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Abstract

The general framework of this dissertation is the theory of non-associative algebras.
We tackle diverse problems regarding restricted Lie algebras and superalgebras, cen-
tral extensions of different classes of algebras and crossed modules of Lie superal-
gebras. Namely, we study the relationships between the structural properties of a re-
stricted Lie algebra and those of its lattice of restricted subalgebras; we define a non-
abelian tensor product for restricted Lie superalgebras and for graded ideal crossed
submodules of a crossed module of Lie superalgebras, and explore their properties
from structural, categorical and homological points of view; we employ central ex-
tensions to classify nilpotent bicommutative algebras; and we compute central exten-
sions of the associative null-filiform algebras and of axial algebras. Also, we include
a final chapter devoted to compare the two main methods (Rabinowitsch’s trick and
saturation) to introduce negative conditions in the standard procedures of the theory
of automated proving and discovery.
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Introduction

The theory of non-associative algebras has experienced a huge development in the
XXth century, partially due to its connections with geometry, physics, biology and
other areas of mathematics and science. By an algebra (A, -) over a field F, we un-
derstand a vector space A over F together with a bilinear operation - : A X A — A,
which is usually called product and denoted by juxtaposition rather than by . If a
basis {e; };c; of Ais fixed, the coefficients c:‘j of the products e;e; with respect to such
basis are called structural constants. Algebras can also be considered over unital
commutative rings.

This general notion of an algebra turns out to be too wide to lead to interesting
structural results. Therefore, it is customary to focus on different classes, or varieties,
defined by imposing different polynomial conditions on the bilinear operation. In-
deed, if we identify a finite-dimensional algebra structure over C with its n® structural
constants with respect to a given basis, the varieties of non-associative algebras form
actual geometric varieties in C"’ with respect to the Zariski topology.

Some of the varieties which have been studied the most throughout this last cen-
tury are associative algebras, Lie algebras, Jordan algebras, alternative algebras and
Malceyv algebras, but there are many more, such as binary Lie, non-commutative Jor-
dan, left- or right-alternative, Leibniz, Novikov or bicommutative algebras, among
others. These varieties share some common properties that allow to pose similar prob-
lems about them; however, the answers to these questions can be rather different, de-
pending on the diverse behaviours of the varieties under the same general conditions.
One of these challenges is the classification problem: to give a list of algebras or of
families of algebras, pairwise non-isomorphic, such that any algebra in the variety is
isomorphic to one of them. Complete classifications are hard to obtain, so it is typical
to focus on algebras of small dimensions or satisfying additional properties. Varieties
can also be classified from a geometric point of view, namely finding the irreducible
components of the corresponding geometric varieties.

XX1



The theory of non-associative algebras also studies algebras with some additional
structure such as restricted Lie algebras over fields of positive characteristic, Clifford
algebras, vertex operator algebras, superalgebras or crossed modules of algebras; or
which are not defined by polynomial identities, such as genetic algebras or axial al-
gebras. These types of algebras do not form a proper variety in the sense introduced
beforehand, but many of the typical methods and problems from the varieties con-
text are still applicable. Apart from the classification problem (from an algebraic
approach) mentioned above, they admit a representation theory and provide a suit-
able framework to study other problems also shared by different algebraic structures,
such as developing homological and cohomological theories or relating the properties
of an object to those of the lattice of its subobjects.

Structure of the thesis

This memory is structured in three blocks or parts, each of them dealing with
different types of non-associative algebras. The first Part |l is reserved to restricted
Lie algebras and superalgebras, and the second Part [[|is concerned with central ex-
tensions of algebras. The last Part|Ill| is partially devoted to crossed modules of Lie
superalgebras, although we have included some other contents which lack a direct
relation with the rest of the manuscript. We also include a short preliminary chapter
revising some basic concepts of category theory which will be needed further on.

On the other hand, regarding the problems addressed, this dissertation is organ-
ised around three cornerstones, namely, the classification problem of different types of
algebras, the relationship between restricted Lie algebras and their lattice of restricted
subalgebras, and diverse generalisations of the non-abelian tensor product of Lie al-
gebras. The contents regarding the classification problem lie entirely in Part[[} and
the study of the lattice of restricted subalgebras of restricted Lie algebras, in Part
Regarding the tensor products, they are divided into Part[l|and Part

The structure of each part will be specified in its own introduction.

We include here a short comment about the notation. While for algebras in general
we will be employing the notation A (and variants like B), and denoting the product by
juxtaposition, for restricted Lie (super)algebras and Lie superalgebras we will prefer
to use the notation L (and variants like M or T), and to denote the product by a
bracket [, ] as it is usual in the literature. Furthermore, when we will be dealing with
Lie superalgebras defined over rings instead of fields, we will employ M (and variants
like N) to denote them.

Although we have tried to keep them as uniform as possible, there may be other
differences in the notations through the different chapters.

XX1i



Hypotheses and objectives

This thesis has the following hypotheses and objectives.

H1

01

H2

02

H3

03

The lattice of subalgebras of a Lie algebra was extensively studied in the last
decades of the past century, but interest then waned because only few Lie al-
gebras satisfied the prescribed properties under study. One of the reasons of
this situation is that every one-dimensional subspace is a subalgebra. However,
a one-dimensional subspace of a restricted Lie algebra is not necessarily a re-
stricted subalgebra, what makes the study of lattices of restricted subalgebras
of restricted Lie algebras potentially more interesting.

To study restricted Lie algebras whose lattice of restricted subalgebras satisfies
some prescribed properties, namely, it is distributive, Boolean, atomistic, dually
atomistic, upper semimodular or lower semimodular.

Non-abelian tensor products have been introduced in the categories of Lie al-
gebras, restricted Lie algebras and Lie superalgebras, and have been used to
characterise universal central extensions of perfect objects in such categories.

To introduce a non-abelian tensor product in the category of restricted Lie su-
peralgebras and to relate it to universal central extensions of restricted Lie su-
peralgebras.

The algebraic and geometric classifications of a number of varieties of non-
associative algebras, such as Lie, associative, Jordan, Malcev or Leibniz, has
been an interesting and active research area in the last years.

To determine all the four-dimensional nilpotent bicommutative algebras over
C up to isomorphism, as well as the one-generated nilpotent bicommutative

XX1i1



H4

04

H5

05

H6

06

H7

o7

HS8

algebras of dimensions 5 and 6 over C. Also, to find the irreducible components
of the variety of four-dimensional nilpotent bicommutative algebras over C.

There are not non-trivial associative central extensions of the associative null-
filiform algebra yj, but it does admit non-trivial bicommutative central exten-
sions.

To determine the central extensions of the null-filiform associative algebra
in the varieties of left-commutative (and right-commutative), bicommutative,
left-alternative (and right-alternative), left-symmetric (and right-symmetric),
assosymmetric, Jordan and Novikov algebras.

Axial algebras were introduced in 2015 and have been extensively studied since,
partially due to their connection to vertex operator algebras and the Monster.
The classification of such algebras is an open problem.

To describe a method for constructing new axial algebras as central extensions
of another given axial algebra.

The non-abelian tensor products in the context of crossed modules of Lie alge-
bras have been defined and studied for two arbitrary abelian crossed modules
and two ideal crossed submodules of a given crossed module.

To introduce the non-abelian tensor and exterior products of two graded ideal
crossed submodules of a crossed module of Lie superalgebras, and to relate
them with the homology of crossed modules of Lie superalgebras.

Whitehead’s quadratic functor for modules proved to be a useful tool to study
the non-abelian tensor and exterior products of Lie algebras and of ideal crossed
submodules of a crossed module of Lie algebras. We introduced a version for
supermodules in the context of the study of the non-abelian tensor and exte-
rior products of graded ideal crossed submodules of a crossed module of Lie
superalgebras.

To study the properties of Whitehead’s quadratic functor for supermodules and
for abelian crossed modules of Lie superalgebras.

In the algebraic-geometry-based theory of automated proving and discovery,
there exist two main procedures for including negative conditions, namely Ra-
binowitsch’s trick and saturation.

XX1v



08 To compare the methods of Rabinowitsch’s trick and saturation for introducing
negative theses and negative hypotheses in the standard procedures for auto-
mated proving of geometric theorems.
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Methodology

This thesis has followed the classic methodology in basic research in mathematics.
Some standard tasks in this type of research are proposals for definitions, conjectures
of results that generalise others already known, or which can be compared with them,
and the search for new examples that are significant enough or have important applica-
tions in other areas of mathematics. To do so, itis necessary to carry out a preliminary
and comprehensive study of the topics to be addressed, and it is also very convenient
to get in contact with experts of other universities. Finally, the use of computers to
perform symbolic calculations was an essential tool in different parts of the thesis.
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Categorical preliminaries

In this preliminary chapter, we include some categorical notions which require some
knowledge on the subject and will be useful for Chapter [2]and Chapter [6]

Let C be a semiabelian category [[130]. First of all, we recall two absolute con-
cepts: the centre of an object, in the sense of [118]], and the Higgins commutator of
two normal subobjects, from [113}/169].

Let A, B and C be objects in C. Given two coterminal morphisms f: A —
C and g: B — C, we say that they commute when there exists another morphism
h: A X B — C such that the following diagram is commutative:

iy ip
A—— AX B<=——B.

NEA

C

A subobject Z of A is said to be central when there exists a monomorphism f : Z —
A commuting with the identity id 4, and the centre Z(A) of A is the maximal central
subobject.

Suppose now that B and C are subobjects of A, and considerk: BoC — B+C
the kernel of the canonical morphism from the coproduct into the product B + C —
B x C. The Higgins commutator [ B, C] is defined to be the subobject of A making
commutative the diagram

BoC—*-~B+cC
[B,C] A.

Now, we recall the definition of a Birkhoff subcategory of C, and present some
other notions which are relative to a particular Birkhoff subcategory.

1



2 Categorical preliminaries

A Birkhoff subcategory B of C is a full and reflective subcategory closed under
subobjects and quotient objects.

Fix a Birkhoff subcategory B, and denote the inclusion functor by 1, and the reflec-
tor functor by b. We say that an object A is perfect if b(A) = 0, where 0 denotes the
zero object in C. Also, let us recall from [[77,/78]] the concept of the one-dimensional
relative commutator [A, Alg of A, defined to be the kernel of the unit of the adjunction
1+ b.

The following definitions will be also necessary for the development of Chapter 2]
and Chapter [0] An extension in C is a regular epimorphism. Following the theory
in [129]], we distinguish trivial, normal and central extensions. An extensiony : B —
A is trivial if the induced square

v

lf f[
b(B) S b(A)

is a pullback; it is normal if one of the projections in the kernel pair is trivial; and it is
central if there exists another extension ¢ : C — A such that the pullback ¢*(y) of
v along ¢ is trivial. In our semiabelian context, the concepts of normal and central
extension are equivalent.

The most usual Birkhoff subcategory is that of the abelian objects, i.e. those
objects which can be endowed with the structure of an internal abelian group. It is
commonly denoted by Ab. The reflector functor b receives the name of abelianisa-
tion functor, and is denoted by ( ),;,. In this case, the relative commutator [A, Ay,
coincides with the Higgins commutator [A, A], and we find also a practical charac-
terisation of central extensions: an extension y : B — A is central if and only if
kery C Z(B).

Finally, let us comment that the central extensions in C (relative to any Birkhoff
subcategory) form another category, whose morphisms are exactly the morphisms in
C, 0: B — C, making commutative the diagram

N4

A

A central extension y is said to be universal if it is the initial object in the category
of central extensions, i.e. if given another central extension ¢, there exists one and
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only one morphism & between them. From the definition, it is clear that the universal
central extension is unique up to isomorphisms.
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Introduction

The theory of Lie algebras was initiated by Sophus Lie at the end of the XIXth century
in connection with the study of Lie groups. For this reason, the first ground field
considered were the complex numbers, and the first techniques employed were mostly
analytical. At some point, a turn into algebraic methods led to the extension of the
theory to Lie algebras over arbitrary fields of characteristic zero. One of the most
celebrated results in this theory is the complete classification of real and complex
finite-dimensional semisimple Lie algebras, given by Killing and E. Cartan. Also,
Lie algebras over fields of characteristic zero present an important connection with
group theory, not only by means of Lie groups but also through free groups [[162] and
also algebraic groups [55]], and with other areas of science, especially with physics.

The origins of the theory of Lie algebras over fields of positive characteristic, or
modular Lie algebras, can be traced back to some time before 1937, with the discov-
ery by Witt of a simple modular Lie algebra which behaved very differently from the
known algebras in characteristic zero. In 1939, Zassenhaus [236] generalised Witt’s
example, giving rise to the class of modular Lie algebras today known as Zassen-
haus algebras. Since then, many mathematicians worked towards the obtention of a
classification of simple algebras, and also on a more general study of this new field.

However, few of the classical methods for characteristic 0, both structural and
from representation theory, are transferable to the modular case. One of the most
powerful tools, the Killing form, is no longer useful in characteristic p > 0; most
of the results on semisimple algebras are not true for the modular theory; there is
no analogue of Lie’s theorem on solvable Lie algebras (except in particular cases);
Weyl’s theorem of complete reducibility of semisimple algebras does not hold; there
is no suitable Jordan-Chevalley decomposition of elements, etc. Moreover, and from
a perhaps more conceptual point of view, the lack of a connection with group theory
makes harder the understanding of modular Lie algebras.

7



8 Introduction

A partial solution for these problems is given by restricted Lie algebras, introduced
by Jacobson as early as in 1937 [124]]. Namely, a restricted Lie algebra L over a field
F of characteristic p > 0 is a Lie algebra endowed with a p-map »': L — L
which abstracts the properties of the p-power in associative algebras, i.e. such that
the following conditions are satisfied:

ux)[p] - Apx[p]’
p—1
(e P = x4 P 3 5 (x, ),
i=1

ad(x"1)(y) = ad”(x)(y)

forall x,y € L, A € F, and where ad”_l(x Ri+yRDH(x®1) = Z‘;:_ll is;(x,y)® ¢l
in L ®p Flt].

In fact, Jacobson introduced first the term “restrictable” for those Lie algebras
admitting a p-map; later, he preferred to employ the term “restricted” for such algebras
together with a fixed p-map.

Restricted Lie algebras appear naturally from associative algebras and in the alge-
bras of derivations. They do present a straightforward connection with linear algebraic
groups; indeed, the Lie algebras of those groups are canonically endowed with a p-
map. Also, restricted Lie algebras allow to recover, in a certain way, results from the
non-modular theory as the Jordan-Chevalley decomposition of their elements [204]],
and they provide a nicer frame than ordinary Lie algebras for developing new tech-
niques and subtle arguments over fields of positive characteristic.

Finite-dimensional simple restricted Lie algebras over algebraically closed fields
of characteristic p > 7 were completely classified by Block and Wilson [27], giving a
(partial) affirmative answer to the Kostrikin-Safarevi& conjecture [[155]] on simple re-
stricted Lie algebras over algebraically closed fields of characteristic p > 5. This clas-
sification proved to be a fundamental tool in Strade and Wilson’s generalisation [[214]]
to simple Lie algebras over algebraically closed fields of characteristic p > 7, not nec-
essarily restricted. For the sake of completeness, we indicate that the classification
of finite-dimensional modular simple Lie algebras over algebraically closed fields has
been extended to characteristic p > 3 by Premet and Strade [[190].

This first part includes two chapters. The first Chapter [I] combines the contents
of the article [[168]], a joint work with Nicola Maletesta and Salvatore Siciliano, with
some work in progress with Salvatore Siciliano and David Towers. In particular, re-
stricted Lie algebras having a distributive and Boolean lattice of restricted subalgebras
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are characterised, and other properties of this lattice, such as being atomistic and du-
ally atomistic, lower semimodular and upper semimodular, are studied for restricted
Lie algebras over algebraically closed fields. Additionally, restricted Lie algebras over
algebraically closed fields whose restricted subalgebras are restricted quasi-ideals are
also investigated. On the other hand, in the second Chapter [2] we turn our attention
to restricted Lie superalgebras, and combine the algebraic techniques with some cat-
egory theory to define a non-abelian tensor product of restricted Lie superalgebras,
as well as to study its relation with the universal central extensions in this category.
This chapter collects some work in progress with Manuel Ladra.
The structure of each chapter will be described in its own introduction.
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CHAPTER 1

On the subalgebra lattice of a restricted
Lie algebra

In this chapter, we study the lattice of restricted subalgebras of a restricted Lie al-
gebra. In particular, we consider those algebras in which this lattice is distributive,
Boolean, dually atomistic, lower or upper semimodular, or in which every restricted
subalgebra is a restricted quasi-ideal. The fact that there are one-dimensional subal-
gebras which are not restricted results in some of these conditions being weaker than
for the corresponding conditions in the non-restricted case.

Introduction

The relationship between the structure of a group and that of its lattice of subgroups is
highly developed and has attracted the attention of many leading algebraists (see e.g.
the monograph [202] or the survey [[185]). According to Schmidt [202], the origin
of the subject can be traced back to Dedekind, who studied the lattice of ideals in a
ring of algebraic integers; he discovered and used the modular identity, which is also
called the Dedekind law, in his calculation of ideals. However, the actual beginnings
of the study of subgroup lattices date from around 1930. One of the first remarkable
achievements in this context was Ore’s characterisation of groups with distributive
subgroup lattices as the locally cyclic groups [183]]. Since then modularity, distribu-
tivity and lattice conditions related to them have been studied in a number of contexts.
The lattice of submodules of a module over a ring is modular, and hence so is the lat-
tice of subgroups of an abelian group. The lattice of normal subgroups of a group is
also modular, but the lattice of all subgroups is not in general [[122,|123]]. The lattice

11
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of ideals of a ring is also modular. The distributivity of the lattice of submodules of
a module has been investigated in [46,212},218]], and of the lattice of (right) ideals of
aring, or of different types of non-associative algebras, in [37},/131}/170,218].

The study of the subalgebra and ideal lattices of a finite-dimensional Lie algebra
was popular in the second half of the last century, especially in the 1980’s and in the
90’s (see, for example, [[13}[18}[24,[33,[92H95[100}[154}[160L1216}217,[220H223]]), but
interest then waned. The likely reason is that most of the conditions under investiga-
tion were too strong and so few algebras satisfied them; a paradigmatic example of
this is the characterisation of Lie algebras having a distributive lattice of subalgebras
in [[154, Theorem 2.1]. However, the lattice of restricted subalgebras of a restricted
Lie algebra is fundamentally different; for example, not every element spans a one-
dimensional restricted subalgebra. Thus, one could expect more interesting results to
hold for restricted algebras and, as we shall see, this is indeed the case.

This chapter is organised as follows. In Section [I.I] we fix some notation and
terminology and introduce some results that are needed later. In Section [I.2] we first
establish when L has exactly two restricted subalgebras. Next, we provide a char-
acterisation of restricted Lie algebras that have a distributive or Boolean lattice of
restricted subalgebras, and also study some particular cases. Throughout most of the
rest of the chapter, we will be assuming that the algebras have finite dimension and
that the ground field is algebraically closed. In Section [I.3] we study restricted Lie
algebras that are atomistic and dually atomistic. It turns out that they are more abun-
dant than in the non-restricted case. We then investigate those restricted Lie algebras
all of whose subalgebras (not necessarily restricted) are intersections of maximals.
The objective in Section [I.4]is to study restricted Lie algebras L in which every re-
stricted subalgebra is a restricted quasi-ideal. We characterise nilpotent restricted Lie
algebras satisfying this condition over perfect fields of characteristic different from
2. Section[I.5]then goes on to consider J-algebras and lower semimodular restricted
Lie algebras, concepts which turn out to be equivalent if the algebra is solvable. The
final Section [I.6]is devoted to studying upper semimodular restricted Lie algebras. It
is shown that these algebras are either almost abelian or nilpotent of class at most 2
and that every restricted subalgebra is a restricted quasi-ideal.

Throughout this chapter, F will denote a field of characteristic p > 0, unless
otherwise stated. All the Lie algebras and restricted Lie algebras will be assumed
to be over F. Unless in Section [[.2] throughout the rest of the paper all algebras
are supposed to be finite-dimensional. Unless in Section[I.2] throughout the rest of
the paper all algebras are supposed finite-dimensional. We will denote algebra direct
sums by @, and direct sums of the vector space structure alone, by +.
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1.1 Preliminaries

Here we fix some notation and terminology and introduce some results that will be
needed later. Let L be a Lie algebra over a field F of arbitrary characteristic. We
denote by [L, L] the derived subalgebra of L. As usual, the derived series for L is
defined inductively by LO =, L6+ = L0 0] for k > 0, L(®) = nkzoL(k) i L
is solvable if L®) = 0. Similarly, the lower central series is defined inductively by
L'= L, L**!' = [L* L] for k > 1; L is nilpotent if L* = 0 for some k > 1. Also, L
is said to be supersolvable if it admits a complete flag made up of ideals of L, that is,
there exists a chain
0=LyGL G~GL,=L

of ideals of L such that dim L; = j for every 0 < j < n. The centre of L is denoted
by Z(L), and Cp(A) = {x € B: [x, A] = 0} denotes the centraliser in a subalgebra
B of another subalgebra A. Also, the ascending central series is defined inductively
by Ci(L) = Z(L), C,,1(L) = {x € L: [x,L] € C,(L)}. The nilradical N(L) is
defined to be the maximal nilpotent ideal, and the solvable radical, denoted by R(L),
is defined to be the maximal solvable ideal. For every x € L, the adjoint map of x
is defined by adx: L — L, a — [x,a]. If X is a subalgebra of L, then the largest
ideal of L contained in X is called the core of L and is denoted by X ;. The Frattini
subalgebra F(L) of L is the intersection of all maximal subalgebras of L; the Frattini
ideal of L is ¢(L) = F(L);. The abelian socle, Asoc(L), is the sum of the minimal
abelian ideals of L.

We say that L is dually atomistic if every proper subalgebra of L is an intersection
of maximal subalgebras of L. It is called almost abelian if it contains an abelian
ideal of codimension 1, on which it acts by scalar multiplications. Scheiderer proved
in [201] that, over a field of characteristic zero, every dually atomistic Lie algebra is
abelian, almost abelian or simple. In his proof, he used some easy results, stated for
Lie algebras over a field of characteristic zero but which are valid over any field. We
state them here for the sake of convenience.

Lemma 1.1.1. Let L be a dually atomistic Lie algebra over any field. Then:
(i) For any maximal subalgebra M of L, M N N (L) is an ideal of L;
(ii) N (L) is abelian and every subspace of N (L) is an ideal of L; and

(iii) R(L) is abelian or almost abelian.
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Now we establish a slightly weaker version of Scheiderer’s result which is valid
over any field.

Proposition 1.1.2. If L is a dually atomistic Lie algebra over any field then L is either

abelian, almost abelian or semisimple.

Proof. Let L be dually atomistic and suppose that L is not semisimple. Then, it holds
that Asoc(L) # 0 and L splits over Asoc(L), by [215, Theorem 7.3]. Furthermore,
the minimal abelian ideals of L are one-dimensional by Lemma [I.1.1[ii), so we can
write L = (Fa;®...® Fa,)+B, where Fa, is aminimal ideal of L foreach 1 <i < n,
B is a subalgebra of L, and n > 1.

Let M be a maximal subalgebra of L with a; € M. We shall show that L(®) C
M. Now L = Fa; + M, so M has codimension 1 in L. It follows that L/ M is
as described in [[12| Theorems 3.1 and 3.2]. Also, [Fa;,M;] € Fa,n M = 0. We
consider the three cases given in [12, Theorem 3.1] separately.

Case (a): Here L/ M is one-dimensional, so M = M; and L> C M.

Case (b): Here L/M; is two-dimensional, so L = Fa; + Fm + M; where
me M\ M;.Now L>C Fa; + M, and L® C M; C M.

Case (c): Here L/M; ~ L, (). If m is odd then L, (') is simple. But (Fa; +
M;)/M; is a one-dimensional ideal of L/M, which is a contradiction. Hence m is
even, in which case L,,(I') = Fx+ L, (I")?, where L, (I')? is simple. Put L/M; = L,
and so on. Then L = Fa, @ L? and [L,d,] = O; that is, [L,a,] € M/, whence
L*C M.

In any case we have established that, for any maximal subalgebra M of L, either
a, € M or L™ C M. Suppose that L® # 0. Then L™ # Fa, (since (Fa,)* = 0),
so there is an element x € L™ \ Fa,. Let M be a maximal subalgebra containing
x + a,. Then either a; € M or L'® C M. In each case, Fx + Fa; C M. It follows
that F(x+a,) cannot be an intersection of maximal subalgebras of L, a contradiction.
Hence, L™ = 0 and L is solvable. The result now follows from Lemma [1.1.1]iii).

O

We shall need the following result due to Grunewald, Kunyavskii, Nikolova and
Plotkin for p > 5. However, the same proof works for p > 3 by using the Corollary
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in page 180 of [210]]. Alexander Premet has pointed out that the result is also valid
for p = 3, but that it relies on results that have not yet been published, so we omit this
case.

Lemma 1.1.3. Every simple Lie algebra L over an algebraically closed field F of

characteristic p > 3 contains a subalgebra X with a quotient isomorphic to 31(2, F).

Proof. The proof is the same as for [[106, Lemma 3.2] with the reference to [228, Part
I, Corollary 1.4] replaced by [210, page 180, Corollary]. O

In what follows we shall be studying the lattice of restricted subalgebras of a re-
stricted Lie algebra. From now on, the characteristic of the ground field F will be
assumed to be p > 0.

If L is arestricted Lie algebra, we introduce as “restricted analogues” of earlier
concepts, F, p(L), the Frattini p-subalgebra of L, to be the intersection of the maximal
restricted subalgebras of L, and ¢,(L), the Frattini p-ideal of L, to be the largest
restricted ideal of L which is contained in Fp(L). The abelian p-socle, Apsoc(L), is
the sum of the minimal abelian restricted ideals of L.

Moreover, if S is a subset of L, then we use the symbol (.S') , for the restricted sub-
algebra generated by S, and we put S'?! = (x[?l] x € .S) »- Following Hochschild [[115],
we say that L is strongly abelian if L is abelian and LI?! = 0.

An element x of L is said to be p-algebraic if {x!?!) » 1s finite-dimensional. More-
over, x is said to be semisimple if x € (xIP!) and toral if x!P! = x. An abelian
restricted Lie algebra consisting of semisimple elements is called a forus. An ele-
ment x of L is said to be p-nilpotent if x!P"" = 0 for some n > 0, and L is said to be
p-nil if it consists of p-nilpotent elements. In particular, L is said to be p-nilpotent if
there exists n > 0 such that x[?'" = 0 for every x € L. By Engel’s Theorem, it is easy
to see that every finite-dimensional p-nil restricted Lie algebra is p-nilpotent but, in
general, this can fail in the infinite-dimensional case.

We say that L is cyclic if L = (x), for some x € L. In particular, if the gener-
ator x is p-nilpotent, then L is called nilcyclic. Moreover, L is called locally finite-
dimensional (locally cyclic, respectively) if every finitely generated restricted subal-
gebra of L is finite-dimensional (cyclic, respectively).

Note that, up to isomorphism, for every non-negative integer n there exists a
unique nilcyclic restricted Lie algebra C, of dimension n over F. Every C, embeds
into C,,,, and {C, } 5, with these inclusions forms a direct system. We will consider
the direct limit

C,=1lmC,.

&) 5 n
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Note that C, has an F-basis consisting of elements x, x{, ... such that x([)” 1= 0and
xl[.p I = x;_; for every i > 0. Clearly, C, is the analogue of a Priifer p-group in the
context of restricted Lie algebras.

For afield F of characteristic p > 0 we will denote by F[t, o] the skew polynomial
ring over F in the indeterminate ¢ with respect to the Frobenius endomorphism ¢ of
F. Thus F[t, o] is the ring consisting of all polynomials f = ZiZO A" with respect to
the usual sum and multiplication defined by the condition 7 - A = A”t forevery A € F.
We recall that this ring is a principal left ideal domain, and it is also a principal right
ideal domain in the case when F is perfect (see e.g. [[126] Section 3.1]). As observed
by Jacobson in [127} Section V.8], the study of F[t, o] and its modules turns out to be
a natural tool for several questions concerning abelian restricted Lie algebras.

For a restricted Lie algebra L, we denote by (S(L), V, A) its lattice of restricted
subalgebras. Of course, for every X,Y € S(L) one hasthat X AY = X NnY and
X VY is the restricted subalgebra generated by X and Y, (X,Y),. We will say that
the restricted Lie algebra L satisfies a certain lattice-theoretic property whenever such
property is satisfied by the lattice S(L).

1.2 Distributive and Boolean restricted Lie algebras

Let L be a restricted Lie algebra. In our first result, which will be used later, we
establish when S(L) is the two-elements lattice (in other words, L has no non-zero
proper restricted subalgebras).

Proposition 1.2.1. A restricted Lie algebra L # 0 has no non-zero proper restricted
subalgebras if and only if L ~ L/{f )p Where L = (x), is a free cyclic restricted
Lie algebra and f = Y5 A:xXP is an element of L such that f =Y

irreducible element of the ring F[t,c].

l' .
i0 Ait' is an

Proof. Assume first that L does not have any non-zero proper restricted subalgebras.
Then, for every non-zero element y of L we musthave L = (y) ,, hence L is cyclic. As
a consequence, L is isomorphic to £/( ), for some f =Y, 4,x!P'" € L. Note that
f # 0, as the free cyclic restricted Lie algebra obviously contains non-zero proper
restricted subalgebras. Now, as L is abelian we can regard it as a left module over
F[t, o] with respect to the action defined by the condition ¢ * a = al?! foreverya € L.
Note that S(L) coincides with the lattice of F[¢, o]-submodules of L. Moreover, the
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annihilator ann(x) of the element x is given by the left ideal of F[z, o] generated by
= i>0 /1,~ti, and L is isomorphic as a left F[¢, c]-module to F[¢, c]/ann(x). There-
fore, as such a module cannot be simple if f = gh for some non-constant elements
g, h of F[t, 0], we conclude that f is an irreducible skew polynomial.

For the converse observe that, as F[t, 0] is a left principal ideal domain and f
is irreducible, £/{f) p is a simple F[f,6]-module. In view of the correspondence
between the F[t, o]-submodules and restricted subalgebras of L, this yields the result.

O

Remark 1.2.2. 1t is worth observing that Proposition provides a description of
the composition factors of finite-dimensional solvable restricted Lie algebras. More-
over, in the statement of Proposition [[.2.1 one has that L is either one-dimensional
strongly abelian or a cyclic torus corresponding to whether 4, = 0 or 45 # 0, re-
spectively. However, again by Proposition [[.2.1] the converse is not true, because it
is possible for a cyclic torus to contain non-zero proper restricted subalgebras.

In some cases, the statement of Proposition[I.2.1]takes a particularly simple form.
For instance, if the ground field of L is the field F, with p elements, then F[t, 0] is
nothing more than an ordinary polynomial ring. Furthermore, if F is algebraically
closed, then by combining Proposition[I.2.T} Remark[I.2.2]and [213] Chapter 2, The-
orem 3.6(2)] we conclude that L has no non-zero proper restricted subalgebras if and
only if dim L = 1.

Let L be an ordinary Lie algebra over a field of characteristic p > 0. For the

definition of the minimal p-envelope of L we refer the reader to [213] Section 2.5].
Another consequence of Proposition is the following result.

Corollary 1.2.3. A restricted Lie algebra L # 0 has no non-zero proper restricted
ideals if and only if one of the following conditions hold:

1. L is the minimal p-envelope of a simple Lie algebra;

2. L~ E/(f_)p, where L = (x), is a free cyclic restricted Lie algebra and f=
20 Aix[pli is an element of L such that f = Y- A;t"is an irreducible element
of the ring F[t,c].
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Proof. The claim follows from [27, p. 116] (see also [82, Lemma 6.3]) in the non-
abelian case and from Proposition [[.2.1]in the abelian one. O

We say that a restricted Lie algebra L is distributive if, for every X,Y,Z C L
restricted subalgebras, one has

(X,YNnZ),=(X,Y),n(X,Z),,

or, equivalently,
Xn{Y.Z),={XnY,XNZ),

Recall that this just means that the lattice (£, Vv, A) is distributive in the usual sense. By
a well-known theorem of Birkhoff (cf. [[105, Section II.1, Theorem 1]), a lattice turns
out to be distributive if and only if it does not contain the pentagon or the diamond as
a sublattice.

Now we study when a restricted Lie algebra is distributive. By a classical theorem
of Ore [183]], a group G has a distributive lattice of subgroups if and only if G is
locally cyclic. One might expect that the natural analogue of this result also holds in
the setting of restricted Lie algebras. However, the next example shows that this is
not the case.

Example 1.2.4. Let L = Fx @ Fy be the abelian restricted Lie algebra with p-map
defined by x!?! = y and y!?! = x. Obviously, L is cyclic. On the other hand, L has
p+ 1 distinct restricted subalgebras of dimension 1 given by (x + ¢;y),, where {; is a
(p + D)th root of unity for every i = 1,2,...,p + 1. In particular, S(L) contains the
diamond as a sublattice, and therefore S(L) is not distributive by [105} Section II.1,
Theorem 1].

Distributive restricted Lie algebras are characterised in the following result:

Theorem 1.2.5. A restricted Lie algebra L is distributive if and only if L is abelian
and, for every restricted subalgebra H of L, L/ H does not contain distinct isomor-

phic minimal restricted subalgebras.

Proof. Assume first that L is distributive and let x,y € L. One has (x + y), v
(x), =(x,»), = (x+y),V(»), and so the distributivity of L implies that (x + y),V
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(¢x), N (¥),) = (x.,),. It follows that

9y (x+),
(), N, (x), N, N{x+1),
is cyclic. Moreover, as (x), N (y), is clearly contained in the centre of (x, y),, we
conclude that (x, y), is abelian. Therefore, as in the proof of Proposition we
can regard L as a left F[¢, c]-module of L. Recall that the restricted subalgebras of

L coincide with the F[t, c]-submodules of L. Moreover, it is easily seen that two re-
stricted subalgebras H, and H, of L are isomorphic if and only if they are isomorphic
as F[t, o]-submodules. By [46, Theorem 1], the F[t, o]-module L has a distributive
lattice of submodules if and only if, for every submodule H, the quotient L/H does
not have contain two isomorphic simple submodules. From this the necessity part
follows at once.

Conversely, as L is abelian we can regard it as a left F[t, o]-module. For what
was observed in the first part, for every F[t, c]-module H of L we have that L/ H
does not contain distinct isomorphic simple submodules. Therefore [46, Theorem 1]
ensures that the lattice of F[¢, c]-submodules of L is distributive, which is equivalent

to say that S(L) is distributive, which completes the proof. O

Note that Theorem [I.2.5] together with [83 Theorem 2.4] yield that not every
artinian restricted Lie algebra of finite representation type has a distributive lattice

of subalgebras, contrary to the situation of the lattice of ideals of artinian associative
algebras (cf. [[188| Section 6.7]).

Corollary 1.2.6. Let L be a distributive restricted Lie algebra over a perfect field.

Then, L is locally cyclic. Furthermore, if F = F,, then the converse is also true.

Proof. By Theorem[[.2.5] L is abelian. If H is a finitely generated restricted subal-
gebra of L, then in view of |15} Section 4.3, Theorem 3.1] we have H = (x, )p PD---Pp
(x,), for some elements x|, ..., x, € L. Letus show that H is cyclic by induction on
n. Let n > 1, as otherwise the claim is trivial. By the induction hypothesis we have
(x1), @ - @ (x,_1), = (y), for a suitable y € L. Since L is distributive, the same
argument used in the first part of the proof of Theorem yields H ~ (y + x,),,
which completes the inductive step.
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Now, assume that F = F, and L is locally cyclic. Then L is abelian and so it
can be regarded L as a left F[t,c]-module. Notice that in this case F[t, o] is just
the ordinary polynomial ring F,[¢]. Let A, B,C € S(L). We need only to show
that (A+ B)Nn(A+ C) C A+ (Bn (), as the other inclusion is trivially true. Let
x€(A+B)N(A+C). Thenx = a; + b = a, + c for some a;,a, € A, b € B and
¢ € C. Since L is locally cyclic, there exists y € L such that (a;,a,,b,c), = (y),. It
follows that

M,=(An,)+ (Bn(),) =(An(y),)+(Cn(),). (12.1)

If An(y), =0, thena; = a, = 0and x € BN C. On the other hand, if BN(y), =0,
then x = a; € A and, analogously, if C N (y), = 0, then x = a, € A. Thus we may
assume that A, B and C meet (y), non-trivially. Consider (y), as a left module over
the ring F,[7]/ann(y). As the class of cyclic restricted subalgebras is closed under
restricted subalgebras, there exist f, g, h € F,[f] /ann(y) such that

AN, =(f*y)p BNW),=(&*y), CnN(y),=(h*y),

Since F,[r]/ann(y) is a commutative principal ideal domain, by relation (I.2.1) we
see that gcd(f,g) = ged(f,h) = 1 and so ged(f,gh) = 1. Therefore there exist
¢, § € F,lt]/ann(y) such that £f + {gh = 1. Note that (gh) * y = (hg) * y €
BN Cn{(y), Asaconsequence, we get

y=(Ef+¢ghxye (An(y),) +(BNCn(y),) CA+(BNC).
Therefore x € (y), € A+ (B n C), which completes the proof. O

Remark 1.2.7. In view of Example[1.2.4] the second part of Corollary does not
hold when F is an arbitrary perfect field of characteristic p > 0.

We now deal with finite-dimensional p-nilpotent restricted Lie algebras. We have
the following result:

Theorem 1.2.8. Let L be a finite-dimensional p-nilpotent restricted Lie algebra. Then

the following conditions are equivalent:
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1. L is distributive;
2. the lattice of restricted subalgebras of L is a chain;

3. L is nilcyclic.

Proof. Suppose first that the lattice of restricted subalgebras of L is distributive.
By [164, Corollary 5.2(ii)] we have ¢,(L) = [L, L] + L1 Tt follows that L/d)p(L)
is strongly abelian and so every vector subspace of it is a restricted subalgebra. Con-
sequently, as the lattice of subalgebras of L/¢,(L) is distributive, we must have
dimL/¢,(L) < 1. Lets € L, s & ¢,(L). As the image of s in L/¢,(L) spans
L/ ¢,(L), it follows from [199, Lemma 3.1(2)] that s generates L as a restricted ideal.
As L is abelian (by Theorem[1.2.5)), we conclude that L is nilcyclic.

Now suppose that L is nilcyclic and let x be a generator of L. If # is the minimal
integer such that x'?!" = 0, then the restricted subalgebras of L are of the form (x?!") ’
fori = 0,1,...,n. In particular, the lattice of restricted subalgebras of L is a chain

and so distributive, which completes the proof. O

In the next result we consider p-nil restricted Lie algebras of arbitrary dimension.
We will prove that, up to isomorphism, the only infinite-dimensional p-nil restricted
Lie algebra with a distributive lattice of restricted subalgebras is C,.

Corollary 1.2.9. Let L be a p-nil restricted Lie algebra. Then L is distributive if and

only if it is either nilcyclic or isomorphic to Cy,.

Proof. By Theorem [I.2.§] the claim holds when L is finite-dimensional. Suppose
then that L has infinite dimension. The condition is clearly sufficient, as the restricted
subalgebras are given by the chain0=C, G C; S C, G - C C.

Conversely, suppose that L is distributive. By Theorem [1.2.5| we have that L
is abelian and so, as it is p-nil, if H is a finitely generated restricted subalgebra of
L, then H is p-nilpotent and has finite dimension n. Now, by Theorem [I.2.8] H is
nilcyclic, and moreover, by Theorem [I.2.5] H is the unique restricted subalgebra of

L of dimension n. This implies that L ~ C_, and the claim follows at once. O

For restricted Lie algebras defined over algebraically closed fields we have the
following result:
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Theorem 1.2.10. Let L be a restricted Lie algebra over an algebraically closed field.
Then L is distributive if and only it is isomorphic to a restricted subalgebra of T ®C,,,

where T is a one-dimensional torus.

Proof. Assume first that L is distributive. We can suppose that L is not p-nil, oth-
erwise the assertion immediately follows from Corollary [I.2.9] By Theorem [I.2.5]
we know that L is abelian, therefore the semisimple elements of L form a torus T’
(see [213} Chapter 2, Proposition 3.3(3)]) and the p-nilpotent elements form a p-nil
restricted subalgebra P. We claim that every element of L is p-algebraic. Suppose
to the contrary that there is an element 2 € L that is not p-algebraic. Then & gen-
erates a free restricted subalgebra H. Since H/ (h[l’]2 — h), is isomorphic to the
restricted Lie algebra of Example [1.2.4] we deduce that its lattice of restricted sub-
algebra is not distributive, a contradiction. As a consequence, by [213| Chapter 2,
Theorem 3.5], for every x € L we can consider its Jordan-Chevalley decomposition,
ie., x = x, + x,, where x is semisimple, x, is p-nilpotent, and [x,, x,] = 0. This
shows that L = T @ P. Suppose, if possible, that there exist two F-linearly inde-
pendent elements x; and x, of T'. Since F is algebraically closed, by [213, Chapter
2, Theorem 3.6] the finite-dimensional torus (x;, x, ), has a basis consisting of toral
elements. In particular, L contains two distinct isomorphic minimal restricted subal-
gebras. This contradicts Theorem [I.2.5] and thus T is one-dimensional. Moreover,
by Corollary[I.2.9]we have that P is either nilcyclic or isomorphic to C,. In any case,
L is isomorphic to a restricted subalgebra of T @ C,,.

Let us prove sufficiency. Since sublattices of a distributive lattice are again dis-
tributive, it is enough to prove that S (T (4] Cm) is distributive. Also, as T @ C, is
abelian, in view of Theorem it suffices to show that for every restricted subal-
gebra H of T @ C,, (T (<) Coo) /H does not contain distinct isomorphic minimal
restricted subalgebras. Suppose first that H ¢ C,,. As the ground field is alge-
braically closed, by [213} Chapter 2, Theorem 3.6(2)] we have T = Fy with yl?l =y,
Leth € H, h & C,,. Then we can write h = Ay + pc forsomec € C and A,y € F
with A # 0. For a sufficiently large n we have hlP" = A”"y, which shows that both y
and ¢ are in H. This entails that H is of the form H = T @ P for some restricted
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subalgebra P of C,,. It follows that (T @ C,,) /H is either zero or isomorphic to
C,,, so it does not contain distinct isomorphic (minimal) restricted subalgebras. Now
suppose H C C_,. Then (T ® Coo) /H is either isomorphic to T orto T @ C,,. In
the former case, the only restricted subalgebras are zero and T. On the other hand,
for what we have proved above, the restricted subalgebras of T @ C_, are either re-
stricted subalgebras of C_, or of the form T" @ P for some restricted subalgebra P of
C,,- Since these restricted subalgebras are pairwise non-isomorphic, this completes
the proof. O

A restricted Lie algebra L is called complemented if for every restricted sub-
algebra X there exists another restricted subalgebra Y such that X N Y = 0 and
(X,Y), = L. The algebra L is said to be Boolean if it is both distributive and com-
plemented.

Another consequence of Theorem [I.2.5] yields a characterisation of Boolean re-
stricted Lie algebras.

Corollary 1.2.11. A restricted Lie algebra L is Boolean if and only L ~ @;cr1,
where F is a family of pairwise non-isomorphic restricted Lie algebras each having

no non-zero proper restricted subalgebras.

Proof. Let us suppose first that L is Boolean. By Theorem [I.2.5| we know that L is
abelian, and therefore L can be regarded as a left F[t, c]-module. As the restricted
subalgebras of L are exactly the F[t, o]-submodules and L is complemented, it fol-
lows that L is a semisimple left F[¢, c]-module. Hence L is isomorphic to a direct
sum of restricted Lie algebras having no non-zero proper restricted subalgebras, and
by Theorem [I.2.5]these are pairwise non-isomorphic.

Now let us prove the converse. Notice that L is abelian, and thus it can be regarded
as a left F[t,0]-module. The hypothesis forces that such a module is semisimple.
Hence L is complemented. Moreover, as the restricted Lie algebras in F are pairwise
non-isomorphic, every restricted subalgebra H of @71 is of the form H = @1
for some G C F. Therefore L/H does not contain distinct isomorphic minimal re-
stricted subalgebras and Theorem [1.2.5]allows to conclude that L is Boolean, which
completes the proof. O
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Remark 1.2.12. Let L be a restricted Lie algebra. By the previous result and Propo-
sition [I.2.T] we deduce that L is Boolean if and only if it is a direct sum of a family
of restricted Lie algebras of the form L/(f; * x),, where L is a free restricted Lie
algebra generated by the element x and { f;|i € I} is a family of irreducible skew

polynomials that are pairwise non-similar in the sense of [126] Section 3.4].

1.3 Dually atomistic restricted Lie algebras

We say that a restricted Lie algebra L is dually atomistic if every restricted subalgebra
of L is an intersection of maximal restricted subalgebras of L. It is easy to see that if
L is dually atomistic then so is every factor algebra of L, and if L is dually atomistic
then it is ¢ -free.

Lemma 1.3.1. Let L be a dually atomistic restricted Lie algebra. Then:
(i) N(L) is abelian;

(i) M N N(L) is a restricted ideal of L for every maximal restricted subalgebra
M of L; and

(iii) for every subspace S of N (L), (S), is a restricted ideal of L.

Proof. (i) N(L)* C ¢$,(L)=0 by [215} Theorem 6.5] and [164, Theorem 3.5].
(ii) The result is clear if N(L) C M, so suppose that N(L) ¢ M. Then L =
N(L)+ M and

[L,N(L)N M]=[N(L)+ M,N(L)n M]
CNWL?+NLNM>CNUL)NM,
using (i).

(iii) By (i), every subspace of N (L) is a subalgebra of L. Let .S be any subspace
of N(L). Then

(S)p:(S)pnN(L)=< N M>nN(L)= [ M Ny,

MeM MeM
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where M is the set consisting of all maximal restricted subalgebras of L containing
(S),- Therefore, (S}, is an intersection of restricted ideals of L, by (ii), and so is
itself a restricted ideal of L. 0

Proposition 1.3.2. Let L be a dually atomistic restricted Lie algebra over an alge-

braically closed field F. Then L is solvable or semisimple.

Proof. Suppose that L is not semisimple. Then L = N(L)+B= A, ® - ® A,+B,
where B is a restricted subalgebraof Land A; @ --- @ A, = Apsoc(L) # 0, by [164,
Theorems 3.4 and 4.2]. If B = 0, L is nilpotent and we are done. Assume therefore
that B # 0.

Suppose first that N(L) = Z(L). Then, L = Z(L) & B and L? C B. Then we
must have that N(L) = R(L), for, otherwise, there is a minimal ideal A/ N (L) of
L/N(L) with A C R(L). But A is nilpotent, which is a contradiction. Thus, B is
semisimple and Z(L) # 0. Let M be a maximal restricted subalgebra of L. If Z(L)
is not contained in M then M + Z(L) is a restricted subalgebra properly containing
M,so L =M + Z(L)and (B?), = (L*), C M, since L C M and M is restricted.
Hence, either Z(L) or (Bz)p is inside M.

Let z € Z(L) and b € (B?) > and let M be a maximal restricted subalgebra
containing (z + b),. Then z,b € M, so we must have (z), + (b), = (z + b),.
But then b = Y 4,617 + 2IV), s0 b = 7 4,67 and Y 2,27 = 0. If b
is not semisimple, then A, = 1 which implies that z is semisimple, from the second
sum. This must hold for every choice of z € Z(L), so Z(L) is a toral subalgebra
of L, by [213] Chapter 2, Theorem 3.10]. A similar argument shows that if z is not
semisimple then every b must be, in which case (B?) » 1s a torus of L. Hence, either
Z(L) or (B?) » is toral. In the latter case, (B?) » is abelian, contradicting the fact that
B is semisimple. In the former case, both Z(L) and (B?) » have a toral element: z
and b, say. But then (z), + (b), = Fz + Fb # F(z + b) = (z + b),,, a contradiction.

Therefore, suppose that N(L) # Z(L). Then there is a minimal restricted ideal A
with A € N(L)and AnZ(L) = 0. Moreover, if a € A, we have that al?!l € AnZ(L),
so A = Fa with a!?! = 0, by Lemma iii). Let M be a maximal restricted
subalgebra of L such that a ¢ M. We have L = M+A, by [164, Lemma 2.1], so
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M has codimension 1 in L, and, as in Proposition (L) » €& M. It follows
that (L), n A = 0. Choose x € (L)), Then [x,a] € L™ nA = 0. If
(x +a), = (x), + (a),, then we have a = X"  A,(x + )l = 37 AxIPV + Jya.
Hence Ay = 1 and x is semisimple. It follows from [213, Chapter 2, Theorem 3.10]
that (L) is abelian. But this means that L is solvable. O

Proposition 1.3.3. Let L be a solvable restricted Lie algebra over any field F. If L

is dually atomistic then
L~ (£/<f1>p 2R £/<f_r>p @D Fx. . DD Fxn) +Fb,

where r 2 0, but r # n, b is toral, L = (x), is a free cyclic restricted Lie algebra
and f; = ZZ’;O A xP* is an element of L such that f, = ZZ’ZO A t* is an irreducible

element of the ring F[t,c].

Proof. The nilradical N (L) is non-zero and abelian by Lemma i). As Lis ¢,-
free, L = N(L)+ B for some restricted subalgebra B of L, and N(L) = Apsoc(L) =:
A, by [[164, Theorems 3.4 and 4.2]. Let a € A. Then Cy(A) is a restricted ideal of L
and Cz(A) N A =0, so Cz(A) = 0 and B acts faithfully on A. Also adz(a) =0 and
so ad (al?!) = 0, whence al?! € Z(L) for all a € A.

Wecanwrite A = A @---@A,, where A, is an minimal abelian restricted ideal of
L for 1 < i < n. Moreover, A; ~ L/(f;),, where f; = Z:;O A x1P% s an element of
L such that f; = Z:;O A, t* is an irreducible element of the ring F[t, o], by Lemma
[1.3.1{iii) and Proposition Let A, ® - ® A, = Z(L), where r > 0. Since
B acts faithfully on A, we cannot have r = n. Then [B,A] = A, ® - D A, =
Fx,. . @ - & Fx,. Now Cp(x;) is a restricted ideal of L, so Cg(x;) = 0 for each
r+1<i<n Letb,b, € B. Then [b;,x,] = A;x,forsome 0 # 4, € F,i=1,2.
But then [A,b; — 4,b,,x,] = 0, whence b, and b, are linearly dependent and B is
one-dimensional. Choose B = Fb such that [b, x,,] = x,,. Let b!?! = ub. Then
X, = [b[P],xn] = ulb, x,] = pux

n n»

so i = 1 and b is toral. ]
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We introduce another piece of notation before presenting the following results.
We say that a Lie algebra is restricted dually atomistic if it is restricted and every
subalgebra is an intersection of maximal subalgebras.

Proposition 1.3.4. Let L be a perfect restricted dually atomistic Lie algebra. Then

every subalgebra of L is restricted.

Proof. Arguing as in [164, Lemma 3.7], it is immediate to prove that every maximal
subalgebra of L is self-idealising. It follows from [164, Lemma 3.9] that every maxi-
mal subalgebra of L is restricted. The result now follows from the fact that L is dually

atomistic. O

Theorem 1.3.5. There are no perfect restricted dually atomistic Lie algebras over an

algebraically closed field.

Proof. Suppose that L is a counterexample of minimal dimension. Proposition [[.3.4]
yields that L is simple as a Lie algebra, and hence its absolute toral rank is just the
dimension of a maximal torus 7. Given two linearly independent elements x,y € T,
Proposition [1.3.4] forces 0 # (x + 4y)?) € F(x + Ay) for all A € F, but this cannot
happen since F is algebraically closed. Hence, L has absolute toral rank 1.

Now, if F has characteristic p = 2,3, then [211, Theorem 6.5] yields that L is
solvable or isomorphic to 8[(2, F) or to p3L(3, F). Otherwise, L has a restricted sub-
algebra with a quotient isomorphic to 8[(2, F), by Lemmall.1.3|and Proposition[I.3.4]
But both 81(2, F)) and p3I(3, F) have elements which are neither semisimple nor p-
nilpotent, which clearly contradicts Proposition[1.3.4] O

As well as the three-dimensional non-split simple Lie algebra, which is dually
atomistic in the characteristic zero case, there exist other perfect dually atomistic sim-
ple restricted Lie algebras over a perfect field which is not algebraically closed. For
example, let L be the seven-dimensional simple Lie algebra over a perfect field of char-
acteristic 3 constructed by Gein in [93| Example 2]. This algebra L can be endowed
with a [p]-map such that every element is semisimple. Any two linearly independent
elements of L generate a three-dimensional non-split restricted subalgebra which is
maximal in L. Any second-maximal restricted subalgebra is then one-dimensional,
and every one-dimensional restricted subalgebra X is inside more than one maximal
restricted subalgebra whose intersection is X.



28 1 On the subalgebra lattice of a restricted Lie algebra

We finish this section by studying the so-called atomistic restricted Lie algebras,
those in which every restricted subalgebra is generated by minimal restricted subal-
gebras.

Proposition 1.3.6. A restricted Lie algebra L over an algebraically closed field is
atomistic if and only if every p-nilpotent cyclic restricted subalgebra is one-dimension-

al.

Proof. Note that L is atomistic if and only if all its cyclic restricted subalgebras are
atomistic. Consider the cyclic restricted subalgebra C, whose semisimple elements
form a torus 7', and whose p-nilpotent elements form a p-nilpotent restricted subal-
gebra P. By [213, Chapter 2, Theorem 3.6], T is atomistic. From [213| Chapter 2,
Theorem 3.5], it follows that C =T @ P, so C is atomistic if and only if P is atom-
istic. But this is equivalent to requiring that dim P = 1 by Theorem[I.2.8] The result
follows. O

1.4 Restricted quasi-ideals

A restricted subalgebra X of L is called a restricted quasi-ideal of Lif [X,Y] C X+Y
for all restricted subalgebras Y of L. Clearly, every restricted subalgebra that is a
quasi-ideal is also a restricted quasi-ideal.

Lemma 1.4.1. If X is a restricted subalgebra of L, then X is a restricted ideal of
L.

)[p] is an ideal of L inside X. O

Proof. Simply note that (X I

Proposition 1.4.2. Let L be a restricted Lie algebra over a perfect field. Then, L

is a restricted quasi-ideal if and only if it is an ideal of L.
Proof. Suppose that L] is a restricted quasi-ideal of L. Then, for all x € L
[LP), x] € L + (x), = L"' + Fx,

so LIP! is a quasi-ideal. Suppose that LI?! is not an ideal of L, and factor out (L[p]) I
so we can assume that LI?! is core-free. Then, by [11, Theorem 3.6], there are three

possibilities which we will consider in turn.
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Suppose first that L) has codimension 1 in L. Define (L[P])l_ as in [12, (5)].
Then every element x € L can be written as x = x, + x,,, where x is semisimple and
x, is p-nilpotent, by 213 Theorem 3.5]. Moreover, all semisimple elements belong
to LIP!, so L = LIP! + Fx for some p-nilpotent element x. Suppose that xPr = 0.
Now (LW). = {y e L | [y, x] € L} fori > 0, by [12, Lemma 2.1(b)]. Hence
[y,ph x] = [y,x[l’]h] = 0 for h > k. Also, (L[”])O = LIPl and (L[p])i+1 - (L[p])i for
i >0,s00 = (L[p])L = nl?‘io(L[p])i = L] by [[12, Lemma 2.1], contradicting the
fact that L!?! is not an ideal of L.

On the other hand, |11, Theorem 3.6(c)] cannot hold, as the three-dimensional
simple Lie algebra W (1,2)? over a field of characteristic 2 is not restrictable. To see
this simply note that the derivation ad(x) is not inner.

Finally, suppose that [11, Theorem 3.6(d)] holds. Then L = L*+ Fy where ad(y)
acts as the identity map on L? and LIP! = Fy. Let x € L?>. We have ad’(y) = ad(y)

and ad’(x) = O for every x € L. Therefore, as L is centreless, the p-map of L

is determined by the conditions y!?! = y and x!?! = 0. This implies L") = L, a
contradiction.
The converse is straightforward. O

Proposition 1.4.3. Let L be a restricted Lie algebra such that every restricted subal-
gebra of L is a restricted quasi-ideal. Then L*> C LIP). It follows that L*> = LP*!; in

particular, if L is nilpotent, then L has nilpotency class at most 2.

Proof. By Proposition L7 is a restricted ideal. Factor out LI”!, so we can
assume that L?! = 0. Then every subalgebra of L is a quasi-ideal. If L is not abelian
then it is almost abelian, by [11, Theorem 3.8], so L = L? + Fy, where ad(y) acts as
the identity map on L% But then, if 0 # x € L2,0 = [y, x] = x, a contradiction.
It follows that L2 = 0. If p # 2, we are done. Assume then that p = 2, and suppose,
by contradiction, that L has nilpotency class n > 2. Set H = L/C,_5(L), which has
nilpotency class 3. By [14, Chapter 16, Proposition 1.1], H does not satisfy the second
Engel condition, and therefore there exist x, y € H such that [x, 21 = [[x, y], y] # 0.
Set X, y to be preimages of x, y in L, and note that )?[212, )7[2]2, %21 521 C,_;(L).
Then, by hypothesis we can write [x, y12'] = A;x + 4,x[?! + ;12! for some 4; € F,
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i = 1,2,3. Also we have that [[x, y1?],z] = 0 for any z € H. Taking z = y%!, we
obtain that A, = 0; taking z = x, that A; = 0; and taking z = y, that [x!?,y] = 0.
Now, write [x, y] = A4x+/15x[2]+/16y+ﬂ7y[2], forsome A; € F,i=4,...,7. Butthen
[x, Y21 = [[x,¥],¥] = A4lx,y], and 0 = [[x, y], y?!] = A4[x, y'?1]. Consequently,
A4 = 0, a contradiction. O

Lemma 1.4.4. Let L be a restricted Lie algebra over an algebraically closed field
in which every restricted subalgebra is a restricted quasi-ideal. If H is a Cartan

subalgebra of L, then L has root space decomposition
L=H+ (®a€d> (La-i_L—a) Gaﬂe‘ll Lﬂ) ’

where ® is the set of roots a for which —a is also a root, and ¥ is the remaining set

of roots.

Proof. Let T be a maximal torus, H = C;(T) and let L = H+ L, be the corre-

sponding root space decomposition. Then
[x4, X5l = Ax, + px5 + h for some h € H,

since L([f] C H for all a € 1II, by [213} Corollary 4.3]. But [La,Lﬂ] C La+ﬁ, S0,
either [Ly, Lyl = 0 or [L,, Lgl C H anda+ f =0. If [Ly, Lgl = 0 for @ # p then

[L_4. Lyl = 0 also, giving the root space decomposition claimed. O

From now on assume that every restricted subalgebra of L is a restricted quasi-
ideal of L. Let .S be the subspace spanned by the semisimple elements of L and
let P be the subspace spanned by the p-nilpotent elements of L. Then .S and P are
subalgebras of L, since [x, y] € (x),+(y),, and, if F is perfect, L = .S+ P. Moreover,
both are restricted, since

p—1
(Ax + py)P = APxlPl 4 pr Pl 4 N s (x, ),

i=1

and x!?!, ylP! are semisimple/p-nilpotent if x, y are, and s;(x, y) € (x, y)?.

Restricted Lie algebras over perfect fields all of whose restricted subalgebras are
ideals were characterised in [207]]. The next proposition addresses a similar issue for
restricted quasi-ideals, with the additional condition of L been nilpotent.
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Proposition 1.4.5. Let L be a nilpotent restricted Lie algebra over a perfect field.
Then every restricted subalgebra of L is a restricted quasi-ideal of L if and only if
L =T @& P, where T is a torus and P is a p-nilpotent ideal in which every restricted

subalgebra is a restricted quasi-ideal.

Proof. Suppose that every restricted subalgebra of L is a restricted quasi-ideal of L.
By Proposition L3 =0and LP! € Z(L). Then, forall x,y € L, (x + y)P! =
x[Pl + ylPl 5o S, P are just the sets of semisimple and p-nilpotent elements of L
respectively. Take T = S. ThenTNP =0and T C Z(L). Itfollowsthat L =T & P
and that T is a torus.

The converse is straightforward. 0

Corollary 1.4.6. Let L be a restricted Lie algebra over an algebraically closed field of
characteristic different from 2 in which every restricted subalgebra of L is a restricted
quasi-ideal of L. Then L has a Cartan subalgebra H such that H =T @ P where T
is a torus and P is the set of p-nilpotent elements in H, and L = T+N where N is
an ideal, N3 = 0 and N'?! C Z(H).

Proof. We have that L has the form given in Lemma [I.4.4]and H = T @ P, by
Proposition Now Li = Lz_a = L; = 0 since 2a, —2a and 2 are not roots. For
everyh € H,a € I1 = dUY, wehave that [h, x,] € ((h>p + (xa>p)nLa, so[h,x,] =
Ax, for some A € F; that is, A acts semisimply on L,. Also « (x([xp]> = 0, by [213,
Chapter 2, Corollary 4.3 (4)]. It follows that [x”), x_,] = 0. Similarly, [x""), x,] = 0.
Now [x,,x_,] € (x([xp])p + (x7) » S0, IfN=P+3 o (Ly+L_,)+ Ypew Ly we
have N3 =0and N?! C Z(H). O

1.5 J-algebras and lower semimodular restricted Lie alge-
bras
For this section, it will be useful to handle the following result.

Lemma 1.5.1. Let L be a restricted Lie algebra over an algebraically closed field. If

L is supersolvable, then L admits a complete flag made up of restricted ideals of L.
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Proof. Plainly, it is enough to show that L has a one-dimensional restricted ideal,
from which the conclusion will follow by induction. Suppose dim L > 1, the claim

being trivial otherwise. Consider a complete flag
0=LyGL G GL,=L

of ideals of L. If the ideal L, is restricted, then we are done. Thus we can suppose
that there exists x € L, such that x!?! ¢ L,. As L, is an abelian ideal, the restricted
subalgebra H generated by x!?! is contained in the centre of L. Since the ground field
is algebraically closed, by [213, Chapter 2, Theorem 3.6] we see that H contains a
toral element . We conclude that I = Ft is a one-dimensional restricted ideal of L,

as desired. OJ

Note that the assumption that the ground field is algebraically closed is essential
for the validity of Lemmal[I.5.1] In fact, over arbitrary fields of positive characteristic,
there can be cyclic restricted Lie algebras of arbitrary dimension with no non-zero
proper restricted subalgebras, as Proposition [I.2.1] shows.

Let L be a restricted Lie algebra. A restricted subalgebra X of L is called lower
semimodular in L if X N'Y is maximal in Y for every restricted subalgebra Y of L
such that X is maximal in (X,Y),. We say that L is lower semimodular if every
restricted subalgebra of L is lower semimodular in L.

If X, Y are restricted subalgebras of L with X C Y, a J-series (or Jordan-
Dedekind series) for (X,Y) is a series

X=XoGX G GX, =Y

of restricted subalgebras such that X; is a maximal subalgebra of X; ; for0 <i <
r — 1. This series has length equal to . We shall call L a J-algebra if, whenever X
and Y are restricted subalgebras of L with X C Y/, all J-series for (X, Y) have the
same finite length, d(X,Y). Putd(L) = d(0, L).

Proposition 1.5.2. For a solvable restricted Lie algebra L over an algebraically

closed field, the following are equivalent:

(i) L is lower semimodular;
(ii) L is a J-algebra; and

(iit) L is supersolvable.
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Proof. (1)=(ii): This is just a lattice theoretic result (see [26, Theorem V3]).
(i1)=>(iii): We first show by induction on dim L that there exists a series of restricted
subalgebras from zero to L having length dim L. Suppose L # 0. As L is solv-
able, it follows from [213, Section 2.1, Exercise 2] that (L(1)> » # L, so the inductive
hypothesis ensures the existence of a series of restricted subalgebras

X=X, G X G ¢X, =(LY),

with dim X; = i for all 0 < i < r. Moreover, as L/(L"), is abelian, Lemma
yields the claim.

Now, by hypothesis, all J-series of restricted subalgebras from zero to L have
length dim L, and consequently all maximal restricted subalgebras have codimension
1 in L. On the other hand, if M is a maximal subalgebra of L which is not restricted,
then pick an element x of M such that x!? ¢ M. Then M + Fx!?! is a subalgebra
of L properly containing M, so M + Fx!?! = L by the maximality of M. Therefore,
every maximal subalgebra has codimension 1 in L, which allows to conclude that L
is supersolvable, by [19, Theorem 7].

(iii))=>@1): Let X,Y be restricted subalgebras of L such that X is maximal in
(X,Y),. By Lemma X has codimension 1 in (X, Y),, which forces (X,Y), =
X + Y. It follows that dm (Y /(X NnY)) =dim((X +Y)/X) = 1, whence X NY is
maximal in Y, completing the proof. O

Note that the assumption of solvability is actually needed in the previous result.
In fact, consider the restricted Lie algebra L = 3[(2, F') over an algebraically closed
field F of characteristic p > 2. Then all J-series of restricted subalgebras of L have
length 3, despite the fact that L is simple.

1.6 Upper semimodular restricted Lie algebras

Let L be a restricted Lie algebra. We say that a restricted subalgebra X of a restricted
Lie algebra L is upper semimodular in L if X is maximal in (X,Y), for every re-
stricted subalgebra Y of L such that X N Y is maximal in Y. The restricted Lie
algebra L is called upper semimodular if all of its restricted subalgebras are upper
semimodular in L.
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This section is devoted to study the structure of upper semimodular restricted Lie
algebras over algebraically closed fields. In particular, our main aim of this section is
to prove the following result:

Theorem 1.6.1. Let L be a restricted Lie algebra over an algebraically closed field.

The following conditions are equivalent:

(i) L is upper semimodular;
(ii) L is modular;
(iii) every restricted subalgebra of L is a restricted quasi-ideal.

Moreover, if one of the previous statements holds, then L is either almost abelian or
nilpotent of class at most 2.

We start with some preliminary results.

Let L be an almost abelian Lie algebra over a field F of characteristic p > 0.
Suppose that L = A+ Fx, where A is an abelian ideal and x acts as the identity map
on A. It is immediate to check that L is restrictable and also centreless, so it admits
a unique p-map by [213] Chapter 2, Corollary 2.2]. Explicitly, this p-map is given by
al?! =0 forall a € A and x? = x.

Lemma 1.6.2. Let L be an upper semimodular restricted Lie algebra over an alge-

braically closed field. If L is generated by two distinct one-dimensional restricted
subalgebras X and Y, then L is two-dimensional.

Proof. Let Z be a non-zero proper restricted subalgebra of L. Assume first that X C
Z,Y € Z. As XNY = 0is maximal in Y, X must be maximal in L, yielding Z = X.
Assume now that X,Y ¢ Z and take a one-dimensional restricted subalgebra Z’ of
Z. By the previous case, (X, Z'), = L. Since X N Z' = 0 is maximal in X, Z" is
maximal in L and Z = Z’. Thus, all non-zero proper restricted subalgebras of L are
one-dimensional, and it follows from [240, Lemma 1.6] that L is two-dimensional.

O

Lemma 1.6.3. Let L be a non-abelian upper semimodular restricted Lie algebra over
an algebraically closed field generated by three one-dimensional restricted subalge-

bras. Then, L is centreless.
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Proof. Let Fx, Fy, Fz be three distinct one-dimensional restricted subalgebras gen-
erating L and suppose, by contradiction, that Z(L) # 0. Note that we can take x to be
either toral or such that x!?! = 0. By Lemma and without loss of generality, we
may also assume x € Z (L) and that (y, z) » s almost abelian, with [y, z] = z, ylrl =y
and z[P! = 0. If x[P = 0, then (x + z), N Fy = 0is maximal in (x + z),, but Fy is
not maximal in (x + z, y), = L, a contradiction. On the other hand, if x is toral, then

x€(x—2z), C{x+y,y+2z),

so(x+y,y+2z),= L. Now(x+y),n{(y+z),=0is maximal in (x + y),, but

(¥ + z), is not maximal in L, a contradiction. ]

Proposition 1.6.4. Any upper semimodular restricted Lie algebra L over an alge-
braically closed field generated by its one-dimensional restricted subalgebras is either

abelian or almost abelian.

Proof. By Lemma all the restricted subalgebras of L generated by two one-
dimensional restricted subalgebras are abelian or almost abelian. Suppose that (y, x),
is almost abelian, where F'y, Fx are restricted subalgebras of L with [y, x;] = xy,
y!?l = y and x[lp] = 0. Write L = (y,xy, ... ,xs>p, where y, x(, ..., x, are linearly
independent.We claim that (y, x;), is almost abelian for i = 2, ..., s. Suppose other-
wise that [y, x;] = 0 for some i # 1. By Lemma[I.6.3] we must have [x,x;] # 0.
Then (x;, x;), would be almost abelian and [x, x;] = Ax, for some 4 € F, 4 # 0.
But then y + A7!x; € Z ((y,xl,xi>p) = 0 by Lemma a contradiction. Note
also that [y, x;] & Fy, as otherwise y!?! = 0. Therefore, we can clearly assume that

[y, x;] = x;. Fori # j write [x;, x;] = 4;;x; + p;;x;. We have

0 = [[y. x;1, x;1 + [[x;, x;1, y1 + [[x;. ¥1, x;]
= Ayxg HipX; = AXp — X+ Ax X

= AijX; + X,

hence 4;; = p;; = 0.
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Therefore, L = (x, ..., x,),+Fy is an almost abelian restricted Lie algebra of

dimension s + 1, as desired. O

Note that the hypothesis of F being algebraically closed is essential for our results.
Indeed, the Lie algebra L over a perfect field of characteristic 3 given by Gein in [93,
Example 2], with the p-map indicated in Section[I.3] is upper semimodular, generated
by its minimal restricted subalgebras and semisimple. The reader could ask if, ruling
out the hypothesis of F being algebraically closed, any upper semimodular restricted
Lie algebra generated by its minimal restricted subalgebras would be abelian, almost
abelian or semisimple, in a way somehow similar to the situation in the ordinary Lie
algebra setting (see [92]]). However, this is not the case either: the restricted Lie
algebra Fx @ L, with x[?! = 0, is generated by its minimal restricted subalgebras and
it is upper semimodular, but it is neither abelian, nor almost abelian, nor semisimple.
Furthermore, it is even possible to pick a modular restricted subalgebra of Fx @ L
which does not lie in any of these three cases.

Proposition 1.6.5. Let L be an upper semimodular restricted Lie algebra over an
algebraically closed field. Let B be the restricted subalgebra generated by the one-

dimensional restricted subalgebras of L. If B is almost abelian, then L = B.

Proof. Assume L # B. By Proposition [I.3.6] there exists a p-nilpotent element x €
L with order of p-nilpotency 2. Write B = A+Fy, where A is a strongly abelian
restricted ideal of B, and y is a toral element which acts as the identity map on A.
Since x!”! € A, we have ad”(x)(y) = [x!?), y] = —x[P!. Set w = ad”~' (x)(y), and note
that [x, w] = —x[?! and [x!7), w] = [x, w!?!] = 0.

As (x), N (xlr1, V), = Fx!P! is maximal in (x[?!, V), = Fx!P! + Fy, one has that

(x), must be maximal in (x, xP1, ¥), =(x,y), We have

(x), G (x.10), € (x.),.

It follows that y € (x, w), = (x), + (w),, from which [x, y] = A[x, w] = —Ax!P1, for
some A € F. But then

—xP! = ad?(x)(y) = —Aad” ! (x)(x[P!) = 0,

a contradiction. Therefore, L = B and L is almost abelian. O
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Theorem 1.6.6. Any upper semimodular restricted Lie algebra L over an algebraically
closed field is either abelian, almost abelian or of the form

L=(x1,...,x,,B>p,

where x; is p-nilpotent of nilpotency order n; > 1 foralli =1, ...,r, B is an abelian

restricted subalgebra and [L, L] C (xy, ..., X,),.

Proof. Let B be the restricted subalgebra generated by the one-dimensional restricted
subalgebras of L. By Proposition [1.6.4] B is either abelian or almost abelian. If
L # B, then B is abelian by Proposition[1.6.5] and every x; ¢ B is p-nilpotent of
p-nilpotency order n; > 1 by Proposition[1.3.6]

To prove that [L, L] C (x,...,X,),, it suffices to see that [x;,b] € (x;),, for
i =1,...,rand b € B such that (b), is one-dimensional. Take sucha b € B. If
b € (x;),, then we are done. Otherwise, (x;), N (b), = 0 is maximal in (b), = Fb,
and then (x;), must be maximal in (x;, b),. Write w = ad’_l(xi)(b) #+ 0, where r is

such that ad”"(x;)(b) = 0. We have the following chain of inclusions

(xi>p g ('xi’ w)p g <xi’b>p'

Then, w € (x;),. Assume now that ad" ¥ (x,)(b) € (x;), for some k > 1, and set
w' = ad"~*"!(x,)(b). Again, it is clear that

<xi>p g <xi’w,>p g <xi’b>p7

where one inclusion has to be an equality. By assumption, if b € (x;, w'), = (x;), +
(w'),, then [x;,b] € (x;),. Therefore w' € (x;),, and by induction we have that
[x;, b] € (x;),- O

Note that, although any abelian or almost abelian restricted Lie algebra is upper

semimodular, the converse of Theorem [I.6.6]does not hold, as the following example
shows.

Example 1.6.7. Let L = (x, y, z), with xPP = yPl = zIPl = 0 and [x,y] = z as
the only non-zero product. Then the restricted subalgebra B = Fx"! @ Fy @ Fz
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generated by all the one-dimensional restricted subalgebras is abelian. However, L is
not upper semimodular, as (x), N Fy = 0 is maximal in Fy, but (x), is not maximal

in(x,y), = L.

Proposition 1.6.8. Let L be an upper semimodular restricted Lie algebra over an

algebraically closed field. Then, L is almost abelian or nilpotent.

Proof. Assume that L is not almost abelian. Let T" be a torus of L. By [213], Chapter
2, Theorem 3.6], T has a basis consisting of toral elements and therefore T C B,
in the notation of Theorem [I.6.6] Then, the restricted subalgebra S formed by the
semisimple elements of B is the unique maximal torus of L, and [213} Section 2.4,

Exercise 5] yields that L is nilpotent. O

Corollary 1.6.9. Let L be an upper semimodular restricted Lie algebra over an al-

gebraically closed field. Then, L is also lower semimodular and a J -algebra.

Proof. 1t follows from Proposition[I.6.8] and Proposition [I.5.2] O

Proposition 1.6.10. Let L be an upper semimodular restricted Lie algebra over an
algebraically closed field. Then, every restricted subalgebra of L is a restricted quasi-
ideal.

Proof. By Proposition [I.6.8] L is either almost abelian or nilpotent. If L is almost
abelian, then we are done, so suppose that it is nilpotent. Let x,y € L. If x, y are
semisimple, then we have that x,y € B and [x, y] = 0. If x is semisimple and y is
p-nilpotent, then x € B and we get that [x, y] € (y),asin Theorem If x, y are p-
nilpotent, we claim that [x, y] € (x),+(»),. Indeed, let s be the sum of their orders of
p-nilpotency. We will proceed by induction on s. If s = 2, then x, y € B and therefore
(x,¥), € (x), + (), Fix now s > 2, and assume that x?! # 0. If x € (x1], y) , it
holds that (x, y), = (x1P1 y) » 18 contained in (xlrly » +(»), by induction. Otherwise,
(x[p])p = (x), N (x[p],y)p is maximal in (x),, so (x[p],y)p is maximal in (x, y),.
Then (x“’J,y)p has codimension 1 in (x, y), and (x,y), = (x), + (xPl, y),- But by
induction, (x!), y) € (xIP1) + (y),.
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Now take x, y two arbitrary elements in L and consider their Jordan-Chevalley
decompositions, x = x; + x, and y = y, + y,. The above arguments show that
[x,y] € (x,), + (¥,),- Since pr]r € (x), and yEp]t € (), for r and ¢ large enough
and x, y, are semisimple, we get that x, € (x), and y, € (y),. It follows that
[x,y] € (x), + (), O

The following easy lemma is all what is left to prove Theorem [I.6.1] We need a
simple consideration first.

Let X be a restricted quasi-ideal of a restricted Lie algebra L. Then, for every
restricted subalgebra Y of L, it holds that X +Y = (X,Y), is a restricted subalgebra
of L.

Lemma 1.6.11. Let L be a restricted Lie algebra in which every restricted subalgebra
is a restricted quasi-ideal. Then, L is modular, and consequently, upper semimodular

and lower semimodular.

Proof. Let X, Y and Z be restricted subalgebras of L such that X C Z. Take z €
(X,Y)pn Z=(X+Y)nZ, and write z = x + y forsome x € X, y € Y. Then
x € Z, yielding that y € Y N Z. Therefore, z € X + (Y N Z) = (X,Y n Z),,. Then,
L is modular. O

Proof of Theorem It follows from the combination of Proposition [1.6.8]

Proposition [I.6.10] Proposition[I.4.3]and Lemma([I.6.11] O
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CHAPTER 2

The non-abelian tensor product of
restricted Lie superalgebras

In this chapter, we define a non-abelian tensor product for restricted Lie superalge-
bras and study some of its properties, especially its relation with universal central
extensions.

Introduction

Lie superalgebras originally appeared associated to certain generalised groups, today
known as formal Lie supergoups, in the decade of 1930. However, it was not until
forty years later when these objects achieved real importance in the mathematical
and physical communities, due to their connection with the theory of supersymmetry
(see [21,[192], for example). This theory intended to provide a unified treatment for
bosons and fermions, the two classes of elemental particles composing the universe,
and to model the transitions between them. Lie superalgebras are a key object in
this framework, and this motivated a deep study not only from the perspective of
mathematical physics, but also from a purely algebraic approach. Examples of this can
be the celebrated classification of finite-dimensional simple Lie superalgebras over an
algebraically closed field of characteristic zero by Kac [[133], its real counterpart [206]
or the partial results towards a classification of simple Lie superalgebras of infinite
dimension (for instance [[134]]).

As it happens in the non-graded case, to deal with modular Lie superalgebras it
is convenient to handle restricted Lie superalgebras. Since its introduction in 1988
by Mikhalgv [[175], they have proved to be useful to obtain new results about the rep-
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resentation theory or the classification of modular Lie superalgebras (see [[15}/31,32]
174,186,225, 226|], among others). They have been studied in many other references
such as [25/811[165,219,224], for example.

On the other hand, non-abelian tensor products have a long history in the literature.
The first occurrence was in the context of groups: indeed, Loday and Brown [36]
defined a tensor product between not necessarily abelian groups acting on each other,
which they called non-abelian in order to avoid confusion with the well-known tensor
product of Z-modules. They also introduced a quotient of this object, the so-called
non-abelian exterior product. After that, Ellis constructed his non-abelian tensor and
exterior products of Lie algebras in [[76]]. These products have been generalised in
different directions, such as for restricted Lie algebras [157]], for crossed modules of
Lie algebras [75/193]], or for Lie superalgebras [91]. In all cases, they have been used
to obtain results about the (co)homology in low dimensions of the respective algebraic
structures, and also to find an explicit construction of the universal central extensions
of the perfect objects, delving in this way in the results stating than an object is perfect
if and only if it admits a universal central extension [[142,/156,/180].

In this chapter, we extend diverse results from [761/91},|142,[156L/157,/180] by in-
troducing a non-abelian tensor product for restricted Lie superalgebras, studying its
basic properties and relating it to central extensions relative to the Birkhoff subcate-
gory of abelian objects Ab. We highlight that our construction generalises that of the
short note [[157] and therefore yields some new results in the ambit of restricted Lie
algebras. However, we do not define a non-abelian exterior product of restricted Lie
superalgebras, nor deal with any (co)homological applications of our conclusions.

Note also that, although we focus mostly on the Birkhoff subcategory Ab, there
exist other Birkhoff subcategories which would be worthy studying, namely the sub-
category OpSLie of restricted Lie superalgebras where the p-map is identically zero,
or the intersection sAb of Ab and OpSLie, i.e. the subcategory formed by the abelian
restricted Lie superalgebras with zero p-map.

pSLie

™

OpSLie

7

Ab

/\
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Therefore, this work needs to be understood as a first step towards a compre-
hensive study of the relationship between the different types of central extensions of
restricted Lie superalgebras and their corresponding (co)homology theories.

The structure of this chapter is as follows. In Section [2.1, we review some ba-
sic theory about the category of restricted Lie superalgebras. Section[2.2]contains the
main definition of this chapter, namely the non-abelian tensor product of two restricted
Lie superalgebras acting on each other, and studies some of its algebraic and categor-
ical properties. Finally, in Section [2.3] we explore the connection of the non-abelian
tensor product with the universal central extensions of restricted Lie superalgebras,
with respect to the Birkhoff subcategory of abelian objects.

Through this chapter, F will denote a field of positive characteristic p > 2. This
assumption is not necessary for all the results of the chapter, but it is essential, for
example, for endowing the Lie superalgebra of derivations of a restricted Lie algebra
L, Der”)(L), with a p-map (and therefore having a natural definition of actions of
restricted Lie superalgebras), or for constructing the universal enveloping algebra of
L. Unless otherwise stated, all the vector (super)spaces and (super)algebras in this
paper will be considered over F. The symbol + will denote the direct sum as vector
(super)spaces, while the symbol @ will be reserved for direct sums of (super)algebras.

2.1 Preliminaries on restricted Lie superalgebras

This section intends to give a basic review on the category pSLie of restricted Lie
superalgebras. Most of the results were obtained by combining the existing theories
on Lie algebras, Lie superalgebras and restricted Lie algebras (see [47,91,(127,[157,
178],213]], for example); a careful exposition can be found in [[184] Chapter 2].

We define a superspace as a vector space V' endowed with a grading in Z,. We
write V' = V; @ Vj; the elements in ¥ will be called even or of degree 0, and the
elements in V7, odd or of degree 1. The element zero will be assumed to have both
degrees. We denote the degree of an element v with |v|. Non-zero elements of VUV
will be called homogeneous. The direct sum V' +W of two superspaces has the fol-
lowing induced grading: (V4+W); = V5+Wj and (V4+W); = Vi+Wj. The homo-
morphisms of superspaces are just homomorphisms of vector spaces. They form a
superspace with the following grading: a homomorphism is even if it preserves the
degree of the elements, and it is odd if it changes such degree.

If we worked over a ring R instead of the field F, we would talk about supermod-
ules over R.
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A Lie superalgebra is a superspace L = Ly @ L endowed with a bilinear opera-
tion [, ] such that |[x, y]| = |x| + |y|, and satisfying

[x, y] = = (=) [y, x],

[x, [y, 211 = [[x, y], 2] + (=D [y, [x, 210, 2.1.1)
[x1, [x7,x7]1 =0, (2.1.2)

for x,y,z € L homogeneous elements, x5 € Lg, x; € Li and where we consider
(—=1)° = 1 and (=1)! = —1. Note that equation (2.1.2) follows from equation (Z.1.1])
when F has characteristic p > 3. Henceforth, we will assume that we are dealing
with homogeneous elements when their degrees appear in any formula.

Note that Lie superalgebras are algebras in the sense of this manuscript, with some
additional structure. Also, the even part L of a Lie superalgebra L is a Lie algebra.
On the other hand, the odd part Ly is an Ly-module.

A Lie superalgebra is said to be restricted if it is a Lie superalgebra L whose
even part L is endowed with the structure of a restricted Lie algebra and such that

ad <x([,)p ]> (x) = ad” (x()) (x) for all x5 € Ly and all x € L. Restricted Lie superalge-
bras were defined for the first time by Mikhalév in [[175].

Note that L; is also a restricted module over Lg.
A homomorphism of restricted Lie superalgebras f is a homomorphism of super-

spaces such that f ([x,y]) = [f (x), f (3)] and f <x([_)p]> =f (x(-))[p], forall x,y e L

and all x5 € Lg. Note that, to that purpose, it is necessary that f has even degree as
a homomorphism of superspaces. We denote the category with restricted Lie super-
algebras as objects, and homomorphisms between them as morphisms, by pSLie. It
is a semiabelian category.

The subobjects in pSLie are the graded restricted subalgebras, subalgebras H of
L with the grading Hy = Ly N H and H7 = L{ N H such that Hj is also a restricted
subalgebra. Furthermore, the normal subobjects are graded restricted subalgebras
which are also ideals in the usual sense; they are called graded restricted ideals. Note
that a subalgebra is graded if and only if it is generated by homogeneous elements.
Also, the quotient objects in pSLie are just the quotients of Lie superalgebra by a
graded restricted ideal, with the induced grading.

Noticing that the product of two restricted Lie superalgebras is just their direct
sum, it is easy to characterise the centre Z (L) of a restricted Lie superalgebra L as
the graded ideal Z (L) = {x € L | [x,y] = Oforally € L}. Also, the kernels,
cokernels and images in pSLie coincide with their non-categorical equivalents.
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Note that the subcategory Ab of pSLie is formed plainly by the abelian restricted
Lie superalgebras, and that the abelianisation L, of a restricted Lie superalgebra L
L

is just the quotient R If we fix this Birkhoff subcategory, we find that the perfect

objects are those L suéh that L = ([L, L]) » the relative commutator is [L, L]}, =
([L, L]),, and that an extension ¢ : M — L is central if and only if ker ¢ C Z (M).

At the end of the chapter, we will also consider shortly the nested Birkhoff subcat-
egory sAb of restricted Lie superalgebras L with Ly strongly abelian. The reflector
functor for sAb will be denoted by ( ),,; explicitly, Ly, = < . Then, the

[L,L],L[!’]>
0 /p

sAb-perfect objects are the restricted Lie superalgebras L with L = <[L, L], Lép ]> ,
p

the relative commutator is [L, L], = <[L, L], L([_)p]> , and the sAb-central exten-
p

sions are the surjective morphisms @ : M — L satisfying that ker ¢ C Z(M) and
ker @!?! = 0.

Unless otherwise stated, we will assume that we are working with respect to the
Birkhoff subcategory Ab.

Now we recall a relationship between restricted Lie superalgebras and associa-
tive superalgebras, defined in the obvious way. First, let A be an associative su-
peralgebra. Then A can be given structure of restricted Lie superalgebra by setting
[x, y] = xy — (=1)¥yx and x?! = x?, for all x, y € A and all x5 € A;. We denote
this new restricted Lie superalgebra by A,;. The correspondence (—),; induces a
functor between the category of associative superalgebras SAss and pSLie.

We will find that (—), is a right adjoint of the universal enveloping functor. To
construct the universal enveloping superalgebra of a restricted Lie superalgebra L, we
need to introduce first the so-called tensor superalgebra T' (V') of a superspace V. The
tensor product V' ® V' admits a structure of superspace with the grading

(VerV);= (Vo ®r V) ® (Vi ®F V1)
(VerV);=(V58FVi)-

Recursively, we obtain a superspace structure for V" = V ® . @@ pV foranyn € N,
and we can define the tensor superspace T(V) = @,.,V®", setting V&’ = F.
The homogeneous components of T'(V') are given by the sum of those of the terms,
assuming that (V®°); = V& This superspace T(V') can be endowed with structure
of unital associative superalgebra by considering the product given by juxtaposition;
it is called the fensor superalgebra of V. Note that, for this construction, it was only
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needed the underlying superspace structure of V. Note also that V' can be naturally
embedded in T'(V).

Now we can introduce the universal enveloping superalgebra of a restricted Lie
superalgebra L [[186]: it is the unital associative superalgebra u(L) defined as the quo-
tient of T'(L) by the graded restricted ideal generated by the homogeneous elements

x®y— (-DMMy @ x —[x,yl,

X — xP,
0 0

for all x,y € L, x5 € L. Note that the canonical embedding of L in T'(L) gives
rise to an injective morphism p: L — u(L),;. The pair (u(L), p) satisfies the fol-
lowing universal property: for any other pair (A, k) of an associative superalgebra A
and a morphism in pSLie x : L — A, there exists a unique morphism in pSLie
0:u(L),, — A, suchthat6p = k.

L—%u(L),

RN

ApL

A homomorphism of restricted Lie superalgebras f: L — M can be extended to
a homomorphism of associative superalgebras u(f): u(L) — u(M) in a functorial
way. Then u(—) is a functor with right adjoint (—) oL

We also recall the definition of the augmentation ideal of L, commonly denoted by
Q(L): it is the kernel of the homomorphism of associative superalgebras € : u(L) —
F (where F is considered as an associative superalgebra without odd component)
induced by the zero map from L to F.

Lemma 2.1.1. Let L be a restricted Lie superalgebra. Then, there exists an isomor-
phism of superspaces
L®pu(L)

L) = ———

where Z is the graded ideal of L @ u(L) generated by the elements

Ly ®1-x®y+(-)*My @ x,
x([_)p]® 1 —x(-)®xg_1,

forallx,y € L, x5 € L.
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We also need to mention the existence of free objects on Z,-graded sets in the
category pSLie. Namely, given a Z,-graded set X and the free superspace FX on X,
the free restricted Lie superalgebra L(X) on X is the graded restricted subalgebra of
T (FX)pL generated by X.

Another concept which will be fundamental for the rest of the chapter is that of
an action of restricted Lie superalgebras. Recall that a homogeneous derivation D of
degree & of a restricted Lie superalgebra L is a linear map D: L — L of degree &
satisfying

D(xy) = D)y + (=D!PI*xD(y)
for all x, y € L. We denote this set of linear maps by Der (L), and define a derivation
of L as an element of
Der(L) = Derg(L) @ Dery(L).

Furthermore, a derivation is said to be restricted if

D (x) = ad™ (xp) (D (xq))

for all x; € Lg. The set of the restricted derivations of L is denoted by Der!?!(L). It
can be proved that Der!P!(L) is a restricted Lie superalgebra, in a similar fashion as
in [[125] in the restricted Lie algebra setting.

Given L, M two restricted Lie superalgebras, we can define now an action of M
on L as a map

MXL—-L

(m,x) = "x 1= $(m)(x),

where ¢ : M — Der!”/(L) is ahomomorphism of restricted Lie superalgebras. Equiv-
alently, an action of M on L is bilinear map M X L — L of even degree (i.e.
|"x| = |m| + |x]|) satisfying

e =™ (") = (=" (7 () 5
"x, y] = ["x, y] + (=D [x, My

m[,p] m?
0 X = Ox;

[p] _ =1 (. _

mx(_) = ad” (xo) (’”xo) ,
D

forallx,y € L,m,n € M, x5 € Lyand my € Mp, and where "ox := "0 (--+ (Mix) ---).

Note that the definition by identities could be extended to restricted Lie superalgebras

over field of characteristic p = 2, but the definition would lose its naturalness.
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Weakening the concept of an action, we find representations of restricted Lie su-
peralgebras and restricted supermodules. The endomorphisms of a superspace V,
End(V'), have structure of an associative superalgebra with the composition. Given
a restricted Lie superalgebra L and a superspace V, we say that V is a restricted
supermodule over L if there exists a homomorphism of restricted Lie superalgebras
¢: L —> End(V)pL; we will denote x - v := ¢(x)(v). This morphism is called a
representation of M on V. Equivalently, V' is a restricted supermodule over L if and
only if there exists a linear map of even degree

LxXV >V

(x,v) P x- 0V
satisfying
[x.y]-v=x-(- @)= DMy - @);
xgpl o= (ﬁ’.’? (xp - 0) )

forall x,y € L, x5 € Ly and v € V. Note that V' is a restricted supermodule over L
if and only if it is a supermodule over u(L) in the classic sense.

If L and M are two restricted Lie superalgebras acting on each other, we say that
they act compatibly if

Cmy =~ (=DM 7, yl;

9 = — ()", ),

are satisfied for all x,y € L and all m,n € M. For example, the bracket between
elements of two graded restricted ideals I and J of a restricted Lie superalgebra L
defines compatible actions of I and J on each other.

The pairs of restricted Lie superalgebras (L, M) acting compatibly on each other
are the objects of a new semiabelian category pSLie?, whose morphisms are pairs
of homomorphisms of restricted Lie superalgebras (¢, w) : (L, M) — (L', M) pre-
serving the actions; i.e. satisfying

(") =Y (x),  yw(m) =Dy (m),

forallxe L,me M.
The concept of actions of restricted Lie superalgebras allows us to define crossed
modules of restricted Lie superalgebras: triples (L, M, d) such that L and M are
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restricted Lie superalgebras with M acting on L and 0: L — M is a morphism in
pSLie, satisfying the conditions

0("x) =[m,d(x)];

9y =[x, yl,

forall x,y € L, m € M. For example, the inclusion 1: I — L of a graded re-
stricted ideal I in L is a crossed module with respect to the bracket. The following
straightforward property of the crossed modules will be necessary later in this chapter.

Lemma 2.1.2. Letd: L — M be a crossed module of restricted Lie superalgebras.
Then, ker 0 is contained in the centre Z(L).

Finally, we define the semidirect product L X\ M of two restricted Lie superalge-
bras L and M, with M acting on L, as the superspace L+M with bracket

[x +m,y+n] = ([x,y] + ™y = (=D (") + [m, n]) ,

forall x,y € L, m,n € M, and p-map
p—1
pl _ _Ipl] [p] o
(xg+mg) " = xT+ml+ 3 s, (xg,mg)
i=1

for all x5 € Ly and all m5g € M, where s, (x5, mg) has the usual meaning explained
in the Introduction of this Part[ll

2.2 Non-abelian tensor product of restricted Lie superalge-

bras

In this section, we introduce the definition of the non-abelian tensor product of re-
stricted Lie superalgebras, and study some of their basic properties.

Definition 2.2.1. Let L and M be two restricted Lie superalgebras acting on each
other, and let X ,, be the set of symbols x ® m, for x and m homogeneous elements
of L and M, respectively. Endow X ,, with the Z,-grading |x @ m| = |x| + |m|.
The non-abelian tensor product L @ M is defined as the restricted Lie superalgebra

generated by X, ,, and subject to the following relations:
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Ax@m)=AxQ@m=xQ Am;
x+)®@m=xQ@m+yQm;

xX@m+n=xQm+xQn;

[x,y]®@m=x®m— (=DM y @ *m;

x® [m,n] = (=PI D" " @ m) — (DM ("x @ ) ;
"x®'n=—(=D¥"[xQ@m,y®nl;

(] e (7.
x(_) ®m=x5& m);

x@m? = (mg*‘x> & s
0 0
forall A€ F,x,y€ L,m,n € M, x5 € L and m5 € Mj.

Given x, m two non-homogeneous elements of L and M, respectively, we denote
xX@m = x5 Q my+ x5 @ mji + x; ® my + x; & my.

Note that, given L and M two arbitrary restricted Lie superalgebras, we can al-
ways construct their non-abelian tensor product with respect to the trivial actions. In
this case, L ® M is abelian.

We will characterise L ® M as a universal object in the category pSLie. To that
purpose, we introduce the following definition.

Definition 2.2.2. Let L and M be two restricted Lie superalgebras acting on each
other. A restricted Lie superpair with respect to L and M is a restricted Lie superal-

gebra H together with a bilinear map of even degree £ : L X M — H satisfying

E(Lx, yl,m) = & (x,"m) — (=DM & (3, ¥m) ;
& (x, [m, n]) = (=D —pylmlint g (nx my — (=1)XlIm g (mx, my ;
E(x,’n) = — (=DM [ (x,m), & (y, m)];

()= s ).
(o) = ().

forallx,y € L,m,n € M, x5 € Ly and mg € Mj.
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Furthermore, a restricted Lie superpair is called universal if for any other pair
(H e ) in the same conditions, there exists a unique morphism in pSLie 6 : H —
H' such that 8¢ = &',

LxM-—H
5/
HI

Clearly, the universal restricted Lie superpair is unique up to isomorphism.

Proposition 2.2.3. Let L and M be two restricted Lie superalgebras acting on each
other. The pair (LQ M, y)with y: LXM — L ® M defined by y (x,m) =xQ@m

is the universal restricted Lie superpair with respect to L and M.

Proof. 1t is obvious that (L ® M, y) is a restricted Lie superpair with respect to L
and M. Also, given another restricted Lie superpair (H, &), there exist a unique ho-
momorphism 6 : L ® M — H such that 8y = &, given by 6 (x @ m) = &(x, m).
Note that 8 is well-defined precisely because (H, &) is a restricted Lie superpair. [

If the actions of L and M on each other are compatible, L and M together with
the following maps provide easy examples of restricted Lie superpairs:

Syt LXM - L &, LXM—> L

(x,m) > —(—l)l)‘”"'| ™x), (x,m) = “m.

By Proposition[2.2.3] there exist homomorphisms of restricted Lie superalgebras
u: LQM - Landv: L®M — M defined by p (x ® m) = — (=)™ (mx) and
v (x ® m) = *m, respectively.

In particular, taking the graded restricted ideals I and J of F, acting on each
other through the bracket of L, the homomorphisms ¢ and v reduce to the bracket.
This consideration leads to the interpretation of the non-abelian tensor product I ® J
as a certain “universalisation” of the bracket.

The next technical lemma will be useful later on.

Lemma 2.2.4. Let L and M be two restricted Lie superalgebras acting compatibly on
each other. Then, there exist actions of L and M on L @ M determined respectively
by



52 2 The non-abelian tensor product of restricted Lie superalgebras

Fx@m)=[zx]@m+ (- x ® *m,
I(x@m)=9%@m+ (1) x ® [q,m],

forallx,z € Landm,q € M. Furthermore, the homomorphisms u and v are crossed

modules of restricted Lie superalgebras with respect to these actions.

Proof. The relative complexity of the direct calculations makes useful to follow this

sketch of proof. First, fix an homogeneous z € L and prove that the assignment
¢,: LM - LM
xX@me (x Q@ m)
can be extended to arestricted derivation. To do so, it suffices to check that ¢, respects
the relations of L @ M. Later, we need to ensure that
¢: L - Der”(L® M)
ze @,

is ahomomorphism of restricted Lie superalgebras. To see that ¢ preserves the p-map,

it is convenient to handle the equality

k
Cxem=Y <I:> & m @ (Vm),

i=0
which can be proved by induction in k € N, and to apply it for k = p. Checking that
u is a crossed module with respect to this action is just routine.
The computations for the action of M on L ® M and v are completely analogous,

and therefore we omit them. OJ

The following results provide basic properties of the non-abelian tensor product.

Proposition 2.2.5. Let L and M be two restricted Lie superalgebras acting on each
other. The non-abelian tensor products L @ M and M @ L are isomorphic.

Proof. Simply note that 0 (x  m) = — (=D @ x induces an isomorphism
between L @ M and M ® L. O
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Proposition 2.2.6. Let L, M and H be restricted Lie superalgebras such that both
L and M, and M and H, act on each other. Suppose further that the following
hypotheses are satisfied:

1. "(m) = (=)l (x (hm))forallx el,meMandh e H.
2. x@’m=h@m=0forallx,ye L, h,g€ Handm € M.
Then there are actions of H @ L on M and reciprocally, and
HOLOM=HROIM)D(LOM).
Proof. The action of H @ L on M is given by the map

(HOLYXM > M

(h+x,m) = " m :="m+*m,

and the action of M on H @ L, by

MxH®L) - H®L
mh+x)~»"(h+x):="h+"x.

Proving that these maps are indeed actions is routine, so we omit the explicit compu-
tations. It is also routine to prove that (L ® N) @ (M ® N) together with

St HBLXM > (HRIM)D (LR M)

(h+x,m)»h@m+xQm,

is arestricted Lie superpair with respect to H @ L and M. Then there exists an induced
homomorphism of restricted Lie superalgebrasa: (HO®L)YQ M — (HQ M) ®
(L® M), with inverse f: (HQM) D (LQM) —» (H D L) ® M defined by
Ph@m+xQ@n)=h@m+xQn. ]

An example of a triple of restricted Lie superalgebras satisfying the hypotheses

of Proposition[2.2.6/canbe H, L and H @ L, where H and L are identified with their
canonical inclusions in H & L, together with the actions induced by the brackets.
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Now, we focus on the relationship between the non-abelian tensor product of re-
stricted Lie superalgebras and the tensor product (in the classic sense) of their under-
lying vector spaces. The skew polynomial ring F[o, t] with respect to the Frobenius
endomorphism o of F will play a key role.

One first easy relationship is the following: if L and M are strongly abelian and
we consider the trivial actions between them, then the non-abelian tensor product
L ® M and the tensor product of the underlying spaces coincide.

Proposition 2.2.7. Let L and M be two restricted Lie superalgebras acting compat-

ibly on each other. Then, there exists a surjective homomorphism of superspaces
fiFlo.1®r (LQr M) > LR M.

Proof. Firstof all, note that F[o, t{]|®f (L Qr M ) has a structure of left F-superspace
determined by A (g ® x ® m) = Ag ® x ® m. Note that

P(E@x@m=FgRx@m=gAQx@m=gQ@ Ix@m=gQ@xQ im,

where A € F, g € Flo,t], x € Landm € M. If {xa}aeA and {mﬁ}ﬂeB are

bases for L and M, respectively, {t’ Qx,® mﬂ}aeA BeB.reN is a basis for Flo,t]®F

(L Qr M) Setting (x ® m)[p]o := x ® m, we can take
(0 ®x, @my) = (x, ®mp) "
which gives rise to a well-defined homomorphism
fiFlo,1®p (L®M)—>LOM

of even degree. To prove that f is surjective, it suffices to find a preimage for the

elements (xa ® mﬂ)[p]r

1" ® x, & my. d

, thanks to the relations of L ® M. Such a preimage can be

Note that the homomorphism f constructed in Proposition[2.2.7]is not necessarily
injective. However, if we consider trivial actions between L and M, and work with
Flo,1]®pf (Lsab QF Msab) instead of Flo,t] @ (L R M), we get thatker f =0,
and f is an isomorphism of superspaces. Then, the structure of abelian restricted Lie
superalgebra of L ® M can be transferred to F[o,1] @ (Lgyp @ My)-
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Proposition 2.2.8. Let L and M be two restricted Lie superalgebras acting compat-
ibly on each other. Then, there exists a subspace W of L @ p M such that F|o,t] @

LM . .
LM nd L ® M are isomorphic as superspaces.

Proof. By Proposition we have the surjective homomorphism of superspaces
f: Flo,t] ¢ (L RF M) — L ® M. Construct the subspace W, of L @ p M

generated by the elements
[,y ®@m—x®¥m+ (—DMMy @ *m,
x ® [m, n] = (=DM pylmiinl (1 @ my + (=D ("x @ n),
x[IJ] ® m— X~ ® <x571m>
0 0 ’
.

1
x®mg’]— (mr‘) x>®m(),

forallx,y € L,m,n € M, x5 € Ljand my € M. Denote by O the circular
x@m,y®n,z&q
sum with respect to x ® m, y® n and z ® ¢, and consider also the elements of L & M

(_I)IXIImI ("x ® 'n) + (_1)(IXI+|m|)(IYI+|nI) (_l)lyllnl "y ®*m),

) Cayrmztiad gyt n g (2.

xX®@m,y®n,zQq

"x @ ['m,*m]  for |x| # |ml,

for all x,y,z € L and m,n,q € M, which are identically zero due to the anticom-
mutativity and the graded Jacobi identity. Define W, to be the subspace of L @ p M

generated by all the preimages by f of the previous elements, and take W = W+ W,.
LOM

By construction, f induces another homomorphism f: Flo, 1 ® F
L ® M, which is bijective. O

Once again, the isomorphism of Proposition [2.2.8] allows to transfer the structure

of restricted Lie superalgebra from L @ M to F[o,t] @ L?;M.

We present another isomorphism involving the augmentation ideal Q(L) (cf. [50]).
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Proposition 2.2.9. Let L be a restricted Lie superalgebra and M a restricted super-

module over L. Then, there exists an isomorphism of superspaces
LM =~ Flo,1] Qp (Q(L) @,y M) .

Proof. Note first that M can be identified with a strongly abelian restricted Lie su-
peralgebra, with L acting on it. Then, Proposition [2.2.8] yields the isomorphism of
superspaces

’

L® M
LM ~ Flo,t] ®p <®—F)

w

under the current hypotheses, W is generated by the elements
[, y]®@m—x®Ym+ (=DMy @ *m;
[p] -
x(_)p ®m—x5;Q® (XO m)
forall x,y € L,m € M and x5 € L;.
On the other hand, Q(L) is a right u(L)-supermodule in the classic sense, and M
a left u(L)-supermodule; we can then construct the tensor product Q(L) ®,,, M.
Lemma[2.T.T| gives the isomorphism
L ®p u(L)
Z

also, by the right exactness of the tensor product,

L®pu(L) (LQpu(l)) ®,py M

~

w M =
z “ Z®,, M

L@y M
7%

(LQpu(l) M =~ L (u(L)®,;)M)~LQrM,

We claim that the right-hand supermodule is isomorphic to . Indeed,

and this isomorphism transforms the generators of Z ®ury M,
(xy1@H@®m-(x®@»N@m+(-H"M(yx)@m,
(x([_)p] ® 1) Qm— <x6®xg_1> ® m,

withx,y € L,m € M and x5 € Lg, into the generators of W. The result follows. []
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The final part of this section is devoted to study the functoriality of the non-abelian
tensor product between the categories of pSLie? and pSLie. The following lemma
shows how the non-abelian tensor product behaves with respect to the morphisms in

.2
pSLie”.

Lemma 2.2.10. Let (@, w) be a morphism in pSLie2 between the objects (L, M) and
(S, T). Then, there exists a morphism in pSLie

PQyY . LM ->SQQT
X @ m i p(x) ® y(m).

Proof. 1t suffices to check that the map £ : L X M — S ® T defined by &(x, m) =
@(x) ® w(m) is a restricted Lie superpair with respect to L and M. ]

Proposition 2.2.11. The non-abelian tensor product is a functor between the cate-

gories pSLie? and pSLie.

Proof. Firstly, note that id ; ) = (id 1.1d M) is the identity morphism in pSLie2 as-
sociated to (L, M), and that id ), ® idy = id ;g . Secondly, let (p,w) : (L, M) —
(S,T) and (go’, y/’) : (S,T) - (U, V) be two morphisms in pSLie?. We have that
(@) (@.w) = (¢’ 9, y'y), and also

(¢ ®¥W) (@@ w)) (x @ m) = ¢ (p(x)®y (w(m)) = ((¢'¢) ® (v'v)) (x®m)

forall x € L, m € M. It follows that ((p’ ® 1//’) (pQw) = ((p’(p) ® (1//’1;/), and we

are done. O

Our last result deals with a certain exactness of the non-abelian tensor product.
Note that the kernels, cokernels and images in pSLie? are just the pairs formed, re-
spectively, by the kernels, cokernels and images of the two homomorphisms of re-
stricted Lie superalgebras composing the morphisms in pSLie”.

Proposition 2.2.12. Let

0.0) > (K. H)—2 (L. )-2Y (5.7 > 0,0)
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be an exact sequence in pSLie%. Then, the sequence

[29
KOMXNLOH—LOM——% SQT — 0 2.2.1)

is exact in pSLie, being a (u + v) = (i ® idM) (w)+ (idL ®j) (v), where u+ v denotes
an arbitrary element of K@ M X L ® H.

Proof. Note first that the actions of L and M on each other induce actions of K and
M, and of H and L, on each other, which will be compatible. So we can construct
the non-abelian tensor products K ® M and L Q H.

Recall the action of M on L @ M constructed in Proposition Ix®m) =
Ix @ m+ (-DIMx @ [¢q,m], forall x € L, g,m € M. This action also induces
another one of M on K ® M, i.e. amorphism ¢p: M — Der”(K ® M).

Consider also the morphism

n: LH - H
x® hw— *h.

The composition (¢| H) n gives an action of L ® H on K ® M, which allows to
construct the semidirect product K @ M X L ® H.
As 7 is nothing but the restriction v|; gy : L @ H — M, Lemma and the

properties of crossed modules ensure that
(i®@idy) (Cwy) = (i ®idy) ("u) = [(id, ®)) (v), (i ®idy,) W],

forallue KQMandve L Q H.

Taking into account this last equality, it is routine to prove that « is a morphism
in pSLie. To prove the exactness of the sequence (2.2.1)), it suffices to work with the
elements k@m+x@he KQM X LRHandx@®me LR M.

The surjectivity of @ @ y and the inclusion Im @ C ker(p ® y) are immediate.

The properties of the crossed module v yield that Im « is a graded restricted ideal of
LM
Ima

— S ® T. The restricted Lie superpair with respect to .S

L ® M, so we are able to construct the quotient
LM
Ima

The morphism ¢ ® y induces

another one ¢ ® v :
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and T

LM
Im «a
(5, xQ@m+Ima,

E: SXT -

with x € L and m € M satisfying ¢(x) = s and y(m) = ¢, induces a homomorphism

of restricted Lie superalgebras, f: S QT — %, which is the inverse of ¢ @ y.
Therefore, ker(p ® w) C Im a, and the sequence (2.2.1) is exact. O

Note that the morphism & defined in Proposition [2.2.12] is not necessarily in-
jective. Indeed, take an element k ® h € (K @ M) N (L @ H), and check that
a(-k®h+k®h)=0although—-k@h+kQ@hisnon-zeroin K@M XL H.

In particular, Proposition [2.2.12] yields that the sequence of restricted Lie super-
algebras

®
K®LXNL®K— L® L— L/K® L/K — 0,

is exact for every graded restricted ideal K of L.

2.3 Central extensions of restricted Lie superalgebras

In this short section, we apply the results obtained in Section [2.2] to the theory of
central extensions of restricted Lie superalgebras. In the first place, we are going to
work with central extensions relative to the Birkhoff subcategory Ab.

We begin with some simple results (cf. [[180]) which will be necessary for the
proof of the main theorem of this section. Their proofs follow directly from the defi-
nitions, so we omit them.

Lemma 2.3.1. Let L and M be two restricted Lie superalgebras, with M perfect, and

let . M — L be a central extension. Then, L is also perfect.

Lemma 2.3.2. Let L and M be two restricted Lie superalgebras, andlet o : M — L

be a central extension. Then:

1. If o(m) = @(n) and p(m') = @(n') for some m,m’,n,n’ € M, then [n,n'] =
[y, ¥'].
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2. If H is another restricted Lie superalgebra and ¢, ¢’ - H — M are morphisms
satisfying o = o', then |y myy, = &'l u 1y,

Corollary 2.3.3. Let L, M and H be restricted Lie superalgebras, with M perfect,
andletp: M — Landy . H — L be central extensions. Then, there exists at most
one homomorphism between the central extensions @ and y.

Now we are prepared to present the main result of this section. The first part of
the proof uses the same argument as in [52, Theorem 3.7].

Theorem 2.3.4. A restricted Lie superalgebra L admits a universal central extension

if and only if it is perfect.

Proof. Assume first that L admits a universal central extension ¢ : M — L. Denote
M = M@®M,,, and define the morphism y : M — Lbyy (m +n+([M, M]>p) =
@(m), which is another central extension of L. Define now the homomorphisms of
central extensions ¢, ¢’ : M — M by ¢(m) = m+m + (M, M]), and ¢'(m) = m.
Since ¢ is universal, we have that ¢ = ¢’ and consequently M is perfect. By
Lemma[2.3.1] L is also perfect.

Assume now that L is perfect. By Lemma[2.2.4] the morphism of restricted Lie

superalgebras

u: LQ~L - L

(x,y) = [x,y]

is a crossed module. Since L is perfect, u is surjective, and Lemma[2.1.2]ensures that

it is a central extension for L.
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Suppose that @ : M — L is another central extension, and consider the restricted

Lie superpair given by

E:LXL—->M

(x,y) = [m,n],

where @(m) = x and @(n) = y. Then, it is induced a morphism ¢p: L ® L —
M with ¢(x ® y) = [m,n]. By construction, it holds that ¢ = u, so ¢ can be
seen as a homomorphism of central extensions from u to ¢. It is easy to check that
e, P @[, y'1P" € ([L®L, LQL]), forall x,x’,y,y’ € Lsuchthat |x| = |y| and
|x'| = [)'|. As L is perfect, it follows that L ® L is also perfect, and Corollary

yields the uniqueness of ¢. Therefore, u is the universal central extension of L. [

We offer also a partial result for central extensions relative to the Birkhoff subcat-
egory SAb.

Lemma 2.3.5. Let L and M be two restricted Lie superalgebras, with M sAb-perfect,
andlet ¢ : M — L be a sAb-central extension. Then, L is also sAb-perfect.

Proposition 2.3.6. Let L be a restricted Lie superalgebra admitting a universal sAb-

central extension. Then, L is SAb-perfect.

Proof. Let ¢ : M — L be the universal sAb-central extension. Substitute M in the
proof of Theoremey M:=M®& M, and define the morphism y : M- L
by v (m +n+[M, M]sAb) = @(m). Since @ is sAb-central, if follows that y is
sAb-central too. The proof finishes as in Theorem [2.3.4] O
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Introduction

The subject of algebra extensions has long been a focal point of interest in mathematics
and physics. In short, an algebra A is an extension of another algebra B by K if there
exists a short exact sequence 0 — K - A — B — 0. The easiest example is the direct
sum B@K, along with the inclusion and projection maps. Imposing new conditions on
the extensions, we find important special types, such as the split extensions, the HNN-
extensions, which have been used to prove numerous theorems of embeddability in
different varieties of non-associative algebras [[159,/163}[227]], and many others. In
this memory, we will be concerned with central extensions, i.e. extensions in which
the centre (or, as we will be calling it throughout this Part [[, the annihilator) of A
contains K. Several important algebras can be constructed as central extensions; for
example, the Virasoro algebra is the universal central extension of the Witt algebra,
and the Heisenberg algebra is a central extension of a commutative Lie algebra.

The algebraic study of central extensions of different varieties of non-associative
algebras has an interest on its own [|8,[138|239], but also plays an important role in the
classification problem in such varieties. Since Skjelbred and Sund in 1978 devised
a method for classifying nilpotent Lie algebras [[209], making crucial use of central
extensions and the second cohomology space with trivial coefficients, it has been
profusely used [57}/63,99]] and adapted to many other varieties of algebras, including
associative [64]], Jordan [6l/7]], Malcev [3l4]], Novikov [[137]] or anticommutative [42,
143]], among others (see [5,/101}{120], for instance). It has also been employed to
classify types of non-associative algebras not defined by polynomial identities, such
as p-nilpotent restricted Lie algebras [62] or n-dimensional algebras with annihilator
of dimension n — 2 [44].

The key idea in this method for classifying nilpotent algebras of a certain variety
is to regard them as central extensions of algebras of smaller dimension, defined by
means of the second cohomology space. The isomorphism problem is then solved

65
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by considering the orbits of the automorphism group on the set of subspaces of this
cohomology space, together with certain technical nuances.

A nilpotent algebra has maximum index of nilpotency if and only if it is one-
generated. This fact highlights the importance of studying one-generated objects in
the classification of nilpotent algebras. Also, the description of one-generated, or
cyclic, groups is well known: there exists a unique one-generated group of order n,
up to isomorphism. One could wonder if the situation would be similar in the case
of some varieties of algebras. In fact, it has been proved that there exists only one n-
dimensional one-generated nilpotent algebra in the varieties of associative [68]], non-
commutative Jordan [[132] or Leibniz [171]]. However, this circumstance does not
hold for every variety of non-associative algebras. For example, the classifications of
four-dimensional Novikov [137]], assosymmetric [[120] or terminal [[144] nilpotent al-
gebras show that there exist several one-generated algebras of dimension 4 from these
varieties. Recently, one-generated nilpotent Novikov and assosymmetric algebras in
dimensions 5 and 6, and one-generated nilpotent terminal algebras in dimension 5
were classified in [45],[102,145]].

Once the algebraic classification of the algebras of fixed dimension from a given
variety is known, one can aim to classify them also geometrically in the sense ex-
plained in the sense of this manuscript. In particular, it is interesting to describe the
so-called rigid algebras, since the closures of their orbits under the action of the gen-
eralised linear group form irreducible components.

We can find numerous examples of this approach in the literature, too. To cite
some of them, we have [41,/107,/108,[203]] for Lie algebras, [60,/61}90L|172] for as-
sociative algebras, [103],/139-141]] for Jordan algebras, [150] for Malcev algebras,
[22123]/137] for Novikov algebras, and many others [5.{43}84,[121,151].

This second part of the manuscript is divided into three chapters. Chapter [3]
amalgamates the contents of the articles [147]] and [148]] (joint works with Ivan Kay-
gorodov and Vasily Voronin), presenting the algebraic and geometric classifications of
the four-dimensional nilpotent bicommutative algebras over C, as well as the algebraic
classifications of five- and six-dimensional one-generated nilpotent bicommutative al-
gebras. The finding of two central extensions of the one-generated algebra Bgz(l) will
be the starting point of Chapter [ In this chapter, we study different central exten-
sions of the n-dimensional null-filiform associative algebra ,ug, which in dimension
3 coincides with B(3)2(1). The chapter corresponds to the article [[146], a joint work
with Ivan Kaygorodov and Samuel Lopes. Finally, in Chapter 5| we deal with a class
of non-associative algebra which is not a variety, namely axial algebras. We base on
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the method of Skjelbred-Sund to describe a technique for constructing central exten-
sions of axial algebras.This chapter corresponds to some work in progress with Ivan
Kaygorodov and Candido Martin Gonzélez.

The structure of each chapter will be described in its own introduction.
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CHAPTER 3

Algebraic and geometric classifications of
nilpotent bicommutative algebras

In this chapter, we give a classification of the four-dimensional and the one-generated
five- and six-dimensional nilpotent bicommutative algebras over C. We also classify
the four-dimensional complex nilpotent bicommutative algebras from a geometric ap-
proach.

Introduction

The variety of bicommutative algebras, also called LR-algebras, is defined by the
polynomial identities of left- and right-commutativity. Explicitly, an algebra (A, -)
is bicommutative if

x(yz) = y(xz), xy)z = (x2)y,

forall x,y,z € A.

The first known example of one-sided commutative algebras is the right-symmetric
Witt algebra in one variable, and dates back to 1857 [54]. This algebra satisfies the
identity of left-commutativity but not of right-commutativity, so it is not bicommu-
tative. The simpler examples of bicommutative algebras are the commutative and
associative algebras. Note that bicommutative algebras are Lie admissible: the com-
mutator [x, y] = xy — yx defines an associated Lie algebra structure on A.

Bicommutative algebras over R naturally appear in connection with geometry, in
particular with simply transitive affine actions of nilpotent Lie groups [38]. These
bicommutative algebras are complete (i.e. the operators of left multiplication L, are

69
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nilpotent for all x € A) and their associated Lie algebra structures are nilpotent. This
fact motivates the classification in [[39] for dimension n < 4, where the authors limit
to consider real complete bicommutative algebras with nilpotent associated Lie struc-
ture. Bicommutative algebras have also been studied in [40,7/0-74]. We highlight the
algebraic and geometric classifications of two-dimensional bicommutative algebras
over an algebraically closed field in [151].

In this chapter, we also offer a partial classification of bicommutative algebras of
dimension n < 4, but with a different approach to that of [39]. On the one hand, we
work over C, instead of R. On the other hand, we classify nilpotent bicommutative
algebras, which is a larger class than that of complete bicommutative algebras with
nilpotent associated Lie structure (see [40, Proposition 2.2]). Also, the classification
in [39] depends heavily on the classification of nilpotent Lie algebras, while ours lies
entirely within the variety of bicommutative algebras, after a preliminary selection of
the two- and three-dimensional nilpotent complex algebras satisfying the identities of
left- and right-commutativity.

This chapter is organised as follows. Section [3.1] summarises the methods for
classifying nilpotent bicommutative algebras from both algebraic and geometric ap-
proaches, including also the current classifications of nilpotent bicommutative alge-
bras in dimensions 2 and 3. In Sections[3.2} [3.3|and [3.4] we apply the analogue of the
Skjelbred and Sund method [209] to obtain complete classifications of, respectively,
four-dimensional, one-generated five-dimensional and one-generated six-dimensional
nilpotent bicommutative algebras over C. Finally, in Section 3.5 we apply the meth-
ods for computing degenerations to obtain the irreducible components of the variety
of four-dimensional nilpotent bicommutative algebras over C. We show that there
exist two irreducible components in this variety.

Throughout this chapter, all algebras will be assumed to be over the field C of
complex numbers.
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3.1 Preliminaries on the classification of nilpotent bicom-
mutative algebras

3.1.1 Method of the algebraic classification of nilpotent bicommutative
algebras

In this section, we offer an analogue of the Skjelbred-Sund method for classifying
nilpotent bicommutative algebras. As other analogues of this method were carefully
explained in, for instance, [3}44], we will limit to expose its general lines, and refer
the interested reader to the previous sources.

We would like to highlight that this method will be generalised for any variety of
non-associative algebras in Section 4.I] However, we decided to include it here too
to facilitate the reading of this chapter.

Let (A, -) be a bicommutative algebra of dimension » and V a vector space of
dimension s . We define the C-linear space Z> (A, V) as the set of all bilinear maps
0: AX A — V such that

0(xy,z)=0(xz,y), 0(x,y2) =0y, x2).

These maps will be called cocycles. Consider a linear map f from A to V, and set
of: AXA - Vwithéf(x,y) = f(xy). Then, 6f is a cocycle, and we define
B2(A,V) = {# =6f | f € Hom(A,V)}, which is a linear subspace of Z* (A, V).
Its elements are called coboundaries. The second cohomology space H* (A, V) is
defined to be the quotient space 72 (A, V) / B2 (A, V).

Let ¢ € Aut (A) be an automorphism of A. Every 8 € Z? (A, V) defines another
cocycle ¢0 by ¢80 (x,y) = 0 (¢ (x), ¢ (¥)). This construction induces a right action
of Aut (A) on Z? (A, V), which leaves B? (A, V) invariant. So, it follows that Aut (A)
also acts on H% (A, V).

Given a bilinear map § : AXA — V, we can construct the direct sum A, = A@V
and endow it with the bilinear product [—, =], defined by [x +x,y+y ] A, =XV F
0 (x,y) forall x,y € A,x’,y’ € V. Itis clear that the algebra A, is bicommutative if
and only if @ € Z? (A, V). Note that it is a s- dimensional central extension of A by
V; it is not difficult to prove that every central extension of A is of this type.

An important object for the development of the method is the so-called annihilator
of 8, namely Ann () = {x € A | 0 (x,A) + 0 (A, x) = 0}. We also recall that the an-
nihilator (or centre) of an algebra A is the ideal Ann (A) = {x € A | xA + Ax = 0}.
It holds that Ann (A,) = (Ann(6) N Ann(A)) @ V. If A = A; @ I for any subspace
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I of Ann (A), then [ is called an annihilator component of A. A central extension of
an algebra A with annihilator component is called a split central extension; without
annihilator component, non-split.

The following result is fundamental for the classification method. For an idea of
the proof, we refer the reader to 3, Lemma 5].

Lemma 3.1.1. Let A be an n-dimensional bicommutative algebra such that satisfies
dim (Ann (A)) = s # 0. Then there exists, up to isomorphism, a unique (n — s)-
dimensional bicommutative algebra A’ and a bilinear map 6 € Z* (A, V) such that
Ann (A’ ) NAnn (0) = 0, where V is a vector space of dimension s, such that A ~ A’ 0
and A/Ann (A) ~ A’

In view of this lemma, we can solve the isomorphism problem for bicommutative
algebras with non-zero annihilator just working with central extensions.
Let us fix a basis {el, e es} of V. Given a cocycle 6, it can be uniquely written

N
as 0 (x,y) = Z 0, (x,y)e;, where 8, € Z*(A,C). The main relations between 6
i=1
and 6, are that 0 € B2 (A, V) if and only if all 0, € B2 (A, C), and that Ann (0) =
Ann (91 ) N...NAnn (05) . Furthermore, we have the following lemma (see [|3, Lemma
13]).

Lemma 3.1.2. With the previous notations, if Ann (6) N Ann (A) = 0, then Ay has an
annihilator component if and only if [91] y e [95] are linearly dependent in H> (A, C).

Recall that, given a finite-dimensional vector space V over C, the Grassmannian
G, (V) is the set of all k-dimensional linear subspaces of V. Given

w={[6,].....[8,]) € G, (H*(A,C))

and ¢ € Aut (A), we define pW as pW = < [qb@l] yeens [qb&s] ), which again belongs
to G, (H? (A, ©)). This induces an action of Aut (A) on G, (H? (A, C)); the orbit of
W € G, (H? (A, C)) under this action will be denoted by Orb (W).

Consider the set

T, (A) = {W= ([61]..--.]6,]) € G, (H*(A,©)) | ﬁAnn (6,) nAnn(A)=O};

i=1
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itis well defined, as whenever ([0,] . ..., [6,]) = ([91] . ... [9,] ) € G, (H*(A, D)),
it holds that

[ Ann (6,) N Ann(A) =[] Ann (9;) N Ann (A).
i=1 i=1

In addition, T (A) is stable under the action of Aut (A).
Let us denote by E (A, V) the set of all non-split s-dimensional central extensions
of Aby V:

E(A, V)= {Ae 10y =) 0,(x,y)e and ([0)],....[0,]) eTs(A)}.

i=1

The following lemma (cf. [3, Lemma 17]) solves the isomorphism problem for
non-split central extensions of bicommutative algebras.

N
Lemma 3.1.3. Let Ay, Ay € E(A,V). Suppose that 6 (x,y) = Z 0; (x,y)e; and
i=1

I(x,y) = Z 39, (x, y) e;. Then the bicommutative algebras A, and Ay are isomorphic
if and onlyl?]}
Orb ([04] ... [6,]) = Orb ([9,] ... [9,] ).

In conclusion, we can construct all the non-split central extensions of a bicommu-
tative algebra A of dimension n — s by following this procedure:

1. Determine H? (A, C), Ann (A) and Aut (A).
2. Determine the set of Aut (A)-orbits on T (A).

3. For each orbit, construct the bicommutative algebra associated with a represen-
tative of it.

Any nilpotent bicommutative algebra has non-zero annihilator, and hence can be
regarded as a central extension of a bicommutative algebra of smaller dimension, by
Lemma [3.1.T] Note that this algebra has to be nilpotent, too. Then, Lemma [3.1.3|
yields that, provided that the classifications of nilpotent bicommutative algebras of
dimension up to n— 1 are known, we can also classify all the nilpotent bicommutative
algebras of dimension n.
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Note also that if we want to stick to the one-generated case, it suffices to consider
the non-split central extensions of one-generated nilpotent bicommutative algebras
of lower dimension. Indeed, the central extensions of an algebra which is not one-
generated cannot be one-generated; on the other hand, considering the definition of
B2 (A, V) and Lemma it is not difficult to see that the non-split extensions of a
one-generated algebra are again one-generated.

3.1.2 Method of the description of degenerations of bicommutative al-
gebras

Let W be an n-dimensional vector space over C. The set Hom (W @ W, W) ~ W* ®
W*® W is a vector space of dimension #3, and it has the structure of the affine variety
cr. Indeed, if we fix a basis {el, ,en} of W, then any # € Hom (W ® W, W) is

ij
subset of Hom (W @ W, W) is called Zariski-closed if it can be defined by a set of
polynomial equations in the variables c!‘j (1 <i,j,k<n).

Let T be the set of the polynomial identities of left- and right-commutativity. It
holds that the algebra structures on W satisfying the polynomial identities from T
form a Zariski-closed subset of the variety Hom (W ® W, W); it is denoted by L (T').
There exists a natural action of the general linear group GL (W) on L (T') defined by

n
determined by n* structure constants c¥. € C such that 5 (ei Qe j) =y c:‘jek. A
k=1

Gxnx®y=gn(g'x®@g7"y)

for x,y € W, n € L(T) and g € GL(W). Then, L(T) can be decomposed into
G L (W)-orbits corresponding to the isomorphism classes of the algebras. We will
denote by O () the orbit of # € L (T") under the action of GL (W), and by O (5) the
Zariski closure of O ().

Let A and B be two n-dimensional bicommutative algebras, and let n,v € L (T")
represent A and B, respectively. We say that A degenerates to B, and write A — B, if
v € O (n). Note that, in particular, it holds that O (v) C O (). Hence, the definition of
a degeneration does not depend on the choice of # and v. If A % B, then the assertion
A — Bis called a proper degeneration. Also, we write A /> Bif v & W

Now consider A (%) := {A (1)}, and B (%) 1= {B(u)},g two infinite fami-
lies of algebras parameterised by A and u, respectively, and let A (4), for 4 € I, be
represented by the structure #(4) € L(T), and B (u), for u4 € J, by the structure
v(u) € L(T). Then A(x¥) - B means v € {O(n(4))},¢r> and A (x) 4 B means
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v & {O(n(A)},er- On the other hand, A — B (*) means that v (u) € O () for all

1 € B except a finite number of instances, and A 4 B () means that v (u) & W
for infinite 4 € B.

Moreover, we call A rigid in L (T) if O (n) is an open subset of L (T"). Recall that
a subset of a variety is called irreducible if it cannot be represented as a union of two
non-trivial closed subsets, and that a maximal irreducible closed subset of a variety
is called an irreducible component. It is well known that any affine variety can be
represented as a finite union of its irreducible components in a unique way. Then, we
have the following characterization of rigidity: A is rigid in L (T') if and only if O (5)
is an irreducible component of L (7).

To describe the degenerations between bicommutative algebras, we use the meth-
ods applied to Lie algebras in [41,/107,/108,203]]. Let Der (A) denote the Lie algebra
of derivations of A. Our first and useful consideration is that if A - B and A %« B,
then dim Der (A) < dim Der (B) and dim A> > dim B2. Then, we will compute the
dimensions of algebras of derivations and will check the assertion A — B only for
A and B such that dim Der (A) < dim Der (B). Among them, we will calculate the
dimension of the squares of the algebras and check A — B only for A and B such that
dim A? > dim B2.

Now, we explain our method for proving degenerations. Let A, A (x), B and B ()
be as above. Fixed a basis {el, ,en} of W, let cl.kj (1 <i,j,k < n) be the structure

constants of v in this basis, and cl.kj (w) (1 < i,j,k < n) be the structure constants

of v(u). On the one hand, if there exist a;;: C* - C( < i,j < n)such that
n

El’ = a;; () e, for 1 < i < n, form a basis of W for any t € C*, and the struc-
j=1

ture constants of # in the basis {E’ y e Er’l } are such polynomials c;‘j (1) € Clr] that

cfj 0) = cl’; then A — B. In this case {E’, E;} is called a parameterised basis
for A — B.
Also, if there exist some a;;: J X C* - C(( <£1i,j < n)such that El’ () =

J
except for a finite number of instances, and the structure constants of # in the basis

{Ei W, ..., E; (,u)} are such polynomials cl."j (u,t) € Clu,t] that ci"j (u,0) = cl."j (n),
then A — B (x). The basis {E! (). ..., E' (u)} is called a parameterised basis for
A - B (x).

n
a;j(u,1)e;, for 1 < i < n, form a basis of W forany t € C* and all p € J
=1
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On the other hand, if we construct g;; : C* - C(1 <i,j <m)and f: C* = I

< i £ n, form a basis of W for any t € C*,

such that Ef = 21 a;; (t)e;, for 1
j:

and the structure constants of # (f (¢)) in the basis {E O, E;ta} are such polynomials
cfj (t) € C[t] that cfj 0) = cfj, then A () — B. Inthis case { E!, ..., E' } and f () are
called a parameterised basis and a parameterised index for A () — B, respectively.

3.1.3 Notations

Let A be a bicommutative algebra over C with basis {el yeens €y }, and let V be a vector
space over C. We will denote by A, ; the bicommutative bilinear form A;; : AXA — C
with A;; (e,,em) = 6,0, Then, the set {Aij |1<i,j< n} is a basis for the linear
space of the bilinear forms on A, and every § € Z* (A, V) can be uniquely written as
0= 2 ¢;;A;;, where ¢;; € C. Henceforth, we will denote:

1<i,j<n

B;.* — jth i-dimensional nilpotent non-pure bicommutative algebra
(with identity xyz = 0);

B;. — jth i-dimensional nilpotent pure bicommutative algebra
(without identity xyz = 0);

C j’ — jth i-dimensional nilpotent one-generated bicommutative algebra;

N, — i-dimensional algebra with zero product;

(A); Jjth i-dimensional central extension of A.

Also, all algebras and vector spaces will be assumed to be over C.

3.1.4 Low dimensional nilpotent bicommutative algebras

There are no non-trivial one-dimensional nilpotent bicommutative algebras, and there
is only one non-trivial two-dimensional nilpotent bicommutative algebra, which is ex-
actly the non-split central extension of the one-dimensional algebra with zero product
N,

B(2)>1k . (ml)z’l . elel = ez.

From this algebra, we construct the three-dimensional nilpotent bicommutative

algebra B?)T = Bg’l‘ @ Ces.
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Also, [44] gives the description of all central extensions of Bg’f and 9t,. Choosing
the bicommutative algebras between them, we have the classification of all non-split
three-dimensional nilpotent bicommutative algebras:

Bg’z‘ (922)3’1 ee; =e3 eye, =e;3

Bg; (922)3’2 eje, =e3 eye; = —e3

Bg: (A) 120 (9?2)3’3 eje; =Aes eye;=e3 eyey =e;3
By i (M), eje; = e

B(3)1 : (B(%T)3,1 Ioeep=e, ee =e;3

1332 (A) (337)3’2 eje,=e, ee,=e3 ee =Ales.

Remark 3.1.4. The reasons for considering separately the cases B3* (A with 4 #0
and B3* (0) will become apparent in next section, as their Cohomology spaces are
rather dlfferent.

From the previous list, we can select the one-generated algebras in dimension up
to 3:

2 . 23k . —
C%1 : ]3’gl Poeep=e
C% : 9 eje;=e;, eye; =e;3
Co, (M) o B, (4) : eeg=e ee;=e; ee =Ae;.

Let us focus now on the geometric classification of bicommutative algebras of
low dimensions. The variety of two-dimensional nilpotent bicommutative algebras is
trivially irreducible; for the general case of two-dimensional bicommutative algebras,
see [[151]]. Regarding dimension 3, the classification of the nilpotent algebras can be
extracted from the graph of degenerations of all the nilpotent algebras of dimension
3 [84]. There are two irreducible components, defined by the rigid algebras Bgl and

B;, (A).

3.2 Algebraic classification of four-dimensional nilpotent bi-

commutative algebras

Note that the seven three-dimensional algebras from Subsection [3.1.4] provide seven
bicommutative algebras of dimension 4 by considering C* as the underlying vector
space. They will be denoted by Bg*, Bys, Bys, Byt (A)20 By (0), By and By, (4),
respectively.
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3.2.1 Second cohomology space of three-dimensional nilpotent bicom-
mutative algebras

In the following Table[3.1| we give the description of the second cohomology space of
three-dimensional nilpotent bicommutative algebras described in Subsection [3.1.4

z (BéT) = (A1, 00,413,891, A51,A53)

B? (B%T) = <A11>

H? (B);) = ([Ap] (A1) [Ay]. [A5 ], [As])
Z* (By) = (A0, 4,Ap)

B’ (B?);) = <A11 + Azz)

H* (B;}) = ([Ap][Ay],[Ay])

z (8(3)2) = <A11’A12’A21’A22>

B? (ng) = <A12 - A21>

H? (B})) = ([A].[Ay].[An])

22 (B (Diz0) = (A11410,801,8y)

B2 (B (M),20) = (AA + Ay +A4y)

H? (BOZ ('1)1;&0) = <[A12]’ [Ar], [A22]>

2’ (B (0) = (A1 AR A3 Ay, 80, Ay)

B2 (By; (0)) = (Ap)

H? (B, (0)) = ([A;L[A ;] 1891, [Ag], [As])
2 (By,) = (A1, 00,41, 45)

B’ (5(3)1> = <A11,A21>

H? (B = ([Ap).[A5])

Z* (B, (M) = (A1, A1, Ay, Ay + A4y, + Al
B> (B, (1) = (A, Ap+A4y)

H* (B, (4) = ([Ay] alAy] +[A 5] + alAy])

Table 3.1: Second cohomology space of three-dimensional nilpotent bicommutative

algebras.

Remark 3.2.1. From the description of the cocycles of the algebras Bg;, Bg; and

Bgz (4) 120, it follows that the one-dimensional central extensions of these algebras are

two-dimensional central extensions of two-dimensional nilpotent bicommutative al-

gebras. Thanks to [44]] we have the description of the unique non-split two-dimensional
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central extension of nilpotent bicommutative algebras of dimension 2: 1333 = (B(z)*; ) Al
The multiplication table can be found in Table [3.2] (Subsection [3.2.6).
Then, in the following subsections we limit to study the central extensions of the

other algebras.

3.2.2 Central extensions of ng

Since the second cohomology spaces and automorphism groups of Bg’f and N, 031*
(from [[137]]) coincide, these algebras have the same central extensions. Therefore,
thanks to [137]] we have all the new four-dimensional nilpotent bicommutative al-
gebras constructed from BST: Bg ORI ,ng. The multiplication tables of these

algebras can be found in Table [3.2] (Section 3.2.6).

3.2.3 Central extensions of 3’ (0)
Let us use the following notations:
Vi=[A111Vy =[A;3], V3 =[Ay], V4 = [Ap], Vs = [Ag].

The automorphism group of ng (0) consists of invertible matrices of the form

x 0 0
=10 y O
z t Xy
Since
a 0 o X (xal + zaz) a* x’ya,

o' a5 ay 0 |p= xyas y (yay +tas)
0 a5 O 0 xy?as

0
0
5
we have that the orbit of the action of Aut (ng; (O)) on the subspace { > a,;V,; ) is

5
given by < > a;“V,-> , where
i=1

I
=
(3]
<
S
v
)
I
)
<
)
@

= x(x(x1+za2), a
y(ya4+ta5), a

EE
|
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It is easy to see that the elements a; V| + a3 V3 + 4V, give algebras which are
central extensions of two-dimensional algebras. We find the following new cases:

1. ay #0,a3 # 0,5 # 0. Choosmgx—— y=%,z=—xaﬂandt——% we
5 2 5
have the representative (V, + V5 + V5>
2. ay #0,a3 = 0,5 # 0. Choosing y = );ﬁ, z=-andr = —a— we have
5 5

the representative (V, + V).

3. ap =0,a3 #0,a5 # O:

(a) if a; # O, then choosing y = %, x = % and t = ya“ we have the
5 1 5
representative (V| + V3 + V).
(b) if @y = 0, then choosing y = % andt = —a— we have the representative
S 5
(V3+Vs).
4. a, #0,053 #0,05 =0:
(a) if a, # 0, then choosing x = By =2 and z = -2, we have the
4 o a, o
2 4 2
representative (V, + V3 4+ V,).
(b) if a4 = 0, then choosing x = % and z = —%, we have the representative
2 2
(Vy+V3).
5. a4, #0,a3, =0,a5 =0:
2
(a) if a, # 0, then choosing y = =2 and z = — ==, we have the representa-
4 g . . p
4 2
tive (V, + V).
(b) if @, = 0, then choosing z = — =, we have the representative (V,).
4 g . p 2
2
6. p =0,a3 =0,a5 #O0:
(a) ifa; # 0, then choosing x = — % andt = —a— we have the representative
5
(Vi + V).
(b) if @; = 0 then choosing t = —iﬂ, we have the representative (Vs).

5

Now we have all the new four-dimensional nilpotent bicommutative algebras con-

structed from 133* 0): BIO, ,B‘l‘g. The multiplication tables of these algebras can

be found in Table @] (Section [3.2.6).
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3.2.4 Central extensions of Bgl

Let us use the following notations:
Vi =1[Ap], Vo =[Ag]

The automorphism group of B(3)1 consists of invertible matrices of the form

x 0 O
o=y x* 0
z xy x3
Since
0 o O a* x’a; O
'L 0 0 0 |p=| a* 0 0|,
a 0 0 xtay, 0 0

2
we have that the orbit of the action of Aut (13’(3)1 ) on the subspace < > oV i> is given

1
2
by { X2 'V, ), where
i=1

It is straightforward that the elements a;V, lead to central extensions of two-
dimensional algebras. The new cases are the following:

i=1

% _ 3 * 4
al = Xy, a2 = X'0.

1. a; #0,a, # 0. Choosing x = % we have the representative (V, + V,).
2

2. a3 =0,a, # 0. Choosing x = laz, we have the representative (V).

?
Now we have all the new four-dimensional nilpotent bicommutative algebras con-

structed from BSI: Bgo and B‘Z‘I. The multiplication tables of these algebras can be
found in Table [3.2] (Section [3.2.6).
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3.2.5 Central extensions of Bgz (4)

Let us use the following notations:

The automorphism group of Bgz (4) consists of invertible matrices of the form

x 0 0
o=\ x2 0
z (a+1Dxy x3
Since
0 0 o a¥ a™ ag
' a ey, O |@p= aj +Aa** Aey 0 |,
Ay, 0O Ao 0 O

Lo

i=1

2
we have that the orbit of the action of Aut (1382 (/1)) on the subspace < > a-V.> is

2
given by <Z a;“Vi> , where
i=1
aj = x2 (xal +a(l-2) yaz) , @y = xta,.
The elements a;V, give central extensions of two-dimensional algebras, so we
will consider only cases with a, # 0. We find the following new cases:

1. A=0o0rA=1:

(a) if a; # 0, then choosing x = %, we have the representative (V, + V,).
2
(b) if a; = 0, then choosing x = %, we have the representative (V,).
2
2. A # 0,1, then choosing x =

(Va).

% and y = %, we have the representative
2 2 -

Now we have all the new four-dimensional nilpotent bicommutative algebras con-

3 . B4 4 4 c Tieat:
structed from 1302 (A): 1322, 5’23 and ]3’2 4 (A4). The multiplication tables of these alge-

bras can be found in Table [3.2] (Section[3.2.6).
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3.2.6 Classification theorem

We distinguish two main classes of bicommutative algebras: the pure and the non-
pure or trivial ones. By the non-pure ones, we mean those algebras A satisfying the
identities (xy) z = 0 and x (yz) = 0 for all x, y, z € A; the pure ones are the rest.

These trivial algebras can be considered in many varieties of algebras defined by
polynomial identities of degree three (associative, Leibniz, Zinbiel...), and they can
be expressed as central extensions of suitable algebras with zero product. Those with
dimension 4 are already classified: the list of the non-anticommutative ones can be
found in [69], and there is only one nilpotent and anticommutative.

Regarding the pure four-dimensional nilpotent bicommutative algebras, we have
the following theorem, whose proof is based on the classification of three-dimensional
nilpotent bicommutative algebras and on the results of Subsections [3.2.2]to[3.2.3]

Theorem 3.2.2. Let A be a four-dimensional nilpotent pure bicommutative algebra.
Then, A is isomorphic to one of the algebras in the following Table[3.2}

Bgl eje; =e, e,e) = ey

1332 A eje;=e, ejey =e3  eye; = Aeg

1333 eje; =e, eje;=e; eye; =e;3

13;4)4 A eje; =e, ee; =e;, eye;=Ae, eze3=ey
Bgs ee; =e, eje,=e, ee3=e, e =e, e33=¢,
By ()20 | €161 = e eley=e4 eez=e; e =Aey
1337 eje;=e, ee1=e; eze3=e¢ey

1338 eje; =e, eje3=¢e; e =¢e

ng eje; =e, ejey,=¢e; eze =¢y

B?'O ejey; =e3 eje3=¢e; e} =e; ezey=¢y
B‘lll eje, =e;3 eje3=¢; e3e,=¢y

B’Al'2 eje; =ey ejey=e3 e =e; ezey=¢,
B‘B eje; =e3 eep=e; eze;=¢ey

B‘lz ejey =e3 eje3=¢e; e =e eey=e¢y
B‘]l5 ejey =e3 eje3=¢€; eje; =¢,

84116 eje; = ey eje3=e; eyey=ey
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B‘]l7 eje; =e3 ejez3 =¢ey
B‘fg eje; =¢ey ejey=e3  eze, =¢y
B?'9 eje; =e3 ezey =¢ey
Bgo eje; =e, eje;=e; e =e; eze;=ey
Bgl eje;=e, ee1=e3 eze; =ey
Bgz eje; =e, eje;=e3 eez3=e; ee;=ey
B;g eje;=e; ejey,=e3 ee3=e¢ey
ee| =e3tey exe, =¢y ese; = ey
Bg4 A eje;=e, eje;=e3 ee3=e¢ey
e,e; = ley e,e = Jley eze; = Aey

Table 3.2: Four-dimensional nilpotent pure bicommutative algebras.

From the previous list, we can select the one-generated algebras. Note that these
exhaust the four-dimensional one-generated nilpotent bicommutative algebras, as the
non-pure bicommutative algebras cannot be one-generated.

G o
-
05 : 23
Cos (1) B3, (A)

€€
€18
€€
€1€
€€
€€
€€
€

€
%)
€
%)

e3+e4

€
163

€1é
€18
€€
€18
€1e
€8
€1e
€8

€y
€
€3
€3
€3
€
€3
Aey

€€
€€
€3¢
€1€3
€€
€3¢
€€
€3¢

€3
2
¢
2
¢
€y

/164.

€3¢ = €4

€€ = €4

3.3 Algebraic classification of five-dimensional one-generated

nilpotent bicommutative algebras

In this section, we will base on the lists of one-generated nilpotent bicommutative
algebras of dimension up to 4 from Subsection and Subsection Note
that there are not three-dimensional central extensions of the two-dimensional one-
generated bicommutative algebra Cgl.
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3.3.1 Two-dimensional central extensions of three-dimensional one-gen-
erated algebras
Considering the two-dimensional central extensions of the three-dimensional one-

generated nilpotent bicommutative algebras Cgl and ng (A) we get the algebras C
and ng (4), whose multiplication tables can be consulted in Table(Subsection i .

3.3.2 Second cohomology space of four-dimensional one-generated nilpo-
tent bicommutative algebras
In the following Table [3.3| we give the description of the second cohomology space

of four-dimensional one-generated nilpotent bicommutative algebras from Subsec-
tion[3.2.6

ACHN = (A1 A A+ Ag + Ayy, Ay, Ay, Ay )

B (Cg,) = (A1, A1, Ay)

H (o) = ([A1][As]+Ag] +[Ay], [Ay])

2> (Cy,) = (MDA A+ 8y +Ay,0,,44)

B (ng) = (A Ap+A5,4,)

H2 (632) = <[A13] + [AZZ] + [A41], [A31]>

z (C&) = <A11’ ASUIPAVIRRACTE A41>

B? (C(‘)‘3) = <A11’A21’A31>

H? (C) = ([Ap],[Ay])

z (C&) = <A11’A12’A13’A14+A22+A31,A21>

B? (C(‘)‘4) = (AL A Ay +4y)

H? (C&) = <[A14] + [Ap] +[Ag], [A21]>

Z* (Cgs) = <A1>1’A12’A13 + A0+ Ag, Ay + Ay + Agy + Az + Agp + Ay,
Ay

B (Cys) (A1 A+ Ag1, Ay + Ay + Mgy + Agp)

H2 (Cys) (1A 1] + [Ag] + [Ags] + [Asy ]+ [Agp] + [Agy 1, [Ay,])
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72 (Co (D) = (DA A+ A0y + 4051, Ay + A + Al + AAy, Ay )
B2 (Cy (1)) (A1 A+ A0y, Ay + ADgy + AA3))

6
H? (Cje (D) ([A ]+ alAy] + alAszy] + a[Ay], [Ay])

Table 3.3: Second cohomology space of four-dimensional one-generated nilpotent
bicommutative algebras.

3.3.3 Central extensions of C(‘)‘1

Let us use the following notations:
Vi =181 Vo = [A31], V3 = [Aj] + [Ag ]+ [Ag].

The automorphism group of Cgl consists of invertible matrices of the form

x 0 0 O
2
ly x 0 0
¢= z xy x> 0
t xy 0 x°
Since
0 0 o3 a* o™ a;" ai‘
0 a3 0 O a** af 0 0
T 3 — 3
¢ a 0 0 0 ¢ @ 0 0 0
az 0 0 O a;k 0O 0 O

3 3
then the action of Aut (Cgl) on the subspace <Z a,.V,.> is given by <Z a;"V,.> ,
i=1 i=1
where

ay = xtay, ay = x*a,, ay = xtas.
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One-dimensional central extensions

We have the following cases:

1. if a3 # 0, by choosing x = % we have the representative (AV,; + uV, + V3);
3

\/_

2. if a3 = 0, then it must hold that a; # O (otherwise, the new algebras would have
two-dimensional annihilator and could be constructed as two-dimensional cen-
tral extensions of three-dimensional bicommutative algebras), and by choosing
x = ——, we have the representatives (V| + AV,).

Ve
Hence, we obtain the new algebras Cg3 (A, u) and Cg " (4), whose multiplication

tables can be consulted in Table [3.4] (Subsection[3.3.9).

Two-dimensional central extensions

Consider the vector space generated by the following two cocycles:

91 = alvl + a2V2 + O‘SVS
0, = BVi+P5V,.

If a; = 0, we get the representative (V, V,). If a3 # 0, we distinguish the fol-
lowing cases:

1. if p, = 0, we have the family of representatives (V;, AV, + V3);

2. if B, # 0, we have the family of representatives (AV| + V,, uV, + V3).

Hence, we have the new algebras Cgl, ng (4) and C§3 (4, ), whose multiplication
tables can be found in Table [3.6] (Subsection [3.4.13))

3.3.4 Central extensions of ng

Let us use the following notations:

Vi =1451V, =[A1;3] + [Ap] + [Ay]
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The automorphism group of ng consists of invertible matrices of the form

1 0 00
X 1 0 O
¢ = y x 10
z x+y x 1
Since
0 0 a, O a* a** a; 0
o7 0 ap 0 O b= o ay 0 0
a 0 0 O af+a** O o0 oY
a 0 0 O a; 0O 0 O

2 2
the action of Aut (ng) on the subspace <21 aiVi> is given by <Zl al Vi> , where
= =

% %k
al = al - xaz, a2 = (12.

One-dimensional central extensions

We can suppose that a, # 0, as otherwise we would obtain algebras with two-
dimensional annihilator which would be two-dimensional central extensions of three-

dimensional bicommutative algebras. Then, by choosing x = % we have the repre-
2

sentative (V,), whose associated algebra is Cgs' Its multiplication table can be con-
sulted in Table [3.4] (Subsection [3.3.9).
Two-dimensional central extensions

Since the cohomology space has dimension 2, we just obtain the new algebra Cg "
whose multiplication table can be found in Table [3.6] (Subsection [3.4.13).

3.3.5 Central extensions of C(‘)‘3

Let us use the following notations:

Vi =145V, =[A4]
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The automorphism group of Cg3 consists of invertible matrices of the form

x 0 0 O
2
|y x 0 O
¢ = z xy x> 0
t xz x*y x*
Since
0 a 0 O a* a;“ 00
0 0 00O a* 0 0 0
T _
¢ 0O 0 00O ¢ = a™ 0 0 0|
a 0 0 0 a; 0 0 O

M

1

2
the action of Aut (Cg3) on the subspace <21 aiVi> is given by < 1 a;“Vi>, where
i=

* _ 3 * _ 1.5
af =Xy, o =xa,.

One-dimensional central extensions

We can suppose again that a, # 0. So, we have the following cases:

1. if a; # 0, by choosing x = , /% we have the representative (V| + V,);
2

2. if @; = 0, by choosing x = %{12 we have the representative (V).

Ve
Hence, we get the new algebras C36 and C37. Their multiplication tables can be

consulted in Table [3.4] (Subsection [3.3.9).

Two-dimensional central extensions

Since the cohomology space has dimension 2, we have just the new algebra Cgs , whose
multiplication table can be found in Table [3.6] (Subsection [3.4.13).
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3.3.6 Central extensions of C(‘)‘4

Let us use the following notations:
Vi =181,V = [A] +[Ag] + [Az].

The automorphism group of Cg , consists of invertible matrices of the form

1 0 00
x 1 0 0
¢ = y X 1 0
z x+y x 1
Since
0 0 0 m o atat e
o7 a a 0 O b= ay+a ay 0 0
a 0 0 0 B a 0 0o o0y
0 0 0 O 0 0 0 O

2 2
the action of Aut (Cg 4) on the subspace <21 aiV,-> is given by <Zl al V,-> , where
= =

*

@

=a +xa, o =a.

One-dimensional central extensions

We can suppose that a, # 0. Then, by choosing x = —%, we have the representative
2

(V,), with associated algebra CSS. Its multiplication table can be found in Table
(Subsection[3.3.9).

Two-dimensional central extensions

Since the cohomology space has dimension 2, we get the new algebra Cgﬁ, whose
multiplication table can be consulted in Table [3.6| (Subsection [3.4.13).
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3.3.7 Central extensions of C(‘)‘5

Let us use the following notations:
Vi =1[A01 Vo = [A] + [Ap] + [Ag] + [A3 ] + [A3] + [Ag ]

The automorphism group of Cgs consists of invertible matrices of the form

1 0 0 0
X 1 0 0
¢= y 2x 1 0
z X2+x+2y 3x 1
Since
O O O a2 a* a** a*** (X;
¢T a; a ap 0 d) _ aik + a** + a¥FFE a>2k + e 0 0
a a 0 0 - o« + @ 0 o o |
0{2 O O O a; 0 0 0

.

Mo
<
\/
<
=
o
a

2
the action of Aut (Cgs) on the subspace <21 aiVi> is given by <
1=

* k
ay = o) —2xap, @y = a.

One-dimensional central extensions

ay

We can suppose that a, # 0. Then, by choosing x = we have the representa-

2ay’
tive (V,). Hence, we obtain the new algebra C> , whose multiplication table can be

09’
consulted in Table [3.4] (Subsection [3.3.9).

Two-dimensional central extensions

Since the cohomology space has dimension 2, we have the new algebra C(()’T Its mul-
tiplication table can be found in Table [3.6| (Subsection [3.4.13).
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3.3.8 Central extensions of C(‘)‘6 (4)
Let us use the following notations:
Vl = [AZI]’ Vz = [A14] + (X[A23] + a[Asz] + a[A41].

The automorphism group of Cgﬁ (4) consists of invertible matrices of the form

X 0 0O O
0 x2 0 0
¢ = y 0 x3 0
z (I+)xy 0 x*
Since
0 0 0 o a* a* 0 a;‘
¢T 0(1 0 /16{2 0 ¢ _ aik + Aa** 0 /1(12 0
0 Aay O 0 0 Aok 0 0o
Aa, O 0 0 Aa 0 0 0

we have that the action of Aut (Cg6 (/1)) on the subspace <Z aiVl-> is given by
i=1
2
2 @'V, ), where
i=1

One-dimensional central extensions

aj = a4+ (1= 1) Axyay, ay = ’a,.

We can suppose that a, # 0. So, we have the following cases:

1. if A # 0, 1, by choosing y = *__ and x = —— we have the representative

T U=, R
(V2>;

2. if A=00r A =1, and a; =0, by choosing x = % we get again the represen-
2

tative (V,);

3. if A=0o0r A =1, and a; # 0, by choosing x = , /% we have the representative
2
(Vi +Vy).
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Hence, we obtain the family of algebras C fo (A), associated with the representative
(V,), and the algebras Cfl and sz associated with (V,; + V,) for the values A = 0
and A = 1, respectively. Their multiplication tables can be consulted in Table [3.4]

(Subsection [3.3.9).

Two-dimensional central extensions

Since the cohomology space has dimension 2, we get just the new algebra ng (A),
whose multiplication table can be found in Table [3.6|(Subsection [3.4.13).

3.3.9 C(lassification theorem

The results of the Subsection [3.3.T]and Subsections [3.3.3]to[3.3.8] yield the following

theorem.

Theorem 3.3.1. Let A be a five-dimensional one-generated nilpotent bicommutative
algebra. Then, A is isomorphic to an algebra from the following Table[3.4}

5 — — —
Coy eje; =ey ejey=¢ey e,e| =e3  eze; =e;
5
Co, (D) eje; =e, eje; =ej ejez =e;
e,e; = Aes+e, eyey = Aes eze; = Aes
5 —
CO3 (A,ﬂ) €€ =€ €16y = €4 €163 = €54 €€y /185
€€ = €3 €€ = €5 €3€] = Hes €48 = &5
5
C04(A,) €e; =6 €1, =¢4 (S (2
e,e = ey eje; = Aeg
5 — —
Cos eje; =ey ejey=¢y eje3=e5 eye; =e;
€r€y = €5 €3e] = €4 €461 = €54
5
Coo eje; =ey ejey =es e,e| = ez
€3€] = €4 €8] = €54
5 — —
Co,y eje; =ey ee; =e; eze; =e;, ege; =e;
5 —
COS €€ = e €16, = ¢j3 €163 =¢€y €€y €5
e,e; = ey e,e; = es eze; = es
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ng eje; =e, eje, =e;3 eje3=¢e; ees=e;s
eep =e3+e, eey=eytes eyez =e;
eje; =e,tes  eze, =e;s eje; =es

C150 (A eje; =ey eje, =e;3 eje3=¢e; ee4=e;
e,e; = ley e,y = ley e,e3 = les
eze; = ley eze; = des eje; = les

C151 eje; =ey ejey =e3 eje3=ey
ejey =es e,e =es

C152 eje; =ey eje, =e;3 eje3=¢e, ees=e¢;
eep =e3tes eje,=ey e,e3 =e;
€3¢ =€ €3¢ =65 €4€1 = 65

Table 3.4: Five-dimensional one-generated nilpotent bicommutative algebras.

3.4 Algebraic classification of six-dimensional one-generated

nilpotent bicommutative algebras

In this section, we will base on the list of five-dimensional one-generated nilpotent
bicommutative algebras of Table [3.4] (Subsection [3.3.9).

3.4.1 Second cohomology space of five-dimensional one-generated nilpo-

tent bicommutative algebras

The necessary information about coboundaries, cocycles and second cohomology
spaces of the algebras in Table [3.4] (Subsection [3.3.9) is displayed in the following

Table 3.3
22 () = (A1 A A+ Ay + A4, Ay, Ay, Ay Ay )
B? (C31) = <A11’ ASPRAVIE A31)
H (¢) = ([A] +[Ap] +[Ay ], [A ] [As])
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2* (€3, () = (A1 A Az = ADpy Ay + Agy + Ay,
As + Adgs + 283 + Alsy, Mgy, Ay )
B2 (Co, (D) = (A1 A, A+ AAy + 245, Ay )
H? (G, (1) = ([A]+[An] +[A5,1,[A 5] + alAps] + A[As]
+A[As 1, [Agy1)
z? (C(S? (4, 1) =0 Orﬂ;ﬁl/ﬂ) = <A11’ A, Az + A + Ay Ay, Ay, A31>
2(Cos s micgorpersa) = (A A Az + AA + Mgy + uhyy + Ay, Ay )
H2 (Coy Ao oruziga) = ([814][A31)
*(Cos (4 1/4)10) = (A1 A Az + Ag + Ay Ay, A5 + Ang

+AA, + Asgy + AA g, + Agy, Ay, A31>

B2 (Co, (A, 1/2),10) = (A1>1,A12,A13 +AA + Apy + (1/A) Ay + Ay,
Ay
H? (€, (2, 1/2)120) = ([A1] ALA 5]+ [Ag3] + alAgy] + [Ag] + afAy]
+[As],[A5,])
22 (Co, D) = (A1 A A+ Ay +A4,014, 4, A5)
(CS @) = (A1 A, Ay + A4y, 4,)
H (Cg, (1) = ([Ap]+[Ap] +[Ay][A5])
(Cgs) <A11’ A, Az +Ap + 84, A1+ Ax3 + Agy
+As1, Ay, A31>
B2 (C3s) = (A Ap+ Ay A+ Ay + 841, 8y)
" (C5) = ([A14] +[Aps] + [Ap] + [Asy], [A])
z (Cga) = (A1 A A+ Ay + Asp, Mgy, Ay, Ay )
B (C3) = (AL A+ A0y, 4)
H? (C(S)G) = <[A13] + [Ag] + [As], [A41]>
z* (¢y,) = (A1 A1 Ay, Ay, Ay, Agy)
B2 (C,) = (A1, 01,45, 0y1)
H? (Cg7) = <[A12]9 [A51]>
2> (Cg) = (A1 A1 A A+ Ap + Ag Aps + Ay
+A3 + Ay, A21)
B? (Cg) = (A1 A A+, A1+ Ay + Ayp)
H’ (ng) = ([As]+[Ag] + [Ag] + (A4, (A1)
z (C89) = (A1 A A+ 80 + A, Ay + Ay + Ay

+A3; + App + Ay, Ajs + Apz + By + Ay + Agz
+A41 + Ay + Asy, A21>
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B2 (C3,) = (A1 A+ Ay A+ Ay + Ay + Ay, Ay
FAg + Mgy + Az + Agy + Ayy)

H? (C5) = ([A15]+ [Ags] + [Agy] + [Agy] + [Ags] + [Ay]
+H[Ap]+[Ag], [A21]>

2 (Cy () = (DA A+ A0y + AAy L, Ay + 4Dy
FAAz + AN, Ay + ADyy + Az + AA

. +AAs;, Ayp)

B2 (€], (D) = (AjL A+ A0 A+ ADgy + AAs L Ay
+ADy; + ADgy + AAy)

H? (Cfo (’1)) = <[A15] + a[Ayy] + a[Asz] + a[Ay] + alAsy ],
(A1)

z? (6151) = <A11’A12’A13aA14’A15 +A22+A31’A21>

B2 (C))) = (A1 AR A A +Ay)

" (¢)) = ([Ags] + [Ap] + [Ag], [Ag])

z (sz) = <A11’ A, Az + Ay + Az, Ay + Ags + Ay
A4, A15 + Agp + Agy + A3 + Az + Ay + Agy,

5 Ayy)

B? (¢1,) = (AL A+ Ay A3+ 0y
FA31, Ay + Dy + Ay + Ay + Ayp)

H2 (C7,) = ([Ays]+ [Ag] + [Agy] + [Ag ]+ [As3] + [Ag]
+[As], [A21]>

Table 3.5: Second cohomology space of five-dimensional one-generated nilpotent

bicommutative algebras.

Remark 3.4.1. The extensions of the algebras C33 (A 1) 3=0 or 172 and Cg , (A) have
two-dimensional annihilator, and have already been constructed as two-dimensional
central extensions of four-dimensional bicommutative algebras. Then, in the follow-

ing subsections we will study only the central extensions of the other algebras.

3.4.2 Central extensions of Cgl

Let us use the following notations:

Vi=T[Aul, Vy=I[Ag] Vi=[A;]+[An]+[A4]
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The automorphism group of Cgl consists of invertible matrices of the form

x 0 0 0 O

y x> 0 0 0

p=|z xy x* 0 0

t xy 0 x2 0

s xz x(y 0 x*

Since
0 0 a3 ap O at  a ay af O
0 a3 0 0 O aFrr a;‘ 0 0 O
#"10 0 0 0 O|lp=|la 0 0 0 0l

az 0 0 0 O a; 0O 0 0 O
a 0 0 0 0 a 0O 0 0 O

3 3
then the action of Aut (C81) on the subspace <Z a,.V,-> is given by <Z a;"V,-> ,
i=1 i=1

where
ay = x*ay, o =X, ay = xtas.
We can suppose that @, # 0; otherwise, we would obtain algebras with two-
dimensional annihilator which have already been constructed as two-dimensional cen-
tral extensions of four-dimensional bicommutative algebras. We have the following

cases:

1. if a3 # 0, by choosing x = % we have the family of representatives (AV, +
2
Va+ Vi)

2. if a3 =0,a; # 0, by choosing x = Z—; we have the representative (V| + V,);

3. if a3 = 0,a; =0, by choosing x = —L we have the representative (V,).

Hence, we obtain the following new algebras: ng (A), Cfo and Cl(’]. Their multi-
plication tables can be found in Table [3.6] (Subsection [3.4.13).
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3.4.3 Central extensions of 6‘32 (4)

Let us use the following notations:
V] = [A41], Vz = [A14]+[A22]+[A31], V3 = [Als]+a[A23]+a[A32]+a[A51].

The automorphism group of Cgl consists of invertible matrices of the form

x 0 0 0 0
y x?2 0 0 0
p=|z (1+A)xy x3 0 0
t Xy 0 x3 0
s A+ +Dxz A+20)x%y a(l-)x%y x*
Since
0 0 0 o a a* a** @y @y
0 a Aoz 0 O a4 Ae™ dai 0 0
|y Az 0 0 O|¢p=|a}+ Aa™ Ao 0 0 0],
a O 0 0 O ay 0 0 0 0
iz 0 0 0 O Ao 0 0 0 0

3
we have that the action of Aut (C3,(4)) on the subspace { ¥ a,-Vi> is given by
i=1

3
<Z ai*V,-> , Where
i=1

*

1

5

af = x*a; + (1 = 1) a*x3ya, ay = x*a, + (1 = 1) Axyag, @ = xa3.

We can suppose that a3 # 0. We have the following cases:

1. if A=0o0r A =1, and @; = a, = 0, then we have the representative (V;);

2.ff A=0o0rd =1 a = 0and a; # 0, by choosing x = % we have the

3

representative (V,; + V3);

3.if A=0o0r A =1, and @, # 0, by choosing x = % we have the representative
3
UV +Vy+Vs):
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. . X 1

4. if A#0,1 and @; — Aa, = 0, by choosing y = —(1_;’)2/1“3 and x = % we have
the representative (V3);

5.1f A # 0,1 and &y — Aa, # 0, by choosing y = —(1_’(;2/1&3 and x = a‘;—jaz we

have the representative (V| + V3).

Therefore, we obtain the families C162 (4) and C% (4) associated with the repre-

sentatives (V3) and (V| + V3), respectively, and the families C164 (u) and C165 (n),
associated with (V| + V, + V3) for the values A = 0 and 4 = 1, respectively. Their
multiplication tables can be consulted in Table[3.6] (Subsection [3.4.13).

3.4.4 Central extensions of Cg3 (4, 1/ )29
Let us use the following notations:

V] = [A14], Vz = [A31], V3 = ﬂ[A15]+[A23]+a[A24]+[A32]+G[A42]+[A51].

The automorphism group of C33 (4, 1/4) 4 consists of invertible matrices of the
form

x 0 0 0 0
y x? 0 0 0
p=|z Xy x3 0 0
t Xy 0 x3 0
s (I+1/Dxz+A+Dxt+y> Q+1/Hx%y 2+ )x?y x*
Since
0 0 0 a Aoy a* a™* a;‘ + Aa™** /105;‘
0 0 a3 /1063 O a**** a*** a;k ia; 0
Py &z 0 0 0 |p=|aj+(1/DHa™ o O 0 0
0 A,z O O O a day 0 0 0
az 0 0 0 O at 0 0 0 0

3

3
we have that the action of Aut (Cg3 (4, 1/4) #0) on the subspace < > aiVl-> is given

i=1
3
by { X 'V, ), where
i=1

*
1

=x‘a; + (1 = D) AxPyay, o =x*ay + (1= 1/2) x*yas, ay = .

K 2

’
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We can suppose that a3 # 0. We have the following cases:

1.
2.

if A=1, and @; = a, = 0, then we get the representative (V3);

if A=1,a = 0and a; # 0, by choosing x = % we have the representative
3
(Vi+V3)

. if A =1, and &, # 0, by choosing x = 2 we have the representative (uV; +

as

Va+ Vi)

. 2 _ . _ Xay _ 1

if A#1and a; + a“a, = 0, by choosing y = EYaTS and x = T we get
the representative (V3);

. 2 . _ X _ a1+a2a2
if A # 1 and o + a“a, # 0, by choosing y = YRS and x = e

have the representative (V| + V3).

Hence, we get the new algebras Cfﬁ (A) 1205 C167 (A) 20 and C168 (u), associated
with (V3) and (V, + V;) for every value of 4 # 0, and with (uV, + V, + V3)
for A = 1, respectively. Their multiplication tables can be consulted in Table

(Subsection [3.4.13)).

3.4.5 Central extensions of Cgs

Let us use the following notations:

Vi=1[451 Vy=T[Aul+[Axp]+[An]+I[Asg]

The automorphism group of CSS consists of invertible matrices of the form

1 0 00O

0O 1 000

¢=|x O 1 0 0].

y x 010

z x+y x 0 1

Since

0 0 0 a O a* a* 0 a 0
0 0 oo 0 O a0 ay 0 0
¢ |ay & 0 0 Oflp=|ai+a™ o 0 0 0],
0O 0 0 0 O 0 0O 0 0 O
au 0 0 0 0 a 0O 0 0 O
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2
aiVi> is given by <Z a;kVi> ,
1 i=1

% %k
0{1 = al - xaz, a2 = (X2.

Oh

then the action of Aut (CSS) on the subspace <

1

where

We can suppose that a, # 0. Then, by choosing x = %, we have the represen-
2

tative (V,), whose associated algebra is C 169. Its multiplication table can be found in

Table [3.6] (Subsection [3.4.13).

3.4.6 Central extensions of Cg6

Let us use the following notations:
Vi=1841 Vy=[Ap]+[Ap]+[As]

The automorphism group of C36 consists of invertible matrices of the form

1 0 0 0 0
x 1 0 00
d=|y x 1 0 0f.
z y x 10
t x+z y x 1
Since
0 0 a 0 O a* a* ay 00
0O oo 0 0 O e @ 0 00
"0 0 0 0 O|lp=| a** 0 0 0 of,

a 0 0 0 O aj+e* 0 0 00
a 0 0 0 0 a 0O 0 0O

2 2
then the action of Aut (Cgé) on the subspace <Z (x,-V,-> is given by <Z a;"V,-> ,
i=1 i=1

where
*

@

= —xay, o =a.
We can suppose that a, # 0. Then, by choosing x = %, we have the representa-
2
tive (V,). Hence, we obtain the new algebra Cgo, whose multiplication table can be
consulted in Table [3.6] (Subsection 3.4.13).



102 3 Classifications of nilpotent bicommutative algebras

3.4.7 Central extensions of 6‘37

Let us use the following notations:
Vi=[Apl, Vy=[4A5]

The automorphism group of C37 consists of invertible matrices of the form

x 0 O 0 o0

y x2 0 0 O

p=|z xy x3 0 O

t xz x*y x* 0

s xt x*z X3y x°

Since

0 a0 0 0O a* af 000
0O 0 0 0O a* 0 0 0 0
#'lo0 0 0 0 Olpg=|a 0 0 O 0],
0O 0 0 0O a0 0 0 0
a 0 0 0 0 a;‘ 0 0 0O

2 2
then the action of Aut (C37) on the subspace <Z a,-V,-> is given by <Z al.*V,-> ,
i=1 i=1

where

* 3 * 6
a =X, Ay =X 0.

We can suppose that a, # 0. We have the following cases:

1. if &y # 0, by choosing x = ¢/ % we have the representative (V, + V,);
2

2. if @; = 0, by choosing x = —L_ we have the representative (V).
2

Vo

Hence, we get the new algebras Cg’l and C
consulted in Table [3.6] (Subsection [3.4.13).

6

5,» Whose multiplication tables can be

3.4.8 Central extensions of ng

Let us use the following notations:

Vi=14y1 Vy=T[A;5]1+[Ap]+[An]+[Ay]
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The automorphism group of CSS consists of invertible matrices of the form

I 0 00O
0 1 00O
p=|x O 1 0 0}.
y x 010
z x+y x 0 1
Since
0 0 0 0 m a* A
a 0 a 0 O aj+a™ 0 ai 0 O
¢[00 @ 0 0 Ofp=] O @ 0 0 0],

a 0 0 0 O a 0 0 0 0
0 0 0 0 O 0 0 0 0 0

2 2
the action of Aut (CJ) on the subspace < > aiV,-> is given by <Z af Vl-> , where
i=1 i=1

*

@

=) +Xxa;, @ =a.

We can suppose that @, # 0. Then, by choosing x = —%, we have the repre-
2

sentative (V,), with associated algebra C§3. Its multiplication table can be found in

Table [3.6] (Subsection [3.4.13).

3.4.9 Central extensions of ng

Let us use the following notations:
Vi=1[4yl Vo =1[A51+[Ap]+ [Axyl + [Az] + [Asz] + [Ay] + [Agp] + [As].

The automorphism group of C39 consists of invertible matrices of the form

1 0 0 0O
0 1 0 0O
d=|x 0 1 0 0].
y 2x 0 1 0
z x+2y 3x 0 1
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Since
0 0 0 0 o a* a* a0 a)
a 0 a ay O ai +a + o™ ™ a) a0
10 a ay O 0|p= a @ o 0 0],
a a 0 0 O a a; 0 0 O
a 0 0 0 O a 0 0O 0 0

2 2
then the action of Aut (C},) on the subspace <Z a,-Vi> is given by <Z ai*V,-> ,
i=1 i=1

where
af = a; —2xap, @ =a.
We can suppose that a, # 0. Then, by choosing x = -, we have the represen-

2a,’
tative (V,). Hence, we get the new algebra C§4, whose multiplication table can be
found in Table [3.6] (Subsection [3.4.13).

3.4.10 Central extensions of C (1)

Let us use the following notations:
Vl = [AZI]’ Vz = [Als] + a[A24] + a[A33] + a[A42] + a[ASl].

The automorphism group of C 150 (A) consists of invertible matrices of the form

x 0 0 0 O
0 x? 0 0 0
=10 0 x>0 0
y 0 0 x* 0
z 1+A)xy 0 0 x°
Since
0 0 0 0 o a* a* 0 0 a;
af 0 0 Aa, O af + A 0 0 Aa} 0
0 0 Aoy, O O|p= 0 0 Ax¥ 0 0],
0 Ay, 0 0 O 0 g 0 0 0
ey, 0 0 0 O e} 0 0 0 O
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2
we have that the action of Aut (Cfo (/1)) on the subspace 21 aiVi> is given by
i=

2
<Z a;"V,-> , where
i=1

a*

1

=0 + (1= D) AxPyay,  of = x0ay.

We can suppose that a, # 0. We have the following cases:

1. if A=0o0r A =1, and @; # 0, by choosing x = ¢/ % we have the representative
2

(Vi+ V)
2. if A=0o0r A=1,and a; =0, by choosing x = % we have the representative
2
(Va);
3. if A # 0,1, by choosing y = — c 1_)7)1/1“2 and x = % we have the representative
(V).

Hence, we obtain the new algebras Cy (1), € and C),, associated with (V,)

for every value of 4, and with V| + V, for 4 = 0 or 4 = 1, respectively. Their
multiplication tables can be consulted in Table (Subsection 3.4.13).

3.4.11 Central extensions of C’,

Let us use the following notations:
Vi=18011 Vo =[As]+[Agp] +[As].

The automorphism group of C 151 consists of invertible matrices of the form

1 0 0 0O
X 1 0 0O
d=\y X 1 0 0f.
z y x 1 0
t x+z y x 1
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Since
0 0 00 a at att ottt @ttt o
a a 0 0 0 ai +a** a0 0 0
¢$"la, 0 0 0 Ofp= o 0 0 0 0},
0 0 00 O 0 0 0 0 0
0 0 00 O 0 0 0 0 0

2 2
the action of Aut (Clsl) on the subspace < DAY ,.> is given by < 2 a’V ,.> , where
i=1 i=1

*

[ =a Xy, o) =a.

a

We can suppose that @, # 0. Then, by taking x = — Z—l we have the representative
2

(V,), with associated algebra CSS. Its multiplication table can be found in Table

(Subsection 3.4.13).

3.4.12 Central extensions of sz

Let us use the following notations:
Vi=1[4ayl Vo =I[4A15]+ [Ag] + [Ay] + [A3;] + [As3] + [Ag] + [As ]

The automorphism group of C 152 consists of invertible matrices of the form

1 0 0 0 O
X 1 0 0 O
d=|y 2x 1 0 O0].

z x2 42y 3x 1 0

t x(1+2y)+2z 3x2+3y 4x 1
Since

P |ley 0 ay 0 O|p=| o +a™ Qe @ 0 0],

0O aop 0O 0 O o a; 0 0 0
aw 0 0 0 O al 0 0 0 0

2
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2 2
then the action of Aut (C3,) on the subspace 21 a;V; ) is given by 21 a’V; ),
= =

where
ay =) —3xay, @ = a.

a

We can suppose that a, # 0. Then, by taking x = we have the representa-

3a,’
tive (V,). Hence, we obtain the new algebra ng, whose multiplication table can be
consulted in Table[3.6] (Subsection [3.4.13).

3.4.13 Classification theorem

Summarising the results from Subsection [3.4.2]to Subsection [3.4.12] we obtain the
following theorem.

Theorem 3.4.2. Let A be a six-dimensional one-generated nilpotent bicommutative

algebra. Then, A is isomorphic to an algebra from the following Table|[3.6]

Cgl eje; =ey ejey=¢ey eey =es
e,e; =e;3 eje; = eg

ng A) eje; =e, eje; =ey eje3 = eg ejeq =es
e,e| = e3 e,ey = eg eze; = leg ese) = eq

C83 (A, u) | ejeg =ey eje, = ey eje3 =eg ejey = Aes + eg
e,e) = ey ee, = eg eze; =es eje; = eg

C84 eje; =ey ejey =¢y eje3 =eg e,e; = e3
ere, = eg eje; = eyt e; eye; = eq

Cgs eje;=e, ejey =e;s e,e| = e3 eze; =¢y
eje; = eg

C86 eje; =ey ejey =e3 eje3=¢ey ejey = eq
eep =e,tes ere, =eg eje; = eq

C87 eje; =e, ejey =e3 eje3=¢ey ejey =eq
e,e; =e3+ey+e;s e,ey =e4teg ere; =eg
eje; =ey,teg eze, =eg eje; = eg
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6 — — — —
Cos (D) eje; =e, eje, =e;3 eje3 =¢ey ejey =eqg
e,e; = Aes+es  eyep = Aey e,e3 = Aeg
€3¢ = /1@4 €36, = 166 e€,e = /196
6 — — —
Coo () eje; =ey eey=¢y eje3 = eg
ejey = leg e,e| = e3 e,ey = eg
€3¢ = 65 €4€1 = €6 €5€1 = €6
6 — — —
(6 eje; =ey ejey=¢y eey =eg
€21 = €3 €3¢ =65 €5€1 = €6
C?l elel =82 6162=e4 ezel =e3
€3¢ = 65 €5€1 = €6
6 — — — —
), (A eje; =e, eje; =ej eje3 =es ees = eq
e,e; = Aes+e, eje, = Aes e,e3 = leg
eze; = leg eze; = leg ese; = leg
6 — — — —
(N eje; =e, eje, =e;3 ejez =e; ejes = eg
e,e; = Aes+ey eje, = Aes e,e3 = Aeg eze; = leg
€36y = /186 €8] = €q €se = /196
6 — — —
) eje; =ey eje, =e;3 ejez =e;
€1ey = €q €1e5 = €q €€ = ¢4
€€, = €q €3e| = €q e€,e = /196
6 — — — —
)5 (1) eje; =ey ejey =e3 eje3 =e;s ejey = eq
€1e5 = €q €r,e| = €3 + €y €r,€y = €54 + €q €,e3 = €q
€3€| = €54 + (S €38, = €q eyl = ﬂe6 €5€| = €q
6 — — — —
Cle Dazo | €161 =€ ejey =ey eje; =es ejey = Aes
€165 = /166 €r,e| = €3 €r,e) = €54 €r,e3 = €q
6264 == /166 e3el == (1/&) es e3e2 = 66
eje; =e; eje, = Aeg ese; = eg
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6 — —

Ch, (g0 | €181 =€) eey =¢y ejez =e; ejey = Aes+eq
ejes = leg e,e| = ez e,6y = €5 e,e3 = eg
€rey = /186 €3¢ (1/),) €5 €36y = €q
€46 = €54 () 196 €5e| = €q

6 — — —

s (D) eje;=e, ee, =¢y eje3 =e; ejey = es+ Aeg
€1es = € € =¢3 €¢; = €5 €3 = €
6264 = 66 6361 = es + 66 9392 = e6
€461 = €5 €463 = € €5€1 = €6

6 —

C19 €€ =€y €16y = €4 €163 = €54 €1ey = €q
e2el == e3 62e2 65 eze3 == 66 6361 == e4
€38, = €q €, e = ;4 €se| = €q

6 — —

(&N eje; =e, ee, =es eje; = eqg e,e; =e;

6262 == 66 6361 = e4 e4el = 65 esel = e()
6

C21 €e; =6 €1e, = ¢€q €€ = €3

6361 == e4 6461 == 65 e5e1 == 66
6

C22 €e; =6 €r,e| = €3 €3¢y €y

€46 = €54 €5€| = €q
6 — —

(O eje;=e, ejey =e3 eje3=¢ey ejey =es
€1€5 = €q €€ = €4 €r,€) = €54 €r,e3 = €q
e3el = 65 e3e2 e6 e4e1 = e6

6 —

C24 €e; =6 €16, = ¢€j3 €1ez3 =¢4 €16, = €54
€1€5 = €q €€ = €3 + €y €r€y €4 + €5 €r,€3 = €54 + €e
erey = eg ese; =e,tes eze;=esteg eze;=eg
€ e = é;5 + (S (1) €q €se| = €q

6 — —

€5 (4) eje; =e, eje; =e3 eje3=¢ey ejeq =es
ejes = eq e,e; = Aes e,ey = ley e,e3 = Aes
e,e, = leg eze; = ley eze, = leg eze; = leg
€61 = /165 €6y = 166 €se = /196
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6 — — —
o eje; =e, eje, =e;3 eje3 =¢ey
€1e, = €54 €185 = €q €,e| = €q
6 — — — —
(G eje; =e, ee, =e;3 eje3 =ey ejeq =es
eles = eg eep =e3te; exe)=ey e,e;3 = e;
€r,e, = €q €3¢ = €4 €36y, = €5 €3e3 = €q
€46 = €54 €46y = €q €s5e] = €q
6 — — — —
C eje; =ey ejey =e3 eje3=¢ey ejey =es
€1e5 = €q €r,e| = €54 €,ey, = €q €3e| = €q
6 — — — —
o eje; =e, eje, =e;3 ejez3 =¢ey eey =e;
€1e5 = €q €r,e| = €3 + €5 €r,8y) =€y + €q €r,e3 = €5
€r,e, = €q €3e] = €4 + €q €36, = €54 €3e3 = €q
€161 =65 €163 = ¢ ¢s€; = €

Table 3.6: Six-dimensional one-generated nilpotent bicommutative algebras.

3.5 Geometric classification of four-dimensional nilpotent

bicommutative algebras

In the present section, we study the decomposition into irreducible components of the
variety of four-dimensional nilpotent bicommutative algebras. The main result is the
following theorem.

Theorem 3.5.1. The variety of four-dimensional nilpotent bicommutative algebras
has two irreducible components defined by the rigid algebra B‘I‘O and the infinite family
of algebras B‘Z‘4 (A).

Proof. As apreliminary step, we compute the dimension of the space of derivations of
all four-dimensional nilpotent bicommutative algebras, displayed in Table [3.7|below.
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dim Der A

B, ()

6
6
4
4
4
5
4
5
5
2
3
3
4
3
4
4
5
4
5
3
4
3
3
3

(4#0,1)

Table 3.7: Dimension of the space of derivations.
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After having checked that dim Der (B‘l‘o) < dim Der (A) for all four-dimensional

4
10°

bicommutative algebras degenerating to B‘l‘o. Also, the dimension of the square of

nilpotent bicommutative algebra A, A # BT, it follows that there are not nilpotent
B‘I‘O is 2, and Bé , (A) has three-dimensional square, so it cannot degenerate from B‘I‘O.
Therefore, if we prove that these two algebras degenerate to the rest of the nilpotent
bicommutative algebras of dimension 4, the theorem is proved.

Recall that the full description of the degeneration system of four-dimensional
trivial bicommutative algebras was given in [[149]]. Using the cited result, we have
that the variety of four-dimensional trivial bicommutative algebras has two irreducible

components given by the two following families of algebras:

Np(A) 1 ejep=e3 ey =e; e =—les ee)=—¢y

Nz (A) © eje; =e4 ejey=1e, eje; =—Aey eyey=e; eze3=ey.

The algebra B‘I‘O degenerates to both 9, (1) and N5 (4). We will explain in detail
the degeneration B‘l‘0 = N3 (4) 120,245 as for ]3‘1‘O — Ny, (A), it is similar, but easier.
It can be found in Table[3.8

4
Let us consider the following parametric basis of BAI'O 14 Fl = jz_:l a; ()e;

The multiplication table in the new basis is given below:

{ ot a4y an”m"’“n”n"‘“n“m‘% ’
F'F = E+ F,
171 as; 3 Ay 4
911922934
A110y3+aA 30y — ——==——
F'F! = 41192 Ft + 117237713722 33 Ft
172 ay; 3 ay 4’
aja ajiarn+tapa
FltF3t — 11 331.7;{7 thFlt — 11%227T%12 23}74t7
[ Qg4
FIFt = a2a73 Ft FtFt — 2933 Ft
272 ay & 371 ay &
FlFt = 2% pt
372 ay 4
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To make the computations easier, we will consider a new basis { f1: f2, f3 f4}
of N3 (4) such that

Fof3=0, f3f3=0, [Ny (1) =Ny (4) f4=0.
Such a basis can be defined as
fi=e, fr=e, [fi=e + e +i\/me3, fa=eq.
The multiplication table of 93 (1) with this new basis is

fifi = fu fafa = fa [ = (1-0%) fi;
Nl = Mg Lt = —Afg f3fa = 24f,.
fifs = (1+a%) fy

Some routine calculations show that by taking

a = (1 + az) t, Ay = (1 - az) t, a3 = —21‘, Ay = 0,
0(22 = 2At, 0{23 = —2A«t, (124 = O,
— A2 _ 42,03
a3 = —4da't, a3y = —4da T
a44 = —4a2t2,
we obtain exactly
00 _ 0. 00 _ 0. 00 _ 2\ 0.
FoF) = F FF, = Fj FF = (1_“)F4’
0p0 _ 0. 00 _ _ 5p0. 0 0 0
F1F2 = /1F4, F2F1 = /1F4, F3F2 = 2/1F4.
00 _ 2\ 0.
F)F) = (1+a?)F);

Then, it suffices to take

t t t t t __ l t t t r t
El_Fl’ Ez—Fz’ E3— (F1+F2_F3)’ E4—F4’

a2 +1

so that we have the desired degeneration B?'O — 93 (4) by the method described in
Subsection [3.1.2] Namely,
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El=t((1+a*) e+ (1—-a*)e,—2e;);
E; =2At (62—33);

. da® (a® -3
E;=L<(1+a2)el+(l+a2)e2—2(l—az)e3+L2)e4>;
V1+a? l+a

E, = —4a’t?e,,

is a parameterised basis for B‘l‘o = No3 (A).

Regarding the pure nilpotent bicommutative algebras, similar computations show
that B, B,, B4, Byg or Bg 4 (A) degenerate to them. The explicit degenerations can
be seen in Table 3.8 below.

E! =1(e; +e3)

B}, - 9N, (A El =—te; +1(1 = A)e,
E; = t2e4
E\=1(1-2)(e3+ey)
Ei = tel + ()

BAILO - Bgl E =t (e3+ey)
E:ti = te4
E‘t‘_ = t62
E| = e + Je,

Bl = Bl (Dig0 | By = dey
El=a(e;+e)
E.=1(e;+¢e3)
Ei = tel

4 4 t— 42

E:ti = t3e3
E‘t‘_ = t3e4
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E! = —t?e; — AtPey + ((a+ )12 +1*) 5
4 4 t_ g4 4 2
B}, B, (4) El=tes+ (t* (a—(@a+ 1) (a+1+1%))) ey
E; = [361 - /1t3e3
Ei = —ﬁt6e4
— 42 ;
El =12 (e;+ ey + (it —2)e3)
4 4 _ 4 .
B, B, E) =t (e3+ (2ir —3)ey)
Eétl = t6€4
El =¢ +dey—a(l+ A t)e;
4 4 _ 2 -1
B}, By (W0 | Ey=Aes—a® (1+(1+ )17 )ey
E:ti = t62
Ei = ).e4
El =t'e; —t?e, + (P —1* +1%) ¢;
4 4 t 6 4 6 8 10
B}, By, E} = —fes+ (—1" +1° =265 +110) ¢,
El="Pe +1e
E‘t‘ = t864
El=tej+ey— (1+17")e;
4 4 t _ -1
B}, B El=te;—(2+17")ey
EL = te; + 1e;
E‘tl_ = te4
Ei = tel
4 4 t __ 42
B B E,=1'e,
E:ti = 12e3
E‘f1 = t364
Ei = t_lel
4 4 [y |
BIO Bll E2 =1 ()
Eg = t_2e3
E‘f1 == t_3e4
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E| =te; + e;
B! - B El=e
10 12 2 2
E} =te;+ey
Ei = te4
r
E| =te,
E; = te3
A4 4 T _
Eétl = te4
Ei =€
B}, - B, El =te;) +e;
E:ti = te3 + ey
Ei = te4
Ei = el
4 4 T _
BIO - BIS E2 = t62
E; = te3
E‘t‘ = te4
t _ 4—1
Ey1 =1 €]
E; = t_3e3
4 4 [—_—ry)
E‘tl_ = 1_434
Ei = t_lel
4 4 T _
By, - By Ey=e
[y |
E3 = €3
E‘:1 = t_234
Ei = t_zel
4 4 [y |
BIZ - Blg E2 =t ()
t _ +—3
E‘3 =1 €3
E‘f1 == t_4e4
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Ei =el
4 4 t _ 41
BIO - B19 Ez—t 32
E; :[_163
E‘t‘=t—2€4
E| = te +IL_Ie2
4 (1 4 t_ 2 _t L
1324(t> - B Ey= e+ (1+1) 15es + —loe,
EL =1%e;+ (1420 ﬁeél
E2=t264
Ei =t_1e1
4 4 [—_—ry)
E:t; :t_3€3
Ef‘:t_4e4
E| =te; +1e,
4 4 [ ") 2 3 3
B, () - B, El =t’ey+ (17 + 1) e5 + ey
[} 3 4
EL=Pe;+ (P +2t*) ey
E£=t4e4
E| =te| +te,
4 4 [ —) 2 3 2
By, (1-1 - B El=1?e;+ (22 =1} ) es + 12 (1 — 1) ey
El=1e;+ (37 —21*) ¢4
t _ 44
E4—t e4

Table 3.8: Degenerations of four-dimensional nilpotent bicommutative algebras.



118 3 Classifications of nilpotent bicommutative algebras




CHAPTER 4

Non-associative central extensions of
null-filiform associative algebras

In this chapter, we give the algebraic classification of alternative, left-alternative, Jor-
dan, bicommutative, left-commutative, assosymmetric, Novikov and left-symmetric
central extensions of null-filiform associative algebras.

Introduction

Null-filiform algebras are nothing but one-generated nilpotent algebras. However, in
this chapter we will employ the term null-filiform, since this is the common terminol-
ogy in the literature.

The study of (split and non-split) central extensions of null-filiform algebras was
initiated in [8]], where all Leibniz central extensions of null-filiform Leibniz alge-
bras were described. The associative non-split central extensions of the unique null-
filiform associative algebra of dimension n, which we will denote by 4, were stud-
ied in [138]] within the framework of associative algebras, and it was proved that
the only non-split associative central extension of s is yg“. However, the null-
filiform associative algebras can be considered as elements of more general vari-
eties of algebras, such as alternative, left-alternative, Jordan, bicommutative, left-
commutative, assosymmetric, Novikov or left-symmetric, among others (note that
the right-alternative, right-commutative and right-symmetric cases are analogous to
their respective left counterparts). In particular, it was proven in [39] that the null-
filiform algebra ,uS admits the trivial extension ,ug and also another non-trivial bicom-
mutative extension. We also recovered this result in Chapter [3} with our notations,

119
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/48 = Bgz (1) admits the trivial extension ,ug = Bg , (1), but also Bgy Then, it is rea-

sonable to wonder whether there will be non-trivial extensions in the aforementioned
varieties of algebras.

The main result of this chapter is the classification of the isomorphism classes
of central extensions of the null-filiform associative algebra over several varieties of
non-associative algebras, as the ones mentioned above. This is in part summarised in
Table[d.1] at the end of Section[4.5]

The structure of the present chapter is as follows. Section 1 is devoted to for-
malise the method of Skjelbred and Sund over any variety of non-associative alge-
bras defined by a set of polynomial identities. Section 2 presents a quick review of
null-filiform algebras. Respectively, Section 4.3 Section @.4] and Section {.5] deal
with left-alternative and alternative, Jordan, and left-commutative and bicommuta-
tive central extensions. Finally, Section [4.6| deals with the assosymmetric, Novikov
and left-symmetric cases, which happen to come out as a trivial corollary of the left-
commutative and bicommutative cases.

Throughout the chapter, F will denote a field. Unless otherwise specified, this
field will be arbitrary and all vector spaces, tensor products, (multi)linear maps and
automorphism groups will be taken over F. Given a non-negative integer n, [n] will
denote the set {i € Z | 1 <i < n}. Also, we fix the following notation:

AS : variety of associative algebras;
AL : variety of left-alternative algebras;

J :  variety of Jordan algebras;
LC : variety of left-commutative algebras;
RC : variety of right-commutative algebras;
BC : variety of bicommutative algebras.

4.1 Non-associative central extensions

A variety M of non-associative algebras over F is defined by a set of identities {E ; }l.e /
of the form

1
E;: Zpi,f (zl,...,zf) =0,
j=1

where Z = {z,, ..., z, } isafinite alphabet, p, ; = p; ; (2}, ..., z,) isanon-associative
word in Z of length nj = 2, with a coefficient either 1 or —1 and Z ij S Z is the set
of letters which occur in p; ;. Note that it might be I = @.
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As n; ; > 2, each p; ; can be expressed uniquely as a product
—_ 1 2
pi,j - Pi’jpi’j’

where Z; ; = Zl.l’j U Zi%j and each pff’j, with k € {1,2}, either has length one or is
another concatenation of products. Recursively, we will obtain n; ; — 1 factors p:.’fj
with |Zi‘”’j| = 1 and @ of the form a = ay, @y, a3, ..., a,, with o, € {1,2} for all k.
Let A be an algebra in the variety M, and let V be a vector space over F. Following
the Skjelbred-Sund method, we introduce the cocycles of A with respect to V as the

bilinear maps 6 : A X A — V satisfying the set of identities {El } , where
iel

i
E;: 2 0 <pl.1’j,pl.2’j> =0.
j=1

These elements form a vector space over F, which we will denote by Zﬁ,[ (A, V).
We also define the coboundaries of A with respect to V as follows. Let f be a
linear map from AtoV,andset6f : AXA — Vwith (6 f) (x,y) = f (xy). Itis clear

from

i

2
or (plnls) = X 7 (piy) = £ O =0,
J=1 J=1

foralli € I,thatéf € Zl%/l (A,V). We define B2 (A, V) = {6f : f € Hom(A, V)};
it is a linear subspace of 212\4 (A, V). The quotient space 212\4 (A, V)/ B2 (A, V) is called
the second cohomology space and is denoted by H12v1 (A, V).

Consider the group Aut (A) of automorphisms of the algebra A. If 6 is a cocycle
and ¢ € Aut (A), wedefinegp-0: AXA—->Vbyg-0(x,y)=0(p(x),d (). The
automorphism ¢ preserves the product, so

¢ (pij (X1 x)) = pij (D (x1) 5 b (x))

from this, we have that ¢ - 0 € va[ (A, V). This induces an action of Aut (A) on
Zi/[ (A, V). Moreover, 8 = 6 f if and only if ¢ - 8 = 6 (f o), so the action is inherited
by the quotient HI%A (A, V). Although this is a right action, we will write it on the left
to follow the usual convention. The orbit of an element 6 € Zi,[ (A, V) will be denoted
by Orb(0), and the orbit of [0] € H12v1 (A, V), by Orb([6)).

For every bilinear map 6 : A X A — V, we can define the algebra Ay = A V
with the product [x + v,y + w]y = xy + 0 (x, ).
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Lemma 4.1.1. The algebra A, belongs to the variety M if and only if 0 € Zi/[ (A, V).

Proof. By definition, A, belongs to M if it satisfies the identities {El} ie. if it

satisfies

iel’

]
Zpi’j (xl + Uy eee s Xp + Uf) = 0,
Jj=1

foralli € I and all x;, € A, v, € V, with k € [£]. For the sake of brevity, we will

write

i
pij(X+V)= 0;
j=1

also, when we make reference to these identities in the algebra A, we will write

1
D by (X)=0.
j=1

It holds that
P (X +V)=1p; (X + V), 5}, (X + V).

An easy induction in the cardinal | Z; ;| shows that

Py (X +V) =, 00+ 0 (p, (X0, 02,0

As A belongs to the variety M, it follows that A, satisfies the identities { E, }ie ; ifand
only if 0 satisfies {El} . t

iel

In all that follows, we will consider A, just for 6 € Zi,[ (A, V). Then, it is easy to
check that the algebra A, of the variety M is a central extension of A by V. We define
the dimension of the extension as the dimension of V.

The particular identities of the variety M are not involved any more in the devel-
opment of the method. Thus, we refer the reader to Subsection [3.1.1] and limit to
expose the final procedure to construct all non-split central extensions A, of a given
algebra A of dimension n — s in the variety M.

1. Determine H12v1 (A, F), Ann(A) and Aut A.

2. Determine the set of (Aut A)-orbits on T (A).
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3. For each orbit, construct the algebra of the variety M associated with a repre-
sentative of it.

Let A be an algebra and fix a basis {el , €9,y ... ,en} of A. We define the bilinear
form A, ;1 AXA — FbyA,;(e.e,) =55, Thentheset {A,;|i,j€ [n]}is
a basis for the linear space of bilinear forms on A; in particular, every 8 € Z2 (A, V)

can be uniquely written as 6 = 3" ¢; ;A; ;, with¢; ; € F.

4.2 Null-filiform associative algebras

For an algebra A of an arbitrary variety M, we consider the series
i
Al =A Ai+1 — ZAkAi+1—k i>1
k=1

An n-dimensional algebra A is called null-filiform if dim A’ = (n + 1) — i, for all
i € [n+ 1]. Clearly, this condition is satisfied if and only if the index of nilpotency
of A is maximum. For a nilpotent algebra, being null-filiform is equivalent to being
one-generated, as we commented before.

All null-filiform associative algebras were described in [68]].

Theorem 4.2.1. An arbitrary n-dimensional null-filiform associative algebra is iso-

morphic to the algebra:
MS . eiej = ei+j’ l’.] € [n]’
where {el €05 s e,,} is a basis of the algebra pgy and we define e, = 0 for allm > n.

Using the procedure explained in Section i.1] we can easily find all associative

J
central extensions of yj. Let V; = kzl Ay j+1-k> for j € [n]. We need the following

result from [[138]].

Proposition 4.2.2. Let uj be the null-filiform associative algebra of dimension n.
Then

Zis (g F) =(V;1j€lnl), B*(uy, F)=(V,;1j€ln-1]),

Hiq (ug, F) = Z3 (ug, F) /B (ug, F) = ([V,]) -
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Remark 4.2.3. The above result appears in [138]] for F = C, the field of complex
numbers. Nevertheless, it is immediate to check, e.g. using the methods appearing
shortly in this chapter, that it does hold over an arbitrary field.

As dim His ( yg, F ) = 1, the next result follows easily.

Theorem 4.2.4. Every non-split one-dimensional associative central extension of p

is isomorphic to ,u(')’“.

In the following sections we will study non-associative central extensions of 4.

n+1

It is easy to see that x4 " is an associative central extension of ,u(’)’. All extensions of

0
this type will be called frivial. The basis {el, e e,,} of /46’ will always be assumed

to satisfy the relations from Theorem[4.2.1]

4.3 Alternative and left-alternative central extensions

Throughout this section, we assume that the characteristic of the field F is different
from 2. Recall that an algebra A is said to be left-alternative (respectively, right-
alternative) if it satisfies the identity

x(xy)=(xx)y (respectively, (xy)y = x(yy)),

for all x,y € A. Also, if A is both left-alternative and right-alternative, it is called
alternative.

Let us consider 4 as a left-alternative algebra. Note also that the linearisation of
the left-alternative identity for y leads to

e; (ejek) + e; (e,-ek) = (eiej) e, + (ejei) e,

fori, j, k € [n]. Then, its space of cocycles is formed by all the bilinear maps 6 : ;X
g — F satisfying 6 (e,-,ejek) + 6 (ej,eiek) =40 (eiej,ek) + 6 (ejel-,ek) . This can
be expressed as

0 (eejr) +0(ej.eir) =20 (ery).€1) 4.3.1)

for i, j, k € [n], and considering that e,, = 0 for m > n.

Theorem 4.3.1. Assume that char (F) # 2. Then all left-alternative and all alterna-

tive central extensions of p are trivial.
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Proof. The first step is to compute Z7 , (uf, F). Let 6 = ¥, . ¢; ;A ; be an arbitrary

cocycle of y;) considered as a left-alternative algebra. The identity (4.3.1)) leads to
Cijrk T Civk = 2Civjk

for i, j, k € [n], with the assumption that Cij = 0ifi > norj > n. Given integers
m, s such that m,s —m € [n]and m > 2, and takingi =m—-1,j=1landk =s—m

in the above equation, we get
2cm,s—m = cm—l,s—(m—l) + cl,s—l . (432)

Claim: For all i, j € [n], ¢; ; = ¢ ;;;_;. In particular, ¢, ; =0ifi+j > n+2.

ij
The claim will follow by induction on i, the case i = 1 being trivial. So assume
that i > 2 and that the claim holds for i — 1. Taking m = i and s = i + j in 4.3.2), we

get

2¢;;=¢ip 1 F Oyt
Ifj=mnthenj+1li+j—-12n+1s0¢_;, =0 =c,;,;_ andit follows
from the identity above that ¢; ; = 0, as char (F) # 2. In particular, ¢; ; = ¢4,
holds. Otherwise, if j < n, then we can use the induction hypothesis to obtain 2¢; ; =
Cio1j41 +C1iyjo1 = 2¢y 441, Wwhence the claim.

So, it is clear that Z%A (,ug, F) is in the linear space spanned by {Vj};;l; it is

2
AS

cle. Thus, H? , ( up, F )= H2As ( up, F ), and every left-alternative central extension is

also immediate to see that every element from Z ( o F ) is a left-alternative cocy-

trivial. Since any alternative extension is left-alternative, it follows that every alter-
native central extension is trivial as well.
O

4.4 Jordan central extensions

Throughout this section, we assume that the characteristic of the field F is different
from 2 and 3. Recall that a commutative algebra A is said to be Jordan if it satisfies

x> (yx) = (x*y) x,
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for all x,y € A. It is immediate to check that the commutative algebra y satisfies
the previous identity and therefore is a Jordan algebra.
The space of Jordan cocycles of 4 is formed by all the bilinear maps 6 : pyXpuy —
F satisfying
0(x,y)=0(.x); 4.4.1)

0 (x* yx) =0 (x*y,x). (4.4.2)
Equivalently, since char (F) # 2,3, we have

0 (e,-,ej) =0 (ej,ei) ,

0 (ei+f’ ej+k) +0 (ej+f’ ei+k) +0 (ek+f’ ei+j)
=0 (ei9ej+k+f) +0 (ej, ei+k+f) +0 (ek’ ei+j+f) ’
for i, j, k,Z € [n]. In particular, taking i = j, we see that every cocycle must satisfy
20 (eH_f, eH_k) + 0 (ef_,,_k, 62,-) = 20 (ei, ei+k+f) + 0 (ek, e2,-+f) . (443)
Theorem 4.4.1. All Jordan central extensions of ug are trivial.
Proof. We will prove that {V j};lzl is a basis for ZJ2 ( o F )
Let 6 = Y, ¢, ;A; ; be an arbitrary cocycle in Z (uf, F). Note that ¢; ; = ¢;,
for all i, j € [n]. By (4.4.3)), we also have
Ck2atb = 2Catbark + Chik2a ~ 2Caatbrks (4.4.4)
for all a, b, k € [n], with the assumption that ¢ j = Oincasei > norj > n.
Claim: Forall i, j € [n], ¢; ; = ¢ ;4;_;. In particular, ¢; ; =01f i+ j > n+ 2.
The proof is by induction on i. If either i = 1 or j = 1, the claim is trivial, by
commutativity. So we can assume that i, j > 2. If i = 2, then
2
C2,j =0 (el,ej_lel> =0 (ej+1,el) =0 (el,ej+1) = cl,j+1'

Let us assume thus that i > 3 and j > 2. There are unique integers a, b with b € {1,2}
such that i = 2a + b. Notice that | < a < a+ b < i < n. Then, using {#.4.4) with
k = j, we get

ci,j = c2a+b,j = 2ca+b,a+j + cb+j,2a - 2ca,a+b+j'
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There are two cases to consider.
Casel: a + b + j < n. In this case, we can use the inductive hypothesis and the

commutativity to get

2Ca+b,a+j tCpijna— 2ca,a+b+j = 2c1,2a+b+j—1 + Cloavbrj-1 — 2‘«’1,2a+b+j—1
= €1 2a+b+j—1 = Cli+j-1"

Case2: a+b+j > n+1. Then Caatbtj = 0 and we have Cij = 2Ca4patjF Coaptj-
Eithera+j > n+1and hence ¢,y ,,; = 0, 0r a+j < n and the inductive hypothesis
says that ¢, p 44 = €1 2a4p64+j-1 = 0, because 2a+b+j—-12a+b+j=2n+1.1In
any case, C,yp, .1 ; = 0. Similarly, ¢,, ,,; = 0 and we conclude that¢; ; =0 =c¢; ;,;_i,
becausei+j—1>a+b+j>n+1.

The claim is thus established. It remains to observe that the {V j};’=1 are in-

2
AS

V,(xy,z) = V;(x,yz). Clearly, also V; (x,y) = V; (y,x). These conditions are in-
deed stricter than conditions @Z.1) and #4.2), so it is clear that V; € Z7 (u], F).
This implies that H} (g, F) = H3 (4, F ) and, according to [[138], the only Jordan

central extension of ,u(’)’ is ,ug“. O]

deed Jordan cocycles. In [138], it is proved that V; € Z (ug, F), i.e. they verify

4.5 Left-commutative and bicommutative central extensions

Recall that an algebra A is said to be left- (respectively, right-) commutative if it
satisfies

x(yz) =y(xz) (respectively, (xy)z = (x2)y),
for all x, y,z € A. Equivalently, A is left- (respectively, right-) commutative if and
only if the left (respectively, right) multiplication operators commute. In case A is
both left- and right-commutative, we say that A is bicommutative.

The main results in this section will require the field F to be algebraically closed
and of sufficiently large characteristic (which for simplicity we will assume to be zero,
when necessary), while others hold for arbitrary fields. Unless otherwise is stated, it
should be assumed that the field F is arbitrary.

J
Proposition 4.5.1. Let n > 2 and recall the bilinear forms V ; = D Ay 41—k defined
k=1

for j € [n]. Then the following hold:
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(a) dimZiC (,ug,F) =2n—1and {Ai,l [2<i< n} U {Vj |j € [n]} is a basis
of Z3 . (. F).
(b) dimHiC (MS,F) = n and the classes {[Ai’l] |2<i< n} U {[Vn]}form a

basis oinC (,u(’)’, F)

(c) Inthe bicommutative case we have that dim H2BC (/46’, F) =2, and { [AZ,I] , [Vn] }

is a basis.

Proof. The space Zic ( ,ug, F ) consists of the bilinear forms 6 = 27,/:1 ¢ in’ 2 with

¢ € F, satisfying 6 (ei,ejek) =40 (ej,e,-ek), foralli,j, k € [n].
Claim: 1f j > 2, then¢; ; = ¢; ;;;_;. In particular, if i + j > n+ 2 then¢; ; = 0.
For j > 2 we have
cj=10 (e,-,ej) =0 (e,-,elej_l) =0 (el,eiej_l) = Cpipjo1- 4.5.1)

Thus, if i+ > n+2, then necessarily j > 2 and (.5.1) gives ¢; ; = 0. This establishes
the claim.

Hence, ¢, =¢;_13 =+ =c¢;; = ¢y, foralli € [n — 1] and we can write
n n n n
0= ;1A + e (Vi=8;) =D (ci—ci) A+ D eV, (452)
i=1 Jj=2 i=2 j=1

which shows that Zic (/,t(’)’,F) C <{Ai71 [2<i< n} U {Vj | j € [n]}).
It remains to prove the reverse inclusion, i.e. that the A; | and the V; are left-

commutative cocycles. Let k, 2, m € [n]. Then

Ay (ek’ efem> =0=4, (ez:”v ekem) ’
: 2 ; — R2 2
soindeed A, | € Z7 (,MS,F)- As(V,ljeln-1]) =B (ﬂg’F) CZ¢ (MS’F)’
it remains to show that V,, is a cocycle. This follows immediately from the fact that

1 ifk++m=n+1;
Vn (ek’efem) = .
0 otherwise.
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This concludes the proof of|(a) Partis clear by B2 (/48, F)= <Vj |jeln-1]).

We precede the proof of|(c)|with some general considerations. Let A be an algebra
and denote by v : A X A — A its multiplication map. The opposite algebra AP is
the algebra with the same underlying vector space and with multiplication vor, where
T AXA > AXA, (a,b) — (b,a) is the flip. Clearly, A is right-commutative if and
only if A°P is left-commutative and 8 € 22RC (A, F)ifand only if foz € Zic (A°P, F).
Moreover, Z2 . (A, F) = Z} . (A, F)nZZ . (A, F).

We return now to the case of the algebra yj. This algebra is commutative, so it
coincides with its opposite algebra. Let 6 € Z3 . (451, F). Then 6 € Z7 . (uf), F) and
bywe can write 6 as in (4.5.2)). What is more, for such a  we have § € 22C (,u(’)‘, F)

B
if and only if Aoz € Zic (/43, F) Seeing that A; jor = A, ;, we obtain Vo7 = V
for all j € [n].

VEM J’

Thence, in view of the results in @ and the observation that A}, = V, — A, |,
we have that 6ot € Z2 . (uf, F) ifand only if ¢;; = ¢, forall 3 < i < n. This proves
that {V jlJ€E [n]} U {Az,l } is a basis of le3C ( o> F ) Finally, given our description
of B2 (,ug, F), we immediately obtain the basis { [AZ,l] , [Vn] } of H%C (,u(')’, F) O

4.5.1 The automorphism group of

We denote by Aut (1) the automorphism group of . Let ¢ € Aut (u]). Then

we identify ¢ with its matrix (q’)i, j) relative to the basis {el, cees en}. It is easy

i,j€[n]
to see that the automorphisms of 4 are precisely those linear endomorphisms ¢ =

(d)ivj)ije[n] with ¢y, # 0, ¢y ,....¢,; € F arbitrary and ¢, ; with2 < j < n
determined by ¢ (e j) =¢ (el )j. In other words,

bij = Z d)kl,l d)kj,l’

ky+--+k;=i

for all i, j € [n].
It follows that ¢, ; = q’)"l | and ¢, ; = 01if j > i. For j < i we also have

. j—1
gbi,j = Jd)Jl,l ¢i—j+1,1 + D (€b1,1, Do1seens d’i—j,l) ) (4.5.3)

for some polynomial p; ; with coefficients in F which depends only on i and ;.
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Write ¢ = Z:’Fl &;;E; ;, where we think of E; ; both as the matrix unit with all
entries equal to zero except for the entry (i, j) which equals 1, and also as the linear
endomorphism of g defined by E, ; (ex) = ; k€ Then,

¢-A, (ekvef) =4, (¢ (ek) g (ef)) = Z Z GikPjrBsa (ehej)

k<i ¢<j
= D budi
k<s, <t
Thence, the formula for the action is given as
b-Ay = Z D5 i Prr By 4.5.4)

k<s, £<t

4.5.2 The orbit decomposition of H? . (u”, F)

To state the main result of this subsection we need an additional definition. For 0 <
i < n, let R(i,n) be the multiplicative subgroup of F* consisting of all (i + 1)-st
powers of all (n + 1)-st roots of unity in F*. In case F is algebraically closed of
characteristic zero, there exists some primitive (n + 1)-st root of unity { and R (i, n) =
<C ’“) is the cyclic group generated by {’*!. Denote the quotient group by

Fim=F"/R@,n), (4.5.5)
and for y € F*, let u = uR (i, n) be the corresponding coset.

Theorem 4.5.2. Assume that F is algebraically closed of characteristic zero and let

n > 2. The following elements of Zic ( Hys F ) give a complete list of distinct repre-

sentatives of the orbits of the automorphism group Aut ( ,u(’)’) on Hic ( Hy» F ) :
(a) 0;
(b) {A;12<i<n};
© {Vu+ubd, lneFy;

() {V,+HA, 12i<n—1,HE F,}.

From this result and Proposition 4.5.1] we immediately deduce the orbit space
decomposition in the bicommutative case.
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Corollary 4.5.3. Assume that F is algebraically closed of characteristic zero and

let n > 2. The following elements of Zéc ( Hys F ) give a complete list of distinct

representatives of the orbits of the automorphism group Aut ( ,ug) on H%C ( ,ug, F ) :
(Case n =2)

(a) 05

(b) Ayy;

© {Va+ubyy |peFy.
(Case n > 2)

@ 0;
(b) Aq s
© Vy
@ {Vy+ by | U € Fopt-
We devote the remainder of this section to the proof of Theorem[4.5.2]

Lemma 4.5.4. Assume that F is algebraically closed of characteristic zero. Fix i > 2.
Given scalars ay y, ... ,a;_1) € F withay; # 0, we define, for2 <¢,m <i :

Q=D aia . (4.5.6)
It =t
Note that a, ,, depends only on a, 1, ...,a,_,.11. Then, forany 0 < k <i—1, the
map
oy F*x Fk - F* x Fk
(‘11,17 7ak+1,1) = (ai,ial,lvai,i—lal,lv »ai,i—kal,l)

is onto and (i + 1)-to-1, i.e. |p,;1 (al,...,zk+l)| =i+ 1 forall (A,...,24,) €
F* x Fk,

Proof. The proof is by induction on 0 < k < i — 1. First, notice that implies
thata, , = a’il. If k = 0, then p, (01,1) = a’;’ll and the relation |pa1 (/1)| =i+ 1 for
any A € F* follows from both our assumptions on F.
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Now assume that k > 1 and take (A;,...,4,) € F* x F*. By the induc-

tion hypothesis, |pli1 (41, ... ,Ak)’ =i+ 1, sochoose (aj,....,a,;) € F*x Fk!

SU.Ch that pk—] (al,l, ,ak,l) = (Al’ ’ﬂk) AS in @D, we haVe ai’i_kal’l -
. i—k . Cq.

i—-k) a’L1 Q11+ A1 1Dk (au, ,ak’l), with p;;_, apolynomial ina, y, ..., a ;.

Thus, we can set

Agg1 = 11Dk (01,19 cee ak,l)
. i—k
(i—k) ap;

Apt11 = , 4.5.7)

and thel’l pk (al’l, cee ak_‘_]’]) = (pk_l (al’l, ceey ak’l) . ai’i_kal’l) = (Al’ ceey Ak+1 )
The above shows that the i +1 distinct solutions of the problem for k—1 give rise to

i+1 distinct solutions of the problem for k. Conversely, each solution (01,1’ e Apy )
of the latter determines a solution (a, 1, ..., a, ) of the former and, by @3.7), a;; |
is completely determined by a, i, ..., a; ;, so there are exactly i + 1 solutions of the

problem for k. By induction, the proof is complete. O

Now we can start computing orbits of Aut ( ,ug) on Zic ( uy, F )

Proposition 4.5.5. Assume that F is algebraically closed of characteristic zero. For

i € [n] we have
Orb (A;;) = {MA + A+ +A4A | A,....A4 €F, A #0}.

Proof. Letg = (¢, ;) € Aut (,ug). Then, by @5.4) we have that ¢- A, | = q’)"l*"llA,-’l +
;;11 & k®118, and as ¢, ; # 0, the direct inclusion in the statement is proved.

,A;) € F*XFi71, Lemmamgives (a11,....a;,) €
F* x F'=! such that 4;_,,, = a; xay 1, for all k € [i]. Since a;; # 0, there exists
¢ € Aut (,u(’)’) such that ¢, | = a, ;, for all k € [i]. For any such ¢ € Aut (/46’) and

j € [i], we have

a;; = Z gy k1 = Z b, .1 "'d’kj,l = i)

Conversely, given (/11,

Kyt tk =i ky+eeetk;=i
i R i .

sog-A; | = zk=1 Dikb1 101 = Zk=1 a; a1 Ay = Zk=1 Ai—k+1,18%,1- This proves

the reverse inclusion. O

Recall that the V, for j € [n — 1], form a basis of B (,ug, F).
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Lemma 4.5.6. Let ¢ = (¢,~,j) € Aut (y(';) In Hic (,ug,F) we have ¢ - [V,,] =
¢ Vil

Proof. Ifi+j > n+1,then A, ; does notoccurin ¢+ V,,. Otherwise, fori+;j < n+1,
the coefficient of A, ; in the expression for ¢ - V,, is

n+1—j

®ij = Z D iPni1-k.)>
k=i

sothat -V, = X,y ;4 ;.
Since Aut (,ug) acts on Zic (,ug, F) and on B? (,ug, F), we must have ¢ - V, €
Zic (,ug, F) \ B? (,u(’)', F). Thus, by the proof of Proposition we have a; , =

@y = = = aq_y, for every 2 < k < n. Moreover, by reparameterising the
. . . _ n+1-i _ .3 ; —
summation index, we obtain a; ; = ).~ dpy1-riPr; = @;;; in particular, o | =

ay ;. It follows that
n

¢-V,= 2 ay Vi

k=1
Now, as [V,| = 0, forall k € [n— 1], we get ¢ - [V,] =y, [V,] =]} [V,]. O
Proposition 4.5.7. Assume that F is algebraically closed of characteristic zero. Let
u € F*. We have

Orb ([V, + uA,,])

n—1
= {/11 V] + 2y [Ba] + D Awsrci [Bia] | At oos Auey € Fo 4y ;éo}.

k=2

Proof. Let ¢ = (d),-’ J-) € Aut ( ,u(’)‘). Then, using Lemma and recalling that
[An] = [Vi] =0.

n—1

d) : [Vn + ”An,l] = d)rlljl [Vn] + /’ld)n,nd)l,l [An,l] tu Z ¢n,k¢1,1 [Ak,l] : (458)
k=2

Since ¢, , = (],’)’11’1 and ¢, | # 0, the direct inclusion in the statement follows.
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Conversely, let A,...,4,_; € F, with 4; # 0. Consider the map p,_; from
Lemmam By that result, for any y € F*, there are (a]’l, ,an’l) € F* X
F"! such that p,_; (a),....a,;) = (ﬂl%%—“0> Let ¢ € Aut (uf}) be
determined by ¢ | = a; ), forall k € [n]. Then ¢, ; = q; ; forall i, j € [n]. It follows
that q’)’fjl = ¢, P11 = A and similarly u¢, ;| = A, forall2 <k <n-1.

Thence, by (4.3.8)),

n—1
G- Vot uh, 1] =40 [V,] + 0y [A,] + 2 Ansi—i [Bxa]
k=2
proving the reverse inclusion. O

Proposition 4.5.8. Assume that F is algebraically closed of characteristic zero. For
2<i<n-1andu € F* we have

Orb ([Vn + /‘Ai,l])

i—1
= {/1"“ V] + 2% A ] + Z higio A1) | Ao s hiy EF A€ F} :
j=2

Proof. Let$ = (¢, ;) € Aut (). Then,

¢ [Vn + #Ai,l] = (l"'fjl [Vn] + 2 i P11 [Ak,l] .
k=2

So, as before, to prove the result it suffices to assume that i > 3 and to show that given
¢1.1, u € F*, the elements ¢; , ¢, 1 u, with 2 < k < i — 1, can take on arbitrary values
in F, for appropriate choices of ¢, ;,...,¢;_;; € F.

Considering p;_,, we know that for any A,, ..., 4;_; € F there are i + 1 solutions

to the equation

b A

pia(@rysnaiyy) = < ! —27>

2
1,1 U

As a§+11 = ¢§+11, exactly one of the above solutions satisfies a; ; = ¢, ; and the re-

mainder of the proof goes as before. O
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The final ingredient in the proof of Theorem [4.5.2] explains the relevance of the
factor group F; ), defined in {.5.5).

Lemma 4.5.9. Fix2 <i<n-—1. For u,y’ € F* we have
Orb ([V, + ud;,|) =0rb ([V, + 4/'A]) e =,
where i, y' € Fi -

Remark 4.5.10. In view of this result, it makes sense to write Orb ( [V, + uA, ]).
for y € F*, and we can parameterise the orbits of the form above by the elements of
F(l,n)'

Proof. For the direct implication, suppose that [Vn + Ai,l] € Orb ( [Vn + ,MAM]).
Then there is some A € F* such that A"*! = 1 and y/ = A"y, so ' /u € R(i,n).
Conversely, if 4/ = A"*!y for some A € F* with A"*! = 1, then

[V, + 1Ay = [V, ] + 277 [A L] € Orb ([V, + A L]),
which shows that the respective orbits coincide. O

We are now ready to conclude our main result of this section.

Proof of Theorem[-5.2} Let0 # 6 = 4, [V,]+X/_, 4; [A;1] € Hi . (k. F). Then:
o If A, =0, then § € Orb ([Am])’ where i = max {j | 4; # O}. (See Proposi-
tion4.5.5])
e If A, # 0and A, # 0, then & € Orb ([V, + uA, ,|), where u = 4,/4, # 0.
(See Proposition[d.5.7])

eIf A, # Oand 4; = Oforall2 < j < n, then§ € Orb ([V,]). (See
Lemma[4.5.6])

o If 4, #0, 4, = Oand/lj # 0 for some 2 < j < n—1, define y € F* as
follows: choose some A € F* such that A"*! = A,; then take u = A,/A™*!.
Then, § € Orb ([V, +uA;,|), where i = max {2<j<n—1|A; #0} (See
Proposition[4.5.8]) By Lemmal[4.5.9] % is uniquely determined by 6.
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The fact that distinct elements given in the statement of the Theorem yield disjoint
orbits follows easily from the description of the orbits in Proposition §.5.5] Proposi-

tion[d.5.7] Proposition[4.5.8] Lemma.5.6/and Lemmaf.5.9 O

4.5.3 The orbit decomposition of T; () in the left-commutative and bi-
commutative varieties

Observe that Ann ( ,u(')’) = Fe,, so in order to get a non-split central extension of
with one-dimensional annihilator associated with a cocycle 8, we must have e, ¢&
Ann (0). This excludes the orbit representatives 0 and A, ;, for i < n. Notice also
that for non-zero cocycles 6 and 6’, the one-dimensional spaces ([0]) and < [0’ ] ) are
in the same Aut ( Mg)—orbit in the corresponding Grassmannian if and only if there is
A € F* such that A [9’ ] is in the orbit of [8]. In particular, if the Aut ( y(’)’)-orbit of [0]
is closed under the multiplicative action of F*, then ([6]) and < [9’ ] > are in the same
orbit if and only if [#] and [9’ ] are in the same orbit.

In our context, all orbits are closed under multiplication by non-zero scalars, ex-
cept for the orbits of the form Orb ([V, + A, ;]), with2 <i<n—1land u € F,,).

Given € € F*, Proposition 4.5.8 shows that ¢"*! [Vn + ﬁAM] = [Vn + 6”"';4A,~’1].

Since F is algebraically closed, for a fixed i < n — 1, €"~' can take on any non-

zero value as ¢ € F* varies. Hence, [V,, +HA,-’1] and [V,, +7AJ-,1] define one-
dimensional spaces in the same Aut ( y(’)’)—orbit of the Grassmannian if and only if
i=j.

Combining all the results from Section [4.5] we obtain our main result below.
Theorem 4.5.11. Assume that F is algebraically closed of characteristic zero and
let n > 2. The following elements of Zic ( Hys F ) parameterise the distinct orbits of
Aut (,ug) on the subspace T (,ug) of the Grassmannian G, (Hic (,ug, F)), i.e. they
parameterise the distinct isomorphism classes of non-split left-commutative central
extensions of the n-dimensional null-filiform algebra p; with one-dimensional anni-

hilator:
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(@ A,y
(b) {V,+ul,; | u€ F} (u=0gives the trivial extension ﬂg+1);
© {V,+A, 12<i<n-1}.

In the bicommutative case, the corresponding representatives are:

(Casen=2) (Casen>?2)
(@) Ay s (@) V,, (trivial extension ,ug“ );
(b) {Vy+uby | uerF} (b) V,+A,,.

(u = 0 gives the trivial extension ,ug ).

Remark 4.5.12. Note that Theorem {.5.11] and the previous discussion only make
reference to non-split central extensions with one-dimensional annihilator. However,
it is also possible to construct non-split left-commutative central extensions of s
with two-dimensional annihilator, whose isomorphism classes are parameterised by
the cocycles A, | for 2 < k < n — 1. In the bicommutative case for n > 2, also
A, is a representative of an isomorphism class of non-split central extensions with

two-dimensional annihilator.

The explicit description of the multiplication in the central extensions referenced
in Theoremsf.5.2land@.5.11] in Corollary{.5.3]and in Remark[4.5.12]can be found in

the following table. Only the non-zero products of the basis elements {el s @il }
are displayed.
Cocycle Multiplication, i, j € [n]

An7] eiej =ei+j 1fl+j§n

€,€1 = €41
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Ay ee; =e.; ifi+j<mand(i,j)# (k,1)
(2Sk$n—l) ekel=ek+1+en+1

V,+ 4, ee; =ey; ifi+j<n+1land(,j)# (k1)
2<k<n-1) ee;r=e 1 te,

V,+ul, ee; =ey; ifi+j<n+landi#n

(e F) ee; =1+pe, (u = 0 gives the trivial extension)

Table 4.1: Isomorphism classes of one-dimensional non-split left-commutative and

bicommutative central extensions of the n-dimensional null-filiform algebra .

4.6 Assosymmetric, Novikov, and left-symmetric central ex-

tensions

4.6.1 Assosymmetric central extensions
Recall that an algebra A is said to be assosymmetric if it satisfies the identities
(xy)z—x(yz) =(x)z—y(xz) = (x2) y — x(2y),

for all x, y, z € A. Now, to find the assosymmetric central extensions of ,ug, we need
cocycles 0 : py X puy — F satisfying

0 (eiej,ek) -0 (e,-,ejek) =0 (ejei,ek) -0 (ej,e,-ek) =0 (el-ek,ej) -0 (ei,ekej) ,
forall i, j, k € [n]. Note that for the algebra y, these two equalities reduce to
0 (e,»,ej+k) =0 (ej,e,»+k) and 6 (el-+j,ek) =0 (el-+k,ej) ,

for all i, j, k € [n], with the usual convention that e,, = 0 if m > n. This means that

every assosymmetric cocycle of i is in 22BC ( Hys F ) . On the other hand, it is easy to

2

see that every element from Z

n . .
c ( o F ) is an assosymmetric cocycle.

4.6.2 Novikov central extensions

Recall that an algebra A is said to be Novikov if it satisfies the identities

(xy)z=(xz)y and (xy)z—x(yz)=(yx)z—y(xz),
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for all x, y,z € A. Now, to find all the Novikov central extensions of ), we require
cocycles 6 1 py X py — F satisfying

0 (e,-ej,ek) =0 (eiek,ej) and 0 (eiej,ek)—ﬁ (ei,ejek) =0 (ejei,ek)—H (ej,eiek) ,
for all i, j, k € [n]. For the algebra ,u(')’, these identities reduce to
0 (e,»+j,ek) =0 (ei+k,ej) and 6 (el-,ej+k) =0 (ej,el-+k) ,

with e,, = 0if m > n. As these are exactly the identities for the bicommutative

cocycles of leac ( ,ug, F ), this case also reduces to the bicommutative case.

4.6.3 Left-symmetric central extensions

Recall that an algebra A is said to be left-symmetric if it satisfies the identity

(xy)z—x(yz) =(x)z—y(xz),

for all x, y,z € A. To find all the left-symmetric central extensions of y(, we need
cocycles 01 pg X p — F satisfying

0 (eiej,ek) -0 (e,-,ejek) =40 (ejei,ek) -0 (ej,e,-ek) ,
for all i, j, k € [n]. Note that for the algebra ,ug, we obtain just the relation
0 (ei,ej+k) =60 (ej,ei+k) , foralli,j,k € [n],

where e,, = 0 if m > n. Thus, 6 is the same as a left-commutative cocycle from
Zic ( ,ug, F ) , and it follows that this case reduces to the left-commutative case.
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CHAPTER 5

Central extensions of axial algebras

In this chapter, we develop a further adaptation of the method of Skjelbred-Sund ex-
plained in Chapter [3| and Chapter ] to construct central extensions of a certain class
of algebras which is not defined by polynomial identities, namely axial algebras. Al-
though all the examples throughout the chapter are already known in the literature, it
is our hope that this technique will allow us to find new examples in the near future.
We also use our method to prove that all axial central extensions (with respect to a
maximal set of axes) of simple finite-dimensional Jordan algebras are split.

Introduction

Axial algebras are a recent class of non-associative commutative algebras introduced
by Hall, Rehren and Shpectorov [[110] in 2015. They can be seen as a certain gener-
alisation of commutative, associative algebras, and as a common frame for Majorana
algebras 110,233}, Jordan algebras [[111}/112] and other types of algebras appearing
in mathematical physics. They are also related to code algebras [|53].

The relevance of Majorana and axial algebras lies on the fact that they provide an
axiomatic approach to vertex operator algebras (VOAs), complex algebraic structures
rooted in theoretical physics. In mathematics, the best-known VOA is the moon-
shine V*, constructed by Frenkel, Lepowsky and Meurman in [89]], and whose au-
tomorphism group is the Monster M, the largest sporadic finite simple group. This
object shows a link to the theory of modular functions, and was key in the proof of
Borcherds [29] of the monstrous moonshine conjecture on the connection between the
Monster and modular functions. The rigorous development of the theory of VOAs,
an important tool for the proof, is also due to Borcherds [28].

141
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After the cited paper of Hall, Rehren and Shpectorov [110], it began a systematic
study of axial algebras. An interesting and active direction in this study is the descrip-
tion of n-generated axial algebras of a certain type. So, two-generated axial algebras
of Jordan type # over fields of characteristic different from 2 were classified in [111]]
by Hall, Rehren and Shpectorov. Rehren proved in [196L/197]] that the dimension of
primitive two-generated axial algebras of Monster type (a, #) does not exceed 8 if the
characteristic of the ground field is not 2 and a & {2f,4p}. Later, Franchi, Mainardis
and Shpectorov constructed an infinite dimensional two-generated primitive axial al-

gebra of Monster type (2, %) , today known as Highwater algebra |87|], and they

classified all two-generated primitive axial algebras of Monster type (24, §) over a
field of characteristic not 2 in [88]]. Also, a classification of primitive symmetric two-
generated axial algebras of Monster type was given between Yabe’s [235]], Franchi and
Mainardis’ [85]] and Franchi, Mainardis and Mclnroy’s [[86]]. On the other hand, Gor-
shkov and Staroletov showed that a three-generated primitive axial algebra of Jordan
type has dimension at most 9 [[104]]; Khasraw, Mclnroy and Shpectorov enumerated
all the three-generated axial algebras of Monster type (a, ) of a certain subclass, the
so-called 4-algebras [[153]].

We cite some other directions in the research on axial algebras. Khasraw, McIn-
roy and Shpectorov described the structure of axial algebras [[152]. De Medts and
Van Couwenberghe introduced axial representations of groups and modules over ax-
ial algebras as new tools to study axial algebras [66]. Axial algebras have been
also studied from a computational approach in Mclnroy and Shpectorov’s [[173]] (see
also [1871/205]]), and from a categorical point of view in De Medts, Peacock, Shpec-
torov and Van Couwenberghe’s [[63]].

On the other hand, the study of algebras generated by idempotents has a proper
interest. Rowen and Segev described all associative and Jordan algebras generated by
two idempotents [[199]; BreSar proved that a finite-dimensional (unital) algebra is zero
product determined if and only if it is generated by idempotents [34]]; Hu and Xiao
proved that finite-dimensional algebras generated by idempotents can be characterised
homologically by their irreducible modules [117]], and so on.

This chapter is organised as follows. The introductory Section[5.1I|provides some
basic definitions about axial algebras. We also give a classification of complex two-
dimensional axial algebras and describe some of the main properties of these algebras.
Section[5.2]is devoted to a detailed explanation of an adaptation of the Skjelbred-Sund
method [209]] for the construction of central extensions of axial algebras: we describe
the conditions that ensure that a given central extension of an axial algebra will also
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be axial (Theorem[5.2.12) and prove that an axial algebra with non-zero annihilator is
a central extension of another axial algebra of smaller dimension (Theorem [5.2.13).
In Section [5.3] we apply the methods developed in Section [5.2]to prove that a com-
plex finite-dimensional simple Jordan algebra does not have non-split axial central
extensions with respect to a maximal set of axes.

Unless otherwise stated, all algebras and vector spaces throughout the paper are
assumed to be of arbitrary dimension and over an arbitrary field F. The generating
sets for the algebras are assumed to be finite.

5.1 Preliminaries on axial algebras

Let F be a field, 7 C F a subset, and *x : F X F — 27 a symmetric binary oper-
ation. The pair (F, %) is called a fusion law over F, and will be denoted simply by
F whenever there is not possibility of confusion. We say that the fusion law (F, %)
is contained in the fusion law (G, ®) if F C G and, for every A, u € F, it holds that
Axu C A0 u. Also, if F C G, we will denote by (G, %) the fusion law resulting from
setting A % u = @ forevery A € G\ F and every u € G.

The values of any fusion law (F, x) can be displayed in a symmetric square table.
This is the most common way to represent them; we employ it in Table [5.6| and Ta-
ble[5.7] Following the conventions in the literature (e.g. [110], [111]]), we will abuse
notation in the tables by not writing the set symbols in unitary sets, or using a blank
entry to mean the empty set. On other occasions, we will limit to write explicitly the
relevant products of the fusion laws, as in Table [5.3]and Table[5.5]

Let A be a commutative algebra. For any element x € A, we denote by Spec (x)
the spectrum of the endomorphism L, : A — A, y — xy, and by A7 the eigenspace
associated with an eigenvalue A € Spec (x). If u & Spec(x), we assume A* = 0.
Also, given a subset S C Spec (x), we denote A = @,csA7 and Ag = {0}.

Let (F, %) be a fusion law over F. An element a € A is called an F-axis if the
following conditions hold:

1. ais idempotent;
2. ais semisimple;

3. Spec(a) C F and AjAZ Cc Aj*”,

for all A, u € Spec (a).
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Recall that, if A has finite dimension, by a being semisimple we just mean that
L, is diagonalisable. In the infinite-dimensional case, a must satisfy the next two
conditions:

(1) For every x € A, there exists a finite-dimensional subspace W, C A stable by
L, such that x € W,.

(i1) For every subspace W C A of finite dimension stable by L,, the restriction
L,|y is diagonalisable.

An F-axial algebra over F is a pair (A, X), where A is a commutative algebra
over F and X is a finite set of F-axes that generate A. If the fusion law is clear, we
will simply refer to axes and axial algebras.

We will now recall some basic definitions regarding axial algebras. For more
information, see for instance [[110-112}/152].

Note that, from conditions (1) and (3) above, any axis a € A satisfies A‘l’ # 0. An
axis a € A is called primitive if dim AT = 1. If an axial algebra (A, X) is generated
by primitive axes, then it is called primitive. In this case, A‘I’A‘/‘1 Cc Aj, for all A €
Spec (a).

A two-generated axial algebra (A, {al, a, }) is called symmetric if it admits a flip,
i.e. if there exists an automorphism switching the generating axes a; and a,.

An axial algebra (A, X) is said to be m-closed if A is spanned by products of axes
of X of length at most m.

Also, we say that an axial algebra (A, X) admits a Frobenius form if there exists a
(non-zero) bilinear form (-,-) : A X A — F which associates with the product of A,
ie.

(x,yz) = (xy,2)

for all x,y,z € A. Note that this form is necessarily symmetric [[110, Proposition
3.5].

The radical R (A, X) of a primitive axial algebra (A, X) is the unique largest ideal
of A containing no axes from X. If (A, X) admits a Frobenius form, the radical of the
form and R (A, X) are closely related (see [152]).

Sometimes, the fusion law (F, %) is graded by a finite abelian group 7, in the
sense that there exists a partition {T’t |t e T} such that for all s,t € T,

F,xF, CF.

In these cases, it is induced a T'-grading on A for each axis a, namely A = @,cpA7. .
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Let T* be the group of linear characters of T'. For each axis a, there exists a group
homomorphism, 7, : T* — Aut (A), where 7, (y) : A = A, with y € T*, is defined
by the linear extension of

7,(x) : A=A
ur y(u,

foru € Af.

The automorphisms of the type 7, () are called Miyamoto automorphisms, and
the image T, := Im 7, is called the axial subgroup of Aut (A) corresponding to a. If
Z is a set of axes of A, the subgroup

G(2Z) :=(T,| a€Z)C Aut(A)

is known as the Miyamoto group of A with respect to Z.

In this paper, we will restrict to dealing with C,-gradings. Note that, in this setting,
T, C Aut (A) has order two for every axis a. Let us write T,, = {id A> q’)a}.

A set of axes Z is called closed if ¢ (Z) = Z for any ¢ € G (Z). The minimal
closed set of axes containing Z exists and it is called the closure of Z, Z.

As an example, we select here the algebras of dimension 2 over C which are ax-
ial from the classification in [151]], and provide some information about their basic
features.

Example 5.1.1. Consider the set

af —(@—1 (B —-1) 1 1
{(a,ﬂ, daf— 1 >|a,ﬂ€C,a,ﬂ¢§,aﬂ7ﬁZ}.

Note that there exists an action of S; on such set, and choose a set of representatives
of the orbits, A, such that £ 0,1, a + f # 1 and a # f # L= DID 4 4 Set

4ap—-1
—@-1(-1
o= {(a,meCZ EYFERTESS (a,ﬁ, T )> e A}.

Also, the cyclic group C, acts on C \ {0, 1} by taking (@) = a!. We will fix

a certain set of representatives of the orbits under this action and denote it by C*>1.
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Let us denote:

A
B

c (a)aaéo,i%,il

D (ﬂ)(o,ﬁ)eK
E ((Z, ﬂ)(a,ﬂ)ek,aqéO
F

G (ﬂ)ﬁ;éo’%,l
H (V)yec: y#2

I

E;(0,0,0,0)
El (—1, _19 _1’ _1)
E 9 2 b

1((1 o, a)a;éO,J_r%,il
El (O, ﬁa 0, ﬁ)(O,ﬂ)EK
El ((X, ﬂ, @, ﬂ)(a,ﬂ)erc,a?':o
E, (%,o,o)
£ ()
A

Es

1
p#0.5.1

>V .
y€CTr#2

N | =

’

)

NI—= NI

where e;e; = e; and e,e, = e, in all instances.

eje, =0

iy = "¢ - €&
ee,=a (el + e2)
eje; = fle,

eje, = ae| + fe,
€& = %el

1

ejey = 5ey + fey
_ 1 1

ey =rert 50

€1ey, = % (el +ez),

All the previous algebras, alongside with certain sets of generating axes, are two-

closed axial algebras. The following Table [5.2] summarises information about some

of their basic features.

We limit to provide minimal set of axes X such that (A, X) is axial. The fusion

laws are displayed in Table [5.3] with the following conventions: we only write the

non-zero products, and we assume that 1 x A = Aforall A € F, 1 # 0. Write

a3 = el +ez;
a, = - (e1 + 32) 5
_ 1 .
a5 = m (e] + 62) N
g = e +(1-2p)ey
. 1-2a 1-28 .
47 = 15l + 1—4ap
a, = ae; + (1 —a)e,,

where a, f are elements of C whose requirements vary from case to case, and denote

by &, the free group generated by two involutions. Note that, regarding Frobenius

forms, we just offer an example for each axial algebra.
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’ A ‘ X ‘ (F, %) ‘ Symmetric ‘ ¢,
{el’ez} Yes e e) =1
A {13} (Fas*a) No e,e,) =0
{ez,a3} ey,e,) =1

{el’ez} e]7e] — _2
B {61’04} (PB’*B) Yes e;,e) =1

{e2: a4}

{el’ez}
C () {e1 a5}

{ez,as}

{el’ez}
D(ﬁ) {91,06}

{82’06}

{el’ e2}(a?§1)

Yes

o
;
a

7
v
*
Q
N

*
S

*
&

[\S)
S

— — | | |~ |~ |~ S~— ~—
e}

mﬂmﬂﬁgbﬂg
Ak
g

E(@p)| {e.a;} 5 % i No —1
{62"17}(#1) 3 X3 ey, e)=(1—a)/p
e;,e ) =0
F {ere2} (Frxp) No ej,er) =0
ey, e,) =1
ep.ep) =2(1-p)
G | fena) | (Foxe) No el e)) = 1
ey, e) =1/2p

H) {ere2} (Fuoxy) | r=-1
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(el,el) == 1
1 {aa’aﬁ}a;éﬁ (Fr %) aF—=p (e1.e0) =1
(62,62) =1

Table 5.2: Complex axial algebras of dimension 2.

Fusion law F
(Fas *4) {1,0} 0%,0=0
(Fg.*p) {1,-1} (=D *p(=1)=1
(Feis *c1) {1,a} axcpa={l,a}
(Feas *c2) {1,a, 4} axcpa={l,a},
Akey A=1
(Fpi>*p1) {1,5,0} P *p1 B =0,
0*xp, 0={1,0}
(Fppxpy) | {1,8.1 -5} B*po B =5,

I=P*p,A1=p=1-p
(FD3’*D3) {l,l—ﬁ,O} (1 _ﬁ) *D3 (1 —ﬂ): 1 —ﬂ’

0% p3 0= {1,0}
(Feixpr) | {1,8,4) B xpi B=1{1,B},
Axp A={1,4}
(FE2s *p2) {1,a,p} a*pa={l,a},
Bxp, p=1{1,p}
(FE3s *£3) {1,a, 4} axpya={l,a},
Axpy A={1,4}
(Froxp) {1,1/2,0} 1/2%p1/2=1/2,
0x;0={1,0}
(Fgo*a) | (1.6,1/2) Bxg B =1{1,p}

1/2 % 1/2=1{1,1/2}
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(FH’*H) {19%7?//2} %*H%z{l,é},
v/2xgv/2={Ly/2}

(Fr. %) {1,1/2)

Table 5.3: Fusion laws in Table

(For D3, A = ﬁ and for E1 and E3, A = 11:‘:(;5)

We indicate now some other properties of the above algebras not displayed in Ta-
ble The only algebras which are not primitive are (A, {el , a3 } ) and (A, {ez, as } ) ;
the only ones that have non-zero radical, (D (8),{e;.aq}) and (I,{a,.az}), with
R(D(B).{ej.a6}) = (ey) and R (I,{a,.a;}) = (e| — e,), respectively. For the
sake of completeness, we point out that the algebras A, B, C (a), E (a, ), G (f) and
H (y) are in fact simple.

Note that, between the fusion laws of Table|5.3] only (Fp, * ), (Fcy. *¢2) and
(Fl, * 1) admit C,-gradings. We show now in detail the explicit Miyamoto groups of
B,C(a)and I.

Consider first B. The fusion law (FB, * B) admits the C,-grading (FB)l = {1},
(Fg)_, = {~1}. The Miyamoto automorphisms with respect to the axes e, e, and

a, are
¢, B— B
e e

e; > —e —e

iD
fori,j € {1,2},i # j,and
¢, B— B
e e
e, —e.

As a consequence, the Miyamoto group with respect to X = {el , ez} is

G(X) = (¢el,¢ez |02 =2 = (do,0.,)" = (do,,)" = 1> ~ S,
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and also, denoting X; = {ei, a4},

G (X,) = <¢e,’¢a4 | ¢§i = ¢§4 = <¢e;¢a4>3 = <¢a4¢e[>3 = 1> ~ S;,

fori € {1,2},i # j. The closure of any of the generating sets of axes considered in

Tableis X = {el,ez, a4}.

Regarding C (a), the fusion law (Fz, *2) admits the C,-grading (FC2)1 ={1,al,
(Fcz)_ , = {4}. The Miyamoto automorphisms with respect to the axes e; and e, are
id¢(y), Whereas

o, : C (@) = C ()
e~ e
e, e

Then, the Miyamoto groups with respect to X; = {e,-, 05} are

G (%)= (s, |42, =1)=C,
fori € {1,2}. The closure of both generating sets of axes considered in Table[5.2]is
X = {el,ez, a5}.

Write X = {el,ez}. Since (PCI,*CI) Cc (Pcz’ *Cz), we could also consider
(C(@),X) as an (FCZ, *Cz)—axial algebra. In this case, the Miyamoto group reduces
t0 G (X) = {id¢(y }» and X = X.

Finally, consider I. Now, the C,-grading of (F,, *,) is (T‘,)l = {1}, (F,)_l =
{ % } The Miyamoto group with respect to X = {aa, aﬂ}a# is

GX)= By, b0, | 92, =82, = 1) =B,
where
$o,c I 1
egm CQa—De;+2(1—-a)e,

e, = 2ae; + (1 —2a)e,,

for any a € C. Also, it holds that X = {aa+Z(a_ﬂ)}.
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5.2 Central extensions of axial algebras

Let A be an algebra and V a vector space. Let also 8 : AX A — V be a bilinear map,
and define Ay, = A @ V, which can be given structure of algebra with the product
[x+v, y+w]ly = xy+0 (x, y). Itis immediate to check that A, is a central extension of
dimension dim V of A with respect to V. Also, it can be seen that every commutative
central extension of A of arbitrary dimension is isomorphic to A, for some V and 6
in the above conditions.

In the following paragraphs, we recall some basic features of this approach to
central extensions which will be needed later (for more details about the Skjelbred-
Sund method, see Chapter [3|and Chapter ] and references therein).

Let f: A — V be a linear map and define the bilinear map 6f: AX A - V
by 6f (x,y) = f(xy). The set {6f | f: A — Vislinear} is a linear subspace of
the bilinear maps from A to V, so we can consider the quotient space. Note that if
0" =0+65f forsome f: A — V,thenthemap ¢ : Ay — Ay defined by ¢ (x + v) =
x+v+ f (x) is an isomorphism. Therefore, the isomorphy class of A, does not depend
on the representatives 8 of the equivalence class [8].

Given a bilinear map 8 : A X A — V and a basis {ey}yer of V, there exist ||
unique bilinear maps 0,: AXA—>F such that 8 (x, y) = Zyer 0, (x,y)e;. A central
extension A, is said to have an annihilator component if there exist an ideal I and
a subspace of AnnA,, J, such that A, = I @ J. The central extensions with anni-
hilator component are called split; without annihilator component, non-split. If the
dimensions of A and V are finite, for a non-split central extension A, it holds that the
set { [QY] }yer is linearly independent; the converse is also true under the hypothesis
AnmnA, =V.

In the subsequent, we study when a central extension of an axial algebra is ax-
ial, in terms of the bilinear map 6. Let us fix the following notation. We will de-
note by L, and Li +p the operators of left multiplication in A and in Ay, respec-
tively. The spectrum of LZ +p Will be denoted by Spec, (x +v). Also, we write
0; ={y€ A|0(x,y) =0}, and denote by P : A, — A the natural projection onto
A.

The following results are easy consequences of the definitions:

Lemma 5.2.1. Let A be a commutative algebra, V a vector space and 0 ©: AXA — V

a bilinear map. Then, A, is commutative if and only if 0 is symmetric.
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Lemma 5.2.2. Let V be a vector space and A an algebra with an element x € A such
that L, : A — Aisdiagonalisable. Choose a symmetric bilinear map 0 . AXA -V
such that ker (Lx) C 9;. Then if {ea}aeA
L, (ea) = A€, A, € F, for any a, we may construct a basis of A, given by

a-a

is a basis of A diagonalising L, and

B :={e,+1,'0(x.e,) | Ag #0} U{e, | 1, =0} U By
where By, is any basis of V. The basis B diagonalises L, for any v € V.

Lemma 5.2.3. Let A be a commutative algebra, V a vector space and 0 . AXA — V
a bilinear map. Then, Spec, (x + v) = Spec (x) U {0} for all semisimple x € A and

all v € V, and the eigenspaces of LZ L are

x+v

(Ag); " ={y+27"0x. 0 | ye AL},

for A € Spec (x), A # 0, and

xX+v

(Ag)o ={y+w€A9|y€Agﬂ¢9i},

recalling that we mean AZ)‘ = 0if0 & Spec (x).
Furthermore we have:

Lemma 5.24. Let B = {ea + Ua}aeA be a basis of Ay diagonalising L, . Then

ker (Lx) c 9;- and L, is diagonalisable.

v*

Proof. We have L, (ea + va) = A4 (ea + ua), which implies xe, = A,e, and
0 (x, ea) = 4,0, for any « € A. Note that when 4, # 0 we have v, = /1;19 (x, ea).
Define S :={a € A| 4, #0}and T := A\ S. So

B={ea+/1;19(x,ea)|a€S}|_|{ea+Ua|a€T}.

The set {ea }a .4 s asystem of linear generators of A and so a suitable subset {ea }a A

is a basis of A. In this basis we can distinguish those e,’s whose 4, is non-zero and

those whose 4, = 0. So we have a basis of A of the form B’ = {ea | Ay # O}aeA, u
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{eq | 2, =0}, - Take z € ker (L,) and write z = ¥ k,e, with k, € F relative
to the basis B’. Then

= Z a}”aea
a

o
where the 1,’s in the last sum are those which are non-zero. Consequently k, 4, =0,

that is, k, = 0. Thus z = ), k,e, where the sum is extended to those indices a

for which 4, = 0. S0 0(x,2) = X, k0 (x,e,) = X, keA,0e = 0 and z € 6.

aaTa

The fact that L is diagonalisable follows now from the fact that xe, = A,e, for any
ae A O

Fix a fusion law (F, x). Unless otherwise stated, all axial algebras will be assumed
to be axial with respect to (F, x).

Let (A, X) an axial algebra, V a vector space and 8 : A X A — V a symmetric
bilinear map such that { [Hy] }yer are linearly independent. Let {Xi }ie ; be the family

i

of minimal sets of axes that generate A, X' = {al,

,ai i } In particular, each X' is

linearly independent and can be extended to a basis B’ = {a;. } of A.
jeJ
Set co; =0 (ai.,aj.) and define f;: A = Vby f; (ah) = co;.éjk, forj=1,...,r
and k € J. Then, consider

’.i
i_p_ i
0 =0 Zafj.
Jj=

It is clear that [#] = [6']; moreover, it holds that 6 (ai ,a ) =0forallk=1,... ¢

0 (ak,ak)—ﬁ ak,ak Zéf ak,ak Zf '—cok—O

For the sake of simplicity, we will drop the superindex i whenever X is assumed
to be a minimal set of axes generating A. Also, when X is linearly independent, we
can assume without loss of generality that 6 (a i a j) =0forallj=1,...,r

Let us establish another piece of notation. Let a € X and A, u € Spec (a). For

x€Ajandye€ AZ, write
Xy = Z z, + Zg,

0FVEIKp
where z, € A] and z;, € Aj.
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Proposition 5.2.5. Let (A, X) be an axial algebra, V a vector space and 6 : AXA —
V a symmetric bilinear map. Let x € A be semisimple and take v € V. Then,

X+ v € Ay is semisimple if and only if
ker L, C ;. (5.2.1)

Furthermore, if an axis a € X satisfies condition (5.2.1)), the eigenspace decomposi-
tion of Ay according to a + v follows the fusion law (F U {0}, %) if and only if for
every A, u € Spec (a) such that O & A % u, it holds that
0(x.)= ) v'o(az,) (5.2.2)
VE Ak u

forallx € A4, y € AZ.

Proof. The first part of the proposition follows trivially from Lemmas[5.2.2]and[5.2.4]
Take a € X satisfying condition (5.2.1) and v € V. By Lemma [5.2.3] the
eigenspace decomposition of A, according to a+v follows the fusion law (F U {0} , ©)
for some symmetric binary operation ©.
Throughout the rest of the proof, we will denote B = A, for the sake of simplicity.
Lemma gives the description of Bj“’ for all A € Spec, (a + v); moreover, under

the present hypotheses, we can particularise
B8+”={x+U€B|x€A8}.
Take A, u € Spec(a), x +u € B{* and y + w € BZ+”. Then,

[x+uy+wly=xy+0(x,y) =

(zv+v'16(a,zv))+<zo+<0(x,y)— > v'19(a,zv)>>

0£vEAXu 0£vEAXp

+ +
€ ) B*e@BI™.
0£velxu
Then, it is clear that B{*"B{** C BY}" if and only if 0 € 4 x u or condition (5.2.2)
holds for every x € A and every y € AZ.
Also, if 0 & Spec (a), B*'B{™ = B{*Bg™ = {0} for all A € Spec(a). The
result follows. O



5.2 Central extensions of axial algebras 155

Note that conditions (5.2.1)) and (5.2.2)) do not depend on the representative of
[0]. Set ' = 0 + &1 for some linear map f: A — V, and take x € A and a € X.
Given y € ker L,, we have that 6 f (x,y) = f (xy) = 0, and therefore 6’ satisfies
condition if and only if 8 does. Also, given A, 4 € Spec (a) suchthat0 & Ax u,
we can write

Sfeen=rfen= Y f(z)= Y vi'f(az)= Y v'éf(az).

VEAX U VEAXu VEAKX U

We conclude that ¢’ satisfies condition (5.2.2)) if and only if 6 does.

Corollary 5.2.6. Let (A, X) be a two-dimensional axial algebra, V a vector space
and 0 : A X A — V anon-zero symmetric bilinear map. Take an axis a € X. Then,
condition (5.2.1) is satisfied if and only if O & Spec (a).

Proof. Assume that 0 € Spec(a) and that {a, b} is a minimal set of axes, with
0 (a,a) = 6 (b,b) = 0, and note that {a, b} is also a basis of A. Note that a € HHL
but b & 0;', as otherwise 6 would be the zero map. Then, 9;' = (a). By hypothesis,
ker L, is non-zero and a ¢ ker L,. It follows that condition (5.2.1)) is not satisfied.
The converse is trivial. O

We introduce now a notion of cocycles for axial algebras. Note that we don’t in-
tend to relate them to any theory of cohomology for axial algebras; instead, the choice
of the term “cocycle” is motivated because they will help to describe the extensions
of axial algebras.

Definition 5.2.7. Let (A, X) be an (F, %)-axial algebra, V a vector space and 6 : A X
A — V a symmetric bilinear map. We say that 8 is a cocycle relative to a subset
X" € X if condition (5.2.1)) is satisfied for all @ € X', and if, for every A,y € F
such that 0 & A % u, condition (5.2.2) holds for all a € X’ such that 4, u € Spec (a),
all x € Afand all y € AZ. The vector space formed by them will be denoted by
Z (A V;X).

The next technical lemma will be needed for the main results of this section.

Lemma 5.2.8. Let (A, X) be an axial algebra, V a vector space and 0 : AX A -V

a symmetric bilinear map such that { [0},] } are linearly independent. Assume that

yel’
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X = {a ; }j=1 is a minimal set of axes generating A. Then, X is a minimal generating
set for A,.

Proof. Let us denote by (X) the subalgebra of A generated by X, by (X), the sub-
algebra of A, generated by X. Once we prove that A C (X),, we will know that
(X)p = Ay by the linear independence of {[Oy]}yer.

Let B = {aj}jej be a basis of A extending X, and denote J, = J \ {1,...,r}.
Since A = (X), for j € J, we canexpress each a; as afinite suma; = Z'Inz’l a; 11X
where a;; € F and []X;, denotes a product of elements of X with a certain ar-
rangement of brackets. Set [[X;, = <H le.’l) <H ij.’l>, where [] X}J and HXJZ.J
are products of elements of X with strictly smaller length than ] X - Set also
w; = 2721 a;,0 (H XJI.J, HX12.J>, and define the homomorphism f: A — V by
f(a;) =0forj=1,....r,and f (a;) = w;, for j € J,. Consider ¢’ = 0 — 5.
Since A,y and A, are isomorphic and X is preserved by the isomorphism, it is enough
to show that A C (X),. We proceed by induction in the largest length L of the prod-
ucts [[X;, for/ = 1,...,m;. If L = 1, itis trivial that a; € (X),. In the general

case,
my
IZ} el < [H Xy H Xil] 0/)
me m, me
= Z At HXk,l + Z a0’ <HXllcl HXi,l> - Z X1 (5f (HX}H HX%,))
I=1 I=1 I=1
my
=a, +w, — f <Z O HXk,l) =a,+w,— f (ak) = a,
I=1

and by induction a; € (X),.
Finally, we prove the minimality of X. If there existed a subset X’ C X generating
Ay, P (X’ ) = X’ ¢ X would be a set of axes generating P (Ag) = A, a contradiction.
O

We put together all the previous results in the following proposition.
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Proposition 5.2.9. Let (A, X) be an axial algebra, V a vector space and 0. A X

A — V a symmetric bilinear map such that {[9},]} are linearly independent.

yerlr’
Assume that X = {aj};zl is a minimal set of axes generating A. The pair (Ag, X) is
(F U {0}, ©)-axial if and only if condition (5.2.1)) holds for all j = 1, ... ,r, for some
fusion law (F U {0}, ®) containing (F, %). Furthermore, we can take ® = % if and

onlyif 0 € Z.(A, V; X).

Proof. As X is minimal, we may assume that 6 (a;,a;) = 0 forall j = 1,....r.

Simply observe that the elements a; are idempotents in A, for j = 1,...,r, and use
Lemma[5.2.3] Lemma[5.2.8and Proposition[5.2.3] O

Note that, if (F, %) is a minimal fusion law for (A, X) in the sense that (A, X) is
not axial for any fusion law strictly contained in (F, %), (F U {0}, ®) is minimal for
(Ay,X), too.

Example 5.2.10. Consider the two-dimensional axial algebras over C described in
Example By Corollary only B, C (), D (§) (with respect to {e;, ag}),
E(a,f), G(p), H (y) and I admit an axial extension. We select their commutative
non-split central extensions of dimension 1 from the classification in [44]: all of them
are given by the representative 6 determined by 6 (e,., e,.) = 0fori € {1,2} and
0 (e > e2) = 1. Now we can apply Proposition to find out their axial structures,
shown in Table [5.4] The corresponding fusion laws are displayed in Table [5.5] with

the same conventions as in Table 5.3]

LA X | (o) | 0eZ(AV:X) |
{ere}
B, {eas) | (Fpu {0}, 0p) No

{er.a,}

{el’ez} (FCIU{O},OQ)

C (), {e1,as} No
FerU{0},0
{62,615} ( C2 { } C2)

[ Dy | {evas) | (Frou(0).0p0) ]  No
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{61,62}(#1) (Feiu{0},0g)
E@py | {ena) (FeaU {0}, 0k) No
{92’07}(#1) (FE3 U {0} ,OE3)
’ G (B)y ‘ {e.er} ‘ (Fg U {0}.06) ‘ No ‘
’ H (y), ‘ {ej.er} ‘ (Fyu{0},04) ‘ No ‘
1, {aa,aﬂ}#ﬂ (Fru{0},0;) No

Table 5.4: Axial central extensions of complex axial algebras of dimension 2.

Fusion law F
(Fzu{0},@p) {1,-1,0} (-1) @5 (-1) = {1,0}
(Feru{0},0¢1) {1,a,0) aOc; a={1,a,0}
(Fer U {0},0¢2) {1,a,4,0} a®c a={1,a,0}
A®e A=1{1,0}
(Fpu{0},0p) | {1.5.1-5,0) pop B =1{p.0}
1-pop,(l-pH=1-§
(FE1U(0},08) | {1,5,4,0} p Ok B={1.5.0}
AOg A={1,4,0}
(FE2U(0},08) | {1,450 @ Opy a={1,a,0}
PO p=1{1,5,0}
(Fe3 U {0},0k3) {1,a, 4,0} a®p;a={l,a,0)}
A0 A= {1,410}
(Feu{0},06) | {1,8,1/2,0} pOG B =1{1,,0}
1/2041/2=1{1,1/2,0}
(Fu U {0}.04) {1,;7,y/2,0} 217®H217={1,2‘7,0}
y/204 v/2={1,7/2,0}
(F,u{0},0)) {1,1/2,0} 1/20,1/2=0

Table 5.5: Fusion laws in Table|5.4
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We highlight now that, in dimension greater than 2, it is possible to simultane-
ously have 0 € Spec (a) and condition (5.2.1) satisfied (cf. Corollary [5.2.6). Indeed,
consider the axial algebra (A, X) = (Ie’ {el, ez}), the axis a = e; and the bilinear
map 6’ : A X A — C defined by ¢’ (e,,e3) = 1 as the only non-zero slot (note that
[6'] # 0). Then, (t9’)al = A, so condition (5.2.1) is satisfied. However, 0 € Spec (a),
since ae; = 0.

Note that none of the bilinear maps 6 of Example[5.2.10]is a cocycle in the sense
of Definition We present now an example, already known in the literature
(see [235], Section 3.5]), to illustrate that this is not necessarily the case.

Example 5.2.11. Let F be a field of characteristic not 2, and A the 4-dimensional

algebra over F with basis {a_l ,4ag, ay, a2} and commutative product given by

a;a;, =2(a,-+a,-+1) - % (a_l + 2ay + 2a, +02), i=-1,01;

—_— 1 .
a_laz = 5 (a_l + az) 5
4G = iy + ;= a4, 1=-1,0,
where we understand thata_, = —a_,+a;+a,. Itisroutine to check that (A, {ao, a, })

is an axial algebra of Monster type (2, %) (i.e. regarding the fusion law M (2, %)
displayed in Table[5.6) with eigenspaces

A‘ll0 =Fag;

Ag‘) =F (a_; +2ay — a; — 2a,) =: Fu;
Ago =F (a_; —a;) = Fu;

AT(}Z =F (a_; — ay) =: Fuw;

A‘ll1 =Fay;

Ag] =F (2a_, + ay — 2a, — ay) =: Fu';
AS =F (ay—ay) =: FU';

Al), =F (a_, - ay) = Fuw.

Take a symmetric bilinear map 6 : AX A — F with [#] # 0. Then, 0 is a cocycle
relative to {ao, al} if and only if the following equations are satisfied:
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<[ 1o 2 [ 12 |
1 1 2 1/2
0 0 2 1/2

2 | 2 | 2 |{Lo}y| 1,2
1212 172] 172 | {1,0,2}

Table 5.6: Fusion law M (2,1/2).

0 (ao,u) 0;
0 (u,v) = %9 (ag,uv);
0 (u, w) =20 (ao, uw)
6 (v,w) =20 (ao, vw) (52.3)
0 (al,u’) =0;
6 (ul.v) = % (ay.u'0)
0 (') =26 (a.u/ w)
0 (. w) =26 (a.'w)
Assuming 0 (a;,a;) = 0 fori = —1,...,2, the equations (5.2.3) give rise to an

easy system with solution

0 (a_l,al) =0 (ao,az) =0,
0 (a_l,ao) =0 (a_l,az) =0 (ao,al) =0 (al,az) .

Take 6 in such conditions and set 6 (a_l,ao) = 1 so that [#] # 0. Then 8 €
. . : 1
Z (A, F; {ao, a; }) and (Ag, {ao, a; }) is an axial algebra of Monster type <2, 5) by

Proposition [5.2.9} In particular, A, is the algebra IV, <%, 2) of [235]].

The next result deals with the general case in which the set X of generating axes
of (A, X) is not minimal.
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Theorem 5.2.12. Let (A, X) be an axial algebra, V a vector space and 6 : AXA - V
a symmetric bilinear map such that {[9y] }yeF are linearly independent. The pair
(Ag, Xi) is (F U {0}, Gi)—axial if and only if condition (5.2.1)) holds for all aj. e X/,
j=1,...,r for some fusion law (F U {0} ,(Di) containing (F, x). Furthermore, we
can take ©' = % if and only if § € Z (A, V; X").

Also, define the set

Y = {a+0(a,a) | a € X satisfies condition (5.2.1)} .

For every Y' C Y such that there exists i € I with X' C P (Y'), (Ay,Y') is
(F U {0}, ©)-axial for some fusion law (F U {0} , ®) containing (F, x). We can take
© = ifand only if 0 € Z (A, V; P (Y')).

Proof. The first part follows directly from Proposition[5.2.9]
Regarding the second part, it is clear that Y is composed of idempotent elements.

!

. . . r
By Lemma [5.2.8] the set {a;. +0 <a}, a;.) } generates A,, and consequently, so
j=1
does Y'. Lemma [5.2.2 ensures that the elements of Y’ are semisimple too. Finally,

given A, u € F,set A © u = A % u if 0 is a cocycle relative to P (Y’) orAoOu =
A pu U {0} otherwise,and 0 ©0 = 00 A =@ forall A € Fif 0 ¢ F. Using
Proposition it is obvious that the fusion law (F U {0}, ®) defined in this way

satisfies the conditions of the theorem. O]

Note that, contrary to the situation described after Proposition[5.2.9 if (F, %) is a
minimal fusion law for (A, X), (F U {0}, ®) does not need to be minimal for (Ae, Y),
with the notation of Theorem [5.2.12]

Now, we present an important result that justifies the importance of studying cen-
tral extensions of axial algebras.

Theorem 5.2.13. Let (B, Y) be an (F, x)-axial algebra with Ann(B) # 0. Then, there
exists another (F, %)-axial algebra (A, X) and a cocycle 8 € Z.(A, Ann (B) ; X) such
that B = A,. Also, if Y is a minimal generating set of axes for B, X is a minimal

generating set of axes for A.

Proof. Take a linear complement A of Ann(B) and set P, : B — A defined by
Py(x+v) = x, withx € Aand v € Ann(B). We endow A with the product
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xy = P, ([x,y]), where [,] denotes the product in B, in order to give it structure
of algebra. Note that, with this structure, P is a homomorphism of algebras: indeed,
forall x + v,y+ w € B,

P ([x+v,y+w]) = Py ([PA(x+U),PA(y+ w)]) =P . (x+0v)Py(y+w).

Set X = P, (Y). Since Y is a generating set for B, X generates P, (B) = A. Take
a € X such that a = P, (b) for a certain b € Y. Then

and a is idempotent.
Write L]b3 for the left multiplication by b operator in B, and Specg (b) for its
spectrum. We reserve the notations L, and Spec (a) for their correspondences in

A. It is clear that 0 € Specy (b) and Ann (B) C Bg. Choose a basis {ZZ} of
peB

Ann (B) and complete it to a basis { z

[b, ZZ] = /lﬂzz. The elements {P (zZ)}aGB,\B
eigenvectors of L, with respect to 45. Note that Spec (a) = Specg (b) if and only if
B? # Ann (B); otherwise, Spec (a) = Specg (b) \ {0}.

The above explanations show that, for every 4 € Spec (a), A = Py (Bﬁ), and

Z } of B formed by eigenvectors of LB, with
pen’

form a basis for A, and are in fact

therefore

— b b\ _ b pb b _
ASAL = Py (BY) Py (BL) = PABL.BLI C Py (BL, ) = A%, ,

for all 4, u € Spec (a), and assuming that A7 = {0} if O & Spec (a), as always.
Summing up, we have proved that (A, X) is an (F, %)-axial algebra.
Now, define 6 : A X A — Ann(B) by 8 (x,y) = [x, y] — xy, and construct A, in
the usual way. For x + v,y + w € A, we have that

[X+U,J’+w]9 =xy+9(-xay)= [xey]a

so Ay = B, and (AG,Y) is (F, %)-axial. Then, Proposition yields that 8 €
Z (A, Ann (B) ; X).
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Finally, assume that Y is a minimal generating set of axes for B. Take a minimal
generating set of axes for A, X’ C X. Then, X’ would also generate A, = B by
Lemma It follows that also Y’ = {b EY|Pb)eX } C Y would generate B,

a contradiction. O

Remark 5.2.14. Note that, in the conditions of Theorem[5.2.13] in some cases we can
find another fusion law (G, ®) C (F, %) such that (A, X) is (G, ©)-axial. Namely, if
Bg =Anmn(B)forallbe Y,wecanset G=F \ {0} and A© u = A % u\ {0} forall
A, u € G. On the contrary, assume that there exists b € B such that Bg # Ann(B).
Then, we must set G = 7 and, given A, u € Specg (b) = Spec (a), we canset A@Q u =
A% u\ {0} if and only if Hg ([Bﬁ, BM]) C Ann (B), where Hg :B-— Bg is the natural
projection; otherwise, we must set A © u = A % .

The following corollary is a direct consequence of Theorem [5.2.13]

Corollary 5.2.15. Let A be an algebra, NV a vector space and 0 . AXA — V a bilinear
form. If (Ag, Y) is axial with respect to some fusion law (F, %), then (A, P(Y)) is
also (F, %)-axial.

We finish this section relating some properties of an axial algebra (A, X) with

those of its central extensions. First, we provide an easy lemma whose proof is left to
the reader.

Lemma 5.2.16. Let (A, X) be an axial algebra admitting a Frobenius form (-, -). Then,
Ann (A) is contained in the radical of (-, ).

Proposition 5.2.17. Let (A, X) be an (F, %)-axial algebra admitting an (F U {0}, ©)-

axial central extension, and take Y as in Theorem[5.2.12] Then:
1. (A, X) is primitive if and only if (Ag, Y) is primitive.
2. (A, X) admits a Frobenius form if and only if (A,,, Y) admits a Frobenius form.

3. The radical of (Ae, Y) is R (Ae, Y) = R(A,X) @ V. Conversely, the radical
of (A,X) is R(A,X) = P (R (A, Y)).
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4. If (A,X) is m-closed for a certain m € N, then (AQ,Y) is at most (m + 1)-

closed.

5. If (A, X) is symmetric with flip T and there exists an automorphism ¢ € Aut (V)
such that ¢ (0 (x,y)) = 0(r (x),7t(y)) forall x,y € A, then (AQ,Y) is sym-
metric with flip T, defined by vy (x + v) = 7 (x) + @ (v).

6. Assume that both (F,*) and (F U {0}, ®) admit C,-gradings such that the
one of (F U {0}, ®) contains that of (F,%). Then, the axial subgroups T, =
{idp, ¢} € Aut(A) and Tpypu0 = {id A ¢a+,,(a,a)} C Aut (A,) are iso-
morphic, for all a € X. Moreover, if the assignment ¢, = $,494.q) 8ives rise
to a homomorphism between the Miyamoto groups G (X) and G (Y), then it is
bijective and G (X) ~ G (Y).

Proof.
1. It follows from Lemma[5.2.3]

2. Let (-, -) be a Frobenius form for A. Then, (-,-); : Ay X Ay — F defined by
(x+ v,y + w)y = (x,y) is a Frobenius form for A,.

Conversely, given a Frobenius form (-, -), for Ay, define a bilinear form in A,

(v)) : AXA = F,by (x,y) = (x,y)y. By Lemma[5.2.16]
(X’J’Z) = (x,yZ)g = (xa [y’ 2]6')9 = ([X, y]H’ Z)e = (Xy, Z)0 = (Xy, Z)

for all x,y € A, so (-, -) is a Frobenius form for A.
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3. It follows from the definition of radical.

4. It follows from the proof of Lemma|5.2.8]

5. Routine.

6. Routine. 0

Example 5.2.18. Proposition and Example allow us to obtain some ba-
sic properties of the algebras in Example [5.2.10] Note that the additional conditions
of only hold for (B, {el, ez}) and (I, {el, ez}); in both cases, it suffices to
take ¢ = id.. However, these conditions are not necessary: the map on (Be, {el, a4} )
defined by 7 (e;) = ay, 7 (e,) = e, and 7 (e3) = —e; is indeed a flip.

On the other hand, (D (), {ei,aﬁ}) fori = 1,2, and (B, X) and (I, X) for all
choices of X satisfy the additional conditions in[5.2.17|(6). Therefore, the Miyamoto
groups of (D(a)a , {ei,a6}) fori =1,2, (Be,X) and (IG,X) are isomorphic to C,,
S5 and §,, respectively.

5.3 Axial central extensions of simple Jordan algebras

One of the most well-known features of the variety of Jordan algebras is the Peirce
decomposition. This can be naturally expressed in the language of axial algebras:

every idempotent of a Jordan algebra is an J (%)—axis, where J <%> is the fusion
law displayed in Table Then, every Jordan algebra generated by its idempotent
elements is J (%)—axial.

L x [t o[ 12 ]
1 1 1/2
0 0 | 1,2

1217211727 {1,0}

Table 5.7: Fusion law J (%)

It turns out (cf. [9,/10]) that every finite-dimensional simple Jordan algebra over
C is generated by idempotents, so we can apply the results of Section [5.2] to study
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which of their non-split central extensions are J (%)—axial. The aim of this section

is to prove the following theorem.

Theorem 5.3.1. Let J be a finite-dimensional simple Jordan algebra over C. There

do not exist J <%)—axial non-split central extensions J, of J with respect to the set
Y ={a+0(a,a)|a€ Xis semisimple} .

The significance of Theorem [5.3.1] lies on the fact that it generalizes the non-
existence of non-split central extensions in the variety of Jordan algebras of such an
algebra J [98].

To prove it, we will rely on the classification of the finite-dimensional simple

Jordan algebras over C [9}[10].

e Type A: algebras of complex »n X n-matrices M, (C), with product
XY = % (XoY + YoX), (5.3.1)

where o denotes the usual product of matrices.

e Type B: algebras of complex symmetric n X n-matrices Sym,, (C), with product

given by (5.3.1).

e Type €: algebras of complex J,-symmetric n X n-matrices

Sym, (J,C)={X € M, (©) | J.'X"J, =X},

(0 id,
= < —id, 0 )
with product given by (5.3.1).

e Type D: algebras with underlying vector space C" and product given by

where

Xy = (xTen) y+ (yTen) X — (xTy) [

where { el-}n=1 is the canonical basis of C".

i
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e Type €: the algebra of 3 X 3-hermitian matrices over O¢
Herm3 (G:DC) = {X S M3 (@C) | XT = X*} .

where X* means the conjugate matrix of X, with product given by (5.3.1).

Proof. We will deal with each type of the classification separately. Recall that, in any

case, if e is an idempotent in A, then e + 6 (e, e) is an idempotent in A,.

e Type 2.
Let A be an algebra of type 2, V a vector space over Cand §: AXA — Va
bilinear map. Consider the idempotents a; = E;; fori = 1, ..., n, with Peirce
decompositions
Al =Ca;;

Ag" =span{Ejk | j,k=1,....n, j,k # i};

Aty =span{E; Ey | j.k=1,....n, j.k#i},

and assume, without loss of generality, that 6 (a,-, a,.) =0foralli=1,...,n.
We apply Proposition [5.2.5to determine what values # must have in order that
. . 1 . .. .
the idempotents g; are in fact J <§>—axes in A,. From condition (5.2.1), it
follows that
9 (E”, Ejk) = 0

for j, k # i, and from condition (5.2.2)), we obtain that

0 (E,.j,Ek,)
k

0 (E; E;) =06

(Ein Ex), ok #i.

ij>

We consider also the idempotents a;; = E; + E;; fori, j = 1,...,n,i # j, with

eigenspace decomposition
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a; _ .

A1’ —Caij,

a;; . <.

A, =span{E; — Ej Ey | kI =1,....n, k1 #i, [ #j};

a;; . .
Al;z = Span {Eii —E,,—E . Ey.E;+E; | kl=1,..,n kl#i, l;éj},

and study what values 6 must take so that the idempotents a;; + ¢ (ai 4 j) are
J (%)—axes in A,. We obtain from condition (5.2.1)) that

0 (E;. E;) =0,

ijo
and from condition (5.2.2)), that
0 (E;.E;) =0,

ij
for j # i. Finally, it is easy to check that 8 = 6 f for
fiA->V

20 (E; E;) . ifi# s

0, ifi=j,

Eij —

and therefore [6] = 0.

Type B.
Let A be an algebra of type B, V a vector space over Cand0: AXA —» Va
bilinear map. Consider the idempotents a; = E; fori = 1, ..., n, with Peirce
decompositions

A} =Ca;;

Ag" =span {Ejk+Ekj | j. k # i};

A‘ll"/2 =span {E; + E;; | j #i},
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and assume, without loss of generality, that 6 (a;,a;) = O foralli = 1,...,n.

Applying Proposition[5.2.5] we determine what values  must have in order that
. 1 . ..

the idempotents a; are J (5 >—axes also in A,. From condition (5.2.1),

0 (E Ej;)

=0;
0 (E;. Ej; + E;;) =0,

ii»

for j, k # i, j # k, and from condition (5.2.2),
0 (E, +Ej,

0 (E,; +E,

Ekl + E/k) = 0,
jio =0

Ej + Ey) (Ei Ey + Ey)

i’

where the indexes i, j, k, [ must take different values.

: . 1
Now, we take into account the idempotents a;; = > (E;+E it E;+E j,-) for
i,j=1,...,n,i # j, with eigenspace decomposition

a
1
a;;
OI =Span {Eii + Ejj — Elj - Eji’ Eik + Eki - Ejk - Ejk’
Ekl + Elk | k,l 7é l,j},

i ..
Ajj, =span {Ei—Ejj B+ Egi + Ej+ Ej |k #16,j )

By condition (5.2.1)), we obtain that

0(E;+E

ji Eiy + Eji) =0

is a necessary condition so that a;; +6 (a; 4 j) is semisimple in A, and follows
the fusion law J (%) Then 6§ = 6 f for
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fiA=>V
20 (E,;,E;,+E;), ifi#}j;
Eij+Eji'_) ( o jl) 7
0, ifi=y/,
so [0] = 0.
e Type €.

Let A be an algebra of type €, V a vector space over Cand 6 : AXA — V abi-

. n

is a basis of A. As we have done in the previous cases, we will obtain condi-
tions on 8 necessary to preserve the semisimplicity of the idempotents of A in
Ay and the fusion law J (%)

Consider first the idempotents a; = E;; + E,,, 41> With Peirce decomposition

Al =Ca;;

a[- _ . 2.
Ay =span { Ej + Eqiginasy Ejonety = Exinesyr Eavepe = Enio | ok #11)3
a;

Ay =span {E;; + Eqy i Eji + sy Einrjy = Ejntiy
Eusny = Euipi 17 # 1}

Following the same steps as for algebras of type 2, we obtain

0 (Eii + Egriusiy Eii + Eguaipneiy) = 0

=0, j.k#i
0
0

(Eii + Evivintiy Ejk T Eiynej)

Eij + E(n+j)(n+i)9 Ekl + E(}’H—l)(i’H—k) ) Jal # i7 .] ;é k7 (la .]) # (k7 l)v

~— — ~— ~—

0

0

0 (Eij + Eupnsiy Ejk + Euanne)
J ok # i

0 (Eij + Eusjynsiy Eij + Euajynsn) =0, J#13

0 (Eij + Euijyrri Eji + Euviorsy) =0, J #1.
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But more information can be obtained from these idempotents. After a careful
inspection and the application of conditions (5.2.1)) and (5.2.2)), respectively,
we obtain that

s D kFDjFEK
s Sk#FjFEK

0 (E; + Eguyinri Ejnsk) = Exgnejy) =0
0 (Ei; + Eprivnsiy Enejk = Enanyj) =0
and

, k1F#i,j, k#I;
, ki #6Lj, k#ELL
i) — Ejmriy Exinrny = Einio) bk U#F I k#F

0 (Eij + Equtjyntiys Exnrty = Einany) =0
0 ( ) 0
6 (E )=0
0 (Euri; = Eiyis Eqstor — Ern) =0, ok I # i, k#1;
6 (E )=0
0 ( ) 0
0 (E )=6

E;; + Egyjyintiy Eion — Emrni

-

bk UF#FL kK L# ], k#1,

s Sk #Fi jFk

(Eii + Eguisnri Einryy = Ejinry)
Jik # i

-

i) = Ejinriys Erion = Eueiyk
in+j) ~ Ejoriy Ejk T Enriyntj)
i+l ~ Bk Ejk T Enriyntj)

0 (Egiik = Eiois Eji + Errioeyy) =0 Jok # iy j # ks

0 (E(n+i)j — By jyis Ejic + E(n+k)(n+j)) =0 (Eii + Eisiniy Eripk — E(n+k)i) ,
Jrk#1;

0 (Ei(n+j) —E;siy Enjpx — E(n+k)j) =0 (Eii + Eoviyntiy Eir + E(n+k)(n+i)) >
ok # i,

Finally, take the idempotents a;; = E;; + E,. ;i1 + Eij + Eut jynsiy T Einej) —

E. . .., whose Peirce decomposition is
j(n+i)

AV =Ca,.;

a

1 ij>
a.:

A0

Y =span { E;j + iy + Einry = Ejneny = Ejj = Euepynssy»
Ekl + E(n+/)(n+k)’ Ek(n+l) - El(n+k)’ E(n+k)/ - E(n+l)k’

Elk + E(n+k)(n+l) E - E(n+k)(n+J)’ El(n+k) Ek(n+i)
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+ Eij + Egyjynsky Eik T Eiyinriy = Erpk T Ean»
Eitniiy = Exnaiy = Ejinary + Exnejy | K1 # ij}s

Allli/jz =span { Ej; + Egpisoney = Ejj = Euejyinesy = Eji = Ereiyns
E;i+ Eqiisnrjy = Ewvjyi T Einy» Eij + Euajynsiy»
Eiwijy = Ejnriy Eik + Eurioniys Einrky = Exntiys

Eji + Euiiynry) = Ewrpr + Ewrnyj = Erik T Eanir Exj

+ Ep jynriy + Exi + Eisneiy = Ejniy + Ernajy | K # 1,7}

From condition (5.2.2)), we obtain

0 (Eij + Euijyusiy Einasy = Ejneiy) = 05
0 (Eij + Euijyntiy Enrinj = Eniyi) = 03
0 (Ei<n+j) = Ejuriy Enainj — E(n+j>i) =0;

and after that, we can apply condition (5.2.1) to get

0 (Einrsy = Ejuntiy Einasy = Ejnriy) = 03
0 (E(n+i)j = Eguijyis Eninj = E(n+j>i) =0.

In summary, we have that @ = 6 f for
fiA->YV

20 (E; + Eyiynsip Eij + E(n+j)(n+i)) N VB

E ,+E,. i \uii =
(n+j)(n+i) .
ij n+j)(n+i 0, 1fi=j;

Einijy = Ejnyiy — 20 (En + Eovintiy Einejy — Ej(n+i)) ;
E iy = Enejyi > 20 (Eii + Eoviyntiy Eniny — E(n+j)i) >

and therefore [0] = 0.



5.3 Axial central extensions of simple Jordan algebras 173

o Type D.
Let A be an algebra of type D, V a vector space over Cand §: AXA — V a

bilinear map. Consider the idempotents a; = % (Iel- + en) fori=1,...,n—1,
where I stands for the imaginary unit. The corresponding Peirce decomposi-

tions are
Al =Ca;;
Ag" :span{Ie,- —e,|i# n} ;
A‘ll"/2 =span{ej | j # i,n} .

Assume, without loss of generality, that 6 (a;,a;) = Oforalli =1,....,n—1;
it follows that
0 (e,.,en) =10 (en, en)

for i # n. In order that the idempotents g;, are J (%)—axes in Ay, it must hold
0 (ei,e,-) =-0 (en,en)

for i # n, by condition (5.2.1)), and that

0 (e; ej) =0
fori,j # n,i # j, by condition (5.2.2)). Then, we have that 0 = § f for

fiA->YV
. 160 (en,en) , ifi #n;
0 (epe,), ifi=n,

i
n>=n

and therefore [0] = 0.

e Type €.
Let us establish some notation: for x € O¢, write x = x; + ZZ]:] I,x,, with
ko _ 7 _ 7 q
x; € C, X" =x0— Y, I,x,and xE;; = ¥ _x,E}. Also, take g,r €
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{L,....7 g #r. It 1,1, = I, forsome s € {1,...,7}, write q-r = s,5/r=¢q
and g\s = r;if [, I, = —I, write g - r = —s, s/r = —q and g\s = —r. Finally,
forg=1,...,7, setEi;q=—Efj.

Let A be the 27-dimensional algebra Herm, (@C), and set the basis

{EO,E°+E0,E" E‘I}
" J I ) 1<i<j<3p=1,...7

The idempotents g; = Eg have Peirce decomposition
a _ .
A" =Ca;
A% = span {Ej?j,E(.’k FE)LEY —EL |jk#i jEk q=1.. ,7};

o= 0 0 x4 q . - . _
A1/2 span {E +EJI’E Ej[l.]?él, 61—1,...,7},

Consider also a complex vector space V a bilinear map 6 : A X A — V. With-
out loss of generality, we will assume that 6 (a,-, ai) = 0. Applying condi-
tion (5.2.1)), we know that we must impose

9(150 E°)=o,

i’

0 ((ES. ES + EY) =0;

i’

i’

0 (ES. ES - EL,) =0,
J

forj,k #1i,j# kandg =1, ...,7, sothat the idempotents g, are semisimple in
.. . . 1 ..

A,; from condition (5.2.2), we obtain that each g; is a J (5 )—ax1s if and only

if

(E).ES +E}.),

i’

0 0 0 0
O\E;+E;, E, +E

(ES+ED,

o
( ~ EY.E}, — E!
(

0 Ji kj

E! =—0(E),E} + E}.),

i’

0 (E).EX —E!),

i’

J k ) o

0 0 14 q 0 14 q
Eij+Eji’Ejk_Ekj> H(E”,E Eki)’
. ) —0

J

q9 _ 4 ro_ r
El. - E]. E}, - E],
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forj,k#i,j#kandg,s € {l,...,7},q#r.

Additionally, from the idempotents a?j = % (Eg. + E;)j + E?j + Eﬁ) with Peirce

decomposition

0

a;.
A7 =Cd’;

1 ij

0

a.

i _ 0 0 0 _ 50 _ 50 10 0 _ 0 _ 10
A, =span{E},, E} + E), — E,, — E), E) + E}, — Ej — E,

q q q q ; P — .
Ej —EL—E} +E||jk#i, j#k g=1..T}
a’
i 0 0 q q 0 0 0 0
Ay, =span{E; - E) Ef, — El. Ey + B, + Ej + E/,

q q q a9z o,
Ej —EL+E—E/|j#i q¢=1..7}.
and from conditions (5.2.1)) and (5.2.2)), respectively, we obtain the next neces-

sary conditions in order that the idempotents a?j +0 (a?j, a?j.) are J (% )—axes

in Ay:

07

0 0 0 0
0 (E,.j +E0E + Eji>

0,

Ji’

0 0 pd _ 54
0 (ES+ES Ef - ES)
forg=1,...,7.
Finally, from the idempotents a;’j = % (ES + Ej.)j + Eiqj - E¢ ),forq =1,...,7,

Ji
with Peirce decomposition

A} =Cad!;
A = span { EO,, EO + E® - E! + B! E) + B + EY, — Ef,

Eiqk B EZ,' B E;')k B El(c)j’

By —E+E =B i j#k r=1,...7r#q};
A?i’z =span { E{, — E,, E, + E), E, - E/, E}, + E}, — E/, + E],

q q 0 0
E,-E.+ Ejk + Ekj,

El - El,—E +E/|ij#kr=1,.7r#q}.
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and, again, from conditions (5.2.1)) and (5.2.2), respectively, it follows that

0 (ES - ELES - EL) =0
J Ji 1 Ji

and

0 (ES - ELE - B, ) =0,
J Ji Ly Ji

forr =1,...,7, r # g, are also necessary conditions so that the idempotents
q g9 4 1 .

a;; + 0 (al.j, al.j) are J (§>—axes in A,.

Then, we have that 8 = 6 f for

fiA->V
20 (EQ E0.+EQ.) ifij:
0 0 bl bl 9
Eij + Eji . . i’ ij ji
0, ifi=j;

EY — E% 20 (EQ E7 — E‘l) ,
J Ji Ji

i’ ij

and therefore [0] = 0.
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Introduction

This final part of the manuscript includes some works which do not lie within any of
the two main lines of the thesis, developed in the previous parts. However, we can find
a connection between the first Chapter [6] of this part and Chapter 2} indeed, both of
them deal with the introduction of a non-abelian tensor product of different algebraic
structures. In particular, in Chapter[6|we work in the category XSLie of crossed mod-
ules of Lie superalgebras. In such chapter we collect the contents in the article [80], a
joint work with Tahereh Fakhr Taha and Manuel Ladra. We introduce also two defini-
tions which are crucial for the development of the contents, namely, the analogues of
the Whitehead’s quadratic functor for supermodules and for abelian crossed modules
of Lie superalgebras. The properties of these objects are studied in Chapter[7} inspired
by some work in progress with Manuel Ladra. Supermodules and Lie superalgebras
were already introduced in Part[l; we devote the following paragraphs to explain why
it is interesting to study crossed modules.

Crossed modules of groups were first introduced by Whitehead in the decade of
1940 [229-H231]] in the context of algebraic homotopy theory. A crossed module is a
triple (H, G, 0) of two groups H and G and a homomorphism of groupsd: H - G
together with an action of G on H satisfying some compatibility conditions. They
can be interpreted as simultaneous generalisations of normal subgroups and of mod-
ules over a group or, from a categorical point of view, as an internal category in the
category Grp of groups, or as an internal group object in the category Cat of cate-
gories. Throughout the history of crossed modules, they have been applied to different
branches of mathematics as combinatorial group theory [116}231]], homological al-
gebra [[96197]/166L|179], algebraic topology [35]], differential geometry [[167]] or cryp-
tography [119].

Since their definition by Whitehead, crossed modules have been generalised in
diverse directions. One of the most important was in the ambit of Lie algebras in [[142],
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when they were used in the study of the cyclic homology of associative algebras.
Crossed modules of Lie algebras were afterwards employed as suitable coefficients
of a non-abelian cohomology for T-algebras (where T' denotes a theory of K-Lie
algebras) [[161]], and to study the non-abelian homology of Lie algebras [109]. A
further generalisation is due to Janelidze [|128]], who defined internal crossed modules
in any semi-abelian category. From a purely algebraic approach, crossed modules of
Lie superalgebras were defined in [237] (see also [91]).

Finally, the last Chapter [§] follows a completely different direction than the rest
of the manuscript. It lies within the framework of automated deduction in geometry,
and is devoted to study the differences of two ways (namely Rabinowitsch’s trick and
ideal saturation) of introducing negative statements in the procedures for automatic
proving of geometric theorems. It corresponds to the article [[158]], a joint work with
Manuel Ladra and Tomés Recio.

We gratefully thank CESGA (Centro de Supercomputacién de Galicia, Santiago
de Compostela, Spain) for providing access to the FinisTerrae 2 supercomputer, em-
ployed to carry out the computations corresponding to this last chapter.

The structure of each chapter will be described in its own introduction.



CHAPTER 6

The non-abelian tensor and exterior
products of crossed modules of Lie
superalgebras

In this chapter, we introduce the notions of non-abelian tensor and exterior products of
two ideal graded crossed submodules of a given crossed module of Lie superalgebras.
We also study some of their basic properties and their connection with the second
homology of crossed modules of Lie superalgebras.

Introduction

As we already commented in Chapter[2] the non-abelian tensor and exterior products
of Lie algebras were first introduced by Ellis in [76]]. Between their main properties,
studied in that paper, we remark that for any Lie algebra L, H,(L) = ker(LAL — L).
These constructions have been generalised to different structures in order to obtain
similar characterisations of the second homology H,.

One of these generalisations was in the direction of crossed modules of Lie alge-
bras. First, it was defined a tensor product for abelian crossed modules of Lie algebras
in [75]). After that, Ravanbod and Salemkar [[193]] generalised this construction defin-
ing the non-abelian tensor product of two ideal crossed submodules of a given crossed
module of Lie algebras (T', L, d), as well as the exterior product. They also charac-
terised the second homology crossed module H,(T, L, 0) as the kernel of the com-
mutator map (T, L,0)A (T, L,0) — (T, L, d). This homology for crossed modules of
Lie algebras was introduced by Casas, Inassaridze and Ladra in [49], employing the
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182 6 Non-abelian tensor and exterior products of crossed modules

general theory of cotriple homology of Barr and Beck [20]]. Given a crossed module
of Lie algebras (T', L, d), its homology crossed modules H, (T, L, d) are defined to be
the simplicial derived functors of the abelianisation functor between the categories
of crossed modules of Lie algebras and abelian crossed modules. This can be seen
indeed as a generalisation of the Eilenberg-MacLane homology of Lie algebras. Also,
the authors gave a Hopf formula for the second homology of a crossed module.

Another generalisation of the work of Ellis was given in [91]], where Garcia-
Martinez, Khmaladze and Ladra introduced the non-abelian tensor and exterior prod-
ucts of Lie superalgebras. They also defined their homology, obtaining the Hopf for-
mula for the second homology of Lie superalgebras and extending the five-term exact
sequence one term to the left. Moreover, it was proved that, given a Lie superalgebra
L,H,(L)~ker(LAL — L).

In this chapter, we present a new generalisation of [76] for crossed modules of
Lie superalgebras. After defining the tensor product of abelian crossed modules of
Lie superalgebras, we introduce the non-abelian tensor and exterior products of two
graded ideal crossed submodules of a given crossed module of Lie superalgebras.
Also, generalising the work [49] of Casas, Inassaridze and Ladra, we define the sec-
ond homology of a crossed module of Lie superalgebras, give a Hopf formula, and
study some applications of the exterior product on the matter. In particular, we ob-
tain an expression for the second homology H,(T', L,0) for any crossed module of
Lie superalgebras (T, L, d): it is isomorphic to the kernel of the commutator map
(T,L,o)AN(T,L,0)— (T, L,0).

A relevant aspect of this chapter is the introduction of the Whitehead’s quadratic
functor of supermodules, whose construction differs from the one for modules [208]],
and which turns out to be fundamental for our purposes.

This chapter is organised as follows. In Section[6.1] we recall some general aspects
of Lie superalgebras and their non-abelian tensor product, as well as introduce the def-
inition of the Whitehead’s quadratic functor of supermodules. Section|[6.2]consists of
some generalities on crossed modules of Lie superalgebras which will be needed in
the subsequent sections. Section [6.3]introduces the non-abelian tensor and exterior
products of two graded ideal crossed submodules and studies some of their main prop-
erties. Finally, in Section [6.4] we define the cotriple homology of crossed modules
of Lie superalgebras and explore the relation between the second homology and the
non-abelian exterior products.

Throughout this chapter, R will denote a unital commutative ring in which 2 has
an inverse. Unless otherwise stated, all the (super)modules and (super)algebras in this
chapter will be considered over R.
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6.1 Preliminaries

The definition of Lie superalgebras was already recalled in Chapter 2] However, we
will need more information besides the definition, so we decided to include it again
for the sake of convenience. Also, in this section we recall the construction of the
non-abelian tensor product of Lie superalgebras, introduced in [91]]. This reference
also offers a detailed introduction to Lie superalgebras.

We define a supermodule as a module M endowed with a grading in Z/2Z. We
write M = Mp @ Mj; the elements in M will be called even or of degree 0, and
the elements in M7, odd or of degree 1. The element 0 will be assumed to have
both degrees. We denote the degree of an element m with |m|. Non-zero elements of
My U M; will be called homogeneous. The direct sum V' +W of two superspaces has
the following induced grading: (V4+W); = Vg+Wg and (V4+W); = Vi+W;i. The
homomorphisms of supermodules are just homomorphisms of modules. They form a
supermodule with the following grading: a homomorphism is even if it preserves the
degree of the elements, and it is odd if it changes such degree.

A Lie superalgebra is a supermodule M = My @ M7 endowed with a bilinear

operation [, ] such that |[m, m']| = |m| + ||, and verifying
[m,m'] = (=)™ [, m],
[m, [, m" 1] = [[m, m'],m" ]+ (=D | [’ [, 71, (6.1.1)
[m1, [m7, my]] =0, (6.1.2)

for m,m’,m"” € M homogeneous elements, m; € M7 and considering - =1

and (—1)! = —1. Note that equation (6.1.2) follows from equation (6.1.1)) when 3 has
an inverse in R. Henceforth, we will assume that we are dealing with homogeneous
elements when their degrees appear in any formula.

A homomorphism of Lie superalgebras f is a homomorphism of supermodules
such that f([m,m']) = [f(m), f(m")]. Note that, to that purpose, it is necessary that
f preserves the degrees of the elements. Also, we consider graded subalgebras, sub-
modules N of M with the grading N5 = Mgn N and N; = M; N N, verifying that
[n,n'] € N forall n,n’ € N. Furthermore, if [n,m] € N foranym € M andn € N,
we say that N is a graded ideal of M ; for example, the commutator (with respect to
the subcategory Ab of abelian objects, i.e. the abelian Lie superalgebras) [M, M ]
generated by the elements [m, m'], with m, W’ € M. Note that a subalgebra is graded
if and only if it is generated by homogeneous elements. Also, the quotient of a Lie
superalgebra by a graded ideal is another Lie superalgebra, with the induced grading.



184 6 Non-abelian tensor and exterior products of crossed modules

We recall now the concept of action of Lie superalgebras, necessary to construct
the non-abelian tensor product. An action of the Lie superalgebra M on N is a R-
bilinear map M X N — N with even degree (i.e. |"n| = |m| + |n|) verifying

bl = (" ) = (=DM (),

", '] = ["n,n']+ (=D, my'],

forallm,m' € M and n,n’ € N.

Given two Lie superalgebras M and N acting on each other, their non-abelian
tensor product M @ N was defined in [91]] as the quotient of the free Lie superalgebra
generated by the elements m @ n with |m ® n| = |m| + |n|, by the ideal generated by
the following homogeneous elements

Am@n)— imQn,

Am @ n) —mQ An,

m+m)@n-—m@n—m @n,
m@n+n)—mn-mn',

mm1@n—m®™n+ (=) &my),

m® [n,n'] — (= D)ImHDI Ty & gy 4 (= 1yImlinl (i, @ 1,
"m@"n + (=)™ m @ n,m @ n'l,

forall A€ R,m,m' € M andn,n’ € N.

Note that to define a homomorphism with domain M ® N, it suffices to define it
on generators m @ n and extend linearly to any element, provided that it respects the
defining relations of the non-abelian tensor product.

Also, we recall the definition of the semidirect product in Lie superalgebras. If
a superalgebra M acts over N, we can define the semidirect product N X M as the
direct sum N @ M endowed with the Lie bracket

(m+mn +m']=[nn]+"n - (—l)lnllmll(m,n) + [m, m'].

Finally, an extension of Lie superalgebras is a surjective homomorphism f : M —
N. Tt is central (relative to Ab) whenker f C Z(M) = {m € M | [m,m'] =
Oforallm' € M}.

Now, we will introduce the generalised version for supermodules of Whitehead’s
universal quadratic functor. The version for modules was given in [208].
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Definition 6.1.1. Let M = Mz @ M7 be a supermodule, and let RMi be the free
supermodule, concentrated in degree zero, generated by the elements €y for all my €
MG. We define the supermodule I'(M) as the direct sum

R @ (M @z M),
subject to the relations

) .
eim() =4 em()’

— - /.
em()+m6 T Cmy em:.) =my @ m()’

mem = (_1)|mllm’|m/ ® m,

where A € R, mg, m:_) € My and m,m’ € M, and with the induced grading.

The properties of this supermodule will be studied in Chapter [7]

6.2 Crossed modules of Lie superalgebras

The crossed modules of Lie superalgebras have been scarcely studied; the authors have
knowledge of only two references, namely [91]] and [237]], in which the definition is
offered, but they are not carefully analysed. In this section, we intend to give some
other definitions and results on the subject, following a categorical approach.

Definition 6.2.1. A crossed module of Lie superalgebras (T, L, d) consists of two Lie
superalgebras T' and L, a homomorphism 0 : T — L and an action of L on T such
that the following conditions are fulfilled for all z,# € T and | € L:

L. o('t) =[1,0),
2. 90 = [1,7].

The simplest examples are (L, L, id) and (P, L, i), where L is a Lie superalgebra,
P is a graded ideal and i is the inclusion, and taking the Lie bracket as action. Other
examples somewhat more involved can be central extensions of Lie superalgebras
(T, L, d), together with the action 't = [¢,¢] for any ¢ € T such that d(t') = I, or
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(T,Der(T), d), where 0(t) = adt for all t € T, together with the action given by
D, _
t = D).
In what follows, crossed module will make reference to a crossed module of Lie
superalgebras, unless otherwise stated.

Definition 6.2.2. A morphism of crossed modules v : (T, L,0) — (T’ L, 0 ) isa
pair (1//1, Wz) of homomorphisms of Lie superalgebras, y; : T - T" and y, : L —
L', such that yr,('t) = V2O (¢) forallt € T, | € L, and that the following diagram

1S commutative:

a/
We say that y is injective (surjective) if both y; and y, are injective (surjective).

Note that the morphisms of crossed modules of Lie superalgebras have structure
of R-supermodule.

The category formed by crossed modules and the morphisms between them will
be denoted by XSLie. A morphism y in this category is an isomorphism if and only
if y, and y, are isomorphisms of Lie superalgebras. XSLie is a semiabelian cate-
gory; therefore, it has a zero object (namely, the trivial crossed module (0, 0, 0)), and
also kernels, cokernels and images. While the kernel of a morphism y is the crossed
module (ker w;, ker y,, d)), its image is (Im y,Im y,, 0, ). We also have the obvi-
ous notion of exact sequence.

The subobjects in XSLie of a given crossed module (T, L, 0) can be characterised
as the crossed modules (M, P,o) such that M and P are graded Lie subalgebras
of T and L, the homomorphism ¢ is the restriction of 0 to M, and the action of
P on M is induced by the one of L on T. From now on, we will write (M, P, d)
instead of (M, P,o). Furthermore, (M, P,0) is a normal subobject when P is a
graded ideal of L and the elements 'm and Pt belong to M foralll € L, m € M,
p € Pandt € T. These normal subobjects are called graded ideal crossed sub-
modules. Other interesting objects are the regular quotient objects of (T', L, d), which
are characterised as (T /M, L/ P, ) where (M, P, 0) is a graded ideal crossed sub-
module of (T, L, d), and the action of % on % is the induced. We denote {29 - —

(M,P) "
(T/M, L/P,0d). Note that we denote again by 0 the homomorphism induced in the
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quotient. Also, the product in XSLie of two objects (T}, Ly, 0;) and (T, L, 0,) is
givenby (T; @ Ty, L, @ L,,(0,,0,)). We will denoteitby (Ty, L, 0,)®(T5, Ly, 0,).
The abelian objects of XSLie are just the crossed modules (A, B, d) with A and
B abelian Lie superalgebras. Note that the action of B on A becomes trivial, and
the only condition on d is to be a homomorphism of supermodules. We are going to
work with respect to the Birkhoft subcategory Ab. The functor ( ),, : XSLie — Ab,
left adjoint of the inclusion, gives the abelianisation (7', L, d),;, of a crossed module;
namely, (T /[L,T], L/[L, L], ), where [L, T] denotes the graded subalgebra gener-
ated by the elements /¢, with [ € L and t € T. Therefore, the perfect crossed modules
are those satisfying T = [L,T] and L = [L, L], and the commutator of (T, L, 0) is
[(T,L,0),(T,L,0)] = ([L,T],[T,T],0). Given two normal subobjects (M, P,0d)
and (N, Q,0) of (T, L,0), the Higgins commutator [(M, P,0),(N,Q,0d)] can be
characterised as the graded ideal crossed submodule ([Q, M ]+ [P, N],[P, O], 9).
The same reasoning as in [[51}, Proposition 18] for crossed modules of Lie algebras
enables us to assure that the centre Z (T, L, 0) of a crossed module in XSLie is

Z(T,L,0)=(T", Z(L)nst (T),9),

where Z (L) is the centre of L, TL = {t e T | 't = 0 forall/ € L} and st; (T) =
{leL|'t=0 forallt € T}.

We include now a definition for abelian Lie superalgebras, which will be necessary
for Theorem [6.3.10] (cf. [189)] for abelian groups and [75]] for abelian Lie algebras).

Definition 6.2.3. The tensor product of two arbitrary abelian crossed modules (T', L, 9)
and (T’, L', 0’) is defined as the abelian crossed module

(T,L,0)®g (T',L',0") = (cokerag, L® L', 5g),

where ag : TQT' — (T ® L’)GB(L ® T’) is defined by a g (t ® t’) =—t®J (t’)+
0()®1',and g : coker ag — L ® L’ is induced by (d ® id,id ®9’). To construct

all the previous tensor products, we consider trivial actions.

Given two crossed modules (M, L, 0) and (N, L, ), there are actions of M on N
and of N on M given, respectively, by ”n = %™pn and "m = °™m, which allow us to
construct the non-abelian tensor product M @ N (note that we can always construct
M @ L by considering (M, L,0) and (L, L,id)). Consider the graded submodule
M[N of M ® N, generated by the elements
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mgy @ ng, with 0 (mg) = o (ng),
m@n+ (=D ' @ n', with 0 (m) = o (n') and o (m') = o (n),
being my € My, ny € Nj, m,m' € M and n,n’ € N. In[91], it is proved that M[]N
is a graded ideal in the centre of M @ N, and the non-abelian exterior product M A N
is defined as the quotient (M ® N) / (M[]N). The images of the elements m ® n in
the quotient are denoted by m A n.
In the following proposition, we recall some elementary properties of the non-

abelian tensor and exterior products. The proof is left to the reader (see also [91]]),
except the one of the last item, which we offer below.

Proposition 6.2.4. Let (M, L,0) and (N, L, o) be two crossed modules. Then:

1. There is a Lie superalgebra homomorphismé: M QN — L withé(m @ n) =
"o (n) = = (=D ("9 (m)).

2. The triple (M @ N, L,¢) is a crossed module with the action of Lon M @ N
definedby' m@n) ='m@n+ (=D""'m @ n.

3. The non-abelian tensor products M @ N and N @ M are isomorphic, through
the mapm @ n — — (—1)""”"I n® m.

4. If the actions of L on M and N are trivial, then M @ N is isomorphic to
My, ® Ny, being My, = M/[M,M] and N, = N/[N,N], and where
M ® Ny, is formed with M, and N, acting trivially on each other. Also,
M AN = M, ANy,

5. There is an isomorphism

MONAMBSN)—>(MAM)SNAN)D (M, ® Ny)

m+mA(m' +n')>mam +nan +m@n —(-D"" i @7,
The inverse homomorphism is given by

(MAM)®(NAN)® (Mg, ® Ny) = (M & N)A(M @ N)

mAm’+nAn'+W®W»—>m/\m’+n/\n'+m"/\n”.
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6.

If (M, L, 0) is perfect, then L[ ]JM vanishes, and L @ M and L A M are iso-

morphic.
Given U a graded ideal of M, the following sequence of Lie superalgebras is

exact:

U/\M—)M/\M—)M/\M%O.
U U

If M is perfect, the homomorphism

u: MQM->M
given by u (m ® m' ) = [m, m'] is the universal central extension.
The following sequence of Lie superalgebras,

[ (My)— M®M—— M AM— 0

where n (em(_) +m® m’) =my@myg+m@Om + (—1)"”””‘,| m' @ m, is exact.

Proof. We just offer the proof of the last item, as it involves the Whitehead’s universal

quadratic functor. We must check that the morphism # is well defined. On the one

hand, it is straightforward to see that it preserves the relations in Definition[6.1.1} On
the other hand, take [m, m'] € [M, M ;. It holds that

1 (epnry) = Imym'1 ® [m,m'] = — (=Dl ('"/m> @"m =[m@m' . m@m'] =0.

Now, let [m,m'] € [M, M].
7 (Im,m'1® u) =[m,m'1 @ p+ (=DM ) @ [, ']

- (_l)lmllm’l m' @ [m, u] + (_l)lmIIM’I (_1)(|m|+IM’|)|M| ([, m'1 @ m
+ (_1)(|ml+|m’|)lﬂl U Q [m,m']

= (_I)IMIIHI (_l)lrnllm’l m @ [u, m] — (_1)(|mI+IM’I)|/4| U ® [m,m]
_ (_1)|mllm/| (_1)|m||/4| m' @ [u, m] + (_1)(|m|+IM’|)|/4| U ® [m,m]
=0.
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Analogously, 7 (4 ® [m,m']) = 0. Therefore, the morphism 7 is well defined. Fi-
nally, it is clear that Im # = M[JM = ker x, and 7 is surjective, so the sequence is

exact. O]

We finish this section with some considerations about central extensions. An ex-
tension in XSLie is just a surjective morphism; it is central (relative to Ab ) if and
only if kery C Z (T',L',d’).

The proofs of the following results are similar to the ones offered in [50] for
crossed modules of Lie algebras; therefore, we omit them. The previous results
needed to carry out these proofs can be found in [91].

Lemma 6.2.5. Lety : (T’, L, 0’) — (T, L, 0) be a central extension with (T’, L, 0’)
perfect, and let ¢ : (T' L 9" ) — (T, L, 0) be another central extension. If there
exists a morphism of central extensions 0 : (T’, L, 0’) - (T”, L, 6”), then it is

unique.

Also, it is easy to construct a counterexample to the previous result in the case in
which (T, L’,9") is not perfect (see [S0]).

Lemma 6.2.6. Ler (T, L,0) be a crossed module. Then, (LQT,L ® L,id ®0) is
also a crossed module. Moreover, if (T, L, 0) is perfect, sois (L@ T, L ® L,id ®0).

The previous lemmas help to prove the following theorem.

Theorem 6.2.7. Let (T, L, 0) be a perfect crossed module. The morphism
v: (LQ®T,L®L,id®0o) — (T, L,09)

defined by v, I ® t) = 't and v, (l (39 l’) = [1,1'] is a universal central extension of
(T’ L7 a)'

From this theorem and the observation below Lemma is obtained the fol-
lowing corollary.

Corollary 6.2.8. A crossed module (T, L, d) admits a universal central extension if

and only if it is perfect.
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6.3 The non-abelian tensor and exterior products of crossed
modules

The present section is devoted to the definition of the non-abelian tensor and exterior
products of graded ideal crossed submodules, and their basic properties.

Let (M, P,0) and (N, Q,0d) two graded ideal crossed submodules of a crossed
module (T, L, 9). Considering also the crossed modules (M, L, d), (N, L,9d), (P, L,i)
and (Q, L, i), we can construct the non-abelian tensor products MQN, M @0, PQ N
and P ® Q. By Proposition[6.2.4] (I), there is a homomorphism £ : P® N — L, and
also Proposition ensures the existence of an action of L on M @ Q. This
yields an action of P @ N on M ® Q; similarly, of PQ Qon PQ® N and M ® Q.

Lemma 6.3.1. With the above assumptions, the actions of P ® N on M ® O, of
PR®QonPQ® N andof PQ® Q on M ® Q, respectively, are given explicitly by:

1L "®"(m@q)="n®™q.
2. P&q (p' ® n) — pq ® p,n.
3. 7% (m@ ) = (=)\"I| (—1)IrHab(ink+1aD) (¢ 1) @ pyg,
Proof. Routine. O

The action of P @ N on M @ Q allows us to construct the semidirect product
(M ® Q) X (P ® N), and the homomorphisms of Lie superalgebras defined by

a: MAN > (MQQ)X(PQN),
mn-—mQad(n)+9(mQn,

f: MRO)XN(PRN)—>PRO.
mRPq+pR@ni—>o(mQq+pRad(n).

Lemma [6.3.T helps to check that the previous maps are indeed homomorphisms,
and also to prove the following lemma, fundamental for our main definitions.
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Lemma 6.3.2. In the previous conditions, we have
1. The image of a is a graded ideal in (M @ Q) X (P ® N).

2. Thereis an action of P ® Q on (M ® Q) X (P ® N) determined by

PO (m@qg+p@n) =" (m®q)+"® (pn).

3. If6: cokera — P @ Q is the homomorphism induced by p, then the triple
(coker a, P ® Q, §) is a crossed module with the action induced by the part (2)).

Proof. Similar to the proof of [[193, Lemma 3.1]. O]

Let I be the graded subalgebra of coker « generated by the elements

x@y+ DMy @ x40 (z5) ® z5+ Ima,
xQ@y+ =DMy @x+0(z) @2 + (—1)"7‘“‘7“/| 0 (z') Qz+Ima,

such that x,z,z/ € M NN, z; € Mgn Ny and y € P n Q. We easily check that

6(I) € PIO.

Lemma 6.3.3. The crossed module (I, P[]Q, 6) is a graded ideal crossed submodule
of (cokera, P ® Q, 6).

Proof. As P[]Q is a graded ideal of P ® O, we just have to prove that the action of
P ® QO on I remains in I and that the action of P[C]Q on coker « also lies in I (in fact,
we will prove that it is trivial). Applying Lemma[6.3.1] and with the usual notations,

we have that
red (xQ@y+ DMy @ x +0 (z5) ® z5) + Ima

— (_1)|x||Y| (_1)(|p|+|q|)(|x|+|y|) Cx)®%q + (_1)|X||y| P RVx+P¢® (25, z5] + Im «
L 6 (_1)|x|IY| (_1)(|P|+|4|)(|X|+IY|) (yx ®Pq+ (_1)(|P|+|q|)(|xl+|y|) 9 ® yx) +Ima € I;



6.3 The non-abelian tensor and exterior products of crossed modules 193

® ’
g q<x®y+(—1)|x”y|y®x+0(z)®z'+(—1)|z”zld(z') ®z> +Ima

— (_1)|X||Y| (_1)(|P|+|4|)(|X|+|Y|) Cx)®Pq
+ (DM e @ Yx +24 @ [z, 21+ (DI P @ [, 2] + Im «

— (_I)IXIIYI (_1)(|P|+|4|)(IXI+IYI) (yx ®Pq+ (_1)(|P|+|11|)(|X|+IYI) P ® yx) +Ima e I;

therefore, the first condition holds. As for the second one, P[]Q is generated by the
elements py ® g5 and p ® q + (=17l P ®¢q, withi (p(-)) =i (q(-)), i(p)=i (q’)
and i ( r ) = i(q). Motivated by these restrictions, we will work with the elements
I5®Ilzand I @' + (—l)ll“l,| " ® I. Applying again Lemma we see that

0 (m @ q+p®@n+Ima) = (=" (@m) @ [I, I5] + [15, 151 @ ’n + Im a = 0;

@1+ (1 @ g, p @ n) +Im )
= (= 1ymllal (1) DmI+aD (qm QLI+ (=DM @y @ 11, ,]>
+ LI+ (=) 11 ®Pn+Ima =0.
Therefore, the action of P[C]QO on coker « is trivial, and the lemma is proved. O]
Now, we present the main definitions of this chapter.

Definition 6.3.4. Let (M, P,0) and (N, Q, 0) two graded ideal crossed submodules
of a crossed module (T, L, 0). With the previous notations, we define the non-abelian
tensor product of (M, P,0) and (N, Q, 0) as

(M,P,0)® (N,Q,0d) = (cokera, P® Q,0),

and the exterior product as

(M.P.o)A(N.Q.9) = Skr®:P80O.5) _ <Cokera

(I, PL]O.9) I
For coherence with the theory of Lie algebras and superalgebras, we will denote

(I, P[]O,6)as (M, P,0)[]1(N,Q,0).

,P/\Q,é).
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The reader should note that the only role played by the crossed module (T, L, d) in
the definition above is to provide a common environment for (M, P, d) and (N, Q, 0),
which is used to determine the actions specified in Lemma|6.3.1]

As in the case of crossed modules of Lie algebras, we find the following particular
cases:

Proposition 6.3.5.
1. Let P and Q be two graded ideals of a Lie superalgebra L. Then, we have:
(a) (P, P,id)®(Q,0,id) = (P®0O,PQ®Q,id);
(b) (P, P,id) A (Q,Q,1d) = (PAQ,PAQ,id);
(c) (0,P,1)®(0,0,i)) = (0,PQQ,i);
(d) (0,P,i)A(0,0,i) = (0, P AQ,i);

2. Let (T, L,0) be a crossed module, and consider the exterior product, (T, L, 0)A
(T, L, 0). There is a isomorphism of Lie superalgebras

y coker a S LAT

1QI+1I'Q1 +1m1I' At = (=DM Ay,

such that (v,id) . (T',L,0) A(T,L,0) - (LAT,L A L,id A0) is an isomor-

phism of crossed modules.
Proof.
1. Routine.

2. To check that v is well defined, it sufficestodefine v: (TQ L)X (LQ®T) —
LRTbyv(t®1+1'®1)=I'®t — (-1 ® 1. Noting that ¥ (Im a) is
contained in L[]T', we see that ¥ induces a homomorphism v : cokera — LAT

with kernel ker v = I. Then, v is well defined. The rest of the proof is routine.

O]
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The rest of this section is devoted to the study of some basic properties of the non-
abelian tensor and exterior products of crossed modules of Lie superalgebras, which
extend the ones offered in Proposition [6.2.4] @)—() for Lie superalgebras. To that
purpose, we need first this useful lemma.

Lemma 6.3.6. Let (T, L, 0) be a crossed module such that 0 is surjective or the action
of LonT is trivial. Then:

1. Forallt € Tandl,l' € L, it holds that 8 ('t) @1’ = — (=D)I"1II*1D g (1) 1.
2. The graded ideal I C coker a is abelian.

Proof. We will give the proof for the case in which 0 is surjective, and the other case
is trivial.
1. Routine.
2. Let x,y € I. Clearly, [x,y] = 5(")y, with 6 (x) € L[JL C L ® L; so, it
suffices to prove that the action of L ® L on [ is trivial. It is enough to consider

A® A € L ® L and the generators of I. Using Lemma|6.3.1} part () and the

surjectivity of d, we see that

@I+ =DM @1+ (z5) ® z5)

- _ (_l)llllll (_1)(|l|+|1|)(|/1|+|/1'|) (_I)MIM’I (lt) ® [/V, Al
— (=DM AT @ 't = (DT, A1 ® (25, 2]
- _ (_1)|l||1| (_1)(|I|+|1|)(|/1|+|/V|) (_1)|/1||/1'| (lt) ® [4,0(1)]
_ (_1)|f||1| (_I)IMWI [A,0(0)]® It
- _ (_l)llllll (_1)(|l|+|1|)(|/1|+|/1'|) (_I)MIM’I (lt) Y (A’T>
— (=Dl g (xr> ®'t
— (_l)ltllll (_I)MIM’I (_1)(|l|+|1|)(|/1|+|/1’|) (—lt ®0 (’Vr> +0 (It) Q /1’1_)

€Ima,

forzy e Ty, t,7 € Tandl € L. Also, fort,z,z/,7 €T and! € L,
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e (t QI+ DM r+a®7 +nEID () @ z)
= — (=DM AT DAY (1) @ g </1’T>
(=1 )Ty HIDAAHAD 5 (1) @ 4
- DI A1 @ (2.2 = (DD () [ A @ 12, 2]
= (=) (AT gD 41+14T) (—’r ® 9 (*’f) +o(1)® /1’7)

€ Ima.

The lemma is proved.

O]

Proposition 6.3.7. Let (T, L, 0) be a perfect crossed module, such that 0 is surjective

or the action of L on T is trivial. Then,
(T,L,0)®(T,L,0)=(T,L,0)A(T,L,0).

Proof. We will show that (T', L,9)[](T, L,d) = (I, L[C]L,6) is zero. As (T, L, d) is
perfect, so is L, and Proposition [6.2.4] (6) implies that L[]L is zero. We just have to
check that [ is also zero. It suffices to show that the generators

fr@y+ (DI y@ir 40 () @'t + Ima, 6.3.1)
with/, A,y € L,t,7 € T and |t| = |/|, and

‘r® Y+ (_1)(|/1|+|T|)|y| y® ‘r 49 (lt) ® U (_1)(|l|+|l|)(|l'|+|f'|) P <l't’> ®t+Ima,
(6.3.2)
with[,/’, A,y € Landt,t',t € T, are zero.

Clearly, if the action of L on T is zero, the assertion is trivial. Therefore, let
us assume that 0 is surjective and y = d(x). Applying Lemma (1), we see
that iz @ y + (=)D y @ 4r = A @ 9(x) — 9 (*r) ® x € Im a. Also, for
[t| = |, 0 (’t) Rt =-0 (’t) ® 't, hence it is zero, and the generator is
zero. Regarding the generator (6:3.2), 0 (‘1) ® g g (= DDA 5 (”t’) ®t =
0("t)®"t —a('t) ® "t =0, s0 it is also zero. This completes the proof. O
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Theorem 6.3.8. Let (T, L, 0) be a perfect crossed module such that 9 is surjective or

the action of L on T is trivial. The morphism
K = (K17 KZ) : (T’ La a) ® (T7 L7 a) - (T7 L7 a)

given by k| (t QRI+!I'®t +Im a) =1y — (=) (’t) and K, (l ® I') =[l,"isa
universal central extension of (T, L, 0).

Proof. In view of Theorem we just have to prove that there exists an isomor-
phismew: (T,L,0)Q®(T,L,0) > (LQ®T,L ® L,id ®0) such thatv® = «. Indeed,
the combination of Proposition [6.3.7] Proposition [6.3.5] (2) and Proposition [6.2.4] (6))

gives the desired isomorphism. O

Proposition 6.3.9. Let (M, P, 0) and (N, Q, 0) be two graded ideal crossed submod-
ules of (T, L, 0).

1. If the commutator [(M, P,0d),(N,Q,d)] is trivial, then

(M,P,0)®(N,Q,0)=(M,P,0), (N,Q,0),, -

2. The following natural sequence of crossed modules is exact:

(T,L,0) (T,L,0)
(M, PLO)AT,L,0) = (T, L) A (T, 1,0) = Gpei A s = 0

Proof.

1. It follows from the definitions, Proposition [6.2.4] @) and the fact that, in our

M_o O,, and M ® Q are isomorphic (similarly, P, ® N _ and

ndition a
conditions, T ON]

P ® N).

2. We give a sketch of the proof.

Let us fix the following terminology:

(M,P,0) AT, L,0) = (coker&/I,PAL,5);
(T,L,0) A(T, L,0) = (cokera/I,L A L,5);
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T,L,0 T,L,0 . -

( ) A ( ) =<cokera/I,£A£,5>.
(M,P,0) (M,P,0) P P

Let w, : cokera/I — cokera/I and w,: LA L — L/P A L/P be the sur-

jective homomorphisms induced by the projections T - T /M and L — L/P.

: (T,L,0) (T,L,0) .
Then, w = (w,w,) : (T,L,0) A(T,L,0) — MNP A TR a

surjective morphism of crossed modules. Also, consider the following homo-
morphism induced by the natural inclusions, M @ LXPQRT - TQLXLQT,

which in turn induces p, : coker @/l — cokera/I,and p,: PAL — LA L.

They provide another morphism of crossed modules p = ( P1s pz) (M, P,o)A
(T,L,0) » (T,L,0) A (T, L,0). To see that ker w = Im p, we define the
homomorphism 9: (T/M @ L/P) X (L/P®T /M) — coker p; given by
I(E+M)@U+P)+(I'+P)® (' +M))=1®I+I'®1 +Imp,. Itin-
duces an isomorphism 9 : coker @/1 — coker p, with inverse induced by w,;
this makes clear that ker w; = Im p;. Also, ker w, = Im p, by Proposi-
tion[6.2.4] (7). This concludes the proof.

O]

Theorem 6.3.10. Let (Tl, L, 01) and (T2, L,, 02) be two arbitrary crossed modules.
Then

(T}, Ly,0,) & (T, Ly, 0,)) A ((T1, Ly, 0,) @ (T, Ly, 0,))
= ((Ty, Ly, 0,) A (T1, Ly, 0y))
® ((Ty, Ly, 0,) A (T5, Ly, 05))
® (11, L1, 01) 4, ®r (T2 L2, 03) ) »

where the last crossed module is the tensor product of abelian objects of Defini-

tionl6.2.3
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Proof. Denoting T; = T;/[L;,T;l and L, = (L;) ., for i € {1,2}, we will construct
an isomorphism y = (y, {) between both crossed modules

(Li® L) A (T, ®T,) —=

(Ll A Tl) ® (L2 A T2) @ coker ag
idA(0,®0,) l(id A0 )D(id A0y DS

é’ —_— —_—
(L, ® Ly) A (Ly @ L) —= (L, AL) & (Ly A L) @ (Ll ®L2>.

The homomorphism ¢ will be the isomorphism defined in Proposition [6.2.4] (5); as

for y, we define it on generators as
x((LL+L)A(t+18)) =LAt + Aty = (=D"EIE 1, + 1) @ 1, + Im ag.

Routine calculations show that y is well defined and it extends to an homomorphism

of Lie superalgebras. We construct the inverse homomorphism as follows: consider

the maps
@'t LAT, » (L@ L)A(Ty®Ty), [ At~ AL
@’ LyAT, » (L@ L)A (T ®T,), LAty LAt
¢ TI®L = (L®L)A(Ti8T), §®L~ (=Dl
o' LT, = (L ®@L)A(Ty@T,), [ ®f 1 Aty

all of them are well defined and extend to Lie superalgebra homomorphisms. Also,

@* and ¢* define another homomorphism, @ : coker ag — (L; @ L,) A (T; @ T5)
with (@ L +1, @ +Ima) = @* (1 ®1) +¢* (I ®1).
Finally, we construct ¢ = (¢!, ¢%, @)

@: (LiAT)) @ (LyAT,) ®cokerag — (L, @ Ly) A (T1®T>),

which is an inverse to y. The pair of isomorphisms (y, {) satisfies the conditions to
be an isomorphism of crossed modules, and the theorem is proved.
O
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We will finish this section by studying the kernel of the projection
m=(m,m): (T,L,0)® (T,L,0)— (T,L,0)A(T,L,0).

First, we present a definition which will be fundamental for the last theorem of the
section (cf. [189] for the case of abelian crossed modules of groups, and [[193] for
abelian crossed modules of Lie algebras).

Definition 6.3.11. Let (A, B, d) an abelian crossed module, and denote by B@A the

tensor product B ® A subject to the homogeneous relation

d@®d =(=D""9(d)®a,
for all a,a’ € A. Consider also the Lie homomorphism

fTAQA > (B@A) BT (A)

a®d »0@®d —-a®d,
and denote F(A, B,0) := coker f. Then we define I' (A, B, 0) to be the abelian
crossed module <F (A, B,0),I'(B), 6F), where dr is determined by
or <b®a+ea(_) +a®a') = Cy() HH®O@+I (@ @ (a).

Theorem 6.3.12. Let (T, L, 0) be a crossed module such that 0 is surjective or the

action of L on T is trivial. Then, there is an exact sequence

(711 ’712) (”1 ’”2)
I ((T,L,0)y,)—— (T, L,0)® (T, L,0)— (T, L,0) A(T, L,0)—> 0.

Proof. Let T = T/[L,T] and L= L,,. We want to find a morphism of crossed
modules #: I ((T, L, a)ab) — (T',L,0)® (T, L,0) such that Imn = (I, L[]L, 6);

1.e. two surjective homomorphisms of Lie superalgebras #,, #, making commutative

F((T.L.0)y) T (Z)

ml lnz

1 L[L.
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Note that such homomorphisms preserve the actions of the crossed modules, as L[ ]L
acts trivially on I C coker a, as it was pointed out in Lemma[6.3.3]

The component #, will be the homomorphism # given in Proposition ©). As
for #,, it will be induced by a homomorphism g = (g, &) : <Z@T) @%) -1
which vanishes on Im f.

We define g : L®T — I on generators as g, <i ® ?) = (-D)"" tQI+IQt+Ima.
Easy calculations lead us to check that g; is well defined, and also that it induces
another Lie homomorphism g; : I@T - 1.

We will explain the construction of g, more carefully, due to the complexity of

the object I (T) comparatively to the classical case of modules. We define

fh\l‘:f-)el, %Ha<t5)®t5+lma;
hh:T®T -1, 1®7+=dnQ7+D"0(/)®t+Ima.

The map E is well defined: if 15 = 16 + x, with x € [L, T'], we have that

h (15) =0 (15) ® 5+ Ima

=6<%>®%+a<%)®x+600®%+6@3®x+hna=ﬁ(%»

as Lemma|6.3.6|(T) assures that 0 (t:_) ) ®x = —0 (x)®t:_) (and, in particular, 0 (x)®x =
—d (x) ® x = 0). Furthermore, the map is a homomorphism of supermodules, and it

induces another homomorphism
h;: R =T

Regarding h,, Lemma|6.3.6] (I)) again allows to check that it is well defined, and

it leads to another homomorphism of supermodules. We define now
&=(h.h): R0 @ <T®T> -1

e%+;®t_’»—> hy (e%> + h, <?®t_’>.
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It is easy to see that g vanishes on the relations of Definition then, it induces a
homomorphism of supermodules g, : I’ (7) — I. Giving to %) the trivial struc-
ture of abelian Lie superalgebra, g, will be also homomorphism of Lie superalgebras
due to Lemma|6.3.6] (2).

Finally, g = (g.8): (Z@T) er (T) — I is a homomorphism of Lie su-

peralgebras which vanishes on Im f, as g ( f (? Y 7)) € Im a. Then, g induces

ny r ((T, L,d)ab) — I, which is surjective and satisfies 65, = 5,0r. The theorem
is proved. [

Note that Proposition [6.3.7] can also be obtained as a trivial corollary of Theo-
rem[6.3.12]

6.4 Applications to the second homology of crossed modules

This section is devoted to deal with the connection between the exterior products with
the second homologies of crossed modules of Lie superalgebras, and generalise some
known results of the second homology of Lie superalgebras to the second homology
of crossed modules.

It will be shown that the category XSLie of crossed modules of Lie superalgebras
is an algebraic category, that is, there exists a tripleable forgetful functor from XSLie
to the category of Z,-graded sets, 2—Set.

7.“
Firstly we construct an adjoint pair of functors 2—Set ? XSLie. In fact, the

usual forgetful functor U7 : SLie — 2—Set has a left adjoint 7, : 2—Set — SLie,
where 7| (X) is the free Lie superalgebra on X. On the other hand, there is a faithful
functor U, : XSLie — SLie, which assigns to a crossed module (T, L, d) the direct
product of Lie superalgebras T' X L. Now, we define the functor 7, : SLie — XSLie
as follows: for any Lie superalgebra M, let 7, (M) denote the inclusion crossed

module <M, M+ M, inc), where M * M is the coproduct of M with itself, with

the natural inclusions ij,i, : M — M % M, and M is the kernel of the retraction
Dyt M+ M — M determined by the conditions p,i; = 0 and p,i, = id,,.
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Proposition 6.4.1. The functor T, is left adjoint to the functor U.

Proof. Let M be a Lie superalgebra. Our assertion is that the homomorphism
(i1iy) : M — M x (M % M)

is a universal arrow from M to the functor .

Given a crossed module (7', L,0), let fr: M — T,f;: M — L be two ho-
momorphisms of Lie superalgebras and define the homomorphism ( fr. f L) M-
TXL=U,(T,L,0). Denotingbyi: T - T XL,j: L— T X L the natural inclu-
sions, we construct the following commutative diagram with split exact sequences of
Lie superalgebras:

_HE inc M*Mpz M
| T
grl hl fr

\l ; Y »
T T><1L'—>L,
J

where A is the Lie superalgebra homomorphism satisfying hi; =i f; and hi, = j f;
defined by the universal property of the coproduct, and g is the restriction of A to M.
Italso holds that ph = f p,, as can be easily checked. Again, the universal property of
the coproduct defines a unique Lie superalgebra homomorphism g; : M * M — L
satisfying g,;i; = df; and g;i, = f;.

Next, we will show that (gT, g L) : (ﬁ, M x M, inc) — (T, L, 0) is the unique
morphism of crossed modules satisfying (gT X gL) (il, iz) = (fT, fL). Letme M
and m € M be arbitrary. We have

grliy (m),ml = [fr (m), g (M)] = Y1Mg, (m) = 1M g (),
grlia (my,m] = [j fi (m),igr (m)] = /1M gy () = 820 g (),
it follows that g [z, m] = gt(z)gT (m)yforanyz€ M + M and m € M.

Furthermore, since M is the graded ideal of M * M generated by Im i, it holds
that

dgriy (m) = dfr (m) = gi; (m),
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ogrlz, iy (m)] =0 (5:Pgri; (m)) = 9 (52 fr (m)) = [g, (2),0f (m)]
=[g; (2),gri; (m)] =g, lz,i; (m)],

and hence dg; = g; inc.

We conclude that (gT, g L) is a morphism of crossed modules such that

(7 x g) (ir.i2) = (fr. /1) -

and it is clearly the unique satisfying this condition.

Composing the functors U, and U7, we have the underlying set functor
U =1,V,: XSLie » 2—Set, (T,L,0)—»TXL,

which assigns to any crossed module (7', L, 0) the cartesian product of the underly-
ing Z,-graded sets of the Lie superalgebras T and L. Therefore, the functor 7 =
F,F,: 2—Set — XSLie is left adjoint to U". Let G = (G, €, 6) be the cotriple on the
category XSLie generated by the adjoint pair of functors U" and ¥, G = FU'.

Following [[79]], which extends the Barr and Beck’s definition of cotriple homol-
ogy [20] to the semiabelian context, we define the cotriple homology of crossed mod-
ules of Lie superalgebras.

Definition 6.4.2. The n-th cotriple homology of the crossed module (T, L, 9) is de-
fined by the formula

H,(T,L,0)=H, NG(T,L,0),,, n>1.

This defines a functor H, : XSLie — Ab, for any n > 1.

Analogously to the theory developed in [76] for Lie algebras, we can develop a
relative homology theory for Lie superalgebras. In particular, we obtain the following
results.

Let0 » P —» L — O — 0 be a short exact sequence of Lie superalgebras,
and S = (S N 51) the cotriple on the category SLie generated by the adjoint pair
of functors U and Fy, S = F; U}, &, : S — lg4 and 8, : S — S2. Consider the
surjective simplicial Lie superalgebras homomorphism

Wiab - (S*L)ab - (S*Q)ab :
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The n-th relative derived functor H, (L; P) is defined as the n-th homotopy group
7, (ker (l//*ab)).

Proposition 6.4.3 (see [76, Theorem 34]). For any graded ideal P of a Lie superal-

gebra L, there is the following natural long exact sequence:
-—-H, ,L/P)->H,(L;P)-> H,(L)y- H,(L/P)— - - H (L/P)—0.

Proposition 6.4.4 (see [[76, Theorem 35]). For any graded ideal P of a Lie superal-

gebra P, we have the isomorphism
H,(L;P)=ker(LAP — P).

Applying Proposition[6.4.3]and Proposition[6.4.4] as well as [91] Proposition 6.3],
we obtain the following fundamental result.

Proposition 6.4.5. If (Y, F, u) is a projective crossed module, then
Y, F, W) ANY, F,p) = ([F,Y],[F,Fl,p).

Given a projective presentation 0 - (V, R, u) - (Y, F,u) - (T, L,0) — 0 of
the crossed module (T, L, 9), the Hopf formula provided in [[79] assures that

Hz(T,L,a)g< VNn[F,Y] RNI[F,F] _)

[RY|+[F.V] [F.R] "

The above proposition and the Hopf formula allow us to prove the following the-
orem.

Theorem 6.4.6. With the above notation, there is an isomorphism

(Y, F,w), (Y, F, p)]
[(V,Rw), (Y, F, ]

In particular, Hy (T', L,0) = ker (T, L,o) A(T, L,0) — (T, L, 9)).

T,L,o)AN(T,L,0)=

Proof. Consider the exact sequence

VRN, Fop) > Y, F, i) ANY,F, ) > (T, L,0) AN(T, L,0) > 0,
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where the first morphism is p from Proposition[6.3.9] (2), and the second one is given
by the projective presentation of (T, L, d). Then,

Y. F.pAX.F.p)

(T,L,0)AN(T,L,0) =
Imp

Identifying (Y, F, u)A(Y, F, ) with (F A Y, F A F,id Ap) by Proposition[6.3.5](Tb),
it is easy to see that Im p, is isomorphic to the ideal of FF A Y generated by all f A v
andrAywith f € F,ve V,r € R,y €Y, and that Im p, is isomorphic to the
ideal of F A F generated by all r A f withr € R and f € F. By the isomorphism in
Proposition [6.4.5] it holds that

(LF,Y1,[F,F], u) _ I Eop, (YL F, )]
((F,V1+[RYLIR Flw) [(V,R w,(Y,F, )]

(T,L,0)A(T,L,0)=



CHAPTER 7

On Whitehead’s quadratic functor for
supermodules

We devote this chapter to study the properties of Whitehead’s quadratic functor for
supermodules and for abelian crossed modules of Lie superalgebras, introduced in
Chapter [6]

Introduction

Whitehead first introduced his quadratic functor I" for abelian groups in [232]]. He
used it to construct a long exact sequence in the context of homotopy theory, yielding
an invariant for four-dimensional CW-complexes. This construction was later gener-
alised by Simson and Tyc [208]] for arbitrary modules over a commutative ring R in
connection with the study of stable derived functors. They explored some of its basic
properties, proving in particular that this object satisfies a universal property regard-
ing quadratic maps between R-modules: namely, every quadratic map b: M — N
factorises through I'(M). After this, Ellis also related this version of Whitehead’s
quadratic functor to his just introduced non-abelian tensor and exterior products of
Lie algebras in [76].

Further generalisations of Whitehead’s quadratic functor were given in the con-
text of abelian crossed modules, both of groups [[189]] and of Lie algebras [[193]]. The
definition of these objects led to advances in the homology theory of crossed mod-
ules [189] and in the study of non-abelian tensor and exterior products of crossed
modules of groups [200] and Lie algebras [193].

207
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In Chapter 6] we offered two new generalisations of Whitehead’s quadratic func-
tor, namely for supermodules and for abelian crossed modules of Lie superalgebras.
We devote the present chapter to study some of their properties. In particular, we prove
that the version for supermodules satisfies a universal property regarding quadratic
maps between supermodules in the sense of [[180]. However, these maps do not seem
to have been introduced in the framework of crossed modules, so we offer a defini-
tion of quadratic maps between abelian crossed modules of Lie superalgebras (with
its straightforward particular case for abelian crossed modules of Lie algebras) to be
those maps factorising through I'(A, B, 9).

The structure of this chapter is as follows. The first preliminary Section|/.1|recalls
some definitions and properties which will be needed later. In Section[7.2] we study
some properties of Whitehead’s quadratic functor for supermodules introduced in
Definition[6.1.T|(see Chapter|[6] page[I85)), such as its relation with quadratic maps of
supermodules, with the symmetric algebra S?(M) of a supermodule M and with the
non-abelian tensor and exterior products of Lie superalgebras. Finally, Section[7.3]ad-
dresses similar problems for Whitehead’s quadratic functor for abelian crossed mod-
ules of Lie superalgebras, according to Definition [6.3.T1] (see Chapter [6] page [200).
In particular, we introduce a definition for quadratic maps between abelian crossed
modules of Lie superalgebras.

Throughout this chapter, R will denote a unital commutative ring. Unless other-
wise stated, all the (super)modules and (super)algebras in this chapter will be consid-
ered over R.

7.1 Preliminaries

We devote this section to recall some basic definitions and properties regarding White-
head’s quadratic functor of modules and also regarding supermodules.

Let M be a module. Recall from [208]] that the universal quadratic functor I'(M)
is defined to be the module generated by the elements e,,, for all m € M, subject to
the relations

O0=ey, — Pe,;

O=e o + e, + Ae,y — Aep i — €4 — €

0= € ntm! +m’ + (™ + €, + € — Com! — Coam — Cmlm!s

for all m,m’,m"" € M and 1 € R.
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This object is strongly related to the quadratic maps between modules, namely
those maps ¢ : M — N satisfying:

1. @(Am) = A2p(m).
2. The associated symmetric function b, : M X M — N defined by b,,(m, m) =
o(m+ m') — p(m) — p(m’) is bilinear.

Indeed, the map y : M — I'(M) defined by y(m) = e, is quadratic. Also, given any
quadratic map @ from M to another module N, there exists a unique homomorphism
of modules A4 : I'(M) — N making the following diagram commutative:

(M)

This homomorphism #4 is determined by A(e,,) = @(m).

We recall now a less common construction of the same object I'(M ), which can
be found in [[114] and is more suitable for our purposes. To do so, it is convenient to
handle the notation RM, the free module generated by the elements e,, forallm € M.

Indeed, construct the module IV (M) as the direct sum RM & (M ® r M) subject
to the following relations:

_ 32, .
en=A%,;

/
Cham! —Cm— €y =mOm,

for all m,m’ € M and all A € R, and note that the map y’ : M — I''(M) given by
y'(m) = e, is quadratic. Also, I"(M) satisfies the same universal property than I'(M):
let: M — N be a quadratic map, and define &’ : T'(M) —> N ash'(e, + y® z) =
o(x) + b(p(y, z). This map A’ is well defined and is the unique homomorphism from
I"(M) to N which satisfies h'y’ = . It follows that I'(M) and I''(M) are isomor-
phic. As a consequence, we will henceforth identify these two objects, employing the
notation I'(M) for both of them.

The basic properties of the module I'(M) were studied in [208]]. Also, Ellis ex-
plored its relation with the non-abelian tensor product of Lie algebras in [[76].

For a basic background in Lie superalgebras and crossed modules of Lie superal-
gebras, we refer the reader to Chapter[6] Additionally, we include now two definitions
which will be necessary for the next section.
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Recall from Chapter 2] that the tensor superalgebra T'(M ) of a supermodule M is
the sum @, ., M ®» with juxtaposition as product, where M® := R, M® = M
and M® = M Qp " ® r M for n > 2. To obtain the symmetric superalgebra
S(M), we take the quotient of T(M) by the graded ideal generated by the elements
m@m' —(—=1)M" |y’ @ m, with m, m’ € M ; the image of M ®~ through this quotient
is denoted S"(M). We denote the class of the elements x; ® - @ x,, by x; A -+ A Xx,,.

In particular, S?(M) has the following universal property: given another super-
module N and a symmetric bilinear map b: M X M — N, there exists a unique
homomorphism of supermodules 6 : S?>(M) — N such that (x A y) = b(x, ).

Finally, we recall from [[181]] the definition of quadratic maps between supermod-
ules. Given M and N two supermodules, a homogeneous bilinearmap b: M XM —
N is called symmetric-alternating if

bm,m') = (=D)L b’ m);

b(my, m;) =0,
forall m,m' € M, m; € Mj. Also, a quadratic map from M to N, denoted by
®: M — N, is defined to be a pair ¢ = (¢g,b,) such that ¢5: My — N is a

quadratic map between modules, and b, M X M — N is a symmetric-alternating
bilinear map of degree 0, compatible with ¢ in the sense that

by (my, m() = @g(mg + m) — @g(mp) — @g(my),

for all mg, m:_) € Mj.

7.2 Whitehead’s quadratic functor for supermodules

In this section, we study the basic properties of Whitehead’s quadratic functor for su-
permodules introduced in Definition[6.1.1](see Chapter|[6] page[I85). We present here
a definition that slightly generalises Definition[6.1.1] as it is also valid for supermod-
ules over rings in which 2 does not have an inverse. Note that the free supermodule
RM5 is assumed to be concentrated in degree zero.

Definition 7.2.1 (cf. Definition[6.1.1). Let M a supermodule. We define the super-
module I'(M) as the direct sum

RMy @ (M @z M),
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subject to the homogeneous relations

Cimy = /lzem(_); (7.2.1)
Cogtm] ~ Cmy ~ ) = MG ® m:_); (7.2.2)
m@m' = (=D"1"w @ m; (7.2.3)
mi @ mj =0, (7.2.4)

where A € R, mg, m} € Mg, mj € My and m,m’ € M, with the induced grading.

Note that the difference with respect to Definition [6.1.1] is precisely the rela-
tion (7.2.4)), which follows from relation (7.2.3) whenever 2 has an inverse in R.

Proposition 7.2.2. The pair y = vy = (v, b,), with y5: My — T'(M); defined by
ro(xp) = €y and b,: M XM — I'(M) defined by b,(x,y) =x®yisa quadratic

map.
Proof. Routine. O

The next proposition shows that the pair (I'(M), y) is universal with respect to
the quadratic maps with domain M. We introduce the following piece of notation: if
h: I'(M) — N is a homomorphism of supermodules, with restriction Ay to I'(M )3,
such that hgyg = @g and hb, = b,,, we will limit to write hy = ¢.

Proposition 7.2.3. Let M and N be two supermodules, and let p: M — N, ¢ =
(@p, b,), be a quadratic map. Then, there exists a uniqgue homomorphism of super-
modules h: T(M) — N such that hy = @.

70

M; (M)
s/
Ve
& » 7 hy
Ny
MxM ’ (M)
P Ve
b, P 7 h
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Proof. 1t suffices to define h: I'(M) — N by
h <em6 +m ® m”) = g (mg) + b, (m',m")..
O

We would like to stress the fact that it does not seem possible to construct ['(M)
in a similar way to the original definition for modules [208]. The reason is that, to
construct the free superalgebra over a set .S, this set must admit a Z,-grading, and
this is not the case of the underlying set of M. Thus, the construction offered in [[114]
appears to be much more suitable to be adapted to supermodules.

Note that Whitehead’s quadratic functor for supermodules I" is indeed an endo-
functor in the category SMod of supermodules. It carries each object M toI'(M'), and
acts on morphisms in the following way: given f : M — N a morphism in SMod,
the composition y, f is a quadratic map from M to I'(/V). Then, Proposition
yields the desired morphism I'(f) = hA.

The rest of this section will be devoted to prove some elementary properties of
the functor I'.

Proposition 7.2.4. Let M and N be two supermodules. There is an isomorphism
I'(M@N)~T(M)DI(N)D (M Qg N).

Proof. We will begin by constructing a quadratic map from M@ N to['(M)PI'(N)D
(M ®g N). Define

go(l): (M & N); = T'(M);, mg + ngy = ey

(pg: (M & N)j = I'(N)gs mg + ngy = ey
@%:(MEBN)6—>(M®RN)6, mg + ng = mg @ ng;
b(lp:(MeaN)x(MEBN)—ﬂ“(M), m+nm+n)->mQm';
bé:(MeaN)x(MGBN)aF(N), m+nm+n)>n@n';

by (M@ N)X(M@N)— (M@gN), (m+nm+n)-m@n
(=Dl @ m';

The pairs o' = (qo(l), b(lp),qo2 = (go%,bé), @ = ((pg,b;) are quadratic maps, and
define a natural quadratic map ¢ from M @ N toI' (M) PI'(N)D (M ®x N). The
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universal property of the functor I" exposed in Proposition defines a homomor-
phismh: T(M @ N) >T(M)DI(N)D (M Qg N).

On the other hand, let us consider the maps

¢; 1 Mg~ T(M & N, Mg+ €y
bé:MxM—A“(MEBN)(-), m@m »m@m';
¢2: Ny — (M @ N, ng > e,

by: NXN>T(M@®N), n®n' =n@®n';
P MXN->T(M@N), (mnr—mQn.

The pair ¢' = (q’)(l) , b(lﬁ) is a quadratic map, and it induces a homomorphism
6': T'(M) — I'(M & N) thanks to the universal property of the functor I'. Analo-
gously, we obtain 8> : T'(M) — I'(M @ N). Also, ¢ is bilinear, and it induces the
natural homomorphism 6°: M ® N — I'(M @ N). Finally, we get the homomor-
phism 6 = (6',6%,6%) : T(M)®T(N)® (M ®z N) - T'(M & N).

It is easily checked that /4 and 6 are inverse homomorphisms. 0

The following lemma will be useful to prove that the functor I" preserves free
supermodules.

Lemma 7.2.5. Let M be a free supermodule and N an arbitrary supermodule. Let
us consider an ordered basis of M, {x;};c;, composed by homogeneous elements and
such that the elements of My are less or equal than those of M. Set |i| = |x;].
Let also {y;;}; ;e be a family of elements of N such that |y;;| = |i| + |j| and y;; =
(—1)|i||j|yj,-. Then, there exists a unique quadratic map ¢ . M — N, ¢ = (qo(-),b(p),
such that @y(x;) = y;; for |i| = 0, and b,(x;,x;) = yijfori < J.

Proof. To construct ¢, we will employ the procedure explained in the first example
in [181} 1.10], i.e. constructing a bilinearmap b: M XM — N preserving the degree
and defining @g(mg) = b(mg, mg) and b,,(m, m’) = b(m,m") + (=)™ |b(m’, m). The
pair (g, b,) will be a quadratic map.
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Define
b(xi, xj) =
0  otherwise,

and extend b by bilinearity. Indeed, it preserves the degree, and defines a quadratic

map ¢ = (¢, b,,) in the required conditions. The uniqueness is immediate. O]

Proposition 7.2.6. Let M be a free supermodule, and let {x;};c;, U {X;}icp, be an
ordered basis of M composed by homogeneous elements and such that the elements
{x;Yier, of M are less or equal than those of My, {x;};c .. Then, I(M) is free with

basis {r; (x,-)}iel(_) u {b, (xi’xj)}i,jelﬁulj, i<j

Proof. Let N be a supermodule. Every quadratic map ¢ = (¢g.b,) : M — N
determines a homomorphism A from I'(M) to N; conversely, every homomorphism
K : T(M) - N determines a quadratic map ¢’ : M — N with (p:_) (x,-) =hn (exi>
for i € I, and b;p(xi,xj) =n (xi ®xj) for i < j. This correspondence is bi-
jective, and therefore, applying Lemma[7.2.5] each homomorphism of supermodules
h: I'(M) — N is unequivocally determined by the images h <ex[_> fori € Iy and
h (xl- ® xj) for i < j. This means that {y() (x,-)}l.elo U {by (xi,xj)}[’jeléuli’ i< isa
basis for I'(M). ]

Next, we relate the universal quadratic and symmetric functors I" and .S2.

Proposition 7.2.7. Assume that 2 has an inverse in R, and let M be a supermodule.
Then,
S (M) = T(M).

Proof. The canonical map b, : M X M — I'(M) is bilinear and therefore induces
a homomorphism of supermodules g : S>(M) — I'(M). On the other hand, the
pair ¢ = (¢5,b,): M — S2(M) defined as @g(mg) = mg A my and b,(m,m') =
mAam’ +(=DM ! Am = 2mAm' is a quadratic map and induces a homomorphism
h: T(M) - S*(M). It is easy to check that hg = 2id and gh = 2id; therefore, h

and % are inverse. O
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The next properties will relate Whitehead’s quadratic functor for supermodules
to the non-abelian tensor product of Lie superalgebras. We will need the following
notation.

Let (M, P,0) and (N, P, o) be two crossed modules of Lie superalgebras, and
consider the following graded Lie subalgebra of M @ N:

MXpN={m+neM@SN |dm)=0c(n)}.

Set also
(M,N) = {—(=Dl"" ("m) + ™n} .
It is easy to check that (M, N) is a graded ideal of M X N, and also that the quotient

0 = ﬁ’l’vj\; is abelian. We will denote its elements by m + n.

Proposition 7.2.8. Let (M, P,0) and (N, P, c) be two crossed modules of Lie super-
algebras, and define w . I'(Q) > M ® N by

w<6m+m—+n®m’+n’> =mg®ny+m@n + (=) @ n.

Then, the following sequence of Lie superalgebras
rQ—=M®N-—MAN—O
is exact.

Proof. 1t is clear that, if y is well defined, the sequence is exact, since Im y =
M[]N = kerz. To see that y is well defined, let us consider ¥ : R(MxpN)g &)
((Mxp N)®g (M xpN)) - M QN and check that it induces y. Let us prove
firstly the following equality:

7 (on+m@ (=DM (") 70 ) ) =0,

We will prove it using the properties of crossed modules and the relations of the non-
abelian tensor product. If d(m) = o(n) # 0, it holds that |m| = || and

v ((m +n® <_ (_1)Im’lln’| <n’ml) + m'n,>>
=m® m’n’ _ (_1)|"|(|m’|+|n'|) (_l)lm’lln/l ne n’mr
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= [m,m'1 @ n + (=DM’ @ Xy — (i’ Ty ()il (m,> ®n
=[m,m' 1 ®n+ (—l)lm“mll m ®°"n — (—1)|”|(|m'|+|n’|) (—1)|m’||n’| <"'m’) ®n
= [m, m’] n+ (_l)lmllmfl m ® [n, n'] _ (_1)|n|(|mr|+|nr|) (_1)|m'||"'| (",m') on
= [, '] @ n+ (=)D (it (o)
- (_1)|I1||m’| (_1)|m||m/| (c(n)ml) Qn — (_1)|m||m’| (_1)|,1||n/| (_1)|m'lln’| (”lm’> on
= [m, m’] n— (_1)|m||m’| (_l)lmllm'| (a(m)m/) Qn = [m, m’] ®n—[m. m’] on
=0.

If 0(m) = o(n) = 0, the computations are similar but less involved, so we omit them.

Analogously, ¢ <<— (—1)"",”",| (",m’) + ’”,n’> ® (m+ n)) =0.

~

Now we check that y <e”()+v(3+<M’N>()> =y (eﬂo+va> = ug @ vy for all g +v5 €
(M Xp N ) g- Indeed, if d(m) = o(n) = 0 the assertion is trivial; otherwise,

~

4 <6M6+V6_(_1)|mun|(nm)+mn)
=y (e%w(,)) +y <e_(_l)|m|\n|(nm)+mn> +9 ((Hg+v) ® (- (=Dylmilnl () 4 "))
= g ® vg — (D" ("m) @ "n + iy @ "n — (=)™ vy @ "m
=ug @ vy +[m@n,m@ n] = py ® vg;

therefore, we can definey : RO QR Q) - M @ N.

We can easily check that y respects the relations (7.2.1)—(7.2.4); therefore, it in-

duces y, which is a well-defined homomorphism. 0

As a particular case, we recover Proposition [6.2.4(9) (see Chapter [6] page [I89):
for any Lie superalgebra M, there exists an exact sequence

[(M,)—s M ® M—s M A M— 0; (7.2.5)

also, given I, J two graded ideals of M, the following sequence is exact:

F<[II”JJ]>—“’> IQJ— I AJ— 0. (7.2.6)
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We finish this section with a sufficient condition for y to be injective.

Proposition 7.2.9. Let M be a Lie superalgebra such that M is a free supermodule.
Then, the homomorphism y in the sequence (71.2.5)) is injective.

Proof. Let p: M @ M — M, ® M, be the natural projection, and consider
{x_l}l el U {x_,}l er, AN ordered basis of M, composed by homogeneous elements
and such that the elements {x;};c . of Mg are less or equal than those of My. Then,
{x;® )c_j}w,el(_)u[I is a basis of M, ® M, and { (ex—i> }ie,a u{x; ® x_j}
is a basis of I'(M,;,) by Proposition The composition py carries the elements
of a basis of I'(M ;) to elements of a basis of M,, ® M, and therefore it is injective.

i,j€lzuly, i<j

It follows that y is injective. O

7.3 Whitehead’s quadratic functor for abelian crossed mod-

ules of Lie superalgebras

A Whitehead’s quadratic functor for abelian crossed modules was first defined by Pi-
rashvili in [[189] for abelian groups. Later, an analogue for abelian crossed modules
of Lie algebras was given in [193]]. Definition[6.3.T1](see Chapter[6] page[200) gener-
alises this concept for abelian crossed modules of Lie superalgebras; as in Section[7.2]
we include here a slightly more general definition which admits supermodules over
rings without inverse of 2.

Definition 7.3.1 (cf. Definition [6.3.11). Let (A, B, 0) an abelian crossed module of
Lie superalgebras, and denote by B®A the tensor product B ® A subject to the ho-

mogeneous relation

da)®d = (-D"9d) ® a,

for all a,a’ € A. Consider also the Lie homomorphism

fiA®A— (B@A)@F(A)
a®d - 0a)®d —a®d,
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and denote F(A, B,0) := coker f. Then we define I' (A, B, d) to be the abelian
crossed module <1N“ (A, B,0),I"(B), 6r>, where dr- is determined by

or <b®a+ (eao+a®o/>> = tp(a) TH® (@) + 0@ @ ().

We define now the quadratic maps of abelian crossed modules of Lie superalge-
bras to be precisely the maps which factorise through I" (A, B, d). We highlight that
we do not have knowledge of any reference in the literature dealing with this concept,
and also that our definition admits the quadratic maps of abelian crossed modules of
Lie algebras as a particular case.

Definition 7.3.2. Let (A, B,0) and (C, D, ) be two abelian crossed modules of Lie
superalgebras. We define a quadratic map between them as two pairs & = (5(), bg)
and @ = (g, b,) such that:

1. @ : B — D is a quadratic map between supermodules.
2. &= (&.b;) : A— Cis such that:

o & Ay — Cj is a quadratic map between modules;

® b:: BX A — Cis bilinear and satisfies:
be (0 (ag) 0} ) = & (ag + ;) = & (ag) — & ().
b: (0(@),d') = (=D b, (3 (d),a),
bLf (ai,ai) =0,

for all ag, aé € Ag, a; € Ajand a,d’ € A;
3. 03y = @dy, where d; and o denote the restrictions of 0 and o to A and Cj,
respectively, and 6b; = b,, (id ®0).

We denote these pairs by Y = (&, @) : (A, B,d) — (C, D, o).

Trivially, the composition of a homomorphism of abelian crossed modules and a
quadratic map is again a quadratic map.

The following easy results explore the relation between I'(A, B, d) and quadratic
maps of abelian crossed modules of Lie superalgebras.
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Proposition 7.3.3. The canonical map

Q=.v)=((n5.0,)(r5.5,)) : (A, B,d) > I(A, B,0),

withng : Ag — T(A, B, 0); defined by g (ag) = ¢4, b, : BXA — T(A, B, 9) defined
by b,(b,a) = b®a, y5: By — T'(B); defined by y; (bg) = ey and b, : BxB — I'(B)
defined by b, (b,b') =b® YV, is a quadratic map.

Proof. 1t is routine. O

Proposition 7.3.4. Given any quadratic map Y . (A, B,0) — (C, D, o), with Y =
& @) = ((f@, bf) , ((p(), b(p)), there exists a unique morphism of crossed modules
H = (hl, h2) such that hin = & and hyy = @. To summarise, we will write QH =Y.

70
By

['(B)g

Ap

S
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Bx B 4 I'(B)

id X0

BXxA

Proof. The morphism H = (hl,hz) given by

hy <ﬁ®a+ (}' (a(;) +a®a’)> =& <a(’)) +b:(B.0)+b; (9(a),d'),
hy (v (o) +6®Y') = @5 (Bo) +b, (b.0')

satisfies the required conditions. O

Proposition [7.3.4] makes it clear that Whitehead’s quadratic functor for abelian
crossed modules is an actual functor. Indeed, let f = (fy, f,) : (A, B,0) = (C, D,0)
be a homomorphism. The composition € p ) f is a quadratic map, and therefore
induces a morphism A = (hl, hz) : I'(A,B,0) - I'(C, D, o), which is functorial
and will be called I" (f).

We devote the rest of the section to investigate the properties of Whitehead’s
quadratic functor of abelian crossed modules, following a similar line as in Sec-
tion[Z2

To do so, for an abelian crossed module (A, B, 0), we introduce the abelian crossed
module S2(A, B, 9) as a crossed module analogue of S2(A) for an abelian Lie super-
algebra A (cf. [189]] for abelian crossed modules of groups).
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Definition 7.3.5. Let (A, B, 0) be an abelian crossed module. We define the abelian
crossed module S*(A, B, 0) as (BQA, S*(B), ds), with dg(b ® a) = b A d(a).

As well as other second symmetric powers, S?(A, B, 0) satisfies the following
interesting universal property.

Proposition 7.3.6. Let (A, B, 0) and (C, D, ¢) be two abelian crossed modules, and
consider two bilinear maps f;: BX A — C and f,: BX B — D satisfying

(i) f,0(a),d) = (=D £, (0(a"), a), for all a,d’ € A;
(ii) f, is symmetric;
(iii) o f, = fo(id ).

Then, there exists a unique morphism of abelian crossed modules g © S*(A, B, 0) —

(C,D,0), g =(gy,8), making the following diagram commutative:

S

S*(B)

where s|(b,a) = b ® a and s,(b,b') = b Al foralla € A and b,b’ € B.

Proof. Define g by g,(b® a) = f,(b,a) and g,(b A b') = f,(b,b"). The rest of the
proof is routine. 0
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We need also a result about the adjointness of the tensor product of abelian crossed
modules of Lie superalgebras, introduced in Chapter[6|(Definition[6.2.3)) following [75]]
(consult [189] for abelian groups and [[75]] for abelian Lie algebras).

Given (C, D, o) and (E, F, y) two abelian crossed modules of Lie superalgebras,
there is a homomorphism of abelian Lie superalgebras

¢: Hom (D, E) » Hom ((C, D,o),(E, F, y))
given by € (f) = (fo, y f). We define the abelian crossed module

Hom ((C, D,0),(E, F, y)) := (Hom (D, E) ,Hom ((C, D,0),(E, F, y)),€).

Proposition 7.3.7. Let (A, B,0), (C, D,c) and (E, F, y) be three abelian crossed

modules of Lie superalgebras. There is a natural isomorphism of R-supermodules

Hom ((A, B,0) Qg (C., D,0),(E, F, y))
~ Hom ((4, B,d),Hom ((C, D, ), (E. F, y))).

Proof. First, note that a morphism A from (A, B, d) to Hom ((C, D,o),(E, F, y)) is
characterised by a pair of homomorphisms of abelian Lie superalgebras A;: A —
Hom (D, E)and A, : B - Hom ((C, D,0),(E, F, y)) satisfying

(4, (9 (@), (©) = A (a) (5 (c)), (7.3.1)
(8,00(a)),(d) = x (A (@)()), (73.2)
7 (A, (0), (©) = (8;(B)), (6 (c)). (7.3.3)

foralla € A,b € B,c € Cand d € D. Now, given a morphism f = (fl,fz) €
Hom ((A, B,0) @ (C, D,6),(E, F, y)), if we define

A (@)(d)=f(a®d);
(A (1), (©) = f1 (c ® b);
(A (B), ()= f,(b®d),

it is easy to check that A; and A, are homomorphisms of abelian Lie superalgebras

satisfying the conditions (7.3.1)—(7.3.3)).
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Conversely, given a morphism
A= (AI,AZ) € Hom ((A, B,0),Hom ((C, D,0),(E, F, y))),
we define / = (f}, f,) : (A, B,0) ® (C,D,0) = (E, F, y) by

[1@®d+b®c)=A,(a)(d)+ (A, (B)), (c);
[ (0®d) = (4;(0)),(d).

Condition (7.3.T)) assures that f; is well defined, and conditions (7.3.2) and (7.3.3)) tell
us that y f; = fou. Also, f, and f, preserve the degrees, and the pair f = (fl,fz)

is a homomorphism of abelian crossed modules of Lie superalgebras.
This correspondence is lineal and bijective, and we obtain the desired natural iso-

morphism. O

Proposition 7.3.8. Let (A, B,0) and (C, D, ¢) be two abelian crossed modules. Then,

there is an isomorphism
['((A, B,d) ® (C, D,0)) = T(A, B,d) ® T(C, D, ) ® ((A, B,d) ®¢ (C, D,0)) .

Proof. First, we define quadratic maps Y!, Y2 and Y from (4, B,9) @ (C, D, o) =
(A®C, B®D, (9, 06))to, respectively, I'(A, B, d), (C, D,o) and (A, B,d)Q(C, D,o) =
(cokerag, BQD, u). Setp' : B&D — I'(B), ¢*: B&D — I'(D)and ¢*>: B&D —
B ® D in the same way as in Proposition Also, set

&l Ay @ Cy — T(A, B, ), ap + by~ ey
&1 Ay® Cy —~ I(C. D, o), ag + by = e
fé : Ay @ Cy — (coker a)g, ag + by = d(agz) @ c;

bé:(BEBD)x(AGBC)ef(A,B,a), (b+d,a+c)~ bQa;
bé: (B®&®D)X(ADC) - T(C,D,6), (h+d,a+c)—dQec;
bgz (B® D)X (A® C) > coker a, (b+d,a+c)~ (D@ d+b® c;

We define & = (fé,bg) and Y' = (&, ¢"), i € {1,2,3}. It is routine to prove
that the Y’ are quadratic maps, and so is their sum Y from (A, B,0) & (C, D, 0) to
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I'(A, B,0) ® (C,D,0) & ((A, B,d) ® (C, D,o)). By Proposition [7.3.4] Y induces a
morphism of crossed modules

H = (h,hy): T((A,B,0)® (C,D,0)) - I'(A,B,0)&® (C, D, o)
@ ((A,B,0) Qg (C,D,0)).
Now, we construct a morphism from
I'(A, B,0)® (C,D,0) ® ((A, B,9) ® (C, D, 0))
to ' ((A, B,0) & (C, D, 6)). On the one hand, the maps

ol Ag > T(A®C.B®D,(9,0))5 a5 e,
bl: BXA->T(A®C,B®D,(d,0)), (ha)r bQa,

together with the analogue to ¢! from Proposition conform a quadratic map
ol = ((p(l] , b;), ¢'), which induces a morphism ©' : I'(4, B,0) — TI'((4, B,0) ®
(C, D, 0)). Analogously, we get another morphism ®2 : T'(C, D,6) — I'((A, B,0) ®
(C, D, o)). On the other hand, we define

A(@): D>T(ADC,B®D,{0,6), dr (-1l a;
(Ay(b),: C>T(ABC,B®D,(0,6), ¢ b®c;
(Ay(b)),: D - T(B & D), d—b®d,

foralla e A,b € B,c € C and d € D. These maps induce two homomorphisms
of Lie superalgebras, A; : A - Hom(D, E) and
A,: B— Hom((C,D,0),I'((A, B,0) ® (C, D, 0))),

satisfying the conditions (7.3.1)—(7.3.3); therefore, they define a morphism A from
(A, B,0) to Hom((C, D, o), (E, F, y)), which by Proposition determines an-
other morphism ©3: (4, B,0) ® (C,D,6) — I'((4, B,0) ® (C, D, c)). The mor-
phisms ®', ®? and ®> determine the morphism

O:I'(A4,B,0)®(C,D,0)®((A,B,0)®(C,D,0)) - I'((A,B,0) ® (C, D, 0)),

which is the inverse of H. O
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Proposition 7.3.9. Assume that 2 has an inverse in R, and let (A, B, d) be an abelian
crossed module. Then, the abelian crossed modules T'(A, B, d) and S*(A, B, d) are

isomorphic.

Proof. On the one hand, the pair of canonical maps b,7 :BXA > F(A, B,0) and
bj, : BX B — I'(B) from Proposition satisfy conditions (i)—(iii) of Proposi-
tion Therefore, they induce a morphism G = (g, g,) between S?(A, B, d)
and I'(A, B, d). On the other hand, we will define a quadratic map between (A, B, d)
and I'(A, B,0). Consider the pair ¢ = ((p(-), bq,) from Proposition , and also
x50 Ag — (B@A)O and b;: BX A — B®A, defined by xg(ag) = d(ag) ® a
and bg(b,a) = 2b ® a, respectively. It holds that Y = ((x(-), bf) , (p) is a quadratic
map; then, Proposition ensures that there exists a morphism H = (A, h,)
from I'(A, B, 0) to S*(A, B, d). Some quick calculations show that HG = 2id and
GH = 2id; then, S?(A, B, d) and I'(4, B, 9) are isomorphic. O

To obtain an exact sequence similar to that of Proposition in the context
of crossed modules, it would be necessary to handle non-abelian tensor and exterior
products of crossed modules acting on each other in the sense of [511|182]. As far as
we are concerned, these concepts have not been defined yet, so we limit to deal with a
particular case which slightly generalises Theorem [6.3.12] (see Chapter[6] page[200).

Proposition 7.3.10. Let (T, L,0) be a crossed module such that 0 is surjective or
the action of L on T is trivial, and let (M, P, 0) and (N, Q, 0) be two graded ideal

crossed submodules. Then, there is an exact sequence

F<(M,P,0)ﬁ(N,Q,0)

(A7)
M.P.9)® (N.0.0
[(M,P,a),(N,Q’a)]> ( )®(N,0,0)

(71.m)
(M,P,0)A(N,Q,0) 0.

Proof. This proof is step-by-step analogous to the one of Theorem|[6.3.12](see Chap-
ter[6] page [200). O

We finish this chapter by highlighting a significant difference with respect to
the cases of modules and supermodules. Namely, Whitehead’s quadratic functor for
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abelian crossed modules of Lie superalgebras does not preserve free objects, defined
in the following way. Consider the forgetful functor " from the subcategory Ab of
XSLie to the category Set, of Z,-graded sets, which carries each (A, B,0) to the
disjoint union (A(-) X B(-)) u (Ai X BI)- It can be checked that this functor has a left
adjoint, which we will denote by .ABF and which carries each set X = X5 U X7 to
the abelian crossed module (GBXR, (@XR) (a5 (@XR) ,11), where 1 denotes the in-

clusion into the first component, and being &y R = <EB X6R> (2] (EB X1R>‘ It will be
called the free functor. One can check that this is the same approach to free crossed
modules as the one given in [48] in the context of crossed modules of groups.

Set X = {x}, concentrated in degree 0, and R = Z. Then, the free abelian
crossed module over X of is ABF(X) = (Z, Z® 7,1 1). Now, consider the second
component of I' (Z,Z & Z,1,),

Nz ) =TI HSLL~2S LD Z,

where ['(Z) ~ Z follows from Proposition It is clear that Z @ Z @ Z cannot
be expressed as (EBYZ) a5 (@YZ) for any set Y, and therefore ['(Z,Z @ Z, 1,) is not
free.



CHAPTER 8

Dealing with negative conditions in
automated proving: tools and challenges.
The unexpected consequences of
Rabinowitsch’s trick

In the algebraic-geometry-based theory of automated proving and discovery, it is of-
ten required that the user includes, as complementary hypotheses, some intuitively
obvious non-degeneracy conditions. Traditionally there are two main procedures to
introduce such conditions into the hypotheses set. The aim of this chapter is to present
these two approaches, namely Rabinowitsch’s trick and the ideal saturation computa-
tion, and to discuss in detail the close relationships and subtle differences that exist be-
tween them, highlighting the advantages and drawbacks of each one. We also present
a carefully developed example which illustrates the previous discussion. Moreover,
the chapter will analyse the impact of each of these two methods in the formulation of
statements with negative theses, yielding rather unexpected results if Rabinowitsch’s
trick is applied.

Introduction

The framework of this chapter is the automated theorem proving and discovery theory
initiated, forty years ago, by Wu on his seminal paper 234} “On the decision problem
and the mechanisation of theorem-proving in elementary geometry’], based in com-
putational (complex) algebraic geometry. This theory has evolved, along the years,

227
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yielding a variety of methods that have been recognised to be a quite successful ap-
proach to automated reasoning in elementary geometry, as already shown, long ago,
by the quantity and quality of the performing examples in [56]]. In this chapter, we
will follow the protocol and notation described in [58, Chapter 6, Section 4], quite
similar to that of [59], [194] or [238]]. Its recent implementation (see [[1]) in a free
mathematics software, with millions of users worldwide, brings again to the frontline
some pending issues.

The point we will address in this chapter deals with the most convenient way(s) of
handling hypotheses and theses that describe negative assertions, such as “consider
two different points” (i.e. two points that are not equal), or “let A, B, C be the vertices
of a non-degenerate triangle” (i.e. three points that A, B, C neither coincide nor lie
on a line), etc. The relevance of clarifying this issue is not just restricted to extending
the mechanical proving method to handle a larger kind of statements. In fact, as we
will show in the next Section [8.1] of this chapter, non-degeneracy conditions arise
in a natural way along with the traditional protocol for theorem proving of purely
affirmative statements.

It happens that, in order to introduce, as input for the standard algebraic geom-
etry algorithms, the requirement to avoid such degeneracies, the given polynomial
inequalities p;(x(,...,x,) # 0 must be expressed by means of equations. In the
tradition of automated theorem proving this conversion has been achieved through
two possible approaches, that we will describe in detail in Section [8.2} Rabinow-
itsch’s trick and ideal saturation. We plan to deal in the future with some recent
methods for introducing negative hypotheses, such as the ones based on comprehen-
sive Grobner systems (see [[177]]), or those in the ZariskiFrames package https:
//github.com/homalg-project/ZariskiFrames|/(see [16]), using ideal member-
ship and syzygies, as they are not yet implemented in most popular dynamic geometry
programs, such as GeoGebra [2].

Rabinowitsch’s trick is an old companion to automated proving in geometry [[1335]],
where it has been used to formulate negations of equalities, the so-called “disequality”
relations. Despite its antiquity, the current validity and interest of this approach can
be confirmed, for example, by considering the recent research of Kapur, Sun, Wang
and Zhou [136] on a generalisation of the “trick”. See also [[16, Example 6.1] for a
sound, abstract, description of this trick, i.e. the replacement of a locally closed set
A\ B, where A, B are algebraic subsets of an affine space F", by an algebraic set in
F™*! the so-called “Rabinowitsch cover”, such that the set-theoretic projection of the
cover is exactly the locally closed set and, thus, the closure in the Zariski topology of
the projection of the cover can be computed through elimination.


https://github.com/homalg-project/ZariskiFrames
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On the other hand, ideal saturation is a direct algebraic way to compute A \ B
without requiring to replace the locally closed set A \ B by an algebraic set on a
higher dimensional affine space and then projecting it down to F”". Its relation to
Rabinowitsch’s trick is well known in commutative algebra, and the potential impact
of using saturation as an alternative to Rabinowitsch’s trick for theorem proving has
been already highlighted in [59] Section 5], but it seems a detailed and general analysis
of the pros and cons of both approaches, regarding their faithfulness as translations of
negative statements, has never been thoroughly addressed.

Thus, the main contribution of this chapter is to study, in detail, the different im-
plications of adopting each of these formulations for describing negative theses and
hypotheses. Section [8.3] focuses on the consequences of both methods for stating
negative theses, suggesting that saturation could be considered as more reliable in
this context (see Proposition [8.3.8)), while Section [8.4] deals with the introduction of
negative hypotheses, clarifying the different, albeit close, results in each of the two
alternate proposals. Section [8.5] discusses in detail an example, showing the com-
putational pros and cons of both approaches. Finally, Section [8.6] establishes some
conclusions for the future consideration of automatic theorem proving software de-
velopers.

Throughout this chapter, F will denote an algebraically closed field of character-
istic 0, and all the vector spaces, affine spaces and polynomial rings will be considered
over F. Also, for simplicity of notation, we will denote by H (respectively T') the col-
lection of polynomials involved in the hypotheses (respectively theses) and the ideal
generated by them.

8.1 A short digest on automatic proving and discovery by
algebraic geometry methods

Roughly speaking, the computational algebraic geometry theorem proving method
proceeds by assigning coordinates and equations to the elements (points, lines, circles,
etc.) and conditions (perpendicularity, incidence, etc.) of the involved geometric
hypotheses H and theses T'. In this way the geometric statement, which we will
symbolise as H = T, is translated as an inclusion V' (H) C V' (T') between the solution
set, V' (H), of the system of equations { H = 0} and that, V' (T), of the set of equations
{T = 0}. Finally, this inclusion needs to be tested by some computational algebraic
geometry methods.
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One practical protocol to perform this test is the refutational approach introduced
by Kapur [|135]], in which testing the inclusion V' (H) C V(T) turns to deciding if
V(H) \ V(T) is empty or not. This is, obviously, equivalent to showing that its
Zariski-closure V(H) \ V(T) is empty or not. But this fact can be checked by test-
ing the emptiness of the corresponding Rabinowitsch cover (i.e. by determining the
membership of 1 in the defining ideal of the cover) since the projection of an algebraic
set is empty if and only if the set is empty. In fact, when T is a single thesis, verifying
that H A =T is empty is equivalent, by the Weak Nullstellensatz, to simply checking
if 1 € H* 4+ (Tt — 1), where H® is the extension of H to the polynomial ring with
an extra variable 7. In what follows, we will assume indeed that T consists of a single
thesis, as it is straightforward to adapt all the obtained results to the general case

As it is well known, the reduction from the Strong to the Weak Nullstellensatz,
by introducing Tt — 1 = 0 as the algebraic, affirmative formulation for ={7" = 0} is,
precisely, the role of the so-called Rabinowitsch’s trick, see [[191]. In summary, there
is a special, and since long, relation between automatic proving in geometry and this
particular trick.

Going a little bit further, let us remark that, in the algebraic geometry approach to
automated theorem proving, it happens that in most cases we are not actually dealing
with proving, but with discovering! Indeed, many statements that seem obviously
true to human intuition, turn out to be false in the algebraic formulation, in the sense
of not fully satisfying V.(H) C V(T'). Thus, the main task for the automatic reason-
ing theory turns out to be devising algorithms to find out extra hypotheses that will
constrain the set V' (H) in order to fit inside V' (T): i.e. to discover how to modify
a given statement so that it becomes true! See [195]] for a thorough reflection and
bibliographic references on this involved issue.

A key ingredient in this framework is the concept of set of independent variables
modulo the hypotheses ideal, i.e. a set of variables such that no polynomial, in these
variables alone, belongs to the ideal H. Examples of sets of free variables are the col-
lection of three times two coordinates describing the vertices of an arbitrary triangle,
or only one of the coordinates of a point constrained to be in a circle, etc.

Among the many different sets of independent variables for a particular hypothe-
ses ideal, we will consider sets of maximum cardinality: in this way, the remaining
variables will satisfy some algebraic dependence over the independent ones and thus,
except at some special cases, they are finitely determined for each setting of the inde-
pendent variables. Therefore, it is exclusively in terms of the independent variables
that we will consider reasonable to formulate the extra hypotheses needed to modify
some given geometric statement, to turn it strictly true.
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Obviously, it is crucial to automatically find such conditions: this can be done,
roughly speaking, by elimination of the extra variable ¢ and the non-independent vari-
ables (say, x,,, ..., x,) inthe ideal H®+(Tt—1). Indeed, the zero set of H¢+(Tt—1)
exactly corresponds to the “failure cases” where H and = T simultaneously hold.

Thus, by adding to the given hypotheses H the negation of any of the polynomials
in the elimination ideal of H°+(T't—1), we will get a true statement. These additional,
negative hypotheses (such as these two given points must be truly different, the given
triangle should not collapse to a line, etc.) expressed in terms of the independent
variables, are known as non-degeneracy conditions.

Of course, it can happen that the elimination of # and the dependent variables in
the ideal H®¢+ (Tt —1) is just the zero ideal and, in this case, the only non-degeneracy
condition turns out to be 0 # 0, so that it does not hold over any instance of the geo-
metric hypotheses. Notice that this zero-ideal case is the only possibility for getting an
empty hypotheses statement when adding the negation of an equation 4’ = 0, where
R’ arises from the elimination of H® + (Tt — 1) in terms of independent variables.
Thus, the name generally true is reserved to statements where this elimination ideal
(H¢E+(Tt—1)NF [xl, S xs] is not zero; logically, the name non generally true is
applied to those statements in which the former ideal is zero (that is, generally true
is false). Note that we are employing the terminology of [56] and some recent pa-
pers as [1,/59,/194]], but recall that in some classic references as [58]] or [176] these
statements are called generically true and non generically true, respectively.

When the elimination ideal is zero, it is advisable to consider, instead, the elimi-
nation of the same dependent variables, but now in the ideal of hypotheses and thesis
H +T. If this elimination is not zero, the given statement is labeled as generally false
(and non generally false if it is zero).

Obviously, when the elimination of the dependent variables in H + T is not zero,
adding as complementary, affirmative hypotheses the equations of a basis of this elim-
ination ideal we are led to a new statement, and we should restart again our protocol.

Notice that the new hypotheses variety could be empty if and only if H +T = (1),
i.e. if the elimination ideal turns out to be (1), and from there we can conclude the
truth of whatever statement. It is the extremely false case, in which the hypothesis va-
riety has nothing in common with the thesis variety. Our approach does not disregard
this option; but routinely checking that the analysed statements have a non empty hy-
potheses set should be included in any theorem proving algorithm, in order to detect
trivialities.
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On the other hand, if the elimination in H + T yields zero, we are in the non
generally false and non generally true case. See [58, Chapter 6, Section 4] or [59],
[[194] for further details on the whole algorithm.

Thus, the general automatic proving procedure ends, either with a generally true
statement (after discovering some new, affirmative and/or negative conditions), or
arriving at a neither generally false nor generally true situation, a quite challenging
context, yielding as well to the discovery of new statements, but in a more involved
way. See [30] and [238]] for some recent advances concerning this last issue.

8.2 Introducing negative conditions: different ways...

Summarising, negative conditions appear naturally in classical automated theorem
proving in two different circumstances:

o to refute the thesis 7', in order to establish if the given statement is generally
true or not;

e if generally true, to add, as complementary, negative hypotheses, some newly
discovered non-degeneracy conditions.

On the other hand, the high complexity of the polynomial Grobner basis algo-
rithms involved in the method explained before [58]] compels the user to manually
introduce, before starting to run the proving algorithm, some intuitive, easy-to-guess
non-degeneracy conditions, to attempt to simplify the computation.

Bearing this in mind, we think that the second item above should be extended and
reformulated as follows:

e to add, at different stages of the proving protocol, as complementary hypothe-
ses, human or automatically guessed non-degeneracy conditions.

Thus, an important task is to find ways to introduce both the refutation of a thesis
and non-degeneracy conditions, so that it reflects (as closely as possible) the geometric
meaning of the added condition (i.e. to avoid some degenerate cases, to negate some
theses) and expresses it by means of equations.

As mentioned above, traditionally (at least since [[135]]) the negation of a given
geometric property described by the equation f = 0, is handled as an equation by
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adding some auxiliary variable ¢ and considering the equation ft — 1 = 0 as repre-
senting ={ f = 0}, emulating Rabinowitsch’s trick. It is easy to generalise this ap-
proach to refutation for the case of having to negate the conjunction or the disjunction
of several conditions, see [59, Appendix].

However, the avoidance of some condition f = 0 can be expressed considering
the Zariski closure of the difference V(H) \ V(f), i.e. by considering as new hy-
potheses the polynomial equations expressing the smallest set that satisfies the given
hypotheses and not the condition f = 0. In general, if I, J are ideals of a polyno-
mial ring F [xl, ,xn], the saturation of I by J is defined as Sat(I,J)=1: J® =
U, : J") (see [58,)59]]), where I : J ={g € F [xl, ,xn] | gJ C I}, and it satis-
fies V(Sat(I,J)) = V(I)\ V(J). When the ideal J is principal, J = (j), we merely
denote Sat(1, j).

In summary, the other option we are considering here to include non-degeneracy
conditions ={f = 0} is to saturate the ideal of hypotheses by the ideal J = (f).
Again, it is straightforward the generalisation of this idea of saturation to the case of
several conditions (see [59, Appendix]). As mentioned in the previous section, we
could say that saturation is a direct way to compute V (H) \ V (f) without requiring
adding one extra variable and then eliminating it.

This second option could seem, at first glance, more sophisticated than the im-
plementation of Rabinowitsch’s trick. But there is not a big difference. In fact, [59,
Proposition 6 and Corollary 2 of Appendix] shows that the saturation of the ideal I
by another ideal J = H:le Ji where J; = (fj, ..., fi ), satisfies:

Sat(I,J) = (I°+ ((f1,t; — Do (futi =D s (futy = D e (frg 1 — D))
NnF [xl,...,xn] ;

in particular, it holds that
Sat(l, )=+ (ft—=1)NF [x,...,x,], (8.2.1)

as it is stated in [[58, Theorem 14 of Chapter 4, Section 4].

Remark 8.2.1. Although formula (8.2.1) relates saturation and elimination theoreti-
cally, it does not implies that, computationally speaking, saturation requires elimina-

tion, see, for instance, [17].

Thus, the actual dilemma is: do we want to add non-degeneracy conditions as
in Rabinowitsch’s trick, by carrying around within H an extra, alien variable, which
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should be eliminated at the end of the theorem proving or discovery process, i.e. when
considering the ideal H°+(T't—1); or should we deal, from the beginning, with the non
degeneracy conditions expressed in terms of the “given” variables of our statement, by
saturation? And, actually, does it imply any difference concerning theorem proving?

This dilemma does not seem to appear concerning the use of Rabinowitsch’s trick
or saturation in order to determine if a theorem is generally true by refuting the thesis.
It is easy to prove that both approaches yield the same result: it follows from (8.2.1))
and the fact that

(H®+ (Tt = 1D)NF [x,...,x,]| = (H + Tt = D)NF [x,...,x,|nF [x},....x,] .

8.3 ...different consequences: introducing negative theses

In this section, we will analyse the different behaviour of both approaches (Rabinow-
itsch, saturation) regarding the introduction of negative theses. Note that this task
is not as important as the introduction of negative hypotheses (which will be tack-
led in the following section), because the former just enlarges the realm of classical
automated theorem proving, while the latter appears naturally on it.

Example 8.3.1. Let us consider the following quite artificial statement: given a gen-
eral triangle, with free vertices A(0,0), B(1,0), C(c;, c;), we assert that ¢, # 0, i.e.
that C does not lie in the A B line. Intuitively this statement seems generally true. We
consider the ideal H = (0) as the zero ideal, since there are no hypotheses; moreover,
both variables, c;, ¢, are free.

Then, we apply the protocol and start computing H+(Tt—1), withT := {¢, # 0}.
Using Rabinowitsch’s trick we should consider T := {c,z—1 = 0}, with an auxiliary
variable z, and then proceed to compute the elimination of the variables z and ¢ in
the ideal H + ((cz— 1)t —1) = (0) + ((cpz— Dt —1) = ((cuz— 1)t —1). The
obvious result is (0), so the statement is non generally true and we should proceed by
considering the ideal H + T, i.e. (0) + (c,z — 1) and eliminating the variable z here.
The result is, again, zero. So we are stuck in the non generally true and non generally
false case!

On the other hand, if we model the thesis T as the saturation of H = (0) by ¢, we
get Sat((0), (c,)) = (0), so the thesis should be considered to be T = 0 and, then, we
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start checking if this thesis is generally true, but computing the ideal H + (Tt — 1),
i.e. ideal (0) + (1) = (1). We get that the statement is not only generally but always
true, since the only non-degeneracy conditionis 1 # 0!

As we can see in the above example, we can obtain quite different results following

both methods. But this is not just a particular behaviour in some cases. In general,
we can state the following unexpected facts:

Proposition 8.3.2. The introduction of a negative thesis T| = {p # 0} by using

Rabinowitsch’s trick, always yields a non generally true statement H = T).

Proof. Let us assume that {x|, ..., x,} are the independent variables for H. Then let
us prove that the closure of the projection over this affine space, of the variety V(H)N
V((pz — 1)t — 1) lying in the space of the variables {x,...,x,, X, ,...,X,, 2,1}, 18
the whole {x,, ..., x}-space. In fact, take any point (x;, ..., x,) in the projection of
V (H), which is, by definition of independent variables, dense in the affine space, and
we will prove that it is also in the projection of V(H) NV ((pz — 1)t — 1).

First we notice that, because (x, ..., x,) lies in the projection of V' (H), there are
values of x,{,...,x, such that (x{,...,x;, xg,...,x,) is in V(H). If, for one of
these points in V' (H), it happens that p(x,, ..., x,) = 0, then by taking r = —1 and
an arbitrary value of z, we will have that the point (x, ..., x,,z,—1)isin V(H) N
V ((pz — 1)t — 1). On the other hand, if p(x,,...,x,) # 0, we consider a value of
z# 1/p(xy,...,x,),sothat pz—1 # 0. Finally, by takingt = 1/(pz—1), we will have,
again, that the point (x,...,x,,z,1/(pz—= 1) isin V(H)NV (pz— Dt = 1. O

This surprising result could suggest the idea that this method fails to model geo-
metric problems with negative thesis. Indeed, an intuitive approximation might con-
sider that the two successive negations involved here (one, for the negative thesis;
two, for the refutational approach required for checking generally true statements),
would be equivalent to simply verifying the thesis in an affirmative way. That is,
common sense is prone to conclude that verifying if a negative thesis (introduced
through Rabinowitsch’s trick) is generally true would be equivalent to verifying if
the corresponding affirmative thesis is generally false, but see some of the examples
and propositions below. In fact, postponing the elimination of z until the end of the
process, which is the essence of Rabinowitsch’s trick, forces us to consider the for-
mulation of the negative thesis pz — 1 just as a simple statement in F [x [sees X ]

s vpo
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rather than the negation of something, yet with subtle relations with the corresponding
affirmative statement.
Notice that, in general, we have [30, Proposition 2.3]:

Proposition 8.3.3. A statement H = T cannot be simultaneously generally true and
generally false, that is, it cannot happen that both H +T and H® + (T't — 1) have, at

the same time, some non-zero polynomials in the independent variables alone.

On the other hand, it is easy to notice that, by applying directly the definitions, we
have:

Proposition 8.3.4. If a statement with an affirmative thesis T, := {p = 0} is gen-
erally true, then the same statement but with the negative thesis (formulated through

Rabinowitsch’s trick) T) := {p # 0} will be generally false, and conversely.

Putting together the two precedent propositions, it follows immediately the fol-
lowing result:

Proposition 8.3.5. Ifa statement with an affirmative thesis T, := {p = 0} is generally
false, then the same statement, but with the corresponding negative thesis (formulated

through Rabinowitsch’s trick) Ty := {p # 0} will be non generally false.

Proof. If a statement with an affirmative thesis T, := {p = 0} is generally false, then
Proposition [8.3.3] says that it cannot be generally true and thus, by Proposition [8.3.4]
the corresponding negative thesis (formulated through Rabinowitsch’s trick) 7| =

{p # 0} will be non generally false. ]
Corollary 8.3.6. In summary: if H = T, is generally false, then necessarily

e H =T, is non generally true;

e H = T, is non generally false and non generally true.

On the other hand, if H = T, is non generally false, then, there are two options: if
H = T, is also generally true, we will have that H = T, is generally false as well,
and non generally true; and if H = T, is non generally false and non generally true,

then H = T is also non generally false and non generally true.
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Example 8.3.7. If we consider H := {(y—1)(y—2) = 0} in the variables {x, y}, with
x the only independent variable, and 7, :={y—1=0},7T, :={(y —1)z—1=0} it
is easy to check that H = T, is both non generally true and non generally false, and
the same happens for H = T;. On the other hand, if we take T, := {y — 3 = 0},
T, := {(y—3)z—1 = 0}, we obtain that H = T, is non generally true, but generally
false, while H = T is both non generally true and non generally false. Finally,
if we take H := {(y — 1) = 0} in the variables {x,y}, and T;, = {y — 1 = 0},
T, :={(y — 1)z —1 = 0} it s easy to check that H = T, is generally true, but non
generally false, while H = T, will be no generally true, but generally false. This
covers all possibilities.

Similarly to Proposition[8.3.4] for the formulation of negative thesis using satura-
tion, we have the following:

Proposition 8.3.8. If the statement H = T, is generally true then the statement
H = T, formulated by introducing the negative thesis Ty = {p # 0} by using
saturation, is generally false. Analogously, if H = T, is generally false then the
statement H = T, formulated by introducing the negative thesis T; := {p # 0} by

using saturation, is a generally true statement.

Proof. It H = T, is generally true, it means that the elimination of dependent vari-
ables modulo H in H¢ + (pt — 1) is not zero. Let J be this elimination ideal. Now,
H = T, := {Sat(H, p)}, expressed by saturation, is generally false because if we
eliminate the dependent variables in H+T) we get (H + Sat(H, p))nF [x LseeesX s] =
(H+ ((H*+(pt=1)NF [x),....x,])) N F [x}, ..., x|, where the inner intersec-
tion just means the elimination of ¢. Obviously, this intersection contains J, which
is already an ideal in the independent variables, so this inclusion is not affected by
adding H or by the outer intersection, hence (H + Sat(H,p)) N F [xl, ,xs] =
(H+ (H 4+ @t —=1)NF [x,....x,])) N F [x),.... x| 2J # (0).

Concerning the second statement in this proposition, let us assume that Sat(H, p)
is principal, for simplicity; say, generated by g. Then there is a power of p, such as
p’, satisfying that gp” € H. Next, notice that if H + (p) has some polynomial in the
independent variables (i.e. if H = T, is generally false), then the same happens for
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H + (p"), for whatever power of p; thus, the elimination of the independent variables
in H + (p") will also be not zero. On the other hand, we observe that p" is in H¢ +
(Sat(H, p)t — 1), since equality (8.2.1) tells us that the elimination of 7 in this ideal
is Sat (H,Sat(H, p)), and p"q € H. Thus, H® + (Sat(H,p)t— 1) 2 H + (p") and it
follows the corresponding elimination is not zero. O

Example 8.3.9. If we consider H := {(y — 1)(y — 2) = 0} in the variables {x, y},
with x the only independent variable, and 7, := {y—1=0},7, :=Sat((y — )(y—
2)),(y — 1))={y — 2 = 0} it is easy to check that H = T, is both non generally true
and non generally false, and the same happens for H = T). On the other hand, if we
take Ty = {y—3 =0}, T} = Sat((y — Dy - 2)).

y=3)={(y - )(y —2) = 0}, we obtain that H = T, is non generally true, but
generally false, while H = T is generally true and non generally false. Finally,
if we take H := {(y — 1) = 0} in the variables {x,y}, and T;, = {y — 1 = 0},
T, :=Sat((y — 1), (y — 1)) = (1) it is easy to check that H = T, is generally true,
but non generally false, while H = T will be non generally true, but generally false.
We see, comparing with Example [8.3.7] that when H = T, is generally false, the

behaviour with saturation is diverse from the one with Rabinowitsch.

8.4 ...different consequences: introducing negative hypothe-

S€s

In [59, Example 6 of Section 5] it is presented one specific example showing how
both methods (Rabinowitsch, saturation) differ in a common context, yielding, if a
non-degeneracy hypothesis is introduced using Rabinowitsch’s trick, an interesting
theorem discovering the conditions for the orthic triangle of a given triangle with non-
collinear vertices to be equilateral. On the other hand, if the non-collinearity of the
vertices is introduced by saturation, there is no discovery at all. Although the concept
of theorem discovery in [59] and the one from [[194] we have just recalled here in the
introduction (which has been recently implemented in some popular mathematical
software [1,2]]) are practically the same, the framework is a little bit different: in [59]
the approach is slightly more sophisticated.
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In order to analyse the behaviour of both approaches to non-degeneracy hypothe-
ses, let us denote:

H, 1= H° +(ft - 1),
H, :=Sat(H, f).

Thus, H,, H, are the enlarged ideals of hypotheses, corresponding to the two pos-
sibilities of introducing non-degeneracy conditions such as f # 0 over an ideal of
hypotheses H of a given statement.

Remark 8.4.1. With the above notation, it holds that H} C H|, since the saturation
is equal to the elimination of the variable ¢ in the ideal on the right side (i.e. the
contraction into the ring F [xl, e, xn]), and the contraction and, then, extension of

an ideal, is always contained in the given ideal.

Example 8.4.2. The following trivial example H = (0), f = x, shows that, in general,
the inclusion HS C H, is strict. We find that H, = Sat(H, f) = (0), its extension
is, again, (0) and H; = H® + (ft — 1) = (xt — 1). In this case, the saturation does
not assimilate the information contained in x # 0: the zero set of Sat(H, f) includes
the points where x = 0, although we wanted to avoid such instances. This situation is
due to the early consideration of the closure in the saturation method.

Taking Remark [8.4.1] into account, we are ready to present the following basic
result.

Proposition 8.4.3. Notation as above. The set of hypotheses H, provides, in general,

more additional conditions for discovery that the set H,; that is:
(Hy+T)NF [x),....x,| CH, +T)NF [x},...,x,] . (8.4.1)

Proof. Using the properties of extension and contraction of ideals, it is clear that
H,+T C (Hy+T)* = (H, ze +T)¢, where (—)° symbolises the contraction of the ideals
to the ring F [xl, cees xn] . By Remark we can state that (H;+7)° € (H+T)".
Thus, intersecting both H,+T and (H,+T)° with F [x|, ..., x|, the inclusion (8-4.T))
holds. O
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Corollary 8.4.4. It follows that if the statement H, = T is generally false, H; = T
will also be generally false. Replacing in the proposition above the polynomial T with
Tt — 1, we obtain the same inclusion and, thus H, = T generally true implies that

H| = T is, as well, generally true.

Example 8.4.5. Again, we present a simple example to illustrate that the inclusion
in (8.4.1)) is, in general, strict. Let us retake the previous Example [8.4.2] with thesis
T = (x) (essentially, the same example which appears at the beginning of [59, Section
5]). Clearly, the variable x is independent. Recall that H; = (x¢# — 1) and H, = (0).
If we add T to our ideals and eliminate all variables except x (i.e. the variable ¢),
we obtain, respectively, the sets (1) and (x). It is clear that adding the condition
1 = 0 to the hypotheses set makes the hypotheses variety empty, from which we
could conclude whatever we wanted. So, this is not an interesting option. But neither

is the set obtained from saturation, because it leads to a contradiction with x # 0.

So, the previous example ends up in a discovery, but not in a proper one.

In order to gain a better understanding of discovery from each one of the ap-
proaches, we will now precise the difference between the two sets of derived addi-
tional conditions (a result which is similar to [59, Proposition 3]). Remark that we
just consider the case in which the non-degeneracy condition introduced by the user
is formulated in terms of the independent variables; a reasonable restriction, since
these variables are the only ones we can freely manipulate.

Lemma 8.4.6. Notation as above. Assume that f € F [xl, ,xs]. Then it holds
that:

(Hy+T)NF [x),....x,| =(H +T)NF [x},...,x]
& (Hy+T)NF [xy,....x]| =Sat (Hy+ T)NF [x},....x,] . f).

Proof. The statement immediately follows if we prove the equality

(H*+ (ft=1)+T)NF [x),...,x;| =Sat (Sat(H, )+ T)NF [x},.... x| . f).
(8.4.2)
stating that the non-degeneracy conditions found employing Rabinowitsch’s trick are

the saturation of those provided by the saturation method.
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First of all, we recall that, by equality (8.2.1)), it holds that (H® + (ft — 1)+ T) N
F [x),...,x,| = Sat(H + T, f). Let us continue proving that the right side of this

equality can be regarded as follows
Sat(H + T, f)=Sat(Sat(H, f)+T.,f). (8.4.3)

It is clear that Sat(H + T, f) C Sat(Sat(H, f)+T, f), since H C Sat(H, f).
Conversely, if g € Sat(Sat(H, f)+T, f), thereexists n € N,y such that g /" = a+b,
with a € Sat(H, f) and b € T. Again, there exists m € N, such thata /™ € H; so,
gf™m =afm+bf™ € H+T. Thus, it follows by definition that g € Sat(H +T, f).

Now, in order to end proving the initial equality (8.4.2)) it remains to exhibit that

Sat (Sat(H, )+ T,/)NF [x|,....x]
=Sat ((Sat(H, /) +T)NF [x},....x,] . f) .

Letg € Sat (Sat(H, f) + T, /)NF [xy, ..., x| Itisclear that g /" € Sat(H, f)+T
for some n € N, . Both g and /" belong to F [xl, s xs] , whence g f" belongs to the
same ring, t00. So, g € Sat ((Sat(H, f)+T)N F [x|,...,x|,f). The converse
follows trivially from the fact that both (Sat(H, /) + T) N F [xy, ..., x,| and (/) lie
onF[xl,...,xs]. OJ

The previous lemma allows us to conclude the following result.

Theorem 8.4.7. The statement H; = T is generally false if and only if the statement
H, = T is also generally false; analogously, H, = T generally true is equivalent to
H, = T generally true.

Proof. The first assertion follows from Lemma[8.4.6]and the fact that an ideal is zero if
and only if its saturation by another, non-zero, arbitrary ideal, is zero. For the second
one, it suffices to replace the ideal T in Lemma[8.4.6| with T#' — 1 and to reason as
above. O

Theorem|[8.4.77]says that the method employed for introducing the non-degeneracy
conditions does not affect whether the theorem is generally true or generally false,
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but it can provide different sets of additional hypotheses for discovery (see Exam-
ple[8.4.5). Henceforth, we will denote them by:
M, :=(H +T)nF[x.,....x],
Hy :=(H,+T)NF [x},....x] .
Recall (see equation (8.4.2))) that H, = Sat(H,, f). Following the traditional protocol
for discovery, the next step would be to consider the statements:
Sty: H +H{=>T,
Stg: Hyy+H5=>T,
and continue to check out whether the new theorems are generally true or not. But
we have already seen in Example [8.4.5| that 7{, may be generated by elements con-

tradicting the negation —{ f = 0}. Therefore, it might be interesting to saturate again
H, + HJ by f and to change St by

Stp : Sat(H,+H;, f)=>T,

where Sat(H, + H?, f) = Sat(H + H:, f) (it follows from repeating the proof of
equality (8.4.3)). Note that, also, H; + H{ = H® + H{ + (ft — 1). Finally, and with
the goal of generalising as well as making easier the proof of the following results,
we will consider

Sty H+H{+(ft-1)=>T,

St H+HS+(ft-1)=>T,

Sty . Sat(H+H, f)=>T,

St,: Sat(H+HS, f)=>T,
being St; = St, and St, = Stp.

Recall that, by enlarging the set of hypotheses H with H{ or HJ, some of the

independent variables {x, ..., x,} ruling the initial theorem H = T, could become
dependent. In that case we would have to deal with two new sets of independent
variables: A; = {x,... s X, }, the independent variables in H + Hf, as well as

Ay 1= {xy,...,x, } for H + HJ. Since the inclusion Hj € H, holds, it follows that
A CA,.

Nevertheless, we will avoid such subtleties by restricting, in what follows, to the
case in which f is formulated just in terms of the variables in A;: f “as independent
as possible”.
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Aiming to establish the relationships among the statements St,, St,, St; and S1,,
we present the following useful lemma.

Lemma 8.4.8. With the above notation, it holds that
Sat(H + H¢, f) = Sat(H + H¢, f). (8.4.4)

In addition,

(HC+H +(ft =D+ T = 1)) N F [x),....x,.1

, , (8.4.5)
=(H +H; + (fi—D+ T = D)NF [x,...,x,.7].

Proof. We infer from Lemma[3.4.6] that

Sat(H + H¢, f) = Sat(H + Sat(H,, )", f),

being the term in the right side equal to Sat (H + Sat(He,f),f) (see [59, Ap-
pendix]). From here, it suffices to essentially repeat the proof of equality to
have equation (8.4.4) proved: the two sets of additional hypotheses H; and H, yield
the same ideal when added to H and saturated by f.

As for (8.4.5), employing equality (8.2.1)) we see that both
(H*+ M+ (f1 =)+ (Tt = D)NF [x),....x,.1'| =Sat (H* + H +(T1 = 1), f)
and
(H+ M+ (ft =)+ (Tt = D))NF [x),....x,.1'| =Sat (H* + H; +(T{ - 1), f)
hold. Again, Lemma[8.4.6|and the idea lying under equality (8.4.3) enable us to state:

Sat (H®+H¢ + (Tt — 1), f)

= Sat (H® + Sat(H,, f)° + (Tt = 1), f)
= Sat (H® + Sat(HS, f) + (TY = 1), f)
=Sat (H*+ H{ + (Tt - 1), f),

and we are done. O
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Remark 8.4.9. Note that the only requirement for Lemma [8.4.8to hold is that f €
F [xl yees xs] , since this is an essential hypotheses in Lemma

Now, we are ready to state our main results.

Theorem 8.4.10. Notation as above. The statements St,, St,, St; and St, are gen-
erally true if and only if one of them is generally true. Furthermore, Sty and St, have
exactly the same hypotheses, and the non-degeneracy conditions of St are equal to
those of St, provided that A| = \,.

Proof. Firstly, we observe that, with the assumption that f € F [xl, X 51] , by The-
orem[8.4.7, St, generally true is equivalent to S7; generally true; the same happens
with St, and St,. If we prove that St; is generally true if and only if so is S7,, we
are done. Indeed, this follows trivially from Lemma([3.4.8] since St; = St,.

In addition, equality (8.4.3) of Lemma [8.4.8] and the inclusion A; C A, tell us
that

(HC+H{ +(ft=1)+T1' = 1)) N F xp,...,x, |
C(H +H5+(f1=D+ T’ =) OF [xp,...,x ]

The previous inclusion trivially switches to an equality if A; = A,. O

Corollary 8.4.11. With the above notation, St , is generally true if and only if Stp is

generally true as well.

Proof. Since St, and St, are the same statement, Theorem[8.4.10]enables us to state

that .St 4 generally true is equivalent to St, generally true; i.e.
(HE +H; + (f1 =1+ (TY = D) N F [x,...,x, | #(0).
Let us prove that

(H +H5+(f1=D+ T = D) N F [x),...x, (84.6)
=Sat ((Hs + H5 + (T = D)) O F [x,....x. |, ). N
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Indeed, by equality (8:2-1), the reasoning in 84:3) and f € F [x, ... ,xsl], we have
that

Sat ((HS + M5+ (T = 1)) N F [xy,....x. |, f)

= Sat (Sat(H®, /) + H; +(TY = 1), f) N F [x|, ... ,xs2]

=Sat (H*+H5+(T1 = 1), /) O F [x;,...,x

= (H+H5+ T =D+ (ft=D)OF [x1,..,x, 0| 0 F [xp, .., x|
= (H +H5+ ([t =D+ T’ = D)0 F [x,...,x |

Therefore, (8.4.6) is proved and then
(HC+ M5+ (f1=D+T1 = D)NF [xp,...,x,)] # (0)

if and only if (H;3 + M+ (Tt — 1)) NnF [xl, ’sz] # (0); i.e. St, is generally true
if and only if St is generally true.

In conclusion, St , generally true is equivalent to St generally true. O

8.5 Our experiences

In this section, we would like to present a particular example in order to show in some
detail the described situation, having the calculations been carried out using the soft-
ware Singular [67] in the FinisTerrae 2 supercomputer. Our example is based on the
already cited theorem about the orthic triangle taken from [59, Example 6 of Section
5]. We wish to show that the orthic triangle associated with an equilateral triangle is
also equilateral (see Fig.[8.1)). Since we want to address the theorem from the point
of view of discovery, we decide to ignore the hypothesis about the original triangle
being equilateral and take a completely arbitrary one, with the purpose of obtaining,
automatically, a necessary condition on this general triangle for the corresponding
orthic triangle to be equilateral.

So, we take A(0, 0), B(x,,0) and C(x,, x3) as the vertices of the main triangle, and
set D(x,,0), E(x4,xs5) and F (x4, x7) the vertices of the orthic one. The independent
variables are {x;, x,, x53}. We force the segments AE and BC to be perpendicular,
as well as E to be collinear with B and C; analogously, BF and AC must be perpen-
dicular, and F must be aligned with A and C. By construction, it is obvious that the
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point D is collinear with A and B, and that CDis perpendicular to AC. As for our
desired conclusion, we state it using two polynomials, each one forcing two sides of
the orthic triangle to have the same length; i.e. one for AB = AC, and another for
AB = BC. We deal with them separately, distinguishing between theses T and T,
respectively, and theorems H = T and H = T".

Figure 8.1: Orthic triangle

Besides the main hypotheses, we choose to add (based on human intuition and
hoping to help to simplify the computations) as non-degeneracy conditions those
which force the triangle ABC not to collapse to a line, i.e. x; # 0 and x3 # 0.
These two conditions can be summarised in just one: f = x;x3 # 0. We introduce
this new hypothesis f # 0, both employing Rabinowitsch’s trick and by saturation,
in each of the two theorems H = T and H = T’. It is easy to check that any of the
statements H; = T, H, = T, H; = T’ and H, = T’ is generally false. However,
different formulations of the introduced non-degeneracy hypothesis can lead to dif-
ferent sets of additional affirmative hypotheses for the discovery of a true statement.
More precisely, for the theorem H = T with the notation of[8.4] we get that

2, .2 2, .2
Hy =x M| = (x () = 2xp) (x1%3 = X5 + x3) (=X X + X5 + X3)) -

Nevertheless, for the theorem H = T’, we obtain

HIT, = HZT, = (x2 (—x% + x% + xg) (—x%xz + 2x1x% + 2x1x§ - x% - xzxg)) .

We appreciate that the factor x;, which was forced to be different from zero by
introducing the non-degeneracy hypothesis, appears as a zero condition in HZT , due
to the early closure of the saturation, similarly to what happens in Example [8.4.5]
Informally speaking, we can say that adding the negation x; x5 # 01is not so conclusive
when we deal with saturation as it is when employing Rabinowitsch’s trick.
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It is also trivial to check that, if the triangle ABC is equilateral, the additional
conditions in HIT, HzT , H]T’ or HZT " all vanish. That is, equilateral triangles yield
equilateral orthic triangles. Nevertheless, we also see that there are other possible
configurations for the given triangle which make these additional, necessary condi-
tions to vanish: configurations that should be carefully analysed, since, if also suffi-
cient, they would bring some unexpected statements regarding the regularity of the
orthic triangle.

Now, a direct computation shows that the statement S7z (according to the previous
section notation) is generally true for both T and T”, but by brute force we are not able
to decide if S 4 is, as well, generally true. Yet, applying our precedent results, we can
conclude that not only is St, = S, generally true, but the same applies to .St, and
St; = St,, too. Moreover, the calculations for S7, reveal that, in addition to being
generally true, we do not need to consider non-degeneracy conditions both for 7" and
for T’; again, and since AIT = Ag = A{’ = Ag/ = {x;,x3}, Theorem allows
us to state that S, = St, and St, do not need additional non-degeneracy conditions
as well.

What is interesting to emphasise here is that the computer is not able to arrive at
these conclusions by directly following the Rabinowitsch approach in S7, and con-
firming that the theses T and T" are generally true, while it encounters no difficulties
with the saturation approach of Stz or St,. So, we think that this example clearly
illustrates the practical advantages, in some cases, of using saturation instead of Ra-
binowitsch’s trick. Also, the example highlights the applicability of the results in the
previous section.

Yet, we should make clear here that we do not know the reason for the failure of
the FinisTerrae 2 supercomputer concerning the computation, via Singular, of the
Rabinowitsch approach for this particular example. We would like to note that the
saturation-based computation uses Singular’s implementation of saturation which
does not involve elimination (seehttps://github.com/Singular/Sources/blob/
Release-4-1-2/Singular/LIB/elim.1ib#L739). We want to thank the referees
for pointing out this, as well as for bringing up our attention to reference [[17], for a de-
tailed account of the complex, reciprocal relation between saturation and elimination
(saturation via elimination, elimination via saturation).


https://github.com/Singular/Sources/blob/Release-4-1-2/Singular/LIB/elim.lib#L739
https://github.com/Singular/Sources/blob/Release-4-1-2/Singular/LIB/elim.lib#L739
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8.6 Conclusions

At this point, the reader could wonder: which one of the presented methods is better?
The answer is not totally objective. We encourage to implement the saturation method
in the automated proving and discovery software, due to the scarce effectiveness of
Rabinowitsch’s trick when dealing with negative theses and to the practical objections
exposed in Section [8.5] But there is a counterpart: by considering the early closure
of the saturation Sat(H, f), we can lose essential information about the negation
={f = 0}, and f may appear further as a zero equation in the additional hypotheses
yielded by saturation, transgressing, in a certain sense, the restrictions imposed by
the introduced non-degeneracy conditions. This fact is precisely what differentiates
both methods, and what could persuade us to employ sometimes Rabinowitsch’s trick,
if we want to preserve the negation of f until the end of the procedure, in order to
remain faithful to some a priori stated non-degeneracy condition. In our opinion, in
this case, it should be decided by the user, through the corresponding dialogue with
the involved automatic theorem proving software.

Finally, we must recall here the existence of some new algorithmic tools to deal
with constructible sets, as commented in the Introduction, that deserve future con-
sideration and implementation in some dynamic geometry program provided with
automated reasoning modules.
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Also, we have included a considerable amount of work in progress, which be plan
to submit to some international journals in the near future.



Conclusions

Throughout this dissertation, we have fully achieved the objectives stated. Namely:

In Chapter[I} we characterise restricted Lie algebras with distributive and Boolean
lattices of restricted subalgebras, and we study the structural properties of finite-
dimensional restricted Lie algebras over algebraically closed fields whose lattice of
restricted subalgebras is dually atomistic, atomistic, lower or upper semimodular, or
in which every restricted subalgebra is a quasi-ideal. Most of these properties turn
out to be weaker than their counterparts in the ordinary Lie algebra case, hence there
are more examples of algebras satisfying them.

In Chapter [2| we introduce the definition of the non-abelian tensor product of
restricted Lie superalgebras and study some of its structural and categorical properties.
In particular, we obtain that a restricted Lie superalgebra admits a universal central
extension if and only if it is perfect, and offer a specific construction of this extension
in terms of the non-abelian tensor product.

In Chapter 3] we find the twenty-four isomorphism classes of nilpotent pure bi-
commutative algebras over C of dimension 4, the twelve isomorphism classes of one-
generated nilpotent bicommutative algebras over C of dimension 5 and the twenty-
nine isomorphism classes of one-generated nilpotent bicommutative algebras over C
of dimension 6. Also, we find that the variety of four-dimensional complex nilpo-
tent bicommutative algebras has two irreducible components determined by a rigid
algebra and an infinite family of algebras.

In Chapter we prove that the null-filiform associative algebra 4 over fields of
suitable characteristic does not admit non-split non-trivial central extensions within
the varieties of alternative, left-alternative (and right-alternative) or Jordan algebras.
If the ground field is algebraically closed and has characteristic 0, we give the alge-
braic classification of all non-split central extensions with one-dimensional annihi-
lator of ) within the varieties of left-commutative (or right-commutative) and bi-

251



252 Conclusions

commutative algebras. We also reduce the cases of assosymmetric, Novikov and left-
symmetric (or right-symmetric) algebras to the situation in the bicommutative and
left-commutative (or right-commutative) varieties.

In Chapter [5] we develop a further adaptation of the method of Skjelbred-Sund
explained in Chapters [3] and 4] to construct central extensions of axial algebras. We
prove that every axial algebra with non-zero annihilator is isomorphic to a certain
central extension of an axial algebra of smaller dimension, and also use our results to
prove that all axial central extensions (with respect to a maximal set of axes) of simple
finite-dimensional Jordan algebras are split.

In Chapter[6] we introduce the notions of non-abelian tensor and exterior products
of two ideal graded crossed submodules of a given crossed module of Lie superalge-
bras. We study some of their basic structural and homological properties; in partic-
ular, we characterise the second homology H, (T, L,0) in terms of the non-abelian
exterior product. We also define new versions of Whitehead’s quadratic functor for
supermodules and for abelian crossed modules of Lie superalgebras.

In Chapter[7} we study the properties of Whitehead’s quadratic functor for super-
modules and for abelian crossed modules of Lie superalgebras, introduced in Chap-
ter [0} and generalised in Chapter [7]to rings in which 2 does not necessarily have an
inverse. In particular, we explore their relation with quadratic maps of supermodules
and introduce a notion of quadratic maps of abelian crossed modules, which we relate
with the Whitehead’s quadratic functor for abelian crossed modules of Lie superalge-
bras.

In Chapter[8] we compare the methods of Rabinowitsch’s trick and saturation for
introducing negative theses and negative hypotheses in the standard procedures for the
algebraic-geometry-based theory of automated proving and discovery of geometric
theorems. We conclude that Rabinowitsch’s trick is not suitable for the introduction
of negative theses, whereas for negative hypotheses it presents theoretical advantages
and practical disadvantages compared to saturation.



Resumo

Resumo abreviado

O marco xeral no que se encadra esta tese ¢ a teoria das alxebras non asociativas. Nela
tratamos diversos problemas que concernentes 4s dlxebras de Lie restrinxidas, as extensions
centrais de diferentes clases de alxebras e aos mddulos cruzados de superalxebras de Lie. A
saber, estudamos as relacidns entre as propiedades estruturais dunha 4lxebra de Lie restrinxi-
da e as do seu reticulo de subalxebras restrinxidas; definimos un produto tensor non abeliano
para superalxebras de Lie restrinxidas e para submddulos cruzados graduados ideais dun moé-
dulo cruzado de superalxebras de Lie, e exploramos as sias propiedades dende puntos de vista
estrutural, categdrico e homoléxico; empregamos extensions centrais para clasificar lxebras
biconmutativas nilpotentes; e calculamos extensions centrais das alxebras nulfiliformes aso-
ciativas e de alxebras axiais. Ademais, incluimos un capitulo final adicado a comparar os
dous métodos principais (o truco de Rabinowitsch e a saturacién) para introducir condicidns

negativas nos procedementos usuais da teoria de probas e descubrimentos automaticos.

As relacidns entre a estrutura dun grupo e a do seu reticulo de subgrupos esta
altamente desenvolvida e atraeu a atencidén de moitos destacados alxebristas (véxase
por exemplo a monografia [202] ou a revisidn [[185]]). Segundo Schmidt [202]], a orixe
deste tema remoéntase a Dedekind, quen estudou o reticulo de ideais nun anel de en-
teiros alxébricos; descubriu e empregou a identidade modular, tamén chamada a lei
de Dedekind, ao calcular os ideais. Porén, os comezos reais do estudo de reticulos de
subgrupos datan dos arredores de 1930. Un dos primeiros logros destacados neste con-
texto foi a caracterizacién de Ore dos grupos con reticulo de subgrupos distributivos:
son exactamente os grupos localmente ciclicos [[183]]. Dende ent6n, a modularidade,
distributividade e condicions reticulares relacionadas con elas foron estudadas en moi-
tos contextos. O reticulo de submédulos dun médulo sobre un anel é modular, e polo
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tanto tamén o € o reticulo de subgrupos dun grupo abeliano. O reticulo de subgrupos
normais dun grupo tamén é modular, pero o reticulo de todos os subgrupos non o &, en
xeral [[122,/123]]. O reticulo de ideais dun anel tamén é modular. A distributividade do
reticulo de submoédulos dun médulo foi investigado en [46,[212,[218]], e a do reticulo
de ideais (pola dereita) dun anel ou dunha 4lxebra asociativa, en [37,/131,218]].

O estudo do reticulo de subalxebras e de ideais dunha alxebra de Lie de dimension
finita foi popular na segunda metade do século pasado, especialmente nas décadas de
1980 e 1990 (véxase, por exemplo, [|13}[18l24,/331/92-95/(100L154,/160,216,[217. 220~
223])), pero logo o interese desvaneceuse. Unha posible razén disto é que as condi-
ciéns estudadas eran demasiado fortes e poucas alxebras as satisfacian; un exemplo
paradigmético disto € a caracterizacion das dlxebras de Lie con reticulo de subélxebras
distributivo [[154, Theorem 2.1]. Non obstante, o reticulo de subalxebras restrinxidas
dunha alxebra de Lie restrinxida € radicalmente diferente: por exemplo, non todo ele-
mento xera unha subalxebra restrinxida de dimensién 1. Entén, podemos esperar que
se cumpran resultados méis interesantes que no caso das alxebras de Lie ordinarias e,
como veremos, este é o caso.

No primeiro Capitulo |1} caracterizamos as alxebras de Lie restrinxidas con reti-
culo de subdlxebras restrinxidas distributivo e Booleano nos seguintes resultados.

Teorema([l.2.5, Unha dlxebra de Lie restrinxida L sobre un corpo F de caracteristica
p > 0 ¢é distributiva se e s6 se L é abeliana e, para toda subdlxebra restrinxida H de

L, L/ H non contén subdlxebras restrinxidas minimais isomorfas diferentes.

Corolario [1.2.11} Sexa L unha dlxebra de Lie restrinxida L sobre un corpo F de
caracteristica p > 0. Entéon L é Booleana se e s6 se L ~ @cp1, onde F é unha
familia de dlxebras de Lie restrinxidas non isomorfas dias a dias, cada unha das

cales non contén subdlxebras restrinxidas propias e distintas de cero.

A continuacidn, estidanse alxebras de Lie restrinxidas de dimensién finita e con
corpos bases case sempre alxebricamente pechados cuxos reticulos de subalxebras
restrinxidas son dualmente atomisticos, atomisticos, semimodulares por abaixo e se-
mimodulares por enriba. Tamén se estudan alxebras de Lie restrinxidas nas que toda
subalxebra restrinxida € un case-ideal restrinxido. Enumeramos a continuacioén os re-
sultados mais relevantes neste respecto.

Proposicion Sexa L unha dlxebra de Lie restrinxida sobre un corpo alxebri-

camente pechado F. Enton, L é soluble ou semisimple.
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Proposicion Sexa L unha dlxebra de Lie restrinxida soluble sobre calquera

corpo F. Se L é dualmente atomistica, entén
L (L/(F),® @ L/, ® Fx, . & & Fx,) +Fb,

onder > 0, peror # n, b é toral, L = (x), é unha dlxebra de Lie restrinxida ciclica
; £ — VS k 4 — Vi k 4
libree f; = Zk:O X x!Pk ¢ un elemento de L tal que f; = Zkzo Ait* é un elemento

irreducible do anel de polinomios nesgados F|t, o).

Proposicion(1.3.6. Sexa F un corpo alxebricamente pechado de caracteristica p > 0.
Unha dlxebra de Lie restrinxida sobre F é atomistica se e so se cada subdlxebra

restrinxida ciclica p-nilpotente ten dimension 1.

Teorema [1.6.1} Sexa L unha dlxebra de Lie restrinxida sobre un corpo alxebrica-

mente pechado F. As seguintes condicions son equivalentes:

(i) L é semimodular por enriba;
(ii) L é modular,
(iii) toda subdlxebra restrinxida de L é un case-ideal restrinxido.

Ademais, se se cumpre algunha das afirmacions previas, entéon L é case abeliano ou

nilpotente de clase como moito 2.

As superalxebras de Lie apareceron orixinalmente asociadas a certos grupos xe-
neralizados, hoxe cofiecidos como supergrupos formais de Lie, na década de 1930.
Porén, non foi ata corenta anos despois cando estes obxectos acadaron importancia
real nas comunidades fisica e matematica, debido a4 sta conexion coa teoria da su-
persimetria (véxase [21|192], por exemplo). Esta teoria pretendia proporcionar un
tratamento unificado para boséns e fermidns, as dias clases de particulas elementais
que compoilen o universo, asi como modelar as transicions entre elas. As superalxe-
bras de Lie son un obxecto clave neste contexto, o que motivou un profundo estudo
non s6 dende a perspectiva da fisica matemaética, sendén tamén dende unha aproxi-
macién puramente alxébrica. Exemplos disto poden ser a aclamada clasificacién das
superalxebras de Lie simples de dimension finita sobre un corpo alxebricamente pe-
chado de caracteristica O feita por Kac [[133]], a clasificacién homéloga real [206] ou
os resultados parciais cara 4 clasificacién das 4lxebras de Lie simples de dimension
infinita (por exemplo [[134]).
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Ao igual que ocorre no caso non graduado, para traballar con superalxebras de
Lie modulares convén coifiecer as superdlxebras de Lie restrinxidas. Dende a sda in-
troducion no 1988 da man de Mikhalév [175]], probaron sobradamente ser utiles na
obtencion de novos resultados na teoria de representacions ou na clasificacién de
superalxebras de Lie modulares (véxase [15,|31}, 32,174} 186225]226], entre ou-
tros). Estas superdlxebras tamén foron estudadas en moitas outras referencias co-
ma [25,/81}/165}/219,224], por exemplo.

Por outra banda, os produtos tensores non abelianos tefien unha longa historia
na literatura especializada. A sta primeira aparicién foi no contexto dos grupos: en
efecto, Loday e Brown [36]] definiron un produto tensor entre dous grupos non nece-
sariamente abelianos actuando un sobre o outro, ao cal chamaron non abeliano pa-
ra evitar confusidns co cofiecido produto tensor de Z-médulos. Tamén introduciron
un cociente deste obxecto, chamado o produto exterior non abeliano. Despois disto,
Ellis construiu os seus produtos tensor e exterior non abelianos de alxebras de Lie
en [[76]]. Estes produtos foron obxecto de diversas xeneralizacions en distintas direc-
cidéns, como pode ser para alxebras de Lie restrinxidas [[157]], para médulos cruzados
de alxebras de Lie [75,]193]], ou para superilxebras de Lie [91]. En todos os casos,
ditos produtos foron empregados para obter resultados acerca da (co)homoloxia en
baixas dimensidns das estruturas alxébricas respectivas, asi como para atopar unha
expresion explicita das extensidns centrais universais de obxectos perfectos, afondan-
do deste xeito nos resultados que afirman que un obxecto é perfecto se e s6 se admite
unha extension central universal [[142,[156,180].

No Capitulo E], estendemos distintos resultados de [76,(91,/142,/156,/157,/180] ao
introducir un produto tensor non abeliano de superilxebras de Lie restrinxidas, es-
tudar as stias propiedades basicas e relacionalo con extensions centrais relativas &
subcategoria de Birkhoff dos obxectos abelianos Ab. Queremos salientar que a nosa
construcioén xeneraliza a da corta nota [157]], ofrecendo polo tanto algiins resultados
novos no dmbito das alxebras de Lie restrinxidas. Porén, non definimos un produto
exterior non abeliano de superalxebras de Lie restrinxidas, nin tampouco tratamos con
ningunha aplicacién (co)homoldxica das nosas conclusions.

Tamén é de destacar que, ainda que nés nos centramos principalmente na sub-
categoria de Birkhoff Ab, existen outras subcategorias de Birkhoff que seria intere-
sante estudar, a saber a subcategoria OpSLie de superalxebras de Lie restrinxidas nas
que a p-aplicacion € identicamente cero, ou a interseccion sAb de Ab e OpSLie, ¢
dicir, a subcategoria formada polas superilxebras de Lie restrinxidas abelianas con
p-aplicacién cero.
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pSLie

N

OpSLie

sAb

Polo tanto, este capitulo [2] debe ser entendido como un primeiro paso cara a un
estudo exhaustivo das relacidns entre os diferentes tipos de extensidns centrais de
superalxebras de Lie restrinxidas e as sdas correspondentes teorias de (co)homoloxia.

A principal definicién introducida ¢ a seguinte.

Ab

/N

Definicion[2.2.1} Sexan L e M diias superdlxebras de Lie restrinxidas actuando unha
sobre a outra, e sexa X s 0 conxunto de simbolos x @ m, para x e m elementos
homoxéneos de L e M, respectivamente. Détese a X | ys coa Z,-graduacion |x®@m| =
|x| + |m|. O produto tensor non abeliano L @ M definese como a superdlxebra de

Lie restrinxida xerada por Xy e suxeita ds seguintes relacions:
Ax@m)=AxQ@m=xQ Am;
x+y)@m=x@m+yQm;
xQ@(m+n=xQ@m+xQn,
[x.y1®@m=x®m—(=DM"y @ *m,

x ® [m,n] = (=DM)W ("x @ m) — (=DM ("x @ n);
"x @ n=—(=)M"[x @m,y®nl;
W @m=x;® (7 m);
X m([_)p] = (mg_lx) &® mg,
paratodo A€ F, x,y € L, m,n € M, x5 € Ly e my € Mj.

O principal resultado obtido en relacion ao produto tensor non abeliano de super-
alxebras de Lie restrinxidas é o seguinte.

Teorema Unha superdlxebra de Lie restrinxida L admite unha extension cen-

tral universal se e so se é perfecta.
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Dita extension do Teorema [2.3.4non € outra que

u:. LQL - L
(x,y) =[x, y].

A variedade das alxebras biconmutativas, tamén cofiecidas como LR-alxebras,
estd definida polas identidades polinomiais de conmutatividade pola esquerda e pola
dereita. Explicitamente, unha 4lxebra (A, -) dise biconmutativa se

x(yz) = y(xz), xy)z = (x2)y,

para todo x, y, z € A.

O primeiro exemplo cofiecido de dlxebra conmutativa por un lado € a 4lxebra de
Witt nunha variable simétrica pola dereita, que se remonta ao ano 1857 [[54]]. Esta 4l-
xebra satisfai a a identidade da conmutatividade pola esquerda, pero non pola dereita,
polo que non é biconmutativa. Os exemplos mais sinxelos de alxebras biconmutativas
son as dlxebras conmutativas e asociativas. Notese que as dlxebras biconmutativas son
Lie admisibles: o conmutador [x, y] = xy — yx define unha estrutura de Lie asociada
en A.

As alxebras biconmutativas sobre R aparecen naturalmente en conexion coa xeo-
metria, en particular coas accidns afins simplemente transitivas de grupos de Lie nil-
potentes [38]]. Estas alxebras biconmutativas son completas (¢ dicir, os operadores de
multiplicacién pola esquerda L, son nilpotentes para todo x € A) e as silas estruturas
de alxebras de Lie asociadas son nilpotentes. Este feito motiva a clasificacion de [|39]]
para dimensions # < 4, na que os autores limitanse a considerar alxebras biconmutati-
vas reais e completas con estrutura de dlxebra de Lie asociada nilpotente. As 4lxebras
biconmutativas tamén foron estudadas en [40,/70~74]; salientamos as clasificacions
alxébrica e xeométrica das alxebras biconmutativas de dimensién 2 sobre un corpo
alxebricamente pechado de [[151].

No Capitulo [3] tamén ofrecemos unha clasificacion parcial das alxebras bicon-
mutativas de dimension n < 4, pero dende un enfoque diferente ao de [39]. Por unha
parte, traballamos sobre o corpo base C, non sobre R. Por outra, clasificamos 4l-
xebras biconmutativas nilpotentes, as cales conforman unha clase mais ampla que a
das alxebras biconmutativas completas con estrutura de Lie asociada nilpotente (vé-
xase [40, Proposition 2.2]). Ademais, a clasificacién de [39] depende fortemente da
clasificacion das alxebras de Lie nilpotentes, mentres que a nosa desenvilvese com-
pletamente dentro da variedade das 4lxebras biconmutativas, unha vez feita unha se-
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leccién preliminar das alxebras nilpotentes sobre C de dimensidns 2 e 3 satisfacendo
as identidades de conmutatividade pola esquerda e pola dereita.

Amosamos a continuacion as clasificacions obtidas.

Teorema[3.2.2) Sexa A unha dlxebra biconmutativa pura nilpotente de dimension 4

sobre C. Entén, A é isomorfa a unha das dlxebras na seguinte Taboa[3.2}

Bgl eje; =ey e,e; = e3
Bgz A eje; =ey eje; =e3 ey = Aeg
6’33 eje; =ey ejey=¢; ee; =e
Bg4 (A) eje; =ey ejey=¢e; ee; =Ae, ezez3=¢ey
Bgs ee; =e, eje,=e, ee;=e; e =e, eze3=¢,
1336 (AA#0 | eje; =¢ey eje;=¢e; ee3=e; e, = ey
1337 eje; =e, ee1=e; eze3=e¢y
Bgs eje; =e, eje3=¢e4; e =¢
ng eje; =ey ejeo=¢; eze; =gy
B‘llo eje, =e;3 eje3=¢e; ee;=e; eze,=¢,
B’Al'l ejey =e3 eje3=¢e; e3e,=¢y
B"ll2 eje;=ey eje;=e3 e =e e3¢, =e¢y
B‘lg ejey =e3 ey =e4 €38, =¢
B‘ll4 ejey =e3 eje3=¢e; e =e; e,ey=¢y
B‘ll5 eje; =e3 eje3=e; ee=ey
Bdl'e ejey =e3 eje3=¢e; eje,=¢y
B‘;'7 eje; =e;3 ejez3 =¢ey
1341*8 eje; =ey ejey=e3 e3e, =¢y
B‘]l9 eje; =e;3 eze, = ey
Bgo eje; =e, ejep=e; ee=e;  eze;=¢y
Bgl eje; =ey ee1=e3 eze; =¢ey
Bgz eje; =e, eje;=e3 eez3=e; ee;=ey
Bg3 eje; =e, ejey=e3 ee3=e¢y

eep =e3te, ee,=e; eze =¢y
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By, (4)

€1 =€

e,e; = ley

€1é

1)

€3

194

ee;

€3¢

:e4

234

Taboa 3.2: Alxebras biconmutativas nilpotentes puras de dimensién 4.

Teorema[3.3.1} Sexa A unha dlxebra biconmutativa nilpotente de dimensién 5 sobre

C, xerada por un iinico elemento. Enton, A é isomorfa a unha das dlxebras na seguinte

Taboa 3.4
Cgl eje; =ey ejey=¢ey e,e; =e3  eze; =e;
ng (A eje; =e, eje; =e; eje3 =e;s
e,e; = Aes+e,  eyey = Aes eze; = Aes
C33 (A, ) | eje; = e, ejey =¢y eje3=e5 ejey = les
€21 = €3 €262 = €5 €3€] = Hes €4€1 = ¢
C34 (A1) eje; =ey ejey=¢y ejey =es
e)e; =ej eje; = Aes
Cgs eje; =ey ejey=¢ey eje3 =es e,e| = ez
€26 =65 €3¢ = €4 €4€1 = 65
C36 eje; =ey eje, =e; e,e; =e;3
eje; =ey eje; =e;
C37 eje; =e, ee; =e; eze; =e; ege; =es
ng eje; =e,y eje; =ej eje3=¢e; ejey=e¢;
ee; =ey ere, = es ese; = es
ng eje; =ey ejey =ej eje3=¢e; ejey=e¢;
e,ep =e3te, ee,=e tes eyez=e;
eje; = ¢4+ eg e3e, = é; eye; = e;
Cfo (A eje; =e, eje; =ej eje3=¢e; ejey=e¢;
e,e; = ley e,e, = Aey e,e3 = les
eze; = Aey ese, = Aes eje; = Aes
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5 — — —
¢ eje; =e, eje, =e;3 ejez3 =¢ey
€1e, = €54 €r,e| = €5
5 _ — — —
¢}, eje; =e, ee, =e;3 eje3=¢e; ee4=e¢;s
e =e3+ée; ey =¢ey e,e3 = e;
€38 = €4 €36, = €5 €, e = €54
Taboa 3.4: Alxebras biconmutativas nilpotentes de dimension 5 xeradas por un

elemento.

Teorema[3.4.2] Sexa A unha dlxebra biconmutativa nilpotente de dimension 6 sobre

C, xerada por un iinico elemento. Enton, A é isomorfa a unha das dlxebras na seguinte

Taboa 3.6
co e e e ee e eey=¢e
01 1€1 = € 1€2 = €4 1€4 = €5
€e; = €3 €3€] = €¢
6 _ _ —
Co, (D) eje;=e, ejey=¢y eje3 =eqg ejey =es
e2e1 = 83 6262 = e6 e3e1 = ﬁe6 e4el = e6
6 _ _ —
Cos (4 1) | erep =ey ejey =ey eje; =eq ejey = Aes + pieg
e281 = e3 3262 = e6 e3el = es e4el = e6
6 —
Cos eje; =ey ejey=¢y eje3 =¢eqg e,e| = ez
6262 = 36 e3e1 e4 + 65 e4el = e6
6 _ _ —
Cos eje; =e, eje, =es ee; =e; eze; = ey
e4e1 = e6
co ee, =e ee e ee e ee;=e
06 11 = € 1€2 = €3 163 = €4 164 6
e = ey + e; ee) = ég ese; = egq
6 _ —
C07 e1e1 —92 6162 e3 ele3—e4 ele4—96
ee; =e3+eytes ee) =¢e,teg eye3=eg
e3e1 84 + e6 9392 = e6 e4e1 = e6
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C()
og (A
e
11 =¢€
] e)e; = /12
: e
: (A) e3e - 3 +e 192 =
1= /1@ ’ ) e3
- 4 26y =
: : | Re
e | | 1e sum
- ; 38y = y) 3=2¢€ (0]
C6 e _ leG ele 66 e2e3 = 4
| 3e1 = h = e e )'e €1e
e e 4 41 = 6 -
elel 5 2el =e 1 — /1e 6
Co =e : 3 i |
1=¢€ e 5 s |
e : o :
C6 11 = = e e6
e ; 4 :
1=é€ e » s |
e : .- :
= = e€se (3
e _
ezel _ 2 Sel =e e 1= e6
co e Aes + e 6 -
: . o= 3 t+e H = e
| = e - : 3
- : hey = A e
e ; : :
e ; - :
ct rer = A = : es
e ) | -
: (/l) o = 3+e 1€ =¢€ e 3 Ae ee
lle B : 5€ 6 5
| 6 2e : 1 = )’ e6
1€1 = e
=e e - - |
ele4_ : 461 =e 3 _65
Ce =e e 6 =
; (i) eyey = 6 16 = ¢ e 3 = le ee
e e | - ) 5 =€
: | - =4 e 6
: = ‘ e 3€
e | | i 6 1 =4
eles : 331 =e 3 _eS eS
Co =e e 6 =
A# = e : 4
ol e s+ e 3 -
.- . | =e e Aeg
e () ese) = e .-
- . 4 e (]
Ae ) 6 =
ese ) .- : e
E - ‘ es + 1€
: e 4 o e p=e
: | 7 1= A 6 € 6
: & e . 13
e e 3 o | :
5 3€1 = = ; |
eue (1/A)e €ye, = 5 o
: Ae B . €1ey
6 o - /1
2=6€ e es
. 6 2€3
1= e6
6
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C()
17 (/1)/1#0 eje; =
1 =€ 63
ZleS = Aeg ZleZ =ey -
284 = Aeg 261 = €3 1€3 = €5
Clg (A) Cat1 = & ese; = (1/A)e €292 = creq = Aes+e
ee;=e e e, = e s eze,=e e,e3 = e 6
e1e5=e2 ele, =e i ese, =e6
erey = 66 ese; = e4 eey = e6
co eje; = ° eje) = 3 eye, = : ele,=e
19 9161 - es e4e; - estes  ese, = es ee, = e5 + Aeg
ee; = :2 ee, = 26 ese; = 26 ‘
(63 €3¢ = e3 €6 = e4 €es = e6
N eier = e6 €1 = e5 €263 = e5 €ieg =€
(63 €6 = e2 €6 = e5 €€ = e6 €€ = 66
21 orer = e6 one, = es P e6 4
(63 €3¢ = e2 eie = e4 €461 = e6 €6 =¢
co €41 = e2 €e = e5 ¢s€; = e3
23 p— es vee, = e3 - e6
0res = ez ooy = 86 4
co €€ = 66 €6 = e3 eje3 =¢e
24 Py e5 ese, = e4 ere, = e4 o= os
ejes = 2 eje, = ° eje; = ’ ee3=e
e 6 e ° e % °
b€y = eg e =e5+ey 163 = ¢4
C265 (4) €41 =5+ esey =estes @0y = ey tes frea TS
ejep=e eqer =¢ ese, = es+ ee; =es+e
€165 = i €16 = e6 ¢s€ = e5 € €¢3=¢€ ¥
eze_e6 ee_3 ee_6 ¢
4 = Aeg 2e) = Aeg 1€3 = €4
ese; = Aes eze; = ey eye; = Aey €164 = ¢5
e4ey = Aeg esey = Aes ere3 = Aes
ese; = Aeg eye3 = Aeg




264 Resumo

6 — — —
o eje; =e, eje, =e;3 eje3 =¢ey
€1e, = €54 €185 = €q €,e| = €q
6 — — — —
(G eje; =e, ee, =e;3 eje3 =ey ejeq =es
eles = eg eep =e3te; exe)=ey e,e;3 = e;
€r,e, = €q €3¢ = €4 €36y, = €5 €3e3 = €q
€46 = €54 €46y = €q €s5e] = €q
6 — — — —
C eje; =ey ejey =e3 eje3=¢ey ejey =es
€1e5 = €q €r,e| = €54 €,ey, = €q €3e| = €q
6 — — — —
o eje; =e, eje, =e;3 ejez3 =¢ey eey =e;
€1e5 = €q €r,e| = €3 + €5 €r,8y) =€y + €q €r,e3 = €5
€r,e, = €q €3e] = €4 + €q €36, = €54 €3e3 = €q
€161 =65 €163 = ¢ ¢s€; = €

Téboa 3.6: Alxebras biconmutativas nilpotentes de dimension 6 xeradas por un

elemento.

O Capitulo[3|complétase coa clasificacion xeométrica das dlxebras biconmutativas
nilpotentes de dimension 4 sobre C.

Teorema[3.5.1, A variedade das dlxebras biconmutativas nilpotentes de dimension 4
sobre C ten diias comporientes irreducibles definidas pola dlxebra rixida BAILO e pola
Sfamilia infinita de dlxebras Bg 4 (D).

As alxebras nulfiliformes non son mais que alxebras nilpotentes xeradas por un
tinico elemento. Non obstante, no Capitulo 4] empregaremos o termo nulfiliforme, xa
que esta é a terminoloxia mais comin na literatura especializada.

O estudo das extensions centrais (separables e non separables) das alxebras nulfi-
liformes iniciouse en [8]], onde se describen todas as extensions centrais na variedade
das 4lxebras de Leibniz das 4lxebras de Leibniz nulfiliformes. As extensiéns centrais
non separables da Gnica alxebra asociativa nulfiliforme de dimensidén n, que denota-
remos por ,u(')’, foron estudadas en [[138]] no marco das alxebras asociativas. Probouse

que a lnica extension central asociativa non separable de y € ;46’“. Porén, as 4lxe-
bras asociativas nulfiliformes poden ser consideradas dentro de variedades de dlxebras
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mais xerais, como as alxebras alternativas, alternativas pola esquerda, de Jordan, bi-
conmutativas, biconmutativas pola esquerda, asosimétricas, simétricas pola esquerda
ou de Novikov, entre outras (ndtese que os casos alternativa pola dereita, conmutativa
pola dereita e simétrica pola dereita son andlogos 4s sdas contrapartidas pola esquer-
da). En particular, en [39] probouse que a alxebra nulfiliforme ;4(3) admite a extension
trivial yg pero tamén outra extension biconmutativa non trivial. Este resultado recu-
pérase no Capitulo [3f coas nosas notacions, ,ug = 1332(1) admite a extension trivial
/43 = Bg 4(1) e tamén B§3. Polo tanto, semella razoable preguntarse se existirdn ex-
tensidns non triviais nas variedades de alxebras previamente mencionadas.

O resultado principal do Capitulof]¢ a clasificacién das clases de isomorfismo das
extensions centrais da dlxebra nulfiliforme asociativa y nas distintas variedades de
alxebras non asociativas mencionadas no parigrafo anterior. Mentres que nas varie-
dades das alxebras alternativas, alternativas pola esquerda (e pola dereita) e de Jordan
non existen extensions centrais non triviais de 4, para as alxebras biconmutativas e
conmutativas pola esquerda (ou pola dereita) obtemos o seguinte resultado.

Teorema[d.5.11} Sexa F un corpo alxebricamente pechado de caracteristica 0, e se-
xa n > 2. Os seguintes elementos de Zic(y(’)’, F) parametrizan as distintas orbitas
de Aut(,ug) no subespazo T, (,ug) da Grassmanniana Gl(HiC(ug, F)), é dicir, para-
metrizan as distintas clases de isomorfismo das extensions centrais non separables
conmutativas pola esquerda con anulador de dimension 1 da dlxebra nulfiliforme de
dimension n, ,u(’)’.

(a) An,l;

(b) {Vn +ulh, i ue€ F} (u = 0dd a extension trivial ,u(’)’H);

© {V,+A,:2<i<n-1}.

No caso biconmutativo, os representantes correspondentes son:

(Cason=2) (Cason > ?2)
(@) A, y; (a) V,, (extension trivial ,ugH );
(b) {Vy+uhy i peF} (b) V, + A,

(1 = 0 dd a extension trivial ,ug ).



266 Resumo

Noétese que o Teorema[4.5.11]s6 fai referencia 4s extensions centrais non separa-
bles con anulador de dimensién 1. Porén, tamén é posible construir extensidns cen-
trais de p; conmutativas pola esquerda, non separables e con anulador de dimen-
sion 2. As suas clases de isomorfismo estan parametrizadas polos cociclos A, | para
2 < k < n— 1. No caso biconmutativo para n > 2, A, ; tamén € un representante
dunha clase de isomorfismo das extensiéns centrais non separables con anulador de
dimensidn 2.

A descricion explicita da multiplicacién nas extensions centrais atopadas amo-
sase na seguinte tdboa, na que s6 estin escritos os produtos dos elementos da base
{el, ,en+1} que non son nulos.

Cociclo Multiplicacién, i, j € [n]
A, ee; =eyy; sei+j<n

€,€1 = €41
Ay ee; =ey; sei+j<ne(ij #k,1)
(Zﬁkﬁn—l) eke1=ek+1+en+l
V,+ 4, ee; =ey; sei+j<n+1le(i,j) # k1)
2<k<n-1) ekl = €1t ey
V,+ul,, ee; =ey; sei+j<n+lei#n
(ueF) eer =1+ pe,, (u = 0 da a extension trivial)

Téaboa 4.1: Clases de isomorfismo de extensions centrais non separables conmu-
tativas pola esquerda e biconmutativas da alxebra nulfiliforme de dimensién n,

Hy-

As extensions centrais nas variedades das alxebras asosimétricas, simétricas po-
la esquerda (e pola dereita) e de Novikov resultan ser unha consecuencia trivial das
extensions centrais biconmutativas e conmutativas pola esquerda (e pola dereita).

As alxebras axiais son unha clase recente de alxebras non asociativas conmutati-
vas, que foi introducida no ano 2015 por Hall, Rehren e Shpectorov [[110]. Podemos
velas como unha certa xeneralizacién das alxebras conmutativas e asociativas, e tamén
como un marco comun para as alxebras de Majorana [[110,233]], de Jordan [[111}/112]]
e outros tipos de alxebras tipicas da fisica matematica. Ademais, tamén estan relacio-
nadas coas alxebras de codigos [53]].
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A relevancia das alxebras de Majorana e as alxebras axiais xace no feito de que
estas proporcionan unha aproximacién axiomética 4s alxebras de operadores de vér-
tices (VOAs), estruturas alxébricas complicadas que xurdiron na fisica teérica. En
mateméticas, o exemplo mdis cofiecido de VOA & o moonshine V*, construido por
Frenkel, Lepowsky e Meurman en [|89]], e cuxo grupo de automorfismos é o Monstro
M, o maior grupo finito simple esporddico. Este obxecto fai patente unha conexion
coa teoria das funciéns modulares, e foi clave na proba de Borcherds [[29]] da conxec-
tura monstrous moonshine sobre a relacién entre o Monstro e as funcidéns modulares.
O desenvolvemento rigoroso da teoria das VOAs, unha ferramenta moi importante
para dita proba, débese tamén a Borcherds [28]].

Despois do xa nomeado artigo de Hall, Rehren e Shpectorov [[110], comezou un
estudo sistematico das alxebras axiais. Unha direccién interesante e activa neste estu-
do € a descricidén das alxebras dun certo tipo xeradas por n elementos. Neste sentido,
todas al 4lxebras axiais xeradas por dous elementos dee tipo Jordan # sobre un cor-
po de caracteristica distinta de 2 foron clasificadas por Hall, Rehren e Shpectorov
en [111]]. Rehren probou en [[196}]197] que a dimensidn das alxebras axiais primitivas
de tipo Monstro (a, ) xeradas por dous elementos non excede 8 se a caracteristica
do corpo base é distinta de 2 e a & {2f,4p}. Despois disto, Franchi, Mainardis e

Shpectorov construiron unha alxebra axial primitiva de tipo Monstro <2, %), xera-

da por dous elementos e de dimension infinita, hoxe cofiecida como a alxebra Hi-
ghwater [87]], e tamén clasificaron todas as alxebras axiais primitivas de tipo Mons-
tro (24, ff) sobre un corpo de caracteristica distinta de 2 xeradas por dous elementos
en [88]]. Finalmente, entre Yabe [235]], Franchi e Mainardis [85]] e Franchi, Mainar-
dis e Mclnroy [[86]] clasificaron todas as alxebras axiais primitivas e simétricas de
tipo Monstro xeradas por dous elementos. Respecto das alxebras xeradas por tres ele-
mentos, Gorshkov e Staroletov amosaron que as alxebras axiais primitivas de tipo
Jordan tefien dimension como moito 9; pola stia banda, Khasraw, McInroy e Shpec-
torov enumeraron en [153]] todas as 4lxebras axiais xeradas por tres elementos dunha
certa subclase (as chamadas 4-4lxebras) das alxebras de tipo Monstro (a, f).

Citamos tamén algunhas outras direcciéns na investigacion en alxebras axiais.
Khasraw, Mclnroy e Shpectorov describiron a estrutura das alxebras axiais [152]. De
Medts e Van Couwenberghe introduciron as representacions axiais de grupos e médu-
los sobre élxebras axiais como novas ferramentas para estudar as 4lxebras axiais [66].
Estas 4lxebras tamén foron estudadas dende un punto de vista computacional no ar-
tigo [[173]] de Mclnroy e Shpectorov (véxase tamén [187,205]]), e dende un punto de
vista categoérico por De Medts, Peacock, Shpectorov e Van Couwenberghe [65]].
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Por outra banda, o estudo das alxebras xeradas por idempotentes ten interese en si
mesmo. Rowen e Segev describiron todas as alxebras asociativas e de Jordan xeradas
por dous idempotentes en [[199]]; BreSar probou en [34] que unha alxebra unitaria de
dimensién finita é determinada por produto cero se e sO se estd xerada por idempo-
tentes; Hu e Xiao probaron en [117]] que as 4lxebras de dimension finita xeradas por
idempotentes poden ser caracterizadas homoloxicamente polos seus mddulos irredu-
cibles, etc.

No Capitulo[5] describimos un método para construir dlxebras axiais como exten-
sions centrais A, doutras 4lxebras axiais dadas A. Para enunciar os principais resul-
tados obtidos, precisamos introducir antes as seguintes notacion e definicion.

Sexaa € Xe 4, u € Spec(a). Para x € Aj eye AZ, escribimos

Xy = Z z, + 20,
0£velxpu
onde z, € Aj e z; € A(.
Definicion Sexa (A, X) unha dlxebra (F,*)-axial, V un espazo vectorial e

0: AX A — V unha aplicacion bilinear simétrica. Dicimos que 0 é un cociclo

relativo a un subconxunto X' C X se
ker L, C 0+ (5.2.1)
satisfaise para todo a € X', e se para todo A, u € F tales que O & A % u, enton

0(x.y)= ) v'o(az,) (5.2.2)

VE Ak i

satisfaise para todo a € X' tal que A, u € Spec (a), todo x € Afetodoy € AZ. Deno-

taremos o espazo vectorial formado por tales aplicaciéns bilineares por Z (A, V; X’).

A continuacién presentamos os resultados mais importantes do Capitulo [5

Teorema Sexa (A, X) unha dlxebra axial, V un espacio vectorial e 0 . A X
A — V unha aplicacion bilinear simétrica tal que {[Qy]}yer son linearmente inde-
pendentes. O par (Ae, Xi) é (T’ u {0}, Oi)—axial se e s6 se a condicion satis-
faise para todo aj. € X!, j =1,...,r, para algunha regra de fusién (T’ U {0}, ®i)
contendo a (F, %). Ademais, podemos tomar @' = % se e s6 se 0 € Z (A, V; Xi).
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Definase tamén o conxunto
Y ={a+0(a,a) : a € X satisfai a condicion (5.2.1)}.

Para todo Y' C Y tal que existai € I con X' C P (Y’), (AQ,Y’) é (Fu{0},0)-
axial para algunha regra de fusion (F U {0}, ©) contendo a (F, *). Podemos tomar
O =x%seesoseb EZ(A,V;P(Y’)).

Teorema [5.2.13\ Sexa (B,Y) unha dixebra (F, %)-axial con Ann(B) # 0. Enton,
existe outra dlxebra (F,%)-axial (A, X) e un cociclo 0 € Z (A, Ann (B) ; X) tales que
B = A,. Ademais, se Y é un conxunto minimal de eixos xeradores de B, entén X é un

conxunto minimal de eixos xeradores de A.

Unha consecuencia interesante do Teorema é o seguinte resultado.

Teorema Sexa J unha dlxebra de Jordan simple e de dimension finita sobre
. .. . 1 ..

C. Non existen extensions centrais [J <5>-ax1azs non separables J, con respecto ao

conxunto

Y ={a+0(a,a) : a € Xésemisimple}.

Como xa comentamos uns paragrafos atras, os produtos tensor e exterior non abe-
lianos de alxebras de Lie foron introducidos por Ellis en [76]. Entre as stas propie-
dades, estudadas nese artigo, destacamos que para toda dlxebra de Lie L, H,(L) =
ker(L A L — L). Estas construcions foron xeneralizadas a diferentes estruturas para
obter caracterizacions similares da segunda homoloxia H,.

Unha destas xeneralizacidons foi na direccién dos médulos cruzados de dlxebras de
Lie. En primeiro lugar, definiuse un produto tensor para médulos cruzados abelianos
de alxebras de Lie en [[75]. Despois, Ravanbod e Salemkar [[193]] xeneralizaron esta
construcién definindo o produto tensor non abeliano de dous submédulos cruzados
ideais dun médulo cruzado de alxebras de Lie (T, L, 0) dado, asi como o seu produto
exterior. Tamén caracterizaron o segundo médulo cruzado de homoloxia H,(T', L, 9)
como o niucleo da aplicacién conmutador (T, L,0) A (T, L,0) — (T, L, d). Esta ho-
moloxia para médulos cruzados de dlxebras de Lie foi introducida por Casas, Inas-
saridze e Ladra en [49]], empregando a teoria xeral da homoloxia do cotriple de Barr
e Beck [20]]. Dado un médulo cruzado de alxebras de Lie (T, L, ), os seus médulos
cruzados de homoloxia H, (T, L, 0) definense como os funtores derivados simpliciais
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do funtor abelianizacién entre as categorias de modulos cruzados de alxebras de Lie
e os modulos cruzados abelianos de alxebras de Lie. En efecto, esta teoria pode verse
como unha xeneralizacién da homoloxia de Eilenberg-MacLane para 4lxebras de Lie.
Ademais, os autores ofrecen unha férmula de Hopf para a segunda homoloxia dun
modulo cruzado.

Outra xeneralizacion do traballo de Ellis foi dada en [91]], onde Garcia-Martinez,
Khmaladze e Ladra introduciron os produtos tensor e exterior non abelianos de su-
peralxebras de Lie. Tamén definiron a sia homoloxia, obtendo unha férmula de Hopf
para a segunda homoloxia de superalxebras de Lie e estendendo a sucesién exacta de
cinco termos un termo cara a esquerda. Ademais, probaron que, dada unha superal-
xebrade Lie L, H,(L) 2 ker(LA L = L).

No Capitulo [6] presentamos unha nova xeneralizaci6n de [76] para médulos cru-
zados de superdlxebras de Lie. A definicién principal do capitulo € a seguinte.

Definicion Sexan (M, P,0) e (N, Q, d) dous submédulos cruzados ideais gra-
duados dun médulo cruzado de superdlxebras de Lie (T, L, 0), e consideremos os

homomorfismos

a: MN > (MQQ)X(PRQN),
m@n—-mQad(n)+09(mQn,

f: MRO)XN(PRN)— PQO.
mq+p@®n>9d(m @ q+pR0(n).

Definimos o produto tensor non abeliano de (M, P,0) e (N, Q, d) como
(M,P,0)® (N,Q,0) = (cokera, P ® Q,6),
onde 6 é o homomorfismo inducido por f, e o produto exterior como

(M,P,0) A(N,Q,0) =

(cokera, P® Q,06) <coker o
(1, P00,8) 1

onde I é a subdlxebra graduada de coker a xerada polos elementos

,P/\Q,5>,

x@y+ DMy @ x +0(25) ® 25+ Im a,
x®y+ DMy @x+0(2) @2 +(-DFIF g (Z)®z+Ima,
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tales que x,z,z € MNN, z5 € Mzgn Ny ey € PNQ. Por coherencia coa teoria de dl-
xebras e superdlxebras de Lie, denotamos (I, P[]Q, 6) como (M, P,d)](N, Q, 0).

A continuacién, estidanse diversas propiedades estruturais e homoldxicas dos
produtos tensor e exterior non abelianos da Definicion [6.3.4] Destacamos as ddas
seguintes.

Teorema Sexa (T, L, d) un médulo cruzado perfecto. O morfismo
v: (L®T,LQL,id®J) — (T,L,09)

definido por v, (I ® t) = It e 0, (l ® l’) = [1,1'] é unha extensién central universal
de (T, L,0).

Teorema [6.4.6, Dada unha presentacién proxectiva 0 — (V,R,u) - (Y, F, u) —
(T, L,0) — 0do modulo cruzado (T, L, d), existe un isomorfismo

(Y, F, 1), (Y, F, p)]
[(V,Rw), (Y, F, ]

En particular, Hy (T, L,0) = ker (T, L,0) A(T, L,0) — (T, L, 0)).

(T,L,0)A(T,L,0) =

Whitehead introduciu o seu funtor cadratico I" para grupos abelianos en [232]],
e empregouno para construir unha sucesioén exacta longa no contexto da teoria de
homotopia, proporcionando un invariante para CW-complexos de dimension 4. Esta
construcidn foi xeneralizada mais adiante por Simson e Tyc [208]] para mddulos arbi-
trarios sobre un anel conmutativo R en relacidén co estudo de funtores derivados esta-
bles. Simson e Tyc exploraron algunhas das stias propiedades bésicas, e en particular
probaron que este obxecto satisfai unha propiedade universal en relacién as aplica-
cions cadraticas entre R-mddulos: a saber, que toda aplicacién cadriticab: M — N
factoriza a través de ['(M). Despois disto, Ellis relacionou esta versién do funtor ca-
dritico de Whitehead cos seus produtos tensor e exterior non abelianos de alxebras
de Lie en [76].

Outras xeneralizaciéns do funtor cadritico de Whitehead apareceron no contexto
de mddulos cruzados abelianos, tanto de grupos [[189] como de alxebras de Lie [[193]].
A definicién destes obxectos trouxo consigo avances nas teorias de homoloxia de
modulos cruzados [189] e no estudo dos produtos tensor e exterior non abelianos de
modulos cruzados de grupos [200] e de dlxebras de Lie [[193]]. Outro aspecto relevante
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deste capitulo € a introducién do funtor cadratico de Whitehead para supermdédulos,
cuxa construcion difire da versién para modulos de [208]] e que resulta ser fundamental
para 0s nosos propdsitos.

Definicion Sexa M = My @ Mj un supermodulo sobre R, e sexa RMo o
supermédulo libre, concentrado en grao 0, xerado polos elementos ey, para todo

my € M. Definimos o supermodulo I'(M') como a suma directa
RMo@ (M @ M),
suxeita ds relacions

_ 12
eﬂm() =4 emﬁ’

e r — e

/
_ —e = mz Q@ m-
m0+m() ms 0 >

my

mem = (—1)""”’"/|m’ ® m,

onde A € R, my, m:_) € Mgem,m' € M, e coa graduacién inducida.

Tamén ofrecemos a seguinte versién para mdédulos cruzados abelianos de superal-
xebras de Lie, que nos permitird construir unha sucesién exacta de médulos cruzados
de tres termos involucrando aos produtos tensor e exterior non abelianos.

Definicion [6.3.11, Sexa (A, B, d) un modulo cruzado abeliano de superdlxebras de
Lie restrinxidas, e denotemos por BQA o produto tensor B @ A suxeito d relacion
homoxénea

d@®d =-=D""9(d)®a,

para todo a,a’ € A. Consideremos tamén o homomorfismo de dlxebras de Lie
fTAQA— (B@A) O (A)
a®d »0@®d —a®d,

e denotemos T (A, B,0) := coker f. Enton, definese I' (A, B, d) como o modulo cru-
zado abeliano de superdlxebras de Lie <1~“ (A, B,0),I"'(B), 0F>, onde Oy estd deter-

minado por

0F<b®a+ea(_)+a®a'>:ea(a0)+b®d(a)+0(a)®0(a').
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Teorema|6.3.12, Sexa (T, L, d) un modulo cruzado de superdlxebras de Lie tal que 0
é sobrexectiva ou a accion de L sobre T é trivial. Enton, existe unha sucesion exacta

('h 7'12) (”1 sz)
I ((T,L,0),)— (T,L,0)® (T, L,0)—> (T, L,0) A(T, L,0)—> 0.

O Capitulo [7] adicase por completo a estudar as propiedades destas dias novas
versidns do funtor cadritico de Whitehead, ademais de estendelas a supermddulos e
superalxebras sobre aneis nos que 2 non ten por que ter inverso. No caso de supermo-
dulos, destacamos o seu papel como obxecto universal respecto das aplicacidns ca-
dréticas; no caso de modulos cruzados abelianos de superdlxebras de Lie, definimos
como aplicaciéns cadraticas entre mddulos cruzados abelianos aquelas aplicacidns
respecto das cales I'(A, B, d) xoga un papel de obxecto universal.

Proposicion Sexan M e N dous supermédulos, e sexa o M — N, ¢ =
(@p, b,), unha aplicacion cadrdtica. Enton, existe un inico homomorfismo de super-

médulos tal que hy = .

70

M; T(M);
P s/
%o ;/ hg
Ny
b
M XM 4 (M)
P Ve
b, L7 h
N

Definicion Sexan (A, B, 0) e (C, D, ) dous médulos cruzados abelianos de su-

perdlxebras de Lie. Definimos unha aplicacién cadrdtica entre eles como dous pares

&= (& b;;) eqp= ((p(),bw) tales que:

1. @ : B — D é unha aplicacion cadrdtica entre supermédulos.
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2. &= (&.b:) 1 A— C éial que:

o &1 Ay = Cj é unha aplicacion cadrdtica entre modulos;
® b1 BX A — C ébilinear e satisfai:
be (0 (a) 0} ) = & (ag + ;) = & (a) = & (),
b: (0(a),a') = (=D b, (3 (d'),a),
be (a.a;) =0,
para todo ag, aé € Ag, a; € Ajea,d € A;

3. 0péy = @0g, onde dy e o denotan as restricions de 0 e 6 a Ay e Cp, respecti-
vamente, e obé = b(p (id ®9).

Denotamos estes pares como Y = (&, @) : (A, B,0d) - (C, D, o).

Proposicion Dada unha aplicaciéon cadrdtica Y . (A, B,0) — (C, D, o) en-
tre dous médulos cruzados abelianos de superdlxebras de Lie, con Y = (&,¢) =

( (é’(), b«?) , ((p(), b(p) ), enton existe un unico morfismo de moédulos cruzados H = (hl s hz)
tal que hyn = & e hyy = @. Para resumir, escribiremos QH =Y.

B(-) 70 F(B)(‘)

@0

S
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Bx B 4 I'(B)

id X0

BXxA

Mentres que a nosa versioén do funtor cadratico de Whitehead para supermddulos
satisfai todas as propiedades tipicas da version para médulos [76}208] que estuda-
mos, na version para médulos cruzados abelianos de superalxebras de Lie atopamos
unha diferenza destacable, xa que, ao contrario que nos outros casos, este funtor non
preserva obxectos libres.

O Capitulo [§|encadrase nunha teoria completamente distinta 4 do resto da tese: a
das probas e descubrimentos automaticos de teoremas, baseada na xeometria alxébri-
ca (complexa) computacional, que foi iniciada fai corenta anos por Wu no artigo fun-
dacional [234, “On the decision problem and the mechanization of theorem-proving
in elementary geometry”’]. Dita teoria evolucionou ao longo dos anos desenvolven-
do unha gran variedade de métodos para os razoamentos automaticos en xeometria
elemental, cuxa eficacia quedou sobradamente probada pola cantidade e a calidade
dos exemplos presentados en referencias como [56]]. Neste capitulo traballamos co
protocolo e coa notacidn descritos en [58, Seccidn 4 do Capitulo 6], os cales son bas-
tante similares aos de [59]], [194] ou [238]]. A stia recente implementacion en software
matemaético libre e amplamente empregado (véxase [1]) amosa que este tema segue
tendo actualidade hoxe en dia, e animanos a fixar a nosa atencién nalgtns aspectos
que non estaban completamente estudados.
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O obxectivo deste capitulo € esclarecer cal € o modo mais adecuado de tratar con
hipéteses e teses que describan condicions negativas, tales como “consideremos dous
puntos diferentes” (é dicir, dous puntos que non son iguais), ou “sexan A, B, C os
vértices dun tridngulo non dexenerado” (¢ dicir, tres puntos A, B, C que non sexan
coincidentes nin colineares), etc. Notese que a relevancia de clarificar este aspecto
non se restrinxe unicamente a estender métodos xa cofiecidos no dmbito das probas
automaticas a un tipo mais amplo de postulados. De feito, as chamadas condicions de
non dexeneracioén xorden de modo natural no protocolo tradicional para as probas de
teoremas con postulados puramente afirmativos.

Ocorre que, ao introducir o requirimento de evitar situaciéns dexeneradas nos
algoritmos estdndares de xeometria alxébrica, as desigualdades polindmicas do tipo
pi(xy,...,x,) # 0 téiiense que expresar por medio de ecuaciéns. Na tradicion das
probas autométicas de teoremas, esta conversion levouse a cabo a través de dous pro-
cedementos: o truco de Rabinowitsch e o ideal saturacion.

O truco de Rabinowitsch € un vello cofiecido das probas autométicas en xeometria
[[135]], pois sempre foi amplamente empregado para formular negaciéns de igualdades,
tamén coflecidas como “relacions de desigualdade”. A pesar da sta antigiiidade, segue
mantendo a stia validez e o seu interese; non hai mais que considerar, por exemplo, a
recente investigacion de Kapur, Sun, Wang e Zhou [136]] sobre unha xeneralizacién
do “truco”, cuxa descricioén abstracta completa pode atoparse en [[16, Exemplo 6.1].
En lifias xerais, o truco de Rabinowitsch consiste en substituir un conxunto localmente
pechado A\ B contido no espazo afin K” por un conxunto alxébrico de K"*! chamado
“cuberta de Rabinowitsch”, de tal xeito que a proxeccion conxuntista da cuberta sexa
exactamente A \ B e polo tanto a sda clausura (na topoloxia de Zariski) poida ser
calculada mediante unha eliminacién.

Doutra banda, o ideal saturacién permitenos calcular m dun xeito alxébrico
directo, sen necesidade de substituir A \ B por un conxunto alxébrico nun espazo afin
de maior dimensién para logo proxectalo de volta a K”. A starelacion co truco de Ra-
binowitsch € ben cofiecida no campo da alxebra conmutativa, e o potencial impacto do
seu uso nas probas de teoremas no canto de dito truco xa foi estudado en [59) Seccién
5]. Porén, non atopamos na literatura existente ningunha analise s6lida e detallada das
vantaxes e inconvenientes de cada unha destas aproximacidns no que respecta 4 sta
fidelidade como traducidéns de condicidns negativas.

Asi, a principal contribucidn deste capitulo final é estudar en detalle as diferentes
implicacidns de adoptar cada unha destas formulacidns para describir hip6teses e te-
ses negativas. A seguinte proposicidn deixa claro que o truco de Rabinowitsch non é
adecuado para modelar teses negativas.
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Proposicion A introducion dunha tese negativa T, := {p # 0} empregando o

truco de Rabinowitsch nunca dad lugar a unha afirmacion H = T| xeralmente certa.

Porén, a introducion de teses negativas por medio da saturacién ofrece unha ca-
suistica completa de situaciéns, como amosa o seguinte exemplo.

Exemplo 8.3.9} Se consideramos a hipétese H := {(y — 1) - (y — 2) = 0} nas
variables {x, y}, sendo x a tinica variable independente, e as teses T, := {y—1 = 0}
eT, :=8at(((y—-1)-(y—=2),(y — 1)={y —2 = 0}, é sinxelo comprobar que
tanto H = T, como H = T, non son nin xeralmente certos nin xeralmente falsos.
Se no canto das teses anteriores tomamos T, = {y —3 = 0} e a correspondente
T, :=Sat((y—1) - (y—=2),y—=3)={(y— 1) - (y —2) =0}, obtemos que H = T,
non é xeralmente certo pero si xeralmente falso, mentres que H = T é xeralmente
certo e non xeralmente falso. Por ultimo, consideremos H = {(y — 1) = 0} nas
variables {x,y}, T, :={y—1=0}eT; :=8Sat((y — 1),(y — 1)) = (1). Neste caso,
tense que H = T, é xeralmente certo e non xeralmente falso, e H = T, é xeralmente

falso pero non xeralmente certo.

En cambio, na introducién de hipéteses negativas non semella haber diferenzas
tedricas entre empregar o truco de Rabinowitsch ou a saturacién. Denotemos por

H :=H°+(f-t-1),
H, :=Sat(H, f).

os ideais de hipdteses agrandados correspondentes 4s ddas posibilidades de introducir
condicions de non dexeneracion do tipo f # O sobre o ideal orixinal de hipbteses H
dun postulado dado.

Teorema[8.4.7, O teorema H| = T é xeralmente falso se e 56 se o teorema Hy = T
é xeralmente falso; analogamente, o postulado H, = T é xeralmente certo se e so se

taménoé Hy, > T.

Porén, as nosas experiencias traballando con exemplos concretos amosan que hai
ocasions nas que o ordenador non experimenta problemas para determinar se un enun-
ciado é xeralmente certo ou falso empregando a saturacidn, pero € incapaz de determi-
nalo se as condicidns negativas foron introducidas a través do truco de Rabinowitsch.
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Chegados a este punto, poderiamos preguntarnos: cal dos dous métodos presen-
tados é mellor? A resposta non € totalmente obxectiva. A nosa suxestion é que se
implemente o método da saturacién no software existente na materia, debido 4 escasa
efectividade do truco de Rabinowitsch ao tratar con teses negativas e 4s obxeccidns
practicas que acabamos de comentar. Pero a saturacidon tamén ten desvantaxes: ao
considerar a clausura do ideal Sat(H, f), arriscimonos a perder informacion esencial
acerca da negacién ={ f = 0} e incluso a atopar a ecuacién f = 0 entre as hipoteses
adicionais para o descubrimento, transgredindo en certo sentido as restriciéons impos-
tas polas condicions de non dexeneracién introducidas ao comezo da proba. Este feito
€ precisamente o que diferencia a ambos métodos, e o que poderia persuadirnos para
empregar o truco de Rabinowitsch nas ocasions en que desexemos permanecer fieis
a algunha condicién de non dexeneracidn establecida de anteman. De ser o caso, na
nosa opinidn, a decisién de que método utilizar deberia ser tomada polo propio usua-
rio a través do correspondente didlogo co software de probas automaticas de teoremas
que estea empregando.
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