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1 Introduction
Let f be a modular form of weight k € 2Z and level N such that it has a Fourier expansion

f@) =) ame™™, 3(z) =0,

n=1

with a(n) be the nth Fourier coefficient. In this article, we shall restrict to the family of
modular forms with rational coefficients, that is, f (z) with a(n) € Q for every n. We first
consider Hecke eigenforms or simply eigenforms in the space of cusp forms of weight k
for the congruence subgroup I'1 (N) with trivial nebentypus. When f is an eigenform with
integer Fourier coefficients, it follows from Deligne-Serre that for any prime ¢, there exists

a corresponding Galois representation
o Gal (Q/Q) — Gla ()

such that tr(p}e)(Frobp)) = a(p), for any prime p t N¢. For a quick reference about this
correspondence, we refer the interested reader to [8, Chapter 3].

In particular, a(p) (mod ¢) is determined by the trace of the corresponding Frobenius ele-
ment in GLy(Z¢/£Z¢) = GLa(Fy). In certain cases, Chebotarev’s density theorem implies
that given any A € Fy, there exists a prime p such that a(p) = X (mod ¢). However, the set
of such primes p come with density strictly less than 1. So what about the other primes p?
In this context, we address the following Waring-type question.

Question Does there exist an absolute constant s such that for any given primes p and ¢,
any element of 'y can be written as a sum of at most s elements of the set {a(p")}n>17?

A related question was studied by Shparlinski in [24] for the Ramanujan’s 7 function,
where 7(n) is defined by the identity
Alz) =¢q 1_[(1 —g") = Z t(n)g", with g = exp(2miz).
n>1 n>1
In [24], it is proved that the set {t(n)},>1 is an additive basis modulo any prime ¢, that is,
there exists an absolute constant s such that the Waring-type congruence

t(n)+ -+ t(ng) = A (mod £)

is solvable for any residue class A (mod ¢).
Shparlinski’s work was later generalized by Garaev, Garcia and Konyagin over the global
field Q. More precisely, in [10], the authors proved that for any A € Z, the equation
S
PIRICHED
i=1
always has a solution for s =74,000.

Later Garcia and Nicolae [12] extended this result for coefficients a(n) of normalized
Hecke eigenforms of weight k in S7¥(I'o(N)). More precisely, they proved that for any
A € Z, the equation

S
Zﬂ(”li) =A
i=1
always has a solution for some s < ¢(f) with c(f) satisfying

k=1 3
of) < (N3/8) 7 TeE1ekTOWTe gk 4 1),
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The proof of the above two results are connected to the identity a(p?) = a®(p) — p*~
the solubility of the equation

p]fl + - +p'§_1 =N, forprimespy,...,ps.

We are studying the finite field version of this additivity problem by obtaining nontrivial
exponential sums associated with coefficients of modular forms, in the sense of [24].
We are working with the class of forms that Garcia and Nicolae [12] considered, but
with Fourier coefficients evaluated only at prime powers. Our results are recorded in
Corollaries 15 and 16. Our main tool is Theorem 1 which provides a nontrivial bound
for exponential sums with coefficients of modular forms. To study this problem, we shall
primarily focus on the exponential sums of type

> e (Ea(p)

n<t

max
telF}

where p, € are primes, and 7 is a suitable parameter which we shall specify later. This is
done in Theorems 2 and 3.

When f is a normalized eigenform, it is well known that a(#) is a multiplicative function
and for any prime p { N satisfies the relation

a(pn+2) — ﬂ(p)ﬂ(pn+1) _pkfla(pn), n>0. (1)

Moreover, we have a(p”) = a(p)” for any prime p | N. These facts come from the
properties of Hecke operators, see [5, Proposition 5.8.5]. If a(p) € Q, then one can
consider a(p) (mod ¢) € [y naturally for any large enough prime £. For instance, £ can be
taken to be any prime not dividing the denominators of the Fourier coefficients. On the
other hand, any cuspform can be uniquely written as a C-linear combination of pairwise
orthogonal eigenforms with Fourier coefficients coming from C. See [5, Chapter 5] for a
brief review of the Hecke theory of modular forms. However, here we are concerned with
all such cuspforms which can be uniquely written as a Q-linear combination of pairwise
orthogonal eigenforms with Fourier coefficients coming from Q. Note that, in this case,
the sequence {a(p”)} is a linear recurrence sequence of possibly higher degree. We now
turn to discuss the basic theory of linear recurrence sequences. We will also discuss the
bounds of their associated exponential sums.

1.1 Linear recurrence sequences and exponential sums
Letr > 1 be an integer and p be an arbitrary prime number. A linear recurrence sequence
{sx} of order r in IF,, consists of a recursive relation

Sptr = Ar—1Sp4r—1 + - -+ + aosy (mod p), withn=0,1,2,..., (2)
and initial values sy, ...,s,—1 € Fy. Here ay, ...,a,_1 € F, are fixed. The characteristic
polynomial w(x) associated to {s,} is

o) =x" —a,_ 13V — - — a1x — ao.

We see from Eq. (1) that {a(p”)} is a linear recurrence sequence of order 2 when f is an
eigenform. We shall prove the results in Sect. 2, by studying exponential sums associated
to a much more general class of linear recurrence sequences.
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Under certain assumptions, linear recurrence sequences become periodic modulo p,
see [15, Lemma 6.4] and [18, Theorem 6.11].

Let p be a prime number and w(x) be the characteristic polynomial of a linear recurrence
sequence {s,} defined by Eq. (2). If (ao, p) = 1 and at least one of the sy, ..., s,—1 are not
divisible by p, then the sequence {s,} is periodic modulo p, that is for some T' > 1,

Su+T = Sy (mod p), n=012....
The least positive period is denoted by t. Moreover, T < p” — 1 and t divides T for any
period T > 1 of the sequence {s,}.
In 1953, Korobov [16] obtained bounds for rational exponential sums involving linear

recurrence sequences in residue classes. In particular, for the fields of order p, if {s,} is a
linear recurrence sequence of order r with (4o, p) = 1 and period t, it follows that

Z €y (Sn)

n<t

<p7 (3)

Note that such a bound is nontrivial if p"/?

< t and asymptotically effective only if
p’?/t — 0asp — oo. Estimate (3) is optimal in general terms, indeed Korobov [15]

showed that there is a linear recurrence sequence {s,} with length r satisfying

Z €p (sn)

n<t

% % < <p

In turn, for any given ¢ > 0, it has been proved that there exists a class of linear recurrence
sequences with a better upper bound

Z €y (Sn)

n<t

< fl/2te,

However, the proof of the existence is ineffective in the sense that we do not know any
explicit characteristics of such family, see [7, Section 5.1].

The case when the associated polynomial w(x) is irreducible in IF,[x], was widely studied.
In particular, from a more general result due to Katz [14, Theorem 4.1.1] it follows that if
w(0) = 1 then

Z €p (Sn)

n<t

< p(r—l)/Z'

Shparlinski [23] improved Korobov’s bound for all nonzero linear recurrence sequences
with irreducible characteristic polynomial w(x) in IF, [x]. From [23, Theorem 3.1] we get

Z €y (&)

n<t

< rp—s/(r—l) + r3/11.c8/11p(3r—1)/22,

£l

for any given ¢ > 0 and with period 7 satisfying that

max ng(‘L’,pd —-1) <tp @ (4)
i
)

In particular, if 7 is fixed then the upper bound is non trivial for T > p’/271/6+¢,

We already pointed out that the inequality (3) is nontrivial for T > p"/?*%, so the most
important case occurs when t < p'/?>*¢ If t < p’/**¢, then condition (4) is needed
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to obtain a non trivial bound suggested by an example given in [23, Section 1]. In this
particular example, the exponential sums of type

("-1)/2

m_1
Z [ (Tr(agzn)) = %;

n=1

are considered for certain 4 in F,,, with g a generator of I, and m be any even integer.
It is worth noting that {Tr(ag?")} is indeed a linear recurrence sequence of order » in Fp.

Moreover, we consider the general case when the associated polynomial w(x) is not
necessarily irreducible, and deduce the following key result.

Theorem 1 Let p be a large prime number and ¢ > ¢ > 0. Suppose that {s,} is a
nonzero linear recurrence sequence with positive order and period t in ¥y such that its
characteristic polynomial w(x) has distinct roots in its splitting field, and (w(0), p) = 1. Set
o(x) = [} wi(x) as a product of distinct irreducible polynomials in Fy[x], and for each i, o;
denotes a root of w;(x). If all polynomials w;(x) have the same degree, i.e. deg w;(x) = r > 1,
and the system t; = ord «;, satisfies

(a) r;lax ged (T, pd —1) <tp? foranyl <i<y,
<r
dlr

(b) ged(t;, 7)) < ps/, for some pair i # j along with Fp(c;) = Fp(), (5)

then there exists a § = 8(&, &') > 0 such that

<tp e (6)

Z €p (&)

max
»
teF n=r

p

It turns out that, this extends [2, Corollary] due to Bourgain, where all of the irreducible
factors have degree r = 1, while Theorem 1 deals with the case r > 2.

This will be of immense use in what follows, roughly because the characteristic polyno-
mial associated to {a(p”)} have degree two.

Theorem 1 will be essential to establish Theorem 2 and Corollaries 12 and 17. Our
approach, which relies on the sum-product phenomenon, provides an improvement over
Theorem 3.1 of [23] for the same class of linear recurrence sequences, obtaining non trivial
exponential sums in a larger range. To be more precise, if p(r) denotes the least prime
divisor of r then any t > p"/P()+¢ satisfies

&

ot > pr/p(r) > rf}f,)f gcd(‘[,pd _ 1).

d|r

In particular, our result works for any t > p” /P(0+e \while bound in [23] is nontrivial if

v > pr/2/6te,

This is an improvement if p(r) > 2, more precisely when r is odd.

1.2 Main results for exponential sum with modular forms

We now quickly discuss the main results obtained in this article. In the list, our first result
is the following:

Theorem 2 Let f(z) be an eigenform with rational coefficients a(n). Let P be the set of
primes p such that a(p*) # 0 for any u € N. Then the following is true.
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(i) The set of primes P satisfies that given p € P, for any 0 < ¢ < 1/2 there exists a
8 = 8(e) > 0 such that the following estimate

max <te78, (7)

&elFy

> e (a(p")

n<t

holds for m(y) + O(y*) many primes £ < y, where the least period t of the linear
recurrence sequence {a(p”)} (mod €) depends on both p and ¢, and 7 (y) denotes the
number of primes up to y which is asymptotically equivalent to @.

(if) For the exceptional set of primes p ¢ P, let u be the least natural number such that
a(p*) = 0. Then for any 0 < ¢ < 1/2, there exists a § = 8(¢) > 0 such that the

following estimate
T
max e (Ea("))| = —— 4+ O(t€7° + u). 8
mpx| Y e Ealp) = g+ O +0) ®

holds for 7t (y) + O(y**) many primes £ < y.

Roughly speaking, a newform of level N is a normalized eigenform which is not a
cuspform of level N’ for any proper divisor N’ of N. For details and basics on modular
forms, we refer the reader to [5]. A newform is said to have complex multiplication (CM)
by a quadratic Dirichlet character ¢ if f = f ® ¢, where we define the twist as

f®¢ =Y amepmq".

n=1
In part (i) of Theorem 2, the condition a(p*) # 0 holds for almost all prime p provided
that f is a newform without CM. This is a consequence of Sato-Tate conjecture and we
shall discuss this again in the proof of Lemma 11. In particular, we have a non trivial
estimate for the following exponential sum

, )

max
& e]Fj

> e alp")

n<t

Let us recall that any general cusp form f can be uniquely written as C-linear combination
of eigenforms. These eigenforms will be called as components of f. We then have the
following result.

Theorem 3 Let f(z) be a cusp form which is not necessarily an eigenform, and can be
written as a Q-linear combination of newforms with rational coefficients. Suppose that
there are ry many components with CM, then under the assumption of GST hypothesis'
there exists a set of primes p with density at least 27" such that for any 0 < ¢ < 1/2 there
exists a 8 = 8(¢) > 0 for which the following estimate

holds for cym (y) + O(**) many primes £ <y, where ¢ > 0is a constant.

!See Sect. 4.1 for the discussion about GST hypothesis.
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In both of the above theorems, we took a fixed prime p and looked for primes ¢ for
which a non trivial estimate to (9) holds. However, these results are valid for almost all
primes ¢, and we do not know explicitly which of the primes are being excluded in this
process. Thus, one may naturally ask, what if we now fix a prime ¢ and find out for how
many primes p the sum at (9) is non trivial. In this regard, we have the following results.

Theorem 4 Let f(z) be a newform of weight k, without CM, and with integer Fourier
coefficients. Consider the set 3 = {K prime | (k—1L,£—1) = 1}. Then, for any fixed ¢ > 0
and any large enough { € *B, the set of primes p satisfying

D erEapn)| <t (11)

max
*
el e

12

have density at least 1 + O, (ﬁ) , where 8§ = 8(¢) is same as in Theorem 1.

Intuitively, this theorem can be regarded as the inverse of Theorem 2, and in this
analogy, the following result as the inverse of Theorem 3. Just for the sake of simplicity
we are assuming (k — 1, £ — 1) = 1, which can be easily avoided and will be evident from
the proof of the following theorem.

Theorem 5 Iff(z) is a cuspform, and can be written as Q linear combination of r many
newforms without CM and with integer coefficients, such that all of these components
satisfies GST hypothesis. Then, for any fixed ¢ > 0 and large enough ¢, the set of primes p
satisfying

Y ec(Ealp)| < e’ (12)

n<t

max
»
&€l

have density at least 27" + O, (ﬁ%zé) , where § = §(¢) is same as in Theorem 1.

1.3 Waring type problems over finite fields

Given a sequence {x,}, one of the classical questions are to decide whether {x,} is an
additive basis. More precisely, is there an absolute constant kX > 1 such that any residue
class A modulo p can be represented as

Xy + -+ + Xy, = A (mod p),
for infinitely many primes p?

In this article, we are concerned about the case when {x,,} is alinear recurrence sequence
inF,. Forasimple sequence 2”(mod p), it follows combining a result of Erdés and Murty [6]
and a result of Glibichuk [13] that for almost all primes p, every residue class modulo p
can be represented in the following form

2" + ... 4+ 2"8(mod p),
for certain positive integers ny, - - -, ng.

Note that 2”(mod p) is a linear recurrence sequence of order 1. For higher order cases,
one can ask about the classical case of Fibonacci sequences. The third author proved
in [11, Theorem 2.2], that given a parameter N — 00, for 7 (N)(1 + o(1)) primes p < N,

every residue class modulo p can be written as

Fy, + -+ + Fpy = 2 (modp),
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provided that iy, ..., n16 < NV/ 2+0(1) The method is based on the distribution properties
of sparse sequences for almost all primes and particular identities of Lucas sequence. It
does not seem easy to extend such ideas for general linear recurrence sequences. In this
article, we prove that if {s,} is a linear recurrence sequence in Z, whose characteristic
polynomial w(x) € Z[x] is monic, irreducible, and having prime degree, then there exists
an absolute constant k such that every residue class A(mod p) can be represented as

Suy + -+ + 84, = A (mod p),

for a set of primes p with positive density. We record this in Theorem 13 in Sect. 6.

2 Exponential sums with linear recurrence sequences
In this section, our main goal is to prove Theorem 1, which is one of our key tool in
establishing several important results of this article. Recalling the example of Shparlinski
in [23, Section 1], we already noticed in Sect. 1.1 that, condition (a) of Theorem 1 is needed
if w(x) is irreducible in I, [x]. We shall discuss more about this condition later in Remark 1.
Now, we illustrate with an example that all of the gcd(t;, 7;)’s cannot be too large. In
other words, we need condition (b) (or some other condition) to obtain a non trivial
bound in Theorem 1. For example, let » = 2 and g be a generator of IF"EZ. Then, consider
the sequence

s, = Tr <gn([2+1)/2 _gn>’

with characteristic polynomial (x — g)(x — g°)(x — g([2+1)/ ) (x — gm2+1)/ 2). Note that

(24+1)/2 _ -1

7y = ordg =¢*> —land 1y = ordg @)

It is easy to see that gcd(£2 — 1, (2 4 1)/2) = 1, so gcd(ty, 2) = £2 — 1. On another hand
we note that ged(t1, £ — 1) = £ — 1. Then, one can show that

02-1 02-1 R
Z e[ (Sn) — Z eg (Tr (g}’l(g +1)/2 _gVI))
n=1 n=1
(2-1)/2
_ Z er (Tr <g2n(z2+1)/2 _g2n))
n=1
(2-1)/2
2
+ Z er <Tr <g(2n—1)(z +1)/2 _g2n—1>)
n=1
21 2 21
=— + Z e (Tr(—2¢"1)) = — + Z ey (Tr (—2gh)),
n=1 heH
where H = (g?2).

Let p be any prime and g be any power of p. Then, the classical theorem about additive
sums for one-variable polynomial, due to A. Weil (see [17, Theorem 3.2]), states that, for
a given polynomial f(x) € F,[x] with degree d, d < g, gcd(d, q) = 1 and a nontrivial
additive character v in IF;, we have

Y V()| < @d-1)q (13)

xelfy
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Consider
1+2) e (Tr(=2gh) = Y (),
heH x€F 2

where ¥ (w) = e; (Tr (—2gw)) is a nonzero additive character of F 2. Applying (13) with
f(x) = x?, it follows that

> e (Tr(—2¢h)

heH

<> v <t

xEFZQ

Therefore, the linear recurrence sequence {s,} satisfies

02-1

2 _
Y el = 5 +00)

n=1

We now need to discuss some necessary background. Let K be a finite field of characteristic
p and F be an extension of K with [F : K] = r. The trace function Trr/x : F — K is
defined by

Tre/k(2) —z4 P+t zeF

The following properties of Trr/x(z) are well known.

Trr/x(az +w) = aTrrx(z) + Trexc(w), foralla e K, zw € F. (14)
Trr/k(a) =ra, forany acK (15)
Trr/x(z) = Trr/k(z), forany zeF. (16)

Throughout this section, F = F,, K = F, with g = p” and we will simply write Tr (2)
instead Trr/x(2).

Let {s,,} be a linear recurrence sequence of order r > 1 in IF, with characteristic polyno-
mial w(x) in I [x]. It is well known that #th-term can be written in terms of the roots of the
characteristic polynomial, see Theorem 6.21 in [18]. Therefore, if the roots «, . .., r—1
of w(x) are all distinct in its splitting field, then

r—1
Sn = Z,Bia;l, fOr n :O; 1, 2,..., (17)
i=0

where By, ..., Br—1 are uniquely determined by initial values s, ..., s,—1, and belong to
the splitting field of w(x) over . If the characteristic polynomial w(x) is irreducible and
« is a root, then its r distinct conjugates are

r—2 r—1
a,af, ..o P

Hence, the coefficients s, are given by
r—1 )
l
si= P, n=01,23....
i=0

One of our main tools is the bound for Gauss sum in finite fields given by Bourgain and
Chang [3, Theorem 2]. This will be required to prove Theorem 1. Assume that for a given
a cFzande > 0,
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such that ord o = ¢ satisfies

t>p° and max ged(tp? —1) < tp~°. (18)
1<d<r
dlr

Then, there exists a § = 8(¢) > 0 such that for any nontrivial additive character v of I,

we have

Z Y] < tp_‘s,

n<t

Note that the second assumption in (18) implies the first one whenever r > 2.

2.1 Proof of Theorem 1
We proceed by induction over v. Before that, following properties (14) and (15) of trace

function we write

v r—1
sy = Tr (rflsn) =r 1Ty (Z(ﬁi,Oal‘n +---+ ﬁi,rflafg n)>
i=1

v r—1

=r! Z Z Tr (,Bi,jafj"),

i=1 j=0

By the assumption, [F,(e;) : Fy] = r for any 1 < i < v. In other words, any such ¢; is in
F,r. We then have, r = [Fp(a, ..., ) : Fy] and 2" =z for any z € Fy(ay, ..., ). In
addition, from (16) it follows that, Tr (z#) = Tr (z) for any z € Fy(a, ..., ay). Then, for

each pair (i, j), raising each argument ,Bi,jaf}/ " to the power p’~/
Tr (,B,;,-(x‘;] ”) = Tr (ﬂgj’f’a{?“ ”"’H) = Tr (ﬁfl.'*’afr”) = Tr (ﬂ{’;f’af),

This implies that

v r—1 . v r—1 »
Sp=r"1 Z Z Tr (/Sfjri]af’) =r! Z Tr Z ,ij of
i=1 j=0 i=1 j=0
= Tr (ylozf) +--+ Tr (yva")’), (19)

where y; = 71 }:ol 55;71, for each1 <i < v.
The case v = 1 follows from Bourgain and Chang [3, Theorem 2]. We shall now proceed
inductively, and v = 2 will be the base case. We start by denoting # = gcd(ty, 12). It is

clear that lem(ty, 72) = t172// is a period of s, then

Yoen )| = | 2 eps)|.

n<t un
= <un
= h

Hence, it is enough to prove that

J. Bajpai et al. Res. Number Theory (2022) 8:18
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forsomed = §(¢) > 0. Dividing the range of the sum n < 71 73/kinto the formn = mh+ug
withm < ‘L’ltg/hz and 0 < uop < h — 1, we have

h—1
Z €p (&sn) Z Z €y Esnh-&-uo = Z Z €y (%'th+uo)
n<% o= 0n<TIT2 =0 nf%
<h . 20
Shx max > ey (ESuntuo) (20)
n<t113/h?
Let (11, n) be atuple with n; < ;. Since gcd(f1 72) = 1, by Chinese remainder theorem,
there exist integers m;, my with gcd(ml, 24) = ng(le, 22) = 1, such that
T T

Hn (mod 7”2) cl<n< %H—Hnlml A +nomy L 7 (mod ””) l1<mn < ZL} .

(21)

Moreover, the pair (711, m3) has the following property: given (n3, n3), with 1 < n; < 1;/h,
then n = nym % + ngmzrh—l satisfies

n=m (mod Ih—l) and 7 = ny (mod %),

and 7 is unique modulo 532, Since 7 = ord ol and # = ord alf, then

(g 2 4 nymy 2L .
alhn = a.( h h) = Othnl, 1<i<?2. (22)

1 4

Combining (21) and (22), we have

Z €y (ésnh+uo) = Z (Tr (§y1amh+"°>)

0t ja8
n<—s n=< T

X Z I (Tr ($y2a32h+”°)>

Vlzith—z
= Z ep<Tr ()/{Ol;llh>> X Z (Tr (yz/oz;’2h>> , (23)
Vllf% P12<%2

with y{ = £y10]°, y5 = Eyra,® in Fp(a1, ag). Since {s,} is a nonzero sequence, therefore
¥/ # 0, at least for some 1 < i < 2. First, let us assume that y;, y, # 0.

Eache, ( Tr (S Y/ z)) corresponds to a nontrivial additive character, say /;(z), in F(ot;) =
. In order to satisfy condition (18), we first recall assumptions # < p®, ¢ > &’ > 0

and max,_, gcd(t;, p% — 1) < 1;p~¢ for some i € {1, 2}. Without loss of generality, let us
dlr

assume that i = 1. Then, for any d|r with 1 < d < r, we have

gcd(h,p ) <ged(r,p? —1) <p~f < ﬁ —(e=#),

Therefore, by Bourgain and Chang [3, Theorem 2] it follows that

5 o (mist)| | £ | 2

m=ti/h m<t/h

18
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On the other hand, bounding trivially we have

¥ (1) =| X | =2

ny<ta/h ny<ta/h

Thus, combining above equations with (20) and (23) we get

172 _s 7w _s
max E ey (Espn) <h><—h2p =_h p°.
SEFP 172

n=TE

Now, let us assume that one of the A, = 0, say for i = 2. Arguing exactly as few lines
above, it follows from assumption () that

Z e (Tr (yl’o/flh)) < %p_‘s, and Z e (Tr (yz’agzh)) = %

m<ti/h ny<73/h
Hence, the desired bound follows. This conclude the case v = 2.
Now, we proceed by induction over v, and assume Theorem 1 to be true up to v — 1.
We follow the idea due to Garaev [9, Section 4.4]. Considering (19) and periodicity, for
any ¢ > 1 we get

2t

=2

m<t

=2

m=<t

<2 )

m=<t ny <t

2t
Z ep (ESmtn)

n<t

7| ey (Esn)

n<t

2t
Y ep (5(Tr (na™) + -+ + Tr (nay*))

. Z%$an )|

m=tT

Raising to the power 2¢ and applying Cauchy—Schwarz, we have

412

2t F262e-1)

> ey (Esn)

n<t

2t

DD

ni<t Ny <t

%o (630 et )

m=<t

Given (A, - -+, Ay) € IF‘{‘;, let J:(A1, - - -, Ay) denote the number of solutions of the system

n n He41 n
a11+___+a1z:a1z+ +"'+0512t+)\1

n n n
ayt 4oyt = ey A
with 1 < ny, - -, ny; < 7. Therefore,

42

r4t2—4t Z e Z Tt -+ Ap)

rEeFy Av€ly

Do (5;: Tr (yidie]” ))

m<t

> ey (Esn)

n<t

2
(24)
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Note that writing /,,(A1 - - -, A,) in terms of character sums, it follows that

2t

JACSERERt Z D [ Doen (Tr(mef)) e (Tr (war))

x1€Fy xy€Fg IN=T

x ey (Tr(x111))---ep (Tr (xvaf))

<— 2 | 2oen (Tr(may)) ey (Tr (ney))

X1 E]Fq Xy EFq n<t

<J0,...,0) =t Ji.

2t

In particular, we note that J;, < J;,—1. From (24), it follows that

42

> ey (Esn)

n=<t

LD 0 3 SRR 3P L TR

m1=t my =7 )1 €ly A€y

Note that ay 2, with ay # 0, runs over A € Fy, then e, (Tr (a1z)) runs through all
additive characters ¥ in fﬁ;q, evaluated at z. Then, the above expression can be written as

42

ICTCHIETEEUND SR 38 | | DAL AR )

n<t m1<t my =7 =1 \x€lF,
4t2—4t v 2 —4t v
=T qfwff 4T (25)

We now require an estimate for J;,,_1, and write

2
]t,vfl = Z ep Tr ()Llal + -+ )valacnfl))
)qE]F Ay 1E]F m=t
2
2
= +0 max e, (Tr (Ao + -+ A1
q'! (utyeohy—1)EF) ! mZ:r p (Tr (e v-191))
(}\1;'--’)“1)—1)7&0 B
(26)
Finally, we note that sj, = Tr (Ala{" + -+ Av_laT_l) defines a linear recurrence
sequence with period 7’ dividing 7, which in particular satisfies induction hypothesis.
Therefore
Z e (Tr (A + -+ A1) < p?

m<t
for some &' = §'(¢) > 0. Now, taking t > d(v — 1)/28’ (where d = [F,; : Fp]) and
combining with (26), we get

2t
Jov—1 K qv_—l
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We conclude the proof combining the above estimate with (25) to get?

8

<tp~° with §= dv—2)

4¢2

The following is an immediate corollary of this theorem which will be quite handy in
establishing several results in Sects. 3 and 6.

Corollary 6 Suppose that {s,} is a nonzero linear recurrence sequence of order r > 2 such
that its characteristic polynomial w(x) is irreducible in IFy[x]. If its period t satisfies

r:iqax gcd(r,pd -1 <tp ¥
<r
d|r

then there exists a § = 8(¢) > 0 such that

Remark 1 1t is possible to relax the condition («) by assuming that

max ged(t, p? —1) < Tip™®
<r
dr

holds for some 1 < i < v for which A; # 0, where )L; is defined in the proof of Theorem 1.
Also, note that A} = 0 if and only if ; = 0.

Since {s,} is a nonzero linear recurrence sequence, there exists some 1 < i < v for
which %; # 0. We discussed in Sect. 1.1 that why (a) (or some other condition) is needed
to prove the irreducible case of Theorem 2. Now, for the reducible case, some of the 1;
could be 0. For the worst case scenario, let us assume that only one of them is nonzero,
say for i = 1. Then, it follows from (19) that, we are back to considering the irreducible
case and then we need the condition (a) for i = 1. In particular, we need (a) (or some
other condition) for each irreducible component of the underlying w(x).

3 Exponential sums for modular forms

In this section, we study the effect of linear recurrence sequence and Theorem 1 in the
behaviour of the exponential sums associated with certain Fourier coefficients of modular
forms. As a consequence, we obtain interesting results which have been summarized
earlier in the form of Theorems 2 and 3.

3.1 Order of the roots of the characteristic polynomial

In the case of normalized eigenforms, the sequence {a(p")} defines a linear recurrence
sequence of order two when p 1 N, otherwise it is of order one. This is one of the tools
for Theorem 2. However, we do not need to assume that the form is normalized because
the normalizing factor is in (Q, and we can realize that to be an element of IF; for any large
enough prime £. Before going into the proof of this theorem, we develop a tool which will
be quite useful throughout. We state it in the form of following lemma.

2To get a non trivial estimate, we must have a non zero §. This is true when v > 2. Hence our induction step starts
from v = 2.
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Lemma 7 Let w(x) = x> + ax + b € Z[x] be a quadratic polynomial with b # 0 and let
o, B be its roots such that none of the a, p or a ™' is a root of unity. For any prime {, let
ay, Be be its roots in the splitting field of w(x) over IFy.

Then, given 0 < & < 1/2, for w(y) + O(y*¢) many primes £ < y, we have

ord oy > £%, ord By > £° and ord (O([ﬂ[l) AN

Proof Given a large positive parameter 7, we begin by considering the polynomial

Grx) = []@& - D& — b') € Zlx].
t<T
It is clear that w(x) (mod £) has distinct roots for all but finitely many primes ¢, since
a® — 4b # 0. For any such prime ¢, let oy and B¢ be the distinct roots in its splitting field.
We now consider the resultant Res(w(x), Gr(x)), and note that

Res((x), Gr(x)) (mod ) =[] (ee — pa)(Be — i),
1<i<3T

where each p; is a root of Gr(x) in its splitting field over F,.

In particular, Res(w(x), Gr(x)) = 0 (mod £) if and only if w(x) (mod £) and Gr(x)(mod ¢)
have common roots in some finite extension of IF,. Additionally, since oy 8, = b, it follows
that ord (agﬂ[l) < T ifand only if a2’ — b* = 0 (or B2 — b' = 0), for some t < T.
Therefore, oy (or B¢) is a common root of w(x) (mod ¢) and G7(x) (mod ¢) if ord ay or
ord (Olgﬂ[l) (or ord B¢ or ord (agﬂ[l)) is less than T. Now, the Sylvester matrix of w(x)
and Gr(x) is a square matrix of order 2 + deg(Gr(x)) < T2 and entries bounded by an
absolute constant M (which depends on 4, b and not on £ or the parameter T'). Then, by
Hadamard’s inequality, the determinant

Res(w(x), Gr(x)) < 7T o« MT? <« M2Tlog T

Note that Res(w(x), GT(x)) is zero if and only if af = 1, * = 1 or (@f~1)! = 1 for some
t < T, which, following our assumption, can not happen. In particular, the resultant has
at most O (TZ) many distinct prime divisors. This shows that

|{¢ prime | orday < T or ordBy < T or ordayfy~! < T} = O(T?).
Choosing T = y°, the number of primes ¢ < y such that
orday <€ or ordBe <¢® or ord (O[gﬁe_l) < ¢f
isO (yzs )- ]
Let us now proceed to prove the main result of this section.

3.2 Proof of Theorem 2
If p | N, then a(p”) = a(p)” for any n. We only need to consider

Y e (Ealp)”)

n<t

. (27)

max
»
&€l

If p ¢ P, then there exists u such that a(p*) = 0. Since p | N, we have a(p) = 0. In this
case, the sum is O(1) because we have t = 1.

18
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On the other hand, if p € P, then for any prime ¢ large enough 7 is simply the order of
a(p) (mod £) in F}. Due to Lemma 7, we may assume that T > p® holds for 7 (y) + o(x*)
many primes £ < y. Hence, this case is settled down by [4, Theorem 6].

Let us now consider the case p 1 N. The characteristic polynomial of (1) is

wlx) = x* — a(p)x +pk_1, (28)

and has discriminant a?(p) — 4p*~1. We note that in our case the discriminant does
not vanish, otherwise |a(p)] = 2p%~1/2 is absurd, with a(p) being integer and p%—1/2
irrational. Let P be the set of all primes. We divide the proof for primes p € P and
p € P\ P. Since a*(p) — 4p*~! # 0, for any p € P, we write a*(p) — 4p* ! = u?Dy, with
D, < 0square-free and u# # 0. Let us split the cases according to D, (mod £) is quadratic
residue, zero or non quadratic residue modulo £. Set

DP
P=PyUP;UP_;, whereP, =3{¢€P : A =vg.

Forv = 0,1, —1, we also define

Ty (%)

Pyix)=P,N[Lx], mkx) = |]P’V(x)| and «, = lim .
x—00 77 (x)

It is clear that 7, (x) = 7 (x)(k, + 0(1)), and kg + k1 + k_1 = 1.

Note that for a given prime p, the associated polynomial w(x)(mod ¢) has a single root in
Fy if and only if #?D,, = 0(mod ¢). Since such equation has finitely many solutions for ¢,
we get ko = 0. On the other hand, Chebotarev’s density theorem implies that the uniform
distribution of primes £ such that w(x) (mod £) is irreducible or has distinct roots in Fy.
Equivalently, the primes ¢ satisfying (%) = =1 are distributed in the same proportion,
therefore x_1 = k1 = 1/2. We now turn to establish nontrivial exponential sums for
{a(p")}(mod £) with £ € P, for v = +1.

Casel1.L e P_g:

we want to show that the inequality (7) is satisfied by ”T(y) + O(y**) many primes £ < y
in P_;. In this case the associated polynomial (28) is irreducible modulo ¢, then the idea
is to employ Corollary 6. Let  and 8 = a be the conjugate roots of (28) in its splitting
field Fy (). For a given & > 0, from Lemma 7 it follows that for 77 (y) + O(y*) many primes
£ <y, the following inequalities

orda’ = orda > ¢ and ordaB”! = orda!™¢ > ¢° (29)

hold. Combining the identity

-1 orda
- gcd(ordo, £ — 1)

ord o

with the second inequality of (29), we get

ord o ord « _
ged(orda, £ — 1) = ordalT = ordal= < (ord )¢5,

Applying Corollary 6 we complete the proof of this case.
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Case 2. € Pq:
let o, B be the roots of w(x)(mod £) inside IFj. From (17) it follows that for n > 0, a(p") =
ca” + dB"(mod £), for some constants ¢, d in Fy, with (&, 8) # (0, 0). It is clear that £ — 1
is a period of the sequence a(p”)(mod £), and hence 7 divides £ — 1. We have
T T
doecEap) =— 3 ecCal) =— Y ec(Elca” +bp").

n=t n<£—1 n<£—1

From Lemma 7, there is a subset of P; with ”T(y) + O(y**) many primes £ < y such that
orda, ord 8 and ord («p~!) are bigger than ¢¢. It follows from [2, Corollary, page 479]
that there exists a § = §(¢) > 0 such that

(C,d?elﬂgj(XFg Z e (ca” +dp")| < 172,

(cd)#0,0) |"=t-1
Hence, (i) of Theorem 2 holds. Now, assume that p belongs to the exceptional set P \ P,
that is a(p”) = 0 for some u > 1. We consider u = u(p) to be the least such integer. Since
the discriminant is nonzero (the roots « and 8 of (28) are distinct), we get®

Otu+1 _ ﬂu+1

Set b(u + 1) = a(p*), then it follows that for all # > 1 we have
O[VI(M+1) _ ,371(14+1)

bnu+1) =a@E' @tV -hH="— = 0.
a—p
Therefore,
—1 lt/(u+1)] u
DecEap") =) ecEbn+1)=| Y D er(Eb(nu+1)+e)
n=rt n=0 n=0 e=0
+ O(u)
Lt/(u+1)] u |t/(u+1)]
= Y ecbw+)N+Y D erEb(n(u+1)+e)
n=0 e=1 n=0
+ O(u)
. u Lt/(u+1)]
=l 70+ ; ;0 e (Eb(n(u + 1) +e)) | + O). (30)

First of all observe that « is odd. As otherwise, if & is even then we would get

(u+1)(k—1)
au—i—l + ﬂM-‘rl — 2au+l — :tzp 5 ,

(w+1)(k=1)
which is absurd as a#*! g%+ isa rational, but p 5 isnot. Now, forany0 < e < u+1
we have
¢ —pB° (1) (k=1) \ "
b((u+1n+e) = et (@ = F9) ﬁ ) _ (ip%) a(p*™),
o —

where the sign on the right hand side above depends on the sign of a**!. Without loss
of generality, we are assuming that this sign is negative. It is easy to see that our next

3The explicit expression of a(p*) can be obtained by using induction on u along with the fact that @ + 8 = a(p), af =

pk’l and the recurrence relation at (1).

18
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argument applies to the positive sign case as well. Since u is fixed, so are all the e’s up to
u — 1. In particular, we may consider large primes ¢ for which all of the a(p®) # 0(mod ¢)
forany 1l < e < u — 1. Then, we have

7/(u+1) 7/(u+1) e
Y et nra= 3 e s (") apr )
n=0 =0

Due to Lemma 7, we may assume that t, = ord (—p*~D@+1/2) 5 ¢ holds for 7 (y) +
O(y*¢) many primes ¢ < y. Now, by [4, Corollary 1] it follows that

Zez (E (—p%ya(pe*l)) <t7% forsomes =8(¢/2) > 0, (31)

n<t

and for any ¢, > t > ¢°.
Writing [t /(u + 1)] = qt, + r, with 0 < r < ¢, it follows that

Z e (Sa(u—o—l)na(pe—l)) —q Z er (Sa(uﬂ)na(pe—l))

n<t/(u+1) n<ty

+ Z e (%_a(qul)na(pefl)) .
n=<r
The estimate ‘antu ey (Ea(”+1)”a(pe_1))‘ < t,7% follows from (31). If r < ¢¢/2, then

we get trivially }anr er (50((”“)”01(103’1))‘ < (812 1f ¢¢/2 < r < t,, then from (31) it
follows that

Zeg (Ea(tﬁ»l)nd(pefl)) < tuZ*‘s.

n<r

Therefore,

Z ey (Eoz(uﬂ)”a(pe*l)) < max {58/2, tuﬂfs} .

n<r

Recalling that ¢, > €%, we can also assume that ,£7% > ¢¢/2 by taking small enough 8.
Thus,

T
Y (Ea(”“)"a(pe‘l)) < (qtu + )00 < ?2—5,
n<t/(u+1) u

Finally, combining the above inequality with (30) we obtain

> e Eap™)

n<t

{ : 1J+o(rz—3+u)

X
* u-+

ma
&€l

__°t -8
= M+1+O(r£ +u),

This conclude the proof for all exceptional set of primes p € P\ P.
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3.3 Consequences of Theorem 2

Let us consider an exponential sum of type S(p, x, @) = anfx e(xa(p)), for a € [0,1].
As one of the consequences of Theorem 2, we want to study this exponential sum when
o is a rational whose denominator is a prime. In this regard, we have the following result.

Corollary 8 Let f be an eigenform of weight k and level N with rational coefficient. Then

) , (lOg x)1—5/(2+6)
fora given 0 < ¢ < 1/2, there exists a 5(g) > 0 such that for at least > oglogx — "Many
primes £, we have the following estimates:
o ((log x/ logp)l_s/(2+5)) if p¢P
max > e Eap)| = :
J4 7 1 _ .
L ﬁ% +0 ((logx/ log p)* 8/(2+5)> it peP
Proof Consider the same § := §(¢) as in Theorem 2 and any prime
/e [(logx/ log p)1/2=9/4+29) 5(10g x/ logp)l/zfa/(%zs)] '
Following Theorem 2, we have
max Z eq (Ea(p™)) (32)
i n<t
—8/(2+9)
holds, for at least >> % primes £. For these primes, we also have t < £% < %
In particular,
log x
}’l 0 €2 — O( 1 1 1—5/(2+5)> )
géa;; > e (Eaph)| < <% og p + 0 (%) (log x/ log p)

pr<x

On the other hand, let p € P be a prime, then by Theorem 2 we have

max e (Ea” e + ) ( + u)
max ;q ¢ (§ap"))| = 7
—8/(2+96)
holds, for some u depending on p, and for at least > % primes £. Due to

Lemma 7, we can assume that ¢ > £° holds by choosing small enough 8, for at least

(log x)lfé/(2+8)
> log log x

main term, and the error term that we get

log x ulogx log x 1-s
0 =0 =0 ((logx/1 /@19,
(23 logp + tlogp) <£5 logp (( 0g/logp) )

primes ¢. Arguing similarly as in the previous case, we get the desired

where the last equality holds because t > £%. ]

Corollary 9 Let f be an eigenform of weight k and level N with rational coefficients. For
7 (y) + O(y*¢) many primes £ < y we have the following property. Given 0 < & < 1/2 and
P15 Py be any set of distinct primes such that a(p}) # 0 forallu > 1 and 1 < i < v,
there exists a § = 5(¢) > 0 such that

max Z Zeg Ea(p . ”) <71l ?

el
§ely n <ty ny <ty
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Proof Set

SU(E) =

Z Z ee(ga(p;ﬂ...pgv)) .

n1<t1 ny=<ty

We proceed by induction. Case v = 1 is done by Theorem 2. Now, by multiplicativity it
follows that

1SUEN< DD > e ((apMay? i)

M =71 [N2=Ty ny<t,
<Ty---Ty Z 1+ Z Z Z e (gﬂ(P;ll)a(pgz---pC’“))
n <t ni<t ny<T) ny =Ty

a(pi’1 )=0 (mod £) a(pi’1 )#0 (mod ¢)

By induction hypothesis, the second term on the right hand side of the above equation
isbounded by 7175 - - - 7,079, forsome § > 0 depending on ¢. On the other hand, note that

m<t; 1 counts the number of solutions of the congruence
1y,
a(p;”)=0(mod ¢)

a(@?]) = 0(mod ¢), n<r.
Writing it as exponential sum we get

-1
Y=Y Y el

e =7 x=0n1=11
a(p)!)=0 (mod ¢)

We can bound the error term by Theorem 2 and without loss of generality assuming
8 < 1, we get the sum above is simply 7 + O(t1£7°%). This is further bounded by 27;,£7¢,
because the explicit constant in Theorem 2 is exactly 1. Therefore,

1SSE) <27 (20870) + Tt - TS

for some § = §(¢) > 0. This shows that the inequality

max Z Z ey (ga(p;llpg\’)) 53‘51""[\)£75

cF*
§ely n <ty ny <ty

holds for almost all prime ¢ and this completes the proof because we can remove the extra
factor 3 by taking primes ¢ large enough. ]

4 Exponential sums for modular forms: beyond eigenforms
We shall now prove Theorem 3. Write

ar(p") = aia;(p"),
i=1

where a; € Q, and f; is a newform with rational coefficients for every 1 < i < r. Let P
be the characteristic polynomial of a.(p") and D;(p) be its discriminant.
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Consider
D,
S = {Kprimel (#) =1Vli<i< r}.

Itis clear that S has positive density. One can verify this by considering primes congruent
to 1 modulo 8 []i_; D;(p). This works well because, we then have

<__1>=1<3>=1and (#>=1V1<i<r
¢ av 0dd(D;(p)) re=t=h

where odd(.) denotes odd part of the corresponding number. These conditions altogether
imply £ € Sy. Let «®”) and BP) be the roots of w®?). So for any £ € S}, we can write

%) (x) (mod £) = l—[ (x _ aéi’p)> (x _ ﬂéi,p)>’

1<i<r

where for every i, j, ay’p ), ﬂg’p ) are in Fy. Now, we consider the set of primes
Sy = {p prime | ®?)(892))~1 is not root of unity, V i,j}
v {p prime | ") (@%?))~1 is not root of unity, Vi # j} .
Lemma 10 For any prime p € S,, the following inequalities are true for w(y) + O(y*)
many primes £ < y.

(1) ord (aéi’p)(ﬂg’p))_l) > (%, ord (ag’p)) > £° and ord (,Bg’p)) > {5 foralll <ij<r,
and '
(2) ord (aél’p)(ag’p))_l) > {8 foralll <i#j<r,

Proof It is enough to prove the result only for j, j € {1, 2}. Consider the Galois extension

K=Q (a(l’p), a(z'p)> . Let £ be a prime ideal lying over £ in Og. It is clear that

because both of these sets serve as a set of roots of the equation w(x) (mod¢) and
o(x) (mod £) respectively. Note that w(x) (mod £) coincides with w(x) (mod £). It follows
from (33) that the right hand side does not depend on the choice of prime £ lying over ¢,
so there is no problem in working with a fixed £ lying over £. It is now clear that,

{aéi,p)(ﬂéj,p))—l } _ [a(llp)(ﬁ(llp))*l }151;152 (mod £).

Consider R(T) = Res (w1 (x), g7(x)), where w1 (x) = (x — a(l’p)) (x — ﬁ(l’p)> and

grlx) = H (xt — a(Z’P)t> (xf _ ﬁ(Zp)t>‘

t<T

1<ij<2

It is clear that R(T') # 0 for any T € N as p € 53 by assumption. Now, consider the set of
primes

{Z prime | ord (ag’p)(ﬂg’p))_1> ,ord (aéi’p)(ag’p))_1> < T forsomei #j € {1, 2}} .
(34)

For any prime ¢ in the set above, and for any prime £ in O lying over ¢, w1 (x) (mod £)
and gr(x) (mod £) have a common root, Therefore, R(T)(mod £) = 0. Since both w; (x)
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and gr(x) are in Z[x], it is clear that R(T') € Z, and so R(T') (mod £) = 0 as well. Now, one
can estimate the number of prime divisors of R(T') similar to as in Lemma 7. This shows
that

ord( (i) (,B(I’p) 1) > (%, and ord (aéi’p)(ag’m)_1> > ¢f

holds for all i # j € {1,2}, and 7 (y) + O(y**) many primes £ < y. Rest of the cases can be
dealt with Lemma 7. O

4.1 GST:Beyond Sato-Tate

We shall now give a short overview of Sato-Tate distribution. When f is a newform

a(p)
1 are
2p 2

without CM, then Sato-Tate conjecture says that the normalized coefficients

equidistributed in [—1, 1] with respect to the measure
2 .
poon-cut = = [ sin(6) 40
On the other hand, if f is with CM, then the corresponding Sato-Tate distribution is

1
1de,
prem = Zﬂ/«/l—xz 271/

on [0, 7] — {7 }. Moreover at 6, = 7, a(p) becomes zero and it is known that the set of
such primes p has density exactly % Now, consider the L-function defined by

L(s, Sym™f) = l_[l_[(l —a 5)71,

PIN i=0
where «,, B, are normalized roots of (28). In other words, if @, Bp are the roots of
(28), then we define ), = :‘—i%l, By = f—é. Serre in [22] showed that if for all inte-

ger m > 0, L(s, Sym™ (f)) ext:nds analyticilly to Re(s) > 1 and does not vanish there, then
the Sato-Tate conjecture holds true for £ Note that Barnet-Lamb et al. have proved the
conjecture in [1] working with this L-function. However, to estimate the size of S we will
have more than one newform to play with, and it will be helpful to have their distributions
independent. This independency property is stated as Generalized Sato-Tate (GST)
hypothesis. In this article, we shall always work with the newforms that obey this hypoth-
esis. For example, in Theorem 3, it is assumed that all the associated newforms satisfy the
GST hypothesis.

4.2 A consequence of GST
To prove Theorem 3, we need to study the set Sp. We have that luxury when the associated
newforms satisfy GST.

Lemma 11 Suppose that there are r1 many components without CM and ry many com-
ponents with CM in f. Then under the GST hypothesis, density of Sy is 27",

Proof We start by writing
P zp%ei@;p, ﬂ(/yp) Zpk%le_ief,p, Vi<j<r

So, the problem reduced to study the set of primes

{p prime | 6;, £ 6;, € Q x 7, forsome 1 <i,j < r}, (35)
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It follows from the discussion above that the density of this set is bounded by

(;> | ($> 2 / ' './Sin2(91)sin2(92)-"Sinz(erl)del by - - - doy, (36)
s

where S = {(91,92, <, 0,)e[0,m]" 1 6;£6; € Q x 7 forsome 1 <jj < r}. Just for the
sake of simplicity and to have a feel of what is going on, let us first do the case when there
is only one component.

(lp)/g (Lp) ;

Case 1 r = 1: suppose that the given component is without CM. If « is a root of

unity then this implies that 61, € = x Q. By Sato-Tate, density of such primes is bounded

by
2 .9
(;) / sin“(0) do.

ferxQ

Since the integral above runs over a set of measure zero, the integral is zero, and for this
particular case density of S; is indeed 1. Now, suppose that the given component is with
CM. In this case, the density of Sy is

1 1

— / sin?() do = —.

2 2
0el0r\7r xQ

Case 2 r > 2: for this general case, it is enough to show that the integral over S in (36) is
zero. This is because, due to GST, we are now working with the measure

(%) (ﬁ) / f sin%(61) sin(6y) - - sin®(6;,) déy dfy - - 6, (37)

and with respect to this measure, [0, 7]” has measure (3 ) - Wecanwrite S = (U, <;;<, Siy»
where the set S;; is defined to be the tuples for which 6; £ 6; € Q x 7. It is now enough
to show that each of these sets S;; has a zero measure. Note that the integral over S;; is

crudely bounded by [/ 1d6; d6;. It is evident that
Sij

/fmede_ f/ 1d6; dg; + /f 1d6; d6;,

0;i+6;€eQxm 0;—6;eQxm
as Q x Q has zero measure. We now note that
T b
// 1d6; do; < f/ldtd@ <L |b—a| (38)
0;—b;€(a,b) 0 a

for any b > a. In particular, for any ¢ > 0,

f/ 1d6; d6; <<Z =

0;—0;€Qxm
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The last implication above follows from the standard argument to show a countable set
always has a zero measure. In particular, the second integral of (38) is zero. On the other
hand, just by replacing 6; with = — 6;, we get

// 1d6; dg; = — // 1d6; dg;.

0;+0;€Qxm 0;—0;€Qxm

This just shows that the integral over S;; at (38) is zero, which completes the proof. O

4.3 Proof of Theorem 3
Let p € Sy be a prime, then we can write

r r
Zdiﬂﬁ (»") (mod £) = Zalgz) (c(i,e)an(i,z) + d(i,l)ﬁn(i,lf))’
i=1 i=1

where aﬁe), ¢ and %Y are all in Fy. On the other hand, all the roots a9 and B (8 are in

Fy¢, as £ € S1. The proof now follows by [2, Corollary, p. 479] combining with Lemmas 10
and 11. ]

Remark 2 1t is known, due to Thorner, that GST holds for r = 2 when both f; and f; are
without CM and not twist-equivalent. We say that f; and f, are twist-equivalent if there
exists a primitive Dirichlet character x such that fi = fo ® x. For more details, we refer
the reader to Theorem 1.3 in [27].

5 Exponential sums for modular forms: the inverse case

One may now ask that for a given prime £ and small enough ¢, how many primes p are there
for which an estimate like (7) holds. Our attempt to answer this question is summarized
in the form of Theorems 4 and 5. Let us begin with the proof of Theorem 4.

5.1 Proof of Theorem 4
For any prime p, let us denote the roots of 2 — a(p)x + p*~! (mod £) by oe}(f), I(,Z), Recall
that from Deligne-Serre correspondence, we have the associated Galois representation

p;e) : Gal (@/Q) — GL3 (Zy),

such that a(p) = tr (p}e)(l:robp)> for any prime p 1 N{. It is clear that the charac-

teristic polynomial of p;l)(Frobp)(mod 0) is same as x> — a(p)x + p*~! (mod ¢). Fol-
lowing Ribet [21, Theorem 3.1], it is known that the image of this representation is
{A € GLy (Zy) | det(A) € (ZZ‘)"’I}, except possibly for finitely many primes ¢. In par-
ticular, the condition (k — 1, £ — 1) = 1 implies that the induced Galois representation

pie : Gal (Q/Q) — Gl (Fo),

is surjective for any large prime ¢, and the eigenvalues of the matrix o, (Frob,) € GL; (IFy)
(0

are oy’ and /3[(,[). From the proof of Theorem 2, we know that an estimate of type (7) holds
provided that,
ord (al(f)) > (%, ord (/31(72)) > (%, and ord (alg”(ﬂ}f))—l) > (°,
Let us define,

C= {A € GLy(F¢) | ord (A1,4), ord (Az4), ord A4y k) > ef},
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where 41,4, 12,4 are the eigenvalues of A in Fy,. Now the problem is about computing
the density of primes p for which the corresponding oy, (Frobp) is in C. Note that C is
a subset of GL,(F;) stable under conjugation. Hence, by Chebotarev’s density theorem,
the required density is at least %. For each a # b € FJ, let C,;, be the conjugacy
class of (82), It is known that |C, 5| = (¢ + 1)£. For any element A in Fj2 \ [F;, we denote
¢y, to be the conjugacy class of matrices in GLy (Fy) having eigenvalue A. It is known that

|Ci| = £(¢ — 1). Now, we consider the following sets:

Si={abeF;| ord(a) > £*, ord (b) > ¢, ord (ab™1) > e},
Sy = {)\ €F5L\F; | ord (A) = ord (&) > £, ord (A7) > ea},

and realize that |C| = %((E + 1)£|S1] + €(€ — 1)|S2]). This reduced to the problem of
estimating S1 and Sj. Let us first estimate S1. Take o to be a generator of . For any
divisor d of £ — 1, the set of all elements of I} having order exactly d is of the form o T
with (i, d) = 1. In particular, the number of elements of I} with order greater than £° is
given by

Y dd=t+0| Y ¢d) | =L+0d—1)=Lt+0.(£¥),

dje—1 dje—1
d>1(° d<t¢

where d(-) is the divisor function, and here we are using the well known upper bound on
divisor function (see [20]) for any prime ¢ large enough. Now note that ord (ab™!) < ¢¢
implies that ab~! belongs to a set with only > kje—1k<¢c #(k) many elements. By the
argument above, this set has only O, (628) many elements. This observation implies that

[{a, b € F} | ord(a), ord (b), or ord (ab™') < £°}| = O (¢**1).

In particular, we then have |S1| = £2 4+ O, (£2T1).
Let us now estimate |Sz|. Take t to be a generator of Fz‘fz, then any A € Sy, of order d,

2-1.
is of the form 77 *, with (;, d) = 1. We also have an order restriction on A¢~1, which

implies that (d,fl—q) > (*. Hence,

Si= Y ¢(d>=ez+0< ) ¢(d)).

dj?-1 dj?-1
@ >t @<t
Note that, the condition (dld—fl) < ¢¢ implies that d < £¢1, Therefore,

Z ¢(d) < £8+1d(ﬁz —-1)=0; (£1+38)‘
d|e-1
(d,zdi—l) <t
Therefore, the required density is at least

1 1S1] 1 1Sa] 1
- -1 —+ -+ 1) —— = O, | —— ).
2V eL T2 T Ve T 8(6”8)
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5.2 Proof of Theorem 5
Let o, : Gal (@/Q) — GLy; (F¢) be the map defined by

P ()
0f,,(0)

05, (0)

It is clear that the image of this representation is contained in A, (£), where
g1

A(E) = “ | det(g1) = det(gy) = - - - = det(g)

&r

It is in fact the case that the image is contained in Aﬁk_l)(ﬁ), where Agk_l)(ﬁ) denotes the
set of matrices in A,(£) in which determinant of each block is a (k — 1)th power in [F}. Due
to [21, Theorem 3.1], we may assume that for any prime ¢ large enough, the image of each
0, is A(lk_l)(ﬂ), which coincides with the set of matrices in GLy(F;) whose determinants
area (k — 1, £ — 1)th power in [F}. If the image of pg; is not exactly Agk_l)(é), then by [19,

Lemma 5.1] we get a set of quadratic characters {x;j¢}1<ij<, of Gal (@/Q) such that
s (Frobp) is conjugate to x;j¢ (Frobp) P, (Frobp) in GLy(IFy),

forall1 < i,j < r. In particular, a;(p) = +aj(p)(mod £), forall 1 < i,j < r, and any prime
p 1 N£. This implies that aé”p ) ,Bél’p ) = :l:(ag’p ) 4 ,Bé]’p ). Moreover, we also know that

aéi,p) 5§i’p) _ aﬁ””) ﬁg,p) = p* 1 (mod ¢).

In particular, this means that
6p) plip)y _ Gp) HGip) - .
{a,”, B,y = £{a,”, B, 7'}, Y1 < i,j < r,and for any prime p { N£. (39)

Due to GST, for a positive density of primes p, none of these
P B0 iy o {0 0P} iy

are roots of unity. For those primes p, following the arguments in the proof of Lemma 10,
and considering the set in (34), each element of the set {a?’p ) B, 2 )} 1<ij<2 has order larger
than 4 except for finitely many primes £. We then have a contradiction to (39), and hence
we may assume that the image of py, is indeed Aﬁkil)(ﬂ) for any prime ¢ large enough.

Il
1AF Do)
classes of elements in Aﬁkil)(ﬁ) whose eigenvalues satisfy the conditions of Theorem 1.
Note that any tuple (a1, a2, - - -, a2,) € (Fz‘f)zr with ord (a;) > £¢, ord (a,-aj_l) > Vi £
- Cf ~1(¢). We call these tuples

Hence, the required density is at least , where Cf ~1(¢) is the union of conjugacy

and a;a; 41 = ajaji1, Vi, j odd, satisfies that [ [; ,qq Cayaipy

nice and we want to count them. First of all note that,
(g _ 1)r+l
e—-1,k—1)
On the other hand, for any (k — 1)th power A in F}, note that ab = A and ord (ab™!) < £¢
imply ord (@®A~!) < ¢°. From the proof of Theorem 4, for a fixed A, the number of such a

{(av, az, -+, ax) € F)Y | aiair1 = ajaji1, Vi, j odd) =
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is O (£%¢). Moreover, ord (a) < £ or ord (b) < £¢ holds for only O (£?*) many elements

a or b. In particular, the number of tuples that does not come into our consideration is

Z O (67—14-28) — O ( £r+2€ )
¢ Nkk-1¢-1))°

A, (k—1)th power

In particular, we then have

[calGIEN Y (1‘[ |cai,ai+1|)

(a1,a2,+-ay) nice \i odd
We+1)\" [ (e—1y*tt ort2e
= O\ 77— |- 40
( 2 ) ((6—1,/<—1)Jr ‘Nk=—1e-1) (40)

o)\
2

The extra factor ( is coming because each conjugacy class Cy,,,, has £(£ + 1)
many elements and taking into consideration that Cy,4,,, = Cg;, a5 Vi 0dd, the extra
factor 1 5 is coming for each component. The proof is now complete because |A (k= 1)(€)| =

|GLy ()| £—1
( T ) —1k—1) O

6 Impact on Waring-type problems

In the present section we combine Theorem 1 with classical analytical tools to prove
that a linear recurrence sequence {s,} is an additive basis over prime fields, under some
assumptions. Moreover, we discuss about the advantages of nontrivial exponential sums
obtained in Theorem 1 to prove it.

6.1 Waring-type problems with linear recurrence sequences

Let {s,} be a nonzero linear recurrence sequence modulo ¢ as in (2) with order r, period
7 and (ag, £) = 1. Given an integer k > 2, for any residue class A(mod £), we denote by
Tk (A) the number of solutions of the congruence

Sy -+ 58y, =Ai(mod¥), with 1<ny,...,¢m <.
Then, writing Ty (1) in terms of exponential sums, we get

Tk()" Z Z Z €¢ ‘i:(snl +- “l‘snk - )"))

=0m =<t n<t

Taking away the term & = 0 and using triangle inequality, it is clear that

k -1
B0 = = [ Y 3 e (o + o )
E=1m=t np=t
S%Z Z Ze[ E(Snl '+5nk))
&E=1 |m=t nE<t
1 -1
Y ([ X e | e )
£=1 \Im=rt ng=t
k
< <max Zee (Ssn)) . (41)
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Assume that we have an exponential sum bound of the type

3 e (Esn)

n<t

m

ax <R. (42)
&elF}

Then, combining (41) and (42) we get ’Tk(k) — er < R*. Now, if (R/7)k¢ goes to zero as
¢ — 00, we obtain an effective asymptotic formula for Ty (%). In particular, Tx (1) > 0 for

¢ large enough. For instance, if T > ¢//?*¢ we employ Korobov’s bound (3) with R = ¢"/2
to get

k

Tr(2) — % < %k ((ﬁ’/z/r)k€> < %k (el—kf),

therefore Ti (1) = TTk(l + 0(1)) for k > 1/e in the range t > £//>*¢. If the characteristic
polynomial w(x) of {s,} is irreducible with deg(w) > 2 and the least period t satisfies

ged(z, €4 — 1) < €7 for any divisor d < r of r, then by Corollary 6 we choose R = 7£~%
for some positive § = §(¢), to get
‘L'k k

Ti() - | = % ((re_‘s/r)kE) = %k (zl—"‘s),

Thus, Tx(1) > 0 when k > 1/8 and max,_, ged(t, £4 — 1) < t£7¢. Let us summarize
d|r
the above discussion in the form of following corollary.
Corollary 12 Let ¢ be a prime number, k > 0 be any integer, ¢ > 0, and {s,} be a linear

recurrence sequence of order r > 2 in IFy. If the characteristic polynomial w(x) in Fy[x] is
irreducible with (w(0), £) = 1, the least period t satisfies

max(t, ¢4 — 1) < 1075,
d<r
d|r

and for every integer A, let Ty (\) denote the number of solutions of the congruence
Sy -+ 58y, =Ai(mod¥), with 1<m,..,m <7,
then there exists an integer ko > 0 such that for any k > ko, Ty (1) = TTk(l + 0(1)).
We are now ready to prove the main result of this section.

Theorem 13 Let {s,} bea linearrecurrence sequence in Z, whose characteristic polynomial
w(x) € Z[x] is monic, irreducible, and having prime degree. Then for a set of primes £ with
positive density, the sequence {s,} is an additive basis modulo £. More precisely, there exists
an absolute constant c such that the Waring-type congruence

Su; + -+ 8y, = A (mod £)
is solvable for any residue class }. (mod ¢).

Proof Let Q, denote the splitting field of @ and G, be Gal (Q,/Q). Note that deg(w)
divides |G| and G, is contained in the symmetric group Sqeg(w)- By the Cauchy’s theorem,
there exists an element in G,, of order deg(w). In particular, there is a deg(w)-cycle in G,
because deg(w) is prime. By Chebotarev’s density theorem, the set of such primes ¢ for
which w(x) (mod ¢) is irreducible, have positive density, see Theorem of Frobenius in [26,
Page 11]. We are now interested to work with these primes.
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Let o be a root of w(x)(mod £), and 7 be the period of sequence {s,}(mod £). We then
have T = ord (). Since w(x)(mod £) is irreducible, one can write

deg(w)—1

w@modt) = [[ (xr—a),

i=0

and in particular, w(0)(mod £) = (—a) DT Jote that (w(0), £) = 1, for all

but finitely many primes £. We now need to verify the condition of Corollary 12 ford =1
ord o

ord at—1°

and now the proof is complete if ord (al’l) > £¢ holds for almost all primes £.

because deg(w) is prime. Observe that gcd(ord o, £ — 1) = Fixany 0 < ¢ < 1/2,

For any integer ¢, we have the following
r—1 ¢
a D — ] — ¢t = (H a’“ﬂ) = ¥ = w(0)*.

In particular, « is a root of both w(x)(mod £) and l_[th (xzrt - w(O)Zt) (mod £).
Now, given a large positive parameter T, we consider the resultant

R(T) = Res | o), [ | (+** — 0(0)*)

t<T

Counting the number of distinct prime factors of the resultant as in the proof of Lemma 7,
we see that |{¢ prime | ord (a~!) < T}| = O(T?). For any large y > 0, taking T' = y*, we
see that there exists a § such that

> er(Esn)

n<t

max < 08
cF%

13

holds, for at least c,,7 () + O(y**) many primes £ < y, for some constant (which depends
only on ) ¢, > 0. Now, the proof follows immediately from Corollary 12. |

For further explanation, one can consider the following example.

Example 14 Consider the classical case of Fibonacci sequence {F,}. In the beginning of
this section, the result of the third author is discussed for this special case. We can however
get a slightly weaker result from Corollary 12. In this case, the characteristic polynomial
is x2 — x — 1. It is of course a monic, irreducible and of a prime degree. This polynomial is
irreducible modulo prime ¢, iff we have the Legendre symbol (%) = —1. The set of such
primes have density 1/2. Corollary 12 says, for almost all of these primes, {F,,} is an additive
basis modulo £. For the other set of primes, we use Lemma 7. Given any 0 < ¢ < 1/2, for

7(y) + O(y**) many primes ¢ < y, we have
orday > ¢5, ordB; > ¢ and ord (ozgﬂ[l) > 05,

where a; and gy are the roots of x> — x — 1(mod £). It then follows from [2, Corollary,
page 479] that there exists a § = §(¢) > 0 such that

(ed)£(00) [7=t=1
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In particular, we then have

max < tﬁ_‘s,

selFy

D ec(EFy)

n<t

which guarantees the existence of an absolute constant, as we saw in the proof of Theo-
rem 13. With this, we have an inexplicit result for the Fibonacci sequences compared to
what the third author had in [11]. However, Theorem 13 provides a general result for a
large class of linear recurrence sequences.

6.2 Waring-type problems for modular forms
Let us recall our discussion from the introduction about Waring problem for modular
forms. In this section, we are assuming that the modular form is a newform without CM.

Fixany 0 < ¢ < %, say € = % Then taking § := §(¢) as in Theorem 2, the following
estimate

max e (Ealp™)| < i),

ée]F;f ; (10

holds for almost all primes p and ¢. The discussion in Sect. 6.1 shows that T(A) > 0 for
any A € Fy, and s > 1/6, where T5(1) is the number of solutions of the congruence

aP™)+- - +a@P”®)=xr(modl), with 1<mny,...,n <t

Moreover, this s does not depend on the choice of the eigenform because § does not. More
precisely, we have the following result.

Corollary 15 Let f be a newform without CM and with rational Fourier coefficients. We
say, a proposition Qr(p, ¢, s) is true if and only if, any element of Fy can be written as a
sum of at most s elements of the set {a(p”)},=0. Then, there is an absolute constant sy such
that Qr(p, ¢, so) is true for almost all primes p and L. Moreover, so does not depend on the
choice of f.

As an immediate consequence of Theorem 4, we obtain the following result.

Corollary 16 Suppose the newform is without CM and with integer Fourier coefficients.
Then there exists an absolute constant sy such that, for any large prime £ satisfying the
coprimality condition (¢ — 1,k — 1) = 1, the proposition Qs (p, ¢, so) is true for a set of
primes p with density at least 1 + O (\/iz) . Moreover, sg does not depend on the choice of f.

6.3 Bound of non-linearity of a linear recurrence sequence
Let {s,} be a linear recurrence sequence modulo £ as in (2) with order r, (ap, £) = 1 and
period 7. For 0 < b < £" — 1, let us define the sum

W)= e (su+(bn),
Vlf‘r
where (b, n) denotes the inner product (b, n) = bong + - -+ + b,_11,_1 assuming that

0 < b,n < (" — 1 are written in its {—ary expansion

b=by+bl+- +b_107, n=ng+ml+ - +mn_1"L
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Bounds for W () have cryptographic significance, see [25] and references therein. Shpar-
linski and Winterhof [25, Theorem 1] proved that

max |W ()| < /4478
0<b<(r—1

whenever the characteristic polynomial of {s,,} is irreducible. Such bound is asymptotically
effective if r¢"/2/t — 0. Combining Corollary 6 and the ideas of [25], we are able to
improve such bound for a large class of linear recurrence sequences in the range t > ¢°.
For example, assuming hypothesis of Corollary 6, if r is fixed then |W (b)| < 0% as
£ — oo for some §' > 0. In general, we get |W (b)| = o(z) if r log 6/53/ — 0as{ — oo.
More precisely,

Corollary 17 Let ¢ be a prime number, ¢ > 0 and {s,} be a linear recurrence sequence of
order r > 1. If the characteristic polynomial f (x) in F[x] is irreducible polynomial with
(f(0), £) = 1, and the least period t satisfies

>0, and max(z, % —1) <107%,
d<r
dlr

then there exists a 8 = 8(¢) > 0 such that

—8/4 1/4 —8/4 1/4
0522)’(—1 Y;eg (sn+ (Bn)| < 7€ (rlog O)* (1 + € (rlog 0)'/*).

Proof The proof follows the same steps as given in [25, Theorem 1]. We just need to
employ the bound given by Corollary 6 instead of Korobov’s bound. ]

/248
[lo g; . Clearly there

are many such cases, for instance, one can consider any element in I} of order smaller
1
than £2.

Note. We have an improvement on the bound [25, Theorem 1], if t <
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