pud(n) = 0, it follows that

Lo (0(1)f) = 08" () f — 205 () Luf +6(p)Lof |

and hence
[ oD @1s = 25 [ 6606 D (0)Laf + (0 - 2552 (0) Lt
M M

+ 25w o)1)

We still need to deal with the last term above and find ourselves in the situation where
Equation (5.6) cannot be used. Therefore we use the same method just employed to

compute

)5E D (o) f = (4-2) — L. (54—

[ ws20)s = 525 [ L@ D) f) = - [ L2 o) f)
M M M

The last integrand is easily calculated in some scale g € ¢ and gives

3(1)(Vim — (d = 2)p) (85 72(0) f) = 3(1)65 =2 (0) (Vo — L52p,) ] -

Here we used that m.n + op, (where n := do) vanishes along = to order O(c%!) and
o6z (o) = —d—gQ(S(%_Z)(U). The above display corresponds to 6(/1)5(%_2)(0')L”f S0)

that
[ wst 2 / 5 JL.f. (5.7)
M

and this completes the proof. O

Corollary 5.6 and its critical extension, Lemma 5.7 are the two basic integrated
recursive relations required to handle integrals involving the product of distribu-
tions 0(u)6*) (o). Adopting a unified notation by introducing the operator family

d+w—2)L,f, 1—4.
LLf::{Hw PRERA (5.8

d—2 71 _ d
2 Lu-fv w_l_i’

both cases can be described by a single expression
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[ 06059 @)f = 7 [ 605 Vo)L + 806 D@1y £ (59)

M M

where k € {1,...,d—2} and the second term on the right hand side is absent when k = 1.
We will later need the following technical lemma giving the algebra obeyed by L;L
and o along =.

Lemma 5.8. Let f be a weight w— 1 # 2 — d density, o be a unit defining density and
a minimal unit defining density. Then along =, the operator L;L obeys

(d+w—3)L,(0f) = (d+w—2)oL, f +O(c’").

[|m

Moreover, when w =3 — d one has Ly, (o f) = O(a).

Proof. The simplest proof is based on a choice of scale g € ¢ where f = [g; f]. In that
case, for all weights w (including w = 1— ¢ and w = 3—d) we have that L, (o f) along =
is given by

(440 = 2)(Von + w0,) (o) = (d+ 0 — 20V + mnf +wp,of)
=(d+w—2)0(Vy + (w—1)p,)f +O(c? ).

In the above, we used that p vanishes along =, as well as the minimal condition (3.12).
It is not difficult to assemble the quoted results from this display. O

For the particular case of the volume anomaly in three dimensions (see Section 8.1),
we shall also need the action of the operator L’ on the log of a true scale 7. Hence in
that case we extend Equation (5.8) to read

L, logT := (d — 2)f‘u logT =Ly logT. (5.10)

We now proceed to develop the analogous machinery needed for handling densities
integrated against the product distribution 6(u)d®*) (o). Performing the d(g) integration
gives integrals along the hypersurface =. Therefore, to deal with the operators that
appear in this case, we rely on the notion of tangentiality developed in Section 2.4, see
in particular Definition 2.1.

Definition 5.9. Let o be a unit defining density and g a minimal unit defining density.
The tangential Laplace—Robin operator for the hypersurface = = Z(u) is defined as
follows:

In the case where f is a weight w # 1 — g, 2 — % density, we define the map

L :T(EMw]) — T(EM[w — 1])
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according to

Lo f =

CTAToy w(L
TR T R ”<U’H>)+(d+2w—4)(d+2w—2

d+2w—3 - oL, f
)

When the density f has bulk Yamabe weight w =1 — g, we define the map
Ly : D(EM[1 — §]) = P=(EM[-3])

by (see Display (2.17) and Equation (2.19))

LTf .= {LU + %(f’”@',u» +oL,L,—Lo|f.
For f of weight w =2 — % we define the map

Ly :D(EM[2 — 4]) = I=(EM[1 — 2])

by

45

(5.11)

(5.12)

(5.13)

Remark 5.10. Note that although the codomain of the map L% depends on whether

acting at a critical weight or not, we are mostly interested in computing LL f|E

The tangential Laplace-Robin operator can also be defined acting on log densities:

Definition 5.11. Let o and p be unit defining and minimal unit defining densities re-

spectively, and let 7 be an arbitrary true scale. Then, if d # 4, we define the tangential

Laplace—Robin operator acting on log densities
L : T(FM[1])) = T(EM[-1))
by

Ll log 7 := (d — 3) Ly log T — (I’:“<o-, w)) + O'I/:i logT.

In the case when d = 4, the tangential Laplace—Robin operator acting on log densities

LY : T(FM[1]) — I's(EM[-1])

is defined as
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Ll log7 := Lo logT — (iu(a,;ﬁ) + aiuiu logT.
|

Remark 5.12. Observe that, just as in the case of Definition 5.9 for the tangential
Laplace—Robin operator acting on standard densities, the codomain of the map LL act-
ing on log 7 is different in dimension four, since in this case i“ log T has critical Yamabe
weight w =1 — 2 = —1 (see Remark 5.10). [ |

The key property of the Laplace-Robin operator LL is that it is tangential along =
in the sense of Definition 2.1 and the obvious variant for codomains I's(EM [w]):

Lemma 5.13. Let o be a unit defining density and p a minimal unit defining density.
Then the operators LL. of Definitions 5.9 and 5.11 are tangential along =.

Proof. Tangentiality of the operator L. acting at weights w # 1 — % and 2 — g is proved
in [32, Proposition 4.7] (see also [26]). Hence only the two critical weights remain. For

the case w = 1 — £, consider f’ to be an arbitrary, weight w = —g density. Then, the

27
non-vanishing contributions to LT (uf’) along = are given by

LE(Hf/)IE = (Lcr - f’d + Uf‘uf‘u) (Hf/)|5 .

We need to show that the quantity in the above display in fact vanishes. For that,
picking g € ¢, a direct calculation using the various definitions of the Laplace-Robin
operator and its decorated extensions introduced in Sections 2.4 and 2.5, yields

LG’(/“'f/)|E = [gv *O'f,A‘U, - 2Uvmf,] )
—Lo(nf")|z = lg: puof']
oL Lu(pf)|z = [9:20Vmf — (d+1)puof'],
with m := dy, and where we have used Equation (2.2) to express m? = 1 — 2p,u +
O(u?). Adding the three pieces above (remembering that Aulz = —dp,) we obtain
LL(n f’)|E =0, as required from Definition 2.1. A completely analogous computation,
now using a density f' of weight w = 1 — %7 proves tangentiality of Ll at weight

w=2— %. The proof of tangentiality in the log-density case follows from the previous
cases specialized to weight w = 0, because if 0 < f € C°°(M) and f|x = 1 we may write
f = eM where w € T'(EM[—1]) and use log(f7) = log T+ pw. This reduces the required
computations to the previous cases. 0O

Because the operator LY is tangential, we may define an analog of the Laplace-Robin
operator along the hypersurface = by the following holographic formula:

ZLE T(EEw]) — T(EE[w — 1])

o
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with
Lsf==1Lgf|z, (5.14)

where fz € I'(£Z[w]) and f € T(EM|[w)) is any extension of fz to M. The operator £=
underlies an s[(2) algebra analogous to that constructed for the Laplace-Robin operator
in Section 2.4. The key relation for this is given below:

Lemma 5.14. Let f5 € T'(EZ[w]). Then

gg(UEfE) - Usga;fE = (d+ 2w — 1).fE + O(Ug_l)a

where o is the restriction of o to E.

Proof. There many ways to prove this result, an expedient method is to first establish
the result along the interior of = because this allows us to calculate using the scale
determined by the singular metric g° for which (away from X) o = [¢°; 1]. In particular,
in this scale, when w # 1 — g, 2 — %7 using Equation (5.11) we find

LLf S (d+2w—3)(— 2J9) f — B203(A 4w ) f —wfV,(p, — LT

(Tt 0 1)00) (T 00— g (09 f
= —(A — V2 + (2w — l)Hng)f + (w(w _ 1)(H§U)2 - 211)((1—;11)—2) Jgo) 3

Here we used tha;c in this scale n = Vo=V 1=0and p, = p, = —éJgo. We also used
that p,|= = —HZ . The second equality of the above display shows that the singularities
at weights 1 — %, 2 — % of LL as defined by Equation (5.11) are removable. Indeed, it
is straightforward to use Equations (5.12) and (5.13) to establish that LL f along Z is
as stated above for these critical weights. In the ¢° scale, the above display also gives
the result for oL f along =. Moreover, to compute LT (o f) we only need write out the
above display replacing w by w+ 1 because o f € T'(E M[w+1]). Hence for the difference
of these we find

2.J9°
d

(|t

oL f —LL(af) (d+2w—1)f +2HE (Vo —wHL ) f .

In the interior 73,]90 =84 and ng = (o, ). The former of these equals 1+ O(a?)
while along =, the latter is O(Ug’l). This establishes the quoted result on the interior
of Z. Since both the left and right hand sides of this result are smoothly defined along =,
the above interior computation suffices to establish their equality along all of . O

The tangential Laplace-Robin operator LT introduced in Definition 5.9 is built from
formally self adjoint Laplace-Robin operators; see Equation (2.26). When integrating
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over manifolds without boundary (or integrands with no support there), we encounter
the formal adjoint (LL) of the tangential operator LL. This is easily computed using
formal self-adjointness of the L-operator:

d+2w+1
d+ 2w

Lioa
(d+ 2w+ 2)(d + 2w)

LD f = Lo+ (d+w—1)(Ly (o, ) + f, (5.15)

when f is a density of weight w # —1 — g, —%.

Remarkably, the product §(u)d*) (o) can be expressed in terms of the formal adjoint
given in (5.15) acting on a product of delta functions with one fewer derivatives. This
result, given in the lemma below, may also be viewed as an generalization of the key

recursive relation (5.4) to products of distributions.

Proposition 5.15. Let o be a unit defining density and p a minimal unit defining density.
Ifd4—14£ke{l,...,d—3}, then
1 _
()5 (o) = m(LE)T(fs(HWk V(o).

Proof. We proceed along similar lines to the proof of Proposition 5.5. First we use
the generalized Leibniz rule (2.13), Lemma 5.3 and Equation (5.5), avoiding special
dimensions and values of k, to compute

Lo (8(1)8" D (0)) = (d = k = 3)5(n)s™) (o)
+(d = 4) (o, m)d ()5 D (a) + (k= 1)5" (n)s* (o). (5.16)
The above display in fact holds in all dimensions and for k € {2,...,d—3}. When k = 1,

the last term is absent. Equation (5.6) gives L, (6(p)é*"~V(o)) = (d — 2k — 2)
§' ()01 (o), so it remains to employ our Leibniz identities to calculate (when k # 1)

L2, (3(1)6* 2 (@) = (d = 2K)L,. (5 ()5 "2 (o))
= (d — 2k)[6(p)0") (o) + (d — 2k)(o, )& ()51 (o)
+ (d — 2k — 1)5" ()52 (o)]

where again the last term is absent when & = 1. In the above we used the identity
uld' (1), 642 (0) = ~2(e, )8’ ()3 D (o)~ 28 ()™ (o)~ H= 8" ()6 ¢ (o),

which can be derived from Equation (2.14). However once again, the display before last
in fact holds for k € {2,...,d — 3}.
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Simple algebra now gives

5p )5(’f)( )= 1 ([d—2kj—1

i~ 2\lampa e (o “>L“} (3(m)s* =1 (e))

k— 2 2
Ak 2)(1d - 2k)L“(5(“)5(k (@)

Here, using that L, ((o, p)d(p)d* =Y (o)) = 0 together with the Leibniz rule (2.13) and
the identity pu((a, u), 6()6* V() = —(Lu(o, 1)) ()3 =V (o), we can then rewrite
the second term in the above expression as

(o, 1)Ly (8()6* V() = —(d — 2k — 2)(Tulo, 1)) 5(m)5* V(o)

while (for k& # 1) the third term can be combined with the first two by means of
oD (g) = —(k — 1)0%*=2)(g), producing

1 d—2k—-1

(k) — — L — 9 (L
MM (o) = ——— | 55— Lo + (d =k = 2)(Lyu(o, 1))
L2oo
L 5(p)d* =Y (a)).
Aoz g | P @)
Expressing the factors within the square bracket in terms of the weight w = —k — 1, one

identifies the formal adjoint operator (5.15), and thus completes the proof. O

Remark 5.16. Proposition 5.15 may also be read as saying

(1_7]1_2(15)1 ((1)6% V(o)) = T 0 Lo 6%V (o).

Notice that the right hand side integrated against a density-valued test function f is
independent of the extension of f off of the zero locus of p. This explains why the

formal adjoint of a tangential operator must appear on the left hand side. [ ]

We now develop the integrated analog of Proposition 5.15 and extend this to include
critical weights.

Proposition 5.17. Let o be a unit defining density and p a minimal unit defining density.
Then if f is a weight w =k + 2 — d density with k € {1,...,d —3} and d > 4

/5 )6 (& == k72/5 sFD(e)LL f. (5.17)
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Proof. The proof for non-critical weights w # 1 — %, 2— % follows directly from Proposi-
tion 5.15. For critical weights, first observe that, by virtue of Equation (5.4) and formal
self-adjointness of Ly, we have

/ S(p)d® (o) f = ﬁ / 5* =D (g Lo(d(p) f) - (5.18)

M M

We now break the computation of Lg(é (n) f) into the two cases of interest.

Case (i) w=1—% and thus k = ¢ —1: We begin by computing L, (5(1) f) using the
method of proof of Lemma 5.7. We pick a scale g € ¢ and find

= 2f(Vn = pa)d(k) = 20(1) (Vi + [1 = §lpo) f — o (A9 = §.7) (3(n) f)

= =2f(mn+ pps + 0pu)d (1) = 20(1) (Vo + [1 = §1po) f — o (m® + 20p,)8" (1) f
= 208" (1) (Von + [1 = $1pu) f — o6(n)(A? + [1 = $17)f . (5.19)

Thus, using that o and p are unit and minimal unit defining densities respectively, we
have

Lo (3(1)f) = 0(1) (Lo — 2Lg) f — 20/ (1) (0 Ly + (o, 1)) f — 00" () f -

Using the identities 00(2 2 (0) = —1(d — 4) 623 (o) and Lo f = —oOf, we so far

have

1
2

[ sttt Dorf =% [ (=26 D) 30 + 8 o) £

M M

(d =849 (0) [6(0)0 + 28" (1) Ly + 8" (1) | ) -

N | =

_|_

We can handle the terms involving 6(272) ()8 () and 6(273) ()8’ () in the above
expression using Equations (5.7) and (5.6), respectively; remembering that (o, p)|z =
O(o?71) and that Ly, is formally self-adjoint. We obtain

[otsttDrr =2 [ (=204 2(0)500) [ Lo — (Eulor )| £
M

M

(d-4)84 ) (0) [6() (O - 2L, L) + 0" ()] f)

DN | =

+

To handle the last term above, we recall that L, (p) = (d — 3)¢” () and so perform a
computation similar to that of Display (5.19) to obtain
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a_ da_ g
L, (0G(a)f) =63 (o)(Ly — (d—4)L,) f

= 815 9(0) (2pLg + (d — 4){o, ) f — pd's V(o)

Using Equations (5.4), (5.7) and (5.6) again, as well as wpo’(pn) = —d(u) and
S(p)LyuLyf = —6(p)0f, gives

/5(%73)(0)5” /5 (0)(O+ (d—9)L,Ly) f
M

+640(0) (2Lo f + (d — DFLulo, ) + 34 V(o) f).

Collating the above calculations yields

/5 5(5_1) _2/5 5(5—2) )|:—2j:g'+(d_2)(illz<o-’ll’>):|

~ (d- 064 9(o) [LuL, - O]) £

Using the identity 6(2=3) (o) = —d—05 272)(g) and the fact that acting on a critical
density Lo f = —o[Jf, we can rewrite the previous display as

o~ o~ o~ ~

/5(u)5<%—1> /5 1042 (0) Lo + 452 (Lfor, ) + (0L Lo | £

Then the quoted result follows by virtue of Equation (5.12) in Definition 5.9.

Case (ii) w=2— % and k = %: Note that this case only pertains to d > 4. We begin
by first noting that

Lo (6(u)f) = —o0(3(p)f) -

Now the proof again proceeds along the lines of Lemma 5.7. Choosing a scale g € ¢ we
compute ((6(p) f) and find (using 6(u) = —pd’ (1))

(A 11— 20) (1)) = (8" () + Vo (1)  + 25 (0) Vo f+5() (A + 1~ 1)
= 8" () (m? + 2pup) f + 6" (1) [2(Vi + [2 = Slpp) f — (A + 2 - 4)T)f] .

Thus, using the unit conformal property of u and Equation (5.4), it follows that

Lo(5(4)F) = ~08" () 208 (W f = ~ =7 (1 Ly + 2L, 1)) L)
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In turn via formal self-adjointness of L, and the identity 05(%_1)(0') = —1(d -
2)6(2-2) (&), it follows from Equation (5.18) that

/ 38 (0)f = 5 [ 3 (75 LA (D (0)) + 20, (042 (@)Euf) )

M
(5.20)

Care is now needed because the delta distribution 5(%’2)(0) has Yamabe weight 1 — g.
A simple computation in a choice of scale shows that because the defining density p is
minimal unit, we have

5(1)550) () = 0, (5.21)
for any positive integer k < d — 3. Here 85 is the Robin operator defined in Equa-
tion (2.7). In particular this implies that 6(u)Lu§(%_2)(a) = 0. Then using this fact in
Equation (2.22) applied to the last term in Equation (5.20) we have
iu(5(%_2)(0)f’uf) = (iué(%_Q)(o') - %HDé(g_Q)(U))EMf

+00672(0) (LuLyf — 3u0Lf) + p 402 (@), Ly
S0

d ~

()L (6572 ()L f) = —(d — 2)8(p)6 22 (o)L, Ly f -
This handles the last term in Equation (5.20) so it now follows that

/ S (0)f = s [ 6n) (75T E(0)F) — 20d - 25D (@)L )

d—3#
M M

To treat the first term on the right hand side of the above display, we first note that
d_ d_
L2 (62 (o) f) = (d - 2)(d — 4) L2 (6D (o) f), so
S(WLL(8ED(0)f) = (d—2)(d— 1) 5(u) 8L (05D (0)f) . (5.22)

Note that because the Robin operator 8% is first order, it obeys the standard Leibniz
rule. Then we use Equation (2.21) to compute

£ (6% (0) £) = (B 75T 2(0)) £ 46142 (0) Lf + 22 452 (0), 1)

1

(4) -~ d 2p =~
= 0D (o) + 08D (@)L f +008 (o) “4Laf+<a,u>f]-
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The terms in square brackets in the last line above come from the first and last terms
on the right hand side of the previous line. This requires a computation in a choice of
scale of the type performed above, relying on Equation (2.20). The remaining terms on
the last line above used Lué(%_Q)(a) = —p6(272 (o), and that o is unit defining, so

06G2(e) =63 (a).

Now using Equations (5.22) and (5.21), and 6(p)d% 1 = d(p) it follows that

S(m)L2 (6272 (0) £) = (d — 2)8()0' %) (o) f + (d — 2)(d — 4)6(p) 8% =2 (o)LL, f
+(d—2)6(n)32(a) |2Lg f + (d — 4) fL, (o, )

Orchestrating the above gives

Using the identity §(2=2) (o) = —d—3205(%’1) (o) one recognizes (from Equation (5.13))

the action of the tangential operator on f. The final result then follows. O

We have now established the two main recursive relations needed to compute integrals
of the type (5.1) and in turn the regulated volume and area expansions in Equations (4.3)
and (4.7). The proposition below gives our result for such integrals. Its proof follows
simply by iterating the recursions given in Equations (5.9) and (5.17).

Proposition 5.18. Let o be a unit defining density and p a minimal unit defining density.
Then, if f is a weight w # 0 density and 1 < k < d—3,d— 2, respectively, the following
relations hold

Jauwa®iors = oI o sty
M M

[t a@s = ALY [ [ owstor L s
M M

k—2
-2y / 5(w)d(o) (LE)I L, LE27 f | |

j:OM

where the second term on the right hand side of the last displayed equality is absent
when k = 1.
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6. Holographic formulse
6.1. Divergences

We now deduce results in arbitrary dimensions for the volume and area divergences
of the regulated volume Vol. and area Area. defined in Section 4. Recall that in distri-
butional form their coefficients are given (from Equations (4.4) and (4.8)) by:

(DT 0 80 o) (2 F () o)

d—1_k)% F T a2k F
M M

Vi =

The following pair of theorems express the above expressions as integrals over > and A,
with local holographic formulee for integrands. These follow immediately from Proposi-
tion 5.18 by setting f = 7%, where the regulator 7 is an arbitrary true scale.

Theorem 6.1. The divergences in the requlated volume Vol. determined by the sequence
of embeddings A — ¥ — (M, c) and the regulating hypersurface ¥ are local integrals
given by

- d=h=1 (| —1)! ,
Poles(Vol.) Z d k—l'kek Ed_ ; [/wﬁ-(d—?)/'vk}.

wlan S A

The integrands are given in terms of the unit and minimal unit defining densities o
and p for ¥ and E, respectively, and the regulator T, by the holographic formule

d—k—3

_r1d—1—k__—k / 2 : T / d—k—3— k / N A
k _LC" T i 9 vkéd—?) — L JL L JT A, ’Ud_2 —O—Ud_l .
Jj=0

Theorem 6.2. The divergences in the requlated area Area. determined by the sequence of
embeddings A — ¥ — (M, c) and the regulating hypersurface ¥, are the local integrals

1
S
Poles(Area,) —kZQ d—Fk —2)lkek (d—3)! ay .
A

The integrands are given holographically in terms of the unit and minimal unit defining
densities o and p for ¥ and Z, respectively, and the regulator T, by

ap = (LL)d—h=2 1~ k‘ .
A

Remark 6.3. Note that the results stated in the two previous theorems hold upon per-

forming delta integrations according to Equation (2.25); the measure factors V'S usually
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incurred when integrating along submanifolds, with respect to their induced conformal
structures, are both one because the defining densities o and p are conformal unit and
minimal conformal unit, respectively. [ |

6.2. Anomalies

We now study the critical loge divergences appearing in the regulated volume and
area expansions. In particular, in this section we prove Theorems 1.1 and 1.2. In arbitrary
dimensions, the volume and area anomalies are given, respectively, by the integrals

—1)4 _1)d-1
V= (Ei _1)1)' /G(H) 5(d*1)(a) , A= %/5(;1)6(‘”)(0);
M M

see Section 4. In the volume case, the recursion (5.4) gives
Lo6“ (o) =0,

and so cannot be used to handle §(*~1) (o). Instead one must introduce a log density
into the problem (see [31] and [33]). This relies on the following proposition from [33,
Proposition 4.4], specialized to assume that o is a unit defining density and written in
the notation of Section 2.5.

Proposition 6.4. Let f be a weight zero density, where fé(d_l)(a) s compactly supported,
and let T be any true scale, then

/ F50 (o) = — / 642 (0) (fLolog T + 7 ' Lor ).
M M

Note that the proof of [33] was for the case that f is a smooth function, but it is easily
seen to extend to the particular instance where f = 6(u), because ¥ is compact. Thus
the proposition can be applied to recast the V-integral as

V=—

_\d
(; _1)1)! / 5D (0) (B() Ly log 7 + 7 Ly £0(1)) (6.1)
M

The differentiated Dirac delta distribution §(?~2)(¢) in the first term on the right hand
side above may now be handled using Equation (5.9) and Proposition 5.18; while the
second term is discussed below.

As for the area anomaly A, the distributional identity 6(*~ (o) = 2506~V (0o)
implies that

_1\d
A= [ etwse ).
M
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which in turn can be rewritten using Proposition 6.4 for the case where f = od(u), as
= _1 /5d V(o) (o6(u) Ly logT + 7~ "o+ (o6(p ))) (6.2)

Here we have again extended the scope of Proposition 6.4 to the case where f is a
weight zero, distribution-valued density. The proof applies mutatis mutandis to this case
because A = 93 is closed. Again, the first term on the right hand side can be treated using
Proposition 5.18. For the remaining terms involving L, - operators in Equations (6.1)
and (6.2), we need the following lemma:

Lemma 6.5. Let o be a weight one density, p a hypersurface defining density, and T a
true scale. Then

T Lo, 0(n) = (1) ({07, 1) = —5 Ly logT) |

T L7 (08(11)) = 6(12) (S — %La log ™) + 00’ () (07, 1) - d 7Ly logT).

2

Proof. The first equality can be demonstrated directly from the definition of the opera-
tor Lg 7 acting on the weight zero density 6(p). Indeed, (2.23) implies that

T Lo 0(p) = [9; Vab(p) — o7 'Vi0(1)] = [g;0(1) (nom — o7 'm.k)]
where we have denoted the triple of one-forms (m,n, k) := (du,do,dr) and used the
distributional identity 6'(z) = 6(z). Remembering the distributional identity zd(x) = 0,

and that (o, pu) := [g; (o, p)] = [g; opu +n.m+upg] as well as the definition of f‘u log T
in Equation (2.6) and (2.12), we can write the expression above as

T L7 0(1) = [90(1) ({0, 1) = 0(Vn Tog 7 + p,))] = 6() (07, 1) — oL log 7))

as required.
The second equality of the lemma can be obtained via a similar route: From (2.23)
and recalling that the product od(p) has weight zero, it follows that

T Lo o (08(1)) = [g Valod(w)) — o7 ' Vi(od(u) ] -
The above can be further developed using our distributional calculus:

w(06(p) — o' Vi(od(p) = 8() (Vo — o7 ' Vi) + 0(Viad(n) — o7 ' Vid (1))

A

() (n —oVylogt) 4+ 08 (1) (n.m — oV, log 7)
(

5
5(1) (Ss —0(Vplog + po)) + 00" (1) ({0, 1) — ppo — 0(Vim log 7+ py)) -
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Observe that the second and sixth terms above cancel each other. Next, using the action
of the Laplace-Robin operator on log-densities (2.5), the last expression of the previous
display may be written as

S(u) [Sg—cr(i., 1og7-—%(A log T + J))} + 08 () [(a, /,L>—O'(iﬂ logT—g(A log T + J))} )

Once again, thanks to the identity ¢’ (x) = —§(z), the terms with coefficient 1/d cancel,
so we obtain

T Lo 7 (03()) = 6(1) (S5 — Lo log 7) + 0 (1) (0, 1) — oL log 7)
again as required. O
We are now ready to complete the proofs of our first two main results.

Proof of Theorems 1.1 and 1.2. We begin with the volume anomaly. By virtue of
Lemma 6.5, the volume anomaly integral (6.1) may be written as

1yd—1 o
v = G 69720 (6L o + 6l0) )~ 550 o7
M

Here the second term under the integral vanishes due to the minimal surface condition

(as formulated in Equation (3.10)) while the last one can be rewritten by means of the
identity 6642 () = —(d — 2)6(?=3)(o); this gives

_yd—1
Y= ((dl_)l), [ (#0064 D@L + 55 V@)L g (63
M

Likewise, Lemma 6.5 applied to the surface anomaly integral (6.2) yields

_1yd—1
A= % /5(d—2)(a) [a-é(u)La logT + 06’ (p) ((0'7 K)
M

g

L,1 )
d—o » 8T

+d(p) (1—$LU log T>:| ,

where we used that S, = 1 + O(o?). Applying the same set of distributional identities
as used earlier, the integral above can be re-expressed as

A= (Ez_l)ld)! / {(d —3)86()5' " (o) Lo log 7 + (d — 2)8' ()6~ (o) (o, 1) (6.4)

—5()6 2 (o) + (d — 3)8' ()5 ()L, log T} .
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Observe that the third integrand is proportional to the original anomaly (4.9), subtract-
ing this from the left hand side yields (1 — ﬁ)/l there. The second term on the right
can be handled using (5.6), which implies

5 ()5 (0) = — L (5w (@)) |

When d # 4, the very last term can also be treated using (5.6). When d = 4, how-
ever, the density d(o) has critical weight and the integrated formula (5.7) is needed.
This distinction between critical (d = 4) and non-—critical (d # 4) weights fits with
that for the tangential Laplace-Robin operator LT acting on log-densities as given
in Definition 5.11. Indeed, by using this definition directly in Equation (6.4) and
performing computations that rely on formal self-adjointness of L, and the identity
0l@=3) () = —(d — 3)6(=Y (o), we obtain

_1)d—2
A= % / 8(p)3'"= (@)L log T . (6:5)
M

Equation (6.5) is a nice analog of the key Lemma 3.8 of [31].
Applying Proposition 5.18 to Equations (6.3) and (6.5) completes the proof of our
results for the volume and area anomalies. O

The regulated volume and area anomalies V and A do not depend on the choice of
regulator 7, even though their corresponding extrinsic () and 7" curvature integrands do.
Remember that the choice of a true scale 7 = [g; 1] is equivalent to a choice of metric g
in the conformal class ¢. (In what follows we sometimes abbreviate our notation for the
dependence of @@ and T curvatures and related operators on the underlying data that
determines them, for example writing T for T};(_,E_}( M)c).) Changing the regulator =
to a new true scale + = e/ T where f € C°°(M), the identity log(e/ T) = log T+ f implies

QL) — Qhs ey = La ' fly

d—3

TZ‘—>Z<—>(M,C) — Tl sosme) = Z(LtTy)j L, L3¢ 'A ; (6.6)
=0

QT\‘—)Z‘—)(M,C) - QX<—>Z<—>(M70) = (La)d_2f|/\ :

The above formulae encode how extrinsic (and submanifold) @ and T curvatures trans-
form when moving to a conformally related metric e=2/g. Necessarily the sum of the
integral over ¥ of the right hand side of the first equation displayed above plus (d — 2)
times the integral over A = 9% of the right hand side of the second equation must vanish
because V does not depend on f. Similarly, the integral of the right hand side of the
third equation over A vanishes because A is also independent of f. The three operators
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acting on f above are conformally invariant and canonically determined by the structure
A = ¥ < (M, ¢), and are therefore of independent interest. They are the subject of the
following section.

7. Extrinsic conformal Laplacian powers and associated boundary operators

Theorems 1.1 and 1.2 suggest that, given the data of a minimal defining density o
and unit minimal defining density p determined by the sequence of embeddings A —
¥ — (M, ¢), we define the following operators

P re = Lb D(EM[AEL]) 5 T(EM[=A5E]) | ke (1, .d—1},

d-3
Unorsorane = S (LD L, LE  T(EM0)) — D(EM[2 - d)),
j=0
— (TTH\*. k—d —k—d
PA_,Z%(MC) = (Ly) :T(EM[E=E2]) - T(EM[=E5H2]) | ke {l,...,d—2}.
The first important property of these operators is that they are tangential (see Defini-
tion 2.1 and the text that follows there). This means that they give holographic formulae

for operators along ¥ or A. These tangentiality properties are stated in the next propo-
sition.

Proposition 7.1. The operator ’P (M) is tangential along ¥ = Z(o), the opera-
B,

tor Un s (a,e) @8 tangential wlth respect to ¥ along A = Z(o, and the opera-
tor ’PX&E%(M o) s tangential along A=Z(o, ).

Proof. Tangentiality of the operator ’P(;L( M,e) is a special case of a result proved in
[29, Theorem 4.1] using the s[(2) algebra in Equation (2.9) and its enveloping algebra
identities (2.10). The result there pertains to general tractor bundles and so applies to
conformal densities. The quantity I? in that article is the S-curvature, which equals
one to order O(o?) in the present context because o is a unit defining density (see
Equation (2.4)). It is not difficult to verify (again using the s[(2) algebra) that the
S-curvature can be replaced by unity without destroying tangentiality so long as the
power k of the Laplace-Robin operator isin {1,...,d — 1}.

Tangentiality of the operator p ) HE S(Me) along A follows from a similar argument to

that for 'PE,_,(M o)
so it suffices to check tangentiality to each of these hypersurfaces along A separately.
Tangentiality to = is guaranteed because already the operator L. is tangential to Z=.
Then Lemma 5.14 provides the analog of the s[(2) algebra used in the previous argument.

Only the proof of tangentiality of the operator Uy, s (ar,e) to X along A remains.
For that we need to show that

The codimension two submanifold A is the intersection of = and ¥
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d—3
> (L2 LLLg 3 (of)

=0

vanishes along A for any smooth weight —1 density f. We first use the s[(2) algebra
identities (2.10) to show

Ly (o f) =oLlg 72+ (d—j = 3) (i +2)Lg 7 f + O(a7).

The term O(o7+?) appears because Sy = 1+ O(o?). Now, along = when j # 0,

Lemma 5.8 gives

‘+1

L (O_Ld Ji— Bf)i L’ Ld J— 3f+0(ad71).

When j = 0, Lemma 5.8 says L), (o Li3f) = O(o), so this term in the sum does not
contribute along A.

To compute (L% )7 (oL, L.773f) along Z for j > 1, we note that along = the oper-
ator LT equals .ZZ (see Equation (5.14)), which obeys Lemma 5.14. Thus, using again
the sl(2) algebra identities (2.10) adjusted to account for the factor d + 2w — 1 (rather
than d + 2w) appearing in Lemma 5.14, along A we have

(LL) (oL LE =3 ) & —j(d — j - 2)(LL) L, LE 72 f

Assembling the above three displays gives

U

-3

IS8

-3
(LLY L LI Yo f) 2 =N (i + 1)(d — j - 2)(LLy 'L, LE T3

<
Il

=)
<.
I

—

d—4
+> ([d—j=3)(+2)(Ly) L, L7 f.
3=0

Reindexing one of the summations shows that the right hand side above vanishes as
required. O
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As a consequence of this proposition, we can define the following differential operators

holographically:
Pglki)(Mc) (EEI:k d+1:|) - F(‘SE[%])’ k€{177d71}7
w w
f = (Lgfext)|2ﬂ
UA<—>Z<—>(M,c) : F((‘;E[O]) — F(EZ[Q—d])|A, (7.1)
W d—3
f H(ZLTJL/LM%xt) :
7=0
PE\kLZH(MC) (EA[k7(21+2]) - (EA[ L d+2])a kE{l,...,d—Q},
W w
k
f = ((L’l;) fext)|A'

In the above the subscript “ext” denotes an arbitrary smooth extension to the bulk

manifold M. The operators P(Z (L (M,c)

powers introduced in [30] (in that work these operators are also generalized to act not

are the extrinsically coupled, conformal Laplacian

only on densities but also on general tractors, moreover the integer k can be extended to

(k)
Y—(M,e)

additional factor of (—1)* as compared to [29] in order to simplify later expressions. For

include any positive even k). Also here we have defined the operators P with an

the case when the interior conformal class of metrics includes a formal Poincaré—Einstein

Ec)_> (M,e) reduces

to the Laplacian powers of [36]. Those results were summarized in Theorem 1.3.

The operator Py := Pgl;l&w o

conformal transformation property of the Qs 5,y curvature. It naturally pairs with

metric (in the sense of [16,17]), it was proved in [29] that the operator P
is of particular significance because it determines the

the operator Upe,xc,(ar,c) because together they satisfy Theorem 1.4, whose proof we
are now ready to give.

Proof of Theorem 1.4. That Upc, 5, (as,¢) is canonically determined by the stated em-
bedding data, follows by uniqueness of the unit and minimal unit defining densities o
and p up to higher order terms in o, which cannot contribute by virtue of the sl(2)
algebra of Equation (2.9) and its analog along = in Lemma 5.14.

As explained at the end of Section 6.2, because the volume anomaly V is independent
of the choice of regulator T, it follows from Theorem 1.1, upon replacing 7 by e/ T where
f € C>=(M), and the identity log(e/T) = f + log T, that

/Ld Lf+(d— 2/ZLT7L'L‘“ 3f=
< 7=0

=
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The integral formula of the theorem now follows directly by using the definition of the
(P (m,e)s Uns s (a,e))-pair given in Equation (7.1) (and text directly thereafter).

The first of the leading derivative terms can be deduced from a counting argument
and the divergence theorem which implies that

/Azf+/vmf=07

> A

for any smooth function f on 3. where 771 is the inward unit normal to A. Since the smooth
function f is arbitrary and Py, (a,¢) has leading derivative term ((d — 2)!!)2 (Ag) %,
this implies that the operator Upc,s,(ar,c) has the leading derivative term stated in
the theorem, modulo terms that are total derivatives. To establish that the latter are of
lower transverse order, it suffices to write out the holographic formula for Uy, (e
in a flat limit. More precisely for M = R? with its standard conformally flat structure &,
take ¥ to be a hyperplane. Moreover, since we are considering the leading derivative
terms, we take A to be a hyperplane in X. It is then easy to verify that the minimal
surface = is the hyperplane in M intersecting ¥ along A at right angles. We leave it to
the reader to compute Uy, 5, (ra s5), and thus complete the proof. O

Remark 7.2. Observe that the operator Uyc,se,(as,¢) is order d — 2 in derivatives Vg,
normal to A. Choosing (M, ¢g°) Poincaré-Einstein, Theorem 1.4 solves holographically
the problem of finding a canonical, conformally invariant operator of this order acting
on functions, determined by the embedding A — (X, ¢x) when dim(X) is even. [ |

We can also now give the proof of Theorem 1.5.

Proof of Theorem 1.5. A somewhat tedious direct computation in a choice of scale shows
that along =, the operator L differs only by terms involving multiplication by extrinsic
curvatures from the Laplace—Robin operator intrinsic to = depending on the defining
density o|z. (Alternatively, this result is an immediate consequence of the fact that the
Laplace—Robin operator can be constructed from the Thomas D-operator of [57,5] as
well as the results for the Thomas D-operator along hypersurfaces given in [32, Sec-
tion 4.2].) Canonical determinedness of Pf\k()_mg (M,e)
can then be proved following mutatis mutandis the proof method of Theorem 1.3. The

and its leading derivative behavior
displayed integral formula follows via the reasoning given below Equation (6.6). (This
logic is also the same as that used to prove the analogous statement with boundary in
Theorem (1.4).) O

8. Examples

We now give the proofs of Theorems 1.6 and 1.7, which give examples of our re-
sults when the bulk M is a three- or four-manifold. The proofs are direct computations
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of the holographic formulee of Theorems 6.1 and 6.2 determining the divergences in
the regulated volume and area expansions, as well as Theorems 1.1 and 1.2 which
give the extrinsic (Q,T)-curvature pair. The critical extrinsic Laplacian powers and
the corresponding conformally invariant boundary operators are directly computed from
Definition (7.1). In general, @ and T' curvatures yield integrated conformal invariants
so involve a mixture of terms that are either dependent or independent of the choice
of g € ¢ (or equivalently a true scale 7). We will use a mixed bolded and unbolded
notation to keep track of these dependencies. We also suppress the full extrinsic embed-
ding data dependence appearing as subscripts on curvatures and operators. We organize
these calculations by dimensionality and start with dimension three where we encounter
at most two powers of the Laplace-Robin L, operator. We will conclude by computing
four-dimensional quantities that involve the action of no more than three L, operators.

8.1. Three bulk dimensions
8.1.1. Divergences

In this case dim(A) = 1. The non-critical divergences in the regulated volume expan-
sion (4.3) are determined by Theorem 6.1. These are given by

Poles(Vol. ) (/v2+/v2)——</v1+/111>.

Here, the two integrals along A vanish because vy = 0 = v). Next, computing in the
scale T = [g; 1] we find

’1)2:17 ’Ul:Lo-Til‘N:_HE~
Thus
1 1 g
Poles(Vol.) = oY) dVyy, + z dVy, Hy, .
> )

For the divergences in the regulated area expansion (4.7), Theorem 6.2 gives

Poles(Area.) = / dvy, .

where g is the metric induced along A by g.

8.1.2. (QL,TY) pair
The corresponding extrinsically coupled @-curvature along 3 involves two powers of
the Laplace—Robin operator and was calculated in [31] and is given by
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1
QE:JQZ_§K27

where Ky, denotes the rigidity density of a conformally embedded hypersurface >—so-
called because it is the Lagrangian density for a rigid string [50]. This is defined (in any
dimension d > 3) by

Ks =I> 0 e T(EX][-2)]).
From Theorem 1.1 and using Equations (5.10), (2.6), the transgression is

T :L;logT’A = L,Llog‘r|A =8 pM|A = —HEIA )

In the above, g is the metric determined by 7. The Chern—Gaufi—-Bonnet theorem states
that the Euler characteristic x5 of a surface ¥ is given by

2y = /ng / 32<—>2

where the mean curvature H . ¢ Hys. 5 is given by the divergence of any extension of the
inward unit conormal to 9% (this quantity is minus the geodesic curvature of 82)
Thus, using that Lemmas 3.8 and 3.10 give that Hy,5; = Hz|s (note that the defining
density p is positive on the interior of = so that du is the inward conormal), Theorem 1.1
then yields the volume anomaly

V=mxs— - /11 mg. (8.1)

This establishes the regulated volume expansion and (Q,T) curvatures of Theorem 1.6
when d = 3.

8.1.3. (Px,Up) pair
The extrinsic conformal Laplacian Py, was computed in [32] and equals the Laplacian
intrinsic to X,

Py =Ax.

We have written the Laplace operator in bold because, for surfaces, it is conformally
invariant acting on weight zero densities fs;. When f is any smooth extension of fx
to M, the corresponding U operator has holographic formula

Upfe =L, f|,-

Using Equation (5.8), and choosing a scale g € ¢, the above equals V,,, f. Hence we have
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Up=Vu.

This is manifestly conformally invariant and, because m is the inward pointing unit
normal, the divergence theorem gives [z Psf + [, Urf = 0 in concordance with Theo-
rem 1.4. This establishes the (Pyx, Uy) operator pair when d = 3 in Theorem 1.6.

8.1.4. Qp and Py
Our holographic formula for the @-curvature of A in three bulk dimensions is given
by (see Theorem 1.2)

QA = LTo- IOgT’A = _LH<U?IJ’>‘A = _ﬁ-gh'rhb\ .

In the above we used Definition (5.11) and Lemma (3.7). Hence the area anomaly is
given by

A

Observe that this vanishes when the embedding of ¥ is umbilic, and thus also when
the singular metric g° is (asymptotically) Poincaré—Einstein. Moreover, the above inte-
grand is manifestly conformally invariant, and hence it is possible that the corresponding
extrinsic Laplacian power may vanish; indeed this is the case:

P,=0.

To see this, it is easy to verify using Definition 5.9 that LL f|s = 0 for f € C°>°(M), and
hence that Theorem 1.5 gives a vanishing result for Py.

8.2. Four bulk dimensions

8.2.1. Divergences
Theorem 6.1 indicates that the divergences in the regulated volume expansion are

1 1 1
Poles(VolE):@/vg—E/vg—FZg(/vl—i-Q/v'l) ,
5 A

by =

where v§ = 0 = v5. In the 7 scale, the expansion coefficients are

vs=1, wg= LO-T_Q‘ ——AHY . v = Lgr—l‘ = —2J¢ .
b3
(These have been calculated in [31].) The boundary contribution is computed as follows:

;o -1 T -1 _ _ 179%
vy =L,7 |A_LHT A= "Puly =Hyl s
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where we have made use of Definitions (5.8) and (2.18) as well as the identity Hy,x =
Hz|p (which in turn follows from Lemmas 3.8 and 3.10) to compute the action of the
critical operator L;L on the bulk Yamabe weight —1 density 7~ !. Altogether this gives

1 1
Poles(Vol,) = =3 /dvgz + = /dvngg 5 /dVgEJQ o /dVgAHXi)E .
by ) A

Turning to the divergences in the d = 4 area expansion, Theorem 6.2 says that

1 1
Poles(Area.) = Y /ag - /al,
A A

where the expansion coefficients

ay=1, a =L T 1|A:(EH<U7M>—ig)T71|A:ﬁ§;‘m—Hz.

In the computation of a; we used the definition of the critical tangential operator L.
given in Equation (5.12) as well as Lemma 3.7. Thus we have

1 o
Poles(Area,) = 5o / dv, + - / AV, (Hs —I3,;) -
A A

8.2.2. (Qsx, Th) pair

Here A is a surface without boundary. In four dimensions, the extrinsic Q-curvature
involves three powers of the Laplace-Robin operator and was calculated in [21,31]. It is
given for some choice of g € ¢ by

Qy, = —4AVLVLITS, — 8T F~,

where F>, € T(@*T*M|0]) is the Fialkow tensor [15] (see also [60,40,55,30]) and equals
(in any dimension d > 4)

1 o .
Fazb =T (ﬂazc chdHl?d

by cad
Ky —W., ) .
d—3 )gab b ba R

ot
2(d—2
The transgression again follows from Theorem 1.1 and Equations (5.8), (5.10):
Thors = (L, Lo +LLL,) 10gT‘A = (LuLo + 2LLL,) logT’A
Using (2.6), the first term on the right is
L.Lo IOgT}A = (Vin = pu) (206 — 0 J) ’A

= (2Vmpo — 2pupo) |, = — VLI, + 2Pss — 2Hs He .
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In the above g is the metric determined by 7. We also used V,0|p = m.n|p = 0, and
that V,ps B —V%Hz as well as the trace of the d = 4 Codazzi-Mainardi equation
(see [30, Equation (2.9)]) along A:

MmOV, = 2(V5 Hs + P -
The remaining term in Ty can be similarly handled using Equation (5.12):
QLEIT,# logT‘A = 2<(f‘u<‘77 w) — ia)f‘“ 1ogT‘A

. 1
< Q(H?mh —Va +p0) (pﬂ - iuJ)’A

= —2IT% . H= + a°VIZ, — 2Py, + 2Hs H= .
Orchestration gives

We want to write this expression in terms of the embedding sequence A — ¥ — (M, ¢).
Recalling that Lemmas 3.8 and 3.10 imply that Hy,5;, = Hz|s, so we only need deal
with the second term in the above (note that along A, the unit conormal 712 is determined
by the embedding A — X). For this we first note that the trace of the d = 4 Codazzi—
Mainardi equation (see for example [30, Equation (2.9)]) along A gives

AVLIS, = 2(VEHz + Ppg) -

a

Therefore, we need to study VZ Hz which we can write along A in terms of our canonical
extensions n and m of 7 and r, as (using that p, = —+(V.m + pJ) and m.n|, = 0)

1
V(Yo 4 1) A (vanmb ~ Ricyn — (vbna)vamb)

> ==

1 : e
7 (A(mn) = m®Ang = 2Pas = 2%, + gan Hs) (2 + g Hz) )

Hence

A

: 1ov o 1 1
VZHz + Pan = = Pii — iﬂfbﬂgl’ = 2HsHpes + 7 A(men) — gm®An .

N =

The last term above is easily computed using similar techniques:
meAng = m*VyVan® = V,, V.t + Ricon = 4VE Hy, + 2Py -

Moreover,
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A(m.n) = A( — ppo — opy + pC+ 0(03))

A 8HyHz + 2VE Hy + 2VEHz + 4H=C + 2VEC.

Here we used Ap = 4H= and Ao z 4Hsy.. It follows, using the traced Codazzi—Mainardi
equation along 3, that

VEHz= + Py & —VE Hy, — Pasy + (V3 + 2Hy o) 15, — 5,72
1 o
8 SOV, + (V5 + 2Hacs) 15, — 502

We still need to develop the last term above. For that we compute using the same
methodology as above as follows:

a A g A fa 1
TIZ, 2TV gy + gavpy) = TLVamy, S0 ([Va — maVi)mp + 5mavbm2)

. 1
éﬂ%b([vaz . maVTEn]mb + Emavbmg) Hab (HA<—>Z + mambHE) HabHA<—>Z .
Thus, noting that the definition of the Robin operator in Equation (2.7) gives V,Znﬂ 2o+
HpoosITE SQ‘HEHZA .. we finally obtain

mr mm’

Ta L 2m VLTS + 285 IT5,,,, — 25T s, .

Remembering that /m is the inward normal to A, then the divergence theorem together
with Theorem 1.1 yields the volume anomaly

2 - 1 - P
=5 [ig g [ (s - i), (5:2)
> A

Here the integrands of the above result are manifestly conformally invariant because the
scale dependent terms in the T-curvature conspire to precisely cancel those in the extrin-
sic @Q-curvature. Notice that this anomaly vanishes when X is umbilic and in particular
when the bulk is Poincaré—FEinstein.

8.2.3. (Px,Up) pair

The extrinsic conformal Laplacian power was calculated in [32] (see also [21]) and, act-
ing on weight zero densities, is given by (not forgetting a factor (—1)¢~1 = —1 accounting
for differing sign conventions)

Py =8VZoll® oV} .

Observe that although 3 has dimension three so that there is no intrinsic conformally
invariant Laplacian power at this weight [36], the above operator is Laplacian-like with
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the trace-free second fundamental form appearing in place of the inverse metric. We
have used a bold notation for both gradient operators because the gradient of a function
and the divergence of a weight —3 vector are conformally invariant operations in three
dimensions. It follows from the above display and the divergence theorem that if f €
C> (M), then

=

/ng: —8/ma1‘igbvl§f,
A

where 1 is the inward unit normal to A.
The U, operator associated to Py can be computed from Equation (7.1). First note
that when d = 4 we have

ISH
w

(LL)Y L, L& 73 = LTL) + L)Ly £ 2(C - Ly)L, + L Lo .

<.
Il
=)

To achieve the last equality we used the definitions of L;L and LL in Equations (5.8)

and (5.12) of LT, as well as Equation (3.10) in conjunction with the identity fmﬂ Z1.
We now choose a scale g € ¢ and write out the operators appearing on the right hand
side above. Working along A this gives

2(C—Vn + po)Vim + (Vin — pp) 2V — 0A) 2 2[V,,, V,)] = 2H5V,, +2H=V,, + 20V, .

Recalling that V,,n, A onbir 2 +mgHs and V,m, A it = + nyHz, the commutator
term yields [V,,, V,,] A mPlI 2 Ve + HsV,, — nl[5, Ve — H=V,,, where along A and
acting on scalars we have used that V2 = V¢ —m?*V,, and V§ = V¢ —n?V,,. In
concordance with the tangentiality result of Proposition 7.1, applying this commutator
result to the above display, all instances of the gradient operator V,, along the conormal
to X cancel, and we are left with the operator

omPlly Ve — 25, Ve + 2CV,,

Using the identity of Equation (3.20) and Lemma 3.7, we have the conformally invariant
result for the operator Uy

Uy = 4 5, vY.

Indeed, as proved in Theorem 1.4

/ng+2A/UAf=o.

b))
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We observe that just as for the Py operator, the Uy operator is obtained from its d = 3
counterpart V., by replacing the inverse metric with the trace-free second fundamental
form.

8.2.4. Qp and Py
The holographic formula for the @ curvature of A in four bulk dimensions is given by
(see Theorem 1.2)

Q)= (LE)QlogT’A.

In four dimensions LL log T has bulk Yamabe weight w = —1, so we must use Equa-
tion (5.12) of Definition 5.9 as well as Definition 5.11. This yields

A ~ ~ ~ ~ ~ ~
Ll ?logr = ((LH<0', w) — La) (L,7 logT — Ly(o, ) + oL,L, log T)
£ _f‘uf‘u log T — LyLgy log T + igi”@', p +C (f;[, logTm—C).
Here C is as given in Lemma 3.7 and we have also used i0-0'|2 = 1. We now calculate

each of the four terms above for the choice of ¢ € ¢ determined by 7. First, using
Equations (2.12) and (2.6) and V |z =1,

TIT 1
“LuLulog 7|y = ~ (Vi = 9,) (0 = 51) 2 ~Viupu+ 0+ 57 -

Similarly
= = A o 1
—LosLslogT = —-Vyups + 05 + §J .

For the second last of the abovementioned four terms we use that f,, log T A po- That
leaves the term

= A
LoLy (o, 1) = VoV (man + opy + pips) — peC

A VoViman+ p,Voymn + Vypy + Vipe — poC.
Here we used V,u = m.n Ao, Using that V,,m = $Vm? = =V (up,) + O(u?) we have
V.Vm.n A Vn( — Va(ppu) + mavmna) A —puVam.n + V,(m*V,ng) .
Collating the above computations we find

(LL)2logT £ J + HE + HE — C? + Vo (m*Vinny).
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We now focus on the last term on the line above:
Vo (m*V ) éﬁgag“bﬁfhb +m* Vo, Viung — m*V,, Va(ops)
éflgag“bﬁ,%b +m*(V,;m)Veng — m*(V,n?)Ving
+ Ramma + (C + Hs)Hs

A o — a o o a o

= 2l5,g"0 %, — 17,9 %, — HeC — Wi — P — Pan -
In the above we used Vi = > + gHy, as well as the analogous relation and Vm. Also
Van = —V(0ps) + O(c®). This implies that m®V,,n, =I5 . + Hy 2 C + Hy, which
was used to reach the second equality. Moreover n|y, = A, m|z = M, ps|s = —Hx

and p,|lz = —H=. To achieve the last line we additionally employed Equation (3.17).
Altogether we now get

(L)% log T 2 J — Py — Pan + H2 + H2
+2005,9" 0 5, — 117,90 3, — Wimam — C(C + Hs) .
Employing Equation (3.20) and that Hy,x, = Hz|s (see Lemma 3.10), we then have
QA = H/2\=—>Z + Pabgf{b + H% — Hzc — 262 — Sﬁgmgxbﬁglb — Wﬁmﬁm .

Along ¥, the Fialkow—Gaufl Equation [30, Equation 2.7] gives
o 1
Py — T1a Py — iy Pa + Mgy Pap = Poy — Hll 2 — §(gab — Py HE + F

where the Fialkow tensor in d = 4 is given by Tazb :ﬁazcg%dﬁbzd — igfb Ks + W aann.
Note that g@ F.;, = 1 K. Thus, along A,

1
Pugdt = Js — P, + HxC — H2 + ZK2 —FE..

Using Wﬁmﬁm = ]:;

mm

— I3, 8%, — C? + LKy, this gives
Qa = Hiys + Jx — Py — 2F 5, — 20150800 %, — C*.

A necessary condition for the singular metric g° to be Poincaré-Einstein is that the em-
bedding ¥ < (M, ¢) is umbilic so that IT>, = 0. Moreover the Fialkow tensor vanishes,
this is easily verified by demonstrating that Wa.asp Z () for Poincaré-Einstein structures.
In that case only the first three terms on the right hand side of the above display survive
and the area anomaly (see Theorem 1.2) is given by A = %fA (H?\HZ + Js — Pnzlm)
This is in concordance with the original expression for the log coefficient of Graham and
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Witten [39] (noting that their mean curvature is the sum, not average of the eigenvalues
of the second fundamental form).

To see that Q is an extrinsically coupled Q-curvature type invariant for the subman-
ifold A, we recall that the Gaufl equations imply

1
Js — P35, =Jy— H3 v+ 3K,
where J, := $Sca. Thus we have

1 o o
2=Ja+ QKA‘%Z = 2F G, — 20175, gV %y, — C°.

Hence, using the Gaufi-Bonnet theorem, the area anomaly is given by
1 . .
A=mxa+ - / [K,HE CAFS Al goiiE, - 2c2] .

4
A

The first term above is proportional to the integral over the intrinsic @-curvature of the
manifold A and gives the three manifold anomaly in the regulated volume when the bulk
is Poincaré-Einstein.

Finally we turn to the operator Pj. From Theorem 1.5 and Equations (5.12),
(5.13) of Definition 5.9, the extrinsic Laplacian power associated to the submanifold
Q-curvature Q, has a holographic formula

Py 2 (L) = (€ —TLo) o (Lo + 0L,L,) = CLy — LoLy — L, L, .
Proceeding in a choice of g € ¢ the above operator becomes (along A)
Cvn - (Vn - pa) © (vn - %JA) - (Vm - pu) © (vm - %,UJA)
=A-V2-V2 +(C— Hx)V, — HzV,,.

It is not difficult to verify that the Laplacian A along A acting on scalars has holographic
formula

gab(va - mavm - navn)(vb - mbvm - nbvn>

AA-V2 - V.mV,, - V2 - V.V,
+ (Veum®)Ve + m* (Vi) Vi + m*(Vine) Vi
+ (Van®) Ve +n*(Vama) Vi + n*(Viang)Vy, .
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([

Note that m*V,,m, = %me2 = H= = %V.m and V,,m, = %Vam2 e H=. Analo-

gous identities hold replacing m with n. Also m®mbV,n, A C+Hs, and n®n®V ,my, A H=.
This establishes that

Py=A,.
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