ABSTRACT

Title of Dissertation: ALGORITHMS FOR MARKETS:
MATCHING AND PRICING

Mahsa Derakhshan
Doctor of Philosophy, 2021

Dissertation Directed by: Professor MohammadTaghi Hajiaghayi
Department of Computer Science

In their most basic form markets consist of a collection of resources (goods or
services) and a set of agents interested in obtaining them. This thesis is a stepping stone
toward answering the most central question in the Econ/CS literature surrounding
markets: How should the resources be allocated to the interested parties? The first
contribution of this thesis is designing pricing algorithms for modern monetary markets
(such as advertising markets) in which resources are sold via auctions. The second
contribution is designing matching algorithms for markets in which money often plays
little to no role (i.e., matching markets).

Auctions have become the standard method of allocating resources in monetary
markets, and when it comes to multi-unit auctions Vickrey—Clarke-Groves (VCG) with
reserve prices is one of the most well-known and widely used auctions. A reserve price
is a minimum price with which the auctioneer is willing to sell the item. In this thesis,
we consider optimizing personalized reserve prices which are crucial for obtaining a high
revenue. To that end, we take a data-driven approach where given the buyers’ bids in

a set of auctions, the goal is to find a single vector of reserve prices (one for each buyer)



that maximizes the total revenue across all these auctions. This problem is shown to
be NP-hard, and the best-known algorithm for that achieves a % fraction of the optimal
revenue. We first present an LP-based algorithm with a 0.68 approximation factor for
single-item environments. We then show that this approach can be generalized to get
a 0.63-approximation for general multi-unit environments. To achieve these results we
develop novel LP-rounding procedures which may be of independent interest.
Matching markets have long held a central place in the mechanism design litera-
ture. Examples include kidney exchange, labor markets, and dating platforms. When
it comes to designing algorithms for these markets, the presence of uncertainty is a
common challenge. This uncertainty is often due to the stochastic nature of the data
or restrictions that result in limited access to information. In this thesis, we study the
stochastic matching problem in which the goal is to find a large matching of a graph
whose edges are uncertain but can be accessed via queries. Particularly, we only know
the existence probability of each edge but to verify their existence, we need to perform
costly queries. Since these queries are costly, our goal is to find a large matching with
only a few (a constant number of) queries. For instance, in labor markets, the existence
of an edge between a freelancer and an employer represents their compatibility to work
with one another, and a query translates to an interview between them which is often
a time-consuming process. While this problem has been studied extensively, before
our work, the best-known approximation ratio for unweighted graphs was almost %,
and slightly better than % for weighted graphs. In this thesis, we present algorithms
that find almost optimal matchings despite the uncertainty in the graph (weighted and

unweighted) by conducting only a constant number of queries per vertex.
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Chapter 1: Introduction

In their most basic form markets consist of a collection of resources (goods or
services) and a set of agents interested in obtaining them. This thesis is a stepping stone
toward answering the most central question in the Econ/CS literature surrounding
markets: How should the resources be allocated to the interested parties? The first
contribution of this thesis is designing pricing algorithms for modern monetary markets
(such as advertising markets) in which resources are sold via auctions. The second
contribution is designing matching algorithms for markets in which money often plays

little to no role (i.e., matching markets).

1.1 Auctions

Auctions have become the standard method of allocating resources in monetary
markets (e.g., advertising markets). In this thesis, we focus on multi-unit environments
in which a set of identical items are sold to a set of unit-demand buyers. First, buyers
submit their bids (the amount they are willing to pay for the item), and then the auc-
tioneer determines the allocation of the items and the payments. In such environments,
one of the most well-known auctions is the Vickrey-Clarke-Groves (VCG) auction. In

the case of a single-item, this auction translates into the second price auction in which



the item is allocated to the buyer which the highest bid and the payment equals to the
second highest bid.

The VCG mechanism, while “lovely” in theory [7], is often criticized for not
having a good performance guarantee when it comes to revenue maximization. Hartline
and Roughgarden [31] approach this shortcoming by optimizing reserve prices, the
minimum prices that the seller is willing to sell each item to each buyer. According
to a number of theoretical and empirical studies [14, 24, 31, 37], personalized reserve
prices (i.e., one custom reserve price for each buyer) can significantly improve revenue.
In particular, personalized reserves can lead to approximately optimal revenue in quite
general settings [31]. This has led to several studies computing an optimal vector
of reserve prices [14, 21, 33, 38]. The study of VCG-like mechanisms for revenue
optimization is closely aligned with a broader agenda of simple vs. optimal mechanisms
[1, 14, 15, 20, 23, 29, 33|, and in fact has been one of the starting points for this
agenda [31].

In this thesis, we focus on the eager version of VCG auctions. ' Consider a multi-
unit auction with unit-demand buyers: that is, k identical units are available, and each
buyer is interested in obtaining only one unit. The auctioneer announces a reserve price
rp, for each buyer b and then buyers place their bids. We run a VCG auction among
the buyers that clear their reserve price (i.e., their bid equals or exceeds their reserve
price), and the winners pay the maximum of their own reserve price and their VCG

payment. That is, let S be the set of buyers who clear their reserve prices. The first

L An alternative, called lazy VCG [23], first forms a set of potential winners using a VCG auction,
then removes buyers whose bids don’t clear their reserve. The eager version is often superior both in
theory and in practice [33].



k buyers in S with the highest bids win. Each winning buyer pays the maximum of
his/her reserve price and the (k + 1)-th highest bid.

We adopt a standard data-driven model for computing reserve prices [33, 38]:
given a history of buyers’ bids over multiple runs of the auction, we compute a reserve
price for each buyer to maximize the total revenue attained over the same dataset. An
important property of this model is that it does not impose essentially any restrictions
on the bid distributions. In particular, buyers’ private values can be correlated, in
contrast with other models [14, 20, 23, 31] that assume independence. Moreover, any
approximation for the data-driven model can also be used in a black-box reduction
of Morgenstern and Roughgarden [36] to approximate the Bayesian Optimization and
Batch Learning versions of the problem with (almost) the same approximation-factor.?

In the data driven model, this problem was first studied by Roughgarden and
Wang [38], who showed that it is APX-hard® and gave a 1/2 approximate greedy so-
lution. Furthermore, they prove that their analysis is tight. L.e., their algorithm does
not get better than 1/2 approximation for some instances of the problem. This then
raises the natural question that whether there is an approximation algorithm with ap-
proximation ratio better than 1/2 for a single-item case or more generally? In this
thesis, we answer this question in the affirmative and in fact achieve a significantly
better approximation ratio of 0.63 for any k& (not necessarily constant) [22], and a ap-

proximation ratio of 0.68 for the case of a single item [21] (the second price auctions).

2In Bayesian Optimization, the buyers’ private value distributions are independent and known
to the algorithm. In Batch Learning, these distributions are unknown, and we only have access to
samples drawn from them.

3NP-hard to approximate better a fixed constant factor.



Main Result 1. Consider the data-driven model for eager VCG auctions. There
exists a polynomial-time algorithm for computing personalized reserve prices which
achieves a 0.63-approximation in expected revenue. Furthermore, this approximation
ratio can be improved to 0.68 for the special case of a single item (i.e., the second

price auction).

In Chapter 2, we discuss our result for the special case of the second price auctions,

and in Chapter 3, we discuss our result for the general case.

1.2 Matchings

Matching markets have long held a central place in the mechanism design liter-
ature. Examples include labor markets, dating apps, the school choice program, and
most importantly, the life-saving kidney exchange program. Kidney exchange provides
a market for patients with end-stage renal failure to swap willing but incompatible
donors. Basic information about donors and patients (e.g., blood types) can be used
as an early indicator of compatibility. However, they are not conclusive, and extra
medical laboratory tests are needed to estimate the odds of a successful transplant
more accurately. These medical tests are both time-consuming and expensive; thus,
each patient can afford only a limited number of them. As such, a fundamental prob-
lem here is to design an algorithm for determining which pairs of patient donors should
be tested in order to find a large matching (maximize the number of transplants) given
that only a constant number of tests can be performed for any patient.

The problem above was first formalized in the pioneering work of Blum et al. [17],



as the stochastic matching problem, in which the goal is to find a large matching of
a graph whose edges are uncertain but can be accessed via queries. Particularly, we
only know the existence probability of each edge but to verify their existence, we need
to perform costly queries. For instance, in kidney exchange, the existence of an edge
between two pairs of donor patients represents their compatibility, and queries are
equivalent to the expensive medical tests needed to determine these compatibilities.
For this problem, Blum et al. give an algorithm that finds a 1/2-approximate match-
ing and leave it as an open problem to decide the best achievable approximation ratio.
In a long line of work [4, 5, 6, 9, 11, 12, 17, 41}, the approximation was improved to
up to 2/3 for unweighted graphs [4] and slightly above 0.5 for weighted graphs. The
best achievable approximation ratio, however, remained a mystery until our work [10],
where we prove that the problem admits an (1 — €)-approximation for any desirably
small constant € > 0. Pleasingly, while having an intricate analysis, the construction of
our subgraph is through a simple sampling algorithm. We then, generalize our result
to the weighted version of the problem [8], and prove that augmenting the same algo-
rithm with a greedy one that favors picking high-weight edges surprisingly guarantees a
(1 — e)-approximation of the maximum weight matching using only a constant number

of queries per vertex.

Main Result 2. For any (weighted) graph G, any p € (0, 1], and any e > 0, there is
a subgraph Q of G with mazimum degree O, ,(1) that achieves a (1—¢)-approzimation

for the stochastic weighted matching problem.




We discuss our results for the unweighted and weighted versions of the problem

in Chapter 4 and Chapter 5 respectively.



Chapter 2: Personalized Reserve Prices in Second Price Auctions

In this chapter, we focus on data-driven optimization of personalized reserve
prices in the eager second price auction (i.e., single-unit VCG auction). We have
a single item and n unit-demand buyers participating in a set of eager second price
auctions. Let A and B respectively be the set of auctions and buyers. We are given a
dataset of bids B8 where for any auction a € A and buyer b € B, 3, represents bid of
buyer b in auction a. Let r, be the personalized reserve price of buyer b € B. Then,
given the bids {fap}bes in auction a € A and reserve prices r = {rp}pep, the eager

second price (ESP) auction works as follows:

1. First, any buyer b with £, < rp is eliminated. Let S, = {b: f.p > 1} be the

set of buyers who clear their reserve prices in auction a.

2. When set S, is nonempty, the item is allocated to buyer by = argmaxpes, {Sapb}

who has the highest bid among all the buyers in set S, and is charged

Rev,(r) := max{rb;, max {ﬁab}} )

beS,,bsbs

Note that S, and b} implicitly depend on reserve prices r. Any other buyer b € B,

b # b} is not charged. Further, when set S, is empty, the item is not allocated



and Rev,(r) = 0.

Given the dataset of bids 3, our goal is to find a vector of personalized reserve
prices that maximize revenue of the auctioneer. Note that the reserve prices are the
same across all the auctions a € A. However, each buyer b is assigned a personalized
reserve price 1. Formally, we would like to solve the following optimization problem:

ESP* = max Rev(r):= Z Rev,(r). (ESP-OPT)

reR”

Note that, without loss of generality, we assume that the optimal reserve price for
buyer b is equal to one of his submitted bids {8, p}aca. Let R = {0,000} U{Bap}acabes-

Then, Problem ESP-OPT can be rewritten as maxzcgr » .5 Revy(r), which leads to a

acA

search space of size |R|".

2.1 Results and Techniques

The main contribution of this chapter is a randomized algorithm that returns an

0.684-approximation solution for Problem ESP-OPT.

Theorem 1 (Main Theorem). There exists a randomized polynomial time algorithm
that given a data-set {fap}acapes, outputs a vector of eager reserve prices whose ex-
pected revenue is a 0.684-approximation of that of the optimal value of Problem ESP-

OPT, denoted by ESP*.

To find an approximate solution, the overall idea is to construct an LP whose

objective function at its optimal solution provides an upper bound for ESP*. The LP



that takes advantage of a concise representation of the solution space, has a polynomial
number of variables and constraints. Then, we use a rounding technique to transform
the optimal solution of the LP to a vector of reserve prices. We show that if we
consider the reserve prices obtained from the rounding technique and the vector of
all-zero reserve prices and choose the one with the maximum revenue, we obtain the
desired approximation factor. In Theorem 3, we further show that our analysis of our
approximation factor is tight. That is, we provide an example for which our algorithm
obtains exactly 0.684 fraction of the optimal value of the LP, i.e., the upper bound
on for ESP*. Finally, in Theorem 2, we bound the integrality gap of the LP. This
characterization shows that no algorithm can obtain more than 0.828 fraction of the

LP.

2.2 Linear Program

The main challenge in designing an LP formulation for this problem is to find a
concise representation of the solution space. Instead of considering all possible assign-
ments of reserves to buyers, we will consider only partial assignments in which we only
specify the reserve prices of two buyers. We will call such partial assignment a profile.
Formally, a profile is a tuple p = (by,bs,71,73) € B X B X R x R, which represents
an assignment of reserve r; to buyer b; and reserve ry to buyer by. If it is the case
that the reserves are below the corresponding bids in an auction a, i.e. 7 < 8,5, and
T2 < Bap,, then no matter how the assignment of the remaining reserves, the revenue

of this partial assignment is at least max{ry, Bap, } for Bap, > Bap,. We also note that



given any vector of reserve prices r, the revenue that can be obtained from r only
depends on the reserve price of the highest and second highest bidders that clear the
reserve prices.

Next, we formally define the notion of walid profile and show that the Problem
(ESP-OPT) can be relaxed to find the best consistent distribution over valid profiles
in each auction. To define valid profiles, we assume that in each auction a, we have
two auxiliary buyers by and byy who always bid zero. That is, bgy, by € B, and 3., =

53,[)00 - 0 fOl" any a E A

Definition 2.2.1 (Valid Profiles). We define the set of valid profiles for auction a as
the set P, consisting of all tuples (by,bs,r1,72) € B X B X R X R satisfies the following

conditions:

1. Bid of buyer by is greater than or equal to that of buyer by; that is, Bap, = Bap,-

2. Buyer by clears his reserve; that is, Bap, > 71.

3. Buyer by clears his reserve; that is, Bap, > 7.

For any given profile p € P,, we define Rev,(p) := max(Bap,,1)-

We note that any valid profile corresponds to at least one vector of reserve prices.
To see why, observe that we can always obtain p = (by, by, 71, 72) by setting ry, = 71,
rp, = T2, and r, = oo for any b # by, by. Of course, there may exist other vectors of
reserve prices that lead to the same profile. We note that by adding buyers by and bgg
to B, we can define valid profiles to represent the cases in which less than two buyers

cleared their reserve prices. We present the cases with one (respectively zero) cleared

10



buyer with valid profile of (by, by, r1,0) (respectively (bg, bgo, 0,0)).

Definition 2.2.2 (Profiles Associated with Reserve Prices). Given a vector of reserve
prices v we say a valid profile p = (by, by, r1,72) is the unique profile associated with
r in an auction a € A if and only if the following condition hold. After applying the
reserve prices r, buyer by with reserve vy and buyer by with reserve ro have the highest

and second highest cleared bids in auction a, respectively.

Given a vector of reserve prices r and an auction a, let p be the profile associated

with r in a. Then, with a slight abuse of notation, we define Rev,(r) = Rev,(p).

We are now ready to describe our LP. The LP will have two sets of variables:

1. For any auction a € A and any valid profile p € P,, define a variable s,, > 0
such that ZpE'Pa 52, < 1. This variable represents a probability distribution over

valid profiles in auction a. We refer to {s,,la € A,p € P,} as a profile-weight.

2. For any buyer b € B and reserve price » € R, define a variable ¢,, > 0 such
that ) g gpr = 1. This variable represents be the probability that buyer b is

assigned a reserve price of 7.

We now discuss the LP constraints. We add constraints relating s,, and gy,
which will ensure the consistency of probability distributions across all profiles. To

define this set of constraints, for every b € B, a € A, and r € R, we define set

Qb,r,a = {p = <b17 b,?”h’f‘) -p € 7Da} U {p = (b> b27r7 TQ) -p € 733}7 (21)

which corresponds to all valid profiles of auction a that assign reserve r to buyer b. A

11



natural constraint to add is that the total probability assigned to profiles in Qy, 5 is

at most the probability that buyer b is assigned to reserve price r. That is,

Z Sa,p S Qb,r -

pE Qb,r,a

Finally, we can put it all together in the following LP:

max Z Z Sap - Reva(p)

s acA peP,

s.t. Zsa,pgl Va:acA

PEPa
Z Sap < Qbr Va,b,r:beB,reR,acA

pEQb,r,a
> hr=1 ¥b:beB
reR
Sap >0 Va,p:acA peP, (Profile-LP)

We start by noting that the LP is a relaxation of the Problem (ESP-OPT):

Lemma 2.2.3 (Upper bound on Revenue). The solution of Profile-LP is an upper bound

to ESP*, i.e., the optimal value of Problem ESP-OPT. That is,

ESP* < Profile-LP..

Proof. Given reserve prices r* such that ESP* = ) Rev,(r*), we construct a feasible so-
lution to the LP as follows. For each a € A, we let s, , = 1 for the profile p corresponding

to r* (according to Definition 2.2.2) and s,, = 0 for all remaining profiles. Further, we

12



let gorr =1 and g, = 0 for all remaining reserves. It is straightforward to verify that

it is a feasible solution to the Profile-LP and that > A > cp. Sap-Reva(p) = ESP*. [

Theorem 2 (Integrality Gap of Profile-LP). There exists a data-set of bids {Bap}acabes

for which the integrality gap of the LP is at least 0.828. That is,

ESP* < 0.828 - (Profile-LP) .

The proof of Theorem 2 is given in Section 2.5.

2.3 Profile-based LP-rounding (Pro-LPR) Algorithm

In this section, we present an algorithm, called Profile-based LP-rounding (Pro-
LPR), that uses the optimal solution of (Profile-LP), s*, to devise reserve prices. The

algorithm is presented below.

Profile-based LP-rounding (Pro-LPR) Algorithm:

Let s* and q* be the optimal solution of (Profile-LP). Then,

e Rounding procedure: For each buyer b € B, independently sample re-

serve price r € R with probability proportional to g ,..

e Let z be the vector of all zero reserves. Output the best of r* and z,

ie.,

ou

r* = arg max Rev(r).

re{z,rR}

13



In the Pro-LPR algorithm, we first round the optimal solution of the (Profile-LP) to
construct reserve prices r*. To do so, for each buyer b € B, we independently sample
reserve price r € R with probability g; ., where g* (and s*) is the optimal solution of
the (Profile-LP). We then compare revenue under r® with that under the zero reserve
prices, and return the one that obtains higher revenue. The retuned vector of reserve
prices is denoted by r°*.

We now proceed to analyze our algorithm. We show that E[Rev(r*")] is at least
a 0.684 fraction of the solution of the Profile-LP and hence at most 0.684 - ESP*, where
the expectation is with respect to the randomness in the Pro-LPR algorithm. As we
show in Lemma 2.3.1, one of the biggest strengths of our LP formulation is that it
allows the analysis to decouple the effect of rounding for each individual auction. In
this lemma, roughly speaking, we present two conditions under which the Pro-LPR
algorithm has a good performance. In these conditions, for each auction a € A and
t > 0, we compare the probability that Rev,(r®) is at least ¢, i.e., Pr[Rev,(r?) > t],
With 30 cp. Rev(p)>t) Saps Which is the sum of the optimal weight of (valid) profiles in
auction a that obtains a revenue of at least t. Here, Rev,(r”) is the revenue in auction a
under reserve prices r*. Intuitively, the smaller the gap between Pr[Rev,(r®) > t] and
the aforementioned summation, the better the Pro-LPR algorithm performs. Lemma
2.3.1 makes this statement formal by considering the high revenue case of t > ﬂ§2) (first
condition) and the low revenue case of t < B (second condition), where B is the
second highest bid in auction a. Note that when the reserve price for the buyer with
the highest bid in auction a is set too high, revenue of this auction can be indeed less
than the second highest submitted bid 5§2).
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Lemma 2.3.1 (Two Conditions). Let s* and q* be the optimal solution of (Profile-LP)
and r™ be a random reserve price obtained from the rounding procedure. If there exists

a constant ¢ > 0 such that for any t > 0 and any auctions a € A, we have

S s, - PrRev,(r%) 24 < 0 fort> P (2.2)

{p:p€Pa,Rev(p)>t}

>, si,—PrReva(r®) >8] < ¢ fort <P, (2.3)

{p:p€Pa,Rev(p)>t}

then Pro-LPR algorithm is a (1+c) ™ -approzimation. That is, it obtains at least (1+c)™?
fraction of the optimal value of Problem ESP-OPT. Here, 552) is the second highest bid

in auction a and Rev,(rR) is the revenue in auction a under reserve prices r’™.

Proof. By integrating over ¢ in Equations (2.2) and (3.5) and adding them up, we get

/ @) ( > sap — Pr[Reva(r™) > t])dt
¢ {p:p€Pa2 Rev(p) >t}
(2)

+/0 ( Z sy p — Pr[Rev,(r™) > t])dt < ¢ B?,

{p:p€Pa2 Rev(p) >t}

This is simplified as follows

Z sy p Reva(p) — E[Rev, (r*)] < c- B2 (2.4)

PEPa

Note that by Lemma 2.2.3, the optimal value of Problem ESP-OPT, denoted by ESP*,
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is upper bounded by Rev(s*). That is,

ESP* < Rev(s*) = Z Z s, Rev(p) . (2.5)

acA pePa

Further, the revenue of Pro-LPR algorithm, i.e., E[Rev(r°")], is lower bounded by

E[Rev(r™)] > max (Z 5O, E[Rev(rR)D . (2.6)

acA

To see why this holds note that Pro-LPR algorithm returns the best of reserve price r*

and all zero prices, where the revenue under all zero prices is the sum of the second

highest highest bids >, 6;52). By using Equations (2.4), (2.5), and (2.6), we have

ESP* — E[Rev(r™)] < c ) 8%

acA
< cE[Rev(r™)]. (2.7)
Putting these together, we have
E[Rev(r™)] > ! ESP*
ev(r .
=1 +ec )
which is the desired result. O

In the next lemma, we show that the first condition holds. We then dedicate
the next section to identifying constant ¢ in the second condition. The proof of the

lemma is based on the observations that (i) revenue of any valid profile (by, by, r1,72)
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is greater than 552) if buyer by = b{" and his reserve ry > 552), and (ii) revenue of
auction a under reserve prices r” is greater than ﬁ§2) if the reserve price of buyer b is
less than or equal to his bid and greater than the second highest bid 6;52). Here, buyer

bgl) is the buyer with the highest bid in auction a.

Lemma 2.3.2 (First Condition Holds). Let s* denote an optimal solution of Profile-LP
and r® be a random reserve price obtained from the rounding procedure in the Pro-LPR

algorithm. For any auction a € A, we have

Y s, - PrRevi(r®) 24 < 0 fort> A2 (2.8)

{p:p€Pa,Rev(p) >t}

Proof. The first term in the Lh.s. of (2.8) can be written as

Z Sap = Z Sap < Z QG , = Pr[Rev,(r®) > ],

{p:p€Pa,Rev(p)>t} {p:pE'Pa,p:(bgl),b2,7’,7‘2), r>t} r>t

(2.9)

where the first equation holds because revenue of a profile p € P, is t > ﬁa(z) if and
only if the bidder with the highest bid in auction a, i.e., bgl), is assigned a reserve
price t > 5;22) and the bid of this bidder is greater than ¢t. The second equation
holds because of the second set of constraints of (Profile-LP). The last equation follows
from the construction of reserve prices r*. Note that Equation (2.9) verifies condition

(2.8). O

17



2.3.1 Bounding the Constant in the Second Condition

We start by noting that the second condition in Lemma 2.3.1 holds trivially for
¢ = 1, which recovers the same approximation factor of 1/2 of [38]. For the rest of the
section, we will improve past 1/2 by constructing a non-linear mathematical program
to optimize ¢ and then applying the first order conditions in non-linear programming

to bound the optimal solution. In Lemma 2.3.3, we show that

¢ = max OPT(0),
0€[0,1]

where for any real number 6 € [0, 1], OPT(6) is defined as follows

OPT(f) = max ¢! H(l—l’i)—i-zl'z’ H (1 —ay)

x>0

i€[n] i€[n]  jenljFi
1
i€[n]
z; <6, Vien|. (2.10)

Here, n is the number of buyers. Characterizing OPT(0) is technically involved and
because of that its details is postponed to Section 2.3.3. There, we show that for any

number of buyers n > 2 and any real number 6 € [0, 1],
OPT(9) < 2<\/§ - 1)eﬂ—2 ~ 0.4612.

Then, invoking Lemmas 2.3.1 and 2.3.2, this leads to the approximation factor of
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104612 +0'14612 ~ 0.6844, which is the desired result.
In the next lemma, we formally state the relationship between OPT(6) and the

approximation factor of our algorithm.

Lemma 2.3.3 (Second Condition). Let s* denote an optimal solution of Profile-LP
and r® be a random reserve price obtained from the rounding procedure in the Pro-LPR
algorithm. Let

¢ = max OPT(6).
0€[0,1]

Then, for any auction a € A, the following equation holds.

S s, —PrRev,t%) > < ¢ fort <42,

{p:pE€Pa,Rev(p)>t}

The formal proof of Lemma 2.3.3 due to being lengthy is deferred to Subsec-
tion 2.3.2, however we provide some intuition here. For each buyer b, we consider two
disjoint subsets of valid profiles (by, bs,r1,72) such that (i) revenue of any profile in
these subsets is greater than or equal to ¢, where t < /6’52), and (ii) either by or by is

equal to buyer b. The factor 1/2 in the constraint of Problem (2.10) is the artifact

*

»p can be

of the definition of the subsets and how the summation } . n ro>n S
written as a function of the optimal weight of the profiles in these subsets; see Equation
(2.12) in the proof. We then express Pr[Rev,(r®) > t] as the probability of the union
of two events, where the first event happens if there is at least one cleared buyer with

reserve price greater than ¢, and the second event happens if there are at least two

buyers with cleared bids of at least t. We then write this probability as a function of
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the profile weights in the subsets by taking advantage of the fact that in our rounding
procedure, reserve prices are independent across buyers. In particular, we show that
this probability is at least one minus the left hand side of the equation in Lemma
2.3.4, stated below. We invoke Lemma 2.3.4 to complete the proof. Observe that the
objective function of Problem (2.10) bears significant resemblance to that of the right

hand of the equation in Lemma 2.3.4.

Lemma 2.3.4. Consider a set B C B with ]Ig| > 2. Given fived x1p, T2, with b € B

and 1 + T2 < 1, the following inequality holds:

H(l —T1p — Tap) + sz,b H(l — T — Top) <

beB beB b’#b
LT = 2i) [ TT = 22) + > o [J (1 — 2200 |- (2.11)
beB beB beB b’#b

Proof. Given a partition of B in two sets B1, By, define the following function:

O(By,By) = [[ (1= 1)1 = wap) [ (1= 1 — z2)+

beB; beB2
Z Top H (1 =21p)(1 — 22p) H (1 —=21p — 22p) |
beB;UB; b/eB b/#£b b/€Ba,b/#b

The main claim in the lemma is that ®(B,0) > ®((),B). We will show that for any

Bi, B, and b € B,, we have

®(B;,B,) < ®(B, U {b}, B, \ {b})

!Note that because of the auxiliary buyers, |B| > 2.

20



and the claim will follow by moving the elements from B, to By one by one. To simplify

notation, define
w=[JA=z1p)1—22p) [ (L—z16—220).
beB; beB2\{b}

Now we can write:

(By, By) :w‘(1_$16_$26)+w'$26

ST b T Pap 1 —T1p — Top
+ g w - “Top + E w - * Top,
1—$1b—a72b (1 —21p)(1 —2ap)

beBa;b#£b beBy

and

®(B1 U {b}, By \ {b}) = w- (1 - 5)(1 —yp) + w2y

l—z, )1 —2z,¢
Ly e iy

1 —z1p— T2p

(1- x1,”)(1 - xzﬁ)
DI (1- xl,i)u — xQ,i) b

Our goal here is to show ®(By,By) < ®(By U {b}, By \ {b}). We start with comparing

the first two terms of ®(By, By) and ®(B; U {b}, B, \ {b}):

we(l=zp—ayp) tw-azpp=w-(1—z5) Sw- (1 -2 5+ 57,;)

=w-(1— ‘Tl,B)(l - x2,5) Tw-Typ.
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We can compare the remaining terms one by one using the fact that:

1— Ty = Top < (1- x1,6)<1 - x2,6) :

This concludes that ®(B;,By) < ®(B; U {b}, B, \ {b}) as desired. O

2.3.2 Proof of Lemma 2.3.3

We start with a few definitions. Consider a certain auction a € A and all of
its valid profiles p € P,. Fix some threshold t < 552) and an optimal solution of
(Profile-LP), denoted by s*. Let set B,; be the set of buyers whose bid in auction a is
at least t:

Ba,t = {b € B;ﬁa,b > t}

Note that this set is not empty because ¢ < 652). In fact, |B,4| > 2, as buyers with
the highest and second-highest bids belong to this set. (Recall that because of the
auxiliary buyers, |B| > 2.) A crucial observation is that the reserve assigned to any
buyer b ¢ B,; does not affect the event Rev,(r®) > t since such buyers can be neither

the winner nor the price setter in an auction with revenue of at least t. Consider a

buyer b € B, ;. Then, define

Xll,b = {p = (bv b27T17r2) ipe Pa; ry > t},

"

b =1p=(b1,b,r1,m2) : p € Pa, 11 <t and 1y > t},
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X2,b = {p = (bl, b2,T1,7’2) 'pE Pa; bc {bl, b2},7”1,7’2 < t and 53’[)2 > t},

and set

* *
Tip = E Sap and zop = E Sap-

pEX] JUXT PEX2 b
We note that &7 is the set of all valid profiles p = (b, by, 71,72) in which reserve of
buyer b is at least t. A}, is the set of all valid profiles p = (by, b, 71, 72) in which reserve
of buyer by is less than ¢ and reserve of buyer b is greater than or equal to t. Observe
that for all the profiles p in X7, UAXY, reserve of buyer b is at least ¢. This implies that
for all of these profiles, Rev(p) > t. We also note that &3}, is the set of all valid profiles
p = (b1, by, 71, 75) such that buyer b € {by, by} and bid of buyer by is at least t. Again,
it is easy to see that for any valid profile p € X,,,, we have Rev(p) > ¢. Finally, we
point that while any profile p in Xy}, and &] , U &Y', has Rev(p) > ¢, by construction,

Xop and &7 U &Yy are disjoint. Therefore, we have

Z Sap = Z $1,b+% Z Tob (2.12)

{p: pEPa, Rev(p)>t} beBa,: beBa,:

where the coefficient % accounts for double-counting. Define v, p, as the probability that
the sampled reserve of buyer b, i.e., rf, is in [¢, fap] and yop as the probability that

the sampled reserve rff is in [0,¢). By the sampling procedure we know that:
Yib = 21 and  Yap > Top. (2.13)
Observe that Rev,(r®) > ¢ iff at least one of the two following events happen.
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Event &;: There exists a buyer b € B,; with a reserve of at least ¢ whose bid is

cleared.

Event &,: There are at least two buyers by, by € B, ; with cleared bids of at least

t.

Precisely,

Pr[Rev,(r®) > t] = Pr[& or &] = Pr[&|+Pr[& and &] = Pr[&]+Pr[&] Pr[&|&1],
(2.14)

where

Prig)] = 1— J] (1 =w1p),

be Ba,t

and

Pri&l&]) = 1— [T (0 —dow) = 3 Go [[(1—Gop)  with oy = —22

1— .
bEBa,t bEBa,t b’;ﬁb yl:b

This gives us

Pr[& and &] = Pr[&] Pr[&]&]

= Pil&] - H (1 —y1p—ya2p) — Z Y2, H (1 =y — yop) -

bEBa., beBa. b'#b

Thus, by Equation (2.14), we get

Pr[& or &) = 1— H (1 —vy1p—Yop) — Z Y2,b H(l — Y1 — Yab) -

bEBa.; bEBa. b'#b
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Now observe that the expression above, i.e., Pr[& or &], is increasing in both y; p and

Yo, b € Bas. To see why Pr[& or &] is increasing in y»p, note that

J(Pr[&; or &]) _ Z

0Ya,p Ya2.,br H (1 —y1p7 — yapr) > 0.

b/EB,.;,b'#b b”#£b,b’

This and Equation (2.13) imply that:

Pr[& or &) > 1 - H (1 —21p — 22p) — Z T2b H (1 =21 — Tap) -

beB, 4 beBa:  b'#b

We now invoke Lemma 2.3.4, stated earlier, to get

Prigyor &) > 1= J[ Q=) | [T (1 —20p) + > zop [J (1 —20p) | (2.15)

beBa,+ beBa,: beBa,: b’#b

Using Equations (2.12), (2.15), and (2.14), we have

Z s3p — Pr[Revy(r™) > t] < Z Tip+ % Z Tob—

{plpepa,ReV(p)Zt} bEBa,t bEBa,t
1-— H (1 — ajl,b) H (1 — .Tg’b) + Z T2.b H (1 — xz,b/) . (216)
beB, ¢ beB,,¢ beB, ¢ b’#b

We claim that for any b € B,;, the above expression is non-decreasing in z;,. To
get this, we need to show that the derivative of the above expression w.r.t. xz,; is

non-negative. In the other words, we need to show the following equation holds:

L= J] Q=) | J] @ =2an)+ D aap [J(1 - 22| > 0. (2.17)

beBa.;,bs#b beBa,: beBa,: b’#b
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Since 0 < (1 —x1) < 1 for any b, it only remains to show that the value of the term in
the brackets, i.e., [T e, , (1= 225) + > pep, , @26 [ [ysp(1 —221), is always in the range
of [0,1]. To get this, it suffices to show that there exists an event whose probability
can be written as [[,cp, , (1 = Z2b) + D pep,, 2b [Ty (1 — 22y). For any b define a
Bernoulli random variable with mean x5p. Observe that the aforementioned term is
equal to the probability of the event in which at most one of these variables is equal
to one, assuming that they are independent. Thus, we obtain Equation (2.17), which
allows us to assume without loss of generality that ZbeBa,t Tip+ % ZbeBa,t Top=1. As

a result, we have

Z sy — Pr[Rev,(r®) > t] <

ap
{p:p€Pa,Rev(p)>t}

H (1—a1p) H (1 —x9p) + Z Tap H(l — Tap) |,

beBa,t beBa ¢ beBa ¢ b’#b

where Y, g Tap =20, > g 1 =1—0. Here, 6 € [0,1]. To complete the proof,

we simply use that: J[,cg, , (1 —21p) < e 2Bai™b — ¢0-1 Given how we constructed

the variables 9, we also need z9p < 6. Hence,

Z Sap — Pr[Rev,(r®) > t] < ef1 H (1 —29p) + Z Top H(l — ZTow) |,

{p:p€Pa,Rev(p) >t} beB, ¢+ beBa,t b’#b

where ), 5 w2 = 20 and x4y, < 0 for any b € B, ;.
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2.3.3 Approximation Factor

In this section, we will show that for any given 6 € [0, 1], we have
OPT(9) < 2<\/§ - 1>eﬂ—2,

where OPT(0) is defined in Equation (2.10). Since the constraints of Program (2.10)
are linear in x;’s, the first order conditions of Karush-Kuhn-Tucker (KKT) are a nec-

essary condition for optimality [13]. Let

F(z,0) =" [ =)+ o J] 1—=p)].

ic[n] i€n]  jeln]j#i

Observe that F(z,0) is the objective function of OPT(#). Then, according to the KKT

conditions, the optimal solution must satisfy the following constraints for some A € R,

pm € RY:

A
VxF(x,6)+§1—u+77: (2.18)
D = Ly (2.19)
L2

i1€[n]
wi(x; —0) =0, Vie[n] (2.20)
nix; =0, Vi€ |n] (2.21)
0<z;<0, VYie][n|. (2.22)

where 1 € R" is the vector of all one.
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It is enough to show that F'(z,0) < 2(\/5 — 1)6\/5_2 for any tuple (z,0,\, u,n)
satisfying the KKT conditions. A simple consequence of the KKT condition is the

following:

Lemma 2.3.5 (KKT Condition). If (z,0, A, u,n) satisfies the KKT conditions for
Problem (2.10), then if xy, and z; are such that 0 < xp < 0 and 0 < x; < 0, then

T = Tt.

Proof. By conditions (2.20) and (2.21), we must have p = n, = 0. Plugging that into

condition (2.18), we get that
8F/8:Ek —|—)\/2 =0.

This implies that

inH(l—xj)+%:0.

ik jAik

Let @ = J[;cy(1 — ) and S =3, 72 Then, the above condition can be written

l—z;°

as

This is further simplified as follows
A A,
(SQ+§) — (SQ—l—Q—l—)\):ck—i—Emk:O.
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The polynomial p(y) := (SQ + %) — (SQ + Q + Ay + 3y* is quadratic with ;%’ >0
and p(1) = —Q < 0. Thus, p(y) = 0 has an unique solution with y < 1. This implies
x), is uniquely determined as a function of S, @), and A. By the same argument, z; is

also a solution to the same equation and hence x;, = x;. O

Lemma 2.3.5 leads to the following corollary.

Corollary 2.3.6. We can bound OPT(6) < maxyez 2 max[OPT' (0, k), OPT?(6, k)],

where

k—1
OPT (0, k) = &’! (1 — 2—:> (1 — % + 29)

OPT?(0,k) = &/~! [(1 — %)k +6(1-0) (1 - %)H] :

Proof. As stated earlier, in order to maximize the objective function OPT(#), it is
enough to consider feasible solutions = satisfying the KKT conditions. To do so, we
use Lemma 2.3.5 to narrow down such solutions.

Since for any ¢ € [n], z; < 0 and >, x; = 20, we an only have the following

three cases:

e Case 1: Two variables in the support have value 6 and by constraint > ieln] i =

26, the rest of them are zero. In that case, OPT(#) = OPT' (6, 2).

e (Case 2: One variable has value # and by Lemma 2.3.5, the rest n—1 > 2 variables

in the support have value #/(n — 1). In that case, OPT(#) = OPT?(¢,n — 1).

e Case 3: All variables in the support are strictly below #. In this case, by Lemma

2.3.5, x; = 0/n for n > 3, and the solution is OPT(#) = OPT' (6, n).
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[
Lemma 2.3.7. For any 0 € [0,1] and k > 2, we have OPT'(0,k) < 2(v/2 — 1)6\/5_2.

Proof. For each k > 0, define 6*(k) = arg maxgco 1 OPT! (6, k). By solving
OOPTY(6,k) /00 =0
we obtain the following expression for 6*(k):
k2(20%(k) — 1) + 4(k — 1)(6*(k))* = 0.
The aforementioned equation has two solutions, only one of which is in [0, 1]. Thus,
 k(k - VEZ+ 4k —4)

0" (k) = TR—rT . (2.23)

We need to show that for any k > 2, we have OPT'(6*(k), k) < 2(v/2 — 1)6\5*2 R~
0.461. For k = 2, we have OPT'(6*(k), k) = 2(V2 — 1)6‘/5_2. For k < 40, we can

verify this inequality numerically. For k£ > 40, we define and upper bound:

20 + 1
UK = g —m s

and show that for any 6 € [0, 1] and k > 40,

OPTY(0,k) < U(0, k) < U(0,40) < 0.459 < 2(\/5 - 1)eﬂ—2.
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For the first inequality note that:

OPTY(0, k) = &' (1 — %)H (1 + (k — 1)%)] (2.24)

k -1
<ef! (1 — %) <1 — 2-}5) (1+26)

For the second inequality, we use the fact that for any 0, U(0, k) is decreasing in k.

< U, k). (2.25)

To find an upper-bound for value of U(#,40) = 204D we take derivative of that

29+ 1 [
( 20)7

OU(6,40)  20(262 — 396 + 21)

o0 et —20)2
By solving %09’40) = 0, we obtain that maximum of U(f,40) is at 6 = 1 (39 — v/1353)
and
1
U(Z (39— v1353), 40) < 0.459.
This completes the proof. O

Lemma 2.3.8. For any 6 € [0,1] and k > 2, we have OPT?*(0,k) < 046 <

2(V2 - 1)ev?2.

Proof. Observe that

o\ o\ KL
! POPT?(0, k) = (1 - E) +0(1—0) (1 - E) (2.26)
\" 1 \" 5 0\"
<(1-2) +2(1-2) =2(1-~ 2.2
<(-5) #50-5) -i0-5) e
where the first inequality holds because maxgep 1 6(1 —0) = }L and 1 — % < 1. Finally,
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note that e’~! - 2(1 — £)* is decreasing for 6 € [0, 1], Thus, we can bound OPT?(6, k)

by the value of e/~ - 2(1 — £)* at § = 0 which is 5/(4e) < 0.46. O

2.4 Tightness of the Analysis

In this section, we show that the analysis of our algorithm is tight, i.e., we
construct an example for which the performance of the algorithm matches the 0.684
approximation factor.

To make the construction cleaner, we can define the weighted version of our
problem in which each auction a € A has an associated weight w, > 0, and the
objective is to maximize ), _, w, - Rev,(r). Note that if the weights are integers, this
is exactly the same as the original problem, replacing each weighted auction by w,
(unweighted) copies. Even if w,’s are not integers, it is easy to see that the algorithm
and the analysis generalize with essentially no change to the weighted case (the only
modification involves adding weighs to the objective function in the LP). In other words,
if the objective were the weighted revenue, we would still get 0.684 approximation
factor by applying a similar algorithm. Furthermore, any lower bound to the weighted
case translates to the unweighted case by replacing a weighted auction a by | Nw,|

unweighted copies for some large N.

Theorem 3 (Tightness of the Analysis). There exist a weighted instance {w,}aea,

{Bapbtacabes and an optimal LP solution s, q such that

max <E

Z W, Reva(rR)] : Z W, Reva(0)> < 0.684 - Rev(s).
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Proof. Fix § = /2 —1and ¢ = (1 —6?)e’~. Consider an instance with three weighted

auctions and n = k + 3 buyers described by the following table:

Bids
ﬁa,l s o ﬁa,k ﬁa,k+1 ﬁa,k+2 ﬁa,k+3
Weights w,
1/(c+1) 1 . 1 1 1 0
c/(c+1) 0 . 0 0 0 1+¢
€ 1+¢ . 1+e 1+¢ 1+¢ 0

Now, consider the following solution to the Profile-LP. For the first auction,

e the profile p = (i, by, 1,0) has s, , = (1 — 0)/k for i € [k]. In this profile, the i-th

buyer is reserve priced at 1 and the second buyer is the dummy buyer;

e the profile p = (k+1,k+2,0,0) has weight s,, = . In this profile, both buyers
k 4+ 1 and k£ + 2 have zero reserve prices. Observe that the revenue under this

profile is 1 due to the highest second price.

For the second auction, we consider only one profile:

e the profile p = (k + 3,bg, 1+ ¢,0) has s,, = 1. In this profile, the (k + 3)-th

buyer is reserve prices at 1 and the second buyer is the dummy buyer.

And for the third auction, we have:

e the profile p = (7,bg, 1 +¢,0) has s,, = /k for i € [k]. In this profile, the i-th

buyer is reserve priced at 1 4 ¢ and the second buyer is the dummy buyer.
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the profile p = (k+ 1,k + 2,14 ¢,1 + ¢) has weight s,,, = 1 — 6. In this profile,

both buyers £+ 1 and k+ 2 have reserve price 1+ ¢ and thus the revenue is 1 +¢.

For this solution, we define the ¢ variables as follows.

For buyers i € [k], we set ¢;1 = (1 —0)/k and g 14c =1 — ¢ 1.

For buyers i = k+ 1,k + 2, we set ¢jo =0 and ¢ 14 =1 — g 1.

For buyer k + 3, we set qy4314c = 1.

It is easy to see that this solution is feasible and that it is the optimal solution to

Problem (Profile-LP). This is so because for any auction, any profile that has a positive

weight yield the maximum revenue for that auction. Note that for simplicity in the

formulation of revenue, we can remove the terms that are a factor of € since they can

be arbitrary small and are negligible. We argue that the rounding procedure produces

a 1/(c+1) approximation. First notice that the vector of zero reserves obtains revenue

of 1/(c+ 1).

Now, we compute the expected revenue from rounding. After rounding, the

reserve of any buyer i € [k] is either 1 or 1+ ¢, the reserve of buyers k + 1 and k + 2 is

either zero or 1 + ¢, and reserve of buyer k + 3 is always 1 + . Thus, by letting € go

to zero, the expected revenue from rounding is given by

1—<1—%9>k.(1—92)

where the first term is the revenue of first auction and the second term, i.e.,

1
c+1

C
+—,

34

_c
c+1?
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the revenue of the second auction.” To see why the latter holds note that in the first
auction, we always get a revenue of one unless none of the first k£ buyers have a reserve
of one and neither buyers k£ + 1 nor buyer k 4 2 have a reserve of zero. As k — o0,

the expected revenue after rounding becomes:

1
c+1

c 71—0_’_ c 1
c+1 c¢+1 c¢+1 c+1’°

[1—et (1-6*)] +

where the first equation holds because ¢ = (1 — 6?)e’~!. The above equation is the
desired result because the optimal revenue is at most 1 and 1/(c + 1) = 0.684. The

latter follows from ¢ = (1 — 62)e’~ and 6 = /2. O

2.5 Integrality Gap

In this section, we give an upper-bound of 0.828 for the integrality gap of the LP.
This implies that any rounding procedure for our LP formulation will obtain at most
0.828 fraction of the optimal value of the LP. In particular, we show Theorem 2, which

we restate here for convenience.

Theorem 2 (Integrality Gap of Profile-LP). There exists a data-set of bids {Bap}acabecs

for which the integrality gap of Profile-LP is at least 2(v/2 — 1) ~ 0.828. That is,

ESP* < 2(v2 —1) - LP*,

where LP* is the optimal fraction solution of the Profile-LP and ESP* is its optimal

2We do not include the revenue of the third auction because we would like to take £ to zero and
in that case, the revenue of the third auction approaches zero.
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integral solution.

Proof. Given n buyers, an integer k > 0, 6 = 1/k and a constant A € (0,1) to be

determined later, consider an instance built as follows:

e Type one Auctions: For any buyer, b € [n], we have an auction in which all

the bids are zero except the bid of buyer b. Precisely, buyer b has a bid of An.

e Type two Auctions: For any pair of buyers b; and by, there are k copies of
an auction in which b; and by bid § = 1/k and the rest of the buyers bid 0. We

assume that A\n > 4.

For this instance, consider the fractional solution that assigns s,, = 1/2 for any
auction a of type two and profiles (by,bg,d,0) and (bs, by, d,0). For the rest of the
valid profiles of auction a, we set s,, to zero. Note that b; and by are the buyers with
nonzero bids in auction a and bg is a dummy buyer. Moreover, for any auction a of type
one, in which buyer b has a nonzero bid, we have s,, = 1/2 for profile p = (b, by, An, 0).
For the rest of the valid profiles of this auction, we set s,, to zero. In this solution
for any buyer b, we have gy5 = 1/2 and gpx, = 1/2. One can simply verify that this
solution satisfies all the constraints of the LP and as a result, it is a valid fractional

solution. The optimal value of the LP is therefore bounded by:

A 1+ A
LP*ZZReVa(s):n-§n+(Z) -k-éz%-n2+o(n2),

where the first term corresponds to the revenue from auctions of type one and the

second term corresponds to the revenue of auctions of type two. To bound ESP*, we
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note that in the optimal solution of Problem (ESP-OPT), the reserve of each buyer is
either § or An. Given that the buyers are symmetric, the value of the optimal solution
depends only on the number of buyers with each reserve. Let ¢ be the number of buyers

with reserve An. Then, we can write:

* n t
ESP —Olggag};[t~/\n+(n—t)~5+<2)— <2>]

By taking § — 0, we obtain,

Since the term inside the maximum is a quadratic function of ¢, the optimal integral
solution should be t = An + o(n). This is so because the optimal integral solution
t deviates from the optimal fractional solution (which is An + 1/2) by at most 1.
Substituting that in the expression of ESP*, we get

1+ X2
2

ESP* —

-n? +o(n?).

Taking n — oo, we get

ESP* - (1 + A*)n? + o(n?) . 1+ )2
LP* = (1+ A)n?+ o(n?) T+ X

We can choose the parameter A = /2 — 1 to minimize the above expression, which

leads to a ratio of 2(v/2 — 1) ~ 0.828. O
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Chapter 3: Personalized Reserve Prices in VCG Auctions

In this chapter we focus on data-driven optimization of personalized reserve prices
in the eager VCG auction. We have k identical items and n unit-demand buyers
participating in a set of eager VCG auctions. Let A and B respectively be the set of
auctions and buyers. We are given a dataset of bids 3 where for any auction a € A
and buyer b € B, 3, represents bid of buyer b in auction a. Let r, be the personalized
reserve price of buyer b. Then, given the bid vector 3, for auction a and reserve price

vector r, the eager VCG auction (EVCG) works as follows.

1. Any buyer b with £, < 7 is eliminated. Let S, = {b: 8, > 1} be the set of

buyers who clear their reserve prices in auction a.

2. An item is allocated to a buyer b if there are at most £ — 1 buyers in S, whose

bid is greater than 3, .

3. Pick the supporting buyer bs to be a buyer in set S, such that there are exactly
k buyers in S, whose bid in auction a is greater than f,p,." (Bap, is the VCG

payment of any winner.)

4. Any buyer b who receives an item is charged max (1, 8ap,), otherwise they are

L As usual, we assume that no two buyers have the same bids, or we can break ties based on their
IDs.
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not charged.

Given the dataset of bids 3, our goal is to find a vector of personalized reserve
prices that maximize revenue of the auctioneer. Note that the reserve prices are the
same across all the auctions a € A. However, each buyer b is assigned a personalized
reserve price r,. We assume, w.l.o.g. that the optimal reserve price for any buyer is
equal to one of their submitted bids. Let R = {f., : a € A;b € B}. Formally, we

would like to solve the following optimization problem:

EVCG* = max Rev(r), where Rev(r):=) _, Rev,(r)

reR"

and Rev,(r) is the total payment in action a given the vector of reserve prices r. Note
that to solve this problem we face a search space of size |R|" which is exponential in

the input size.

3.1 Results and Techniques

Our algorithm consists of two main parts. First, we design a polynomial-size
Integer Linear Program (ILP) to describe the optimal solution. By removing the
integrality constraints, we obtain a polynomial-size LP, which gives us a fractional
solution. The second part is LP-rounding. Using the optimal solution of the LP, we
construct two different integral solutions. We then show that the best of three vectors:
these two solutions and the all-zero vector of reserve prices, is a 0.63-approximation.

To write the LP, we first need a polynomial-size representation of the solution
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space in which the revenue can be computed using a linear function. The natural
representations (e.g., a vector of reserve prices, or a reserve price per buyer) fail as they
result in either an exponential-size solution space or a nonlinear revenue function. We
come up with an alternative concise representation, based on the following observation:
to compute the revenue of an auction, we do not need to know the reserve prices of all
the buyers. Rather, it suffices to only know the reserve prices of the winners and the
VCG payment, which is the (k + 1)-th highest cleared bid. The buyer who has this
bid is called the supporting buyer. We represent a solution based on its outcomes in
different auctions, where the “outcome” specifies who are the winners and who is the
supporting buyer, and what are their respective reserve prices. The revenue from each
auction can be computed using a linear function based on its outcome; therefore, the
overall revenue can also be written as a linear function which is sum of the revenue
across all of these auctions.

In the previous chapter, we use a similar approach for the single item case, which
falls short in the general case. There, we capture all pertinent information about an
auction in a single “profile” which is then used to compute the revenue of the auction,
and use these profiles to write an ILP. However, we need exponentially many profiles
to extend this approach to the general case, essentially because we need information
about all the winners in order to compute the auction’s revenue.

We proceed as follows. Instead of capturing all information about the winners in
a single profile, we partition this information into several sub-profiles, each containing
only a single winner and the supporting buyer. One complication is that these sub-
profiles should not contradict each other (e.g., having different supporting buyers).

40



This issue gets even more complicated when we relax the integrality constraint of the
ILP. We resolve this by introducing new variables and constraints to our LP.

Next, we use the optimal solution to the LP to construct two vectors of reserve
prices which we refer to as inflated reserves and discounted reserves. For each buyer b,
we use the LP solution to choose a threshold ¢, to determine if a reserve price is too
high or too low. We construct two probability distributions: one over reserve prices
above tp,, and another over reserve prices below t,. We use these distributions to draw,
resp., the inflated and discounted reserve prices.

Let us provide some intuition for why we choose these two different vectors of
reserve prices. Recall that each buyer pays the maximum of its reserve price and
the VCG payment. Let us partition the winners’ payments into two types: one is
from winners who pay their reserve prices, and another is from those paying the VCG
payment. Note that setting smaller reserve prices results in clearing more bids, and thus
a larger VCG payment. Roughly speaking, second-type revenue from the discounted
reserves should be larger than that of the inflated reserves, while the opposite might
hold for the first-type revenue. Intuitively, if most of the optimal revenue is from type-
one payments and high reserve prices (at least t, for each buyer b), then we expect
the inflated reserves to give us a high revenue. Otherwise, if the optimal revenue is a
combination of type-one and type-two payments from small reserve prices, we expect
a high revenue from the discounted reserves. But what if the type-two payments form
a substantial portion of the revenue? This is where the vector of all-zero reserve prices
comes into play. The all-zero reserve prices obtain the maximum possible revenue one
can get from the type-two payments as all the bids are cleared in this case.
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We analyze these three solutions simultaneously to lower bound the revenue of
each solution as a function of the other two. By exploiting structural properties of
our problem and the LP, we reduce the problem of finding the approximation fac-
tor to a complex non-linear optimization problem. This reduction, and solving this
optimization problem, are the most technically challenging parts of the analysis (see
Section 3.4).

To further highlight the significance of rounding our fractional solutions in two
different ways, we investigate the performance of the simple rounding procedure used in
the previous chapter which only outputs a single integral solution. Roughly speaking,
that simple rounding directly use the fractional solution of the LP as a probability
distribution over the reserve prices, and for each buyer independently draw a reserve
price from that. We show that for a large number of items, this approach fails to beat
the greedy algorithm. More precisely, for any given constant 0 < €, we construct an
example for which the solution obtained using this rounding procedure gets at most

0.5 + ¢ fractional of the optimal revenue. We describe this example in Section 3.5.

3.2 The Algorithm

In this section we provide an LP-based algorithm for finding a vector of person-
alized reserve prices given a dataset of bids. We observe that to be able to describe
the optimal solution of the problem using polynomially many linear constraints, we
need a concise representation of the solution space. In Section 3.2.1, we explain this

representation. In Section 3.2.2; we use this representation to design an LP and prove
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that its objective function in its optimal solution is an upper bound for the revenue of
the optimal solution of the problem. Finally, in Section 3.2.3, we provide our rounding
procedure that uses the optimal solution of the LP and outputs a vector of reserve

prices.

3.2.1 An Alternative Solution Space

In this section, our goal is to give a concise representation of the solution space
which will help us to write our linear program. We need this representation to have a
polynomial size and it should be possible to compute its revenue using a linear function.
As mentioned before, we base our design on the observation that to compute the revenue
of an auction we do not need to have the reserve price of all the buyers. Rather, it only
suffices to know the reserve prices of the winners and bid of the supporting buyer. The
main idea here is to have variables that capture the outcome of auctions (i.e., who the
winners and the supporting buyer are and their reserve prices.) instead of just having
variables for reserve price of buyers. We will define valid profiles and valid sub-profiles
of an auction to capture its outcome. Roughly speaking, the revenue obtained from
each auction can be computed in a linear way based on its outcome; thus the overall
revenue can also be written as a linear function which is sum of the revenue across all

these auction.

Definition 3.2.1 (Valid Profiles). We define the set of valid profiles of an auction a as
the set P, consisting of all tuples (by, ..., bes1, 71, ..., Tre1) € BFFE x R¥ that satisfy

the following conditions:
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1. For any i,j € [k + 1] where i < j, bid of buyer b; is greater than or equal to that

of buyer b; in auction a; that s, Bap;, > Bap,;-
2. For any i € [k+1] buyer b; clears his reserve, r;, in auction a; that is, Bap, > 7;.

Valid profiles are defined to capture the outcome of an auction given a set of
reserve prices. However, note that each profile consists of at least k + 1 buyers; thus,
to be able to capture all the possible scenarios (for example when fewer than k + 1
buyers clear their reserves in an auction), we add k + 1 auxiliary buyers byi... Bk+1 to
B who bid zero in all the auctions. Also, w.l.o.g., we assume that their reserves are
always set to zero as well.

As mentioned previously, in the previous chapter we use a concept similar to
valid profiles to write our linear program for £ = 1. In that LP, we have a variable for
any pair of auction and valid profile. However, it does not work here since it results
in having exponentially many variables. To overcome this, we define valid sub-profiles
of an auction that only contains information about a single winner and the supporting

buyer as defined below.

Definition 3.2.2 (Sub-profiles). We define the set of valid Sub-profiles of an auction
a as the set S, consisting of all tuples (by, by, 71,75) € B2 x R? that satisfy the following

conditions:

1. Bid of buyer by is greater than or equal to that of buyer by in auction a; that is,

6a,b1 Z ﬂa,bg'

2. Buyers by and by clear their reserves in auction a if reserve prices r1 and ro are
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set for them respectively; that is, Bap, > 11 and Pap, > To.
For any given p = (by, b, r1,72) € Sa, we have Rev,(p) := max(Bap,, r1)-

Given a vector of reserve prices ', we say a sub-profile (by, by, r1,72) € S, happens
in auction a after applying ', iff 7, = 71, ry, = 72, buyer b; is a winner in auction
a and buyer by is the supporting buyer in this auction. Moreover, we say two sub-
profiles (by, by, 71,79) and (b}, b, 7, 75) are compatible iff b, = by and 75, = ro which
means that they have the same information about the supporting buyer. Moreover, we
say a set P of valid sub-profiles are compatible iff they are pairwise compatible and
|P| = k. Since we have added k + 1 auxiliary buyers whose bid is always cleared in all
the auction, we can assume that we always have exactly & winners and a supporting
buyer.

To explain how a solution is represented using these sub-profiles, we consider a
vector of reserve prices r and construct its representation in this new solution space. For
any auction a and any sub-profile p € S,, we have a variable s, , which is equal to one iff
sub-profile p happens in auction a after applying vector of reserve prices r. Otherwise
we have s,, = 0. We say vector s constructed in this way is the representation of r
in the profile space. As mentioned above, this representation allows us to compute
the revenue of each auction using a linear function. Recall that for any sub-profile

p = (by, ba, 71,72) we have Rev,(p) := max(fap,, 1), thus we can write

Reva(r) = ) cs, Sap - Reva(p).

This function is linear since we have polynomially many valid sub-profiles; thus, for
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any valid sub-profile p we can simply compute Rev,(p) in advance and treat it as a

constant in the LP.

3.2.2 The Linear Program

In this section we first design an integer linear program (ILP) then remove its
integrality constraints to get an LP. We start by introducing the variables of our ILP.

We have four vectors of random variables s, x, y and y’ as defined below.

1. For any auction a € A and any sub-profile p € S,, we have a variable s, , € {0,1}
which is equal to one iff sub-profile p happens in auction a. This set of variables
should satisfy constraint Zpe s, Sap < k as at most k sub-profiles can happen in

an auction.

2. For any buyer b € B and any reserve price r € R we have a variable z, € {0,1}.
Reserve price r is assigned to buyer b iff z,, = 1. For this type of variables we
enforce the necessary constraint ) _pap, = 1 in our LP since each buyer has

exactly one reserve price.

3. For any buyer b € B, any auction a and any reserve price r € R, we have a
variable y, o, € {0,1} that is equal to one iff buyer b is assigned a reserve price

of r as a winner in auction a.

4. For any buyer b € B, any auction a and any reserve price r € R, we have a
variable y{ma € {0,1} that is equal to one iff buyer b is assigned a reserve price

of r as the supporting buyer in auction a.
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Roughly speaking, the vector of variables x is used in the LP to ensure that
in different auctions, solution s does not assign different reserve prices to the same
buyer. Moreover variables y and y’ are to ensure that the sub-profiles in an auction
are compatible with each other.

To be able to write the constraints of our LP, we first need the following defini-
tions. Let Qp, := {(b,ba,71,72) € S5 |ba € B, € R, 7y € R} denote the set of valid
sub-profiles of auction a in which buyer b is the winner and Q@ , = {(b1,b,71,72) €
S, |by € B, € R,ry € R} is the set of valid sub-profiles of auction a in which buyer
b is the supporting buyer. Moreover, let us define Qp ., := {(b, b2, r,73) € Qpalby €
B,r2 € R} and Q'y,, := {(b1,b,71,7) € Qb € B,y € R}. We are now ready to

write our LP (ILP without the integrality constraints) which we present in Figure 1.

max Z Z Sap - Reva(p)

acA peS,
s.t. Yora = D Sap Va,b,r:beBacAreR (1)
peQb,r,a
y(xna:zs;p Va,b,r:beB,aeAreR (2)
peglb,r,a
Ybra T Ubra < Tbyr Va,b,r:beB,acAreR, (3)
> 5ap <D Ubira Va,by,by:b,by€BacA  (4)
PEDQb,,a reR
ﬂQ/bl,a
Zsa,pgk Va:a€A (5)
PESa
> ap, =1 Vb:beB (6)
reR
Sap >0 Va,p:a€A, peS, (7)

Figure 3.1: The Linear Program

In the rest of this chapter we use s* to refer to s from an optimal solution of
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the LP. To be able to use the optimal solution of the LP as a benchmark in analyzing
the approximation-factor of our algorithm, we need to show that it is indeed an upper

bound for the optimal integral solution.

Lemma 3.2.3. The optimal revenue is upper bounded by Y, A > - Rev,(p).

pes, Sap

We have Section 3.7 designated to the formal proof of this lemma, and also give
an informal overview of that here. Roughly speaking, to prove this lemma, it suffices to
show that the constraints of the LP are all necessary for the consistency of the variables
that we have defined. Below we give some intuition about each constraint and why it
is necessary.

Constraint (1) is due to the fact that for any auction a, buyer b, and reserve price
r, variable vy, , indicates whether or not buyer b has a reserve r and is a winner in
auction a. This constraint ensures that value of y, , is consistent with whether or not
there is a profile happening in auction a in which buyer b is a winner as is assigned a
reserve price of r. Constraint (2) is similar to the previous one but for the supporting
buyers. Constraint (3) is because the reserve prices assigned to a buyer in different
auctions should be consistent. Moreover, imposing constraint (4), on the sub-profiles
is to make sure that the sub-profiles that happen in an auction can form valid profiles.
Consider an auction a and buyers b; and by. The right-hand-side of this constraint
is the probability with which buyer by is the supporting buyer in auction a, and the
left-hand-side is the probability with which buyer by is a winner while buyer by is the
supporting buyer which should obviously be smaller than the probability that buyer

by is a supporting buyer. Finally, constraints (5), (6), and (7) are by definition of
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variables. This LP upper bounds the optimal solution (the proof is deferred to the

appendix).

3.2.3 The LP-Rounding Algorithm

In this section, given an optimal solution of the LP we generate an integral
solution for the problem. The input of the algorithm is the vector x from an optimal

solution of the LP and a parameter 5 € [0, 1], which we fix later.
1. For any buyer b let ¢, be the maximum number in R that satisfies qub Ty, < B.

2. Define vectors f and f’ as follows: For any r € R where r < t,, set for ==,/ and
fyr == 0. For any r > tp, set fi, := 0 and f; . == 23, /(1 — 3). Finally for r = t,,

set for =12 forrand fy :=1=3" 0 f; ..

3. Construct r the vector of discounted reserve prices as follows: For any buyer b
independently choose a random reserve price r, € R such that for any p € R, we

have Prry, = p| = fb,-

4. Construct r’ the vector of inflated reserve prices as follows: For any buyer b inde-

pendently choose a random reserve price 1, € R such that for any p € R we have
Prlrl, = p] = f;,-
5. Let z be the vector of all zero reserve prices.

6. Between z, r and r’ return the one with higher revenue which is as follows:

argmax Rev(v).
ve{z,rr'}
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We will use r and r’ to respectively refer to the vector of discounted and inflated reserve

prices constructed in this algorithm.

Remark 3.2.4. For the sake of simplicity in the analysis, we assume w.l.o0.g., that
for any auction a, t, satisfies qub xp, = B. This implies that for any r € R, if
r < t, we have Prr, = r| = xp, /B and Pr[r, = r] = 0. Otherwise, if r > t,, we have

Prir, =r] =0 and Pr[ry, =] =z, /(1 — ).

In the next section we show how we can use specific features of the three solutions

z, r and r’ to get our desired approximation-factor.

3.3 Approximation Factor

In this section, we prove our main theorem by giving a lower bound for the revenue
obtained from the vector of reserve prices outputted by the rounding algorithm.

Let us start by giving some definitions that will be used throughout this section.
Define Ba(kH) to be the (k + 1)-th highest bid in any auction a. Note that this is
different from the bid of the supporting buyer in auction a as the supporting buyer has
the (k+1)-th highest bid after removing the buyers whose bid is not cleared. Moreover,
given a threshold 7, let us denote by W,(r, 7) the number of winners in auction a whose
payment is greater than or equal to 7 using the vector of reserve prices r. Similarly,
W,(r’, 7) is the number of winners who pay at least 7 using vector of reserve prices r’
in auction a. Note that W,(r,7) and W,(r’, 7) are both random variables.

The following lemma establishes sufficient conditions for the algorithm to output

an approximate solution. For any given auction a € A and a real number 7 > 0, we
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define

Ou(7) = > s, — (1= BEWL(',7)] — BE[W,(r, 7)].
P:pESa,
Reva(p)>T7

Lemma 3.3.1. Suppose there ezist absolute constants f € (0,1) and ¢ € (0,1) such

that,

D (1) <0 if 7> pEY and (3.1)

O, (7) < ke if T<BEHY (3.2)

for any auction a € A. Then, the algorithm with parameter 5 outputs a %Jrc-appmximate

solution.
Proof. Consider an arbitrary auction a. By integrating over 7 in ®,(7), we obtain:
/ Oy (1) dT + / Do (1) dr < ke,
(B¢ 00) (0,885

By simplifying this we get

Z 5ap - Reva(p) — (1 — B)E[Rev,(r')] — BE[Rev,(r)] < kefFHD. (3.3)

PESa

Recall that the output of our algorithm is the best of r, r’, and z where z is the vector
of all-zero reserve prices and its revenue is kﬂgkﬂ) since by applying that, the players

in the k first positions win the k items and pay bid of the buyer in the (k + 1)-th
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position. Therefore, the expected revenue achieved from the output of our algorithm

is at least

[l = max (E[Rev( )], E[Rev(x')], k - Zﬁ(k-i-l >

acA

Based on Equation 3.3 we have

Rev(s*) — (1= B)u— Bu—cu < 0.

where Rev(s*) := > A > cs, Sap - Reva(p). This implies Rev(s*) — (14 ¢)p < 0, and

as a result

Rev(s*)
1+c

< max(E[Rev(r)], E[Rev(r")], k5{*Y).

Further by Lemma 3.2.3, we know that Rev(s*) is an upper bound for the revenue of
the optimal solution; thus by setting 8 = 8’ in the rounding algorithm its output is at

least a ——approxnnate solution. O

Having, Lemma 3.3.1, it suffices to prove that Equation 3.1 always holds and find
values for parameters § and c that satisfy Equation 3.2. We address the former in the

following lemma, and the latter in Lemma 3.3.3.

Lemma 3.3.2. For auction a and any 7 > 6(k+ we have

> st — (L= BEWL(,7)] — BE[W,(r,7)] < 0.
P:pESa
Reva(p)>T1
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Proof. By definition of W,(r’,7) and W,(r, ) for any 7 > B we have

(1= B)EW,(r',7)] + BE[Wa(r,7)] = (1 — B)E | min <Z Lysr, kr)]

min (Z 1ry>r, k) ] .
beB

Recall that 6§k+1) is defined in a way that there are exactly k buyers with bids greater

+ BE

than B in auction a. As a result, there are at most k buyers for whom Pr[ry > 7]

or Pr[r, > 7] is nonzero. This means that we can rewrite the inequality as

(1= B)E[W,(r',7)] + BE[W,(x,7)] = E|> Lo +BE[D 1Tb>T]
beB beB
— ]E Z 17"b>7'] .
beB
Observe that by construction of r and r’ we have
E[1,,>:] = Prlry > 7] Z xp, and
TE (7,tp)
E[lyyr] = Prlr, > 7] = - Y oz (3.4)
a B rir>ty, r>T

Moreover, by putting the first and third constraints of the LP together, for any buyer

b and any reserve price r > 7, we get > sy, < xp,. Note that for any p =

peQb,'r',a a,p

(k+1)

(by,bo,71,72) € S,, by definition, we have [, > [ab,, Which means that if we have
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Rev,(p) > 7, then Rev,(p) = m and p € Qp, 1, 2. This results in the following equations.

Z be:” > Zs;p, and Z be,r > Zs;p.

beB re(r,ty) P:pESa, beB rir>ty, P:pESa,
Reva (p) <tp, r>7 Reva(p)>tp,
Reva(p)>T1 Reva(p)>T1

Combining these with the equations in (3.4) gives us the following equation and con-

cludes the proof.

(1= BEWL(',7)] + BEWa(r,7)] = ) 8%,

PpES,
Reva(p)>7

]

The following lemma is the most technically challenging part of the analysis.
Therefore, we have Section 3.4 assigned to its proof.

Lemma 3.3.3. Setting § = 0.55 and ¢ = 0.58, the following inequality holds for any

auction a € A and any 0 < 7 < 5§k+1).

> st — (1= BEWL(,7)] — BEW,(r,7)] < ke. (3.5)

ppES,,
Reva(p)>T7

We are now ready to prove our main result. Below we restate the main theorem

and prove it using the lemmas in this section.

Theorem 4. There exists an algorithm with running time polynomaial in the input size
that outputs a vector of reserve prices r° such that Rev(r®) is at least a 0.63 fraction

of the revenue achieved from the optimal vector of reserve prices.
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Proof. First, note that the LP designed in Section 3.2.2 has polynomially many vari-
ables and constraints. To design our algorithm, we first solve the LP, then given an
optimal solution of that use the LP-rounding procedure to output a vector of reserve
prices. Since the LP rounding procedure has a polynomial running time, the total
running time of the algorithm is polynomial as well.

To analyze the approximation factor of the algorithm we use Lemma 3.3.1,
Lemma 3.3.3 and Lemma 3.3.2. The first lemma states that if there exists a constant

¢ > 0 and a valuation for parameter [ that satisfies Equation 3.1 for any 7 > Ba(kﬂ),

and satisfies Equation 3.2 for any 7 < ﬁgkﬂ), then our rounding algorithm is a #c—
approximation. In Lemma 3.3.3, we prove that Equation 3.1 holds for any g € (0,1)
and any 7 > ﬁgkﬂ). Moreover, based on Lemma 3.3.2 we have that by setting 5 = 0.55,
Equation 3.2 holds for any 7 < @SkH) and ¢ = 0.58. This implies that by setting
£ = 0.55 in the rounding algorithm, its output is a 0.63-approximation of the optimal

. . 1
solution since 7058 = 0.63. O

3.4 Proof of Lemma 3.3.3

In this section, we will consider an arbitrary auction a € A and any constant

0<71< 5§k+1), and focus on finding a constant ¢ and a valuation for g that satisfy

> sh, = (1= BEWL(,7)] — ke < BE[W,(r, 7).

PpESa,
Reva(p)>T7
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Denote by B, . the set of buyers whose bid in auction a is greater than or equal to
7. Formally, we have B, , := {b € B : #, > 7}. Throughout this section, since we
assume that a can be any arbitrary auction from A, we will abbreviate all notations by
dropping a for simplicity when clear from the context. Let us define function F(s*,7)

as follows.

F(s*,7) =) si,— (1= BEW(r,7)] (3.6)

PpESs,
Reva(p)>T7

We will consider different values of F'(s*, 7) as a function of § and give a lower bound
for E[W,(r,7)] based on that. Consider a buyer b € B,,. Let us define Bernoulli
random variables p, » and g, to be respectively equal to one iff ry, € [7, £,p] and equal

to one iff 1, € [0, B,p]. Moreover, let Pr =3 & ppr and Qr = > g b

Claim 3.4.1. The expected revenue obtained from the vector of reserve prices r is as

follows.

E[W,(r,7)] > max (k Pr[@. > k|, E[min(P;, k)])

Proof. Note that (), is a random variable representing the number of buyers whose bid
is cleared and is greater than or equal to 7; therefore, (), > k is the event in which at
least £ + 1 buyers have cleared their bid of at least 7 which results in k items being
sold with a price of at least 7. Moreover, P, denotes the number of buyers whose bid is
cleared with a reserve of at least 7; thus, we sell at least min(P,, k) of our items with

a price of at least 7. This means that the expected number of items that are sold with
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a price of at least 7 is lower bounded by max (k. Pr[Q, > k|, E[min(P;, k)]). O

Let 7, be the set of sub-profiles in S, whose revenue is at least 7. In the other
words,

Tor = {p € Sa|Reva(p) > 7}.

We partition 7, , to three disjoint subsets denoted by J7, 7, and L, as follows. Set
Jt is the set of sub-profiles in 7, that capture the scenarios in which the supporting
buyer has a bid smaller than 7 and the winner’s reserve price is greater than or equal

to its threshold t, (defined in the algorithm).

Jr={p= b,r,r) € T,|b¢ B, and r' > ty}.

We similarly define 7, to be the set of sub-profiles in 7; in which the supporting buyer

has a bid smaller than 7 and the reserve price of the winner is below its threshold %y.

J-={p=0" b, r)eT,|b¢B, and r' < ty}.

Moreover, L, defined below denotes the set of sub-profiles in S, that capture the

scenarios in which the supporting buyer has a bid greater than or equal to 7.

L.:={p= b r)eT|beB,}.
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Further, based on this set, we define

b= Y s, /k (3.7)

beB; pelL N/,

Observe that the defined subsets of T, satisfy T, = JF U J~ UL, .

Given Claim 3.4.1, we now need to find a lower bound for max (k Pr[@Q, >
k], Emin(P;, k)]) as a function of F(s*,7) and d,. To get this, we start by giving lower
bounds for E[Q.] and E[P,] in the following section, then use the expected value of these
random variables to bound the value of the functions k. Pr[@Q, > k| and E[min(P;, k)]

in Section 3.4.2. Note that all these bound will be functions of F'(s*,7) and J,.

3.4.1 lower bounds for E[P;] and E[Q/]

In this section, we start by investigating useful facts about set 7;, random vari-
ables p and q and the relation between them which finally leads to lower bounds for
E[P,] and E[Q,]. Let us mention that to prevent interruptions to the flow of the
chapter, proofs of some of the lemmas in this section are deferred to Section 3.6.

We start by obtaining a lower bound for E[P;], for which we make the three

claims below.

Claim 3.4.2. The following holds: o =kd,.

peLl, Sap

Proof. Recalling definition (3.7), it suffices to show J,cg (£, N Q'p) = L, as it results
in

or = Z sy p/ k-

bel:
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A valid sub-profile p = (by, bg,r1,73) is in UbeBT Q' iff b, € B, which also means
Rev,(p) = max(ry, fap) > 7 and p € T,. To complete the proof observe that this is

indeed the definition of set £, which is £, := {(b’,b,7’,r) € T;|b € B, }. O

Claim 3.4.3. For any buyer b € B we have

Elpn] > %( S5t

pEIr NQp

Proof. By construction, for vector of reserve prices r and any buyer b we have

Elps -] = Pr[ry € [, Bapl] Zfbra

TE[T /83 b]

where fy, = 23,/ for any r < t, as defined in the algorithm. This yields that

B2y 2> Y

rir<tp, rir<tp, peQb ra
[ 63 b] TE[T Ba b]

where the second inequality is by the first and third constraints of the LP. To complete

the proof it suffices to show that

(ij N Qb) C U Qb,r,a-
rir<tp,
7€[7,Ba,b]

Observe that we have
(T NQy) ={(b,ba,7,r2) € Tr|r € R,y € R,by € B, and r < ty}.
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Moroever, note that for any sub-profile p = (b,by,7,75) € T, we have Rev,(p) =

max(r, Bap,) > 7, thus if ,,, < 7 then r > 7. As a result we have

(T- N Q) C{(b,by,r,rs) €Ss|r €R, 7y € R by € B, and r < t,,}.

Further, since Qp, ;. 1= {(b, b2, 7,72) € Ss|be € B, 72 € R}, then

U Qbra={(b,by,7,72) €S| €R, 7y ER, by € B,r > 7,7 > Bop, 7 < tp}.

rir<tp,
TE[TnBa,b]

Note that any (b, by, 7,72) € S, satisfies r > [, therefore we get
(jq—_ N Qb) C U Qb,r,a' []

rir<tp,
re [Tvﬁa,b]

The following lemma is the last piece that we need to get the desired lower bound
for E[P;] in Lemma 3.4.5. The proof of this lemma due to being lengthy is deferred to

Section 3.6.

Lemma 3.4.4. The following inequality holds.

F(s* 7)< si,+ Y s,

peTr PELy

Lemma 3.4.5. We have the following lower bound for B[P, :
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Proof. Based on Lemma 3.4.4 we have

F(s*, 1) — Z Sip < ZS::ZD'

pGE-r pEj_r_

Combining this by > = ko, from Claim 3.4.2 and diving both sides by 3 gives

*
pELS Sa,p

us:

F(s*,7)— ko, 1 .
< — s,
L Y

pEJ;

We conclude the proof by noting that as a result of Claim 3.4.3, we have E[P;] >
1 *
B ZPEJT_ Sa’p‘ D

Getting the desired lower bound for E[Q,] is however more complicated than
that of E[P;]. In Lemma 3.4.6 and Lemma 3.4.7 we give two different lower bounds for
E[@.] which we then merge in Lemma 3.4.8 to obtain an stronger one. The proof of
both these lemmas are based on careful analysis of the relations between q and subsets

of T, and are deferred to Section 3.6 due to being very complicated.

Lemma 3.4.6. For B, = {b € B: E[g] = 1}, we have
E[Q- = [Bi[] = (k — [By[ +1)d/5.
Lemma 3.4.7. For By = {b € B: E|g] = 1} and m = |B;| we have

5—_”1(54_(5/5.
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Lemma 3.4.8. For By ={b€B: q,, =1} and m = |B;|, we have

k.max(F(s*,7)/k,d;) — (m — 1)57.

E[QT - m] > 6

Proof. This is a direct result of the lower bounds given in Lemma 3.4.6 and Lemma 3.4.7,

which are respectively as follows.

EQ, —m] > (k —m +1)5, /8.

F(3*7T) —m(57 +5T/ﬂ.

E[QT - m] >

By combining these lower bounds we get

B-ElQ,—m| > max(F(s*,7),ké;)—(m—1)6; > k-max(F(s*,7)/k,0;)—(m—1),. O

3.4.2 Revenue of the discounted vector

In this section, we continue our effort to give a lower bound for E[W,(r,7)] as a

function of 0, and F(s*,7). Recall that by Claim 3.4.1 we have

E[W,(r,7)] > max(k. Pr[Q, > k], E[min(P;, k)]).

In Lemma 3.4.8 and Lemma 3.4.5 in the previous section, we have obtained lower
bounds for both E[Q,] and E[P;] as functions of §, and F(s*, 7). Thus, we proceed to

find numeric lower bounds for k- Pr[Q, > k] and E[min(P;, k)] by all possible values of
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these parameters. To be able to do so, we use the fact that both @, and P, are sums
of Bernoulli random variables. Based on a sequence of observations about Bernoulli
random variables that are mostly presented in Section 3.8 we approximate Pr[Q, > k]
by a function on a set of Bernoulli random variables whose expectation is related to
E[Q.]. Later, we use the relation between Binomial and Poisson distributions to get a
lower bound that can be computed numerically given fixed values of ¢, and F(s*, 7).
We take a similar but simpler approach to find a lower bound for E[min(P;, k)].

Let us define function G(x, \) for a real number 7 > 0 and any integer = > 0, as

follows:

T

Gl N =1-Y Ne (3.8)

7!
i=0

Note that G(z, A) is the probability with which a random variable drawn from Pois(\)
is greater than z. This function later arises in the lower bound for Pr[Q, > k] due
to the special relation between Poisson and Binomial distribution when the number of
trials goes to infinity.

We start by the following lemma about Bernoulli random variables (proved in

Section 3.8).

Lemma 3.4.9. Given m € N and a random variable X that is sum of a set of inde-

pendent Bernoulli random variables with B[ X| = p, if m + 1 < u, then we have

Pr[X > m| > OISI%I}HG(m — i, —1).
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For any 0 <1 < k, let us define \; as follows. We have

Ao = min(M +5./8 -2,

2-a22)

kp

and for any any ¢ > 2,

F(s*,1)

We are not ready to state our lemma about a lower bound for — 5

Lemma 3.4.10. If we have F(Z—;T) >1and \; > 1+ 1 for any i > 0, then

Pri@Q; > k] > min G(m, \n).

0<m<k

Proof. Let us define By = {b € B: ¢, = 1}, m = |B4[, and Q2 = >, g\, ¢%- We have
E[Q-] = E[Q2]+m which implies Pr[Q, > k] = Pr[Q,2 > k—m)]. Using Lemma 3.4.8,
we have the following lower bound for the expected value of random variable () o:

k.max(F(s*,7)/k,6;) — (m —1)d,
5 :

E[Qr2] > (3.9)

Further, since @);2 is sum of a set of independent Bernoulli random variables, if

E[Q:2] > k —m + 1 holds, as an application of Lemma 3.4.9, we get

Pr(@Q.2 > (k—m)] > min G(k; — i, E[Qr2] — 1),

0<i<ky
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where ky = k —m. We will later prove that E[Q,2] > k —m + 1 holds. Given this
equation, to complete the proof it suffices to show that for any 0 < ¢ < k;, we have
G(k1 — i, E[Qr2] — i) > G(k1 — i, A\gy—i) since 0 < ky — i < k. We do this by proving

that the following equation holds for any 0 <17 < k;:

E[Qr2] — 1 > Ay

Note that proving this also gives us E[Q, 2] > k—m+1 since we get E[Q; 2] > A\g—.n, and
by the statement of the lemma, we have A\;_,, > k —m + 1. Recall that by definition,
for any ¢ with k&; — ¢ > 1 we have

(ky —i)F(s*, 1)
kj

Nep—i = +4./5.

Moreover, using the lower bound provided for E[Q; 2] in Equation 3.9, we get
k.max(F(s*,7)/k,6,) — (m — 1)0,
£[Q,.] > EmeXF T ) (1)

> (k—m).F(s*,7)/k + 0, > ki1F(s*,T)
B kp

+5./8.

F(s*

We complete the proof for the case of k; —i > 1 by invoking 25’7) > 1 from the

statement of lemma. Therefore, to complete the proof it suffices to show that E[Q, o] —
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© > A, —i holds for k; —i < 1. Using Equation 3.9 and by the fact that £ > 2, we have

k.max(F(s*,7)/k,d;) — md, + 0, S
3 >
2F(s*,7)/k + (k — 2 — m) max(F(s*,7)/k,0,) + 4,
5 :

E[QT,Z] Z

If m = 0, then we have k; —2 = k—2—m > 0. Moreover, since we have F'(s*,7)/(kf) >

1, in the case of m = 0, we get

E[Q, ] —i > 2F (s*,7)/k + 6, + (k1 — 2) max(F (s*,7)/k,d,) L
2 > 3

+k—2—1.

- 2F (s*,7)/k + 6,
- B

This implies E[Q,2] —7 > Ap,—; for m = 0 and k; —i < 1. Now, it remains to show

this for m > 0 and k; — 2 < 1 as well. If m > 0 we can write the followings:

S k.max(F(s*,7)/k,d,) — (m — 1),

E[Q.,] > > (k—m+1)F(s*,7)/k

B 5
(kv + 1) F(s*,7)/k
3 ;

(b —i+ DF(s"7)/k+i-F(s7)/k . (—i+ DF(s,7)/k

E[QT,2] —1 Z 5 el ﬁ

As a result of this for the cases of (k; —4) = 0 and (k; — i) = 1 we respectively
get E[Qr»] —i > F(s*,7)/(kB) and E[Q,2] —i > 2F(s*,7)/(kB). Knowing that by
definition, we have \g < F(s*,7)/(kf) and Ay < 2F(s*,7)/(kf) hold completes the

proof. O
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Based on a simple application of Chernoff bound, we show that for any m > 2000,
we have G(m,1.05m) > 0.9. (We will prove this as Lemma 3.8.5 in Section 3.8.)
Since A, is an increasing function of F(s*,7)/(kf), and that A, > mF(s*,7) holds
for any m > 2, this implies that for F'(s*,7)/(k8) > 1.05, and m > 2000 we have
G(m, A) > 0.9. This gives us

Pr[@, > k] > min(0.9, min G(m,\,,)). (3.10)

0<m<2000

For smaller values of m; however, giving a desired lower bound for G(m, \,,) is unnec-
essarily complicated. To avoid the complication of that proof, we instead numerically
compute G(m, \;) for different values of F'(s*,7)/(kf) and 0,/8 in Table 3.1. Then,
using Lemma 3.4.10 find a lower bound for Pr[Q. > k] given fixed values for these
variables. Each element of Table 3.1, contains value of ming<,,<2000 G(m, An,) for fixed
values of F'(s*,7)/(kfB) and 0, /5. Note that, we ignore an entry of the table by insert-
ing an —, if the values associated to F'(s*,7) and 6,/ in that entry do not satisfy the
necessary conditions of Lemma 3.4.10. We later use this table to complete the proof

of Lemma 3.3.3.
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6-/B
0.6 0.8 0.9 1
F(s*,1)
kB

1.05 - - 0.57 0.59
1.1 - 0.57 0.99 0.62
1.2 0.57 0.62 0.64 0.66
1.5 0.697 0.73 0.746 0.76
1.7 0.76 0.789 0.8 0.814
1.8 0.789 0.8 0.826 0.834

on Equation 3.10.

To be able to use the information in this table towards giving a numeric lower

proofs are deferred to Section 3.8.

min H(2, ) < min H(m, p),
/J'GMm,G

HEM> o
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Table 3.1: lower bounds for Pr[Q, > k| given fixed values of F(s*,7) and 6/ based

bound for max(Pr[Q, > k], Elmin(Q., k)]/k), we need to construct a similar table for
E[min(P;, k)]/k. To provide the desired lower bound for E[min(P;, k)]/k in Lemma 3.4.13,
we first need some facts about Bernoulli random variables which are stated in Claim 3.4.12

and Lemma 3.4.11 below. To prevent interruptions to the flow of this section, both

Lemma 3.4.11. For any integer number m > 2 and any real number 6 € [0,2], we




where My, o = {p = (p1,...,pn) €[0,1]" D27 pi =m0}, and

Emin(>". . z;,m
H(k, (pi1, .- ) = [min2_ i )]7

m

with z;, . .., x, being independent Bernoulli random variables with means i, . . ., fiy.

Claim 3.4.12. Given a fized real number 6 € (0,2), and a set of independent Bernoulli

random variables x1, ..., x, with B[}, 2] = 20 we have

i€[n
Lemma 3.4.13. For any k > 1, we have

E[min(P, k)]/k > 1 — (1 + a)e where a=F(s*,1)/(kB)—4d/B. (3.11)
Proof. For any real number 6 € [0,2] we define set

Mo ={p= (1., ) €[0,1]"| Zﬂi > ko},

and function

Emin(}". 2, k
H(kv(,ul,-..,,un)):[ (Z];e[n} )]’

where x;,...,x, are independent Bernoulli random variables with means u;, ..., t,.
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By Lemma 3.4.11, we know that

min H(2,p) < min H(k, p).

HEM> g HEMy o

Note that we have (E[p1],...E[p,]) € My, since based on Lemma 3.4.5

E[P,] > W — ak.

Moreover, observe that H(k, (E[p1],...E[p,])) = E[min(P;, k)]/k, which implies

E[min(P;, k)|/k > min G(2, u).

IJ’EMQ,OL

We complete the proof using Lemma 3.4.12 that states mingens, , H(2, 1) > 1 — (1 +

a)e 2, O

We now proceed to construct a similar table for E[min(P;, k)]/k based on the
lower bound provided in Lemma 3.4.13. Each element of Table 3.2 contains a lower

bound for E[min(P;, k)]/k, given fixed values of m(s*,7)/(kB) and 4, /0.

F(s*,7)/(kB)—06,/8 ] 015| 02 [ 0.6 | 0.7 | 08 | 0.9 | 1 | 1.1 |12

E[min(P;, k)] /k 0.14 | 0.19 | 0.51 | 0.58 | 0.63 | 0.68 | 0.72 | 0.76 | 0.8

Table 3.2: lower bounds for E[min(P;,k)]/k based on different values of a :=
F(s*,7)/(Bk) — §/B. We use the lower bound E[min(P., k)]/k > 1 — (1 + a)e >

obtained in Lemma 3.4.13.

The following lemma is the final piece that we need to complete the proof of
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Lemma 3.3.3. In this lemma, we use the constructed tables to show that by setting

B = 0.55 in the rounding algorithm we get
F(s*,7) — PE[W,(r,7)] < 1.05k6 < 0.58.

Lemma 3.4.14. For 3 = 0.55 we have F(s*,7) — BE[W,(r,7)] < 1.05k0.

Proof. We start by considering different values of F'(s*,7) and finding a lower bound

for E[W,(r, )] based on that. Recall that by Claim 3.4.1, we have
E[W,(r, 7)]/k > max (Pr[Q, > k], E[min(P;, k)] /k)
Further, based on Lemma 3.4.10 and Lemma 3.4.13, we have

max ( Pr(Q, > k|, Elmin(P;, k)] /k) > max( min G(m, \,),1 — (1 + Oz)_m),

0<m<k

where a = F(s*,7)/(Bk) — 0./B. It is easy to see that ming<,<ip G(m,\,) is an
increasing function of 4,/3, while 1 — (1 + a)™2* is a decreasing function of §,/0;

therefore, for any = € (0,1) we have?

max(Pr[Q, > k], Elmin(Q,, k)] /k) > min( min G(m, >‘m>|%:x= (1—(1+ a)_Qa)l‘sg:v)'

0<m<k

We use this fact to construct Table 3.3 based on Table 3.1 and Table 3.2. To

2To clarify the notation, when we use G(a, b)|p=s, for a function G, we refer to the value of G given
that b = y.
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do so, for any fixed value of F(s*,7)/(kf3) = y, we consider four possible values x €

{0.6,0.8,0.9, 1} for §, /8 and rewrite Equation 3.12 as

max(Pr[Q, > k], Elmin(Q-, k)]/k)ﬁ:(zi;’ﬂ:y

> i i s*,T - —2a T .
_ze{o.gloag,{o.g ﬁmn (ogigk G(m, )\m)le, L=y = (I-(1+a) )|F(s*,7-)/(k,6’):y,§5:x>

For any y € {1.05,1.1,1.2,1.5,1.7,1.8} and = € {0.6,0.8,0.9,1}, we refer to Ta-
ble 3.1 and Table 3.2 for values of ming<m<i G(M, ) F(s* 7))/ (k8)=y.5, /=2 and (1 —
(1 + @) ) | F(s* 7)) (kB)=y.6. 3=z~ (For the sake of constructing this table, if for a pair of
x and y, values of these function are not precomputed in Table 3.1 and Table 3.2, we

assume that they are equal to zero.)

F(s*,7)/(kB) 105 1.1 | 1.2 | 1.5 | 1.7 | 1.8

max(Pr[Q, > k], E[min(Q,, k)]/k) || 0.14 | 0.19 | 0.51 | 0.68 | 0.76 | 0.789

Table 3.3: lower bounds for E[W,(r,7)]|/k using Equation 3.12, given fixed values of

F(s*,7)/(kB) achieved from combining Table 3.1 and Table 3.2.

As an instance, the first column of the table is obtained as follows. For /8 = 0.9,

and F'(s*,7)/(kB) = 1.05 we have the followings respectively based on Table 3.1 and

Table 3.2:
og}gglk G(m, /\m)lﬂzig’”zl.os),af/ﬁ:og = 0.57,
-2 o
(1-(0+a) a)\F(Z;’T):l-O&tST/B:O.Q =0.14.
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As a result, we have

max(Pr[@Q, > k], E[min(Q., )]/k) Flrm) —1.05

> max min{ min G(m,\ F(s ™) 1,05, = 1—(1+a) F(s )1 s br
~ 2€{0.8,0.9,1} 0<m<k ( ) =1.05,7%-=0.9’ ( ( ) )I =1.05,=0.9

> min(0.57,0.14) = 0.14.

We now proceed to complete the proof using Table 3.3. Observe that the lower

bound in Equation 3.12 is a non-decreasing function of F'(s*,7)/(k#). This implies that
F(s*,7 F(s*,1

for any 0 < 2z <y < 1, we have E[WB(I',TN% =z] < E[Wa(r,r)|% € [z,y]].

Having this, we complete the proof using a case by case analysis and proving that
F(s*,7) — BE[W,(r, )] < 1.05k0

holds for all possible values of F(s*,7)/(k5).

e For F(s*,7)/(kB) € [0,1.05], it is obvious that F(s*,7) — SE[W,(r,7)] < 1.05kf

holds.

o If F(s*,7)/(k) € [1.05,1.1], then we get F(s*,7) — SE[W,(r,7)] < (1.1 —
0.14)kS = 0.96kS since in this case we have E[W,(r,7)]/k > 0.14 based on

Table 3.3.

o If F(s*,7)/(kP) € [1.1,1.2], then we get F'(s*,7)—PE[W,(r,7)] < (1.2—0.19)k3 =

1.01k/ since in this case we have E[W,(r,7)]/k > 0.19.

o If F(s*,7)/(kpB) € [1.2,1.5], then we get F'(s*,7)—PE[W,(r,7)] < (1.5—0.51)k =
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0.99k 0 since in this case we have E[W,(r,7)]/k > 0.51.

o If F(s*,7)/(kB) € [1.5,1.7], then we get F'(s*,7)—PBE[W,(r,7)] < (1.7—0.68)k =

1.02k/3 since in this case we have E[W,(r,7)]/k > 0.68.

o If F(s*,7)/(kpB) € [1.7,1.8], then we get F'(s*,7)—PE[W,(r,7)] < (1.8—0.76)k5 =

1.04k( since in this case we have E[W,(r,7)]/k > 0.76.

o If F(s*,7)/(kp) € [1.8,1/p], then we get F(s*,7) — PE[W,(r,7)] < (1.8 —

0.76)k = 1.04k[ since in this case we have E[W,(r,7)]/k > 0.76.

The proof is concluded since we know F(s*,7)/(kf) < 1/8. This is due to the

definition of F'(s*,7) which is

F(s*,m) =) si,— (L= BEW, (7)),

PpESa,
Reva(p)>T1
and the fact that by constraints of the LP, we have Zp:pe s, Sap Sk n

3.5 Upper Bound for the “Simple Rounding” Approach

The algorithm designed for the single unit case of the problem in the previous
chapter directly uses the fraction solution of the LP as a probability distribution over
reserve prices, and for each buyer independently draws a reserve price from that. This
is equivalent to setting 5 = 0 in our rounding algorithm. In the rest of the section, we
use simple rounding to refer to this rounding technique. We show using an example

that for a large enough & (number of items) the approximation factor of this algorithm
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is at most 0.5 4 ¢ for any small constant e.

Lemma 3.5.1. Given any constant € > 0, there exists a dataset of bids for which the

simple rounding approach achieves at most 0.5 + ¢ fraction of the optimal revenue.

Proof. We use Table 3.4 to represent our dataset of auctions. Let k denote the number
of items. In our example, we have 2k + 2 auctions and k + 2 buyers represented by
bi,...,br1o. Each column in the table represents an auction and its weight is the
number of times that this auction is repeated in the dataset. To put it differently, we
can simply assume that there are only four weighted auctions represented by the four
columns and each one has a revenue equal to the total payment of buyers in the auction

multiplied by its weight. Further, note that buyers b3, ..., bxio have similar bids in all

auctions.
Weight
1 1 k k
Buyer
b, k3 0 0 0
b, 0 0 k 1
b3, ..., brio 0 k? k 1

Table 3.4: A Bad Example

We observe that there are two different optimal vectors of reserve prices for this
dataset which are (K%, k, k% ... k?) and (k*,1,1,...,1). By applying the first reserves,
the amounts of revenue that we get from our four auctions (the four columns) are

respectively k3, k3, k2, and 0, while the second vector gives us k2, 0, k2, and k? amounts
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of revenue respectively. Thus, the optimal revenue adds up to 2k% + k2. Further, let us
mention that the all-zero vector of reserve prices simply gives us a revenue of k3 + k2,
and as a result the approximation factor of this solution is at most 0.5 + ¢ for a large
enough k£ and any constant € > 0. Given a small constant ¢ > 0, we construct a
fractional solution of the LP which if rounded using the simple rounding procedure,
results in a less than 0.54¢ approximate solution for large values of k. Let § = £/4, and
consider a solution of the LP that assigns d probability to the first optimal solution and
1 — ¢ probability to the second one. A formal representation of this solution is given
below. Note that for simplicity, instead of sub-profiles, we use profiles to represent our
solution. (See Definition 5.4.1.) Also, recall that 61, ce bk;-l are the auxiliary buyers

who bid 0 in all the auctions.
© 5y, = 1for py = (by,by,... bg, k3,0,...,0).
® Saypy = 0 for py = (bs, ... beyo, by, k2, ... k% 0).
® Suyp, = 1 —6 for py = (bg,...,bk+2,61,1,...,1,0).
® 5., =0 for pg = (bz,bAl,...,bAk,k,O,...,O).
® Sy =1 —0 for py = (by,b3,...,bpro, 1,..., 1).
® Sa,p, =1—0for py = (be,bs,... bepo,1,...,1).
® 55, =0 for pj = (i)l,bg,...,i)k+1,07...,0>.
o 1y, 3 = L.

® 1y, =0,and xp,1 =1—19.
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o 2 =0, and 2,1 =1 — 9§ for any b € {bs, by42}.

It is easy to verify that this fractional solution satisfies the constraints of the LP
and is an optimal fractional solution; therefore, it suffices to show that the vector of
reserve prices obtained from the simple rounding algorithm gives us at most (0.5 +
£)(2k® + k?) revenue for a large enough k. As mentioned before, the simple rounding
algorithm directly uses the fractional solution of the LP as a probability distribution
to randomly pick the reserve price of any buyer. More precisely, for any buyer b any
reserve price 7 is chosen with probability x;, independently from other buyers. Let s
denote the vector of reserve prices obtained from rounding our fractional solution using
this simple rounding technique. Below we investigate the revenue obtained from each

auction by applying s.

1. From the first auction we simply get revenue of k3 as reserve price k% is chosen

for buyer b; with probability one.

2. In the second auction there are k& buyers with nonzero bids, thus all the buyers
get an item and pay their reserve prices. This implies that the expected revenue
of this auction is k(dk? + (1 — d)) since the simple rounding algorithm chooses
reserve prices of k? and 1 for buyers bs, ..., by, o with probabilities § and (1 — §)

respectively.

3. In the third auction, however, there are k+ 1 buyers bo, . .. byio with bid k; there-
fore, we get a revenue of k2 if all the bids are cleared. Otherwise, revenue of
this auction is the sum of reserve prices of the buyers whose bid is cleared multi-
plied by the weight of the auction (which is k). For any buyer b € {bs,...bx12}
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the simple rounding technique chooses reserve price k* with probability § and
reserve price 1 with probability 1 — d. Moreover, buyer b, gets reserve prices k
and 1 respectively with probabilities 6 and 1 — §. This implies that the revenue
obtained from this auction is &* with probability (1 — 6)* and it is less than 2k
with probability 1 — (1 — §)*. Note that for any constant value of §, we have
limy, 00 (1 — 6)* = 0; thus, for a large enough k, the expected revenue obtained

from this auction is at most 2k2 + 4.

4. Since the maximum bid in the fourth auction is one and its weight is k, the total

revenue obtained from this auction is at most k2.

By summing up the revenue obtained from the four auctions, we conclude that for a
large enough k, the expected total revenue is upper bounded by (1 + §)k3 + 3k + k.
Since 0 = /4, for a large enough k we have (14 §)k* + 3k* + k < (1 + &/2)k?. Recall
that the optimal vector of reserve prices in this example gives us a revenue of 2k3 + k2.
This implies that the approximation factor of the simple rounding algorithm is upper

bounded by 0.5 + ¢ for a large enough k. O]

3.6  Omitted Proofs of Section 3.4.1

In this section, our goal is to prove Lemma 3.4.4, Lemma 3.4.6, and Lemma 3.4.7
which are stated in Section 3.4.1. Before going into their proofs, however, we start by

a series of claims that are needed for completing the proofs.
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Claim 3.6.1. If the following inequality holds, then E[W,(r,T)] = k.

E[W,(x',7)] <Y Pr[Bap > 1, > 7] (3.13)

beB

Proof. We have

E[W,(r',7)] = min <Z Pr[fap > 14, > 7], k)

beB

Define B’ = {b € B : Pr[f,p > rf, > 7] # 0}. Observe that if |B’| < k then

> Pr[Bap =1 > 7] <k,

beB

which implies

EW,(', 7)] = Z Pr[fap > 1 > 7).
beB

Thus, if Equation 3.13 holds then |B’| > k. By Claim 3.6.5, provided in the appendix,
for any b € B’ we have E[gy] = 1. This gives us Pr[}_, g > k] = 1 and as a
result Pr[@, > k] = 1. Finally, Claim 3.4.1 gives us E[W,(r,7)] > kPr[Q, > k|, and

concludes the proof. O

Assumption 3.6.2. The following equation holds for any auction a € A.

E[W,(x',7)] = ) Pr[Bap > 1, > 7).

beB
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Proof. As a corollary of Claim 3.6.1, if

E[W, (', 7)] < ZPr[ﬁa,b >y > 7],

beB

then Equation 3.5 is simply satisfied for 5 = 0.55 and ¢ = 0.58 since in this case

BE[W,(r, )] = Bk. Moreover, based on LP we have

Z 3:4, <k,

p:pEPa
Reva(p)>T7

which results in

> st,— (L= BEWL(, 7)] — BE[W.(r,7)] < (1 — B)k = 0.45k < 0.58k.

p:pEPa
Reva(p)>7

Therefore, to complete the proof of Lemma 3.3.3, we make the following assumption
and only focus on proving Equation 3.5 for auctions that do not satisfy the mentioned

condition. n

Claim 3.6.3. For any buyer b € B, the following holds.

U (©oanQbys) = QbaN L.

b1€Br\{b}

Proof. Consider a valid profile a valid sub-profile p = (b’, b”, 7", r") € S,. By definition,
for any buyer b; € B, we have p € (Qpa N Q'p,a) iff b’ = b and b” = by. Moreover,

due to p being a valid sub-profile, it satisfies b’ # b”. As a result we have p €
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UbleBT\{b}(Qb,a N Q'p, ) iff b’ =b and b” € B,. This completes our proof since this is

equal to definition of Qp, N L. ]

Claim 3.6.4. For any buyer b € B, we have

S st > s, /k <o

pELNQy pEL,NQ'}

Proof. As a constraint of the LP we have the following for b and any other buyer

b, € B.

Z Sap S Z ygl,r,a‘

pEQb,amQ/bl,a reR

By summing both sides over all buyers in B, \{b} we get

2. s S ) D b

b1€B-\{b} PEGb,a b;€B-\{b} T€R
mQ/bl,a

Observe that by Claim 3.6.3 we have

U (Qb,a N lelya) = Qb,a N CT)

bi1€B-\{b}

which results in

Z Sa,p < Z Zy:n,r,a‘ (314)

pEL NGy, b1€B-\{b} r€R
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Moreover, as the second constraint of the LP we have

yl/),r,a = Z Sa,P/k'

peglb,'r,a

By summing up both sides of this equation over all reserve prices in R, we have

D Uhra = D saplk =D sap/k (3.15)

reR reR peQ'y .. P€Q'y 5

Combining Equation 3.14 and Equation 3.15 yields

Z Sap < Z Z Sap/k — Z Sap/k. (3.16)

PELNDp b1€Br peQ’y, P€Qba

We further use the fact that for any buyer by € B, and any sub-profile p = (b/, by, 7/, r) €

Q'p,a we have p € L,. Recall that L, is defined as

L, :={(,b,r",r) e T |beB,}.

We complete the proof using the definition of 6, which is 6, :== 3 ) g > o, 85,/k-

This gives us the followings.

D sapt D sap/k<D D sap/k <6 (3.17)

pELTﬁQb,a PEETQQ/b,a bi1€B~ Péﬁrﬂlel,a

Claim 3.6.5. For any buyer b € B, with Prry < B,] # 0 we have E[gy] = 1.
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Proof. By construction of r’ we have

Bab>rb ber 1_

T T<6a b
thb

As a result, if Pr[f,p > rf] # 0 then ¢, < f.p. Recall that by definition of ¢y, we have

Further by construction of r we have

E[ ] Prrb<ﬂab ber/ﬁ

T T<Ba by
r<ty

Given that ¢, < 3, we get

Elg] = Priry < Bap| = Z$br/5—1

r<ty
This concludes our proof. O

Claim 3.6.6.

—5)Zpr[ﬁa,b >y > T > Zs;p.

beB pETS
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Proof. By definition of r’

ZPrﬁab>rb>T Z Zfbr

beB beB r:B,,<r,
’r‘g‘r
1=0% 5
beB r7'>tb,
TE[T’/gab]
=3 D . (3.18)
beB rir>ty,
TE[T7B3,|J]

Recall definition J* := {p = (b,b’,r,7") € T;|b" & B, r > i}, for which we have

Jrc{p=(b,b,r,r")eS|r>7, 1>t}

This is because combination of p € 7, and b’ ¢ B, implies that revenue of the sub-
profile is greater than or equal to 7 while bid of the supporting buyer is smaller than
7 which yields » > 7. Moreover, due to validity of any sub-profile in J we have

Bap = 7. Using the first constraint of the LP, we get

Z a;p ZZ ,p—z Zyb”

peT beB pe( j+ beB r:ir>ty,
me 7‘) TE[Tvﬂa,b]

Moreover, by the third constraint, we have

Z Yb,r,a S Z Tp,r-

rir>tp, rir>ty,
T‘G[T,Ba’b] T’G[T,Ba,b}
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Evoking Equation 3.18, we obtain

D, <Y D e =(1=8)> Prfp =1 >7);

pej.;" beB r:r>t,, beB
TE[Tvﬁa,b]

thus, the proof is completed. O

Claim 3.6.7. The following equation holds for any buyer b.

> sh, + D sk — (1= B)Pr[fay > rl, > 7] < max(B,6,). (3.19)

PETNQpa  peL Ny

Proof. We consider two cases of t, > 7 and t, < 7 and prove the lemma for them
seperately. We show that if ¢, > 7 then the left hand side of Equation 3.19 is uppe
bounded by (3, and for the second case we show that it is upper bounded by d,. We

have

Zszm+ZS:,p/k§Z‘9;,p+Zsz7p/k:Z ZS:7P+Z ng@/k.

PET-NQba  pELND'p 5 PEQb,a p€Qy s r<Bapb PEQb,ra r<Bab PEQ'bra

The right hand side is due to the fact that any sub-profile in Qy, , or @', , is a valid profile
of auction a which implies Oy, = UrSBa . Qbraand Qp, = Urgﬁa X Q'bra. Moreover,

based on the first three constraints of the LP for any r < /3, , we have

* / * /
yb7T7a = § 8a,p7 yb;r,a = E sa,p,a/k'7 a‘nd yb;r,a + ybﬂ“,a S xb,r-

pEQb,r,a pEle,r,a
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which implies

D 2wt 2SR ED et thpaSD wor  (320)
Tgﬁa,b peQb,r,a Tgﬁa,b pEQ,bJ-,a TSﬂa,b Tgﬁa,b TS/Ba,b
Moreover, based on the construction of r’ we have

L=B)Pr(fap =1y =7 =(1=P)> fo,=1=p) an,/(1-B).  (3.21)

Te[Tvﬁa,b] T:TG[Tvﬁa,b]’
r2>tp

If t, > 7, combining Equation 3.20 and Equation 3.21, gives us

ZS;,p + ZSZ,p/k - (1 - 6) Pr[ﬁa,b Z T[,) 2 7—] S be,r - Z«wa = Zl‘b,r.

PET-NQpa  peLNQ'y 7<fa,b 7€ [tn,B,6] r<tp

By definition of t,, we have Y _, xp, = [3, therefore our proof for the case of t, > 7

r<tp

is completed and in the rest of the proof we assume t, < 7. Recall definition

I ={p=b,b,r,r") e T|fap < Tand r < t,}.

It is easy to verify that if ¢, < 7 then J~ N Qp, = 0. Since T, is partitioned to disjoint

sets of 7, J~, and L, we obtain.

* * *
Z Sap = Z Sap T Z Sap:

pETNQy peging, PELND
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In addition, by Claim 3.6.6, we have

(1= B)Pr[Bap > 1y > 7] > Y53,

pEIFNO,

which gives us

> s, (=B Pl 2, =7 <Y st

pETNQp PELFNQp

The proof is then completed using Claim 3.6.4 that shows

Zs;p + Zs:,p/k‘ <6,

PEL Ny peL,NQp
for any buyer b. [

Claim 3.6.8. For any buyer b with B, > 7 we have

Elgs) > min % St Y s /k— (=B Prffay > v > 7] |1

pET-NQp pELNQ',

Proof. We provide two different proofs for cases of ¢, < B, and ¢, > B,p. We claim

that in the first case, we have E[g] = 1 and in the second case,

1 * *
E[gy] > E Z Sapt Z sam/k — Pr[fap =1, > 7]

pET-NQy peELNQ'y,

By construction, for vector of reserve prices r and any buyer b we have

Elg) = PY 7“b <ﬁab Zfbrv

7'<183 b
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where f,, = xp,/0 for any r < t, and f,, = 0 for any r > ¢, as defined in the

algorithm. Note that ¢, is chosen in a way that xp, = 3. Thus, if t, < B,p we

r<tp

get

E[qb] = Zfb,r = be,r/ﬁ = beﬂ“/ﬁ = 1.

Tgﬁa,b T:T'Sﬁa,by r<tp
rty

This completes the proof for the first case. Therefore, in the rest of the proof we focus

on the case of t;, > [3,. This gives us

Elg) =) for = a,/B= a6,/B>> (ybr +¥0,) /5.

Tgﬂa,b r57”§/837b7 T<ﬁa,b T</Ba,b
r<tp

where the right hand side is by constraint y,, + 4, < @, in the LP. Further by the

first two constraints of the LP we obtain

Z(yb,r + yl/),r) = Z Z Sa,p + Z Sa,p/k

r<5a,b r</Ba,b pGQb,r,a pGQ/b,r,a

Note that we can drop the constraint r < (3, from the right hand side of the equation

since by definition of valid sub-profiles it holds for any p in Qp, or @'y ,. This gives us

Z Zsa,p + Zsa,p/k = Zsa,p + Zsa,p/k > Zs;p + Zs;p/k,

r<Bap \ PEQb,ra PEQ b r.a PEQb,a P€EQ'b s pET-NQba  peL Ny,

which completes our proof. O]
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Lemma 3.4.4. (restated) The following inequality holds.

F(s* 7)< si,+ Y si,

peds PELS

Proof. Recall that by definition

F(s*,7)=> s, — (1—BEW, (' 7).

p€7;,7—

Moreover, by Assumption 3.6.2,

EW,(x',7)] =) Pr[Bap > 14 > 7.

beB

In addition based on Claim 3.6.6, we know

(L1=B)) Pr[Bap =1y >7] =) sh,

beB pETS

Considering that 7, is partitioned to three disjoint sets of J, 7, and L., by putting

the mentioned equations together, we get

F(s* )= s5,— (1=PEWLr 7)) <Y sh, =) s5, <Y si,+> st

peﬁ,T pGE,T péjf pej.; pEET
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Lemma 3.4.6. (restated) For By = {b € B : E[¢,] = 1}, we have

E[Q, — B[] > (k — [Bi| + 1)3/8.

Proof. By construction of vector of reserve prices r and r’, for any buyer b we have

Zxr,b = ﬁPI‘[T S ﬁa,b] + (1 - 5) PI‘[T S ﬂa,b]-

TSBa,b

Moreover, by the third constraint of the LP for any buyer b and reserve price r € R,

we have yp ;2 + Yy, ., < Tbr, Which implies

> (Ubira + Ubra) = BPr[r < Bap] + (1 — B) Prlr < Buyp)-

Tgﬁa,b

Combining this with the first two constraints of the LP, yp,, = Zpegb” 5, and
yt’ma = Zpeg'b,r,a Sap We get

Do Dosiat D stk | =8Pl < Bap] + (1 B) Prlr < B,

TSBa,b peQb,r,a peglb,r,a

By definition of Qy, and Q'y, we can write

Zsap—|—23 o/ k= BPrlr < Bp] 4 (1 = B) Pr[r < B, ]

PEQb,a pEle,a

and

N osi, > st /k < BPrr < fup] + (1 B)Prlr < Bp).

pEQpNLr  peQ'y.NLr
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Further, by Claim 3.6.4, for any buyer b we have

DSt sh,/k <o

PELNQy  peEL Ny

which means

Z Zsa,p + ng,p/k - 6T|81’ S Z ﬁPI‘[T S ﬁa,b] + (1 - 6) Pr[r’ﬁ S 63,b]~

beB PEQpaNLr  peQ'y, .NLr beB\B;

Further, by 3.6.5, we know Pr[r < 5] = 0 holds for any b ¢ By. This implies

Z ZSB,P + ng,p/k _5T|Bl‘ S Z BPT[T Sﬁa,b] = Z BE[Qb]

beB pGQb,aﬂﬁq— pGQ/b,aﬂﬁT bEB\Bl bEB\Bl

To complete the proof, recall that we have defined 0, =, .5 > /k, and

*
pe Q,b,a NL, Sa7p

by Claim 3.4.2 we have

Z Z 3277] = Z Sap = Kor.

beB; peQp.NLr pELS

This implies

Sap T siplk = (k+1)dr,
P P

peQb,amﬁf pEQ/b@mLT

(k+1—[Bi))d, < Y BElg) = BE[Q-] — [Bi]),
beB\B1

(k+1—[B1])é-/8 < (E[Q;] — |B1]),

and concludes the proof. O]
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Lemma 3.4.7. (restated) For By = {b € B : E[g,] = 1} and m = |B;| we have

0 458

Proof. Recall that by definition

=> s, — (1= BEWL(, 7).

p673 T

Combining this with Asspmtion 3.6.2 gives us

F(s*,7) Z( Zsap Pr[ﬁab>7’b>7]>

beB \ peT-NQp

which results in

(s, 52 Sosi, > sh,/ —B)PrlBap >1h >7] | (3.22)

beB \ peT-NQy peL,.NQ’y

Moreover, by Claim 3.6.8, for any buyer b, we have

1
E[g) > min | — Zsap—l—Zsap/k —B)Pr[Bap >y >7]|,1],

pETNQy  pel,NQ'y

and by Claim 3.6.7 for any buyer b, we have

Zsap—l—Zsap/k — B)Pr[Bap > i, > 7] < max(f, d,).

pETNQy  pel,NQ'y
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This implies that if §, < (, then for any buyer b we have

E[Qb]Z% Zsap+zs — B)Pr[Bap > 1, > 7] |,

pETNQy  peL,NQ'y
and

F(s*, 1)+

E[Q-] > 3

This completes the proof for the case of 6, < 3; therefore, in the rest of the proof we

assume o, > 3 which means for any buyer b,

D Sipt D shy — B)Pr[Bap > 1, > 7] < 0y (3.23)

pETNQp  peL NQ'y

Note that for any b € B/B; we have g, < 1 which means

oo = = [ S st,+ 3 st /k— (1= ) Prlfay >l > 7]

p€TNQp  peL-NQ',

Combining this with Equation 3.22, we obtain

—%Z Zsap—l—Zs — B)Pr[Bap > 1, > 7]

beB; PET-NQy  pel,NQ'y

Using Equation 3.23, we get the following which completes the proof

EQ —m= 3 Elg > e
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3.7 Proof of Lemma 3.2.3

Lemma 3.2.3. (restated) The optimal revenue is upper bounded by > A >~ cs. 83,°

Rev,(p).

Proof. Consider oPT, an optimal solution of the problem. To prove this claim, it
suffices to construct vectors s°, x°, and y° in a way that setting s = s°, y = y° and
x = x° in the LP satisfies all the LP constraints and that the objective function of the

LP equals to the revenue of OPT, or in the other words

Rev(opT) = maxz Z Sap - Reva(p). (3.24)

acA pePa

Roughly speaking, we construct s® to be the representation of OPT in the profile space.
For any sub-profile p = (by, by, 71, 72) we have Sap = L iff using OPT, in auction a buyer
by is one of the winners, buyer by is the supporting buyer, and their reserve prices are
respectively r1 and 7s.

We first show that Equation 3.24 holds for s°. Let r denote the vector of reserve
prices in OPT. For any auction a € A, let b, , be the supporting buyer, and let B, denote
the set of winners in auction a using vector of reserve prices r. Payment of any winner
b € B, in auction a is max(rp, fap,,), which means revenue obtained from auction a

using the vector of reserve prices r is ), .z max(ry, Bap,,). To prove Equation 3.24, it
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suffices to show that for any auction a we have

S mas(re, fas) = 3 Reva(p).

beB, PEPa

Note that for any profile p = (b, ], ba,75) € P, we have s,, = 1 iff b € B,, by = by,
ry = r; and r,, = r5. Moreover, by defintion, we have Rev,(p) = max(ri, Bap,) =

max(rp, fap,,). This implies that

Z Rev,(p) = max(rp, fap,.,);

which results in Equation 3.24.
To complete the proof we construct x°, y°, and y’® in a way that setting x = x°,

y =y y =y and s = s°, satisfied all the constraints of the LP.

e For any buyer b € B and 7 € R we set zp, = 1 iff reserve price r is assigned to

buyer b in OPT and set zp , = 0 otherwise.

e For any buyer b € B, auction a € A, and reserve price r € R we set yp ., = 1 iff
using solution OPT, buyer b is a winner in auction a and he is assigned a reserve

price r. Otherwise we set yp, ., = 0.

e For any buyer b € B, auction a € A, and reserve price r € R we set 7, , = 1

if using solution OPT, buyer b is the supporting buyer in auction a and he is

assigned a reserve price r. Otherwise we set yp, , = 0.
We now start investigating the constraints of the LP one by one and verify that all
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seven constraints hold for x = x°, y' =y, y =y and s = s°.

1. For the first constraint we need to show vy, , = ZPGQW sa, forany b € B,r € R,
and a € A. It is easy to see that if b is not a winner in auction a then both sides
of this equation are equal to zero. To complete the proof we assume that b is a
winner. Let by denote the supporting buyer in auction a. Moreover, let r; and
ro respectively denote the reserve prices assigned to buyers b and by in OPT. We
have yg ., = 1 iff r = r; and b is a winner in auction a. We also show that
ZpeQb,r,a s3, = Liff r = r;. Note that p = (b,r,by,72) is the only sub-profiles
in S, with Sap = L. Further, by definition Qy,, is a subset of S, and contains
the sub-profiles in which buyer b is a winner in auction a, thus it contains p iff

r = ri. This means that both sides of the equation are equal to one if r = r{ and

both are equal to zero otherwise.

2. For the second constraint, we need to show that yy,, = > o, s5,/k holds

b,r,a

for any b € B,r € R, and a € A. Let b; be the supporting buyer in auction

a and let r; be the reserve price assigned to this buyer. By definition we have

/o

.4 = 1 otherwise. Therefore, for

Yora = Liff b=Dby and 7 = ry, and we have y

this constraint to be satisfied we need to show that s, = k holds iff

peQ’b,r,a

s° = 0 otherwise. Let by, denote one

b =b; and r = r{, and we have Zpeglb,r,a p

of the winners in auction a and let r5 be the reserve price assigned to this buyer.
By definition, for any profile p = (ba,72,b1,71) € S, we have s7 ) = 1iff by is a
winner in auction a and 7y is the reserve price assigned to him. Since we have

assumed that each auction has exactly k winners then we have Zpeg’b,r,a Sap =K
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iff b =b; and r = ry, and we have > s? =0 otherwise.

o
pEQb,ra TP

. To prove that our constructed solution satisfies the third constraint of the LP,

/o

we need to show yp . + .

< zp, for any b € B, any reserve price 7 € R and
any auction a. Consider a buyer b and let r; be the reserve price assigned to this

buyer in solution OPT. For any r # r; both sides of the equation are obviously

zero. However, for r = 7, we have xf, = 1. Observe that in any auction a, we

/o

also have ygma + Ypra

< 1 since b cannot be both a winner and the supporting

buyer in an auction.

. For the fourth constraint, we need to show ZPEQbQ,amQ,bl,a 530 < D rer Vb ra
For any sub-profile p = (bs,71,bys,7r2) in Qp, 2 N Q'p, 2 we have by = by and
bs = b;. Moreover, we have s,, = 1 iff r; and r, are respectively the reserve
prices assigned to buyers b; and by, buyer by is a winner in auction a and buyer
by is the supporting buyer in this auction. This implies that the left hand side
is equal to one iff by and by are respectively a winner and the supporting buyer
in auction a. Further, the right hand side is equal to one iff b; is the supporting
buyer in auction a. This concludes that the fourth constraint is satisfied for s°

and y’°.

. The condition Zpepa Sap < k is satisfied due to the assumption that we have
k winners in all auctions. Let b’ be the supporting buyer in auction a. For a
sub-profile (by,ry,be,75) € P, we have sp, = Liff by = b’, by is a winner in
auction a, and r; and r9 are respectively the reserve prices assigned to buyers by

and by. Given that we have exactly & winner and that each buyer has a unique
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reserve price then, > s, < k.

6. For this constraint, we need to show > _pap, = 1. This is true since for a
reserve 7 we have zp . = 1 if reserve r is assigned to buyer b, and in OPT there is

exactly one reserve price assigned to each buyer.

7. The last constraint is simply satisfied since s3 , is either zero or one.

3.8 Useful Facts about Bernoulli Random Variables

Lemma 3.8.1. IfY ~ Binomial(n,p), then for any m < n we have Pr(Y > m) =

G(p), where

n! L 1
G(p):(m_l)!(n_m)!/lpt (1— )™t

Proof. Let us define H(p) := Pr(Y > m). We have
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By taking derivative of this function we get:

1) =Y (%) 1= - y (") == prm

j=m j=m
" /mn—1 < n—1
o (S (P e
—~ \Jj—1 — J
Jj=m j=m
n—1 n 1 n—1 n 1
= o i(1 — p)r—1l—t _ - i(1_ g1
n:;l( Z. )p( p) n;( Z. )p( 9)
—n n—1 m_l(l )n—m G/( )
=n{ )P p)" " =G'(p
The proof is completed as we also have G(0) = H(0) = 0. O

Lemma 3.8.2. For any a > 1 and m > 0, Pr[X > m] is minimized subject to

X ~ Binomial(n, ma/n) when n — 0.

Proof. Let us define X,, ~ Binomial(n, ma/n) and X,,1; ~ Binomial(n, ma/(n + 1))
We need to show that Pr[X,, > m] < Pr[X,,;; > m]. decreasing function of n. Using

Lemma 3.8.1, we have

Pr[X, > m] = W&_W)IG(H) where
. n! ' 1 'd
_ (1 — )™t
(n, @) (m—1)!(n—m)! /1—ma/n | )

We have

PriX,p1>2m] (n—m+1)G(n+1)
Pr[X,>m] = (n+1)G(n,a)

Define D, , = (n —m+1)G(n+1) — (n+ 1)G(n). To complete the proof it suffices to

show D, , < 1.
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oD, . mao

80(7 a(ma) ™ (n+1)"! (1 — T>m_n

_ '_<1 moc)m—n L ma et —m+ 1 a1\
— el + n n+1 n n ’

Moreover, for any o € (1,n/m),

ODnoyn  (a— Dm2n™™(n + 1 — ma)®™™

— > 0.
O (n+ 1)»=—m+(n — ma)n—mtt

As a result, sign of D, .1 can only change from — to + as « increases from 1 to n/m.

oD
So,

S has the same sign pattern. To get D, , < 1, it suffices to show that D, o <0

and Dy, ,/m < 0.
Since for aw = 0, we have G(n,0) = 0 for all n, we obviously have D, o =0 < 0.

We conclude the proof by noting the following.

Dyppjm = (n+1)G(n+1,n/m)—(n—m+1)G(n,n/m)

< (n+ DG+ 1, (n+1)/m) — (n — m+ 1)G(n,n/m)
L))

]

Lemma 3.8.3. Let p = (po,...,pn) € [0,1]" be an extreme point of function F,,(p)
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defined below subject to Eie[n] p; =t for a fized t.

F,.(p) =Pr [Za:z > m},
i€[n]

where x1,...,x, are independent Bernoulli random variables with E[z;| = p; for any
i € [n]. The following holds for any i,j € [n]. If p; ¢ {0,1} and p; ¢ {0,1}, then

bi = Dj-

Proof. We use proof by contradiction. If there does not exist such an extreme point,

then let p be an arbitrary extreme point with maximum up defined as below.

up = min(p;)

where U = {i : p; # 0}. W.lo.g, let p; = up and pick a j € [n] where p; < p,;. To
obtain a contradiction, we show that if p is an extreme point, then it is possible to
modify p; and p; without changing other elements of p in a way that the values of
pi + p; and F,,(p) are unchanged but p; is increased. This gives us a contradiction

since by repeating this process one can increase uyp.

Let X =3, ., 7 and X' = X —x; — ;. We have
F.(p) = Pr[X’ > m] + Pr[X' = m]Pr[z; + x; > 0] + Pr[X' = m — 1] Pr[z; + 2; = 2].

Define d = (p; — p;)/2 and s = (p; +p;)/2. We have Pr(z; +2; =2] = (s +d)(s —d) =
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s* — d* and Prlz; + z; > 0] = d* 4+ 2s — s®. Let
G(s,d) = Pr[X' = m](d* + 2s — s*) + Pr[X' = m — 1](s* — d?).

Therefore,

Fo(p) = Pr[X’ > m] 4+ G(s,d).

Note that %% = 2d(Pr[X’ = m] + Pr[X’ = m — 1]). By the assumption that p is
an extreme point, p; ¢ {0,1} and p; ¢ {0,1} we obtain that Pr[X' = m] + Pr[X’' =
m — 1] = 0. This gives us the freedom to change values of p; and p; and set p; =p; = s
as it does not change the value of F,,(p). Thus, we obtain a contradiction and the

proof is completed.

[]

Fact 3.8.4. Given n iid Bernoulli random variables xy, . .., x, with E[z;| = p, if n —

00, then for any 0 < j < n we have

Pr [Z T = j] ¢ np(np) .

j!

Proof. This is based on the relation between Poisson and Binomial distribution when

n — 00. O

Lemma 3.4.9. (restated) Given m € N and a random variable X that is sum of a set
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of independent Bernoulli random variables with E[X]| = p, if m + 1 < u, then we have

Pr[X >m]| > OISI%ISI}YLGOTL — i, —1).

Proof. Let ...z, denote a set of independent Bernoulli random that minimize Pr[)""  x; >
m] subject to >, x; = E[X]. By Lemma 3.8.3, we know that any two variables z; and
x; that are not deterministically zero or one are identical. Let I = {i € [n] : E[z;] = 1}.
Moreover, w.l.o.g., assume none of the variables are deterministically zero. We have
P[>0, @ > m] = Pr[37,4 @ > m — |I[]. Further by Lemma 3.8.2, Pr[3 77, z; > m]

is minimized when n — oo, which using Fact 3.8.4, leads to

m—|I| C o (—
— |11 e (=D
Pr[zxigm_mlgz(u H).e .

|
igM j=0 J:

Recall that we have

€ i,—A
G@,A):1—ZA? .

1!
i=0
Note that if [I| > m, then Pr[>""  ; > m] = 1, thus by considering all possible values

of 0 < |I] <m we get

n Mol e (n—i)
Pr[inZm] > min <1— (s 2),6 ) = min G(m —i,pu—1).
i=0 '

T 0<i<m

Lemma 3.4.11. (restated) For any integer number m > 2 and any real number
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0 € [0,2], we have

min H(2,pu) < min H(m, ),
i H(2,p) < win Hm, p)

where M, 9 = {p = (p1, ..., pn) € [0,1]"] S0, pi = mb}, and

Elmin(} ¢, i, m)]

H(k>(ﬂl7-'-aﬂn>): m )

with z;, ..., z, being independent Bernoulli random variables with means p;, ..., ft,.

Proof. Given a 6 € [0,1] and an arbitrary m > 2, let x = (x1,...x,) be a vector of
independent Bernoulli random variables with means p4, .. ., g, summing to mé and let

y = (1, - - - yn) be a vector of independent Bernoulli random variables with expectations

mT_l,ul, c mT_lpm summing up to (m — 1)f. We will prove that for any such x and y
we have
E {min(Z?l Z;, m)] S E {min(Z?l yi,m—1) ' (3.25)
m m—1

This shows that for a given m and 6,

in H
Lin (m,p)

is an increasing function of m and as a result for any m we have

min H(2,p) < min H(m,p).
onin H(2,p) < min H(m,p)

To achieve this, for any i, we couple x; with y; so that E[y;|z; = 0] = 0 and Ely;|z; =
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1] = =1 and show that

Tiyeoo, )| > EK (Y1, un)], (3.26)

where K (21,...,2,) = min(>_"_, =%, 1). Note that the left hand side of Equation 3.26,

i=1 m—1"

is equal to that of Equation 3.25 and similarly the right hand sides are equal too, thus
proving the correctness of Equation 3.26 would complete the proof. Let X = be an
arbitrary realization of the vector of random variables x. We show that for any value

of X we have

We know that if at least m elements of X are equal to one, then the left hand side is equal
to one as well. Also, function K(.) is upper bounded by one thus, if > z; > m — 1,
the Equation 3.27 holds. Otherwise, if at most m — 1 elements of x are equal to one

then we have
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This implies that

3

E{K(Yi,...,yn)|lx=%, ) & <m-—1

which completes the proof as we showed that Equation 3.27 holds for all possible
realizations of x.

]

Claim 3.4.12. (restated) Given a fixed real number 6 € (0, 2), and a set of independent,

Bernoulli random variables x4, ...z, with E[} ., ;] = 20 we have

TE mmeZ, ] >1—(1+6)e?.

i€[n]

Proof. Let X =3, x;. We have

i€[n

E[min(X,2)] = Pr[X = 1]+ 2Pr[X > 2] =2 - Pr[X = 1] — 2Pr[X = 0]

It is easy to verify that this function is minimized when variables x1,...,z, are iid
and n — oo in which case, X is a Poisson random variable with A = 26. For X ~

Poisson(26) we have

Pr[X = 1]+ 2Pr[X = 0] = 272 +207% = (2 4+ 20)e %,
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which results in

E[min(X, 2)] (146

]

Lemma 3.8.5. Given a real number a > 1.05, an integer m > 2000, and a set of

independent Bernoulli random variables x;, .. ., x, with E[X] > am we have
Pr[X >m+1] > 0.9,

where X =" x;.

Proof. Note that for any m > 2000, we have 1.05m < 1.049(m + 1); therefore, given
that a > 1.05 and m > 2000 we obtain E[X] > 1.049(m + 1). By Chernoff bound, for

any 0 > 0, we have

=3 B[X]
Pr(X < (1 -9)E[X]) < (m) :

In our case, we are interested in giving an upper bound for Pr[X < m + 1], which is

1 6_0'047 2000%1.05
Pr|X 1] <Pr|X < —E[X 0.1.
X <m 1< r{ 019! ]1 = ((1 - 0.047)10~047) =
This gives us Pr[X > m + 1] > 0.9 and completes the proof. O
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Chapter 4: Stochastic Matching

In this chapter, we consider the following stochastic matching problem. An arbi-
trary graph G = (V| F) is given, then each edge e € F is retained (or to be consistent
with the literature realized) independently with some given probability p € (0,1]. The

goal is to pick a subgraph @ of G without knowing the edge realizations such that:

1. The expected size of the maximum matching among the realized edges of @
approximates the expected size of the maximum matching among the realized

edges in G.

2. The maximum degree in @ is bounded by a function that may depend on p~!

but must be independent of the size of G.!

It would be useful to think of p as some constant whereas n := |[V| — oco. Then the
second condition translates to @ having O(1) maximum degree. In other words, the
subgraph @ should provide a good approximation while having O(n) edges, in contrast

to G which may have up to Q(n?) edges.

Applications. The setting is mainly motivated by applications in which the process

of determining an edge realization (referred to as querying the edge) is considered time

'In this chapter, we solve a generalization of this problem where each edge e has its own realization
probability p. and the degree of ) can be proportional to p = min, p.. See Section 5.2.1 for the formal
setting.
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consuming or expensive. For such applications, one can instead of querying every edge
of G, only query the edges of its much sparser subgraph () and still find a large realized
matching in G. Kidney exchange and online labor markets are major examples of such
applications. For more details on the role of the stochastic matching problem in these
applications, see [5, 6, 12, 17, 17] (particularly [17, Section 1.2]) for kidney exchange
and [9, 11, 12] for online labor markets. Another natural application of the model is
that this subgraph @) can be used as a matching sparsifier for G which approximately

preserves its maximum matching size under random edge failures [4].

Related work. The problem has received significant attention [4, 5, 6, 9, 11, 12,
17, 41] after the pioneering work of Blum et al. [17] who proved that it admits a
(% — ¢)-approximation. Earlier follow-up works revolved around the prevalent half-
approximation barrier until it was first broken by Assadi et al. [5]. This was followed by
a 0.6568-approximation by Behnezhad et al. [11] and eventually a (2 —&)-approximation
by Assadi and Bernstein [4] which is the state-of-the-art. See also [11, 12, 35, 41] for

various natural generalizations of the problem.
Our result. Below we state the main contribution of this chapter:

Theorem 5. For any e > 0, there is an algorithm that picks an O ,(1)-degree subgraph
Q of G such that the expected size of the maximum realized matching in Q) is at least

(1 —¢) times the expected size of the mazimum realized matching in G.

To get a (1 — €)-approximation, the dependence of the maximum degree of Q) on
both € and p is necessary. Particularly, a simple lower bound shows that even when

G is a clique, to avoid too many singleton vertices in a realization of (), the maximum
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degree in @ must be Q(%) [5]. The same lower bound also shows that a (1 — o(1))

approximation is not achievable unless the maximum degree of @ is w(1), meaning that

our approximation-factor is essentially the best one can hope for.

Remark 4.0.1. In Theorem 6, O. (1) is in the order

exp(exp (exp(O(e_l)) x log logp_l)).

We do not believe this dependence is optimal and leave it as an open problem to improve
it. Particularly, we conjecture that the same algorithm that is analyzed in this chapter
(see Algorithm 2) should obtain up to (1 — &)-approzimation even by picking only a

poly(1/ep)-degree subgraph.

The algorithm. Many different constructions of ) have been studied in the litera-
ture. A well-studied algorithm first considered by Blum et al. [17] which was further
analyzed (module minor differences and generalizations) in the subsequent works of
[5, 6, 12, 35, 41] is as follows: Iteratively pick a maximum matching M; from G, re-
move its edges, and finally let ) = M; U...U Mg for some parameter R that controls
the maximum degree in (). Despite the positive results proved for this algorithm, it
was already shown in [17] that its approximation-factor is not better than 5/6. Thus
to obtain (1 — €)-approximation, one has to use a different algorithm.

We focus on an algorithm proposed previously by Behnezhad et al. [11], which
they proved obtains at least a 0.6568-approximation. The algorithm is equally simple,

but subtly different: Draw R independent realizations Gi,...,Ggr of G and let () =
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MM(G,) U ... U MM(Gg) where MM(G;) is a maximum matching of G;. Our main
result is obtained via providing a different analysis of this algorithm. Within the next
two paragraphs, we discuss how our analysis differs substantially from the previous

approaches and in particular from the analysis of [11].

The analysis and the Ruzsa-Szemerédi barrier. A major barrier to overcome
in order to prove existence of a (1 — ¢)-approximate subgraph was already discussed in
the work of Assadi, Khanna, and Li [5, Section 6] based on Ruzsa-Szemerédi graphs
2, 26, 28, 39] which we henceforth call the “RS-barrier”. Consider an extension of the
stochastic matching setting where the realization of edges in a single a-priori known
matching M of G can be correlated while other edges are still realized independently.
An implication of the RS-barrier is that in this extended model, no algorithm can
obtain (1 — ¢)-approximation (or even beat 2-approximation”) unless ¢ has maximum

Q(1/loglogn) — (polylogn). Put differently, this proves that in order to beat

degree n
%—approximation, the analysis has to use the fact that every edge around a vertex
is realized independently. This explains why the previous arguments were short of

bypassing %—approximation: They can all (to our knowledge) be adapted to tolerate

adversarial realization of one edge per vertex.

“Vertex-independent matchings” to the rescue. We overview our analysis soon
in Section 5.1. However, here we briefly mention our key analytical tool in bypassing
the RS-barrier. It is an algorithm (Lemma 4.3.8) for constructing a matching Z on the

realized crucial edges (roughly, an edge is crucial if it has a sufficiently high probabil-

2The original proof of [5] rules out > g—approximation. A similar instance can rule out %—
approximation using a more efficient construction of RS-graphs [28] and allowing a subset of edges of

G to have realization probability 1.
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ity of being part of an optimal realized matching). The algorithm constructs Z such
that among some other useful properties, it guarantees that each vertex is matched
independently from all but O(1) other vertices. Here the independence is with regards
to both the randomization of the algorithm in constructing Z, and also importantly

the edge realizations of G. This independence property is the key that separates the

stochastic matching model from the extended model of the RS-barrier: Due to the
added correlations in the edge realizations, such vertex-independent matchings essen-
tially do not exist in the model of the RS-barrier. Using this independence, we show
that Z can be well-augmented by the rest of the realized edges in (). See Section 5.1
for a more detailed overview of our analysis and how the independence property helps.

Our method of bypassing the RS-barrier via vertex-independent matchings sheds
more light on the limitations imposed by Ruzsa-Szemerédi type graphs. These graphs
are known to be notoriously hard examples in various other areas such as property
testing, streaming algorithms, communication complexity, and additive combinatorics
among others [2, 26, 28, 32, 39]. As such, we believe that this method may find

applications beyond the stochastic matching problem.

Organization of the chapter. In Section 5.1 we provide an informal overview of
our analysis. In Section 5.2.1 we formally state the problem and the notations used
throughout the chapter. In Section 5.2 we describe the algorithm and basic definitions
that we will use throughout the analysis. In Section 4.4 we prove how the vertex-
independent matching lemma leads to a (1 — ¢)-approximation and in Section 4.5, we

prove the vertex-independent matching lemma. Finally, Section 4.9 contains the proofs
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of (less important) statements that are deferred.

4.1 Technical Overview

As previously described, we consider the following algorithm for constructing
subgraph @) (see also Algorithm 2): Draw R realizations Gy, ...,Gr of graph G, then
pick a matching MM(G;) from each realization, and finally set ) = MM(G;) U ... U
MM(Gg). In this section, we give an informal overview of our analysis for this algorithm.

Note that these realizations G; are part of the randomization of the algorithm
and may be very different from the actual realization G of GG. In fact, in expectation,
only p fraction of the edges of each matching MM(G;) are realized in G. Thus, we
have to argue that the realized edges of these matchings can be used to augment each
other and form a large matching in the realized subgraph Q of (). In order to do
this, we will give a “procedure” to construct a matching in Q. To get a handle on the
dependencies involved, the procedure carefully decides how the realization of edges in
(@ are revealed and which are chosen to be in the matching. We emphasize that this
procedure is merely an analytical tool for analyzing the approximation-factor. Thus,
no matter how intricate it is, the algorithm for constructing () remains to be the simple

Algorithm 2 described above.

A crucial/non-crucial decomposition. Similar to [11] (and also implicitly [6]),
we consider a partitioning of the edges of G into what we call crucial and non-crucial
edges. For each edge e, define ¢, := Prle € MM(G)] where MM(-) is the same matching

algorithm used to construct Q). We further assume that MM(+) is deterministic, so the
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probability is taken only over the realization G. For two thresholds 0 < 7 < 7 < 1

that we fix later, we define:

e The crucial edges as C :={e € E | ¢. > 7. }.

e The non-crucial edges as N :={e € E | q. < 7_}.

Note that in the decomposition above edges e with ¢. € (7_, 7, ) are neither crucial nor
non-crucial. We will essentially “ignore” these edges in the analysis but ensure that
we choose 7_ and 7, such that there are few ignored edges.

In our procedure to construct a matching on Q, we treat crucial and non-crucial
edges differently. We start with the crucial edges and (in Lemma 4.3.8) construct a
matching Z on them whose expected size is (almost) as large as the expected number of
crucial edges in the optimal maximum realized matching of G. We then show that this
matching Z can be augmented via the non-crucial edges to eventually form a matching

whose expected size is arbitrarily close to OPT := E[|[MM(G)|].

The procedure for crucial edges. In addition to the lower bound on the expected
size of Z, we make sure that no vertex tends to be “over-matched” in Z. More formally,
the probability of any vertex v being matched in Z should not be larger than the
probability that v is matched via a crucial edge in MM(G). Both of these conditions
can actually be satisfied by a very simple randomized procedure: Reveal the whole
realization C of C, also draw a random realization N of the non-crucial edges, and let
Z be the crucial edges in matching MM(C U N”).

Unfortunately, the matching constructed via the above-mentioned procedure is
hard to augment via the non-crucial edges as we have no control over the correlations.
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To get around this, we need an extra “independence” property. Let X, be the indicator
of the event that vertex v is matched in Z. The independence property requires random
variables X,,, X,,, ..., X,, to be (almost) independent where {vy, ..., v,} is the vertex-
set of GG. Clearly, perfect independence cannot be achieved: Given the event that a
vertex v is matched in Z, we derive that at least one of its neighbors in C' is also
matched. What we prove can be achieved, though, is that each X, is independent from
X, of vertices u outside a small local neighborhood of v in graph C'. (See Lemma 4.3.8
part 4 for the formal statement.)

In order to satisfy the independence property described above, we will not reveal
the whole realization C outright and then construct Z based on it as it was done
in the simple procedure described above. Instead, we present a different algorithm
(Algorithm 2) for constructing this matching Z. To prove the independence property,
we show that this algorithm can be simulated locally. In other words, for each vertex
v, the value of X, can be determined uniquely by having the realization of edges in a
small local neighborhood of v. Thus, if two vertices u and v are sufficiently far from

each other in graph C', then X, and X, would be independent.

Augmenting 7 via non-crucial edges. We noted above that E[|Z]] is (almost)
as large as the expected number of crucial edges in MM(G). Therefore, in order to
construct a matching of Q with expected size arbitrarily close to OPT, we have to
augment Z via the non-crucial edges. To do this, we only use non-crucial edges {u, v}
in () such that X, and X, are independent. Describing how exactly we construct the

matching on these non-crucial edges requires a number of definitions which we give in
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Section 4.4.1. However, to convey the key intuition, here we only mention how and why
the independence of X, and X, plays an important role in using a non-crucial edge
e = {u,v} to augment Z. Suppose that Pr[X,] = Pr[X,] = 1/2. Note that it is only
when both u and v are unmatched in Z that we can use edge e to augment Z. If X, and
X, are independent, there is a relatively large probability (1 —Pr[X,])(1—Pr[X,]) = 1
that this occurs. However, if X, and X, can be correlated, it may be the case that with
probability half X, =1 and X, = 0, and with probability half X,, =0 and X, = 1. In
this case, the probability of both v and v being unmatched in Z would be zero and thus
we would never be able to use e to augment Z. We remark that this is precisely the

type of correlation introduced in the RS-barrier of [5] which the independence property

allows us to bypass.

4.2 Preliminaries

General notations. We denote the maximum matching size of any graph G by u(G).
For a matching M, we use V(M) to denote the set of vertices matched in M. For any
two nodes u and v in a graph G, we use dg(u,v) to denote their distance, i.e. the
number of edges in their shortest path. Furthermore, the distance dg(u, e) between an
edge e and a node u is the minimum distance between an endpoint of e and u. We
use 1(A) as the indicator of an event A, i.e. 1(A) =1 if event A occurs and 1(A) =0
otherwise. Also, we may use [k] := {1,2,... k} for any integer k > 1.

Throughout the thesis, we define various functions of form = : £ — [0, 1] that

map each edge e € E to a real number in [0, 1]. Having such function z, for any vertex
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v we define z, 1= > _ ., for any edge subset F' we define x(F') := > 5 ge, and for

esv

any vertex subset U we define z(U) 1= >___(, 1.u0er Te- We also denote |z| =37 z..

The setting. We consider a generalized variant of the standard stochastic matching
problem studied in the literature where each edge e has a realization probability p.
that may be different from that of other edges. We then let p = min, p., which is the
parameter the degree of subgraph ) can depend on. This generalization will actually
help in solving the original model of the literature which coincides with the case where
pe = p for every edge e.

We denote realizations by script font; for instance, we use G = (V,€) to denote
the realized subgraph of the input graph G, which includes each edge e independently
with probability p.. Similarly, we use Q to denote the realized subgraph of (). The
same notation also naturally extends to denote realization of other subgraphs of G that
we may later define.

As we discussed previously, the goal is to pick a sparse subgraph @) of G such
that the ratio E[u(Q)]/E[u(G)], known as the approximation-factor, is large. Here the
expectations are taken over the realizations Q and G, and possibly the randomization of
the algorithm in constructing subgraph @. For brevity, we use OPT to denote E[u(G)].
Note that OPT is just a number.

We note that the expected approximation-factor defined above can automatically

be turned into high-probability due to a simple concentration bound. See Appendix 4.6.
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4.3 Basic Definitions and The Algorithm

The algorithm that we analyze is formally stated as Algorithm 2.

Algorithm 1 ([11]). A sampling-based non-adaptive algorithm for stochastic match-

ing.

Parameter: R, which controls the maximum degree of Q).

Take R realizations Gy, ...,Gg of G independently where each realization G; includes
each edge e independently with probability p.. Return subgraph @ = MM(G;)U. ..U
MM(Gg).

In the algorithm above, MM(G;) returns a maximum matching of G;. It will be
convenient for the analysis to assume MM(-) is a deterministic maximum matching
algorithm.

In order to analyze Algorithm 2, we will make the following assumption which

will simplify many of our arguments.
Assumption 4.3.1. opT > 0.1en.

Assumption 4.3.1 comes w.l.o.g. due to a reduction of Assadi et al. [5]. The
reduction is roughly as follows: If n > OPT, randomly put nodes of G into O(°*)
buckets and contract the nodes within each bucket. The resulting graph will have
only O(%%) nodes but its expected maximum realized matching will be as large as
(1—0O(e))opT. Solving this modified graph will then solve the original graph G as well.
We provide further details in Appendix 4.7 and note that for the reduction to work, it

is important that our algorithm can handle different edge realization probabilities.
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4.3.1 A Crucial/Non-crucial Decomposition

For each edge e define ¢, := Pr[e € MM(G)] where MM(-) is the same match-
ing algorithm used in Algorithm 2. Since we assumed MM(-) is deterministic, the
probability is taken only over the randomization of the realization G. Having this def-
inition, for any vertex v we denote ¢, := Y ., ¢. and for any subset £’ C E denote

q(E') := Y .cpr qe- The following statements immediately follow from the definition:
Observation 4.3.2. ¢(E) = OPT.

Observation 4.3.3. For any vertex v, q, denotes the probability that v is matched in

MM(G).

We will fix two thresholds 0 < 7 < 7 < 1 that both depend only on ¢ and p.
Next, for any edge e, we say e is crucial if g > 7., non-crucial if . < 7_, and ignored
if g € (7_,7.). We denote the crucial edges by C' := {e € E | e is crucial}, and the
non-crucial edges by N := {e € F | e is non-crucial}. Furthermore, we denote their
realizations by C := CNE and N := NNE. When confusion is impossible, we may use
C' to denote graph (V,C) instead of merely the edge-subset. The same also naturally
generalizes to N, C, and N'. We will further use A¢ to denote the maximum degree
in graph C. Moreover, for any vertex v we use ¢, (resp. n,) to denote the probability

that v is matched via a crucial (resp. non-crucial) edge in MM(G).

Observation 4.3.4. Ax < 1/74.

Proof. Each edge e € C has q. > 7, by definition. Thus, if there is a vertex v of degree

larger than 1/7, in C, then it should hold that ¢, > 1/7, x 7. = 1 which contradicts
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Observation 4.3.3. O

4.3.2 Setting the Thresholds 7_ and 7,

To describe how we set the values of 7_ and 7., we state a lemma that we prove

in Section 4.9.

Lemma 4.3.5. Fiz any arbitrary function f(x) such that 0 < f(z) < x for any
0 < x < 1. There is a choice of 0 < 7 < 7y < 1 such that: (1) 7— = f(74). (2)
q(N) +q(C) > (1 —e)opT. (8) Both 7_ and T, depend only on € and p. And finally,
(4) 7+ < (ep)™.

The lemma above essentially shows that we can have any desirably large gap
between 7, and 7_ and still ensure that ¢(N) + ¢(C') > (1 — ¢)opT. That is, the
ignored edges in expectation constitute at most eOPT edges of MM(G). While this may
sound counter-intuitive, it follows roughly speaking from the fact that by iteratively
reducing the threshold 7, by a sufficient amount, all the previously ignored edges
become crucial. Thus it cannot continue to hold that there are still a significant mass
of the matching on the ignored edges after sufficiently many iterations. See Section 4.9
for the proof.

Having Lemma 4.3.5, we set our thresholds and the parameter R of Algorithm 2

as follows:
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Note that function f as defined above satisfies 0 < f(x) < x for any 0 < z < 1

since clearly g(z) > 1 so long as 0 < x < 1. Therefore, we can indeed plug f into

Lemma 4.3.5. This results in the following properties:
Corollary 4.3.6. It holds that: (1) 7_ = (74)'% where g = e *°log i (2) ¢(N) +
q(C) > (1 —¢)opT. (3) Both 7_ and 7 depend only on € and p and thus R = O ,(1).
(4) T— <14 < (ep)™.

The next lemma shows that R is set such that Algorithm 2 samples (almost) all

crucial edges.

Observation 4.3.7. For every edge e € C, Prle € Q] > 1 —¢.

Proof. Note that e € @ if there is at least one i € [R] where e € MM(G;). The
probability that e € MM(G;) for any fixed i is precisely .. Since realizations Gy, ..., Gg
are independent, it holds that Prle ¢ Q] = (1 — ¢.)®. On the other hand ¢, > 7, since

e is crucial. Also R = 2%_ > Ine! /7, where the latter inequality follows easily from

Corrolary 4.3.6 part (1). Combining all of these gives:

Prle ¢ Q) = (1— ) < (17 H/me < e —
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Therefore indeed Prle € Q] > 1 —e. O

4.3.3 The Vertex-Independent Matching Lemma

As discussed before, a key technical contribution of this chapter that allows get-
ting an arbitrary good approximation-factor is a “vertex-independent matching” lemma
that we state here. The proof of this lemma is involved and thus we defer it to Sec-
tion 4.5. In Section 4.4, we show how Lemma 4.3.8 can be used to analyze Algorithm 2

and prove Theorem 6.

Lemma 4.3.8 (Vertex-Independent Matching Lemma). There is a randomized algo-
rithm that constructs an integral matching Z of C (the realized subgraph of C') such

that defining X, as the indicator random variable for v € V(Z), we get:
1. E[|Z]] > q(C) — 30c0PT.

2. For every vertex v, Pr[X,] < max{c,—¢&?, 0}, where recall that c, is the probability

that vertex v is matched via a crucial edge in MM(G).
3. The matching Z is independent of the realization of non-crucial edges in G.

4. Let A := ¢ 2logAg. For every k and every {vy,vs,...,ux} C V such that

do(vi,v5) > X for all v; # vj, random variables X,,, ..., X,, are independent.

We emphasize that E[|Z|] and X, are both defined with respect to the randomizations

in both the realization of C', and the randomization of the algorithm in constructing Z.

Observation 4.3.9. Let g be as defined in Corollary 4.5.6 and A\ be as defined in

Lemma /4.3.8. Then it holds that g > .
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Proof. Since A = e ?°log A¢ by definition and Az < 1/7, by Observation 4.3.4, we

get that A < e ?Ylog i On the other hand g = e % log i Therefore, g > . [l

4.4 The Analysis via the Vertex-Independent Matching Lemma

In this section, given correctness of Lemma 4.3.8, we prove Theorem 6. In what
follows we give the outline of the proof by referring to the needed lemmas that will be

proved in subsequent Sections 4.4.1, 4.4.2, 4.4.3, and 4.4.4.

Proof Outline for Theorem 6. Let (Q be the output of by Algorithm 2 where
parameter R is set as described above. We show that one can construct a matching
of expected size at least (1 — 56¢)OPT on the realized subgraph Q of ). This implies
that E[u(Q)] > (1 — 56e)oPT = (1 — 56¢)E[u(G)]. In other words, this proves that the
approximation-factor of the algorithm is at least (1 — 56¢). (Note this is equivalent to
(1 — ) approximation since one can choose € to be any desirably small constant.)

In order to construct a matching of expected size at least (1 — 56e)OPT on Q, we
first describe how to construct an “expected fractional matching” (see Definition 4.4.1)
xon Qin Sections 4.4.1, 4.4.2, and 4.4.3. Later on, we show in Section 4.4.4 how to turn
x into a fractional matching y on Q such that E[|y|] > (1—-55¢)0PT (see Lemma 4.4.11).
Finally, to turn y into an integral matching, we show (Observation 4.4.10) that the so
called “blossom inequalities” of size up to 1/¢ also hold for y. That is, we show that
for all vertex subsets U C V with |U| < 1/e, we have y(U) < L%J By Edmond’s
celebrated theorem [25, 40] on the matching polytope, this means that there is an

integral matching of size at least 1+r6|y\ > (1 —¢)|yl in Q. As described, Elly|] >
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(1 — 55¢e)opT, thus indeed E[u(Q)] > (1 — €)(1 — 55¢)0PT > (1 — 56¢)OPT as desired.

4.4.1 Construction of an Expected Fractional Matching = on Q

In this section, we describe an algorithm that constructs an “expected fractional

matching” z on Q as defined below.

Definition 4.4.1. Let A be a random process that assigns a fractional value z. € [0, 1]

to each edge e of a graph G(V, E). We say x is an expected fractional matching if:
1. For each vertex v, defining x, := ) ., . we have E[z,] < 1.

2. For all subsets U CV with |U| < 1/e, x(U) < L%J with probability 1.

We emphasize that the definition only requires E[x,]| < 1, thus depending on the
coin tosses of the process, it may occur that x, > 1, violating the constraints of a
normal fractional matching. We will later argue that in our construction, the values of
x,’s are sufficiently concentrated around their mean and thus we can turn our expected
fractional matching to an actual fractional matching of (almost) the same size.

As described before, we construct an expected fractional matching z on the edges
of graph Q. Note that here the graph Q itself is also stochastic. In the construction,

we treat crucial and non-crucial edges completely differently.

Crucial edges. On the crucial edges, we first construct an integral matching Z using

the algorithm of Lemma 4.3.8. Once we have Z, we define x on crucial edges as follows.
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Note from Observation 4.3.7 that each crucial edges belong to () with probability

at least 1 — . Therefore the construction above (roughly speaking) sets z. = 1 for

most of the edges e in Z.

Non-crucial edges. For defining x on the non-crucial edges, we start with a num-
ber of useful definitions. For any edge e, define t. to be the number of matchings

MM(Gy), ..., MM(Gg) that include e. Then based on that, define

te  if te _1 i _ i
=, i E < 7 and e is non-crucial,

fe = (4.2)

0, otherwise.

Note that f, is a random variable of only the randomization of Algorithm 2, i.e. it
is independent of the realization. Also note that f, is desirably non-zero only on the

edges that belong to graph (). Having defined f., we define x. on the non-crucial edges

as follows.
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We note that A in the definition above is the number defined in Lemma 4.3.8 and
that X, is the indicator random variable for the event v € V(7).

Before concluding this section, let f, := > . y.,c. fe for each vertex v. We note
the following properties of f, which can be derived directly from the definition above.

The proof is given in Section 4.9.

Claim 4.4.2. [t holds that:
1. For every non-crucial edge e, E[f.] < ..
2. For every non-crucial edge e, E[f.] > (1 — ¢)qe.
3. For every vertex v, it always holds that ) ., fo < 1.

4. For every vertex v, Pr[f, > n, + 0.1e] < (ep)'°, where recall that n, is the

probability that v is matched via a non-crucial edge in MM(G).

Consider a non-crucial edge {u, v} between two nodes u and v with de(u,v) > A.
The probability that x. is non-zero is p.(1—Pr[X,])(1—Pr[X,]): Both u and v should be

unmatched in Z and e should be realized, and further all these events are independent.

. . oy . o fe . ol .
This intuitively explains why we set x, = o AP TP if all these conditions hold:
We want the denominator to cancel out with this probability so that we get E[z.] = fe.

We will formalize this intuition in Section 4.4.3 where we prove the expected size of x

is large.

4.4.2 Validity of x

In this section, we prove that x is indeed an expected fractional matching of Q.
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First, we prove that x is non-zero only on the edges of Q. This simply follows

from the construction of x.

Claim 4.4.3. Any edge e with x. > 0 belongs to Q. That is, x is only non-zero on the

set of edges queried by Algorithm 2 that are also realized.

Proof. For any crucial edge e, we either have . = 1 or x, = 0. By definition, if x, =1
then e € ZN Q. By Lemma 4.3.8, Z is a matching of realized crucial edges, i.e. e € Z
implies e € £. Therefore, e € Z N Q) implies e € ENQ = Q as desired.

For any non-crucial edge e, if e € @, then f, = 0 by definition of f.. Therefore,
if . > 0, then f, > 0 which implies e € ). Moreover, by (4.3), x. > 0 implies e is

realized. Combining these two, we get that if . > 0 then e € Q. O]

Next, we prove condition (1) of Definition 4.4.1.

Claim 4.4.4. For every vertex v, E[z,] < 1.

Proof. Suppose at first that there is an edge e incident to v that belongs to matching
Z. Then we either have z, = 1 or z. = 0 (depending on whether e € @ or not). For
all other edges ¢’ connected to v (crucial or non-crucial) we have zo, = 0 by (4.1) and
(4.3). Therefore if such edge e exists, we indeed have z, < 1. For the rest of the proof,
we condition on the event that no such edge e exists, i.e. v € V(Z) and prove the
claim.

Let uy, ug, ..., u, be neighbors of v in graph G such that for all i € [r]: (1) edge

{v,u;} is non-crucial, (2) de¢(v,u;) > A. Let ¢; :== {v,u;}; we claim that conditioned
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on v &€ V(Z), we have

Ty = Tey + Tey + .. + e, (4.4)

To see this, fix an edge e = {v,u} for some u & {uy,...,u,}. We show that z, = 0,
which suffices to prove (4.4). First if e is crucial, then e ¢ Z given that v € V(Z);
thus according to (4.1) we set . = 0. Moreover, if e is non-crucial, the assumption
u & {uy,...,u.} implies do(v,u) < A by definition of the set. In this case also, we set
z. = 0 according to (4.3); concluding the proof of (4.4).

By linearity of expectation applied to (4.4), we get

r

Elz, |v € V(2)] =) Elz,

i=1

v g V(2)). (4.5)

Moreover, for any arbitrary ¢ € [r] we have

Elz., | v ¢ V(Z)] = Prlu;  V(Z), ¢; realized | v ¢ V(Z)] x po(l = pr[gj];ﬂ — Pr[X.])
E[f..] E[fe.]

= pe,(1 — Pr[X,]) x Pe(1— Pr[X,]))(1 — Pr[X,]) 11— Pr[X,]

(4.6)

The second equality above follows from the fact that the event of e; being realized is
independent of u; or v being in V(Z), as indicated by Lemma 4.3.8 part 3; and also
the fact that u; € V(Z) and v ¢ V(Z) are also independent from each other due to
Lemma 4.3.8 part 4 combined with the assumption that do(u;,v) > A. We also note
that we have used E[f,,]| instead of E[f., | v € V(Z)] in the equation above since f, is

only a random variable of the randomization used in Algorithm 2 whereas the matching
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Z is constructed in Lemma 4.3.8 independent of the outcome of Algorithm 2.

Combining (4.5) and (4.6) we get

T Eez 1 r
Blew [0 ¢ V(D) = 3 it = g DAL 6)

i=1

From Claim 4.4.2 part 1, we know E[f.,] < ¢.,. Replacing this into the equality above,

we get
Elz, | v € V(Z)] < ! § < Tw
Tl ST PiX] &t T T PX

Lemma 4.3.8 part (2) guarantees that Pr[X,] < ¢, which implies 1 — Pr[X,] >
1 — ¢,. On the other hand, ¢, + n, is upper bounded by the probability that v is
matched in opT, thus ¢, +n, < 1, implying n, < 1 — ¢,. These, combined with the

equation above, gives

Elra | v @ V2] S Tpimr S 7o = 1

Recalling also that E[x, | v € V(Z)] < 1 as described at the start of the proof, this
concludes the proof of the claim that E[z,] < 1. O

Next, we show that condition (2) of Definition 4.4.1 also holds for our construc-

tion.

Claim 4.4.5. For all subsets U C V with |U| < 1/¢e, z(U) < L|U|J with probability 1.

Proof. By definition of x, the value of x, on crucial edges is either 1 or 0. Moreover,

the definition also implies that if a vertex v is incident to a crucial edge e with z, =1,

129



for all other edges €' incident to v we have x., = 0. Call all such vertices integrally
matched. Fix a subset U and let U’ be the subset of U excluding its integrally matched
vertices. One can easily confirm that if (U) > [|U]/2], then also z(U’) > [|U’|/2].
Therefore, either the claim holds, or there should exist a subset with no integrally
matched vertices that violates it. Let U be the smallest such subset and observe that
|U| < 1/e (otherwise U does not contradict the claim’s statement).

Since U has no integrally matched vertex, for every crucial edge e inside U we

have z, = 0 and for every non-crucial edge e inside U by definition (4.3) we have z, <

pe(lfPr[Xu]]e)(lfPr[XU])' By definition of f., it holds that f. < 1/veR and by Lemma 4.3.8
part 2, Pr[X,], Pr[X,] < 1 — % Replacing these into the bound above, we get z, <
m. Noting from Corollary 4.3.6 part 4 that 7 < (ep)®® and that R = 2/7_,
we get R > 2/(ep)®°. Replacing this into the previous upper bound on z., we get that
7, is much smaller than say 3.

Now since |U| < 1/e there are at most ('g') < 1/e? edges e inside U that can
have non-zero z.. For each of these, as discussed above x, < £°. Thus we have x(U) <
g3 x 1/e* < 1 which cannot be larger than [|U|/2] if |[U] > 2 (if |U| < 1, then there

are no edges with both endpoints in U and thus clearly z(U) = 0). This contradicts

the assumption that z(U) > ||U|/2], implying that there is no such subset. O

4.4.3 The Expected Size of x

In this section we prove the following.

Lemma 4.4.6. [t holds that E[|z|] > (1 — 34¢)OPT.
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We start by analyzing the size of x on the crucial edges. This is a simple con-
sequence of Lemma 4.3.8 part 1 which guarantees E[Z] > ¢(C') — 30e0PT and Obser-

vation 4.3.4 which guarantees each crucial edge belongs to () with probability at least

1—e.
Claim 4.4.7. It holds that E[Y", .. x| > q(C) — 310PT.

Proof. Denoting x(C) = Y .. T., we have

Elz(C)] = E[er] = ZE[%] = ZPr[e €Qand e € 7]

ecC eeC eeC

Observe that Z and () are picked independently as Lemma 4.3.8 is essentially unaware

of Q). Therefore, for any crucial edge e we get
Pree Qand e € Z] =Prle € Q] x Prle € Z] > (1 —¢) Prle € Z],

where the latter inequality comes from Observation 4.3.7. Replacing this to the equality

above gives

E[e(C)] > (1—2) Y Prle € 2] = (1 - £)E[|2]

Lemma 4.3.8 part 1

> (1 —¢)(q(C) — 30e0pPT) > ¢(C) — 31£0PT,

completing the proof of the claim. n

To analyze the size of x on the non-crucial edges, we first define N’ to be the
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subset of non-crucial edges {u, v} such that do(u,v) > A and define ¢(N') := >y e
and 2(N') := > . #(N'). Definition of N’ is useful since recall from (4.3) that for
any {u,v} € N with do(u,v) < A (i.e. {u,v} € N') we set . = 0. Therefore only the

edges in N that also belong to N’ have non-zero x., implying z(N) = xz(N').

Claim 4.4.8. [t holds that g(N') > q(N) — eq(C).

Proof. For any edge e = {u,v} in N \ N, we choose an arbitrary shortest path P
between u and v in graph C' and charge the edges of this path. Note that by definition
of N, such path between u and v exists and has size less than A\. Now, take a crucial
edge f. We denote by ®(f) the set of edges in N \ N’ for which we charge a path

containing f. Below, we argue that

[D(N) <4(1/m)*  VfeC. (4.8)

Fix a crucial edge f and an edge {u,v} € ®(f). As discussed above, there should
be a path of length less than A between u and v in graph C' that passes through f. This
means that do(u, f) < A and de(v, f) < A. Therefore, both u and v are at distance at
most A from f in graph C.

Observe that there are at most 2(Ag)* vertices in the A-neighborhood of f in
graph C. Thus, there are at most 2(A¢)* x2(A¢)* = 4(A¢)?* pairs of vertices that can
potentially charge f, proving |®(f)| < 4(Ac)* < 4(1/7,)** where the latter inequality
comes from Observation 4.3.4 that Ac < 1/7,. This concludes the proof of (4.8).

As discussed above, each edge e € N \ N’ charges a path in C', thus belongs to
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®(f) of at least one crucial edge f. Therefore, we get

VAN < S a(h). (4.9)

fec

Every edge e in N \ N’ is non-crucial, i.e. go < 7_. Thus:

/ (4.9) “48) 2 22+1
Yo @ STINAN| < 7Y 0(f) < 4 |Cl(1/7)P < drg(C) (1)),
eEN\N' fec
(4.10)

where the last inequality comes from the fact that ¢(C) > |C|ry as for every edge
ec C? de Z T4
From Corollary 4.3.6 we have 7_ = (7,)'% and we have ¢ > A > 1 by Observa-

tion 4.3.9. Thus:
47',(1/7'+)2A+1 = 4(7—+>109<1/7—+)2)\+1 = 4(7—4,)1097(2)\71) < 47—+ < E.
Replacing it into inequality (4.10), we get,

> g < eq(0).

e€N\N'

This concludes the proof since

q(N/):ZQe: Z QeEZQe_ Z QeZQ<N)_€Q(C>

eeN’ c€N\(N\N') eeN e€EN\N'

as it is desired. ]
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Claim 4.4.9. [t holds that E[z(N')] > (1 —¢)q(N’).

Proof. By linearity of expectation, we have

Ejz(N')] = ]E[ 3 x} =Y Elz]. (4.11)

eeN’ ecN'

We emphasize that the expectation here is taken over the randomization in Algorithm 2,
the randomization in matching Z, and the randomization in realization of non-crucial
edges. Specifically, we write EaLg2 2z a7[2e] to emphasize on this.

The randomization of Algorithm 2 determines the value of f. which is used in

defining z.. Let us first condition on f. and compute Ez [z, | fc]. We have

fe

Ezn(ze | fo] = Prle € € and u,v € V(Z) | fe] x o~ PrX.) (1 —PrXl) (4.12)
We claim that
Prle € £ and u,v € V(Z) | fe] = pe(1 — Pr[X,])(1 — Pr[X,]). (4.13)

To see this, first observe that the value of f. is determined solely by the random
realizations taken by Algorithm 2. In particular, the events e € £, and u,v ¢ V(Z) are
completely independent of the outcome of Algorithm 2. This allows us to remove the
condition on f, from the left hand side of (4.13). Moreover, by Lemma 4.3.8 part 3,
the matching 7 is chosen independently from the realization of non-crucial edges, thus

events e € £ and u,v ¢ V(Z) are independent. Finally, the assumption that e € N’, by
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definition of N’, implies that d¢(u,v) > A. Therefore, by Lemma 4.3.8 part 4, events
v € V(Z)and u € V(Z) (and for that matter their complements) are independent.

Thus, indeed:

Prle € £ and u,v € V(Z) | fo] = Prle € €] x Prlv € V(Z)] x Prju ¢ V(Z)]

= pe(1 = Pr[X,])(1 = Pr[X,]).

Replacing (4.13) into (4.12) we get

_ fe _
Batre | = pet =R = B> iy a ey
Taking expectation over ALG2 from both sides, we get
Eaicz[Ezn[ze | fe]] = EaLcalfe- (4.14)

The left hand side equals Eaigo za[2e]. For the right hand side, by Claim 4.4.2 we
have E[f.] > (1 —€)g.. Replacing both the left hand side and right hand side of (4.14)

by these bounds, we get

EaLca.zn[Te] > (1 — €)ge. (4.15)

Combining this with (4.11) we get

Bla(N')) = 30 Bled 2 (1-2) 3 4 = (1 — 2)a(NV),

eeN' ee N’
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completing the proof. O
We are now ready to prove Lemma 4.4.6.

Proof of Lemma 4.4.6. We have

Claim 4.4.7

E[er}:E[er}JrE[er} > q(C)—31sopT+E[er]

e eeC eeN eeN

Also note that for e € N, x, # 0 iff e € N’ by construction of x. Thus,

Claim 4.4.9 Claim 4.4.8

B[ a| =E[ Y a| =E(V)] "= (1-2)a(V) = (1-2)(g(N)—eq(C)).

Combining the two equations above, we get

E [ 3 x] > ¢(C) — 310PT + (1 — £)(g(N) — £¢(C)) > ¢(C) + q(N) — 33c0PT

Lemma 4.3.5 part (2)
> (1 —e)oPT — 33¢0PT > (1 — 34¢)OPT,

concluding the proof. O

4.4.4 From the Expected Fractional Matching to an Actual Fractional

Matching

We showed that x is an expected fractional matching satisfying E[z,] < 1 for
every vertex v. However, as mentioned before, there is still a possibility that =, > 1

depending on the coin tosses of the algorithms and the realization. This should never
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occur in a valid fractional matching. Thus, we define the following scaled fractional
matching y based on x which decreases the fractional matching around vertices that

deviate significantly from their expectation to 0.

z/(1+e) faxy,,z, <1+¢,
For any edge e = {u, v}, Yo = (4.16)

0 otherwise.

Observation 4.4.10. By definition above, y is a valid fractional matching, i.e. y, <1
for allv € V. In addition, since y. < x. for all edges e, Claim 4.4.5 implies that for all
UCV with U <1/e, y(X) < L%j That is, y also satisfies all blossom inequalities

of size up to 1/e.

It remains to prove that while turning the expected fractional matching x into
an actual fractional matching y, we don’t significantly hurt the matching’s size. We

address this in the lemma below.
Lemma 4.4.11. El|y|] > (1 — 55¢)OPT.

The main ingredient in proving Lemma 4.4.11 is the following claim.
Claim 4.4.12. For every verter v, Pr[z, > 1+ ¢] < %p.

Let us first see how Claim 4.4.12 suffices to prove Lemma 4.4.11 and then prove

it.
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Proof of Lemma /.4.11. By definition of y, in (4.16), we have

Zye: Z Iz, <1+c¢ andxvgl—i—g)lxe

e e={u,v} te
> Z (1—-1(xy >1+¢)—1(z, > 1—|—5))1:f:€ Union bound.
e={u,v}
Le Le Le Ly
- —9 - —9 .
2The T A 2T lTee 2 2 T
e vy >14e edv e v:xy >14€

Taking expectation from both sides, we get

SIAEE DI REID S S B COOMELTI o)

v:xy>14e v:ixy>14e
1
> ((1 — 34¢)0PT — 21@[ 3 gg}) By Lemma 4.4.6.
vixy >14e
> (1 —35¢)opT — 22 Priz, > 1+ ¢|E[z, | x, > 1+ €]
> (1 —35¢)opPT — 225%&3[% | 2, > 1+ €] By Claim 4.4.12.
(4.17)

1

We will soon prove that for every vertex v, it deterministically holds that z, < et

Replacing this into the last inequality above, gives the desired bound that

1
B> u] = (1-355)0rm — 23 efp—y
Assumption 4.3.1

> (1 — 35¢)oPT — 2¢”n > (1 — 352)OPT — 20c0PT

= (1 — 55¢)OPT.
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Now let’s see why x, < -L;. Observe from the definition of z that if v € V(Z) then

pet”

z, < 1 and otherwise

_ Je 1
" e%:u} e e{ZUU} P(l - PI[XU])(I - Pr[Xv]) = IF Z Je

The last inequality above comes from the fact that for every vertex w, Pr[X,] < 1—¢&?
due to Lemma 4.3.8 part 2, which means 1 — Pr[X,] > &2.

Now recall from Claim 4.4.2 part 3 that > . fo < 1. Thus we get our de-

esv

sired upper bound that z, < }%. As described above, this completes the proof that

E[>". ve] > (1 — 55¢)0PT. O
We now turn to prove Claim 4.4.12 that Pr[z, > 1+ ¢] < % for all v.

Proof of Claim 4.4.12. If an edge incident to v belongs to matching 7, i.e. if X, =1
(as defined in Lemma 4.3.8), then one can confirm easily from the definition of z in
(4.1) and (4.3) that either =, = 1 or x,, = 0, implying that Prz, > 1+¢ | X, = 1] = 0.
As such, for the rest of the proof, we simply condition on the event that X, = 0.
Similar to the proof of Claim 4.4.4 let uq,us,...,u, be the neighbors of v such
that for each ¢ € [r], (1) edge e; = {v, u;} is non-crucial, and (2) dc(v,u;) > A. Recall

from (4.4) that given event X, = 0, it holds that
Ty =Tey + Tey + ...+ T,

Let f] := Y., fe, and note that f; < f, since f, is sum of f. of all non-crucial

edges e connected to v. Claim 4.4.2 part 4 proves that Pr[f, > n, + 0.1g] < (ep)*.
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Therefore, it also holds that Pr[f/ > n, + 0.1¢] < (ep)'? since f! < f,. For the rest
of the proof, we regard f.,’s as (adversarially) fixed with the only assumption that
f! < n, + 0.1 which happens with probability at least 1 — (ep)!®. We denote this

event, as well as the event that X, = 0, by A and prove
Prlz, > 1+¢ | A] < 0.5¢%, (4.18)

which clearly is sufficient for proving the claim.
We do this by proving a concentration bound using the second moment method.

Consider the variance of z, conditioned on A:

Var[z, | A] = i i Cov(ze,;, Te; | A).

i=1 j=1

Now that f.’s are fixed, z, is only a random variable of (1) the randomization used in
Lemma 4.3.8 for obtaining matching Z, and (2) the realization of non-crucial edges.
In what follows we identify a condition under which covariance of z., and w;

becomes 0. We will use this later to upper bound Var|z, | A].

Observation 4.4.13. Let i,j € [r] be such that dc(us,u;) > X. Then Cov(z,,, T,

A) =0.

Proof. We already had de(v,u;) > A and de(v,u;) > A by definition of w;, u;. Com-
bined with assumption de(uw;,w;) > A and using Lemma 4.3.8 part 4, we get that
Xy, Xy, Xy, are independent. Realization of e; and e; are also independent even given

A. This is because these are non-crucial edges and thus are realized independently
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from Z (according to Lemma 4.3.8 part 3) or the values of f which are derived from
Algorithm 2.

By definition (4.3), the value of z., conditioned on A is fully determined once
we know X, and whether e; is realized. Similarly, the value of z.; conditioned on A
is fully determined once we know X, and whether e; is realized. These, as discussed
above, are independent. Hence z., and z.;, conditioned on A, are independent and

thus their covariance is 0. O

Now consider two vertices u; and w; (possibly u; = u;) where deo(u;, uj) < A

Here, the covariance may not be 0. But we still can upper bound it as follows:

Cov(ze,xe, | A) = Elze, e, | Al — Elze, | A]E[2(, | A] < E[2(, 2, | A]

y J. ) /.
=PI =PI - PrX,])  p(l = PrIX]) (1 = PrX,, )

(4.19)

where the last inequality follows from Lemma 4.3.8 part 2 that states for all vertices
w, Pr[X,] <1—¢% and thus 1 — Pr[X,,] > 2.

Now, for each i € [r], let D; := {j : do(u;, u;) < A}. Since C'is a graph of max
degree Ag, the A — 1 neighborhood of each vertex u; in C' includes < (Ag)* ! vertices.
Thus:

|D;| < (Ap)M? for every i € [r]. (4.20)
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Having these, we obtain that

Var|z, | A] = Z Z Cov(ze,, e, | A) Obs 1413 XT: Z Cov(ze,, xe, | A)

i=1 =1 i=1 jebD;
(4.19) fevfe.
7 J
< zz e > ()
=1 jeD; JED;
fe; <5 by (42)

s D; 12 (Ao)
© s (rnig) TR

Claim 4.4.2 part 3 (Ac)/\—l Obs<4.3.4 (1/7—+)/\—1

< -
- p2€8, /R - p2€8.5\/ﬁ

Replacing R with 5— and noting that 7_ = o " % 1y Corollary 4.3.6, we get that

A1
Var[z, | 4] < (A
p258.5

By Observation 4.3.9 g > A > 1 and 7, < 1.
Corrolary 4.3.6 part 4.

= V2101 < 0.1e%p For e sufficiently small.

With this upper bound on the variance, we can use Chebyshev’s inequality to get

Var[z, | A] < 0.1e8p

< 0.5¢%. 4.21
(0502 — 0252 P (421)

r ||z, — Elz, | 4]] > 0.55‘14} <

Next, recall from (4.7) in the proof of Claim 4.4.4 that E[z, | v &€ V(Z)] < % =
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#L[Xv]' Event A in addition to v ¢ V(Z) also fixes the value of f/. But recall that

event A (as we defined it) guarantees f, < n, + 0.5¢. Therefore, we get

) Pr[Xy]<cy 5e me<l—c, | — .
< n, + 0.5¢ 2 n, + 0.5¢ > 1—¢,+0.5¢

HeldsyTeng 5 it S Ti-a

<1+405e  (4.22)

Combining (4.21) and (4.22) we get the claimed inequality of (4.18) that

Prlz, > 1 +¢ | Al < Pr[|z, — E[z, | A]| > 0.5¢ | A] < 0.5¢%,

which as described before suffices to prove Pr[z, > 1+ ¢] < £%p. [

4.5 Proof of the Vertex-Independent Matching Lemma

In this section we turn to prove Lemma 4.3.8 restated below.

Lemma 4.3.8 (restated). There is a randomized algorithm that constructs an integral
matching Z of C (the realized subgraph of C') such that defining X, as the indicator

random variable for v € V(Z), we get:
1. E[|Z]] > q(C) — 30c0PT.

2. For every vertex v, Pr[X,] < max{c,—¢&?, 0}, where recall that c, is the probability

that vertex v is matched via a crucial edge in MM(G).
3. The matching Z is independent of the realization of non-crucial edges in G.

4. Let X := ¢ ®log Ac. For every k and every {vy,vy,...,vx} C V such that

do(vi,v;) > X for all v; # v;, random variables X,,, ..., X,, are independent.

143



We emphasize that E[|Z|] and X, are both defined with respect to the randomizations
in both the realization of C', and the randomization of the algorithm in constructing

Z.

4.5.1 Overview of the Algorithm

In this section, we give an overview of our algorithm for proving Lemma 4.3.8. We
emphasize that the overview given here is deliberately informal to describe the main
intuitions, with the hope that it makes the algorithm and its analysis more accessible.

Satisfying property 3 required by Lemma 4.3.8 turns out to be easy. Recall that
we are constructing matching Z on the realized crucial edges, thus we can simply ignore
realization of non-crucial edges and automatically satisfy property 3. Among the other
3, let us first focus on property 4. How can we argue that the output matching satisfies
the required independence property? We show that the LOCAL model of computation
can be naturally used for this purpose. We start with the formal definition of the model

and then describe how it can be used in this case.

The LOCAL model [34]. In the LOCAL model, the input is a graph and there is a
processor on each node of this graph. Computation proceeds in synchronous rounds and
in each round, each processor can send a message (of any size) to each of its neighbors.
The goal is to output a property of this communication graph, e.g. a matching of it.
At the end, each node should know its part of the output, e.g. which one of its edges,

if any, is part of the matching.

Why the LOCAL model. A particularly useful property of any r-round LOCAL
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algorithm is that the output of each node essentially depends only on its r-hop neigh-
borhood. That is, having the r-hop neighborhood of each node v (including the random
tapes of the nodes in the neighborhood), we can uniquely determine the output of v.
Therefore if the shortest path between two nodes is at least 2r 4+ 1, their outputs are
essentially independent of each other after » rounds.

This is how we prove property 4 of Lemma 4.3.8 is satisfied: We give a LOCAL
algorithm operating on graph C where each vertex is initially only aware of the real-
ization of its incident edges. We show that the algorithm within < A/2 rounds, finds
a matching satisfying the other 3 properties. Then property 4 will be automatically
satisfied. That is, for every subset I of the vertices with pairwise distance at least A,

their outputs will be independent.

Overview of the algorithm. The challenge is to ensure that the algorithm has
low round-complexity while also satisfying properties 1 and 2. That is, the reported
matching Z should be large in expectation (property 1), and that no vertex v should be
matched with a larger probability than that specified in property 2. If one ignores the
2nd property, then simply finding a (1 — €)-approximate maximum matching in graph
C will satisfy the first property. And we remark that O(log A¢)-round algorithms (with
no dependence on n) do exist for this purpose. However, bounding at the same time,
the probability that each vertex is matched complicates things.

Our general idea for the algorithm is as follows: We define a recursive algorithm
FindMatching,.(C) (Algorithm 2) which uses FindMatching,_,(C) as a subroutine. The

base algorithm FindMatching,(C) returns an empty matching. Let us use Z, to denote
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the matching returned by FindMatching,.(C). It will hold that

0= E[|Z]] <E[ 2] <E[|Z]) < ...

until eventually for large enough ¢ = O.(1), E[|Z;|] is desirably large, satisfying prop-
erty 1. At the same time, we will ensure that for any vertex v, the probability that it
gets matched in Z, never exceeds the upper bound of property 2 for any r.

Suppose that for a vertex v, we hit this upper bound on the probability that
it is matched for algorithm FindMatching,.(C). At this point, we will mark v as satu-
rated and ensure that we never increase the probability of it being matched. But to
keep increasing the matching’s size, it may be necessary to say remove a matching
edge {v1,v9} between two saturated vertices vy and vy, so that we can add two edges
{v1,v3} and {vg,v4} to the matching where vz and v, are unsaturated. Such struc-
tures are similar to augmenting paths. However, since the graph is stochastic, these
edges {vy,va}, {v1,v3}, {ve, v4} may not necessarily be part of one realization. We call
these natural generalizations of augmenting paths, “augmenting hyperwalks” (see Sec-
tion 4.5.2) and show that they can be used to increase the matching size while not
increasing probability of saturated vertices getting matched.

In Section 4.5.2 we present a centralized view of the algorithm. In Section 4.5.3
we analyze the expected size of the matching returned by this algorithm and argue that
it satisfies property 1 of Lemma 4.3.8. In Section 4.5.4 we prove the upper bound on the
probability of each vertex getting matched, thereby proving property 2 of Lemma 4.3.8.

Finally, in Section 4.5.5 we show that the algorithm has an efficient LOCAL implemen-
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tation, satisfying property 4 of Lemma 4.3.8.

4.5.2 The Formal Algorithm

We say P = ((Co, My), ..., (Cqa, My)) is a profile if each C; is a subgraph of C' and
each M; is a matching of C;. Furthermore, we call a sequence W = ((eq, s1), ..., (€éx, Sk))
a hyperwalk of size k if the following conditions hold:

1. Each s; is an integer in {0,...,a}.
2. Each e; is an edge in graph C' and sequence (ey, ea, ..., ¢ex) is a walk in graph C.

We say PAW := ((Cy, M}), ..., (Ca, M)) is the result of applying W on P if:

M = M;U{e; | j is odd, and s; =i} \{e; | j is even, and s; = i}, Vi e {0,...,a}.

Definition 4.5.1 (Augmenting hyperwalks). For every vertez v, let dp(v) := |{i | v €
V(MZ)H We say W is an augmenting-hyperwalk of P if it satisfies the three following

conditions.
1. PAW is a profile, i.e. each M in PAW is a matching of graph C;.
2. For all vertices v in walk (e1,...,e) except its first and last vertex, dp(v) =
dpaw (V).
3. For the first and last vertices v in walk (eq, ..., er), dp(v) + 1 = dpaw (v).
Having defined augmenting-hyperwalks, we can now formally state the algorithm—

see Algorithm 2. The algorithm is recursive. Given a realization C of C', algorithm

FindMatching,.(C) uses algorithm FindMatching,_(C) as a subroutine and then returns
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Algorithm 2. FindMatching,.(C)

(1)
(2)

(10)

If r = 0, return (.

Draw « := 1/e” — 1 realizations Cy, . . . , C, of C where each realization C; includes

each edge e of C independently with probability p.. Also let Cy := C.
Consider profile P = ((Co, My), . .., (Co, M,)) where M; = FindMatching, _,(C;).
For every vertex v, define 7,,-; := Pr[vis matched in FindMatching,_,(C’)]

where the probability is taken over a random realization C’ of C' and the ran-
domization of the algorithm.

If yyro1 <y — 2e? call vertex v unsaturated and saturated otherwise.

Construct a graph H = (Vg,Epg) as described next. For every possible
augmenting-hypewalk of size smaller than 2/¢ from P, we put a vertex in Vj iff
the first and last vertices in the walk are unsaturated. Moreover, we put an edge
in E'y between two nodes u,v € Vp iff their corresponding walks share at least
a vertex.

I < ApproximateMIS(H,¢). // This is an algorithm that returns an independent
set of expected size at least 1 —e fraction of some maximal independent set (MIS)
of H.

P« P.

Iterate over all augmenting-hyperwalks W € [ and apply them, i.e. set P’ «+
P'AW.

Let P = ((Co, M{), ..., (Cqs, M) be the final profile. Return matching M.

a matching of C. The base algorithm FindMatching,(C) returns an empty matching.

We will show that for ¢t = 1/&%, algorithm FindMatching,(C) satisfies the properties of

Lemma 4.3.8.

We note a useful observation that essentially implies the entries of profile P’,

which can be thought of as random variables of realization C and randomizations of

the algorithm, are all drawn from the same distribution. The proof is essentially based

on the fact that matchings M,,..., M, are all drawn from the same distribution and
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treated symmetrically in algorithm, thus the resulting matchings M, ..., M. all have

the same distribution. See Section 4.9 for a more formal proof.

Observation 4.5.2. Matchings M{, ..., M/ in profile P" of algorithm FindMatching,.(C)
for any r have the same distribution. That is, for any i,j € {0,...,a} and any match-

ing M' of G, Pr[M] = M'| = Pr[M} = M"].

The algorithm operates only on the crucial edges and is thus clearly independent
of the non-crucial edges and their realizations. Therefore, property 3 of Lemma 4.3.8
is automatically satisfied. In what follows, we prove the other 3 properties in Sec-

tions 4.5.3, 4.5.4, and 4.5.5.

4.5.3 Lemma 4.3.8 Property 1: The Matching’s Size

In this section, we prove that algorithm FindMatching,(C) satisfies the first prop-
erty of Lemma 4.3.8. That is the matching Z returned by this algorithm satisfies
E[|Z]|] > ¢(C) — 30e0PT.

Let us denote by Z, the matching returned by FindMatching,.(C). Note that Z, is
a random variable which is a function of both the randomization in realization C of C,
and the internal randomizations used in algorithm FindMatching, (C). (Observe that
Z = Z;.) Similarly, we define P,, H,, I, and P! as the random variables referring to
the values of P, H, I, and P’ in algorithm FindMatching, (C).

Property 1 of Lemma 4.3.8 is a corollary of Lemma 4.5.3 which states that for

any r, if E[|Z,|] < ¢(C) — 30e0PT, then E[|Z,|] — E[|Z,_1]] > €”0PT. Observe that it
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is sufficient for us as it implies that for any r we have

E[|Z:]] > min{¢(C) — 30eopPT, re’oPT}.

This gives us the desired result that E[|Z|] > ¢(C) — 30eopT for t = 1/¢% since

q(C) < opT. Below we state Lemma 4.5.3 and prove it.

Lemma 4.5.3. For anyr, if E[|Z,]] < q(C)—30e0PT, then E[|Z,||-E[|Z,_1|] > %oPT.

Proof outline. This lemma is a direct result of Lemma 4.5.4 and Lemma 4.5.6. The
first one states that for any r, we have E[|Z,|| > E[|Z,_1|] + |JI:1} and the second one is

that if E[|Z,_1|] < ¢(C)—30s0PT, then E[|I,.|] > 2e20PT. Combining these two lemmas

gives us E[|Z,|] — E[|Z,_1|] > €?0PT and completes the proof as o = 1/¢7 — 1. O

Lemma 4.5.4. For any r, it holds that E[|Z,|] = E[|Z,_1|] + %.

Proof. We start by proving that

D dp(v) 42/ =D dp(v) (4.23)

veV veV

Note that, P! is defined to be the result of iteratively applying all the augmenting
hyperwalks of I, on P,.. Let P be the result of iteratively applying the first ¢ aug-
menting hyperwalks of I, on P, and let W; be the hyperwalk that is to be applied in

iteration 7. We use proof by induction and show that for any ¢ we have

der —I—QZ—ZdP(z)

veV veV
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Note that since hyperwalks in I, are vertex disjoint, for any two hyperwalks Wy, W5 € I,
it holds that Wy is an augmenting hyperwalk of P.AW; as well. This means that W;
is indeed an augmenting hyperwalk of Py, Moreover, recall that by definition of
augmenting hyperwalks, after applying any augmenting hyperwalk on a profile P there
are only two vertices whose dp(v) increases by one and for the rest of the vertices it is

unchanged. This gives us

Z dPTu) (v)+2= Z dPT(i+1)(U),

veV veV

with completes the proof of

S dp () + 2L = 3 d(v)

veV veV

since P/ = PM!. Recall the definition dp(v) := [{i | v € V(M;)}| for any profile P.

Based on this definition, we can rewrite Equation 4.23 as

STIM| + 5 =Y M. (4.24)
1=0 1=0

Observe that matchings My, ..., M, are coming from the same distribution and
we have E[|M;|] = E[|Z,_,|] for any 0 < i < ov. The reason is that they are the results
of running the same matching algorithm on random realizations of C. Moreover, by
Observation 4.5.2, matchings M|, ..., M! are similarly coming from the same distri-

bution which means for any 0 < i < o we have Z, = E[|M{|] = E[|M;|]. Combining
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this with Equation 4.24 we get

E[(a+1)|Z. |+ |I]] =E =E =E[(a+1)|Z]].

> M|+ 1]
1=0

> 1]
=0

- : . E[|I
Dividing through by a + 1 and rearranging the terms gives E[|Z,_1|] + % =E[|Z].

Before proceeding to Lemma 4.5.6 and its proof we need the following definition.

Definition 4.5.5 (Edge disjoint hyperwalks). Two hyperwalks W = ((eq, s1), - .., (ex, Sk))
and W' = ((e},$)),..., (€, s)) are edge disjoint if there does not exist indices i < k

and j < k', where e; = €} and s; = s.

Lemma 4.5.6. IfE[|Z,_4|] < q(C) — 30e0PT, then E[|I,.|]] > 2¢%0PT.

Proof. To give the desired lower-bound for E[|I,|] we first claim that if E[|Z,_;|] <
q(C) — 30e0PT, then there exists a set O of edge-disjoint augmenting-hyperwalks of
P, with length at most 2/¢ and unsaturated end-points where E[|O]|] > 8(a + 1)cOPT.
We later state this claim more formally in Lemma 4.5.7 and provide a proof for it.
We are interested in set O for its two following properties. First, any hyperwalk in O
represents a node in graph H,. Second, since the hyperwalks in O are edge disjoint,
any hyperwalk with length smaller than 2/e from P, can share vertices with at most
(o 4+ 1)(2/¢) hyperwalks in this set. We note that (a + 1) is the maximum number
of edge disjoint hyperwalks that can pass through a single vertex. Combining these
two properties gives that the expected size of any maximal independent set of H, is

at least E[|O]]/(2(c + 1) /) = 4e?0PT since there is an edge between two vertices in
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H, iff their corresponding hyperwalks share at least a vertex. As stated in Line 7 of
FindMatching,.(C), set I, is an independent set of H, with size at least (1 — ¢) fraction

of a maximal independent set of H,. Therefore, we have

E[|;]] = 4(1 — e)e*0PT.

Assuming that ¢ < 1/2 we complete the proof of this claim and obtain ]E“L“H >

2¢20PT. m

In the rest of this section we focus on proving the following lemma which is
previously used to complete the proof of Lemma 4.5.6. Since the proof is detailed and
consists of independent arguments, it includes two claims that are needed to complete

the proof.

Lemma 4.5.7. For any r € [t], if E[|Z,_1|] < q(C) — 30cOPT, then there exists a set
O of edge-disjoint augmenting hyperwalks of profile P, = ((Co, My), . .., (Co, My)) with

length at most 2/e and unsaturated endpoints where E[|O|] > 8(c + 1)eOPT.

We will first construct set O and then give a lower-bound for its expected size.
Draw « + 1 realizations N, ..., N, of the non-crucial graph N. For any 0 < i < «, let
M? .= MM(N;UC;) where M returns a unique maximum matching that was also used in
Algorithm 2. Call an edge of graph C; green iff it is in matching M; but not in matching
M;. Alternatively, we call an edge red iff it is in M; but not in M. To construct set O

we give an algorithm to iteratively find hyperwalks that alternate between green and

red edges. Since we need our hyperwalks to be edge-disjoint, after using an edge of a
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subgraph we mark it as used and ignore it for the rest of the algorithm.

At each iteration of the algorithm, we construct a hyperwalk W as follows until
there is no such a hyperwalk left. Pick an unsaturated vertex v and a subgraph C;
such that v has an unused green edge in C; but not a red one. Denote this green edge
by e = (v,v") and choose (e, i) to be the first element of our hyperwalk. If vertex v’
has a red edge €’ in subgraph C; we add (¢/,7) to our hyperwalk, otherwise we look for
a subgraph C; in which v" has an unused red edge €’ but not a green one and choose
(¢/,7) as the second element of the hyperwalk. We continue this process by alternating
the colors until it is not possible to continue. If W has length more than 2/¢ we add
it to a set T3, otherwise we add it to one of the three sets O, T7 and T, as follows. Let
u be the vertex in which our hyperwalk ends. If u is saturated we add W to a set T5.
Otherwise, if the last edge of W is green we add it to O and if it is red we add W to
Ty. In the following claim we show that the hyperwalks in O have the desired property

and we later prove that |O] is large enough.

Claim 4.5.8. Any W € O is an augmenting-hyperwalks of length at most 2/e that

begins and ends in unsaturated vertices.

Proof. By construction any hyperwalk in O has length at most 2/e, begins with an
unsaturated vertex and ends in one. Also, hyperwalks in O are edge disjoint since
after adding an element (e, i) to a hyperwalk we mark e as used in subgraph C; and
do not add it to other hyperwalks. It only remains to prove that every hyperwalk
W = ((e1,81),--., (€, k) € O is indeed an augmenting-hyperwalk.

Let P,AW be the result of applying W on P, = ((Co, My),...,(Cqs, M,)). By
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Definition 4.5.1, there are three conditions that P,AW should satisfy if W is an

augmenting-hyperwalk. The first condition is that any M/ is a matching in C; where

M = M;U{e; | j is odd, and s; =i} \{e; | j is even, and s; = i}, Vie{0,...,a}.

Note that W is alternating between green and red edges with green ones being in the
odd positions. Further, for any element (e,7) in an odd position j and any red edge
¢’ adjacent to it in C;, hyperwalk W contains (¢/,4) in either position j — 1 or position
7 + 1; thus the first condition is satisfied.

As for the second condition, since W is alternating between green and red edges
applying it would satisfy dp_ (v) = dp,aw (v) for any vertex v that is not an end-point.
Moreover, P,AW simply satisfies the third condition that is dp.(v) + 1 = dp aw(v) iff
v is the first or the last vertex of the hyper-walk since W begins and ends with green

edges. O

To complete the proof of Lemma 4.5.7, we need to show that E[|O|] > 8(a +
1)eopT. For any vertex v, let g,,; be the number of subgraphs Cy,...C, in which v
has an unused green edge after the i-th iteration of the algorithm and similarly define
Tvi to be the number of subgraphs in which v has an unused red edge after the i-th
iteration. Each iteration here means constructing a hyperwalk and marking its edges
as used. Also, let us respectively denote the set of saturated and unsaturated vertices

by S and U. Consider the hyperwalk W; constructed in the i-th iteration. Observe
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that if W; € O, we have

Z(gv,z‘q — Tpio1) — Z(gv,z’

velU velU

_Tvi) =2

)

since any hyperwalk in O starts from an unsaturated vertex with a green edge and

ends the same way. However, if W; € T, we have

Z(gv,i—l — Tyio1) — Z(gv,i

velU velU

and if W; € T} we have

Z(gv,i—l - Tv,i—1) - Z(gv,i

velU velU

Moreover, for any hyper-walk in 75 we have

Z(Qm—l — Tpi-1) — Z(gv,i

velU velU

- Tv,i) = 17
— T‘in) = 0
- Tv,i) S 27

as it holds for any hyperwalk that alternates between green and red edges. We claim

that when our algorithm stops after j iterations ) _;;(gv; — 7v;) < 0 holds. This

is because otherwise, we could still find a subgraph C; and a vertex v where v has a

green edge in C; but not a red one and start a new hyperwalk. As a result we have the

following lower-bound for |O|, where for brevity, in the rest of the proof we use g, and

r, instead of g, and 7, :
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0] > %(Z(Qv =) = |To| = 2|T3|)-

velU

Taking expectations, we have

E[0]] > zE|Y (g, — 1) — |To| — 2|T3|

velU

Z(gv - Tv)

vel

_E - SE[T:]] - B[]

DN | —

(4.25)
First, let us note that since any hyperwalk in T3 contains at least 1/e green edges and

that the expected number of green edges is obviously upper bounded by OPT, we have

|T5] < e(a+ 1)OPT. (4.26)

We now focus on bounding E[ZUGU(gv - m)] and prove that it is upper-bounded by

400eOPT.

ZE[QU - 7’”] = ZE[QU - 7”1,} - ZE[QU - TU]

vel veV veS
Note that c¢,, by definition, is the probability with which vertex v is matched in any
MY . Moreover, 7, , is the probability with which vertex v is matched in any M; which

means E[g, — 7,] = (« + 1)(¢;, — Y0,) and

157



Also, since E[|Z,]] < ¢(C) — 30e0PT we obtain

E —E

> g

veV veV

> rU] > 60(a + 1)€OPT.

Moreover, by definition of saturated vertices, we know that ¢, — v, < 2¢2 holds for

any saturated vertex v which results in

> Elgy — 1] < 2n(a+ 1)e* < 20(a + 1)e0PT. (4.27)

veS

Note that 2n(a+1)e? < 20(a+1)eOPT comes from Assumption 4.3.1 that OPT > 0.1en.

Combining these equation, we get

> Elgy — 1] > 40(c + 1)0PT. (4.28)

vel
In the next step, we provide an upper-bound for E[|T2H and to do so we first prove

the following claim.

Claim 4.5.9. For any vertex v € S the number of hyperwalks in Ty that end in v is

S |gv - 7nvl'

Proof. Consider the hyperwalk W that is the first one to be constructed among the
hyperwalks in set 7, that end in vertex v and let (e, i) be its last element. W.lo.g.,
assume that the color of edge e in graph C; is red. The fact that W stops in vertex
v means that at the time of construction of this hyperwalk, there is no subgraph C;
that has an unused green edge of v but not a red one. Therefore, from this point
of the algorithm, any subgraph Cj that contains an unused green edge e, of vertex v
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also has an unused red edge e, of this vertex. We note that based on our algorithm
if a hyperwalk with last element (e, i) stops at vertex v then subgraph C; either does
not contain a green edge of v or a red edge of this vertex. Moreover, due to the fact
that W is the first hyperwalk to stop in vertex v we know that previously constructed
hyperwalks contain the same number of green and red edges of vertex v. This means
that there are at most |g, — r,| many possibilities for the last element of a hyperwalk
that stops at v and since our hyperwalks are edge disjoint then for any vertex v € S

the number of hyperwalks in T3 that end in v is upper-bounded by |g, — 7| O]

Based on the aforementioned claim, the number of hyperwalks ending in saturated
vertices is at most Y- o E[g, — 7], which means E[|T3|] < > o E[|go —7|], implying

further that

T2l < ) Eflgo — ]

veS

= S E[lg — Elg] — 7o+ Elr.] + Elg.] — Efr.]|

<> _E|lg. ~ Elg]l + Iro — Elr.]| + [Elg.] — Elr.] |

vES
<> (E[lgo — Elgo]l) + Ellro — Elr,]) + > (Elg,] — Er.] (4.29)
veS veS

The last equation is due to the fact that Elg,] > E[r,] for all v.
Using a simple application of Chebyshev’s inequality, we show that for any vertex
v, we have E[|r, — E[r,]|] < 2(a + 1)*? and E[|r, — E[r,]|]] < 2(a + 1)¥2. Note

that we have Var(g,) < a + 1 and Var(g,) < a + 1. Using Chebyshev’s inequality,
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we have Pr[|r, — E[r,]| > B(a + 1)/?] < 1/8% By setting 8 = (a + 1)/, we get
Pr[|r, — E[r,]| > (o +1)?%] < (a4 1)7/3, which gives us E[|r, — E[r,]|] < 2(a +1)%/3.

Similarly, we have E[|g, — E[g,]|] < 2(a+ 1)%/3. As a result, we get
> (Ellry — E[r][] + Ellry — Elrg]l]) < 4n(a + 1)*°.

vES

Since in FindMatching,(C) we set a = 1/¢” — 1 and since n < 100PT/e we have

- 400pPT(1/eM)¥3  400PT

> (Ellr, = Efr]] + Ellry — Elr]l]) <

T ~14/3
ves € IS X €
400pPT 43
= W = 40(0[ + 1)5 OPT.

Moreover, by (4.27) we have

> (Elg.] — E[r]) < 20(cx + 1)e0PT.

vES

Combining these two bounds into (4.29) we get

E[|Ty|] < (o 4 1)eopT(20 + 40£/3). (4.30)
[IT2]

vES
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Incorporating (4.28) and (4.30) into (4.25) and simplifying, gives

(4.25) 1 1
E[O] 2 ZE[> (9.~ )] - SEITI] - E[1T3]
velU
(4.28), (4.30), (4.26)
> (o + 1)eoPT(9 — 20/3).

By letting € be small enough, we can assume that 20e/3 < 1 and get

E[|O|] > 8(a + 1)coPT,

which completes the proof of Lemma 4.5.7. This completes all the components needed
within the proof of Lemma 4.5.3 which as discussed at the start of the section, implies

the needed bound on the expected size of the matching returned.

4.5.4 Lemma 4.3.8 Property 2: Matching Probabilities

In this section, we prove that algorithm FindMatching,(C) satisfies property 2 of
Lemma 4.3.8 that for each vertex v, Pr[X,] < max{c, — ?,0}. Recall that X,,, as de-
fined in Lemma 4.3.8, is the indicator of the event that v is matched in FindMatching,(C),
and the probability is taken over both the realization C and the randomization of al-
gorithm FindMatching, (C).

Let us use X,, to denote the event that vertex v gets matched in matching
FindMatching,.(C). It holds that X,; = X,. Therefore, it suffices to show that

Pr[X,,] < max{c, — % 0}. We will, however, prove a stronger claim:

Claim 4.5.10. For every integer v and for every vertex v, it holds that Pr[X,,] <
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max{c, — €2, 0}.

We prove this by indiction on r. For the base case r = 0, the algorithm
FindMatching,(C) returns an empty matching (). Therefore Pr[X,o] = 0 for all ver-
tices v, clearly satisfying the claim. For the induction step, fix any vertex v. We
suppose that Pr[X,, ;] < max{c, — &% 0} and prove that it continues to hold that

Pr[X,,] < max{c, — ?,0}. We start with a definition.

Definition 4.5.11. Define p, to be the fraction of matchings My, ..., M, in which v is

matched and define p., similarly with respect to matchings M\, ..., M. . More precisely,

{i: v e V(M)} . Hizoe VMDY

v 1= , d =
P a+1 w Po a+1

Observation 4.5.12. E[p,| = Pr[X,,_1] and E[p)] = Pr[X,,].

Proof. For any i € {0,...,a}, we have Prjv € V(M,;)] = Pr[X,,_4]| since M; =
FindMatching,_,(C;) and C; is picked from the same distribution that the actual re-

alization C is picked from. Thus:

E[py] . o) |:qu0 ]l(l) € V(Mz))

p— ]:ailzpr[vewMi)]

1 o
= Pr(X,,_1] = Pr[X, 1.
a+1; r , 1] r| ; 1

For the second equality, first observe that since M| is the matching returned by
FindMatching,.(C), then X, , is by definition exactly the event that v € V(M}) and thus

Pr(X,,] = Pr[v € V(M;)]. Moreover, due to symmetry of the algorithm in constructing

162



Mg, ..., M/, it holds for any i € [ that Prjv € V(M])] = Prjv € V(M])] = Pr[X,,].

Therefore, we get:

~ o l(ve V(M) I
El) ] =FE szo i _ P M!
) —E[ =il S T Pl € V)
1 [e%
= Pr|X,,] = Pr|X,,],
w1 2 Piler] = PrlXe
concluding the proof. O

In algorithm FindMatching,.(C), we mark v as either saturated or unsaturated de-
pending on the value of 7, ,_1. Note from definition of 7, ,_; that v, ,_1 = Pr[X, ,_1].
Therefore, v is marked as saturated if Pr[X,, 1] > ¢, — 2¢? and unsaturated if

Pr(X,,_1] <c¢, — 2e2. We consider the two cases individually.

If v is saturated. In this case, by definition of graph H, vertex v cannot start or end
any augmenting-hyperwalk with a corresponding vertex in H (and for that matter in
I). By definition of augmenting-hyperwalks, for all vertices (except the endpoints of the
walk) applying the hyperwalk does not change the number of matchings in which the
vertex is part of. Therefore, if v is saturated, p, = p) and thus Pr[X, ,] = Pr[X,,_;] <

max{c, — 2,0} where the latter inequality comes from the induction’s hypothesis.

If v is unsaturated. Note that in graph H by definition we have edges between
any pair of augmenting-hyperwalks that share a vertex in the graph. Therefore, the
independent set I of H can include at most one augmenting-hyperwalk W that includes
vertex v. If v is not an end-point of W, then as in the case above, we get p, = p..

However, if v is an end-point of W, then by definition of augmenting-hyperwalks, there
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will be one (and only one) i where v € V/(M/) and v ¢ V' (M;). In this case, we get that

v e V(M v e V(M) +1 1 o=t/er-
p;:|{l v ( z)}|:|{Z v ( )}‘ =Py + —— < pv+€2.
a+1 a+1 a+1

Since in this case, we had p, < ¢, — 2¢2, we get p), < ¢, — 2e% + &% = ¢, — 2. Therefore
the induction’s hypothesis still holds that Pr[X,,] < max{c, — €% 0}, completing the

proof of Claim 4.5.10.

4.5.5 Lemma 4.3.8 Property 4: Matching Independence

In this section, we prove that algorithm FindMatching,(C) satisfies property 4
of Lemma 4.3.8. That is, for every subset I = {vy,...,v;} of the vertices such that
do(vi,v;) > A for all v;,v; € I, random variables X, , ..., X,, are independent. Recall
that X, for a vertex v is the indicator of the event that v is matched in the matching
returned by FindMatching,(C). We also, again, emphasize that this “independence” is
with regards to the randomization of realization C of C' on which Z is constructed, and
the randomization of algorithm FindMatching,(C) itself.

In Section 4.5.1 we gave an overview of how we can argue about such independence
via an implementation of the algorithm in the LOCAL model of computation. Here we

give this implementation.

Initialization. = The communication network is graph C. Each node v is initially
given the following information: Its incident edges in C' and how they are realized, the
maximum degree Aq of graph C, parameter €, and the value of ¢,. Note that to gather

information about realization of edges further away, the nodes need to communicate.
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Also note that even though the value of ¢, may reveal some information about graph
G (or C), it crucially reveals no information about the realization C of C, or other
sources of randomization used by the algorithm. Thus, property 4 can still be satisfied

if we manage to show the algorithm can be implemented in few rounds.

The ApproximateMIS(H,¢) algorithm.  We start by mentioning that subroutine
ApproximateMIS(H, ) already has an efficient LOCAL implementation whose round-
complexity depends only on the maximum degree of H and &, without essentially any
dependence on the number of nodes in H. Any implementation with such round-
complexity can be used in our case. For instance, we use one implied in [27] (see

Appendix 4.8 for details):

Lemma 4.5.13 ([27]). Given a graph H of max degree A and any parameter €, there
is a LOCAL algorithm ApproximateMIS(H,¢€) that returns an independent set I of H
in O(log %) rounds such that the expected size of I is at least (1 — €) fraction of some

mazimal independent set of H.
We give a LOCAL implementation of Algorithm 2 which proves the following:

Claim 4.5.14. For any r > 0, algorithm FindMatching,.(-) can be implemented in

O(re~*log A¢) rounds of LOCAL.

Proof. We prove the claim by induction on r. For the base case, observe that algorithm
FindMatching,(-) can be implemented in 0 rounds since the output is always the empty
matching. We assume that algorithm FindMatching,_,(-) can be implemented in §(r —

1)e~*log A¢ rounds where 3 > 1 is a sufficiently large absolute constant that we fix
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later, and prove that FindMatching,.(-) can be implemented in Sre~*log A¢ rounds.

Step 1. First, the algorithm draws « realizations Cy,...,C,. Since information
about realization of edges is stored locally on their incident vertices, we can easily
generate these random realizations in O(1) rounds. After that, on each graph C; for
i € {0,...,a}, we recursively run the (8(r — 1)e~*log A¢)-round implementation of
FindMatching,_,(C;). Note that all of these can run in parallel. The overall round-
complexity of this step, is thus B(r — 1)e 4 log Ac + O(1).

Step 2. Next, we need to compute v, ,_; for each vertex v, which recall is the
probability that v is matched in FindMatching, _;(C’) where C’ is a random realization of
C'. The crucial observation here is that since FindMatching,._,(-) can, by the induction
hypothesis, be implemented within only B(r — 1)e™*log A rounds, v, ,_1 is merely a
function of the topology induced in the (8(r — 1)e~*log A¢)-hop of v. We first gather
this neighborhood of v, which can be done in (3(r—1)e~*log A¢) rounds, then compute
Yor—1. We note that this gathering part can be done in parallel to the operations of
Step 1. Therefore, overall, Steps 1 and 2 take (8(r — 1)e~*log Ac + O(1)) rounds.
Having v, ,—1 for each vertex v, we can then determine for each vertex whether it is
saturated or unsaturated since we are given the value of ¢, in the initialization step.

Step 3. The next step is constructing graph H. In graph H, each vertex corre-
sponds to a walk of size at most 2/¢ in C'. Therefore, each vertex in C' can first gather
all such walks around it in O(1/¢) rounds, and then determine which one of them are
augmenting-hyperwalks satisfying the required properties to be considered as a node
of H. Determining the edges of H can also be done locally; once we construct the

vertices, there will be an edge between any two walks that share a vertex. Therefore,
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overall, graph H can be constructed in O(1/e) rounds.

Step 4. After constructing H, in this step, we run the LOCAL implementation
of ApproximateMIS(H, ¢) mentioned in Lemma 4.5.13 on graph H. We emphasize that
our communication network here is graph C, not H. However, any message between
two nodes of H can be sent over network C' within O(1/¢) rounds. This is because
any two incident nodes of H, are walks of size at most O(1/¢) in C' that share at least
a vertex. The overall running time of this procedure is thus O(% x log ATH) We note
that Ay = O(e™'((a + 1)A¢)¥#). To see this, fix any walk w with a corresponding
node in H. This walk has at most 2/ nodes in C'. Now each node in C' is incident
to O(((a+1)A¢)??) hyperwalks: There are O((A¢)?/?) walks of size < 2/e branching
out of each of the nodes, and each edge of the walk can take on a + 1 labels from
{0, ..., a} to be transformed to a hyperwalk. Therefore, overall the number of rounds

required for this part of the algorithm is

where the last equality comes from the fact that o = poly(e™1).
Step 5. Finally, applying the augmenting-hyperwalks chosen in [ is simple and
can be done in O(1/e) rounds since these walks are of size < 2/e.

Round-complexity. Let 35 be a sufficiently large constant by multiplying which
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we can surpass the O-notations. We get

# of rounds < B(r — 1)e *log Ac + Bo + P2(1/€) + Ba(e *log Ag) + Ba(1/€)
 ——— —————— S —

~
Steps 1 and 2 Step 3 Step 4 Step 5

< B(r—1)e *log Ac 4 465 (s *log Ac)

— (6(7‘ —-1)+ 4B2>5_4 log Ac.

Since (5 is an absolute constant that does not depend on 3, we can set S to be large

enough with respect to it. Setting 8 = 405 is sufficient since

(5(7” -1+ 4ﬁ2)874 log A¢ = Bre *log Ac.

This concludes the proof of the induction step, and consequently the proof of Claim 4.5.14.

O

We showed in Claim 4.5.14 that algorithm FindMatching,(C), for any r, can
be implemented within O(re~*log A¢) rounds of LOCAL. Our final algorithm for
Lemma 4.3.8 is FindMatching,(C) where we set ¢t = 1/£°. Thus, the output of each ver-
tex can be determined within A = O(¢~ " log A¢) rounds. This, as described, proves
property 4 of Lemma 4.3.8 since A = ¢ *log A¢ is larger than \'/2 given that ¢ is
small enough to surpass the hidden constants in the O-notation. (Recall that we can

assume ¢ is smaller than any needed constant.)
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4.6 Concentration of the Maximum Realized Matching’s Size

In this section, we prove that random variable p(G), i.e. the size of the maximum
realized matching of G, is highly concentrated around its mean E[u(G)] = OPT. A simi-
lar concentration bound was previously proved also in the works of [3, 16]. Nonetheless,

we provide the full proof in this section for the sake of self-containment.

Lemma 4.6.1. For every 0 < t < opT, Pr[|u(G) — opT| > t] < exp(—ﬁ) <
t2
eXp<_3OPT>'

Corollary 4.6.2. Let QQ be a subgraph of G obtained via a deterministic algorithm

and suppose that opT = w(l). If E[u(Q)]/E[u(G)] > « then with high probability

w(Q)/u(G) = (1 = o(1))ar.

Proof. Lemma 4.6.1 implies that w.h.p. p(Q) = (1 £ 0(1))E[u(Q)] and pu(G) = (1 +

o())E[u(G)].  Therefore, wh.p. u(Q)/u(G) = (1 + o(1))E[u(Q)/E[u(G)] = (1 -

o(1))a. O

We note that our construction of subgraph ) in Algorithm 2 is randomized,
thus the corollary above cannot be used as a black-box to imply a high probability
bound. However, we remark that a similar proof to that of Lemma 4.6.1 which we give
below, proves 1(Q) in our algorithm is concentrated around its mean even considering
the randomization of Algorithm 2. Therefore, our algorithm also guarantees a high
probability bound for the approximation-factor.

In order to prove this lemma, we use the concentration of “self-bounding” func-

tions. See Sections 3.3 and 6.7 of book [19] by Boucheron, Lugosi and Massart for a
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thorough discussion on this concentration inequality and its proof.

Definition 4.6.3 ([19, Section 6.7]). A function f: X™ — R is “self-bounding” if for
every i € [m] there is a function f; : X™ ' — R such that for all x = (z1,...,2T,) €

Xm

)

1. 0 < f(x) — fi(z®) <1 for all i € [m], and

2. 3" (f(x) = fi(2D)) < fla),
where £ = (11, ... 21, Tig1, ..., Tp).

Lemma 4.6.4 ([19, Theorem 6.12]). If Xy,..., X,, are independent random variables
taking values in X and Z = f(Xy, ..., X;) is self-bounding, then for every 0 <t <EZ,

t2
Prl|Z —EZ| > t] < "),
dl |2 ]—eXp< 2EZ+2t/3)

Having this inequality, Lemma 4.6.1 follows as follows.

Proof of Lemma 4.6.1. Let X, for each edge e in graph G be the indicator of the event
that e is realized. We can use vector X = (X,,,..., X,, ) to represent a realization of
G where ey, ..., e, are all edges in G. With a slight abuse of notation, we use p(X)
to denote the size of the maximum matching in realization X. We first prove that

function p(X) is self-bounding. For each i € [m], define

pi(XY) = p(Xe,, o, Xe, ), 0,X L Xe,).

€it17 " "

In words, z;(X ) is the maximum matching size in realization X if we regard edge e;
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as unrealized. We need to show that the two conditions of Definition 4.6.3 hold. First,

we have to show that

0 < p(X)—p(XD)<1 for all i € [m] and all realizations X.

Observe that removing a realized edge cannot increase the maximum realized matching
size, thus clearly u(X) — u(X®) > 0. Moreover, removing each edge decreases the
maximum matching size by at most 1. Thus p(X) — u(X®) < 1 proving the first

condition. For the second condition, we have to show that

To see this, fix a maximum realized matching M in realization X. For any edge e;
outside this matching, we have p(X) — p;(X®) = 0. For the rest, as discussed above
1(X) = pi(X@) < 1. Therefore indeed Y7, (u(X) — (X D)) < [M| = p(X).

We proved that p(X) is self-bounding. Since the edges are realized independently,

we can plug this into Lemma 4.6.4 and immediately obtain Lemma 4.6.1. O]

4.7 On Generality of Assumption 4.3.1

In this section, we prove that Assumption 4.3.1 comes without loss of generality.
Precisely, we show that solving the problem for any input graph G can be reduced to
solving it for a graph H with O(0opT/¢) vertices and E[u(#H)] > (1 — €)OPT where H

is a realization H. To do this, we use a “vertex sparsification” idea of Assadi et al. [5].

171



Our reduction is slightly different since we do not want parallel edges in the graph, but
the main idea is essentially the same. It is also worth noting that for the reduction to
work, it is crucial that our algorithm works for different edge realization probabilities.
We provide the full proof for completeness.

We note that throughout the proof we may assume that OPT is larger than

constant 3% and remark that the problem otherwise is trivial.

Construction of H from G.  We construct graph H = (U, F) as follows. For

k= SOEPT, define k buckets U = {uy, ..., u;}. Each of these buckets u; will correspond
to anode in H. Assign each vertex v of graph G to a bucket b(v) € {uy, ..., ux} picked
independently and uniformly at random. Then for any edge {vy,vo} in graph G, we
add an edge {b(v1),b(v2)} to F. Finally, we turn H into a simple graph by removing
self-loops and merging parallel edges.

Now we need to set the realization probability p. of every edge e € F' as well.

For any e € F, let us denote by E(e) the set of edges in the original graph G that are

mapped to e. We set

DPe = 1— H (1_pe’)'

e’'cE(e)
We note that p, is defined such that it precisely equals to the probability that at least

one edge in E(e) is realized.

Claim 4.7.1. Fiz any matching M in G satisfying |M| < 20pT. Then E[u(H)] >
(1 —¢)|M| where the expectation is taken over the randomization of the algorithm in

constructing H .
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Proof. Let V(M) be the vertex-set of matching M in graph G and define

X ={veV(M)|IueV(M)st. v+#uandbv) =0b(u)},

which is the set of vertices in V(M) whose bucket is not unique with regards to others
in V(M).

We first claim that u(H) > |[M| — |X|. Call an edge {u,v} € M good if u ¢ X,
v € X, and bad otherwise. Each bad edge has at least one endpoint in X, thus there are
at least |M|—|X| good edges in M. One can easily confirm that the set of corresponding
edges of all good edges in M forms a matching in H. Thus u(H) > |M| — | X].

To conclude, we prove that E[|X|] < e|M| which proves E[u(H)] > |M|—¢c|M| =
(1 —¢)|M]|. To see why E[|X|] < ¢|M]|, fix any vertex v € V(M) and suppose that we
have adversarially fixed the bucket b(u) of all other vertices u € V' (M). Since the bucket
of v is picked uniformly at random from 100PT/e buckets and |V (M)| < 2|M| < 40PT,
the probability of v choosing a bucket already chosen by another vertex in V(M) would

be < 2T < ¢/2. By linearity of expectation over 2|M| vertices in V (M), we get

8opT/e

E[|X|] < e|M]|, concluding the proof. O

Claim 4.7.2. It holds that E[u(H)] > (1 —3¢)opT. Here the expectation is taken over
both the randomization in construction of H and the randomization in realization H of

H.

Proof. We first map each realization G of G to a realization H of H. To do so, we say

an edge e € F' is realized in H if and only if at least one edge ¢/ € E(e) is realized
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in G. We argue that this mapping preserves independence of edge realizations in H
and their realization probabilities. First, since for any two edges e;,e; € F' it holds
that E(e;) N E(ez) = 0, realization of an edge e € F gives no information regarding
realization of other edges. Moreover, observe that each edge e € F will be precisely
realized with probability p. as discussed above in defining p,.

Let M be the maximum realized matching of G. By Lemma 4.6.1, Pr[||M| —

(eopPT)?
30PT

OPT| > £0PT] < exp(— ) = exp(—a%%) < ¢ where the last inequality follows
from assumption OPT > 3¢73. This means that with probability at least 1 — ¢, | M| €
(1 —¢)oprT, (1 + e)opPT]. Let us suppose that this event holds and denote it by A.
Note that event A is only with regards to realization of G' and reveals no information
about the algorithm to construct H. Now plugging matching M into Claim 4.7.1, we
get that E[u(H) | A] > (1 —¢)|M| > (1 —¢)(1 —e)opT > (1 — 2¢)OPT. Incorporating

also the probability that event A holds, which as described is at least 1 — e, we get

E[u(H)] > (1 —€)(1 = 2¢e)opT > (1 — 3¢)OPT, concluding the proof. O

The reduction. We are now ready to give the full reduction. Suppose we are
given n-vertex graph G with opT = E[u(G)] and assume that opT < 0.1en (otherwise
Assumption 4.3.1 holds). We first construct graph H as described. Note that H has
at most n' = %% nodes by the construction and that E[u(#)] > (1 — 3¢)OPT by
Claim 4.7.2. Replacing orT with en’/8, we get E[u(H)] > (1 — 35)%"/. Assuming
e < 0.05 (recall that we can assume ¢ to be smaller than any needed constant), this
implies E[;(H)] > 2= and thus Assumption 4.3.1 holds for graph H.

Let @ be the result of running Algorithm 2 on graph H. Since Assumption 4.3.1
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holds for H, it leads to a (1 — €)-approximation. That is, we get E[u(Q)] > (1 —
Q(e))E[u(H)]. We use this subgraph @ to pick a bounded-degree subgraph @’ of G that
provides a (1—&)-approximation: For each edge ¢ € Q, let us pickmin{p~'loge™!, |E(e)|}
arbitrary edges from E(e) and put them in ('. We argue that this subgraph @ has

maximum degree O, ,(1) and that E[u(Q)] > (1 — Q(¢e))oPT.

Claim 4.7.3. Q) has mazimum degree O, ,(1).

Proof. Observe that an edge €' incident to a vertex v € V is in ) only if its corre-
sponding edge e in graph H is in (). Since e corresponds to €/, it should be incident to
b(v) of v by the construction of H. Moreover, since b(v) has maximum degree O, ,(1)
in @ and that for each edge incident to b(v) in @Q, we put at most O(p~!loge™1) edges
in @', the degree of v in @’ is bounded by O, ,(1) x O(p~'loge™) = O, ,(1). This

bounds the maximum degree of Q) by O ,(1). O
Claim 4.7.4. E[u(Q")] > (1 — Q(e))opT.

Proof. For any edge e € @, define p,, to be the probability that at least one of the
edges in G picked for e is realized. We first argue that p, > (1 — €)p.. To see this,
note that if |E(e)| < p~'loge™, then all the edges in E(e) will be picked. Thus by

1

definition of p. we have p, = p.. On the other hand, if |E(e)| > p~'loge™!, we pick

exactly p~!loge~! edges for e. Since each of these edges has realization probability at

least p, the probability that at least one of them is realized is at least

1—(1—p) o >1—c>(1—e)p..
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Now let M be any matching in (). For each edge e € M, choose one arbitrary
edge in E(e). From the construction of H from G, one can confirm that the set of
these chosen edges will form a matching of size |M| in G. This concludes the proof:
For each edge e € @, there is a probability at least (1 — ¢)p, that one picked edge
in Q" is realized, thus E[u(Q")] > (1 — ¢)E[u(Q)]. As it was previously shown that

E[pn(Q)] > (1 — Q(e))orT, we conclude that E[u(Q’)] > (1 — Q(e))OPT. O

4.8 Approximate MIS

In this section we describe how Lemma 4.5.13 can be derived as a corollary of
the algorithm of [27]. Theorem 1.1 of [27] gives a randomized LOCAL independent-set
(IS) algorithm which guarantees that for each node v, the probability that v “has not
made its decision” after O(log deg(v) + log %) rounds is at most d. The decision of v is
finalized if it is in the IS or it has a neighbor that is in the IS (implying that v cannot
be in the IS).

To achieve Lemma 4.5.13 we set § = 5x. Let I denote the independent set

returned by the algorithm after O(logdeg(v) + log %) = O(log %) rounds and let U

and D respectively denote the set of undecided and decided vertices. We have

E[|U]] = E[Z I(v is undecided)} = ZPr[v is undecided] < Z _1(;€A = _15An’

v

and thus E[| D[] = n—E[|U[] > (1—5z)n > 0.9n. There is at least one IS node among

E[|D]]
A+1

the at most A + 1 inclusive neighbors of any decided vertex; thus E[|/]] >

v

o > B8 — 0.45%. On the other hand, let I’ be the MIS obtained by greedily adding
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the undecided nodes to I until they form an MIS. We have |I'| < |I|+ |U|. Therefore,

we indeed get that

E[7] _ _ E[I] 0.452 0.452 0.45

> =
E(|I']] ~ E[[I]] +E[JU]] = 0452 + &xn (045 +0.1e)% ~ 0.45+0.1¢

>1—c¢,

concluding the proof.

4.9 Deferred Proofs

Proof of Lemma 4.3.5. Let to = (ep)®® and for any ¢ > 1 let ¢; = f(¢;,_1). Note that
to > t; >ty > ... by the assumption of the lemma that 0 < f(z) < z for all0 < z < 1.
For any ¢ > 1 define ¢; = ) . Brqee(tite 1) de and let j be the smallest number where
¢; < eoPT. We will soon prove existence of such j and also prove that j = O(1/¢). We
claim that setting 7, = ¢, and 7_ = t; satisfies the conditions of the lemma.
Condition (1): This condition holds trivially since 7— =t; = f(t;_1) = f(74).
Condition (2): Let us define X := {e | 7 < ¢. < 74 }. Recall that crucial and
non-crucial edges are defined based on 7, and 7_. That is, an edge e is crucial (i.e.
e € C) if g > 74, and is non-crucial (i.e. e € N) if ¢ < 7. This implies that the

remaining edges that are neither crucial nor non-crucial belong to X. Therefore,

OPT = q(E) = q(C) + q(N) + q(X).

To obtain ¢(N)+¢(C) > (1—¢)oPT it thus suffices to show ¢(X) < eopT. Noting that

7. = t;—; and 7_ = t; and also noting the definition of ¢; above, we get ¢(X) < g;.
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Recall that we chose j such that ¢; < eOPT. Therefore we indeed get that ¢(X) < c0oPT.

Condition (3): We defined t, = (ep)® and recursively defined ¢; = f(t;_1).
Since f(-) is only a function of its input, we get via a simple induction that both ¢,
and ¢;_; are also functions of only € and p. (Recall that j = O(1/¢).)

Condition (4): We defined ¢, = (¢p)®® and recall that we showed ty > t; > t5 >
...; this implies clearly that 7 = t;_1 < (ep)™.

Existence of j. It only remains to prove that there exists a choice of j satisfying
¢; < €OPT and that this j is not too large. Precisely, we show that j = O(1/¢). Since
intervals (¢, to], (t2, t1], (t3, 2], . .. are disjoint, it holds that for each edge e there is at
most one ¢ for which g, € (t;,t,-1]. This means that > %, ¢; < > .5 ¢e = OPT. It thus

has to hold that j < [1/e] + 1 or otherwise

j—1 [1/e]+1

Z%‘ > Z eOPT = ([1/e] + 1)eOPT > OPT

i=1 i=1
contradicting the previous statement. This concludes the proof of the lemma. O]

Proof of Claim /./.2. We prove parts 1-3 one by one.

Part 1. The upper bound E[f.] < ¢. is simple to prove. Consider random variable

f! =t./R and note that f > f.. We have

E[f!] = E{t—e} = %E[te] = %(Z Prle € MM(Qi)]) = %(R X Prle € MM(G1)]) = ge.

Since f. < f, we get E[f.] < E[f!] = ge, concluding the proof of part 1.

Part 2. Next we turn to prove the lower bound E[f.] > (1 — ¢)g.. Let X; be the
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indicator random variable for e € MM(G;). We have t, = X; + ... + Xg, E[X}] = ¢,
and E[t.] = Rq.. Note also that the X;’s are independent since graphs Gy, ...,Gg are
drawn independently. Therefore, Var[t,] = 3.5, Var[X;] = R(q. — ¢2).

Noting that R = 0.5/7_ and that g. < 7_ since e is non-crucial, we get Rq, < 1.
This means that if t, > a + 1, then |t, — Rg.| > a; which implies Pr[t. > a + 1] <
Pr[|t. — Rq.| > a]. Therefore by setting a = \/R_/g and also using Chebyshev’s

inequality, we get

Prt. > /R/e +1] < Pr|lte — Elt]| > V/R/E]
o Varlt] _ R(g —q2)

\/R/8 (VR/e)?

=e(qe — ¢%) < eqe. (4.31)

Finally, we have

<[] vl = el 7= v ol vl el vl

-~
—E[fe] <1 since by definition, t. < R.

Rearranging the terms and replacing the bounds specified, we get

te> 1 ]
vVeR
431

E[f] > EE—Z] _Pr
—R[t. [t >R /s+1} > }%que—eqez(l—e)qe,

1

concluding the proof of part 2.

Part 3. Note that f. < t./R by definition. Thus, we have > _ f. <> _ t./R =

R7'3Y",., te. Since each MM(G;) includes at most one incident edge of v for being a
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matching, it holds that > _ t. < R, thus indeed Y . f. < R7'R=1.

esdv esv

Part 4. Let X; be the event that v is matched in MM(G;) via a non-crucial edge and
define X := Zil X;. Furthermore, define for each edge e,
ke if e is non-crucial,

0, otherwise.

Note that f is very similar to the value of f. except for the case where t./R > 1/veR.
In this case, f. = 0 but f! remains to be the ratio t./R. This implies that f. > f..
Now let f; =>".., fi. Since f. < f! for all edges, we have f, < f;. Therefore, instead
of proving Pr[f, > n, + 0.1¢] < (ep)'?, it suffices to prove Pr[f! > n, + 0.1¢] < (ep)'°.

It holds from the definition that

1 1
== Y te=7 % (X1 +...+ Xp) = X/R.

fo= Z =

e:e€EN,v€e e:e€EN,v€e

i=e]

Replacing this into Pr[f! > n, + 0.1¢] < (ep)'°, we thus have to prove

Pr[X/R > n, +0.1¢] < (ep)",

or equivalently:

Pr[X > Rn, + 0.1Re] < (ep)™°.

To prove this we use a concentration bound on X. Note that the X;’s are independent

since graphs Gy, ..., Gg are drawn independently. Moreover, for each i € [R], we have
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E[X;] = n, since recall X; = 1 iff v is matched via a non-crucial edge in MM(G;)

and this has probability > = n,. Thus E[X] = Rn,. While we can use

e:e€eN,v€e e

Chernoft’s bound here since all X;’s are independent, even the second-moment method

is enough for our desired inequality. The variance of X can be bounded as follows:

Var[X] = ZVar[Xi} = E[X?] - E[X;]” = R(n, — n}).

=1

By Chebyshev’s inequality, we get

v v

(0.1Re)2 Re? ~ Re?

— 2 1 o 2 1
Pr(X > Rn, +0.1Re] < 20 = 1) _ 10000, —m,) _ 100

Since R =1/27_ and 7_ < (ep)®® by Corrolary 4.3.6, we get

100 200(ep)®
- (ep)

10
Pr(X > Rn, + Re] < R = < (ep)™,

which as described above concludes the proof. O

Proof of Observation 4.5.2. First note that realizations Cy,...,C, are all drawn pre-

cisely from the same distribution that realization C = Cj is drawn from. Thus due to
symmetry, matchings My, ..., M, are all derived from the same distribution. Match-
ings M{,..., M. are then the result of applying the augmenting-hyperwalks / found
by ApproximateMIS(H, ¢) on graph H. Construction of graph H is symmetrical w.r.t.

matchings My, ..., M,. The only remaining component of the algorithm where this

symmetry may break is in algorithm ApproximateMIS(H,¢) that may be biased to-
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wards picking augmenting-hyperwalks depending on which matching M, they would
augment. This can be avoided by using an algorithm for ApproximateMIS(H, <) that
is oblivious to the indices of matchings M,, ..., M, used to construct graph H. That
is, suppose e.g. that we pick the ID of nodes in H randomly before feeding it into
ApproximateMIS(H,e). This guarantees that the obtained matchings M, ..., M} will

all have the same distribution due to their symmetry. O]
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Chapter 5: Stochastic Weighted Matching

In this chapter, we study the stochastic weighted matching problem, the weighted
version of the stochastic matching problem discussed in the previous chapter. The
problem is defined as follows: An arbitrary n-vertex graph G = (V, E) with edge
weights w : E — R is given. A random subgraph G of G, called the realization, is
then drawn by retaining each edge e € E independently with some fixed probability
p € (0,1]. The goal is to choose a subgraph @ of G without knowing the realization G

such that:

1. The maximum weight matching (MWM) among the realized edges of @ (i.e.
graph Q N G) approximates in expectation the MWM of the whole realization G.
Formally, we want the “approximation factor” E[u(Q N G)]/E[u(G)] to be large

where p(-) denotes the MWM’s weight.

2. The subgraph ) has maximum degree O(1). The constant here can (and in fact
must) depend on p, but cannot depend on the structure of G such as the number

of nodes or edge-weights.

Observe that by setting () = G we get an optimal solution, but the second constraint
would be violated as the maximum degree in G could be very large. On the other hand,
if we choose @) to be a single maximum weight matching of GG, the maximum degree
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in ) would desirably be only one, but it is not possible to guarantee anything better
than a p-approximation for this algorithm'. The stochastic matching problem therefore
essentially asks whether it is possible to interpolate between these two extremes and

pick a subgraph that is both sparse and provides a good approximation.

Applications. As its most straightforward application, the stochastic matching prob-
lem can be used as a matching sparsifier that approximately preserves the maximum
(weight) matching under random edge failures [4]. It also has various applications in
e.g. kidney exchange (see [18] for an extensive discussion) and online labor markets
[11, 12]. For these applications, one is only given the base graph G but is tasked to find
a matching in the realized subgraph G. To do so, an algorithm can query each edge of G
to see whether it is realized. Each of these queries typically maps to a time-consuming
operation such as interviewing a candidate and thus few queries must be conducted.
To do so, one can (non-adaptively) query only the O(n) edges of @ and still expect
to find an approximate MWM in the whole realization G which note may have Q(n?)

edges.

Known bounds. Both the weighted and unweighted variants of this problem have
been studied extensively [4, 5, 6, 9, 10, 11, 12, 17, 41] since the pioneering work of
Blum et al. [17]. As discussed in the previous chapter, after a series of works on the
unweighted version of the problem, we show that the approximation factor can be
made (1 — ¢) for any constant € > 0 [10]. However, all these works rely heavily on the

underlying graph being unweighted.

ITo see this, let G be a clique with unit weights. It is easy to prove that a realization of G has
a near-perfect matching with high probability, whereas only p fraction of the edges in the matching
that forms @) are realized.
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For the weighted case, in contrast, all known results remain close to a half ap-
proximation. The first result of this kind was proved by [41] who showed that by
allowing ()’s maximum degree to depend on the maximum weight W, one can obtain a
0.5-approximation. It was later proved in [12] through a different analysis of the same
construction that dependence on W is not necessary to achieve a 0.5-approximation.
Subsequently, the approximation factor was slightly improved to 0.501 using a different

construction [11].

Our contribution. The main result of this chapter is as follows:

Theorem 6. For any weighted graph G, any p € (0,1], and any € > 0, there is a
subgraph Q of G with mazimum degree O, ,(1) that achieves a (1 —¢)-approzimation

for the stochastic weighted matching problem.

Not only Theorem 6 is the first result showing that a significantly better than
0.5-approximation is achievable for weighted graphs, but it essentially settles the ap-
proximation ratio. The remark below shows also that the dependence of the maximum

degree of () on both ¢ and p is necessary:

Remark 5.0.1. For any ¢ > 0, any (1 — &)-approzimate subgraph Q@ must have maz-

imum degree Q(%)

even when G is a unit-weight clique [5]. This also implies that

the approzimation ratio cannot be made (1 — o(1)) unless Q has w(1) degree.

For simplicity of presentation, we do not calculate the precise dependence of
the maximum degree of @) on ¢ and p. Though we remark that the O.,(1) term

in Theorem 6 hides an exponential dependence on € and p. We leave it as an open
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problem to determine whether a poly(a—lp) degree subgraph can also achieve a (1 — ¢)-

approximation.

5.1 Technical Overview and the Challenge with Weighted Graphs

In the literature of the stochastic matching problem, the subgraph @ typically
has a very simple construction and much of the effort is concentrated on analyzing
its approximation factor. A good starting point is the following Sampling algorithm
proposed in [11]:* For some parameter R = O, ,(1), draw R independent realizations
Gi,...,Gg of G and let Q < MM(G;) U ... U MM(Gg) where here MM(-) returns a
maximum weight matching. It is clear that the maximum degree of @) is R = O, (1),
but what approximation does it guarantee? Clearly E[u(G;)] = E[u(G)] since each G;
is drawn from the same distribution as G. However, observe that only p fraction of
the edges of each matching MM(G;) in expectation appear in the actual realization
G. Hence, the challenge in the analysis is to show that the realized edges of these
matchings can augment each other to construct a matching whose weight approximates
opT := E[u(G)].

Since the weighted stochastic matching problem is a generalization of the un-
weighted version, all the challenges that occur for the unweighted variant carry over
to the weighted case. Of key importance, is the so called “Ruzsa-Szemerédi barrier”
which was first observed by [5] toward achieving a (1 —¢)-approximation. As discussed

in the previous chapter, we break this barrier for unweighted graphs using a notion of

2 As we will soon discuss, we do not analyze just the Sampling algorithm in this work, and combine
it with a Greedy algorithm stated formally as Algorithm 1.
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“vertex independent matchings”. To overcome this challenge for weighted graphs, in
this chapter we generalize this notion to weighted graphs. Below we will discuss two

challenges specific to weighted graphs and how we overcome them.

Challenge 1: Low-probability /high-weight edges. The analysis of the Sampling
algorithm for unweighted graphs typically relies on a partitioning of the edge-set E
into “crucial” and “non-crucial” edges (Similar to what we had in Chapter 4). Define
¢e = Prlfe € MM(G)] and let 7 = 7(e,p) < p be a sufficiently small threshold; an edge

e is called “crucial” if g. > 7 and “non-crucial” if ¢. < 7. Observe that if we draw

log1/e
T

say R = = O ,(1) realizations in the Sampling algorithm, then nearly all crucial
edges appear in at least one of MM(G;), ..., MM(Gg) and thus belong to (). On the
other hand, non-crucial edges can be used very much interchangeably, at least when
the graph is unweighted.

For weighted graphs there is a third class of edges: Edges e with a small proba-
bility g. of appearing in MM(G) but a relatively large weight w.. On one hand, there
could be a super-constant number of these edges connected to each vertex, so we cannot
consider them crucial and add all of them to (). On the other hand, even “ignoring”
few edges of this type can significantly hurt the weight of the matching, so they can-
not be regarded as non-crucial. This is precisely the reason that the analysis of [11]
only guarantees a 0.501-approximation for weighted graphs but achieves up to 0.65-
approximation for unweighted graphs. (See [11, Section 6] and in particular Figure 4
of [11].)

We handle low-probability /high-weight edges in a novel way. Particularly, we
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complement the Sampling algorithm (stated as Algorithm 2) with a Greedy algorithm
(stated as Algorithm 1) which hand picks some of the low-probability high-weight
edges and adds them to ). Then in our analysis, any low-probability /high-weight
edge that is picked by the Greedy algorithm is treated as if they are crucial, while the
rest are regarded as non-crucial. Describing how the Greedy algorithm decides which
low-probability /high-weight edges to pick requires a number of careful definitions which
are out of the scope of this section. However, in a rough sense, it picks edges that would

be “ignored” in the analysis if we regarded them as non-crucial.

Challenge 2: Lack of the “sparsification lemma” for weighted graphs. Let
us for now suppose that graph G is unweighted. It is often useful to assume E[u(G)] =
Q(n) as for instance even by losing an additive en factor in the size of the matching
(say because a certain event fails around each vertex with probability €), we can still
guarantee a multiplicative (1 — O(e))-approximation. A “sparsification lemma” of
Assadi et al. [5] which was also used in a crucial way in Chapter 4 guarantees that this
assumption comes without loss of generality for unweighted graphs. This is achieved by
modifying the graph and ensuring that each vertex is matched with a large probability.

For weighted graphs, in contrast, the probability with which a vertex is matched is
not a useful indicator of the weight that it contributes to the matching. For this reason,
no equivalent of the sparsification lemma exists for weighted graphs. For another
evidence that the sparsification lemma is not useful for weighted graphs, observe that
by adding zero-weight edges we can assume w.l.o.g. that G is a clique. Therefore,

each vertex v already has a probability 1 — o(1) of being matched (but perhaps via a
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zero-weight edge) and thus the reduction of [5] does not help.

Due to lack of the sparsification lemma, it is not sufficient to simply bound the
probability of a “bad event” around each vertex by say ¢ when the graph is weighted.
Rather, it is important to analyze the actual expected loss to the weight conditioned
on that this bad event occurs. For this reason, our analysis turns out to be much
more involved than the unweighted case. This appears both in generalizing the vertex-
independent lemma (Section 5.4) to the weighted case, and in various other places in

the analysis (in particular Claims 5.3.12 and 5.3.18).

5.2 Basic Definitions and The Algorithm

5.2.1 General Notation

For any matching M, we use w(M) := > _,, we to denote the weight of M; and
use v € M for any vertex v to indicate that there is an edge incident to v that belongs
to M. We use u(H) to denote the weight of the maximum weight matching in graph
H. For any two vertices u and v, we use dg(u,v) to denote the size of the shortest
path between u and v in graph G (note that this is not their weighted distance). For
any event A, we use 1(A) as the indicator of the event, i.e. 1(A) = 1 if A occurs and

1(A) = 0 otherwise.

5.2.2 Basic Stochastic Matching Notation/Definitions

We use OPT to denote E[u(G)]. Note that OPT is just a number, the expected

weight of the maximum weight matching in the realization G. With this notation, to
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prove Theorem 6, we should prove that E[u(Q)] > (1 — e)opPT, where Q := QNG is
the realized subgraph of Q).

For any graph H, we use MM(H) to denote a maximum weight matching of H.
In case H has multiple maximum weight matchings, MM(H) returns an arbitrary one.
It would be useful to think of MM(-) as a deterministic maximum weight matching
algorithm that always returns the same matching for any specific input graph. Having

this, for each edge e define

¢e := Prgle € MM(G)] and Xe = We * Qe (5.1)

Observe that . is the expected weight that e contributes to matching MM(G). These

definitions also naturally extend to subsets of edges F' C E for which we denote

¢(F)=> g, and  x(F):=> x.

eclF ecF

Observation 5.2.1. x(E) = OPT.

Proof. By definition oPT = E[u(G)]. The proof therefore follows since:

E[u(G)] = Ew(MMG)] =E| 3 w.| =E| 3 1(e € MM(G)) - w,

eeMM(G) ecE

= Prle € MM(G)] - w,

eeE
:ZQe'we:ZXe:X(E)a
eckl ecl
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where the fourth equality follows simply from linearity of expectation. m

5.2.3 The Algorithm

In what follows we describe two different algorithms that each picks a subgraph
of graph GG. The final subgraph @) is the union of the two subgraphs picked by these
algorithms.

To state the first algorithm, let us first define function A : R x [0,1] — R as:

MA,g) := e (log A)(loglog A)°, (5.2)

where C' > 1 is a large enough absolute constants that we fix later. This perhaps
strange-looking function is defined in this way so that it satisfies the various equations
that we will need throughout the analysis. Having it, the first algorithm we use is as

follows:

Algorithm 3. GreedyAlgorithm(G = (V, E),p,¢)
1 P+ 0.

2 while ¢rue do

3 A + max{1, maximum degree in subgraph P}. // So in the first iteration,
A=1.

4 I, < {(u,v) € E\ P | qe > p%'0 - A=MA2)}

5 | lg<{(u,v) € E\P[dp(u,v) <A(A,e)}.

6 I—1;Ul,.

7 if x(I) > copT then
8 L P« PUI

9 else
10 L return P.

From now on, when we use A we refer to the final value assigned to it during
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Algorithm 1, which is equivalent to the maximum degree of P (unless P remains empty,

which in that case A = 1).

Remark 5.2.2. Algorithm 1 uses the value of q. which is not given a priori. Naively, it
can be computed for all edges by enumerating all possible realizations of G in exponential
time. However, it 1s not hard to see that we only need to check q. > T where T is a
constant dependent on € and p, hence a simple Monte Carlo algorithm can also find all

the edges in I, in polynomial time with high probability.

The second algorithm which was proposed first in [11] is very simple and natural:
Draw multiple random realizations and pick a maximum weight matching of each;

formally:

Algorithm 4. SamplingAlgorithm(G = (V, E), p, €)

1 R+ [p2e10AMAR)T,
2 foriinl...Rdo
3 L Draw a realization G; by retaining each edge e € F independently with

probability p.

4 return S := MM(G;) U...UMM(GR).

As mentioned earlier, the final subgraph () is the union of the outputs of Algo-
rithms 1 and 2. That is, Q = S U P. We first prove in this section that the algorithms
terminate and the resulting subgraph @) has O, ,(1) maximum degree. We then turn

to analyze the approximation-factor in the forthcoming sections.

Lemma 5.2.3. Algorithms 1 and 2 terminate and the subgraph ) has maximum degree

O.,(1).

Proof. Algorithm 1 has an unconditional while loop, but we argue that it will terminate
within at most 1/e iterations. To see this, consider the progress of x(P) after each
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iteration. Since none of the edges in I are in P due to its definition, in every iteration
that the condition x(I) > €oPT of Line 7 holds, the value of x(P) increases by at
least €OPT. On the other hand, since P C E and x(FE) = opT (Observation 5.2.1), we
have x(P) < opT. Hence, after at most 1/¢ iterations, the condition of Line 7 cannot
continue to hold and the algorithm returns P. Algorithm 2 also clearly terminates as
it simply runs a for loop finitely many times.

To bound the maximum degree of @ by O, ,(1) we show that it suffices to bound
the maximum degree A of P by O.,(1). To see this, first observe that if A = O, (1)
then also A(A, e) = O, (1) by definition of A. On the other hand, since S is simply the
union of R = O(p~2c 'Y AMA)) matchings, its maximum degree can also be bounded
by O(p~2e710AMA4)) = O, ,(1). Tt thus only remains to prove A = O, ,(1).

To bound A, let A; be the maximum degree of P by the end of iteration ¢ of
the while loop in Algorithm 1. We prove via induction that for any i < 1/¢ we have
A; = O.,(1). This is sufficient for our purpose since we already showed above that the
algorithm terminates within 1/¢ iterations.

For the base case with ¢ = 0 (i.e. before the start of the while loop) P is empty,
hence indeed Ay = O,,(1). Now consider any iteration i. Take any vertex v and let
e = (u,v) be an edge that belongs to I at iteration i. By definition of I in Line 7,
e € I;U 1, so it remains to bound the maximum degree of I; and I,. If e € I, there
should be a path between u and v consisting of only the edges already in P that has
length less than ¢ := A\(A;_1,¢). Since the maximum degree in P at this point is A;_1,
there are at most Af | such paths ending at v. This is a simple upper bound on the

number of edges in I; connected to v at iteration ¢. On the other hand, if e € I,
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then by definition ¢. > p%'®- A;f|. Combined with }___ ¢, < 1, this means there are
at most p~2¢71% - Af | edges in I, connected to v. Thus the degree of any vertex v

increases by at most Af | +p~2e71°Af | and as a result:

A <A+ Af_l +p_2€_10Af_1.

By the induction hypothesis, A;_; = O.,(1) which also consequently implies ¢ =
O, (1) since £ is a function of only A; ; and . Therefore, A; < O, ,(1)%»M) = O, ,(1).
Observe that since i < 1/e, this use of the asymptotic notation over the steps of the
inductive argument does not lead to any undesirable blow-up and the final maximum

degree is indeed O, ,(1) as desired. O

5.3 The Analysis

In this section, we analyze the approximation factor of the construction of @)

described in the previous section.

Analysis via fractional matchings. Recall that our goal is to show graph Q :=
@ NG has a matching of weight (1 — O(g))OPT in expectation. Since @ is constructed
independently from the realization G, one can think of Q as a subgraph of @) that
includes each edge of () independently with probability p. To show this subgraph Q

has a matching of weight close to OPT, we follow the by now standard recipe [10, 11]
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of constructing a fractional matching x on Q, such that:

Tyi= Y x <1 Yo €V (5.3)
esdv
Te > 0 Ve € Q (5.4)
U -1 .
w(U):= Y oz < 5 YU C V such that |U| is odd and < 1/e.  (5.5)

Here (5.3) and (5.4) are simply fractional matching constraints. The last set of con-
straints (5.5), known as “blossom” [25] constraints, are needed to ensure that our
fractional matching x can be turned into an integral matching of weight at least (1 —¢)
times that of x. (See [40, Section 25.2] for more context on the matching polytope and
blossom constraints. See also [11, Section 2.2] for a simple proof of this folklore lemma
that blossom inequalities over subsets of size up to 1/e are sufficient for a (1 — ¢)-
approximation.) In addition to the constraints above, we want fractional matching x
to have weight close to OPT so that we can argue Q has an integral matching of size
(1—0(e))opt. Formally, our goal is to construct x such that in addition to constraints

(5.3-5.5), it satisfies:

E

zrewe| > (1 —O(g))OPT. (5.6)
S

e€Q
If x satisfies all these constraints, then we have E[u(Q)] > (1—0O(g))oPT, proving

Theorem 6.

Observation 5.3.1. To prove Theorem 6, it suffices to give a construction x : Q —

0, 1] satisfying constraints (5.5-5.5) and (5.0).
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5.3.1 Toward Constructing z: A Partitioning of £

To construct fractional matching x, we first partition the edge set E into PUI'UN,,
where P is simply the output of Algorithm 1, I” is the set of edges in set I defined in
the last iteration of Algorithm 1 (for which the condition x(/) > €OPT of Line 7 fails),
and N is the rest of edges, i.e. N = FE — P —I'. On all edges ¢ € I’ we simply set
z. = 0, i.e., we do not use them in the fractional matching x. For other edges e & I’ we
use different constructions for x depending on whether e € P or e € N. We describe
the construction of x on P in Section 5.3.2 and the construction on N in Section 5.3.3.

Before that, let us state a number of simple observations regarding this partitioning.

Observation 5.3.2. x(P) + x(N) > (1 — ¢)opPT.

Proof. Recall that x(E) = oPT by Observation 5.2.1. Combined with £ = PUI"UN,
this implies x(P) + x(N) + x(I’) > opT. To complete the proof, we argue that
X(I") < eopT. To see this, recall that I’ is defined as the set I in the last iteration of
Algorithm 1. In the last iteration, the condition x(/) > €OPT of Line 7 in Algorithm 1

must fail (otherwise there would be another iteration), and thus x(I’) < eOPT. O

Observation 5.3.3. For any edge e = (u,v) € N, q. < p*e' A~ 29) and dp(u,v) >

A(Ae).
Proof. In the last iteration of Algorithm 1, all edges e = (u, v) with g, > p?c!? A=A A

or dp(u,v) < A(A,¢) are either already in P or are added to I = I’; thus e ¢ N since

N=F-P-1T. [l
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5.3.2 Construction of the Fractional Matching x on P

To describe the construction, let us first state a “vertex-independent matching

lemma” which we will prove in Section 5.4.

Lemma 5.3.4. Let G' = (V' E',w’) be an edge-weighted base graph with mazimum de-
gree A'. Let G' be a random subgraph of G’ that includes each edge e € E' independently
with some probability p € (0,1]. Let A(H) be any (possibly randomized) algorithm that
given any subgraph H of G', returns a (not necessarily mazimum weight) matching of

H. For anye > 0 there is a randomized algorithm B to construct a matching Z = B(G')

of G such that
1. For any vertex v, Prgioc/ glv € Z] < Prgiuar alv € A(G')] + €2
2. Elw(2)] > (1 - e)E[w(A(G")].

3. For any vertez-subset {vy,vq,...} C V' such that for alli,j, de/(vi,v;) > X where
A = O(e**log A’ poly(loglog A")), events {vy € Z},{vy € Z},{vs € Z},... are
all independent with respect to both the randomizations used in algorithm B and

in drawing G'.

We use this lemma in the following way: The graph G’ = (V', E’,w') of the
lemma, is simply the subgraph P picked by Algorithm 1 and thus A’ is simply the
maximum degree of P which recall we denote by A. We let the random subgraph G’
be the subset of edges in P that are realized, which we denote by P. As discussed
before, since P is chosen independently from how the edges are realized, conditioned
on P each edge is still realized independently from the others, so the assumption that
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P is a random subgraph of P with edges realized independently is valid. Finally, we

define the algorithm A(H) of the lemma for any subgraph H C P as follows:

Algorithm 5. A(H)

1 H « H.
2 Add any edge e € E'\ P independently with probability p to H'.
3 return MM(H') N H.

Observe that with definition above, A(P) can be interpreted in the following
useful way: The input subgraph H = P already includes each edge of P independently
with probability p. Since initially H' «<— H, and every edge e € E \ P is then added
to H' independently with probability p, by the end of Line 2, H' will have the same

distribution as the realization G of G. This means:
Observation 5.3.5. The output of A(P) has the same distribution as MM(G) N P.

Finally, once we obtain a matching using the algorithm above, we remove each
edge from the matching independently with probability €. Doing so, we only lose ¢
fraction of the weight of the matching in expectation, but we ensure that each vertex
is matched with probability at most 1 — ¢ which will be useful later.

Let us for each vertex v define ¢’ := > cp Qe to be the probability that v is

ewee,e

matched in MM(G) via an edge in P. Using Lemma 5.3.4 as discussed above, we get:

Claim 5.3.6. There is an algorithm B to construct a matching Z on the realized edges

P of P s.t.:
1. For any vertex v, Prpglv € Z] < min{q’ + &3, 1 —¢}.

2. E[w(2)] > (1 - 2¢)x(P).
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3. For any vertez-subset {vy, v, ...} CV such that for alli,j, dp(vi,vj) > ANA,¢€),
events {vy € Z},{vy € Z},{vs € Z},... are all independent with respect to both

the randomizations used in algorithm B and the randomization in drawing P.
4. Matching Z is independent of the realization of edges in E '\ P.

Proof. For property 1, Lemma 5.3.4 guarantees

Prps[v € Z] < Prp v € A(P)] + €°.

Moreover,

Prpalv € A(P)] =Y Prle € A(P)] =77 Y Prle € MM(G) N P]

esv esv
= > Prlee MM(G)] =g
e:v€e,e€P

Therefore, Pr[v € Z] < ¢F + 3. On the other hand, since as discussed above, at the
end we drop each edge from the matching independently with probability e, Pr[v €
Z] <1 —e. Combination of these two bounds proves property 1.

For property 2, Lemma 5.3.4 already guarantees that the reported matching
has weight at least (1 — ¢)E[w(A(P))]. Since on top of that we retain each edge of
the final matching with probability 1 — ¢, we lose another (1 — ¢) factor and have

Elw(Z)] > (1 — 2¢)E[w(A(P))]. To see why this is the claimed bound of property 2,
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observe that:

Elw(A(P))] "= Ew(MM(G) N P)] = >~ Prle € MM(@)lwe = Y xe = X(P).

ecP ecP

For property 3, it just suffices to make sure A(A,e) > A where recall A\(A,¢)
was defined in (5.2) whereas A is defined in Lemma 5.3.4. By definition (5.2), we
already have A(A,e) = Q(A). On the other hand, in definition (5.2) of A\(A,¢) there
is a constant C' that we can tune. Picking this constant to be large enough, we can
guarantee that A\(A,e) > \ and satisfy this property.

Finally, property 4 holds since in construction of Z the algorithm is essentially

unaware of the actual realization of edges in E'\ P and is thus independent of it. [

Once we construct matching Z on the realized edges of P using the algorithm
above, for any edge e € P we set x. = 1 if e € Z and z. = 0 otherwise. Therefore, x is
in fact integral on all edges of P. The properties of Z highlighted in Claim 5.3.6 will

be later used in augmenting x via the realized edges among the edges in V.

5.3.3 Construction of the Fractional Matching x on N

We first formally describe construction of x on the edges in IV, then discuss the
main intuitions behind the construction, and finally prove that it satisfies the needed

properties.
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5.3.3.1 The Construction

We first define an “assignment” f : £ — [0, 1], then based on f define an assign-
ment g : £ — [0,1], then based on g define an assignment h : £ — [0, 1], and finally
construct x from h. For any assignment a € {f, g, h, x} we may use the following nota-
tion: For an edge e, a. denotes the value of a on edge e. For a vertex v, a, := Zeav Qe

denotes the sum of assignments adjacent to v. The weight w(a) denotes ) .5 acwe.

As outlined above, we first define f : E'— [0, 1] on each edge e as follows:

%Zil (e e MM(G;)) ifee N,
Jei= (5.7)

otherwise,

e}

where recall that G; is the ¢th drawn realization in Algorithm 2 and R is the total
number of realizations drawn in Algorithm 2. In words, for any e € N, the value of f,
denotes the fraction of matchings MM(G,), ..., MM(Gg) that include e.

Based on f, we define g on each e = (u,v) as:

fe if fo < p257A_)‘(A’5)7 fu<1— qqf +537 and f, <1— qf +€3’
Je = (58>

0 otherwise.

Next, based on g, we define h on each edge e = (u,v) as:

——de— fudgZ ve& Z, and e is realized
PrlvgZ]| PrlugZ ) )
B = pPrvgZ] PrlugZ] (5.9)

0 otherwise.
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Here, as defined in the previous section, the value of ¢ for a vertex v denotes the
probability that v is matched in MM(G) via an edge in P.

We are finally ready to define the construction of x on N. On each edge e =
(u,v) € N, we set:

L if by <14 3¢ and by, <14 3¢,

Te — (5.10)

0 otherwise.

5.3.3.2 Intuitions and Proof Outline

Here we discuss the main intuitions behind the construction above for x on N in
a slightly informal way. The rigorous proof that the final fractional matching x satisfies
properties (5.3-5.6) is given in the forthcoming sections.

As mentioned above, for every edge e € N, f. simply denotes the fraction of
matchings MM(G,), ..., MM(Gg) that include e. Therefore f is a linear combination
of these integral matchings, and thus is a valid fractional matching. Another key
observation here is that since each G; has the same distribution as G, the probability of
each edge e appearing in each matching MM(G;) is exactly equal to the probability g,
that it appears in MM(G). This can be used to prove E[f.] = ¢. (see Observation 5.3.8)
which also implies E[w(f)] = x (V) (see Observation 5.3.9). Thus, fractional matching
f has precisely the weight x(N) we need x to have on N. In addition (unlike g.)
the value of f, is only non-zero on edges e € N that also belong to the output S of

Algorithm 2. This is desirable since recall that if an edge e € N does not belong to S,
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then e € () and as a result e ¢ Q. Thus, we should ensure ., = 0 since we want x to
be a fractional matching of subgraph Q.

In the next step of the construction, we define g based on f. The key idea behind
this definition is to get rid of possible “deviations” in f and ensure that g satisfies
certain deterministic inequalities for g, on all edges e, and g, for all vertices v. It turns
out that by carefully bounding the probability of these deviations, we can still argue
that g has weight close to x (V) (see Claim 5.3.12) just like f.

Despite the desirable properties mentioned above, g is still far from the values
we would like to assign to edges N in x, for the following two reasons. First, we want
X to be non-zero only on @, i.e. the realized edges in ). However, in defining g we
never look at edge realizations. Hence, it could be that g. > 0 for an edge e that is
not realized. The second problem is that we need to augment the matching Z already
constructed in Section 5.3.2. More specifically, recall from Section 5.3.2 that we have
already assigned x. = 1 to any edge e € Z. Therefore, if we want x to be a valid
fractional matching, all edges e that are incident to a matched vertex of Z should have
Ze = 0. In defining h, we address both issues at the same time. That is, for any
edge e, if e is not realized or at least one of its endpoints is matched in Z, we set
he = 0. Though note that we still want E[w(h)] to be close to E[w(g)] and x(N). To
compensate for the loss to the weight due to edges e for which g. > 0 but h. = 0, on
each edge e that is eligible to be assigned h, > 0, we multiply g. by an appropriate
amount that cancels out the probability of assigning h, = 0. Doing so, we can ensure
that E[w(h)] remains sufficiently close to w(g) and thus y(N) (Claim 5.3.16).

Finally, recall from above that f is a valid fractional matching and thus so is g
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since g. < f. on all edges. A next challenge is to make sure that once we obtain h
by multiplying g on some edges, we still have a valid fractional matching. That, e.g.
h, <1 for all vertices v. Toward achieving this, we first show in Claim 5.3.19 that for
each vertex v, the probability that h, > 1 + 3¢ is very small. But these deviations do
occur. Thus, in our final construction of x, on any edge e = (u,v) for which at least
one of h, and h, exceeds 1+ 3¢, we set z, = 0 and set 2, = h./(1+3¢) on the rest of the
edges. This way, we guarantee that for any vertex v, x, < 1. Moreover, due to the low
probability of violations in h, there is a small probability for any edge e to have z, = 0
but he > 0. Therefore, x as defined, will have weight close to x(/N) in expectation on
the edges in QNN (Claim 5.3.18). Combined with the construction of x on the edges in
P which guarantees a weight of ~ x(P) there, we obtain that overall x will have weight
close to x(P)+ x(IN) which is & OPT as guaranteed by Observation 5.3.2. Therefore, x
can be shown to satisfy all the needed properties required by Observation 5.3.1 thereby

proving Theorem 6 (see Section 5.3.4).

5.3.3.3 Properties of f and g.

We start with a few simple observations.
Observation 5.3.7. For any i € [R] and any edge e, Prfe € MM(G;)| = qe.
Proof. Since each realization G; in Algorithm 2 has the same distribution as G, we have
Prle € MM(G;)|] = Prle € MM(G)]. The claim follows from the definition (5.1) that
Prle € MM(G)] = ¢.. O
Observation 5.3.8. For each edge e € N, E[f.] = ge.
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Proof. For any e € N, it holds by definition (5.7) that

:U |

R
Z €EMM Ql Obsjd?lZQe—Qea

which is the desired bound. O
Observation 5.3.9. E{w(f)] = x(N).

Proof. We have w(f) = > _p fewe = Y oy fewe since f, = 0 for all e ¢ N. Thus by

linearity of expectation,

= Z]E[fe]we = ZQewe = X(N)7

eeEN eeN
where the second equality holds by Observation 5.3.8. O
Observation 5.3.10. For any edge e, g. < p*e’ A=M&9),
Proof. By construction of g, if g. is non-zero, then g, = f. and f, < p?c"A~M&9) ]
Observation 5.3.11. For any vertex v, g, <1 — qb + &3.

Proof. By construction of g, if g, # 0, then f, <1 — ¢ + &%, and thus so is g, since

g <f. O]

The main takeaway of this section is the following claim, which guarantees

E[w(g)] is large enough for our purpose.

Claim 5.3.12. E[w(g)] > (1 — ¢)x(N).
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The proof of Claim 5.3.12 is rather involved. The main difficulty is the lack of an
equivalent of a sparsification lemma for weighted graphs (as discussed in Section 5.1).
The rest of this section is devoted to proving Claim 5.3.12 for which we need a number
of other auxiliary claims.

For simplicity, let us for each edge e use F. as a shorthand for event f. <
p?e"A=MA2) and for each vertex v use F, as a shorthand for event f, < 1 — ¢/ + &%
These are precisely the events used in definition (5.8) of g. In particular, for any

e=(u,v) € E, go = fe if event F, A F,, A\ F, holds.

Claim 5.3.13. For any edge e € N,

Elge] = ¢e(1 = Pr[Fe | Gi] — Pr[Fy | Gi] — Pr[F, | Gi]),

where here as usual, F.,F,, and F, denote the complement of events F., F,, and F,

respectively.
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Proof. We have

Elge] = E[fe | F. N Fy A F]

R
1
=E EZl(e e MM(G))) | F. A F, A F,

i=1

By definition (5.7).

R
1
=3 Z Prle € MM(G;) | F. N F,, A F)] Linearity of expectation.
i=1
1B
=3 Z Prle € MM(Gy) | F. A Fyy A B By symmetry.
i=1

= Prle € MM(G)) | F. A Fo, A F]

Pr[F.ANF,NF, | G|

= Prle € MM(G,)] - Pr[F. A F, A F,]

Bayes’ rule.

> Prle € MM(G))] - Pr[F. A Fu A Ey | Gy Since Pr[F, A F, N F,] < 1.

=q. Pr[F.ANF,N\NF,| G| By Observation 5.3.7.

> q.(1 = Pr[F. | Gi] — Pr[F, | G1] — Pr[F, | Gi]). By union bound.

The last inequality matches the one stated in the claim and the proof is complete. [J
Claim 5.3.14. For any edge e € N, it holds that Pr[F, | Gi] < 2¢.

Proof. We have

E[f. |G =E }%Zl(@ & MM(G))) | g1]

i=1

1 Obs 5.3.7 ]
<

_+Qe~

<5+ 7

> Prle € MM(G))]

=2

=vl e
=

We have R > p~2e 10AMA9) by its definition in Algorithm 2 and also g, < p?e!0A~MA2)
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by Observation 5.3.3. Hence, E[f. | Gi] < 2p*c'°A=M&2) Applying Markov’s inequal-

ity, we thus get

Pr[f. > p’c"AA9) | G| = Pr[F, | Gi] < 2€°,

which is the desired bound. ]
Claim 5.3.15. For any verter v, Pr[F, | Gi] < 4¢*.

Proof. Let us for any i € [R] define X; = 1 if vertex v is matched in MM(G;) via an
edge e € N and X; = 0 otherwise. Also let X := -7 X; (note that the sum index

starts from 2). We have:

= fo= > f By (5.7), f.=0if e ¢ N.
esv e:w€e,eeN
— Z ( ZleEMMQz> Z Z 1(e € MM(G,))
e:vee,e€N =1 i=1 e:v€e,e€e N
R
1 X+1
= — X; < — X < —. 5.11
Z - R Riz_; - R ( )
Furthermore,
Pr[F, | Gi] = Prlf, >1—¢  +&*| G Definition of F,.
X+1 X+1
<Pr i >1-¢"+% |G By (5.11), f, < + :
R R
=Pr[X > R(1—¢q) +°)—1|Gi]
=Pr[X > R(1—¢) +&%) —1], (5.12)
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where the last inequality follows from the fact that X = Zf; X, depends only on
realizations Gs, ..., G and is independent of realization G;.
Therefore to bound Pr[F, | Gi] we should analyze the behavior of random variable

X. Let us start with its expected value:

E[X] = iPr[Xi =1] = iPT[XQ =1] As Pr[Xo =1] = ... =Pr[Xr =1].

=(R—1)Pr[Xy; =1 < RPr[X, =1]

< R(-qf). (513
The last inequality holds for the following reason: By definition ¢!’ = Zme@ee pQe;
since each edge e belongs to MM(G,) with probability g. by Observation 5.3.7, we get
that with probability ¢, vertex v is matched in MM(G,) via an edge e € P; in this
case, event X, = 1 which requires v to be matched via an edge in N cannot hold since
NN P =0; hence Pr[X; =1] <1—¢".

We also need a concentration bound on X which we prove via Chebyshev’s in-

equality® using the independence of events X, ..., Xg. For any t > 0 we have

Pr[X > E[X]+1] < Var[X] _ >, Var[X]

2 t2
21 2
o BVarlXs] _ R(E[X]] — BIXs]") _ R (5.14)
t2 t2 t2

30ne can also attempt to get a stronger concentration bound via Chernoff-type bounds, but the
second moment method suffices for our purpose here.
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As a result,

AP 1 = P 5, (5.13), (5.14) R
Pr(X > R(1—q¢)+€%)—1] = Pr[X > R(1-¢})+(°R—1)]

where the last inequality follows from

R>p~2e710 410,52
R < R < 4 J)S 4ep < 4et,
(e3R—1)2 = (e3R/2)?> ~ &SR eb

Replacing (5.15) into (5.12) gives the desired bound that Pr[F, | Gi] < 4e*.

We finally have the tools needed to prove Claim 5.3.12.

Proof of Claim 5.5.12. We have

Elw(g)] = E >E

Z JeWe

ecE

Z gewe] = Z E[ge]we-

eeN eeN

Furthermore, by Claim 5.3.13, for any e € N we have

]E[ge] Z Qe(l - Pr[Fe | gl] - Pr[Fu | gl] - Pr[Fv | gl])

< -
- (eBR—1)2 =

(5.16)

Incorporating the bounds of Claims 5.3.14 and 5.3.15, we get for any e € N that

Elge] > qe(1 — 26® — 4e* — 4e*) > (1 — 10e?)qe.
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Therefore, from (5.16) we get

Elw(g)] > Y (1 —10s%)gaw. = (1 - 10e%) Y~ gewe = (1 = 10e*)x(N) > (1 = £)x(N),

eeEN eeN

concluding the proof. O

5.3.3.4 Properties of h, and x on N.

In this section we turn to prove a number of useful properties of h. We em-
phasize that in the previous section all expectations and probabilities are taken only
over the randomization inherent in Algorithm 2. In contrast, in this section, all the
probabilistic statements are with regards to the randomization of realization G, and

the randomization used in drawing matching Z in Section 5.3.2.

Claim 5.3.16. E[w(h)] > w(g).

— 41 — ge
Proof. Take any edge e = (u,v) € N. By definition of h we have h, = TP P ]
if e is realized and both v and v are unmatched in Z, and h. = 0 otherwise. Since
dp(u,v) > A(A, e) by Observation 5.3.3, the condition of Claim 5.3.6 part 3 is satisfied

and events u € Z and v € Z are independent. Moreover, since e € P, its realization is

also independent of Z by Claim 5.3.6 property 4. Hence,

B[] = Prie realised) Prlo & 2] Prlu ¢ 2] oo =
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This means that

Elw(h)] =Y EhJwe = gewe = w(g),

eeEN eeN

completing the proof. O

Observation 5.3.17. For any edge e, h, <

Z.:JseQ < p{_:SAf)\(A,E).

Proof. By construction of h for any e = (u,v) we have

L Je * g Observaté)n 5.3.10 p2g7A*)‘(A’5)

< < Je
~ pPriv € Z]|Prju g Z] — pe? - pe?

where the inequality marked by x follows from the fact that Prjv € Z] < 1 — ¢ by

property 1 of Claim 5.3.6 and thus Pr[v ¢ Z] > ¢ and similarly Prju & Z] > «. O

Claim 5.3.18 below is one of the key components towards achieving our main
result in Theorem 6. We present the proof in multiple steps, by proving a number of

properties of h.

Claim 5.3.18. It holds that E[Y_ .y zcwe] > (1 — 15e)w(g).

Proof. We already know from Claim 5.3.16 that E[w(h)] > w(g). Thus, if we show
E[> ey Tewe] > (1 — 3¢)E[w(h)] we are done. For brevity, for any edge e = (u,v) we
use H. to indicate the event (u & Z,v € Z, e realized). Also we use X, to indicate
event (h, <14 3¢ and h, < 1-+¢). Observe that H, is the event used in construction

(5.9) of h. and X, is the event used in construction (5.10) of x on N. Putting together
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(5.9) and (5.10), for any e = (u,v) € N, we have

1 .
143 pPr[u&Zq} Pr[vgZ] He A Xe,

Te =
0 otherwise.
This means that
E erwe] = ZE[we]we
eeN ee N
1 Je
= Pr|H. N X, . e
eEZN d ]1—1-35 pPr[ugZZ]Pr[ngZ]w
L ST P, | 1] PrlH, g
== T 4 I|lAe e I|fle We
1+3e = pPrlu & Z|Prjv ¢ Z]
1
=—— Y Pr[X.| HJE[he]w,
1+ 3¢
eeN
1
-1 > Prlhy <1+3eAh, <1+ 3¢ | HJE[hJw,
e=(u,v)EN
! > (1 —=Pr[h, > 14 3¢ | HJ] — Prlh, > 1 + 3¢ | H])E[h]
= T 4 - ) e] — TNy e e|We.
73 r €

e=(u,v)eEN

Therefore it only remains to bound Pr[h, > 1+ 3¢ | H.]. The following claim, whose

proof we present after the proof of the current Claim 5.3.18, gives us the desired bound

for it.

Claim 5.3.19. Let edge e = (u,v) € N be the one fized above, then

Prg z[h, > 1+ 3¢ | F.] < 6e.
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Plugging Claim 5.3.19 this into the equation above, we thus get

1—12¢ 1—12¢
E We | 2 E he e — E h
I B e
eeN eeEN
Claim 5.3.16
> (1 —15¢)E[w(h)] > (1 —152)w(g),
which is our desired bound. O

For the rest of this section, we fix e = (u,v) € N and focus on proving Claim 5.3.19.
To do so, we first bound the expected value of h, conditioned on H, in Claim 5.3.20
and then finish the proof via a concentration bound.

Note from constructions (5.7), (5.8), and (5.9) of respectively f, g, and h, that
he = geo = fo = 0 for any ¢’ ¢ N. Hence, we have h, = > ., he = Ze';e'eN,vee/ her.

Now let e; = (v,u1),ea = (v,u3),...,ex = (v,u) be all edges connected to vertex v

that belong to N and assume that e; = e = (v, u). We thus have

k
he =Y he,. (5.17)
=1

Claim 5.3.20. Let edge e = (u,v) € N be the one fized above, then Elh, | H.] < 1+42¢.

Proof. We have

E[hv | He] =E

> e, He] = Elh, | Hl. (5.18)

i=1

To bound this, consider the following partitioning of {ey,...,ex} into two subsets A
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and B:

A={e; | dp(us,u) < MA,e)}, B ={e; | dp(u;,u) > XA, ¢e)}.

In particular, observe that e; € A since u; = u which implies dp(u1,u) = 0. Separating

A and B in the sum of (5.18) we get

Elh, | H) =Y Elhe, | H]+ > Elhe, | H]. (5.19)

e, €A e;,€B

We bound the two sums over A and B in the inequality above separately.

Bounding the sum over A. For each h,, € A, we use the pessimistic upper bound

of Observation 5.3.17 for h.,. But instead we bound the size of A by

|A] < AMNAE) 11 < 2AMA), (5.20)

This first inequality follows from the fact that the maximum degree in P is bounded by
A, and hence there are at most A2 nodes (other than u itself) that have distance
less than A(A, ¢) to u in graph P. The second inequality simply follows from the fact

that both A and A(A,¢) are > 1 (see Algorithm 1). We thus have

Z he, < pe® ATMAE)| 4] By Observation 5.3.17

e, €EA

< 2pe°. By (5.20). (5.21)
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Bounding the sum over B. Recall that H, = (e realized,v € Z,u ¢ Z) and

H., = (e; realized,v € Z,u; ¢ Z). Therefore for any edge e; € B, we have

Pr[H,, | H.| = Prle; realized,v & Z,u; € Z | e realized,v & Z,u & Z]
= Prle; realized, u; & Z | e realized,v & Z,u & Z|
= pPrlu; € Z | e realized,v & Z,u & 7]

=pPriu; € Z v Z,u g 7],

where the last two equalities follow from property 4 of Claim 5.3.6 regarding inde-
pendence of matching Z from realization of edges in N (such as e; and e), and not-
ing that e; # e since e; € B. On the other hand, since dp(u;,u) > A(A, &) based
on definition of B, and dp(u;,v) > A(A,e) by Observation 5.3.3, we get that event
u; € Z is independent of v € Z,u € Z due to property 3 of Claim 5.3.6. Therefore

Priu; ¢ Z |v ¢ Z,u & Z] = Prlu; ¢ Z] and thus

Pr[H,,

H.] =pPrlu; & Z] for any e; € B. (5.22)
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We can therefore bound the sum in (5.19) over B as follows:

> Elhe,

o Ge; Pr[Hei | H.]
H] = Z pPrlv & Z]|Prlu; & Z]

e;€B e,€EB
Ge;
=D P - By (5.22).
ei;; Prjv & Z]
<« P
~ Prjv ¢ Z]
1— P 3
< #;PZ? Observation 5.3.11.

1—gP 43 Since Prjv € Z] < min{q’ 4¢3 1—¢}

< .
~ 1 —min{ql +3,1—¢}

by Claim 5.3.6.

Since both the nominator and the denominator are ~ 1 —¢Z’, the sum is upper bounded

by ~ 1. To formalize this, consider two scenarios: (i) ¢ —e® > 1 — ¢, and (ii)

qF — e <1 —¢. In the former, we have
1—ql +¢&° Hl—gl+e D1 —-(1—-e+e3)+e

5
= < :—:1_
1 —min{¢l +e3,1—-¢} 1—-(1—-¢) — £ 5

In the latter case,

1—qgl +¢&8 (ﬁ)l—q5—|—63<1—(1—€+63)+83
I —min{gf +e3,1—¢} 1—-g¢gF -3~ 1—(1—c+e3)—¢&d
£
= <l+e¢,
e(1—2e?) — *

where the last inequality holds for any € < 0.36. Therefore overall, we get

> Efh, | H] <1+ (5.23)

e,€B
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Incorporating the bounds (5.21) and (5.23) into (5.19) we get that Elh, | H.] <

1+e+pe® <1+ 2e. O
We are now ready to prove Claim 5.3.19 via a concentration bound.

Proof of Claim 5.5.19. By Chebyshev’s inequality, and the bound E[h, | H.] < 1+ 2¢

of Claim 5.3.20, we get that

Varg z[h, | H.]

Prgjz[hv > (1 —|—2E) +e€ | He] < 2

(5.24)

For brevity, we do not write the subscript G, Z for our probabilistic statements for the
rest of the proof when it is clear. Since h, = Zle he;, by definition of variance we

have
kook
Var[h, | H| ZZ ovihe,, he; | He).

By definition, if h, and h.; are independent with respect to the randomization of G
and Z, and conditioned on H., then Covg z[he,, he, | He] = 0. But this does not hold

for all h., and h.;. As in the proof of Claim 5.3.20 consider the following partitioning

of {e1,... ex}:

A={e; | dp(us,u) < MA,e)}, B ={e; | dp(u;,u) > XA, ¢e)}.
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With this partitioning, we can rewrite the equation above for variance as:

k
Var[h, | H| = > Y " Covlhe,he, | H]+ Y Y Covlhe he, | He

e;€EA j=1 e;€Be;cA
+> > Covlhehe, | He
e;€Be;eB
k
<2) ) | Covlhehe, | H]l+ Y Y Covlhe,he, | Hel. (5.25)
e; €A j=1 e;,€Be;eB

We will bound the two sums over A differently. Before that, let us prove a simple upper

bound on the covariance of any two edges e;, e;:

COV[h’eih‘ej ‘ He] = EQ,Z[hmhe]‘ | He] - EQ,Z[hm ‘ He]E[hej ’ HE]

< EQZ[heihej | He]

< gei . gej
~ pe? pe?

By (5.3.17). (5.26)
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Bounding the sums over A. We have

k k
23" " [ Covlhehe, | H] <2) S92 29 By (5.00)

2 2
e e
e, €A j=1 e; €A j=1 p p

k
<2 Z ZeSA”\(A’E)gej e, < p2 T ATMAE) by (5.3.10).

e; €A j=1

k
— 263 AMA9) Z Z 9e,

e, €A j=1

= 23 AMAR) |Algy

< 2€3A7/\(A,5)‘A’

< 468, Since |A| < 2AM2€) by (5.20).
(5.27)
Bounding the sum over B. Let us for each ¢; € B use D; to denote the set

of edges e; € B where Covlh,, he, | H] # 0. We claim that for each ¢; € B,
|D;| < AMA) To prove this, observe that for all e;, e; € B, we have dp(u;, u) > A(A, )
and dp(uj,u) > A(A,¢e) by definition of B. Moreover, since (u,v), (v,u;), (v,u;) € N,
we have dp(u,v) > ANA,¢), dp(u;,v) > XA, ¢), and dp(uj,v) > A(A,e) by Observa-
tion 5.3.3. Therefore among {v,u,u;,u;} only the pair w;, u; may have dp(u;, u;) <
A(A,¢g). If this is not the case and dp(u;, u;) > A(A,¢€), then based on Claim 5.3.6
events H,, and H.,, and consequently, h., and h., would be independent conditioned
on H. and thus Cov(he,, he; | H,) = 0. This means that indeed for any e; and any

e; € Dy, dp(u;, u;) < A(A,€). Since the maximum degree of P is A, there are at most
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AMA9) such vertices, implying indeed that
D] < A9 41 727 gpnas)

We therefore have:

> > Covihe,he,

e;€EBe;€EB

= Covlhehe, | H]

e;€BejeD;

<22

e;€BejeD;

zg@<

e,€B

e, €B

gei g€j
pe? pe?

5 ge])

e;€D;

Z p2e’ AT

e;€D;

> gelDil

e;€B

7A A(Ae)

et

<2:°) g,

e,€B

< 253gv < 2¢3.

for any e; € B.

As>

(5.28)

By (5.26).

By Observation 5.3.10.

By (5.28) |Dy| < 2AM&9),
Since g is a valid frac-

tional matching.

(5.29)

Incorporating (5.27) and (5.29) into (5.25) we get that Var[h, | H.] < 4%+ 2¢3 = 6¢3.

Replacing back to equation (5.24) we get that Pr[h, > 1+ 3¢ | H.] < 6e3/e? = 6e. [
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5.3.4 Putting Everything Together

In this section we prove using the stated bounds above that x as constructed
satisfies the fractional matching constraints (5.3-5.5), satisfies (5.6), i.e. has expected
weight at least (1 — O(g))oPT, and that it is non-zero only on the edges of Q. This as
already described in Observation 5.3.1 completes the proof of Theorem 6 that subgraph

@ guarantees a (1 — €)-approximation.

Fractional matching constraints (5.3) and (5.4).  For constraint (5.3) that
x, < 1 for any vertex v, consider two scenarios: If v is matched via a matching edge
of Z (the matching constructed in Section 5.3.2 on P), then on all edges e € N we
set . = 0 by construction of h (5.9) and thus z, = 1. On the other hand, if v is
unmatched in Z, then we still have x,, < 1 due to construction (5.10) of x based on h
which guarantees x < ﬁh and in addition z, =0 if h, > 1 + 3.

The constraint (5.4) that xz. > 0 for all edges e is easy to confirm. For edges in

P, the value of x. is either 0 or 1. For edges in IV, since f is non-negative, so are g, h,

and x.

[U]=1

5 for all

Blossom inequalities (5.5). The blossom constraint (5.5) that x(U) <
odd size U C V with |U| < 1/e follows for the following reason. There are two types
of edges that form x by construction: Those in set P, and those in N. For any edge

e € P, the value of z, is simply integral. For any e € N, we have

(5.10) Observation 5.3.17
Te < he < peP ATMAE) < ped < P (5.30)
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Now suppose for contradiction that there is a subset of size < 1/ for which the blossom
constraint (5.5) is violated, and let U be the smallest such subset. If there is an edge
e = (u,v) € P whose both endpoints are in U and z. = 1, then one can confirm that
subset U \ {u,v} should also violate the blossom inequality contradicting that U is
the smallest. On the other hand, for all edges e with both endpoints in U we have

z. < ° by (5.30). Since there are at most |U|* edges inside U and |U| < 1/e, we

have z(U) < |U]Pe® <e 2P = <1< ‘Ulgl, contradicting the fact that the blossom

inequality is violated. So all blossom inequalities of size up to 1/¢ must be satisfied.

Fractional matching x is non-zero only on Q. For any edge ¢ € P, if ., > 0 then
e € Z and by Claim 5.3.6, e € P i.e. e is realized. Since P C @, then e € Q. On the
other hand, for any edge e € N, if . > 0 then we should have h, > 0 by construction
of x and to have h, > 0 we should have g. > 0 and f. > 0. By construction of h, if
he > 0 then e must be realized, and by construction of f, if f. > 0 then e € § C Q.
Combination of these imply e € Q. Therefore overall, if for any edge e, x. > 0 then

e € Q and so x is a fractional matching of only the edges in Q.

Expected weight of x. By Claim 5.3.6 part 2, we have E[w(Z)] > (1 —2¢)x(P) and

thus E[Y .. p zcwe| > (1—2¢)x(P). On the other hand, by Claim 5.3.18 E[>__y zcw.] >

ecP

(1 —15e)w(g) and E[w(g)] > (1 —€)x(N) by Claim 5.3.12. Combining all of these, we
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get

Elw(x)] =E =E +E

E TeWe

ecE

E LeWe

ecP

E xewe]
eeEN

> (1= 2e)x(P) + (1 = 15¢)(1 — €)x(N)

> (1= 162)(x(P) £ x(N)) =" (1 = 166)(1 = £)oPT > (1 — 172)0PT.

And thus our construction of x satisfies E[w(x)] > (1 — O(g))OPT required by (5.6).

Combination of the properties above as shown before in Observation 5.3.1 proves

Theorem 6, which is our main result.

5.4 The Weighted Vertex-Independent Matching Lemma

In this section, we turn to prove Lemma 5.3.4 which was used in Section 5.3. We
restate the lemma below and for simplicity of notation, drop the primes in symbols

such as G',G’, A" as stated in Section 5.3 and use G, G, A instead.

Lemma 5.3.4. (restated). Let G = (V,E,w) be an edge-weighted base graph with
mazimum degree A. Let G be a random subgraph of G that includes each edge e €
E independently with some fized probability p € (0,1]. Let A(H) be any (possibly
randomized) algorithm that given any subgraph H of G, returns a (not necessarily
mazximum weight) matching of H. For any € > 0 there is a randomized algorithm B to

construct a matching Z = B(G) of G such that

1. For any vertex v, Prgogplv € Z] < Prgog.alv € A(G)] + &°.

2. Elw(2)] = (1 - e)E[w(A(9))].
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3. For any vertez-subset {vy, v, ...} CV such that for all i, j, da(vi,v;) > X where
A= O(s* log A - poly(loglog A)), events {vy € Z},{vy € Z},{vs € Z},... are
all independent with respect to both the randomizations used in algorithm B and

in drawing G.

Outline of the proof. To prove this lemma, we need to design an algorithm B(G)
that satisfies all three properties. If we only had the first two properties to satisfy, we
could simply use algorithm A. The problem however, becomes challenging when we
need to, in addition, satisfy the third property regarding the independence between
the events {v; € Z},{vy, € Z},{v3 € Z},... for vertices vy, vs,..., that are pair-wise
far enough from each other. To ensure that our algorithm meets this condition, similar
to what we did in Chapter 4 for the unweighted variant of the lemma, we show that
it can be implemented efficiently in the LOCAL model of computation (whose formal
description follows).

The LOCAL model is a standard distributed computing model which consists of
a network (graph) of processors with each processor having its own tape of random
bits. Computation proceeds in synchronous rounds and in each round, processors can
send unlimited size messages to each of their neighbors. Thus, to transmit a message
from a node u to node v, we require at least d(u,v) rounds. For the same reason, if
an algorithm terminates within r-rounds of LOCAL, the output of any two nodes that
have distance at least 2r from each other would be independent, which is essentially
how we guarantee our independence property.

For simplicity, we explain our algorithm in a sequential setting in Algorithm 4,
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and later describe how it can be simulated in the LOCAL model. We define a recursive
algorithm B,(G) that given a parameter r, as the depth of recursion, and a subgraph
of G, denoted by G outputs a matching of this graph. We give an informal overview of

the algorithm in Section 5.4.1, and formally state it Section 5.4.2.

5.4.1 Overview of the Algorithm

We define a recursive algorithm B,.(G) that given a parameter r, as the depth of
recursion, and a subgraph of GG, denoted by G outputs a matching of this graph. We
then set our algorithm B(G) := B;(G) for a number t = O(¢~?°). For r = 0, algorithm
By(G) simply returns an empty matching. For any r > 0, the idea is to use the
matching constructed in B,_1(G) and transform it to a one that is sufficiently heavier
in expectation. However, this transformation needs to be in a way that the probability
of a vertex being matched in B,(G) is not significantly higher than Prg.q v € A(G)].
A useful observation here is that we do not need to ensure that for any given subgraph
G algorithm B(G) gives a large enough matching while the probability of a vertex being
matched in the algorithm is not greater than Prg.g 4[v € A(G")] + &3, rather we need
this to hold in expectation over realization of G. We strongly use this observation
in the design of our algorithm by drawing several (¢7'%) other random realization of
G and simultaneously constructing a matching for each one. This way, we have the
freedom of matching a vertex with a high probability in an instance, in the expense
of the vertex being matched with a lower probability in another instance. Similarly,

we might construct a relatively low-weight matching for an instance but compensate
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it by finding a relatively heavier matching in another one. More precisely, in B(G), we
have a@ = 712 + 1 random realizations of G, denoted by Gi,...,G,, where G; = G,
and our goal is to construct matchings Mj, ..., M for them simultaneously. Roughly
speaking, since our input subgraph G is itself a random realization of G and that
all these subgraphs are drawn from the same distribution, we achieve our goal if our
algorithm performs as desired in average over these « realizations.

Below we provide a definition which we will use to refer to our subgraphs and

their corresponding matching.

Definition 5.4.1 (profiles). We say ((Gi, M1), ..., (Gr, My)) is a profile of size k, iff

for any i € [k], G; is a subgraph of G and M; is a matching on G;.

To construct matchings My, ..., M/ for subgraphs Gy, ..., G, in algorithm B,.(G),
we start by running B,.(G;) for any i € [a], and obtain matchings Mj,..., M, as a
result. In the other words, we start from profile ((Gi, My),...,(Ga, M,)) and want
to transform it to ((Gy, M7),..., (G, M)) such that Efw(M/)] is sufficiently greater
than Efw(M;)| for a random i € [a], while the constraints in the second and third
properties of Lemma 5.3.4 are not violated. To get this, we use an idea similar to finding
augmenting paths in the classic weighted matching algorithms. However, ours rather
than being a path, is a structure that consists of multiple paths in graphs Gi,...,G,.
We call this structure a multi-walk and formally define it in Definition 5.4.2. Similar
to how augmenting paths are used, we will use this structure to flip the membership of

some edges in their corresponding matchings with the goal of increasing the expected

size of the matchings. However, note that if we naively choose the multi-walks with
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the sole purpose of increasing the average size of the matchings, we might violate the
second property of lemma, as it might lead to some vertices being matched with an
undesirably large probability. Further, these multi-walks should not include vertices
that are further than a threshold since otherwise we might violate the third property of
the lemma. To overcome the first issue, after probability of a vertex v being matched
in our algorithm reaches a threshold, we mark it as saturated. When a vertex is
saturated, our algorithm ensures that while augmenting the matchings (using multi-
walks), it does not increase the number of matchings in which this vertex is matched.
Having these constrains narrows down our choices of augmenting structures (multi-
walks) significantly. However, we give a constructive proof (using Algorithm 5), and
show that this narrow set includes a subset that can be used to increase the average

size of our matchings sufficiently.

5.4.2  Algorithm B(G)

We start by providing some definitions that will be used in the Algorithm.

Definition 5.4.2 (multi-walks). We define W = ((s1,e1),...,(si,€)) to be a multi-
walk of length | of profile P = ((G1, My),...,(Gk, My)) iff it satisfies the following

conditions.
e For any i € [l], we have s; € [k], and e; is an edge in subgraph Gs,.
o (e1,...,ex) is a walk in graph G.

o W contains distinct elements, e.g., for any it and j, we have (s;,e;) # (s;,€5).
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Given a profile P = ((G1, My), ..., (G, My)) and a multi-walk W = ((s1,€1), ..., (s1,€1)),
we say P®W = ((G1, M7),...,(G;, M})) is the result of applying W on P iff for any

i € [k], M! is constructed as follows:

M = M;U{ej|i=s; and e; ¢ M;}\{e;|i =s; and e; € M,}.

Definition 5.4.3 (alternating multi-walks). A multi-walk W = ((s1,€e1),..., (K, €x))
of profile P = ((G1, My),...,(Ga, M,)) is an alternating multi-walk iff it satisfies the
two following conditions. First, for any i € [k — 1] we have 1(e; € Mj,) + 1(e;41 €

M

Si+1

) =1, and second, P & W is a profile. We further define g(W, P), the gain of

applying alternating multi-walk W on P, as

gW,P)= > (1(' ¢ M;) —1( € My))w(e).

(i,e)eWw

Given a vertex v € V and an alternating multi-walk W = ((s1,e1),...,(s;,¢)) of

profile P = ((Gy, My), ..., (Gk, My)), we define dy,, and Jwﬂ, as follows:

dwo,={i:v €e;ande; € My} and dy, = |[{i:v €e;, and e; ¢ M, }|. (5.31)

Definition 5.4.4 (applicable multi-walks). Given a multi-walk W = ((s1,€1), ..., (s, €1))
of profile P, and a subset of vertices V,, we say W is applicable with respect to a set

of vertices Vy iff it is alternating and for any v € Vy it satisfies dy,, > Jw,v'

To prove Lemma 5.3.4, we design an algorithm B that given a random realization
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of G outputs a matching Z and show that it satisfies the desired properties of the
lemma. In 4, we provide a recursive algorithm B,.(G) that given an integer number r
and a realization G of G outputs a matching of G. We set B(G) = B,(G) for t = ¢;e°

where ¢; is a constant number. (We fix the value of ¢, later.)

Algorithm 6. B,.(G)

1 If r = 0, return an empty matching.
2 Set < e 12 41,1 373,
For any i € [a], construct G; as follows. We set G; := G, and for any 1 < r subgraph

w

G; includes any edge e € G independently with probability p.
Define profile P := ((Gy, M), ..., (Ga, My)) where M; := B,_1(G;).
5 Call a vertex v saturated iff Prgiq 5[v € Z,_1] < Prgag.alv € AG)] + €% —1/a,

and unsaturated otherwise.

'

6 Let W, be the set of alternating multi-walks of P that are applicable with respect

to the set of saturated vertices.

7 Construct the weighted hyper-graph H = (V, Ef) as follows. For any multi-walk W
in set W, with length at most [, H contains a hyper-edge between vertices in W
with weight g(W, P).

My < ApproxMatching(H). // See Proposition 5.4.18 for the ApproxMatching()

algorithm.

Qo

9 Iterate over all hyper-edges in My, apply their corresponding multi-walks on P,
and let P':= ((G1, M]),...,(Ga, M])) be the final profile.
10 Return matching Mj.

Observation 5.4.5. For any r, matchings My, ..., M. in Algorithm B,.(G) are random

variables that are drawn from the same distribution.

Proof. This is due to the fact that matchings M, ..., M, are independent random
variables from the same distribution, and that to obtain Mj,..., M/, based on these
matchings, algorithm does not treat them differently. O

Before proceeding to the proof of the three properties let us prove the following
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lemma about alternating multi-walks.

Lemma 5.4.6. Consider profile P = ((G1, M1), ..., (G;, M,)) and a multi-walk of this
profile W = ((s1,e1),...,(sk,ex)) with e; = (u;,u;q) for any i € [k]. If W is an

alternating multi-walk, then it satisfies the following properties:
1. For anyv €V, if v & {uy,up1}, then we have dy,, = dyy,,.

2. Ifey € My,, then we have dy,,, > Jmul. Also, ife; ¢ M, , we have dy,, < Jw,ul.

3. If ey € My, and e, € My, , then W is applicable with respect to any subset of V.

Proof. Observe that for any ¢ > 1, we have u; € e; and u; € e¢;_;. Consider an arbitrary

vertex v € V. Since W is alternating, for any 1 < j < k that v = u;, we either have

-1 -1

ej_1 € M, , and e; & M, or ej_y & M, , and e; € M,,. This implies:

dwu, = {i:1<i<kov=uw}+1v=ue € M)+ 1(v =11, er € My,),
and

dwu, = {i:1<i<kv=ul}+1v=uye & My)+1(v=rupi1,ex ¢ M,,).
Note that if v ¢ {uy, uy1}, then we have

dwo={i:ve€e,and e € Mg} ={i:1<i<kv=u}|

={i:v€e;,ande; & M} = dw.,
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which completes the proof of the first item. To prove the second item, note that if
e; € Ms,, then we have 1(u; = uy,e; € My,) =1 and 1(uy = uy,e; ¢ Mg, ) = 0, which

gives us

L(up = uy,er € My,) +1(uy = upy1,ex € Msk) > 1(uy = wy,eq ¢ M)

+ ]-(ul - uk‘—f—laek ¢ Msk)a

and results in dyy,,, > ijul. A similar argument shows that if e; ¢ Mj,, then dy,, <
dw., holds.

Since multi-walks are not directed the second claim of the lemma can also be
interpreted as follows. If e, € Mj, then, ., > dw,u,,,. Combining this with the
first claim of the lemma, we obtain that if e; € M,,, and e, € Mj,,, then for any
v € V, we have dy,, > dy,. By definition of applicable multi-walks, this means that
if e; € Mj,, and e, € M, then multi-walk W is applicable with respect to any subset

of V. This completes the proof the lemma. O

5.4.3 Lemma 5.3.4 Property 1: Matching Probabilities

In this section our goal is to prove that Algorithm B(G) satisfies the first property

of Lemma 5.3.4 as follows.

Lemma 5.4.7. For any vertex v € V', we have Prg.gplv € Z] < Prg.g.alv € A(G)] +

3.

Proof. We will prove a stronger claim which is for any v € V, and any r < ¢, we have
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Gro < g+ &3, where

Gro := Prgaplv € B,.(G)], and ¢ :=Prg.cslve A(G)].

We use proof by induction. The claim obviously holds for r = 0. For any r > 0, we
assume that ¢,_;, < ¢+ ¢® holds and obtain ¢, < ¢*. Draw a random realization of
G and denote it by G (i.e. G ~ G). Consider matchings M;, ..., M,, and M/, ... M

from algorithm B,(G), and let us define

Pro = {i:v € M}|/a, and p,, = |{i:ve M}/

We claim that ¢,_;, = pr, and g, = p’m hold. The former is due to the fact that
any i € [a], M; is the result of running algorithm B,_; on a random realization of G
which by definition is equal to ¢,_1,. For the latter, note that we have M = B,(G)
and by Observation 5.4.5, we know that matchings M/, ..., M! are drawn from the

same distribution. As a result, we get

{i:ve M} =aPrlve B.(9)],

which implies ¢, = p;. .
We prove our induction step for the cases of ¢,_1, < ¢ +* — 1/, and ¢,_1, >

gt + &% — 1/a separately. We first show that if ¢,_1, < ¢t + &% — 1/a, (ie., v is not
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saturated), then p,., > p., — 1/a holds, which can be interpreted as

q:;l + 53 - 1/@ Z QTfl,v Z QT,'U - 1/0[,

and as a result qUA +e3 > ¢rv. Let Wy denote the set of multi-walks corresponding to
edges in My constructed in B,(G). Since My is a matching, for any vertex v, there
exists at most one multi-walk W € Wy that contains vertex v. In addition, since W

is alternating, we have |dy., — dy.| < 1, where dy,, and dy, are defined as

dw,={i:v €e;and e; € M, }| and dy, = |{i:v € e;, and e; ¢ M, }

Since after applying a multi-walk W on a profile, membership of the edges in W flips
in their corresponding matchings, we get [{i : v € M;}| > [{i : v € M!}| — 1 which
means p,, > pl., — 1/a. We now consider the case of g1, > ¢;' +¢* — 1/a, (ic., v
is saturated) and show that in this case, p,,, > p;.,, holds. Due to W being applicable
with respect to the set of saturated vertices, by Definition 5.4.4, it satisfies dy,, > dyy,.
This directly yields p,, > P;,m and as a result ¢,_1, > ¢,,. Based on the induction
hypothesis, we have ¢,_1, < ¢! + €3 which implies ¢., < ¢ + &3 and completes the

proof. O]

5.4.4 Lemma 5.3.4 Property 2: Expected Weight of the Matching

In this section, our goal is to prove E[w(Z)] > (1 — ¢), where Z = B,(G) for

t = c;e 2. We will fix the value of the constant ¢; later in this section.
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We start by Lemma 5.4.8 concerning the relation between the expected weight
of the matching and the weight of matching My on hyper-graph H in the algorithm.

For any r, let My, denote the matching My in algorithm B,(G).

Lemma 5.4.8. For any 0 < r <t, we have

Eg~c[B:(9)] = Egna[Br-1(9)] + Elw(Mu, )]/ .

Proof. Consider algorithm B, (G) where G is a random realization of G. To prove this

lemma, we will show

> w(M)) = w(M;) = w(Mpg,). (5.32)

[Ite" [Ite”

By Algorithm 4, we have B,.(G) = M. Moreover, Observation 5.4.5 states that match-

ings My, ..., M/ are all drawn from the same distribution which implies

E| Y w(M)| = aEg.c[B(G)]
1€a
Similarly, since matchings M, ..., M, are all drawn from the same distribution as

B,_1(G) we have

E

> w(My)

1€EQ

= algc[B,-1(9)].

Consequently, to prove the lemma, it suffices to prove Equation 5.32 holds. Let Wg
denote the set of multi-walks corresponding to edges in My constructed in B,.(G). Since

the weight of each edge in H is equal to the gain of its corresponding multi-walk, we
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can write

= > gW,Py= > > (e ¢ M) —1(e € My))uwl(e). (5.33)

WeWy WeWy (i,e)eW

Note that profile P’ is the result of iteratively applying the set of multi-walks Wy on
profile P. However, since My is a matching, and as a result multi-walks in Wy are
vertex disjoint, gain of a multi-walk is not affected by the multi-walks applied before
that. Moreover, since different multi-walks concern different vertices of the graph, we
can assume w.l.o.g, that we apply all of them at the same time. Let us define for any

i € [a],

Ei1= U {e|(i,e) e W and e ¢ M;}, and E;, = U {e|(i,e) € W and e € M;}.

wWeWy weWg

By Definition 5.4.1, for any i € [, we have M = M; U E; 1\ E; 2. This implies

U)(M;)—UJ(MZ): Z We — Z We = Z Z 1(6 GM)) ( )7

EGEZ'J EEE@Q WGWH (j e)EWj )

and as a result

YowM) —wM) =Y Y (U ¢ M) — 1 € My)w(e).

i€la] WeWy (j,e)ewW

Combining this with Equation 5.33 results in Equation 5.32 and completes the proof.

]
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For any r < t, let Z, := B,(G). Given Lemma 5.4.8, to prove the second property,
it suffices to show that for any r having Elw(Z,)] < (1 — ¢)E[w(A(G))] results in

E[lw(Mpy,)] > oE[w(A(G))]/t. Based on Lemma 5.4.8, this implies

Ew(Z)] 2 ) Elw(Mp,)]/a > min(taE[w(A(G))]/(ta), (1 - €)ELw(A(G))])

= (1 - ¢)E[w(A(9)),

which is equivalent to the second property of Lemma 5.3.4. To achieve this, in
Lemma 5.4.9 (stated below), we prove that having E[w(Z)] < (1 — e)E[w(A(G))] re-
sults in Ejw(Mpy,)] = Q(®E[w(A(G))]), which can be interpreted as E[w(My,)] >
ce8Elw(A(G))] for a constant number c. By setting

e 1241

Cy =
ce~12

we get

(e + DE[w(A(9))]

cpe—20

Elw(Mp,)] = c"Elw(A(G))] =

Recall that we have ¢t = ¢, and a = e7'? + 1, which gives us E[w(Mg,)] >
aE[w(A(G))]/t. Therefore, to prove the second property of Lemma 5.3.4, it only suffices

to prove the following lemma.

Lemma 5.4.9. For any r < t, if Elw(Z)] < (1 — ¢)E[w(A(G))] holds, then we have

E[w(Mp,)] = Q(e*E[w(A(G))]).
Proof. To prove this, we will construct a subgraph H’ of H which max-degree 2« such
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that

E

> w(e)] > ae’Elw(A(G))].

ecH'

First, note that H is a hyper-graph of rank [ = 373 since each edge is between the
vertices of a path of length at most [ in G. Using Lemma 5.4.15, we know that sub-
graph H’ (and as a result hyper-graph H) has a matching of weight > ., w(e)/(2la)
which is in expectation equal to e’E[w(A(G))]/6. Moreover, My, is constructed by
ApproxMatching(H) which by Proposition 5.4.18 returns an O(l)-approximation of the

maximum weight matching of H. Thus, we get
Elw(Mpu,)] = Q"Elw(A(G)))).

Before proceeding to the construction of H' in Algorithm 5, let us provide some
definitions. Given a profile P = ((G1, M1), ..., (G, My)), wesay W = ((s1,€1),-- ., (Sa, €a))s
an alternating multi-walk of P, is expandable by W' = ((s},€}), ..., (s}, €p)) iff either

W1 or Wy, defined below, is an alternating multi-walk:
Wl = ((517 61)7 SRR (Sav ea)a (3,17 6/1), BRI (8;)7 6;))),

Wy = ((5/1’63)7 R (32762), (31761)7 cee <3a>€a))-

If W is expandable by W’ either one of W7 and W5 that is an alternating multi-walk
is the result of expanding W by W’. (If both are alternating multi-walks, we pick one

arbitrarily.) Similarly, we say W is expandable by a path or a cycle p = (ef,...,¢;) in
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graph G; iff W is expandable by ((i,€}),..., (i,¢})), and the result of expanding W by
p is similar to expanding W by ((i,€}),..., (i,€})).

Below we state Algorithm 5 which given profile P and the set of saturated vertices
Vs outputs hyper-graph H’. Note that both P and V; are from algorithm B,.(G) by

which My, is constructed.

Algorithm 7. Constructing subgraph H’ given profile P := ((Gy, M), ..., (Ga, Ma))
and V.

1 Define H' to be a hyper-graph with vertex set V' that initially does not have any

edges.
2 For any i € [a], let M := A(G;), and E! := {e € G;|1(e € M;) + 1(e € MA) =1}
// E! contains an edge if it is in exactly one of M; and A\[]-A.

3 Let V, :={veVi:|{i:ve MA} >|{i:ve M}}

4 Remove an edge e from E! iff e € MlA and at least one of its end-points is in V.

5 Let G/ := (V. El).

6 while there exists an i € o, where E| # (), do

7 Let W be an empty multi-walk.

8 Pick a maximal path or a cycle p from G.

9 If W is expandable by p, expand W by p, and and remove all the edges of p
from E;

10 while there exists a subgraph QJ’~ that contains a maximal path or a cycle p by

which W is expandable, do

11 t Expand W by p and remove all the edges of p from E;

12 Add W to W.
13 for any W € W, do

14 Pick an integer number z between 0 and [/4 — 1 uniformly at random.

15 Decompose W = ((s1,e1), ..., (Sk, er)) to smaller multi-walks W7y, ..., W, by
removing any element (s;,e;) from the multi-walk iff e; ¢ M, and either
imod (I/4) = x or i mod (I/4) = = + 1 hold.

16 If W7 is expandable by W,, expand Wy by W,, and set W, to be an empty
multi-walk.

17 For any multi-walk W’ € {Wy,...W,}, add an edge to hyper-graph H’ between
the vertices in W’ with weight g(W’).

18 Return H'.
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To complete the proof of Lemma 5.4.9, we need to show that hyper-graph H’

outputted by Algorithm 5, has the three following properties.

1. The maximum degree of hyper-graph H’ is upper-bounded by 2.
2. hyper-graph H' is a subgraph of hyper-graph H.
3. We have E[}°,_ w(e)] > ae’E[w(A(G))].

For the first property of H' first observe that any hyper-edge e € H’ represents a
multi-walk W, in P. For any vertex v, if v € e, then W, contains an element (i,¢’)
where v € € and € € G]. Moreover, in the algorithm, after using (i, ¢’) in construction
of a multi-walk, we remove ¢’ from subgraph G!. (see Line 11 of Algorithm 5.) We also
know that degree of each vertex in G! is at most two. This gives us an upper-bound of
2a for degree of each vertex in H'.

To prove the second property, let us first recall that based on Line 7 of Algo-
rithm 4, hyper-graph H has a hyper-edge for any multi-walk of length at most [ in set
W, (which is defined as the set of multi-walks of P that are applicable with respect to
the set of saturated vertices). To prove this property, it suffices to show that any hyper-
edge in H' also represent a multi-walk of length at most [ in W,. Since in both graphs
H and H’, weight of each edge is set to be the gain of its corresponding multi-walk,
we do not need to consider the edge-weights in our proof. Consider a multi-walk W’
from Line 17 of Algorithm 5. Since any edge in H' represents a multi-walk described
in this line of the algorithm, to complete the proof we only need to show that W’ is
a multi-walk of lenght at most [ in W,. Clearly, the length of this multi-walk is at
most [ due to Line 15 of Algorithm 5. Moreover, Lemma 5.4.14 states that W’ is an
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alternating multi-walk and is applicable with respect to the saturated vertices, which
implies W’ € W,, and completes the proof of this property.

To give a lower-bound for E[}__,, w(e)] we will prove that

ecH'

For a small enough ¢ that satisfies €2 > ¢ — 33 we can write this as

E

> w<e>] > ac*Efuw(A(©9))),

ecH'

which is equivalent to the third property of H'. For any e € H' ]let W, be the multi-
walk in Line 17 of Algorithm 5 represented by e. By definition of g(W,, P), and the

fact that for any (i,€') € W,, if ¢’ ¢ M;, then ¢/ € M we get:

w(e) = g(We, P) = Z (1(e" ¢ M;) —1(e' € M;))w(e')

(i,e)eW,

= Y A e M) -1 € M)u(e),
(i,¢/)eEW,

Observe that based on Algorithm 5, for any i € [o] and any edge € € M;, there exists
an edge e € H' such that (i,¢’) € W,. Similarly, for any i € [a] and any edge ¢/ € M7,

there exists an edge e € H' such that (i,¢’) € W, unless ¢’ is removed in Line 4 of the
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algorithm or (7, ¢’) is removed in Line 15 of the algorithm. Based on Lemma 5.4.16 we
know that probability of €’ being removed in Line 4 is upper-bounded by 3. Moreover,
it is easy to see that probability of (i,€’) being removed in Line 15 is upper-bounded
by 4/l = 4&3/3. This means that with probability of at least 1 — 33, for any i € [a]

and any edge ¢’ € M, there exists an edge e € H’' such that (i,e’) € W,. This implies

E|Y w(e)] = D (1=3Puw(e) = > w(e)
ecH' i€ e’GM{A e’'eM;
= (1 =3)w(M) — w(M)).
1€
Since matchings M, ..., M, are drawn from the same distribution, and similarly,
matchings M7, ..., M2 are drawn from the same distribution, for any i € [a] we

have E[w(M;)] = E[w(Z,)] and E[w(M')] = E[w(A(G))]. This gives us

ElY. w(@)] = a((1 - 3¢")Elw(A(9))] — E[w(Z,)]),
and concludes the proof of this Lemma. O

Lemma 5.4.10. Consider multi-walks {W1,...,W,} in Line 17 of Algorithm 5. If
there exists an i € [a], where W; is not applicable with respect to set Vi, then W is not

applicable with respect to this set either.

Proof. We use proof by contradiction. We assume that W = ((s1,€1),..., (Sk, €x)) is
an alternating multi-walk applicable with respect to set V while there exists an i € [a]

where W; is not applicable with respect to this set. We then show that this leads
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to a contradiction. If W; is not applicable with respect to Vj, then either it is not
alternating, or there exists a vertex v € V; for which dy,, < JWW. By Lemma 5.4.6,
if W is alternating then any v € V' that satisfies dw,, < JWM is an end-point of W;.
Therefore, to obtain a contradiction, it suffices to prove that W is alternating, and
that if v € V; is an end-point of W, then dy, , > JWW.

We first prove our claim for the case of 1 < i < a. By construction, in this case,
W, is a subsequence of W, i.e., W; = ((sz,€z),...,(sy,€y)) for 1 <z <y < k, and as
a result it is an alternating multi-walk. We will show that in this case, multi-walk W
is applicable with respect to any subset of V. Based on Lemma 5.4.6, to get this, it
suffices to show that e, € M, and e, € M, hold. Since W; is a result of decomposing
W, we know that elements (s,_1,€,—1) and (sy11,€,11) are removed in Line 15 of the

algorithm. As a result we have e, ¢ M, , and e,_; ¢ M, _,. Combining this with

o1
the fact that W in alternating, we get e, € M,, , and e, € M, .

To complete the proof, it remains to show that for any i € {1, a}, multi-walk W;
is alternating, and that any vertex v which is an end-point of W; satisfies dyy, ,, > Jwi’v.
For any ¢ € [k], let e; = (u;,u;+1) which means that for any ¢ > 1, we have u; €
e;—1 and u; € e;. Consider the multi-walks W; and W, in Line 15 of the algorithm.
We assume w.l.o.g. that during the decomposing of W to shorter multi-walks, it is
decomposed to at least two multi-walks and as a result 1 < a. At this point of the
algorithm, we have Wy = ((s1,€1),...,(Sz,€x)) and W, = ((sy,€y), ..., (s, €x)) for
some 1 < x < y < k. Note that both W; and W), are alternating multi-walks due to
being subsequences of W. Moreover, similar to the previous case, we can argue that

e € My, and e, € M, due to the fact that elements (s,41,€,41) and (sy41,€y41) are
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removed during the decomposition process. If we also have e; € M, and e, € M, then
Wy is not expandable by W, and both these multi-walks are applicable with respect
to any set of vertices due to the third item of Lemma 5.4.6. Therefore, we focus on
the case that either e, ¢ M, or e; ¢ M, holds. Let us assume w.l.o.g. that we have
er & M, . It is easy to see that if uy ¢ Vi then W is applicable with respect to V;. We
claim that in this case of ey ¢ M,_, if u; € Vj, then we have u; = w1 and e; € M,
as otherwise W does meet the condition dyy, , > dw;,, which is necessary for W being
applicable with respect to set Vi. This implies that W is expandable by W, since
((s1,€1), .- (Sus€x), (Sy,€y)s .., (Sk,€x)) is an alternating multi-walk. As a result to
complete the proof we only need to show that the result of expanding W; by W, is
applicable with respect to V. Indeed in this case, this multi-walk is applicable with
respect to any set of vertices due to e, € M, and e, € M,, and the third item of

Lemma 5.4.6. Thus, the proof of the this lemma is concluded. O

Lemma 5.4.11. The while loop in Line 6 of Algorithm 5 terminates and VW constructed

by that is a set of alternating multi-walks.

Proof. 1t is easy to see that if the loop terminates W only contains alternating multi-
walks since any multi-walk W added to this set is the result of iteratively expanding
an empty multi-walk by a set of paths and cycles. Recall that by definition, an empty
multi-walk is alternating and the result of expanding an alternating multi-walk by a
path or a cycle is also an alternating multi-walk. The while loop terminates when for
any i € [a], we have E! = (), thus to complete the proof, it suffices to show that each

iteration of the loop terminates and that in each one, we remove at least one edge from
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one of the subgraphs G/,...,G’. We consider an arbitrary iteration of the loop, and
show that in Line 9, edges of p are removed from G;. This happens iff W is expandable
by p. Multi-walk W is empty at this point of the algorithm (and as a result is an
alternating multi-walk) and p = (ey,...,ex) is a maximal (nonempty) path or a cycle
chosen from an arbitrary G! in Line 8. As an application of Lemma 5.4.12, we get that
W is expandable by p. As a result of this, in Line 9 of the algorithm edges of p are
removed from E!. To conclude that the while loop terminates we also have to show
that each of its iterations terminate. It is easy to see since the loop nesting in this

while loop obviously terminates as well. O]

Lemma 5.4.12. Let p = (€},...,¢€;) be a a mazimal connected-component (a path or
a cycle) in graph G'; (defined in Algorithm 5), and let W = ((s1,€1), ..., (Sas€a)) be
an alternating multi-walk of profile P = ((G1, Mi),...,(Ga, My,)), such that for any
Jj € [b], we have (i,€}) ¢ W and for any j € [a], we have e; € E . If the first vertex
of W is the same as the last vertex of p and 1(ey € Ms,) + 1(e, € M;) =1, then W is

expandable by p.

Proof. First, let us note that any maximal connected-component in graph G’; is a path
or a cycle since we have E! C (M;UM;'), and as a result the degree of each vertex in G! is
at most two. (Recall that, M; and M;* are both matchings of graph G;.) To prove that
W is expandable by p we will show that W, = ((i,€}),..., (¢,€}), (s1,€1), ..., (Sq,€a))
is an alternating multi-walk. First, IV, is a multi-walk since (e, ..., e}, e1,...,€,) is a
walk in GG and it also contains distinct elements as for any j € [0], (i,¢€;) € W holds.

By Definition 5.4.3, to prove that W, is alternating, we first need to show that
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for any two consecutive elements in W, e.g., (s7,¢]) and (s,¢e5), we have 1(e] €
Mg) +1(ey € My) = 1. If both these elements are in W this simply holds due
to W being an alternating multi-walk itself. Moreover, if exactly one of them is in
W, we get this as a result of 1(e; € M) + 1(e; € M;) = 1 (in the statement of
lemma). Therefore, we need to focus on showing that for any j € [b — 1], we have
1(e; € M;) + 1(ejy1 € M;) = 1. Since E! C (M; U M;') and by the fact that M; and
M{“ are matchings of graph G, if e; € M; then e; 1 ¢ M;. Similarly, if e; ¢ M; then
e; € M which gives us e;.1 ¢ M and e;1; € M.

As the second condition in Definition 5.4.3, we need to show that PAW, =

((G1, M), ..., (Gk, M})) is a profile, where for any j € [a] we have

M; = M; U{el|(j,e) € W, and e ¢ M;}\{e|(j,e) € W, and e € M;}. (5.34)

By Definition 5.4.1, to prove that PAW,, is a profile, it only suffices to show that for
any j € [a], M} is a matching in G;. This simply holds for any j # i due to W being
an alternating multi-walk itself, thus we only need to show that M; is a matching in
G;. To achieve this, we consider any two edges {e, e’} C M/ and show that e and €” are
not adjacent in G;. If neither one of these edges is in p, then for W to be an alternating
multi-walk these edges cannot be adjacent. Moreover, it is easy to see that if both edges
are in p, they are not adjacent either. Thus, we assume that exactly one of the edges
is in p. W.l.o.g., we assume e € p and ¢ ¢ p. We consider two cases of ¢/ € G and
e’ ¢ G. In the first case, e and €’ are not adjacent since p is a maximal component of

G’ and as a result is not connected to edges that are not in p (including €’). In the case
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of ¢ ¢ G, we claim that ¢’ is in both M; and M7* which means it cannot be adjacent
to any edge in G including e. To prove this claim, note that by Equation 5.34, we have
M C (M;u{e"|(i,€") € W,}) and by the statement of lemma for any (i,e”) € W, we
have e” € E!. Moreover, by definition of G/, we know E! C (M; U M;*). Putting these

facts together results in the following equation:

M c (Myu{e”|(i,e") € W,}) € (M; UE]) C (M; U M).

Recall that G contains an edge iff it is in (M, U M) but not in (M, N MA). As a
result since e is in M/ but it is not in G/, then it is in (M, N M:*). This completes the

proof of our lemma since we obtained that W), is an alternating multi-walk. [

Claim 5.4.13. In Line 5 of Agorithm 5, for any v € Vi, we have r, > g, where

g=1i:ve (MZ-Aﬂ ENY and r, = |{i:v e (M;NE})}.

Proof. We use proof by contradiction. Let v € V; be a vertex with r, < g,. It is easy
to see that we have v ¢ V, since in Line 4, for any ¢ € [a], we remove any edge in E;
which has at least one end-point in V,.. As a result, in Line 5, for any v € V,. we have
dyy = 0. Due to v & V,, we get [{i : v € MA}| < |{i:v € M;}|. Observe that for any

v ¢ V., we have

{i:ve (MANEDY =|{i:ve MM —|{i:ve (M*n M)}, and

{itve (M EDH = [{ive M} — |{i v e (MAN M)},
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This gives us r, — g, = |{i : v € M;}| — [{i : v € M#}|, which implies r, > g, and

completes our proof. O

Lemma 5.4.14. Any multi-walk in line 17 of Algorithm 5 which is represented by an

edge in hyper-graph H' is applicable with respect to the vertices in V.

Proof. By Lemma 5.4.10, to prove this, it suffices to show that any W € W constructed
in the algorithm is applicable with respect to V. Recall that, by Definition 5.4.4, a
multi-walk W of profile P is applicable with respect to Vj iff it is alternating and it
satisfies dy, > JW,U for any v € V,. Based on Lemma 5.4.11, W is an alternating
multi-walk thus it remains to show that for any v € V;, we have dy,, > va.

We use proof by contradiction. We start by assuming that there exists a vertex
v € Vi and a multi-walk W’ € W where dy», < JW/,U and then show that it results
in a contradiction. Let W = ((sq,€1),...,(Sk, €x)) be the first multi-walk for which
we have dy, # JWW. By Lemma 5.4.6, this implies that vertex v is an endpoint of
this multi-walk. W.l.o.g., let us assume that we have e; = (v, uy). Consider subgraphs
G'1,...,G 4 in the algorithm when W is added to WW. Due to the condition of the while
loop in Line 6 of the algorithm the following holds at this point of the algorithm. There
does not exist a G’; that contains a maximal path p with which W is expandable. By
Lemma 5.4.12, this implies that any maximal path p = (€], ...,€)) in any subgraph
G’; that ends in vertex v (i.e., €/, = (ul,v)) satisfies 1(e; € My, ) = 1(e}, € M;). We
consider both cases of e; € M, and e; € My, and prove prove the lemma for each one

independently.

Let us assume that e; € M;,. In this case, by Item 2 of Lemma 5.4.6, we have
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dyw, > JWW which means W # W’. We will show that in this case, any multi-walk
W" added to set W in the next iterations satisfies dy», > quﬂ, which contradicts
the existence of W’. Consider a maximal connected component (a path or a cycle)
p=(€],...,e,) in G; for an arbitrary ¢ € [a], and define W, = ((i,¢€}),...,(i,¢,)). By
Lemma 5.4.12 W, is an alternating multi-walk. Moreover, by Item 1 of Lemma 5.4.6
if v is not an end-point of p (which also includes the case that p is a cycle) then
we have dy, = pr’v. Further, if p is a path and v is one of its end-points, i.e.,
e/, = (ul,v), as mentioned above we have 1(e; € M, ) = 1(e,, € M;), which means
el € M;. As a result of this and by invoking the second item of Lemma 5.4.6, we get
that dw, ., > pr’v. Note that any multi-walk W” constructed in the next iterations
consists of a set of maximal connected components. Since all the remaining connected
components satisfy dw, , > dw, ., we also have dy», > dwyn,. This contradicts the
existence of multi-walk W’ with dy, < dy,.

Now we consider the case of e; ¢ M,. We will show that this assumption results
in equation |{i : v € (MANE)} < |{i:v € (M;NE})}| for vertex v, which contradicts
the statement of Claim 5.4.13. First, we show that if e; ¢ M, then any multi-walk

/

W" € W satisfies dyn, < dw»,. Let us consider a path or cycle p = (e},...,¢e,) in
graph G, for an arbitrary i € [a], and define W, = ((i,€}), ..., (4,€,)). Similar to what
we used in the proof of the previous case, if v is not an end-point of W), (which also
includes the case of p being a cycle), then by Lemma 5.4.6, we have dy,, > pr,v.

Moreover, if p is a path and v is an end-point in this path, i.e., €/, = (u},v), we have

1(e; € My,) = 1(e, € M;). Since in this case we have e; ¢ M, , we get e/, ¢ M;. As

17

a result of this, Item 2 in Lemma 5.4.6 gives us dy,, < prﬂ,. Based on an argument
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that we used for the previous case, this implies that any mutli-walk WW” that we add
to W in the next iterations satisfies dy», > d_W”,U' Moreover, due to the assumption
that W is the first multi-walk that for any W” that is added to this set before W we
have dy» , = qum. We also have dyy, < va as a result of assumption e; ¢ M, and

the second item of Lemma 5.4.6. This gives us the following equation:

> dwo—dws) = > ({li,e) €W v € e ed¢ MY|—|{(i.e) :vEeecM}|)>0.
Wew Wew

(5.35)

where the first equality is due to the definition of JWJ, and dy,. Further, based on

Lemma 5.4.11, we know that the while loop in Line 6 of Algorithm 5 terminates. When

this loop terminates, there is no j € [a] where G} contains at least one edge. This means

that for any e € E} element (e, 7) is in exactly one of the multi-walks in W. Also, note

that by construction, £ C (M f‘ UM;). As a results we get the following equations for

vertex v:

{ive MiNEN}H =) Hie)eW:veeee M} and
wew

{izve (MANEDH =Y [{(i.,e) eW:veeed M}

Combining this with Equation 5.35, we get:

{itve MANEDY —|{i:ve (MAE)} >0
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which is in contradiction with the following equation by Claim 5.4.13 for any v € Vj:

Hi:ve (MANENY < |{i:ve (M;nE)}Y.

]

Lemma 5.4.15. Any weighted hyper-graph K = (G, Fx) of max-degree A and rank r

has a matching with weight at least -5 3 .5 w(e).

Proof. We construct a matching Mg using an iterative greedy algorithm and show that
its weight is at least 55 > 5, W(e). At the beginning all the edges are alive. In each
iteration, we add an edge e to M which has the maximum weight among the alive
edges and kill all its neighboring edges (that are not already killed by another vertex).
Note that each edge e in M kills at most rA — 1 other edges with weight smaller than

w(e), which means Y., w(e) > x> cp w(e).

]

Lemma 5.4.16. Given that an edge e = (u1,uy) exists in M7 defined in Algorithm 5,
probability of this edge being removed in Line j of the algorithm is upper-bounded by

3.

Proof. Note that e = (uy,uy) is removed in Line 4 of the algorithm iff e € M and
there exists a vertex v € {uy,us} which is saturated and satisfies [{j : v € MA}| <
{j : v € M;}|. Let I. be an indicator random variable for the event of e being removed

from G in Line 4 of the algorithm. Moreover, let us define g, := [{j : v € MJA}| and
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ry = |{j : v € M;}|. We have

Pr[l] <Pr[gu, > 7w, |1 € MY 4 Pr[gu, > 7w, | us € M. (5.36)

Thus, it suffices to show that, Prlg, > r,|v € MA] < £*/2 holds for any vertex

v € {uy,us}. We have

Pr[g, > 1| v € M) < Prlg, i + 1> 1y ] < Prge_s > 70 i (5.37)

where ¢, ;== |{j:j#iand v € MJA}| and 7, _; :== [{j : j # ¢ and v € M,}|. Recall
that by definition of saturated vertices in Line 5 of Algorithm 4, for any saturated
vertex v and i € [a], we have Pr[v € M;] — Prfv € M#] > & — 1/a and as a result

E[ry, ;] — Elgy—i] > (o — 1)(e® — 1/a). To complete the proof, we show

Prl|gy—i — E[gy—i]| > (a — 1)54] < e and Prl|r, — E[r,]| > (o — 1)54] <e 4

Note that g, _; and r,_; are both sum of independent Bernoulli random variables as
for any @ and b, G, and G, are independent random variables. Therefore, to bound
Pr(|gs—i — Elgo—i]| > (o — 1)e*] and Pr[|r,—; — E[r, ]| > (a — 1)&?] we can use
Chebyshev’s inequality which states for any k, Pr[|r, _;—E[r, ]| > Var(r,)"/2k] < k=2

Observe that Var(r, ;) < (o — 1) and Var(g,—;) < (o —1). Based on Algorithm 4, we
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have o — 1 = e~ '2. This implies that

Pr[|ry—i — E[ry ]| > (oo — 1)54] =Prl|ry,—i — E[r, ]| > £
=Prl|ry—i —E[r, ]| > (o — 1)1/2872]]
< Prf|ry i — E[ry ]| > Var (r,)""%7?)]

< et

We can similarly show that Pr[|g, i — E[g,—i]| > (o — 1)e*] < &*. Moreover, since
Elr, ] — Elgyi] > (o — 1)(e® — 1/a), if g, > 7, _; then, we either have g, ; >
Elgy ] + (@ — 1)(e* — 1/a)/2 or 7, _; < E[r, ] — (o — 1)(e3 — 1/a)/2. For a small

enough ¢, we have (¢* — 1/a)/2 > &*, and

Prigy,—; > 1y —i| < Pr[|r, —i—E[r, _i]| > (a—1)64]—|—Pr[\gv7_i—IE[gv,_i]\ > (a—1)64] < 2e%,

Combining this with Equation 5.37 and Equation 5.36 results in Pr[I.] < 4¢* which for

a small enough ¢, gives us Pr[l.] < &3 O

5.4.5 Lemma 5.3.4 Property 3: Independence

In this section our goal is to prove the following lemma.

Lemma 5.4.17. For any 0 < r < t, it is possible to simulate algorithm B.(G) in

O(e7*1og A poly(loglog A)) rounds of LOCAL.
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Proof. We will show that for any r < ¢, algorithm B,.(G) can be implemented in

z, := cre *log A poly(loglog A)

rounds of LOCAL for a large enough constant c. Since we have t = ¢,e=%° for a constant
ct, this implies that B(G) = B;(G) can be simulated in O(e7?*log A poly(loglog A))
rounds. To prove this claim, we use proof by induction. As the base case, By(G) can
be simply implemented in O(1) rounds as it only returns an empty matching. As the
induction step, for any r > 1, we assume that our claim holds for B,_1(G), and prove
that it holds for B,(G) too.

Graph G is the underlying graph in our LOCAL simulation of B,.(G), and there is
a processor on each v € V. The initial information that each node v holds is as follows.
Its incident neighbors in graphs G and G, Prg.c 4lv € A(G)], and parameters €, r and A
(maximum degree of G). Observe that other than G, the rest of the initial information
is independent of the realization of G and the randomization of the algorithm. Thus,
if two vertices are not adjacent in (G, they initially do not share any information that
is correlated with the randomization of the algorithm or the realization of G. As a
result, to prove our lemma, we only need to show that using this initialization, we can
implement our algorithm in the desired number of rounds. To prove our claim, we go
over Algorithm 4 line by line, and investigate the number of rounds that we need to
simulate each one in the LOCAL model. The first two lines obviously take O(1) round
since no communication is needed for initializing the variables.

In Line 3 and Line 4 of the algorithm, the goal is to construct profile P. First,
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to construct subgraphs Gs, ..., G,, for any edge e € (G, we only need its end-points to
communicate and hold the information about realization of e in these subgraphs. This
can be done in O(1). Moreover, by the induction step for any i, algorithm B,_,(G))
can be simulated in z,_; rounds. Further, B, 1(G;)...,B,_1(G,), can be constructed
in parallel. As a result this line of the algorithm takes x,_; + O(1) rounds.

To simulate Line 5 of the algorithm, we show that any vertex v can compute
Prgg.alv € B._1(G")] and determine whether it is saturated or not after x,_; rounds of
the algorithm. First, note that Prg/q 4[v € B,_1(G")] is just a function of G. Moreover,
by the induction step, B,_1(G’) can be implemented in z,_; rounds of LOCAL, which
implies that Prg.g v € B,_1(G")] is a function of z,_;-hop of vertex v in graph
G. This is a piece of information that vertex v can gather in x,_; rounds. Therefore,
considering that initially each vertex holds the value of Prg.c 4[v € A(G)] and €, vertex

v can determine whether it is saturated or not by evaluating the following inequality.

Prg.cslv € Z, 1] < Prgg.alv € A(G)] +&* — 1/a.

This only adds an extra O(1) to the round complexity of the LOCAL algorithm since
each vertex can gather the necessary information during the x,_; + O(1) that our
algorithm has already run from the beginning of the algorithm.

In Line 6 and Line 7, the goal is to construct the hyper-graph H, which has a
hyper-edge between the vertices of any multi-walk of length at most [ = 3673 of P in
set W,. Recall that W, is the set of alternating multi-walks of P that are applicable

with respect to the set of saturated vertices. To achieve this, first, each vertex gathers
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all the information about the vertices in its [-hop and finds the alternating multi-walks
of length at most [ that contain this vertex. In this way, each vertex knows all the
edges of H to which it belongs. This can obviously be done in O({) rounds.

Line 8 of the algorithm is about ApproxMatching(H) which as mentioned before

uses an algorithm by Harris [30] stated below.

Proposition 5.4.18 ([30, Theorem 1.2]). Given a hyper-graph of rank r and a constant
5 € (0,1/2), there is an O(log A + r)-round algorithm in the LOCAL model to get an
O(r)-approzimation to mazimum weight matching with probability at least 1 — 1/0.

Here the O notation hides poly loglog A and polylogr factors.

Based on this proposition, to analyze the round complexity of ApproxMatching(H),
we first need to give an upper-bound for the maximum degree of H which is the max-
imum number of hyper-edges in H that any single vertex v can belong to. In hyper-
graph H, we have a hyper-edge between the vertices of any alternating hyper-walk
w = ((s1,€1),...,(Sk,ex)) of length at most [ in profile P. By definition of multi-
walks, p = (eq, ..., ex) should be a walk in graph G. In a graph of maximum degree A,
there are at most [A! distinct walks of length at most [ that contain vertex v. Further,
for any ¢ € [k], we have s; € [a] which means that there are at most « possible choices
for any s;. Thus, in graph H, there are at most [(Aa)’ edges that contain any arbitrary
vertex v, and as a result maximum degree of H is upper-bounded by I(Aa)!. Moreover,
rank of hyper-graph H is simply upper-bounded by [ since the rank of a hyper-graph is
the maximum number of vertices that any edge contains. In the case of graph H this is

bounded by [ since each edge is between vertices of a walk of length at most [. Putting
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these together, and plugging in the value of variables | = 373 and o = 72 + 1, we

obtain the following upper-bound for the round complexity of ApproxMatching(H ):

O(log (Aa)? 4 1) = O(l1log (Ac) polylog (1) poly loglog (I(Aa)'))

= O(e *log (A) poly loglog (A)).

We can set the constant ¢ in a way that the number of rounds needed here is upper-
bounded by ce~*log (A) poly log log (A)/2.
Finally, in Line 11 we need to apply a set of multi-walks of length at most [

(constructed in previous rounds) on profile P. This can be easily done in O(e™?)-

rounds since we have [ = 3¢73. To sum up, The overall round complexity of the

algorithm which we denote by R, is as follows:

R, =0(1) +2,_1 + O(l) + O(1) + O(l) + ce*log (A) poly log log (A) /2
=c(r —1)e *log A poly(loglog A) + O(e™*) + ce *1log A poly(loglog A)

=z, + O(e™*) — ce*log A poly(loglog A) /2.

Let coe~* be an upper-bound for what we denote in our round complexity as O(e™%)

where ¢ is constant. We can set the constant ¢ to be large enough to satisfy

coe* — ce*log A poly(loglog A) /2 < 0.

This gives us R, < x,, and concludes our proof. O
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