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MCKAY MATRICES FOR FINITE-DIMENSIONAL HOPF ALGEBRAS

GEORGIA BENKART, REKHA BISWAL, ELLEN KIRKMAN, VAN C. NGUYEN, AND JIERU ZHU

ABSTRACT. For a finite-dimensional Hopf algebra A, the McKay matrix My of an A-module V
encodes the relations for tensoring the simple A-modules with V. We prove results about the
eigenvalues and the right and left (generalized) eigenvectors of My by relating them to characters.
We show how the projective McKay matrix Qv obtained by tensoring the projective indecomposable
modules of A with V is related to the McKay matrix of the dual module of V. We illustrate these
results for the Drinfeld double D,, of the Taft algebra by deriving expressions for the eigenvalues and
eigenvectors of My and Qv in terms of several kinds of Chebyshev polynomials. For the matrix Ny
that encodes the fusion rules for tensoring V with a basis of projective indecomposable D,-modules
for the image of the Cartan map, we show that the eigenvalues and eigenvectors also have such
Chebyshev expressions.

1. Introduction

Assume A is a finite-dimensional associative algebra over an algebraically closed field k. Let
S1,S2,...,S;, be the nonisomorphic simple (irreducible) A-modules and Py,Pso,...,P,, be their
projective covers, that is, the nonisomorphic indecomposable projective modules such that for each
j = 1,...,m, the module P; modulo its radical is isomorphic to S;. The dimensions of these
A-modules determine two column vectors in Z™,

(1.0.1) s = [dim(S1) dim(S2) ... dim(S,,)]" and p = [dim(P;) dim(P2) ... dim(P,,)]",

where T denotes “transpose.” If A is viewed as a left A-module under left multiplication, then

(1.0.2) A=ERPIM) and pTs =" dim(P;) dim(S;) = dim(A).
J=1 J=1
When A is semisimple, then P; = S; for all j, and the second part of (L.0.2]) is the familiar result
dim(A) = 37 (dim(S;)).
There are two Grothendieck groups, Go(A) and Kg(A) associated to A:

e Go(A) is the quotient of the free abelian group on the set of all isomorphism classes [V] of
finite-dimensional A-modules V subject to the relations [U] — [V] 4+ [W] = 0 for each short
exact sequence 0 - U -V — W — 0 of A-modules. By the Jordan-Hé6lder theorem, this
group has a Z-module basis consisting of the classes [S1],[S2], ..., [Sm], and

[A] :Zdim(Pj)[Sj] in Go(A).

e Ko(A) is the quotient of the free abelian group on the set of all isomorphism classes [V] of
finite-dimensional projective A-modules V, subject to the relations [U] — [V] + [W] = 0 for
each direct sum decomposition V = U ® W of A-modules. This group has a Z-module basis
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consisting of the classes [P1],[P2], ..., [Pm] due to the Krull-Remak-Schmidt theorem, and

(LO.2) says
:Zdim(S]’)[Pj] in Ko(A).
i—1

When A is a Hopf algebra, the tensor product of two A-modules is an A-module with the A-action
given by the coproduct, and the dual vector space of an A-module is an A-module via the antipode.
Both Gg(A) and Ky(A) have products using ®, so that [U][W] = [U ® W], where Gy(A) is a ring
with a unit element, which is the one-dimensional A-module k with action given by the counit, and
Ko(A) is a ring without a unit element.

Let V be an A-module, and set d = dim(V). The McKay matriz My for tensoring with V has as
its (4,7) entry M;; = [S; ® V : S;], the multiplicity of S; as a composition factor of the A-module
S; ® V, or equivalently, the coefficient of [S;] when [S; ® V] is expressed as a Z-linear combination
of the basis elements in Go(A). Then

m
ds; = dim(V)dim(S;) = dim(S; ® V) = > [S; ® V : S;]dim(S Z M,;dim(S;) = (My s);
7j=1
shows that the ith entry of My s is d times the ith entry of s for 1 < ¢ < m, which implies that s
is a right eigenvector of My for the eigenvalue d = dim(V).

One can argue as in the paper [20] by Grinberg, Huang, and Reiner that the dimension vector
p’ = [dim(P1) dim(P3) ... dim(P,,)] is a left eigenvector for My with eigenvalue d. (But note that
their McKay matrix and ours are transposes of one another, so for them p! is a right eigenvector,
and s is a left one.)

The matrix My can be viewed as the adjacency matrix of a quiver (the so-called McKay quiver
determined by V) having nodes labeled by 1 < ¢ < m that correspond to the simple modules S;.
There are [S; ®V : S;] arrows from ¢ to j. If there is an arrow from i to j and one from j to i, they
are replaced by a single undirected edge. The idea to consider such a quiver and matrix goes back
to McKay’s insight [30] that the quivers determined by tensoring with the G-module V = C2 for a
finite subgroup G of SUs exactly correspond to the affine Dynkin diagrams of types A, D, E. This
result, subsequently referred to as the McKay correspondence, has been the inspiration for much
work on a host of topics in singularity theory, group theory, orbifolds, and many other subjects.

In expanding on McKay’s result, Steinberg [35] showed that for the group algebra CG of any
finite group G, the columns of the character table of G give a complete set of right eigenvectors
for the McKay matrix determined by tensoring with any finite-dimensional G-module V, and the
associated eigenvalues are given by the character values x, (g;), as g; ranges over a set of conjugacy
class representatives of G. Group algebras over algebraically closed fields of characteristic p > 0
were considered in [20], where it was shown that the columns of the Brauer character table of
G are right eigenvectors of My with corresponding eigenvalues ¥, (g;), as g; ranges over a set of
representatives for the p’ conjugacy classes of G (that is, elements whose order is relatively prime
to p). Each such g; determines a left eigenvector whose coordinates are the character values of the
projective indecomposable modules P; evaluated at g;, and whose eigenvalue is x, (g;)-

Aside from the result of Grinberg, Huang, and Reiner in [20] mentioned earlier, very little is
known about the eigenvalues and eigenvectors of the McKay matrices for arbitrary finite-dimensional
Hopf algebras, and the purpose of this paper is to remedy that situation. The specific case of the
quantum group u,(slp) at ¢ an odd root of unity was examined in depth in [2]. In that work,
it was shown that the McKay matrix for tensoring with V = C? has two-dimensional generalized
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eigenspaces for every eigenvalue different from 2 = dim(V), and it is necessary to work with Jordan
blocks of size 2 x 2 in that example. The main point of [2] is that McKay matrices and quivers
determine interesting Markov chains, and in the particular case of u,(slz), the chain exhibits new
phenomena due to the existence of such Jordan blocks. The examples in [2] show that the analysis
of the rates of convergence of the Markov chains determined by McKay matrices is quite delicate.

Most of the work on characters of Hopf algebras has been in the case that the algebra is semisim-
ple. For example, Witherspoon defined a notion of a character table for finite-dimensional semisim-
ple, almost cocommutative Hopf algebras and showed that the characters provide eigenvectors for
the McKay matrix for tensoring with the simple modules (see [39, proof of Thm. 3.2]). In [11],
Cohen and Westreich determined Verlinde formulas for semisimple, almost cocommutative Hopf
algebras, and in [9/[10], for (nonsemisimple) factorizable ribbon Hopf algebras such as the Drinfeld
double of the Taft algebra considered here. Such formulas were introduced by Verlinde [38] for
diagonalizing fusion relations in 2D rational conformal field theory and have played an important
role in physics. They have been considered subsequently in many different contexts.

For a Hopf algebra A with nonisomorphic simple modules S; and corresponding projective covers
P;, the Cartan matrix C = (C;;) records the multiplicity C;; = [P; : S;] of [S;] when [P;] is expressed
in the Z-basis of Go(A). Let r be the rank of C and select r of the P; so that the corresponding
rows of C are linearly independent. For each simple module S; there is an r x 7 matrix N7, that
contains the fusion rules for tensoring those r projective modules with S; and writing the answer
[P; ®S;] as a linear combination of the r chosen projectives. It was shown in [9] that the matrices
N/ are diagonalizable and have eigenvectors that can be expressed using the primitive idempotents
e; corresponding to the projective modules P;.

In Section 2 of this work, we consider arbitrary finite-dimensional Hopf algebras A and prove
general results about McKay matrices, their eigenvalues, and their (left and right) eigenvectors
by using the coproduct and the characters of simple and projective modules (Theorem and
Proposition 2.1.4]). The tensor product P ® V of a projective module P with a finite-dimensional
module V is projective, and so [P ® V| can be written as an integral combination of the classes
[P;] of the projective indecomposable modules. Letting Qv = (Q;;), where Q;; is the multiplicity
[P;®V : P;] of [P;] in [P; ® V], we obtain what we term a projective McKay matriz. Theorems [Z3.3]
and [2.4.1] and Corollary show how Qv and its eigenvectors are related to the McKay matrix
of the dual module V*. In the special case that the Hopf algebra is semisimple, the McKay matrix
My and the projective McKay matrix Qy are the same, and if the module V is self-dual, then the
McKay matrix is orthogonally diagonalizable (Corollary 2:3.4]).

In Section 3, we illustrate the general results of Section 2 by applying them to a family of
nonsemisimple Hopf algebras, namely, the Drinfeld double D,, of the Taft algebra A,, for n odd, n >
3. When n is even, the eigenvalues exhibit different patterns, and that case will not be considered
here. The algebras D,, provide a convenient testing ground, as their representation theory has been
developed in great detail by Chen and coauthors (see [4H8,[36]). Unlike the situation for semisimple,
almost cocommutative Hopf algebras, the McKay matrices for D,, fail to be diagonalizable. More
specifically, we

e determine the eigenvalues, right and left eigenvectors and generalized eigenvectors of the
McKay matrix My obtained by tensoring the simple D,-modules with one of the two-
dimensional simple D,-modules, V(2,0) (Secs. B:3H3.9);

e express the coordinates of these vectors using Chebyshev polynomials (Secs. [3.4] B.5] B.8);
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e relate the eigenvectors to character values of the grouplike elements and other special ele-
ments of D, (Secs. B.6, B.7, B9]) and show that the character value of a grouplike element
on any simple D,-module can be computed using Chebyshev polynomials (Thm. B.6.1] of
Sec. B.6t

e prove that the (generalized) eigenvectors for My, V = V(2,0), are (generalized) eigenvectors
for the McKay matrix of any simple D,,-module (Sec. B.10);

e show that the eigenvalues of the McKay matrix of any simple D,-module can be expressed
in terms of Chebyshev polynomials of the second kind (Thm. BITT] of Sec. B.ITl);

e find the eigenvectors and eigenvalues of the projective McKay matrix Qy by relating them
to the McKay matrix of the dual module V* (Prop. BI21] of Sec. B12l);

e determine the structure of the complex Grothendieck algebra G§(D,,) = C ®z Go(D,,) and
prove that its Jacobson radical squares to 0; (Thm. B.13.8 of Sec. B.I3));

e construct certain idempotents in Gg(Dn), and show how they provide an alternate approach
to producing the eigenvectors and generalized eigenvectors of My (Sec. BI3));

e compute the eigenvectors and eigenvalues of the matrix Ny that encodes the fusion rules
for tensoring a maximal set of independent projective covers in Go(D,) with V = V(2,0)
(Sec. B.14)).

It has been said that “Chebyshev polynomials are everywhere dense in numerical analysis”
(see [28, Sec. 1.1] for a discussion of this quotation). In this paper, Chebyshev polynomials (of the
second, third, and fourth kind) are everywhere dense in expressing eigenvalues, eigenvectors, and
generalized eigenvectors of McKay matrices and fusion rules for D,,. The characters of the simple
D,,-modules evaluated on the grouplike elements of D,, also have Chebyshev polynomial expressions.

When n is odd, D,, is a ribbon Hopf algebra [25], and D,, provides an invariant of 3-manifolds [21].
In [3], we determine the unique ribbon element of D,, explicitly. We use the R-matrix and ribbon
element of the quasitriangular Hopf algebra D, to obtain an algebra homomorphism from the
Temperley-Lieb algebra TLk(—(q% + q_%)) to the centralizer algebra Endp, (V¥¥), when V is any
two-dimensional simple D,-module. In the special case that V is the unique two-dimensional
simple module that is self-dual, we show that the homomorphism is injective for all £ > 1 and
an isomorphism for k& < 2(n — 1). This leads to a realization of Endp, (V®¥) for V self-dual as a
diagram algebra.
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2. McKay Matrices for Arbitrary Hopf Algebras

In the classical representation theory of finite groups, the columns of the character table are
obtained by evaluating the characters (traces) of the simple modules on one element from each
conjugacy class [I8], Sec. 2.1]. It is known that these columns are right eigenvectors for any McKay
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matrix determined by tensoring with a finite-dimensional module of the group (see [35]). In this
section, we develop an analog of this result by showing how grouplike elements and generalizations
of skew primitive elements in an arbitrary Hopf algebra can be used to construct eigenvectors for
McKay matrices. In the special case that the algebra is semisimple, more detailed results are
possible.

Throughout Section 2, A denotes a finite-dimensional Hopf algebra over an algebraically closed
field k. All A-modules are assumed to be finite-dimensional, and all tensor products are over k. We
adopt Sweedler’s notation for the coproduct A applied to an element x € A,

= Z T(1) ® T(2)-

2.1. Right eigenvectors from traces of simple modules. We will use the coproduct of A to
obtain right (generalized) eigenvectors of McKay matrices by taking the trace of certain elements
of A on simple modules. To accomplish this, we apply the following well-known results on traces.
Parts (a) and (b) hold for any finite-dimensional algebra A.

Lemma 2.1.1. (a) AssumeS, T, U are finite-dimensional modules over the algebra A such that
U~S/T. Then for any x € A, the trace try(x) of x on U satisfies try(x) = trs(z) + trr(x).
(b) If Uy,...,Us are the composition factors of a finite-dimensional A-module U, where U;

occurs with multiplicity ¢;, then for any x € A, try(z) = citry, (z) + - - - + estry, ().
(c¢) (See [27) Proposition 10.21 (b)].) For any finite-dimensional A-modules U and W, and any
T €A,

(2.1.1) trusw(z Ztru z()) trw (22)).

Let S1,So,...,S,, be a Z-basis of simple modules for the Grothendieck ring Go(A) of the Hopf
algebra A, and for any = € A set

(2.1.2) Trs(z) = [trs, (z) trs,(z) ... trs, (z)]".

Observe that Trs(1) = [dim(S1) dim(S2) ... dim(S;,,)]" = s, the vector of dimensions of the simple
A-modules. We know that s gives a right eigenvector for any McKay matrix determined by tensoring
with a finite-dimensional A-module. Next we explore some other elements of the Hopf algebra A
that give such right eigenvectors.

Theorem 2.1.2. Assume My = (M;;), where M;; = [S; @ V : S;], is the McKay matriz associated
to tensoring with an A-module V. Then the trace of x € A on'S; @V for any 1 <i < m is given by

(2.1.3) Ztrs Dtrv(za)) Z Mjtrs, (z), and

(2.1.4) My TI’S Ztrv TI’S Z( ))

Proof. This follows from Lemma 2ZT.Il(c) and the fact that M;; is the multiplicity of S; as a
composition factor of S; ® V. Equation (ZI1.3]) gives the ith coordinate of the matrix equation in

214). O

Corollary 2.1.3. For the McKay matriz My associated to tensoring the simple A-modules with V,
the following hold:
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(a) When g € A is grouplike, then A(g) = g ® g, and (ZI14) says

(2.1.5) My Trs(g) = trv(g) Trs(g).

Consequently, for every grouplike element of A, Trs(g) is a right eigenvector for My with
eigenvalue try(g). When g = 1, this reverts to the result that the dimension vector s is a
right eigenvector with eigenvalue try(1) = dim(V).

(b) When x € A has the property that A(z) = @ y + 2z ® x for some nonzero y,z € A, then

R.14) says
(2.1.6) My Trs(x) = try(y) Trs(x) + try(z) Trs(2).

The next result draws some useful conclusions from this equation. In part (2)(b) of Proposition
2.1.4l the phrase generalized right eigenvector of My with eigenvalue A refers to a vector u such
that (My — Al)u is a nonzero right eigenvector of My for A. Similarly, in Proposition [2.2.21(2)(b)
below, a generalized left eigenvector for the matrix Q, with eigenvalue X is a vector w such that
w(Q{, — Al) is a nonzero left eigenvector for Qf/ with eigenvalue A.

Proposition 2.1.4. Assume (2.1.06]) holds for some x € A, and Trs(x) # 0.

(1) Iftry(z) =0, then Trs(z) is a right eigenvector for My with eigenvalue try(y).
(2) Iftry(z) #0, and Trs(z) is a right eigenvector for My with eigenvalue A, then
(a) try(y) # X\ implies that (try(y) — A) Trs(z) +try(z) Trs(2) is a right eigenvector for My
with eigenvalue try(y);
(b) trv(y) = X and Trs(x) & kTrs(z) imply that Trs(x) is a generalized right eigenvector
for My with eigenvalue A: My Trs(z) = A Trs(z) + try(x) Trs(2).

Remark 2.1.5. The case try(y) = X and Trg(x) = § Trg(2) for some 0 # § € k cannot happen when
Trs(z) is assumed to be a right eigenvector for My with eigenvalue A in (2), as this would imply
that Trs(x) is a right eigenvector for My with both eigenvalue A and eigenvalue A+ 6~ ttry(z) # .

2.2. Left eigenvectors from traces of projective modules. This section discusses using pro-
jective modules to produce left eigenvectors. Suppose P1,Po,...,P,, are the nonisomorphic inde-
composable projective modules for the Hopf algebra A. The tensor product of any A-module V
with a projective A-module is projective, hence the corresponding isomorphism class is a Z-linear
combination of the [P;] in the Grothendieck group Ko(A) (see [26] Sec. 3.1]). We use [P; ® V : Py]
to denote the multiplicity of [P;] in [P; ® V] and define

(2.2.1) Qv = (Qij), where Q;; =[P; @V :Pjl.

We refer to the matrix Qy as the projective McKay matriz and relate Qy to a McKay matrix in
Theorem 233 below. If 2z € A and A(z) = Y, 2(1) ® (), then

(222) Z trp, (l‘(l))trv(l‘(g)) = ter‘®V(m) = Z Qijtl’pj (l‘) = Z ter (l‘) (Qa)ﬂ :
T Jj=1 j=1

This is the ith component of the matrix equation

(2.2.3) Trp(2)Qy = Ztrv(x(g)) Trp(z(1y), where

(2.2.4) Trp(z) := [trp, (2) trp,(z) ... trp, (z)].

We have the following analogs of (ZI1.5]) and (2.1.0]):
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Corollary 2.2.1. Let Q), be the McKay matriz associated to tensoring the projective indecompos-
able A-modules with V. Then

(a) When g € A is grouplike,
(2.2.5) Tre(9)QV = trv(g) Tre(9)-

Consequently, for every grouplike element of A, Trp(g) is a left eigenvector for QY with
eigenvalue try(g). When g = 1, the eigenvalue is try(1) = dim(V), and the eigenvector
Trp(1) is just the dimension vector p = [dim(P1) dim(P2) ... dim(P,,)].

(b) When x € A has the property that A(z) = x ® y + 2z @ x for some nonzero y,z € A, then

BZ3) says
(2.2.6) TFP(ZE)Q{‘/ = trv(y) Trp($) + trv(l‘) Trp(z).

The next result is the projective version of Proposition 2.1.4

Proposition 2.2.2. Assume ([2.2.6]) holds for x € A and Trp(x) # 0.
(1) Iftry(z) =0, then Trp(x) is a left eigenvector for QY with eigenvalue try(y).
(2) Iftry(z) #0, and Trp(z) is a left eigenvector for QY with eigenvalue A, then
(a) try(y) # X implies that (try(y) — X) Trp(z) + try(z) Trp(2) is a left eigenvector for QY
with eigenvalue try(y);
(b) trv(y) = X and Trp(z) & kTrp(2) imply that Trp(x) is a generalized left eigenvector for
v with eigenvalue A: Trp(z)QY, = A Trp(z) + try(z) Trp(2).

Remark 2.2.3. As in Remark [ZT5] the case try(y) = A and Trp(z) = 0 Trp(z) for some 0 # ¢ € k
cannot happen when Trp(z) is assumed to be a left eigenvector for QY, with eigenvalue A.

2.3. The Cartan map and Cartan matrix. We will use the Cartan map to relate McKay
matrices and projective McKay matrices for any finite-dimensional Hopf algebra A.

The two Grothendieck groups mentioned in the Introduction are related by the Cartan map
¢ : Ko(A) = Go(A), [P] — [P]. The Cartan matriz is the integral matrix C = (C;;) representing c
in the bases {[P;] | 1 < j < m} and {[S;] | 1 < j < m} of Ko(A) and Go(A) respectively. It has
as its (i,7) entry C;; = [P; : S;], the multiplicity of [S;], when [P;] is written as a Z-combination
of the classes [S;], which is also the multiplicity of S; in a composition series for P;. When A is
semisimple, C is the identity matrix, as P; = S; for all j. In general, the Cartan matrix is not
invertible.

Here is a tiny example exhibiting a non-invertible C: The Sweedler Hopf algebra has a basis
1,a,b,ab, where a® = 0, b> = 1, ba = —ab (it is the baby Taft algebra A, - compare Section B.1]
with ¢ = —1). It has two one-dimensional simple modules S, and S., where a(a) = 0, a(b) = —1,
and € is the counit with e(a) = 0 and £(b) = 1. The corresponding projective covers P, and P,

11
are two-dimensional and have both simple modules as composition factors. Thus, C = < 1 1).

In fact, the Cartan matrix of any Taft algebra A,, defined using a primitive root of unity of order
n > 2 is the n x n matrix with all entries equal to 1 (see [27, Exer. 10.2.4]).

Now suppose that Qy = (Qij) is the projective McKay matrix for tensoring with V as in ([2.2.7]).
Then the relation between Qy and the McKay matrix My for tensoring simple modules with V can
be described as follows:

Proposition 2.3.1. For any A-module V,
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(a) QvC = CMy, where C = (Cij) s the Cartan matriz.

(b) If v is a right eigenvector for My with eigenvalue X\, then Cv is a right eigenvector for Qy
with eigenvalue A.

(¢) If w is a left eigenvector for Qy with eigenvalue p, then wC is a left eigenvector for My
with eigenvalue (.

Proof. (a) With notation as in ([2:2.]), we have on one hand

P, @ V] = ZQit[Pt] s ZQit[Pt] = Z QitCe[Se,
t=1 t=1

t0=1

and on the other,

PiaV] -5 Pia V=PIV = 3 Culs IV = 3 CaMulSi].
t=1 t,0=1
Thus, ch = CMv.
(b) If v is a right eigenvector for My with eigenvalue A, then QyCv = CMyv = ACwv so that Cv
is a right eigenvector for Qy with eigenvalue A. (c¢) Similarly, if w is a left eigenvector for Qy with
eigenvalue p, then wC is a left eigenvector for My with eigenvalue p. O

For simplicity, we usually omit the brackets on the isomorphism class representatives of Kg(A)
and Go(A) in what follows unless they are needed for clarity. We will use the next result, which
can be found for example in [16, Prop. 9.2.3].

Proposition 2.3.2. Let P; be the projective cover of the simple module S;. Then for any A-module
N,
dimgHoma (P;,N) = [N : S;],

the multiplicity of S; in a Jordan-Hélder series of N.

For every P € Ko(A) and V,W € Gy(A), the following holds (see [26, Sec. 3.1])
(2.3.1) dimgHoma (P ® V, W) = dimgHoma (P, W ® V*).
This will enable us to relate the projective McKay matrix to the McKay matrix of the dual module.
Assume My = (I\/Iij) is the McKay matrix for tensoring with V € Go(A), and My = (ij) is the
McKay matrix for tensoring with the dual module V*. Let M{,. = (M;Z) be the transpose of My,
and let Qy = (Qij) be the projective McKay matrix for V. Then we have the following consequence
of Proposition and (Z:30]). Variations of this result have appeared in several different contexts

such as [I, Lem. 8] and [29, Lem. 10], and it can be regarded as a special case of the tensor category
result [I5, Prop. 6.1.2].

Theorem 2.3.3. Assume V is a module for a finite-dimensional Hopf algebra A. Then
Qij = dimkHomA(Pi ®V, SJ) = dimkHomA(Pi, Sj & V*) = [SJ Q@ V*: Sz] = M;z
Therefore, Qu = MY,..

Corollary 2.3.4. For any module V over a finite-dimensional Hopf algebra A,

(a) MY. C=CMy, where C is the Cartan matriz.

(b) If v is a right eigenvector of My with eigenvalue X\, then Cv is a right eigenvector for M.
with eigenvalue . Similarly, if w is a left eigenvector of MY,. with eigenvalue p, then wC
s a left eigenvector for My with eigenvalue p.
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(c) If C is invertible, then MY, = CMyC~!. Therefore, My and M. (and also My« ) have the
same eigenvalues when C is invertible.

(d) If A is semisimple, the Cartan matriz is the identity matriz, and consequently, MY, = My.
Moreover, if V is self-dual, then My is symmetric, hence orthogonally diagonalizable.

2.4. Eigenvectors from projective modules. We combine results from the previous sections to
obtain left eigenvectors from traces of projective modules. Theorem 2.3.3] implies that QT = My
holds for any finite-dimensional Hopf algebra A, where V* is the dual module to V, and Qy is the
projective McKay matrix. As a consequence of (2.2.3]), we have

Theorem 2.4.1. For any A-module V and all x € A,
(a) Trp(z)My- = Ztrv ) Trp(w(yy), where Trp(x) = [trp, (7) trp,(x) ... trp, (2)].

(b) If (V*)* 2V, then Trp(z)My = Ztrv* Trp Z(1 ))

Corollary 2.4.2. Under the assumption that (V*)* =V for the A-module V, the following results
hold (compare these to the corresponding results for simple modules (ZI5) and (ZI0)):

(a) When g € A is grouplike,
(2.4.1) Trp(g)My = try=(g) Trp(g).
Hence, for every grouplike element of A, Trp(g) is a left eigenvector of My of eigenvalue
try=(g). The vector Trp(1) is just the dimension vector p = [dim(P1) dim(P2) ... dim(Py,)],
and the eigenvalue is try=(1) = dim(V*) = dim(V) = try(1).
(b) When x € A has the property that A(z) = x ® y + 2z ® x for some nonzero y,z € A, then
223) says
(2.4.2) Trp(z)My = try«(y) Trp(z) + try=(z) Trp(2).
2.5. Eigenvectors for McKay matrices from the Grothendieck algebra Gg(A). Next we de-

scribe a way to produce left eigenvectors and generalized left eigenvectors for McKay matrices using
the Grothendieck algebra G§(A) = C®zGo(A) of any Hopf algebra A. The classes [S1], [Sa], - - - , [Sm]
of the nonisomorphic simple modules give a C-basis for G§(A).

Proposition 2.5.1. (a) LetV be an A-module, and assume [X] = ¢1[S1]+- - -+cn[Sm] € G5 (A),
cj € C for all j, is an eigenvector for the right multiplication operator Ry of GE g (A) with
eigenvalue X. Then [c1 co ... cp] is a left eigenvector for My with ezgem}alue A

(b) Suppose that [Y] = di[S1] + - + di[Sm] € GG (A) has the property that (Ry) — A (Y) = 0.
Then for the McKay matriz My, we have [dy do ... dp](My — A)¢ = 0.

Proof. (a) We are assuming that Ry|([X]) = A[X], or more specifically,
(c1[S1] + -+ em[Sm]) V] = c1[S1][V] + - - 4+ em[Sm][V] = Mc1[S1] + - - + e [Sii))-

Since multiplication in Gg(A) is given by tensoring, this implies that
m

ZCZ[SZ ®V: S]] = )\Cj

i=1
holds for each j, where [S;®V : S;] is the multiplicity of [S;] in [S; ®V]. However, [S;®V : S;] = M;;,
(4,7) entry of My. Therefore >, ¢;M;; = A¢; for all j, which says

[Cl Cy ... Cm]MV:)\[Cl Cco ... Cm].
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Part (b) follows by induction, with part (a) providing the ¢ = 1 case. O

Remark 2.5.2. Grothendieck algebras in general do not have to be commutative, so we do need
to specify the “right” multiplication above.

2.6. Eigenvectors for McKay matrices from K§(A). To determine additional information
about the McKay matrix My, we consider the operator Ry« of right multiplication by [V*] on
the finite-dimensional complex vector space K§(A) = C ®z Ko(A). Suppose [Y] is an eigenvector
for Ry« with eigenvalue . Then [Y][V*] = £[Y], where [Y] = >7, 4[P;], a C-linear combina-
tion of the projective covers. The matrix Qy+ has (7,7) entry equal to the multiplicity of [P;] in
[P; ® V*] = [P;][V*], which implies

(2.6.1) [vi y2 - ym]Qus =&[y1 v2 - yml-
Using the fact that Q. = M(y«y- from Theorem 233/ and [Z.6.1)), we have

Proposition 2.6.1. Assume that the A-module V satisfies (V*)* =2 V. Let [Y] be a left eigenvector
for Ry« with eigenvalue § in K§(A), and let [y1 y2 ... ym)] be its coordinate vector relative to the
basis {[P;]}™, of K§(A) of projective covers. Then

Mylyr v2 - yml" =Elvi vz - Yml

)

T

so that [y1 y2 ... ym]' is a right eigenvector for My with eigenvalue §.

Remark 2.6.2. When the antipode S of A has the property that S? is an inner automorphism
of A, then (V*)* = V holds for all A-modules V (see [27, Lem. 10.2(a)]). Any semisimple Hopf
algebra will have (V*)* = V for all V, as will any symmetric algebra [32]. Drinfeld doubles are
always symmetric (i.e. have a nondegenerate, symmetric, associative bilinear form). In particular,
the Drinfeld double D,,, which we investigate in detail in Section 3, has the property (V*)* =V for
all V, and D,, is not semisimple. Also, since the quantum group u,(slz) for ¢ a root of unity has a
unique simple module of each dimension, (V*)* =2V holds for all uy(sly)-modules V, and u,(sly) is
not semisimple.

2.7. Eigenvectors for McKay matrices of semisimple Hopf algebras. In this section, we
assume that the Hopf algebra A is semisimple. The assumption of semisimplicity enables us to say
more about the eigenvectors and characters of A.

Following [26] and [39, p. 886], we define

(X,Y) = dimgHoma (X*,Y),

for any two A-modules X and Y in G§(A), where X* denotes the dual module of X. This generates a
nondegenerate, symmetric associative C-bilinear form on G§(A). Therefore, G§(A) is a symmetric
algebra with dual bases {S1,Ss,...,Sn} and {S7,S5,...,S;,}, where the S; are representatives of
the isomorphism classes of simple A-modules.

Let (1,(2,...,(s be the G§(A)-characters afforded by the simple G§(A)-modules. Since A is
semisimple, so is the Grothendieck algebra G§(A) (see, for example, [41] and [39]). Therefore,
by [13, Sec. 9B] we know that the characters of G§(A) are linearly independent over C. Moreover,
if €1, €,...,E; are the primitive central idempotents of G§(A), then ¢;(&;) = ¢;i(1), and (;(€;) =0
for j # i. The idempotents €1, &z, ..., Es form a C-basis for the center of G§(A).
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By Proposition 9.17 (i) of [13], the duality of the bases {S}}, {S;} relative to the symmetric
bilinear form above can be used to define

Di:ig(s zzm: S* forl <i<s,
i=1 i=1

and to prove that (;(D;) # 0, Then applying [13, Prop. 9.17 (ii)], we have

Proposition 2.7.1. Assume that the Hopf algebra A is semisimple, and let (1,(o,...,(s be the
characters of the simple Gg(A)—modules. Then for all 1 < ¢ < s, the primitive central idempotent
E; of Gg(A) corresponding to the character (; is given by

& = G(1)¢(Dy) "Dy, where  G(Dy) ZCZ Gi(S;) =G @5;6953' )
j=1

and Sj, 1 < j <'m, are the simple A-modules.

Remarks 2.7.2. e In [39], Witherspoon investigated G§(A) when A is a semisimple, almost co-
commutative Hopf algebra. Under these assumptions, Gg(A) is both semisimple and commutative,
so the simple modules for Gg(A) are one-dimensional. The expression for the primitive central
idempotents coming from [39, (3.4)] is basically the same as the one given in Proposition 27T}
however, since ¢;(1) = 1 for all ¢ when A is semisimple and almost cocommutative, that factor does
not appear in [39].

e The primitive central idempotents €; form a basis for G§(A) when A is semisimple and almost
cocommutative, and in fact, the simple Gg(A)-moduleS are exactly the C&;. Therefore, s = m in
the situation considered in [39]. This is not true when A is an arbitrary semisimple Hopf algebra.
Each &; is the identity element of a matrix block of the semisimple algebra Gg(A), but these blocks
do not have to be one-dimensional. The Hopf algebra that is (14) in Kashina’s classification [24]
of 16-dimensional semisimple Hopf algebras is an example of this phenomenon. The Grothendieck
algebra G§(A) has a 2 x 2 matrix block in that case.

Assume A is semisimple and V is an A-module that is central in G§(A). Then V = >°7_, \;&;,
which implies that &;V = \;&;, that is, &; is an eigenvector for right multiplication by V in Gg(A).
Therefore, by Propositions 2.5.1] and Z77.I], we have for the McKay matrix My = (M;;),

A&i = MiG(1)G( 12@ )Sj = &V = G(1)Gi( 12@

m

= G(GD) ™) D G(S] (Z @V :SS ) = GMGD) Y D GSHM e | Se
j=1 =1 =1 \j=1
In other words, A;(;(S}) = >_7L; Gi(S;)Mje. This says that [G;(S]) Gi(S3) ... Gi(S;,)] for 1 <i <,
is a left eigenvector for My with eigenvalue \; when V = "7 | \;&; is a central element of Gg(A).
Hence, we have shown the following

Proposition 2.7.3. Assume that the Hopf algebra A is semisimple, and V is an A-module that is
central in the Grothendieck algebra GS(A). Let (1, Ca, . .., (s be the simple characters of G§(A). Then
[Gi(ST) Gi(S%) ... Gi(SE)] is a left eigenvector of My for 1 < i < s, where the characters ¢; are
evaluated on the dual modules S7,S5,...,Sy, of the nonisomorphic simple A-modules S1,S2, ... ,Sm.
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Remark 2.7.4. When A is semisimple and almost cocommutative (as in [39]), then all the left
eigenvectors for My for any choice of V are obtained in this fashion, since the &; form a C-basis of
G (A) in this case, and every A-module V can be expressed as V = > 7=/" \;&; for some \; € C.
Consequently, the following result holds.

Corollary 2.7.5. When A is a semisimple, almost cocommutative Hopf algebra, the left eigenvec-
tors of My are the same for the McKay matriz of any finite-dimensional A-module V, and they
can be gotten by evaluating the simple characters (;, 1 < i <m, of Gg(A),

(2.7.1) [Gi(S1) Gi(S2) -+ Gi(Sp)l,

on the dual modules S; of the nonisomorphic simple A-modules S;, 1 < j < m.

3. The Drinfeld Double of the Taft Algebra and its Modules

Throughout Section 3, we assume n is an odd integer > 3, k is an algebraically closed field of
characteristic 0, and q is a primitive nth root of unity in k. When n is even, the Drinfeld double
and its modules are defined similarly, but different behavior is exhibited, and so this case will not
be considered in this work.

3.1. Preliminaries. The Drinfeld double D,, of the Taft algebra A,, has a presentation as the Hopf
algebra over k with generators a, b, ¢, d that satisfy the following relations:

ba = qab, db = gbd,
ca = qac, de = qed,
bc = cb, da — gad =1 — b,

a =0=d", bt =1=c".

(3.1.1)

The coproduct, counit, and antipode of D,, are given by
Ala)=a®b+1®a, A(d)=d®c+1®d,
Ab)=b®b, Alc)=c®c,
e(a) =0=¢(d), eb)=1=c¢(c),
S(a) = —ab™', Sb)=b"", S(c)=c', S(d)=—dc .
The Taft algebra A,, is the Hopf subalgebra generated by a and b. It follows from ([BI.2]) and the
fact that A is an algebra homomorphism that the elements b'c* for 0 < i,k < n — 1 are grouplike.

(3.1.2)

™

3.1.1. The simple and projective Dy-modules. ~ The simple D,-modules V(¢,r) are indexed by a
pair (¢,7) where 1 < ¢ <mnand r € Z, = Z/nZ (the integers modulo n). Then V(¢,r) is a k-vector

space of dimension ¢ with basis vy, vs,...,v; and with D,,-action given by
avj =vjt1, 1 <j <, a.vp = 0,

(3.1.3) bvj = q" cvj = qj_(’"M)vj, 1<5<Y,
dvj =oj_1(0)vj_1, 1 <j <V, dvy =0,

where

(=1 ()
qg—1
From Chen et al. [6L[], the following hold:
(1) V(1,0) is the trivial D,,-module with action given by the counit e.

(3.1.4) a;(l) = for1<i<n-1
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(2) VL, r)@V(1,s) =V(l,r+s).
(3) V(4,r) @ V(¢',s) is completely reducible if and only if £ + ¢ < n + 1. In this case, if
m = min(¢,¢), then

(3.1.5) V)@V, s) =2 @VE+L +1—2j,r+s+j—1).
j=1

Let P(¢,7) be the projective cover of the simple D,,-module V(¢,r). Chen [7] has shown that any
indecomposable projective left D,,-module is isomorphic to one of the modules P(¢,r) for 1 < /¢ < n
or to V(n,r) for some r € Z,, and the module P(¢,r) for 1 < ¢ < n has the following structure.
There is a chain of submodules P(¢,7) D soc?(P(¢,7)) D soc(P(¢,r)) D (0) such that

(1) soc(P(¢,r)) is the socle of P(¢,7) (the sum of all the simple submodules), and soc(P(¢,r)) =
V(l,r);

(2) soc?(P(£,7))/soc(P(£,r)) =V (n —L,r +£) B V(n —L,r +L);

(3) P(,7)/soc(P(¢,7)) = V(L,7).
Therefore, [P(¢,r)] = 2[V(¢,7)] + 2[V(n — ¢, + ¢)] in the Grothendieck group Go(D,,), and the
dimension of the indecomposable module P(¢,r) is 2n for 1 < ¢ < n. Hence, it follows that
[P(¢,r)] = [P(n — £, 4+ ¢)] holds in Gy(D,,) for all 1 < ¢ < n and all r € Z,,. The modules V(n,r)
for all r € Z,, are the only D,,-modules that are both simple and projective.

3.1.2. The Cartan map for D,,. We consider an extension of the Cartan map of D,, to a C-linear
map (also denoted c), ¢ : K§(D,,) = G§(Dy), [P] — [P]. Then c([P(¢,7]) = [P(¢,7)] = 2[V(£,7)] +
2V(n—£,0+7)] =c([P(n—¢,0+47)]) forall 1 < ¢ < 2L and r € Z,,, and c([V(n,7)]) = [V(n,r)]
for all » € Z,. Therefore, the images under ¢ of the basis elements of K§(D,,) are C-linearly
independent elements of G§(D,), and it follows that dim(im(c)) = w Since the elements
[P(6,r)] = [P(n—£,£+7)], 1 << 2L r €7, are linearly independent elements of the kernel of

c and dim(ker(c)) =n?— n(n;l) = n(n2—1)7 they form a basis for the kernel. To summarize, we have

the following result.

Proposition 3.1.1. (a) The elements 2[V(£,7)]|+2[V(n—£,f+7)] foralll << 2L re 7,
and [V(n,r)],r € Z,, form a basis for the image im(c) of the Cartan map c : K§(D,) —
G§(Dy). Therefore, dim(im(c)) = %

(b) The rank of the Cartan matriz C of Dy, is w
¢) The elements [P({,1)] —[P(n — £, 0+7)], 1 <l <L recZ,, form a basis for the kernel
2

of ¢, and dim(ker(c)) = @

3.2. The McKay matrix for tensoring with the D,-module V(2,0). Throughout this section,
we assume that V is the two-dimensional simple D,-module V(2,0) with basis {v1,v2}. Now it
follows from ([B.I5) and [8, Prop. 3.1, Thms. 3.3 and 3.5] that for V = V(2,0),

(1) V(L,r) @V =V(2,1);

(2) Vl,r)@V=V({+1,r)oV{—-1,r+1) for 2 <l <n;
(3) V(n,r) @V =P(n—1,r+1);

(4) P(1,r) @V = P(2,r)®2V(n,r + 1);

5) PU,r)@VEPUl+1,r)eoPl—1,r+1)for2</l<n-—1;
(6) Pn—1,")@V=Pn—-2,r+1)®2V(n,r).
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The McKay matrix for tensoring the simple D,,-modules V (¢, 7) with V := V(2,0) is the n? x n?
matrix My = (M(M),(@,s)), whose entry M,y ) is given by the composition series multiplicity

Moy, er0) = V() @ V2 V(L 5)].

We assume that the numbering of the rows and columns of My is first by ¢ = 1, then by ¢ = 2,
etc., and for each £ the numbering is r = 0,1,...,n — 1; that is, we are numbering by lexicographic
order, and we will often simply write M for My when the choice of V is unambiguous. Using the
decomposition formulas above, we observe that the McKay matrix M then can be displayed using
n x n blocks, where I = I, is the n x n identity matrix, and Z is the n x n cyclic permutation matrix
as presented below

0 I O 0 0 01 00
Z 0 1 0 0 0 01 0 0
0 Z 0 I 0 0 0 0 1 00
(3.2.1) M = Z . 0 0 7= 0 0
o I 0 : 1 0
0O 0 0 0--- Z 0 1 00 O 01
2 0 O 0 2Z 0 1 0 0 O 00

There are identity matrices on the superdiagonal of M, and the matrix Z is on the subdiagonal of
M except for the last row (corresponding to the modules V(n,r) for r € Z,,), where the nonzero
entries are 21 and 2Z, due to the fact that V(n,r)®V(2,0) = P(n—1,7+1), which has composition
factors V(n — 1,r 4+ 1) (twice) and V(1,7) (twice).

Assume Y = diag{X, X, ..., X}, where the n x n matrix X diagonalizes Z,

XZX 1 =D .= diag{1,q,... aqn_l}a

and q is as before, a primitive nth root of unity in k for n odd and > 3. Then

0 I 0 0
D 0 I 0 0
, 1 0 D I 0 0
(3.2.2) M =YMY ™" =
Jioo . I 0
0o 00 --- D 0 I
2. 0 0 --- 0 2D O

3.3. Characteristic polynomial and characteristic roots of My, V = V(2,0). We want to
determine the characteristic roots of M = My, which we can do by computing the characteristic
roots of M/, as they are the same. The advantage to working with M’ is that its entries lie in the
commutative ring of diagonal matrices, and so usual matrix operations apply.
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Consider the characteristic polynomial of M’, which can be found by computing

t -1 O 0 0

-D I -1 0 0

0 -D < I 0 0

det (tL,2 — M’) =det | : . -D 0 0

: -1 0

0 0 0 0--- =D tI -1

=21 0 0 0 -2D 0

Define polynomials Uy (¢, D) recursively by

(3.3.1) Up(t,D) =1, Ui(t,D) =¢tI, Ug(t,D) = tUp_1(¢t,D) — DUk_2(¢,D), k> 2.

These polynomials are related to Chebyshev polynomials of the second kind, as we explain in the
next section. In computing the determinant of tI,» — M’, we will abbreviate Uy (¢,D) as Up. We
perform row operations on tI,2 — M’ using the matrices —I on the superdiagonal to eliminate the
entries beneath them. Therefore, after using the —I in the first row and then the —I in the second
row, we have

Uy -1 0 0 0 Uy -1 0 0 0
tU; — DUy 0 I 0 0 Us 0 -1 0 0
—-DUy 0 - - 0 0 tU,-DW;, 0 o -I - 0 0
: . -D 0 01, : : 0 0
: : : . =1 0 : Do - =1 0
0 o o0 0--- =D a4 -I 0 o 0 0--- =D I I
—21 0 O 0 <o =2D I —21 0 0 0 oo =2D I
respectively. Continuing, we obtain

Uy -1 0 0 0

Us 0 -I 0 0

Us 0o o0 -1 0 0

: : 0o 0],

un_g .o -1 0

Up—1 o o0 0--- 0 0 -I

—2DU,—2—2I 0 O o - 0 I

so that after the final step, the result of using the bottommost —I on the superdiagonal is

U -1 0 -0 0
Us 0 I 0 0
Us 0 0 -I 0 0
0 0

: : : .. =1 0
Uyp—1 o o o --- 0 -I

tUp— —2DUp—2—2I O O O --- O O
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Therefore, setting
(3.3.2) pn(t,D) := tU,—1(¢t,D) — 2DU,,_2(t,D) — 21 = U, (¢,D) — DU, —2(¢, D) — 21,

we have det(tl,2 — M') = p,(¢,D), where M’ is as in ([B.2.2]), and the characteristic roots of M’,
hence also of M, are the roots of p,(t,D).
Here are the first few polynomials p,, (¢, D):

n=3: t°—3Dt—2I

n=5: t>—5Dt>+5D%* — 21

n="7: t'— 7Dt +14D*t* — 7D*t — 21

n=9: t—9Dt" +27D* — 30D*t* + 9Dt — 21
n=11: '~ 11D + 44D*" — 77D3#" 4 55D** — 11D%¢ — 21
n=13: % - 13Dt +65D%" — 156D%" + 182D*° — 91D°* + 13D5¢ — 2I.
These are polynomials with coefficients that are n x n diagonal matrices. Each diagonal entry ¢* of
D for k € Z,, determines a polynomial p,,(t,¢*) in ¢ and t with coefficients in Z. The characteristic
roots of M are obtained by setting those n polynomials equal to 0. For example, when n = 7, the

polynomials are py, (¢, g~ )=t — 7¢"t® + 14¢%%t3 — 7¢%%t — 2 for k € 77, and the characteristic roots
of M are the roots of those 7 polynomials.

3.4. Right eigenvectors for My, V =V(2,0), and Chebyshev polynomials. The polynomials
pn(t, D) are related to Chebyshev polynomials Uy (t) of the second kind, which are defined recursively
by the formulas

(3.4.1) Up(t) =1, Ui(t) =2t, Uk(t) =2tUp_1(t) — Uk—o(t) for k > 2.
Setting Uk(t) = Ug(%), we have
(3.4.2) Up(t) =1, Ui(t) =t, Ux(t) =tUp_1(t) — Up—2(t) for k > 2.

There are a number of closed-form formulas for Chebyshev polynomials of the second kind. Re-
placing ¢ by § in one such formula (see for example, [31, 18.5.10 with A = 1] or [14} (23), p. 185])
gives the following expression for Uy (¢):

5] .
(3.4.3) Up(t) =D (~1) <k — )tk_Zj.

j=0 J
The polynomials Uy (¢, D), which were defined in the previous section, satisfy a similar recursion
B31), and as a result,

L5]

(3.4.4) Wp(t, D) = S (=1) <k J‘,j )tk_szj.

[ME

§=0
The polynomial Uy (t) is Uk (¢, D) with D and the n x n identity matrix I replaced by 1. Thus, when
D and T are replaced by 1 in p,(t,D), we obtain

(3.4.5) Pr(t) :=pn(t,1) = tUp—1(t) — 2Up—2(t) — 2 = Uy (t) — Up—2(t) — 2.
Assume now that n = 2h + 1 for h > 1. We aim to show
(3.4.6) pu(t) = pans1(t) = (t — WD),
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where Wp,(t) = Up(t) + Up—1(t) for all A > 1, by appealing to results on Chebyshev polynomials of
the fourth kind.

The sum of two consecutive Chebyshev polynomials of the second kind is a Chebyshev polynomial
of the fourth kind. These polynomials are defined recursively by the following formulas (see [28] Secs.
1.2.3, 1.2.4]):

(3.4.7) Wolt) =1, Wi(t)=2t+1, Wiy(t) = 2Wi_1(t) — Wi_a(t) for k > 2.

Thus, they satisfy the same recursion as the polynomials Ug(t), except Wi(t) = 2t 4+ 1, while
Ui(t) = 2t. In particular, Wy (t) = Ug(t) + Uk—1(t) for all k£ > 1 by [28, (1.54)].

Chebyshev polynomials have integer coefficients and complex roots. Suppose z = e € C. Then
z = %ﬁl = cos(f) € C, and it follows from [28, (1.54)] that the relation

2kl = (k+1)

(348) Uk‘(z) = xk + $k‘—2 + -+ x_(k_2) + x_k — —
T —x
holds. Moreover, by [28] (1.57)],
2t — . 2k+1 _ 1
(349) Wk(z) = Tz I r T ’ — $k + $k—1 4t l‘_(k_l) + ﬂj‘_k _ $_k X
2 —x 2 z—1

Hence, for Uy (z+27 1) = Uk(x+§71) and Wy (z+z71) := Wk(x+§71 ), we can conclude the following:

Proposition 3.4.1. Assume Uy(t) is defined as in (BA2). Set Wo(t) = 1 = Up(t), and let
Wi(t) = Up(t) + Up_1(t) for k > 1. Let x = €% € C be chosen so that t = x + x~'. Then for all
k > 1, the following hold:

Zh 1 g (k1)

(a) Up(t) =ak +ab2+. . pa= kD b=
(b) Wi(t) = o + 2F =1 4 ab=2 o b2 g (o) g gk = gk 2L
(¢) pnlt) =Up(t) — Up—o(t) — 2= (t —2)W2(t) forn=2h+1, h > 1.

Proof. Only the last equality in (c) needs to be verified, and we proceed to show that the two sides
of (c) are equal by computing both by induction on h and comparing them. When h = 1,

Wit)=a2?+ 20 +3+22 2 2= (22 + 14272+ 2@ + 271 + 2 = U (t) + 2Uy (¢) + 2Up(¢).
Assuming the statement
(3.4.10) Uap () + 2Ugp_1 (£) 4 - - - + 2Us () + 2Uo(t) = Wi ()
for h > 1, we have
Uop+2(t) + 2Uzp41(t) + 2Uap (t) + - - + 2Us (t) + 2Uo (1)
_ (x2h+2 Lg?ho a2y x—2h—2> I <2x2h+1 1 9g?h=l 4 gu=2htl | 2x—2h—1)
+ (as”‘ +a? T :E‘Q") + Uzn(t) + 2Uan—1(2) + -+ + 2Us () + 2Uo (1)
_ <$2h+2 Goop2htl 92 49 Ly 902k 4 o) —2h—1 +$—2h—2>
n <x2h+2x2h—1 F 3022 (2R 1) 4 4 3a2h 2y g2kl +$—2h)
— 2 9l a2 (9 £ 3) o 3 2h 2 2hTl | 22 W2, (t).

This completes the induction step and proves (3.4.10]).
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Now on the other hand, we claim that when n = 2h + 1 > 3,
(3.4.11) pu(t) = (t — 2) <un_1(t) + Qoo (t) + 2Up_g(t) + - + 2u0(t)>.

We argue this by induction on n. The base case when n = 3 follows from a direct calculation.
Suppose the statement is true for n. Then by [B.45]), for n 4+ 1 we have

Prt1(t) =tUn(t) — 2Up—1 (t) — 2

—(t — 20U (t) + 2U (£) — Uy (£) — 2
(t — 2)Up (t) + 2[tUp—1(t) — Up—2(t)] — 2Up—1(t) — 2

=(t — 2)[Un(t) + Un—1(t)] + pu(t)
( ) [Un(t) + Up—1 () + Un—1(t) + 2Un—2(t) + - - + 2Uo(1)]
(t-2)[

Therefore, the assertion p,,(t) = (t — 2)W3 () follows by comparing B.4.10) and F.411). O
Applying [B.49]) with k = h, we deduce

Corollary 3.4.2. For h > 1, the roots of Wy(t) as a polynomial in z are all x # 1 which are roots
of unity in C of order 2h + 1. As a polynomial in t, the roots of Wy (t) are all t = x + =1, where
x s a root of unity of order 2h + 1 in C and x # 1.

Remark 3.4.3. We are assuming that D,, is defined over an algebraically closed field k of charac-
teristic 0, and ¢ is a primitive nth root of unity in k for n = 2h 4+ 1, h > 1. Since the subfield of
k generated by 1 and ¢ is isomorphic to the subfield of C generated by 1 and x, where x # 1 is a
root of unity of order 2h + 1 as in Corollary B.4.2] we will identify x with ¢ in what follows.

Corollary 3.4.4. Assumen > 3, n odd. The characteristic roots of the McKay matriz M in (3.2.1)
are Njr =q¢" (¢ +q77) =q" Wi (¢ +q77), wherer € Z,,, 0 < j < "T_l, and q is a primitive nth root
of unity. Each root \o, = 2q" has multiplicity 1, and each root \;, for j # 0 has multiplicity 2.

The next result gives an expression for right eigenvectors of M = My, V = V(2,0), in terms of
the Chebyshev polynomials.

Proposition 3.4.5. Assumer € Z,, and 0 < j < "T_l, and let vy be the right eigenvector of the
matriz Z in BZI) corresponding to the eigenvalue ¢*" given by vo = [1 ¢*" --- q(”_l)%]T. For
1<t<n—1, setvp:=q"U(q? +q7)vg, where Uy is as in B3.42). Then Vir=[vovi ... vp_q]T

is a right eigenvector of M corresponding to the eigenvalue \j, = q" (¢’ +q~7).

Proof. We check directly that the given vector v, is a right eigenvector of M, that is, we verify

Vo Vo
Vi Vi
(3.4.12) Mvjr =M | . | =X,
Vn—1 Vn—1

holds by comparing both sides of ([3.412]). We assume that vq is as in the statement of the
proposition, and argue this forces vy := ¢“"Uy(¢’ + ¢~7)vp to hold for 1 < £ < n — 1, where Uy is as
in (8.4.2). The comparison involves checking

? . s . s
vi=Xjvo=q"(¢ +q7)vo=q"W(¢’ +q7)vo, (Row 0)
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vy z NjrVe—1 — Lvi_g (Row 1 </l <n-—1)

= X0 VW1 (7 + g7 ) vo — Zg I U _o (w4 u Vv,
=q"[(¢ + U1 (¢ + q77) = Up—a(q? + q79)]vo = " We(¢’ + g7 )vo.
For the final row, we compare 2vq+2Zv,,_s with \; .v,_1, by showing 2vo+2Zv, _2—\;,v,,_1 = 0:
2o + 27V — NVt = 2vo + 262 ¢, o(¢? + o — N ¢ U1 (¢ 4 ¢ ) v
= (2+2¢" Un-2(¢ +q077) = ¢ (¢ + ¢ Un-1(¢ +¢77)) vo
= —pa(Aj0)vo = 0,
because \jo = ¢’ + ¢/ is a root of p,(t) by Proposition 3.4.6 (b). O

Remark 3.4.6. In the expression for the right eigenvector v;, of M in ([8.:4.12]) corresponding to
the eigenvalue \;, = q" (¢’ + q77), the last vector component is

P ="

Vo = 0
when j # 0 by Proposition B.4T] (a).

3.5. Generalized right eigenvectors for My. Using the Chebyshev polynomials Uy (¢’ 4+ ¢~7),
we now describe generalized right eigenvectors for M.

Theorem 3.5.1. Assumer € Z,, and fiz a choice of j € {1,2,..., "T_l} Letv = [1 ¢ - q(”_l)%]T
be the right eigenvector of the matriz Z corresponding to the eigenvalue ¢*" as in Proposition [3.4.9),
and set xg =v. For any 1 <k <n—1, assume

155)
(3.5.1) xp = ¢ Upv + gFI N (k= 28)Up—y v,

s=0
where Uy, is shorthand for Uy(q’ +q~7). Then Xjr = [X0 X1 ... Xp_2 xn_l]T s a generalized Tight
eigenvector of My corresponding to the eigenvalue Aj, = q"(¢? +q77), and Myx;, = X X, +Vj,,
where vj, is the right eigenvector for My in Proposition [3.4.0]

Proof. The proof amounts to showing that the matrix equation below holds

01 0 0 0\ [ xo ] Tl T v !
Z 0 1 0 0| x X Uy v
0 Z 0 I 0 0| xy - Uy
(35.2)  Myx;, = Z 0 0 =N | 1|+ : :
: oo .. I 0 Xn—3 Xn—3 q(n—3)run_3v
0000 Z 0 1| |[Xnu2 Xp—2 g AU, _ov
210 0 0 - 2Z 0/ |[Xn-1] xn-1| g™ Unov)

when x;, has vector components given by (B.5.1]).

Row 0 of Myx;, says that x; = \j,x0 + v = ¢"Uixo + v, which is true for x; in (B.5.1).
Next we compute rows k = 2,...,n — 1 of Myx;, proceeding by induction to show that x; =
NjrXp—1 — Lxp_o + ¢ =D _1v must hold for 2 < k < n — 1. To facilitate this, we write

LE51 ]
(3.5.3) X, = ¢"Uv + gF D7 Z (k —28)Up_1—25v = ¢ Upv + q(k_l)’"E(k:), where
s=0
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152
(3.5.4) S(k) =Y (k—25)Up_1_2,V.
s=0

Now for row k of Myx; , verifying that (3.5.3]) holds involves using the Chebyshev recursion Uy4; =
(¢ +q¢ U — Up_q for 1 <k <n —1 (which we write Uz, = U3 Up — Up_1 here for the sake of
brevity) and showing that

(3.5.5)
X1 = NjoXp — ZXp—1 + ¢ Uy

= ¢* MU U + U B (R) — 6P =1 + P U,
= ¢F " (W v + Upe—1v) + ¢ (WS (E) + Upv) — ¢ <q(k_1)ruk—lv +q* Sk - 1))
= ¢* U v 4+ ¢ (WS (R) — Dk — 1) + Upv) .

We see that ([B.5.3]) will hold for k£ + 1, if we can show that

(3.5.6) S(k+1) =WWE(k) - Sk —1) + Wy, (WU =¢ +q¢79).

Case k odd, k = 2t + 1 for t > 1. We start from the right-hand side and use the Chebyshev
recursion relation. When we encounter a term U,v with ¢ < 0, we assume it is 0 and drop it from
the equation. We use the fact that %51 | =t = | %] and |%5%] = ¢ — 1. Then

ulE(k) — E(k‘ — 1) + Ugv
t t—1
=U Z(k —25)Ug—1-25V — Z(k —1—25)Up_2_2sv + Upv

s=0 s=0
t t—1 t—1
= Z(k’ —25)Up—2sv + Z(k’ —28)Up—2_25V — Z(k’ —1—25)Up_2_25v + Upv
s=0 s=0 s=0
t t—1
= > (k—28)Ug—2sv + Z Up—2-2s + Upv
s=0 s=0
t t t—1
= (k +1-— QS)uk_gsV — Z uk_2sv + Z uk_2_25v + ukV
s=0 s=0 s=0

t 15)
(k41 —25)Up—25v = Y _(k+1—28)Up_o5v = T(k + 1).
s=0 s=0

Case k even. Since the argument just requires minor adjustments to the one above when k is
even, we omit the proof.

What remains to be done is to compute the last row of Myx; ., and to show that 2xg +2Zx,,_o =
NjrXn—1 + g VU, _1v. We will use the relations Zx; = ¢?'xj for all 0 < k < n — 1 and
gD _g=(k+1); .
— TV when £k = n — 1,n. Since
Up—1v = 0, what we end up showing is that 2xg + 27Zx,,_2 — A\ ,x,—1 = 0. Now the computation
in B.5.5) for k =n — 1 with a little rearranging and with U;X(n — 1) — X(n — 2) 4+ U,,—1v replaced

Uy—1v = 0 and U,v = v which come from Upv =
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n—1

with ¥(n) = Y. 2, (n — 2s)U,,—1_2,v implies
n—1

7xp_9 — /\j,rxn—l = q(n_l)run—lv - anunv - q(n—l)r (’I’L - 2S)un—1—2sv

[\)‘

w
Il
o

n—1

2
= )r Z (n —28)Up_1-2sv (using Up—1v = 0 and U, v = V).

s=1
Therefore, for the last row we have

—1

‘:
N

n—1)r

2x0 + 27x,—2 — Aj,rxn—l =2v+ q2TXn—2 - V- q( (’I’L - 2S)un—1—2sv

©
Il
—

n—1

—2- 23 n— 3—28V> - q(n—l)r (n - 23)un—1—2sv

M‘

M €

:0 s=1

— v+ q27“ <q(n—2)run_2v + q(n 3)r

1 . .
=v+Upov=v+U,2v-— §u1un—lv = —§Pn(qj +q7)v=0,
since \jo = ¢/ + ¢~ is a root of p,(t). O

3.6. Right eigenvectors from grouplike elements of D,. In this section, we focus on the
grouplike elements b'c®, 0 < i,k < n — 1, of D,, and compute the trace vectors Trs(b'c¥) explic-
itly. Relation (ZL5) with g = bic® says My Trs(bck) = try(b'c?) Trs(bick), so that Trs(bick) is a
right eigenvector of eigenvalue try(b'c’) for the McKay matrix My, V = V(2,0). We identify the
eigenvalue try (b'c?) with Ajr=(q "(¢? 4+ q77) for certain values of j and r that depend on i and k.
Since there is a unique right eigenvector of My corresponding to the eigenvalue A;, up to scalar
multiples by Theorem B.5.0] by comparing the vectors Trs(bcF) with the vectors v, in Section
3.4l we obtain an expression for the characters g, of the simple D,-modules V(¢, s) evaluated on
the grouplike elements b’c® of D,, in terms of Chebyshev polynomials of the second kind. The trace
vectors Trg(b'ck) = Trg(b~Fc™) for i, k € Z,, are shown to give a complete set of right eigenvectors
for My.

The simple D,,-module V(¢,s), 1 < ¢ <n and s € Z,, has a basis {v1,vs,...,vs} with D,-action
prescribed by (B.1.3), which implies that b'c* has the following character value on V(¢, s):

l 4
(361) ﬁg,s(bick) — trV(Z,s) (bzck) — Z q(8+t—1)i+(t—(s+é))k — q(s—l)i—(s+€)k Z qt(i—i-k).
t=1 t=1

We assume that the simple modules of D,, are ordered so that for a fixed grouplike element g,
Trs(g) = [ug uz ... uw, un]T, where

(3.6.2)
w = [1e,0(9) 1e,1(9) -+ Mepm—1(g)] for 1 <L <n.
Theorem 3.6.1. Assume i,k € Z,,, and V =V (2,0). Then
(a) Trs(bick) is a right eigenvector for My of eigenvalue \j, = nao(b'ck) = ¢* + ¢~ % if

3.6.3 j= 2 E modn po ik
2 2

(modn),
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or equivalently, if for 0 < j < "T_l and r € Z,,

t=—j+r
(modn), or k= —j—r (modn).

t=7+r

(3.6.4) F—ior

(b) Trs(bick) =vj,, and for all1 < <n and s € Z,,
(3.6.5) Nes(b'F) = ¢TI (¢ + q7),

where j and r are as in [B.6.3), and vj, is as in Proposition [3.4.9
(c) Trs(bick) = Trs(b=kc™%) for all i,k € Z,,. Therefore, the character nys of V(,s) satisfies

(3.6.6) Ne,s(b'cF) = e s (b7 Fe™)

forall1 <{<n andsé€ Z,.
(d) The vectors Trs(bick) = Trs(b=%c™?) for i,k € Z,, give a complete set of right eigenvectors
for the McKay matriz My for tensoring with the D,,-module V = V(2,0).

Proof. We already know that Trs(b'cF) is a right eigenvector of My of eigenvalue 77270(bick) for
i,k € Z,, (see (1) of Corollary 2.1.3)).
(a) By (86.1) with £ =2 and s =0,

k i—k itk itk

(3.6.7) o) =¢ +q¢¥=q¢7 (¢ +¢ 2 )=¢"( +q7) =\,

when J and r are as in ([B.6.3]). Conversely, given r € Z,, and 0 < j < "T_l, it is easy to verify that
m2,0(bick) = A;, for the specified values of i and k in (B.6.4)).
(b) Let Trs(g) and u, be as in (3.6.2) for g = b'c¥, and assume 2r =i —k and 2j = i +k (mod n).

We argue first that u; is the right eigenvector [1 A q2("_1)7’]T for the cyclic n x n matrix
7 with corresponding eigenvalue ¢*". For this, observe that by ([B.6.1]),
(368) nl,s(bick) _ q(s—l)i—(s+1)kqi+k — qsi—sk.

m,s(bic) i

Thus, . =
M s—1(bick)

= ¢* for all s € Z,,. Since nl,o(bick) =1, we have

T
u; = |1 q27’ q47’ q2(n—1)r] ’

which is an eigenvector for Z of eigenvalue ¢*", and 71 4(b'ck) = ¢*", for all s € Z,,.

Now the first vector components u; and vq of Trs(g) and v;, are identical, and the subsequent
vector components uy of Trg(g) must satisfy the same relations as the vector components v, in
the proof of Proposition B.45] for £ > 1. Thus, Trs(b'c*) = v;,, where j and r are as in (3.6.3) and

(3.6.9) w=ve1 = ¢y (¢ ¢ vo = ¢V U1 (¢ + gy

Equating component s on both sides for 0 < s < n — 1 gives the assertion in (3.6.5]) — the character
value 1y (b'ck) of bick on V(¢, s) is given by nys(b'c*) = ¢+~ U™, (¢7 4+ ¢77), where j and r are
as in (3.6.3)).

(c) We have seen in the proof of (a) that ngo(bick) = ¢* + ¢~* for any i,k € Z,. Therefore,
m.o(b~ k™) = g7 + ¢' = nao(b'c¥). Since Trs(bic®) and Trs(b~¥c %) are two right eigenvectors of
My with the same eigenvalue, and since nl,s(bick) = g%k = nl,s(b_kc_i) for all s € Z,, follows from
(3.6.8), we obtain as in the proof of (b) that Trg(bic*) = Trs(b=%c™%). As a result, b'ck and b=Fc*
have the same character value on any simple D,,-module V(¢, s), that is n s (bick) = ny s(b=%c™?) for
all 1</ <n,and s € Z,.



MCKAY MATRICES FOR FINITE-DIMENSIONAL HOPF ALGEBRAS 23

(d) We know that the McKay matrix My has % distinct eigenvalues A;,, and there are
n(n;l) right eigenvectors Trg(bic?), 4,k € Z,,, giving all these distinct eigenvalues, since for a given
pair j,r we can take i = j + r (modn) and k = j — r (modn) as in (a). Consequently, the vectors

Trs(b'c®) give a complete set of right eigenvectors for My. O

3.7. Generalized right eigenvectors as trace vectors. The goal of this section is to show that
generalized right eigenvectors for the McKay matrix M = My for V = V(2,0) can also be realized as
trace vectors on simple modules, but for traces of non-grouplike elements. Generalized eigenvectors
occur only for the eigenvalues \;, with j # 0, and the corresponding (generalized) eigenspace is
two-dimensional in that case. We will use the coproduct expression for the trace in ([2.1.4) and will
require quantum integers [¢] = 14 ¢ + --- + ¢*~1, the quantum factorial [¢]! = [¢(][¢ — 1] ---[1], and
the quantum binomial coefficient

T [

{J‘mw—m

for £,i € Z>q, £ > i, where [0] = [0]! = 1 is understood.

Chen has studied a family of Hopf algebras H(p,q), where p and ¢ are arbitrary scalars, and
Lemma 2.7 of [4] gives an expression for coproduct for the algebra H(p,1). When ¢ is an nth root
of unity, H(p, ¢) modulo a certain Hopf ideal is a finite-dimensional quasi-triangular Hopf algebra
H,(p, q), and the algebra H,(1,q) is isomorphic to D,,. Chen’s coproduct formula can be modified
by replacing binomial coefficients with their ¢ analogues to give a coproduct formula for specific
powers of the generators of D,,. We will use these specializations in the next result.

Lemma 3.7.1. For { € 7>,

¢ 2
14
A(dat) = Z [J d'at @ bt dta" =t 4 nilpotent terms
t=0
=d'a’ @b + [02d a T @ b et da 4 nilpotent terms.

By nilpotent terms, we mean terms r @ y such that y acts as a nilpotent endomorphism on V.

Proof. From [4, Lemma 2.7], we deduce

4

A(a) =3 [ﬂ a' @ a7, A(d') = Z

4
=0 1=0
Recall that ba = qab, db = gbd in D,,. Therefore,

‘el . ‘1 o
A(d‘a’) = Z j} & @ Id ( u a'® ag_lbl)
i—0

7j=0 * 7

MJ®J#%

M-

2
(3.7.1) L d'at @ dta'"'b! + nilpotent terms

¢ 2
14
= [ d'at @ bttd*~ta't + nilpotent terms.
t=0

The term btctd*~ta’~* is nilpotent on V only if { —t =0or f —t =1, ie. t=FLort =/ — 1, hence
A(da®) = d*a* @ b'et + [0)2d"1a" @ b1 1da + nilpotent terms. O
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The following result gives a formulation of the generalized right eigenvectors for My, V = V(2,0),
as trace vectors on the simple modules. Recall that {Trs(b'c)} gives a list of right eigenvectors for
My, with repetitions described by Theorem B.6.1] (c).

Theorem 3.7.2. Given 0 < i,k < n — 1 with k # —i(modn), choose 1 < s < n —1 such that

s=—(i+k)(modn). Let y1,...,7s be defined recursively by vs = 1 and

B [€+1]2q—1—£+s
U (e

fort=s—1,s—2,...,1. Then Y ;_, v Trs(bicFdba’) is in the generalized eigenspace of M = My,
V = V(2,0), containing Trs(bick).

Proof. From the coproduct expression in (3.7.1]) and Lemma 2.T.1](c), we have
M Trs(d‘a’) =try (b'c") Trs(d'a®) + [(]*try (b " da) Trs(d1a" ).
And similarly
M Trs(bickd a’) =try (BT HF) Trs (bickdla’) + try (b1 TP 1da) [0 Trs (bickd ~Lat ).
Now from B.6.7) we know that try(b'c*) = ¢¢ + ¢~* for any i,k € Z,. Using that fact and the

action of the generators of D,, on the basis {v1,v2} of V in (B13]), we have

try (B HR) = gtH 4 gtk

9

bg—H_lCH—k_l.U _Z_k—HUl,

da.v; = a1(2)v; = (1 —q Yoy,

try (B LR dg) = (1 — g~ L)g R

1=4q

Therefore,
(3.7.2) MTrs(bickd'a’) = (¢" 4+ ¢ %) Trs(bickd a®) + [(2)(1 — ¢~ g~ F ! Trg (P d " atY).

By a change of the index of summation on the second summand,

M (Z e Trs(bickdza£)>

/=1
s s—1
=3 (@ ) T Fdal )y + > [0+ 121 = ¢ g T Trs (b Fd )i
P =0

= (1=g g " Trs(O'c)m + (¢ + g ")y Trs (WP d®a)
s—1

+ Z ((q“i + Yy [+ 121 - q_l)q_e_k’m_l) Trs(bickdta®).
=1

We claim this is equal to
S
A <Z Ye Trs(bickdza£)> + constant - Trs(b'ck),
{=1
for A = ¢' + g% = try(b°c¥) = A, where j and r are as in (B.6.3)).
First, the terms agree at ¢ = s, where we recall that s = —(i + k) (mod n) so that

A= qs-‘ri + q—s—k — q—k + qi‘
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When 1 < ¢ < s — 1, the following is true

@+ )+ I+ 10— ¢ g v = M= wld + a7,
if and only if the following is true:
L N L e/ S W (2 U (e O At /2%
¢ +qF =gt —g g (1-q") -1 - ¢
B [5 + 1]2q—1—Z—k B [5 + 1]2q—1—Z—k B [5 4 1]2q—1—£+s
[ s R (1 e P R (1 P PR Vi

Ye =

O

3.8. Left eigenvectors and generalized left eigenvectors of My, V = V(2,0). In this section,
we compute left (generalized) eigenvectors of the McKay matrix M = My for V = V(2,0) using
modified Chebyshev polynomials £;(t) that are defined recursively by

(3.8.1) Lolt) =2, Li(t)=t, Lp(t) =tLi_1(t) — Ly_a(t) for k> 2.

Proposition 3.8.1. Assume x # 1, and let t = x + 2~ as in Proposition [3.4.1 Then
(a) Fork >2, Lp(t) =Uk(t) — Up—2(t).
(b) Forallk >0, L(t)=a2"+az7F.

Proof. (a) We have £o(t) = tL1(t)—Lo(t) = t2—2 = t2—1—1 = Ua(t)—Up(t), and for & > 2 the proof
of (a) is an easy inductive argument starting from this base case. (b) The relation £, (t) = 2* +27%
clearly holds for k = 0, 1. Proposition B2 (a) says that Uy(t) = 2F + 22 ... 4z~ =2 4 o=k
for all k£ > 2. Part (b) follows readily from that and part (a). O

Proposition 3.8.2. For r € Z,, let wg # 0 be a left eigenvector of Z corresponding to the
eigenvalue ¢*". Assume 0 < j < ”51, and set wi, = ¢"" Li(¢7 + ¢ )wo = ¢""(¢" + ¢ F)wyq for
1 <k <n-—1, where Ly, is the modified Chebyshev polynomial defined in (3.81)). Then w;, =
[Wn—1 Wn_2 ... W1 W is a left eigenvector of M corresponding to eigenvalue \j,» = q"(¢/ +q77).

Proof. The proof amounts to comparing the left and right sides of w; .M = \;,w;, and showing
that equality holds when wj, = ¢*"Lr (¢ + ¢ 7)wo = ¢"" (¢/F + ¢77¥)wy, where the last “=" results
from L(¢7 + ¢77) = ¢7% 4+ ¢~ 7%, which is a direct consequence of Proposition 8.1 (b).

We expand the left-hand side of w; .M starting from the rightmost column and ask if the two
sides of w; .M = \; ,w; . are equal:

Wi = Njwo = (¢ + a7 )wo = ¢"L1(¢7 + g ywa,
wa = Ajpwi = Wo(22) = wo(A], — 22) = wo(},. — 2¢”")
= woq”" ((qj +q77)" — 2) = ¢" La(q’ + g7 )wo,
Wi = AjrWg_1 — Wg_2Z = )\j,rq(k_l)rﬁk—l(qj +q)wo — "Ly o (¢’ + ) wo
= (@ e’ +a7) = Lua( 4 07) ) wo = ¢ Ealal 47w, (3 k<= 1)
The leftmost column involves comparing w,,_2Z+ 2w with A; ., w,_1, which we do by showing that
Wi—oZ +2w0 — Nj, W1 = ¢ DL, o(q? + ¢ )WoZ + 2w — N ¢V L1 (¢ + ) wo
= q" Lna(@ + a7 )Wo +2wo — ¢ (¢ + ¢ ) Ln1(a +q 7 )wo
— (qj(n—2) + q—j(n—2))W0 + 2wg — (qj + q—j)(qj(n—l) + q—j(n—l))WO
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— (qj(n—2) + g2 4o gin _ gmi(n=2) _ gi(n=2) _ ¢ Mwe=0. O
The next corollary relates the above eigenvector results to the dimension vectors.

Corollary 3.8.3. The dimension vector s = [dim(S1) dim(S2) ... dim(S,2)]T of the simple D, -
modules is a right eigenvector corresponding to eigenvalue Ao = 2 = dim (V(2,0)). The dimension
vector pT = [dim(Py1) dim(P3) ... dim(P,2)] of the projective indecomposable D,,-modules is a left
eigenvector corresponding to the eigenvalue \op.

Proof. Observe that vo = [11 --- 11]" and wy = v} are right and left (resp.) eigenvectors of
the matrix Z corresponding to the eigenvalue 1, and Ug(2) = k£ + 1 and L;(2) = 2 for all values
of k > 0. Therefore, by Propositions and B82 vy = (k + 1)vg and wy, = 2w for all
1 <k <n—1. Consequently, vog = s and woo = %pT, and the corresponding eigenvalue is
)\070 =2= dim(V(2,0)). O

Remark 3.8.4. Corollary B.83] confirms the result in [20, Sec. 3] mentioned in the Introduction in
the specific case of the Drinfeld double D,, of the Taft algebra and the McKay matrix for tensoring
with V(2,0).

Proposition 3.8.5. Let r € Z,,, and assume w = Wwq, where woZ = ¢*"wq as in Proposition
[2.82. Fiz a choice of j € {1,...,”7_1} and set U, = Up(¢’ + q77) for all k > 0. Assume
yo=w, y1 = q¢Uw+w, and y, = ¢"" (U — Wp—a)w + kg® DM yw for 2 < k < n—1,
Then y;, := [Yn-1 Yn-2 --. Y1 Yol is a generalized left eigenvector for My corresponding to the
eigenvalue Nj, = q"(¢ + q77), and y;, satisfies

(3.8.2)
0 I O 0 0
Z I 0 0
0 7Z 0 I 0 0
YirM = [yn-1¥n-—2 ... ¥1 0] 7 . 0 0
R 10
2 0 O 0 e 9270

=Ny [Yn1 Yooz - yiyol + [¢"T Lpiiw ¢TI L, aw L g Lw W] = Njr¥ir T Wi
where w; . is as in Proposition[3.82, and Ly = Li(¢’ +q77) for k > 1.

Proof. The proof entails comparing the entries on both sides of (3.8.2]) starting with column 0 (the
rightmost) and proceeding to column n — 1 (the leftmost). This involves noting that

Y1 =XYoo+ w=¢qWUw+w,
Y2 = Ajry1 — 2y0Z + ¢ Laiw
=q" (¢ + q_j)(qru1w +w) — 207w + ¢"L1w = ¢%" (U — Up) w 42Uy w,
and then arguing inductively for k > 3 using the relation £ = Uy — Ug_o to show that
Va1 = Nja¥i — Yh1Z + ¢ Lpw
= ¢"(@ +a7) (6" (W = W) + kg™ Wy ) w
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— q* (W g — Up—g)w — (k= 1)g" Up—aw + ¢" (U — Up—2) W
= ¢ (Up 1 — Wit )W + kg™ (@7 + ¢ Upoqw — (b — 1D)g" Up—aw + ¢ (U — Wy—2) W
= g% (Wt — Wyt )W+ kg™ (Ug, + Up—o)w — (k — 1)g" Up—ow + ¢*" (W — Wp—z) w
= glkHhr (Uks1 — 1) W + (K + 1)  Wyw.
It remains to check the leftmost column, which involves verifying that
Yn_2Z + 2y0 — Njsryn1 — ¢ V"L, 1w = 0.
Now by the right-hand side of the above calculation for y;; with £ =n — 1, we have

(n_l)r[*n—lw

Yn—2Z + 2yg — )\j,TYn—l —(q
(n—1)

= _an(un - un—2)w —ngq Tun_lw + 2w

=L, w—0+4+2w=—(¢" +¢ ")w+2w =0,

=M by Proposition [B.4.1] (a). .

q7—q~J

since U,,_1w =

3.9. Left eigenvectors from grouplike elements of D,,. Next we determine the vector Trp(g)
explicitly for g = b'c¥, a grouplike element of D,,. In contrast to the situation for right eigenvectors,
only the n vectors Trp(b'c™), i € Z,,, are nonzero.

We assume an ordering Pq,Psg,...,P,2 of the projective indecomposable D,-modules P(¢,r),
1<t¢<n-1,V(n,r), r € Z,, first by £ and then by r. Since the dual of the simple module V(¢,7)
is V(¢,1—r—¢) by [22, Thm. 4.3], we see (V(£,7)*)" = V(¢,7), so that (V*)* 22V holds for any finite-
dimensional D,,-module. Using that fact, we have from (2Z4.1]) that for every grouplike element of D,,
and every D,-module V, Trp(g)My = try«(g) Trp(g), where Trp(g) = [trp1 (9) tre,(g) --- tre ,(9)]-
Hence for every grouplike element of D,,, Trp(g) is a left eigenvector of My of eigenvalue try«(g).

To compute the vector Trp(g) for g = bick, we use the explicit description of the projective
modules P(¢,r) given in [5, Lem. 2.1}, showing for 1 < ¢ < n that P(¢,r) has a basis p1,p2, ..., P2n
such that the actions of b and ¢ are diagonal:

ey py = 4TI for 1<t <,
Pt qUHt=140i(t=kp  for n4+1 <t < 2n.

Thus, for £ < n,

n 2n
trp(g’r)(blck) - q(r—l)i+(—r—€)k th(i-i-k) + q(r—l-i-Z)i—rk Z qt(’+k),
=1 t=n+1

As shown in (B.6.1]), we have for V(n,r),

try ) (D) = g7V Y D g R,
t=1

Observe that when i+k # 0 (mod n), the trace in these expressions is 0; consequently, Trp(bick ) =0,
when i + k # 0 (mod n). Hence, we may assume that £k = —i (modn) and obtain

trp(epy (i) = (q(r—l)z’+(r+e)i n q(r—1+e)i+m'> n = 2ng2rt-Di for £ <,

(39.1) e
trv(n,r)(b’c_’) — q(r— Yit+ri th(z-l——z) — nq( r— )z.
t=1
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Except for the extra factor of 2 that occurs when ¢ < n, the second equation in ([B.9.0]) is the
same as the first one with £ = n. This motivates us to define for a fixed value of i, a vector with
the following n components:

{[an(é—l)i opUH1)i 9, (E+3)i 2nq(z+n—3)i] 0+,
tei =

3.9.2 . . . .
( ) [nq(n—l)z ng' nq3z o nq(n—3)l] { = n.

From the calculations above, we can conclude that the following holds.
Proposition 3.9.1. Assume i € Z,,, and let tp; be as in B9.2) for 1 <€ <n. Then
Trp(bic_i) = [tl,z’ to; ... tn,i]

is a left eigenvector of the McKay matriz My corresponding to the eigenvalue try=(bic™?) for any
finite-dimensional D, -module V.

Remark 3.9.2. In comparison to the right eigenvector situation in Theorem B.6.1] (d), no nonzero
left eigenvectors corresponding to the eigenvalues ¢"(¢’ + ¢77) for j # 0 arise from evaluating
projective characters on grouplike elements of D,,.

Example 3.9.3. When V = V(2,0), we have V* = V(2,—1), and [B13) tells us that the matrix
of b'c™ on V* relative to the basis {v1,vs} is

N R A

Hence, try-(bic™?) = 2¢7¢ = Ao,(n—1)i- Since these eigenvalues are distinct for ¢ € Z,, the left
eigenvectors Trp(b'c™?) for My are linearly independent. When n = 3, the vectors Trp(b'c™?) and
their corresponding eigenvalues are

Trp(1)=1[6 6 6 6 6 6 3 3 3] Ao = 2,
(3.9.3) Trp(bc™) = [6 6¢ 6¢% 6¢> 6 69 3q 3¢ 3] o1 = Ao—2 = 2q,
Trp(b?c™2) = [6 6¢° 6q 6q 6 6¢> 3¢*> 3q 3] o2 = Ao—1 = 2¢%.

3.10. Tensoring with V(¢,s). Let g = [V(1,1)] and z = [V(2,0)] in the Grothendieck ring Go(D5,).
Then g" = 1 = [V(1,0)] and z* = [V(2,0)]* = [V®¥] = [V]* in Go(D,,). The following results are
consequences of Lemmas 3.1-3.3 of [40] and the tensor rules in Section

(3.10.1) V(£,0)] = z[V(¢ —1,0)] — g[V(¢ — 2,0)] for all3 << n,

and since [V(¢,s)] = ¢°[V(¢,0)] for all s € Z,, it follows that Go(D,,) is generated by g and .
Moreover,

155

(3.10.2) V(¢,0)] = (—1)i<

=0

(—1—1

; >gix5_1_2i foralll </ <n.

Thus, this defines a sequence of elements of Gy(D,,) given by

fO(xvg) =1= [V(l,O)], fl(xvg) =T = [V(Q,O)],

(3.10.3) =
fea(m,g) = VO = 3 (-1 (5 !

Z >gi$£—1—2i’ 2<i<n,
i=0
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and satisfying
5] i '
fo@,9) =xfe1(z,9) — gfi-2(z,g) = Z(—1)2< ; )gzl’g_m, 2<l<n.
=0
In addition, if f(x,g) := fu(x,9) — gfn—2(x, g) — 2, then by Lemma 3.3 of [40] we have
(3.10.4) Fz,g) = %(—1)" n (" N i>gi$"_2i —2=0
i

n—1
i=0

~Y

If R is the group algebra ZG, where G is the cyclic group generated by g, then Gy(D,,) =
R[x]/{f(x,g)) is a commutative Z-algebra of dimension n? with a basis given by {g'z* | i € Z,,,0 <
k <n—1}. Under the correspondence 1 <> I =1,, tI +> x, D <> g, we have that U (¢t,D) < fr(z,9)
for 0 < k < n, since the recursion relations are the same. Moreover, p,(t,D) <> f(z,g) implies that

L3] .
(3.10.5) pu(t,D) = > (~1)' — (” B Z> D% 9=,

n—1 )
i=0

These considerations give the following result (compare [40, Thm. 3.4]).
Proposition 3.10.1. The Grothendieck ring Go(Dy,) = Z[g, x]/{g"™ — 1, f(x, g)).
Example 3.10.2. When n = 11, (3.10.4) says

11 /10 11 (9 11 /8 117 11 (6

11 9 2.7 3.5 4.3 5
flz,g) =2 — = gr? + = (") g% — = ()PP + = )gta® — = )gPx —2
(z,9) =@ 10<1> 9<2> 8<3> 7<4> 6<5>

=o't —11g2° + 449227 — T7¢%2° 4 55¢% 23 — 11g°2 — 2, and (BIN5) says
pn(t,D) =t — 11Dt + 44D*t7 — 77D3t® 4 55D*3 — 11Dt — 21 = 0 (compare ([B3.3)).

Now suppose that M, is the McKay matrix for tensoring with V(Z, s). In computing ma-
trices here, we order the rows and columns as usual, first by ¢ and then by s, so that the
order is (1,0),(1,1),...,(1,n — 1),(2,1),...,(2,n — 1),...,(n,0),...,(n,n — 1) as before. Let
7) = diag{Z°,Z°,...,2°} (n copies), where Z is the cyclic permutation matrix in (32.I)), and
let 1> be the n? x n? identity matrix. Assume M = M 2,0y, the McKay matrix for tensoring with
V =V(2,0). Then (B10.2) implies that

NER R AN -
(3.10.6) Mr,s) = (—1)’< . >Z<Z+S>Mf—1—2l for all 1 < ¢ <mn,s € Z,.
i=0
Here are a few special cases:
M1,0) = L2, M0y = M, M@0 = M? — zW,
Mg = M? —22OM, M50 = M* = 320M? 4 2.

Corollary 3.10.3. The left and right (generalized) eigenvectors are the same for all the matrices
M(&s), 1</l0<n,se,.

Proof. Since M and Z(") commute, we can simultaneously upper-triangularize them and find a
basis of common right (generalized) eigenvectors for them. Similarly, we can simultaneously lower-
triangularize M and Z() and find a basis of common left (generalized) eigenvectors. These vectors
will be common left and right (generalized) eigenvectors for all powers of M and ZW) | hence for all
the matrices M(ﬁ,s) = Z(S)M(&O). ]
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3.11. Eigenvalues for the McKay matrix of any simple D,,-module. In this section, we use
the results above to determine the eigenvalues of the McKay matrix M, ) for all 1 < £ < n and
s € Z,. Recall from Proposition that v, = [vo vi ... vu,_1]T is a right eigenvector for
M = M3y with eigenvalue A;, = ¢" (¢ +q~7) when vq is a right eigenvector for Z with eigenvalue
¢*", and vi, = ¢""Up(¢? +q7)vg for 1 < k < n—1. It follows that Z(s)vj,r = ¢*"vj, for all s € Z,,.
As a consequence, we have the next result by combining (3.10.6) with (3:4.3)).

Theorem 3.11.1. (a) Assume vj, = [Vo vy ... Vn_l]T is a right eigenvector for M =
M2,0) with eigenvalue \;j, = "(¢’ +q77) as in Proposition[3.4.5. Then

> 24r (Z—l—2z)r( J —j)f—l—2zvj’r
nglJ

—1)r i(C=1 =0\, i -1 —1)r i
=gy (-1 < i >(q]+q N, = q U (@ + g )
=0

~

Hence, for all1 < ¢ <mn and for all s € Z,, vj, is a right eigenvector for M, ) = Z(S)I\/I(m)
with eigenvalue
) ) VIa———
q(f—1+2s)ruz_1(qj g )= q(e—1+2s)rq q

= when j # 0,

and with eigenvalue ¢¢=1129)70 when j = 0.

(b) Assume wj, = [Wnp_1 Wnp_o ... Wi W) is a left eigenvector for M with eigenvalue q (¢ +
q=7) as in Proposition [3.83. Then wj 15 a left eigenvector for My s = Z(S)M(Z,O) with
eigenvalue q(z_1+2s)r(qj +q77) for all 1 <4 <n and for all s € Z,,.

Proof. Relation [B.I1T]) follows directly from (B.ILI]) and the fact that v;, is a right eigenvector
for Z(*) with eigenvalue ¢>*". The last equality in (BILI) comes from Proposition B4l (a). Part
(b) is similar. O

3.12. Eigenvectors for the projective McKay matrices of D,. Recall from Section 2.2] that
the projective McKay matrix for tensoring with a finite-dimensional module V is given by Qy =
(Qij), where Q;; = [P; ® V : Pj]. We have shown in Theorem 2:3.3] that Qy = M{,., where My
is the McKay matrix for tensoring with the dual module V*. In particular, since for the simple
Dy-module V(¢ s), we have V(¢,s)* = V({,1 — £ — s), we can conclude the following about Q)
using Theorem B.I1T.11

Proposition 3.12.1. Assume v;, and w;, are as in Theorem[3 111l Then for all1 < ¢ <n and
for all s € Z,,

(a) v;f»’r =[vo V1 ... Vvu_1] is a left eigenvector for Qs with eigenvalue
) . gl _ —jt
(3-12.1) (B U7 ) = g when j 0,
and with eigenvalue ¢1—29)70 when j = 0.
(b) Wi, = [Wp-1 Wng ... Wi wo|" is a right eigenvector for Q(e,s) with eigenvalue as in (a)

for all 1 < ¢ <n and for all s € Z,,.
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3.13. Multiplication operators in Grothendieck algebras and idempotents. In Section
2.7 we have described a method for constructing a left eigenvector for the McKay matrix My using
an eigenvector for the right multiplication operator Ry in the Grothendieck algebra of an arbitrary
Hopf algebra. The next result has a similar flavor but is stated in greater generality for an arbitrary
finite-dimensional algebra A.

Proposition 3.13.1. Suppose A is an algebra with basis {b1,ba,... by}, k € Z>1, such that bib; =
Zle agﬁ)bt foralll <i,j <k. Let M; = (agjt)) be the McKay matriz for multiplying by b; (on the
right). Assume u = [uy uy ... wy] is a common left eigenvector for the M; with uM; = S;u for
all j. Then ey = Z'-le u;b; € A satisfies €2 = cyey, where ¢y = Zl?—1 Biu;.

Proof. 1t follows from the relations uM; = 3;u that ZZ 1 Ui Zt = Bjuy for all 1 < j,t < k. Then

for ey, = Zle u;b;, we have

k 2 k k k
=1 =1 7=1

ij=1

k
= Z u,ujag,jt)bt = Z <Z u;a zt) bt Z ujﬂjutbt

2,7,t=1 J,t=1 J,t=1

k
= Z Bju; <Z utbt) = Cu€u- O
j=1 t=1

Corollary 3.13.2. Assume A = G§(D,,) = C®z Go(Dy,), and let by, ba, ... b,z be an ordering of
the simple modules for the Drinfeld double D, first by £ = 1,...,n, and then for a given value of
Cbyr=0,1,...,n—1, so that by,ba,...,b,2 is a basis for A, and by = V(1,0) is the unit element
of A. Let M; be the McKay matriz for tensoring with bj, and let u = [u1 ug ... uy,2] be a nonzero
common left eigenvector for matrices M; (such exist by Corollary[310.3). Assume u has eigenvalue
Bj relative M; for all j. Then e, = Z:ﬁl u;b; € A satisfies €2 = cyen, where cy = Z;Lil Bjuj, and
when ¢y = Z;il Bjuj # 0, then ey = cl_lleu s an idempotent in A.

"("+1) left eigenvectors corresponding

Remark 3.13.3. In Proposition B.82] we have described
to distinct eigenvalues of the McKay matrix M for tensoring with V(2,0). They correspond to
eigenvectors for the right multiplication operator R,, = = [V(2,0)], of G5(D,,) as in Section B.I0l
They are common left eigenvectors for the n? McKay matrices that result from tensoring with
any simple module V(¢, s). Each such left eigenvector u = [u; ug ... wu,2| with ¢, # 0 gives an
idempotent e, = c;! Z?; u;b; in G5 (D). Moreover, such idempotents are distinct, u # v =
eu # ey, because the b; determine a basis for Gg(Dn). This suggests that we should be able to
locate % linearly independent idempotents in Gg(D ). We accomplish this in Theorem B.I3.8
(b) below. Moreover, we show in part (a) of that theorem, that there are "( L) linearly independent
elements that square to 0 and form a basis for the Jacobson radical of G (D ).

Our aim here is to identify a C-basis of G§(D,,) consisting of elements that square to 0 and
idempotents. Our calculations will be based on the following well-known result (see for example, [18],
Sec. 2.2]). if CG is the group algebra of a finite group and S is a simple G-module, then

. dim(S) sz(g_l)g

1
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is a central idempotent in CG, and g projects any finite-dimensional G-module onto the S-isotypic
component. Moreover, eset = 0 whenever S and T are simple, nonisomorphic modules.
Recall that G§(D,,) = CG[z]/{f(z,g)), where G = (g),
5] .
flag) =Y (-1 <n N Z)Q"w"‘z" -2,

paur n—i\ 1
and g = [V(1,1)], z = [V(2,0)]. Therefore, it follows for u € Z,, that &, = %Z"_é g "¢ is an
idempotent in CG C G§(D,) corresponding to the character x,(g°) = ¢“ of G = {(g), and these
idempotents are orthogonal £,&,/ = d,,,&,. Note that

[y

n—1 u M=

1
(3131) 98u _ E Zq—uv v+l % q —u(v+1) U+1 _ queu,
v=0 v=0

so that CG = @Z;é CE&, is a decomposition of the group algebra CG into simple G-modules, where
CE&, is the one-dimensional G-module with corresponding character y,,.
As a consequence of ([BI31]), we know that

(3.13.2) f(@,9)8u = f(x,¢")€u = pn(z,q")Eu

in the notation of Corollary B.4.4l We can write u = 2r for some r, since n is odd and 2 is invertible
modulo n, and then

(3133) f(x7q2r) = Pn(%q x - )\07’ H

Definition 3.13.4. For r € Z,, let

x, 2r o on—1
Fjr = %827“7 0<y< 5
]77,,
(3.13.4) o
9, — f(l',q )82 . n—
]7T ' (x - A‘77/’“)2 T’ o o 2 .

Proposition 3.13.5. The elements defined in [BI3.4) satisfy the relations

(a) 2T, = Xj,Fjr and 9Fjr = ¢ Fjy;

(b) 28 = XjrGjr + Fjr and  9Sjr = 4> G-
Proof. The fact that ¢J;, = qz"?j,r and g9, = q2"9j,r hold is a consequence of g€, = ¢*"&o,
The relations involving z follow easily from

2r
xZ, r
(= Xjr)Fjr = (2 — AM%S% = f(#,¢*" )2 = f(x,9)€2 =0,
]77‘
[z, ¢*)
(0= i)Sir = (=X ) G 5yp bor = T 0

Proposition 3.13.6. For the elements defined in [B.13.4)), the following hold:
(@) T+ Fks =TFj+9ks = 95+ Gk,s = 0 when r # s;
(b) The following products are 0 whenever j # k,
?j,r?k,ry ?j,rgk,ry 9j,r9k,r§
(c) 9’2 =0 when 1 <j <L,
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(d) The ideal J = spany {Fj, |1 <j <25t reZ,} satisfies 32 = (0).

Proof. (a) Since €3,E€95 = 0 whenever r # s, it is apparent that F;,3; s = Fj,9%s = §j+Gks = 0
for 7 # s and any choice of j and k. (b) Suppose m; = 1 when j = 0, and m; = 1 or 2 when
1<j< "T_l Then when j # k, we have

fz,¢%") flz,q*) @, ) .
8 - 8 T ) : 3 8 T
(3 13 5) (w — )\jﬂ“)mj 2 (w — )\k,r)mk 2 (.’L’ _ )‘j,r)mj (.’L’ — )\k,r)mk f(l‘ q ) 9
h f(z,q%)

N (z— )‘j,r)mj (x — )\k,r)mk - f(x,9)E2r = 0.

Part (b) is now clear from the calculation in (B.I3.5]). For part (c), observe that equation (B.I3.5])

holds when k = j # 0, and m; = my, = 1. Part (d) follows from (b) and (c). O
Proposition 3.13.7. The elements {1, = {;1%8% | r € Z,} are (nonzero) orthogonal

n—1

2
idempotents, where &, = H]Z <2qr —q" (¢ + q_j)> # 0.

Proof. Orthogonality is a consequence of Proposition [B.13.6] (a), and the remaining assertions follow
from ([B.I33]) and the calculation

flx, ), flz,q") fz,q*")
3’2 — ’ 8 r ’ 8 r = 79: r
O.r T — )\0,7« 2 T — )\0,7« 2 T — )\0,7« 0,
n—1 n—1
2 2
= < [[=- Aj,r)2> Jor = ( 110, — Aj,r)2> Fo,r
j=1 j=1
n—1
2 . . 2
= < H (2¢" — " (¢ +q77)) )fﬂm =& Fors
j=1
n-1 . .
where £, = (Hj:21 (2¢" — ¢"(¢ + q_J))2> # 0, which implies & 1F , is an idempotent. O

So far we have identified n idempotents 5;13"077“,7* € Z,, in Gg(Dn) and % elements J; .,

1<j5< "T_l, r € Z,, that square to 0. Next we will find some more idempotents using the elements
Gjr. In Sec. B.13.2] we will examine the elements J;, and G;, explicitly for n = 3.

3.13.1. Idempotents from the elements G;j,. We begin by computing §;,JF;, and 95,7« for < 5 <
"T_l, r € Z,. Now
n—1
fz,q*") -
SjrTFjr = (m Fjr = (= Xoyr) H (2 — Mer)? | T
T k=1k#j

n—1
2

= ()\j,r - )\077“) ( H ()\j,r - )‘k,r)2) ffrjﬁ, = ﬁj,r?j,ra where

k=1,k+£j
anl
(3.13.6) Djr = Njr — )\O,r)< T - Ak,r)2>-
k=1,k#j
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This shows that §; .3, is a nonzero multiple ¥;, of F;,. We also have

n—1

2r 2 2r 2
(3137) 2, = (M&,) - %ar - (u—xo,r) 11 <x—Ak,r>2)9j,r.
7T ‘]

(x—A\jr)? bl b
For 1 <k <25t k#j,
(@ = M) Gjr = Njir — M) S + T
(@ = Mer)?Gir = Nir = M) (@ = M) G + (2 = M) T
= (Njr = Mk )G + 2N — M) T
(@ =207)95r = (Njr —X0s)Gjr + Fjir.
These computations and (BI37) imply that
9% =959, + VT
for some scalar v;,, where 9, # 0 is as in (3.13.6). Then
(Sjr — m?j,r)2 =93, - 2m9j,r3:j,r

Vjr Vjr
Vj,?“
ﬁjvrgjvr + Vjvrgljvr - 219 ﬁjvrg’jvr
2T
Vjvr
VjrSir = VieTjr = Vjir <9jm g7 jm>,
Vs

which shows that
_ Vjop
(3.13.8) G, =105} (9,, - ﬂf—j?j,r>
7,r

is an idempotent in G§(D,,) for 9}, as in (BI3.6) and some v;, € C for each 1 < j < %=L r e 7,
In summary, we have the following

Theorem 3.13.8. (a) The @ elements F;,, 1 < j < "T_l, r € Z,, determine a C-basis for
the Jacobson radical § of the Grothendieck algebra G§ (D) and 3% = (0).

(b) The elements 50_,71,3"07T and 9;-77“ forreZ, and1 <j < ”T_l are orthogonal idempotents, and
they form a basis for GC(Dn) modulo J.

(c) Suppose Si1,Se,...,S,2 is an ordering of the nonisomorphic simple Dy-modules, first by
¢=1,...,n and then by r = 0,1,...,n — 1. If&"”—cJ 51+C7T52+ —i—c:LSnz then
fir = [c{r c%’r czlg] s a left ez’genvector for the McKay matriz My, V = V(2,0), for all
0<j< "T_l and 1 € Z,, corresponding to the eigenvalue \j, = q"(¢/ +q77).

(d) If G, = d{””sl + dg’TSQ + 4 dﬁ;’;’Snz, then gj, = [d{’r d%’r d;;“] is a generalized left
eigenvector for the McKay matriz My such that gj My = \;.g;j, +f;, for all1 < j < ”T_l
and r € Z,,.

(e) The wvectors fj,, 0 < j 21,7‘ € Z,, give a complete set of left eigenvectors, and the
vectors gjr, 1 < j < o= L reZ,, give a complete set of generalized left eigenvectors for the
McKay matriz My, V = V(2,0), hence, for any McKay matriz M, 4y by Corollary [310.3.

Proof. From Proposition (a) we know that the elements J, are eigenvectors for the multi-
plication operator R, = = [V(2,0)], of G§(D,,), so the corresponding coordinate vectors f; . relative
to the basis of nonisomorphic simple modules will be left eigenvectors for M = My by Proposition
2511 Part (b) of Proposition shows that G, = X;,9;, + Fj,. Therefore, the coordinate
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vector g;, of G;, will be a generalized left eigenvector for My corresponding to the eigenvalue A; ,
by Proposition 2Z.5.1(b). O

3.13.2. Computations for D3.  When n = 3, we have f(x,¢*") = 23 — 3¢*"x — 2, and

f(x,q%")
(z —2q")

Thus, fr_lﬁto,r = (9(]%)_1(3:2 + 2¢"x + qzr)ggr = %(q”x2 +2¢%x + 1) &9 is an idempotent for
r=20,1,2. Now

=242+ ¢ = (x+q)? and &= (20 —q¢(g+q 1) = (3¢") = 9.

f(@,q%")

13. =
(3.13.9) = ™

Eor = (l‘ - )\O,r)($ - )\1,7“)827‘7
so that F7, = ( — Xor)(x — A1)%82 = (2 — Xop)f(2,¢*)E2 = (x — Noy)f(2,9)€2r = 0.
Consequently, the elements J ,, r € Z3, square to 0 in agreement with Proposition (b).
Finally,
flz, %)

Gi,p = m&r = (x — Xoy)E2 and 9%,7’ = (x —Xo)91,r = (A1r — Xo)G1,r + F1ype

This tells us that by taking 1, = 1 and Y1, = A\ — Xor = ¢"(¢+ ¢~ 1) — 2¢" = =3¢,

1 2 1
S1p+==F1,) =-3¢%1,+F1,—2F1,=-3¢(51,+ =1, ),
3q" 3q"
and therefore by setting 9’177, = —# (917T + %9’1,,1), we get an idempotent for r € Z3.
Writing (¢,r) for V(¢,r) and recalling that = [V(2,0)] and g = [V(1,1)] gives

1
6 %0, = (9¢°) 7 (2% + 20" + ¢* )€ = o= (¢"2% + 2075 +1) (6797 + 07 g +1)

= % (43,00 +4"(1,1) + 267 (2,0) + (1,0)) (¢ (1,2) + ¢"(1,1) + (1,0))

1
= 5= (32 +7(3.1) +07(3,0) +2"(2,2) + 2(2,1) + 27 (2,0) + 2¢”'(1,2) + 24" (1, 1) +2(1,0)).
Ordering the summands from (1,0) to (3, 2), ignoring the factor of 2—17, and recording the coefficients,

we have
for =2 20" 20" 20" 2 20" ¢" ¢*" 1].

Multiplying fo, by 3 and then setting » = 0, 1,2, we obtain the left eigenvectors of My for V =

V(2,0) in (B9.3]) exactly:

Trp(1) = [6 6 6 6 6 6 3 3 3 Ao = 2,
Trp(bc™!) = [6 6q 6¢* 6¢° 6 6¢ 3¢ 3¢* 3] Ao, = 2g,
Trp(b%c™2) = [6 6¢° 6q 6q 6 6¢° 3¢* 3q 3] Ao2 = 24°.
Now
x, g% 1
S1,p= f(_i)\ql;f?zr = (x = Xoy)€2r = (x — 2qr)(§(q2r +q¢"g+1))
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Therefore, g, = %[—2(]", —2¢%",—2,1,4",¢*",0,0,0], and A1, = ¢"(¢+ ¢~ ') = —¢". From (B.13.9),
we can deduce that f; , = %[—q%, —1,—q¢",—q",—¢*",—1,1,¢",¢*"]. Then

I
1 r 2r r o 2r 0 ;
gl,T’MV = g[_zq 7_2q 7_2717q ,q 707070] Z 0 I
21 27 0
1
= g[q2r7 17qrv _qu’ _2q27’7 _27 1’q7”q27’]

1 1
= _qT’g[_2qT’7 _2q27“7 _27 17 qr7 q27“7 07 07 O] + g[_q2r7 _17 _qT7 _qra _q27“7 _17 17 qT’7 qZT]
= A 81,r + f1,r

so that gy, is a generalized left eigenvector for My with eigenvalue Ay, for r € Zs.

3.14. Fusion rules for tensoring a maximal set of independent projective modules in

Go(D,,) with V. We have seen in Proposition B.I.] that the Cartan map c for D,, has rank w,
and that the modules P(¢,7) — P(n —¢,¢+r) lie in the kernel of ¢ for 1 < ¢ < @ Following [9],

we let Ny be the matrix that records tensoring a projective module P with V = V(2,0) and writing
the answer [P ® V] as a Z-combination of isomorphism classes of projectives whose images form a

Z-basis for ¢(Ko(Dy)) € Go(Dy). Since the Cartan map has rank w, we use only the modules
V(n,r),P(1,r),..., P("T_l,r) in forming Ny. We assume that ordering and take all values of r for

each type, first for V(n,r), then for P(1,r) etc.. From the tensor rules (3.2]), we have that the

resulting matrix Ny is % X % for any n = 2h + 1 with A > 1, and

0 I O 0 0

22 0 1 0 0

0 Z 0 1 0 0
(3.14.1) Ny = 7 0 0 ,

: T o1 0

o o o0 --- Z 0 I

0O 0 0 O 7 Zht+i

where I is the n x n identity matrix, and Z is the n x n cyclic matrix in (8:221]). In this section, we
show that the matrix Ny has right eigenvectors whose components involve the modified Chebyshev
polynomials L (t) of Section B8l and left eigenvectors whose components involve the Chebyshev
polynomials Vi (t) of the third kind [28, Sec. 1.2.3], which are defined by

(3.14.2) Vo(t) =1, Vi(t) =t —1, Vi(t) = tVe_1(t) + Vi_2(t), k> 2.
They are expressible in terms of other Chebyshev polynomials via the relations
(3.14.3) Vi(t) = Uk(t) — Ug—1(t), and Lg(t) = Vi(t) + Vi_1(t) for all £ > 1.

The first identity can be found in [28] 1.17], and the second comes from Ly (t) = Uy (t) — Up—2(¢)
and the first. More specifically, we show the following for all n =2h +1 > 3:

Theorem 3.14.1. (a) The matriz Ny in BI4LI) has eigenvalues \j, = q¢"(¢7 + q77) for 0 <
j < "T_l, r € Zy, (each with multiplicity one), so the matriz Ny is diagonalizable (as expected

from [9]).
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(b) Let v # 0 satisfy Zv = ¢*"v, and assume Ly, stands for Lp(¢? +q7). Then
v ¢"Liv ... LT

is a right eigenvector for Ny of eigenvalue A, for 0 < j < ”T_l,r eZ,.
(c) Let w # 0 satisfy wZ = ¢*"w, and assume Vy stands for Vi(q¢’ + q=7). Then

" Vaew ... ¢Viw W]
is a left eigenvector for Ny with eigenvalue Aj, for 0 < j < "T_l,r €Z,.

Proof. We will argue that (b) and (c) hold, and part (a) will follow.
(b) We compare both sides of this equation and verify they are indeed equal:

0 I

0 0 0 v v
22 0 1 0 0 I RY ¢ Liv
0 Z 0 I 0 0

Z 0 0 ¢ Lov | =), | Ly
P S : :
000 - 7z 0 1 |[|d"VLav gLy v
0 00 O 7 7zt Ly "Ly

Row 0 on the left is ¢"£1v = ¢"(¢/ + ¢~7)v, which equals Ajrv, the entry in row 0 on the right.
Row 1 says 2¢%"v+ ¢* Lov = ¢* (Lo + L) v = ¢ (¢ + ¢)L1v = N\ q"L1v.
Now for rows 2 < s < h — 1, we have

Zq(8_2)rﬁs—2v + qSTLsV = qsr (Ls—2 + Ls) vV = qsr(qj + q_j)[/s—lv = )\j,rq(s_l)rﬁs—lv-

Finally, for the last row, recall that h = "T_l so that h+1 = "TH Then on the left we have

Zq" V"L v + 2 Ty = <q(h+1)rﬁh_1 n q(2(h+1)+h>rﬁh> N R

On the right, the last entry is
X" Lpv = Mg+ )Ly = P (L + Lpm) Ve

So comparing the left and right sides, we see that the argument boils down to whether £,v = Lp V.
But since

Lild +q77) = ¢+ g7 = g7 4 g0 T = £y (¢ 4+ ¢7),

the left and right sides are indeed equal, so (b) holds.

(¢) The connection with the Chebyshev polynomials Uy (¢) in (BI43)) is the one that will be most
helpful in proving part (c). Recall we know by Proposition B.4.1l(a) that for ¢ = z + z~! and all
k> 1,

Up(t) =a® + b2 a2 7k = Wl_—x_(lkm
r—x
Therefore,

pR =)k gk
Vi(t) = Ug(t) — Ug_1(t) = — — —

r—x r—x
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for all k > 2. In particular, taking k = h 4+ 1 for h = "T_l, and assuming x™ = 1, we obtain

2 _ p—(h42)  phtl o (ht1)

Vhg1(t) = -
(3.14.4) =z T~z
L) ghl gk gh gh b ghel () et
N x—z 1 x—x—1  p—g! x—x ! - VA1

We will use ([3.14.4]) and identify = with ¢ when we argue that the following equation holds:

0 I 0 0 0
2Z 0 1 0 0
0 Z 0 I 0 0
[ Vw ... ¢Viw W] Z 0 0 =N " Vew L VW wl.
Do | 0
o o0 -+~ Z 0 I
0 0 0 0 Z Zhtt

Consider column h on both sides (numbering columns A to 0 from left to right). On the left we
have 2¢"=VV,_ wZ = 2¢"tV"V, _;w. On the right we have for column A,

Xjrd"Vw = ¢ (g0 4 ) Vw = ¢PTIT (Vo + V) w o= 260, w

by ([B14.4), so the two are equal.
Now for s = h, ...,2, column s—1 on the left gives ¢*" Vsw +¢5= 2™V, _owZ = ¢°" (Vs + Vs_o) W.
The corresponding column on the right has entry

Njrq TV W = ¢ (¢ + ¢ )Vem = ¢ (Vs + Vsz) W,
so the two are equal. Finally, for column 0, we have on the left
VW + w2 = Vw4 PP w = (V) 4+ Dw
=¢' (¢ + a7 )w = \j,w,

which is precisely the entry in column 0 on the right-hand side.

We have produced w right (and left) eigenvectors with distinct eigenvalues A;,., for 0 < j <

"T_l,r € Z,, for the w X M matrix Ny, so the );, are exactly the eigenvalues of Ny. [

3.15. Further Questions. In this paper, we have proven results on McKay matrices of arbitrary
finite-dimensional Hopf algebras and illustrated them for the Drinfeld double D,, of the Taft algebra,
but there remain many interesting open questions, even for semisimple Hopf algebras.

e When is the McKay matrix symmetric or normal, hence orthogonally diagonalizable? It is
shown in [39] that the McKay matrix corresponding to any simple module is orthogonally
diagonalizable when A is semisimple and almost cocommutative, and we have shown in
Corollary 2.3 4] that if A is semisimple and V is self-dual, then My, is symmetric. The McKay
matrix My, V = V(2,0), for the nonsemisimple Drinfeld double D,, is not symmetric, and
for the algebra A that is (14) in Kashina’s classification [24] of 16-dimensional semisimple
Hopf algebras there is a module V 2 V* such that My is not symmetric.

e For which Hopf algebras do the (generalized) right eigenvectors of McKay matrices corre-
spond to columns in something that can be regarded as a character table?
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e When can all the (right) eigenvectors of the McKay matrix My be obtained from traces of
grouplike elements? We have shown this is possible for D,, in Sec. It is possible for
Radford’s Hopf algebra A(n,m) which is also not semisimple [33] Exer. 10.5.9], but fails to
be true for the Kac-Palyutkin algebra which is semisimple [23]. We have seen in Sec. B9l
that for D, only n of the % linearly independent left eigenvectors can be realized as
trace vectors of grouplike elements on projective covers.

e Under what assumptions can the (generalized) eigenvectors of McKay matrices be related
to central elements of the Hopf algebra A or cocommutative elements in A*?

e When are the eigenvalues of the fusion matrix Ny obtained by tensoring a maximal inde-
pendent set of indecomposable projective modules with V the same as the eigenvalues for
the McKay matrix My? They are for Drinfeld double D,, and V = V(2,0).

e What can be said about the (generalized) eigenvectors of matrices that encode the fusion
relations in the more general context of tensor or fusion categories (see e.g. [19], [34])7
In [I7], Etingof, Nikshych, and Ostrik introduced the Frobenius-Perron dimension of a
fusion category as the spectral radius of a matrix representing the fusion relations.

e When n is even, do the (generalized) eigenvectors of the McKay matrices for tensoring D,,-
modules have expressions in terms of Chebyshev polynomials, and what can be said about
the multiplicities of the eigenvalues?
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