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The orbit method for locally nilpotent infinite-dimensional
Lie algebras
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Abstract

Let n be a locally nilpotent infinite-dimensional Lie algebra over C. Let U(n) and S(n) be
its universal enveloping algebra and its symmetric algebra respectively. Consider the Jacobson
topology on the primitive spectrum of U(n) and the Poisson topology on the primitive Poisson
spectrum of S(n). We provide a homeomorphism between the corresponding topological spaces (on
the level of points, it gives a bijection between the primitive ideals of U(n) and S(n)). We also
show that all primitive ideals of S(n) from an open set in a properly chosen topology are generated
by their intersections with the Poisson center. Under the assumption that n is a nil-Dynkin Lie
algebra, we give two criteria for primitive ideals I(A) C S(n) and J(A) C U(n), A € n*, to be
nonzero. Most of these results generalize the known facts about primitive and Poisson spectrum
for finite-dimensional nilpotent Lie algebras (but note that for a finite-dimensional nilpotent Lie
algebra all primitive ideals I(\), J(\) are nonzero).

Keywords: primitive ideals, finitary infinite-dimensional Lie algebras, locally nilpotent Lie alge-
bras, Poisson algebras, centrally generated ideals, the orbit method.
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1. Introduction

We work over the field C of complex numbers. By definition, a locally nilpotent Lie algebra is a direct
limit of nested finite-dimensional nilpotent Lie algebras. In this paper we discuss primitive ideals
(respectively, primitive Poisson ideals) of the universal enveloping algebra U(n) (respectively, of the
symmetric algebra S(n)) of such a Lie algebra n.

The corresponding theory for the finite-dimensional Lie algebras was developed in the mid-end of
20th century by the efforts (and insights) of many brilliant mathematicians. We would like to mention
explicitly J. Dixmier, M. Duflo, A. Joseph, A. Kirillov, B. Kostant, O. Mathieu, M. Vergne among
them. Of course, in the infinite-dimensional situation, we use the power, the intuition and the details
of proofs of the finite-dimensional setting, but the final results are rather different.

It is known that similar questions for the finite-dimensional (nilpotent) Lie algebras boil down to
some questions for the corresponding coadjoint representations. This idea works almost in the same
way for the infinite-dimensional setting. Hence, the new features of the infinite-dimensional setting
are coming from the new features of the corresponding coadjoint representation.

The most straightforward difference is that the dual space of a countable-dimensional space is
uncountable-dimensional. Next, it turns out that many infinite-dimensional locally nilpotent Lie alge-
bras are centerless (and this is completely opposite to the finite-dimensional setting) [DP1]. Moreover,
in many cases even the center of the corresponding universal enveloping algebra consists of the elements
of the ground field [IPe] (we enhance these statements for a class of nil-Dynkin infinite-dimensional
locally nilpotent Lie algebras which will be described later).

The most important tool in the representation theory of finite-dimensional nilpotent Lie algebras
is an algebraic version of the Kirillov’s orbit method. For a given finite-dimensional nilpotent Lie
algebra n, this method establishes a homeomorphism between the space JSpec U(n) of primitive ideals
of U(n) (endowed with the Jacobson topology) and the space of coadjoint orbits on the dual space n*.
By definition, the latter space is homeomorphic to the space PSpecS(n) of primitive Poisson ideals
of S(n) (endowed with the Poisson topology, see Subsection [2.2)). In more details, to each linear form
A € n* one can attach the primitive ideal J(A) of U(n) and the primitive Poisson ideal I(\) of S(n),
see Subsection It turns out that each primitive ideal of U(n) (respectively, each primitive Poisson
ideal of S(n)) has the form J(\) (respectively, I(\)). Furthermore, the map I(\) — J(\) provides a
homeomorphism between the spaces PSpec S(n) and JSpec U(n).

Our first main result claims that the orbit method still works in the infinite-dimensional situation
(see Theorem for more details).

Theorem. Let n be a countable-dimensional locally nilpotent complex Lie algebra. Then

i) each primitive ideal of U(n) equals J(X) for a certain A € n*;
ii) each primitive Poisson ideal of S(n) equals I(\) for a certain A € n™;
iii) the map I(\) — J(\) is a homeomorphism between PSpec (S(n)) and JSpec (U(n)).

In the finite-dimensional setting, given linear forms A, p € n*, the ideals J(\) and J(u) coincide
if and only if A and p belong to the same coadjoint orbit. We can’t provide an analogue of this result
for a general locally nilpotent Lie algebra. Nevertheless, we can prove a similar result for a properly
chosen group together with its action on n* for a certain subclass of locally nilpotent Lie algebras,
see Proposition [3.32] This subclass consists of Lie algebras n which can be exhausted by its finite-
dimensional nilpotent ideals; such a Lie algebra is called socle. For example, the countable-dimensional
Heisenberg algebra is socle. We also establish a version of Dixmier—Moeglin equivalence for socle Lie
algebras.

Now, we turn to the results on nil-Dynkin algebras. It is well known that the Dynkin diagrams
of types A, B, C, D, E, I, G provide a description of simple finite-dimensional Lie algebras. As a
byproduct of this procedure the same diagrams give a very detailed description of maximal nilpotent



subalgebras of these simple Lie algebras. The Dynkin diagrams of types A, B, C, D has countable
analogues and every such an analogue defines the infinite-dimensional Lie algebra together with its
maximal locally nilpotent subalgebra [DPI]. This construction defines a wide variety of infinite-
dimensional locally nilpotent Lie algebras, see Section [df We refer to all Lie algebras defined by the
above construction as nil-Dynkin algebras.

If n is a finite-dimensional nilpotent Lie algebra then almost all primitive ideals of U(n) are centrally
generated, i.e., are generated as ideals by their intersections with the center Z(n) of U(n), see, e.g.,
Theorem m (Moreover, if n is a maximal nilpotent subalgebra of a simple finite-dimensional Lie
algebra then the centrally generated ideals of U(n) can be described explicitly [IPe].) Similarly, almost
all primitive Poisson ideals of S(n) are generated as ideals by their intersections with the Poisson
center Y (n) of S(n), see Theorem [2.20] This result is a form of a “generic reducibility” of fibers of
maps between algebraic varieties in characteristic 0. In our second main result we generalize the latter
facts to the case of nil-Dynkin algebras, see Theorem

Theorem. Letn be a nil-Dynkin algebra. There exists an open dense (with respect to the countable-
Zariski topology defined in Subsection [3.1)) subset of n* such that I(X\) is generated as an ideal by its
intersection with the Poisson center Y (n) of S(n) for each X\ from this subset.

Using this theorem, we establish two criteria for a primitive Poisson ideal I()\) to be nonzero: one
with a hint of linear algebra and another one with a hint of commutative algebra, see Theorem
We consider these criteria as our third main result. In [IPe], the explicit description of Z(n) and Y (n)
was given. Of course, if Y (n) # C then each I(\) is nonzero, so we focus on the case when Y (n) = C.
The first criterion says that there exists an explicitly described countable collection {Z }x of countable
collections of polynomials from S(n) such that I()\) # 0 if and only if there exists k for which A(§) =0
for all £ € Z. It might be interesting to work out a larger class of Lie algebras in which this fact
holds. The second criterion is given in terms of “minors” in all cases and it can be considered as a
statement of the form “a certain infinite submatrix of matrix defined by A is of finite nonmaximal
rank”, see Example

Note that it can be easily deduced from [IPe] that the center of n is zero if and only if Z(n) and
Y (n) equal C. Note also that in this case almost all ideals I(\) are zero. This is completely opposite
to the finite-dimensional case. Indeed, if n is finite-dimensional then I()) is the annihilator in S(n) of
the coadjoint orbit of A. Hence, the condition /() = 0 means that the corresponding orbit is dense
in n*, but all coadjoint orbits are proper closed subvarieties of n*.

This article can be considered as a part of the project researching the coadjoint representations of
infinite-dimensional Lie algebras, see [PP1] for the case of limits of simple Lie algebras, [[Pe] for the
case of nil-Dynkin Lie algebras, [PS] for the case of Witt Lie algebra.

The paper is organised as follows. In Section [2| we present preliminary facts and results (mostly,
for finite-dimensional Lie algebras). In Subsection (respectively, , we recollect the definition
of the Jacobson (respectively, Poisson) topology on the space of primitive ideals of an associative
algebra (respectively, on the space of primitive Poisson ideals of a Poisson algebra) together with
a few basic properties of these notions. In Subsection [2.3] we recall how the orbit method works
for finite-dimensional nilpotent Lie algebras. In Subsection we discuss an important example of
nilpotent Lie algebras — nilradicals of Borel subalgebras of simple finite-dimensional Lie algebras. In
Subsections [2.5] and we prove several auxiliary lemmas about nested finite-dimensional nilpotent
Lie algebras. Subsection contains our proof of the fact that almost all primitive (Poisson) ideals
are generated by their intersections with the (Poisson) center.

Section [3is devoted to the proof of the first main result. In Subsection [3.1] we recall the definition
of pro-variety together with some basic properties of this notion. In particular, given a countable-
dimensional vector space V', we define the countable-Zariski topology on its dual space V* and prove
that V* is irreducible with respect to this topology. In Subsection we introduce the notion of
locally nilpotent Lie algebra n and establish a bijection between the radical Poisson ideals of S(n)



and the radical two-sided ideals of U(n), see Proposition Further, given a linear form A € n*,
we define the ideal J(A) of U(n) and check that it is primitive, see Theorem The proof of the
first main result (Theorem given in Subsection is based on an alternative description of
I()) presented in Subsection In Subsections and we introduce socle Lie algebras together
with the corresponding “adjoint” (pro-)groups to prove that the primitive ideals are in one-to-one
correspondence with the coadjoint orbits (Proposition and show that the corresponding orbit is
closed (Lemma . We also give a version of Dixmier—-Moeglin equivalence for radical ideals in this
subsection (Proposition [3.28)).

Section [4] is devoted to nil-Dynkin algebras. In Subsection we define nil-Dynkin algebras and,
given such an algebra n, recall the description of Z(n) (or, equivalently, of Y'(n)) from [IPe|. Using
this description, in Subsection we prove our second main result (Theorem , which claims that
almost all primitive Poisson ideals in S(n) are generated by their intersections with Y '(n). Finally,
in Subsection we prove our third main result (Theorem [4.9), two criteria for I()\) to be nonzero
discussed above. We also apply these criteria to several different nil-Dynkin algebras to give few
pictures which can help to understand the pattern behind this result, see Example
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2. Preliminaries

2.1. Jacobson topology and Jacobson spectrum

In this subsection, we briefly recall the notion of Jacobson topology and present ring-theoretical
preliminaries needed for the sequel. A detailed discussion can be found, e.g., in the classical books [Dil],
[Jo2], [MCR]. Throughout the paper the ground field will be the field C of complex numbers (except
Remark [2.8). Let A be an associative algebra (possibly, infinite-dimensional). Denote by Cent(A) the
center of A.

Definition 2.1. A (two-sided) ideal J of A is prime if J # A and, given two-sided ideals J', J"
of A with J',J" ¢ J, one has J'J” ¢ J. An ideal J is called completely prime if there are no zero
divisors in the quotient algebra A/J. An ideal J is called primitive if it is the annihilator of a simple
(left) A-module (equivalently, if J is the largest ideal in a maximal left ideal of A).

It is not hard to check that
J is maximal = J is primitive = J is prime. (1)

Note also that J is completely prime =— J is prime.
One can attach to A the topological space JSpec A. The construction of JSpec A is as follows:

i) the points of JSpec A are the primitive ideals of A;
ii) to any set of elements S C A we attach the subset Xg of JSpec A by putting

Xg={J€JSpecA|S cC J}

By definition, every closed set of JSpec A has the form Xg for a certain S C A. We call the space
JSpec A the Jacobson (or, equivalently, primitive) spectrum of A. If A is commutative, then the



primitive ideals of A are nothing but the maximal ideals of A, so JSpec A is the usual Zariski maximal
spectrum.
Let S be a subset of A. Put
VS= () J

JeXg

It is clear that S C VS, Xg = X /5 and that V'S is a two-sided ideal of A. Ideal VS is called the

Jacobson radical of S.

Definition 2.2. We say that an ideal I of A is radical if /T = I. Evidently, an ideal is radical if
and only if it is the intersection of a family of primitive ideals.

Obviously, v/S is a radical ideal for any S C A and the closed subsets of JSpec A can be identified
with the radical ideals of A. This identification reverses the inclusions.
If A is a commutative algebra then we have

f e VS if and only if f* e (S) for some k € Z~y,

where (S) is the ideal generated by S (in other words, f* belongs to the ideal generated by S for
certain £ > 0). It is well known that, for an arbitrary finite- or countable-dimensional associative
algebra A (not necessarily commutative), one has

f e VS if and only if, for any g € A4, (fg)* € (S) for some k € Z, (2)

where (5) is the two-sided ideal generated by S, see, e.g., [PPI1, Lemma 4.4]. This means that, given
g € A, (fg)* belongs to the two-sided ideal generated by S for certain k > 0.

Lemma 2.3. Let A be an associative algebra and I, J be two-sided ideals of A. Then

VIJ=VINJ.

PROOF. Pick a primitive ideal P of A. It is enough to show that the following conditions are
equivalent:
i)ICPorJCP;
i) INJ C P;
iii) IJ C P.
It is clear that (i) = (ii) = (iii). The implication (i) = (iii) follows from (T]). O
The next lemma is a useful and straightforward generalization of Schur’s lemma.

Lemma 2.4. Let A be a finite- or countable-dimensional associative algebra, and J be a primitive
ideal of A. Then the center of A/J consists of scalars.

PROOF. It is easy to deduce this statement from [MCRI Corollary 1.8, Chapter 9]. O

Corollary 2.5. Let A be a a finite- or countable-dimensional commutative associative algebra,
and M be a mazimal ideal of A. Then dim¢c A/M = 1.

2.2. Poisson topology and Poisson spectrum

Here we recall basic facts and notions for Poisson algebras, see, f.e., [BG], [Go2] for the details. Let
A be a commutative (possibly, infinitely generated) algebra endowed with a polylinear skew-symmetric
map

(Ll Ax Ao A
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The pair (A, {-,-}) is a Poisson algebra if {-,-} satisfies the Jacobi identity

{z.{y; 21} = {=z, v}, 2} + {y, {z, 2}} for all 2,9,z € A,

and the Leibnitz rule
{z,yz} = {z,y}z + y{z, z} for all z,y,z € A.

In this case {-,-} is called the Poisson bracket on A. Denote by PCent(A) = {f € A | {f, A} = 0}
the Poisson center of A.

Definition 2.6. We say that an ideal I of A is Poisson if {A,I} C I. A Poisson ideal I of A is
called primitive if there exists a maximal ideal I’ of A such that I is the largest Poisson ideal in I’.
(For example, any maximal Poisson ideal is primitive.)

It is well known that a primitive Poisson ideal is prime, see, f.e., [Ohl Proposition 1.4]. One can
attach to A the topological space PSpec A. The construction of PSpec A is similar to the construction
of the Jacobson spectrum:

i) the points of PSpec A are the primitive Poisson ideals of A4;
ii) to any set of elements S C A we attach the subset Zg of PSpec.A by putting

Zg={I €PSpecA|S CI}.

By definition, every closed set of PSpec A has the form Zg for a certain S C A. We call the space
PSpec A the Poisson spectrum of A and the corresponding topology is called the Poisson topology. It
is a subspace of the usual Zariski spectrum.
Let S be a subset of A. Put
Vs=(1

IeZg

It is clear that S C 7\’/5, Jg =2 /g and that ¥/S is a Poisson ideal of A. The ideal ¥/S is called

the Poisson radical of S. We say that a Poisson ideal I of A is radical if ¥/T = I. It turns out that,
for any Poisson ideal I of A, one has VI = Y/I. 1t is clear that the closed subsets of PSpec A can be
identified with the radical Poisson ideals of A. This identification reverses the inclusions.

2.3. The orbit method

Kirillov’s orbit method appears in a wide variety of contexts in representation theory. In this
subsection we describe the algebraic version of the orbit method for Lie algebras, see, e.g., the classical
Dixmier’s book [Dil] for the details. Let n be a finite-dimensional Lie algebra. Its symmetric algebra
and its universal enveloping algebra are denoted by S(n) and U(n) respectively. Observe that S(n) is
a Poisson algebra with respect to the Poisson bracket defined by

{x,y} = [z,y], 7,y €n.

We will now recall how the orbit method works for nilpotent n, i.e., we will establish a homeomorphism
between topological spaces JSpec U(n) and PSpec S(n) in this case.

For the rest of the subsection we assume that n is nilpotent. (In fact, the orbit method also works
for solvable Lie algebras, but we will consider only nilpotent case.) It is well known that there exists
a unique (up to isomorphism) unipotent algebraic group N such that n is the Lie algebra of N. We
will write N = Exp(n). Let n* be the dual space of n. The group N acts on n by the adjoint action;
the dual action of N on n* is called coadjoint. We will denote the result of this action by g.A, g € N,
A € n*. Given A € n*, we denote by V. its coadjoint orbit.

To each linear form A € n* one can assign a bilinear form S on n by putting

/B)\(xv y) = )\([%,y])
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A subalgebra p C n is called a polarization of n at A if it is a maximal ()-isotropic subspace. There
is a nice construction of polarizations due to M. Vergne. Namely, let

MmMCn C...Cn=n, dimn=%, dimn; =i for 1 <i <k, (3)

be a complete flag of ideals of n (clearly, n admits such a flag). Denote by t; the kernel of the restriction
of By to n;, and put

k
p= Zti.
=1

Then p is a polarization of n at A [Ve]. (Note that if all n;’s in are just subalgebras of n, then p is
a maximal [y-isotropic subspace of n, but, possibly, not a subalgebra.) Denote by P(\) the set of all
polarizations of n at A, and pick p € P(A).

Denote by L) the one-dimensional representation of p defined by

po>x— Az)eC.
Further denote by V' = V(n,p, A) the induced representation of n, i.e.,
V= U(ﬂ) ®U(p) L,\.

It turns out that J(A) = Ann V' (the annihilator of V' in U(n)) depends only on A, not on the choice
of p. Moreover, if p is obtained by Vergne’s construction, then V is simple, so J(\) is a primitive
two-sided ideal of U(n). Further, J(A) = J(u) if and only if the coadjoint N-orbits of A and p coincide.
Finally, the Dixmier map

D: n* — JSpec(U(n)), A— J(N),

induces a homeomorphism between the topological spaces
n*/N =~ JSpec(U(n)),

see [Dil], [BGR]. Here the space of coadjoint orbits n*/N is endowed with the quotient topology
derived from the Zariski topology on n*.

On the other hand, radical Poisson ideals in S(n) are in one-to-one correspondence with Zariski
closed N-stable subsets of n*, where we interpret S(n) as C[n*]: to such a subset of n* we attach
its annihilator in S(n). Furthermore, maximal Poisson ideals correspond to minimal closed N-stable
subsets. Since the group N is unipotent, all N-orbits on n* are closed, which means that each
primitive Poisson ideal of S(n) is in fact maximal Poisson. It follows that PSpec S(n) and n*/N are
homeomorphic.

More precisely, given A € n*, one can consider the maximal ideal I) of S(n) consisting of all
polynomials from S(n) vanishing at A. There is the unique largest Poisson ideal I(\) inside Iy, see
Subsection Clearly, I()) is exactly the radical Poisson ideal of S(n) annihilating the coadjoint
N-orbit of \. In particular, I(A\) = I(u) if and only if A\ and p belong to the same N-orbit. Thus, the
map A — I(\) induces the above homeomorphism n*/N ~ PSpec S(n). Combining it with the home-
omorphism between n*/N and JSpec U(n), we obtain a required homeomorphism from PSpec S(n) to
JSpec (U(n)). Note that the latter homeomorphism preserves inclusions, because both of the homeo-
morphisms from n*/N to PSpecS(n) and to JSpec U(n) reverse inclusions. This implies that there is
a one-to-one correspondence between radical ideals of U(n) and radical Poisson ideals of S(n).

Notation 2.7. If J is a radical two-sided ideal of U(n), we denote by I(J) the corresponding
radical Poisson ideal of S(n). If I is a radical Poisson ideal of S(n) we denote by J(I) the corresponding
radical two-sided ideal of U(n).

Note that I C S(n) is prime if and only if J(I) C U(n) is prime [Dill Proposition 6.3.5].

Remark 2.8. In this remark the ground field can be an arbitrary field of zero characteristic.
For U(n), one can say more about two-sided ideals. Namely, recall that the Weyl algebra Ag of 2s
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variables is the unital associative algebra with generators p;, ¢; for 1 <i < s, and relations [p;, ¢;| = 1,
[pi,q;] = 0 for i # j, [pi,p;] = (@, q;] = 0 for all 4, j. Now, if J is a two-sided ideal of the enveloping
algebra U(n), then the following conditions are equivalent [Dill, Proposition 4.7.4, Theorem 4.7.9]:

e J is primitive;

e J is maximal;

e the center of U(n)/J is trivial;

e U(n)/J is isomorphic to the Weyl algebra Aj.

(Here 2s is the dimension of the orbit of A given J = J(\).) An ideal in U(n) is prime if and only if it is
completely prime [Dill, Theorem 3.7.2]. Furthermore, for any ideal J there exist finitely many minimal
pairwise distinct prime ideals Ji, ..., J,. of U(n) containing J. None of J; contains the intersection of
the others, and v/J = J; N ... N J,, see [Dill, Proposition 3.1.10]. It follows that any prime ideal is
radical and the intersection of any family of radical ideals is radical. The straightforward analogues
of the above statements hold for the radical Poisson ideals of S(n).

Remark 2.9. Here we collect some facts from linear algebra about polarizations. First, note that,
given a linear form A € n and p € P()), one has

dimp = dimn —rk 55 /2 = rk £, /2 + dim Ker 3,

where Ker 8y = {x € n| Sx(z,n) = 0} is the kernel of §, and rk 5, is the rank of the form 5.

Next, assume that n is a subalgebra of a nilpotent finite-dimensional Lie algebra m of codimension
one (then n is in fact an ideal of m). Pick a linear form A € m*. Then the following alternative occurs:
either rk 85|, = rk Sy — 2 (in this case each polarization of n at A|, is in fact a polarization of m at A),
or rk 85|, = rk Bx. In the latter case, for any p € P(\), we have that pnn € P(}|,). Indeed, pNnis a
subalgebra of n and a 3,|,-isotropic subspace of n. Further, dim(pNn) > dimp — 1, but the dimension

of a maximal j,| -isotropic subspace of n equals dimn — irk Bal, = dimm — 1 — §rk By =dimp — 1.

Hence p N'n is a maximal f3,|,-isotropic subspace of n.

Example 2.10. (Heisenberg Lie algebra) Pick n > 1. Let n = hei, (C) be the Lie algebra with
generators z, x;, y;, 1 < i <n, and relations

(i, ;] = z for all i, [z;,y;] =0 for i # j, [z, 2] = [y;, 2] = 0 for all 7.

We call n the Heisenberg Lie algebra. There are two classes of coadjoint orbits on n*:

i) if AM(z) = a # 0 then N = {p € n* | pu(z) = a}.

ii) if A(z) = 0 then N.X = {\}.

In a similar way, there are two classes of primitive ideals of U(n) and S(n):

i) every a € C* = C\ {0} defines the two-sided (respectively, Poisson) ideal of U(n) (respectively,
of S(n)) generated by z — . It is easy to verify that the quotient of U(n) by this ideal is a Weyl
algebra and hence is simple (a similar argument is applicable to the Poisson side). Thus, this ideal is
maximal and hence primitive (respectively, Poisson primitive).

ii) every A € n* with A(z) = 0 defines the ideal J()\) generated by

x; — MNxi), vi — Ayi), 1 <i<mn, and =z.
It is easy to verify that the quotient by J(\) is isomorphic to C. Thus J(\) is maximal and hence

primitive.
The bijection between coadjoint orbits and primitive ideals is clear from these descriptions.



2.4. Nilradicals of Borel subalgebras

In this subsection, we briefly recall definitions of classical finite-dimensional simple Lie algebras
and fix notation for the nilradicals of their Borel subalgebras. These nilradicals (and their infinite-
dimensional analogues defined in Subsection provide one of the main examples of nilpotent Lie
algebras for our purposes.

Pick n € Zso. Let g denote one of the Lie algebras sl,(C), §02,(C), s02,41(C) or sp,,(C).
The algebra s09,(C) (respectively, $02,+1(C) and sp,,(C)) is realized as the subalgebra of sla,(C)
(respectively, slop41(C) and sly,(C)) consisting of all  such that

B(u, zv) + B(zu,v) =0

for all u,v in C?" (respectively, in C>"*! and C?"), where

Yo (uiv—i + u_iv;) for s09,(C),
B(u,v) = < ugvg + Y iy (ujv—; + u—v;)  for 02,41(C),
> i (wiv—i — u_qv;) for 5py,(C).
Here for s09,(C) (respectively, for 09,41 and sp,,(C)) we denote by ei,...,en,€_pn,...,e_1 (respec-
tively, by e1,...,€n,€0,6—n,-..,e_1 and €1,...,€n,€_n,...,e_1) the standard basis of C?" (respec-

tively, of C?"*! and C?"), and by z; the coordinate of a vector o corresponding to e;.

The set of all diagonal matrices from g is a Cartan subalgebra of g; we denote it by h. Let ® be
the root system of g with respect to h. Note that ® is of type A,_; (respectively, D,,, B, and Cy)
for 1, (C) (respectively, for s09,(C), $02,+1(C) and sp,,,(C)). The set of all upper-triangular matrices
from g is a Borel subalgebra of g containing b; we denote it by b. Let ®* be the set of positive roots
with respect to b. As usual, we identify ® with the following subset of R":

Ag_lz{ei—ej, 1<i<j<n},
Bf={e—¢, 1<i<ji<n}u{e+e, 1<i<j<n}uU{e, 1<i<n},
Chr={e—¢, 1<i<j<n}U{e+e, 1<i<ji<n}u{2, 1<i<n},
Df ={e—¢j, 1<i<j<n}U{e+e, 1<i<j<n}.

(4)

Here {¢;}]"  is the standard basis of R™.
Denote by n the algebra of all strictly upper-triangular matrices from g. Then n has a basis
consisting of root vectors e,, o € ®*, where

. =V2(e0; —€—ip), €2e; = €i—i

e B €i,j for A’I’L—lu
€;—€5 T
v eij—e—j—i for By, C, and Dy,

Cere; = €i,—j — €5,—i for Bn and Dn,
€T€E T
€j,—j + €j—i for Cy,

Ee;

and e; ; are the usual elementary matrices. For s09,(C) (respectively, for s09,41(C) and sp,,,(C)) we
index the rows (from left to right) and the columns (from top to bottom) of matrices by the numbers
1,...,n,—n,...,—1 (respectively, by the numbers 1,...,n,0,—n,...,—1 and 1,...,n,—n,...,—1).
Note that g = h @ n @ n_, where n_ = (e_,, a € ®T)¢, and, by definition, e_, = e.. (The
superscript T always indicates matrix transposition.) The set {e,, o € ®} can be uniquely extended
to a Chevalley basis of g. Clearly, n is the nilradical of the Borel subalgebra b.

Since n is nilpotent, the space JSpec U(n) can be described in terms of the coadjoint orbits on n*.
But a classification of the coadjoint orbits on n* itself is an extremely hard problem. For instance,
for A,—1 a complete classification is known only for n < 8 [IPa]. On the other hand, almost all orbits
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on n* has maximal possible dimension (such orbits are called regular), and for A,,_; all regular orbits
were in fact described in the pioneering Kirillov’s work [Kil] on the orbit method in 1962. Let us
briefly recall this description.

Example 2.11. Let ® = A,_1. We put m = [n/2] and define the regular functions &;, 1 <1i < m,
on n* by the following rule:

/\(el,n_i_H) . )\(61771_1) /\(el’n)
Aean_i .o Aean—1) Alean

&) = (27: +) . (21 2 (:2’),)\611*.
Mein—it+1) --- Mein—1) M ein)

It is easy to see that & € PCent(S(n)) for all i, so &(u) = &(\) = ¢ for all p € N.A (for certain
¢; € C). It turns out that the coadjoint N-orbit of A has maximal possible dimension

dmNA=2(n—-2)+(n—4)+...)

if and only if ¢; # 0 for all ¢ for odd n, and ¢; # 0 for all i < m for even n. In this case, I()\) is
generated by & —¢;, 1 <1 < m.

2.5. Induction through bimodules
In this subsection we introduce a series of bimodules which will allow us to construct infinite-
dimensional simple modules.

Theorem 2.12. Let m be a finite-dimensional nilpotent Lie algebra, n be a subalgebra of m,
A € m* be a linear form. Then there exists a (U(m)/J(X))—(U(n)/J(A],))-bimodule wFy, together with
a U(n)—U(n) morphism

¢: Un) = nFy

such that
i) the functor F:V — nFy Quwy V from the category of U(n)/J(A|,)-modules to the category of
U(m)/J(X\)-modules is exact and sends simple modules to simple modules;
ii) the induced map ¢ ®id: V = U(n) Quwy V — F(V) is injective for any (U(n)/J(A|,))-module V.

Our proof of Theorem is based on the following lemma.
Lemma 2.13. The statement of Theorem holds under the assumption that dimm = dimn+1.

PROOF OF THEOREM [2.12] Pick a sequence of Lie algebras
n=nygCnC..Cng=m

such that dimn; = dimng + ¢. Let ., Fy, be the module defined by Lemma for nj,m;q1, Al
with 0 <17 < s. Set

N1

mFu = (ngFu, ) QU(ne_q) - QU(ny) (ny Fno)

and set ¢ to be the composition of the maps ¢; for all the above pairs. Then it is clear that F}, and ¢
satisfy all the conditions of Theorem [2.12 O

PrOOF Or LEMMA Consider ) together with the restriction $y|, of By to n. Then, by
Remark [2.9] either (1) or (2) holds:

(1) tk(Bxl,) = rkBy;

(2) 1k(Baly) + 2 = kB,
If (1) holds then [Dill Lemma 6.5.6] implies that

Um)/J(A) = U(m)/(J(A) N U(n)) = Un)/J(A[,)-

10



The algebra U(m)/J(A) is a U(m)—U(m)-bimodule in a natural way. Thus U(m)/J()) is also a
U(m)—U(n)-bimodule. Put F, = U(m)/J(\) and set ¢ to be the natural map U(n) — U(m)/J(N).
It is clear that F; satisfies the required conditions.

Assume that (2) holds. Then we put [y, = U(m) @y (U(n)/J(Al,)). The natural map

Um) = Um) @y (Um)/J(AR)), a = a®1,

defines the desired map ¢.

The functor F': V — nFy @y V is clearly exact and sends simple objects to simple objects by
[Dill 5.3]. As the next step we show that all modules in the image of F' are annihilated by J(M\).
Thanks to [Dill 5.2.6, 5.1.7] we have that the annihilators of all modules in the image of F' are all the
same. We wish to show that this annihilator is J(A).

Indeed, let p be a polarization of n at A[,. Then dimp + irk (8,[,) = dimn and hence

1
dimp + §rkﬁ/\ = dimm.

Therefore p is a polarization of m at ).
Thus M := U(n) ®yy) L is annihilated by J(A[,) and F(M) = U(m) ®@yp) L (recall the definition
of Ly from Subsection . The latter module is annihilated by J(\). O

2.6. Embeddings of nilpotent Lie algebras

In this subsection, we consider embeddings of finite-dimensional nilpotent Lie algebras in more
details. This is needed for the subsequent consideration of locally nilpotent infinite-dimensional Lie
algebras. Let m be a (finite-dimensional) nilpotent Lie algebra and n be a subalgebra of m. Recall the
homeomorphism JSpec U(m) ~ PSpec S(m) from Subsection

S(m) > I+ J(I) € U(m), U(m) > J s I(J) C S(m).

Let I be a radical Poisson ideal of S(m). The intersection S(n) NI is a radical Poisson ideal of S(n)
and it is natural to expect that, in some sense,

J(INS(n)) “~” J(I)NU(n).
In this subsection we will prove that the answer to the question
What does “~” mean here?

is as nice as possible. Precisely, we will prove the following theorem.
Theorem 2.14. Let n,m be as above. Then J(INS(n)) = J(I)NU(n).
As a first step, we will prove the following lemma.

Lemma 2.15. The ideal J(I) N U(n) is radical.
PrROOF. The ideal J(I) is radical and hence, by Remark there exist prime ideals Ji, ..., J;
of U(m) such that
JI)y=Jn...NnJs.

Next, we have
JIH)NUm) = ((J1NnUMm)N...Nn(JsNU(n)).

An ideal of U(m) is prime if and only if it is completely prime (see Remark [2.8)). The intersection of a
completely prime ideal with a subalgebra is completely prime. An intersection of prime ideals of U(n)
is a radical ideal. This completes the proof. (I
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Therefore we left to show that I(J(I) N U(n)) = I N S(n). We start with a particular case of
Theorem Namely, assume that dimm = dimn + 1.

Proposition 2.16. Let n,m be as above and assume that dimm = dimn+ 1, I = I(\) for some
Aem*. Then
J(INS(n)=J(I)NU(n).

PrOOF. Consider ) together with the restriction f)|, of 8y to n. Then, by Remark either
(1) or (2) holds:

(1) tk(Bal,) = rkBx;

(2) tk(Bal) +2 = 1By,
If (1) holds then [Dill Lemma 6.5.6] says that J(A\) N U(n) = J(A|,) and I(A) N S(n) = I(A[,). This
implies the required equality.

Assume that (2) holds. Set M = Exp(m). Since n is an ideal of m, [Dill Lemma 6.5.1] states that

JA)NUm) = [ J(g-Al)-
geEM

We left to show that

I NSm) = [ 1(g-Al,)-

geM
This equality is a very straightforward exercise in commutative algebra and therefore the proof is
complete. O

Corollary 2.17. Let n, m be as above and I be a radical Poisson ideal of S(m). Assume that
dimm =dimn+ 1. Then
J(INSm))=JI)NUn).

PRrROOF. Note that

I=()I(

AeS
for some subset S C m*. Hence
J(I) =) IN).
AesS
This together with Proposition [2.16] implies the desired result. O

PROOF OF THEOREM We recall that there exists a complete flag of subalgebras in m, i.e., a
chain of nested subalgebras n =n; C ... C np = m such that dimn; =4 for all 4 from 1 to k = dimm.

By Corollary we have
J(D) A U() = () N Ul 1)) N U(R) = J(T N S(1)) 1 U(w) =

= (JINSMmk—1))NU(ng_2))NUn) =J(I NS(ng_2)) NU(n) =... = J(I NS(n)).
The result follows. O

2.7. Centrally generated ideals

This subsection is devoted to the special case of primitive ideals, namely, to the centrally generated
ones. Recall that an ideal J of an associative algebra A is called centrally generated if it is generated
as an ideal by its intersection with the center of A. Let n be a finite-dimensional nilpotent Lie algebra
and N = Exp(n). Let P be a prime ideal of U(n). First, we will prove that almost all primitive ideals
of U(n)/P are centrally generated. We start from the following observation.
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For brevity, denote by Z(n; P) = Cent(U(n)/P) the center of the quotient algebra U(n)/P. Since
U(n)/P is a domain, Z(n; P) is also a domain. Let J be a primitive ideal of U(n)/P, then J N Z(n; P)
is a maximal ideal of Z(n; P), because the center of U(n)/J is trivial by Remark Note that,
in general, Z(n; P) is not finitely generated [Dill 4.9.20]. Nevertheless, one can consider the space
JSpec Z(n; P), which is in this case nothing but the usual Zariski maximal spectrum of Z(n;P),
because Z(n; P) is commutative. We will denote this topological space by MSpec Z(n; P). (Since
Z(n; P) is a domain, it is an irreducible space.) In particular, to each f € Z(n; P) one can assign a
dense open subset of MSpec Z(n; P) of the form

D(f) ={M € MSpec Z(n; P) | f ¢ M}.

The following proposition seems to be known to the specialists.

Proposition 2.18. There exists an element f € Z(n; P) such that if M € D(f) then the ideal
of U(n)/P generated by M is primitive.

PRrROOF. Denote by @ the field of fractions of Z(n; P). One can consider the Lie algebra ng = n®cQ
over the field @ and its universal enveloping algebra U(ng) = U(n)®c @, which is an associative algebra
over the field Q.

On the other hand, U(n)/P ®p) @ is also an associative algebra over @, and the natural
embedding n < U(n) induces the following map:

ng - Um)/PRzmp) @, T@a—T®a, v €n, a€Q,

where = denotes the image of = in the quotient algebra U(n)/P. By the universal property of U(ng),
the latter map can be extended to the unique morphism of associative algebras (over Q)

¢: Ung) = Un)/P @zmp) Q,

which is clearly surjective (cf. [Dil} 4.1.3]). It is evident that Cent(U(n)/P ®z(n,p) Q) = Q, hence, by
Remark the kernel of ¢ is a primitive ideal of U(ng)/P.

Denote this primitive ideal of U(ng)/P by J. Again by Remark U(n)/P®zm;p)Q is isomorphic
to a Weyl algebra A, over @ for certain s (as the quotient of U(ng)/P by the primitive ideal J). Fix
an isomorphism

v As — U(l‘l)/P ®Z(n;P) Q.

Let p;, g;, 1 < i < s, be the standard generators of A;. Fix a C-basis e¢;, 1 < ¢ < n = dim¢ n, of the
Lie algebra n, then all ¢; ® 1, 1 <14 < s, generate U(n)/P ®z,.p) @ as a Q-algebra. Hence, ¥(p;) and
1(g;) can be expressed as polynomials in €; ® 1 with coefficients in @), and vice versa.

More precisely, given two s-tuples A = (a1, ..., as), B = (b1, ..., bs) (respectively, an n-tuple
C = (c1, ..., ¢p)) of nonnegative integers, we put

pha” = v(p) (@) . (ps) U (gs)™, e =g @ L

Then both the sets {p“¢®} (where A and B run over all s-tuples independently) and {¢“} (where C
runs over all n-tuples) generate U(n)/P ®z(,;py @ as a vector space over Q. Hence, for all possible 1,
there are finite expressions

Y(pi) = Zc aice”, () = Zo BiceC, & @1 = ZA 5 Yia.80"q"

for certain o, ¢, Bic, viap € Q. Let f € Z(n) be such that fo;c, fBic, friap € Z(n) for all
possible indices (i.e., f is a “common denominator” of these coefficients).
Next, pick a maximal ideal M of Z(n; P) for which f ¢ M and denote by

7: Z(n;P) — Z(n; P)/M = C
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the canonical projection. By definition of f one can clearly define the complex numbers 7(a; ¢),
7(Bi,c) and 7(v;,.4,8). The linear map

ai b s bs
i pTOiABPT A P

from n to A, induces the associative algebra epimorphism U(n) — Ag. Its kernel K is a primitive
ideal of U(n)/P by Remark Note that M C K.

Now, denote by J the ideal of U(n)/P generated by M, then J C K and, consequently, J does not
contain f. Consider the quotient algebra A = U(n)/J. Let 7 be the canonical projection from U(n)
to A. Note that 7(f) = ¢ for certain ¢ € C*. Consider the elements p;, g;, 1 <i < s, of A defined by

pi=c"" Z (faice®), G = Z (fBice”

It is clear that these elements satisfy the defining relations of the Weyl algebra in 2s variables. On
the other hand, for an arbitrary ¢ from 1 to n,

o1
ZA B 71 A,B p q )
where pAgP ﬁalaﬁ pleghs.
It follows that the elements p; and g;, 1 < i < s, generate A as an algebra, so A is a quotient of
the Weyl algebra A;. But the Weyl algebra is simple, so A is isomorphic to As. Thus, Remark
implies that the ideal J is primitive, as required. O

The following theorem is the main result of this subsection. Recall the definition of the Dixmier
map D: n* — JSpec U(n) from Subsection Note that if V' is an open N-stable subset of n* then
D(V) is an open subset of JSpec U(n), because D induces a homeomorphism between the spaces n*/N
and JSpecU(n). Note also that the space n*/N (and, consequently, JSpec U(n)) is irreducible as a
surjective image of the irreducible space n*.

Theorem 2.19. There exists an open N-stable subset of n* such that J(X) is centrally generated
for each A\ from this subset. In other words, there exists an open (dense) subset of JSpecU(n) such
that each primitive ideal from this subset is centrally generated.

PRrROOF. For brevity, denote the Poisson center PCent(S(n)) of S(n) by Y'(n). It is well known that
the restriction of the canonical symmetrization map

o:S(n) = Un), zF 2%, 2 en, k € Zs,

to Y'(n) is an algebra isomorphism between Y (n) and Z(n) [Dill Proposition 4.8.12].
Let f be an element from Proposition for P = {0}. Put F = o~ 1(f) € Y(n) and set

V={ en |F(\)#0}Cn".

(Here we identify S(n) with the algebra C[n*] of regular functions on n*.) Clearly, V' is an open subset
of n*; V is N-stable because F' belongs to the Poisson center of S(n) and so is constant on N-orbits.
We will check that J(A) is centrally generated for all A € V.

Pick a linear form A € V and recall the definition of the ideal I(\) of S(n) from Subsection
Since F(\) # 0, we have F' ¢ I(A\) NY(n). By [Dil, 6.6.11], oc(I(A) N Y (n)) = J(A) N Z(n). Thus,
f ¢ J(\)NZ(n). By Proposition the ideal J(A) is centrally generated. O

The following theorem is a Poisson analogue of Theorem

Theorem 2.20. There exists an open N-stable subset of n* such that I(\) € PSpecS(n) is
generated as an ideal by its intersection with the Poisson center Y (n) of S(n) for each X from this
subset.
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Proor. Thanks to Rosenlicht Theorem there exists an open affine subset U of n*, an algebraic
variety ( and a morphism of algebraic varieties ¢: U — @ such that U — @ is the geometric quotient
U/N. Without loss of generality we may assume that @ is affine and provides an isomorphism between
C[Q] and C[U]Y. (Here and below we denote by -V the set of N-invariant vectors.)

Next, recall that every morphism of algebraic varieties in characteristic 0 is smooth on an open
subset. Thus, there exists U’ C U such that the restriction ¢/ = ¢|;,: U — Y is smooth. The
condition of being smooth is local and hence we may replace U’ by |J e ~(g.U). This allows us to
assume that U’ is N-equivariant. We assume further that U = U’, i.e., that ¢ is smooth on U.

Next, denote by I the defining ideal of n* \ U. Thanks to Lie Theorem we have IV # {0}. Fix
f € IV \ {0} and denote by % the principal open subset of n* defined by f, and by @ the principal
open subset of @ defined by f (recall that Y (n) C C[Q]"). Finally, note that C[U] is the localization
S(m)[f~1] of S(n) by f and C[Q] = (S(M)[f~ )Y = Y (n)[f~!]. From now on we identify C[Q] with
Y(n)[f~!] € S(n)[f~!]. Pick a maximal ideal M of C[Q]. Since ¢ is smooth, the ideal of C[U]
generated by M is prime and is the defining ideal of a single N-orbit N.A. It is easy to argue that
S()[f~1]/M = S(n)/(M N Y (n)). This implies that U is a required open subset of n*. O

Example 2.21. In the rest of the subsection we will consider as an example the case of maximal
nilpotent subalgebras of simple finite-dimensional Lie algebras. Let g, b, b, n, ® be as in Subsection
Denote by B the following subset of ®*:

Ulgig[n/2]{6i — €n—it1} for A,—1,
U1§i§n/z{€2i—1 — €2, €21 + €2;} for B,,, n even,
B = Ulgig[n/g]{EZifl — €9, €2i—1 + €2, U{ey} for By, n odd,
Ulgign{QEi} for C,,
\Ulgig[n/Q]{GQi—l — €2i, €2i—1 + €2;} for D,,.

Note that B is a maximal strongly orthogonal subset of ®T, i.e., B is maximal with the property that
if o, 3 € B then neither o — 3 nor o + 8 belongs to ®*. The set B is called the Kostant cascade of
orthogonal roots in ®*.

The description of generators of Z(n) (or, equivalently, of Y'(n)) goes back to J. Dixmier, A. Joseph
and B. Kostant [Dil], [Jol], [Kol], [Ko2]. We can consider Z®, the Z-linear span of @, as a subgroup
of the group X of rational multiplicative characters of H by putting +e;(h) = hi-l, where H = exp(h)
and h; ; is the i-th diagonal element of a matrix h € H. Recall that a vector A € R" is called a weight
of H if 2(a, \)/(a, @) is an integer for any o € &1, where (-, ) is the standard inner product on R™. A
weight \ is called dominant if 2(a, A)/(o, ) > 0 for all @ € ®T. An element a of an H-module is called
an H-weight vector, if there exists v € X such that h-a = v(h)a for all h € H. By |[Ko2, Theorems
6, 7], every H-weight occurs in Y (n) with multiplicity at most 1. Furthermore, there exist unique (up
to scalars) prime polynomials {g € Y'(n), 8 € B, such that each £ is an H-weight polynomial of a
dominant weight wg belonging to the Z-linear span ZB of B. A remarkable fact is that &g, 8 € B,
are algebraically independent generators of Y'(n), so Y(n) and Z(n) are polynomial rings. We call
{&s, B € B} the set of canonical generators of Y (n). The explicit formulas for the weights wg’s can
be found, e.g., in [Pal Theorem 2.12].

Below we present explicit formulas for g for classical root systems (see [Igl], Subsection 2.1] for
the details). We will use these formulas in Subsection considering infinite-dimensional setting. If

P=A, 1 thenwg=e+...+€6—€piz1—... — €y for =€ —ep_iy1, 1 <i < [n/2], and
€ln—i+l --- €ln—-1 €ln €ei—€en_iv1 -+ Cer—en—1 Cer—en
€2n—i+l .- €2n-1 €2n Ceo—€n—it1 -+ Cea—en—1 Cer—enp
&i_e”*iﬂ - : . : ST : . : : ()
€in—i+l .- €Ein-1 €Ein €ei—€en—iv1 -+ Cei—en—1  Cei—ep
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(cf. Example [2.11)). For ® = C,, and 8 = 2¢;, 1 < i < n, one has wg = 2¢; + ...+ 2¢; and

€eite; -+ Ceites Ceten 2626
Certe; -+ Ceates 2€2e,  Ceiten

55 = |Cezte; - - 26263 Cextez  Certes|. (6)
2e2¢; -o. Ceate; Certe  Certe

Finally, if ® = B,, or D, and = €3;—1 + €24, 1 <i < [n/2], then wg =€ + ... + €z; and

Ceiteipr oo €ei+e3 €ei+er 0
Ceateip1 - - €er+tez 0 —Ceiter
fg = &+ |Cezteip1 - 0 “Cextes “Certes |. (7)
0 <o TCeztepr TCeatern T Ceadei

(After a suitable reordering of indices, the matrix in the right-hand side becomes skew-symmetric, so
&p is nothing but its Pfaffian.) Our normalization is such that the term ec, ye,€cs4e, - - - €eite;, €Nbers
&p with coefficient 1. (We will not use the canonical generators g for § = €z;—1 — €g; for these root
systems.)

Now, let J be a primitive ideal of U(n) (for an arbitrary classical root system). Put Ag = o(&g).
Thanks to Lemmathere are unique scalars cg € C such that Ag—cg € J, 8 € B. Denote by A the
set of simple roots in ®. The description of the centrally generated ideals given in [[Pe, Theorem 3.1]
and [Igl, Theorem 2.4] is as follows: J is centrally generated if and only if ¢ # 0 for all 8 € B\ A.
In particular, an element f from Proposition can be chosen to be of the form

f=11 as (8)

BEB\A

3. Locally nilpotent Lie algebras

The key results of this section are Theorem [3.16] and Proposition [3.6] which establish a complete
analogue of the orbit method in the infinite-dimensional setting.

We would like to describe the content of this section in more details. Subsection [3.1] contains
necessary definitions and properties of pro-varieties needed for the studying of the dual space of an
infinite-dimensional Lie algebra. Of course, these properties are in some sense “dual” to the properties
of ind-varieties. The only ind-varieties we use are countable-dimensional vector spaces, so we do not
discuss the general theory of ind-varieties in this paper.

In Subsection we define the class of infinite-dimensional Lie algebras we are interested in
(namely, locally nilpotent Lie algebras). Then we establish an inclusion-preserving bijection between
radical ideals of U(n) and radical Poisson ideals of S(n) for such an algebra n, see Proposition
We also prove that this bijection sends prime ideals to prime Poisson ideals and vice versa. Next,
given a linear form A € n*, we construct the ideal J(A) of U(n) and check that this ideal is primitive,
see Theorem After that we present an alternative description of the ideal I(\) and, using this
description, prove (Subsection Theorem that each primitive ideal of U(n) has the form J(\)
for some A € n*. This shows that a bijection of Proposition [3.6|gives rise to a homeomorphism between
the space of primitive ideals of U(n) and the space of primitive Poisson ideals of S(n); we consider this
as the first main result, see Theorem [3.16
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As an example, we discuss in Subsections[3.5and [3.6]a special class of locally nilpotent Lie algebras,
so-called socle Lie algebras, where the homeomorphism between JSpec U(n) and PSpec S(n) mentioned
above can be obtained via the coadjoint action of a certain pro-group on the dual space n* (similarly
to the finite-dimensional case).

3.1. Pro-varieties
In this subsection, we briefly recall basic facts about pro-varieties which are needed for the sequel.
By definition, a pro-variety is the projective limit X = @Xn of a chain of morphisms of algebraic
varieties
X1 8 X8 75 X, X, e (9)

Obviously, the projective limit of a chain @ does not change if we replace the sequence { Xy, },>1 by
a subsequence {X;, },>1, and the morphisms ¢, by the compositions

(Pln = (107477. © (1074n+1 ©...0 Soin#»l*l'

In what follows we only consider chains @D where the morphisms ¢,, are dominant.
The following lemma is very natural and seems to be well known.

Lemma 3.1. If X,, # @ for alln > 1 then X has at least one point.

PRrROOF. Let X = lim X, be a pro-variety. Then every X, can be covered by a finite collection of
affine charts. Every such a chart is a union of several irreducible affine varieties. Thus without loss of
generality we can assume that X, is affine and irreducible for all n.

Set R, := C[X}] to be the algebra of regular functions on the affine variety X,,. This defines a

sequence R; — Ry — ... of monomorphisms which is dual to the sequence X; <+ X5 < .... Put

R := lim R,. Pick a maximal ideal M of R. It is clear that R is at most countable-dimensional and
n—oo

hence by Corollary we have R/M = C. A maximal ideal of R with this property defines a point

of X in a straightforward way. O

Example 3.2. Let V be a countable-dimensional complex vector space with a fixed basis

E ={e1, €2, ...}. Set V,, ={e1, ..., en)c, then V = ligVn. Let V* and V,* be the dual spaces of V'

*

and V,, n > 1, respectively. Then V* is the projective limit V* = 1&1 V,; where morphisms V7 <— V", |
are nothing but the restrictions of linear functions from V' ; to V,,. Thus, V* is a pro-variety.

In this special case we will consider two different topologies on V*. First, let S(V') be the symmetric
algebra of the space V. The points of JSpecS(V) = MSpecS(V') of S(V') can be identified with V*.
This introduces the first topology on V*; we call the topology induced by this construction the S(V)-
Zariski topology on V*.

Second, we say that a subset Z of V* is closed in countable-Zariski topology if Z is a union of
countably many S(V')-Zariski closed subsets of V. One can immediately see that it is again a topology
on V*, which is finer than the S(V')-Zariski topology. Some properties of this topology are “strange”
even in the finite-dimensional case: for example, Q is a closed subset of C in this topology. On the
other hand, we have the following property needed in Subsection

Proposition 3.3. Let V be a countable-dimensional C-vector space. Then V* is irreducible with
respect to the countable-Zariski topology.

PROOF. Assume to the contrary that V* can be represented as a union of two proper nonempty
countable-Zariski closed subsets. This implies that there exist nonempty proper S(V')-Zariski closed
subsets Z,, of V*, n > 1, such that V* =,, Z,. We may assume without loss of generality that each
Z, has the form

Zn ={A e V" [ fu(A) =0}

for certain f,, € S(V).
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Consider the localisation S(V)[f,;!, n > 1] of S(V) by fa, n > 1. Pick a maximal ideal M of
SWV)[f7t, n > 1]. Tt is evident that S(V)[f; !, n > 1] is countable-dimensional and hence M is of

codimension 1 in S(V'). Let A be the point of V* corresponding to M. By definition we have that
fn(X) # 0 for all n > 1. Therefore, A ¢ |J,, Z,, and, consequently, V* # |, Z,. O

Note that the proof of Proposition [3.3]is very similar to the proof of Lemma 3.1

3.2. Locally nilpotent Lie algebras
Now we will introduce the main definition of the paper.

Definition 3.4. Let n be a countable-dimensional Lie algebra expressed as an inductive limit of
its nested finite-dimensional nilpotent subalgebras

nCnC...Cnp C....

Then n is called locally nilpotent.

From now on, assume that n is locally nilpotent. The definitions of U(n) and S(n) coincide with
the definitions of these algebras in the finite-dimensional case. It is clear that U(n) and S(n) are
also countably-dimensional, and S(n) is a Poisson algebra. Below we will prove that, for the Lie
algebra n, we still have a bijection between radical ideals of U(n) and radical Poisson ideals of S(n),
see Proposition Furthermore, it defines a homeomorphism between JSpec U(n) and PSpec S(n)
thanks to Theorem

We need to set up the notation. Pick a Poisson ideal I of S(n) and an ideal J of U(n). Put

Jp=JnN U(l‘lk), I.=1nN S(nk)

for k > 1. Clearly, each I; is a Poisson ideal of S(ng) and each Ji is a two-sided ideal of U(ny).
Moreover, I is the inductive limit I = ligl &, and J is the inductive limit of the respective sequence
of the ideals Jg, k > 1.

Lemma 3.5. The ideal I (respectively, J) is radical if and only if each Iy (respectively, each Jy)
15 radical.

Proor. For I, this is a simple exercise in commutative algebra, so we will proceed for J. If all
Ji’s are radical then J is radical by . Assume now that J is radical. Formula implies that

JNU() = VInU) = (VTN T(m) NU ().

1>k

It follows from Remark . that /J NU(n) is an intersection of several completely prime ideals
JnN U(nl)

of U(n;). Thus N U(ng) is an intersection of several completely prime ideals of U(ny).
Hence 1/(J NU(n;) N U(ng) is an intersection of several prime ideals. Therefore J N U(ny) is a radical
ideal. The result follows. O

Proposition 3.6. i) Let I be a radical Poisson ideal of S(n). Set J(I) = U, J(Ix). Then J(I)
is a radical ideal of U(n). ii) Let J be a radical ideal of U(wn). Set I(J) = U, I(Ji). Then I(J) is
a radical Poisson ideal of S(n). iii) The maps I — J(I), J — I(J) provide an inclusion-preserving
bijection between the radical Poisson ideals of S(n) and the radical ideals of U(n).

PRrROOF. All the parts are implied by a combination of Lemma [3.5 and Theorem [2.14 (Il

Corollary 3.7. A radical Poisson ideal I C S(n) is prime if and only if J(I) is prime. Moreover,
if J(I) is prime then J(I) is completely prime.

Proor. Fix a radical Poisson ideal I C S(n). Assume I is prime. Then I, = I N S(ng) is a
prime ideal of S(ny) for all £ > 1, and hence J(I}) is prime for all k& > 1, see [Dill Proposition 6.3.5].
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Hence J(I) is completely prime for all £ > 1, see Remark This implies that J(I) is prime and
completely prime.

Assume that I is not prime. Then there exist a,b € S(n) with ab € I and a,b ¢ I. To proceed we
use notation of [PS]. Set

Iy:=(:a):={feS) |af €I}, I,:={+a):= ﬂ (I:c).
c€(I:a)

Thanks to [PS, Lemma 2.1] both I, and I}, are radical Poisson ideals. Moreover, [PS, Lemma 2.1]
implies that b € I, (therefore I, ¢ I), a € I, (therefore I, ¢ I), and by [PS, Lemma 2.3] we have
I,N I, ¢ VI =1I. From Proposition we have

J(L) ¢ J(1), J() ¢ J(1), J(L) N J(L) = J(I. 1 1) € J(D). (10)

Thanks to Lemma [2.3| we have \/J(I,) N J(I) = +/J(I.)J(I) and hence J(I,).J(I;) C J(I). This
together with implies that J(I) is not prime. O

Definition 3.8. Pick A € n*. Assign to A the primitive Poisson ideal I()\) of S(n), which is by
definition the largest Poisson ideal in I, where Iy is the kernel of the evaluation map

S(n) = C: f— f(N).
Corollary[2.5implies that I(\), A € n*, are all the primitive Poisson ideals of S(n). Set J(X) := J(I(A)).

Remark 3.9. For a Noetherian associative algebra it is known that a prime ideal is radical. We
do not know whether or not this holds in our setting.

It is natural to expect that J(\), A € n*, are all the primitive ideals of U(n). We first show that
each J(\), A\ € n*, is primitive. The proof is based on Theorem m

Theorem 3.10. For every A € n* the ideal J(\) is primitive.

Proor. Without loss of generality assume that dimn; = 1. The restriction A[, is a character
of ny and hence it defines a one-dimensional nj-module My. Set M; 1 =, Fy, Qu(n;) Mi forallz>1
where y,,, Fy, is a U(n;11)—U(n;) bimodule defined by Theorem Theorem also implies that
M, is a simple n;-module for all ¢ > 1. Then the map ¢ from Theorem [2.12] defines the n;~embedding
M; — My for all ¢ > 1. Let M = hgle It is clear that M is a limit of simple n;-modules with
AnnyyM = J(A). This immediately implies that M is a simple n-module and J(A) is primitive. [

3.3. An alternative description of I())

In this subsection we provide an alternative characterisation of ideals of the form I(A). Such a
characterisation will be used to show that every primitive ideal of U(n) is of the form J(A) for a locally
nilpotent Lie algebra n, see Theorem |3.15

Let n be a locally nilpotent Lie algebra together with an exhaustion ny C no C ... of n by its finite-
dimensional nilpotent subalgebras. Pick a radical Poisson ideal I C S(n) of S(n), and let J := J(I)
be the corresponding radical two-sided ideal of U(n). As above, set J,, :== JNU(n,), I, := I NS(ny,).
For every ideal I’ C S(n,,) we let Var(I') C n¥ to be the set of common zeros of I’ in n¥, and put
V,, := Var(I,). Recall that N; = Exp(n;) denotes the unipotent group attached to n;. Set ¢;_,, to be
the canonical N,-equivariant projection nj — n. The description of V,, for I = I()) is given in the
following lemma.

Lemma 3.11. Pick A € n* and assume I = I(X). Further, set O(A\;1) = Ni.A|, to be the coadjoint
Nj-orbit of the linear form )“nz en;. Then

(1) o1—nON\; 1) C D115 ON; L+ 1) for all 1 > n;

(2) GLnOON 1) = Dry1snON L+ 1) for alll > n;

(3) Vi = Uy, 150 ON; 1) and Vi, = ¢y, O(N; 1) for all 1 >> n.
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PROOF. By definition, ¢i11-1(Al,,,,) = Al,, and hence O(A;l) C ¢41/O(A; 1 + 1). Therefore
D1nON; 1) C ¢r415n,O(N; 1) for all [ > n. This proves (1).

Each variety ¢;_,,O(\;1) is irreducible because it is the closure of an image of the irreducible (i.e.,
connected) group NN;. Therefore the sequence of varieties ¢;_,,O(\;1) stabilizes for [ > n because all
these varieties are contained in n}. This proves (2).

We left to show (3). Thanks to (1) and (2) it is enough to show that V,, = ¢;,,O(X;1) for all
> n. It is equivalent to the condition I, = I(A|,) N'S(n,) for all I > n. (Recall that I(A[, ) is the
annihilator of O(A;1) in S(ny).) It is enough to show that I,, C I(A[, ) NS(ny,) and I(A[, ) NS(ny,) C I
for all [ > n. The first inclusion is trivial because I(A[, ) is the largest Poisson ideal of S(n;) contained
in the maximal ideal attached to A|, . For the second inclusion set I, := Mi>n L(Al,,) and note that
thanks to step (2) we have I,, = T (Aly,) NS(ny) for all I > n. This implies that there exists a Poisson

ideal I of S(n) such that I NS(n,) = I, for all n > 1; then we have I C I = I(\) and thus I,, C I, for
alln > 1. O

The map ¢y, is (by definition) a moment map with respect to the action of N,, on Vj; a well-known
feature of a moment map implies the following [Vi, the last paragraph of §2.5].
Lemma 3.12. Let O; be a Nj-coadjoint orbit of nf'. Set d,(Oy) to be the maximal dimension of

an Np-orbit on O;. Then dim ¢;_,,(0;) = d,(Oy). O
Let I again be an arbitrary Poisson ideal of S(n). Set d;_,, = dy(V}) to be the maximal dimension
of an Ny-orbit on V;. Fix n > 1 and consider the sequence dn—n, dnti1—sn, dpy2—n, -... It is clear

that this sequence is nondecreasing and that it is bounded by dim N,, = dimn,. This implies that
this sequence stabilizes from some point and we denote the stable value of this sequence by d,,(I).
Now we have enough tools to provide an alternative characterization of ideals of the form I(\).

Proposition 3.13. Assume I is prime. Then I = I(\) for some X if and only if d,,(I) = dim V,
foralln > 1.

PROOF. It is clear from Lemmas that if I = I(\) for some A € n* then d,,(I) = dimV,,
for all n > 1. Thus we left to check the opposite statement.

From now on we assume that dim V,, = d,,(I) for all n > 1. This implies that for every n > 1 there
exists [ > n such that d,(V;) = dimV,,. In more details, this means that there exists an N;-coadjoint
orbit O; C nj such that d,,(0;) = dim V.

General arguments imply that there exists a nonempty open N,-stable subset V,° of V; such that
the dimensions of all N,-orbits from V;° equal d,,(V;). The complement to V,° in V} can be described as
the zero set of a finite collection of polynomials. The union of all such finite collections of polynomials
for all suitable pairs [, n is at most countable and we denote them f1, fo,....

Consider the localization (S(n)/I)[f;*, f 1,...] of S(n)/I and a maximal ideal

Mc(Sm)/DIf

inside it. Corollary implies that M has codimension 1 in (S(n)/I)[f;*, f5 ', -..]. Hence M defines
a homomorphism of rings

S@/Dif = C
Denote by A € n* the linear form defined by M. By definition we have I C I()).
We left to show that I(\) C I, i.e., that I = I(A). The definition of A\ implies that

dn(I(N)) = dim V. (11)
On the other hand both V,, and Var(I()),) are irreducible and Var(I(\),) C V,,. Together with
this implies the desired result. O

Corollary 3.14. Let I be a prime Poisson ideal of S(n). Assume that, for every n > 1, there
exist | > n and a coadjoint Nij-orbit Oy C V; C nj such that the canonical map O; — V,, is dominant.
Then I = I(X\) for some A € n*.
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ProoOF. Thanks to Lemmas and we have d,,(V}) > d,,(O;) = dim V;,. Hence
d(I) = dim V,.

This together with Proposition [3.13] implies the desired result. U

3.4. The orbit method for locally nilpotent Lie algebras

In this subsection we will freely use notions, definitions and conventions related to skew fields of
associative (noncommutative) algebras. A very basic introduction to this subject is given in [Dill], and
there are quite a lot of books in the area of skew fields with no focus on Lie algebras, see, f.e., [Cnll,
[Cn2], [Cn3].

Let n = lignn be a locally nilpotent Lie algebra and let J be a radical two-sided ideal of U(n).
Set Jp, := J N U(n,). Whenever J is prime it is completely prime (Corollary and we set Q(n; J)
to be the limit of the quotient skew fields Q(n,; J,) of U(n,)/J,.

In this subsection we prove that there is a bijection between the primitive ideals of U(n) and the
primitive ideals of S(n) which extends to the homeomorphism between JSpec U(n) and PSpec S(n), cf.
Corollary In fact, the only thing which remains to be checked is the following theorem.

Theorem 3.15. The following conditions are equivalent:

i) J equals J(X\) for some A € g%,
ii) J is primitive;

iii) J is prime and radical and Q(n; J) has trivial center.

Proor. Thanks to Theorem (i) implies (ii). It is also clear that (ii) implies that J is prime
and radical. The last condition of (iii) is implied by a minor modification of [Dill Lemma 4.1.6, Proposi-
tion 4.1.7]. (The only fact about U(n) and J needed for [Dill Lemma 4.1.6] is the existence of Q(n; J).)
Therefore we left to show that (iii) implies (i). The proof of this implication is given by Proposition [3.17]
below. d

As an immediate corollary we obtain the following result (which we consider as the first main
results of the paper).

Theorem 3.16. Let n be a countable-dimensional locally nilpotent complex Lie algebra. Then

i) each primitive ideal of U(n) equals J(X) for a certain A € n*;
ii) each primitive Poisson ideal of S(n) equals I(X) for a certain X € n™;
iii) the map I(A) — J(XA) is a homeomorphism between PSpec (S(n)) and JSpec (U(n)).

Proposition 3.17. Assume J is prime and radical in U(n). If Q(n;J) has trivial center then
J = J(A) for some A € n*.

From now on we assume that J is prime and radical ideal of U(n) and that Q(n;J) has trivial
center. To prove Proposition we need more notation. Set R, := U(n,)/J,. Corollary implies
that J,, is a prime ideal of U(n,) and hence R, is a (noncommutative) domain for all n. Denote by Z,
the center of R, and by @, the quotient field of Z,,. It is clear that

U(n)/J 2 lim R,

and that the center of R := U(n)/J equals [, Z,. Recall that I(J,) denotes the prime Poisson ideal
of S(n,) corresponding to J,, see Notation Further, V,, stands for the set of common zeros of
I(Jy,) in n} and Var(I’) C n} is the set of common zeros of an ideal I’ C S(n}).

21



Recall the notion of linear disjointness, see, e.g., [Bou, Chapter 5, §2.5]. It is easy to deduce
Proposition from Corollary and the following propositions.

Proposition 3.18. Assume J is prime and radical in U(n). If Q(n; J) has trivial center then, for
every n > 1, there exists | > n such that Z, and Z; are linearly disjoint.

Proposition 3.19. Considern > 1 and | > n. If Z,, and Z; are linearly disjoint then there exists
a primitive ideal P of Ry such that the canonical map R,, — R;/P is injective.

Proposition 3.20. Consider n > 1 and I > n together with a primitive ideal P of R;. If the
canonical map Ry, — R;/P is injective then V| contains a coadjoint Nj-orbit Oy such that the canonical
map O — V,, is dominant.

Proposition [3.20] is relatively simple and quite straightforward and we give the proof of it first.
Propositions [3.1§ and [3.19] are more involved and the rest of this section is devoted to their proofs.

PROOF OF PROPOSITION Let P be the full preimage of P under the canonical map
U(nl) — Rl.

The assumptions of Proposition imply that J, = PN U(n,,). This together with Theorem m
implies the desired condition for O; = Var(I(F))). O

Now we proceed to the proofs of Propositions and

Lemma 3.21. We have Z, N Z; = C for all | > n.
PRrOOF. The algebras R,,n > 1, are domains and therefore Z,,,n > 1, are commutative domains.

For a commutative domain A we use notions of the transcendence degree A — trdeg(A) and the
Gelfand—Kirillov dimension A — GKdim(A), see [KL] for more details. We have

GKdim(Z, N Z;) = trdeg(Z, N Z;) > trdeg(Z, N Z;) = GKdim(Z,, N Z;)

whenever i < j. The transcendence degree is always a nonnegative integer and hence trdeg(Z, N Z;)
is equal to the same d € Zxq for all [ > n.

The desired statement is equivalent to the condition d = 0. This can be deduced from the following
lemma.

Lemma 3.22. Letng be a finite-dimensional nilpotent Lie algebra and Jy be a prime ideal of U(ng).
Denote by Z(ng; Jo) the center of U(ng)/Jo and by QZ(no; Jo) the quotient field of Z(ng; Jy). Then
the following conditions are equivalent:

i) f € Z(no; Jo);
ii) f € U(ng)/Jo is algebraic over QZ(ng; Jo);

PROOF. According to [Dill, Proposition 4.7.1, Lemma 6.4.5] we have that

(U(no)/Jo) @znes10) @Z (103 Jo)

is isomorphic to the Weyl algebra over QZ(ng; Jp). Thus it is enough to check a similar statement for
the Weyl algebra. See [Goll p. 295] for the latter fact. O

Pick ¢ with trdeg(Z; N Z,,) = d and i > n. Then trdeg(Z; N Z,,) = trdeg(Z; N Z,) for all j > i.
Fix j > i. The above condition implies that every element of Z; N Z,, is algebraic over Z;. Hence
Lemma implies that Z; N Z,, C Z; for all j > 4. Thus all elements of Z; N Z,, belong to the center
of U(n)/J and therefore Z, N Z; = C. O
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PROOF OF PROPOSITION Pick a C-basis z1, 22,... of Z, with z; = 1 and extend it to a
C-basis cq, cg, ... of R;. Thanks to the assumption that Z,, and Z; are linearly disjoint, we have that
21,22, ... are Q-linearly independent. Hence we can choose a subset {¢}, c,, ...} of the set {c1,ca,...}
such that all z; are among ¢, and {c},c),...} is a Q;-basis of R} ®z Q. For every i,j > 1 we have

cic; = Zaijkcﬁw ¢ = Zﬁikcﬁc (12)
k k

for the unique constants a;ji, Bir € Qi (here the right-hand sums are always finite). These constants
are fractions of elements of Z; and we denote the corresponding denominators by ~1,72,.... Pick f as
in Proposition We add f to the sequence of constant 7y, s, .... It is easy to verify that vy, 7o, ...
considered as a set is at most countable. Pick a maximal ideal M of Z; such that

71a727"'¢M7 Zl/Mg(C

(such an ideal exists thanks to Corollary. We wish to show that P := M R; is a maximal two-sided
ideal of R; (and hence primitive).

Denote by ¢ the homomorphism Z; — Z;/M = C. Thanks to the definition of ¢, we can extend 1)
to ayji, and Bk Set aj = Y (i), Bir = (Bix). Then we define algebra R; as a C-vector space with

basis @, c, ... and the multiplication law completely analogoues to . This algebra is associative
because the multiplication law is associative. We also can define a linear map 1; : R — R; by
formulas
Ci > Z Bk,
k

and it is easy to check that this linear map is a morphism of associative algebras such that

G(M) = 0,4(1) = P(z1) = 1.

Hence M is a subset of the kernel of 7,; . The latter kernel is nonzero and thanks to Proposition we
have that this kernel is generated by M (i.e., is equal to P) and is primitive. We have that ¢, = 1(c})

form a basis of R; and hence the restriction w‘z is injective. Thus PN Z, = & and P satisfies all the

desired properties. O

Lemma 3.23. Let K; D Ky D ... be a sequence of fields such that, for alln > 1, K,, is algebraically

closed in Ky. Pickn > 1 and x1,...,xq € K,, such that x1,...,xq are algebraically dependent over K
for alll. Then x1,...,xq are algebraically dependent over K = (1,~ K.

PROOF. If x1,...,x4_1 are algebraically dependent over K; for all [ then we can replace x1,...,2q
by x1,...,24-1. Thus we can assume that x1,...,x4_1 are algebraically independent over K; for all
1 > I’ for a positive integer I’ > n.

Hence x4 is algebraic over K;(z1,...,x4_1) for all [ > I’. Denote by p; the minimal monic polyno-
mial of z4 over K;(z1,...,24_1) for all [ > I’. Denote by Rts; the set of roots of p; in K;(z1,...,24-1).

It is clear that p; | pj+1 and hence Rts; C Rts;y1. This implies that

Rts; C Kl—l—l(xla c. ,:Ed_l).

Therefore the coefficients of p; belong to K;(z1,...,x4-1) N Kit1 (z1,...,24—1). This together with
Lemma implies that the coeflicients of p; belong to 7(]1{; NKit1)(z1,...,24-1). The assumption

that K;y; is algebraically closed in K; implies that K; N K;;1 = Kjy1. Therefore the coefficients of p;
belong to K(z1,...,24-1). This implies the desired result. O
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Lemma 3.24. Let Ky C Ky be a nested pair of fields. Fix d > 0 and a collection x1,...,xq of
algebraically independent over Ko variables. Identify Kq(x1,...,xq) with its image under the canon-
ical embedding of Ki(x1,...,zq) into the algebraic closure Ka(x1,...,zq4) of Ko(x1,...,x4). Then
Kl(:L'l, e ,Jid/) N KQ(JL’l, e ,l’d/) = (Kl N K2)(ZE1, e ,:L'd/).

Proor. We will explicitly prove the statement of Lemma under the assumption that d' =1
and it is easy to deduce the general case from this one by induction.

Fix ¢ € Ko(z1) NKy(x1). It is enough to show that ¢ € (Ko NKj)(x1). If ¢ = 0 then the latter
statement is trivial. Assume ¢ # 0. Then ¢ can be expressed as f/g where f, g are relatively prime
polynomials over Ky and ¢ is monic. The fact that ¢ is algebraic over Ky (z1) implies that there exists
a finite set S such that q(a) is well-defined and ¢(a) € K; for all a € K; \ S.

Consider the set of all pairs (f’, ¢') € K;[2]®K;[z] such that f/(a) = q(a)g’(a) for alla € K{\S. It is
clear that the set of these pairs form a K [z]-submodule of K; [#]®K; [x]; we denote this submodule M.
Let M’ be the projection of M on the second summand. It is clear that (f,g) € M and thus that M’
is a nonzero ideal of K;[z] and hence it is generated by a single monic polynomyal m, € Ki[z]. Pick
my¢ € K [z] such that (ms,mgy) € M.

We have (f,g) € M and thus there exists | € K;[z] such that g = m,l. Next, we have

f(a) = q(a)mgy(a)l(a) = mys(a)l(a)

for all @ € Ky \ S. This implies that f —m ¢l has at infinitely many roots and hence f = myl. Recall
that f and g are relatively prime and hence [ € K;. Next, both g and m, are monic and hence [ = 1.
This implies that f,g € (Ko NKy)[z] and therefore ¢ € (K; NKy)(x1). O

The last ingredient in the proof of Proposition uses the skew field Q(n; J) of U(n)/J. Set T;
to be the subfield of QLn; J) generated by Z;, Z;11,... for all [ > 1. Tt is clear that T} is commutative

for all [. Further, put 7; to be the algebraic closure of 77 in T7. We will need the following lemma.
Lemma 3.25. If Q(n;J) has trivial center then (), T =C.

PROOF. Assume to the contrary that [, T; # C and fix f € N T\ C. Also fix a,b € U(n)/J with
f = a~'b. There exists I’ such that a,b € U(ny)/Jy. Consider [ > I'. Recall that Q; is the quotient
field of Z; and that U(n;)/J; ®z, @ is isomorphic to the Weyl algebra A, (Q;) over the field Q; for a
positive integer n > 0, see [Dill, Proposition 4.7.1, Lemma 6.4.5]. Thus we have a map

An(Th) = An(Qr) ®@, Ti — Q(n; J).

The first algebra is simple and therefore we can identify it with its image. It is clear that f belongs
to the quotient skew field of A, (T}). Also, f is algebraic over 7; and hence f € T; [Goll, p. 295].
Therefore f € T; for all [ > I'.

This implies that f commutes with the image of n; for all [ > I’ and hence f belongs to the center
of Q(n;J), i.e., f € C. This contradicts our assumption. O

PROOF OF PROPOSITION Assume to the contrary that Z, and Z; are not linearly disjoint
for all [ > n. Pick a transcendence basis x1, x2, ... of Z,. Thanks to the inequality

GKdim(Z,) < GKdim(U(n,)) = dimn,,

this set is finite and we denote by d the number of its elements. Then Lemma applied to K; = T,
implies that x1,...,zq are algebraically dependent over (1), 7; = C, see Lemma This contradicts
our assumption. O
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3.5. Socle Lie algebras

In this subsection we consider in details a special class of locally nilpotent Lie algebras, namely,
socle Lie algebras. This class is much “nicer” then the class of all locally nilpotent Lie algebras. In
particular, we can show in this case that there is a bijection between the set of orbits of a properly
chosen (pro-)group and PSpec (S(n)) ~ JSpec (U(n)). Also, in this case all such orbits are S(n)-Zariski
closed and a version of Dixmier—Moeglin equivalence holds, see Proposition

Definition 3.26. A locally nilpotent Lie algebra n is called socle if it admits an exhaustion by
its finite-dimensional nilpotent ideals.

To state the above mentioned equivalence in a proper form we need a notion of a locally closed
ideal both in Poisson and noncommutative setting.

Definition 3.27. Let I (respectively, J) be a Poisson (respectively, two-sided) ideal of S(n)
(respectively, of U(n)). We denote by cl(I) (respectively, by cl(J)) the intersection of all radical
Poisson (respectively, radical two-sided) ideals strictly containing I. We say that I (respectively, J)
is locally closed if I # cl(I) (respectively, if J # cl(J)). For the topological meaning of locally closed
ideals see [BGo, Lemma I1.7.7].

We consider the following proposition as a Dixmier—Moeglin equivalence for the Poisson ideals
of S(n).

Proposition 3.28. (cf. [Dill, Proposition 4.8.5]) Let n be a socle Lie algebra and I C S(n) be a
Poisson ideal. Then the following conditions are equivalent:

i) I is mazimal in the class of Poisson ideals;

ii) I is primitive;

iii) the Poisson center of S(n)/I equals C;

iv) I is prime and the Poisson center of the field of fractions of S(n)/I coincides with C;

v) I is prime and locally closed.

PROOF. Given a module V of an arbitrary locally nilpotent Lie algebra n, on which n acts locally
nilpotently, we denote by V" the submodule of n-invariants, i.e.,

Vt={veV |z(v)=0forall z € n},

where by z(v) we denote the image of v under the linear operator corresponding to x. We note that
Vvt # {0} for a finite-dimensional V. Indeed, the image of n in End(V) is finite-dimensional and
hence there exists a finite-dimensional subalgebra ny of n which maps onto that image. By the Engel
theorem we immediately obtain V" = V™ £ (.

The implications (i) = (ii), (iv) == (iii) are trivial. Next, (i) implies (v) by [Oh, Proposi-
tion 1.4]. Also (v) implies (ii) by [Ohl, Proposition 1.7]. Further, a minor modification of the proof
of [BLSR| Theorem 3.2] shows that (ii) = (iv). Thus it is enough to show that (iii) implies (i) in
our case.

Indeed, assume to the contrary that there exists a Poisson ideal I’ C S(n) with I C I’ then the
image I’ of I in S(n)/I is a nontrivial Poisson ideal. Fix 0 # f € I’. Then there exists a finite-
dimensional n-submodule My of S(n)/I with f € M. The condition that n is a limit of nilpotent Lie
algebras implies that MJ‘} # 0. This contradicts (iii). O

Remark 3.29. Fix an exhaustion of n by its finite-dimensional ideals nj, and a linear form \ € n*.
We may assume without loss of generality that ny C no C ... and dimng = k for all £ > 1. Denote
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by Ar the restriction of A to the ideal n; for £ > 1. Denote by tx C ng the kernel of the bilinear
from Sy, , see Section B, (@, y) = M\e([z,9]), z, y € ng. Put

k
P:ka7 PkZZtizpﬂnk for each k > 1.

E>1 i=1

Then each py is a polarization at Ag, see Subsection Moreover, set Vi, = V (ng, pr, Ak ), then each
Vi is a simple ng-module, and one can easily see that the natural map Vi — Vi, is injective, and the
corresponding simple n-module V' = lim V), coincides with the n-module V(n,p, A) induced from the
one-dimensional representation x — A(x) of p.

3.6. The adjoint (pro-)group for a socle Lie algebras

Our next goal is to involve coadjoint orbits into the picture. First, one can consider the groups
the Nj such that N, = Exp(ng) and, for each k, the embedding ny C ngy; induces the embedding
N C Ngyi. Hence, we have the inductive limit N = lim Ny, and the group N acts naturally on n
and on n*. The point is that the group N is “too small” for our purposes.

Example 3.30. (The countable-dimensional Heisenberg Lie algebra, cf. Example [2.10}) Let
n = hei (C) be the Lie algebra with generators z, z;, y;, i > 1, and relations

[zi,yi] = z for all i, [z;,y;] =0 for i # j, [z;, 2] = [yi, 2] = 0 for all 7.

We call n the countable-dimensional Heisenberg Lie algebra. Clearly, n is socle, because the subalge-
bra n; generated by z and z;, y; for 1 <4 < k is an ideal.

There are two classes of primitive ideals of U(n) and S(n).

i) Every a € C* = C )\ {0} defines the two-sided (respectively, Poisson) ideal J, (respectively, I)
of U(n) (respectively, S(n)) generated by z — «. It is easy to verify that

Jo=J\) = [, =1I(\) <= A(z) =a.

One can check that the quotient of U(n) by this ideal is a limit of Weyl algebras and hence is
simple (a similar argument is applicable to the Poisson side). Thus, this ideal is maximal and hence
primitive (respectively, Poisson primitive).

ii) Every A € n* with A(z) = 0 defines the ideal J(\) generated by

Ti — A(xz)a Yi — )‘(yl)7 1> 17 and z.

It is easy to verify that the quotient by J(A) is isomorphic to C. Thus J(A) is maximal and hence
primitive. Similar facts hold true in the Poisson case. It is easy to verify that, for u € n*,

JA) =J(p) == IA) =1I(p) <= A=p

The bijection between primitive Poisson ideals of S(n) and primitive ideals of U(n) is clear from
these descriptions.

The adjoint group N of hei(C) (which is the injective limit of the adjoint groups of ny) together
with the action of N on n* can be defined in a natural way. The group N fixes all linear forms of
type (ii) and this matches the finite-dimensional case.

On the other hand, consider a linear form A € n* with A(z) # 0, ie., of type (i). Then the
N-orbit N.X of A consists of linear forms p € n* such that

Az) = p(2) and A(z;) = p(z;i), Myi) = wu(y;) for all i > 0,
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i.e., the action of N can change only finitely many coefficients A(x;), A(y;). Recall that I(u) = I(\)
if and only if u(z) = A(z). This implies that N.)\ is much smaller than the set of linear forms u for
which I(A) = I(u).

To fix this issue we construct out of NV a larger pro-group Nc GL(n*) such that the action of N
can change all the coefficients \(x;), A(y;) (using essentially the same formula for the adjoint action).
Thus it is quite clear how to define such a group for Heisenberg Lie algebra and the construction
suitable for every socle Lie algebra is given next.

To define the pro-coadjoint action, we need some more notation. Since each N; acts on each nJ,
we can denote by pfk the morphism from NN; to GL(n}) which sends an element g to the corresponding
linear operator on 1}, for [ > k. Note that pl (N;) C pZJ’l(NlH) for each [ > k. Now, we put

Ny, = ol (V0).
1>k

Since each pl (V) is irreducible, there exists the minimal number [(k) such that

~

Ny = Piﬁ(k)(NZ(k))-

Obviously, there is the projection 741 : J/\\rk+]_ — ka for each k.

Definition 3.31. We set N := 1&11]?7;g

Note that N is assembled out of the pieces of Nis and therefore N acts on n and thus on n*. It is
easy to verify that this construction does not depend on a choice of the sequence ofideals n; C ny C .
Thus we consider N as “the true adjoint group of n”. We claim that N is well-tailored for the orblt
method and supplement this claim by Proposition [3.32] and Lemma |3.33

Proposition 3.32. Pick \,jp € n*. Then I(\) = I(n) iff NA=N.p.

PROOF. First, we need to check that I(g.)) = I()) for each g € N. Thanks to Lemmawe have
that I(\) can be constructed out of I(Ax) C S(ny) with A\, = )\]nk It is clear that I(Ag) = I((g-\)k)-

It remains to show that if I(\) = I(u) then there exists g € N such that A = g.u. As above, set
AL = )‘|nkn“k’ = u|nk for all £ > 1. Next, put Nk()\k — ug) i ={g € Nk | 9.\ = px}. It is clear that,
foralll > k > 1, (;5[’]@: ]/\\fl — ]/\\fk maps ]/\7[()\5 — /Ll) to Nk()\k — ,uk), where ¢l,k =M OTM_10...0Tky1.
This implies that ﬁk(xk — ) together with maps ¢ form a pro-variety; we denote this pro-variety

by N (A — p). Clearly, each ]Vk()\k — pg) is nonempty and thus by Lemma the pro-variety
N(X\ — p) has at least one point g. Evidently, g € N and g.A = p. O

We hope that an analogue of N can be constructed for every Lie algebra of a larger class of Lie
algebras (say locally nilpotent Lie algebras) but we was not able to work out a relevant construction
together with a relevant proof. Recall the definition of S(n)-Zariski topology from Subsection . We
conclude this section by the following lemma.

Lemma 3.33. Let Q be a coadjoint N-orbit on n*. Then Q is a closed (in the S(n)-Zariski
topology) pro-subvariety of n*, i.e., Q equals to the common set of zeros in n* of I(\).

PROOF. Pick a linear form p € Q. Assume to the contrary that €2 is not closed and pick ' € Q\ Q.
Then we have I() C I(y'). Thanks to Proposition we have that I(u) is a maximal Poisson ideal
of S(n) and hence I(u) = I(y'). Thus by Proposition we have y/ € Q. This contradicts our
assumption. ]
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4. Nil-Dynkin algebras

This section is devoted to an important class of locally nilpotent Lie algebras, which we call
nil-Dynkin algebras and consider as the most natural infinite-dimensional analogues of maximal nilpo-
tent subalgebras of simple finite-dimensional Lie algebras from Subsection For such algebras, the
results of the previous section can be substantially improved.

More precisely, in Subsection [£.I] we recall the definition of simple finitary infinite-dimensional
Lie algebras and present a classification of their (splitting) Borel subalgebras due to I. Dimitrov and
I. Penkov. The splitting Borel subalgebras can be parametrized by linear orders on certain countable
sets. To the contrary with the finite-dimensional setting, there are uncountably many nonisomorphic
splitting Borel subalgebras. Next, we present the description of the center of U(n) of a nil-Dynkin
algebra n obtained by I. Penkov and the first author. This description is based on the infinite analogues
of Kostant cascades and is similar to the finite-dimensional one from Example

First, we prove an analogue of Theorem for nil-Dynkin algebras using the description of the
center of U(n), see Theorem in Subsection Next, in Subsection we deduce from this
analogue a criterion for an ideal I(\) (or, equivalently, J(\)) to be nontrivial. This criterion is given
in terms of ranks of a certain “submatrix” of ), see Theorem and Example

4.1. Splitting Borel subalgebras of simple finitary Lie algebras

Let 515(C), $050(C), sp.(C) be the three simple complex finitary countable-dimensional Lie al-
gebras as classified by A. Baranov [Bal]. Each of them can be described as follows (see for example
[DP2]). Consider an infinite chain of inclusions

g1 CgaC...CgnC...

of simple Lie algebras, where all g, are of the same type A, B, C or D, and rkg, = n for types B,
C, D, while rkg,, = n — 1 for type A. We fix such a chain in the following way. Let g, be the algebra
denoted by sl,(C), $02,+1(C), $psy,,(C) or s02,(C) in Subsection The inclusions are trivial: they
send the (7, j)th entry of a matrix to the (7, j)th entry of its image.

Then the union g = Jg, is isomorphic to sl (C), $0,(C) or sp. (C). We choose the nested
Cartan subalgebras b, C g,, by C bnt1, as in Subsection by is the set of all diagonal matrices
from g,,. Then each root space of g, is mapped to exactly one root space of g, 1. The union h = J b,
acts semisimply on g, and it is by definition a splitting Cartan subalgebra of g [DPSnl Section 3]. We
have a root decomposition g = h ® P, 4 g% Where & C b* is the root system of g with respect to b
and g are the root spaces. The root system ® can be thought as the union of the root systems of g,
and equals one of the following infinite root systems:

Ao = t{ei — €5, 1,5 € L>o, i < j},

Boo = t{€ei —€j, 1,j € Zwp, i < jtUX{ei +¢€j, 1,5 € Zso, 1 < jtUx{e, i € Z>o},
Coo =x{ei —€j, 1, € Lso, i < jIUx{e + €5, 1,J € Zso, 0 < j}UE{2¢;, i € Zso},
Do = t{€; — €, 1, € Z>o, i < jtUx{e; + €5, 1,j € Zso, i < j}.

Here we first present a classification of splitting Borel subalgebras of g, which is due to I. Penkov
and I. Dimitrov [DP1]. A splitting Borel subalgebra of g is a subalgebra b such that, for every n,
b, = bNg, is a Borel subalgebra of g,. It is well known that any splitting Borel subalgebra is
conjugate via Autg to a splitting Borel subalgebra containing . Therefore, in what follows we
restrict ourselves to considering only such Borel subalgebras b.

Recall [DPI] that a linear order on {0} U {#£e¢;} is Zo-linear if multiplication by —1 reverses the
order. By [DPI1), Proposition 3], there exists a bijection between splitting Borel subalgebras of g
containing h and certain linearly ordered sets as follows.
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For Ay linear orders on {¢;};
for Boo and Cs: Zg-linear orders on {0} U {+e¢;};
for Doo: Zso-linear orders on {0} U {+e¢;} with the property that

a minimal positive element (if it exists) belongs to {¢;}.

In the sequel we denote these linear orders by <. To write down the above bijection, denote ¥; = ¢;, if
€ > 0,and ¥; = —¢;, if ¢, < 0 (for A, ¥; = ¢; for all 7). Then put b =h S n, wheren= € g and
acdt
AL = {0, -9, i, € Z=o, V; = Y},
BY ={0; =9}, i, € Zso, ¥; = 9} U{0; +9;, i,) € Zso, ¥ = 9;} U{ds, i € Zso},
CL ={0; =9, i,j € Lo, 9 = 0;} U{0; + 95, 1,] € Zso, ¥ =05} U{20;, i € Lo},
DL ={9; =V, i,j € Zso, Vi = V;} U{0; + 0y, i,j € Zso, Ui =V}

Actually, we are interested only in isomorphism classes of these subalgebras. Consequently, we will
assume without loss of generality that ¥; = ¢;, i.e., that ¢; > 0 for all ¢ and all ®. This is possible
because each Zg-linear order on {0}U{=e¢;} is clearly isomorphic to a Zs-linear order with the property
€; > 0 for all 3.

Definition 4.1. The Lie algebras n defined above are called nil-Dynkin Lie algebras.

Our next goal is to recall the description of the center Z(n) of the enveloping algebra U(n)
from [[Pe]. Fix n, i.e., fix an order < as above. Define the subset N’ C Z+ by setting N' = [y~ Nk,
where Ny = & and N}, for k > 1 is defined inductively in the following table. -

(@ [N |
Aso | Nk—1U{i, 5} if there exists a maximal element ¢;
and a minimal element €; of {€5, s € Z>o \ Nyp_1},
Nj._1 otherwise
Coo | Nj_1 U {i} if there exists a maximal element ¢; of {es, s € Zso \ Np_1},
Nj—1 otherwise
Boo, | Ni—1 U {4, j} if there exists a maximal element ¢; of {es, s € Z~o \ Ny_1}
D | and a maximal element €; of {es, s € Z>q \ (Ng—1 U {i})},
Nj._1 otherwise

Example 4.2. Let ® = Ay. If €1 = e3>~ ... = €4 = €2, then N = Z~¢. If €; = €9 = €3 > ..., then
N = @. On the other hand, if ® # Ay, and €1 = €2 = ... = 0> ... = —ea = —¢y, then N = Z+.

Now we can define the (possibly infinite) Kostant cascade corresponding to n. Namely, to each Ny
such that Ny_1 C N}, we assign the following root:

€ —€j, if ®=A, and N \ Nyt ={i,7}, & > €5,
Br =1 € +¢€j, if ® =By or Do and Ny \ N1 = {i, 7}, & > €,
2¢;, if ® =Cy and Ny \ Ny_1 = {i}.

Definition 4.3. Put B = {8, k> 1, Nx_1 C Ni}. The subset B is called the Kostant cascade
corresponding to n.

Note that B is a strongly orthogonal subset of ®*: however it is not necessarily maximal with
this property (cf. Example [2.21). For instance, if ® = Ay and €; > €3 = ... = €1 > €, then
B={e1—¢€, €3 —¢€4, €5 —¢€6, ...};if P# A and e; =ex ... = 0> ... = —ex = —eq, then

_ J{ate, e3+eq, es+¢6, ...} for B and Do,
B {2€1, 2¢€9, 2€3, ...} for Cw.
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To each finite nonempty subset M C Z-q, one can assign a root subsystem ®;; of & and a
subalgebra njy; of n by putting

(I)M:(I)ﬂ<€i, i€M>R,
ny = P g% o) =2u et

acdy,

Then the subsystem ®j; is isomorphic to the root system ®,, of g,, for n = | M|; we fix the isomorphism
gy ©, — Py induced by € +— €4, where M = {a1,...,an}, €4, = ... = €,. Put n, to be the
maximal nilpotent subalgebra of g, considered in Subsection then npyr = n,,.

Note also that n = limny;. Here, for M C M’, the monomorphism ips pr: nas < npy is just the
inclusion. Further, our chain of embeddings of g, automatically inherits the basis {e,, a € ®*} of n
consisting of root vectors e, defined in Subsection The linear map ¢pr: n,, — s, €0 = €5,,(a)
M C Zso, n = |M], is the isomorphism of Lie algebras. Consider a finite subset M’ C Z~( with
M C M’ and n’ := |M'|. The inclusion iy : nay < nyp induces the unique embedding of Lie
algebras xyz v : 1, < n,.1 such that the following diagram is commutative.

K, v’
—n

nn/
d)Ml l¢M’
YRV
ny —— )y
We are now ready to write down a set of generators of Z(n). To each root § from the Kostant
cascade B we will attach an element of Z(n) and altogether these elements will be the free generators
of Z(n). Pick k < |B| and 8 = B;. Let M be a finite subset of Z-o such that NV, C M. The
isomorphism ¢p; gives rise to an isomorphism ¢ur: U(n,) — U(np), n = |M|. Put

Ag = ¢M(U(fj;[1 (5)))7

see Example for the notation. Observe that Ag € U(nys) is given by one of formulas , @ or
(7) with e;,,(q) instead of eq. It is important that Ag € U(nys) depends only on 3 but not on M.
Moreover, it follows from the finite-dimensional theory that Ag belongs to the center of U(n). The
next theorem was proved in [IPe, Theorem 2.6].

Theorem 4.4. If ® = Ay, Cx, By or Do, then Ag, B € B, are algebraically independent and
generate Z(n) as an algebra. In particular, Z(n) is a polynomial ring in |B| variables.

4.2. Centrally generated Poisson ideals

One can easily deduce from Theorem that the Poisson center Y'(n) of S(n) is generated as an
algebra by a‘l(Aﬁ) for 8 € B. This follows immediately from the fact that, given a finite subset
M C Z~g, one has

Y(n)NS(ny) = () Y(r), Zo)nUw) = () Z(nw),
M'DM M’'D>M

and the fact that the restriction of o to Y (1)) is an algebra isomorphism onto Z(n’,).

In Subsection we have showed that, for a finite-dimensional nilpotent Lie algebra, almost all
primitive ideals in U(n) are centrally generated. Similarly, all primitive Poisson ideals in S(n) are
generated as ideals by their intersections with the Poisson center of S(n), see Theorem m Below
we will prove an analog of this result for the class of nil-Dynkin algebras.

Theorem 4.5. There exists an open dense (with respect to the countable-Zariski topology)
subset of n* such that I(\) is generated as an ideal by its intersection with the Poisson center Y (n)
of S(n) for each X from this subset.
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PRrROOF. Pick a root 3 € ®T (possibly, not from B) and a finite subset M C Z~q for which
B € ®pr. Let | M| = n, then we have the isomorphisms jyr: @, — @3 and ¢pr: n, — nyy. Assume
in addition that j]\_j (B) belongs to the Kostant cascade of ®,, and denote by 52/ the image in S(nyy)
of the corresponding canonical generator of Y (n,) under the isomorphism S(n,) — S(nps) induced
by ¢as. From now on we will consider 53/[ as an element of S(n). Note that this element depends
on M, not only on (5, but for a given 8 there exist only countably many possibilities for 524 . For
example, if & = Ay, B = ¢; — ¢; for some ¢ > ¢; and M = {i1, ..., ix, @, J, jk, ..., j1}, where
€ ™ .7 €y 7 € 7 €5 > €y >—...>—ej1,then0nehas

€ir,j  Cirgr -0 G Ceiy—e;  Ceiy—€jy, - Cey—eyy
€irg  Cinge -+ Cio Ceip—ej eEiQ_ejk s Cey—ey)
ey =1 | =
B
Cirg  Ciggr - Gkt Ceip—¢;  Ceip—ej, 00 Ceip—eyy
€ij  Cigy .-+ G Cei—e;  Cei—ejy -+ Ce—gjy

For other root systems, 5;3\/[ can be defined by formulas @ and , see Example M
Denote by A the subset of n* consisting of all A such that 52,/[()\) #0forall 3 € ®F and all M C Z~
for which fé\/[ exists. Evidently, A is open (and so dense by Proposition in the countable-Zariski
topology on n*. Hence it is enough to check that I(\) is generated by I(A) NY (n) for each A € A.
Pick a linear form A € A, an element ¢’ € I(\) and a finite subset M C Zs( such that ¢ € S(nps). If
n = |M]|, we denote by t the preimage of ¢’ in S(n,,) under the isomorphism S(n,;) — S(ny/) induced by
on: n, — nys. Denote by By the preimage in ®,, of BN ®,; under the isomorphism jyr: @, — Py
Denote also by B, the Kostant cascade of ®,. Without loss of generality we can enlarge M in such
a way that BN ®y = {B1, ..., Bi} for some k (if not, we will just add the required indices to M).
Then, clearly, Bys C By,. Denote by &g, 5 € B, the canonical generators of Y (n,,). Since A € A, we
have (3, (Al,,,)) = c¢g # 0 for all B € By,. According to and Theorem t belongs to the
(Poisson) ideal of S(n,,) generated by &g — cs for 8 € By,. It is enough to prove that ¢ belongs to the
ideal of S(n,) generated by &g — cg for B € By. (Note that, for 8 € By, the image of g in S(n)
depends only on /3, not on the choice of a sufficiently large subset M.)
Let By be the minimal root from B, \ Bys (if B, \ By is empty then there is nothing to prove).
Note that
€ — €jo  for @ = A,
Jm(Bo) = § 2€;, for ® = Co,
€y + €5, for ® = B or D

for certain ig, jo € Z~o. We will proceed case by case.

CASE ® = A,. Here j;/ll(ﬁs) = €5 — €n—st1 and B = ¢, — ¢;, for certain iy, js, 1 < s < k.
Since By ¢ By, at least one of the following two conditions is satisfied: €;, is not the maximal element
(with respect to the partial order <) of the set {ei, i€ Zso\ U];:l{is, js}}, or €j, is not the minimal

element element of this set. Suppose that €;, is not maximal (the case when €, is not minimal can be
considered similarly). Let ¢ € Z¢ be such that €;, > € > €;, (note that i’ ¢ M). Put M’ = M U{i'},
then @5, C ®pr. We can fix the embedding 3541, By © iv: @, — Ppyq. This induces the embeddings
KmMm: By, < 1,1 and S(n,,) < S(n,,, 1), hence we can consider ¢ as an element S(n,, ;). We denote
also by B,,+1 the Kostant cascade of ®,11, then B, N B,+1 = By.

For example, let n = 8 and the root vectors from n,_; \ n,, be marked gray in the picture below.
Then B,+1 N B, = By = {e1 — €9, €2 — eg} (the corresponding root vectors are marked by ®),
Bri1\ B, ={e3 — €7, €4 — €6} (marked by o) and B, \ Bp+1 = {€4 — €7, €5 — €} (marked by O).
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Denote by X the image of A, = under the isomorphism ¢}, : 0}, — n'_ ;. Put N' = Exp(n, ).

One can consider S(n,, ) as the Azlﬂgebra Clny 4] of polynomial functions on n*_ ;. Since t' € I()),
one has t(g.\') = 0 for all g € N’, where g.\" denotes the result of the coadjoint action. It follows,
e.g., from [Ko2| Theorems 4, 8] and [[Pel, Theorem 3.1] (see also Example that A € A implies
that the coadjoint N'-orbit N'.\" of the linear form A\’ contains the unique linear form p € n’_; such
that, given 3 € <I>:{+1, p(eg) # 0 if and only if 8 € By41.

We will need the exponential map

0 7

exp: — N’ L
PN, , X R
i=0

The coadjoint action is defined by the formula

((expz).f)(y) :ZM7 T,y €Nyyys f GE:LJrl?

1=0

where ad,(y) = [z,y]. Now, put m = |B,| and pick numbers g; € C* for k +1 <3 < m. Set

!
g = eXp(gm65n7m+1_€n7m+2) e eXp<gk+1€€n7(k+1)+1_Enf(k+1)+2) € N :

Put also v = g.u, then one can easily deduce that, for all a € @IJFI,

(13)

giu(ei — 6n—z’+1)7 if = € — €Ep—it2 for ¢ > k,
v(ea) =

p(a) otherwise.

Note that €; — €,—ij+2, k + 1 < i < m, are exactly the roots from B, \ Bys considered as a subset of
the root system ®,,;.

We see that &g,(v) = &s,(1) = &a,(N) = g, for 1 < i < k, i.e., for B; € By. At the same time, since
gi are arbitrary nonzero numbers, formula implies that the values of all other canonical generators
of Y(n,) on v can be arbitrary nonzero. Now, denote by R the subset of n consisting of all linear
forms f € n} such that the values of all canonical generators of S(n,) on f are nonzero. By [Ko2,
Theorems 4, 8] and [IP¢, Theorem 3.1], R is an open dense Exp(n,,)-stable subset of n. Furthermore,
each coadjoint Exp(n,,)-orbit in R contains exactly one element of the form ) seB, TB€s: g # 0, where
{ef, a € @} is the dual basis for the basis {e,, o € ®;}'} of n,,. Now, set

Z={fen;, | &(f) =cpforall € By}

Obviously, Z is a closed Exp(n,,)-stable subset of n’. It is clear from that Z is isomorphic to
an affine space (and so is irreducible), v € Z and that when g;’s run over C* independently, v runs
over a complete system or representatives of Exp(n,)-orbits in Z N R. Since ¢’ € I()), one has
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t(v) = t(p) = t(N) = 0. It follows that t|,~p = 0 and thus ¢ vanishes on Z. But the latter condition
means exactly that ¢ belongs to the ideal of Z in S(n,,), i.e., to the ideal of S(n,,) generated by £z — cg,
B € By, as required.

CASE @ = Cy. The idea is similar to the case A, but the technical details differ slightly. Here
j]&l(ﬁs) = 2¢, and s = 2¢;, for certain isz, 1 < s < k. Since By ¢ By, €, is not maximal (with
respect to the partial order <) in the set {¢;, i € Z>o \ {i1, ..., ix}}. Let i’ € Z-o be such that
€, > € > €, (note that i ¢ M). Now we define M', ®ppv, 1,1, Bpy1, the group N, the linear
form )\ and the embeddings ka1, <= 1,1, S(n,) — S(n,, ;) as in the previous case. Note that
Bi1 = B, U{2¢41}. Again, [[Pel Theorem 3.1] shows that N'.\" contains a linear form p such that,
given § € CIJIH, p(eg) # 0 if and only if 8 € Bj41.

Now, we pick numbers g; € C*, k+2 <i<n+ 1, and put

n+1

g = H exp(gi€€k+1_€i) eN’
i=k+2

(i runs from k +2 to n+1), v = g.u € ny ;. Using the formula for the coadjoint action, one can
easily check that, given a € <I>:1r 1

gitt(2€x41), ifa=ey1+e6, k+1<i<n+1,
Vew) = 9;9j#(26k+1), ?fa:ei‘FEj, k+2-§i<j <n+1,

9 11(2€k41) + p(2€6), ifa=2¢, k+1<i<n+1,

() otherwise

(cf. ) Hence, using formula @, one can calculate by the induction on i, k + 1 < ¢ < n, that the
value of the ith canonical generator of Y'(n,,) on v is equal up to a sign to

k i+1 i+1
[Tr@e) | TI #2e) +nRean) Y o 11 1(2¢)
s=1 j=k+2 j=k+2  k4+2<r<i+l, r#j

Since g; are arbitrary nonzero numbers, we see that the values of all these canonical generators of
Y (n,,) on v can be arbitrary nonzero. Thus, one can complete the proof arguing literally as in the last
paragraph of the case A (with formula (6] instead of ().

CASE ® = D,. Here j;/jl(ﬂs) = €25—1 + €25 and s = ¢;, + ¢, for certain i, j5, 1 < s < k. Since
Bo ¢ Bar, there exists i’ € Zso\{i1, ..., 5} such that either ¢;, > €7 > €, or €, > € > €j, (note that
i ¢ M). Now we define M’, ®pp, 1,1, By, the group N, the linear form X and the embeddings
KMM : Dy < Ny,q, S(n,) < S(n, ;) as in the case of Ay,. Note that B, 1 N B, = By. It follows
from [Igl, Theorem 2.4] that N’.\" contains a linear form p such that, given 8 € ®7,, pu(eg) # 0 if
and only if 8 € Bjy1.

Now, we pick numbers g; € C*, k+1 < i < [n/2] = |B,|, and put

[n/2]

g = g/ H exp(gie€2i71*€21’+1) eN’
i=k+2

(¢ runs from [n/2] to k+ 1), v = g.u € n}, |, where

; exp(gk+16€2k+1*€2k+1)’ if €iy, ™ €if 7 €ig,
exp(gk+1e€2k_€2k+1)7 if €, = €ir > €.
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Using the formula for the coadjoint action, one can easily check that, given o € <I>;f 1

gipr(€2i—1 + €2i), if oo = €5 + €441, k+2 <0 < [n/2],
Vew) = Grr1p(€an—1 + €ar), if a = €egp + €ap41 and €, > €y > €,
“ or a = €51 + €541 and €, = € > €,

() otherwise

(cf. (13)). It is clear from formula that the value of the ith canonical generator of Y'(n,) on v,
k+1<1i<|[n/2],is equal up to a sign to H’;:l p(eas—1 + €25) [ [jop 11 gjn(e2j—1 + €25) and so can be
arbitrary nonzero. Thus, one can complete the proof arguing literally as in the last paragraph of the

case Ao (with instead of ().
CASE ® = B,.. The proof for B, is completely similar to the case Dy, SO we omit it. (I

4.3. Nontriviality criterion for primitive ideals

In this subsection, we fix a nil-Dynkin algebra n together with the corresponding partial order =<
as in Subsection [4.1] For such a Lie algebra n we provide a necessary and sufficient condition for
a primitive Poisson ideal I(A) to be nontrivial (Theorem [4.9). There are two ways to state this
condition. The first one is as follows: there exists a countable collection {Z } of countable collections
of polynomials from S(n) such that I(\) # 0 if and only if there exists k for which A(§) = 0 for all
& € Zg. The advantage of this form is that it is quite believable that the result in this form can
be generalized to a larger class of Lie algebras (probably, to the entire class of locally nilpotent Lie
algebras). The second form is based on the structure of nil-Dynkin Lie algebras and, in particular, on
the fact that all Z; can be chosen in such a way that all £ € = are “minors” in an appropriate sense.
Moreover, the condition A(§) = 0 for all £ € Zj, is a degeneration condition for a certain submatrix of
the infinite matrix defined by A, see Example Note that I(\) # 0 if and only if J(A) # 0 and
hence the criterion also is a nontriviality criterion for primitive ideals of U(n). To proceed, we need
more notation related to the above mentioned minors.

First, let ® = A,. Pick two sequences of positive integers I = {i1, ..., it} and J = {j1, ..., Jr}
so that €;, = ... = €, = €j, = ... = €;,. We denote by &/ the element of the symmetric algebra S(n)
defined by the following rule:

Cirgr - Cinga Cirga Ceiy =€ o0 Cey—ey  Ceip—ejy
g |Ci2ge - Cizga Cingi|  |Cep—ey oo Ceap—ey  Cep—e 14
T e e S L R (14)
Ciggr -+ Cingz  Ciggt Ceip —€j, o Ceiyp—ejy  Ceip—ejy

For instance, let 8s = €;, —¢j,, 1 < s < k, be the first k roots of the Kostant cascade of the Lie algebra n.
Then, clearly, Ag, = o(&7) belongs to the set of generators of Z(n) defined by Theorem [4.4

Next, assume ® = Cy. Consider I = {iy, ..., it}, J = {j1, ..., ji} with ¢, > ... > ¢, and
€, = ...=¢€. Ifi#jforalliel, jeJ, then we put

Ceiyteg, o0 Ceytey  Ceptey

J _ Ceiytey, -+ Cegtejy  Ceptey
£ =

Ceiptej, v Cegteyy,  Ceptey

If ¢ = j for some pairs ¢ € I, j € J then we use a modification of this formula in which we replace
€e;+¢; Dy 2eg,. For instance, let S5 = 2¢;,, 1 < s < k, be the first k roots from the Kostant cascade
of n. Then Ag, = o(¢1) belongs to the set of generators of Z(n) from Theorem
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Finally, for ® = By or Do, given a sequence I = {i1, ..., igt} with €, > ... > €;,,, we denote
by &; the unique element of S(n) such that

Ceiyteiy, = Ceytey Ce;, +eiy 0
€e;, Teig, vt Ce;pteiq 0 €y, +eiy
f% ==& |Ceigteiy, - 0 TCeiptei; T Ceteiy
0 s TCegtey,  TCeytey, T Ceptey,

(After suitable reordering of indices, the matrix in the right-hand side becomes skew-symmetric, so
&1 is nothing but its Pfaffian. Our normalization is such that the term Ceiy +eiy Ceigteiy -+ + Cein, | +ein,
enters & with coefficient 1.) For instance, let 8s = €,, , +€i,,, 1 < s < k, be the first k roots from the
Kostant cascade of n. Then Ag, = o({r) belongs to the set of generators of Z(n) from Theorem 4.4

Given an upper-right pair p and a positive integer k, we define the ideal I(p, k) in the following
table. Note that if ® = By, or Dy, and i = m # —j then only k = 1 is allowed.

] Type of ® ‘ Upper-right pair p ‘ Generators of I(p, k) as an ideal ‘

Ao (4, 5) }]’ [ =[] =k, €, = &, € = €y
O (4, —1) &, U =1 =k, e =€, = e
Boo or Doo (i, —i) 5[, |I| = 2/6, €iog > €

Bo or Do | (i,5), i=m # —j §{mst = Cemtes €5 7 €

The ideals I(p, k) might seems artificial from the first look but their zeroes sets are quite conceptual,
see Corollary [£.7]

Note, however, that I(p, k) may be zero. Namely, for Ay, the ideal I(p, k) is zero if and only if the
partial order < has the maximal element ¢;, or the minimal element €, and at least one of the numbers
{s € Zso | €y = €5 = €i}], |[{s € Zso | €j = €5 = €j,}| is finite and less than k. Similarly, for C,
I(p, k) = {0} if and only if < has the maximal element iy and the number [{s € Z~¢ | €, = €5 = €}|
is finite and less than k. Finally, for Bs and Do, I(p, k) = {0} if and only if < has the maximal
element, p = (i, —i) and the number |[{s € Z~q | €;, = €5 = € }| is finite and less than 2k.

Proposition 4.6. The ideal I(p, k) is prime and Poisson.

PROOF. Pick a finite set M C Zq, | M| = n, containing all positive entries of p. Assume in addition
that n > k for & = Ay or Co, and n > 2k for ® = By, or Dy,. For Ay and Co (respectively, By
and D), we denote by Ip/(p, k) the ideal of S(n,) generated by the preimages in S(n,) under the
isomorphism S(n,,) — S(ny) of all £/ with I, J C M (respectively, of all £ with I C M). It is enough
to check that the ideal Ins(p, k) of S(n,,) is prime and Poisson for all such M. Indeed, after identifying
In(p, k) with its image in S(ny) one has

I(p,k) N S(nar) = | (T (p, k) N S(mar).
M'DM

Note that n,, is a subspace of the space u of all strictly upper-triangular matrices with zeroes on
the diagonal (in particular, for & = A, n,, = u); see Subsection for the details. Furthermore,
the group N,, = Exp(n,) = {exp(x), = € n,} is a subgroup of the group U of all upper-triangular
matrices with units on the diagonal, where exp(z) = Y 15, z!/I! (in particular, for ® = A, N, = U).

On the other hand, n¥ can be identified with the space n! (the superscript 7' stands for the
transposed matrix) by putting u(z) = tr(ux) for p € nl, z € n,. It is easy to check (see, e.g.,
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IKi2l Lecture 7, Section 1]) that under this identification the coadjoint action has the form
g-1t = (g™ V)1ow, where, given a matrix z,

0, if 1 < j,
(Ziow)ij = e
x;j, ifi>j.

Recall the basis {e}, o € @} of n} and the numeration of rows and columns of matrices from
Subsection Under the identification n;, = nl

n

eg if ®=A,, or ®=C and a = 2¢;,

er=1el/4 if ® =B, and a = ¢, (15)

el /2 otherwise.

Given a matrix y from nl, we denote by [u]; the submatrix of p which entries are situated nonstrictly
to the South-West from the (j,i)th position. Then, for Bo, and Dy (respectively, for Cs), [u]; is
antisymmetric (respectively, symmetric) with respect to the antidiagonal.

Now, denote by ué- the Zariski closed subset of u” consisting of all matrices f from u” such that
rk [f]; < 2k (respectively, rk [f]; < k) if & = By or Dy and j = —i (respectively, otherwise). One can
easily check that this subset is invariant under the coadjoint action of U (see, e.g., the proof of [[g2]
Lemma 2.2]). Indeed, U is generated as a group by elements of the form z = exp(te,) = 1 + teqp,
where a < b, t € C, and 1 denotes the identity matrix. Given f € u”, one can easily deduce that

fas +tfys, fr=aandl<s<a,
(@.f)rs =9 frb—tfra, fs=band b<r <n,

fr.s otherwise.

Hence if 7 > a and s < b, then [z.f]2 = [f]5. If r < a (and so s < r < a < b), then the ath row of
[z.f]? is obtained from the ath row of [f]? by adding the bth row of [f]? multiplied by ¢. Similarly, if
s> b (and sor > s > b > a), then the bth column of [z.f]] is obtained from the bth column of [f]] by
subtracting the ath column of [f]J multiplied by ¢. In both cases, rk [z.f] = rk[f]?.

Next, denote by Z the set of common zeroes of polynomials from Ip/(p, k) in n). We claim that
Z is an Ny-invariant subset of n’ (i.e., that \/Ip/(p, k) is Poisson). To prove this fact it is enough to
note that Z = nl' N u} if p = (i, j). (Here we replace the entries of p by the corresponding integers
1
J
For By, and Dy, if i = m # —j then the equality Z = nl N u§- is obvious; in other cases, [,u]ll is
antisymmetric with respect to the antidiagonal, and all its principal (with respect to the antidiagonal)
k x k minors are zero. The expansion formula for Pfaffians shows that all principal minors of [M]Z—’L of
size at least k are zero. By the well-known Principal Minor Theorem, we see that tk [u] ; < k.

It remains to show that Ip;(p, k) is a prime ideal. For A, see, e.g., [MS, Corollary 16.29]. For
By and Dy, if i = m # —j then it is evident; otherwise it was proved in [Av]. For Cx, see, e.g.,
[Kul, Theorem 1]. O

Pick a linear form A € n* and an upper-right pair p. Denote by [A], the matrix defined by the
following rule. For A, and p = (i, j), the rows and the columns of this matrix are indexed by the
numbers i’ € Zso, €7 = € and j' € Zso, €j = €; respectively (it is possible that this matrix has
infinite sizes). For other root systems and p = (4, j), the rows and the columns of this matrix are
indexed by the numbers 7' € Zsq, € = ¢ and —j' € Z.o, €j; = e_; respectively. By definition, if
® = A then the (i', j')th entry of [A], equals A(ec,—e,). For other root systems, the (i, — j’)th
entry equals )\(eei,+5j,) if i/ # j'. Finally, put

from —n to n). For Ay and Co, p € Z if and only if all k£ x k minors of [u]” are zero, as required.

2\(ege, ) for @ = Cu,

)\ i —il —
() {o for ® = By, and D..
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For Ay (respectively, Cw), £7()\) is exactly the minor of the matrix [A], with the set of rows I and
the set of columns J (respectively, —J), while for B and Do, if j = —i then ¢#()\) equals the minor
of [A], with the row set I and the column set —1.

We define the rank of [A], as the cardinality of a maximal set of linearly independent rows
(columns), written rk [A],. It is clear that [A], < k if and only if the rank of each submatrix of [A], of
finite sizes is less than k. If rk [A], < oo, then we say that the rank of [\], is finite.

Corollary 4.7. The set of common zeroes of an ideal I(p, k) has the form {\ € n* |tk [\], < ¥},
where

W — {Zk for Boo, Doy with p = (i, —1),
k  otherwise.

PROOF. A minor modification of the proof of Proposition provides the desired fact. O

Definition 4.8. We say that rk [\], is not mazimal if rk [A], is finite and either both of the sizes
of [A], are infinite, or one of the sizes is finite and the least size is greater than rk [A],.

Our next main result is as follows.
Theorem 4.9. Pick a linear form X\ € n*. If B # & then I(\) # 0. If B = & then the following
conditions on I(\) are equivalent:

i) 100 £0;
ii) I(\) 2 I(p, k) for some upper-right pair p and some k € Z~qo such that I(p, k) # 0;

iii) rk [A], is not maximal for some upper-right pair p.

PROOF. According to Theorem [4.4] if B # @& then Y (n) # C. Denote by
evy: S(n) - C, n3z— A2)

the evaluation map at A\. Then z — A(z) € I(A) for z € Y(n) \ C and hence I(\) # 0. So, we will
consider the case when B = @ and Z(n) = Y (n) = C (see the first paragraph of Subsection
Implication (ii) = (i) is evident. Implication (iii) = (ii) follows immediately from Corollary . It
remains to check that (i) = (iii).

For Ao (respectively, for Coo; for B and Do), denote by F C S(n) the set of all £/ (respectively,
of all f{ ; of all &1); clearly, J is countable. Further, a linear form p € n* belongs to the dense open
set A from the proof of Theorem if and only if f(u) # 0 for all f € F. Assume that K is a
prime Poisson ideal of S(n) such that K NF = &. The fact that K is prime implies that S(n)/K is
a domain. Since K NF = @, we see that S’ = (S(n)/K)[f~!, f € F] is nonzero. Hence, there exists
a nontrivial maximal ideal M’ of S’. Tt is evident that S’ is countable-dimensional and hence M’ is
of codimension 1 in S’ by Corollary Let 1 € n* be the point corresponding to M’. Then we have
f(w) # 0 for all f € F. But Theorem [4.5]implies that I(x) = 0. On the other hand we have K C I(u)
and hence K = 0. In particular, we conclude from I(\) # 0 that f € I(\) for some f € F.

CASE & = A,,. We have 5}] € I(\) for some sequences I, J of the same size k. The proof depends
on the structure of the partial order < defining n. Since B = &, we conclude that this partial order
can not have both the minimal and the maximal elements.

Consider the case when it has neither minimal nor maximal element. Since {ec,—¢,,€e,—c.} = €cy—e.
for distinct indices a, b, ¢, the row expansion formula for determinants implies that {ec,—_e,,& I} =0
except the case when either b € I (and then a ¢ J) or a € J (and then b ¢ I). If b € I and a ¢ J then

{ecu—ey &7} = £, (16)

where I’ is obtained from I by replacing b by a and reordering the indices. Similarly, if a € J and
b ¢ I then {ec, ¢, &/} = &7 ', where J' is obtained from J by replacing a by b and reordering the
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indices. We conclude that &7, € I()\) and so &7, (\) = 0 for all I’, J' such that |I'| = |J'| = k and
€1 €, €j, = €, because I(X) is a Poisson ideal. But this means exactly that the rank of [A], is
less than k, where p = (i1, j1), i.e., rk[A], is finite and so is not maximal.

Next, consider the case when the maximal element exists, and so the minimal element does not.
(The case when the minimal element exists can be considered similarly.) We denote the maximal
element by €,,,. Let M be the subset of Z-q consisting of positive integers m such that the set
{m' € Zo | €my = € = €} is finite. Suppose M is infinite and my, ..., my € M are such that
€m; = ... = €m, are the largest k elements among all €5, s € Z~¢. It is clear that applying we
can obtain 51‘\]40 € I(X\), where My = {my, ..., my}. It follows that f}{/}o € I(\) for all J’ such that
€, = €j;. This means that the rank of [A],, p = (mg, j1), is less than k and so is not maximal.

Suppose now that M = {my, ..., my} is finite and €, > ... = €,,. If &' > k then the proof
is similar to the previous case, so let k&’ < k. Arguing as above, we see that &/, € I(\) for all I*, J*
of cardinality & such that €ir = €iys €5, = €jit and ¥ = mg for 1 < s < k. If there exists jy such
that £, (\) = 0 for all J’ of cardinality &’ with ej, = €jr,, then the rank of Alp, p = (myr, jo), is less
than k' and so is not maximal. Thus, we may assume that, given jy, there exists J’ of cardinality £’
such that 5%1()\) # 0 and €, = €1 - But in this case the standard methods of matrix rank calculation
show that the rank of a submatrix of [A],, p = (i1, j1), with the rows I* and the columns J* such
that [I*| > k, |J*| =k + K, € = €, €5, = €z, and ji = jg, i5 = ms for 1 < s <K', is less than k.
Thus, rk [A], is less than k& and so is not maximal.

CASE ® = Cw. Let &F € I()) for some I of cardinality k. Pick a root o = ¢; — ¢;. We claim that
if i € I, j ¢ I then there exists a nonzero scalar ¢ € C* such that {¢f, e} = cﬁf[i_)ﬂ, where I[i — j]
is obtained from (I \ {i}) U {j} by reordering the indices. Pick a finite subset M C Z~( containing I
and j. Let n,, u, etc. be as in the proof of Proposition Similarly, we identify n’ with n! and u*
with ul’; we also identify o and ¢/ with their images in ®,, and S(n,,) respectively. Note that n* can
be now considered as a subspace of u*. Assume for simplicity of notation that o = ¢; — ¢; € ®,, (i.e.,
that the indices ¢ and j did not change after passing from ®; to ®@,,).

Let sp,,,(C) C sl2,(C) be as in Subsection so that n, and u are the nilradicals of the Borel
subalgebras of sp,,,(C) and sy, (C) respectively consisting of all upper-triangular matrices from these
Lie algebras. The natural embedding n! < u” together with the isomorphisms (nl)* = (n})* = n,,
and (uT)* 2 (u*)* = u define the projection u — n,, and, consequently, the surjective morphism of
associative algebras ¢: S(u) = S(n,,). According to (L5), given e, 4 € u, one has

€2¢, ifp=—¢>0,
Clepg) = { €ep—e, /2 i 0 < p <y,
Cepte,/2 O <p<—q.

(Recall that we index the rows and the columns of matrices by the numbers 1, ..., n, —n, ..., —1.)
It is well known that the trace form is n,-invariant and this provides an n,,-module isomorphism of u
and the quotient of sly,(C) by the corresponding Borel subalgebra. In a similar way we have that ¢ is
in fact a morphism of n,,-modules.

Next, given two sequences I’, J' of cardinality k, denote by /{}7,' the element of S(u) defined by
formula with %, —j. instead of i, js respectively, 1 < s < k. It follows from the previous
paragraph that (k1) = ¢Z/2% and

C(R ) = e ™) = €y /28,
Further, ¢ is a morphism of n,-modules, hence C({feﬁ,ei,j —e_j—i}) = {C(H§)aC(ei,j)} = {5},€a}/2k-

It remains to note that, thanks to the row expansion formula for determinants, {/i}, et = :I:/ﬁ[i ]

and {x},e_; i} = w7

38



Now we turn again from n, to n. We have just checked that, up to a nonzero scalar, {¢!, ey}
coincides with 5}[ It is clear from the row expansion formula for the determinants that, up to
[i—]

a nonzero scalar, {5}[1. S eq} is equal to §f[i il It is easy to deduce from this fact that 51‘-],/ eI\
for all I, J' of cardinality k such that e; - €, € > ¢, and either I' = J" or [I"\ J| = 1. In
[EMR], such minors of our matrix (after reordering the indices making the matrix symmetric) are
called quasiprincipal. In other words, we have proved that all £ x k quasiprincipal minors of the
matrix [A],, p = (i1, —i1), are zero. It follows from [EMRI Theorem 2.6] that all quasiprincipal minors
of [A], of size at least k are zero. By the Principal Minor Theorem, the rank of [A], is less than k,
hence is finite and so is not maximal.

CASE @ = Dy,. (The proof for By, is completely similar, so we omit it.) Pick &7 € I() for some I
of cardinality 2k. Such an element &; € I(\) exists according to the third paragraph of the proof.
Recall that B = @. First, assume that the linear order < does not have the maximal element. It
follows immediately from the row expansion formula for Pfaffians that if ¢ € I and j ¢ I then

i—j]

{517 eei—ej} = ig[[i—)ﬂ'

Hence, arguing as above, we conclude that £ € I()) for all I’ of cardinality 2k with €y, T i
Applying again the row expansion formula for Pfaffians and the Principal Minor Theorem, we see that
rk [A], < k < oo is not maximal, where p = (i1, —i1).

Finally, assume that the linear order < has the maximal element €,,. Since B = &, the order =<
does not have the second maximal element. If there exists j' € Z~q, j' # m, such that

)\(eem—‘rej//) =0

for all €;n > €jr then rk[A], =0 < 1, p = (m, —j’), is not maximal. Hence, given j' € Zxo, j' # m,
there exists j” € Zxo, j” # m, such that e;» = ¢;; and A(ee,,+e,,) # 0.

Arguing as above, we see that £, € I(\) for all I’ of cardinality 2k such that €y, = €, and i = m.
We will show that the rank of [A], is less than 2k (and so finite and not maximal), where p = (i1, —11).
It is enough to check that the rank of each its square submatrix with the row set I’ and the column
set —I' is less than 2k, where I’ is a sequence of cardinality 2k’ > 2k with €, = € and i} # m.
Assume to the contrary that its rank is at least 2k. As we noticed, there exists j' € Z~( such that
€j = € and

Nente,) = Emgr (V) #0.

Clearly, the rank of the submatrix of [A], with the row set I” = {m, j'} UI" and the column set —I"
is at least 2k. According to [Th, Theorem 6], there are sequences

L={m j}Chc.. Cl

contained in I” such that |I;| = 2s for 1 < s < k and &7,(\) # 0. But all these sequences contain m,
so &1, (A) = 0. This contradicts our assumption and hence we have finished the proof. ]

We would like to discuss two Corollaries of Theorem .9l The first one is as follows.

Corollary 4.10. Let n be the nil-Dynkin Lie algebra. Then there exists a countable collection
{Ek}k of countable collections of polynomials from S(n) such that I(\) # 0 if and only if there exists
k for which \(§) =0 for all £ € Ej. O

Of course, Corollary [£.10] is much weaker then Theorem [£.9] Nevertheless, it allows to state the
following conjecture.

Conjecture 4.11. Let n be a locally nilpotent Lie algebra with Y (n) = C. Then there exists a
countable collection {Z} of countable collections of polynomials from S(n) such that I(X) # 0 if and
only if there exists k for which A(§) =0 for all £ € Zy,.
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The following corollary provide an interesting enhancement of Theorem under the assumption
that B = @.

Corollary 4.12. Let n be a nil-Dynkin Lie algebra and let I C S(n) be a nonzero prime Poisson
ideal. If B= @& then I 2 I(p, k) for some upper-right pair p and some k € Z~q such that I(p, k) # {0}.

PROOF. Denote by A the quotient S(n)/I. Assume to the contrary that I 5 I(p, k) for all p, k
with nonzero I(p, k). This implies that for each such a pair there exists f,, € I(p,k) \ I. It is clear
that the collection of such polynomials f,; is at most countable and we form a sequence fi, fa,...
out of them. Denote by fi, f2,... the images of fi, fo,...in A. Thanks to the definition of fi, fo,...
we have f, # 0 for all k > 1. This allows us to consider the localization of A[f] L fy L. Jof A at
fi, fo, ... Let M be a maximal ideal of A[ffl, f{l, ...] and M be the preimage of M in S(n). Thanks
to Corollary we have that M has codimension 1 in S(n) and thus M is the maximal ideal attached
to a properly chosen A € n*. The definition of A and fi, fa, ... implies that I(\) D I and thus I(A) #0
and that I(\) 2 I(p, k) for all (p,k). This contradicts Theorem O

Example 4.13. Below we draw schematically matrices [\], for different choices of A and p.

i) First, let ® = A,. Taking into account our speculations from the proof of Proposition
it would be more natural to draw n* as the set of infinite lower-triangular matrices. Assume, for
example, that €; = €3 = ..., and p = (2, 4). Below we marked in gray boxes (j’, i') for which € > €2
and €j; < s (Le., 7 <2, j' > 4), so that Aee,—c,) s the (i’ , j')th entry of [A],. (For Aw, the picture
for other choices of p looks essentially like this.)

ot W N

ii) Another example: let ® = Cy or Do, €41 = € for all i > 1, and p = (2, — 2). Given
i, j € Z>o, € > €j, it is convenient to identify the box (i, j) (respectively, (i, —j)) with the root €; —¢;
(respectively, €; + €;). Besides, the box (i, — i) corresponds to the root 2¢; or is filled by zero for
® = Cy or Dy respectively. Below we marked in gray boxes (—j’, ') for which e = €3 and €51 = €2,
i.e., boxes corresponding to roots a such that A(ey) is involved in [A],.

3 2 1 -1 -2 -3
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iii) Finally, let ® = Dy, €1 > €; and €;11 > ¢ for all ¢ > 2, and p = (1, —3). Below we marked
in gray the boxes (—j’, 1) and (=1, j’) for which €j = €3, so that A(e¢, 1) is the (1, —j')th entry

of [,

1 ... 3 2 -2 -3 .. -1

We hope that these pictures explain why we call p “an upper-right pair”: in fact, the entries of [A],
equal A(eq), where a is the root corresponding to a gray box situated nonstrictly to the South-West
from the box corresponding to p. (On the last picture we also marked in gray boxes in the bottom
row to stress that the picture is antisymmetric with respect to the antidiagonal.)
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