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ABSTRACT: We show that the Kounterterms for pure AdS gravity in arbitrary even dimen-
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to a well posed variational problem for generic asymptotically locally AdS manifolds only
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for the renormalized volume of conformally compact Einstein 4-manifolds and its higher
dimensional generalizations by Albin and Chang, Qing and Yang. For odd dimensional
asymptotically locally AdS manifolds with a conformally flat boundary, the Kounterterms
coincide with the boundary counterterms except for the logarithmic divergence associated
with the holographic conformal anomaly, and finite local terms.
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1 Introduction

Hyperbolic manifolds and their pseudo Riemannian cousins, de Sitter (dS) and anti de Sit-
ter (AdS) space, arise in several contexts in physics and mathematics. Cosmic inflation
in the early universe and the dark energy dominated expansion at late times are well ap-
proximated by dS space, while AdS space is the arena of most holographic dualities. In
mathematics, the work of Fefferman and Graham [1] relates hyperbolic geometry with the
study of conformal invariants, whereas hyperbolic 3-manifolds provide deep connections
between number theory, topology and geometry.

The focus of the present work are general asymptotically locally AdS (AlAdS) mani-
folds, known as conformally compact Einstein or Poincaré-Einstein manifolds in the math-
ematics literature. These are Riemannian or pseudo Riemannian solutions of Einstein’s
equations with a negative cosmological constant, but the aspects we will discuss here apply



also to solutions with a positive cosmological constant, that is asymptotically locally dS
manifolds. A common property of all such manifolds is that they have an infinite volume
and a compact conformal boundary.

Conformal geometry on the boundary of AIAdS manifolds can be studied through
hyperbolic geometry in the interior [1]. In particular, certain quantities obtained from
the bulk geometry, such as the renormalized volume in even dimensions and Branson’s
Q-curvature in odd dimensions, compute boundary conformal invariants [2, 3]. A result
of direct relevance to our analysis was proved by Anderson for the case of four dimen-
sional A1AdS manifolds [4] and was generalized to higher even dimensions by Albin [5] and
Chang, Qing and Yang [6]. Anderson’s result concerns the renormalized volume of AIAdS,
manifolds and is summarized in the formula

1 3
— W2+ == Vien(My) = x(My), 1.1
s [, W+ g VeenMa) = x(0M) (11)
where W is the Weyl tensor of the bulk metric, x(My) is the Euler characteristic of My, and
Vien(My) is the renormalized volume. It is instructive to compare this with the generalized
Chern-Gauss-Bonnet theorem for manifolds with boundary [7] (see (3.7) below)

/M4Q+/8M4H: X(My), (1.2)

where €2 is the Pfaffian of the bulk Riemann tensor, i.e. the Euler-Poincaré density, and
the Chern form, II, satisfies —dIl = 2. Since the Weyl tensor is the traceless part of the
Riemann tensor, it follows that for any Einstein manifold we have, schematically,

/ Qw/ W2+ AV (My), (1.3)
My My

where A is the cosmological constant and V' (My) is the volume of My, defined with some
regulator.

Comparing (1.1) and (1.2), we see that the content of Anderson’s theorem is that the
renormalized volume of four dimensional AIAdS manifolds is (again schematically) given by

Vren(M4) ~ V(M4) + A_l 1I. (14)
OMy

In particular, the Chern form associated with the Pfaffian of the bulk Riemann tensor
renormalizes the volume of A1AdS4 manifolds. As we will see in the subsequent analysis,
this conclusion hinges crucially on the fact that the integral of the square of the Weyl tensor
over My is finite. This does not hold for higher even dimensional AlAdS manifolds. Of
course, neither the Chern-Gauss-Bonnet theorem nor Anderson’s theorem can be extended
to odd dimensional AIAdS manifolds.

In the context of the AdS/CFT correspondence [8], the renormalized volume of even
dimensional AlAdS manifolds is interpreted as the partition function of the dual con-
formal field theory (CFT), while the Q-curvature of odd dimensional AIAdS manifolds
corresponds to the conformal anomaly of the dual CFT [9]. Both these quantities can be



computed through a systematic procedure known as holographic renormalization [9-11].
More generally, holographic renormalization computes the boundary term required in order
to formulate the variational problem in terms of conformal equivalence classes of boundary
data, rather than conformal representatives [12, 13]. This is necessary for a well posed vari-
ational problem on a conformal boundary and is related with the ellipticity of boundary
conditions at the quantum level [14].

Borrowing terminology from the AdS/CFT context, we will refer to the boundary
term that allows the variational problem on AIAdS manifolds to be formulated in terms of
conformal classes on the boundary as ‘boundary counterterms’. Several properties of this
boundary term are universal, yet often overlooked. Firstly, it must be covariant and local,
i.e. analytic in field space and polynomial in boundary derivatives. In any situation where
these two properties cannot be maintained simultaneously, locality is given priority at the
expense of covariance. In the holographic context, such situations indicate the presence of
an anomaly in the dual field theory. Notice that locality of the boundary counterterms is
related with the compactness of the boundary. The boundary of any AlIAdS manifold is
compact, but there are instances where this property is not manifest, leading occasionally
to the erroneous conclusion that non-local counterterms are required. An example is the
AdS,; slicing of AdSg41. A less trivial one is the Janus solution of type IIB supergravity [15].
Once the correct conformal compactification is identified, however, even in such cases the
boundary can be shown to be compact [16] and the corresponding boundary term local.

Another general property of the boundary counterterms for AIAdS manifolds is that
their divergent part is unique. The only ambiguity is the possibility of adding an arbitrary
linear combination of boundary conformal invariants, which contribute finite terms only.
Due to its interpretation in the context of the AdS/CFT correspondence, this freedom
is referred to as ‘renormalization scheme dependence’. The uniqueness of the divergent
part of the boundary counterterms, however, implies that any boundary term that renders
the variational problem on AIAdS manifolds well posed must coincide with the boundary
counterterms, possibly up to finite terms. In combination with Anderson’s theorem, this
suggests that the boundary counterterms for Einstein-Hilbert gravity on four dimensional
AlAdS manifolds should be given by the Chern form, II. We show that this is indeed the
case, and generalize this statement to AIAdS manifolds of arbitrary even dimension.

The observation that the Chern form renormalizes the volume of AIAdS, manifolds
was also the inspiration for the Kounterterms, first proposed for even dimensional AIAdS
manifolds in [17] and later generalized to odd dimensions in [18]. In even dimensions, the
Kounterterms are nothing but the pullback of the Chern form, II, on the boundary OM.
They are a polynomial in the extrinsic curvature of the induced metric on dM, which
corresponds to the pullback of the bulk connection one-form onto dM. The Kounterterms
for odd dimensions are also a polynomial in the extrinsic curvature of the boundary, but
they are not related with the Chern form in that case.

Given that the Kounterterms are expressed in terms of the extrinsic curvature, while
the counterterms are a polynomial in the intrinsic curvature of the induced metric on OM, a
direct comparison seems impossible. However, the variational problem on AIAdS manifolds
can be formulated only within the space of metrics that are asymptotically Einstein, which



d = dim(OM) Conditions
2 Euler(0M) =0
3 —
even > 2 Weyl(OM) = 0 & Euler(OM) =0
odd >3 Weyl(OM) =0

Table 1. Necessary and sufficient conditions for the validity of the boundary Kounterterms. Except
in four dimensions (d = 3), the Kounterterms regulate the AdS variational problem if and only if
the Weyl tensor of the boundary is zero (odd d > 3), or both the Weyl tensor and Euler density of
the boundary vanish (even d).

implies that the extrinsic curvature and the induced metric on OM are asymptotically
related. Using this on-shell relation, the Kounterterms can be rewritten entirely in terms
of the intrinsic curvature of the induced metric, permitting a direct comparison with the
counterterms. Since these are unique, the Kounterterms lead to a well posed variational
problem only if the two coincide, at least up to finite local terms.

Comparing the Kounterterms with the boundary counterterms for generic AIAdS man-
ifolds in dimensions three to seven, we show that a necessary condition for agreement is
that the Weyl tensor of the boundary metric be zero. This is automatically satisfied for
AlAdS4 manifolds, since the Weyl tensor in three dimensions vanishes identically, and re-
flects the fact, pointed out above, that the integral of the square of the Weyl tensor is finite
in four dimensions, but not in higher dimensions. For odd dimensional AIAdS manifolds,
a second necessary condition for the Kounterterms to agree with the boundary countert-
erms is that the Euler characteristic of the boundary also vanishes. With the exception
of AIAdS,; manifolds, therefore, the Kounterterms do not lead to a well posed variational
problem for generic AIAdS manifolds.

We determine the general form of both the counterterms and Kounterterms for AIAdS
manifolds with a conformally flat boundary of arbitrary dimension, and we demonstrate
that the vanishing of the boundary Weyl tensor, as well as of the boundary Euler charac-
teristic in the case of odd dimensions, are also sufficient conditions for the Kounterterms
to coincide with the boundary counterterms. These conditions are summarized in table 1.

Finally, it is worth emphasizing that the boundary Kounterterms do not correspond
to an alternative renormalization scheme in the AdS/CFT sense. Unless the conditions
in table 1 are met, the Kounterterms do not regulate the variational problem, nor do
they remove the long distance divergences of the on-shell action. Moreover, whenever
the conditions in table 1 are satisfied, we find that the Kounterterms correspond to a
minimal subtraction scheme, i.e. they coincide with the boundary counterterms without
any additional finite local contributions.

This paper is organized as follows. In section 2 we provide a self contained overview
of the dilatation operator method of holographic renormalization for pure AdS gravity.
We emphasize the uniqueness of the divergent boundary counterterms and their role in
the regularization of the variational problem on asymptotically locally AdS manifolds.



The ambiguity corresponding to the choice of finite local counterterms is also discussed
in detail. In section 3 we review the Chern-Gauss-Bonnet theorem for manifolds with
boundary and we explain how it naturally leads to the construction of the Kounterterms
for AdS gravity. Expressing the Kounterterms in terms of the intrinsic curvature of the
boundary in dimensions three to seven, we compare them with the boundary counterterms
and show that there is no agreement unless the boundary Weyl tensor vanishes. Section 4
focuses on asymptotically locally AdS manifolds with a vanishing boundary Weyl tensor.
We determine the boundary counterterms in arbitrary dimension for such manifolds and
show that in even dimensions they coincide with the Kounterterms, while in odd dimensions
we pinpoint the difference. We conclude in section 5 with a brief discussion. A number of
auxiliary technical results are collected in two appendices.

2 Boundary counterterms from a variational principle

A well posed variational principle on a non compact manifold requires the addition of
suitable boundary terms. In this section we review the connection between the variational
problem for pure Einstein-Hilbert gravity in asymptotically locally anti de Sitter (A1AdS)
backgrounds and the local boundary counterterms required to render it well posed. In
particular, we show that the boundary counterterms satisfy the radial Hamilton-Jacobi
equation, which can be most efficiently solved iteratively using the dilatation operator
method [11].

2.1 Asymptotically locally AdS manifolds

A non compact (pseudo) Riemannian manifold is said to be AIAdS if it is a conformally
compact Einstein manifold (also known as a Poincaré-Einstein manifold), which is defined
as follows [1, 6, 19-22]. If M denotes the interior of a d+1 dimensional compact manifold M
with boundary OM, then a (pseudo) Riemannian metric g on M is said to be conformally
compact if there exists a smooth and non-negative function Q on M, such that Q(OM) = 0,
dQ(OM) # 0, and g = Q?g extends smoothly to a non-degenerate metric on M, i.e. g has
a second order pole at the boundary. If it exists, the defining function €2 is not unique
and hence the conformal compactification is not unique. In particular, the metric g on M
induces only a conformal class [g)] of boundary metrics gy = glgr,- In the vicinity of
the conformal boundary, the Ricci and Riemann tensors of conformally compact manifolds

behave respectively as

Ry lg) = —d|dQf g +O(Q7),
Ruupo‘[g] = ’dQ% (guogup - gupgua) +0O (Q_S) ) (2.1)
where
Q2 = §79,00,0 = 0(Q°). (2.2)

The asymptotic form (2.1) of the Riemann tensor implies that the corresponding Weyl
tensor is asymptotically subleading relative to Ry, s[g]. This follows from the fact that



the Weyl tensor

W,ul/po' = R,prcr + g,uopup + gupP/,w - g,upPVU - gVO'P,up) (23)
where the Schouten tensor P, in d 41 dimensions is defined as

1 1
P,LLl/ = ﬂ <R#V - 2ngl“’> , (24)

transforms homogeneously under local Weyl rescalings of g,,,. Namely,
W,uzzpo[g] = Q_QWuupcr[g] = 0(9_2)7 (25)

while the leading asymptotic behavior of Ry, [g] as @ — 0 is O(Q™4).
An AJAdS manifold is a conformally compact manifold that is also Einstein, i.e. it
satisfies Einstein’s equations with a negative cosmological constant’

1
Rp,v - §Rg;w + Agm/ = 0: (2'6)
where d(d— 1)

and £ is the AdS radius. In combination with the asymptotic behavior of the Ricci tensor
in (2.1), Einstein’s equations imply that
2 ].
Using the Gaussian normal coordinate p emanating from the conformal boundary oM
as the asymptotic radial coordinate on M, the non-degenerate metric g takes the form

g=dp"+9p.  gp=9(0) + Op), (2.9)

where g(g) is a non-degenerate metric on M. For a defining function that only depends
on the radial coordinate, i.e. 2 = Q(p), the condition (2.8) determines

Q= % (2.10)

It follows that the AIAdS metric g admits the asymptotic (Fefferman-Graham) form [1,

20-22]
2

I ¢
9= ﬁ(dp2 +9,) = ;(Olp2 +9(0) + O(p)). (2.11)

In the subsequent analysis, it will be useful to introduce the non compact radial coordinate
r = —{log(p/¢) so that

g = dr? + hy(r,z)dz"da?, hij(r,x) = e2r/e(g(0)ij(:v) + O(e_r/f)), ij=1,...d.
(2.12)

'More generally, AIAdS manifolds are solutions of Einstein’s equations with a matter stress tensor that
is asymptotically subleading relative to the cosmological constant term.



Penrose-Brown-Henneaux diffeomorphisms. Since an AIAdS metric on M induces
only a conformal class of metrics on M, any specific choice of radial coordinate, such
as the one in (2.12), is only defined up a residual bulk coordinate transformation that
preserves the asymptotic form of the metric but acts non trivially within the conformal
class of boundary metrics through a Weyl transformation, namely

9ij0) (@) = €2/ g 00 (2). (2.13)

These residual bulk coordinate transformations are known as Penrose-Brown-Henneaux
(PBH) diffeomorphisms [23] and take the form?

rorl=rbol), ol = ol b e @) + O, (214)

where o(x) is an arbitrary function of the transverse coordinates. As we will see in the
next subsection, these residual bulk diffeomorphisms play a crucial role in the formulation
of a well posed variational problem on AIAdS manifolds.

2.2 The variational problem in terms of conformal classes

We have seen that an AlAdS metric on M induces only a conformal class of metrics on
the conformal boundary, OM, and so the variational problem on M must be formulated
in terms of the conformal class, [g()], instead of the conformal representative g(y. In
particular, the variational problem is well posed provided the on-shell action is a class
function on OM [12, 13].3 The relation between boundary Weyl transformations and the
bulk diffeomorphisms (2.14) maps any boundary class function to a function of the bulk
metric that is invariant under radial translations. Requiring the on-shell action, evaluated
with a radial cutoff, to be independent of the cutoff position, determines the boundary
counterterms, up to a finite set of local conformal invariants on the boundary.

In this paper we focus exclusively on the variational problem for the Einstein-Hilbert
action

§— 1 (/M A4z /=g(R — 2A) +/

= ddz\/—h 2K> : (2.15)
2%2 OM

where k2 = 87 is the gravitational constant in d+1 dimensions, the cosmological constant
A is given in (2.7), and the surface term involving the trace, K, of the extrinsic curvature
of OM is the standard Gibbons-Hawking term [24]. The field equations following from this
action are Einstein’s equations (2.6), which admit AlAdS solutions.

In order to formulate the variational problem, it is necessary to regularize M by
introducing a radial cutoff surface infinitesimally away from 2 = 0 and consider instead
OM. = Q7(e), where € is a small and positive number. This amounts to introducing
an upper bound r. on the radial coordinate r in (2.12), which explicitly breaks the PBH
diffeomorphisms (2.14). These diffeomorphisms imply that moving the position of the

20f course, arbitrary transverse diffeomorphisms of the form z' — z'* = fi(z) also preserve the
form (2.12) of the metric, but do not act on the radial coordinate.

3The on-shell action cannot be rendered a class function for even d due to the conformal anomaly [9],
but it can still furnish a representation of the Abelian group of Weyl transformations.



radial cutoff r. is equivalent to changing the conformal representative of the conformal
class of boundary metrics [g(o)]. Hence, rendering the variational problem independent of
the position of the radial cutoff is equivalent to a variational principle in terms of conformal
classes of boundary metrics. Moreover, if the variational problem is independent of the
location of the radial cutoff, the on-shell action remains finite as the cutoff is removed. We
will now show that the regularized variational problem can be rendered independent of the
radial cutoff by adding a suitable boundary term.

General variations. The general variation of the action (2.15) on the regularized man-
ifold M, takes the form

1

05ty = 5,

1 y
/ d™le /=g <RW — -Rgu + AgW) gt +/ A%z 7 6h;,  (2.16)
M., 2 OM,,

where h;; is the induced metric on the regularized boundary 0.M,., and 7 is its conjugate
canonical momentum in the Hamiltonian formulation of the dynamics where the radial
coordinate 7 plays the role of Hamiltonian ‘time’. Notice that the g, and g,; components
of the metric do not enter in the variational problem. These components correspond
respectively to the lapse and shift functions in the radial ADM formalism [25], which are non
dynamical Lagrange multipliers with vanishing canonical momenta. In the gauge (2.12),
corresponding to setting the lapse and shift functions respectively to 1 and 0, the canonical
momentum of the induced metric h;; takes the form

T = 2—/12\/1 (KR — K'Y, (2.17)
where K;; = %h” and K = h¥ K;; denote respectively the extrinsic curvature of M,
in M, and its trace, with the dot in h,] indicating a total derivative with respect to the
radial coordinate r. Notice that, up to the volume element, the canonical momentum (2.17)
coincides with the quasilocal Brown-York stress tensor [26]

1

T, = 53 (KhY — K") . (2.18)
The variational principle (2.16) demonstrates that the variational problem on AIAdS man-

ifolds is inherently related to a radial Hamiltonian formulation of the dynamics.

Diffeomorphisms and variations of the radial cutoff. The Lagrangian of a diffeo-
morphism invariant theory transforms as a tensor density under diffeomorphisms. Namely,
under an infinitesimal coordinate transformation, x* — x* 4+ &*, the regularized ac-
tion (2.15) transforms as

Ot Sreg = /8 y dlx e, (2.19)

c

where in the gauge (2.12) the radial Lagrangian density, .Z, takes the form

_ b
T 2K2

Z V=h(R[h] - 2A + K? - KIK}), (2.20)



and R[h] denotes the Ricci curvature of the induced metric h;;. An alternative way to
derive (2.19) is to use the transformation of the metric g,, on M, and of the induced
metric h;; on OM,, under diffeomorphisms, respectively d¢g,, = V& + V€, and 0¢hi; =
Di&j+D;&+2K;5€", in the general variation of the regularized action in (2.16). Throughout
this paper, V, denotes the covariant derivative with respect to the bulk metric g,,, while
D; stands for the covariant derivative with respect to the induced metric h;;.

The transformation (2.19) reflects the fact that diffeomorphisms with £" # 0 are not a
symmetry of the regularized theory. These are precisely the PBH diffeomorphisms (2.14),
which correspond to a translation of the radial cutoff r. and induce a Weyl transformation
on the boundary metric g(y. Specifically, (2.19) implies that under an infinitesimal PBH
transformation

; l r/l ij —3r
E=ola). &= Lol @)dyi(x) + O, (2.21)

the regularized action transforms as

1 o
5aSreg — ? /aM ddl' V —h 6U(R[h] —2A + K2 — K;Kf) 7é 0. (222)

As it stands, therefore, the variational problem on the cutoff surface depends explicitly on
the conformal representative of the conformal class of boundary metrics g ).

Radial diffeomorphisms can be restored as a symmetry of the theory on a non compact
manifold by imposing suitable boundary conditions and adding the corresponding boundary
terms. The relevant boundary condition in this case is that the metric on M be AIAdS,
which projects the field configurations onto the space of asymptotic solutions of the field
equations. As a consequence, the canonical variables h;; and 7, or equivalently h;j and
K;j, are asymptotically on-shell and are therefore not independent. The unique asymptotic
relation K;;[h] between the variables h;; and K;; that any AIAdS metric obeys is the key
to determining the boundary terms necessary to restore the radial diffeomorphisms as
a symmetry of the theory on M. This relation, however, also means that the relevant
boundary term can be equivalently expressed in terms of h;; or Kj;;. Indeed, using the first
Gauss-Codazzi equation in (2.32), the transformation (2.19) of the regularized action can
be written on-shell in different ways:

06 Sreg|on-shell = iz / dleV/=hE (R —2A) = 12 / Az v/=he" (K — KIK7).
K= Jom,., K= Jam,.,
(2.23)
This redundancy in the way that the relevant boundary term can be parameterized is what
fundamentally allows a meaningful comparison between the boundary counterterms and
Kounterterms.

Universal boundary term restoring radial translations. In order to render the
variational problem well posed, it is necessary to formulate it in terms of conformal classes
of boundary metrics, i.e. to restore radial diffeomorphisms as a symmetry of the theory on
the regularized manifold M,._, at least asymptotically as r. — co. As we have argued, this
can be achieved by projecting asymptotically onto AIAdS metrics and adding a suitable



boundary term, S¢. As we now review, the divergent part of this boundary term is
universal: it is given by an asymptotic solution of the radial Hamilton-Jacobi equation [13].
The only ambiguity in the boundary term amounts to the possibility of adding finite, local
and covariant terms to S, which is referred to as a choice of ‘renormalization scheme’ in
the context of the AdS/CFT correspondence. However, the divergent part of the boundary
term that renders the variational problem well posed is completely unambiguous.

The fact that, for any AIAdS metric, the canonical variables h;; and K;; are asymp-
totically related through a unique and universal relation allows us to take without loss
of generality the boundary term Sc; to be a function of the induced metric h;; and its
transverse derivatives, i.e. derivatives with respect to the boundary coordinates x?, but not
of hzg Since the radial cutoff does not break transverse diffeomorphisms ¢4%(z) tangent to
the cutoff surface, the boundary term should also preserve these. Namely, we demand that

0Sct
5 =2 Dy | =) = 2.24
flSCt /BMTC g Uj <5hlj> 07 ( )
which leads to the conservation equation
5Sct>
D; < =0. (2.25)
Ohi;

Finally, in order for the boundary term not to change the dynamics of the theory, we
demand that it be local, i.e. polynomial in derivatives with respect to z’. As we will see
shortly, for even boundary dimension d, insisting on locality necessarily leads to a specific
explicit dependence of St on the radial cutoff r., which is a manifestation of the holographic
conformal anomaly [9].

Writing the boundary term as

Set = / A%z L, (2.26)
M.,
the sum of the regularized action and the boundary term transforms under diffeomor-
phisms as
8¢ (Sreg + Set) = / digem s + / Az & (Ley — 0;%,), (2.27)
oMy, oMy,

where . is given in (2.20) and the vector density Q¢ is implicitly determined by Les.
Notice that, for compact OM,_, the density L is only defined up to a total derivative.
However, S is unaffected by total derivative terms and so must be the variation (2.27).
This determines that adding a total derivative term to L, i.e. Lot — Leg + O;0°, shifts
Qi according to Q% — Q% + v’. The transformation (2.27) implies that radial diffeomor-
phisms are restored as the radial cutoff is removed provided the r.h.s. vanishes, at least
asymptotically, i.e.

lim (& + Lo — 0;Q%L) = 0. (2.28)

Te—>00

This is the unintegrated version of the equivalent condition

lim (Sreq + Set) = 0, (2.29)

Te—>00

~10 -



which provides a universal expression for the boundary term necessary to restore radial
diffeomorphisms, as well as a systematic way for determining it.

The key observation is that, on-shell, the regularized action, Sieg, is a covariant (but
non local) functional of the induced metric, h;j, on the radial cutoff, 9M,. , and coincides
with a specific solution, S[h], of the radial Hamilton-Jacobi equation, which for pure AdS
gravity takes the form

22 1 5S 58S 1
2 (highiyg — ——hihi ) — 22+~ \/—h(R — 2A) = 0. 2.
m( kT g ’”) Shit haj t 9 (R )=0 (2.30)

The condition (2.29), therefore, implies that S takes the universal form
Set[h;re] = —S[h] + finite as r. — oo, (2.31)

where S[h] satisfies the Hamilton-Jacobi equation (2.30). It is a remarkable property of
AlAdS manifolds that this quantity can be made local, i.e. polynomial in derivatives with
respect to 2?, thus fulfilling also the locality requirement of S, albeit at the expense of
introducing explicit cutoff dependence in the case of even boundary dimension d.

2.3 Boundary counterterms from the dilatation operator expansion

The result (2.31) implies that the boundary term required to render the variational problem
for AdS gravity well posed, and consequently the on-shell action finite, is given by the
divergent part of a solution, S[h], of the radial Hamilton-Jacobi equation. S¢, therefore,
can be determined by asymptotically solving the Hamilton-Jacobi equation (2.30). In
simple cases, this can be done by enumerating all possible terms that can appear in S[h|, up
to the desired order, and determining the coefficients using (2.30) [27-29]. It is usually much
more efficient, however, to solve the Hamilton-Jacobi equation systematically through the
recursive relations obtained by a formal expansion of S[h] in eigenfunctions of the dilation
operator [11] (see [30] for a recent review and [31-33] for generalizations to non conformal
and non relativistic theories. A precursor of the dilatation operator method for pure AdS
gravity was developed in [34].) The original approach to holographic renormalization [9, 10]
does not utilize the Hamilton-Jacobi equation and instead determines the asymptotic form
of the regularized on-shell action by evaluating it explicitly on asymptotic solutions of the
equations of motion. In the remaining of this section, we provide a brief, but self contained
review of the dilatation operator method for solving the Hamilton-Jacobi equation in the
case of pure AdS gravity.
The Hamilton-Jacobi approach to gravity relies on the two Gauss-Codazzi equations

K? - KK/ =R—-2A\,  D;Ki—D;K =0, (2.32)

which correspond respectively to the rr and rj components of Einstein’s equations. Upon
using the relation (2.17) between the extrinsic curvature, K;;, and the canonical momen-
tum, 7%, these become respectively the Hamiltonian and momentum constraints

2k2 o 1 1 y
\/% (W; Z]-— d_17r2> +ﬁv—h(R—2A>:0, Djﬁlj :O (233)

- 11 -



The Hamilton-Jacobi equations for gravity are obtained from these constraints by writing

the canonical momentum, 7%/, as the gradient of a potential S[h]:
_ o

7 = S (2.34)
ij

In particular, the Hamiltonian constraint leads to the Hamilton-Jacobi equation (2.30),
while the momentum constraint reflects the invariance of S[h] under diffeomorphisms tan-
gent to the constant r surfaces.

Dilatation operator. When acting on covariant functionals of the induced metric, such
as the Hamilton-Jacobi functional S[h], the generator of radial translations may be repre-
sented as the functional operator

, 5
O = /ddx hi;[h] <——. (2.35)

The dilatation operator is defined as the leading asymptotic form of the generator of radial
translations in a covariant expansion as r — oco. Using the leading asymptotic behavior
of the induced metric for AIAdS spacetimes in (2.12), we determine that hZJ ~ 2071h;; as
r — oo. Hence, the leading asymptotic form of the generator of radial translations (2.35)
is given by

Op ~ 171 /ddx 2h =("1op. (2.36)

.. 5
Covariant expansion of the Hamilton-Jacobi functional. The dilatation opera-
tor (2.36) enables us to expand the Hamilton-Jacobi functional S[h] asymptotically, while
maintaining manifest covariance. Writing

S[h] = / dz L[, (2.37)
oM.,
we formally expand L[h] in eigenfunctions of the dilatation operator as
L= E([)) + E(g) + -+ E(d) log e e/t 4 ﬁ(d) + - (2.38)
where
6D£(2n) = (d — 277,)[:(2”), 0<n< d/2, 6D£(d) =0. (2.39)

The term Z(d) in the expansion (2.38) is non zero only for even boundary dimension, d,
and can be identified with the holographic conformal anomaly [9]. The identification of the
dilation operator with the leading asymptotic form of the generator of radial translations
through (2.36) means that the relations (2.39) imply that L9,y = O(eld=2mre/t) 'n < d/2,
and L(g) = O(1), as r. — 00, and hence these terms are divergent as the cutoff is removed.?
Using (2.29), therefore, we conclude that the boundary term that renders the variational
problem well posed is given by

Set[h;re] = — /8/\/[ dz ([:(0) + [:(2) + -+ E(d) log e_ZTC/e). (2.40)

4The relations (2.39), however, contain more information. In particular, they require L(2,), n < d/2,
and E(d) to be homogeneous functionals of the induced metric h;;.
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The term L4 in the expansion (2.38) has scaling dimension zero, i.e. L = O(1),
as r. — 0o, and corresponds to the renormalized on-shell action. It is generically non
local and cannot be determined from an asymptotic analysis alone. Moreover, it is not
an eigenfunction of the dilatation operator in general. The action of dp on L4y can be
deduced from the fact that S[h|, which is identified up to a constant with the regularized
on-shell action, does not depend explicitly on the radial cutoff, due to the diffeomorphism
invariance of the bulk action. Hence, the generator of cutoff translations, 0,,, must act to
leading order asymptotically as ¢~'6p, namely

Or, (E(d) loge e/t 4 .C(d)> ~ 0715 (E(d) loge™ 2/t 4 ﬁ(d)) . (2.41)
Using the identity épv/—h = dv/—h, this implies that
SpLay = —2L ). (2.42)
However, L4 does not play any role in the subsequent analysis of the present paper.

Recursion relations. Our next task is to set up a recursive procedure for determining
Lo for n < d/2 and L(q). Given the expansion (2.38) of £ in eigenfunctions of the dilata-
tion operator, the canonical momentum (2.34) can be similarly expanded covariantly as

ij o d ij ij ~ij —2rc /0 ij
TrJ:(shij/aMrdxﬁzﬁ(é)+7r(32)+--‘+7T(fl)loge /+7r(fi)+~~, (2.43)
where
. 5 - 5 ~ - 5
1) _ v d ~tg Y d gy o9 d
T(on) = 5hij Jom, d%z £(2n)’ ) = Shij /8./\4,« d%z ‘C(d)v Ty = Shij /BMT d%z E(d)'
(2.44)
The coefficients 7T(2n)§~, n < d/2, and %(d)é. are again eigenfunctions of the dilatation
operator:
5D7r(2n)§ =(d— 2n)7r(2n)§~, 5D7Tgn) =(d—2n— 2)Wégn), n <d/2,
dp7(a)j =0, 6D%Eﬁl) = —Q%Efi). (2.45)

The key step in setting up a recursion procedure is to realize that the traces 71(2”)2: and
%(d)§ are related algebraically with the coefficients L5,y and L(4) in the covariant expansion
of L. The precise relation is obtained by applying dp to S[h]. Using (2.37) and (2.34), we
obtain

dda: (5Dhijﬂ'ij = / ddm 271';-', (2.46)

SpS[h] = / dzépL =
oMy, My,

OM,,

where we have used the identity dph;; = 2h;; in the last step. Since L is only defined up
to a total derivative, a suitable choice of the total derivative term allows us to write

21t = 0p L. (2.47)
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Expanding both sides of this identity in eigenfunctions of the dilatation operator as in (2.38)
and (2.43), we obtain (dropping summed indices in the traces)

2(7T(0) +7(2) +"'+%(d) 10g€_2rc/£+7r(d) +)
=dLy +(d—2)Loy+--+0- E(d) log e e/t _ ZZ(d) +0-Lgy+---. (2.48)

Equating terms of equal dilatation weight determines

2 ~ ~
£(2n) = mﬂ'(gn), 0<n<d/2, E(d) = —T(q), () = 0. (2.49)

The relations (2.49) allow us to set up a recursion algorithm as follows. As we have
seen, the leading asymptotic form of the induced metric in (2.12) can be expressed in the
form h;j ~ 207'h;;. Inserting this in the canonical momentum (2.17) gives

i d=1)
o) = 2K2¢

V—=h h¥, (2.50)

which can be integrated to obtain

V—h. (2.51)

Notice that these indeed satisfy the relations (2.49) for n = 0. Given these zeroth order
expressions, the higher order terms can be computed iteratively by inserting the momentum
expansion (2.43) in the Hamiltonian constraint (2.33) and using the trace relations (2.49).
Matching terms of equal dilatation weight, we arrive at

Y4 ~ —EQ(d), d even,
Lon) = m%n» 0<n<d/2, Ligy =—m@) = {0 ? d odd (2.52)
where
v—h
Q=752 R~

2%2 el i ] 1
Qean) = W Z <7T(2m)j7f(2n2m)f - d_17r(2m)7r(2n2m)) ; L<n<d/2. (2.53)
m=1

ij
(2m)
with m < n. From (2.44), we know that the functional derivative of Lo, gives wzén), which

At order n, therefore, Q) and L3,y are determined algebraically in terms of all 7

in turn allows us to obtain algebraically Q(a,12) and L(2,42), thus completing the recursive
procedure. This recursion algorithm systematically computes the boundary term (2.40) for

any dimension d.
The densities Q(3,) and the symmetric tensor densities Wz;n) are closely related to
the study of conformal invariants in the mathematics literature, see e.g. [5, 6, 20, 22]. In

particular, 77232”
these properties follows immediately by covariantly expanding the momentum constraint

) is covariantly conserved for any d and it is traceless for d = 2n. The first of
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in (2.33) in eigenfunctions of the dilatation operator, while the latter property is equivalent
to the result 74 = 0 in (2.49). In combination with (2.44), this also implies that the
integral of Q(y,) over a compact d = 2n dimensional manifold is a conformal invariant. In

the mathematics literature, Q(4) is known as Branson’s Q-curvature [2, 3, 35].

L
(2n

compactly expressed in terms of curvature tensors that have a simple transformation under

The relation of Q) and = ) to conformal invariants explains why they are most

local Weyl rescalings of h;;, such as the Schouten tensor of h;; in d dimensions (cf. the
corresponding bulk tensors defined respectively in (2.4) and (2.3))

1 1
Pijlh] = i <Rij T3d-1D) 1)Rhij> ) (2.54)
and the Weyl tensor
Wikiitlh] = Rikjt + hiaPrj + hijPit — hijPri — hi Pij, (2.55)

which is traceless, i.e. Wi = 0, and transforms homogeneously under local Weyl trans-
formations. Moreover, the Bianchi identity for the Riemann tensor
Dp'Rz'jkl + DkRijlp + DlRijpk =0, (2.56)
implies that the Weyl tensor satisfies the Bianchi identity
DyWijki + DiWijip + DiWijpk + hipCini + hit.Cjip + hirCipk — hjpCiri — hjiCitp — hjiCipr = 0,
(2.57)
where C;j;, is the Cotton tensor
Cijilh] = DiPij — D Pig. (2.58)

Recall that, in d > 4, a metric h;; is conformally flat if and only if Wiy;i[h] = 0, while
in d = 3, the Weyl tensor is identically zero for all metrics and conformal flatness is instead
equivalent to the vanishing of the Cotton tensor. All metrics in d = 2 are conformally flat.

Contracting appropriately the indices in (2.57) leads to the identity

D'Wijri + (d — 3)Cikt + hjrCliy — hjCli = 0, (2.59)
which in turn implies that
1
kaDlwikjl = D*C;jy.. (2.60)
Implementing the recursion algorithm, we determine that the first few Ly,)’s are
given by
2K20
thﬁ(g) = 2(d-1),
2k20 2
——Liyy = —=R
Voh BT a2
2k2( o ii 9
ntw = gy PP, (2.61)
2k20 Al

= . RY _ ipJpk_ ipJ_ = ipJ_p2
L0 = (61 d=2) [P@JB +(d—4) <7>]7>k7>2 PPiPI—5 (PiP; P)P)],
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while the symmetric tensor densities 77( ny UP to n = 2, take the form

2K20 9 (i ii
7Thﬂ-(2) = — g (P J Ph ]),
262 45 o ij ik i i1 (ow 2\ 7ij
(2.62)
The tensor B that appears in L) and 7r( 1) is given by
BY = <d 3Dle + Pkl> WL = DFCip 4+ PraW™ i, (2.63)

and is known as the Bach tensor in dimension d [20, 36-38]. While B¥ is traceless for
any d > 4 and covariantly conserved for d = 4, it is not covariantly conserved for d > 4.

However, the full expression for 7%, is conserved for any d (but not traceless for d > 4)

(4)
and coincides with the modified Bach tensor introduced in [39]. Higher order terms in the
iterative procedure produce analogues of the Bach tensor for higher dimensions that are

more than quadratic in the curvatures.

Q-curvature and conformal anomaly. The covariant densities Q(s,,) determined by
the recursion relations (2.52)—(2.53) are functions of the boundary dimension, d. When d
is even, Q) corresponds to the holographic conformal anomaly [9], as well as Branson’s Q-
curvature [2, 3, 35]. A conjecture by Deser and Schwimmer [40] for the general structure of
conformal anomalies, later proven by Alexakis [41] specifically for the Q-curvature, implies
that Z(d) can be decomposed as

ﬁ( —aé’d +ZC[I[ +8 sz[ ]) (2.64)

where E;[h] is the Euler density in d dimensions, Z;[h], I = 1,---, Ny, are all local con-
formal invariants in d dimensions, and J°[h] is a globally defined (and renormalization
scheme dependent) total derivative term that does not contribute to the integral of E(d)
over a compact boundary. While in the conjecture of Deser and Schwimmer for the con-
formal anomaly the coefficients a, ¢; are generic and depend on the specific conformal field
theory, in the @-curvature their values are related and are all proportional to the inverse
gravitational constant =2 oc G~

While the Euler density is the unique global conformal invariant in every even dimen-
sion (type-A anomaly in the classification of [40]), there can be multiple local conformal
invariants (type-B anomaly) in any even dimension (see e.g. [42] and references therein for
the general classification). There exist no local conformal invariants in two dimensions and
so, in that case, the @)-curvature is proportional to the Euler density, namely

Ve
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where &, is the Pfaffian of the Riemann curvature of the induced metric h;; as normalized
in (3.8). In d = 4, the unique local conformal invariant is the square of the Weyl tensor
Wijleij kL From the expression for 2(4) obtained above, one finds that it can be expressed
in the form (2.64) as

Loy = 20 325 _ L Shwik,, (2.66)
(4) — P 9 4 64 igkl | - .

There are three independent local conformal invariants in six dimensions. A suitable
basis is [1, 20, 43, 44]°

Ty = V—h W4 Wk wpe,..
Iy = V=h(Vijeim V7™ — 16WIH D;Cty + 16WIH P W™ 11y + 16C;5,CF), (2.67)

where
Vijkim = DiWijki + himCikt — hjmCiki + hkemCrij — PumChij.- (2.68)

One can check that, in this case, the @)-curvature can be written in the form

~ 305 3 1

Ly = 22 (—25’6 + m(?Il + 475 — 3Ig)> + total derivative. (2.69)
We conclude this subsection with an observation that will be important for the compar-

ison with the Kounterterms later on. Notice that, for conformally flat boundary metrics,

hi;, all local conformal invariants vanish identically and so the only non trivial contribution

to the Q-curvature in that case is from the Fuler density.

2.4 Renormalization scheme dependence

The above analysis shows that all covariant counterterms that cancel divergences are both
unique and universal for a given bulk action. However, so far we have not discussed
possible finite counterterms. As we now briefly review, there is an ambiguity in the choice
of finite counterterms that corresponds to the renormalization scheme dependence of the
holographic dual field theory.

The punchline of the above analysis is that the boundary counterterms take the form

Sct [h, T‘C] = /aM ddl' (Ect([)) + Ect(g) + -+ Ect(d) lOg 672%/[ + Ect(d)); (270)

where

Leto)y ==Ly ---» Leta) = —E(d), (2.71)

and Ly, L), - - - E(d) are uniquely determined by the recursion relations (2.52). Crucially,
these recursion relations do not determine L), which is non local and corresponds to the

®As it was pointed out in [45, 46], the expression for 5 in [40, 47] that is often quoted in the physics
literature is incorrect and does not transform homogeneously under local Weyl transformations. We thank
Kostas Skenderis for communication on this point.
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renormalized on-shell action. The finite term Lt (g) in the counterterms (2.70) is not related
to Lg). Instead, Lct(g) may be set to zero, or it can be any local and covariant density
whose integral over the boundary is a conformal invariant. In other words, Let(q) is in
general a global conformal invariant. Terms that do not preserve Weyl invariance or even
covariance with respect to boundary diffeomorphisms may also be added, but such terms
would introduce cohomologically trivial contributions to the conformal and gravitational
anomalies of the dual field theory and hence they should not be included in Let(g).

For pure gravity, Lct(4) can be non-zero only for even boundary dimension d, since for
odd d there exist no local densities that satisfy the above criteria. The structure of Lct(q)
for even d is analogous to that of the Q-curvature (2.64), namely

Ng
ﬁct(d) =S50 gd[h] + Z ST Ij[h]. (2.72)
=1

However, the constants sg, s; here can be chosen at will, while adding a total derivative
term does not have any consequence. The only ambiguity in the boundary counterterms is
the choice of these constants, which corresponds to the renormalization scheme dependence
of the dual field theory.

3 Kounterterms in AdS gravity

The algorithm described in the previous section recursively determines the boundary coun-
terterms in any dimension. However, the complexity of the counterterms for generic AIAdS
manifolds increases rapidly with the dimension and there exists no closed form expression
valid for arbitrary dimension. The boundary Kounterterms are an attempt to remedy
this. First proposed for even bulk dimensions (d odd) in [17, 48] and later generalized to
odd bulk dimensions in [18], the Kounterterms constitute a closed form expression for a
boundary term applicable to any dimension. As we will review in this section, they are
intimately related to topological aspects of conformally compact Einstein manifolds, which
were independently studied in the mathematics literature at around the same time [4-6].

The Kounterterms correspond to adding to the action (2.15) a boundary term of
the form

Sk :/ dlz Lk = cd/ d%z Bylh, K, R] — Sqn (3.1)
OM. OM.

where ¢4 is a dimension dependent constant and Bglh, K, R] is a density polynomial in
the extrinsic and intrinsic curvatures of the regularized boundary O M, that takes different
form for even and odd dimensions. As we will see, the reason why ¢y is kept explicit is so
that the normalization of By matches certain bulk topological invariants. Notice that the
negative of the Gibbons-Hawking term in the boundary term (3.1) is designed to cancel
the Gibbons-Hawking term in (2.15).

Contrary to the counterterms (2.70), the Kounterterms depend explicitly on both
the induced metric, h;j, and the extrinsic curvature, Kj;;, or equivalently the canonical
momentum, 7/, However, we saw in section 2 that the variational problem on AIAdS
spaces must be formulated within the space of asymptotic solutions of the equations of
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motion, and so K;; and h;; are asymptotically related. By inserting the asymptotic relation
K;;[h] (obtained by solving the bulk equations of motion or the radial Hamilton-Jacobi
equation) in the Kounterterms (3.1), one obtains a boundary term that is a function of
the metric h;; only and can be compared directly with the counterterms (2.70). Since the
Kounterterms are polynomial in the extrinsic and intrinsic curvatures, their divergent part
is guaranteed to be a local and covariant expression when the asymptotic relation Kj;[h]
is incorporated. A priori, the finite part in the covariant expansion of the Kounterterms
could still be non-local, but we will show in this section that this is not the case.

3.1 Chern-Gauss-Bonnet theorem for manifolds with boundary

In order to appreciate the origin and nature of the boundary Kounterterms, it is useful to

briefly recall the generalized Chern-Gauss-Bonnet theorem for manifolds with boundary [7].

Given a d + 1 dimensional manifold, M., we introduce the d-forms®

o) = 6a1a2~~add+1Ra1a2 A RO394 A ... A RO2k—102k A 502k+10+1 A Saopiodtl A ./\@add‘f'l, (3.2)

where ay, ag, - - are tangent space indices, €qyay--agaq,, 15 the Levi-Civita tensor, R% and

0% are respectively the curvature two-form and connection one-form, and the integer k

takes the values £k =0,1,---, [%] — 1, with [z] indicating the integer part of x.

Chern showed that the d-form

M= — By, (3.3)

satisfies
—dII = Q, (3.4)

where the (d+1)-form  is the Euler-Poincaré density when d+1 is even and zero otherwise:

0— Pf(R), ifd+1=2nis even, (3.5)
0, if d+ 1 is odd,
with the Pfaffian of the curvature two-form Pf(ﬁ) given by’
~ 1 ~ ~ ~
Pf(R) = R™Ma2 A RA3G4 A ... A RadadJrl’ d+1=2n. (36)

W6a1a2“'ad+l

The Chern-Gauss-Bonnet theorem states that the Euler-Poincaré characteristic for a man-
ifold M, with boundary M. is given by

MMJ=/€Q+AMH. (3.7)

5The forms ®, here differ from those defined in [7] by a factor of (=1)***  due to a different sign in the
definition of the connection one-form and curvature two-form.
"As for @y, defined above, this agrees with [7] once the different sign in the definition of the curvature

two-form is taken into account.
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We note for later reference that the integral of the Pfaffian over an even dimensional
manifold M, can be written in coordinate basis as

5) 1 n, . SUp-U
/ Pf(R) — m /M d2 I'(s‘ull H22n /_g RHlﬂ2V1V1 . Rﬂ2n71/—L2nV2n_1V2n’ (38)
where
e = ol ) = Y sgn(PI, O 39)
PeSoy,

is the totally antisymmetrized product of Kronecker deltas. Moreover, choosing the orien-
tation of OM, in M so that &;,..;; = €i,...iy, the pullback of the d-forms (3.2) on IM, is
given by

1., o
(I)k‘BME ( )d\/i‘sﬂ Ja <2R“22j1j2 - KﬁKJf) X

i1°+ig

J2k+1 Jd

1 . .
- (27&% Y o —rdok K;;: iK;le) XKl K (3.10)

It follows that the pullback of II on OM, takes the form

( )d-i—l [5] ) - o
J1° Jd ivie i1 o
H|8M5 % F521 iq Z k' T ( + 1_ k) <2R 1 2]1]2 K_h KJ2> %
1 , '
- X <2Rzzk 112kj2k T KJZ;: iK;;:) X K;’;’:E .. .K;Z. (3.11)

As we review in the next subsection, the Kounterterms for even dimensional AlIAdS mani-
folds are directly related to this expression.

3.2 Kounterterms and their topological origin

We are now ready to discuss the boundary Kounterterms and their relation with the Chern
form (3.3). Since their defining expressions are different for even and odd dimensions, we
consider these two cases separately. We will see in section 4, however, that for conformally
flat manifolds, the Kounterterms for even and odd dimensions coincide, up to finite local
terms.

Even dimensions. For even dimensional AIAdS manifolds (d odd), the density Ba,_1
defining the Kounterterms (3.1) is given by [17]

1 .. L
Boy—1lh, K, R] = 2nv/~h / dt g7 K (2 R i —tzKinig”) X

Ji..Jen—1""11
. X leQn—Qan—l . . t2K]2n QKjZn—l (3 12)
9 12n—212n—1 12n—2 19n—1 ) .

while the value of the proportionality constant cg,—1 is

(_zZ)nfl

2k2n(2n —2)! (3.13)

Con—1 =
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The expression (3.12) contains a parametric integral which comes from the use of the
Cartan homotopy operator in order to find the boundary term which is locally equivalent
to the Euler term in the bulk. Thus, By, _1 is a Chern-Simons-like density associated to the
Lorentz group, which naturally incorporates a second spin connection in order to restore
covariance at the boundary [49].

The origin of the density (3.12) becomes more transparent by the observation that it
is proportional to the pullback of the Chern form IT on M, given in (3.11), namely

Hence, in even dimensions, the Chern-Gauss-Bonnet theorem (3.7) takes the form
~ 1
)= [ PHR)+ —— d*" 'z By 1. 3.15
Mo = [ PR+ [ a e B (3.15)

The identity (3.14) can be easily proven by rearranging the expressions (3.11) and (3.12).
Using the binomial expansion and performing the integral over the parameter ¢ in (3.12)

leads to
n—1 k
Bop_1 = [ ’5“ A2n—1 Z (—1) n! K.le.sz.jg KJ%K]%JFI
n— J1..J2n—1 2"—k—2(2k+1)k!(n—k:— 1)! 117 i T3 12k T 12k+1
% Rﬂ2k+2]2k+322k+212k+3 R.]Qn 2J2n— 112n T (3.16)

Similarly, applying the binomial expansion and specializing (3.11) to d = 2n—1, we obtain

g
(— )d+1 5] [5] (— 1)k—m o ) )
/—p §rda E E iy izm—1f2m .
H|8ME 2d+1ﬂ'2 621 ‘g 27” k m 'm'F ( +1—k)R JiJ2 R ]27n71‘727nx
i2m+1 prlemt2 | poia
X J2m+41" " Jam+2 K;
1 R nZA (—yr-t-m ivi ; ;
- gl iz Ri2m—1i2m Cw
(4m)m irdan g 2m=1(2n—1-2m)(n—1—m)!m! J1iz J2m=1J2m
m=0
i2m+1 prlamt2 | ?271—1
X J2m+1K32m+2 J2n—1
n—1 (71)]@
— E KJl KJszs . K]2k Kﬂ2k+1
( ) i1 i2n—1 2n—k—2(2k+1)(n 1— k‘)'k' 12k T T 12k41
XRJ2k+2J2k+3’sz+2l2k+d . R]2n 2J2n— 11% yion_ 1 - (317)

Comparing this expression with (3.16) results in (3.14).
Odd dimensions. The Chern form (3.3) is defined for both even and odd dimensions.

As in even dimensions, therefore, a natural candidate for the Kounterterms in odd bulk
dimensions is the pullback (3.11) of IT on dM,.. However, specializing (3.11) to d = 2n
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gives

n n—m
/_ n (_1)k 1117 12m —192m
H’a/\/le 22n+1 n 6511 zjjn Z Z Qmm!k!(n_m_k)!anzhjz"'RZQ 1 Jom—142m X
m=0 k=0
742m+1 742m+2 7 n
XK]2m+1K]2 +2 ) K];n
__1¥\/7h5]1 JQnRZMQ . Rizn_lign . . __18(73) (3 18)
9 2n(47r)nn! i1-%2n J1J2 Jen—1j2n =g ’ .

where £(R) is the Euler density of dM,, which is independent of the regulator e and
hence finite. In particular, the Chern-Gauss-Bonnet theorem (3.7) stipulates that the
Euler characteristic of an odd dimensional manifold with boundary is given by the Euler
characteristic of the boundary. It follows that II cannot provide a suitable boundary term
for odd bulk dimensions.

The Kounterterms for odd bulk dimensions proposed in [18] instead take the form

1 t
Boylh, K, R] = 2nv—h / dt / dsa“ ”“Kﬂé” (;stﬂ ; —tQK”K“ 5335%)
0 0

11 12 52 13 T4
1 J2n—1J2n 2 1-Jon—1 J2n 82 Jon—1 j2n
" X 5 R izn—1izn K'L2n 1K12 g? 6i2n71 6i2n ’ (3'19)
with proportionality constant
_€2 n—1
Con = ( ) . (3.20)

22n=12n(n — 1)12

A key difference between (3.12) and (3.19) is that the former does not explicitly depend on
the AdS radius ¢, which is a direct consequence of its topological origin. In contrast, (3.19)
is not related to a topological quantity and differs from the pullback (3.11) of the Chern
form on OM.. Using the binomial expansion and integrating over the parameters s and ¢
n (3.19), we obtain

n—=1 m 1)m—k£—2n+2+2m

B / 1. Zanjl J2 '21
n = h6J1 Jan i 0 ZZan k) 2n 1-2m)k!(m—k)! (n—l—m)!>< (3 )

m=0 k=0

J3ja . . ... TRJ2k+1J2k+2 . . J2k+3 1-J2k+4 . j2m+1 j2m+2 j2m+3 j2m+4 .. sJ2n—1 sd2n
R 2374 R 12k+122k+2 K12k+3 K12k+4 K12m+1 K12m+2 5l2m+3 512m+4 512n 1 512n :

Clearly, this expression is different from the pullback of IT on OM. in (3.18).

3.3 Kounterterms in terms of intrinsic boundary curvature

Since the Kounterterms depend explicitly on the extrinsic curvature, K}, they cannot
be compared directly with the boundary counterterms (2.70), which only depend on the
intrinsic curvature of the induced metric h;;. However, in section 2 we argued that the
variational problem on AIAdS spaces must be formulated within the space of asymptotic
solutions of the equations of motion, which implies that K;; and h;; are asymptotically
related. Using this relation, the Kounterterms (3.1) become a function of the metric h;
only and can be compared with the counterterms (2.70).
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The asymptotic on-shell relation Kjj[h] between the extrinsic curvature and the in-
duced metric follows from the asymptotic solution of the Hamilton-Jacobi equation that
determines the boundary counterterms. In particular, the definition of the canonical mo-
mentum 7% in (2.17) and its covariant expansion (2.43) imply that the extrinsic curvature
too can be expanded in eigenfunctions of the dilatation operator as [11]

K} =K+ K+ + K@jloge >/ + K+, (3.22)

where each term is related with the corresponding one in (2.43) through the identities

K= 2 (L cd, R =2 (a1 ous
(2n) V= \ e g1 (2n) |, M4, (d) J—h Ty~ g—1"" @ ) -
(3.23)
Inserting the first few orders of the canonical momentum coefficients given in (2.62), one
obtains the covariant expansion of the extrinsic curvature in (A.17).
The Kounterterms (3.1) can be expressed in terms of the density

1
Lk = cqBglh, K, R| — ?\/ —-h K, (3.24)

where B, and cq are given in (3.12) and (3.13) for even boundary dimension d and in (3.19)
and (3.20) for odd d. Integrating over the auxiliary parameters ¢ and s in the definition of
By (or equivalently using (3.16) and (3.21)), we determine that, up to dimension six, By
takes the form
— ./ i112 7-J1 57
By = v—h o} K3 63y,
4

By = VR I (2R, G )

By = V=h& 4 K]15) <R]374Z~3i4 ~KPKP 523524) ,

iq

B 7 Sl P 302 i3 ia

Be — /R gitis gt (Spivis,  pisis. o, g pcis 4 S g peds pea s
5= J1---J5" v 2 1213 1415 22135 4y TNy 5 i9 i3 T iy T s ) 0

3 - 3 . o 1 . .y
Bs=+v—h 5;1;2[{1]11 51922 (4’]?’]3]41.32.473]5]67;52.6 _ §R33J4i3i4KZ?55 2]66 + @R]3]47;3i46§§6§§
2

J3 1794 1705 1776
+K K KK — 372

14 715 16 5@4 13 714 15 16

K@wMW+1ywwwﬂ. (3.25)

These can be written in more explicit form by carrying out the contractions of the
generalized Kronecker delta with all tensor structures. This leads to the Kounterterm

densities
1
L2 = ——V/-hK
K 2/{2 )
Ld:3—£\/ h(| KR—2KR? 1K3 KKIK? gKinKk i\/ h K
K =53V~ TR T RO ARG R =g B RG RG |= 5 VR
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16K2

d=4 _
Ly " =—

VA (KR KW K3+KKlKﬂ—3K1KJK’ﬂ>—\/ hK,

Lie® = —\/ ( KRY R j— KK KR = Kiy RMPIRI g+ 2K KM KPRy 50

ij 1 ij 1 1 i 7 [
+2K JRklRikjl+ZKR2—K JRZ-]-R—5K3R+§KKJ-K§R—§KJ-K£K§R

—KRIRI+K’K!R] - K!K] K[ Rl +2K!RFR] —2K K K| RI+2K ! K] KR!

5 31t 7 2171 k 7 l
%K —§K K Kj+4K(K KJ) +K KjKiKi —KjKZ-JKng’Klq

3 1 7)1k gl 6 1 1) ok gl 1
~ S KKK KF KA S KGRI KPR |~ V=h K,

— 564 3 7 9 7 3 (2
Li=5 = oegzV "l (QOKRJMR“U—IOKK’“ Rjkl—f G RPIRI gt = KkK’”K”qumq

6 i 3
+5K13RklRikjl+%KR2 5K”R”R K3R+ KKlKJR —OKlKJK’“R

3 % % i j 6 % i 9 7 j 9 i j
—KR; RJ+1OK2K RJ—EK KfKfRﬁC—i-ngRfR{C—gKKjK,JCRf—&-ngK{CKfRﬁ
o ki B R (KK AR K K KKK KP K-S KKK K K
Tt g ji+i(ji)+ Gl GRS g By =5 SIGRGBGIS
+§K?KjK’“Kl K?’f—K KJK’“riKK’K]f—Ki”fiKlR“riKR

S Y7 502 i 52 502 1042

15
—16&2\/—/11(. (3.26)

The last and most tedious step is to insert the covariant expansion of the extrinsic
curvature (A.17) in (3.26) and keep terms of dilatation weight up to (and including) zero,
i.e. up to asymptotically finite terms. Up to d = 6 the result is

LE? = ——\/ <1+ R+ )
P Ry 2+§R+
Ko7 k2 2 ’
d=4 1 V=h s o ij 2
d=5 62 64 3 1 ijkl
L ——\/ At Rt ( PIPy=PR = Wi WM 4 ).
d=6 e o ij o L0 ik
£K ——7\/ 5+— R-i— P Pij—'P _EW Wijkl (327)
66

32

where the ellipses stand for covariant terms of negative dilatation weight, i.e. terms that
asymptotically vanish. As advertised, the expressions (3.27) for the Kounterterms involve

1 .
( (27> PPk~ 37>7>17>J+7>3)+7>”7>“Wikﬂ— (P”4Ph”) Wikpqwjkm%' : > ,
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only the intrinsic curvature of the induced metric and can therefore be compared directly
with the boundary counterterms (2.70), whose explicit form up to d =6 is

£ = —\/ (1— log(e 2“/8)7%—#8073) ,

K20

£4=3 = 24— R>

1 g g
3+— R—f log( 2TCM) (Pljpij—P2)> +Sog4+81Wijle”kl,

EWE
i —;V—h

£ = — ! \/ h(5+— R+ (PP —P?) (3.28)

al
(5
<4+ R+ (PYPy;— 7>2)>
(-5

& g o y
3 log ( 2T5/£> ('PijB”—i-ZP;’Pi'PZk—3P7D;Pg+733>)+$056+811.1+8212+83_Z3.

As discussed in section 2.4, the arbitrary constants sg, s1, ... parameterize the general form
of the finite local counterterms that correspond to the renormalization scheme dependence
of the dual field theory in even dimensions.

Comparing the expressions (3.27) and (3.28) immediately leads to a few general con-
clusions. Firstly, it is clear that the only dimension for which the Kounterterms agree fully
with the boundary counterterms, and hence regularize the variational problem for general
AlAdS manifolds, is d = 3 (i.e. AdS4). For no other dimension do the Kounterterms pro-
vide the required boundary term for general AIAdS manifolds. A universal divergence that
is not canceled by the Kounterterms is the logarithmic divergence in even dimensions d
(odd bulk). Moreover, for both even and odd d > 5, power law divergences in the Koun-
terterms also differ from those in the counterterms by terms involving the Weyl tensor of
the induced metric. Finally, the Kounterterms give rise to specific local and covariant finite
terms for even d, corresponding to a specific choice of renormalization scheme. However,
starting with d = 6, these finite terms are in general not a sum of global and local conformal
invariants, as is the case for the boundary counterterms.

Although the Kounterterms provide the required boundary term for general AIAdS
manifolds only in bulk dimension four, it is possible that in other dimensions they agree
with the boundary counterterms on a restricted class of AIAdS manifolds. From the above
comparison follows that a necessary condition for such an agreement is that the Weyl tensor
of the boundary metric vanishes. In the case of odd dimensions, an additional requirement
is that the Q-curvature, i.e. the conformal anomaly, is also zero. Since for conformally flat
manifolds all local Weyl invariants are zero, the additional condition for odd dimensional
ATAdS manifolds is equivalent to the vanishing of the Euler-Poincaré density. In the next
section we will show that these conditions are also sufficient.

It must be stressed, however, that agreement between the Kounterterms and coun-
terterms on a restricted class of AIAdS backgrounds does not automatically ensure that
quantities such as conserved charges, or higher-point holographic correlation functions, are
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renormalized by the Kounterterms. This is because successive derivatives of the Kountert-
erms with respect to the induced metric need not agree with the corresponding quantity
obtained from the boundary counterterms. In the next section we will demonstrate that for
AlAdS manifolds with a conformally flat boundary, the agreement persists at least for the
canonical momenta, i.e. for holographic one-point functions. Agreement for higher-point
functions is guaranteed only when the Kounterterms coincide with the counterterms for
arbitrary AIAdS manifolds, i.e. only in four dimensions.

4 AlAdS manifolds with conformally flat boundary

In the previous section we saw that, except in four dimensions (d = 3), the Kounterterms
regularize the variational problem of AdS gravity only within a subclass of AIAdS manifolds
that have a vanishing boundary Weyl tensor and (in the case of odd bulk dimension) all
logarithmic divergences are numerically zero. For d > 3, an AlAdS;,; manifold with
a vanishing boundary Weyl tensor is necessarily asymptotically conformally flat, i.e. the
bulk Weyl tensor is zero, up to possible contributions from the normalizable mode only.
This can be shown using the leading asymptotic form of the components of the bulk Weyl
tensor in (A.18) as follows.

Firstly, it is manifest from the relations (A.18) that a vanishing bulk Weyl tensor
implies that the boundary Weyl, Cotton and Bach tensors vanish, and so the boundary
is conformally flat. The converse is not necessarily true [10, 50], but it does hold, up to
contributions due to the normalizable mode. In particular, suppose that the boundary
Weyl tensor vanishes. For d > 3, this implies that the Cotton and Bach tensors of the
boundary metric also vanish, and hence the leading asymptotic form of the bulk Weyl
tensor is zero due to the relations (A.18). However, two AIAdS manifolds with the same
boundary metric can only differ in the normalizable mode of the bulk metric and, therefore,
the bulk Weyl tensor must vanish, up to possible normalizable contributions.

The Kounterterms, therefore, may potentially regularize the variational problem for
AdSgy gravity when d > 3 only within the subclass of asymptotically conformally flat
AlAdS manifolds, i.e. those with vanishing bulk Weyl tensor, up to possible normalizable
contributions. However, generic odd dimensional asymptotically conformally flat A1AdS
manifolds still have a logarithmic divergence and so additional conditions on the boundary
metric must be imposed in that case. The relevant condition is that Branson’s Q-curvature
is also zero, up to a trivial total derivative. From the decomposition (2.64) of the Q-
curvature, it follows that, for conformally flat manifolds, the @Q-curvature coincides (up to
a globally defined total divergence) with the Euler-Poincaré density since, all local con-
formal invariants vanish. The additional condition for odd dimensional AIAdS manifolds,
therefore, amounts to demanding that the Euler characteristic of the boundary is zero.

In this section, we show that these conditions, summarized in table 1 in the introduc-
tion, are not only necessary for the Kounterterms to regularize the AdS variational problem,
but also sufficient. To this end, we first determine the form of the boundary counterterms
for asymptotically conformally flat AIAdS manifolds of arbitrary dimension. We then com-
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pare these with the Kounterterms for AIAdS manifolds subject to the conditions given in
table 1.

4.1 Counterterms for asymptotically conformally flat AIAdS manifolds

We refer to AIAdS manifolds with a conformally flat boundary as asymptotically confor-
mally flat. For AIAdS;11 manifolds with boundary dimension d > 2, asymptotic conformal
flatness is equivalent to the vanishing of the boundary Weyl, Cotton and Bach tensors.®
This in turn implies that the bulk Weyl tensor is asymptotically zero, except for possible
contributions from the normalizable mode of the bulk metric. Notice that any AlAdSs
(d = 2) manifold is asymptotically conformally flat since any two dimensional boundary is
conformally flat. This is reflected in the fact that the bulk Weyl tensor vanishes identically,
while the Cotton tensor is zero due to the Einstein condition.

Since the normalizable mode of the bulk metric does not contribute to the long dis-
tance divergences of the on-shell action, the boundary counterterms for asymptotically
conformally flat AIAdS manifolds are identical to those for conformally flat ones, for which
the bulk Weyl tensor is identically zero. For the purpose of determining the boundary
counterterms for asymptotically conformally flat AIAdS manifolds therefore, it suffices to
consider strictly conformally flat ones.

Setting the bulk Weyl tensor to zero and using Einstein’s equations leads to the three
conditions (see eq. (A.11) in appendix A)

.. ) 1 .
k —
Kj+ K Kj = 5505 =0,
DK} — DK}, =0,
. A A 1 1
R*ji = KGK + KK} = 50107 + 550500 =0. (4.1)

An immediate geometric implication of these equations is that the Cotton and Weyl tensors
of the induced metric h;; vanish, namely

Cijk = DiPij — DjPi, = 0,
Wikjt = Rikji + haPrj + hij Py — hijPri — higPi; = 0. (4.2)

These equations correspond to the leading order terms of respectively the second and third
equations in (4.1), when expanded covariantly in eigenfunctions of the dilatation operator
(see (A.18)).

Combining the third equation in (4.1) and second one in (4.2) results in yet another
identity relating the extrinsic curvature and the Schouten tensor algebraically, namely

) ) ) ) ) . 1 . 1
KIKf — K|KF = 6'Pf + 6Pl — 6| PF — 6¥P] + —6L6F — 7

79 56 (4.3)

8For d = 3, the vanishing of the boundary Weyl tensor holds for any metric, but the vanishing of the
Cotton and Bach tensors is still non trivial.
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Using its traces, this equation can be recast as an algebraic condition on KJz only,
KK} - KK} = — [51 (Kl K - K’“K”) + ok <KK K’K”) g (K’“K K’“K”)

0% (K{K — KyKT) = —— (K = KPK) (930 — 5,5?)] . (4.4)

A more useful form of this equation is

yhislisis feis it _ (45)

Jij2ljaja” i3 i

where

jigzljaga J1j2gsia g9 \"d1g2gsja j2"didsja Cj2"jigsja Cg1"jegsia) g did2dsia )
(4.6)
is a projection operator that projects onto the traceless part of rank 4 tensors with the

Ylllz‘lgu = } (611122314 d— 3 (511 5221324 +57,2 5112314 521 5121324 5125211314)_’_(1 61122 5@314
4

symmetries of the Riemann tensor. Namely, it annihilates any tensor of the form (5 g /\/l ]
M;Z lk]. For example, it projects the Riemann tensor to its Weyl part:

i1i2lizia pjsgs i140
YJ1]2\J3J4R izia = W51 - (4.7)

Inserting the expansion of the extrinsic curvature in eigenfunctions of the dilation
operator in (4.5) results in an identical equation for the Schouten tensor of the induced
metric, i.e.

yielisisplipis _ g, (4.8)

J1j214374

Hence, both the extrinsic curvature and the Schouten tensor obey the same algebraic
constraints, which play an important role in the subsequent analysis.

Fefferman-Graham expansion. The first equation in (4.1) can be integrated to obtain
the exact form of the bulk metric. Writing the induced metric and extrinsic curvature in
matrix notation as (h)} = hij, (K); = K} and inserting the defining relation

1
K= iar logh, (4.9)

n (4.1), one finds that the Fefferman-Graham expansion for conformally flat AIAdS man-
ifolds terminates. The exact form of the induced metric is [10, 50]

hij = e*/t (9(0)@'(56) +e 2 ggii(a) + 6_4r/£9(4)ij($)) ) (4.10)
where g(g);; is a conformally flat boundary metric, g(2);; = —0?P;; [9(0)] for d > 2, and

Jayij = (g(z)g(_oig@))ij/él. In the case of two dimensional boundary, g(2);; determines the
boundary stress tensor and is arbitrary, except for a divergence and a trace constraint.
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On-shell action in terms of the extrinsic curvature. A remarkable consequence
of equations (4.1) for conformally flat AIAdS manifolds is that they allow us to obtain
an exact expression for the on-shell action in the case of odd d in terms of the extrinsic
curvature. Evaluating the bulk radial Lagrangian (2.20) on-shell gives

. 1 P
L =L= ?\/fh(Kszng), (4.11)

where recall that £ is the Hamilton-Jacobi density defined in (2.37). This identity holds
for any solution of the bulk field equations, but we will now show that, for conformally flat
manifolds, the first equation in (4.1) allows us to integrate (4.11) and determine £ exactly.

To this end, it is necessary to introduce the symmetric polynomials of the matrix
;= K}

ox(K)

= §hie JkKJli K;; e K;:’ (4.12)

k' 11121k

J1J2°0d 7 g2 | otk Stk Std
(d _ k)!k! 6i1i2---id Kj1 sz Kjk 5jk+1 5]11 -
where the generalized Kronecker delta was defined in (3.9) and o4 (P) = 0 for £ > d. A brief
review of symmetric polynomials in the context of conformal geometry can be found in [51]
and in appendix B we summarize the properties most relevant to our analysis. Notice that
equation (4.11) for the Hamilton-Jacobi density can be expressed as

L= %\/fho—z(n@. (4.13)

Using the first equation in (4.1), one can show that the symmetric polynomials of the
extrinsic curvature satisfy the recursion relation

O (V=hop(K)) = vV—=h((d -k + 1) 201 (K) + (k + 1)op41(K)). (4.14)

Notice that the r.h.s. of this relation involves symmetric polynomials of either even or odd
order. Given the form (4.13) of the equation for £, this motivates us to look for a solution
of the form

5]
—h "<&
L="5r > g g (1K), (4.15)

k=0
where «;, are coeflicients to be determined. However, the relevant solution for £ must have

the correct asymptotic behavior, which amounts to the condition (see (2.51))

42 2
> apoga(l) = ) <2k‘i 1) ar=d—1. (4.16)
k=0 k=0

It is straightforward to check that a solution of the form (4.15) satisfying the condi-
tion (4.16) exists only for odd d (even bulk) and takes the form

(5]
V-h d
_W(g) ; (_1)kr(k) + l)F <2 — k) 0’2]€+1(€[K), d=2n — 1, n > 2. (417)

E:
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This is an exact solution of the radial Hamilton-Jacobi equation for even dimensional
conformally flat AIAdS manifolds. The corresponding solution for odd dimensional confor-
mally flat AIAdS manifolds cannot be expressed as a polynomial in the extrinsic curvature.
However, we will see that the asymptotic form of the on-shell action for both even and odd
dimensions, up to the relevant order in the dilatation operator expansion, can be deduced
directly from the exact solution (4.17), once the extrinsic curvature is expressed in terms
of the Schouten tensor of the induced metric.

From the exact solution (4.17) of the Hamilton-Jacobi equation, we conclude that
the boundary counterterms for even dimensional asymptotically conformally flat AIAdS
manifolds take the form?

(5]
vV—h d
Lo=——= > (-)T(k+1)T ( - k:> oo (PK),  d=2n—1. (4.18)
K)QKF (5) =1 2
In the next subsection, we will show that this expression coincides with the boundary
Kounterterms for even dimensional asymptotically conformally flat AlIAdS manifolds.

Extrinsic curvature in terms of the Schouten tensor. We have found an exact
solution of the Hamilton-Jacobi equation for even dimensional conformally flat AlAdS
manifolds in terms of the extrinsic curvature K; However, in order to determine the
explicit form of the boundary counterterms (and verify that they are local) it is necessary
to also evaluate the extrinsic curvature as a function of the induced metric. As we will
show, when expressed in terms of the induced metric and generic boundary dimension
d, the counterterms take identical form for even and odd asymptotically conformally flat
AlAdS manifolds.

A significant simplification in the case of conformally flat AIAdS manifolds is that
eq. (4.3) determines the extrinsic curvature algebraically in terms of the Schouten tensor,
77;, of the induced metric. However, the relation between the on-shell action (Hamilton-
Jacobi functional) and the extrinsic curvature (equivalently the canonical momentum) is
less clear once we restrict to conformally flat metrics, since generically we should expect that

T ‘ Conf. Flat = W / ddx L 7£ Sh / ddl‘ E’Conf. Flat = 1. (419)
4 JOMe Conf. Flat i JOMr,

In particular, the recursive algorithm for determining 7% and £ in tandem discussed in
section 2 does not necessarily apply once we restrict to conformally flat manifolds. This
is not to say that the algorithm definitely does not apply, but merely that we should not
assume that it does. It may or may not apply, and we need to address this question by
evaluating both the on-shell action and the canonical momentum in an independent way.

Conformal flatness implies that the Hamilton-Jacobi density can be parameterized as

»C‘Conf. Flat = V _hf([P)7 (420)

9Notice that this expression is not manifestly local in boundary derivatives — as the counterterms must

be — since it depends on the extrinsic curvature. However, it does turn out to be local, once the explicit
form of extrinsic curvature as a function of the induced metric is taken into account, as we will verify below.
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where F(P) is a yet unspecified scalar function that admits a Taylor expansion in the
Schouten tensor of the induced metric. 11 on the r.h.s. of (4.19) can be evaluated in
terms of the tensor

. OF
A small calculation shows that
g 1 .. 1 (ki g g 1 g g
i XY . 7) i kpl 1,1j ij ij
II vV h{Qh F 72((1—2) [(d 4)T, P +PTY + T "Pih +7d—1T(P Ph¥)
— DUDFTD 4 i DF DT + Dy (D[’f/cilj + D[’“ICW)} } : (4.22)
where 1
Ki =74 — ﬁ’rhij : (4.23)

Diffeomorphism invariance along the radial slice implies the two conservation equations
Dill; =0,  Dp(T*P} = PIT) + (DiP) T — DiF =0, (4.24)

which hold independently of the specific form of F.
From (4.22), it follows that a sufficient condition for II¥ to be algebraic in terms of
the Schouten tensor (and hence potentially agree with 7%/) is that 7;" satisfies
1
k k _ k _
which also implies that
DT} =0. (4.26)

This ensures that all derivative terms in (4.22) vanish and 1% is algebraic in terms of 73;
Moreover, since the expansion of F(P) in eigenfunctions of the dilatation operator involves
a sum of homogeneous polynomials in P;: that satisfy the identity

7fzn)§-7’f = nF(2n); n =1, (4.27)

the constraint (4.25) implies that the trace of (4.22) takes the form

H(2n) = (d 22n) \/Th}—(gn), (4.28)
which is the same as the identity (2.49) that 7% satisfies for generic AIAdS manifolds. This
provides further evidence that the constraint (4.25) is the key to answering the question
whether IT¥ agrees with 7% in the case of conformally flat AIAdS manifolds.

As we reviewed in section 2, the Q-curvature for odd dimensional AIAdS manifolds
can be decomposed into a sum of the Euler-Poincaré density of the induced metric and
a local conformal invariant, which vanishes for conformally flat manifolds. Moreover, it
is straightforward to show that the (generalized — i.e. 2n < d) Euler-Poincaré density,
Eop, of a conformally flat metric reduces to a symmetric polynomial of its Schouten tensor,
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namely &, x 0, (P) (see proposition 2.2 in [51]). Since the boundary counterterms can be
thought of as the sum of Q-curvatures in all even boundary dimensions, one may expect
that the function F that parameterizes the Hamilton-Jacobi functional for conformally flat
manifolds is a sum of symmetric polynomials of the Schouten tensor, i.e. F(a,) o< on(P).
We will now evaluate F(a,,) for any n and confirm that this is indeed the case.

The key to determining the polynomials F (5, is equation (4.8), which implies a number
of algebraic relations among symmetric polynomials of the Schouten tensor of conformally
flat manifolds. Recall that the k-th symmetric polynomial of the Schouten tensor is given

by (see appendix B)

ox(P) = = giI I piipia . pit. (4.29)

kl 212" Jk

In the case of the Schouten tensor, o (P) is known as the k-th order Meissner-Olechowski
density [52]. The k-th Newton transformation of the Schouten tensor is defined as

(Tw(P)): = 9 (P) = —5“2 Thtlpla plktl (4.30)

k J= arpj Tk+1 kel dg2 gk iz U1 :
7

The symmetric polynomials and the associated Newton transform can be defined for any
d x d matrix, but for the Schouten tensor of conformally flat manifolds these objects have
a much richer structure. For example, the vanishing of the Cotton tensor of the induced
metric, h;;, (see (4.2)) implies that Ty(P) are covariantly conserved for all k (see e.g.

proposition 2.3 in [51])

2 Ut
k 1( 7)]2

Dz(ﬂ—k(ug))é = W Ji2 - Ir+1 io]

YPL - Pj:jj = 0. (4.31)

A number of less obvious properties of the symmetric polynomials and the associated
Newton transform of the Schouten tensor of conformally flat manifolds follow from the
algebraic constraint (4.8). As for the extrinsic curvature in (4.4), this constraint implies
that the antisymmetrized tensor product of two Schouten tensors is determined by its

traces, namely
. . 2 ;
i pk ) kpp % i sk
p[jpl] ) (5[ (7)” o, —P 73}) + 5[1 (Pj]al — Pj]> g 102%51]) . (4.32)

Inserting this relation in the definition of the Newton transform of the Schouten tensor
results in a number of algebraic identities, which we now derive.
Replacing a pair of Schouten tensors in (4.30) using (4.32), gives

G110 j j
(Tk) Héﬂz Jlj:ﬂ)z;' Pz,f:
2 1(5“2 A1 pi2 .. fpjk L[ gk pjk+1 _P]kﬂpp _L 5]k5jk+1
(d 2) kI 72 dhan 2 i1 \ Qi \ ik LD k1) d— 172%) %k
(4.33)
2(d—k) . (d—k+1) T }
= k:(d—?) <01(-[rk1)j_(k_1)(d_1)02(wk2)j W(s]fz 1127)322 pZ: 11'ij7)p ,
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where we have used the identity

Fiviz e §Ik — (g — 4 1)1 (4.34)

JijeJk ik Jijegrk—1"

Here and in the following we drop the arguments of Ty and o; to simplify the notation,
unless they are necessary for clarity. In order to evaluate the last term, we observe that

Jj2-gk’ t2 Tg—1
(A

(k_l)(;z‘iz---ik Pz .. .pik—lpngfk = (k—1)! ({;jtr (TklnD?)—(TIkl[PJrﬂﬂIkl);)

= (k—1)! (;ﬂmr (cflak—(k+1)0k+1)+2(7Tk—0k]1)§>

1

= (k=1)! (—opl—(k—1)Tg+o1 Tp_1)’ . (4.35)
Hence, the symmetric polynomials of the Schouten tensor of a conformally flat manifold
satisfy
2(d — k) d—Fk+1

T, = k—2)o1Tp 1 — —————09T_ 1), k> 2. 4.36

k d(k—l)(k—2)<( Jo1Ty—1 q—1 02k2+0k> (4.36)

The trace of this identity results in a recursion relation involving symmetric polynomi-
als only

2(d—-k+1) d—Fk+2
=— (k=2 - 2, k> 3. 4.37
= k= 3) (( )o10)—1 T 1 20k 2) (4.37)

These relations determine all T with k& > 2 in terms of To, T; and Ty = 1, as well as all
o with & > 3 in terms of o3, o9 and o7;.

However, Ty and o3 are also not independent. Combining (4.36) with the general
identity (B.12) leads to the two additional conditions

d SR T
<d 5T 017‘2> + o= 0, (4.38)
and
T9 <1T2 _d- 2021) — T3 (Tl _d- 10111> =0, (4.39)
d d
where
T = dkog, — (d— k + 1)o10%_1. (4.40)

It follows that Ty can be expressed as a linear combination of Ty and Ty = 1 for any k£ > 2.
From the recursion relations (4.36) and (4.37), we determine that

(k—1)(d-1)

ol =TT — T o1 T2l k> 2, (4.41)
while 7, satisfy
d—Fk+1
= d—1 1—(d—=k+2)o— . 4.42
Tk d(d — 1)(/€ — 3) (( )JlTk 1 ( + )Uk 27'2) ( )

— 33 —



The identities derived above allow us to obtain a number of further results required
for solving the conformal flatness equations (4.1) and determining KJ’ [h]. The first is the
recursion relation

-1
d—k+1
oy Tp—1 — 1 k- ﬂTz+§ (OmThem — Ok Tm) =
m=0

(k—1)(d -k — 1)i(d — 2)!
Nk—Dd—k+1—1)(d—1—1)!

((d(k = 1) = )Ty, — (d— k) (k — Dopl), 0<I<k,
(4.43)

which can be proved using (4.41). The second result is a generalization of (4.32) and
follows directly from (4.32) and the general form of Ty, in (4.41):

;, d—n o d—
<(“n>u - 1n [y) P + <( i T g "n5[l> 0=

n+1 i 2(n _|_ 1) .
T (T + 8 (Tara)y) - anm[j&ﬁ. (4.44)

Finally, we can obtain a stronger version of the conservation equation (4.31), namely

d—n
D(Ty)k

which can be proved by induction as follows. Firstly, (4.45) holds for n = 1 by virtue of
the first equation in (4.2). We now show that if it holds for n — 1, then it also holds for
n. Adding zero to the identity (B.12) in the form [P, T,_1] for some arbitrary constant
B, we have

2D[i( )]—2D[10'n5 2D[z(ﬂ[P-|]—n 1+(1 ﬂ) n— 1[P)]]

= 2Dy;0,6}—2B(DPF) (T1)j=28PF Dyi(Tn1)5y—2(1—=B) P Dig (Tn-1)7

2(d—n+1) 2(1-5)(d—n+1)
_ k k kpl
= 2Dyondy————5— Dpon1 Pt = Dion—16P)
_zﬁpl( E(T,_ l)l])—z(l—ﬁ)Pijl(vn,l)g
2(d—n+1
:2D[ianéﬁ—% (DuonPl+(1=8)7n 185Dyt ) ~2(1-8)(Dygon) (T )

201 (BRIl +1-8)Ph (T~ T o, st )

d—1

_ 2, <on(s§]+<d;”j”on1<<1r1)§]—5015;?])—@—/3)0—1(%ng)
—2D, (57)[ (Tn-1)fy+(1=B)P{(Tn-1)f— % on10}P; ) (4.46)
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Setting 5 = 1/2, we can evaluate the last line using (4.44):

d n+1 1 1

n#d , cﬂn—2) pod-m n Coon

(4.47)
where in the second equality we have used (4.43) with [ = 1. Finally, collecting terms, we
obtain -3 don

n(d — k B

which completes the proof. We remark that all identities for the symmetric polynomials
and Newton transform of the Schouten tensor derived in this section hold also for the
extrinsic curvature, since they are a direct consequence of (4.8), which applies to the
extrinsic curvature as well.

We now have the necessary tools to evaluate the extrinsic curvature as a function of the
Schouten tensor for conformally flat AIAdS manifolds. This is determined by the algebraic

matrix equation
1

g ’
obtained from a single index contraction of (4.3). Inserting a formal expansion of the

(tr K)K — K? = (tr P)1L + (d — mP4-d (4.49)

extrinsic curvature in eigenfunctions of the dilation operator in this equation leads to the
recursion relations

(d — 2)[K(2k) + tr [K(Qk)ﬂ = E ([K(Ql) —tr [K(Ql)ﬂ)[K(Qkfﬂﬁ k > 1. (450)

The unique solution of these recursion relations is

(—D)ke2E=1(2k — 2)!I(d — k — 1)!

K = trKanl = axTe(), an = —— =y =y

k>1, (451)

as can be readily checked using (4.43). In particular, the r.h.s. of (4.50) can be evaluated
as follows:

k—1

= d—k+1
¢ zz; (Keary — tr Kop1) Kiog_ory = £ zz; ajar—i1; (Wk_z — dldk_z]l)

= d—k+1
= Ezalak l (n;) Um—l]—k—m — Uk,m—ﬂ—m) + Uﬂ]—k,l — d_lakﬂ]—l>
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(4.43), (4.51) (=121 (k- 1D)(d -k —1)!

5

26=2(J _ 2)!
-l 21—2 (2k — 21 — 2)!
— ll | — 1 l) (k —1 _) 1)' ((d(k - l) - k)-l]—k - (d - k‘)(k’ — l)O'k]l)
= a((d=2)Tp = (d = k)okl) = (d = 2)Kep) + tr Ky, (4.52)

as required. Moreover, the identity (4.45) for Ty implies that the solution (4.51) satisfies
the second equation in (4.1) as well, and hence it is an exact solution of all equations (4.1).

On-shell action in terms of the Schouten tensor. The main result in this section
so far is the general solution (4.51) of the conformal flatness equations (4.1). Through the
definition of the canonical momentum (2.17), this determines

Ty = (‘;;22)\/—7 i, ﬂg';'k) = —2—22%\/—7 (Tp)¥, k>1. (4.53)
Our next goal is to integrate these expressions to obtain the corresponding Hamilton-Jacobi
functional in terms of the induced metric and its curvatures.

We saw earlier in this section that the Hamilton-Jacobi functional for conformally flat
AlAdS manifolds can be parameterized in terms of a scalar function F(P) of the Schouten
tensor as in (4.20). Hence, we may ask what function F(P) the canonical momentum (4.53)
corresponds to. However, once we restrict to conformally flat metrics and parameterize the
Hamilton-Jacobi functional in terms of the function F(P), its derivative with respect to
the induced metric need not coincide with the canonical momentum 7% in general, and so
this question is a priori ill defined.

A necessary condition for the derivative IT¥ given in (4.22) to agree with the canonical
momentum is that the tensor 7?, obtained by differentiating F(P) with respect to PJ’:, sat-
isfies the constraint (4.25). Remarkably, identity (4.45) implies that the Newton transform
T}, satisfies this constraint. This suggests that a suitable function F(P) corresponding to
the canonical momentum (4.53) does exist and can be expanded in eigenfunctions of the
dilatation operator of the form

Fory(P) = bpow(P), (4.54)
where by are constants. It follows that, for k > 1,
7?ékn‘::bk(wk—l)§a (4.55)

and so the derivative (4.22) becomes

3 bev/—h ~ g o d—k+1 g
) - _ _ _ 1) 1) _ vy - = 1)
H(Qk) 72(d — 2) < (d 4)(-ﬂ—k) + Ul(ﬂ—k—l) + (k Q)Ukh d—1 O'k—l(vl) > .
(4.56)
Using the identity (4.43) for the case [ = 1, this reduces to
d — 2k)
2k:) =bpvV— (( )( k)Y, (4.57)
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which coincides with the canonical momentum (4.53), provided

(d—F)

b= — 0
BT 2k

(4.58)

This shows that the Hamilton-Jacobi density corresponding to the canonical momen-
tum (4.53) is

oo o V—h (=1)FLe2R=1 2k — 2)I(d — k)!
O~ "2 e @) 7 T2 ok (k — 1)1(d — 2)!(d — 2k)

op(P), k>1.

(4.59)
For odd d (even bulk), (4.59) is an exact solution of the Hamilton-Jacobi equation for
conformally flat manifolds and is equivalent to the exact expression given in (4.17) in terms
of the extrinsic curvature. Nevertheless, the form (4.59) has two important advantages.
Firstly, it confirms that for odd d the exact solution of the Hamilton-Jacobi equation is
a polynomial in the Schouten tensor, and hence a local functional of the induced metric.
Secondly, it provides an asymptotic solution of the Hamilton-Jacobi equation for even d as
well. In particular, when d is even, (4.59) solves the recursion relations for the Hamilton-
Jacobi functional for all k¥ < d/2, but it has a pole at k = d/2, signifying the presence
of a non-analytic (logarithmic) term in the solution. However, the divergent part of the
full non-analytic solution is captured by the expansion in eigenfunctions of the dilatation
operator, provided the pole at k = d/2 is regularized with the radial cutoff according to
the dimensional regularization prescription [11, 31]
1 Te

1
= _“loge e/t 4.
T ok — 7 5 oge (4.60)

This prescription is equivalent to introducing a logarithmic term in the formal expansion of
the Hamilton-Jacobi density from the start, as we did for generic AIAdS manifolds in (2.38).

For both even and odd dimensions, therefore, the general form of the boundary coun-
terterms for asymptotically locally conformally flat AIAdS manifolds of arbitrary dimen-
sion is

(5]
vV—h -1 & 1)’%% 1(2k: 2)!(d — k)!

Lo=—> Lop= h +}; = RS 2k)ak(ﬂ3) . (4.61)
with the regularization prescription (4.60) understood in the case of even d. Curiously,
these counterterms take the form of a Meissner-Olechowski theory of gravity [52], which is
equivalent to Lovelock gravity for conformally flat metrics.

4.2 Kounterterms for asymptotically conformally flat A1AdS manifolds

The form of the boundary Kounterterms (3.24) for conformally flat manifolds can be de-
duced from their defining relations, given respectively in (3.12) and (3.13) for even boundary
dimension d and in (3.19) and (3.20) for odd d, by replacing the Riemann tensor of the
induced metric with its conformally flat value. As we have seen in the previous subsection,
there are two possible expressions for R;;i(h], following from either the third equation

— 37 —



n (4.1), or the second equation in (4.2). These result in two different formulas for the
Kounterterms on asymptotically conformally flat manifolds, both of which are useful for
different purposes.

Even dimensions. In section 3, we showed that the density Bs,_1 coincides with the
pullback of the Chern form (3.3) on the boundary of even dimensional AIAdS manifolds
(see (3.14)). Inserting the expression for the Riemann tensor following from the third
equation in (4.1) in the pullback of the Chern form in (3.11), we obtain

F\Fn—l (=02 =17k (2k)1(2n — 2k — 1)!

CQn—lB2n—1 I{2 o2n — 2 ' kf‘ T (n _ k‘ + %) 02n—2k—1([|<)
V=h (1= 1! 5 <—442>”-k-1<2k>!<n k1)
T K2 (2n-2)! Ll o2n—2k—1(K)
k=0
V=h (n—1)1 92kk1(2n — 2k — 2)!
T2 ((271—2))' (_52)k (75 —k—1)! ) o2k+1(K), (4.62)
" k=0 :

where the symmetric polynomials of the extrinsic curvature o (K) were defined in (4.12).
Noticing that the £ = 0 term cancels the Gibbons-Hawking term in (3.24), we conclude that,
for even dimensional asymptotically conformally flat AIAdS manifolds, the Kounterterms
take the form

vV—=h (n—1)! 22’%' (2n — 2k — 2)!
K2 2n—2' (n—k—1)!

EK == 02k+1(ﬂ<), d=2n—1. (463)

Remarkably, this expression coincides with the boundary counterterms for such manifolds
given in (4.18), which correspond to an exact solution of the Hamilton-Jacobi equation.

The fact that the Kounterterms exactly coincide with the boundary counterterms for
even dimensional asymptotically conformally flat AIAdS manifolds is intimately related
with well known results in the mathematics literature [53]. As we reviewed above, the
boundary integral of the density Be,_1 can be expressed as a bulk integral over the Pfaf-
fian of the bulk Riemann tensor, i.e. the bulk Euler density. For a conformally flat manifold
Moy, the Euler density is proportional to the symmetric polynomial o, (P) of the corre-
sponding (bulk) Schouten tensor (see e.g. proposition 2.2 in [51]). If My, is also Einstein
as in this case, the Schouten tensor is proportional to the metric (see (A.9)) and the Euler
density reduces to a multiple of the bulk volume form. This is the content of theorem 1.2
(see also lemma 4.4) in [5] and theorem 3.6 in [6], which generalize the result of Anderson
for four dimensions [4]. However, the volume of Ma,, is proportional to the on-shell action,
which in turn coincides — by construction — with the boundary counterterms.

In order to express the Kounterterms in terms of the Schouten tensor rather than
the extrinsic curvature, one may insert in (4.63) the expression for KJZ in terms of 77; we
determined in (4.51). However, it is much simpler to start from an alternative expression
for the Kounterterms for even dimensional conformally flat manifolds that is linear in the
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extrinsic curvature. Replacing the Riemann tensor of the induced metric in (3.12) using
the second equation in (4.2) leads to

a _p2\n—1
eon1Bony = YO / dt g0 iz gl <(1 ) KP K]~ 15”5”)

K2 (2n_2)! Ji...02n 13 52 12 713

2n—1 52 12n—2 12n—1

_ \/Th(_ﬁ)n—l/l dt(su dan_ 1K]1 ( (1 t2)5J27)33 6]2(5]3)

,iz (2n—2)! Ji...02n 13 52 12 713

x <(1_t2)Kg'22:_22Kg2:1 5]277, 26,]277, 1>

(2(1 t2)5]2n 273J2n 1 t? 6j2n—25j2n—1>

12n—2" 12n—1 52 12n—2 %2n—1

v=h [P (5] §

()25 T (d—2k)D(d—F) gir. e pipiz L plke
2 P(d+) (d)

[F (LJgrl_k)]2 J1.. Jk+1 Je+1’
(4.64)

M |

e
Il

0

where we have used the beta function integral

! 22k EInl(2n — 2k — 2)!
_ $2\ky2n—2k—2 _
A(ﬂﬂ %)kt Il =T (4.65)

While the form (4.63) of the Kounterterms facilitates a direct comparison with the
boundary counterterms, the expression (4.64) will prove instrumental for comparing the
Kounterterms for even and bulk dimensions. Moreover, it is particularly useful for deter-
mining the covariant asymptotic expansion of the Kounterterms in eigenfunctions of the
dilatation operator, since successive powers of the Schouten tensor are increasingly sublead-
ing asymptotically. This should be contrasted with the powers of the extrinsic curvature
n (4.63), all of which are O(1) asymptotically.

Inserting the expansion (3.22) of the extrinsic curvature in (4.64), up to terms of
negative dilatation weight (i.e. asymptotically vanishing), we get

V=R (4]

(—2)*23* D (d—2k)0(d
( Z tI‘ [K(Qm)-[rk [P)) (466)

[(d+1 Ol m=0

Con—1Bop_1 = 12 F(d+1) (d)
m 2 k 3k

[( S
K? F(d ( =0 k=0 (71 k)]

where Ty (P) was defined in eq. (4.30). Inserting the solution (4.51) for the extrinsic cur-

im»

1

S

vature in this expression, the sum over k can be evaluated using the following two results:

d— k
tr |:<Fm—k — dWL:_Um_k]].> ﬂ—k:|

m okl d—m+k

(B.13)
= ; tr (O'l-[rm,l - Umfl-l]—l) + (1 — d—l) Om—ptr Tg
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-1

m—k
Z tr (o T—y — Ot Ty) + tr <0mﬂk - Z:I;ffﬂmk>
=0
(4.43) m!(d —m)!(d —2)!
= TR —k—Dd—mt k-1 R (4.67)
and

[T (4] ’”Z‘:l 2H0(d—2k)  (2m—2k-2)  2""ID(d - 2m)
L DN@ \ 25 [ (55— )7 0n = Ron k=11 [ (41 ]

(2m — 2)! d—1
= 1-— . 4.68
m!(m —1)!(d —1)! d—2m (4.68)
Putting everything together, we conclude that, in terms of the Schouten tensor of the
induced metric, the Kounterterm density (3.24) in even bulk dimensions is given by

d

V=h| d-1 b (—1)ke2R =12k — 2)!(d — k)!
b= s

— 2k=1(k — 1)I(d — 2)!(d — 2k)

- ; ow(P) |, d=2n-1, (4.69)

in exact agreement with the boundary counterterms in (4.61). Of course, this result was
expected since we have already shown above that the Kounterterms for even bulk dimen-
sions coincide with the counterterms, but it verifies the equivalence of the two expressions
for the Kounterterms.

Odd dimensions. Analogous expressions for the Kounterterms can be derived for odd
dimensional conformally flat AIAdS manifolds, but there are some key differences. Firstly,
as for even dimensions, we can express the Kounterterms in terms of the extrinsic curvature
of the induced metric by utilizing the third equation in (4.1). Inserting this in (3.19) gives

_ 52 n—1 . .
CanBon = Hz 22n 2(n—1 |2/ dt/ dSéﬁ ;QZHKZjllégj <(1_t2)KiJ;Ksz_( )gzéfjéﬁ)

x((l_t2)Kg;:_;Kg;;_(1_s )= 502 151%) (4.70)

62 12n—1 12n

VRS [ ¢ oy (—02)F(2n—2k—1)1(2k+1)!
_/-”»2,;_:0/0 dt(l—t2)k/0 ds (1—s%)"—k-1 2272 (1)Kl (n—k—1)! o2k+1(K)

Voh T2 ()R (2n—2k—1)!(2k+1 1
TRz ;022”—1271(_1) (k:+1))(£1 - )1)13F2< 1, 14+k—n; k+2 1) aar+1(K),

where we have used the integral representation of the generalized hypergeometric function

1 t 1 1 3
dt 1—t“/d 11—kl - g 1,14+ k— k4+2:1). (4.71
[rara—ey [asa-sptt o s am (G e ke Gk @)

It can be easily verified that this expression (after subtracting the Gibbons-Hawking
term) does not satisfy the Hamilton-Jacobi equation (4.13). In fact, this is guaranteed
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by our observation earlier that, for odd bulk dimensions, any solution of the Hamilton-
Jacobi equation that satisfies the condition (4.16) cannot be polynomial in the extrinsic
curvature. An immediate consequence is that, for odd dimensions, the Kounterterms do not
generically agree with the boundary counterterms, even in the special case of conformally
flat manifolds. This confirms our earlier conclusion, drawn by comparing the general
expansions (3.27) and (3.28). Nevertheless, the identity we derive next shows that, for
odd dimensional conformally flat AIAdS manifolds, the Kounterterms deviate from the
boundary counterterms in a very specific way that can be quantified.

Using the second equation in (4.2) to replace the Riemann tensor in (3.12) gives in-
stead

\/jh £2 n—1 P
ConBan = 2 22n 2(n—1 |2/ dt/ ds{sﬂi ]22 szllézjj

><<2(1—t2)5fj:;P3§77+(52—t2 — §J2n—1 5

62 12n—1 12n

6]37)]4 ( ) 673674)

32 13 "4

n—1 _
V= — 0227k (d—K)T (4—k+1)T (2
_ 2h ( ) d( ) 52 + ) (2 )6;1 ;I;JrllKJer]z_ 7);7::117 (472)
where we have used the identity

1 t 2n—2k—2 2

ko1 2 El(n — k)![(n — k — 1)!]
dt [ ds(1—t)k@? - 2)n k-1 = . 4.73
/0 /0 s =) =57 nl(2n — 2k)] (473)

Remarkably, (4.72) coincides with (4.64) when both are expressed in terms of the boundary
dimension d (which is of course different in the two cases), except for the upper limit in
the summation over k. This provides a proof that the Kounterterms for even and odd
dimensions are identical as functions of the boundary dimension d, except for the finite
terms arising for odd bulk dimensions.

Finally, the result (4.72) allows us to pinpoint the difference between the Kounterterms
and the boundary counterterms for odd dimensional asymptotically conformally flat A1AdS
manifolds. We have already shown that the boundary counterterms coincide with the
Kounterterms in even dimensions and that the Kounterterms for even and odd dimensions
coincide when expressed in terms of the boundary dimension d, except for finite terms. It
follows that the Kounterterms for odd dimensional conformally flat A1AdS manifolds differ
from the boundary counterterms only by logarithmic and local finite terms.

To quantify this difference, we insert the covariant expansion of the extrinsic curvature
in (4.72) and drop all terms of negative dilatation weight:

V=R [T (Y] S (—2)k3kr(d — 2k)0(d Z“‘

conBon = k2 T(d+1)I'(d) — i (4L - k)] 2m) Tk(P))
V=R D] (RSN (—2)3RT(d — 2k)T(d — k)R
k2 T(d+ i)F(d) mZ_:OkO [F (% B k)]g tr ([K(zmﬂkﬂk([P))
n-l  2\ko3k _ B
(—£2) 2[FF((dd+ : zklj)r]gd k)k! (M(Qn%)mm)). (4.74)
k=0 =5 -
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We have deliberately expressed all coefficients in terms of the boundary dimension and
have used the parameterization arising naturally in even bulk dimensions (see (4.64)).
This renders cqBy for even and odd bulk dimensions manifestly identical, except for the
sum in the last line of (4.74).

Evaluating the sums in (4.74) using identities (4.67) and (4.68), we find that the
Kounterterm density (3.24) for odd dimensional asymptotically conformally flat A1AdS
manifolds takes the form

[5]-1 _
V=h [ d-1 — 1)k (2k—2)1(d—k)!
be==g" |~ + kzl (Qki(k—l)!((d—Q)?(El—Qk)) ox(P) (4.75)

+

(—1)™027=1(d—n)! (2n—2)! 2L [0 (BY] T (d-2n)n) o (P)
2n1 (n=1)!(d=2)!(d=2n)  p(d+1)T(d) [T (&2-n)]* ) "

Notice that both terms in the last line of this expression have simple poles at n = d/2.
However, in contrast to the boundary counterterms (4.61) that solve the Hamilton-Jacobi
equation, the poles in the Kounterterms cancel to produce a finite result, namely

VR (-t Zl 1 'fz% 1(2l<: 2)1(d — k)!

2 Rk = D)I(d— 2)i(d —2k)°

d

2401 2d d+1

. <1 + = —2dlog2 — dy (;) +dp(d — 1)) oaP) |, d=2n,
5 — 2

(4.76)

where ¢ (z) = I"(z)/T'(z) is the digamma function. It can be easily checked that the last
line in this expression reproduces all finite terms in (3.27) upon setting the Weyl tensor
there to zero. This result pinpoints the reason why the Kounterterms fail to capture the
logarithmic divergence of odd dimensional asymptotically conformally flat AIAdS manifolds
and provides a general expression for the local finite term that the Kounterterms produce
instead.

5 Discussion

We have identified necessary and sufficient conditions for the Kounterterms to regularize
the AdS variational problem in arbitrary dimension. A well posed variational problem
for AIAdS manifolds exists only within the space of asymptotically Einstein manifolds.
Within this space, the extrinsic curvature and the induced metric of the boundary are
asymptotically related, permitting a direct comparison between the Kounterterms and
the boundary counterterms obtained via holographic renormalization. Comparison for
dimensions three to seven shows that, except in four dimensions, a necessary condition for
agreement is the vanishing of the boundary Weyl tensor.
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By determining the general form of the boundary counterterms for AIAdS manifolds of
arbitrary dimension with zero boundary Weyl tensor, we showed that in even bulk dimen-
sions the vanishing of the boundary Weyl tensor is also a sufficient condition for agreement
between the Kounterterms and the boundary counterterms. However, this is not a suffi-
cient condition in odd bulk dimensions. The disagreement in that case arises solely from
the logarithmic divergence related to the holographic conformal anomaly. In particular,
the boundary counterterms contain a logarithmically divergent term proportional to the
holographic conformal anomaly, or Branson’s )-curvature, as it is known in the mathemat-
ics literature. For AIAdS manifolds with vanishing boundary Weyl tensor, this quantity is
proportional to the determinant of the boundary Schouten tensor, det [P, which in this case
coincides with the Euler-Poincaré density of the boundary. In contrast, the logarithmically
divergent term is absent in the Kounterterms, but a finite term proportional to det P arises
instead. It follows that necessary and sufficient conditions for the Kounterterms to regu-
larize the AdS variational problem in odd dimensions are (a) zero boundary Weyl tensor
and (b) zero boundary Euler characteristic. These conditions are summarized in table 1.

Although the Kounterterms agree with the boundary counterterms at the level of
the action once the above conditions are met, it is not guaranteed that their respective
contributions to the quasilocal stress tensor, or to higher order moments (i.e. holographic
correlation functions), also agree. In section 4 we showed that agreement at the level
of the action implies agreement of the corresponding radial canonical momenta, i.e. of
the corresponding quasilocal stress tensors. This ensures that the Kounterterms correctly
renormalize the conserved charges of AIAdS black holes with a conformally flat boundary.
In fact, the vanishing of the boundary Weyl tensor suffices for the renormalization of
the conserved charges for both even and odd dimensions, since the Euler density does not
contribute to the radial canonical momentum. In particular, for odd dimensional geometries
with a vanishing boundary Weyl tensor but nontrivial Euler number, such as in the case of
a spherical boundary, the Kounterterms correctly renormalize the conserved charges and
the variational problem, but they fail to render the action finite.

There are several possible extensions of the present work. An obvious question that
remains open is whether boundary Weyl flatness suffices for the Kounterterms to correctly
renormalize higher order holographic correlation functions. It would also be interesting
to generalize our analysis to other theories of gravity that admit AdS solutions for which
a version of Kounterterms exists, such as higher derivative theories [54] and holographic
entanglement entropy [55, 56]. As for pure Einstein-Hilbert gravity, we anticipate that, in
general, the Kounterterms cancel the long distance divergences and regularize the varia-
tional problem only for solutions with a conformally flat boundary.
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A Radial foliation of A1AdS manifolds

As was reviewed in section 2, using a suitable Gaussian normal coordinate, r, in an open
neighborhood of the conformal boundary, OM, of a d+ 1 dimensional AIAdS manifold, M,
the metric g on M can be written in the Fefferman-Graham form (see eq. (2.12))

g = dr? + hy(r,z)dx'da?, i,j=1,...d, (A1)

where h;; is the induced metric on a radial slice 3, = 0 M, and the asymptotic boundary is
located at r — oco. In this appendix, we compile several identities that express the intrinsic
curvature of M in terms of the intrinsic and extrinsic curvatures of the radial slices X,.

Our notation throughout this article is as follows. A dot stands for the radial derivative
Or, D; denotes the covariant derivative with respect to the induced metric h;;, while K;; =
%h,] is the extrinsic curvature of %, in M. Moreover, we use the convention that the radial
derivative is applied after any indices are raised or lowered with h;; and its inverse. For
example, K]Z = 8TK; e kj- Finally, script symbols such as R;; or P;; denote curvature
tensors of the induced metric h;;.

A.1 Off-shell identities

We begin with the identities that follow solely from the decomposition (A.1) of the bulk
metric g, without imposing Einstein’s equations (2.6).

Christoffel symbols. The only non vanishing components of the Christoffel symbols of
g are
Iijlg] = —Kij, I75lgl = K3, Ilg) = T4 [R]. (A.2)

Riemann tensor. The Riemann tensor of g decomposes as
R'vjr = —K) — K{ K},
R'yjr = D'Kyj — DyK,
R*; = R*; — KIK} + K/K}. (A.3)
Ricci tensor. From (A.3) it follows that the components of the Ricci tensor take the form
Ry, = —K — K['K},
R, = D;K} — DiK,
R, =R — KK} — Ki. (A.4)

Ricci scalar. These in turn determine the Ricci scalar, which is given by

R=R—-K?-2K — K[K]}.. (A.5)

Ohttp://www.xact.es/.
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Weyl tensor. The definition (2.3) of the bulk Weyl tensor implies that

ij = Wirjr = Rirjr - 5§PM‘ - Pjv
szj = Wzkjr = Rzkjr + hkjp,f — 5}PT]€,
7% =W = R*j + 6P} + 6P} — 65 P — 6f P}, (A.6)

where we have introduced the symbols X;, Yikj and Z j1 for the components of the Weyl
tensor for later convenience. Notice that X} corresponds to the ‘electric part’ of the Weyl
tensor and is related to the components Z% ;1 through the trace identity W*#,,, = 0, which
reads

Z% i+ X =0. (A7)

This relation can be checked using (A.6). Explicit expressions for the Weyl tensor com-
ponents in terms of the intrinsic and extrinsic curvatures of h;; can be easily obtained
using (A.6) and the above decomposition of the Riemann and Ricci curvatures.

A.2 On-shell identities

Next, we collect a number of identities following not only from the radial foliation (A.1),
but also from imposing Einstein’s equations (2.6). These imply that the bulk Ricci scalar

is constant on-shell
d(d+1)

R=-— P (A.8)
while the Schouten tensor takes the form
1
P,uz/ = _@guu- (AQ)

Gauss-Codazzi equations. Einstein’s equations decompose into the three equations

- d(d —1)
2 1 _
K? — KGK] =R+ =5,
D;K! — D;K =0,
i i v Ao

Weyl tensor. On-shell, the components of the Weyl tensor defined in (A.6) become
d—1

— k — k
Xj = - Kj = K{K} + 550, = —Rj + KK} — Kj K — =50,
V' = D'Ky; — DK,
. . . : 1, 1
7% =R — KGK] + KK — 550107 + 50,07 (A.11)

Besides the trace identity (A.7) that holds off-shell, the Gauss-Codazzi equations (A.10)
imply that
Z4,;=-X!=0, Y'=0. (A.12)
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Flow equations for the Weyl tensor. The definition (2.3), together with the on-shell
expression for the Schouten tensor (A.9), imply that, on-shell, the Weyl tensor satisfies the
Bianchi identity

V)\W”Vpg + VPWHVU)\ + VUW‘LLV)\p =0. (A.13)

Decomposing this into radial and transverse components leads to the three equations
Vi =—Di X +D; X —2K[Vi* ) — K'Y,
2% =K} 2" —KEZP 3+ DY M DY+ KX - K X P4+ XK - XK,
Dy Z* y4+D; 2%+ Dy 27 =KV, P+ K[ Y, P+ K Y — K Y, = K Y, — K F Yy (A.14)
The first two equations in (A.14) correspond to geometric flow equations for the com-
ponents Yijk and Zikjl of the bulk Weyl tensor. Recall that the components X]Z: are not

independent due to the trace identity (A.7). Together with the trace of the flow equation
for Z ji, (A.7) leads to the flow equation for the electric part of the Weyl tensor

X+ KX!— KEX[ = DyYM; + Kf 2"y, (A.15)

or equivalently

g . . 1 : 1 :
X!+ KX! = DpY*; + (Kf - ﬂ’f) 7%+ (KJ’? - Eaf) Xi. (A.16)

A.3 Asymptotic expansions

Using the first few orders in the covariant expansion of the canonical momentum 7% given
in (2.62), one finds that the covariant asymptotic expansion of the extrinsic curvature (3.22)
takes the form

1
2(d—1)

L i & i ik i

K (PHPu-P?) 5;'-)] +o
(A.17)
where the Bach tensor, B;, is defined in (2.63). Inserting this covariant expansion in
the expressions for the components of the bulk Weyl tensor in (A.11), we find that their
leading asymptotic form coincides respectively with the Bach, Cotton and Weyl tensors of
the induced metric h;;, namely
£2

X;::d—43i'+“-7 Yig =LCu' +--,  ZFu =Wy (A.18)

where the ellipses denote terms with higher dilatation weight.

B Symmetric polynomials

In this appendix we collect a few elementary properties of symmetric polynomials that we
use in the main text. A discussion of symmetric polynomials in the context of conformal
geometry can be found in [51] and references therein.
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Given a d x d matrix M with components ([T’l)é =M ;, we define its k-th symmetric
polynomial

1 ) )
J1J2:J ik ikl g J1J2°7 7
(M) = T e JIMGIME - MESE 5 = k'az;; JEMIME - MF, (B)

where the generalized Kronecker delta was defined in (3.9). Notice that o (M) = 0 for
k > d. The generating function of these polynomials is the determinant

d
f(t) = det(1L + ¢M) = exp (tr log(1 + tM)) = Ztkak(l}’l). (B.2)
k=0
This is a special case of the more general identity
k m)!
k(1 + M) t" o (M). B.
- Z o) (B.3)
In particular,
d d!
1) = =—. B4
k(1) (k) Kl(d— k)! (B-4)

The generating function (B.2) leads to an alternative representation of the symmetric
polynomials in terms of traces of powers of the matrix M. Namely,

oo(M) =1,

o1(M) = tr M,

o2(1) = 5 ((tr1)” — tr (47)),

o3(M) = %((tr M)? — 3tr Mtr (M?) + 2tr (M%),

o4(M) = 21—4((tr M)t — 6(tr M)26r (M%) + 3(tr (042))2 + 8tr M tr (M?) — 6tr (017)),

oa(M) = det M. (B.5)

A related object that plays an important role in our analysis is the k-th Newton
transform of the matrix M, which is defined as

k

0 0k+1(M) 76112 “Uot1 MJ2_ M]k+1 _ Z(—l)mdk,m(M)(Mm); (B.G)

(TR(M))j = 6MJ o Cddz gk o ikt

m=0

The trace of the k-th Newton transform is proportional to o, namely

tr Tp(M) = (d — k)o(M). (B.7)
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The generating function of these matrix-valued polynomials follows directly from (B.2):

0
—— det(1+tM) = det(1+tM
o det(+¥) = det(L-+1H) -

7

0 k
Mijtr log(1+tM) = ¢ det(1+¢M) <1+m) Zt (Tr—1)5,

(B.8)
and hence
F(t) = det(1 + tM) (L + 1)~ Zt’ﬂrk (B.9)
Notice that
TaM) =0, (B.10)

by virtue of the Cayley-Hamilton theorem.
The n-th derivative of the generating function [F(t) with respect to the parameter ¢ is
given by
™) = (™)1 - aMFD (@) (@ + 1) 7, (B.11)

where f(")(t) is the n-th derivative of the determinant (B.2). Evaluating this identity at
t = 0 leads to the recursion relation

Ti(M) = oML — MTp_1 (M),  To(M) =1. (B.12)

Finally, the following product rule can be easily proved by induction

—_

m

T (MTn (M) = oM Tk (M) = > Omin—is M) Tr(M). (B.13)
k=0 0

3

>
Il
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