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NEW MODULI COMPONENTS OF RANK 2 BUNDLES ON PROJECTIVE SPACE

CHARLES ALMEIDA, MARCOS JARDIM, ALEXANDER TIKHOMIROV, AND SERGEY TIKHOMIROV

ABSTRACT. We present a new family of monads whose cohomology is a stable rank two vector bundle on P3. We
also study the irreducibility and smoothness together with a geometrical description of some of these families.
These facts are used to construct a new infinite series of rational moduli components of stable rank two vector
bundles with trivial determinant and growing second Chern class. We also prove that the moduli space of stable
rank two vector bundles with trivial determinant and second Chern class equal to 5 has exactly three irreducible
rational components.
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1. INTRODUCTION

In [33] Maruyama proved that the rank r stable vector bundles on a projective scheme X with fixed Chern classes
€1, ..., ¢ can be parametrized by an algebraic quasi-projective variety, denoted by Bx(r, c1, ..., ¢;). Although this
result has been known for almost 40 years, there are just a few concrete examples and established facts about such
varieties, even for cases like X = P3 and r = 2. For instance, Bps(2,0,1) was studied by Barth in [3], Bps(2,0,2)
was described by Harthorne in [19], Bps(2,—1,2) studied by Harthorne and Sols in [22] and by Manolache in
[32], while Bps(2, —1,4) was described by Banica and Manolache in [I]. This probably happened due to the fact
that the questions of irreducibility (solved in [36] and [37]), and smoothness (answered in [28]) of the so-called
instanton component of the moduli space Bpz(2,0, ¢2) for all co € Z4 remained open until 2014.

In this paper, we continue the study of the moduli space Bps(2,0,n), which we will simply denote by B(n)
from now on, with the goal of providing new examples of families of vector bundles, and understanding their
geometry. It is more or less clear from the table in [21], Section 5.3] that B(1) and B(2) should be irreducible,
while B(3) and B(4) should have exactly two irreducible components; see [16] and [I1], respectively, for the proof
of the statements about B(3) and B(4). As for B(5), a description of all its irreducible components had been a
challenge since 1980ies. In the paper, we give a complete answer to this problem - see Main Theorem

For n > 5, two families of irreducible components have been studied, namely the instanton components, whose
generic point corresponds to an instanton bundle, and the Fin components, whose generic point corresponds to a
bundle given as cohomology of a monad of the form

0 — Ops(—c) = Ops(—b) ® Ops(—a) ® Ops(a) ® Ops(b) — Opsz(c) — 0

where b > a > 0 and ¢ > a+b. All of the components of B(n) for n < 4 are of either of these types; here we focus
on a new family of bundles that appear as soon as n > 5.

More precisely, we study the set of vector bundles in B(a? + k) for each a > 2 and k& > 1 which arise as
cohomologies of monads of the form:

(1) 0— Ops(—a) OVe® Ops(—l) = Vop+a ® Ops — Vkl ® Ops(l) ® Ops (a) —0
which will be denoted by G(a, k). We provide a bijection between such monads and monads of the form:
0— O[p3(—(1,) i> E L> O[p3(a) —0

where E is a symplectic rank 4 instanton bundle of charge k. When k = 1, these facts are used to prove our first
main result. (See Theorem 20] below.)

Main Theorem 1. For each a > 2 not equal to 3, G(a, 1) is a nonsingular dense subset of a rational irreducible
component of B(a? + 1) of dimension
a+3
4. —a-—1.

Our second main result provides a complete description of all the irreducible components of B(5).
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Main Theorem 2. The moduli space B(5) has exactly 3 rational irreducible components, namely: the instanton
component, of dimension 37, which is nonsingular and consists of those bundles given as cohomology of monads
of the form

(2) 0= Vs ®Ops(—1) = V12 ® Ops = V5 @ Ops(1) — 0, and

(3) 0= Va®O0p3(—2) = V3@ Ops(—1) & V3 ® Ops(1) = Vo ® Ops(2) — 0;

the Ein component, nonsingular of dimension 40, which consists of those bundles given as cohomology of monads
of the form

(4) 0 — Ops(—3) = Ops(—2) ® Vo @ Ops ® Ops(2) — Ops (3) — 0;

the closure of the set G(2,1), of dimension 37, which consists of those bundles given as cohomology of monads of
the form

(5) 0— OPS(—2) D OPS(—l) - Ve ® OPS — OpS(l) &) OPS (2) —0
and

Hartshorne and Rao proved in [21] that every stable rank 2 bundle £ on P3 with Chern classes ¢1(£) = 0
and c3(€) = 5 is the cohomology of one of the monads listed above. Rao showed in [35] that bundles given as
cohomology of monads of the form (@) lie in the closure of the family of instanton bundles of charge 5, which was
shown to be irreducible firstly by Coanda, Tikhomirov and Trautmann in [I3]; see also [36]. The irreducibility of
the family of bundles which arise as cohomology of monads of the form [ was established by Ein in [I5].

The fact that the closure of G(2,1) is an irreducible rational component of B(5) is the particular case a = 2 of
Main Theorem[Il Finally, we show that the set of bundles given by the monads of the form (@]) lies in the closure
of G(2,1).

We now give a breaf sketch of the contents of the paper. In Section Pl we recall some general properties of
monads and of symplectic instanton bundles on P?. We especially treat the rank 4 symplectic instantons of charge
1. Any such bundle F is described as a middle term of an exact triple with a rank 2 trivial bundle at the left hand
and a null correlation rank 2 sheaf at the right hand. In Section Bl we study the set G(a, k) of (the isomorphism
classes of) the so-called modified instanton bundles which are rank 2 bundles that arise as cohomology bundles
of monads of the form () with @ > 2 and k > 1. We show that each modified instanton appears as cohomology
bundle of a monad of the form

(7) 0— Ops(—a) = E — Ops(a) = 0

where E is a rank 4 symplectic instanton of charge k. In the case k = 1, this relation will be essential for the
further constructions.

In Section Ml we study the set G(a,1). We construct three families of symplectic monads of the form (). The
first one is the universal family, with the base scheme S, of monads with F splitting as £ = (95?32 @ N where N

is a null correlation bundle. The second is a family, with the base scheme S containing S as a dense open subset,
of monads E a general symplectic rank 4 instanton of charge 1. The third is a family of monads with E splitting
as in the first one, but with a new base Y. All the three families inherit universal cohomology sheaves, and it is
shown that the images of their corresponding modular morphisms to B(a?+ 1) have the same closure G(a, 1) - see
Propositions [I4] and In Section Bl the three families mentioned above are used to prove the Main Theorem 1 -
see Theorem

Sections [@ and [7 are devoted to the study of the monads of the form (B). In Section [f] we show that the
cohomology sheaves £ of those among such monads that are not reduced to the monads of the form (&) are closely
related (by two subsequent elementary transformations - see Proposition BHl) to rank 2 reflexive sheaves with
Chern classes (0,2,2k), 0 < k < 3. A complete classification of the moduli components of these reflexive sheaves
performed in Section [7 - see Propositions 26] and 27] - leads to the dimension estimate, given in Theorem 211 for
the subset of the bundles £ specified above. It follows that this subset is not a component of B(5), and we use
this in Section [ to prove the Main Theorem 2.
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Notation and Conventions.

e In this work, k is an algebraically closed field of characteristic zero.

e V., respectively, U,, denotes a k-vector space of dimension n.

e (v) the 1-dimensional subspace of V,, spanned by a nonzero vector v € V,.

e P(F) := Proj(Symg,, F) the projective spectrum of F, for a coherent Ox-sheaf F' on a given scheme X.

e Op(r)(1) the Grothendieck sheaf on P(F).

e V(F) := Spec(Symg,, F'), for X and F' as above.

e P?:= P(U,) the projective 3-space.

e Isom(V,, ® Ox, F) — X the principal GL(n, k)-bundle of frames of a rank n locally free Ox-sheaf F.

e X :=P3 x X, for a given scheme X.

e px : X — X the projection onto the second factor, for X and X as above.

e f: X — Y the morphism induced by the morphism of schemes f: X — Y.

o Fix = f*F ox = f*¢: Fx — Gx, Ex := f*E, for a given Oy-sheaf F', a given morphism ¢ : F — G
of Oy-sheaves, a given Oy-sheaf (or, a complex of sheaves) E , and f: X - Y and f : X — Y as above.

e E(a,0) :=E® Ops(a) X Ox, for X and E as above, and a € Z.

o X X Xx,V —f—Y—> Y the projections of the fibre product X x zY induced by the morphisms X Lzdy.

e H(F) the i-th cohomology group of the sheaf F' on P3.

e Gr(n, V) the grassmannian variety of n-dimensional subspaces of Vj.

e Variety means an integral (i. e., reduced and irreducible) scheme.

o Since we are working with rank 2 vector bundles on P3, and Gieseker stability is equivalent to u—stability,

we will not make any distinction between these two concepts.

We will not make any distinction between vector bundles and locally free sheaves.

e [E] the isomorphism class of a given sheaf on P3; in case £ is a rank 2 stable sheaf on P3, [£] is also
considered as a point in the moduli space M of stable rank 2 sheaves on P3.

o &x : X = M, x> [Elpsy(y}] the morphism defined by the Ox-sheaf E which is a family of stable rank
2 vector bundles on P? with base X, for M as above. We call ®x the modular morphism defined by the
family E.

e R(e,n,m) the set of isomorphism classes of rank 2 reflexive sheaves on P? with Chern classes (c1, ¢z, c3) =

(e,n,m).

((Y) := h°(Oy) the length of a 0-dimensional scheme Y.

H(E) = @,c;, H'(E(7)) the graded cohomology module over the graded ring I'x(Ops) := @ ;5 H*(Ops (5)).

(s)o := {z € X|s(xz) = 0} the scheme of zeroes of a section s of a given vector bundle on a scheme X.

Sp(€) the spectrum of a vector bundle [£] € B(5), i. e., the nondecreasing sequence of integers (a1, as, as, a4, as)

uniquely defined by £ - see [5], [20, Section 7].

e All the commutative diagrams of sheaves below which do not contain monads are assumed to have exact
rows and columns. In these diagrams, the arrows F' — G, resp., F' — G are shortenings for 0 — F — G,
resp., FF — G = 0.

2. MONADS AND SYMPLECTIC INSTANTON BUNDLES
Recall that a monad is a complex of vector bundles of the form:

8) 0 ALl c 0

such that « is injective, and j is surjective. We call the sheaf E := ker 8/im « the cohomology of the monad (8.
When « is locally left invertible (i. e., it is a subbundle morphism), then E is a vector bundle.
The notion of monad is important in the study of vector bundles on P? because Horrocks proved in [23] that
every vector bundle on P? is cohomology of a monad of the form (8) with A, B and C being sums of line bundles.
For completeness, we include in this section some useful results about monads that will be required in this
work. The following lemma gives a relation between isomorphism classes of monads and its cohomology vector
bundles; a proof can be found in [34, Lemma 4.1.3].

Lemma 1. Let E and E’ be, respectively, cohomology of the following monads:

b

(9) M: 0 A—"-B C 0,
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(10) M 0 AL Yo 0.
If one has that Hom(B, A’) = Hom(C, B') = Ext!(C, A") = Ext'(B, A’) = Ext’(C, B') = Ext*(C, A’) = 0, then

there exists a bijection between the set of all morphisms from E to E' and the set of all morphisms of monads

from (9) to (I0).

The following important corollary will be used several times in what follows, and a proof can also be found in
[34, Lemma 4.1.3, Corollary 2].

Corollary 2. Consider the monad M and its dual monad M, where:

bv \%

BY 2 AV 0.

M: 0 A—*sp_t.C 0, MY 0 cv

If these monads satisfy the hypothesis of Lemma [, and there exists an isomorphism f : E — EV between its
cohomology bundles such that f¥ = —f, then there are isomorphisms h : C — AV, and q : B — BY, such that

gV =—q, and hob=a" oq.

Recall that every locally free sheaf E on P? is the cohomology of a monad of the form [23]:

(11) 0— @Ll(’)@a (al) — @;Zlops (bj) — @2:10@8 (Ck) — 0.

In this work we will be interested in rank 2 locally free sheaves with vanishing first Chern class. Under these
conditions, we have EY ~ F, and this implies that ¢t = r, s = 2r + 2, and {a;} = {—cx}. In addition, the middle
entry of the monad is also self dual, so that (1)) reduces to

0— @_10ps(a;) — EB;I} (Ops (bj) ) OPS(—bj)) = ®_10ps(—a;) — 0.
Finally, recall also that r coincides with the number of generators of HL(E) = D,cz H'(E(p)) as a graded module
over the ring of homogeneous polynomials in four variables, while a; are the degrees of these generators, cf. [27],
Thm. 2.3].

Instanton bundles are a particularly important class of stable rank 2 vector bundles due to their many remark-
able properties and applications in mathematical physics. Besides this, instanton bundles form the only known
irreducible component of the moduli space B(c) for every ¢ € N.

In the remaining part of this section we will present the main results concerning instanton sheaves that will
be used below. We start by recalling the definition of instanton sheaves on P3; see [25, Introduction] for further
information on these objects.

Definition 3. An instanton sheaf on P3 is a torsion free coherent sheaf E with ci(E) = 0 satisfying the following
cohomological conditions:

(12) hO(B(-1)) = h'(B(=2)) = h*(E(~2)) = h*(E(=3)) = 0.

The integer n := co(F) is called the charge of E. When E is locally free, we say that E is an instanton bundle.
We remark that instanton bundles of rank r > 2 and non locally free instanton sheaves of rank r > 2 on P3

are not j-semistable in general, and also the vanishing of h'(E(—2)) does not imply the vanishing of h?(E(—2)).

The definition above is the right generalization of the usual definition of an instanton vector bundle in the sense
that, applying the Beilinson spectral sequence [34, Ch. II, Thm. 3.1.4]

E, p+q=0,
0, p+q#0,

to an arbitrary rank r instanton sheaf E of charge k, the vanishing (2] yields that F is the cohomology of a
monad of the form

(14) 0—=Ve® OPS(—l) — er.g_gk & OPS — Vk/ ® Ops(l) — 0.

(13) BT = HO(E(—p— 1) © 0:7) ® Opa(p + 1) = ELFI = {

Note that, conversely, the cohomology of a monad as above is an instanton sheaf as defined in Definition 3] see
[25, Thm. 3].

The cokernel N of any monomorphism of sheaves Ops(—1) — Q5(1) is called a null correlation sheaf:
(15) 0— Ops(—1) 2 Qps(1) = N — 0.

Such sheaves are precisely the rank 2 instanton sheaves of charge 1, and are parametrized by the projective space
PHO(Qp3(2)) ~ P5. If N is locally free, we say that N is a null correlation bundle. The set of non locally free null
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correlation sheaves are parametrized by the Grassmanian of lines in P3: given a line [ C P3 the corresponding
null correlation sheaf N; is defined up to an isomorphism by the exact sequence
(16) 0— Ny — Va®Ops = O)(1) = 0.

For the purposes of this paper, it is important to study rank 4 instanton bundles of charge 1. Some of the
following facts might be well known, but for lack of a reference we include proofs here.

Lemma 4. Every rank 4 instanton bundle E of charge 1 over P fits into an exact sequence:

(17) 0-5Va®0ps = FE— N —0,
where N is a null correlation sheaf. If N is a null correlation bundle, then sequence ([[T) splits. In addition,
(18) RP(E)y=2, h(E)=0, i>1.

Proof. As observed in the paragraph right below Definition Bl FE can be obtained as cohomology of a monad (I4)
forr=4and k=1:

(19) Mg: 00— Ops(—1) —2 Vs ® Ops —— Ops (1) —— 0.

Without loss of generality, we can choose homogeneous coordinates [z : 4 : 2z : w] in P3 and a basis in Vg, such
that the map 8 can be written as

(20) Bi=(z y =z w 0 0).

Hence using the display of the above monad, we have that E fits into the following short exact sequence
(21) 0— Ops(—1) > Vo Ops & Q(1) - E— 0.

From the above short exact sequence we can build up the following commutative diagramm

‘/2®O]P’3 —_‘/2®O]p'§

I |

Ops(—1)—— Vo ® Ops ® Q' (1) ——— E

| l

Ops(—1)p——— (1) —— N.

The rightmost column is the desired sequence.
If N is locally free, then Ext' (N, Ops) ~ H'(N) = 0, so the sequence in display () splits. The equality (IS)
follows from (I7]). O

Remark. Assume that a bundle E is the cohomology bundle of the monad (I9). Then an easy cohomological
computation shows that E is a rank 4 instanton bundle of charge 1.

Note that, substituting N instead of E into the Beilinson spectral sequence ([3)) yields the monad for N:

(22) My: 00— Ops(-1) E>V4®(9]1:>3 ﬁ>(%3(1)—>0, N = ker 3/im @,
fitting together with the monad (I9) in the commutative diagram
(23) Vo @ Ops

Ops(—l))L) Vs @ Ops —ﬁ» Ops(l)

|l

Ops (—1)—25 Vi @ Ops —-— Opa(1).

In this diagram the exact middle column is obtained from the exact triple 0 — Vo — V5 — V4 — 0 arising as the
cohomology sequence of the exact triple 0 = Vo ® Qps = E ® Qps — N @ Qps — 0 induced by the triple (IT). In
addition, from ([23)) and (20) we obtain

(24) B=(z y 2z w).
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Proposition 5. Let E be a rank 4 instanton bundle E of charge 1 over P2, then h°(S*E) = 3, h'(S*E) =
5, h?(S*E) = 0.

Proof. Taking the symmetric power of the sequence in display (1)), we obtain that S2FE fits into the following
short exact sequence:

0—— Vo®Ops(—1) ®Q —— (S?Va ® Ops) @ (Vo @ Q(1)) & S2Q(2) S?E 0.

From the long exact sequence of cohomology we have

0— S?Vo — HY(S?E) - k — A*WY — H'(S?E) — 0,
where W is the 4-dimensional k—vector space such that P = P(W), and
0 — H*(S?E) — 0.

From which we conclude that H?(S2E) = 0. The map k — A2W" is given by the skew-form corresponding to the
morphism Ops(—1) — (1), in the definition of E, and in particular is non-zero, which implies that k — A2W"Y
is injective, and therefore

HY(S%E) ~ S?V, and H'(S%E) ~ A*WY /k

from which our result follows. O

In the remaining part of this section we will discuss the existence of a symplectic structure on an arbitrary rank
4 instanton bundle of charge 1. Recall that a locally free sheaf E is said to be symplectic if it admits a symplectic
structure, that is, there exists an isomorphism ¢ : E — EV, such that ¢¥ = —¢p. A symplectic instanton bundle
is a pair (F, ) consisting of an instanton bundle E together with a symplectic structure ¢ on it; two symplectic
instanton bundles (E, ) and (E', ¢’) are isomorphic if there exists a bundle isomorphism g : E = E’ such that
p=g'o¢ og.

Proposition 6. Any rank 4 instanton bundle E of charge 1 admits a symplectic structure. In particular, if E
splits as E = Vo @ Ops & N where N is a null correlation bundle, then any symplectic structure ¢ on E splits as
© = p1 O w2 where p1 and py are symplectic structures on Vo @ Ops and N, respectively.

Proof. Let E be an instanton rank 4 bundle. If E splits as E = Vo ® Ops & N, where N is a null correlation bundle,
then det(Va ® Ops) = det N = Ops, hence both rank 2 bundles V5 ® Ops and N admit symplectic structures, say,

(25) 01 : Vo @O VY ®Ops,  po: N S NV,
Then
(26) o=p1®ps: ES EY

is a symplectic structure on E. Since
(27) Hom(Va ® Ops, N) = Hom(N, Vo ® Ops) = 0,

it follows immediately that any symplectic stucture on F splits as in (26)).
Note also that, in view of (IT)

(28) Ext!(Va ® Ops, N) = Ext'(N,Va ® Ops) =0, i > 1.

Now let E be a non-splitting instanton, i. e. E/Va ® Ops is a null correlation sheaf N; which is not locally
free at the points of the line [ given by the equations, say, { = y = 0}. This means that the morphism @ in the
monad ([22)) for N = N; is vanishes at I, so that

(29) a:A(i), A=(ay), 1<i<4,1<j<2,

where A is a (4 x 2)-matrix of rank 2. The condition that 5o @ in (22) is the zero morphism together with (Z9)
and (24) implies that all the coefficients «;; of the matrix A, except a2 and a1, vanish and a2 + o1 = 0. Thus,
taking without loss of generality a2 = 1, we obtain

(30) a=
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Since the cohomology sheaf of the middle monad in (23) is locally free, the morphism « in that diagram is
a subbundle morphism. This together with ([B0) implies, again without loss of generality, that there exists a
(2 x 2)-matrix C = (¢;;) such that

(31) a=

c11x + croy + 2
C21T + C22Y + W

It now follows from ([BI)) and (20) that the skew-symmetric (6 x 6)-matrix J of the following (2 x 2)-block form

Q 0 -Ct 0 1
J=1 O 0 -1 , where Q@ = < 1 0 >
c 1 0

satisfies the condition o = JS%. This means that, taking —J for the matrix of the symplectic form ¢ : Vg — Vg’
with respect to the above choice of the basis in V4, we obtain that o and  as morphisms satisfy the condition
B = a¥ o q. In other words, the monad ([d) is symplectic. Then by Corollary 2 its cohomology bundle E also
admits a symplectic structure. (I

3. MODIFIED INSTANTON MONADS

We will now study monads of the form (), with a > 2 and k > 1:

(32) 0— OPS(—(I) DV ® OPS(—l) i> ‘/2]@4_4 & OPS i OPS (a) () Vk/ & Ops(l) — 0,

which we call modified instanton monads. The set of isomorphism classes of bundles arising as cohomology of
such monads will be denoted by G(a, k). Note that, so far, G(a, k) could possibly be empty.

Proposition 7. For each a > 2 and k > 1, the family G(a, k) is non-empty and contains stable bundles, while
every [E] € G(a, k) is p-semistable. In addition, every [E] € G(a, 1) is stable.

Proof. Let F be an rank 2 instanton bundle of charge k. Let a > 2 and take o € H(F(2a)) such that its zero
locus X := (0)p is a curve; such o always exists if F' is a 't Hooft instanton bundle, for instance. Let Y be a
complete intersection curve given by the intersection of two surfaces of degree a such that X NY = . According
to [21, Lemma 4.8], there exists a bundle E and a section 7 € H(E(a)) such that (7)o = Y U X which is given
as cohomology of a monad of the form ([B2)). In addition, since F' is stable, X is not contained in any surface of
degree a, hence neither is Y U X, and £ is also stable.

It is straightforward to check that every [£] € G(a, k) satisfies h°(E(—1)) = 0, thus £ is y-semistable.

Now fix k = 1, and assume that there is [£] € G(a, 1) satisfying h?(E) # 0. Setting K := ker 3, it follows that
h°(K) # 0, hence the quotient K’ := K/Ops fits into the following exact sequence

0= K" = V5 ® Ops 25 Ops(1) ® Ops(a) — 0.

By [8, Thm. 2.7] K’ is u-stable. However, the monomorphism « : Ops(—a) & Ops(—1) — K induces a monomor-
phism Ops(—1) — K’; by the u-stability of K/, we should have

a+1

1< u(K" = = a<2,

providing the desired contradiction. O

Remark. Note that the space X of monads (32) is a locally closed subscheme of the affine space A =
Hom(Ops(—a) ® Vi @ Ops (—1), Vo4 ® Ops ) x Hom (Vag44 ® Ops, Ops (a) & V), ® Ops (1)) defined as X = {(«, §) €
A | « is a subbundle morphism, S is an epimorphism and 8 o a = 0}, and there is the universal cohomology
bundle £ on X. In case k = 1, it follows from Proposition [{] that G(a, 1) is the image of X under the modular
morphism ®x : X — B(a? +1), z — [E|psx {2}]. Thus, G(a,1) is a constructible set, i. e., a disjoint union of
locally closed subsets of B(a? + 1).

Next, we provide a cohomological characterization for modified instanton bundles.

Proposition 8. A vector bundle £ on P3 is the cohomology of a monad of the form (32) if and only if HX(E) has
one generator in degree —a and k generators in degree —1, and its Chern classes are c1(£) = 0, and ca(€) = a®>+k.
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Proof. The “only if” part is straightforward. If € is a self dual vector bundle on P? with one generator in degree
—a and k generators in degree —1, then by [27, Thm. 2.3], £ is cohomology of a monad of the type:

0 = Ops(—a) ® Vi ® Ops (—1) = &2 0ps (ki) 2> Ops () & Vi, @ Ops(1) — 0.
Computing the Chern class give us cz(£) = a? +k — 2?21 k2, since co(€) = a® +k, we have k; = 0 for alli. O
The modified instanton bundles are also related to usual instanton bundles of higher rank in a very important

way. The precise relationship is outlined in the next couple of lemmas, and then summarized in Proposition
below.

Lemma 9. (i) Given a vector bundle [E] € G(a, k), there exists a rank 4 instanton bundle E of charge k, and
sections o € H°(E(a)), 7 € H°(EY(a)) such that the complex:

(33) 0— Ops(—a) B ED Ops(a) =0
is a monad whose cohomology coincides with .

(ii) The construction of the monad [B3)) is functorial in the sense that, if € = &', then the induced isomorphism
E = E' extends to an isomorphism of monads

(34) Ops (—a)—2— E — "% Ops(a)

:lf zlg :lh
OPS(—a)>L> E' —" % Ops (a).
Proof. (i) Since a > 2, there is the canonical subbundle morphism i : Vi ® Ops(—1) = Ops(—a) & Vj; ® Ops(—1)
which, together with the morphisms « and S from the monad ([32]), yields a subbundle morphism o1 := a0 :
Vi ® Ops(—1) — Va4 @ Ops and an epimorphism (1 :=i¥ 0 3 : Vogpa @ Ops — V/ ® Ops(1). We thus obtain a
new monad of type ([[4) with r = 4:

(35) 0= Vi ® Ops(—1) 25 Vapps @ Ops 25 V@ Opa(1) = 0
the cohomology bundle

ki
(36) E = - er(/Bl)

im(aq)

of which is a rank-4 instanton, according to a remark after (I4]). The monads (B2)) and (B3] fit in a commutative
diagram with exact columns

(37) h (,?[PS ()1)\) OPiTa)
Vi ® Ops (—1) @ Opa(—a)—2 Vapra @ Ops — V! @ Opa(1) @ Opa(a)
\ l.\/
OPS(—G) Vk/ ®OP3(1)

Now a standard diagram chasing with diagram B7) using [B6) and the relation & = 1:;;((5 )) yields a subbundle

morphism Ops (—a) % F and an epimorphism E = Ops (a) fitting in the monad (B3] with the cohomology bundle
E.

(ii) Again, since a > 2, it follows immediately from (B8] and (B6]) that Hom(Ops(a), E') = Hom(FE, Ops(—a)) =
Ext! (Ops(a), Ops(—a)) = Ext'(E,Ops(—a)) = Ext'(Ops(a), E') = Ext*(Ops(a), Ops(—a)) = 0 for the rank-4
instanton bundles F and E’ of charge k. The statement (ii) now follows from [34, Lemma 4.1.3]. O

Lemma 10. Given a monad B3) with E being a rank 4 instanton bundle of charge k, there is a monad of the
form B2) whose cohomology coincides with the cohomology of the above monad.

Proof. This is a diagram chasing. Namely, by (I4]), E is the cohomology of a monad of the form
(38) 0= Vi @ Ops(—1) 25 Vapss @ Ops 25 V! @ Ops (1) — 0.

This monad can be splitted to the exact triples of bundles

(39) 0 — E — coker(ay) = Vi, ® Ops(1) = 0,
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(40) 0 — Vi ® Ops(—1) =5 Vagya ® Ops = coker(aq) — 0.

Respectively, the monad (B3] splits into the exact triples

(41) 0 — ker(1) = E 5 Ops(a) — 0, 0 — Ops(—a) — ker(r) 5eo,

where & is the cohomology bundle of the monad [B3). The triple (89) and the first triple (Il), together with

the vanishing of Ext'(V/ ® Ops(1),Ops(a)), yields by push-out the exact triple 0 — ker(r) — coker(a;) —
V) ®@Ops(1)®Ops(a) — 0 which, together with (0], yields a commutative diagram in which we set K := ker(yoe):

Vi, @ Ops(—1) K ker(7)

\ I

Vie ® Ops(—1)—————— Vo 14 ® Ops coker(ay)

V! @ Ops (1) @ Ops(a) V] ® Ops (1) @ Ops(a).

Similarly, the upper horizontal triple of this diagram, together with the second triple (@I, yield the exact triple
0 — Vi ® Ops(—1) ® Ops(—a) - K — & — 0 which, being combined with the middle vertical triple in this
diagram, yields the monad ([B2]) with the cohomology bundle £. ([l

Next, we argue that the instanton bundle E obtained in Lemma [O comes with a natural symplectic structure.

Lemma 11. If E is a rank 4 instanton bundle of charge k that fits in a monad of the form (33), such that its
cohomology sheaf £ is a vector bundle, then E admits a symplectic structure, and T is determined by o.

Proof. Since £ is a rank 2 vector bundle with ¢1(€) = 0, there is a (unique up to scaling) symplectic isomorphism
@ : & = EV. Now, repeating the proof of Lemma [(ii) for & = £V, we obtain an isomorphism of monads:

Ops (—a)—2— E —"— Ops(a)

I
Ops (—a)—T— BV —7% Ops(a)
such that ¥ = —¢p, so (E, ) is a symplectic instanton bundle, and 7 = ¢V o . ]

Putting Lemmas [0 [I0 and [[T] together, we obtain the following statement.

Proposition 12. A rank 2 bundle £ belongs to G(a, k), i. e., £ is the cohomology of a monad of the form ([B2)
if and only if it is also the cohomology € = H°(AE,4.») of a monad of the form:

(42) Appo: 0 Osm(—a) S E 7% Opa(a) — 0,

where (E, ) is a rank 4 symplectic instanton bundle of charge k.

4. SET G(a,1) AND RELATED FAMILIES OF SHEAVES

We introduce a piece of notation which we will use below. Denote by Z(k) the set of isomorphism classes
of symplectic rank 4 instanton bundles with ¢o = k. As before, let Vj, and Va4 be the fixed vector spaces of
dimensions k and 2k 44, respectively, and let (/\2‘/2\;@4-4)0 be an open subset of the vector space /\21/'2\,/H_4 consisting
of nondegenerate symplectic forms on Vagy4. Next, for a given morphism & : Vi ® Ops(—1) = Vogia ® Ops we
denote by a the homomorphism Vi ® Uy — Vap44 corresponding to the morphism & under the isomorphism
Hom(Vy ® Ops(—1), Voga ® Ops) 2 W := Hom(Vj, @ Uy, Vagy4), where Uy := H°(Ops(1))Y. We will call & the
morphism associated to a € W.

Recall the description of symplectic rank 4 instantons (F, ¢) in terms of symplectic monads [#3]) below. Namely,
for a given point

m=(a,q) € W x (A*Vay44)°
consider the monad ([B8)) in which & the morphism associated to the homomorphism a, and the morphism B is

~ q®id &V
such that 3 = af(q), where a'(q) is the composition Vog 4 @ Ops %, Vatia @ Ops — V) @ Ops(1):

(43) A 0= Vi ®Ops(—1) % Vapys ® Ops 2 V¥ © Ops(1) — 0.
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We call A,, a symplectic monad. We also will denote by H"(4,,) the cohomology bundle of the monad A,,.
Consider the set M (k) of symplectic monads (Z3):
(44) M(k) ={(a,q) € W x (A*Va14)? | (a,q) satisfies the conditions (i)-(ii)}

where:

(i) the morphism & associated to a is a subbundle morphism,

(ii) the composition a*(q) o & is the zero morphism.

Since W is a vector space, and the condition (i), resp., (ii) is an open, resp., closed condition on the point a € W,
it follows that M (k) has a natural structure of a locally closed subscheme of the affine space W x A2V, L4

From now on we will restrict to the case k = 1. Set M := M(1). Note that the condition (i) of the
definition of M (k) is empty in the case k = 1, since in this case the the vanishig of A2(V}Y ® Ops(1)) clearly
implies a’(q) o a = 0. Hence, M is a nonempty open (hence dense) subset of the affine space W x A2V}, where
W =Hom(Vy ® Uy, Vi) ~ k24, In particular, M is irreducible and
(45) dim M = dim W + dim A2V, = 45.

Proposition 13. Any rank 4 instanton of charge 1 appears as a cohomology bundle of a symplectic monad

(46) Am: 0= Op(—1) 5 Vs ® Ops Y 0pa(1) — 0.

for some m € M.

Proof. Let E be a rank 4 instanton of charge 1. According to Proposition (@), F admits a symplectic structure

¢ : E = EV. It then known from [10, Section 3] that, under the condition h°(E) = h!'(—2) = 0 on a symplectic

bundle E, this bundle is a cohomology of a symplectic monad from M. However, the proof given therein, works
without changes under the slightly weaker conditions (I2]) used in the Definition Bl O

On M = P3 x M there is the universal symplectic monad Agi: 0 Og(=1,0) 5 V@05 o, 0z(1,0) =0
with the cohomology sheaf E = ker a! /imc. Here a! = aVoqy; and qy; : Ve®Og; — V' @04 is the tautological
symplectic structure on Vg ® Og;. From now on we fix an isomorphism of the monad Ag; with its dual monad
AVM by the following diagram:

At Ogi(—1,00—2 Vg ® Oz —% 0(1,0)

_idl: iy lfw idlf\/
t\V

(a®) aV
Al Op(—1,0)0——= V' © O —— Ogz(1,0).

This isomorphism induces the symplectic structure

(47) QDM ZEE%EV, and Em:E|IP’3><{m}; gﬁngoﬁh[mx{m} :Em —N—)EX“ mEM,

i. e. (Fm,®m) is a symplectic rank 4 instanton of charge 1. Note that, by the universality of the space M , for
any symplectic rank 4 instanton (F, @), there exists a unique point m € M such that (E, ) = (E,, ©m), where
E,, and ¢y, are given by [Z). It follows from (I8)) and the Base Change that the O;-sheaf U : E is a rank

2 locally free sheaf and there is an exact triple on M, where ev is the canonical morphism:

(48) 05Uy >E—-N=0, N := coker(ev),

= P«

and, for any m € M, the restriction of this triple onto P3 x {m} coincides with the triple (I7) for E = E,,. We thus
have amap ¥ : M — P5 = P(A*V’), m ~— [N|ps {,3). The map ¥ has the following explicit description. Given a
point m = (a,q) € M, consider a homomorphism fla,q): Vi S Ve L vy KN V. Tt is clearly skew- symmetric:
f(a,q) € A*V}’. An easy diagram chasing with the display of the monad Ag;|psxm) (i. e., equivalently, of the
monad [{6])) using @8] shows that

(49) U(m) = (f(a,q)) € P(N*V)),

so that W is a well-defined morphism. By the universality of the monad Ag;, ¥ is surjective.
We next consider the set L
M :={m € M | Nlpsy () is locally free}.
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From the definition of M it follows that it is a nonempty open subset of M , hence it is irreducible since M is
irreducible. Denote

(50) E:= EM, @M = (QDM)M 'E E—> Ev7 U:= ij, N := NM,

where ¢ is the symplectic structure @T). Note that, by Lemma [ for any m € M the triple @8] restricted
onto P3 x {m} splits:

(51) Ep ~ 08 & Ny, m e M,

where N, is a null correlation bundle. We now show that these splittings globalize to the splitting of the triple
0 — U — E — N — 0 obtained from {8) by restriction onto M:

(52) E=UaN.

Indeed, the last triple considered as an extension is given by the element in Ext!(N, U). By 1), @8) and the
Base Change [31, Thm. 1.4], the sheaves Smt;M (N,U), i = 0,1, vanish, and the exact sequence relating global

and relative Ext [31} (1)] yields Ext'(N, U) = 0.
Now, for @ > 2 and any m € M, the triple (I7) twisted by Ops(a), in which we set E = E,,, yields:

3 .
(53) BO(Epn () :4("; )—a—2, hi(Em(a)) = 0, i> 0.
Formulas (A7), (B3) and the Base Change show that the sheaf
(54) F = punr+(E(a, 0))

is a locally free Ops-sheaf of rank r = h%(E,,(a)). Consider the scheme T = P(FV). By the above, T is
set-theoretically described as

(55) T ={(m, (o)) | meM, 0#0€H(En(a))},

and the natural projection p : T — M, (m, (o)) — m is a locally trivial P"~!-bundle. Note that, since M is an
open subset of the affine space W, it follows that T is a variety, and from ([d5) and (E3]) we have

(56) dimT_hO(Em(a))—1+dimM_4(a;:3) —a+42.
can

On T and M we have canonical morphisms Fy S L and Py 2% E(a,0), respectively, where L = Oppv)(1) is
the Grothendieck sheaf. Consider the composition of morphisms

(57) o:Ops KLY 255 Fr ©0% Br(a,0).

By definition, for any point (m, ko) € T the restriction o |ps « {(mko)} coincides, up to a twist by Ops(—a), with
the morphism o : Ops(—a) = Ey,. In view of (5I) we may represent o as o = (01,02), o1 € H'(OF(a)), o2 €
H°(N,,(a)). For the pair o = (01,02) # (0,0) we will adopt in the sequel, together with the notation (o), the
following equivalent notation:

(58) [o1 : 02] := (o) = {(Ao1, Ao2)|A € kK*},

and also understand [0 : 02] as a point of the projective space P(H®(O% (a))® H(Ny,(a))). Under this notation,
define an open subset S of T as

S:={(m,lo1:02)) €T | (i) o = (01,02) : Ops(—a) = Epn, = OF & Ny,

(59) . . ”
is a subbundle morphism and (i7) o1, 02 # 0}.

The subset S is clearly open in T'. Moreover, it is nonempty. Indeed, for any point m € M, E,, decomposes as in
(BEI). Take any a > 2. Since the direct summand N,, is a null correlation bundle, it follows quickly from the triple
@) for N = N,,, twisted by Ops(a), that N,,(a) is generated by global sections. From this it follows easily (cf.
[19, Proof of Prop. 1.4]) that a general section o2 € H°(N,,(a)) has 1-dimensional zero-locus (o2)o. Next, since
a general section oy € H°(O%?(a)) has for its zero locus a complete intersection curve (a1)o = Dy N Dy for two
surfaces D1, Do of degree a, it follows that for general D7 and Dy we have (o1)9 N (02)g = (). Hence, the section
o = (01,02) € H*(Em(a)) has no zeroes and therefore defines a subbundle morphism o : Ops(—a) — E,.

It follows that S is irreducible and dense in T since 7T is irreducible. The morphism og is included in the

monad A := (Ag;)s on S:

(60) A: 0> Ops(—a) R LY 25 Eg 25 Ops(a) KL — 0
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where ol is the composition Eg ¥ BEY 5 Ops(a) K L. By construction, for any point (m,(c)) € S, the
restriction of the monad A onto P x {(m, (o))} is isomorphic to the monad Ag,, .. » in ([@2). Hence,

(61) HO(A)ps x {(m,(0))) = H(AB om0 (m, (o)) € S.

In (G3)-(65) below we will extend the constructions (54)-(E5), (BI)-(6I) of the data I, T', S, A and HO(A) over
M to the constructions of the corresponding data F, T, S, A, H°(A) over M. As a consequence, it will follow:

open dense

62) F=Fg, T=MxyT, g PR e LS, A=(As, H(A)=H'(A)s.
For this, we first set
(63) ﬁ = pﬂ*(ﬁ(av O))a T = P(ﬁv)v

and remark that formulas (53)) are still true for any m € M, so that the sheaf F is a locally free O7;-sheaf of rank
r = h%(E,(a)) given by (3), and the scheme T := P(Fv) is set-theoretically described as T = {( o)) | me
M, 040 € HO( m(a))}. The natural projection p: T — M, (m, (o)) — m is a locally trivial P"~ 1 -bundle, so
that, since M is an open subset of the affine space W, it follows that 1" is an irreducible variety of dimension
~ ~ 3

(64) dimT:hO(Em(a))—1+dimM=4(“"§ )—a+42.

Here, in accordance with (&), T and T have the same dimension. Next, we have an open subset S of T defined
as S :={(m,{(o)) € T | 0 : Ops(—a) = E,, is a subbundle morphism.} Since the condition (ii) in (BI) is open,
comparing the definition of S with (59) we obtain that S is an open subset of T'N.S, where the intersection is taken

open dense

in T. Since S is nonempty and T is irreducible, the inclusion § ¢———— S in [©2) follows and, moreover,
ps S — M coincides with the projection p.

t

Next, we have the extension of the universal monad (@0) from S to S: A : 0 — Ops(—a) X LY < Eg AN
Ops(a) ¥ L — 0, satisfying the relation similar to (GI)):
(65) HO(A) b5 (o))} = H(ABn pmr0)s (M, (o)) €S.
Whence, the relations (62)) follow from (B0, (63]) and the Base Change.
Consider the modular morphisms
(66) Bg: S = Bla®+1), ®z:85— B(a®+1),

defined by the families of sheaves H°(.A) and H°(,A), respectively. The relations (6Z), (65), and Proposition
together with the irreducibility of S yield

Proposition 14. (i) For a > 2, the set G(a,1) of isomorphism classes of cohomology sheaves of monads [B2) for
k =1 is the image of the modular morphism

Bz: S Ba®+1),  (m.(0)) = [HO(A) o (oo -

defined by the family HO(A) of sheaves over S. Its closure G(a, 1) in B(a2 4 1) is an irreducible scheme.
(i) The set G(a,1)o := ®g(S) is dense in G(a,1).

In the remaining part of this section we will construct a new family of monads Ay on P3, with base Y and
cohomology sheaves belonging to G(a, 1), for which the related modular morphism

by : Y = B(a* + 1), Y= [HO(AY)|P3X{y}]

has G(a, 1) as its image (see Proposition [[H below). This family will be used in the next Section to prove one of

the main results of the paper - the rationality of G(a,1).

To construct the variety Y, consider the moduli space of B := B(1) of locally free null correlation bundles on
P3. This is well known to be isomorphic to P° \ G(2,4), where G(2,4) is the Pliicker hyperquadric (see, e.g., [34]
Thm. 4.3.4]). Moreover, on B = P? x B there is the universal family A of null correlation bundles. Consider the
vector bundle £ = V5 ® Og @ N and denote Fp = Elpsx vy, No = N|[p>3><{b}, b € B, so that

(67) Ey,=Vo® Ops & Ny, b e B.
By linear algebra, there are canonical isomorphisms ¢4 : Vo0 —» Vy @A \?Vo20g and P2y N S NVQAN.

The sheaf N fits in the exact triple 0 — Ops K Op(—1) = Qfs(1) K O — N — 0 globalizing ([{H), so that
NN ~ Ops K Op(1). (Here we set Op(£1) := Og2,4)(%1)|5.) Consider the varieties By := V(A?*Vy @ Op) \
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{0 —section} =% B and By := V(Op(—1))~ {0 —section} =% B. Note that the pullback of a line bundle onto its
total space with the 0-section removed trivializes this bundle, we obtain 750z (1) ~ Op,, hence (A2N)g, ~ Og,.
Similarly, (A?Vz2 ® O)B, ~ Op,. Thus, we obtain the symplectic structures

¢B, = (Pa))B, V2@ 0B, = V' ®0B,,  ¢B, = (P(2))B: : N, — N,

Consider the variety B:= Bi1 xg By. On B we obtain from £ a vector bundle Eg with the symplectic structure
$g5, Where
(68) Eg =V @05 0NgE, =9 Dpy: Eg = EL,
and ¢, == (pB,)g : V2 ® 0 — Vo’ @ Og, ¢ = (¢B,)g : Ng — N§. By the above, we have the following
description of the varieties By, By and B:

By = {(b,;p1) | b€ B, ¢1:Va® Ops — V' ® Ops is a symplectic structure},
(69) By = {(b,2) | b€ B, @y : N, = N is a symplectic structure},

B ={(b¢1,2) | (b;p;) € By, i =1,2}.

The following constructions (see ([[I))-(G))) are parallel to the constructions (B9)-(61)). Twisting the equality (67))
by Ops(a), we obtain as in (53): h°(Ey(a)) = 4(*5%) —a — 2, h'(Ey(a)) =0, i > 0. Thus, as in (54), the sheaf
Fp = pp.(E(a,0)) is a locally free Op-sheaf of rank r = h®(Ep(a)). Consider the variety T := P(F). Similarly
to (BE) we have

(70) T ={(b,{0)) | b€ B, 0+# 0 € H(Ey(a))}.

For any point (b, (0)) € T in view of (67) we may represent o as a pair 0 = (01,02), 01 € H*(Va ® Ops(a)), o2 €
H°(Ny(a)). Thus, using the notation (58) we can rewrite [T0) as 7 = {(b,[o1 : 02]) | b € B, [o1 : 02] €
P(H°(Ey(a)))}. On the other hand, representing o as a morphism o : Ops(—a) — Ej, we see that, when (b, (o))
runs through 7, the morphisms o, as in (&), globalize to a morphism o7 : Ops(—a) X LY — €7 on T, where
L7 is the Grothendieck sheaf O7,p(1). Next, similar to (5J), we define an open subset S of T as

(71)  S:={(b,[o1:02]) € T | (9) (01,02) : Ops(—a) — E,, is a subbundle morphism and (ii) o1, 02 # 0}.

Note that S is a nonempty set. (The proof mimics that of nonemptiness of the subset M of T given in paragraph
after (59).) By the Base Change, the sheaf Fz = pg, (€g(a,0)) is isomorphic to the sheaf (Fp)z. Therefore,

from the definition of 7 it follows that the variety ¥ := P(Ffvg) is isomorphic to B xp T+
(72) }7 ~ E XB T

Thus by @) and (Z0) we have Y = {(b, 1,2, [01 : 02]) | (b, p1,02) € B, [0 : 02] € P(H(Ey(a)))}, and the
natural projection Y — B, (83, (c)) — [ is a locally trivial P"~!*-bundle. We now use (72) and the open subset S
of T to define an open subset Y of Y as

(73) Y :=BxpS§.

Here, Y is a nonempty open in Y since S is nonempty. It follows that Y is irreducible and dense in Y since Y is
irreducible. In addition, using ({I)) and the above description of ¥ we obtain:

(74) Y = {(b, o1, 2, [01 : 72]) €Y |(i) (01,02) : Ops(—a) — Ep, is a subbundle morphism and (i) o1, 05 # 0}.
The morphism oy := (67 )y is included in the universal monad on Y:

(75) Ay : 0= Ops(—a) R LY 2% Ey 2% Ops(a) K Ly — 0,

where Ly = (L7)y and o, is the composition £y 2% Y 2% Ops(a) X Ly. By construction, for any point
(B,{c)) €Y, B = (b,p1,p2), the restriction of the monad Ay onto P? x {(3,(c))} is isomorphic to the monad
AE, o1 @020 in [@2). Hence,

(76) HAY)lpox (.00} = H (ABpiopa0),  (B{0) €Y, B= (b1, p2).
Now consider the rank 2 the vector bundle U on M defined in (B0 and its associated principal frame bundle

I :=TIsom(Vz> ® Oy, U) 5 M
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together with the tautological isomorphism V, ® O; = Uj. Using this isomorphism and applying to (52)) the
functor ¢ we obtain an isomorphism

(77) Er =2 Vo ® O1 & Ni.

Besides, by (B0), we have a symplectic structure ¢ := (@)1 2 Ex = EY on E;. This symplectic structure in
view of (7)) splits into a direct sum of two symplectic structures

(78) P1= P11 P12 pr1: Ve ® 01 = Vy @O, ¢ro: NI = NY.

Remark that, by the defscription of the morphism ¥ given in (49), we have ¥(M) = B. Now, comparing (68))-([69))
with ([T7)-(T8), we obtain a morphism

(79) F:I_>§7 T = (b7S017§02)7 b:\I/(g({E)), Soi:SOI,ilP?’X{z}a i:1727
such that
(80) Er= (€)1, 1= (e

and these isomorphisms are compatible with the direct sum decompositions (7)), ((8) and (G8). From ((9) and
the surjectivity of W it follows that I' is also surjective. Set

(81) X :=1IxyS, vy &Y x 85 Fr := pr.(Ex(a,0)).

From (54), (80), the isomorphism Fz ~ (Fp)z and the Base Change we obtain Fy ~ (F'5)s, so that, in view of
(T2) and the equality 7' = P(F"), the variety X := P(Fy) satisfies the isomorphisms

(82) IxyT~Xo~IxzY.

The definition of X (sce (BI)) and the left isomorphism (82) imply that there exists an open embedding X < X

such that X = X xp S. Therefore, comparing the descriptions (74) and (E9) of Y and S and using the right
isomorphism (82)), we obtain:

(83) X~IxgY.

This together with ([80) implies that Ex 2 (€y)x. Moreover, since X = I x5 S, we have

(84) Ax = (Avy)x,

where the monads A and Ay were defined in ([60) and (73, respectively. Consider the modular morphisms
(85) dx: X — Bla®+ 1), by 1Y — B(a* +1),

defined by the (families of) sheaves H°(Ax), H°(Ay), respectively. From (&4), (83) and &) it follows that ® x
factors through I'y and through &5 as: @y = @y o'y = &g 0 &g. Here, &5 : S — B(a? + 1) is the modular
morphism [64)), £s in (BT is surjective by the surjectivity of £, and I'y is surjective as T is surjective. Hence,
(86) Gla,1)g = Pg(S) = Dy (V).

On the other hand, by Proposition I4], G(a, 1) is dense in G(a,1). We thus obtain

Proposition 15. Let &y : Y — B(a? + 1) be the modular morphism defined by the family of sheaves H°(Avy),
where Ay is the monad [[3). Then ®y(Y) is dense in G(a,1).

5. SERIES OF RATIONAL IRREDUCIBLE COMPONENTS OF THE MODULI SPACES B(a? + 1)

Consider the variety Y defined in (3]). We first will relate to Y a new variety P,, together with a natural
projection 7 : Y — P,. In this section we will relate the morphism 7 to the modular morphism ®y : Y — B(a?+1)
(for the precise formulation see Theorem [I§)). For this, take any point y € Y. By (@), y is a collection of data

y = (b, 1,92, (01 : 02]),
where (i) b € B, (i) 1 : Va @ Ops — VY ® Ops and @y : Ny = N,/ are symplectic isomorphisms:
(87) 1 € HOAN (Vo ® Ops)") ~ {0} = A2V N {0} =K, po € HY(APN)) N {0} = HO(Ops) ~ {0} 2 K,
(iii) o1 and o9 are:

(88)  0# 0y € H' (Vo ® Ops(a)) = Hom(Vy , Wy), W, := H°(Ops(a)), 0 +# oy € HY(Ny(a)),
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(iv) o = (01,02) : Ops(—a) = Va2 ® Ops @ Ny is a subbundle morphism. In Hom(V,’,W,) consider an open
subset Hom™ (VyY, W,,) := {01 € Hom(V,',W,) | o1 : VY — W, is a monomorphism}. One can easily see (use the
argument in paragraph after (59)) that

Hom™(Vy',W,) = {0y € Hom(Vy/,W,) | dim(oy)o = 1}.

Besides, note that the group GL(Vz) naturally acts on Hom™(V,',W,) via its action on Vy’, and we have an
isomorphism

(89) Hom™ (V,/, W,)/GL(Vy) = Gr(2,W,)
and the factorization morphism
(90) 71 Hom™(Vy, W,) — Gr(2,Wy), o1+ im(oy : Vo' < W,).

Next, as it was mentioned in Section ] (see paragraph after (59))), the set H°(Ny(a))* := {02 € H°(Ny(a)) | dim(o3)o
=1} is open dense in H(NNy(a)). Besides, it is clearly invariant under the action of the group Aut(N,(a)) = k*.
(Recall that the null correlation bundle N is stable and therefore simple, i. e., End(Ny(a)) = k - id.) Hence,

open

(91) P(H(Ny(a)))" = H°(Ny(a))*/Aut(Ny(a)) = P(H"(Ny(a))) = P",

a+3

3 ) — a — 3, and we have the factorization morphism

where 7 = 2(
(92) T2 H(Ny(a))* = P(H°(Ny(a)))*, o2+ (02).
Now the above condition (iv) imposed on (o1, 03) can be rewritten in the form:

(93) (01,02) € Hp o := {(01,02) € Homin(VQ\/, W,) x HO(Nb(a))* | (61)0 N (02)0 = 0}.

Clearly, Hy, is a dense open subset of Hom™(V,', W,) x H°(Ny(a))*. This subset is invariant under the action
of the group k* by homotheties. Therefore, denoting P(Hy o) := Hp o/k* and using (@0) and ([@2)), we obtain the
factorization morphism

(94) T: P(Hpq) — Gr(2,W,) x ]P’(HO(Nb(a)))*, [o1 : 02] = (11(01), 72(02)).

To globalize the above pointwise (w.r.t. b € B) constructions over B, set K := pp.(N(a,0)). The variety P(KY)
has the description P(KY) = {(b, (02)) | b € B, (02) € P(H(Ny(a)))}. Consider its dense open subset

I, := {(b, (02)) € P(KY) | (02) € P(H’(Ny(a)))*}
and set
(95) G = Gr(2,W,) x I,, Go ={(b,V,{(02)) | V € Gr(2,W,), (b, {02)) € 11, }.

By construction, G, is a rational variety. Next, remark that, comparing the definitions (1)) and (@3) of S and
Hy, o, we obtain

S={(bJo1:02]) | be B, [01:02] € P(Hp)}-
Thus, by ([@4]), we have a well-defined morphism
(96) T: 8= Gq, (b]o1:02]) = (b,11(01), 2(02)).
Consider the group G = GL(Vz) x k*, its normal subgroup G’ = {(p-idy,, p) | p € k*}, and let
(97) G=G/¢

be the factor group. We will use the following notation for elements of G: [g1 : A] := (g1, \)G" = {(pg1,pA) | p €
k*}, (g1,A\) € G. The group G naturally acts on S as:

(98) as: SxG—=S8, ((bo1:02]),lg1:A])— (b]g1001: Ao2]),

and formulas (89)-(@6) show that G, = S/G and the morphism 7: § — G, in (@f) is the quotient morphism for
this action and it is a principal G-bundle. Therefore in view of (B3)) we have:

(99) dim G, = dim P(Hya) + dim B — dim G = 4(“ ‘g 3> a2
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The principal G-bundle S = G, by construction is locally trivial, hence there exists an open dense subset U of
Go and a section U < S of the projection Ty : 7 HU) = U:

(100) /s
g g

Here U is rational since G, is rational as it was mentioned above.
Now consider the variety P(A?(V2 @ O) ® A*°N) together with the embeddings

P(A* (Vo ® OB)) = P(A?(Va ® O) @ A2N) <= P(A’N)
and denote PB :=P(A2(Va00)®A2N)~{P(A2(Va@0p))LUP(A2N)}. By construction, the natural projection
PB — B is a locally trivial fibration with fiber
(101) F ~ P \ {2 points}.
Using the description ([69) of the varieties By, By and the notation (58] in which we put @1, p2 in place of 01, 03,
we obtain PB = {(b, [¢1 : v2]) | (b,¢:) € B;, i =1,2}. Remark that the group k™ naturally acts on B as

(102) Bxk* =B,  ((byg1,02),\) = (b,Ap1, Apa),
(here we use the description ([@3) of B), so that

(103) PB = B/K*,

and we have the factorization morphism

(104) g B — PB, (b,¢1,92) — (b,[p1 : ¢2]).

Consider the varieties PY := PB x5 S8 = {(b,[p1 : 2], [o1 : 02]) | (b,[p1 : 2]) € PB, (b,[o1 : 02]) € S} and
Pa = PB XB ga = {(bu [901 : @2]7‘/7 <02>) | (bu [901 : ()OZ]) € PBu (bv‘/v <02>) € ga}7 where ga was defined in (m)
From (@9) and (I0T]) we have

(105) dimPa—dimga+dimF—4<a_§3>—a—l.

Note that the local triviality of the fibration PB — B implies that the natural projection
(106) pry: PY =8

is a locally trivial fibration with fiber F given in (TOT).
The morphism 7z in (I04) induces the morphism

(107) Ty Y = PY, (b,p1,p2,[01 : 02]) = (b, [p1 1 2], [01 : 02]),

and from (I02)-(I04)) it follows that 7y is a factorization morphism of the following k*-action on Y
(108) ay : Y xk* =Y, ((b, 1, p2,[01 : 02]), A) = (b, A1, A2, [o1 : 02]).
Respectively, the morphism 7 : Y, — G, defined in ([06) induces a morphism

(109) Ty ¢ PY = Pa, (b,[p1: @2],]01: 02]) = (b, [@1 : 2], T1(01), T2(02)).

Define the morphism 7 : Y — P, as the composition

(110) T=1yomy: Y — P, (b, o1, 2,01 : 02]) — (b, [¢1 = 2], T1(01), T2(02)).

We will now proceed to the study of the fibers of the morphism 7.

Definition 16. Introduce on Y the following equivalence relation:

(111) y = (b, p1,p2,[01 : 02]) ~ (b,P1,P2,[01:02]) =7

if there exists an isomorphism of symplectic monads A, and Ay, i. e., a commutative diagram with rows A, and
Ag M

(112) A, Ops(—a 2%V, © Ops @ Ny T2 0 ()
hl” (91192)lN h+lz
(61,62) (67 0p1,55 0p2)

Ag . Ops (—a)>—> Vo ® Ops @ NE Ops (CL)
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We denote by [y] = [b, 1,2, [01 : 02]] the equivalence class of a point y = (b, 1, ¢2,[01 : 02]) € Y under this
equivalence relation.

Note that, in diagram (II2]), one has

(113) g1 € ISOm(‘/Q ® Ops, Vo ® OPS) = GL(‘/Q),
and gz € Isom(Ny, N;) which in view of the stability of N;, implies that
(114) b="b, g2 = \-idy,, A e kX;
besides, the isomorphisms h_, hy are multiplications by some constants u, v € k*, respectively:
(115) he =p-ido_;(—a); hy =v-ido;(a)-
Furthermore, in view of ([87), (IT3), (IT4) and the symplecticity of ¢1, 2, we have in (I12])
(116) 1 =XM1,  Pa=Ng2, A, A €KY, g/opiogr =det(gi)pr, g5 02092 = N
The leftmost square of diagram ([I12)) together with (IIH]) impliies:

1 A
(117) 512—91 co1, 52:—0'2.

I I

Respectively, the rightmost square of diagram ([[I2) yields voy o w1 = Y 0o @1 0 g1, VoY 0 @a = AFy o Pa.
Substituting (II5)-([I7) into the last equalities we obtain the relations v = 219491 apq 4 = )‘iL—AQ Whence
A1 det(g1) = A2A2. This relation shows that the G-action (@) on S lifts to the following G-action on PY:

1 P2

(118) apy : PY x G —= PY, ((b,[p1:p2],lo1:02]),[91: A]) — (b, [det(gl) V)

Jslg1 001 1 Aaa]).

Thus, P, = PY/G and the morphism
(119) v: PY =P,

in (I09)) is the quotient morphism for this action and it is a locally trivial principal G-bundle. We therefore have
a commutative diagram

py . p,

S%gav

where prg is a natural projection. Since by ([I06) the morphism pry : PY — S is a locally trivial fibration with
fibre F', the open subset U of G, and the section U < S in the diagram (I0Q), after possible shrinking U, can be

lifted to an open section F x U < PY of the projection 1y : PY — P,:

PY
P

F x U5 P,

Since F is rational by (I0I) and U is rational, it follows that
(120) P, 1is rational.

Next, from (I07)-(I08), (II8) and ([II9) it follows that the morphism 7 : ¥ — P, in ([[I0) is the quotient
morphism of the following action of the group G := G x k* on Y, where G = G/G’ was defined in ([@7):

(121) ay : Y xG =Y, ((b, 1,92, 01 : 02]), ([g1 : Al, ) — (b, dg;fgll), %, [g1001 : Aoa]), G =G xk*.

Moreover,

(122) 7:Y = P,=Y/G is a principal G-bundle,

and computations ([I3))-(II8) show that the equivalence class [y] of any point y € Y is the G-orbit of y:
(123) ] =av({y} xG) ="' (n(y)), yeY.

In other words, P, is the set of equivalence classes of points of Y:

(124) Pa=AlyllyeY}
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Remark that, by Corollary [2 the equality [y] = [g], i. e. the isomorphism of symplectic monads A, and Ay
in (II2) is equivalent to the isomorphism of their cohomology rank 2 bundles as symplectic bundles (H°(A,), )
and (H°(A43),v3), i. e., to the commutativity of the diagram

(125) HO(Ay) —2s 1O(A,)

fk ﬂ%

HO(Ag) —2s HO(Ag)V.

Here v, respectively, 13, is a symplectic isomorphism induced by the symplectic isomorphism of the monad A,
with its dual A, respectively, of A; with AY. Thus, denoting by [H°(A,),,] the isomorphism class of the pair
(H°(Ay), ), we have:

(126) ] = [HO(4,), ] = [HO(4,)].
This together with (I22))-([I24) shows that the modular morphism
Py : Y = B@*+1), y— [H(A)]
factors through an injective map © : P, — B(a? + 1), i. e.
(127) Dy =0Oor.
Since Y is clearly smooth, the map © is actually a morphism. This outcomes from the following well known

general result. (For the convenience of the reader we give its proof here.)

Lemma 17. Let X, Y, Z be quasiprojective varieties with Y smooth, and let a : X — Y and b : X — Z be
morphisms such that a is surjective and b is constant on the fibers of a. Then there exists a morphism f:Y — Z
such that b = foa.

Proof. Consider the morphism g : X = Y xZ,  — (a(z),b(z)), and let Y &y xz Y Zbethe projections onto
factors so that a = a’og and b = b/ og. Since b is constant on the fibers of p, it follows that @ := a’|4x) : g(X) = Y
is a bijection. Therefore, as Y is smooth, @ is an isomorphism (see, e.g., [S| Ch.2, Section 4.4, Thm. 2.16]). The
desired morphism f is now the composition f =" oa~!. O

Now Proposition [[H together with (I05]), (I20), (I22) and [I27)) yields

Theorem 18. There exists an injective morphism © : P, — B(a? + 1) such that the modular morphism ®y :
Y — B(a? + 1) factorizes as

(128) Dy : V5P, S Bla?+1),

where 7 : Y — Py is a principal G-bundle with the group G defined in (IZI)). The variety G(a,1) containing the

rational variety G(a,1)o = ©(P,) as a dense subset is rational of dimension 4(“;‘3) —a—1.

We next obtain the following important formula.

Lemma 19. For every [£] € G(a,1)o with a > 2, it holds

a—+3

W (End(E)) =4 - ( ;

> —a—14¢(a),
where e(a) = 1 when a =3, and £(a) = 0 when a # 3.

Proof. Since £ is a self dual rank 2 bundle, we have End(€) ~ S2EGA2E = S2EDOps, thus h(End(E)) = h(S2E).
We will compute the latter.

By the definition of G(a, 1)y (see Proposition[I4l(ii), (59) and (GI))), £ is the cohomology of a complex M*® with
terms M~ = Ops(—a), M* = E ~ OF? ® N, M' = Ops(a). Proceed to the double complex M* ® M* and to
its total complex T®. The symmetric part of 7 is the monad 0 — E(—a) — S?E @ Ops — E(a) — 0, whose
cohomology sheaf is isomorphic to S?E. Therefore this monad can be broken into two short exact sequences

0+ K—=S*E®Ops — E(a) »0 and 00— E(—a) » K — S*€ —0.

Since h°(E(—a)) = h°(S2€) = 0, it follows that h°(K) = 0; in addition, h'(E(a)) = h?(S?E @ Ops) = 0 (use
Proposition ) implies that h?(K) = 0. It then follows in view of the splitting E ~ OF? & N that

(129) h*(S%8) = h'(K) 4+ h*(E(—a)) = h'(K) + £(a), e(a) := h*(N(—a)),
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since h'(E(—a)) = 0 for a > 2.
To complete our calculation, consider the exact sequence
0— H°(S?E @ Ops) — H(E(a)) — H'(K) — H'(S*E @ Ops) — 0.
Since h°(S?E @ Ops) = 4 and h'(S?E @ Ops) = 5 by Proposition 5] we conclude that
h'(K) = h%(E(a)) + 1= h"(N(a)) + V2 ® h°(Ops (a)) + 1,
which, together with the equality in equation ([29), yields the desired formula. O

It is interesting to observe that the right hand side of the formula in Lemma [[9 yields the value of h*(End(E))
expected by the deformation theory when a = 2 and a = 3, respectively 37 and 77; when a > 4, one can check
that 4- (“3%) —a—1>8(a®> +1) — 3.

Noting that, in view of Theorem [8, the dimension of G(a,1) equals h'(End(E)) for a = 2 and a > 4, as
calculated in Lemma [T9 and using Proposition [[4] we have therefore completed the proof of the first main result
of this paper.

Theorem 20. For a =2 and a > 4, the rank 2 bundles given as cohomology of monads of the form
0— Opz(—a) ® Ops(—1) = V5 @ Opz — Ops (1) @ Opz(a) — 0

fill out a dense subset of a rational irreducible component of B(a® + 1) of dimension

4. (“+3>—a—1.
3

In particular, for the case a = 2, we conclude that rank 2 bundles given as cohomology of monads of the form
[ yield a dense subset of an irreducible component of B(5) with expected dimension 37.

6. COHOMOLOGY BUNDLE £ OF THE MONAD OF TYPE @ AND THE RELATED REFLEXIVE SHEAF F

Consider the set
H ={[€] € B(5) | £ is cohomology of a monad of type (@] }.

It is known that H # () - see [21, Table 5.3, co = 5, Case (2).ii)]. Note that the set H is a constructible subset of
B(5), as well as G(2,1) (see Remark after Proposition [7]). The aim of this and the subsequent sections is to prove

Theorem 21. The set H satisfies the condition dim(H ~ (G(2,1) N H)) < 36. Its closure in B(5) does not
constitute a component of B(5).

In this section we will relate the vector bundle [£] € H \ (G(2,1) N H) to a rank 2 reflexive sheaf F with
Chern classes ¢1(F) = 0, c2(F) = 2 and c3(F) = 2k, 0 < k < 6, which appears as a middle cohomology of a
left-exact complex K* (see (Ix4])) induced by the monad of type (@) defining £. This relation will be established
in Proposition We will then use it in Section [7] to prove Theorem 211

Let [£] € H\ (G(2,1) N H) be the cohomology bundle of the monad of the form (@):
M®: 00— M~ 2% M0 2 Mt o,
(130) M~ = Ops(=2) @ Vo @ Ops(—1), M° = Ops(—1) @ Vs @ Ops ® Ops(1),
MY =V ® Ops(1) @ Ops(2).

Since the bundle Va ® Ops(—1) is a uniquely defined subbundle of the bundle M ~! (respectively, V4 @ Ops(1) is a
uniquely defined quotient bundle of M?!), we obtain a commutative diagram in which o and 3y are the induced
morphisms:

(131) Va @ Ops (—1) Ops (2)
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Here the induced monad
132 0= Vo @ Ops(—1) 2% M % v/ @ Ops (1) = 0
2
has the rank 4 cohomology bundle

o ker ﬂo

133 E .
(133) im g

Mimicking now the argument with diagram (37, we obtain that there exist a subbunle morphism o : Ops(—2) — E
and an epimorphism 7 : E — Ops(2) which yield the monad the the cohomology bundle &:

(134) 0— Ops(—=2) > E 5 Ops(2) = 0, £ =ker7/im 0.

Since there is a uniquely defined (up to a scalar multiple) quotient morphism M° — Ops(—1), we have a well-
defined morphism

(135) a: Va® Opa(—1) S MO — Ops(—1)

and, dually, a well-defined morphism

(136) B Ops ()= 2V @ 0ps (1),

Assume that both & and B are nonzero morphisms. Then a standard diagram chasing shows that, in the monad
([@32), one can split out a direct summand Ops(—1) from Vo ® Ops(—1) and MY, respectively, split out a direct
summand Ops (1) from M° and V§ ® Ops (1), without changing its cohomology bundle E. Thus, the monad ([I32)
reduces to a monad

ker 3/

im o/

(137) 0= Ops(—1) % Vs ® Ops 55 Ops(1) 50, E=

Now by the remark after Lemma [l F is a rank 4 instanton bundle, so that, by (I34) and Lemma [I0, £ is the
cohomology bundle of the monad [B2) for « = 2 and k& = 1. This means that £ € G(2,1) N H, contrary to the
assumption on £.

We thus may assume that either (a) & =0, B0, or (b) a= B =0. (We omit the case & # 0, B =0, since it
is completely similar to the case (a).)

(a) Case & =0, 3 # 0. We are going to show that this case is impossible.

First, note that, since 8 # 0, we may as above split out a direct summand Ops (1) from the middle term and
the righthand term of the monad (I32)), without changing its cohomology bundle E. Thus, this monad reduces
to a monad

o g’ ker 8/
(138) 0= V2®Ops(—1) = Opa(—1) ® V5 @ Ops = Ops(1) — 0, E=

im o’

Next, the condition & = 0 means that the subbundle morphism ' in (I32)) factors through a subbundle morphism
a” in the commutative diagram

(139) Vo ® Opa(—1)—2 Vg @ Opp —————» F}

] |

Vo ® O[ps (—1)>L) Ops (—1) S Ve ® OIP’3 —» I3

| |

Ops(~1) ——— Ops (1),

where Fy := coker o and Fy := coker o’ are vector bundles of rank 4 and 5, respectively. From this diagram it
follows immediately that Ops(—1) splits out as a direct summand of Fj:

(140) F5 & Ops(—1) & Fy.
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The monad ([I38) and the diagram ([I39) yield a commutative diagram

(141) F3 Fy 702 A

| b,

Er—" s Fy—" % Ops(1)

Br—— Ops(—1) ——» C,

where F3 :=ker(no\), A:= Fy/F3, B:= E/F3, C := Ops(1)/A. Here A # 0, since otherwise C' ~ Ops(1), and
then 7 is not surjective, contrary to (I4I]). Hence, C' is a torsion sheaf, and A, B and F3 are torsion free sheaves
of rank 1, 1 and 4, respectively. Therefore, the diagram (I41]) implies that ¢;(Fy) — ¢1(E) = 2¢1(Op3(1)). On the
other hand, in view of (IZ0) we have a well-defined injective morphism p : E < F5 225 F, such that, by the
Snake Lemma, @) := cokerp = A/ B is a torsion sheaf. In addition, by the above equality, ¢1(Q) = 2¢1(Ops (1)) # 0,
i. e., @ # 0. However, (I4]]) and the Snake Lemma yield a commutative diagram

p

Fy

]

Er—" Ops(—1) ® Fy —— Ops(1)

| |

Ops (—1) === Ops(1)/i(Q),

where i is the inclusion of the direct summand and ¢ is the induced morphism. But the torsion sheaf @ is not a
subsheaf of Ops (1), and we obtain a contradiction, as claimed.
Summarizing the above arguments, we see that the bundle [£] € H is the cohomology H®(M*®) of a monad M*

of the form (B]) satisfying the condition (a): (&, 3) # (0,0), then M* is reducible to a monad of the form (@), i. e.
[€] € HNG(2,1). Thus, denoting

(142) W

(143) Ho = {[€] € H | £ = H(M*®), where M* satisfies the condition (b): &= 3 = 0},
we obtain
(144) H~N(HNG(2,1)) C Ho.

We thus proceed to the study of the case @ = 8 = 0.

(b) Case @ = = 0.
First, consider the commutative diagram

(145) Ops(1) Ops (1)
Ijl l/jo
Vs © Ops @ Opa (1) 0 MO 90 Ops (1)

| " |
Vs @ Opar——"— Vs ® Ops ® Ops(—1) —2 Ops (1)

and the exact triples following from (I32) and (I33)
(146) 0= Va® Ops(—1) 2% M° 2% €y — 0,

(147) 0— E o, Cy 2 Vy ® Ops(1) — 0, Cy := coker «y, Bo = eg o .

The condition & = 0 implies that there exists a subbundle morphism 0 — Vo ® Ops(—1) 25 Vi @ Ops @ Ops (1)
such that

(148) Qo = io o Qj.
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Setting C' := coker(hg o ag), C1 := coker oy, ag := hy o ay, Cq := coker ay, we obtain from ([45)-([I46) and (I4])
an induced commutative diagram

(149) Ops (1) == Ops(1)

Cs : Ops(—1)
and an exact triple
(150) 0— Vo ®Ops(—1) 2% Vi ® Ops =2 Co — 0.

From the condition 3 = 0 and diagram chasing it follows that there exists an injective morphism j : Ops(1) — F
such that jo = dp o j. From this relation and (I47), (I49) and (I50) by diagram chasing we obtain the folowing
data:

1) an exact triple

(151) 0—Opm(l) L B By 50,  Ej:= cokerj,

2) a commutative diagram

(152) E E; ° Ops(—1)
| | |
o i C—9 5 Ops(-1)
| |

Ve ® Ops (1) ==V; ® Opa(1),

where d and e are the induced morphisms, € :=do g, & := e o1,

3) a sheaf

(153) F :=Xker ¢,

and a left-exact complex

K*: 0= K122 g0 P20 gl 00 By i— 6o,

(154)

K_l = ‘/2 ®O]P’3(_1)7 KO = ‘/6 ®O]P’35 Kl = ‘/21 & O]P’3(1)7
such that
(155) HO(K®) = F, H(K*®) = coker «.

From (I34), (I54) and the vanishing of Hom(Ops (1), Ops(—2)) follows the commutative diagram

(156) ou»sfn — oﬂ»sfn
Ops(=2)—2— FE coker o

|

Ops (—2)—127 4 By c

where £ := coker(h o o) and j’ is an induced morphism which is nonzero, hence injective, since coker o is locally
free by the exact triple 0 — & — coker 0 — Ops(2) — 0 following from ([I34]). Since £ is stable by assumption, so
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that h9(£(—1)) = 0 (see [34]), the last triple and (58] yield a commutative diagram
(157) Ops (1) == Ops(1)
i’ B
E—— coker 0 —» Opz(2)

|

£ c Op2(2),

where P2 = Supp(coker ) is a projective plane in P3. Note that, in this diagram, 3 is the composition 3 :

Ops(1) =5 MO LN M, and im 8 < Ops(2) since § = 0. Thus, P? is uniquely defined by the morphism
B in the monad M?®. In a similar way, since @ = 0, the morphism « in M*® uniquely defines a morphism
& : Ops(—2) — Ops(—1), hence a projective plane P3 = Supp(coker@). For these two planes we will use the
notation

(158) P? = P2(M*®, 3), P2 =P*(M*, ).

Consider the lower horizontal triple in (I5):
(159) 05 L2 0p(2) = 0, P? = P2(M*, ).
Lemma 22. The sheaf £ in [I59) is a stable reflezive rank 2 sheaf on P3, [£] € R(1,4,6).

Proof. First, show that the triple (I59) doesn’t split. Indeed, otherwise, the lower horizontal triple in (I56])
extends to a commutative push-out diagram

(160) Ops(—2) Es E® Op2(2)

| T T

Ops(—2)—— Ops(—2) ® Op2(2) ——» Op2(2),

where the lower triple splits since Ext!(Op2(2), Ops(—2)) = 0. This yields a nonzero morphism 6 : Op2(2) — E3
which being composed with the morphism ¢ in ([I53]) is the zero morphism Op2(2) — Ops(—1). Hence, in ([I53),
0 factors through a nonzero morphism

(161) 5 Op(2) = F.

On the other hand, (I54)) and ([I5H) yield an exact triple 0 — Ops(—2) — ker B2 — F — 0 which, together with
(61, extends to a push-out diagram similar to (I60):

(162) Ops(—2)————sker fp———» F

]

OP3(—2)>—> OP3(—2) @ Op2 (2) —» Ops2 (2),

where §" |@P2(2) is nonzero. However, this is impossible since ker (o by definition is torsion free as a subsheaf of
a locally free sheaf Vg ® Ops.

Next, since £ = £V is locally free and Ext!(Op2(2), Ops) = Op2(—1), then, applying the functor Ext®(—, Ops)
to the triple (IZ9) we have an exact sequence

(163) 052" e 5 0p(-1) &1L o, 1L = Ext (L, Ops).

Let d = dim(1£). Consider the three possible cases: (a) d = 2, (b) d = 1, and (c) d = 0. We will show that the
cases (a) and (b) lead to a contradition.

(a) d = 2. In this case dim Sing £ = 2, i. e. the torsion subsheaf Tors(L) of £ has dimension 2. This necessarily
implies that the composition Tors(L) < L % Op2(2) is an isomorphism giving the splitting of the triple (I59),
contrary to the above.

(b) d = 1. In this case 1 £ = Oz(—1) for Z a subscheme of P2, of dimension dim Z = 1. Hence ker ¢ < Opz(—1—k)
for some k > 2. By ([63) the sheaf ker ¢ is the quotient of &, it follows that h°(Ep2(—1 — k)) # 0, k > 1, and so
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h9(Ep2(—2)) # 0. On the other hand, since € is the cohomology of (I30), by [21} Table 5.3, case 5(2.ii)] it has the
spectrum Sp(€) = (—=1,0,0,0,1), and then it follows that

(164) R*E(=3)) =0, h'(E(=2))=1.

Thus, by the first equality in ([64]), the inequality h°(Ep2(—2)) # 0 contradicts to the cohomology sequence of
the exact triple

(165) 0—&(=3) =2 E(-2) = &p2(—2) =0
as h%(£(—2)) = 0 by the stability of E. Note also that we have proved here the equality
(166) HO(&2(-2)) =0, v P? C P3.

() d = 1. In this case 1L = Oz(—1) for Z a subscheme of P? of dimension dimZ = 0, and the sequence
0= LY 25 & 5 Typ(-1) » 0, and Z = (s)g, 0 # s € HO(E(—1)|p2). Since dimZ = 0, it follows that
Ext"(Tzp2(—1),0ps) = Ext* (Op2(—1), Ops) = Op2(2). Thus, applying the functor Ext®(—, Opz) to the last triple,
since £ & £V we obtain an exact triple 0 — & O pvv 2y Op2(2) — 0. Comparing this triple with (I59) and

taking into account that, by construction, the composition & b £ &0 LYV coincides with 8V we obtain that

£ =% £V is an isomorphism, i. e. £ is reflexive.
Next, as ¢;(£) = 1 + 5t2, formulas for Chern classes of £ follow from ([[59). In particular, £ = £(—1) has
c1(L(=1)) = —1, and since h°(€) = 0, it follows that

(167) RO(L(—1)) = 0.
Thus, L is stable by [20, Lemma 3.1]. Lemma is proved. O

We now proceed to the more close study of the sheaf F. Consider the upper horizontal triple of the diagram
([I52) which extends to an exact sequence:

(168) 0— F — F3 5 Ops(—1) = Oy (—1) = 0, Y C P
Lemma 23. The sheaf F defined in [I53) is a reflevive rank 2 sheaf on P? fitting in an exact triple

(169) 0= F 5 LTy pa(~1) =0,
and in its dual

(170) 0= L(—1) = F 5 I;p(2) =0,
where P3 = P2(M*®, o), Y, Z CPZ, dimY <0, dimZ <0, and

(171) LY)+(Z) =6.

Chern classes of F are c¢1(F) =0, ca(F) =2, 0 < c3(F) = 2(Y) < 12.
Proof. We first show that rk F = 2. Indeed, if ¢ in ({I68) is the zero morphism, then the diagram (I52) and the
Snake Lemma yield an epimorphism V5 ® Ops(1) — Ops(—1) which is impossible. Hence, € # 0 and (I53)) implies
that rk F = 2 and, moreover, that Y ; P3 i. e, Y is a proper subscheme of P3. Note also that, by (I32) and
([@33), c1(E) =0, hence ¢1(F3) = —1 in view of (I5I). Thus, (I68) implies that ¢1(F) = ¢1(Oy(—1)) > 0.

Next, consider the lower exact triple in (I50]):
(172) 0= Opa(—2) 2% B3 — £ — 0.
If the composition f := ¢ o h oo is zero, then (IG8) and (I72)) imply that there exist injective morphisms
Ops(—2) I F and coker(f7) L L. Since tkF = 2, ¢1(F) > 0 and L is reflexive by Lemma 22 it follows
that coker(f1) is a rank 1 torsion free sheaf with c¢i(coker(f1)) > 2. Thus, the injectivity of fa shows that

h%(L(—2)) # 0, contrary to the stability of £ (see Lemma 22). It follows that f # 0, so that (I68) and (I72)
extend to a comutative diagram

(173) O]P3(—2) —_— O]P3(—2)

hoo f
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where PZ is some projective plane in P3. If § is an isomorphism, then coker(e) ~ OP?) (—1), so that the diagram
(I52) and the Snake Lemma yield an epimorphism Vy ® Ops (1) — Opz(—1) which is impossible. Hence, Y S PP,
i. e., Y is a proper subscheme of P§, dimY < 1, and ([Z3) yields an exact triple (I69).

Show that the case dimY = 1 is impossible. Indeed, in this case Y contains a divisor D C P2 of degree

k > 1 as a subscheme, and this yields an epimorphim Oy (—1) 5 Op(—1). On the other hand, the middle
horizontal exact sequence in (73], together with diagram (I52]) and the Snake Lemma, yield an epimorphism
Vy ® Ops(1) — Og(—1). This epimorphism composed with the above epimorphism b gives an epimorphism
Vy @ Ops(1) = Op(—1) which is impossible, since h°(Op(—2)) = 0, as follows from the cohomology of the exact
triple 0 — Opz(—2 — k) — Opz(—k) — Op(—2) — 0.

Hence, dimY < 0 and therefore, denoting ‘Z := Ext’ (Zy p2(—1), Ops), i > 1, we obtain 17 = Op2(2), dim 2Z <
0, 3Z = 0. Besides, set ‘F = Ext!(F,Ops), ‘L := Ext'(L,Ops), i > 1, and remark that, for the reflexive
sheaf £, dim'L = 0, °L = 0, i = 2,3 (see [20, proof of Thm. 2.5]). Now, applying to (I69) the functor
Ext*(—,Ops) and using the above relations we obtain the equalities ‘{F = 0, i = 2,3, and an exact sequence
0 v S Y Op2(2) & 1L — 'F — 2T — 0, wherefrom dim'F < 0 and kery ~ Zypz2(2) for some

subscheme Z of P3, of dimension dim Z < 0. We thus obtain an exact triple 0 — £V SLFV S Zyp2(2) = 0and
the relation ﬁxtl(Iyﬁpg (2), Ops) = Op2(—1). Next, applying to the last triple the functor £xt®(—, Ops) yields an

exact sequence 0 — F¥V S LW S Op2(—1) & Ext' (FY, Ops). By [20, Cor. 1.2] FV is a reflexive rank 2 sheaf,
hence dim Ext! (FY, Ops) < 0 by [20, Rem. 2.7.1], and therefore ker v ~ Zy,pz(—1) for some subscheme W of PZ,

\aY%
of dimension dim W < 0. Thus the last sequence leads to an exact triple 0 — F"V LNy, AN Zwpz(—1) = 0
which together with (I69)) fits in a commutative diagram

CV\/

FW s £ —— Tigy (1)

Besides, the above stated relations *F = 0, i = 2,3, dim'F < 0 show that the sheaf F is locally free outside
the set of dimension < 0, and this shows that the sheaf x = coker(F 2% FVV) has dimension < 0 and by the
Snake Lemma k is a subsheaf of kerc. However, the sheaf has no subsheaves of dimension 0. Hence, x = 0
and F 2% FVYV is an isomorphism, i. e. F is reflexive. A standard computation with the triple (I6J) yields
the values of Chern classes of F, The triple (I70) and the equality (I7I]) are obtained by applying to (IG9) the

functor Ext®(—, Ops) and using formulas for Chern classes of F and £. The inequality 0 < ¢3(F) < 12 follows

from (ITTI). O
Lemma 24. The projective planes P? and P3 defined in ({I58) coincide.

Proof. The middle horizontal triple 0 — & — coker 0 — Ops(2) — 0 in ([I51) as an extension is defined by a
nonzero element in Ext' (£, Op2(2)) ~ H*(£(—2)). Since h*(£(—2)) = 1 by ({64, it follows that the sheaf coker &
is defined by & uniquely up to an isomorphism. Since h°(£(—1)) = 0 as L is stable by Lemma[22 the twisted by
Ops(—1) middle vertical triple 0 — Ops — cokero(—1) — L£(—1) — 0 in ({I517) shows that h®(cokera(—1)) = 1.
Hence, £ = L(M?*) is uniquely up to an isomorphism defined by cokero (and therefore by &) as

(174) L(M®) = (cokero(—1)/Ops)(1).

Then the lower horizontal triple in (I57) shows that the plane P? = P2(M*®, 3) is determined uniquely by & as
(175) P2(M*, 5) = Supp(L(M*)/E).

Next, it follows from (I58)) that

(176) P?(M*,a) =P*(M*,BY), resp., P*(M*,B)=P*(M*Y, a"),

where M*V : 0 — (M) LA (MO)V LN (M~1)¥ — 0 is the monad dual to M*®. The monad M*V defines
the monad dual to (I34): 0 — Ops(—2) “TES Ops3(2) — 0 with &V = ker(¢V)/im(7V), and the argument
dual to the above yields the formulas dual to (I74) and ([I75): P?(M*V,3Y) = Supp(L(M*V)/EY), L(M®Y) =
(coker(7V)(—1)/Ops)(1). Since €Y ~ & these formulas mean in view of (I76) that the plane P3 = P?(M®, «) is
uniquely defined by £ via the same construction as above, hence it coincides with P2 = P?(M*, 3). O
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Let F € R(0,2,2k) be the reflexive sheaf defined in ([I53]), where 0 < k < 6 by Lemma 23 i. e.,

(177) Fle || R, Ry == R(0,2,2k).
0<k<6

Formulas (T43), (I44) and Lemmas 22 23] and 24 yield

Proposition 25. There is an inclusion

(178) HN(HNG(2,1)) C |_| Hi, where
0<k<6
(179) Hi = {[€] € B(5) | € is obtained from F,where [F] € Ry,
by the two subsequent elementary transformations (IS0) below},
(150) 0— L(-1) = F 5 Iz5(2) =0, (step 1)
0= &=L 0p(2) =0, (step 2)

where P? is some plane in P2, Z C P?, dim Z < 0, {(Z) =6 — k, and L is a stable reflevive sheaf from R(1,4,6).

7. GEOMETRIC PROPERTIES OF SHEAVES F AND MODULI OF COHOMOLOGY BUNDLES £ OF MONADS ([G])

In this section we explore in detail the geometry of the reflexive sheaves F described in Lemma 23] The main
result of this study will be the upper estimates for the dimensions of the moduli space of sheaves F and sheaves
L obtained from F by the elementary transformation (I70). These estimates are obtained in Propositions 26 and
below. This will eventually lead to the proof of Theorem 211

Denote

©:={[F] € Ry | F is unstable}, 2= {[F] € Ri | F is stable},
v :={[€] € Hi | € is obtained from F in (IT9), where [F] € R}},
Hi = {[€] € Hi | £ is obtained from F in ([IT9), where [F] € R} },
where 0 < k < 6. Thus, Ry, = R} UR; and (I44) and ([I78) yield:
(181) HN(Mng@n)c || (HruH;).
0<k<6

The estimate for the dimension of % ~\ (X N G(2,1)) will eventually follow from the computations of dimensions
of H} and H; which we will give below. For this, we start with an explicit description of the spaces R}’ and Rj.

Proposition 26. (i) R} # 0 only for 0 <k <3, and any sheaf F from R} fits in an exact triple
(182) 0— Ops > F = Iops — 0,

where C' = Sing(F/Ops) is a lL.c.i. curve of degree 2 in P3, x(Oc) =4 — Les(F) =4 — k.

(ii) If C is reduced, then either c3(F) = 4 and C is a disjoint union Iy U ly of two projective lines in P3, or
c3(F) =6, then C is a plane conic in P3.

(iii) If C is nonreduced then C is the scheme structure of multiplicity two on a projective line | in P defined by
an exact sequence

(183) 0—>Ic)p3 _>IZ,IF’3 —>Ol(m)—>0, —1<m=2-k<2.
(iv) The moduli spaces R} are varieties of dimensions

(184) dim Ry = dim Ry =14, dimRY =dimR§ = 13,
and they are fine.

Proof. (i)-(iii). By Lemmal[23] we have ¢1(F) = 0, co(F) = 2. Since F is unstable, it follows from [20, Lemma 3.1]
that H(F) # 0. Besides, from (I67) and the triple (I6J) twisted by Ops(—1) we obtain H(F(—1)) = 0. Take

a section 0 # s € H(F) and define a subscheme C in P? by the ideal sheaf Z¢ ps = im(u : F % Fv Ops).

(The canonical isomorphism can : F = FV follows since ¢;(F) = 0.) From the equality H°(F(—1)) = 0, by [20,
Thm 4.1] we obtain that:
(a) C is a Cohen-Macaulay curve in P? satisfying the triple ([I82), so that deg C' = co(F) = 2, and
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(b) the triple ([I82)) is exact, and the equality x(O¢) = 4 —k follows from this triple and [20, Thm. 2.3]; moreover,
(I82) defines an extension

(185) € € Ext' (Zops, Ops) =~ HO(Ext! (T ps, Ops)) ~ H(Ext*(Oc, Ops)).

(Here we use standard isomorphisms relatig global Ext-groups and Ext-sheaves - see [20, Sec. 4].) If C is a
reduced curve then, since deg C = 2, C' is either a disjoint union I; LI [5 of lines, or a conic. If C' is nonreduced,
then C is the scheme structure of multiplicity two on a projective line [ (in the sense of [12, Definition on p. 58]).
Moreover, since C' is Cohen-Macaulay, the sheaf 7 ps /Zc ps has no 0-dimensional torsion. Hence, by [12, Claim
on p. 59], the exact triple (I83)) follows and, moreover, C is a locally complete intersection. The triples (I83]) and
(I82) yield the equality m = 2 — 1c3(F)=2-k. Furthermore, (I83) and the isomorphism

(186) L ps|i ~ Nl\;IP’f* ~ Oy(~1)%

imply m > —1. Besides, 2 —m =k = %03(]:) > 0, as F is reflexive. Thus, —1 < m < 2 and therefore 0 < k < 3.
(iv) Consider the varieties Cx = {C | C is a L.c.i. curve of degree 2 in P2, x(O¢) = 4 — k}, 0 < k < 3. From
(1)-(iii) and [I2| Remark 1.3] it follows that Cj are rational varieties of dimensions

(187) dimCy =11, dimC =9, dimCy = dimCs = 8.

Note that [I83) yields an exact triple 0 — Oy(2 — k) = Oc — Op — 0, k = 3c3(F). Applying to it the functor
Ext? (O, Ops) and using the relations Ext? (O, Ops) ~ det(Nyps) ~ Oy(2), Ext' (O, Ops) = 0, i = 1,3, (see [34,
pp. 49-50]) we obtain an exact triple 0 — O;(2) — Ext?(Oc, Ops) = O;(k) — 0 which, together with (I8,
yields

dim HOIH(ICJPB, O[p3) = 1, EXt22(Icﬁ[p3, Op%) = 0,

dim Ext' (Zg ps, Ops ) = h?(Ext*(Oc, Ops) = k + 4,

Now, by (i)-(iii), for 0 < k < 3, the spaces R} are described as: R} = {([F], (€)) | [F] € R, F fits in (I82), (&) €
P(Ext' (Zops, Ops))} = {(C,(€)) | C € Ch, (£) € P(Ext'(Zops,Ops))}. This, together with (I88), shows that
Ry is a projective fibration with fibre P**3 over Cy, and (I87) yields (I84). Note that there exist universal flat
families I' C Cy, of curves C, and in view of (I88) and [3I, Thm. 1.4] the sheaves Ext;ck (ZIr.c,, Oc,) commute

with the base change. Hence, by [31} Prop. 4.2] there exist universal sheaves F on Ry, i. e., R} are fine moduli
spaces. O

(188)

Proposition 27. Suppose that [F] € R;. Then the following statements hold.

(i) Ry # 0 only for 0 < k < 2.

(ii) dim Ry =13, k = 0,1,2.

(iii) For 0 < k <2 and any [F] € R}, dimExt' (F, F) = 13, Ext*(F,F) =0.

(iv) For any P2 C P3, hO(Fp=(2)) = 10, A (Fp2(2)) = 0.

Proof. Statements (i)-(iii) are proved in [12] Sec. 2]. The equalities in statement (iv) follow from the exact triple
0— F(1) = F(2) = Fp2(2) — 0 and [I2] Tables 2.8.1 and 2.12.2] for k = 2,4 and, respectively, from [19, §9] for
k=0. O

We next proceed to a detailed description of the relation between the spaces H}' and R} for 0 < k£ < 3 and the
spaces H; and R for 0 < k < 2 given by steps 1 and 2 of formula (I80). Denote

28w .= {P? € P? | dim(C NP?) =1, C CP?, Oc = Ops/(F/Ops)}, [F] € RY,
8% =0, [FleRY, k<2,

184 .= (P2 € P? | dim(C NP?) =1, O¢ = Ops/(F/Ops), C ¢ P?}, [F] € RY,
255 =185 =10, if [F]eR;,

08u .= {P? € P3 . (*S%UZ2S%) | SingF NP? # 0}, [F] € RY,

085 := {P? € P* <\ (*S% U2S%) | SingF NP? £ 0}, [F| € R,
leu =P (OS5 U S UZSYy),
185 i =P3 (055 UlSE Uy,

vi=REx P, DY = {([F],P?) €Dy | PPeiSE}, —1<i<2,
Di =R xP?,  Df .= {([F],P)) D] |P?eiSs}, -1<i<2,
Dy :=DyUD; = U 'Dy, where ‘Dy:='Dfu'D;, —1<i<2.

—1<4i<2
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Clearly, ‘D (respectively, “Dj) are locally closed in D} (respectively, D;) and

(189) =] oy, Dpi= || ‘pi
—1<4<2 —1<4i<2
(190) dim ‘DY < dimRY +2 —i, dim' D <dimRj +2—i, —-1<i<2.

Next, denote
I(F,P?) := {{p) € P(Hom(F, Op=(2)))|im(p : F — Op2(2)) = Tzp2(2)

(191) 2 . 2
for a subscheme Z C P*, dimZ <0, {(Z) =6 -k}, ([F],P°) € Dy,

K(7)p2) = {(p) € I(F,P?) | [L, := (kerp)(1)] € R(1,4,6) is stable},
(192) ([]:]7]?2) € Dy, Qk = {([}—]apzv () | ([}‘]71972) € Dy, (p) € K([]’]7P2)}7
Ok 2% Dy, is the forgetful map, pp,!([F],P?) = K72,

S (e = L(1) € B(Hom(£y, 0p2(2))) | 7+ L, = Opa(2) is am
epimorphism and ker+ is locally free}, ([F], P2, (p)) € O,

193

(193) Ti == {([F], P2, (0}, (M) | (F), B, (p)) € Ok, (7) € (2,0 >
Ty “% Qy is the forgetful map, py, ([FJ,P?, (p) = S(7) 2.40));

(194) Qp = piy (DE Npk(Qr)), T3 := g (Qff N p2w(T)),

Q= p;kl(Dlsc Np1k(Qr)), Tf = pyy (95 N par(T)).

(Here 0 < k <3 and 0 < k < 2 in unstable case and stable case, respectively.) Since Dy = D} U Dy, it follows
that

(195) Qr=0'uQ;, T.=T'UT, 0<k<3.

(For consistency, in (I95) and below we set Q5 = T = ().) Since the stability of the sheaf £, is an open property
in flat families [24, Prop. 2.3.1] it follows that

(196) P (F)P?) = K p2) s TI(F, P2), ([F],P?) € Dy.

Take any point ([F],P?, (p), (7)) Since by definition [£,] € R(1,4,6) is stable and £ = ker+ is a vector bundle,
we obtain from the second triple (I80) that [£] € R(0,5,0) is also stable, i. e. [E] € B(5). Thus, we obtain a
natural map

(197) frr Te = B5), ([F1,P% (), (7)) > [ker]

)
and by Proposition 25, H} C fr(T}), H; C fu(T;). This, together with (I8I]) and and the second formula (I95)
yields
(198) HN(HNGR 1)) C || Al
0<k<3
It will follow from computations below that T} are disjoint unions of schemes and fj are morphisms for each of

these schemes and all admissible values of k.

Lemma 28. Let ([F],P?) € Dy and II(F,P?) # (). Then:
open

(i) there is an open embedding j : TI(F,P?) —— P(H ((Fp2)VV(2))) and for any {p) € IL(F,P?) there exists a
subscheme W (p) of P2, dim W (p) <0, and an ezact triple

(199) 0— Fp2(2) — “n = (Fp2)"V(2) — Ow(p) — 0, lywp) = k;

open

(i4) if (171,92, p)) # O for ([F], P2, (p)) € Qk, then there is an open embedding X F) p2, () —— P(Hom(L, Op2(2))) ~
]PalO.

(iii) if ([F),B2) € ~1Dy, then k= 0, hO(FYY(2)) = hO(Fea(2)) = 10 ;
(iv) if ° Dy # 0 and ([F],P?) € "Dy, then 1 < k < 2, hO(Fp=(2)) = 10 and

(200) RO((Fp2)VV(2)) = 10 + k;
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(v) if *Di, U 2Dy, # 0 and ([F],P?) € *Dy U 2Dy, then the equalities @00) hold for k =1,2,3 and

(201) hO((Fe2)"¥(2)) = RO((Fp2)(2)) = 11, if k=0.

Proof. (i) Take any (p) € II(F,P?). By the definition of II(F, P?) we may consider p as a composition p : F 8O,
Fpz 5 Tzp2(2) with dimZ <0, £z =6 — k. As F is reflexive, Fp2 has no torsion as a Opz-sheaf [20, §1]. Hence,
ker p is a rank 1 torsion free Opz-sheaf. Since ci(Fp2) = 0, co(Fp2) = 2, ker p ~ Ly p2(—2), where dim W < 0,
and there is an exact triple

(202) 0 = Tovpe 2 Fpa(2) & Typ(4) — 0.

The monomorphism 6 = 6, in this triple extends to a commutative square

9/-7
(203) Ty — Fp2(2)

can IC&H
ev\/

O[pﬂ);) (.7:[92)\/\/(2),

and we obtain a morphism j : II(F,P?) — P(H°((Fp2)"¥(2))), (p) — 0". To construct the inverse to j morphism
Y (imj) — TI(F,P?), take any (0 : Op> — (Fp2)¥V(2)) € imj. The morphism 6 : Zyyp> — Fp2(2) such that
§ = 6VV is recovered from 6 as élzw,nﬂ’ where Zyypz = can™1((Op2) N can(Fp2(2))). Then 6 defines via 0 a
morphism p as the quotient morphism Fp2(2) — coker ~ T, p2(4), and we set ¥((0)) := (po (— ® Op2)). The
openness of j follows from the openness of the condition p : F — Op2(2) to be surjective.

Next, remark that, in (203)), the Opz-sheaf cokerf) ~ Z p2(4) has no torsion, hence there is no nonzero morphism
Ow = Op2 /Iy p2 — cokert), since dim W < 0. Thus, (203) and the Snake Lemma yield an exact triple (I99) with
Wi(p) =W.

(ii) The injection X7 p2,(py) < P(Hom(L,, Op2(2))) ~ P'° is an open embedding since the condition that
v: L= L, = Op2(2) is an epimorphism and ker ~ is locally free is open on (y) € P(Hom(L, Op2(2))). We thus
have to show that dim Hom(L, Op2(2)) = 11. Consider the epimorphism 5 = v|pz : Lpz — Opz(2). Since by
definition [£] € R(1,4,6), it follows that kery ~ Zy p2(—1) for some subscheme Y of P?, dimY = 0, ¢y = 6.
This yields an exact triple 0 — Zy p2(—1) — Lp2 L Op2(2) — 0. Applying to it the functor Extb]ﬂ (—,0p2(2))
we obtain an exact triple 0 — Op2 — Hom(Lp2, Op2(2)) — Op2(3) — 0 which implies dim Hom(L, Op2(2)) =
dim Hom(Lpz, Op2(2)) = h®(Hom(Lpz, Opz(2))) = 11.

(iii) Since ([F],P?) € ~'Dy, (Fp2)VY =~ Fp2 is locally free Opz-sheaf, and ([[39) implies & = 0. Now, if F is
unstable, then applying to (I82) the functor — ® Opz(2) we have an exact triple

(204) 0— OPQ — Fp2z — Iy)[pﬂ (2) — 0, dimY =0, by = degC =2,

and this triple yields the desired values of h*((Fp=2)VV(2)) = h*(Fp=(2)). If F is stable, then these values are given
by Proposition 27 (iv).

(iv) Since ([F],P?) € "Dy, U 2Dy, # (), the morphism can in (I99) is not an isomorphism, hence k = ly(,) > 1.
On the other hand, k < 3 by Propositions 27|(i) and 26(i). As above, if F is unstable, the triple (204)) is true,
which yields the equalities h%(Fp2(2)) = 10, h*(Fp2(2)) = 0. Respectively, if F is stable, these equalities follow
from Proposition 27 (iv). Whence, by (199)), we have ([200).

We only have to show that, in case F is unstable, k& < 2. By the definition of the sets iDg, 1 = 0,1,
the condition ([F],P?) € D} implies that P? ¢ 1S%. This means that the exact triple (204) is true, with
dimY = 0, ¢y = degC = 2. Dualizing this Op:-triple we easily obtain an inequality h%(Ext!(Fpz, Op2)) <
hO(Ext*(Oy, Op2)) = £y = 2 and an exact tripe 0 — Opz — (Fp2)" — Iz p2(2) — 0 for some scheme Z C P?
with dim Z < 0, £z = 2 — h(Ext! (Fp2, Op2)). This triple, together with the triple ([204) and the isomorphism
(Fp2)V =~ (Fp2)VY, yields an exact triple 0 — Fp2(2) - (Fp2)VV(2) — K — 0, where K is an artinian
sheaf of length h?(K) = h?(Ext! (Fpz, Op2)) < 2. Comparing this triple with (I99) we obtain K ~ Oy (, and
k=l < 2.

(v) From the condition ([F],P?) € Dy # () and Proposition 28] it follows that P? N SingF = [ is a line, if
k = 0,1, 2; respectively, P2 N SingF = C is a conic, if k = 3. Thus, applying to the triples {I82) and (I83) the
functor — ® Opz(2) and using the resolution 0 — Ops(—1) — Ops — Opz — 0, we obtain the following exact
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triples, where dim W =0 and if k =0 or 1, then W C I:

0— OPZ (2) — Fp2 (2) — Icy[pﬂ (2)|[p>2 — 0,

0— Ol(?) — k) — Ic7p3(2)|[p>2 — IWJFDZ(]N) — 0, ZW =3 - k, k < 2,

0— O — Zops(2)p2 = Op2(1) = 0, k=3, C¢P? P*NC=I,

0— Oc(1) = Zops(2)|pz — Opz — 0, k=3, C CP

Since F is locally free for k = 0, hi((Fp2)¥V(2)) = h*(Fp2(2)), from (205) we obtain ([20I). Respectively, for

k=1,2,3, (205) and ([199) imply (200). O
For 0 < k < 3, let B C P x P? be the graph of incidence,0p(2) = Ops(2) K Ops|p, and let pro : Dy — DY,

pri: DY — RY, Dy — P? x P3 be the projections. For each m > 0 consider the set

(206) Y =Y, = {([F],P?) € D} | dimHom(F,Op2(2)) =m}, m >0,

and set Y = pry ' (Y), ¢; = prily, i = 0,1,2, L = Exty, (¢t F,¢50p(2)), where F is the universal sheaf on RY

which exists by Proposition B8l(iv), Y = Y xy P(LY), and let P(LY) & Y 5 Y and Y £ P(LY) % Y be the

projections. By [2] Satz 3], Y = Yy, is locally closed in Dy and the sheaf L is a rank m locally free sheaf on Y

which commutes with the base change, i. e., for y = ([F],P?) € Y, one has L|, = Hom(F, Opz(2)). On Y there

is a universal morphism p: (g1 o 7)*F — (g2 0 7)*Op(2) ® u*Op(rvy(1). Consider the set

(207) X =X, ={(F,P?) e V", | Kz p2) # 0}

From this definition it follows that the sheaf imp is flat over P(L") at any point x € »~1(X). This implies that X
is an open (possibly, empty) subset of Y, hence it is locally closed in D}*. Therefore, since in view of Proposition
26l (iv) Dy are varieties, the set @} = {m € Z>o | X}/,, # 0} is finite. By the definitions (I91]), (192), (I94) and

@07) we have

(205)

(208) Xi= | Xi = pu(QD), Qf = piy! (X})-
medy
Denoting ‘X = "Dy N X}, *Q¥ = p, (1 X}), —1 <i < 2, we find from the first equality (I89) that
(209) o= || "o
—1<i<2

The inclusion ([[96) and Lemma 28 (i) yield that the projection pij : “Q% — *X* decomposes as
(210) P TQE P Oy B X, ~1<i<2, 0<k<3,

where QY LZLN {X} is the projective fibration with fibre P(H"((Fp2)VV(2))) over an arbitrary point ([F],P?) €
‘X Here by (208) each ‘X is a disjoint union of schemes, This shows that each ‘QY is a disjoint union of
schemes. Since ‘X C DY, it follows from (I90) and Lemma 28] (iii)-(v) that

(211) dim QY < dim "RY + 11 —i + k, -1<i<?2, 0<k<3.
Thus, in view of (&), we obtain dim ‘QY < 26 for all possible 4, k, hence ([209) yields
(212) dim Q" <26, 0<k<3.

To obtain a similar estimate for dimensions of Qf, we define similarly to (206]) the locally closed subsets
Yy, = {([F],P?) € Dj | dimHom(F, Op2(2)) = m}, m > 0, of Dj. Next, note that apriori there is no universal
sheaf F on Rj. However, by Proposition 27, Ext*(F, F) = 0 for any [F] € R}, 0 < k < 2. This means that the
deformation theory for R}, is unobstructed, so there exists an open cover R}, = |J U; and universal sheaves F; on

jeJ
U; (see, e. g., [9, Appendice A1-A2], [I7, Ch. 6]). The existence of these local universal sheaves is enough to show
that the sets X7 defined similarly to @07) as X, := {([F],P?) € Y}?,, | K((7),p2) # 0}, are locally closed subsets
of Dj. We then have, similarly to (208)-(209), a finite dijoint unions of schemes X := || Xj = p1x(Qj) and
medy
relations QF = pfkl (X7). Denoting iX,j = iD,iﬂX,j, iQi = pfkl(iX};), —1 <4 <2, and mimicking the argument in
(209)- @211) with u substituted by s, we obtain that ‘Qf, respectively, Q5 are disjoint unions of schemes satisfying
the inequalities dim*Qj, < dim*Rj + 11 —i+k, —1 <4 < 2,0 < k < 2. These formulas and Proposition 27 (ii)
imply the inequalities dim Q7 < 26, 0 < k < 2, which, together with (2I2) and (I95)) yield

(213) dimQ, <26, 0<k<3.
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(Remind that, as in (I93)), we set Qf = T5 = ().) Now from Lemma 28 (ii) and the last formula in the display
([I93), similarly to (ZI0), we obtain that T} are disjoint unions of schemes and projections po : Ty — Qj are
morphisms which decompose as pop, : Tk copen, Tk LELN Qp, where Tk LELN iQ, is the projective fibration with
fibre P(HY((Fp2)"V(2))) ~ P! over an arbitrary point ([F],P?, {p)) € Qk, 0 < k < 3. This together with (213

yields
(214) dim T}, < 36, 0<k<3.

Proof of Theorem[Z1l. Tt is clear from the above that the maps fi : Ty — B(5) defined in (I97) are morphisms.
The inequality dim(H \ (G(2,1) NH)) < 36 now follows from (I98) and (2I4). However, by [20, Remark 3.4.1],
any irreducible component of B(5) has dimension at least 37. Hence, Theorem [21] follows. O

8. COMPONENTS OF B(5)

We finally have at hand all the results needed to complete the proof of our second main result, namely, the
characterization of the irreducible components of B(5) given by Main Theorem This entire section will be
devoted to this goal.

Proof of Main Theorem [4. The first ingredient of the proof is the fact, proved by Hartshorne and Rao, that
every bundle in B(5) is cohomology of one of the monads [@)-(@), cf. [2I, Table 5.3, case 5.(1)-(4)].

Recall that for each stable rank 2 bundle E on P3 with vanishing first Chern class, the number a(E) =
h'(E(—2)) mod 2 is called the Atiyah-Rees a-invariant of E, see [19, Definition on p. 237]. Hartshorne showed
[19, Corollary 2.4] that this number is invariant on the connected components of the moduli space of stable vector
bundles on P3. One can easily check that the cohomologies of monads of the form () and (B) have a-invariant
equal to 0, while the cohomologies of the other three types of monads have a-invariant equal to 1.

Rao showed in [35] that the family of bundles obtained as cohomology of monads of the form (@) is irreducible,
of dimension 36, and it lies in a unique component of B(5). Since instanton bundles of charge 5, i. e. the
cohomologies of monads of the form (2)), yield an irreducible family of dimension 37, it follows that the set

(215) T :={|E] € B(5) | a(E) = 0}

forms a single irreducible component of B(5), of dimension 37, whose generic point corresponds to an instanton
bundle. In addition, every [E] € Z satisfies H' (End(FE)) = 37; this was originaly proved by Katsylo and Ottaviani
for instanton bundles [30], and by Rao for the cohomologies of monads of the form (B]) [35, Section 3]. Therefore,
we also conclude that Z is nonsingular. This completes the proof of the first part of the Main Theorem.

Our next step is to analyse those bundles with Atiyah—Rees invariant equal to 1.

Hartshorne proved in [20, Theorem 9.9] that the family K of stable rank 2 bundles E with ¢;1(E) = 0 and
c2(F) = 5 whose spectrum is (—2,—1,0,1,2) is an irreducible, nonsigular family of dimension 40, and from the
definition of spectrum one has

(216) h*(E(-2)) = 3, (€] € K.

The bundles from K are precisely those given as cohomologies of monads of the form (@), cf. |21, Table 5.3, case
5.(4)], which is a particular case of a class of monads studied by Ein in [I5]. It is shown in [I5] that the closure
K of K in B(5) is an irreducible component of B(5) of dimension 40.

We proved in Main Theorem [I] case a = 2, that the bundles arising as cohomology of monads of the form
B) form a dense subset G(2,1) of a rational irreducible component of dimension 37. Consider the set H of
bundles arising as cohomology of monads of the form (B). Since the bundles from G(2,1) U H have the spectrum
(—1,0,0,0,1) by [2I, Table 5.3, case 5.(2)], by we have (cf. ({I64)

(217) rt(E(-2)) =1, (€] € G(2,1) UH,

so that a(£) = 1, and therefore, in view of [ZIH), HNZ = 0. Since, by Theorem 21l H does not constitute a
component in B(5), it then follows from the above that H C G(2,1) U K.

Proposition 29. # C G(2,1) and K = K.

Proof. We only have to show that (G(2,1) UH)NK = (. Suppose by contradiction that there exists a vector
bundle [€] € (G(2,1) UH) N K. By ([ZI6) and the inferior semi-continuity of the dimension of the cohomology

groups of coherent sheaves, one has that h'(£(—2)) > 3, contrary to ([2I7). O
This last proposition finally concludes the proof of Main Theorem O

We summarize all the information in the Main Theorem [2] and the discrete invariants of stable rank 2 bundles
with ¢; = 0 and ¢z = 5 in the following table.
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TABLE 1. Irreducible components of B(5)

Component | Dimension | Monads | Spectra | a-invariant
@) (0,0,0,0,0)
Instanton 37 & C1-1,01,1) 0
Ein 40 @ (-2,-1,0,1,2) 1
Modified (5]
Instanton 37 ([©) (-1,0,0,0,1) 1

Remark. Inspired by the techniques introduced in the present paper, the authors of [38] construct another
infinite series of irreducible components of 5(0,n) whose special point corresponds to a bundle obtained as the
cohomology of a monad similar to the one in display (24), just substituting a direct sum of two rank 2 instantons
bundles for the rank 4 instanton bundle of charge 1 in middle term.
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