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A B S T R A C T

This work addresses the determination of the cohesive laws in Mode I and tangential–longitudinal (TL) crack
propagation system of Fagus Sylvatica L. This species is one of the ever-growing and most widely used hardwood
species in Europe for engineered timber products. Double Cantilever Beam (DCB) tests are performed. The
strain energy release rate (𝐺I) is derived from the R-curves by applying the Compliance-Based Beam Method
(CBBM), which has the advantage of not requiring the measurement of the crack length during propagation, but
only the global load–displacement curves. The cohesive law of the material is determined from the relationship
between 𝐺I, and the crack tip opening displacement (CTOD) monitored for each specimen using Digital Image
Correlation (DIC). Numerical finite element models are developed by implementing the average cohesive law
through Cohesive Zone Models (CZM). An average 𝐺I value of 0.46 kJ∕m2 is obtained for this species. The
numerical load–displacement curves are consistent with the experimental results, which demonstrates the
suitability of the method for the identification of the cohesive laws in beech. The fracture properties obtained
are essential in the development of advanced and reliable numerical models in timber engineering design using
this species.
1. Introduction

Recent studies show that the building sector contributes up to 30%
of global annual greenhouse gas emissions and consumes up to 40% of
all energy [1]. For this reason, the wood industry and therefore the
construction of buildings with timber structure is undergoing strong
growth. Part of this growth is driven by the need to provide environ-
mentally friendly answers and, in this sense, wood is playing a very
important role. The use of wood-based materials in building construc-
tion can reduce energy demand and CO2 compared to other materials,
such as steel, concrete, aluminum or brick [2–4]. Furthermore, wood
is the only main building material that is a renewable resource as long
as it is managed sustainably [5]. This interest in wood highlights the
need for research to better understand its mechanical behavior. From
a technical point of view, it is necessary to advance and deepen in
the characterization of the material properties in order to address the
design of timber structures in a safe way and develop advanced and
reliable numerical models, which involves the study of the fracture
behavior.
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In the last decade, the use of hardwood species as a raw material
for timber structures is gaining momentum over softwoods due to their
advantages in term of mechanical performance and natural durability.
Currently, beech wood (Fagus sylvatica L.) is one of the most widely
used hardwoods for timber structures in Europe [6]. Therefore, pre-
dicting its fracture behavior becomes necessary, especially in design
situations where brittle failures may occur, such as timber connections
loaded perpendicular to the grain. For this particular case, Eurocode
5 [7] proposes a splitting resistance verification based on the fracture
mechanics approach. The code expression derives from considering a
critical fracture energy parameter, which was empirically calibrated
based on several experimental studies on softwoods available in lit-
erature [8,9]. However, the design standard limits this verification to
softwoods, so research is needed to extend its application to hardwoods,
which requires determining their fracture properties.

It is well known that wood presents a high variability of elastic
properties due to its natural origin. Furthermore, although it is an
anisotropic material, it is widely accepted to be considered as or-
thotropic characterized according to three main directions: longitudinal
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(L), radial (R) and tangential (T) [ Fig. 1]. This leads to consider six
fracture propagation systems: RL, TL, LR, LT, RT and TR (the first
letter indicates the direction normal to the crack plane and the second
letter specifies the direction of crack propagation). In particular, the
most relevant propagation systems from a structural point of view are
RL and TL, so numerous research works focused on them in different
wood species can be found in literature [10–17]. Each propagation
mechanism can present a state of stresses in three different modes:
mode I (in-plane tension), mode II (in-plane shear) and mode III (out-
of-plane shear). Due to the low strength perpendicular to the grain
of wood, the failure mode I requires special attention. In this sense,
several types of experimental tests are available to characterize the
mode I fracture parameters, such as the Compact Tension (CT) [18,19]
the Single Edge Notched Beam (SENB) [15,20] or the Wedge Splitting
Test (WST) [21,22]. One of the most suitable tests is the Double
Cantilever Beam (DCB) as the specimen geometry is simple, it is able to
adequately produce crack propagation, and allows the fracture energy
to be determined mathematically according to the beam theory [23,24].

The complexity of wood makes that the fracture of the material is
characterized by the occurrence of hardening phenomena such as multi-
ple micro-cracks and fiber-bridging [24]. These non-linear phenomena
take place in the region known as the Fracture Process Zone (FPZ) just
ahead of the crack tip. Consequently, in order to adequately describe
the fracture behavior of wood, it is necessary to make use of non-linear
fracture theories, which were initially developed for elasto-plastic ma-
terials such as mild steel [25]. Currently, one of the simplest ways to
address fracture in wood is by applying traction-crack opening laws
to predefined crack propagation paths. Although wood is a strongly
orthotropic material, the crack propagation pattern is usually known in
advance. The first applications of this methodology correspond to the
Fictitious Crack Models [26,27], today known as Cohesive Zone Models
(CZM), being for the first time applied to wood in [28]. The traction-
crack opening laws are considered material properties and relate the
tractions with the total displacement at the crack tip. They consist of
an initial branch corresponding to the elastic behavior of the material
until the maximum traction is reached, followed by a softening branch
describing the damage development [29]. These cohesive laws can be
obtained experimentally by direct methods [11] or by inverse methods
using numerical simulations [30].

The main objective of the present work is to experimentally estimate
the resistance curves (𝑅-curves) and the representative cohesive laws
in mode I and TL crack propagation system of European beech wood
(Fagus sylvatica L.) using DCB specimens. The 𝑅-curves are determined
applying the Compliance-Based Beam Method (CBBM). This data re-
duction scheme is based on the beam theory and an equivalent crack
length (𝑎eq) concept, which has the advantage of not requiring the mea-
surement of crack growth during the test, which would be a difficult
and complex task in wood. Instead, only the load–displacement curve
is needed. The cohesive laws are derived directly from the relationship
between the critical strain energy release rate (𝐺Ic) obtained from the
R-curves, and the crack tip opening displacements (𝑤) monitored using
digital image correlation (DIC) technique. Numerical simulations by
finite element models were performed to validate the experimental
procedure. CZM were applied to predefined paths in the specimen
geometry in order to implement the fracture mechanisms and validate
the results.

2. Materials and methods

2.1. Raw material

Clear wood specimens made of European beech (Fagus sylvatica L.)
were manufactured. All specimens were randomly cut from boards
from a single log and machined in such manner that they are oriented
according to the orthotropic directions (Fig. 2). Before testing, the
2

Fig. 1. Main orthotropic directions and planes in wood.

specimens were stored at 20 ◦C and 65% relative humidity until equi-
librium moisture content was reached. A mean density of 704 kg∕m3

and 10.5% average moisture content were measured. Constant values
for the tangential modulus of elasticity 𝐸T=832 MPa (St. Dev.=115
MPa) and for the shear modulus 𝐺LT=706 MPa (St. Dev.=139 MPa)
were taken from [31].

2.2. DCB test coupled with digital image correlation

In this work, seventeen DCB specimens oriented according to the
TL crack propagation system as schematically represented in Fig. 2
were prepared for studying the fracture behavior in mode I of European
beech. The specimens consist of small rectangular beams with nominal
dimensions 𝐿 × 2ℎ × 𝐵 (250 mm × 20mm × 20mm). A notch of
1 mm thickness was machined at mid-height using a band saw. Prior
to testing, this notch of initial length 𝑎0 (100 mm) was lengthened by
1 mm using a very sharp blade to guarantee a sharped pre-crack surface
before crack propagation. The pre-crack depth was controlled using a
universal testing machine under displacement control of 10 mm/min.
The pre-crack length was measured with a precision magnifying glass
as shown in Fig. 3. A symmetrical pair of holes of 3 mm diameter
were drilled at mid-height of the arm and 10 mm distance from the
specimen test end (𝑒 in Fig. 2). Two steel pins of the same diameter
were introduced into the holes to transfer the mode I load to the spec-
imen. The resultant applied load was measured by a load cell of 5 kN
maximum capacity. The DCB specimens were loaded by displacement
control applying a constant load rate of 2 mm/min.

The DIC system ARAMIS® 3D [32] was used to record the crack tip
opening displacements (Fig. 4). The device comprises two 5 megapixels
resolution cameras coupled with 35 mm lens and two white light
spotlights. They were calibrated using the CP20 90 × 72 calibration
panel according to the target region of interest. To ensure correct
focusing of the specimen surface, a field of view of 80 mm × 65mm
and a distance of 400 mm between the cameras and the specimen were
established. An stereo-vision angle of 25◦ between cameras was set.
The base distance between cameras was locked at 138 mm. The shutter
time and the spotlights were setup to enhance contrast and adequately
lighting the specimen, avoiding insufficient or excessive light exposure.
ARAMIS®3D was coupled to the universal testing machine to record
synchronized data with a frequency of 1 Hz. Speckle pattern was
applied on the specimen surface of interest to ensure the accuracy of
the measurements using the DIC technique. This textured pattern was
created in two phases. Firstly, a thin homogeneous layer of matte white
paint was applied with a spray, and then a black dots pattern was
projected using an airbrush. The created pattern guaranteed suitable



Theoretical and Applied Fracture Mechanics 118 (2022) 103220J.L. Gómez-Royuela et al.
Fig. 2. Geometry of the DCB specimen.

Fig. 3. Pre-crack measurement by a precision magnifying glass.

Fig. 4. DCB test set-up coupled with DIC.

contrast and granulometry of the surface according to the magnification
scale of observation. Subset size of 15 × 15 pixel2 and a subset step
of 13 × 13 pixel2 were selected for enhancing spatial resolution in a
compromise with accuracy, since the DIC setting parameters can have
a significant influence in the kinematics measurements [33,34].

2.3. R -curves: Compliance based beam method

The crack growth resistance curves (𝑅-curves) describe the evolu-
tion of the strain energy release rate 𝐺I as a function of the crack
length 𝑎. A fracture process zone (FPZ) arises in the region close to
the crack tip, where various toughening mechanisms take place, such
as multiple micro-cracks, cracks-branching and fiber-bridging. These
3

non-linear phenomena influence the fracture behavior of wood and
therefore cannot be neglected. The 𝑅-curve is a useful tool to quantify
the influence of the FPZ and obtain the critical fracture energy 𝐺Ic,
since this parameter is given by the plateau value of these curves.

The strain energy release rate can be obtained according to the
Irwin–Kies equation,

𝐺 = 𝑃 2

2𝐵
d𝐶
d𝑎

, (1)

where 𝑃 , 𝐵, 𝐶 and a are the test load, the specimen width, the specimen
compliance (𝐶 = 𝛿∕𝑃 ) and the crack length, respectively. It should
be noted that the toughening mechanisms developing at the FPZ in
wood make difficult an accurate measurement of a during testing. To
avoid this problem, the Compliance-Based Beam Method (CBBM) [24]
was applied in the determination of d𝐶∕d𝑎. This methodology is based
on the Timoshenko beam theory and an equivalent crack length (𝑎eq)
concept. Accordingly, for a DCB test, the specimen compliance can be
written as [24],

𝐶 = 8𝑎3

𝐸L𝐵ℎ2
+ 12𝑎

5𝐵ℎ𝐺LT
, (2)

where 𝐸L and 𝐺LT are the longitudinal and the shear modulus of
elasticity in the LT plane, respectively. It should be noted that Eq. (2)
does not take into account the stress concentrations and assumes that
the rotation at the crack tip is zero, but actually this is not the case. To
account for these effects, a correction to the initial crack length (𝛥) is
used, so that 𝑎 = (𝑎0 + 𝛥), being 𝛥 the William’s correction factor [35],

𝛥 = ℎ

√

𝐸f
11𝐺LT

[

3 − 2
( 𝛤
1 + 𝛤

)2]

where 𝛤 = 1.18

√

𝐸f𝐸T

𝐺LT
. (3)

As mentioned before, another typical problem in wood is the vari-
ability of the elastic constants. To overcome this issue, a corrected
bending modulus 𝐸f is used for each specimen instead of 𝐸L. The 𝐸f
value can be obtained from Eq. (2) considering the initial compliance
𝐶 = 𝐶0 estimated by linear regression of the 𝑃 − 𝛿 curve using least
squares method,

𝐸f =

[

𝐶0 −
12

(

𝑎0 + 𝛥
)

5𝐵ℎ𝐺LT

]−1
8
(

𝑎0 + 𝛥
)3

𝑏ℎ3
. (4)

Successive iterations between Eqs. (3) and (4) are performed until a
convergent value of 𝐸f is reached. It should be noted that no significant
errors are made when neglecting the influence of the variability of the
other elastic constants (𝐸T and 𝐺LT) on the final value of 𝐺I, so the
average values of these constants can be used as input parameters [24].
During propagation, the current specimen compliance (𝐶 = 𝛿∕𝑃 ) is
registered and used to obtain the equivalent crack length during crack
propagation. With this aim, Eq. (2) is used to get 𝑎eq as a function
of 𝐶. The resultant cubic equation is solved with Matlab® software
(see more details in [24]). This parameter accounts for the FPZ effects,
i.e., 𝑎eq = 𝑎+ 𝛥+ 𝛥𝑎FPZ, since the current specimen compliance reflects
the influence of them. Finally, combining Eqs. (1) and (2), the energy
release rate is reached according to the following expression,

𝐺I =
6𝑃 2

2𝐵

[

2𝑎2eq
ℎ2𝐸f

+ 1
5𝐺LT

]

. (5)

Therefore, 𝐺I can be determined only from the load vs. displacement
data (𝑃 − 𝛿) without the need for measurements of a during the DCB
test [36], being a reasonable alternative applicable to wood [11].

2.4. Cohesive law: Direct method

The cohesive laws for pure mode I loading describe the evolution of
tractions as a function of the crack tip opening (𝜎 = f(𝑤)) and can be
determined according to the following expression [37],

𝐺I =
�̄�
𝜎 (𝑤) d𝑤. (6)
∫0
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Fig. 5. Scheme of subsets pair location (blue squares) used for the determination of
CTOD measurements.

Differentiating Eq. (6), the tractions can be directly defined as,

𝜎 (𝑤) =
d𝐺I
d𝑤

. (7)

To apply this methodology, it is necessary to determine the evolu-
tion of strain energy release rate in mode I (𝐺I) as a function of the
crack tip opening displacements (CTOD). In this work, the evolution
of 𝐺I was found from Eq. (5) and CTOD was directly monitored using
the ARAMIS 3D DIC system. The CTOD (𝑤) was obtained by post-
processing the recorded displacements. To this end, the pre-crack tip
was identified at the initial stage image and pairs of facet pairs symmet-
rical to the fracture plane were carefully selected (Fig. 5). According to
this each top subset (+1, +2, . . . ) was paired with its lower symmetrical
(−1, −2, . . . ). Determination of the CTOD was always started using the
subsets closest to the crack tip (+1 and −1) and then the next subsets
were automatically selected sequentially until a subsets of facets is read
in each of the test images successfully. It should be noted that the first
subset of facets are typically rejected since they often contain erroneous
measurements. These errors can be observed as discontinuities in 𝑤− 𝛿
curve. Moreover, each subset was verified to be on an opposite side of
the crack during propagation since the crack growth could place them
on the same side. Finally, 𝑤 was determined for each loading step by
evaluating the relative displacement between both subsets [38,39],

𝑤 = ‖

‖

𝑤+ −𝑤−
‖

‖

, (8)

where 𝑤+ and 𝑤− are the displacement components perpendicular to
the crack surface (Figure 6) associated with the subsets described above
and ‖⋅‖ represents the Euclidean norm.

There are eventually several ways to carry out the numerical dif-
ferentiation given in Eq. (7), with advantages and drawbacks. The ap-
proximation of a continuous function based on a least-square regression
strategy has been successfully applied in other relevant research avail-
able in literature (e.g. [11,13,40,41]) and is adopted in this work. To
obtain 𝜎, a logistic function was fitted to 𝐺I −𝑤 curve by least squares
through successive approximations according to the next expression,

𝐺I =
𝐴1 − 𝐴2

1 +
(

𝑤∕𝑤0
)𝑝 + 𝐴2, (9)

where 𝐴1, 𝐴2, 𝑤0 and 𝑝 are fitting constants by the regression analysis.
This function does not have a particular physical meaning, however it
is used as a tool to smooth the noise before deriving Eq. (7). In this
way, 𝜎 can be determined as follows,

𝜎 = −
𝑝
(

𝐴1 − 𝐴2
) (

𝑤∕𝑤0
)𝑝−1

𝑤0
(

1 +
(

𝑤∕𝑤0
)𝑝)2

. (10)

The 𝐴2 parameter in Eqs (9) and (10) should provide an estimation
of the critical strain energy release rate according to Eq. (11),

𝐴 = lim 𝐺 = 𝐺 . (11)
4

2 𝑤→∞ I Ic
In alternative to the employment of a continuous function in a
global fitting approach, a local least-square fitting algorithm can be
used considering, for instance, a smoothing spline [42,43].

2.5. A three-linear cohesive law model

In order to validate the experimental procedure, 2D finite element
analyses were performed using ABAQUS software. A plane stress analy-
sis together with quadratic isoparametric 8-node (CPS8R) solid element
were used to model the DCB test. The damage zone was implemented as
a user subroutine of the ABAQUS software and using 6 nodes elements
located at half-height of the specimen according to the scheme in Fig. 7.
A total displacement (𝛿) of 16 mm was applied, which was introduced
in increments no greater than 0.02 mm in order to obtain numerically
stable crack growth and accurate results.

A three-linear cohesive law model with a bilinear softening rela-
tionship (Fig. 8) was implemented to reproduce the crack growth in
Mode I according to the experimental tests. Recent research shows good
agreements on the application of a trilinear cohesive law to simulate
crack growth in wood [11,20,30].

Two different parts can be distinguished in this fracture behavior
model. Firstly, an initial branch where the material behaves elastically
until the maximum traction 𝜎u is attained for a corresponding crack
opening in mode I (𝑤0). It is defined by Eq. (12),

𝜎 = 𝑘𝑤, (12)

where 𝑘 is the initial stiffness of the cohesive elements and is known
as the penalty parameter. It normally takes a high value (106 N∕mm3)
to avoid undesirable interpenetrations and difficulties to achieve the
model convergence [44]. Although this penalty stiffness value reveals
to be higher than the ones estimated in the cohesive laws obtained
experimentally, it should be noted that the goal in this work is to
properly address the softening region taking part after the local strength
is achieved. In fact, the rigorous simulation of damage initiation and
its propagation are the main objectives to achieve. In this context,
the second part of the trilinear cohesive law (Fig. 8) represents the
development of the FPZ and damage initiation (microcracking in the
first descending branch and fiber-bridging in the last one) and so the
material behaves in a non-linear way after the local strength (𝜎u) is
attained. This part is defined by three parameters: the ultimate traction
(𝜎u), the traction at which fiber-bridging appears (𝜎1) and the corre-
sponding crack opening (𝑤1). The ultimate crack growing is defined
from the fracture energy 𝐺Ic. The traction–separation relationships at
this part of the law are established according to Eq. (13),

𝜎 = (1 − 𝑑)𝑘𝑤, (13)

where 𝑑 is the damage parameter, which is updated at each loading in-
crement during the iterative process and is obtained from the cohesive
law as a function of 𝑤. This parameter assumes the value of Eqs. (14)
and (15), depending on the branch to which it belongs. In this sense,
if 𝑤0 < 𝑤 < 𝑤1 then,

𝑑 = 1 −
𝑤0
𝑤𝜎u

[

𝜎1 − 𝜎u
𝑤1 −𝑤0

(

𝑤 −𝑤0
)

+ 𝜎u

]

, (14)

and when 𝑤1 < 𝑤 < 𝑤u then,

𝑑 = 1 −
𝑤0
𝑤𝜎u

[

𝜎1
(

𝑤 −𝑤u
)

(

𝑤u −𝑤1
)

]

. (15)

It should be noted that knowing 𝐺Ic, the ultimate crack tip separa-
tion can be obtained as follows,

𝑤𝑢 =
2𝐺Ic − 𝜎u𝑤1 + 𝜎1𝑤0

𝜎1
. (16)

The values of the parameters defining the cohesive law are shown in
Table 1, which correspond to the average values obtained in Section 3.
Furthermore, in order to explain the scatter of wood properties and
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Fig. 6. Scheme of data measurement at the crack tip area of the specimen using DIC.
Fig. 7. Scheme of the numerical model and finite mesh.
Table 1
Numerical parameters of trilinear cohesive law. Maximum traction strength (𝜎u), traction at which fiber-bridging appears (𝜎1),
displacement at which fiber-bridging appears (𝑤1) and critical fracture energy (𝐺Ic).

𝜎𝑢
(N∕mm2)

𝜎1
(N∕mm2)

𝑤1
(mm)

𝐺Ic
(kJ∕m2)

𝐺𝜇∕𝐺Ic
micro-cracking

𝐺b∕𝐺Ic
fiber-bridging

Average 8.29 1.00 0.080 0.46 70.28% 29.72%
upper limit 8.29 1.20 0.097 0.56 70.32% 29.68%
lower limit 8.29 0.80 0.063 0.36 70.23% 29.77%
Fig. 8. Trilinear cohesive law.

knowing that the damage propagation is governed by the fracture
energy, two additional cohesive laws have been implemented in FEM,
representing the upper and lower limits of the fracture energy, whose
values have been obtained by applying the St. Dev. to the mean value
of 𝐺Ic. It should be noted that these extreme cohesive laws were
defined considering the same 𝜎u and keeping constant the proportion-
ality between the micro-cracking and fiber-bridging fracture energy
components obtained in the average cohesive law. This assumption
relies on the fact that crack growth is essentially governed by fracture
energy, not being much affected by 𝜎u.

The mean values of elastic constants of European beech used as
input data in the numerical models were taken from [31] and are
summarized in Table 2.
5

Fig. 9. Experimental and numerical 𝑃 − 𝛿 curves from DCB test on beech.

3. Results and discussion

3.1. 𝑅-Curves

Fig. 9 shows the 𝑃 − 𝛿 curves obtained from the experimental
DCB tests (in gray) and from the numerical analysis using the elastic
constants specified in Table 2 and the fracture properties compiled
in Table 1. The numerical curve derived using the average values of
both elastic and fracture properties is shown in red, together with the
numerical upper and lower limits by applying the standard deviation
(St. Dev.) to the mean values (blue and green lines, respectively).

The experimental curves show consistent results taking into account
the typical variability of wood. The numerical curve derived using the
mean material properties is shown as representative of the experimen-
tal results. Furthermore, the upper and lower limit curves could explain
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Table 2
Average elastic constants of European beech used as input data in the numerical models [31].

𝐸L
(MPa)

𝐸R
(MPa)

𝐸T
(MPa)

𝜐LR
(-)

𝜐LT
(-)

𝜐TR
(-)

𝐺LR
(MPa)

𝐺LT
(MPa)

𝐺RT
(MPa)

Average 13811 1590 832 0.51 0.44 0.32 1108 706 349
St. Dev. (1323) (541) (115) (0.030) (0.015) (0.041) (202) (139) (53)
Fig. 10. Toughening mechanisms during crack propagation of the ‘‘TL 06’’ DCB
specimen.

the scatter of the wood properties. Accordingly, it is confirmed that
finite element models using a trilinear cohesive law applied to CZM
are a useful tool to predict the fracture behavior in mode I of beech.
These statements are in agreement with other author’s research using
other wood species [11,45].

Non-linear behavior can be observed both in the experimental and
numerical curves before the maximum load is attained. This is a typical
feature of quasi-brittle materials like wood, due to the appearance of
the aforementioned micro-cracking and fiber-bridging [13], as can be
seen in Fig. 10. This fact verifies the existence of the FPZ ahead of the
crack tip and therefore cannot be neglected. In addition, Fig. 10 reveals
the difficulty of accurately monitoring crack growth during the tests,
which supports the convenience of applying the CBBM scheme based on
the equivalent crack length concept to assess the fracture energy [46].

The straight branch of the 𝑃 − 𝛿 curves was used to calibrate the
initial compliance (𝐶0), which was fitted by linear regression performed
with Matlab® attaining coefficients of determination R2 > 0.999. This
value, together with the additional crack length (𝑎 = 𝑎0 + 𝛿), were used
to fit the corrected flexural modulus (𝐸f ) and thus avoid measurement
of this property in each DCB tests. The results for both 𝐶0, 𝐸f and
maximum load (𝑃max) obtained for each DCB tests in addition to the
mean, standard deviation (St. Dev.) and coefficient of variation (CoV)
values are shown in Table 3. In the numerical models, an average value
of 𝐸L was used as input data, which seems to be quite consistent with
the experimental tests as could be observed in Fig. 9. The dispersion of
the results is within the expected range in wood.

The 𝑅-curves obtained from both experimental and numerical 𝑃 −𝛿
curves are shown in Fig. 11. These curves describe the evolution of the
energy release rate (𝐺I) as a function of the equivalent crack length
(𝑎eq), both parameters derived by applying the CBBM.

The scatter between curves is due to the typical wood variability.
Overall, the 𝐺I grows vertically until it steadies at a point represented
by the plateau of the curves. This plateau indicates the critical fracture
energy (𝐺Ic) and match to the beginning of the material damage,
and therefore to the crack growth. A non-linear transition can be
observed between the vertical and the horizontal part representing the
development of the FPZ. However, in all cases, a plateau can be clearly
seen in the 𝑅-curves, which shows a stable crack growth and therefore
justifies the application of the proposed method. Given the length and
dispersion of the points that generate the plateau of the 𝑅-curves, the
𝐺Ic value was determined as the average value of the points that belong
to this horizontal branch. The results are included also in Table 3.
It should be highlighted that the numerical 𝑅-curves (average, upper
limit and lower limit) obtained from the numerical 𝑃 − 𝛿 fit quite well
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Fig. 11. 𝑅-curves from experimental DCB test in the TL propagation system and the
numerical solutions.

Fig. 12. Evaluation of the normal (Mode I) and parallel (Mode II) CTOD with regard
to the applied displacement (𝛿).

with the experimental results. Therefore, the use of cohesive elements
to model the onset and evolution of damage seems to be a useful and
simple tool whose applicability in beech wood (Fagus sylvatica L.) has
been demonstrated.

The mean value of 𝐺Ic (TL) for Fagus sylvatica L. resulted in 0.46
kJ∕m2 (22.1% COV). This value is higher than that of softwood species
such as Picea abies, which according to [20] has a 𝐺Ic value of 0.301
kJ∕m2. However, it is lower than the value obtained for other hard-
woods species such as Eucalyptus globulus L., which applying the same
methodology showed a 𝐺Ic value of 0.77 kJ∕m2 according to [13].

3.2. Cohesive laws

The cohesive laws were determined from 𝐺I (applying the CBBM)
and the CTOD (𝑤) measured using the DIC technique. In order to iden-
tify the eventual presence of spurious mode II loading, the evolution
of CTOD (the normal component to the crack plane (Mode I) and the
parallel component to the propagation system (Mode II)) with regard
to the applied displacement (𝛿) for a representative experimental test
is shown in Fig. 12.

As can be seen in the figure, the displacements belonging to Mode
II are negligible. Therefore, the use of DCB specimens loaded in the
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Table 3
Density (𝜌), corrected flexural modulus (𝐸f ), maximum load (𝑃max), initial compliance (𝐶0) and critical fracture energy (𝐺Ic)
for each DCB specimen, and mean, standard deviation (St. Dev.) and coefficient of variation (CoV) values.

Specimen Ref 𝜌
(kg∕m3)

𝐸f
(N∕mm2)

𝑃max
(N)

𝐶0
(mm/N)

𝐺Ic
(kJ∕m2)

TL_01 696 13500 108.74 0.044 0.36
TL_02 713 12914 134.70 0.048 0.45
TL_05 774 13283 146.95 0.046 0.65
TL_06 689 14797 132.09 0.042 0.49
TL_07 722 15375 135.19 0.041 0.44
TL_08 700 13817 129.97 0.044 0.51
TL_09 710 13164 108.74 0.045 0.34
TL_10 738 15183 136.50 0.041 0.54
TL_12 699 14804 118.70 0.043 0.27
TL_14 676 14735 110.05 0.044 0.35
TL_15 683 16012 138.95 0.041 0.53
TL_16 678 15536 131.93 0.042 0.52
TL_17 691 14910 118.37 0.044 0.41
TL_20 690 16524 137.64 0.040 0.51

Mean 704 14611 127.75 0.043 0.46
St. Dev. 26 1115 12.46 0.002 0.10
CoV (%) 3.7% 7.6% 9.8% 5.1% 22.1%
Fig. 13. Experimental 𝐺I −𝑤 curves.

Fig. 14. Logistic and spline function fitting to the experimental 𝐺I .−𝑤 curve obtained
for the ‘‘TL 07 ’’ DCB specimen.

direction perpendicular to the grain seems to be a good test setup to
determine 𝐺Ic since the influence of mode II is very low.

The 𝐺I−𝑤 curves from the experimental tests are shown in Fig. 13.
In order to have a continuous function that can be derived to obtain
the cohesive laws, during data processing, both a logistic type function
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Fig. 15. Logistic and spline cohesive laws obtained for the ‘‘TL 07 ’’ DCB specimen.

(Eq. (9)) and a spline type function were fitted. A representative exam-
ple of this fit is shown in Fig. 14, which shows a good approximation of
both functions. Nonetheless, it can be observed that the spline function
fits better to the experimental curve due to its degrees of freedom.
However, it has the disadvantage of being quite stiff at the beginning.
Fig. 15 shows a representative example of the cohesive law obtained
for each function. In this figure it can be seen how the spline function
presents problems at the beginning due to the initial stiffness mentioned
above. Therefore, in this study the cohesive laws were determined from
the logistic function, since it proves to be a smoother and continuous
function. It should be noted that only the data points from the start
of the test to the beginning of crack propagation have been taken into
account, since that point corresponds to the critical fracture energy.

All the experimental and the average cohesive laws of beech are
shown in Fig. 16. The corresponding fitting parameters (𝐴1, 𝐴2, 𝑤0,
𝑝) of the logistic curves according to Eq. (10), the maximum traction
(𝜎u), fracture energy of the cohesive law (𝐺law,I) and maximum relative
displacement (𝑤u) are summarized in Table 4. In particular, 𝐴2 value
is an estimate of 𝐺Ic, which can be verified by comparing these values
with those determined from the experimental 𝑅-curves shown in Ta-
ble 3. It is also interesting to note that the 𝜎u values obtained from the
cohesive laws are in agreement with the perpendicular tensile strength
value in the tangential direction of 8.9 MPa for beech reported in the
literature [47].
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Table 4
Fitting parameters of the logistic function (𝐴1, 𝐴2, 𝑤0, 𝑝), maximum traction (𝜎u), fracture energy (𝐺law,I) and maximum relative displacement
(𝑤u) of the cohesive laws for each DCB specimen. Mean, standard deviation (St. Dev.) and coefficient of variation (CoV) values.

Specimen Ref 𝐴1
(kJ∕m2)

𝐴2
(kJ∕m2)

𝑤I0
(mm)

p
(-)

𝐺law,I
(kJ∕m2)

𝜎u
(N∕mm2)

𝑤u
(mm)

TL_01 0.007 0.35 0.029 3.12 0.34 10.07 0.024
TL_02 0.003 0.46 0.034 2.42 0.45 9.65 0.024
TL_05 −0.002 0.61 0.036 2.18 0.61 11.41 0.023
TL_06 −0.009 0.49 0.047 1.51 0.50 6.56 0.016
TL_07 −0.004 0.44 0.057 2.06 0.44 5.12 0.034
TL_08 −0.013 0.51 0.041 1.64 0.51 7.81 0.018
TL_09 0.008 0.35 0.024 3.16 0.34 12.57 0.020
TL_10 −0.023 0.54 0.045 1.45 0.55 7.72 0.014
TL_12 0.008 0.29 0.026 3.25 0.28 9.76 0.021
TL_14 0.004 0.33 0.031 2.48 0.33 7.83 0.022
TL_15 −0.013 0.53 0.043 1.66 0.53 7.71 0.019
TL_16 −0.020 0.52 0.040 1.43 0.53 8.21 0.012
TL_17 −0.009 0.39 0.026 2.04 0.40 10.10 0.015
TL_20 −0.007 0.51 0.042 1.84 0.51 7.77 0.022

Mean −0.005 0.46 0.037 2.16 0.46 8.74 0.020
St. Dev. 0.010 0.09 0.009 0.64 0.10 1.97 0.005
CoV (%) – 20.9% 25.5% 29.8% 21.3% 22.5% 27.1%
Fig. 16. Experimental cohesive laws (in gray) and average cohesive law (in red) in
mode I for beech.

4. Conclusions

The 𝑅-curves and the cohesive laws in mode I and TL crack prop-
agation system were determined for European beech by means of
DCB tests. To derive 𝐺I, the CBBM data reduction scheme, based on
beam theory and equivalent crack length concept (𝑎eq), was applied.
This method only requires the monitoring of the 𝑃 − 𝛿 curve, which
is an advantage relative to classical procedures. The CTOD (𝑤) was
measured directly by the DIC technique. A logistic function was fitted
to the 𝐺I. − 𝑤 curves to obtain the cohesive laws after differentiation
of this relation. A mean 𝐺Ic value of 0.46 kJ∕m2 was determined
for this hardwood species. Furthermore, the mean 𝜎u value of 8.74
N∕mm2 obtained from the average cohesive law is consistent with the
perpendicular tensile strength available in the literature.

The methodology proposed in this work was validated by finite
elements model implementing a mean trilinear cohesive law with a
bilinear softening relationship using CZM to simulate the crack growth
under loads in Mode I. Two additional cohesive laws corresponding to
the upper and lower limits of the critical fracture energy were proposed,
resulting in a band capable of representing the scatter of wood proper-
ties in a simple way. The fracture properties obtained are fundamental
to develop reliable numerical models for timber engineering design
purposes using European beech.
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