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1. Introduction

There has been a recent surge in the study of Stieltjes differential equations focused on obtaining ap-
plicable results comparable to those available for classical derivatives [2—14,16,17,19]. These works center
their attention in the procuring of solutions of first order differential equations and systems. The theory
developed starts with the obtaining of simple solutions, like the solution of the first order linear problem
[3,4], which is identified with the exponential, in order to, later, prove existence and uniqueness results in
more general settings [7,13,16]. Some of these works also provide interesting practical applications [5,9] and
others generalize the framework in several ways, such as allowing for sign changing derivators [4], considering
several different derivators [16] or generalizing the concept of Stieltjes derivative [15].

In any case, all of the aforementioned works restrict themselves to the first order case. The reason behind
this is that, in order to study higher order problems, the notion of higher order Stieltjes derivative has to be
correctly defined, which is not obvious. In fact, the first difficulty lies on the mere definition of the Stieltjes
derivative, which, to the best of our knowledge, is nowhere defined in the literature on the whole domain of
definition of the function, something which impedes taking a second derivative.
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In this work we provide this definition, which enables us to study second order problems. First, we consider
the Stieltjes derivative in the whole of the domain of the function, which allows us to talk about the space
of continuously Stieltjes-differentiable functions in the same way we speak of the space of continuously
differentiable functions with the usual derivative. We can then explore the first order problem in this space,
obtaining existence and uniqueness results that mirror those of the previous works. In fact, we profit from
the opportunity of revisiting the solution of the first order linear problem to provide a constructive way
of obtaining its solution. All of these steps are also taken with a further generalization: our functions are
allowed to take real or complex values. Furthermore, we obtain the explicit expression of the Green’s function
of the first order linear problem with initial conditions and we construct the Stieltjes versions of the sine
and cosine functions using the complex version of the Stieltjes exponential.

Once we have studied the first order problem with various degrees of regularity (something the subsequent
spaces of n-times continuously Stieltjes-differentiable functions allow), we move on to study second order
problems. First, we present existence and uniqueness results for the homogeneous second order problem
with constant coefficients and then we study the non homogeneous case with varying degrees of regularity.
Here we also obtain the explicit expression of the Green’s function of the second order linear problem with
initial conditions. All this work is then illustrated with an application to the Stieltjes harmonic oscillator
for which we also analyze the resonance effect. Finally, in order to validate the explicit solutions obtained,
we compare them with the numerical approximation of the corresponding first order linear system using
the numerical scheme introduced in [2].

The structure of this work is as follows: In Section 2 we present some preliminary concepts and we
prove several results related to Lebesgue-Stieltjes integral. In Section 3 we introduce the space of bounded
Stieltjes differentiable functions and analyze some of its properties. We study the first order linear Stieltjes
differential equation in Section 4, including in the complex case. In this section we also define the complex
Stieltjes exponential and the Stieltjes version of the sine and cosine functions. In Section 5 we study the
homogeneous Stieltjes second order problem with constant coefficients, the non homogeneous case and we
also obtain an explicit solution for both situations. Finally, in Section 6 we present an application to the
Stieltjes harmonic oscillator. We obtain the explicit solution of the overdamped, critically damped and
underdamped cases, and provide an example in which the resonance effect appears. In order to validate the
explicit solution obtained, we compare it with the numerical solution of the corresponding first order linear
system.

2. Preliminaries

Let [a,b] C R be an interval, F the field R or C and g : R — R a left-continuous non-decreasing
function. We will refer to such functions as derivators. For these functions, we define the set D, = {dy, }nea
(where A C N) as the set of all discontinuity points of g, namely, D, = {t € R : Atg(¢t) > 0} where
Atg(t) :=g(tt) —g(t), t € R, and g(t*) denotes the right hand side limit of g at t. We also define

Cy:={t €R : gis constant on (¢t —¢,t + ¢) for some & > 0}.

Observe that Cy is open in the usual topology of R, so we can write

Cy = U{(anabn)} (2.1)

nelw\

where A C N and (ay, bg) N (aj,bj) = 0 for k # j. With this notation, we denote N := {an}, .5\ Dy,
Ny = {bn},c5\Dg and N, := N UN}|.
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Remark 2.1. For the aims of this paper, we will assume without loss of generality that g(a) = 0. Furthermore,
we will also assume that g is continuous at z = a. As pointed out in [3, p. 21] and [12, Proposition 4.28], the
continuity assumption has no impact in the study of differential equations, which is our final goal. Finally,
in order to properly define the Stieltjes derivative in the whole [a, b], we will also ask that [a,b] \ Cy # 0.

We define ¢Z : R — R as:

Z Atg(s), t>a,
B s€la,t)NDy
g () =
) - E Atg(s), t<a.

s€[t,a)NDy

It is clear that g? is a left-continuous and non-decreasing function. Moreover, the map g¢ : R — R given
by

is also non-decreasing and continuous. We say ¢© that is the continuous part of g and ¢ is the jump part
of g. Observe that both g and g© are continuous at x = a and g%(a) = g®(a) = 0.

Throughout this work we consider the Lebesgue-Stieltjes measure space (R, My, itg), where M, and p,
are the o-algebra and measure constructed in an analogous fashion to the classical Lebesgue measure, where
the length of [c,d) is given by pg([c,d)) = g(d) — g(c). The interested reader may refer to [11] for details
concerning this measure space. We must emphasize that, in the case of considering g(t) = ¢, we recover the
classic Lebesgue measure space that we will denote by (R, L, ) = (R, Miq, p1a) where Id is the identity
function. Furthermore, we can define the measure space associated with the continuous part, (R, M gCs HgC ),
the jump part, (R, M s, ig5), and the one associated with the derivator itself, (R, Mg, iy). If we denote
by B(7,) the Borel o-algebra associated to 7,, the usual topology of R, we have that B(r,) C M, and also
B(ty) C Mg, with M = C, B. We must mention that if £ C R, py (E) < py(E), for M = C, B, being
“Z m and pg the outer measures associated to gM and g respectively, M = C, B. We also have that if £ C R
is a bounded set, then i3 (E) < oc.

We have the following lemma that, in particular, provides us with a relationship between the o-algebras

Mgy, Myc and Mgs.
Lemma 2.2. The following properties hold for the maps g, g¢ and g&:

1. Given an element E € M, there exists H € G (that is, H is a countable intersection of open sets) and
N e M, such that EC H, N C H, ig(N) =0 and E=H\ N.

2. Given an element E € My there exists F' € F, (that is, F' is a countable union of closed sets) and
N € My such that p14(N) =0, FON =0 and E=FUN.

3. ./\/lg C Mgc.

4. M,z =P(R).

g

Proof. Since B(1,) C M, and g is left-continuous, we have that

fig(E) = inf { > ngllan,bn)) : EC | [an,bn)} = inf { > pg((an,bn)) : EC (an,bn)} .

neN neN neN neN

Indeed on the one hand given {(an,bn)}nen such that E C |J,cn(@n,brn), we have that
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u;(E)SMZ(U Qp,y n><ZMg an, n

neN neN

therefore, pg(E) < inf {3, cn ttg((an,by)) : E C Uyen(@n,bn)}. On the other hand, given e > 0 and
{[an,bn)}nen such that E C |J, cnla@n,bn), we have, thanks to the left-continuity of g, that there ex-
ists {(@n,bn)}nen such that [a,,bn) C (an,bs) and p;((@n,bn)) < py(lan,bn)) +€/2", n € N. Thus,
Y oneN Hy(@nybn) <30 en Hy([an, by)) + € and we conclude, taking the infimum in both sides of inequality,
that inf {3, .y tg((an,bn)) 1 E C U, en(@nsbn)} < pg(E). Now, we can proceed as in [1, Corollaries 15.5
and 15.8] to obtain 1 and 2, respectively.

Now, for 3, given an element E € My, there exists F' € F, and N € M, such that p4(N) =0, FNN =0
and £ = FUN. Now, F' € B(r,) C M and pic(N) < pg(N) = 0 so we have that N € M,c since
(R, Mgc, pge) is a complete measure space. Therefore, £ C M c

Finally, for E € P(R), we have that E = (E \ Dys) U (E N Dys). Now, (E'\ Dys) C Cys and then
py(E\ Dye) =0, s0 E\ Dz € M. Finally EN Dge € B(ry) C Mys. Therefore E € M, which
finishes the proof of 4. O

We denote by E;([a, b);F) the set of functions f : [a,b) — F such that their real and imaginary parts,
that is, Re(f) and Im(f) respectively, are measurable and f[a b) |f| d g < o0o. For this class of functions we
define

[ £ dn= [ Retr)duy+i [ 1)

la,b) [a,b) la,b)

Lemma 2.3. Given a function f € L}([a,b);F),

[rdm= [ rames S feaTgs), vee fa

[a,t) [a,t) s€la,t)NDy

Proof. Given a function f € £]([a,b);F), thanks to Lemma 2.2 and the fact that pgc(E) < uy(E) for all
E € M,, we have that f € E}]C([a,b);IF). Now thanks to [18, Theorems 6.3.13, 6.12.3 and 6.12.7], and
separating the real and imaginary part if necessary, we have the desired result. O

Corollary 2.4. Given E € M, and taking f = xg (the characteristic function associated to E) in Lemma 2.3
we have that

pg(E) = pge(E)+ Y Atg(s)

scEND,

We now introduce a tool that will allow us to transform Lebesgue-Stieltjes integrals with respect to g€
into the usual Lebesgue ones. In particular, in light of Lemma 2.3, this means that we will have a way of
transforming any Lebesgue-Stieltjes integral into a Lebesgue one.

Definition 2.5 (Pseudo-inverse of g¢). Given an interval [a,b] and a derivator g : R — R, we define the
pseudo-inverse of the continuous part ¢ in the interval [0, g% (b)] by:

vz €0,9°(b)] = v(z) = min {t € [a,b] : g°(t) = 2} € [a,b)]. (2.2)

In [7, Proposition 5.1] we can find some of the properties of the pseudo-inverse of a continuous derivator
mapping the real line onto the real line. For our context, by extending linearly the map g outside of the
interval [a, b] we can obtain the required property, which leads to the following result.
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Proposition 2.6. We have the following properties for the pseudo-inverse of the continuous part g in the
interval [0, g (b)]:

o Forallz €[0,9%()], g¢(v(z)) = =.

e Forallt € [a,b], v(g“ (1)) < t.

o Foralltela,b],t¢ CycU N;'C, (g€ (t) =t.

o The map 7 is strictly increasing.

o The map v is left-continuous everywhere and continuous at every x € [0,9% (b)], ¢ g©(C,).

Now we are ready to prove the following result.
Proposition 2.7. Given an interval [a,b] and a derivator g : R — R:

1. The continuous part
9+ ([a,b], Mye) = ([0,¢°(B)], £)

is a measurable morphism.'
2. The pseudo-inverse of the continuous part ¢

v ([O,gc(b)], ‘C) — ([a7 b]a Mgc)
is a measurable morphism.

Proof. Let us prove the two statements separately.

1. Let us consider a subset E C [0, g% (b)] such that E € £. We have that there exists F' € F, and N € £
with u(N) = 0 such that FNN = () and E = FUN. It is clear that (¢°)~1(F) € B(r,) so, if we prove that
uzc((gc)*l(N)) = 0, where 7 is the outer Lebesgue-Stieltjes measure, we will have finished.

Now, since u(N) = 0, given € > 0, there exists a countable disjoint family {[¢,,dy)}nen such that
N C UpenlCn,dn) and 3, cn(dn — ¢,) < e. We have that (¢%) 7' ([¢x, di)) = [7(¢k),¥(dk)), for all k € N,

thus (¢9) ™' (V) € Upen[7(én), 7(dn)). Finally,

e (99)IN) < 3 ppelv(@) 1(dn) = D (9 (r(dn)) = 9% (1@))) = D (=) < e

neN neN neN

Since £ > 0 was arbitrarily chosen, we have that uzc((gc)_lN) = 0, which finishes the proof of 1.

2. Let us consider a subset £ C [a, b] such that E' € M c. We have that there exists F' € F, and N € M c
such that p,(N) =0, FNN = and E = F UN. Thus, we conclude that y~}(E) = v~1(F) Uy~ 1(N).
Now, since « is strictly increasing, it is a Borel map, so we have that v~}(F) € B(r,) C L. Hence, if
we prove that p*(y~1(N)) = 0, where u* is the outer Lebesgue measure, we are done. The proof in this
case is analogous to the previous one, the only difference lies in that, given an interval [¢, d), we have that

7 (e, d) € [99(c), g°(d)], thus p* (v ([e;d))) < ¢°(d) — g“(c) = e ([e,d)). O

The following Corollary is in the line of [2, Lemma 1].

1 Given two measurable spaces (X, £x) and (Y, 3y ), we say that a function f : X — Y is a measurable morphism if f ! (F) € Zx,
for all FF € Xy .
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Corollary 2.8. Given a function f € E;([a, b); ), for every t € [a,b],

/fdug /fduqc+ S fs)atycs / Fdut S fs)a%g(s),
la,t) la,t)

s€la,t)NDy [0,9€ () s€la,t)NDy

where f = for, v:te [0, g% (b)] — ~(t) is given by (2.2) and u denotes the Lebesque measure.

Proof. We write (X,Xx) = ([a,t), M c) and (Y, Zy) = ([0, g% (t)), £). We have, thanks to Proposition 2.7,
that f .Y — F is a measurable function and ¢© : (X,Yx) — (Y, Zy) is a measurable morphism, which (cf.

[20, Exercise 1.4.38]) ensures that
/fdgfﬂgc :/(fogc) d,ugca
Y X

where

9 ge + B € Sy = g% pge (B) = pge ((9°)7H(E))

is the pushforward measure in (Y,%y). However, given an element (c,d) C [0,¢%(t)), it is clear that
9% pge (e, d) = pge((9°) 7 (c,d)) = d — c. In particular, (cf. [1, Theorem 13.8]) g€ c = p. Therefore,

/fdg* e = [ Fan
[0,9¢(®))
Finally, since pgc(Cyc U N;C) =0 and y(g%(s)) = s for all s € [a,b]\(Cyc U N;C), we have that
/(fogc) dﬂgc = / fd/igc' ]
la,t) la,t)

Finally, we recall a concept of continuity introduced in [3] as well as some of its properties. To that end
we define the g-topology, 74, as the family of those sets U C R such that for every x € U there exists 6 > 0
such that if y € R satisfies |g(y) — g(x)| < J then y € U. Then, the following definition can be understood
as the continuity of a function f: (I,7,) — (F,7,), see [15, Lemma 6].

Definition 2.9 (g-continuous function). A function f : [a,b] — F is g-continuous at a point ¢t € [a,b], or
continuous with respect to g at t, if for every £ > 0, there exists § > 0 such that |f(t) — f(s)| < ¢, for every
s € [a,b] with |g(t) — g(s)| < 6. If f is g-continuous at every point ¢ € [a,b], we say that f is g-continuous
on [a,b].

Proposition 2.10 (/3, Proposition 3.2]). If f : [a,b] — R is g-continuous on [a,b], then
1. f is continuous from the left at every ty € (a,b);
2. if g is continuous at tyg € [a,b), then so is f;

3. if g is constant on some [a, B] C [a,b], then so is f.

In particular, g-continuous functions on [a,b] are continuous on [a,b] when g is continuous on [a,b).



F.J. Ferndndez et al. / J. Math. Anal. Appl. 511 (2022) 126010 7

3. The space of bounded g-differentiable functions

In the literature —see, for instance, [3,4,11,15]- authors use the following definition of Stieltjes derivative.

Definition 3.1. We define the Stieltjes derivative, or g—derivative, of function f : [a,b] — R at a point
t € la,b\Cy as

oo 1) = )

P ZORTON 'E Do

g . fls) = f(t
OO

provided the corresponding limits exist and, in that case, we say that f is g—differentiable at t. In particular,
for t € N, g+ U N, , the g-derivative at ¢ must be understood in the following sense:

fiy =34 "9 (3.1)
fim L8 = N
s—t— g(s) — g(t) g

Remark 3.2. Observe that the points of C, are excluded from the definition of g—derivative. This is because
the corresponding limit cannot be considered at those points since they are in a neighborhood where the
corresponding function is not defined. Observe also that the previous definition is also valid for functions
with values in C.

Remark 3.3. Taking into account Definition 3.1 and given a function f : [a,b] — R, the following conditions
will be necessary for the existence of the g-derivative in all of the points of [a, b]\Cy:

e Ifa € [a,b]\ Cy, then a ¢ N . Indeed if a € N, to calculate the g-derivative at a we need to know
the values of f to the left of a, which are not defined. Observe that C, N Ny = () therefore the previous
condition is equivalent to a ¢ N, .

o If b € [a,0] \ Cy, then b ¢ N U D,. Indeed if b € N U Dy, to calculate the g-derivative at b we need
to know the values of f to the right of b, which are not defined. Observe that C;, " N, = Cy N D, = )
therefore the previous condition is equivalent to b ¢ N U D,.

o There exists f(t1) for every t € (a,b) N D, (which is also a sufficient condition for the existence of the
g-derivative at that point).

e Given t € (a,b) N N, and € > 0, there exists 6 > 0 such that, if s < ¢ with g(¢) — g(s) < ¢ then,
[f(s) — f(t)] < e. We say, in that case, that f is g-continuous from the left at t. To check this fact it
is enough to observe that g is left continuous (in the usual sense) at t. The function f might not be
g-continuous at t. Indeed, take for instance

2 t <1,
g:teR—=g(t)=<1, 1<t<2, (3.2)
t—1, t>2
Then,
t 0<t<l,

)

f:t€[0,3]_>f(t):{t+1 1<t<3



8 F.J. Ferndndez et al. / J. Math. Anal. Appl. 511 (2022) 126010

is g-differentiable at ¢t = 1 since

o O I st

so1- g(s) —g(1)  s—1-s—1

Observe that g is continuous at ¢ = 1, but f is not, so f cannot be g-continuous at that point.

+ Given t € (a,b) N N,, and € > 0, there exists 6 > 0 such that, if s > t with g(s) — g(t) < J then,
|7(s) — f(t)| < e. We say, in that case, that f is g-continuous from the right at t. To check this fact it
is enough to observe that ¢ is right continuous (in the usual sense) at t. Observe that, once again, the

f might not be g-continuous at such points. Indeed, take for instance g as in (3.2) and

4 0<t<?2
tef0,3] = fit)=< 7 - ’
/ [0,3] = £(¢) {t+1, 2<t<3.
In this case, f is g-differentiable at ¢ = 2 but f is not g-continuous at such point.
o Given t € (a,b)\(Cy; UDy,UN,), fis g-continuous at ¢. In particular, f is continuous at ¢ since g is
continuous at those points.

We conclude that, interestingly enough, the g-differentiability of a function at a point of N, does not
imply the g-continuity of the function at the point. The g-differentiability of a function only guarantees the
g-continuity at the points of (a,b)\(Cy U Dy U Ny).

Definition 3.4 (C;([a,b];F) space). Let g : R — R be such that a ¢ N, and b ¢ N} U D,. We say that
f:la,b] = F belongs to C,([a,b];F) if the following conditions are met:

1. feCy(la,b];F),
2. 3f, (), for every x € [a, b]\Cy,
3. 3h € Cy([a,b]; F) such that h(z) = f,(x), for every z € [a,b]\Cy.

Unless necessary, we will write C} ([a, b]) instead of C;([a,b]; F) for brevity.

Let us show now that if we assume that b ¢ C, (observe that, in that case, the hypothesis [a,b] \ Cy # 0
is trivially satisfied) the previous definition is consistent insofar as the function given by 3, if it exists, it is
unique.

Proposition 3.5. Let [a,b] C R be a closed interval, g : R — R a derivator such that a ¢ N and b ¢
CyUNSUDy and f € Cy([a,b];F) be g-differentiable at every x € [a,b]\Cy. If hy, hy € Cy([a,b]) are such
that hy(x) = ha(x) = f,(x), for every x € [a,b]\Cy, then hy = hy.

Proof. Let us show that hi(z) = ho(x) for every @ € Cy. Given T € Cy, there exists a unique connected
component of Cy, (an,by), such that T € (a,,by). Let us see that hi(Z) = ha(Z) = f,(bs). Indeed, since hy
is g-continuous, we have, by Proposition 2.10, that h; is constant on (ay, b, ) and left-continuous, therefore,
hi(Z) = hi(by) = f; (by) for every x € (an,by). The case of hy is proven analogously. O

Remark 3.6. Observe that if b € Cy, given a function f € C;([a,b]) the function h € C4([a,b]) such that
fo(x) = h(z) for every z € [a,b] \ Cy is not uniquely defined in a neighborhood of point b since we can not

compute the g-derivative at « = b,,, with b € (an,b,) C Cj.
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A possible way of defining the g-derivative at the points of Cy, which is coherent with the definition
of the space C;, follows from the previous proof. Indeed, we can generalize Definition 3.1 in the following
terms.

Definition 3.7. Let [a,b] C R be a closed interval and g : R — R a derivator such that a ¢ N, and
b¢ CyUNSUD,. We define the Stieltjes derivative, or g—derivative, of a function f : [a,b] — F at a point
t € la,b] as

_ f(s) = ft)
lim g(si_g((t)), t¢ Dy UCy,
/ _ im f(S _ft
R e O N 3
S s g '€ (am:bn) € G

with a,, b, as in (2.1); provided the corresponding limits exist. In that case, we say that f is g—differentiable
at t. The g-derivative in the points N, must be understood as in (3.1).

Remark 3.8. It follows from the Definition 3.7 that, for t € D,, f,(t) exists if and only if f (tT) exists and,
in that case,

G0

fo(t) = Atg(t)

Similarly, for any ¢ € (an,bn) C Cy, we have that f;(t) exists if and only if f;(b,) exists and, in that case,

fo(®) = fo(bn).

The following result which includes some basic properties of the Stieltjes derivative is a generalization of
[12, Proposition 3.13].

Proposition 3.9. Let [a,b] C R be a closed interval and g : R — R a derivator such that a ¢ N, and
b¢ CyUN, UDy. Given an element t € [a,b] we denote by:

t,  t¢C,,
t*:{ 20,

bp, t€ (an,bn) CCy,
with an, by, as in (2.1). If f1, fa are two g-differentiable functions at t, then:
o The function A\ f1 + Aafo is g-differentiable at t for any A\, Ao € R and
(Af1+ Az fa)g (8) = M (fr) (1) + A2 (fo)) ().
o The product f1fs is g-differentiable at t and
(fufa)y (&) = (fr)y @) f287) + (f2)y (D F1(E) + (fr)y () (f2)y (AT g(t). (3-4)

o If fo(t*) (f2(t*) + (f2);,(t) ATg(t*)) # 0, the quotient f1/fo is g-differentiable at t and

(ﬁ) (t) = (f1)y () = (£2), L)
F2) g7 Rat) (fa(tr) + (f2)y (1) Atg(t))
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Proof. We only need to show that the result holds for ¢t € C, as any other case is covered by [12, Proposi-
tion 3.13].

Let t € (an,bn) C Cy and A1, Ay € R. Then, it follows from Remark 3.8 that fi, fo are g-differentiable at
by. Now, [12, Proposition 3.13] ensures that A; f1 + Aaf2 and fi fo are g-differentiable at b, and, provided
that fa(bn) (f2(bn) + (f2)5(bn) Atg(bs)) # 0, so is fi/ fa. Furthermore, we also have that

(Af1 + Az fa)g (ba) = A1 (1) (bn) + A2 (f2); (bn),
(frf2)y (bn) = (f1)g (bn) f2(bn) + (f2)g (ba) f1(bn) + (f1)g (bn) (f2)g (ba) A* g(bn),
(ﬁ)’(b) (f1)y (bn) f2(bn) = (f2); (bn) f1(bn)
f2/, f2(bn) (f2(bn) + (f2)5 () Atg(bn))

Now the result follows from Remark 3.8 and the fact that ¢* = b,, in this case. O

Remark 3.10. Other expressions for (3.4) and (3.5) can be obtained when the functions are also g-continuous
on [a,b]. Under this condition, we have that

(fufa)y (8) = (f1)y () f2(8) + (fo)y (D fa(t)
) — 1

t) falt) = (fa), (8)fa(t

( £ A () ()] (DA*g(t")
AV )
(h)ﬁ” 7o) (2(0) + (o), (0) B g ()

Indeed, the formulas are clear for ¢ ¢ C,, so we shall focus on the case t € (an,b,) C Cy for some ay, b,
n (2.1). In that case, and since g is left-continuous, we have that g is constant on [¢, b,], which forces the
same character onto f; and fo. Therefore, it follows that fi(t*) = f1(t) and fo(¢*) = fa(t), from which the
formulas follow.

Definition 3.11. Let g : R — R be such that a ¢ N, and b ¢ Cy U N U D,. Given k € N, we define
CY([a,b]; F) = Cy([a, b]; F) and C}([a, b]; F) recursively as

Ch([a,b]) = {f € C**([a,b];F) : (f* 1) € Cy(la,b];F)},

where f_(go) = f and fék) = (fy (k= 1)) k € N. We also define C;°([a,b);F) := (,cn Ch([a,b];F). Unless
necessary, we will write C5([a, b]) instead of C%([a, b]; F) for brevity.

Now we endow Cg ([a,b]) with a normed space structure. First, observe that g-continuous functions on
[a,b] are not necessarily bounded [3, Example 3.3], so we will restrict ourselves to the space BC,4([a,b]) of
bounded g-continuous functions. This is a Banach space [3, Theorem 3.4] with the supremum norm

[fllo = sup{|f(z)| : x € [a,b]}.
Definition 3.12. Let g : R — R be such that a ¢ N, and b ¢ Cy U N, U D,. We define:
BCy([a,b;F) := {f € Cy(la,b: F) : f, f € BCy([a, bl F)}.
Analogously, given k € N,
BCE([a,b];F) = {f € C¥([a,b];F) : f{ € BCy([a,b];F), ¥n=0,...,k}

and we will denote by BCS([a,b];IF) = BCy([a,b]; F).
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In the following results we will assume that [a,b] C R and g : R — R is a derivator such that a ¢ N
and b ¢ Cy UNJ U Dy. We have that BC’;([a, b)) = BC];([a, b);F) is a normed vector space with the norm

I Nl : BCE([a,b]) — R |
Felfle= > 1900

0<i<k

Before proving it is also a Banach space, we will present the following lemma.

Lemma 3.13. We have the continuous embedding BC;([a,b]) — AC4([a,b]). Furthermore, for every f €
BC,(la, b])
g ? J

f@) = 1@+ [ 73(5) iy, Vo € ot

[a,)

Proof. This is an immediate consequence of [11, Theorem 6.2] and [11, Corollary 6.3]. Indeed, given f €
BC;([a,b]), it is clear that f € BC4([a,b]). In particular, f is continuous from the left at the points in
(a,b] N Dy and constant at the intervals where g is. On the other hand, f; € BCy([a,b]) C L} ([a,b]). Hence,
by the aforementioned results, f € AC4([a,b]) and, furthermore,

f(2) = fla) + / £1(s) dpg, Ve € [a,b]. O

[{1’71;)

We derive the following result from the previous lemma.

Lemma 3.14. Let h € BC,([a,b]) and consider the function

H:z€lab — H(z) = / h(s) dpig.

[a,x)
We have that Hy(x) = h(z), for every x € [a,b] and, therefore, H € BC;([a, b)).

Proof. Indeed, on the one hand, given that h € BCy([a,b]) C L}([a,b)), it holds that H € ACy([a,D]), so it
is enough to prove that Hy(x) = h(x) for every = € [a,b] to get the result. We study three different cases:

e For x € Dy, it is clear that

! = lim M = lim ; S
B = B g o) R ) —g(sc)[/) ) s
= lim _ S S = lim M: x
_st+g(s)—g(x) {/} h( )dug+(/) h(s) dpu, Jim, o() —o(@) h(z).
o For z € [a,b]\(Cy U Dy), let us compute the limit
H(s) — H(x)

2 9(s) —g(@)
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on the domain of the function, namely, D, = {s € [a,b] : g(s) # g(t)}. Fix ¢ > 0. Since h is g-
continuous and g is continuous at x, there exists 6 > 0 such that |h(u) — h(z)| < € if |u — z| < §. Define
[z, s) := [min{z, s}, max{x, s}). Now, for s € [a,b] N Dy, |u— s| < J, we have that

Hs) = H) ol 80620 [y g0 - ne
o) —gle) ) g(S)Q(I)[[/D e
1
“19(s) — g(2)] /D (h(u) = h(x)) d pg(u)
L 1
e —g@) ] M) =@l duglu) < s [ e dig(u) =<
[e.sD [z,s)
Thus,
lim M — h(x)

~

soe g(s) —g(x
o Finally, for z € (ay,b,) C Cy, it holds that
Hy(z) = Hy(bn) = h(bn) = h(=),

where the first equality comes from the definition of the g-derivative at the points of Cyy and the last is
a consequence of the g-continuity of h. O

Theorem 3.15. (BCZ([a,b]), Il - |x) is @ Banach space.

Proof. Let us check the case k = 1 (the case k > 2 is analogous). Let {f,}nen C BC;([a, b]) be a Cauchy
sequence. Then, {f,}nen C BCy([a,b]) and {(fn)y}nen C BCy([a,b]) are Cauchy sequences in the Banach

space BC,([a,b]) so there exist f, h € BCy([a,b]) such that f, — f and (fn); — h in BCy([a,b]). Let us

check that f(z) exists for every = € [a, b] and that, furthermore, f; = h. Indeed, let ¢ > 0. Since (f,.);, = h,
there exists N € N such that [[(f,); — hllo < &/(g(a) — g(b)). Now, using Lemma 3.13, we have that

ful@) = fula) = / (), (5) d g, ¥ € [a, 8],
[a,x)

whence, for n > N,

[ dng— [ 106 dugl < [ 10006 - 1) duy <2 V€ fat]

a,z) la,z) [a,x)

This means that

tim [ (£ dug = [ Bs) dny

n—00
la,z) la,z)

uniformly on [a, b]. Thus,
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lim (fu(z) — fu(@) = lm | (£a)(5) dpsg = / h(s) dpg

n—00 n—o0o
la,x) [a,x)

uniformly on [a, b]. Hence,
f@) = 5@+ [ b6 dp.
[a,z)
Since h € BCy([a,b]), by Lemma 3.14, we get that f/(z) = h(z) for all x € [a,b] as we wanted to show. O

Let us study now the properties of the functions in BCj ([a, b]; F).

Remark 3.16. Observe that, given f1, fo € BCé([a,b]), the product f; fo ¢ BC;([a,b]) in general. This
happens because the product (fl)/g (t) (fg)lg (t)ATg(t*) might not be g-continuous. Indeed, take the following
derivator

t, t <0,

teR —gt) =
g 9() {t+2, t>1,

and the function

t, —1<t<0,

f:te[—lal]%f(t):{z 0<t<l1.

Observe that Cy = 0, therefore t* =t for all ¢t € [—1,1]. It is easy to check that f € BC4([a,b]) and its
derivative,

1, -1<t <0,
07) - f(0)
Cite [-1,1] = fl(t) = f(izl t=0
fg [ ’ ] fg() A+g(0) i ’
0, 0<t<l,
is also g-continuous. On the other hand,
2, —1<t<0,
fPrte 11 = () = o
4, 0<t<1,
is g-continuous, but
2t, -1<t <0,
200+ 2
2\/ 2\/ f (0 )_ f (O)
te|-1,1] — t)=¢ ——————= =2, t=0,
(1) e [-L,1] = (12,0 A
0, 0<t<l,

is not g-continuous since lim,_,o- (f?)(t) = 0 # 2 = (f?),(0). The problem, as mentioned before, relies on
the g-continuity (or lack thereof) of the term (f); (t) (f); (t)A*Tg(t*). Indeed, given an element ¢ € [—1, 1],
we have that

(f2)5(t) = 2f5(t) F(t) + (fo(£))*ATg(t").
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Now, even though

lm 2f5(t) f(t) = 2f,(0) £(0),

t—0—

the same does not happen for

lim (fy()*A%g(t") =0 # (£,(0))?ATg(0") = 2.

t—0—

The problem in the lack of continuity of the previous term can be solved if one of the functions involved
in the product is also continuous at the points of the discontinuity of the derivator, that is, if it is also
continuous in the usual sense, as the following proposition shows.

Proposition 3.17. Given f; € BCy([a,b]) NC([a,b]) and fo € BC,([a,b]), it holds that f1f> € BC,([a,b]) and
(f1fo)y () = (1) (@) fa() + (f2),, (x) fr(2), Va € [a,0]. (3.6)
In particular, if f1 € BC;([a,b]) N BCye(la,b]) and fr € BC;([a,b]), we have that (3.6) holds.

Proof. By the continuity of f, given = € [a,b] N Dy, we have that (f1);(z) = 0. Hence, Proposition 3.9 and
the definition of the g-derivative at the points of C; imply that

(fif2)y(z) = (f1), (@) f2(2) + (f2), (x) f1(2), Yz € [a,b].
Therefore, (f1f2); € BCy([a,b]) and, thus, fifs € BC;([a,b]). O

In the following corollary, which can be obtained from Proposition 3.17 using induction, we provide a
generalization of Proposition 3.17.

Corollary 3.18. Given f1 € BC;([a,b]) ﬂBCZgl([a,b]) and fa € BCy([a,b]), we have that f1fo € BCy([a,b]).
4. First order linear Stieltjes differential equations

To simplify the notation we will work on the interval [a,b] = [0,7]. In this section we will analyze a
first order linear Stieltjes differential equation where the coefficients and data are complex valued functions.
Additionally, we will prove further properties of the solution and we will show that, under some regularity
conditions for coefficients and data, it is possible to obtain solutions in the space BC;([O, T);F). In order
to correctly define the regular solutions in the space BC;([O,T];IF) we will assume that 0 ¢ N, and
T ¢ N;‘ U Dy U Cy. This consideration is not necessary when looking for solutions in the space of the
absolutely continuous functions.

4.1. The homogeneous case

Let us consider the first order homogeneous linear problem

{ U%(t) —B#)v(t) =0, g—a.ete[0,T), (4.1)

v(0) = vy,

where 8 € E}]([O,T];IF) and vg € F. The solution of problem (4.1) was given, for the first time, in [3] for
the real case. In this section we will analyze the existence of solution in the complex case and see how to
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recover the particular cases studied in [3]. Apart from the generalization proposed here for the complex
case, we present a constructive proof of the expression of the solution which brings light to the nature of
the structure of the solutions of problem (4.1).

For the work ahead, we will need to use the chain rule for the Stieltjes derivative. In [12, Proposition 3.15]
we can find a version of the result for the derivative of real valued functions at a continuity point of the
derivator. Here, we introduce the following more general version.

Proposition 4.1. Let t € [0,T], f: [0,T7] = R and h : R — F. Then, the following hold:

L Ift* € [0,TI\(DygUCy) (where tx is as in Proposition 3.9) and there exist h'(f(t*)) and f,(t), then ho f
is g-differentiable at t and

(ho flg(t) =h'(f{)fo). (4.2)
2. Ifte Dy and
f(s)=f({), se(t,t+0) for somed >0, (4.3)

then f,(t) = (ho f),(t) = 0. In particular, (4.2) holds provided h'(f(t)) ewists.
3. Suppose that t € Dy and condition (4.3) does not hold. If f(tT) exists, h is continuous at f(t*) and the
limit

(4.4)

exists, then there exist fo(t) and (ho f),(t) and

h(f(t1)) = h(f())
f) = @)

Proof. First, observe that 1 follows directly from [12, Proposition 3.15] in the case t € [0, T]\(D, U Cy) and
from the definition of the g-derivative at points of Cy for the case t € (an,b,) C Cy and b,, & D,. Noting
that (4.3) guarantees that f(t*) = f(t) and (ho f)(t") = (ho f)(t) is enough to obtain 2. Finally, for 3, the
hypotheses ensure that f;(t) exists and

(ho flg(t) = fo(®)-

lim ho f(s) = h(f(t")),

s—tt

so (ho f)y(t) also exists. On the other hand, given that (4.3) does not hold, we can find {t,},en C [0, 7]
such that ¢, — t, t,, > t, and f(t,) # f(¢) for all n € N. Hence, given (4.4), we have that

(e 1y (0) = tim "D =10
i AU~ HO) S0) 1O _ W) ~hIO)
N e 0 IO e B T T AL

For the following theorem, we will denote by In(z) := In|z| + ¢ Arg(z) for z € C the principal branch of
the complex logarithm where Arg is the principal argument.

Theorem 4.2. Assume juy(Dg\Dy) = 0. Let 5 € L1([0,T),F) be such that 1+ B(t)Atg(t) # 0 for every
t €[0,T)NDy. Then there exists a unique solution v € AC4([0,T];F) of problem (4.1) which, furthermore,
is of the form
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u(t) = v (t) v (1),

where vP € AC,5 ([0, T];F) is the unique solution of the problem

vs(t) — B(t)v(t) =0, g8 —ae.t€[0,T), (4.5)
v(0) =1, :
given by
Pt)y= T (1+8()ATg(s)); (4.6)
s€[0,t)NDy
and v¢ € AC,c([0,T];F) is the unique solution of
”'gc() () (t) =0, g° —ae.tel0,T), (47)
v(0) = )
given by
vE(t) = ulg® (1)), (4.8)
where v € AC([0,T);F) is the unique solution of
{ Z’(g)) - vB(t) u(t), ae.t € [0,9°(T)). (4.9)
— 00,
where E = B o~y and 7y is provided by Definition 2.5.
Furthermore, v can be written as
ot) =wesp | [ G dpy | (4.10)
0,t)
with
. B(t)7 t S [OvT)\ng
At) = q In(1+ B(t)A*g(t))

AT . te0,T)ND,.

Proof. Existence and uniqueness: If v solves (4.1), then (x,y) where x := Rev and y := Imwv solves the real
system

wy(t) —Rep(t) z(t) + Im B(t) y(t) = 0, g — a.e.t €[0,T),
Yy (t) —Im B(t) x(t) — Re B(t) y(t) =0, g —a.e.t € [0,T), (4.11)
2(0) = Rewvg, y(0) = Imuwy,

and vice-versa, that is, the function x + iy, where (z,y) is a solution of (4.11), solves (4.1). Now, it is easy
to see that (4.11) satisfies the conditions of [6, Theorem 4.3] with L = | Re(8)|+ | Im(8)|, so it has a unique
solution on [0,T]. Hence, (4.1) has a unique solution there as well.
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Ezpression of the solution: Given the nature of problem (4.1) where the g-derivative has to be a multiple
of itself it is only natural to use an ansatz of the form

v(t) = voexp / B(s) dug |,

0,t)

with 3 € L,([0,T);F). Given that My, C Myc and My C Mys, it is clear that if Be Ly([0,T);F), then
B € E;c([O,T);]F) and E € E;B([O,T);]F). Furthermore,

v(t)

Vg exXp / B(s) dpgs + / B(s) d pge

0,t) [0,t)

wesp | [ 5 dugs | exp | [ 5lo) duge | = 07000,

0,t) 0,t)

where vP(t) := exp (f[O,t) B(s) d,uf) and v (t) := vg exp (f[o,t) B(s) d,ug). From the definition we deduce
that v® € AC,5([0,T];F) and v¢ € AC,c([0,T];F). Hence, given the gZ-continuity of v, we have that
(vP);(t) = 0 for every t € [0,T)\(DyUCy) and, thanks to the g“-continuity of v, it holds that (v<)! (t) = 0
for every t € [0,T") N D,. Thus, by Proposition 3.9,

V() = { (WB)y () vC(t), te[0,T)NDy,
g\") — vB(t) (UC)’g(t), g—ae.te0,T)\(D,UC,).

This implies that we will have a different equation for each of the components of the solution:

(W), (t) = B(t)v®(t), t € [0,T) N Dy, (4.12)
(vc);(t) = Bt)vC(t), g —a.e.t €[0,T)\(DyUC,). (4.13)

We will start studying equation (4.12). For ¢ € [0,T) N D, we have that

B _ B
0 = O P,

and we get that
VB (1) =B ()1 + B(t) ATg(t)), t €0,T) N D,. (4.14)

In order to get a solution candidate for equation (4.12), define h(t) = In(1+ B(t)ATg(t))/Atg(t) if
t € Dy, h(t) =0if t ¢ D,. Then, taking into account that p,5(t) = 0 for every ¢t ¢ D, we define
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H(t) :=exp / h(t) dpgs | = exp / In(1 +Aﬂ£sg)(§)+g(s)) dpgs
0,t) 0,t)

=exp Z In(1 +B(S)A+g(s)))

s€(0,t)NDy

=exp Z (In ‘1 + ﬁ(S)AJrg(s)‘ +1i Arg(1 + 5(3)A+g(3)))> .

s€[0,t)NDy

To show that H is well defined, let us check that the series

Z In |1+ B(s)Atg(s)| and Z Arg(1+ B(s)ATg(s))

s€[0,t)NDy s€[0,t)NDy

are absolutely convergent. We have that

Z IIn |1+ B(s) ||*Z|ln|1+ﬂ(s)A+g(s)||+Z|1n|1+ﬂ(s)A+g(s)H,

s€[0,T)NDy, s€A seB

where
A={se€[0,T)NDy: [1+B(s)A%g(s)| =21} ={s€[0,T)NDy: In|1+ B(s)A*g(s)| >0},
B={s€0,T)NDy: [1+B(s)A%g(s)| <1} ={s€[0,T)NDy: In|1+ B(s)ATg(s)| <0}.

In order to bound the sum on A it is enough to take into account that 0 < In(1+z) < z for every z € [0, 00):

D |1+ B(s)ATg(s)|| =Y |1+ B(s)ATg(s)| <D In (1+[B(s)|ATg(s)]) <Y [B(s)|ATg(s) < oo,

sEA SEA seEA seA

because § € E;B([O,T),IF).
Now, let us focus on the sum on B. For any s € B, taking into account that 1+ 8(s)A%Tg(s) # 0, we
have that

0< |1+ 8(s) Atg(s)|’

[1+ Re(B(s)) At g(s)]? + [Im(B(s)) A* g(s)]?
— 1+ 2 Re(B(s)) At g(s) + |8(s) AT g(s)? < L.

In particular, 2 Re(B(s)) Atg(s) + |B8(s) A*g(s)|?> < 0 which yields Re(5(s)) < 0. Now, we can consider the

following sets:
1
2 )

BQZ seEB:

B, = {3 €B: 0<1+2Re(B(s)A%g(s)+|8(s)ATg(s)]* <
{ <142 Re(B(s)Atg(s) + |B(s)ATg(s)|? < 1

DN | =

Observe that B = By U Bs. The definition of By implies that

1> 2| Re(B()IATg(s) ~ B()ATg(s) > 3, Vs € B,

Therefore,
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N 1
IRe(B(s)IA"g(s) > 1. Vi € B,

Hence, we have that Bj is finite since, otherwise, we would have that S ¢ E;B([O,T),IF)7 which is a
contradiction. For the elements in the set By we have that:

> 2| Re(B(s))|ATg(s) — |B(s)A%g(s)]* > 0, Vs € Ba.

DN | =

Thus, if we take into account that In(1/(1 — x)) < 2z, for every z € [0,1/2],

5 I (142 Re(5(s))A%g(5) +15(s) A" (5)])
= 20 (1/ (142 Re(B(s) A" g(s) + 5(5) A g(5)))

= 2 (1/ (1~ (2 Re(B(5))|A"g(5) — |B(:)A" g(5)P))
<2 (2] Re(B(5))|A* g(s) ~ [B(s)A* 6()]?) < 4 Re(3(s))| A% g(s)

’ln ’1 + B(s)A"'g(s)H

Hence,

Z IIn |1+ B(s)A%g(s)|| < oo

sEB

Let us now bound the term associated with the argument. Taking into account that |atan(z)| < |z| for every
z € R, we have that

. SA+g(s [Im(B(s))A* g(s)
se[o,zT;ng |Arg(1+ B(s)A%g(s))] < sem%‘mg R

Let us divide the set [0,7) N D, into the subsets

B1 = {s€[0,7)NDy : |Re(B(s))|ATg(s) > 1/2},
By = ([0,T) N Dy)\By.

Observe that By must be of finite cardinality. On the other hand, given t € Eg,

|14+ Re(B(s))A%g(s)| > %
Thus,
[Im(B(s)) A" g(
2 1+ Re(B(s ))A+g <2 > [m(B(s) A g(s)] < oo.

s€ By

Hence, we conclude that H is well defined. In order to prove that H is a solution of (4.12), we observe that,
given t € [0,7) N Dy,

H(t") = lim exp

s—tt

In(1 + B(s)A"g(s))
0/) Atg(s) dge
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) In(1 + 5(s)A*g(s) In(1 + B(s)A*(s))
= Jlim exp O/t) Kol g +1n(1+ﬁ(t)A+g(t))+(t/) Kol by

—u+soatges | [ REIOSID 4y, ) - satgwm)

0,t)

so equation (4.14) holds and v := H is a solution of (4.12). Observe that, given any set A C [0,7)\D,,
we have A = (A\Dy) U (A 1 (D,\D,)) thus it (4) < 2 (A\D) + i (A 1 (DAD,)) < it (A\D,) +

115(Dg\Dy) = 0. Therefore v satisfies (4.5) and, moreover,

VB () = exp > mA+8(s)AYgs) | = [ (1+B(s)ATg(s)).

s€[0,6)ND, s€[0,6)ND,

Let us now study equation (4.13). First, observe that, given an element ¢t € [0,7)\(D, UC,), there exists
§ > 0 such that g is continuous on (* — d,¢ + J). In the case t € N~ we further know that g is strictly
increasing on the interval (¢ — 4,¢], and constant on (t,¢ +4). In the case t € N5, g would be constant on
(t —6,t) and strictly increasing on [t,t + ). In any case (observe that, if ¢ € N~ we have to take the limit
from the left and in the case t € N, ;‘ the limit from the right, respectively):

Hence, taking into account that yg(A) = 0 < p’c(A) = 0 for any A C [0, T)\D,, together with the fact
that Cy = Cyc, we see that equation (4.13) is equivalent to

WO) e (t) = BE) 0O (t), g€ — ace.t € [0, T)\(Dy U Ce). (4.15)

Let us observe that pc(Dy U Cye) < pge(Dg\Dy) + pge(Dg) + pye(Cye) = 0, since pye(Dg\Dy) <
.15

11g(Dg\Dy) = 0 by hypothesis. Therefore, (4.15) is equivalent to:

(W) o (t) = B(t)vC(t), ¢¢ —ae.t €[0,T). (4.16)

Now we will see that v (t) := u(g®(t)), with u € AC([0, g (T)] F) the solution of (4.9) satisfies equa-
tion (4.16). On the one hand, we have that 8 = Bo~ € £1([0,¢(T)];F). Indeed, the measurability is a
consequence of Proposition 2.7. Now, using a similar argument as the one in the proof of Corollary 2.8:

Blan= [ 181dme < [ 151dn <.
[0,9(T)) [0,T) (0,T)

Thus, (4.9) admits a unique solution

w(t) = vo exp / ) du | € Ac([0, g% ()] F).
0,t)

In particular, v“(t) = u(g“(t)) is such that (v);(t) = 0 for every t € D,. Indeed,
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v =W u(gC(s) —u(C®)
0 =t = T T AT g e

thanks to the continuity of the composition u o g¢¢. On the other hand, since u € AC([0, g (T)]; F) is the
solution of (4.9), there exists a Lebesgue-null set N C [0, g% (7T)] such that

(1) = B(t)u(t), vt € 0,9 (T)\N.

In particular,

W' (g9(8) = Blg° (#) ulg®(2)), vt € [0,TI\(g7) " ().

—~

<
Q

~—

Q

—~
~

~
Il

Taking into account that y(g¢(t)) =t for every t € [0, T]\(Cyc U N;C), that pge (Cyo U N;c) = 0 and that
trge ((9€)H(IN)) = 0 (see the proof of Proposition 2.7), we deduce that

(vc);c (t) = B(t) v (t), gC-ae. t €[0,T).

Last, in regard to v®, using a reasoning similar to the one used in the proof of the Corollary 2.8, we have
that

v (t) = u(g(t)) = vo exp / B(s) dup | =wvoexp / B(s) dpge

0,9¢ (1)) 0,t)
Finally, let us check that v := v“ v® is in the space AC, ([0, T]; F). To show this, let us define
(s, te0.T)\D,,

B(t) = In (1 + B(t)ATg(t))
Atg(t) 7

t€[0,T)N Dy,

and check that

v(t) = vo exp /B(S)dug = vp exp / Bls)dug+ Y Bls)Atg(s)

0,t) 0,6)\ Dy s€[0,t)NDy

Indeed, on the one hand,

oty =w | [ (1+B()A g(s)| exp / B(s) dp

s€[0,t)NDy, 0,9 (t))

~ n s)Atg(s
vo exp / Bls)du+ Y 1 (1+f£g)(§) 96D A+ g(s)

0,4 (¢)) s€[0,t)NDy

Now, thanks to the fact that p(D,) = 0 as it is a countable set, we see that
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(Boy)(s) dp= / (Fo(s) dp

[0,9€ (1)) [0,9€ (1))

Thus, by Corollary 2.8,

[aeran = [ Boaps ¥ BEEIOA ANy,

[0,¢) [0,gC (1)) s€(0,t)NDy
Finally, it is clear that 3 € Eé([O,T);IF), therefore v € AC,4([0,T);F). O

Remark 4.3. We must take into account the following remarks:

1. If g¢ is constant, then the solution of (4.1) is reduced to v v® and the hypothesis y,(D,\D,) = 0 is
not necessary.

2. The hypothesis p1,(D,\D,) = 0 that appears in the statement of Theorem 4.2 has been used to express
the solution of (4.1) as the product of the solutions of the problems (4.5) and (4.7). This hypothesis is not
essential to guarantee the existence of a solution of problem (4.1). Even in the case p,(D,\D,) # 0, we will
have (4.10) is well defined and a valid solution of problem (4.1). Indeed, since B € Lé([O,T);]F ), we have
that

[ B dny | (0= 50), grae. te 0.7).

0,t) ’
Therefore, (4.2) ensures that
!
exp / B(s) dpg (t) = B(t) exp / B(s)dpg |, gae. t€[0,T)\ Dy. (4.17)
0,t) g 0,t)

Now, given t € [0,7') N Dy,

lim exp / B(s) dpg | = lim exp / s) dpg +In(1+ B(t)ATg( / B(s ) dpig

s—tt s—tt

0,s) 0,t) (t,s)

—(1+ B(H)A*g(t)) exp / Bls) dpy | .

)
so equation (4.17) is also satisfied for the points of D,.

Remark 4.4. The previous result is a generalization of the results in [3, Section 6] for several reasons.

1. The solution obtained is valid in the complex case, whereas in [3] it is only applied to the real case.
The generalization to the complex case is immediate considering the complex exponential and the principal
branch of the complex logarithm.

2. We have proven that the hypothesis

Z IIn |1+ B(s)A%g(s)|| < o0

s€[0,T)ND,
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occurring in [3, Definition 6.1 and Lemma 6.5] is not necessary, it being a direct consequence of 8 €
LL([0,T);F) and g(T) < co. This was also proven in [13, Lemma 3.1] for the real case.

3. The solution obtained generalizes that in [3, Lemma 6.5]. Indeed, in the particular case 5 € E;([O, T);R)
and given that 1+ 8(t)ATg(t) # 0 for every t € [0,T) N D, we have that, for every ¢ € [0,7) N Dy,

T, 14+ B(t)ATg(t) <0,

Arg(1+ B(t)ATg(t)) = { 0, 1+ B(t)A*g(t) > 0.

Hence, if we write Ty := {t € [0,T)NDy : 1+3(t)A*g(t) < 0} and T; ={te0,T)ND, : 1+(t)ATg(t) >
0} (observe that T is of finite cardinality), we have that

In |1+ B(t)Atg(t)|, teTt,

In|1+ B(t)A*g(t)| +im, teTy.

n (1 + ﬂ(t)A"‘g(t)) = {

Taking into account the previous observations,

v(t)

exp /6()dug+ S m[i+pmATen)| i S

0,6)\ Dy €[0,t)NDyg s€(0,)NTy

= cos Z 7 | exp / 6()dug+ Z In |1+ B(t)Atg(t)|

s€[0,t)NTy 0,H)\ D, €[0,t)NDy

Hence, if Ty = {t1,...,tx} and tx41 := T, we get
te[0,t)NDy

exp / Bs)dug+ 3 In[1+pnATe0)] | te 0],
0,t)\ Dy

cos(j ) exp / 6()duq+ > mfi+pm)ATe) |, I;G_(tj’tjﬂ],

=1,...k,
D
0,6\ Dy €o.nn

which is precisely the solution in [3, Lemma 6.5].
4. In the case that there exists some element ¢ € [0,T) N Dy such that 1+ S(t)ATg(t) = 0, the set

T9:={t€[0,T)NDy: 1+ B(t)A%g(t) =0}

is of finite cardinality and, therefore, if we denote by t3 := min Tg if Tg #+ 0, t% := T otherwise, we have
that

" wg®®) [ (1+B8(s)ATg(s)), te0,tf),
v = s€(0,t)NDy
0, t € (3, T).

Taking into account that we are assuming that g is continuous at ¢ = 0, we have that t% = min Tg > 0.
Thus, v(t) # 0 for every t € [0,£3].
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Definition 4.5. Given an element 3 € L}([0,T);F) and vy = 1, we denote the solution of problem (4.1)
constructed in Theorem 4.2 by exp,(3;0,t) € AC,([0,T];F) and call it the compler g-exponential map or
just g-exponential map.

In the following result we present some important properties of the complex g-exponential function.
Proposition 4.6. Let 3,31, 52 € E;([O,T);]F). The following properties hold:

1. Ifa=Rep and b=1Imp then

expy(6;0,t) = H (1+ a(u)A*g(u) + ib(u)Atg(u)) exp / (aov) dpu
u€[0,t)NDy 0,9 (1))
(4.18)
cos / (bovy)du | +isin / (bovy)du

0,9 (1)) 0,9 (1))

2. exp,(B;0,t) = expg(ﬁ; 0,t), for every t € [0,T].
3. Givenn € N, exp,(53;0,t)" = exp,(pn(B); 0,t) € AC,4([0,T]; F), where
pa0)) = A0 + 3 () SOFAT00, e

k=2

4. Given n € N, exp,(83;0,t)™" = exp,(¢.(5);0,1) € ACQ([O,t%];IF), where

RGN0
T+ pu(5)(0) AT (1)’

Observe that exp,(3;0,t)~" is not well defined in (toﬁ,T] since expy(3;0,-) = 0 in that set.
5. Forallt €0,7),

an(B)(t) =

n € N.

exp, (B1;0,t) expy (B2;0,t) = exp, (81 + P2 + S1 5247 g; 0, 1). (4.19)
Proof. 1. Indeed,
exp,(a + bi;0,1)

=exp / a(s) dpg +1 / b(s) dpg | exp Z In(1 + (a(u) + ib(u))Atg(u))

0,t)\Dyg [0,)\D, u€l0,6)NDy

=exp / a(s) duyg H (1 + a(u)Atg(u) +ib(u)A+g(u))
\[o,t)\Dg we0,t)ND,

cos / b(s) dpg | +isin / b(s) d g

0,6)\ Dy 0,t)\Dg

Now the formula is obtained reasoning as in Corollary 2.8.
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2. This property is clear from the definition of the complex conjugate.
3. Observe that p,(8) € L}([0,T);F) since

n n A
||pn(ﬂ)|‘£}]([0,T);F) <n Hﬂ”ﬁ;([o,T) + Z (k) Z (1B)|ATg(t))" < oc.

k=2 te[0,T)NDy,
B,C

Thus the solution of problem (4.1) where we consider p, (/) instead of § is given by v = v where

vB(t) = H (1 + (nﬂ(s) + Z <Z> ﬁ(5>kA+g(s)k—l> A+g(s)> 7
s€[0,t)NDy k=2
= ]I <1+n6 +Z (Z) s)F At (s)k>,
s€[0,6)NDy =2
= I (Zn: L) B ) (L+B(s)A%g(s))"
s€[0,t)NDy \k=0 <k) s€[0,t)NDy
= ( 11 (1+6(8)A+9(8))) :
s€[0,6)NDy
vY(t) =ex < )+ . s)FATg(s)k >d o | =exp|n [ B(s)dpge
p / kZ_2< > M p / M

0,t) [0,t)

n

= |eXp / ﬂ(s)dugc
)

Hence, exp,(3;0,t)" = exp,(pn(8);0,1).
4. Observe that ¢, (8) € L}([0,T);F) since

< 00,

P (B)(t) A ()I
2 1+ pu(B)(t) ATg(t)]

||Qn||£1(0t 7yF) < 1 1Blley o) +
te[0,T)NDg

because p, (8) € L;([0,T);F). Therefore, the solution to problem (4.1), where we consider g, () instead of
B, is given by v = vBv® where

B _ nB(s) + 2 p_y (1) B(s) At g(s)
vo= I <1 T () + S () BGIFAT gl 1)A+g<s>A+g(s)>’

1
B(s)FAtg(s)k=1) A*9(8))

se[olt_)[an <1 +(nB(s) + X5zs (3)
( I G+ ﬂ(s)Ng(s))) :

s€[0,t)NDy

v (t) =exp /_1 (nﬁ(SH_ZZ2<Z>B(S)kA+g(S)k_l dpge

nB(s) + Xk (3) B(s)FATg(s)k~1) Atg(s)

0,%)
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—n

=exp /fnﬂ(s)d,ugc = | exp /B(s)dugc

0,t) 0,t)

Hence, exp,(;0,t)™" = exp,(qn(5); 0,1).
5. Observe that 3 = 81 + B2 + f182ATg € L3([0,T);F). Indeed,

||B||£;([0,T);F) <|1B1llc20,my:F) + B2l 21 (0.8 + [1B1B2AT gl 21 1o, 7))

1
<1y qo.mym) + 1B2ll g to.myw) + 5 S (IB(s)PATg(s) + [Ba(s) At g(s)?) .
s€[0,T)NDy

Now, since S € L}([0,T);F), we have that ZsE[O,T)ﬁDg |ﬂk(s)|Atg(s) < 00, k =1,2. Thus it is clear that
> se0,1)nD, 1B (s)|?Atg(s)? < 0o, k = 1,2, and we obtain that 181l 22 (0, 7);w) < 00. Therefore, the solution
to problem (4.1) associated to 3 is given by:

exp,(3:0,6) =[] (1+A(s)A%g(s)) exp / B(s) dpge

s€[0,t)NDy 0,t)

[I  (+5(5)A%4(s) (1 + Ba(s)A%g(s)) exp /(Bl(s) 1 Ba(s)) dprye

s€[0,t)NDy 0,)

H (1+B1(s)ATg(s)) exp / Bi(s) dpge

s€[0,t)NDy 0,6)

< I 08T gE) e | [ B duge

s€[0,t)NDy, 0,t)
= expg(ﬁl; 0, t) eng(BQ; 0, t). O

Remark 4.7. We must mention that both the expression for the g-exponential (4.10), and the properties 3
(for n = 2) and 4 (for n = 1) of the Proposition 4.6 can be obtained as particular cases of Proposition 8.5.4
and Theorems 8.5.6 and 8.5.8 in [18], respectively. In our case we have developed the theory within the
framework of Stieltjes differential equations to keep it self-contained.

4.2. g-Sine and g-cosine

Let us see now how to use the complex g-exponential map in order to define the g-sine and g-cosine
functions. We observe that the presence of jumps in the derivator prevents us from expressing the exponential
as the product of its real and imaginary parts. Indeed, thanks to (4.19)

ib

m,(),t) 75 expg(a;O,t) eng(i b,O,t) (420)

exp,(a + bi;0,t) = exp,(a;0,t) exp, (
This fact will have its repercussion when we study the case of second order linear equations. In view of
expression (4.18), it might be interesting to consider the case a = 0, in order to define the g-sine and
g-cosine.
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Definition 4.8 (g-sine and g-cosine). Let b € L} ([0, T];F). We define siny (b; 0,t) and cosy(b; 0,t), as the first
and second components, respectively, of the unique solution in AC, ([0, T]; F?) of the following linear system:

sing(b; 0,1) l B 0 bt sing(b; 0,1)
(COSg(b;O,t)>g(t) - (—b(t) 0 ) (COSg<b;0,t)> , g—aete [07T)7 (421)
sing(b;0,0) = 0, cosy(b;0,0) = 1.

Remark 4.9. Observe that (4.21) has, indeed, a unique solution in AC, ([0, T]; F?) as it satisfies the conditions
of [3, Theorem 7.3] with L = |b|.

Proposition 4.10. Given b € L1([0,T};R), we have that

exp,(bi;0,t) — exp,(—0bt;0,¢
sing(b;0,t) = Py ) Py )

)

. 2 . (4.22)
e bi;0,t) +e —bi; 0, ’
cosy(b;0, 1) = Xpy( ) > xpy ( )

Furthermore, developing the previous expressions,

sing(b; 0,t)

= H |1+ b(u)i AT g(u)| sin Z atan(b(u) AT g(u)) | cos / (bov)dpu
u€[0,£)NDy u€[0,)NDy 0.6 (1))

+ H |1+ b(u)i AT g(u)| cos Z atan(b(u) AT g(u)) | sin / (boy)du |,
wel0,0)ND, wel0,t)nD, 0.6°(1)

cos,(b;0,t)

= H |1+ b(u) i AT g(u)]| cos Z atan(b(u) AT g(u)) | cos / (boy)du
w€[0,t)NDy u€[0,t)NDy 0,9 (1))

- H |14 b(u) i ATg(u)|sin Z atan(b(u) AT g(u)) | sin / (bovy)du

u€[0,t)NDy w€[0,t)NDy 0,9 (1))

Proof. Indeed, differentiating the equations in (4.22),

(sing (b;0, 1)), (t) = %(ib(t) exp, (bi; 0,t) 4 ib(t) exp, (—bi; 0,t))
= b(t)% (exp, (bi; 0,t) + exp, (—bi; 0,1))
= b(t) cosy(b;0,1), g — a.e.t € [0,T).

(cos(b; 0,1)), (t) = % (ib(t) exp, (bi; 0, t) — ib(t) exp, (—bi; 0,1))
= b(t) (exp, (bi;0,£) — exp, (—bis0,t))

24
= —b(t)sing(y;0,t), g —a.e.t € [0,T).

Observe also that exp, (bi; 0,t) = exp,(—bi;0,t). Hence,
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cosy(b;0,t) = Re(exp,(bi;0,1)),
sing(b;0,t) = Im(exp, (bi;0,1)).

In particular, we can obtain the explicit expression of the g-sine and the g-cosine separating the real and
imaginary parts of exp,(bi;0,t). We have that

sing(b;0,t) =  cos / (bo~y)dpu | Im H (1+b(u)i Atg(u))
0,69 (1)) u€[0,t)NDy

+sin / (boy)dp | Re| [ (1+bwiatgw) |,

0,4 (1)) u€[0,t)NDy
cosy(b;0,t) =  cos / (bovy)du | Re H (1+b(u)i Atg(u))
0,9 (#)) w€[0,t)NDy

—sin / (bovy)dp | Im H (1+b(u)iAtg(u))
0,9% (1)) u€[0,t)NDy

Hence, in order to obtain the result it is enough to observe that

H (1+b(u)i AT g(u)) = exp Z log (14 b(u)i At g(u))

u€[0,t)NDy u€[0,t)NDy

=exp > log|t+b)iAtgw)|+i Y Arg(1+b(u)i ATg(u))

u€[0,6)NDy, uw€[0,6)NDy,

=exp Z log |1+ b(u)i AT g(u)| | exp | i Z atan (b(u) At g(u))

u€[0,6)NDy t€[0,£)NDy
= H |1+ b(u) i ATg(u)|
u€l0,t)NDy
cos Z atan(b(u) AT g(u)) | +1 sin Z atan(b(u) ATg(u))| | . O
we0,t)ND, we0,t)ND,

Remark 4.11. Observe that, in a similar way to Remark 4.7, Proposition 4.10 provides the expressions for
€0Sq4(t,0) and singy(t,0) given in [18, Definition 8.5.13).

4.8. The non homogeneous case

In this section we will study the linear non homogeneous problem:

/ — _
v(0) = v,
where 3, f € E;([O, T);F) and vy € F. We have the following result whose proof can be achieved using the
techniques employed in [13, Theorems 3.5 and 4.6].
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Proposition 4.12. Let 3, f € E;([O,T);IF). Then the map v : [O,tg] — F defined as:

v(t) = voexp,(3;0,t) + exp,(5;0,t) / exp, (53;0, s)7t
[0,t)

TF oAy e

is the unique solution in ACg([O,t%];IF) of problem (4.23) in the interval [0,1%).

Remark 4.13. Considering (4.23), observe that the set A ={s € [0,T) N Dy : |1+ B(s)ATg(s)] < 1/2} has
at most finite cardinality since 5 € £;([0,T];F). Indeed, given s € [0,T) N Dy such that 14 3(s)Atg(s) # 0,

0<[1+A(s)ATg(s)| < % & 0< 14+ 2Re(B(s)ATg(s) + |B(s)ATg(s)|* < i
& 2 < 9 Re(B(3))|A"g(s) — |B)A g(s) < 1.

so |Re(8(s))|ATg(s) > 3/8 and then A has finite cardinality. Therefore:

£(5)|A%g(s) ()| A*g(s)
Y. Ty BoA e Zu A TE X H@IaT) <ce

s€[0,T)NDy, se([0,T)NDgy)\A

Remark 4.14. Observe that, by Proposition 4.12, if we define

X :0,5)71
P, (9 s)()x[o,t><s>, Lse0,7),

G(t,s) = exp,(5; O,t)m

G is the Green’s function associated to problem (4.23), that is, its solution can be expressed as

ot) = tnexpy (3:0.0) + [ Gt.5)(5) dy(s).
[0,T]
Now, following the same idea as in the previous section, we will see that, under certain hypotheses on the

set Dy, it is possible to decompose the solution of (4.23) in terms of the solution of two problems associated
with the continuous and discrete parts of the derivator.

Corollary 4.15. Assume py(Dy\Dy) =0 and let B3, f € Eé([O,T);]F). Then the unique g-absolutely continu-
ous solution of (4.23) in the interval [O,t%) given by (4.24) can be expressed in the following terms:

v(t) = v ()07 (t) + P () T (1), Yt € [0, 3],
where

e 0¥ ¢ AC e ([0,3];F) is the unique solution of (4.7) in the interval [0,t%) given by (4.8),
. vBe Ach([O,t%];F) is the unique solution of (4.5) in the interval [O,t%) given by (4.6),
o 0P € ACy5([0,t3];F) is the unique solution of

f(0) g% —ae.te0,19)

vC () (14 B()ATg(t)) ’ (4.25)

given by



30 F.J. Ferndndez et al. / J. Math. Anal. Appl. 511 (2022) 126010

o f(s)ATg(s)
+ > () vC(s)(1+ B(s)ATg(s)) |’

s€[0,t)NDy

« 0% ¢ ACgc([O,t%];IF) is the unique solution of

[ o we 0
B (1) g e.t €10,t3), (4.26)

given by

79 () = v° (1) %0+ / Uc(s)_le;(z) d pgo
[0,t)

Proof. Let us consider the solution of (4.23) given by (4.24) and the decomposition exp, (;0,t) = v? (t)vC (t)
given by Proposition 4.2. We have that

U(t) _ ’L}B(t)’uc(t) vo + / Uc(s)il f(S) d/igc+ Z ,UB(S)fl f(S)AJrg(S)

[0,t) 0o (s) s€[0,t)NDy v+ A()ATY(S))

=P |2+ [0 B o)

2 vB(s)

[0,%)

B |0 vB(s)1 f(s)ATg(s)
+u™ (t) v7 (1) 2+S€[WZ)QDQ (s) vB(s)(1 + B(s)ATg(s))

= vB () vY(t) + v (t) 0B (¢).

Finally, by Proposition 4.12 we have that 7¢ € ACgc([O,t%];IF) is the unique solution of (4.26) and o2 €
AC,5([0,t3];F) is the unique solution of (4.25). O

4.4. Additional regularity

In order to correctly define regular solutions, throughout this section we will assume that g : R — R is
a derivator such that 0 ¢ N~ and T ¢ N, ;‘ U Dy UCy. We also assume that t = 7', otherwise, we redefine
T by taking min{T,t3}.

Let us check now that we can obtain solutions of (4.1) with greater regularity in the case €
BC,4([0,T];F). We need the following result, which we state for scalar equations.

Proposition 4.16 (/3, Proposition 7.6]). Let x € AC4([0,T];R) be a solution of

xy(t) = f(t,x(t)), g-a.a.t€0,T).

If f(-,2(")) is g-continuous on [0,T], then

z(t) = f(t,z(t)) forallt € [0,T)\C,.

g
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We have the following corollary.

Corollary 4.17. Let 3 € BC4([0,T];F), then the problem

0(0) = vo, (4.27)

{v;oe) ~ B(t)u(t) =0, Yt € [0,T],
(

admits a unique solution in the space BC;([O,T];]F).

Proof. Indeed, on the one hand, we have that BC,([0,T];F) C £}([0,T);F), so there exists a unique solution
v € AC4([0,T];F) given by (4.10). Let us see that v € BC;([O,T];IF) and that v satisfies equation (4.27) on
all of the interval [0, 7. First observe that fv € BCy([0,T];F), so, thanks to Proposition 4.16 we have that

vg(t) = B(t) v(t) for all t € [0,T)\ Cy. Observe that we can extend the result to ¢ = 7" thanks to the fact that

T ¢ NjUD,. Finally, thanks to Definition 3.7, we have the desired result since v;, = fv € BC,([0,T};F). O

Remark 4.18. In the case where 5 € BC;([O, T]) we cannot ensure that v € BCg([O, T);F) since the product
of two BC;([O, T]; ) functions is not, in general, a BC;([O, T];F) function. However, if § and its g-derivatives
are also continuous, we can recover the desired regularity as a consequence of Corollary 3.18.

Corollary 4.19. Let 3 € BCy([0,T];F) N BCZgl([O,T];]F), with n € N, then the problem (4.27) admits a
unique solution in the space BC;H([O, T);F).

Let us now consider the non homogeneous case.

Corollary 4.20. Let 3, f € BCy4([0,T];F), then the problem

{ Zz&(ﬁ) fo(t) v(t) + f(t), ¥t €0, 7], (4.28)

admits a unique solution in the space BC;([O,T];]F).

Corollary 4.21. Let 8 € BC;([0,T];F) N BCZgl([O,T];IF) and f € BCy([0,T];F), with n € N, then prob-
lem (4.28) admits a unique solution in the space BC;H([O,T];IF).

Example 4.22. Consider any derivator g and the equation
(4.29)

where x,z € F are constants. Defining 3(t) := z, f(t) := exp,(2;0,t) we have that 3, f € BC;°([0,T];F).
By Corollary 4.19, problem (4.29) has a unique solution v € C°([0,T]; F), which, by Proposition 4.12, is
provided by expression (4.24) as

exp,(z;0, )

v(t) = expy(2;0,t) + exp,(x;0,t) / expg(x;07s)—1 TT oAt

[07t)

d pag(s).

Now, by Proposition 4.6,
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X

_m; 0, 3> exp,(z;0,s)

expg(x;07s)_1 exp,(2;0,s) =exp, <
x N z2zATg 0 -
=ex —_—— 22— —— 20,5 ) =ex ———:0,8 .
Py 1+zAtg 1+zAtg’ Py 1+xzAtg’
Therefore,

. -1 eng(Z;O,S) - / 1 z—x )
/ expg(x,O,S) 1o o ATals) T+ ATg(s) dpg(s) = T2 A als) 2 ATg(s) exp, To7A o erAJrg,O,s dpg(s)
[0,t) [0,¢)

oo [ (o, (T 0)) 0 dnte
(0.0 !

B 1 =T Z2—T
—(Z—Jj) |:8ng (m,o,t) —eng <m,0,0>:|
=(z — x)_l [expg(x; O,t)_1 expg(z; 0,t) — 1].

Finally,

v(t) =expy(7;0,t) + exp,(z;0,1) (z—ax)™? [expg(x; 0,t)°* expg(z; 0,t) — 1]
=exp,(7;0,t) + (2 — x)~? [eng(z; 0,1) — exp,,(; O7t)].
Observe that, differentiating v again, we obtain that vy — (z+2) vy +z 2 v = 0, so, for any values P, @ € C,
taking z = (=P + \/P? — 4Q)/2, z = P — z, v solves the equation vj + P vy + Qv = 0.
This fact illustrates how we can obtain a solution of a second order problem from a first order problem.
In the next section we study this type of problems.

5. Linear g-differential problems of second order with constant coefficients

In this section we consider g-differential problems of second order with constant coefficients. Since we
will assume that the coefficients are constant, we will look for solutions in the space BC?([O,T];]F). Once
again, we assume that 0 ¢ N~ and T' ¢ N U Dy UC,.

5.1. The homogeneous case
Let us consider the second order homogeneous linear Cauchy problem
vy (t) + Puy(t) + Qu(t) =0, vVt € [0,T7,
v(0) = xo, (5.1)
f
where P, Q, xg, vg € F. We start by defining what we understand as a solution of problem (5.1).
Definition 5.1. We say v € BC;([O, T);F) is a solution of (5.1) if it satisfies the equation
vy (t) + Puy(t) + Qu(t) =0, Vt € [0,T]
and the initial conditions v(0) = xo and v} (0) = vo.

We have the following lemma, whose proof is straightforward from the linearity of the g-derivative.
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Lemma 5.2. Let xg, vg € F and vy, va € BC?([O,T];]F) be such that
(vr)y () + P (vr), (t) + Qui(t) =0, ¥t € [0,T], k=1,2. (5.2)
If v1(0) (v2);(0) — v2(0) (v1);(0) # 0, then v = c1v1 + c2v2 is a solution of (5.1), where

(v2)5(0) To — vo v2(0)
v1(0) (v2);(0) — v2(0) (v1),(0)’
vo v1(0) — (v1)5(0) 2o
v1(0) (v2);(0) — v2(0) (v1),(0)”

Theorem 5.3. For (5.1), the following hold:

Cc1 —

Coy =

o If P2 —4Q # 0, then, defining \y = (=P + /P2 —4Q)/2 and \y = (—P — /P2 —4Q)/2, we have
that

Y —A
o(t) = (%) exp, (A1:0.1) - (%) exp, (A0, 1)

is a solution of (5.1). Furthermore, v € BC,°([0,T];F) and it is the unique solution in that space.
o If P2—4Q =0, then, taking \ = —P/2,

1

U(t) =29 eng()\; O,t) + (UO - )\.’L’O) eng()\; O,t) / TA"‘Q(S) d,LLg(S)

[0,t)

is a solution of (5.1). Furthermore, v € BC,°([0,T];F) and it is the unique solution in that space.

Proof. We consider the characteristic equation of problem (5.1),
N+PA+Q=0.
If P2—4Q # 0, let v; = exp,(A1;0,t) and va(t) = exp,(A2;0,t). By Corollary 4.19 we have that

v1, v2 € BC([0,T];F) C BC;([O,T];}F). Furthermore, it can be checked that both functions satisfy (5.2).
On the other hand,

v1(0) (v2)5(0) — v2(0) (v1)g(0) = A2 — A1 #0.

Hence, by Lemma 5.2, there exists a solution of problem (5.1) given by

Y —A
o(t) = <U‘i\1_2)\;"°> exp,y(A1;0,8) — (H) exp,(A2; 0,t).

If P2 —4Q = 0 we get the double oot A = —P/2 of the characteristic equation. Observe that the left
hand side of the equation occurring in (5.1) can be written as (9,4 P/2)%v where 9, denotes the g-derivative
operator. Hence, we define v;(t) := exp,(A;0,t), which is a solution of (9, + P/2)v = 0 and consider the
unique solution of

{ (v2),(t) = Ava(t) + v (t), g — ae.t € [0,T),
’UQ(O) =0.
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Since (9, + P/2)v; = 0, it is clear that (9, + P/2)*v; = 0. Furthermore, v2(0) = 0 and (v2),(0) = 1, so
vz is the solution we are looking for. By Corollary 4.19, vy € BC,°([0,T]; F) and, applying Corollary 4.21,
vy € BC°([0,T];F) as well. Now, thanks to Proposition 4.12, we have that:

1

va(t) = exp,(A; 0,t) / T+ AATg(s) dpig.

(0,t)

Since v2(0) = 0, (v2);(0) = 1 we have that:

v1(0) (v2)g(0) — v2(0) (v1)(0) =1 # 0.
Thus, by Lemma 5.2, there exists a solution of problem (5.1) given by

1

U(t) = X0 eng()\;O,t) + (UO - )\1’0) eng()\; O,t) / H—T""g(s) dug(s)

[0,%)

Finally, if we define u(t) = v/,(t) € BC;°([0,T]) we have that the pair of functions (u,v) € [AC,([0, T]; F)]?
satisfies the following system of differential equations:

(1), 0= ) ()
v(0) =2, u(0) = vp.

Thanks to [3, Theorem 7.3] we have that the previous system has a unique solution in [AC,([0,T];F)]?,
therefore v is the unique solution of (5.2) in the space BC°([0,T];F). O

5.2. The non homogeneous case

In this section we focus on the non homogeneous version of the second order linear problem, namely,

vy (t) + Puy(t) + Qu(t) = f(t), Yt € [0,T],
v(0) = o, (5.3)
vy (0) = vo,

where P, Q, zo,vo € F are constant values and f € AC4([0,T];F). Since the coefficients are constant, it will
be the regularity of the term f that determines the additional regularity of the solution. As in the previous

sections, we will see that it is possible to prove the uniqueness of solution when we consider the solution in
the space BCZ([O,T];IF).

Theorem 5.4. Let f € BC, ([0, T];F) and assume 1+ XATg(t) # 0, for allt € [0,T)N D, and X € F such
that \> + P X+ Q = 0. Then, problem (5.3) has a unique solution v € BCZ+2([0,T],F) given by

exp,(A2;0,s)7 !
v(t) =xg expy(A2;0,t) + (vo — A2zo) exp,(A2;0,1) - / m exp,(A150,5) d py(s)

[0,t)

. expy(A2;0,5) 7" ' . / exp,y(A1;0,7) 7!
+ exp,(A2;0,t) / T MmATe(s) exp, (130, s) T MATg) f(r) dpg(r) | dpg(s),
[0,t) 0,s)
(5.4)
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where (x — \1)(z — \2) = 22 + Pz + Q.

Proof. Let be A\, Ay the two complex eigenvalues of the characteristic polynomial 22 4+ Px +Q = 0. Assume
vy € C;P2([0,T],F) is a solution of problem (5.3). Observe that, if we define v; = (v2), — Agvy, it is clear
that vy € CyT1([0,T],F) and (v1)), — Mvr = f, v1(0) = (v2)}(0) — A2v2(0) = vo — 2o, s0 v; has to solve
the problem

{ (1)) (1) = Mvs () + f(1), g — ae.t € [0,T) 655

U(O) = V9 — /\23?0.

By Corollary 4.21, problem (5.5) has a unique solution in C;H([O,T},]F ), so v is that unique solution.
Furthermore, by definition, v; = (vg)’g — A2v2 and v9(0) = zg, S0 vy solves the problem

{ (v2)}, (1) = Agva(t) + 01 (t), g — a.e.t € [0,T) 56)

v(0) = xp.

By Corollary 4.21, problem (5.6) has a unique solution in C;*2([0, T],F), so vy is that unique solution. This
implies that, if a solution in C}*2([0,T],F) of problem (5.3) exists, it has to be unique.

In order to obtain that unique solution it is enough to retrace the steps we have taken to prove the
uniqueness. Let v; be the unique solution of problem (5.5) in Cg“([O,T],]F) and let vy be the unique
solution of problem (5.6) in C;*2([0,T],F). Clearly v, is a solution of problem (5.3).

In order to obtain the explicit expression of the solution, observe that, by Proposition 4.12, vy is of the
form

f(s)

————d
14+ MATg(s) g (3);

U1 (t) = (UO - )\on) eng(Al; 07 t) + eng ()‘b 07 t) / eng()\l; 07 8)71
(0,%)

and vy of the form

v1(s)

va(t) = g exp,(A2; 0,1) + expy (A2 0,¢) / expy(A2;0,5) 7" T MWAtg(s) d pug(s)

[07t)
1 eng ()‘b 07 5)

= mg expy(A2;0,1) + (vo — A2o) expy(A2;0,t) / exp,(A2; 0, s) T4 2Atg(s)

[0,t)

Hg(8)

_; expy(A1;0,8)

+eng()\2;07t) / eng()\Q;O,S) m

[07t)

: ( / exp,(A;0,7) 7! Higlg(r) dug(r)> d pug(s)-

[0,5)

Now, thanks to Proposition 4.6,

exp, (A2; 0, )~ exp,(A1;0,t) =exp,(—A2/(1+ Az Atg(t));0,t) exp,(A1;0,t)
=exp, (A1 — X2)/(1+ X2 ATg(t)); 0,2).

Thus,
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p— . . 1 Al — AQ .
UQ(t) =0 expg()\g, 0, t) + (U(J - )\21’0) EXIT)Q()\Q7 0, t) / m expg (m, 0, S> dug(s)

[0,%)

1 AL —Ag
A2; 0,1 — —— 0
+ exp, (A2;0,1) / 1+ AAtg(s) €xXpy (1+)\2A+g’ ,s)
[0.)

f(r)

. ) R w e
</eng(/\170’r) L+ M A+g(r)

[0,5)

d,ug(r)> dug(s). O

Remark 5.5. Note that, for A € F such that A\ + PX+ Q = 0, the condition 1 + AATg(t) = 0 can only
happen for a finite number of ¢ € [0,7") N D,.

Remark 5.6. From the previous expression we can derive the expression of Green’s function of problem (5.3)
just by equating

[ 61 () = exp, 000) [ s e, (2 Ai00)
R [0,%)

[ ey 0i0.0) 7 s i) o)

0,5)

Now, if we consider the product measure space ([0, T], My - Mg, pg - ptg), we have, by Fubini’s Theorem [1,
Theorem 10.10],

B ) 1 A1— A2
Jetnrman @ —ew,000.0 [ s e, (12 Ak00)
R [O)T]'[07T]

- f(r)
'eXPg()q; 0,7) ! m X[O,s)(r) X[O,t)(s) dpg -dpg
Al — Ao

=expy(A2;0,1) / /eng()\l;O,T)_l exp, <m;0,8>

0T] [0T]
(L MATG) T X+ AATg(9) T () Xty (8) X[o,) (1) dpag(s) dpug(r)

f(r)

—_— . . 71 —ee e
—eng(/\g,O,t) /eng(Al,O,T) 1+>\1 AJrg(’I’)

(0,t)

1 M-
| T A o (m“) itgls) | iy r).
(1)

Therefore, for t,r € [0, 7],
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G(t,r) =exp,(X2;0,t) exp,(A1;0,7)” YA+ MATg(r)” 1X[0t (r)

1
. S . d
/ 14 Ao Atg(s) Pa <1+/\2 Avg! fo(s
(r,t)

= €XPy ()‘Qa 0, t) eng(Al; 0, 7‘)71 (1 + )\1A+g(7"))71 X[0,t) (7")

/ L. M) dpg(s)
. e s e .
1+)\2A+g(8) pg 1+)\2A+g’ y S /’LQS

[r:t)

— expy(A2; 0, 1) expy(A2; 0,7) 71 (14X AT g(r) ™1 (1 + AaA¥g(r) ™ Atg(r) xp0,)(r)-

Observe that:

° If)\l 7&)‘27

AL — A
v(s) = exp, (ﬁ;&s) € AC,([r,T];F)

is the solution of

A= Ao
4 _
o) = T Ayl V) 9

Al — Ao
’U(’f') = eng m;o,’r .

v —a.e.s€r,T),

Therefore,

/ Al — Ao ox A — )\2. d py(s)
14+ X Atg(s) Pg 1+)\2A+g” Hls

[r:t)

e A= Az 0,t e AL o 0,7

—exX _ - - — ex _ - .

Pg 1+)\2A+g, ’ Py 1+)\2A+g, ’
=exp,(A1;0,1) expg()\g;07t)_1 —exp,(A1;0,7) expg()\g;O,r)_l

Thus, the Green’s function in the case A\; # Ay has the following expression:

G(t,r) =exp,(A2;0,t) expy(A; 0,7) L (14 MATg(r) ! X[0,6)(7)

(A=)t (expg(/\lgo,t) expg()\g;O,t)_l —exp,(A1;0,7) expg()\g;O,r)_l)

— expy (A2 0,1) expy(A2; 0,7) 71 (L + M ATg(r) ™ (1 + A2ATg(r)) ™ ATg(r) xp0,4(r)
=+ (M — A2) 7" expy(A130,1) exp,(A1;0,7) 7 (1 4+ M AT g(r) ™ (o0 (r)

— (A= A) 7 exp,(A2;0,t) expy(A2; 0, )L+ MATg(r) T o, (r)

— expy(A2; 0, 1) expy(Aa; 0,7) 7 (1 + M AT (1) ™ (1 + XA g(r) ™ At g(r) xpo,6)(7)
=+ (M1 — A2) 7" expy(A130,1) exp,(A1;0,7) 7 (1 4+ M AT g(r) " (o0 (r)

— (A=)t exp,(A2;0,t) expy(A2; 0, )7 (1 + X ATg(r) ! X[0,6) (7).

o If Ay = A9, we have the following expression for the Green’s function:

1

Glr.t) =expy(30.8) exp,(:0.1) ™ (1L+ AN g0) ™ xon () [ 15z el

(1)

37
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=expy(A;0,1) expy(A;0,7) 7 (1 +AATg(r) ™" X0, (1)

1 1 ATg(r)
/) wm@d“g(s>[o/) Taatgs) YT TNAYe) (59)

1 _ _
:+6ng(A,O,t) \1/ m dILLg(S) eng()\,O,T) 1 (]. +)\A+g(7‘)) IX[O,t)(T)
0,t)

. 1 . —1 + —1
—exp,(X;0,1) / THAAT(s) dpig(s) | expy(A;0,7)7" (1 +AATg(r)) ™" x0,)(7)

0,r)

—exp,(X;0,) exp,(X;0,7) 7" (1+XATg(r) 72 Atg(r) xj0,0)(r)-

Remark 5.7. Observe that we can arrive to expressions (5.8) and (5.9) using an integration by parts argument
in formula (5.7). Indeed, given two elements hy, ho € AC4([0,T];F) we have that hy ho € AC4([0,T];F) and

(hy ha)g(t) = (ha)g(t) ha(t) + ha(t) (ha)g(t) + (h)y(t) (h2)'(t) AT g(t), g — a.e.t €[0,T).
Observe that we are explicitly excluding the points of Cy in the above formula. In particular, for ¢ € [0, 7],
a(®) ha(t) = ha(O) ha(0) = [ (h)y(s) ha(s) dpg(s) 4 [ Ia(s) () () (o)
[0,t) [0,t)

+ / (1)) (5) (h2)(5) A* g(s) d g (5):

[0,t)

(5.10)

Now we study two cases:

e Case A1 # \o. Let us consider

hl(t) = (Al - )\2)71 eng(/\l; Oat) eng(AQ; 07 t)717

xp, (A1;0,7) 7t
hatt) = [ SRR o) dn)
[0,t)

We have that hq, he € AC4([0,T];F), so

eng()‘Q;03 5)71 / eng(Al;O,T)il

T wAta(s) AL — L f(r)d d
/ T+ MAtg(s) “Polhi0:9) T arg() ) dmar) | dig(s)
[0,t) 0,s)

1 _ _ . exp,(A1;0,7)71
:()\1 — )\2) eng()\l, O,t) eng(AQ, O,t) / m f(T') dpg(r)

[0.4) (5.11)

xp,(A1;0,5)71
OO ) o)

-1 . .
- / (>\1 - AQ) expg(Ah 07 S) eng()\Q, Oa S) 1 + )\1A+g(8)

[0,t)

/eng(AQ;O,S)l
a 1+ XaAtg(s)

exp,(A1;0,) 7"

T nAtgs) | (#)AT90s) dugls),

eng()\l; 07 S)

[0,t)
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and we recover the expression of Green’s function in (5.8). Observe that by substituting (5.11) in (5.4)

we obtain

Up — A2 vp — M
va(t) = (ﬁ) exp,(A1;0,t) — <ﬁ) exp,(A2;0,t)
- —1 . eng(A1;075)71
L= A0 ey (A30,8) / T+ Atg(s) ) Ak (5.12)
[0,¢)

PN . expy(A2; 0,5) 7"
()\1 )\2) eng()‘2707t) / 1 + )\2 A+g($) f(S) d/’Lq
0,)

We have that

- A - A
on(t) = (%) exp, (A;0, 1) — (H) exp, (A3 0, ) € BC ([0, T; F)

is the solution of the homogeneous equation (5.1) and

exp,(A1;0,s)
vp(t) =+ (A1 — )\2) €XpPy (A1;0,t / e o f(s) dpg

14+ X Atg(s)
(0,t)
expy(A2;0,8)7" (X230, 8)
— ()\1 )\2) Gng )\2,0 t 1 +)\2 A+g ) f(s) dﬂg
[0,t)

is a particular solution in the space BCZ”([O, T],F) of the non homogeneous equation (5.3) that satisfies

vp(0) = (vp)g(0) = 0.
o Case A} = \y. We have that expression (5.4) reduces to

1
va(t) = o expy(A; 0,t) + (vo — Awg) exp,(A;0,t) / H—TW dpg(s)

(0,t)
(5.13)
. 1 exp, (X;0,7) 7!
+exp,(A;0,t) / TF AT 9(5) / T+ \AT9(r) f(r) dpg(r) | dug(s).
[0,t) 0,s)
Define
m = [ ara )
W= | TN Atg(s) M)
[0,%)
_ expg()\;O,s)_1
ma(t) = [ SRS 1) i)
[O7t)

We have that h, ha € AC4([0,T];F). Hence, by formula (5.10),

1 exp,(\;0,7)71
/ 14+ AA*g(s) / 1-4;(])\A+g(7") f(r) dpg(r) | dpg(s)
[0.0) 0s)
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1 exp,(A;0,s)71
B / TTaaTg(s THl® /mf(S)dug(S) (5.14)
[0,t) [0,t)

1 exp,(\;0,s)71
- / / m d pg(r) 1JEITJFQ(S)JC(S) d pg(s)
[0,t) 0,s)

xp,(A; 0, )71
- %ﬂs)ﬁg(s)dug(s).
[0,t)

Substituting expression (5.14) in (5.13) we obtain

1

va(t) =x0 exp,(\;0,1) + (vo — Azo) exp,(A;0,1) / HTW@ dpg(s)

[0,t)

. 1 expy (A 0,5) !
+ expy(A; 0,t) / TTAAT4(s) d pg(s) / T4 AATg(s) f(s) dpg(s)
[0,t) [0,t)

' 1 expg(/\;O,s)_1
—expy(A;0,1) / / TIAATg() d pag(r) 1JrTJFQ(S)JC(S) d ig(s)
[0,t) \O,s)

exp,(X;0,s)"!
—expy(A;0,1) / %ﬂs)A*‘g(s) d pg(s).

[0,%)
Observe that

1

TIATG] d pg(s) € BCX([0,T); F)

vn(t) = w0 exp,(A;0,t) + (vo — Azo) exp,(A;0,1) /
[Ovt)

is the solution of the homogeneous equation (5.3) and

B . 1 expy(X; 0,5) 7"
vp(t) =exp,(A;0,t) / TFAAT9() dpig(s) / 1+9T+g(s) f(s) dpg(s)
0,¢) (0.6)

_ ()\-Ot)/ /;d (r) Mﬂ)d (s)
expy(A; 0, T+ A ATg(r) Hg(T T+ AA790) 5) dpig(s
(0,) \0,s)

exp,(X;0,5)7!
—e, 0000 [ SR ) A% g(s) dlo

[0,t)

is a particular solution of the non homogeneous equation (5.3) in the space BCZH([O, T],F) that satisfies
vp(0) = (vp)5(0) = 0.

6. The Stieltjes harmonic oscillator
In this section we present an application related to the real solution of the Stieltjes harmonic oscillator

(g-harmonic oscillator). Let g : R — R be a derivator such that 0 ¢ N~ and T' ¢ N,f U D, UCy and denote
by ¢ its continuous part. We consider the following equation:
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vy (1) + 2Cwo vy (t) + wh v(t) =0, g —a.e.t € [0,T),
v(0) = xo, (6.1)
U;(O) = vy,

where zg and vy are real numbers and:

e wy is the undamped angular frequency of the oscillator,

[k
wo = )
m
where m > 0 is the mass of the oscillator and k£ > 0 is a measure of the stiffness of the spring;

e ( is the damping ratio,

c

2v/mk’

with ¢ > 0, the viscous damping coefficient (resistance of the medium). If ¢ > 1 we have an overdamped

(=

oscillator, if ¢ = 1 the oscillator is critically damped and, if { < 1, the oscillator is underdamped.
Observe that the solutions of the characteristic equation are given by:

1
A =3 (—ZCUJO +4/4Cwi — 4w8> = —CwgE£wy/(% -1
Assume that 1+ X AT g(t) # 0 for all ¢ € [0,T) N D, and for all A solution of the characteristic equation.

We have the following real solution of the g-harmonic oscillator in terms of the damping ratio:

o If ¢ > 1, we have two real solutions of the characteristic equation, Ay = —Cwg — wp /(2 — 1 and
A2 = —Cwp + wp 1/¢2 — 1. Thus, the solution of (6.1) is given by

o(t) = (LWO) exp, (M3 0,1) <w> exp (Ao 0. 1)

)\1 — )\2 /\1 - )\2
Vg — A2 T
== ) expge®) [ (T+MATg(s))
AL — Ag
s€[0,t)NDy
Vo — A1 T
_ (ﬁ) exp, (A2 go(t)) H (1+ X2 A%g(s)).
! 2 s€[0,t)NDy
o If ¢ =1, we have one real solution of the characteristic equation, A = — wg. Thus, the solution of (6.1)
is given by
1
’U(t) =0 eng()\; O7 t) + ('U() — )\1'0) eng()\; 0, t) m dﬂg,
0,t)
Atg(s)
— +
_eXp()\gC(t)) H (1 + AA g(S)) - | o =+ (UO — A.l?o) gc(t) + Z m

s€[0,t)NDy, s€[0,t)NDy

o If { < 1, we have a pair of conjugate complex solutions, A\ = —Cwg + twg /1 — (2 and Ay = —Cwg —
iwg /1 — 2. If we denote by a = —Cwqg and b = wg y/1 — (2, we have that the solution is given by
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Derivator (g) Derivator (g)
— o 10 -
12 A:g(t)=0 3 j 9 ~ATg0=0 ;
—A+g(t)=1/32 — —A*gt)=1/3° J
101~ A"gl=1/3" bl 8 Atg)=1/32 >
— A+ - -
A+g(t)=1/3o ‘/ 7 —A+g(t):1/31
8 —A'g(t)=1/3 6 *A*g(1)=1/3°
= s .
6
4
4 3
2
2
1
0 0
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Value Value

(a) Derivator g;. (b) Derivator gs.

Fig. 6.1. Derivators g; and g» associated to I € {0,1/3%,1/3%,1/3",1/3°} (vertical lines have to be understood as jumps and not as
a multivalued function). (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

_ bi — —bi
v<t>—(”° 2ot “"0>e><pg(a+fn';0,t)(”O T ’””O)expg<abz';o,t).

If we take into account expression (4.20),

B ) Vg — a Tg 1 b . —ib
v(t) =expy(a;0,t) [( 2 ) 57 <expg (1+aA+g’O’t> exp, <1+aA+g’0’t)>
+x l ex L'Ot + ex i'Ot
02 pg 1+CLA+g7 3 pg 1+aA+g7 )

_ . Vo — a g . b . ‘ b .
_eng(a,O,t)[( 2 )smg <1+aA+g’0’t>+x0CObg (71+aA+g’0’t>}

Example 6.1. Let us study the behavior of the g-harmonic oscillator in the particular case wy = 2, o =
v = 1. We consider the following derivators:

+@ [t]+1=2k keN,

DN | =

27
20=1""q4
t— 8 [+1=2k-1, keN,

[\)

[-] denotes the floor function,

gW=gt= > 1

se[0,t)ND

with D = {s € [0,4+00) : s = km/4, k € N} and [ > 0 (observe that g£(t) = g2 (t) < oo, for all t € [0, 0)).
In order to compare the effect that discontinuities in the derivator have on the solution, we have considered
the cases where [ € {0,1/3%,1/32,1/3%,1/3°}. Observe that the solution associated to the derivator g; and
[ = 0 corresponds to the classical solution of the harmonic oscillator. In Fig. 6.1 we can see a graphical
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g-Harmonic Oscillator ((=1.5) g-Harmonic Oscillator ((=1.5)

it —A*g(t)=0 it —A*g(t)=0
09 —A*g()=1/3° 09 —A*g()=1/3°
08 Atg(t)=1/3° 08 Atg(ty=1/32
07 —Atg)=1/3" 07 —Atg)=1/3"
- —A*g(t)=1/3° . —A*g(t)=1/3°
os os
04 04
03 03
02 02
0.1 0.1
0
0 0 1 2 3 4 5 6
Time
(a) ¢ = 1.5, overdamped oscillator (g1). (b) ¢ = 1.5, overdamped oscillator (g2).

Fig. 6.2. Solution of the g-harmonic oscillator for { = 1.5 (overdamped oscillator) associated to g; and gz (vertical lines have to be
understood as jumps and not as a multivalued function).

g-Harmonic Oscillator ((=1) SE g-Harmonic Oscillator ((=1)
i —A*g()=0 —A*g()=0
—A*g(t)=1/33 ! —A*g(t)=1/33
08 A*g(t)=1/3? 05 A*g(ty=1/3
—A*g(t)=1/3" . —A*g(t)=1/3"
06 —A*g(t)=1/3° —A*g(t)=1/3°
g0 4 =00
.
02 :
05 —
0 J/ 0
0 T 2 3 4 5 6 05 1 2 3 4 5 6
Time Time
(a) ¢ =1, critically damped oscillator (g1). (b) ¢ =1, critically damped oscillator (g2).

Fig. 6.3. Solution of the g-harmonic oscillator for ¢ = 1 (critically damped oscillator) associated to g1 and g2 (vertical lines have to
be understood as jumps and not as a multivalued function).

representation of the derivators considered. Now, we present a graphical representation of the solution
associated to ¢ = 1.5 (overdamped oscillator, Fig. 6.2), ¢ = 1 (critically damped oscillator, Fig. 6.3) and
z = 0.5 (underdamped oscillator, Fig. 6.4).

Now we will study the effect of a g-periodic source term with the same frequency as the natural frequency
of the oscillator. We will consider the non-homogeneous g-harmonic oscillator with ¢ = 0 and we will consider

as a source term f(t) = cosy(wo; 0,t); that is,

vy () + wi v(t) = cosg(wo; 0, 1), g —a.e.t €[0,T),

v(0) = o, (6.2)
vy (0) = vo.

Observe that in the case g(t) = ¢t we recover the classical resonance effect. It is reasonable to expect that
in the case of having a generic derivator the amplitude of the oscillations increases with t. Indeed we have
that the solution v is given by
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g-Harmonic Oscillator ((=0.5)

2

! _A+g(t)=0 1.5

0.8 —A*gt)=1/3% ,
06 A*g()=1/3° o
o T —A*g(t)=1/3" :

' —A*g)=1/3° °
= 02 =-05
> >

0 -1

02 -15
2

-0.4

-0.6

—A*g(t)=0
—A*g(t)=1/3°
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g-Harmonic Oscillator ((=0.5)

\

A*g(t)=1/3

25 —A*g(t)=1/3"

-3 —A*g(t)=1/3°

0

(a) ¢ = 0.5, underdamped oscillator (g1).

Fig. 6.4. Solution of the g-harmonic oscillator for ( = 0.5 (underdamped oscillator) associated to g1 and g2 (vertical lines have to

be understood as jumps and not as a multivalued function).

v(t) = vn(t) + vp(t),

where vy, is the solution of the homogeneous equation, namely,

(95503 ey i

v
=x( co8q4(wo;0,1) + =2 sing (wo; 0, %);
wo

Vo + 1 wo To

on(t) 24w

2

/

and v, is a particular solution that satisfies v,(0) = (vp)}

Vo —inl‘o

exp,, (44 wo; 0, 5)~!

1

(b) ¢ = 0.5, underdamped oscillator (g2).

—q 0.t
in )eng( 1Wwo; Y, )

(t) = 0 given by

vp(t) =+ (2iwp) exp,, (+iwo; 0,t) /
(0,2)

].+in

exp,(—iwo;0,5)7"

ATg(s) €084 (wo; 0, 5) d g

— (2iw) ™t exp, (—iwo;0,t)

(0,%)

Now,

exp,, (41 wo; 0,8)71
1+ iwoAtg(s)

0S4 (wo; 0, 8) dpig

1—dwyAtg(s)

0S4 (wo; 0, 8) d fig.

(0,t)
1 eng(+i wo;ovs)il . .
=3 / o0 AT a(s) (expg(zwo;(),s) + exp,, (—iwo; 0, s)) d g
(0,t)
1 1 ) exp, (+iwp; 0,s) "1
__ - = 4 - _ -0 ) d
2 / 1 +Z(JJO A+g(8) ﬂg + 2 / eng( 1Wo3 75) 1+ZOJ0 A+g(8) Ng
[0,t) [0,¢)
1 1 1 1 —27wy
—— - = d - ;0,5 | d
2 / 1+iwoAtg(s) Hg 2 / 1+iwgAtg(s) Py <1—|—iw0A+g S) Hg
[0,t) [0,t)
1 1 1 —2iwp
L 0.¢) —1].
2 / 14+ iwgAtg(s) 9™ Liwg {eng(l—&-iwoAﬂ“ T ) ]

[0,t)
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On the other hand,

€084 (w03 0,5) d g

exp, (—i wo; 0,5) 1
/ 1 —iwoAtg(s)
[0,t)
1 exp,, (—iwo; 0, 5)~1
2 / 1—iwoAtg(s)

(expg(—l—i wo; 0, 5) + exp, (—i wo; 0, s)) d g
[0,t)

1 exp,(—iwo; 0,5) " L 1
1 w0 g d Py T Ava 4
5 / expg(—i-lwo, ,8) T—iwo Atg(s) Hg + D) / 1—iwpAtg(s) Hg

[0,t) [0,t)
1 1 21wy 1 1
== _ — 0 d - —d
2 1 —iwoAtg(s) Py (1—iw0A+g’ ’8) ot 3 / 1 —iwoAtg(s) Hg
[0,t) [0,t)
1 214 wp 1 1
= ——:0,t) -1 = ———— d .
4m0{e’<pg<1momg’ > }4_2 /1—iw0A+g(s) Hg
[0,t)
Thus,
(t) =+ : (+1 Ot)/—1 d
= X M
r 44wy g T 005 1+iwgAtg(s) K
0,t)
1 . —2iwy
—+ m eng(+ZW0,0,t) |:eng (]WOA'i'.g’O’t> — ].:|
1
— —twp;0,¢t ———d
44w expy (—i w03 0,1) / 1 —iwyAtg(s) Hg
[0,t)
1 . 2iw0
+ m eng(—ZOJ0,0,t) |:€ng (m,(Lt) - ].:|

Now, taking into account that

—21wy . ; -1
P (m;‘”) = expy(~iwo; 0,1) expy (+iwo: 0,8)

QiUJO . ; -
P (m;o,t) = exp, (+iwo; 0, 5) expy(—iwo; 0,8) ™",

we obtain the following expression for the particular solution:

1 1
t) = i wo; 0, t ——d
UP( ) + 4ZWO eng(_i_sza ) ) / 1 +ZWO A+g(8) Hg
(0,t)
1 1
 expy(—iwpi0,t) [ 4
4iOJ0 Gng( two; Y, ) / ]_—Z'LU() A+g(8) Hg
(0,%)

1 .
+ o expy(—iwo;0,t) —
Wo

1 .
3 8.2 exp, (+iwo; 0,t)

8

_1 S .
+ S exp, (+iwo; 0,5) — 8u2 exp, (—iwo; 0, ).
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Thus,
1
t) = L wo; 0, —d
Up() +4iOJ0 Gng(+ZwO, ’ ) / 1+inA+g(8) Hg
(0,2)
1
- —iwpi0,t) [ dp,.
4in eng( twos Y, )[/) 1—’inA+g(S) Hg
0,t

In order to simplify the previous expression let us consider the following computations:

/ 1 dn — / 1 —iwoATg(s) :
1+ iwoAtg(s) Fo= | 174 wi Atg(s)? He
[0,t) [0,t)

Atg(s)

1
= [ —— | —1 _ — JN7
/ 1 +w8 A+g(s)2 Hg 7 Wo / 1+w8 A+g(s)2 Mg,

[0,t)
1 1+ iwoAtg(s)
— du., = — 2 d
/ 1 —iwpAtg(s) Mg / 1+ w? Atg(s)? Hg
[0,t) [0,t)

(0,%)

Atg(s)

1
= ——d ] —————— d -
/ 1+ w2 Atg(s)? Hg F 1o / 1+ w2 Atg(s)? K

(0,t)

Therefore,

2w0 / 1+ w2 Atg(s)? A+g
[0.¢)

(0,%)

1
E d g [2 (expg(Jrsz,Ot) expg(z'wo;O,t))}

1 ATg(s) 1 . .
3 | TrarA ey e 3 (0.0 o, (iui0.0)]

0,t)

1

1
—=— gl 0.t — |
2w0 51ng(W07 ) ) / 1+w8A+g(s)2 Hg
[0,t)

Atyg(s)

1
=z 0,0) [ — =98 g,
B COSQ(WO )[0[) 1 + wg A+g(5)2 lug

Finally, the solution of (6.2) is given by

v(t) =z cosy(wo;0,t) + U sing(wo; 0,t) +
wo wo

Atg(s)

1
— = o8y (wo;0,t) | — =T qp,.
B CObg(W07 ) ) / 1+w§A+g(s)2 Hg
[0,¢)

1

~— sing(wo; 0, 1) / TF o2 ATg(s? d pg

[0,t)

Observe that if g(t) = t, we recover the classical solution and the amplitude of oscillations grows with t.

Example 6.2. Let us take the same data and derivators considered in Example 6.1. In Fig. 6.5 we can see

the solution of (6.2) for some of the derivators considered in Example 6.1.
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g-Harmonic Oscillator (Resonance Effect) g-Harmonic Oscillator (Resonance Effect)

—A*g(t)=0

—A*g(t)=1/3°
A*g(t)=1/32

20 —A*g(t)=1/3"

10 ATg=0

—A*g)=1/3°
45 —A*gt)=1/3°
—A*g(t)=1/3"

-25 -20
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9
Time Time
(a) Resonance effect (g1). (b) Resonance effect (g2).

Fig. 6.5. Solution of the g-harmonic oscillator associated to g1 and g2 (resonance effect) (vertical lines have to be understood as
jumps and not as a multivalued function).

Table 1
Numerical errors e, = max{|v(t;) — y2,j|: j =0,..., N + 1} for different values of h.
h le—1 le—2 l.e—3 l.e—4 l.e—5 le—6

en 4.5260e — 01 3.8906e — 03 3.8335e — 05 3.8274e — 07 3.8273e — 09 3.6102e — 11

In order to validate the exact solution (6.3), let us compare the solution (6.3) with the numerical solution

w [0 —wd u(t) cosg(wo; 0,1)
(1) 0= () () - (),

u(0) = v, v(0) = xp.

of the system:

The numerical approximation of the solution of a system of Stieltjes differential equations was introduced
in [2], where the authors presented a predictor-corrector numerical scheme to approximate the solution
of a Stieltjes differential equation (also for systems) from a quadrature formula for the Lebesgue Stieltjes
integral. For this, a finite set of times {tj}j-v;gl C [0,T] is considered such that D, C {tj};-vjol, to = 0,
tnyy1 =T and tg11 —tx, = h > 0, for every kK = 1,..., N. The application of the numerical method to our
case is as follows. Given an element yo = (vg, zo), we compute {(thp yi yj)}é\';ll as

Vi = vin + Filt; y5) ATg(ty),
Yl = Yir T Fit],y7) (9(tj1) — a(t))),

1 — *
Yijr1 = Ui, + 3 (Fo(t7,y7) + Filty 1, y541)) (9(ti1) — gs(E)),

for every j =0,...,N and i = 1,2, being y; = (1,;, %2 ;) and

. 2
F(t,y) = (COSQ(WO’ 0.8) —woy ) .

U1

In Table 1 we can see the numerical errors e, = max{|v(t;) —y2,;|: 7 =0,..., N + 1} for different values
of h, taking g(t) = g5 (t) + gP(t), with ATg = 1/3 (see Example 6.1 for the definitions of g§ and g?).
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1 é:omparison between the exact solution and the numerical approximation 1 é:omparison between the exact solution and the numerical approximation
10
5
s 5
3 3
& 5 & -
-10
15 —Exact solution 15 —Exactsolution
Numerical approximation Numerical approximation
-20 -20
0 1 2 3 4 5 6 i 8 9 0 1 2 3 4 5 6 i 8 9
Time Time
(a) Exact solution vs. numerical approximation (h = 1l.e — 1). (b) Exact solution vs. numerical approximation (h = 1l.e — 2).

Fig. 6.6. Comparison between the exact solution and the numerical approximation (vertical lines have to be understood as jumps
and not as a multivalued function).

Finally, in Fig. 6.6, we can see the comparison between the exact solution and the numerical approximation
forh=1le—1and h=1.e—2.
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