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Abstract

In this thesis we introduce the notions of the stable Lévy process and the scaled
Wright function within the discrete setting. Using these notions, we prove a sub-
ordination principle which will be used to investigate different classes of discrete-
time fractional difference equations. In addition, we introduce the Banach space
of (N, A)-periodic vector-valued sequences. Moreover, we show the existence and
uniqueness of (N, \)-periodic solutions to a class of abstract Volterra difference

equations as well as of fractional difference equations.
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Introduction

The theory of fractional difference equations has gained importance in recent
years as it has made possible better describe different phenomena that present a
discrete in time evolution. We refer to the references [50] for applications to a class
of specific systems, [8] for applications to chaotic systems with short memory and
image encryption, [19] for applications to fractional discrete-time neural networks,
[76] for applications to image enhancement and [77] for applications to Lyapunov
functions for fractional difference equations. See also the works [19,30,39,48, 68,
75,79], to mention only an excerpt from the long list of relevant publications.
Nowadays, the theory is being developed in two main areas of discussion: scalar-
valued and operator-valued setting. Whereas the scalar-valued setting is relatively
older, the vector-valued theory began to be discussed only recently in [56] and later
by other authors; see e.g. [3,5,6,45] where the authors studied aspects as maximal

regularity, stability and fractional discrete resolvent operators, among others.

In the vector-valued side, there are problems which have not been considered in
discrete time-fractional order yet. For instance, there is great interest in fractional
problems and its asymptotic behavior [4,25,51,80]. Whereas in continuous time,
there is an amount of papers which deals with this issue, see for example [27,28,53]
and references therein, the problem of study the large-time behavior of solutions in
discrete time for a fractional version of the d-dimensional heat equation, remains

open.

Concerning methods, the concept of discrete a-resolvent sequence {S, o (n)}nen,
is an important tool to have an explicit representation of the solution for the

Cauchy problem in discrete-time
rrA%u(n) = Au(n+1), w(0) =ug, neN, (1)

12
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where A is a closed linear operator defined in a Banach space X, 0 < a < 1 and
r A% denotes the fractional forward difference operator in Riemann-Liouville like
sense (see [15,55]). In [5], the authors proved that one of the main properties of
a-resolvent sequences associated to equations of type (1) is that their definition

implies that 1 € p(A), the resolvent set of A, and that there exists a scalar

sequence {Ban(j)}n,jen such that
Sz = Ban()I—-A)0 Tz, z€X, neN (2)
j=1

This result is very important for the theory because subordinates the solution of
the problem (1) in case 0 < a < 1 to the solution of the problem (1) in the simple

case a = 1, namely

T(n):=I—A)~"  neN,. (3)

Nonetheless, a closed and precise description of the scalar sequence {841 (J) }n.jen,

was not given in [5] and was left as an open problem.

In more general situations, it is well known that the Riemann-Liouville and Ca-
puto operators in continuous time are particular cases of the (continuous) Hilfer
operator [16]. The study of Cauchy problems which involves the Hilfer opera-
tor have as a main ingredient resolvent families [43,62]. However, in the case of
the discrete Hilfer operator, not much seems to be known about discrete Cauchy

problems and discrete resolvent sequences of operators.

On the other hand, a fundamental aspect in the qualitative study of the solu-
tions of evolution equations in discrete time is their periodicity or anti-periodicity,

among other issues.

In the papers [11,35,52], the authors analyzed several scalar discrete-time periodic
systems and got periodic solutions of second kind. Periodic functions of second

kind were introduced and studied by G. Floquet in [38]. The Floquet theory
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is important to study different mathematical models, for example the predator-
prey model (see [22]). For additional related applications, see [26,32] and the
references therein. Although several authors have worked with this type of real-
valued sequences (periodic of second kind), so far none has mentioned the vector-

valued case.

As a first model example, we note that in the last years Volterra difference equa-
tions have been considered in several applied fields and nowadays there is a wide
interest in developing the qualitative theory for such equations [10,12,13,24,31,73].
In particular, in the reference [12], the authors considered nonlinear Volterra dif-

ference equations of convolution type on a Banach space X, namely

n

un+1) =0 Y aln—ju()+ f(n,u(n)), neZ, oeC, (4)

j=—00
where the kernel a and the nonlinear term f satisfy suitable conditions. It should
be noted that the study of vector-valued periodic solution of second kind for
Volterra difference equations (4) does not exist at this time and deserves to be

investigated.

As a second model example, we observe that the existence of solutions for the

abstract fractional difference equation
wu(n) = Au(n+1) + f(n,u(n)), neZ, (5)

where 0 < a < 1, Af;, denotes the fractional difference operator in the Weyl-
like sense, A is a closed linear operator defined on a Banach space X and f is
given, began to be studied in the articles [56] and [45] in its linearized form.
Subsequently, maximal regularity in Lebesgue spaces of sequences was studied
in [59]. In case A is bounded, weighted bounded solutions were studied in [60].
In [5], the existence of almost automorphic mild solutions was studied. However,

the existence and uniqueness of second kind periodic sequence solutions for (5) is

still an open problem.
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The overall purpose of this thesis is to study conditions to guarantee the existence,
uniqueness and qualitative properties of solutions for the above mentioned classes
of models in discrete time. Thus, motivated by what is described above, we will

consider the following four specific problems:

In the first problem, we investigate the large-time behavior of solutions for the

following discrete in time fractional diffusion equation

cA%u(n,z) = Ayu(n,z), neN,zeRY

u(0,z) = f(z),

(6)

where 0 < a < 1, ¢cA® denotes the Caputo fractional backward difference opera-
tor, A, denotes the Laplace operator acting in space, v is defined on Ny x R% and

f is a function defined on R?.

We would like to address the following questions: Is there an explicit representa-
tion of the fundamental solution of the equation (6)?7 Are there conditions for the

asymptotic decay of solutions?

In our second task we would like to answer the following open problem: Is it
possible to give an accurate description of the scalar sequence {5, (J)}n jen? In
particular, can we use families of operators to obtain a subordination principle in

the discrete case for the Cauchy problem involving the Hilfer difference operator?

The third problem, that we address in this thesis is the following: Can we find
conditions that guarantee the existence and uniqueness of (N, A)-periodic solutions

for the class of Volterra difference equations (4)7

Finally, in the fourth problem, we ask: Can we find (N, A)-periodic solutions for

the abstract fractional difference equation (5)?

In order to address the above-mentioned issues, we will proceed in the following

way.
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We introduce initially a new notion of Lévy a-stable distribution and scaled

Wright function on discrete time (see Chapter 2) as follows:

The Lévy a—stable distribution on discrete time is defined as

7 .
a(n,7) Z() Yk™*(n), 0<a<l1l, mneN, jeEN,

1=

where k7 is a sequence initially defined as

We will prove that the discrete Lévy a—stable distribution satisfies two important

properties:
0<la(n,j) <1 and Y l(i.j) =1

See Section 2.1 below. With this notion of Lévy a—stable distribution on discrete

time, we finally find that

Pan(i) = la(n, j), n,j€N.

This solves the first part of the second open problem proposed in this thesis.

Next, for 0 < f and 0 < a < 1, we introduce the discrete scaled Wright function

©h 5 (see Section 2.1) given by

1 1 (1—h(=

i h
omi Jy 2 (52)

SO

Zs janeNOa h>07

o, j) =

»

with ¢}, 5(n,J) = @a,s(n,j), and we show that ¢a0(n,j) = la(n,j). Further, we
define the concept of (o, v)-resolvent sequence (see Section 3.1) that includes the

notion of a-resolvent sequence when a = v.
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The first problem will be then solved in the following way. Firstly, we use the

discrete scaled Wright function to write the solution of (6) as follows
u(n, ) =Y pag-aln—1,j = 1)(G;* f)(), n €N, (7)
j=1

where G; is the discrete Gaussian kernel associated to the discrete in time heat
problem given in [1]. A relevant fact of (7) is that we get an equivalent represen-
tation using the Gaussian kernel or the Fox H-function as Proposition 2.2.4 and
Proposition 2.2.5 show. Moreover, we state basic properties of the fundamental
solution of (6). One of them is that the integral over R? of the fundamental

solution is 1, which gives directly the mass conservation principle for solutions
(7).

Finally, the LP(R)-decay for the fundamental solution and its gradient allow to
get the LP(IR?)-decay for the solution (7) (see Theorem 2.3.3), and also the large
time behaviour. Here, the properties of the discrete scale Wright function (see

Section 2.1) will be very useful.

The second problem is solved as follows. Initially, we clarify the role of the se-
quence of operators {7 (n)}nen, that appears in (3). In fact, we will see (in
Chapter 3) that {7 (n)}nen, constitutes a discrete C-semigroup. This concept is
defined here by the first time, but it is the analogous to the notion of C-semigroup
introduced by R. deLaubenfels [33] in the 90s. The surprising fact that we find,
when we compare the solutions of the first order abstract Cauchy problem in dis-
crete time (i.e. (1) in case o = 1) with those of the first order abstract Cauchy

problem in continuous time, namely
u'(t) = Au(t), w(0)=ug, t>0,

is that whereas the last is well-posed if and only if A generates a strongly contin-
uous semigroup of operators, the former is well-posed if and only if A generates a

discrete C-semigroup, where C' := (I — A)~".
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After that, we establish a subordination principle (see Theorem 3.1.5), in which we
prove that (o, v)-resolvent sequences and C-semigroups are related. We remember
that the notion of subordination, in continuous time, was introduced by Priiss [71]
for the theory of integral equations and then used by Bazhlekova [23] in the theory

of abstract fractional evolution equations.

This result extends and improves (2) and [6, Theorem 2.3]. Further, in order to
show how our results apply in other contexts, we introduce a Hilfer fractional
difference operator A®? of order a > 0 and type 0 < 8 < 1. Then, we show the
connection between («, v)-resolvent sequence and the solutions of the abstract
Cauchy problem in discrete-time that involves the Hilfer fractional difference op-

erator precisely mentioned.

On the other hand, the third problem is solved in the following way. We define
and investigate a new class of vector-valued functions defined on Z called (N, \)-
periodic discrete functions (see Chapter 4). This type of sequences is the discrete
version of the vector-valued (w, ¢)-periodic functions introduced in [18]. Thus, we
say that a function f is (IV, A)-periodic discrete function if there exist N € Z, and
A € C\ {0} such that f(n+N) = Af(n) for all n integer. This definition includes:
discrete periodic functions (A = 1), discrete anti-periodic functions (A = —1),

discrete Bloch-periodic functions (A = ¢®*) and unbounded functions (|| # 1).

Finally, we consider the problem of the existence and uniqueness of (N, A)-periodic
discrete solutions for (4). We have success into solve this problem by using fixed

point techniques. See Section 4.2 below.

Finally, regarding the fourth problem, our main result regarding the solution of

(5) says the following: Suppose that 1 € p(A) and
ra=|(I-A4)71 <1

Assume that there exists (N,\) € N x (C\ D(0,1)) and a constant L > 0 such
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that f(n+ N, \x) = Af(n,x) for all (n,z) € Z x X and

1f(n,2) = f(n,9)llx < Lllz —yllx,

for all z,y € X and all n € Z. If

1 @ 1
b= (1‘ WN) - (a‘l)’

then equation (5) has a unique (IV, A)-periodic solution in a mild sense.

As methods, we use the technique of resolvent sequences of operators, mentioned.
Thus, an explicit representation of the solutions of (5) can be obtained, which

allows the use of fixed point theorem.

The thesis is organized in five chapters. The first chapter is devoted to the pre-
liminaries, providing some basic definitions on continuous and discrete fractional
calculus, and notation. Furthermore, we show a discrete version of the Mittag-
Leffler sequences and demonstrate an interesting result that relates this definition
to its continuous counterpart. The second chapter presents and investigates the
properties of the discrete stable distribution a-Lévy and the discrete scaled Wright
function. In addition, we focus on answer to our first open problem. The third
chapter is dedicated to a new definition and main properties of the Hilfer operator,
and its relationship with the operator already defined in the literature. Finally,
Chapters 4 and 5 are dedicated to the detailed study of the third and fourth open

problems described above, respectively.



1. Preliminaries

In this chapter, we present a summary of definitions and main results of the

literature that will be used throughout this thesis.

1.1 Continuous fractional calculus

In this section, we recall some concepts and basic results about fractional calculus
in continuous time.

We denote by I' the Gamma function
I(z) = / e """ tdt, Rex > 0.
0

It is well-known that the Gamma function can be extended to C\ {0, —1,—2,...}

by the following equality
Nz +41) =al(x),

see [9]. Moreover, we recall the following asymptotic behavior of the Gamma

function. Let o, z € C, then

r 1
Mzza 1—I—M—|—O(|z|_2) 2] = oo, (1.1)
I'(2) 2z
whenever z # 0, —1,—2,..., and z # —a,—a — 1, ..., see [74]. As a consequence

of (1.1), observe that
r
lim Pleta) 1. (1.2)

oo ['(z)z

Let a > 0 be given. We denote
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Let 0 < a < 1 and f be a locally integrable function. The Riemann-Liouville

fractional derivative of f of order « is given by

rr Dy f(t) = jt/ gi—a(t —s)f(s)ds, t > 0.

The Caputo fractional derivative of order « of a function f is defined by

DL = [ et =9 (s, >0

where f’is the first order distributional derivative of f(-), for example if we assume
that f(-) has locally integrable distributional derivative up to order one. Then,

when o = 1, we obtain ¢ Dy := —. For more details, see for example [63,606,69].

dt
R. Hilfer in [46] introduced the concept of generalized Riemann-Liouville frac-
tional derivative. This derivative of arbitrary order contains Riemann—Liouville

and Caputo fractional derivatives as particular cases.

More precisely, the Hilfer fractional derivative of order 0 < a < 1 and type

0 < B <1 for an absolutely integrable function u is defined by
nDPu(t) = 177 g DY), (1.3)

where v := a+ (1 — a) and Lu(t) == [ g,(t — s)u(s)ds.

Now, we recall the definitions and some properties of four special functions which

play a significant role in the study of continuous fractional calculus.

The Mittag-LefHler functions are defined by

TL

ZFan—l—ﬁ a, 3>0,seC. (1.4)

n=0
See [69]. We write E,(s) := E,1(s). They are solutions of the fractional differen-
tial problems

oD EL(wt®) = wE, (wt®),
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and
rrD? <ta—1Ea,a(wta)) = Wt* B,y o (wt®),

for 0 < a < 1, under certain initial conditions.

For w > 0, the following property hold

o )\a—ﬁ
/ e MPTLE, s(wt®) dt = . Re A>wa. (1.5)
0 A —w

In the case that 5 =1, (1.5) is the Laplace transform of Mittag-Leffler functions.

On the other hand, for 0 < a < 2, § € R, u such that 7a/2 < p < min{r, 7o}

and C' a real constant, the following estimate holds

C
1+ s|’

| Eap(s)] < p < larg(s)| <, |s| = 0. (1.6)

See [69, Theorem 1.6]. F. Mainardi [64] conjectured, and then Simon [72] proved
that the following inequality holds:

1 1
< E.(-s)< ,
3T =) = ) S ToTra— a5

O<a<l, s>0.

For more details about the Mittag-Leffler function E, g, see [37, Chapter 18].
Another important function is the Lévy a-stable distribution (also called Lévy
probability density function or stable Lévy process) which is defined as follows

1 o+100 N
Fra(\) / A 550,650, A>0, 0<a<1, (L7

" 2mi

where the branch of 2¢ is taken such that Re z* > 0 for Re z > 0. This branch is
single-valued in the z-plane and cut along the negative real axis, see [78, p.260-
262].

Recall the definition of the Wright type function (see [63])

> 2" 1 Y
4% = _ = — THeTTE Ndo, N> —1, u >0, z € C,
D TR A EE VL

n=0
where H, denotes the Hankel path defined as a contour which starts and ends at

—oo and encircles the origin once counterclockwise.



Preliminaries 23

For 0 < a < 1 and 8 > 0, the scaled Wright function in two variables 1, 3

(introduced by Abadias and Miana in [7]) is given by

Vap(t,s) =t W o 5(—st™), t>0, scC. (1.8)

An interesting fact is the connection between the Wright and the Mittag-Leffer

functions:
/ Yo p(t,s)ds = t*PE, s(M*), t>0, AeC. (1.9)
0
On the other hand, the following identity holds:

/0 00(5) o p(t, 5) d5 = Ganys(8), £77> 0. (1.10)

Many properties about such functions that we will use along the paper appear
in [7].

Finally, we recall the definition of Fox H-functions (see [51]). Let m,n,p,q € Ny
such that 0 <m < ¢, 0 <n < p. Let a;,b; € C and o, 5; € Ry := (0,00). The

Fox H-function H]%" is defined via a Mellin-Barnes type integral

m,n m,n (ai’ai>1’p 1 m,n —5
HW(2) == H% i/Hp"} (s)z7° ds,
Y

(b5, Bi)1q 2m

where

(aia ai)l,p = (ala a1)7 Ty (a'pa ap)a

(ijﬁj)l,q = (blvﬁl)v ) (bquQ)v

m

HF(bj + B;s) | (1 —a; — ays)

Jj=1

H I'(a; + o;s)

i=n+1 J

3

~

Egl

Hyo'(s) =

F(l — bj — ﬁjS)
+1

Il
3



Preliminaries 24

and ~y is the infinite contour in the complex plane which separates the poles

—b. —1
bjl: ! (j:177m7l€N0)
Bi
of the Gamma function I'(b; + f;s) to the left of v and the poles
l—a,+Fk
aik:% (t=1,---,n; ke Ny

to the right of . The following identities hold:

ai, & —1, b> _ A, O -
e | (ai; @i)1p-1, (b1, B1) = H' 2 (ir Q)1p-1 (1.11)

(bj, Bi)1.q (bj, Bi)2.4

and
a;, Oy 1—b, ;
rrod I G N I L U (1.12)
p,q q,p
(bj, Bi)1.q (1 —ai, ;)1

See Proposition 2.2 and Proposition 2.3 of [54].

1.2 Discrete fractional calculus

In this section, we recall the definition of Cesaro numbers and some useful prop-
erties of them. Further, we establish the definitions of the difference fractional

operators which we will work.

Let X be a complex Banach space equipped with the norm | - ||x and B(X)
denotes the Banach space of all bounded operators defined on X. For a real
number a, we denote N, := {a,a + 1,a + 2,...} and when a = 1, we write N
instead of N;. The vector space of all vector valued sequences f: D — X will be
denoted by s(D; X), where D can be Ny or Z. The Z-transform of a vector-valued
sequence f € s(Ny; X) is defined by

f(z) = Zf(j)z‘j,
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where z is a complex number. Let v be a circle centered at the origin of the z-

plane that encloses all poles of f(z)2""'. We recall that the inverse Z-transform

of f(z) is defined by

fn) = 2% / F(2)2 1 de. (1.13)

For more details about Z-transforms and its inverse, see [35, Chapter 6]. For an
arbitrary o € C, we denote by k%(n) the Cesaro numbers which are the Fourier

coefficients of the holomorphic function (1 — w)~* on the unitary disc, that is,

1 o
—_— = k< " < 1. 1.14
T = Kl (11
It is known that an equivalent expression of the Cesaro numbers is given by
ala+1)---en- (oz+n—1)’ neN.
n!
k*(n) := (1.15)
1, n=0.

See [50,81]. Note that k°(n) := dy(n) is the Kronecker delta.

15

TOn 0 A
LA L

Figure 1.1: The graph of @« — k%(n) for « € R and n =0, 1,2, 3,4.

Observe that, for « € C\ {0,—1,—2, ...}, the sequence (1.15) is equivalent to

I'(n+a)

k(n) = OIS (1.16)
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and replacing w = 1/z, with z € C\ {0}, in (1.14), we find that the Z-transform

of k% is given by the formula

ko (z) = (Zfl)a. (1.17)

For aw € {0} UZ~, the representation (1.17) is valid for all z € C\ {0}, while for
all « € C\ {0} UZ~ the expression is valid only for |z| > 1.

We recall the following properties of k£, which appear for example in [10,56,81].
Proposition 1.2.1. The following properties hold:
(i) Fora >0, k*(n) >0, n € Ny.

(i) For all o, 5 € C and n € Ny, we have the semigroup property

Zka(n — K (j) = kP (n). (1.18)

(13i) For a > 0,

K (n) = ;‘a_l (1 +0 (1)) . neN (1.19)

(iv) For 0 < a <1,
E*(n+1) — k%) =k*"*(n+1), necN,.
Now, we describe the discrete version of the Mittag-LefHler sequences and its prop-
erties.

Let a, 8 > 0 and 7 € C. The Mittag-Leffler sequences (see [56,67]) are given by

aj+ﬁ+n—1)'
Enp(T,n) = n—l'z a; 5 ™, neN, |r<1.  (1.20)

The convergence of previous series can be justified by (1.19). Using the Cesaro

numbers (1.16), one can rewrite (1.20) as
Eap(rn) =) kP(n—1)7/, neN, |r[<L.

J=0
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Particularly, note that

o0 o0

Eia(mn)=> P -1)=) 7k =01-7)", |7|<L

j=0 7=0

The Z-transform of the Mittag-Leffler sequence is given by

Zznang—l-l) (2j1)6<1—7<2f1)a)_1, (1.21)

where |z| > 1. For more details, see e.g. [56,67]. Now, we introduce the following

function:
Log(t,t) =t Ey5(t*), t>0, 7€C, a,B>0,

and we show the following remarkable result that relates the discrete and contin-

uous Mittag-Lefler functions by means of the Poisson transform.

Initially, we remember the definition of the Poisson transform. For each n € Ny,

the Poisson distribution (with parameter ¢) is defined by
pa(t) :=e"'—, t>0.

Given a continuous function u : [0,00) — X the Poisson transform of u was

defined in [56] by
Pu)(n) == /000 pn(t)u(t)dt, n € Ny. (1.22)
Theorem 1.2.2. For all 7 € C we have
P(Lop(t,-))(n) =Eap(t,n+1), n €N

Proof. An easy calculation, using the definitions, shows the following identities

) tn 0 Tited+B— 1 * o gntaj+8-1 )
P(Laslr o) = [ Z[ | i)

n! @w+5 n!T'(aj + )
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We assume that the exchanges between integrals and series are legitimate in view

of the analyticity properties of the involved functions. Using the identity

0 tﬁ/—l 1
—wt
e dt = ,
/0 I'(v) wr

with w =1 and v =n + aj + 3, we obtain

Z [/“’ _tﬂ]ﬂ _yHejinsh) Zfﬂkwﬁ
< nl a] + ﬁ) prs n!F(Oz] + ﬁ

O

One of the key properties of the Poisson transform is the following relationship

between the kernel function g, and the kernel sequence k® :

P(ga)(n) = k*(n).
Additional properties of the Poisson transform are given in [6, Section 4].

In this work, we develop the discrete fractional calculus theory on specific discrete

time scales: N, and Z.

Let u be a sequence defined on Ny (or Z). The forward Euler operator A is defined
by
(Au)(n) :==u(n+1) —u(n), n €Ny (or Z),

and the backward Euler operator V of sequence u is defined by

(Vu)(n) :=u(n) —u(n—1), neN (or Z).

Remark 1.2.3. For convention, we use Au(n) := (Au)(n) and Vu(n) :=

(Vu)(n).

Based on the works done by Atici and Eloe [20,21], we consider the following
definition of fractional backward sum (or sum of arbitrary order) and fractional

backward difference operators (in the sense of Riemann-Liouville and Caputo).
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Definition 1.2.4. Let f € s(Ny, X). For o > 0, the a-th fractional backward

sum of f is defined by means of the formula
V()= YR m—)iG). nel
j=1

Definition 1.2.5. Let 0 < a < 1 and f € s(Ny, X ). The a-th Riemann-Liouville
fractional backward difference of f is defined by

rVOf(n) = VV 1" f(n), neN,
and the Caputo fractional backward difference of order o is defined by

cVefn) =V 9V f(n), neN.

Now, for the fractional forward sum and fractional forward difference operators,

we consider the definitions given by Lizama in [55,56].

Definition 1.2.6. Let f € s(Ng, X). For a > 0, the a-th fractional forward sum
of f is defined by means of the formula

A f(n) =Y k*(n=4)f(), neNo
=0

Definition 1.2.7. Let 0 < a < 1 and f € s(Ny, X ). The a-th Riemann-Liouville
fractional forward difference of f is defined by

RLAO‘f(n) = AA_(l_a)f(n), n e NQ,
and the Caputo fractional forward difference of order « is defined by

cA°f(n) = A"YAf(n), neN,.
Finally, concerning the case of sequences defined on the set Z we recall fractional

sum operator and fractional difference in the Weyl-like sense which was introduced

by Abadias and Lizama [5], as follows.
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Definition 1.2.8. Let f € s(Z,X). For a > 0, the a-th fractional sum in the
Weyl-like sense of f is defined by means of the formula

Definition 1.2.9. Let 0 < a < 1 and f € s(Z,X). The a-th fractional difference
in the Weyl-like sense of f is defined by

AL f(n) = AN f(n), nel



2. Fundamental solutions and large-
time behaviour for a discrete in

time fractional diffusion equation

This chapter discusses asymptotic behaviour for the solutions of the fractional
version of the discrete in time d-dimensional diffusion equation, which involves
the Caputo fractional backward difference. For this purpose we introduce and
investigate the properties the discrete Lévy a—stable distribution and the discrete
scaled Wright function. Moreover, we prove that a solution of the fractional
equation mentioned has an representation involving the discrete in time Gaussian

kernel and the discrete scaled Wright function.

2.1 Some special functions in the discrete set-
ting

In this section, we introduce a discrete version of the stable Lévy process and the
scaled Wright functions. Further, we present some interesting properties which

will be useful along the this work.

Definition 2.1.1. Let 0 < a < 1 be given. For n € N, the discrete Lévy a-stable

distribution is defined by

1 zn—l <Za B (z B l)a
r

zCl(

J
5 > dz, j€N,
la(naj) = (21)

50(”)7 Jj=0,

31
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where T' is a path oriented counterclockwise that encloses all the singularities of the

complez variable function z — z=% (2% — (z — 1)*)7 and do(n) is the Kronecker delta.

08 —
[ I I I | | -

—8— j=5

‘ —a— j=10

05 — ‘ j=15 1|

—— =20

Figure 2.1: The discrete Lévy a-stable distribution for « = 0.9 and 0 < n < 60

Denote by D(a,r) C C the open disk of center a € C and radius r > 0. The

following lemma will be very useful in what follows.

Lemma 2.1.2. Let 0 < o < 1 be given and z € D(1,1). Then z* € D(1,1).

Proof. Let z = re?. By hypothesis, |0] < 7/2. We first claim that (cosf)® <
cos(af). In fact, it is enough to prove the claim for 0 < 6§ < /2 (since cosx
is even). Since cosz is positive and decreasing on the interval [0,7/2] and 0 <
af < 0, we have cos(afl) > cosf > 0. Therefore In(cos ) < In(cos af). Hence, the
condition 0 < a < 1 implies aIn(cos @) < In(cos af). This proves the claim. Now,
using the claim and the inequality 2* < 2, we obtain 2%(cosf)® < 2cos(ad). It
shows that if » < 2cosé then r* < 2cos(af), or, equivalently, that |1 — z| < 1

implies |1 — 2| < 1, proving the lemma. O

Remark 2.1.3. We observe that the integral on the right hand side of (2.1)

o — 1)@ 1 «

u =1- (1——) . Suppose
z

contains the analytic function z —
ZOC
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1 1\
|z| > 1. Then 1—— € D(1,1). By the above lemma, we obtain (1 — —) e D(1,1).
z

z
104
()
z

Next, we present some fundamental properties of the discrete Lévy a-stable dis-

We conclude that

<1 foralll|z| > 1. (2.2)

tribution.

Proposition 2.1.4. Let 0 < o <1, j € N and n € Ny be given. The following

properties hold:

(i) la(z,§) = (1 — k=2(2))?, forall|2| > 1 .

() La(n. ) = 'jo (7)o
(idi) 0 < Io(n, j)ﬁ
(iv) 2la(i,j) =1.

() a3 42~ Bl 4 1)+l ) = (6 L))

(vi) Letw > 1 be given. Then

> la(zi)w = wloa(l —w, )(1—-1/2), |2 > 1
=0

. N - 1) 1/a
(vii) P(f.a(0))(7 —1) =lu(2,j) where |z] > 1 and ¢ := <%) :

Proof.

(1) Note that, using (1.17) we obtain the identity

. 1 o1 (2% —(z—=1)* J
la(n,j):2—m,/rz 1(%) dz

; o
=— [ ! (1 - l{;—a(z))] dz.
2m Jr

Then, by the inverse Z-transform, we get the claimed property.
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(77) Applying the general binomial theorem (see [412, Formula 1.111]) on (i), we
get
i,
L) = 3 () -0
i=0
where we have used the group property (1.18) of the sequence kernel k° to
deduce that k:o/“(z) = [l?—;‘ (2)]°. Then the result follows by an application

of the inverse Z-transform.

(731) By (7i), we have

lo(n,1) = k°(n) — k~*(n) = all—a)2—-—a)...(n—1— a)’

n!

and, since 0 < o < 1, we deduce l,(n,1) > 0 for all n € N. Moreover,

[(0,1) =0 by (1.15). On the other hand, observe that
1-2a<1—-0a,2-2a0a<2—-—a,3-20a<3—a,..n—1—-2a<n—-1—aqa.

Since t —a >0 foralli=1,...n — 1, then

n—1 n—1

[16G-20) < ]G - ). (2.3)

i=1 1

.
Il

Multiplying by —2a/n! in (2.3), we get

n—1

20 "= , 2cv ,
7 (1 —2a) > 7 H(z—a)
Ti=1 Ti=1

or

(—2a)(1 = 2c0) ... (n — 1 —2av) >2(—a)(1—a)...(n—1—a)
n! - n! '

Using this last inequality together with the definition of k%, we have
E~2(n) > 2k~*(n).
Now, note from (iz) that

lo(n,2) = k°(n) — 2k7%(n) + k~2%(n).
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From which we deduce
lo(n,2) = —2k%(n) + k72*(n) > —2k~*(n) + 2k *(n) =0, n €N,

and [,(0,2) = 0 by (1.15). Now, observe that from the previous calculations
and (the proof of) (i), we obtain

a(n,3) = — /an—lu () de

2m

1 n—1 Tl N2 e
. ]' n—1
=5 Fz lo(n,2)lo(n, 1) dz
_Zz n—p,2)l(p,1) >0, neN,.

Now, assume that for j = m € N we have
la(n,m) >0, neN,.

Then, for 7 = m + 1 and proceeding as in the case j = 3, we obtain
lo(n,m+1) Zz Ma(p, 1) >0,

for all n € N. This proves the claim.

(iv) Let z € R be given. Note that the claimed identity is a particular case of (7)
by letting z — 17 and taking into account that ]2:5(1) = 0, again by (1.17).

(v) Note that,

la(n>j + 2) - 2l0l(n>j + 1) + la(n’j)

— o [ [ FR ) 20 -yt 4 - )] a:
2m Jr

_ L )i

27 I‘Z k=2(2)la(z,7) d=.

The property follows by applying the inverse Z-transform for the finite con-

volution.
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(vi) Using geometric series and Remark 2.1.3 we find, for all w > 1, that

(67

SRR o) CEUESIS U -

On the other hand, by the Laplace transform property (1.5), we have

Whoa(—(w=1),)(\) = ﬁ
Evaluating at A = 1 — 1/z, we obtain
ol =000 =18 = Gy - () ey

wz®

(z—1)242%(w—1)

(vii) By (1.7), we have ﬁa(g) = ¢7%¢" for all Re( > 0. Then, using the Poisson

transform, we get

PEANG-1) = [ e 0 s =

z—1

= where |z| > 1. Hence
EEIEEND

~ ) 1 20 (Z _ 1)a J - ‘
P(falO)—1) = z =7 ) =llzd)
NG ( )

20— (z — 1)@ O

Next, let us define the discrete scaled Wright function.

Definition 2.1.5. Let 0 < a < 1 and 0 < 8 be given. Forn € Ny and h > 0, the
discrete scaled Wright function gpﬁ’ﬁ s defined by

=

o o, j) ;:%/ﬂfﬂ( (h<Z; ) 4 jem. (2.4)

where T is the path oriented counterclockwise given by the circle centered at the

origin and radius 0 < r < 1. When h =1 we write <pg75(n,j) = pap(n,J).
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Remark 2.1.6. Note that if |z| < 1, then 1= belongs to the disc centered at 1/h
(1_h(1;z )a)J
(+5)P

on the unit disc. Therefore, by the Cauchy formula for the derivatives, we have

and radius 1/h. So, for each j € Ny, the function z — s holomorphic
defined <pg75(n,j) as the n-coefficient of the power series centered at the origin of

such holomorphic function.

In the following proposition, we present some useful properties of the discrete
scaled Wright function ¢! 5+ Many of them follow the spirit of the analogue ones

in the continuous case, see [7, Theorem 3].

Proposition 2.1.7. Let 0 < a <1, 0< 3,0 < h and n,j € Ng. The following

properties hold:

() @b (. 5) —hﬂi(') Y H=ok5 = )

=0

(i) ¢l 4., 7) =hﬁZkﬁ( — i)l (i,5), 7> 0.

1=0

(7i1) Fort >0,
1

1 o >
—s/h _n—1 1) ds = —t/h h _1.i-1 '
h“F(n)/o I asnt) ds = D g = 1 = Dy

Jj=1

where Vo5 is given by (1.8).
(iv) Z%ﬁ Lj=1)(1=7)7 = Exarplr,n),
n E N, |7] < 1.
(v) @Z,ﬁ(naj) - @Zﬁ(n,j +1) = h@ﬁ,ﬁ—a(naj)-
(vi) @ho(n,j+1) = Xn: Pho(n—p,j)enop1).

p=0

(vii) @k 5(n,j) >0, 0<h<1

(vidd) > holi,g) =1.
=0
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(ix) > @b s(n, k7 () = WD (),
§=0

Proof.

(i) Note that for |z| < 1, we can write

3 (D) icuenia o

[
]~
VRS
. o,
~__
|
—_
~
=
VRS

—_
S
N
~_
2

5=
_ (1=h())’
=y

By the uniqueness of the coefficients, we have the result.

(72) The identity follows from the previous item (i) and (1.18). Indeed,

J

. .] 1] W—ow —Qaw
Phsiana) =0 S (1) (i)

hﬁﬂwio (i} ) (—1)'pe—ow é KP(n — i)k~ (i)
_pp 2:; K — i) wz; <i ) (1) po—owg—au ;)

:h’ﬁ Z kﬁ(n - i)(pg,w(iu j)

i=0
(7ii) Note that, by (1.8)

1 o
/ e/ s Yy 5(s,1) ds
0

hnT'(n)
- —s/h n+B 2W s~ d
T (n)/ e p(—ts™) ds
1 > .
- —s/h .n+B—2—ai d
I ; T(n r i + 3)il / © e °

=0
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On the other hand, by (i) we obtain

> bt =L = 33 ()

j=0 i=
— hﬁ 122( ) hz azkﬁ az( o 1) (E)jl
=0 j=1 h ']'
_ hﬁ 12 hz ozzkﬁ az( _1)2 (J) <£) =
=\ h) 3!
_hﬁ 1 hz ozzkﬁ ai 1 = 1 l 7
) S
j=i
|~ S . 1 /t\'M
— hﬁ— Z(—l)lhl_mkﬁ_m(n - 1)2 Z'_' (%)
1=0 j=0 ")
s . . . i
_ 1B-1 _1\Vip—aipf—aif,, _ 1\Y _t/h
=h ;( 1) h= P 0 — 1) e,

for all n € N. Thus, the result is proved.

(iv) Let 7 € C such that |7| < 1. Then,

> Gapn—1,j-1)(1-7)"

j=1

[
Mg

Yap(n—1,5— 1)/ e~ 2 ds
1 0 ’

<.
Il

—(1 T) S-
ZW I

/ / e " My 5(t, 8) dt ds

— / e IO, g (TtY) dt

I
}1
3

pj

=Ea a+ﬁ(

where we have used item (zii), (1.9) and Theorem 1.2.2.

()= ()G

(v) We recall that
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See [14, Section 1.4]. Then, the result is obtained as follows:

B8 § (j JZF 1) (—1)'R* kP~ (n)
_ h6+1—azj: (Z) (—1)himeiP el ()

(vi) By item (i), (2.5) and (1.18) it follows

Jj+1 J+1
h .
chotmi+n =3 ("

> (1) R k= (n)
T) (= 1yiniei e +j+1 (Z ) )Rk (n)
) (—1)ipimei e ZJ: <J> ) R e pt ekl ()
n J .
=3 Z (”Z) (—1)'h"= k= (n — p)k°(p)
_ zn:i (Z) (—1)'h =R =k (0 — p)k~*(p)

J (_1)ihi—aik—ai(n _ p) (kO(p) _ hl—ak,—a(p))

) (—1)inieigai(n — p) §:<> 1) Rk (p)

p=0 i=0 1=
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(vii) From Definition 2.1.5, we have that ¢! ;(n,0) = do(n) for n € Ny. Further-

more,
‘PZ,O(”’ 1) = k%(n) — h'"k~%(n).
Then,
eho(0,1)=1-h"">0
and

(1-a)2—a) -+ (n—1-a)
n!

ol o(n, 1) = 8 >0, neN.

By (i) of the Proposition 1.2.1 and items (vi) and (ii) the result follows.
(vizi) The identity is a particular case of (2.4), by letting z — 1~ with z € R.

(iz) By (2.4) and (1.17), we have

— N 1°°(1—h%z)°‘)j7.z
;%,g(n,l)k (Jj) = 27m./wn+1 lz Ty k() d

R
_ hﬁ+’v(a—1)kﬁ+va(n)'

Remark 2.1.8.
(i) For =0 and h =1, we have
(pa,O(naj) = la(n>j)'

Note that the previous equivalence is analogous to the continuous case, see [7,

Identity 32].

(1) Let 0 < o < 1. Taking A = 0 in Proposition 2.1.7-(iv), we have

Z@Z,l—a(n_luj) = 17 n € N. (26)
=0
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2.2 Fundamental solution

Here we investigate the representation of the solution to the fractional diffusion
equation in discrete time and we prove several interesting properties related to it.

We will initially remember the heat kernel in discrete time and its properties.

In [1], the authors defined the heat kernel in discrete time as
1 o
Gn(x) = —/ e IGy(z)dt, neN, xR\ {0}, (2.7)
I'(n) Jo

where Gy(x) is the gaussian kernel defined by

Gi(z) = ——5€ 7, t>0, veR% (2.8)

Remark 2.2.1. Note that the authors in [1] considered the sequence (2.7) as the

Poisson transform of the Gaussian kernel
Gn(z) = P(G.(2))(n—1).

Thus, they used some properties of the Gaussian kernel to generate new results
that fit perfectly in the discrete concepts. For example, G, (x) satisfies the discrete
semigroup property with respect to the time variable (G, ® Gn)(z) = Guim(x),

where ® denotes the classical convolution on RY.

Let us recall that the Fourier transform of a function u : R¢ — R is given by

6) = Fw)(©) = 2m) ¥ [ e uopts

R4

and

denotes inverse Fourier transform of w.

The following properties of the heat kernel in discrete time (2.7) were proved in [1].
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Proposition 2.2.2. The heat kernel in discrete time G,, satisfies:
(i) Gu(z) >0, neN,zecR{0}.
(17) Gn(z) de = 1.
R4
(i) F(G.)(€) = 7
) n =\
(1+¢)2)"

(iv) VGu(z) = A,Gn(z), n>2, ze€ R\ {0}.

¢ € R

On the other hand, given a function f defined on R, it easy to show that the
function

w(n,z) = (1—Az)"f(z), né€Ny, R
is a solution of the following problem (see [1, Section 2]),

Vw(n,z) = A,w(n,z), n €N, zeR\ {0},
w(0,x) = f(x).

(2.9)

From semigroup theory (see [36, Corollary 1.11}), the following identity holds

wn,z) = (1-A:)"f(x) = | Gule—y)f(y)dy = (G ® f)(x), n €N, z € R™.

R4

Observe that the total mass of w and the first moment are conservative in the

discrete time n, that is,

/[Rd w(n,x)dr = g f(x)dx, (2.10)

and

/]Rd zw(n,z)dr = /]Rd zf(z)dx, (2.11)

respectively. As in the continuous case, the second moment is non-conservative.
lz|? w(n, x) dx = / \z|? f(z) dz + 2dn.
R R

For more details, see [I, Remark 2.6].
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Once we remember the heat kernel in discrete time and its relationship with the
homogeneous discrete in time heat initial value problem, we proceed to establish
that the heat kernel in discrete time together to the discrete scaled Wright function

induce a representation formula of solution for the following problem.

Let 0 < a < 1. Consider the fractional diffusion equation in discrete time, given

by
cVeu(n,r) = Ayu(n,z), neN,zecRY
(2.12)

u(0,z) = f(x),

where u and f are function defined on Ny x R? and R? respectively.

According to the authors of the article [53], the time fractional diffusion equations
are related to a class of Montroll-Weiss continuous time random walk (CTRW)
models. Further, have become one of the standard physics approaches to model

anomalous diffusion processes [29,47,65].

Let us define the fundamental solution
G2(x) =Y Panr-aln—1,j = 1)G;(z), neN, zeR"\{0}, (2.13)
j=1

where the functions G, (x) denote the heat kernel in discrete time defined by (2.7).

The next result shows that (G ® f)(x) is the solution of (2.12). Notice that,
like the solution fundamental of continuous-time fractional equation (see [53]), G
is not defined in zero. Thus, given an initial condition we have the solution for

n € N.

Theorem 2.2.3. Let f be a function on LP(R?). For 0 < o < 1, the function
u(n,z) == (G*® f)(x), n €N, z € R, (2.14)

is the solution of the fractional diffusion equation in discrete time (2.12) on the

Lebesgue LP(R?) spaces.
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Proof. First of all, note that by Proposition 2.2.2-(ii) and (2.6), we can conclude
that
G (z)dx = 1. (2.15)
R4

Consequently, by Young’s inequality for convolutions we have

[ Mo < ([ Flp-

Now we see that u satisfies (2.12). Equation (2.9) implies

A u(n, ) Z%‘l an—=1,7-1)V(G;® f)(x)
:E Pa-aln — 1,7 —1)(G; ® f)(x Zsoal o(n—=1,j = 1)(Gj1 ® f)(2)
:E:%“a("’ 1)(G; @ f)(x }:%uanfijﬂ%®fﬂ)

1 7j=1
- (pa,l—a(n - 17 O)f(l’)

Now, by Proposition 2.1.7-(i7) and (1.15), we have
n—1

@a,l—a(n —1, O)f(CL‘) = Z kl_a(n —1- i)‘Pa,O(iv O)f(x>

=0

<.
Il

= H 1 R )

=k (n = 1)f(2).

Then, by (v) of Proposition 2.1.7, we get

A u(n, ) :nga,l_a(n— 1)(G; ® f)(x Z@al —a(n—=1,5)(G; ® f)(x)

— k7% (n = 1)f(2)

= Z (Qoa,l—a(n - 17j) - Qoa,l—a(n - 17j + 1)) (gj+1 ® f)(:L’)

- Z Pai-2a(n — 173)(gj+1 ® f)(z) — kl_a(" — 1) f(z).
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By the previous identity and (i) of Proposition 2.1.7, we have that

n n—1
A, Zk‘o‘(n —w)u(w, ) = A, Z E*(n—1—w)u(w+1,x)
w=1 w=0

—_

= E*(n—1—w) Z Pa,1-20(W0, §)(Gj+1 ® f)(z)

3

—Zk“n—l— k!0 (w) f(x)
=K1 0) 0SB Dol )G © o) 1)

K (n—1—w) Y K7 (w = p)pao(p, )(Gin ® f)(x) = f(2)
= Z K7 = 1= p)pao(p. j)(Gjm1 ® f)(x) - f(z)

_ Z% 1—a(n = 1,5)(Gj41 ® f)(z) — f(x)

that is,
AZkan— u(w, x) + f(z).
Now, convolving the above identity by k'~%, we obtain
S R i) = A, Z u(j ) — Asu(0, ) + K (0) (1)
=0
=A, Z u(j, @) + k>~ (n) f(2).
By Proposition 1.2.1-(iv), we can conclude that

Zklan (i, Zkla —1—j)u(j, )

= Au(n, ) + k'7%(n) f(z).
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Hence, the result follows from
Zkl a n-— ] ]7 Zkl a n—1 _]) (]7 ) kl_a(n)f(x) = Cvau(n> l’)

Finally, the uniqueness follows from we can construct the solution of (2.12) by
successive calculations. That is, it is defined by a law of recurrence. In fact,
given any value f(x), there exists a unique solution u, with values u(n, z) for all
n € N, since if there is another solution that verifies the initial condition, then
they coincide in all points since the recurrence law itself determines the subsequent

values of the solution. O

In the following results we show other representations for G2. In the first result, we
represent G%(z) using the Poisson transform of the Gaussian function, while in the
second one we use the Fox H-function. This fact in turn gives other representations

of the solution (2.14).
Proposition 2.2.4. Let 0 < o < 1. Then, (2.13) is equivalent to
/ / wal o(s,t)Gi(z) ds dt, neN, xR\ {0},

(2.16)
where Gy is the Gaussian kernel defined by (2.8) and 1, is defined by (1.8).

Proof. From Proposition 2.1.7-(iii), we get

— Z @a,l—a(n -1,7— 1)9](:5)

o (=1

The result follows. O
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Proposition 2.2.5. Let 0 < a < 1. Then

1 |5L'|2 (1,0&)
Go(x S — & O ,
O e (n,a), (4,1),(1,1)

where HY denotes the Fox H-function.
Proof. By [23, Theorem 3.1], [7, Theorem 15-(ii).] and [53, Theorem 2.12], we
have the following subordination formula

o _4d >
1 0 | 4t (1 29 1),(0,1) = / Va1-alt,s)Gs() ds.
) 0

i e R
Now,
1 ° 4t~ 1_4717 0717 071
I'(n)m@2[z|* Jq || (0,1), (0, )
_ 1 Hig i (].—n,Oé), (]-_ga]-)) (071)7 (071)
L(n)m 2|z ]2 (0,1), (0,a)
_ 1 H03 i (1_n>a)a(1_ga1)>(0a1)
T()r et | Jaf? 0,0)
_ L g |« (1,0)
4/2[|d
I'(n)md?|z| i 11 (n,0),(4,1),(1,1)
where we have used [54, Corollary 2.3.1], (1.11) and (1.12). O

The following proposition states some basic properties of the fundamental solution.

Proposition 2.2.6. Let x € R?\ {0}. The function G satisfies:
(i) Gy(z) >0, neN.
(17) Go(x)dx = 1.

R4

(7'”> ‘F(gg)(g) = Ea,l(_|£|27n)7 5 € RY.
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(1v) /Rd |2|?°G(z) dox = 2kt (n — 1)d.

Proof. (i) follows from (vi) of Proposition 2.1.7 and (7) of the Proposition 2.2.2.
(77) was showed in the proof of Theorem 2.2.3 (see (2.15)). Next, let us prove the
item (7i7). Since F(G,)(€) = e ¢ for £ € R, it follows from (1.9) that

/ atals, e 6F dt = By i (—[€%5%).
0
Theorem 1.2.2 implies that

o] Sn—l
a — —s Ea _|e¢l2 ds = (= 2 )
F@(©) = | fs Faa(—Iefs®) ds = £, (—Ief)
Finally, it is known that
|z|?Gy(x) dx = 2dt.
Rd
Then, by Fubini’s Theorem and (1.10), we have that

d|x| G (z)dx Qd/ / =) wml_a(s,t)tdtds
e _

—2d/0 € mga+1( s) ds
=2dk*t (n —1).

Thus, we get item (iv). O
Remark 2.2.7. We have that the total mass of solution of (2.12), given by
= Z(pa,l—a(n - 17.] - 1)(gj ® f)(:(f)

j=1

s conservative. Indeed,
/ n:vdx—Zgoala j—l)/(gj(@f)(x)d:z
R Rd
f(z)dx
Rd
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where in the last equality we have used (2.10) and (2.6). This fact leads us to
think that the total mass of solutions should have importance in the asymptotic
behavior of solutions. On the other hand, the first moment is also conservative:

/Rdx“(”’xm - i%’l—a(” —Li- 1>/ z(G; * f)(z)dx

j=1 Re

_ / (@) dr,

as long as (1 + |z|)f € LY(R?) (see (2.11)). Howewver, in the same way that w,

the second moment of u is not conserved in time. In fact,

[ el utn s = [ (o e 2003 ol oo =15 - 1);
R R

J=1

= |z f(2)dz + 2T(2)dk* (n — 1),
R4

where used (ix) of Proposition 2.1.7.

2.3 Asymptotic decay and asymptotic behavior
of solution

Now we will present the asymptotic decay of the solution of (2.12) (which is given
by (2.14)) in LP(R?) spaces and the corresponding large-time behaviour. Initially,
we show the following estimates of the fundamental solution G in L?(R%)-spaces

and we state LP(R%)-estimates for V,G%(x).

Lemma 2.3.1. Let 0 < o < 1. Then there exists C, > 0 such that

1
1921 < Cr—

—i €N,
PECEYS L

forpe[l,o0] ifd =1, forp € [1,00) if d =2, and forp € [1,%2) if d > 2.

Proof. 1t is well known (see [12, p.334 (3.326)]) that there exists C), (independent

of t) such that ||Gy||, = C, -. Then for n large enough and the values of p

1
d 1
12075
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given in the hypothesis, by (2.16) and (1.10) one gets

1651, < / / (Il ds

4(
2

G=DH-1 gt ds

_ttn lwal a(t S)

< —tgm=og(1=3)-1 gy
(n) /0
d 1
['(n)
Cyp
= na%(l_%)’

where we have applied the asymptotic behaviour of the Gamma function (1.1).
Since the function G belongs to LP(RY) for all n € N, then the result is valid for
all n € N. O

We state LP(R%)-estimates for V,G%(z), which are useful for study the large-time
behaviour of the solution (2.14).

Lemma 2.3.2. Let 0 < o < 1. Then there exists C, > 0 such that

1

V2G5 llp < n €N,

forpe[l,00) if d=1, and for p € [1, T) if d > 1.
Proof. The proof is similar to the proof of Lemma 2.3.1 by use of

1
V.Gl = Gy

see [12, p.334 (3.326)]. 0O

Next, let us present a result about the LP(R?) — L4(R?) asymptotic decay for u.

Theorem 2.3.3. Let 1 < q < p < oo. If f € L4(R?), then the solution u of (2.12)

satisfies
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() If g = oo, then [lu(n, -)llsoc < [|fllco-

(1) If 1 < q< oo and d > 2q, thenforeachpe[q,d 2q)

[u(n,)llp < Co £ 1lg- (2.17)

2d(1/q—1/p)

(7i1) If1 < q < oo andd = 2q, then for each p € [q,00) the estimate (2.17) holds.
() If1 < q < oo andd < 2q, then for each p € [q, 0] the estimate (2.17) holds.

Here, C,, is a constant independent of n.

Proof. Take r > 1 such that 14+ 1/p = 1/g+1/r, and applying Young’s inequality

we get
[u(n, )y = 195 @ fllp < NG llrl[f]lq-

Now, we apply Lemma 2.3.1 to estimate ||G%||,. For the case (i), if ¢ = oo, then
p = oo, = 1, and therefore since ||G%||; = 1, the result follows. Note that in
the case (i), if 1 < g < oo and d > 2q, then the condition ¢ < p < d_—%q implies
1 <r < -4, So, by Lemma 2.3.1 we get the desired estimates. The cases (iii)

and (iv) follow in a similar way. O

In this part we study the asymptotic behaviour of solution u of problem given by

(2.12). Suppose f € L*(R?), set

M = f(x)dx

Rd

Before to show the main result of this section, we need the following decomposition

lemma (see [34]).

Lemma 2.3.4. Suppose f € L'(R?) such that [, |z||f(z)|dz < co. Then there
exists ' € L'(R% RY) such that

f= ( f(:c)da:) do + divF
R4
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in the distributional sense and
Pl < Ca [l (o)l
R

The following estimate shows that the difference on LP(R?) between the solution
u(n,z) and MG%(x) decays to zero like o (1/na7d(1_%)) as n goes to infinity.

Moreover, if |z|f € L'(R?), we are able to improve the convergence.
Theorem 2.3.5. Let 1 < p < oo and u be the solution of (2.12).

(1) Then

2% () un, ) — MG, =0, as n— oo,
forp e [l,00) if d=1, and for p € [1,%1) if d>1,

(i1) Suppose in addition that |x|f € L*(RY), then
nF O uln, ) — ML, £ 0,

forp e [l,00) if d =1, andforpe[l,d;fl) if d > 1.

Proof. First, we prove assertion (i7). Since f,|x|f € L*(R?), by decomposition

Lemma 2.3.4 there exists ¢ € L*(R%; R?) such that

u(n, x) = (G ® (Mdy + dive(-)))(z)
= MG} (z) + (V.G @) (x),

in the distributional sense, and
19]l1 < Calllz| f]l1 < oo.

Consequently,

1
S (-1/p)+g

[u(n, ) = MG, < Cal VaGrllpll|z] fll < G (2.18)
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Hence the assertion (ii) is proved.

To prove (i), we choose a sequence (1;) C C§°(R?) such that [, n;(x) de = M for
all j, and n; — f in L'(R?) . For each j, by Lemma 2.3.1 and (2.18), we get

[u(n,-) = MG, < 197 ® (f —ni)llp + 19 ®nj — MG,

< 1Gullpllf = il +11G7 @ n; — MG,

1
<O ——— " |If —=n. —
- Cpn%d(l—l/p) 17 =5l + o, nS(-1/p)+5

Then
limsup n% V2 |u(n, ) — MG2|l, < Cyllf — ;1.

n—oo

The assertion follows by letting j — oo. O



3. Subordination principle and the

discrete Hilfer fractional operator

In this chapter, using the discrete scaled Wright function, a subordination princi-
ple is proved. This principle relates a sequence of solution operators, given by a
discrete C-semigroup, for the abstract Cauchy problem of first order in discrete-
time, with a sequence of solution operators for the abstract Cauchy problem of
fractional order 0 < o < 1 in discrete-time. As an application, we establish the
explicit solution of the abstract Cauchy problem in discrete-time that involves the
Hilfer fractional difference operator and prove that, in some cases, such solution

converges to zero.

3.1 Subordination principle

Initially, we introduce the notion of discrete C'-semigroup and present some inter-

esting properties. Moreover, we introduce the notion of («, v)-resolvent sequences.

Let C' be a bounded and injective operator defined on X. Now, suppose that
a strongly continuous operator-valued sequence {7 (n)}nen, C B(X) satisfies the

following conditions:
(i) T(0)=C.
(17) CT(n+m)="T(n)T(m) for n,m € N.

In analogy with the continuous case [33], we say that the family {7 (n)},en, is a

95
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discrete C-semigroup.

From the definition, it is clear that 7 (n) commutes with C'. Moreover, by simple

iteration, we found that any discrete C-semigroup have the form

T(n) =[C'T()]"C =C~ " DT (1)", neN,. (3.1)

From now on, A will denote a closed linear operator with domain D(A) defined

on X and p(A) will denote its resolvent set.

Proposition 3.1.1. Let {T (n)}nen, C B(X) be strongly continuous and satisfying

the following properties;
(1) T(n)x € D(A) for all x € X.
(ii) AT (n)x =T (n)Az for each v € D(A) and n € Ny.
(13) T(n)x =z + AiT(j)x, for alln € Ny and z € X.
=0
Then, 1 € p(A) and {T(n)}nen, C B(X) is a discrete C-semigroup with C :=
(I —A)~L

Proof. With n = 0 the property (iii) gives
T0)x =2+ AT(0)z, z€X,

which, together with (i7), implies that 1 € p(A) and T'(0) = (I — A)~!. Using the
identity

(I-A)'—T=A1-A)""
we have that for all z € X

Tz =x+AT(0)x + AT (1)z
=T (0)x + AT (1)x,
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or
T()w = (I - A) 2z
Iterating (7i7) we find, that for all n € Ny,
T(n)x = (I — A~y = (1 - A)™Cx = [C~'T(1)]"Cx, (3.2)
which proves that {7 (n)}nen, C B(X) is a C-semigroup with C' := (I —A)~'. O

Definition 3.1.2. We say that the family {T (n) }nen, C B(X) satisfying (i)— (ii7)

in the above proposition is a discrete C'-semigroup generated by A.

The following result shows an interesting new interpretation of one of the main
results in the reference [56]. The striking point that shows the next theorem is
that, in strong contrast with the continuous case, the natural family of operators
behind of the well posedness of the discrete abstract Cauchy problem of first
order is a discrete C-semigroup instead of a discrete semigroup, which was the

first attempt in [50].

Theorem 3.1.3. Let {T(n)}nen, C B(X) be a discrete C-semigroup generated
by A. Then the discrete-time abstract Cauchy problem of first order

Au(n) = Au(n+1), n €Ny,
with initial condition u(0) = uy € X admits the solution

u(n) = C~T (n)ug.

Proof. Note that k'(n) = 1 and Ak'(n) =0 for all n € Ny. Then,

AT (n)z = AN T (j)z

(S0 ST )
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We define u(n) := C~*T (n)ug. Since T(n)z € D(A) for all z € X and n € Ny,
we obtain u(n) € D(A) for all n € Ny. From the above identity, it is clear that
Au(n) = Au(n + 1). Finally, since T'(0) = C, we obtain u(0) = uy. O

Motivated by Proposition 3.1.1, we now introduce the following sequence of bounded
and linear operators that is the discrete counterpart of the concept of resolvent
families of operators for fractional evolution equations in continuous time. See [57]
for a recent review of this concept and its main properties, and [58] for their appli-

cation to nonlinear fractional evolution equations in the setting of Banach spaces.

In what follows, the symbol % denotes the discrete convolution of two sequences

f,g € s(Np, X) defined by

(f *g)(n) = Z fn—)g(j).

Definition 3.1.4. Let a,v > 0 be given. An operator-valued sequence

{Saw(1) bnen, C B(X)

is called a discrete (o, v)-resolvent sequence generated by A if it satisfies the fol-

lowing conditions:

(i) Sav(n)x € D(A) forallz € X and S, (n)Ax = AS,,(n)x for each n € Ny
and x € D(A).

(17) Sap(n)r =k"(n)x + A(k* x S,,)(n)x for alln € Ny and each x € X.

Note that Sy 1(n) = T (n) is the C-semigroup generated by A. The case a = v was
introduced in [5, Definition 3.1] and used, among others, in [0, Section 2] and [15]
in connection with linear and nonlinear fractional abstract difference equations.
In particular, in [6, Proposition 2.2] it was proved that if A is a bounded operator

with norm less than 1, then the following representation holds:

Saa(n) =Y k0T (n) A7,
=0
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The following is the main result of this chapter and shows a striking relation
between discrete («, v)-resolvent sequences and discrete C-semigroups. It allows
a representation of a discrete («,v)-resolvent sequence in terms of the discrete
C-semigroup generated by A. This result extends and improves [5, Theorem 3.2]

and [6, Thorem 2.3].

Theorem 3.1.5. Let 0 < o < 1, o« < v be given. Let {T(n)}nen be a discrete

C-semigroup generated by A. Then the family
Saw(M) = au-aln, )T(j)z, neN, (33)
=0
is a discrete (o, v)-resolvent sequence generated by A.

Proof. From definition of C-semigroup and the fact that A is closed, we have that
Sap(n)r € D(A) for all x € X and S, (n)Ar = AS,,(n)zx for each x € D(A).
The group property of £* shows that
A(K % Sau)(n)a =Y pau(n, AT (j)a.
=0
Note that (3.2) and the identity A(] — A)™' = (I — A)~! — I imply that ACx =
Oty — Cix for all x € X. Therefore,

A(E % So) )z = @au(n, )[CT — CVx

=0
- Z Gaw(n,7)CTa — Z Yan(n,j)Cz.
=0 j=0
Hence
AR # Sa) ()7 =Y ap(n, ))C7 e =Y " pau(n, j)C7z — k¥ (n)x
7=0 7=1
- nga,,(n,j)(}'”lx — Z Yaw(n,j+1)C e — K (n)x
j=0 j=0
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where in the first equality we have used (2.1.5) (for j = 0). Applying the Propo-

sition 2.1.7, item (v), we get

A(k* % S,,)(n)x = Z oo, j+1)C e — k' (n)x = S, (n)x — k" (n)z.

=0
It proves that {S, . (n)}nen, is a discrete (o, v)-resolvent sequence generated by

A. O

Corollary 3.1.6. Let 0 < a < o < 1 be given. Let A be a closed and linear
operator defined on a Banach space X such that 1 € p(A). Then the family

Sap(n)xr = nga,g_a(n,j)(l — AUtz pneNg, z € X, (3.4)

=0

is a discrete (o, p)-resolvent sequence generated by A.

Proof. By hypothesis, C':= (I — A)™! exists and the operator {7 (n)}.en, given
by T(n) = (I — A)~™*Y is bounded on X. On the other hand,

T(n) = (I — A0+ = ¢==D (1),

Hence, the operator {7 (n) },en, is a discrete C-semigroup. Thus, the result follows

from Theorem 3.1.5. O

We recall that an operator-valued sequence {S(n)}n,en, € B(X) is said to be

summable if

1S o= Il S(n) |I< oo.
n=0

Theorem 3.1.7. Let A be a closed linear operator defined on a Banach space X
such that 1 € p(A) and

(I —A)7 < 1. (3.5)

Then A generates a summable discrete (o, a)-resolvent sequence {Sa.a(n) bnen,-
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Proof. Since 1 € p(A), then by Corollary 3.1.6 the family
Sa,a(n)x = Z Soa,O(nv.j)(I - A)_(j—l—l)xu ne NOv S X7
5=0
is a discrete («a, a)-resolvent sequence generated by A. We will prove that it is

summable. Indeed, since 0 < ¢, (n,j) < 1 for j € Ny, then

Dol Saam) 1<) waolng) || (1A ||<ZH (1 =400
n=0

n=0 j=0 Jj=0

<7 = A~ Z (T —A)7" < oo

=0
]
The following example provides concrete conditions on A under which (3.5) holds.

Example 3.1.8. Let A be the generator of a Cy-semigroup strictly contractive.

For instance, on X := L'(R) we define

Bf(t+s), if se[-t0],
(T(t)f)(s) =
flt+s), otherwise,

where 0 < < 1 is arbitrary. Then T(t) is a Co-semigroup and ||T'(t)|| =8 < 1
(since | T(t)Lpglh = Bl Ll ).

We deduce that 1 € p(A) and ||[(I — A)7Y|| < 1. Indeed,

I—A)7Y = t) dt| < OO—tT d 1.
I | = ||/ ) dt| / IT(#)1dt < 6 <

The last part of the earlier example shows the following result.

Corollary 3.1.9. Let A be the generator of a Cy-semigroup strictly contractive,
then 1 € p(A) and ||(I — A7 < 1.
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The following consequence establishes an interesting link between the stability
property of the C-semigroup with those of the («,r)-resolvent sequence, both

generated by the same operator A.

Proposition 3.1.10. Let 0 < a < 1 and a < v. Assume that A is the generator
of a discrete C-semigroup {T(n)}nen, and there exist constants M,w > 0 such
that

| T(n) |I< M1 +w)" ™ for all n € N,.

Then the discrete (o, v)-resolvent sequence {Sa., (1) bnen, generated by A satisfies
| Saw(n) |< MEq,(—w,n).
In particular, if 0 < v <1, then || Sqn(n) [[— 0 as n — oo.

Proof. Let v > «a. The sequence (3.3) together with Proposition 2.1.7 (iv) and

(vii) can be used to obtain that

|'Saw(n) || =

_Z Cap—aln, 5)T(j)

IA

>l fav-almi)TO) |

[
NE

Paw—a(n, ) | TG)

<
Il
o

o0

M Gap-a(n,j) (1+w) 0+

J=0

=ME, ,(—w,n+1),

IN

whence it follows that
| Sap(n) |[< ME,,(—w,n+1).

Hence, using (1.19), we can get the first desired conclusion. In order to prove the

asymptotic behavior for 0 < v < 1, we notice that from Theorem 1.2.2, we have

Er(—win41) = / () By (—eot)dt, (3.6)
0
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Using the estimate (1.6) in (3.6), we obtain

oo —t
‘ga,u(_w, n + 1)| < / e—'tn—i_u_lEa’l,(—wta)dt
0 n.

oo —t

S/ e_tn-i-u—lidt
o ! 1+ wt>
C [Pet

R
nlw J, nl

_CI'(n+v—a)

Cw n! ’

where in the last equality we used the property (1.2). Now, taking into account
r
that lim M
n—oo I'(n)n?y
for v := v — « that

=1 for all v € C (see (1.2)), and since 0 < v < 1, we deduce

'n+v—-—a) TI'h+v—a) 1
n!  I'(n)nv—o npl-(-a) =0, (n=o0).

This proves the claim and the proof is finished. O

3.2 The Hilfer fractional difference operator

In this section, we introduce our definition of the Hilfer fractional difference op-

erator A%? of order 0 < a and type 0 < 3 < 1 as follows.

Definition 3.2.1. The Hilfer fractional difference A*® of order o > 0 and type
0 <3 <1 of a sequence f € s(Ng; X) is defined by

Aa’ﬁf(n) .— A~B(m—a) (Am (A—(m—a)(l—ﬁ)f)) (n), n €Ny,
wherem — 1 < o <m, m := [a].
Note that as expected
A™ f(n) = A™ f(n),

Aa’of(n) = rrA%f(n),
Ao"lf(n) = cA%f(n).
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i I I T ]

—8— =0
—— P13
=23 T

—e— =1

Figure 3.1: A®? f(n) where a = 1/4 and f(n) =n + 1

In other words, the two parameter family of operators A®? of order o > 0 and
type 0 < 8 < 1 allow us to interpolate between the Riemann-Liouville and the

Caputo fractional difference operators.

We remark that Definition 3.2.1 can be compared with that recently introduced
in [44, Definition 3.1], but first we note that in the definition given by the authors
in [44] there is a minor imprecision that we want to clarify. It concerns with the
compatibility of the different operators used, because the meaning of the operator
A used in [44, Definition 3.1] is not precise at all. The definition must read as

follows (in case 0 < p < 1, and in the general case is completely analogous),

A = AT 0 Ao 0 AT 0 <p <, (3.7)
where e
A0 = o > (=5 =0 )
with t € Nyio and @ = LD - > (. For the definition of the operator

I(t—a+1)’
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Agi(i—p)(1—p) in (3.7) see
A" f(a+n) :i (?)(—l)m_jf(a%—n%—j), n € Np. (3.8)
5=0
In order to compare both definitions, we define the translation (by a € R) operator
To : 8$(Ng; X) — s(Ng; X) by
T.9(n) :=g(la+n), n € N.

Further, we will need the following lemma.

Lemma 3.2.2. For all a >0 and b € R, we have Tp1o 0 Ay* = A7 0 7,
Proof. By definition, for any f € s(Ny, X) and all n € Ny we have

Tora © 8, f(n) = A% f(n + b + )

n

= ﬁ D (atn—j =1V fb+])
_ " TI(a+n-—j) .
= ;r(a)r(n—jﬂ)f(b“)

=D K (n—=fb+5)=A"onf(n).
=0
O
Remark 3.2.3. Lemma 3.2.2 shows that the following diagram is commutative:

s(Np; X) == $(Npya; X)
\LTb \LTb—I—a (39)
s(Np; X) 25 s(Ng; X).

With these preliminaries, we prove the following transference principle that gen-

eralizes Theorem 4.1 in [10].
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Theorem 3.2.4. Forany0 < u<1,0<v <1 and a € R we have
AP = 7o ) © AP 0 7,
Proof. Using (3.8) with m = 1, we have
Al = AT 0 Tt an-w) © A © Tayaona © A TR (3.10)

We now employ (3.9) first with b = a+ (1 — p)(1 —v), @ = v(1 — u) and then
with b = a, « = (1 — v)(1 — p) to obtain

—v(l—p) . (-
A‘H‘(l—’lj)(l—ﬂ) = T—a—(1-p)(1-v) © A (=) O Tat+(1—p)(1-v) (311)

and
A;(l—u)(l—u) = Ta(1-1)(1—p) © A-1=(-p) - (3.12)

Replacing (3.11) and (3.12) in (3.10), we obtain

AL = Tas o) 0 AT 0 T (1m0 © et (-m) 1) © A
O Tat(1—v)(1—p) © T—a—(1—v)(1—p) © A~O=0=1) o T,

= Ta(1—p)1—r) O AT o Ao AT o 1= 7 (1L iy 0 APV o 7,
proving the theorem. O
We obtain the following relation between the Hilfer and Riemann-Liouville frac-
tional difference operators.

Theorem 3.2.5. Let n € Ny and 0 < g < 1. For each a > 0 and f € s(Ny; X),
we have

AP f(n) = pp A% f(n)

m—1 m—1—1
3y (m) S K (g — j — A=) ().
=0

7 7=0

where m = [a].
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Proof. Define w(n) := A~0=0=A) f(n). Then, using the definitions, we obtain

the following identities

Aaﬁf Zkﬂma Am ()

St (D)ot

_ g(—l)i(r;) gkﬂm—‘” (n =)ol +m i)
_ g;(_ly(j?) 2 B+ — i)
:;;(_1) (") n;i)lkﬁm D m =i — ()

. :(_DZ(?) mz B4 — )

1=0

Here, we have adopted the notation Zj_:lo f(j) = 0. The conclusion follows from
the property
AN = A=@HD o B> 0.

O

It is instructive to look at the cases 0 < o < 1 and 1 < a < 2 for further

developments.

Corollary 3.2.6. Let 0 < < 1. For 0 < a < 1, we have

AP f(n) = pr A% f(n) — K239 (n 4+ 1) £(0), n € N, (3.13)
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and in case 1 < a < 2, we obtain

AP f(n) = g A% f(n) — KPP (n + 1) [A~C0P r(1) — 2£(0)]
+ kPR~ (n 4 2) £(0),

for all n € Ny.

Concerning to the Z-transform of the Hilfer fractional difference operator, we
prove the following property. For it, we recall that the Z-transforms of the Caputo

and Riemann-Liouville fraccional forward difference operators are given by:

A-af(z) = (z:)aﬂz), 2] > 1, (3.14)
Rl AOf(2) = 2 (Z - 1)_a F(z) = 2f(0), |2 > 1, (3.15)

where « € (0, 1], see [67, Propositions 4 and 24].

Proposition 3.2.7. For 0 < a <1 and 0 < 3 < 1, let y(n) := A%P f(n) where
f € s(Nog; X). Then

J(z) =217z = 1) f(2) = LT = 10 f(0), o > 1
where v =a + (1 — ).
Proof. According to Definition 3.2.1, we have
y(n) = A== g AV f ().

Let r(n) := gAY f(n). From (3.14) we obtain

ATBI=a)p(z) = A0-0) (5 _ 1)fleDz(), (3.16)
and, by (3.15),

F(z) = 2" (2 = 1)V f(2) — 2f(0). (3.17)

Substituting (3.17) in (3.16), we get the conclusion. O
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Remark 3.2.8. The above proposition coincides with [/, Theorem 8.5] (and also
rectifies the mentioned result in []/]), after using the transference principle given
by Theorem 3.2.4. We will also need the following lemma that connects the Delta
Laplace transform Ly [/ 1, Definition 2.1] with the usual Z-transform.

Lemma 3.2.9. Assume f: N, — X. Then
]_ —
LAY = 1) = S T)(2),
for all z € C\ {0} such that the series defined by the Z-transform converges.

Proof. Using [11, Theorem 2.2], we get

LA - 1) Z o =3 =L

O

Remark 3.2.10. By Lemma 3.2.9, Theorem 5.2.4 and Proposition 3.2.7, we have

the following identities

Lora-wa-n A fHz—1) = %(Taﬂl—u)(l—u) o AL )(2) = %(AW °7f)(2)
= e L @R ) - 209 = 1) )0
= 21 = DMLASY = 1) = 20 - 1) f(a).

Replacing s = z — 1, we improve [}/, Theorem 3.5] as follows:

Lara-wa-n{AE" f}(s) = (s + D)L f}(5) = (s + 1)/ s f(a).

Now, employing the Poisson transform, we can establish an important relation be-
tween the Hilfer fractional difference operator and the Hilfer fractional continuous

operator. This result extends [56, Theorem 3.5].
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Theorem 3.2.11. Let u : [0,00) — X be an absolutely integrable and bounded

function. Then
P(zD*u)(n +1) = A% P(u)(n), n €Ny, (3.18)
that is

/ o (O DEPu(t) dt = A u(n),  n e N,
0

where u(n) := /Ooopn(t)u(t) dt.

Proof. Taking the definition of continuous Hilfer derivative (see (1.3)), multiplying
by p,(t) and then integrating over R, , we obtain

/ Pt (D) Du(t) dt = / Pt () (950-0) * r DY) (1) dt,
0 0

where v = a + (1 — «). On the other hand, by [56, Theorem 3.4], we have

n+1

| sl < Do) de =3 aln-+ 1~ 5)()

J=0

a(n) ::/ Pn(t)gsa—a)(t)dt and S(n) ::/ Pn(t)rL DY u(t) dt.
0 0
Now, by definition of k7 (see (1.16)), we get

a(n) = b Ooe_t ntf(l-0)-1 gy L(n+p(1 —a)) — A=)y,
") = e - a>>/o ! = TEa e W

Therefore, [56, Theorem 3.5] gives

n+1

/0 P (OuDRu(t) dt = 3K (41— )S()

=0
= APU=9G(n 4 1)

= A_B(I_Q)RLAVU(’/L).

Hence the conclusion follows. O



Subordination principle and the discrete Hilfer fractional operator 71

We finish this section with the following result that shows the connection between
resolvent sequences and solutions of the abstract Cauchy problem in discrete-time

that involves the Hilfer fractional difference operator previously.

Theorem 3.2.12. Let 0 < a<1,0< <1 andv =a+ (1 —a). Suppose that
A is the generator of an («,v)-resolvent sequence {Sa,(n)}nen, and 1 € p(A).

Then the fractional difference equation

Oc,ﬁu n) = wuln — P=a) n Up|, N 05
A%u(n) = Alu(n+1) = K0 (n+ Du] . neN (3.19)
U(O) = Ug € D(A),

admits the solution

where C' = (I — A)™".
Proof. Let u(n) := S,,(n)C'uy for all n € Ny. By Definition 3.1.4, we have
u(n) € D(A) and

(K'=% % S,,) (n)z = KPP (n) g 4+ A(k' * S, ) (n)z

— B0 (e + A Su ()7, e N,
j=0

holds. Applying the operator A to both sides of the last identity and
reA°kT(n) =k"(n+1), oc€(0,1), o<,
we get
rLAS, ,(n)r = fA0—e) (n+1)x+ AS,,(n+ 1)z, n e Ny.
Then, by Corollary 3.2.6 and the identity C' — I = AC', we obtain
A8, ,(n) = KA~ (n 4 1)z + AS,,(n+ D — K°4"9(n + 1)S,,(0)x

= AS,,(n+ 1)z — kP09 (n +1)(C - Dz
= A [Sap(n+ 1)z — kP (n+1)Cz], neN,.

Hence, u solves (3.19), which proves the Theorem. O
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Remark 3.2.13. Under the same hypotheses of the previous theorem, note that
u(n) := Sp.a(n)C tug solves
rrA%(n) = Au(n+1), n € Ny,
u(0) = ug € D(A),
and u(n) := Sa1(n)C g solves
cA%u(n) = Afu(n+1) — k' *(n+1uo), n €Ny,
u(0) = ug € D(A).
The following corollary is an interesting but direct consequence of the theory

developed until now. It takes in consideration the subordination formula stated

previously.

Corollary 3.2.14. Let 0 < a < 1 and 0 < f < 1 be given. Assume that A
generates a discrete C-semigroup {T(n)}nen, such that |[T(n)|| < M(1+w)™" for

some M,w > 0. Then the fractional difference equation

A*Pyu(n) = A [u(n +1) — kP1=9) (n 4 Duo], n €Ny,
(3.20)
u(0) = ug € D(A),

admits the solution
u(n) = Z Soa,ﬁ(l—a) (nv.j>T(.j>C_1u07 nc N0-
=0
Moreover, u(n) — 0 as n — oo.

Proof. Since A generates a discrete C-semigroup we have 1 € p(A). Let v :=
a + B(1 — «). By Theorem 3.1.5 (subordination) we have that A generates a

discrete (a, v)-resolvent family {S, . (n)}nen, given by

Saw(M)z =Y an—aln, ))T(j)z, n€No. (3.21)
j=0
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From Theorem 3.2.12 the unique solution is given by
u(n) = Sa,(n)C tug, n € Ny,

where C' = (I — A)~'. Since v > «, Proposition 3.1.10 implies that ||S,.,(n)|| <
ME, ,(—w,n). Note that for 0 < f < 1 we have a(l — ) < 1 — 8 and hence
0 < v < 1. It follows from Proposition 3.1.10 that u(n) — 0 as n — oo, finishing

the proof. O

Remark 3.2.15. Let us consider the discrete fractional diffusion problem

reA(n,2) = Apw(n+1,7), n € Ny, v € R (3.22)
u(0,z) = f(x),

where 0 < o < 1. Then, by Theorem 5.1.5 we have that A, generates an (o, «)-
resolvent sequence { Sy (n)}tnen, with C~1 = I — A, and moreover, by Remark

3.2.13, the solution of (3.22) is given by

U(”?‘Z') = Z @a,o(n7j)(gj+1 ® ¢)(x)7

J=0

where ¢(x) = C1f(z) and G, is (2.7).



4. Existence and uniqueness of (N, \)-
periodic solutions to a class of Volterra

difference equations

In this chapter, we introduce the class of (N, A)-periodic vector-valued sequences
and show several notable properties of this new class. This class includes periodic,
anti-periodic, Bloch and unbounded sequences. Furthermore, we show the exis-
tence and uniqueness of (N, \)-periodic solutions to the following class of Volterra

difference equations with infinite delay
u(n+1) —O‘Z a(n — ju(y) + f(n,u(n)), nez, oeC,
j_—OO

where the kernel a and the nonlinear term f satisfy suitable conditions.

4.1 (N, ))-periodic discrete functions

In this section, we introduce the concept of (NN, A)-periodic discrete vector-valued
function and show some remarkable properties of this class of vector-valued se-

quences.

Definition 4.1.1. A wvector-valued function f : Z — X is called (N, \)-periodic
discrete function (or (N, \)-periodic sequence) if there exist N € Z, and \ €
C\ {0} such that f(n+ N) = Af(n) for alln € Z. N s called the \-period of

74
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f. The collection of those sequences with the same \-period N will be denoted by
Pnva(Z, X).

In case A = 1 we denote simply by Py (Z, X) the set of all N-periodic sequences.

The following property gives a useful characterization of (N, A)-periodic discrete

functions.

Proposition 4.1.2. A function f is (N, \)-periodic discrete function, if and only
if there exists u € Py(Z, X) such that

f(n) = X(n)u(n), for all n € Z, (4.1)
where \\(n) := XV,

Proof. First, we assume that f € Pyy(Z,X) and define u(n) := \*(—n)f(n).
Then,

u(n+ N) =X (=(n+ N))f(n+ N) = X'(=n)f(n) = u(n).

Hence u € Py(Z,X) and f(n) = A\ (n)u(n). Conversely, we suppose f(n) =
A (n)u(n). Then

fin+ N)=X'(n+ N)u(n+ N) =X \(n)u(n) = \f(n).
]

Example 4.1.3. The function f(n) = cos(mn/6) is an (6, —1)-periodic discrete
function. It follows from Proposition J.1.2 that f has decomposition f(n) =

AN (n)u(n) where
M (n) = (=1)"® = cos(nx /6) + i sin(nw /6),

and

u(n) = (—1)"" f(n) = cos(nm /6)[cos(nm/6) — isin(nr/6)].
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Example 4.1.4. Let A be a k X k matriz. Assume that there exists N € Z,
(sufficiently large) such that A(n+ N) = A(n) for alln € Z,. Let K be the k x k

matrix defined as follows:

N—

K= ][] AG), nez.,

1=0

where [yt A1) == AN — 1)A(N — 2)--- A(0). Furthermore, let Ay € C\ {0}

[y

be any eigenvalue of K with corresponding eigenvector Xo. It can be proved that

the solution of the system

Un+1)=An)U(n), forneZ, (4.2)
U(O) = Xo,
15 given by
n—1
Un) =[] AG)Xo. (4.3)
=0
Moreover,
n+N—1 n+N—-1 N-1
Un+N)= [] A()X,= A@) TT AG) X,
=0 i=N =0
n+N—-1 n—1
= ] AGKx =] A)reXo
i=N =0
n—1
=X [[AG) X0 = AU (n).
=0

Hence the system (4.2) has a (N, \g)-periodic solution given by (4.3). Moreover,
U(n) = N (n)P(n) where P(n) :== \)(—n) [11=, A(i) Xy is a periodic sequence of
period N. As a particular example, if
0 3+(=D
A(n) = E

3-(-1"
5 0

we have that N = 2 and the eigenvalues of K := A(1).A(0) are \y =1 and Ay =4

with the corresponding eigenvectors



(N, \)-periodic and Volterra difference equations 7

1 0
X1: X2: )
0 1

respectively. If X(0) = Xy, then the system (4.2) has a (2, 1)-periodic solution
and, if X(0) = Xy, it has a (2,4)-periodic solution.

Next, we present some algebraic properties of the (N, \)-periodic discrete func-

tions.

Theorem 4.1.5. Let f and g be (N, \)-periodic discrete functions, ¢ € C and

l € Z. Then the following assertions are valid:
(1) w:= f+gisa (N,\)-periodic discrete function.
(13) p:=cf is a (N, \)-periodic discrete function.
(1ii) For each fized | in Z the function f;: Z — X defined by fi(n) := f(n+1) is
a (N, \) periodic discrete function.
Proof. The proof is immediate. Indeed, for all n € Z we have that
(i) wn+N)=(f+g)(n+N)=Xwn).
(i1) pln+ N) = (cf)(n+ N) = X p(n).

(1ii) filn+ N)=f(n+ N+1)= f(no+ N) =X fi(n).

Theorem 4.1.6. Let f € Py\(Z,X), then Af € PyA(Z,X).

Proof. Since Af(n) = f(n+1)— f(n), then by (7) and (iii) of Theorem 4.1.5, we
have that Af is a (N, \)-periodic discrete function. O

In order to give a Banach structure to the vector space Py (Z, X), we need to

define a suitable norm. We recall that the space of N-periodic discrete functions
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equipped with the norm

= 4.4
Jully = max _[lu(n)x (1.4)

is a Banach space.

Proposition 4.1.7. Py,(Z, X) is a Banach space with the norm

I f lvx=max || X*(=n)f(n) [x - (4.5)

nel0,N]NZ

Proof. The proof follows from Proposition 4.1.2 and the fact that Py(Z, X) is a
Banach space with the norm (4.4). O

Next, we present a convolution theorem. This result is a useful tool in order to
study the existence and uniqueness of (N, A)-periodic discrete solutions of abstract

Volterra difference equations.

Theorem 4.1.8. Let f € PyA(Z, X) and assume that b : Ny — C is such that the
sequence b”(n) := N (—n)b(n) is summable. Then bx f defined by

(bxf)n) = Y bn—4)f(j), neZ,

j=—o00

is well defined in the norm || - [|nyx and belongs to Pyr(Z, X).

Proof. Let p(n) := (b* f)(n), n € Z. First, note that p is well defined in the norm

| - [|va- Indeed,

n

N (=n)p(n) [Ix < Y IV (=(n = 0))bn = HI TN FG) llx

j=—00
n

< fllva Y IN(=(n = 5)b(n = )]

j=—00

= || £ llwa D I67G)-
j=0
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Therefore, ||p|lnyx < || flInal|o7]e,- Next, we prove that pis (N, \)-periodic discrete.

In fact,
P+ N) = 3 bn+ N=5)f() = > bln— (= N)fG)
= > bn—=r)fr+N)=X Y bn—r)f(r)=Ap(n).
Hence p € PyiA(Z, X). O

In order to prove the next composition result, we need the following useful lemma.

Lemma 4.1.9. For every (m,xz) € Z x X, there exists ¢ € Pyr(Z, X) such that
o(m) = .
Proof. Tt is enough to consider ¢(n) := A (n —m)z. O

Let g : Z x X = X and ¢ € Pyy(Z, X). We recall that the operator N (¢)(-) :=
g(-,¢(+)) is called the Nemytskii discrete composition operator. We study the
invariance of N on Py, (Z, X).

Theorem 4.1.10. Let g : Z x X — X. Then the following assertions are equiv-

alent:
(i) for every ¢ € Pyr(Z, X) we have that N'(¢) is (N, \)-periodic discrete.

(ii) g is N-periodic in the first variable and homogeneous in the second variable,

that is g(n + N, Ax) = Ag(n,x) for all (n,x) € Z x X.
Proof. Assume (i7). Then for ¢ € Pyy(Z, X) and all n € Z, we have
N(@)(n+N)=gn+N,é(n+N))= g(n+ N, Ap(n)) = A N(¢)(n).

Thus, we conclude that NV (¢) € Pyr(Z, X). Suppose (i) and let (n,z) € Z x X
be arbitrary. By Lemma 4.1.9, there exists ¢ € Pyy(Z, X) such that ¢(n) = z.
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Therefore, for such ¢ we have

Ag(n,x) = A g(n, ¢(n)) = A N(¢)(n)
= N(¢)(n+N) = g(n+ N, ¢(n+N))

=g(n+ N, é(n)) = g(n+ N, \x),

which gives the claim. O

4.2 Abstract Volterra difference equations

In this section, we establish the existence of (N, A)-periodic discrete solutions for
the following class of linear Volterra difference equations defined on a Banach

space X (see [31])

n

un+1) =0 Y a(n—ju@j) + f(n), nez, (4.6)

Jj=—00
where ¢ is a given complex number, @ is summable and f € Py, (Z, X) for N, A
fixed. Let S(o, k) be the solution of the difference equation
S(o,n+1) ZUZa(n—j)S(a,j), n € Ny, (4.7)
=0

S(0,0) =1,

and define the set
Qs = {a eC: Z |S7(0,7)| < oo} :
=0

where §* (o, j) = M (—35)S(0, j). Note that 0 € Q.

Theorem 4.2.1. Let a : Ny — C and f € PyA(Z, X) be given. Suppose that a is
summable and o € Q3s. Then there is a (N, \)-periodic discrete solution of (4.6)

given by

n

un+1)= 37 Slon = )f(). (43)

j=—o0
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Proof. Since f € PyA(Z,X) and o € QYs, applying Theorem 4.1.8 we obtain
that (4.8) is a well defined (N, A)-periodic discrete function. Moreover, since a
is summable, following the same lines that in [31, Theorem 3.1], we find that u

satisfies (4.6). Indeed,

= Y (o — ) (i) + S(0,0)f(n)
_ Z S(o,n —i)f(i) = u(n+1).

O

Remark 4.2.2. Uniqueness of solutions to the linear case follows directly from

[12, Remark 2.4].

Now, we consider the problem of existence and uniqueness of (N, \)-periodic dis-
crete solutions for the class of semilinear Volterra difference equations on a Banach
space X given by

un+1)=o0 Z a(n — ju(y) + f(n,u(n)), nez, (4.9)

j=—o0

where 0 € C and f satisfies suitable conditions. Here, we assume that

a” (k) == M(=k)a(k), k € Ny
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is such that

la”]le, < oo.
For example, if a is summable and |[A\| > 1 then a” € ¢;(Ny).

Theorem 4.2.3. Let f: Z x X — X be given. Assume the following conditions:
(i) There exists (N, \) € Z x (C\ {0}) such that

fn+ N, Ax) = Af(n, )

for all (n,x) € Z x X.

(i) There exists a constant L > 0 such that
I f(nx) = fln,y) Ix <Lfle—yllx

forallz,y € X and n € Z.
(iii) o € Q.
fiv) LY 018 (0,0)] < 1.
Then equation (4.9) has a unique solution in Py\(Z, X) satisfying
uln +1) = Y S(on = j)f(5,u(i)).
j=—00

Proof. We define the operator G : Pyy(Z, X) = Pyi(Z, X) by

n

Glu)(n) = Y S(o,n—=j)f(,ulj))-

j=—00
By hypothesis (i), Theorem 4.1.10 and Theorem 4.1.8 we have that G(u) is a

(N, \)-periodic discrete function and therefore G is well defined. Now, for u,v €

PnA(Z, X)) we get by hypothesis (i7)
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I X (=n) Z S(a,n =) [f(,uli) = FG, ()] Ix

];)O IN(=(n = ))S(on = DI X (=5) G uli) = £ oG] lx
_X_j N (=(n = ))S(on = DINTNF G uG) = £0 0] lx
<L Z N (= )S(o,n = DA [u(G) = v()] 1x
=L Z X (=(n = 3)S (o, = DI X GA (=) [uli) = 0(5)] IIx
= L];X,W (n—5)S(o.n =) || X(=4) [w(i) —v()] Ix
<=l Li S (0, ).

By (éi7) and (iv), we obtain

I G(w) = G) llva = max || A'(=n) Z S(o,n = 3) [f(G,u(i) = FU0(G)] [l x

<[lu—v v LY I8 (0, k).
k=0
It follows that G is a contraction. Then there exists a unique function u €

Pn(Z, X) such that Gu = u. Hence u is the unique solution of equation (4.9). O

Example 4.2.4. We consider the following difference equation in the Banach

space X =R,

un+1)=o0 Z p"u(j) + vg(n) cos(h(n)u(n)), n €Z, (4.10)

j=—o0

where g € PyA(Z,R), h € IP’]\%(Z, R), p € C is such that |p| < 1 and

ceEM:={z€C: |z+p| <NV
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Let o(n) := g(n)h(n). Note that ¢ is a periodic function with N period. Then,

there exists a constant T such that 7 := max |p(n)|. We claim that if
n€[0,N]NZ
AN
v < — AT — o+l (4.11)

(AN = 1o+ p| + |o]) |7]°
then (4.10) has a unique (N, \)-periodic discrete solution. In order to show this,

first, let us determine the solution S(o,n) of the problem

S(U,n+1):UZpk_jS(a,j), n € Ny,

=0

S(0,0) =1,

using the Z-transform. Indeed, we have 2:S(z) — 28(0,0) = o p(2)S(z) or, equiv-
alently, 28(z) —z =0 ( z ) S(z). Then,

Z—p
N z z—p
S(z) = = :
z—0 (%p) S
Hence,
S(o,n)=(c+p)" —plp+o)" ' =0c(c+p)" ", n>1. (4.12)

It follows that o € M C QYs, which proves condition (iii) of Theorem 5.2.2.

On the other hand, note that f(n,z) := vg(n)cos(h(n)x) satisfies the hypotheses
(1) and (i) of Theorem 5.2.2:

(1)
1
f(n+ N, Ax) =vg(n+ N)cos(h(n+ N)\x) = vAg(n) cos <Xh(n))\x)

= Avg(n) cos(h(n)x) = Af(n, ).

(i)

|f(n,2) = f(n,9)| < |vg(m)h(n)l|z —y| < |vrlle —y[ = Ljz —y].
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Next, we show part (iv) of Theorem 5.2.2. Indeed, using (4.11) and (}.12) we

have that

LZIS“M )| = lvT] <1+Z|AA ‘ 0+p)"‘1l>
o] o +p[\""
= |vT] ( |)\|1/N Z |A[L/N

= |vT]| <1 + 7w |0| )
IA[VN —|o + pl

= [v7| A — o+ pl £ Jo] <1
[AIYN — o+ p| ’

Thus, we have checked all the hypotheses of Theorem 5.2.2. Hence there exists a
unique (N, X)-periodic discrete solution u of (4.10) satisfying

u(n+1)=v > 8(a,n— j)g(j) cos(h(j)u(j)).

j=—00

Remark 4.2.5. As a particular case of the previous example, we can consider the

functions h(n) := (1/2)"®sin(nn/4) and g(n) := (2)"/® cos(nx/4).



5. Existence and uniqueness of (N, \)-
periodic solutions for abstract frac-

tional difference equation

In this chapter, we establish sufficient conditions for the existence and uniqueness

of (N, \)-periodic solutions for the nonlinear fractional equation
Ajyu(n) = Au(n+ 1) + f(n,u(n)), ne€Z,

where A is a closed linear operator with domain D(A) defined on a complex
Banach space X equipped with the norm || - ||x, 0 < a < 1, Af, denotes the
fractional difference operator in the sense of Weyl-like and f satisfies appropriate

conditions.

5.1 Linear fractional difference equations

Given a > 0, we define the vector subspace

0.7, X) = {f €s(z2,X) : Z [n*f(n)||x < oo}

It is clear that ©}(Z, X ) is a Banach space under the norm || f|je: := Z [t f(n)]x.

n=—oo

If « = 1 then we simply write ©1(Z, X). Now, suppose that 0 < a < 1. Observe

86
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that if f € ©(Z, X), then

Iflloy = > In*f)llx < Y I (n)llx < oc.

n=—oo n=—oo

Hence ©1(Z, X) C ©L(Z, X) for 0 < a < 1.
Given f € ©L(Z, X), it was proved in [5] that

AGPAF(n) = AN f(n), n € Z.

Therefore, when the fractional difference operators are defined on Z, there will be
no difference between Caputo, Riemann-Liouville and Hilfer. Thus, we will only

consider the operator Af,.

Let 0 < o <1 and A be a closed linear operator with domain D(A) defined on a

Banach space X. Initially, we consider the linear fractional difference equation
Aju(n) = Au(n+1)+g(n), neZ. (5.1)

We recall from [5, Definition 4.1] that a sequence u € ©'(Z, X) is called a strong
solution for equation (5.1) if u(n) € D(A) for all n € Z and u satisfies (5.1).

Definition 5.1.1 ( [5]). Let A be the generator of a discrete («, «)-resolvent family
{Sa,a(n)}nen, and g : Z — X. The sequence

u(n) = i Saan—1—17)9(j), neZ, (5.2)

j=—00
is called a mild solution for equation (5.1) if m — S, o(m)g(n —m) is summable

on Ny for each n € Z.

Note that if ¢ € ©Y(Z, D(A)) then each mild solution is a strong one, see [5,
Theorem 4.2].

In the following theorem, we establish the existence of (N, A)-periodic mild solu-

tions for equation (5.1).
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Theorem 5.1.2. Let 0 < a < 1. Assume that A be a closed linear operator
defined on a Banach space X, 1 € p(A) and

I —A) <1

If g € PyA(Z, X), then there is an (N, \)-periodic mild solution of (5.1) given by
the sequence
n—1
un) == Y Saaln—1-4)g(j), nez, (5.3)
j=—00

where {Sa,a(n) tnen, s discrete (o, a)-resolvent sequence defined in (3.3).

Proof. By Theorem 3.1.7, A generates a summable discrete («, a)-resolvent se-

quence {Sy.o(n)}nen, given by

o0

Saa(M)z = @an(n, j)(I —A)"0 2, neNy, zeX.

=0
Since ¢ is bounded and {5, «(n) }nen, is summable, it follows that the sequence u

is a mild solution of (5.1). It remains to prove that u € Pyy(Z, X). Indeed,

n+N—-1 n—1
un+N)= Y Saan+N—=1=5)g()= Y Saaln—1-p)glp+N)
j=—c0 p=—00
n—1
= A Z Sa,a(n -1 _p)g(p) = )\u(n)v
p=—00
getting that u € Py (Z, X). 0O

5.2 Semilinear fractional difference equations
Now, we consider the following fractional difference equation
Ajyu(n) = Au(n+ 1) + f(n,u(n)), ne€Z, (5.4)

where 0 < a < 1, A satisfies the hypotheses in Theorem 3.1.7 and f satisfies

suitable conditions.



(N, \)-periodic solutions for abstract fractional difference equations 89

Inspired in the solution of the linear case, we give the following definition of mild

solution for the semilinear case.

Definition 5.2.1. Let A be the generator of a discrete («, «)-resolvent family
{Saa(M)tnen, and f : Z x X — X. We say that a sequence u : Z — X is a
(N, \)-periodic mild solution of (5.4) if u € Pyx(Z, X) and satisfies

um) = Y Sualn—1-f(G.uli)), nez (5.5)

j=—00

where m — Sq.o(m) f(n —m,x) is summable on Ny for each n € Z.
Let D:=D(0,1) = {\ € C: |\| < 1}. The following is our main result.

Theorem 5.2.2. Let f : Zx X — X be given and let A be a closed linear operator
defined on a Banach space X such that 1 € p(A) and

rac= (1 — A7 < 1. (5.6)

Assume the following conditions:

Hy. There exists (N,\) € N x (C\ D) such that f(n+ N, \x) = Af(n,z) for all
(n,z) € Z x X.

H,. There exists a constant L > 0 such that
| f(n,z) = f(n,y) [x <L [lz—ylx,

forall x,y € X and alln € Z.

Hs. The constant L in Hy is such that

1 @ 1
L 11— —— ——1].
< ( |WN) - ( )

Then, equation (5.4) has a unique (N, \)-periodic mild solution.



(N, \)-periodic solutions for abstract fractional difference equations 90

Proof. First, let us define the operator G : Py (Z, X) — Pya(Z, X) by

= 3 Sualn— 1= fGu(i).

j=—00
Let u € PyA(Z,X) and g(n) := f(n,u(n)). By H; and Theorem 4.1.10 we get
that g € Py \(Z,X). As in the linear case, we can see that G(u) € Pyy(Z, X). It
follows that G is well defined. Now, for u,v € Pyy(Z, X),

| G(w) = G(v) llva = maxe || X(=n) Zl Sea(n —1—=35) [f(G,u(i) = F(G,0()] Ilx,
where we have by H, that o
| A (=(n — 1)):2:; Saa(n =1 =7) [f(4,uld) = G, v()] [Ix
=|| Z M(=(n = 1= j)Saaln = 1= HN'(=5) [F (G, u(i) = £, 0()] [|x
< Z A (=(n = 1= ) [Saaln = 1= DI (=) I [f G uli) = G 0G)] llx
< L];X, AN (= =1 = )ISaa(n =1 =) A (=)) [uls) —v()] l|x
v lr L3S0 H)
where S5, (n) == ;z—n)sa,a(n). Then,
| G(w) = G(v) llva = max || (=) Zl Sea(n —1—=35) [f(G,u(i) = F(G,0(5)] IIx
<L||u—v||NAZ|| R <l w=v[|x,

where by Theorem 3.1.5, Proposition 2.1.7-(iv) and (1.21) we have

EAG ||<Z|A| "/stoaonj ZW n/Nsw<1_in)
k=0 TA

|>\‘a/N 1

T (AP =1 = (1= DA (1= i)+ (1)

TA
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Therefore, the conclusion follows from Hs. From the above, it follows by Banach
fixed point theorem that there exists a unique function u € Py (Z, X) such that

Gu = u. Hence u is the unique (N, A)-periodic mild solution of equation (5.4). O

Remark 5.2.3. Regarding condition Hs we observe that is enough to have the
weaker condition L || S5, [[1< 1 where S5 (n) := A (=n)Sa,a(n) and {Sa,q(n) nen,

is the (o, a)-resolvent sequence generated by A.
Finally, we finish with an application of the main result presented in this section.

Example 5.2.4. Let 0 < a < 1 and || > 1. We consider the following fractional
difference-differential equation in X = L*(0,1)

A% u(n,x) = %u(n +1,2) + g(n, x) cos(h(n,x)u(n,z)), neZ, ze(0,1),

u(n,0) =u(n,1) =0,

(5.7)
where g € PyA(Z,L?*(0,1)), h € Pyi(Z, L?*(0,1)) and
- —1/2
g < (1— )" ¢ (Z m> -1
" (5.8)

We define

D(A) ={f € L*(0,1) : f" € L*(0,1), f(0) = f(1) = 0},
Af = f". ¥f e D(A).

Then (5.7) can be written in the abstract setting (5.4). It is well known that A is
the generator of an analytic semigroup {T(t)}>0 on L*(0,1) (see [01]) which is
given by

T)f =Y e f el

Jj=0
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where {e;} is the standard basis in L*(0,1). Moreover, we can represent the gen-

erator A as
Af == (mm)*(f,em)en,  f € D(A).
m=1
Then, for each f € L*(0,1) we have 1 € p(A) and
e N 1 2
I = A7 e = 2 G 4 o)
Note that
~ ) 1/2
D= I— A7 = P
TA ”31”11:31 I( ) Sl <m:1 (1+ (m7r)2)2>

1 < 1 V2 1
< | = Z - =— <1,

<7r4 — m4> V90
where we have used the formula [70, Pag. 651] in the last equality. Then, the
condition (5.6) is satisfied. Now, we shall verify all the hypotheses in Theorem
5.2.2. Indeed, the sequence f(n, &) := g(n)cos(h(n)€), & € L*(0,1), satisfies:

1
f(n+ N,X) = g(n+ N)cos(h(n + N)AE) = Ag(n) cos <Xh(n))\§)
= Ag(n) cos(h(n)§) = Af(n,¢),

and

1f(n, ) = f(n, )2 < Nlg(n)h(n)ll2ll€ = ¢ll2 < LIIE = ]2,

where

L:= h .
s lg(n)h(m)]

From equation (5.8) and the fact that r4 < 1, we obtain that

1 “ 1
L<|1l—+—= — -1
() + (1)
satisfying Hs. Thus, we have checked all the hypotheses of Theorem 5.2.2. Hence

equation (5.7) has a unique (N, \)-periodic mild solution.



(N, \)-periodic solutions for abstract fractional difference equations 93

Finally, observe that in case |\| = 1, we have that

1
L:= h < — —1.
maxlgnh()]oe < -

and therefore condition Hz independent of o. This happens precisely in the stan-
dard cases of discrete periodic, discrete anti-periodic and discrete Bloch periodic

functions.



Publications

The dissertation is based on the following papers:

[2] L. Abadias, E. Alvarez and S. Diaz, Subordination principle, Wright func-
tions and large-time behavior for the discrete in time fractional diffusion

equation, J. Math. Anal. Appl., 507(1),125741, 2022.

[15] E. Alvarez, S. Diaz, and C. Lizama, On the existence and uniqueness of
(N, M)-periodic solutions to a class of Volterra difference equations, Adv.

Difference Equ.,(105):1-12, 2019.

[16] E. Alvarez, S. Diaz, C. Lizama, C-Semigroups, subordination principle and
the Lévy a-stable distribution on discrete time, Commun. Contemp. Math.,

https://doi.org/10.1142/50219199720500637, 2020.

[17] E. Alvarez, S. Diaz, and C. Lizama, Existence of (NN, \)-periodic solutions
for abstract fractional difference equations, Mediterr. J. Math, Accepted,

2021.

94



Bibliography

1]

L. Abadias and E. Alvarez. Asymptotic behavior for the discrete in time heat
equation. arXiv preprint, arXiv:2102.11109, 2021.

L. Abadias, E. Alvarez, and S. Diaz. Subordination principle, wright functions
and large-time behavior for the discrete in time fractional diffusion equation.

J. Math. Anal. Appl., 507(1):125741, 2022.

L. Abadias, M. De Leén-Contreras, and J. L. Torrea. Non-local fractional
derivatives. Discrete and continuous. J. Math. Anal. Appl., 449(1):734-755,
2017.

L. Abadias, J. Gonzéalez-Camus, P. J. Miana, and J. C. Pozo. Large time
behaviour for the heat equation on z, moments and decay rates. J. Math.

Anal. Appl., 500(2):125137, 2021.

L. Abadias and C. Lizama. Almost automorphic mild solutions to fractional

partial difference-differential equations. Appl. Anal., 95(6):1347-1369, 2016.

L. Abadias, C. Lizama, P. J. Miana, and M. P. Velasco. On well-posedness
of vector-valued fractional differential-difference equations. Discrete Contin.

Dyn. Syst., 39(5):2679-2708, 2019.

L. Abadias and P. J. Miana. A subordination principle on Wright functions
and regularized resolvent families. J. Funct. Spaces, pages Art. ID 158145, 9,
2015.

T. Abdeljawad, S. Banerjee, and G. Wu. Discrete tempered fractional calculus
for new chaotic systems with short memory and image encryption. Optik,

218:163698, 2020.

95



Bibliography 96

[9]

[12]

[16]

M. Abramowitz and I. A. Stegun, editors. Handbook of mathematical func-
tions with formulas, graphs, and mathematical tables. Dover Publications,

Inc., New York, 1992. Reprint of the 1972 edition.

M. Adivar, H. C. Koyuncuoglu, and Y. N. Raffoul. Periodic and asymp-
totically periodic solutions of systems of nonlinear difference equations with

infinite delay. J. Difference Equ. Appl., 19(12):1927-1939, 2013.

R. P. Agarwal. Difference equations and inequalities, volume 228 of Mono-
graphs and Textbooks in Pure and Applied Mathematics. Marcel Dekker, Inc.,
New York, second edition, 2000.

R. P. Agarwal, C. Cuevas, and F. Dantas. Almost automorphy profile of
solutions for difference equations of Volterra type. J. Appl. Math. Comput.,
42(1-2):1-18, 2013.

R. P. Agarwal and J. Popenda. Periodic solutions of first order linear differ-

ence equations. Math. Comput. Modelling, 22(1):11-19, 1995.

M. Aigner. Diskrete Mathematik. Friedr. Vieweg & Sohn, Wiesbaden, sixth
edition, 2006.

E. Alvarez, S. Diaz, and C. Lizama. On the existence and uniqueness of
(N, N)-periodic solutions to a class of Volterra difference equations. Adwv.

Difference Equ., (105):1-12, 2019.

E. Alvarez, S. Diaz, and C. Lizama. C-semigroups, subordination principle
and the Lévy a-stable distribution on discrete time. Commun. Contemp.

Math., 2020.

E. Alvarez, S. Diaz, and C. Lizama. Existence of (N, \)-periodic solutions for

abstract fractional difference equations. Mediterr. J. Math, Accepted, 2021.



Bibliography 97

[18]

[21]

[22]

[20]

E. Alvarez, A. Gémez, and M. Pinto. (w,c)-periodic functions and mild

solutions to abstract fractional integro-differential equations. FElectron. J.

Qual. Theory Differ. Equ., (16):1-8, 2018.

F. M. Atici and S. Sengiil. Modeling with fractional difference equations. J.
Math. Anal. Appl., 369(1):1-9, 2010.

F. M. Atici and P. W. Eloe. Discrete fractional calculus with the nabla
operator. Flectron. J. Qual. Theory Differ. Equ., (Special Edition I):No. 3,
12, 2009.

F. M. Atici and P. W. Eloe. Two-point boundary value problems for finite
fractional difference equations. J. Difference Equ. Appl., 17(4):445-456, 2011.

N. Bajeux, F. Grognard, and L. Mailleret. Augmentative biocontrol when
natural enemies are subject to Allee effects. J. Math. Biol., 74(7):1561-1587,
2017.

E. G. Bajlekova. Fractional evolution equations in Banach spaces. Eind-
hoven University of Technology, Eindhoven, 2001. Dissertation, Technische
Universiteit Eindhoven, Eindhoven, 2001.

C. T. H. Baker and Y. Song. Periodic solutions of discrete Volterra equations.

Math. Comput. Simulation, 64(5):521-542, 2004.

M. Bayram, A. Secer, and H. Adiguzel. The asymptotic behavior of solu-
tions of discrete nonlinear fractional equations. Fract. Calc. Appl. Anal.,

23(5):1472-1482, 2020.

P. Benner, J. Denifl en, and L. Kohaupt. Trigonometric spline and spec-
tral bounds for the solution of linear time-periodic systems. J. Appl. Math.

Comput., 54(1-2):127-157, 2017.



Bibliography 98

[27]

28]

[29]

[30]

[31]

[35]

[36]

E. Chasseigne, M. Chaves, and J. D. Rossi. Asymptotic behavior for nonlocal
diffusion equations. J Math Pures Appl, 86(3):271-291, 2006.

X. Cheng, Z. Li, and M. Yamamoto. Asymptotic behavior of solutions to
space-time fractional diffusion-reaction equations. Math. Meth. Appl. Sci.,

40(4):1019-1031, Jun 2016.

A. Compte and M. O. Céceres. Fractional dynamics in random velocity fields.

Phys. Rev. Lett., 81:3140-3143, Oct 1998.

J. A. Conejero, C. Lizama, A. Mira-Iglesias, and C. Rodero. Visibility graphs
of fractional Wu-Baleanu time series. J. Difference Equ. Appl., 25(9-10):1321—
1331, 2019.

C. Cuevas, H. R. Henriquez, and C. Lizama. On the existence of almost

automorphic solutions of Volterra difference equations. J. Difference Equ.

Appl., 18(11):1931-1946, 2012.

A. L. de Araujo, A. Lemos, A. M. Alves, and K. M. Pedroso. Some results on
Riccati equations, Floquet theory and applications. J. Fized Point Theory
Appl., 20(43):1-15, 2018.

R. deLaubenfels. C-semigroups and the Cauchy problem. J. Funct. Anal.,
111(1):44-61, 1993.

J. Duoandikoetxea and E. Zuazua. Moments, masses de Dirac et
décomposition de fonctions. C. R. Acad. Sci. Paris Sér. I Math., 315(6):693—
698, 1992.

S. Elaydi. An introduction to difference equations. Undergraduate Texts in

Mathematics. Springer, New York, third edition, 2005.

K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution

equations, volume 194 of Graduate Texts in Mathematics. Springer-Verlag,



Bibliography 99

[44]

[45]

New York, 2000. With contributions by S. Brendle, M. Campiti, T. Hahn,
G. Metafune, G. Nickel, D. Pallara, C. Perazzoli, A. Rhandi, S. Romanelli
and R. Schnaubelt.

A. Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi. Higher tran-
scendental functions. Vol. I1I. Robert E. Krieger Publishing Co., Inc., Mel-

bourne, Fla., 1981. Based on notes left by Harry Bateman, Reprint of the
1955.

G. Floquet. Sur les équations différentielles linéaires a coefficients périodiques.

Ann. Sei. Ecole Norm. Sup. (2), 12:47-88, 1883.

M. Ganji and F. Gharari. Bayesian estimation in delta and nabla discrete
fractional Weibull distributions. J. Probab. Stat., pages Art. ID 1969701, 8,
2016.

C. Goodrich and C. Lizama. Positivity, monotonicity, and convexity for

convolution operators. Discrete Contin. Dyn. Syst., 40(8):4961-4983, 2020.

C. Goodrich and A. C. Peterson. Discrete fractional calculus. Springer, Cham,

2015.

I. S. Gradshteyn and I. M. Ryzhik. Table of integrals, series, and products.
Academic Press, Inc., San Diego, CA, sixth edition, 2000.

H. Gu and J. J. Trujillo. Existence of mild solution for evolution equation with
hilfer fractional derivative. Appl. Math. Comp., 257:344-354, 2015. Recent

Advances in Fractional Differential Equations.

S. S. Haider, M. u. Rehman, and T. Abdeljawad. On Hilfer fractional differ-
ence operator. Adv. Difference Equ., (122):1-20, 2020.

J. W. He, C. Lizama, and Y. Zhou. The Cauchy problem for discrete time
fractional evolution equations. J. Comput. Appl. Math., 370:112683, 15, 2020.



Bibliography 100

[46]

[47]

[48]

[50]

[52]

[53]

R. Hilfer. Applications of fractional calculus in physics. World Sci. Publ.,
River Edge, NJ, 2000.

R. Hilfer. On fractional diffusion and continuous time random walks. Physica

A: Statistical Mechanics and its Applications, 329(1):35-40, 2003.

Z. Hu and W. Chen. Modeling of macroeconomics by a novel discrete non-
linear fractional dynamical system. Discrete Dyn. Nat. Soc., pages Art. 1D

275134, 9, 2013.

L.-L. Huang, J. H. Park, G.-C. Wu, and Z.-W. Mo. Variable-order fractional
discrete-time recurrent neural networks. J. Comput. Appl. Math., 370:112633,
11, 2020.

L.-L. Huang, G. C. Wu, D. Baleanu, and H.-Y. Wang. Discrete fractional
calculus for interval-valued systems. Fuzzy Sets and Systems, 404:141-158,
2021.

T. C. Jiaohui Xu. Long time behavior of fractional impulsive stochastic dif-
ferential equations with infinite delay. Discr. Cont. Dyn. Sys.- B, 24(6):2719—
2743, 2019.

W. G. Kelley and A. C. Peterson. Difference equations: An Introduction
with Applications. Harcourt/Academic Press, San Diego, CA, second edition,

2001.

J. Kemppainen, J. Siljander, and R. Zacher. Representation of solutions
and large-time behavior for fully nonlocal diffusion equations. J. Differential

FEquations, 263(1):149-201, 2017.

A. A. Kilbas and M. Saigo. H -transforms, volume 9 of Analytical Methods and
Special Functions. Chapman & Hall/CRC, Boca Raton, FL, 2004. Theory

and applications.



Bibliography 101

[55]

[56]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

C. Lizama. [,-maximal regularity for fractional difference equations on UMD

spaces. Math. Nachr., 288(17-18):2079-2092, 2015.

C. Lizama. The Poisson distribution, abstract fractional difference equations,

and stability. Proc. Amer. Math. Soc., 145(9):3809-3827, 2017.

C. Lizama. Abstract linear fractional evolution equations. In Handbook
of fractional calculus with applications. Vol. 2, pages 465-497. De Gruyter,
Berlin, 2019.

C. Lizama. Abstract nonlinear fractional evolution equations. In Handbook
of fractional calculus with applications. Vol. 2, pages 499-514. De Gruyter,
Berlin, 2019.

C. Lizama and M. Murillo-Arcila. Maximal regularity in /,, spaces for discrete

time fractional shifted equations. J. Differ. Equ., 263(6):3175-3196, 2017.

C. Lizama and M. P. Velasco. Weighted bounded solutions for a class of
nonlinear fractional equations. Fract. Cale. Appl. Anal., 19(4):1010-1030,
2016.

A. Lunardi. Analytic semigroups and optimal reqularity in parabolic problems.

Modern Birkh&user Classics. Birkhduser/Springer Basel AG, Basel, 1995.

N. I. Mahmudov and M. A. McKibben. On the approximate controllability
of fractional evolution equations with generalized riemann-liouville fractional

derivative. J. Funct. Spaces, vol. 2015, 2015.

F. Mainardi. Fractional calculus and waves in linear viscoelasticity. Imperial

College Press, London, 2010.

F. Mainardi. On some properties of the Mittag-Leffler function E,(—t®),
completely monotone for ¢ > 0 with 0 < o < 1. Discrete Contin. Dyn. Syst.
Ser. B, 19(7):2267-2278, 2014.



Bibliography 102

[65]

[66]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

R. Metzler and J. Klafter. The random walk’s guide to anomalous diffusion:

a fractional dynamics approach. Phys. Rep., 339(1):77, 2000.

K. S. Miller and B. Ross. An introduction to the fractional calculus and frac-
tional differential equations. A Wiley-Interscience Publication. John Wiley

& Somns, Inc., New York, 1993.

D. Mozyrska and M. g. Wyrwas. The z-transform method and delta type
fractional difference operators. Discrete Dyn. Nat. Soc., pages Art. ID 852734,
12, 2015.

M. Ouyang and Y. Zhang. Julia sets and their control of discrete fractional
sirs models. Complexity, pages 1-10, 2019.

I. Podlubny. Fractional differential equations, volume 198 of Mathematics in

Science and Engineering. Academic Press, Inc., San Diego, CA, 1999.

A. P. Prudnikov, Y. A. Brychkov, and O. I. Marichev. Integrals and series.
Vol. 1. Gordon & Breach Science Publishers, New York, 1986.

J. Priiss.  Fwvolutionary integral equations and applications.  Modern

Birkh&user Classics. Birkhéuser/Springer Basel AG, Basel, 1993. [2012]
reprint of the 1993 edition.

T. Simon. Comparing Fréchet and positive stable laws. FElectron. J. Probab.,

19:no0. 16, 25, 2014.

Y. Song and H. Tian. Periodic and almost periodic solutions of nonlinear
discrete Volterra equations with unbounded delay. J. Comput. Appl. Math.,
205(2):859-870, 2007.

F. G. Tricomi and A. Erdélyi. The asymptotic expansion of a ratio of gamma

functions. Pacific J. Math., 1:133-142, 1951.



Bibliography 103

[75]

[76]

G. C. Wu and D. Baleanu. Discrete chaos in fractional delayed logistic maps.

Nonlinear Dynam., 80(4):1697-1703, 2015.

G. C. Wu, D. Baleanu, and Y.-R. Bai. Discrete fractional masks and their
applications to image enhancement. In Handbook of fractional calculus with

applications. Vol. 8, pages 261-270. De Gruyter, Berlin, 2019.

G. C. Wu, D. Baleanu, and W.-H. Luo. Lyapunov functions for Riemann-
Liouville-like fractional difference equations. Appl. Math. Comput., 314:228—
236, 2017.

K. Yosida. Functional analysis. Classics in Mathematics. Springer-Verlag,

Berlin, 1995. Reprint of the sixth (1980) edition.

J. Yu and B. Zheng. Modeling wolbachia infection in mosquito population
via discrete dynamical models. J. Difference Equ. Appl., 25(11):1549-1567,
2019.

R. X. Zhihong Bai. The asymptotic behavior of solutions for a class of non-
linear fractional difference equations with damping term. Discrete Dynamics

in Nature and Society, vol. 2018:11 pages, 2018.

A. Zygmund. Trigonometric series. Vol. I, II. Cambridge Mathematical
Library. Cambridge University Press, Cambridge, third edition, 2002.



	List of Figures
	List of Symbols
	Introduction
	1 Preliminaries
	1.1 Continuous fractional calculus
	1.2 Discrete fractional calculus

	2 Fundamental solutions and large-time behaviour for a discrete in time fractional diffusion equation
	2.1 Some special functions in the discrete setting
	2.2 Fundamental solution
	2.3 Asymptotic decay and asymptotic behavior of solution

	3 Subordination principle and the discrete Hilfer fractional operator
	3.1 Subordination principle
	3.2 The Hilfer fractional difference operator

	4 Existence and uniqueness of (N,)-periodic solutions to a class of Volterra difference equations
	4.1 (N,)-periodic discrete functions
	4.2 Abstract Volterra difference equations

	5 Existence and uniqueness of (N,)-periodic solutions for abstract fractional difference equation
	5.1 Linear fractional difference equations
	5.2 Semilinear fractional difference equations

	Publications
	Bibliography

