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Abstract

Every L-space knot is fibered and strongly quasi-positive, but this does not hold for
L-space links. In this paper, we use the so called H-function, which is a concordance
link invariant, to introduce a subfamily of fibered strongly quasi-positive L-space links.
Furthermore, we present an infinite family of L-space links which are not quasi-positive.

1 Introduction

It is well known that every L-space knot is fibered and strongly quasi-positive [8, 13, 25].
Surprisingly, this does not hold for general L-space links. Not every L-space link is fibered,
an example ([19]) is given by the 2-bridge links b(10n+ 4,−5) with 2 6 n 6 6, and this can
be detected from the rank of ĤFL on the top degree, see [8, 22]. Not all fibered L-space
links are strongly quasi-positive, or quasi-positive. For example, the Whitehead link is a
fibered L-space link, but it is neither strongly quasi-positive nor quasi-positive.

Indeed, L-space knots and L-space links are quite different in a lot of aspects. They are
both defined in terms of large surgeries, but if there is one L-space surgery on this knot then
the knot is an L-space knot, and all surgeries with surgery coefficient greater than that one
are L-space surgeries. This also does not hold for L-space links (see [19]), and the L-space
surgeries on L-space links are in general much more complicated than surgeries on knots,
see [12, 18, 28].

The H-function HL(s) is a link concordance invariant, defined on some n-dimensional
lattice H(L) where n is the number of components of the link, and takes non-negative
integer values, see [11]. Note that whether a link L is an L-space link does not depend on
the orientation of L. However, the H-function depends on the orientation.

We say a link L is type (B) if there is a lattice point s = (s1, · · · , sn) ∈ H(L) such that
HL(s′) = 0 if and only if s′ � s. Otherwise, we say the link L is type (A). If furthermore L
is a type (B) L-space link then we call L special when its H-function satisfies the following
three equations:

si = g3(Li) +
`k(Li,L \ Li)

2
(1.1)

for every i = 1, ..., n;
HL(s− 1) = 1 (1.2)
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where 1 = {1, · · · , 1};

HL(x1, · · · , xn) = HL(x̄1, · · · , x̄n) (1.3)

for every x = (x1, · · · , xn) ∈ H(L) with

n∑
i=1

xi >
n∑

i=1

si − n ,

where x̄i = ∞ if xi > si and x̄i = xi otherwise. For example, the link L7n1 is a special
L-space link, while the 2-component unlink is type (B) but not special, and their H-function
is shown in Figure 1.
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Figure 1: The H-functions of L7n1 (left) and ©2 (right).

The latter conditions are actually not very restrictive; for example, all L-space knots
and all algebraic links are special L-space links.

Proposition 1.1. Every algebraic link is a special L-space link. In particular, this holds for
positive, coherently oriented torus links Tp,q for every 1 6 p 6 q.

Furthermore, suppose L = L1 ∪ · · · ∪ Ln is a special L-space link; let pi, qi be coprime
positive integers where 1 6 i 6 n, and let Lpi,qi denote the (pi, qi)-cable of Li. Then the
link Lcab = Lp1,q1 ∪ · · · ∪ Lpn,qn is also an L-space link if qi/pi is sufficiently large for each
1 6 i 6 n, [2, Proposition 2.8], and it is special [17, Theorem 4.6].

It is in general very hard to study the type (A) links, but we will concentrate on 2-
component type (B) L-space links in this paper. Note that the definitions of type (A) and
(B) for L-space links are slightly different from the ones in [17]. This is simply for different
purposes.

Theorem 1.2. Suppose that L is a special L-space link. Then L is fibered and strongly
quasi-positive.

We do not know whether in general the converse holds or not, but for 2-component
L-space links, we have the following theorem.
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Theorem 1.3. A 2-component L-space link is fibered and strongly quasi-positive if and only
if it is special.

An application of Theorem 1.2 is a proof of the following corollary, see [3, 5] for the
definitions of τ and ν+ for links.

Corollary 1.4. Suppose that L is a special L-space link. Then we have

g3(L) + n− 1 =
n∑

i=1

g3(Li) +
∑
i<j

`k(Li, Lj) = τ(L) = ν+(L) .

In particular, when L has two unknotted components this equation implies `k(L1, L2) > 0.

It is worth to mention that in general, it is not easy to determine whether a link is
an L-space link. One can apply Theorem 1.2 to prove a link is not an L-space link. For
example, Boileau, Boyer and Gordon studied strongly quasi-positive pretzel links in [1]. In
order to check whether a pretzel link is an L-space link, one can compute its H-function,
see [18], to see whether it is special. For example, the pretzel link b(−2, 3, 8) is not strongly
quasi-positive [1, Proposition 8.1]; if we assume that it is an L-space link then it is special,
which contradicts Theorem 1.2. For the computation of its H-function, see [16].

Consider the family of 2-bridge links b(4k2 + 4k,−2k − 1) where k is a positive integer
as in Figure 2; they are type (A) 2-component L-space links. We are able to prove the
following result.

Proposition 1.5. The family of 2-bridge L-space links b(4k2 + 4k,−2k − 1) with k > 1
contains no quasi-positive link. In particular, the Whitehead links are not quasi-positive.

Remark 1.6. Similarly, one can prove that the Borromean rings are also not quasi-positive.

k full twists k full twists

Figure 2: Two-bridge link b(4k2 + 4k,−2k − 1).

The key ingredient of the proofs of Theorem 1.2 and Theorem 1.3 is the characterization
of strongly quasi-positive fibered links via the τ -invariant proved by the first author in [6]:
a fibered link L in S3 is strongly quasi-positive if and only if τ(L) = g3(L) + n− 1.

The paper is organized as follows: in Subsection 2.1 and Section 3, we review link Floer
homology, the definitions of L-space links and the H-function. In Subsection 2.2, we review
the collapsed link Floer complex and the τ invariant for links. In Section 4, we give the
proofs of our main results: Theorem 1.2 and Theorem 1.3.

Acknowledgement. We are grateful to the Max Planck Institute for Mathematics in
Bonn for its hospitality and financial supports. We also want to thank the referee for its
suggestions.
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2 Basics of link Floer homology

2.1 The link Floer homology groups HFL−(L) and ĤFL(L)

Ozsváth and Szabó proved that there are chain complexes CF−(M), ĈF (M) associated
to an admissible multi-pointed Heegaard diagram for a closed oriented connected 3-manifold
M [24], and these give 3-manifold invariants HF−(M) and ĤF (M). A null-homologous link
L = L1 ∪ · · · ∪Ln in M defines a filtration on the chain complex CF−(M). For links in S3,
this filtration is indexed by an n-dimensional lattice H(L) which is defined as follows.

Definition 2.1. For an oriented link L = L1 ∪ · · · ∪ Ln ⊂ S3, define H(L) to be the affine
lattice over Zn:

H(L) =
n⊕

i=1

Hi(L), Hi(L) = Z+
`k(Li,L \ Li)

2

where `k(Li,L \ Li) denotes the linking number of Li and L \ Li.

Given s = (s1, · · · , sn) ∈ H(L), the generalized Heegaard Floer complex A−∗ (L, s) ⊂
CFL−∗ (L) = CF−(S3) is the F[U1, ..., Un]-module defined as the subcomplex of CF−(S3)
corresponding to the Alexander filtration indexed by s ∈ H(L) [20].

We recall that the filtration is increasing in the following sense. Let us consider v,w ∈
H(L); we write v � w if vi 6 wi for every i = 1, ..., n. In the same way, we say that v ≺ w
when v � w and v 6= w. Hence, we have

A−∗ (L,v) ⊂ A−∗ (L,w)

whenever v � w ∈ H(L).
It is known [20] that the actions of the Ui’s on CFL−∗ (L) are all homotopic; hence, they

coincide in the homology group HF−(S3), inducing a natural structure of F[U ]-module.
Since A−(L, s) = CFL−(L) when s is big enough, the total homology of CFL−∗ (L) is
always isomorphic to HF−∗ (S3) ∼= F[U ]0 for every link. On the other hand, the link Floer
homology group HFL−∗ (L, s) is defined as the homology of the bigraded complex associated
to the filtration and it depends on the isotopy type of L; more specifically, we have

HFL−∗ (L, s) = H∗

A−(L, s)�∑
u≺s

A−(L,u)

 ,

which is also an F[U1, ..., Un]-module. For more details, see [20, 27]. Besides the link invariant
HFL−(L, s), Ozsváth and Szabó also associated the multi-graded link invariant ĤFL(L, s)
to links L ⊂ S3 which is defined as follows [9, 27]:

ĤFL(L, s) = H∗

(
A−(L, s)/

[
n∑

i=1

A−(s− ei)⊕
n∑

i=1

UiA
−(s + ei)

])
.

The latter is a finite dimensional F-vector space.
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2.2 The collapsed Alexander filtration

Following the notation in [3], we introduce the complex cCFL−∗ (L) by collapsing the
variables U1, ..., Un in CFL−∗ (L) to U . The Alexander filtration is also collapsed accordingly
and we then obtain the subcomplexes cA−∗ (L, s), where s = s1 + ... + sn ∈ Z. Obviously,
the filtration is still increasing.

The complex cCFL−(L) can be identified with CF−(S3, n) and its differential is also
gotten from CFL−(L) by collapsing the Ui’s to U . For this reason we have that its total
homology is now isomorphic to F[U ]2

n−1 for every link with n-components; more specifically,
one has

H∗(CF
−(S3, n)) ∼= HF−∗−n−1

2

((S1 × S2)#(n−1), t0) ∼= HF−0 (S3)⊗ (F[U ]−1 ⊕ F[U ]0)
⊗ n−1

with t0 being the unique torsion Spinc structure on (S1×S2)#(n−1), see [3, 5, 27]. Using this
complex the first author in [3] defined the invariant ν+(L), a link version of the invariant
from [14], as the minimal integer s such that the inclusion

H0

(
cA−(L, s)

)
↪−→ HF−0 (S3)⊗ (F[U ]−1 ⊕ F[U ]0)

⊗ n−1

is non-trivial, meaning its image is not {0}. We recall that

dimF[U ]HF
−(S3) = dimF[U ]HF

−
0 (S3) = dimF ĤF (S3) = dimF ĤF 0(S

3) = 1 ;

and dimF[U ] denotes the rank of the free part of an F[U ]-module. Later, in [5] it was proved
that ν+(L) is a concordance link invariant.

The last homology group that we define in this paper is the hat version of of cHFL−(L).
We say that ĈFL∗(L) is the complex obtained from CFL−∗ (L) by setting U1 = ... = Un = 0,
which means it is a finite dimensional F-vector space, together with the (collapsed) Alexander
filtration on it, denoted by Â∗(L, s). In other words, one has

ĈFL(L) = ĈF (S3, n) = ĈF ((S1 × S2)#(n−1)) .

As in [3] we recall that the invariant τ(L) is the minimal s ∈ Z such that the inclusion

H0

(
Â(L, s)

)
↪−→ H0

(
ĈFL(L)

)
= ĤF 0(S

3)⊗ (F−1 ⊕ F0)⊗ n−1

is non-trivial. The integer τ(L) is also a concordance invariant; moreover, we have the
following lower bound for the slice genus:

τ(L) 6 ν+(L) 6 g4(L) + n− 1 6 g3(L) + n− 1 .

The following result was proved in [6]. We recall that a link is said strongly quasi-positive
if it can be written as closure of the composition of d-braids of the form

(σi · · · σj−2)σj−1(σi · · · σj−2)−1 for some d > j > i+ 2 > 3

or
σi for i = 1, ..., d− 1 ,

where σ1, ..., σd−1 are the Artin generators of the d-braids group.
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Theorem 2.2. [6, Theorem 1.1] A fibered link L in S3 is strongly quasi-positive if and only
if τ(L) = ν+(L) = g3(L) + n− 1, where g3(L) is the Seifert genus of L.

Finally, we call ĤFL(L) the bigraded object associated to ĈFL(L). For any s ∈ Z, one
defines:

ĤFL∗(L, s) = H∗

(
Â(L, s)�Â(L, s− 1)

)
and this is an F-vector space, which also depends on L. Note that

ĤFL(L, s) =
⊕

{s∈H(L)|s1+···+sn=s}

ĤFL(L, s) .

We call stop the maximal Alexander grading s such that ĤFL∗(L, s) 6= {0}.

Theorem 2.3. [8, 22] A link L is fibered if and only if dimF ĤFL∗(L, stop) = 1.

We also recall that for an n-component fibered link L one has stop = g3(L) +n−1. This
is a classical result which follows from the fact that every Seifert surface for a fibered link
is connected and if it realizes the minimal Seifert genus then it is isotopic to a fiber, see
[15, 23]. A more detailed proof is in [6].

3 The H-function and L-space links

3.1 Properties of the H-function

By the large surgery theorem [20, Theorem 12.1], the homology of A−(L, s) is isomorphic
to the Heegaard Floer homology of a large surgery on the link L, equipped with some Spinc

structure which depends on s, as an F[U ]-module. Thus the homology of A−(L, s) is a direct
sum of one copy of F[U ] and some U -torsion submodule.

Definition 3.1. [2, Definition 3.9] For an oriented link L ⊂ S3, we define the H-function
HL(s) by saying that −2HL(s) is the maximal homological degree of the free part of
H∗(A

−(L, s)) where s ∈ H(L).

We list several properties of the H-function as follows.

Lemma 3.2. [2, Proposition 3.10] For an oriented link L ⊂ S3, the H-function HL(s) takes
non-negative values, and HL(s− ei) = HL(s) or HL(s− ei) = HL(s) + 1 where s ∈ H(L).

Lemma 3.3. [2, Proposition 3.12] For an oriented link L = L1 ∪ · · · ∪ Ln ⊂ S3 and
s = (s1, · · · , sn) ∈ H(L), one has

HL(s1, · · · , sn−1,∞) = HL\Ln
(s1 − `k(L1, Ln)/2, · · · , sn−1 − `k(Ln−1, Ln)/2) ,

where `k(Li, Ln) denotes the linking number of Li and Ln for i = 1, 2, · · · , n− 1.

Remark 3.4. We use the convention that HL(∞, · · · ,∞) = 0.

In general, it is very hard to compute the H-function for links in S3. However, for the
family of L-space links, its H-function can be computed from its Alexander polynomials [2].
We first review the definition of L-space links, introduced by Ozsváth and Szabó in [25].
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Definition 3.5. A 3-manifold Y is an L-space if it is a rational homology sphere and its
Heegaard Floer homology has minimal possible rank: for any Spinc-structure s, ĤF (Y, s) ∼=
F and HF−(Y, s) is a free F[U ]-module of rank 1.

Definition 3.6. [11, 17] An n-component link L ⊂ S3 is an L-space link if there exists
p ∈ Zn with 0 < pi for every i = 1, ..., n such that the surgery manifold S3

q(L) is an L-space
for any q � p.

L-space links have the following properties.

Theorem 3.7. [17] We have that

a) every sublink of an L-space link is an L-space link;

b) a link is an L-space link if and only if for all s one has H∗(A−(L, s)) ∼= F[U ].

For L-space links, the H-function can be computed from the multi-variable Alexander
polynomial. Indeed, by (b) and the inclusion-exclusion formula, one can write

χ(HFL−(L, s)) =
∑

B⊂{1,··· ,n}

(−1)|B|−1HL(s− eB), (3.1)

as in [2, Equation (3.14)]. The Euler characteristic χ(HFL−(L, s)) was computed in [26],

∆̃(t1, · · · , tn) =
∑

s∈H(L)

χ(HFL−(L, s))ts11 · · · t
sn
n (3.2)

where s = (s1, · · · , sn), and

∆̃L(t1, · · · , tn) :=

{
(t1 · · · tn)1/2∆L(t1, · · · , tn) if n > 1,
∆L(t)/(1− t−1) if n = 1.

(3.3)

Remark 3.8. Here we expand the rational function as power series in t−1, assuming that
the exponents are bounded in positive direction. The Alexander polynomials are normalized
so that they are symmetric about the origin. This still leaves out the sign ambiguity which
can be resolved for L-space links by requiring that H(s) ≥ 0 for all s.

One can regard Equation (3.1) as a system of linear equations for H(s) and solve it ex-
plicitly using the values of the H-function for sublinks as the boundary conditions. We refer
to [2, 11] for general formulas. The explicit formula for links with one and two components
can be found in [10].

Example 3.9. [18, Lemma 2.11] For an L-space knot K one has HK(s) = 0 if and only if
s > g3(K).

Example 3.10. The (symmetric) Alexander polynomial of the Whitehead link equals

∆(t1, t2) = −(t
1/2
1 − t−1/21 )(t

1/2
2 − t−1/22 ),

so
∆̃(t1, t2) = (t1t2)

1/2∆(t1, t2) = −(t1 − 1)(t2 − 1).

The values of the H-function are in Figure 3: note that the link is type (A).
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2 1 0 0 0

2 1 0 0 0

2 1 1 0 0

3 2 1 1 1

4 3 2 2 2

s1

s2

Figure 3: The H-function of the Whitehead link.

3.2 Spectral sequences

For an L-space link L, there exist spectral sequences converging to HFL−(L) and
ĤFL(L) respectively [9, 11].

Proposition 3.11. [11, Theorem 1.4] For an oriented L-space link L ⊂ S3 with n compo-
nents and s ∈ H(L), there exists a spectral sequence with E∞ = HFL−(L, s) and

E1 =
⊕

B⊂{1,··· ,n}

H∗(A
−(L, s− eB)),

where the differential in E1 is induced by inclusions.

Remark 3.12. Precisely, the differential ∂1 in the E1-page is

∂1(z(s− eB)) =
∑
i∈B

UHL(s−eB)−HL(s−eB+ei)z(s− eB + ei),

where z(s − eB) denotes the unique generator in H∗(A−(L, s − eB)) with the homological
grading −2HL(s− eB).

Proposition 3.13. [9, Proposition 3.8] For an L-space link L ⊂ S3 with n components and
s ∈ H(L), there exists a spectral sequence whose E∞ page is Ê∞ = ĤFL(L, s) and the E1

page is
Ê1 =

⊕
B⊂{1,··· ,n}

HFL−(L, s + eB).

In the rest of this section, we review the explicit computation of HFL−(L, s) for 2-
component L-space links L. Indeed, in this case the spectral sequence in Proposition 3.11
comes from the following iterated cone complex.

Lemma 3.14. [11, Lemma 2.8] For any (s1, s2) ∈ H(L), the chain complex CFL−(s1, s2)
of the L-space link L = L1 ∪ L2 is quasi-isomorphic to the iterated cone complex:

A−(s1 − 1, s2) A−(s1, s2)

A−(s1 − 1, s2 − 1) A−(s1, s2 − 1)

i1

i1

i2 i2
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where i1 and i2 are inclusion maps in [11, Lemma 2.4].

The spectral sequence collapses at its E2-page [11, Theorem 2.9]. Its E1 page is in Figure
4, with the differential d1 induced from inclusion i1, i2. Note that d2 changes the homological
grading by an odd integer, but F[U ] has even grading, which implies that d2 = 0. Hence, to
compute HFL−(L, s), we just need to consider d1.

Remark 3.15. The Maslov grading is the sum of the homological grading and the cube
grading.

F[U ][−2HL(s1 − 1, s2)][b] F[U ][−2HL(s1, s2)][a]

F[U ][−2HL(s1 − 1, s2 − 1)][c] F[U ][−2hL(s1, s2 − 1)][d]

i1

i1

i2 i2

Figure 4: E1-page.

Let a, b, c, d denote the generators in F[U ][−2HL(s1, s2)],F[U ][−2HL(s1−1, s2)],F[U ][−2HL
(s1 − 1, s2 − 1)], and F[U ][−2HL(s1, s2 − 1)], respectively. Let h = H(s1, s2). By Lemma
3.2, there are 6 cases for the H-function corresponding to the mapping cone.

Based on the H-function in Figure 5, we compute the corresponding HFL−(L, (s1, s2))
in each case. Note that we use the convention that the cube grading of H∗(A−(s1, s2)) is 0.
For details, see [16].

Case 1: i(b) = a, i(c) = b− d, i(d) = a and i(a) = 0, so HFL−(s1, s2) = 0.
Case 2: i(b) = a, i(c) = Ub− d, i(d) = Ua and i(a) = 0, so HFL−(s1, s2) = 0.
Case 3: i(b) = Ua, i(c) = b− Ud, i(d) = a and i(a) = 0, so HFL−(s1, s2) = 0.
Case 4: i(b) = a, i(c) = Ub − Ud, i(d) = a and i(a) = 0, so HFL−(s1, s2) = 〈b − d〉.

Both b and d have homological grading −2h and cube grading 1. The Maslov grading of
b− d is −2h+ 1. Thus HFL−(s1, s2) = F[−2h+ 1].

Case 5: i(b) = Ua, i(c) = b − d, i(d) = Ua and i(a) = 0, so HFL− = 〈a〉 with Maslov
grading −2h. Thus HFL−(s1, s2) = F[−2h].

Case 6: i(b) = Ua, i(c) = Ub− Ud, i(d) = Ua, and i(a) = 0, so HFL−(s1, s2) = 〈a, b−
d〉. Here a has Maslov grading −2h and b− d has Maslov grading −2(h+ 1) + 1 = −2h− 1.
Thus HFL−(s1, s2) = F[−2h]⊕ F[−2h− 1].

h

h

h+ 1

h

Case 4

h

h

h

h

Case 1

h+ 1

h

h+ 1

h

Case 2

h+ 1

h

h+ 1

h+ 1

Case 5

h

h

h+ 1

h+ 1

Case 3

h+ 1

h

h+ 2

h+ 1

Case 6

Figure 5: Possible local behaviours of the H-function.
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4 Proofs of the main results

4.1 Special L-space links are fibered and strongly quasi-positive

Lemma 4.1. Suppose that L is a fibered link and x is a cycle in Â0(L, stop) such that [x] is
a generator of ĤFL0(L, stop). Then we have that τ(L) = stop.

Proof. Since L is fibered, from Theorem 2.3 one has dimF ĤFL(L, stop) = 1 and the gener-
ator is [x]. We first want to show that the homology class of x (note that such a class is not
[x]) is a generator of ĤF 0(S

3) ⊗ (F−1 ⊕ F0)⊗ n−1 in homological grading 0. If this is not
the case then there exists a y ∈ Â1(L, s′) with stop < s′ such that ∂̂y = x. This necessarily
means that we can find an element z, and also a y′ ∈ Â1(L, s′ − 1), such that ∂̂z = y + y′.
Otherwise, ĤFL(L, s′) is non-zero, which is a contradiction. Hence, we write

0 = ∂̂(y + y′) = x+ ∂̂y′ ,

which means ∂̂y′ = x. Since we can iterate this procedure, everytime strictly decreasing the
Alexander filtration level, the claim is proved.

In order to prove that τ(L) = stop we need to obstruct the existence of an x′′ ∈ Â0(L, s′′)
with s′′ < stop and a y′′ such that ∂̂y′′ = x+x′′. Suppose that y′′ lives in an Alexander level
strictly bigger than stop; then we can apply the same argument as before and obtain that y′′ ∈
Â1(L, stop) necessarily. This is impossible because [x] is a generator of ĤFL0(L, stop).

We can now prove one of the main results in the paper.

Proof of Theorem 1.2. Since L is a special L-space link, there is an s = (s1, ..., sn) ∈ H(L)
such thatHL(w) = 0 if and only ifw � s, and theH-function stabilizes above the hyperplane
{x1 + ...+ xn = s1 + ...+ sn − n} which passes through s− 1, i.e. for every x ∈ H(L) and
every coordinate xi such that

n∑
j=1

xj >
n∑

j=1

sj − n and xi > si

one has HL(x1, · · · , xi, · · · , xn) = HL(x1, · · · ,∞, · · · , xn).
We claim that ĤFL(L, (s′1, · · · , s′n)) = 0 if

∑
j s
′
j >

∑
j sj and s′ 6= s. There exists i

such that s′i > si. It suffices to prove that HFL−(L, (s′1, · · · , s′n)) = 0 by Proposition 3.13.
The argument is similar to the one in [17, Theorem 1.3]. By Proposition 3.11, there exists
a spectral sequence converging to HFL−(L, s′) with the E1-page

E1(s
′) =

⊕
B⊂{1,··· ,n}

H∗(A
−(L, s′ − eB)).

Let K = {1, · · · , n} \ {i}, and

E′(s′) =
⊕
B⊂K

H∗(A
−(L, s′ − eB)), E′′(s′) =

⊕
B⊂K

H∗(A
−(L, s′ − eB − ei)).

Then E1(s
′) = E′(s′)⊕E′′(s′). Recall that for each B ⊂ {1, · · · , n}, H∗(A−(L, s′ − eB)) ∼=

F[U ]. Let ∂1, ∂′, ∂′′ denote the differentials in E1(s
′), E′(s′) and E′′(s′), respectively. Let z

denote the generator of H∗(A−(L, s′−eB−ei)) ∈ E′′(s′) with homological grading −2H(s′−
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eB − ei). Observe that H(s′ − eB − ei) = H(s′ − eB) since s′i > si and L is special.
Then ∂1(z) = ∂′′(z) + z′ where z′ is the generator of H∗(A−(L, s′ − eB)) with homological
grading −2H(s′ − eB). Let D be an acyclic chain complex with two generators a and
b, and the differential ∂D(a) = b. Then the chain complex (E1(s

′), ∂1) is isomorphic to
(E′(s′) ⊗ D, ∂1 ⊗ ∂D). Thus E2 = 0, and the spectral sequence collapes at E2. Therefore,
HFL−(L, s′) = 0 whenever s′1 + ...+ s′n > s1 + ...+ sn and s′ 6= s.

We now prove that ĤFL(L, s) = F0. Since L is special, HL(s) = 0 and for any
non-empty subset B ⊂ {1, · · · , n}, HL(s − eB) = 1. Then for the spectral sequence of
HFL−(L, s), it is not hard to see that there is only one tower with top grading 0 in the
E1-page, which corresponds to H∗(A−(L, s)) by Proposition 3.11. Let zs denote the cycle in
H∗(A

−(L, s)) with Maslov grading 0. By Remark 3.12, it is the only cycle sin the E2-page.
Hence, the spectral sequence collapses at E2-page, and HFL−(L, s) = F0 generated by zs.
Recall that HFL−(L, s′) = 0 for all s′ = s + eB. Hence,

ĤFL(L, s) = HFL−(L, s) = F0

by Proposition 3.13. Therefore, for s = s1 + · · ·+ sn

ĤFL(L, s) =
⊕

{v=(v1,··· ,vn)|v1+···+vn=s}

ĤFL(L,v) = ĤFL(L, s) = F0.

By Theorem 2.3, the link L is fibered. By the argument above, we see that s = stop and
there exists a cycle in Â0(L, stop) which is a generator of ĤFL0(L, stop). By Lemma 4.1,
we conclude that τ(L) = s = g3(L) + n − 1. Finally, we can use Theorem 2.2 and obtain
that L is also strongly quasi-positive.

Proof of Theorem 1.3. Suppose the L-space link L is fibered and strongly quasi-positive.
Then stop = τ and ĤFL(L, stop) = F0 by Lemma 4.1. Hence, there exists a lattice point
s = (s1, s2) such that ĤFL(L, s) = F0 and stop = s1 + s2. We claim that HFL−(L, s) =

ĤFL(L, s) = F0 and HL(s) = 0. In fact, for all s ≺ s′, we have HFL−(L, s′) = 0.
Otherwise, there exists a lattice point s ≺ v such thatHFL−(L,v) 6= 0, butHFL−(L,v′) =

0 for all v ≺ v′. By Proposition 3.13, ĤFL(L,v) = HFL−(L,v) 6= 0, contradicting to the
assumption of stop. Hence, we obtain that HFL−(L, s) = ĤFL(L, s) = F0 by applying the
spectral sequence again.

IfHL(s) > 1, by Lemma 3.2, HL(s′) > 1 for all s′ ≺ s. By the computation ofHFL−(L)
for 2-component L-space links in Section 3, it is not hard to see that the generator of
HFL−(L, s) has Maslov grading 6 −1, contradicting to the assumption that ĤFL(L, s) =
F0. At the end, we prove that the link L is type (B). Combining the conditionHL(s) = 0 and
HFL−(L, s) = F0, it is not hard to see that the H-function corresponding to HFL−(L, s)
is one of the following two cases:

Figure 6: In the proof of Theorem 1.3 we restricted the local behaviour of the H-function
to two possible cases.
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However, in Case 2 HFL−(L, s) = F1 because of Remark 3.15, which contradicts our
assumption. Then the H-function is as in Case 1. In order to prove the link is type (B), it
suffices to prove that HL(s1 − 1, s′2) = 1 for all s′2 > s2 and similarly, HL(s′1, s2 − 1) for all
s′1 > s1. If there exists a minimum s′2 > s2 such that HL(s1 − 1, s′2) 6= 1, by Lemma 3.2, it
must be 0. By the computation of HFL− in Section 3.2, we see that HFL−(L, (s1, s′2)) 6= 0,
contradicting our claim above. Hence, the link is type (B).

The proof that the link is special requires us to also show that the H-function sta-
bilizes, which means it satisfies Equation (1.3). If this does not happen, by the similar
argument above, there exists a lattice point v = (v1, v2) ∈ H(L) such that HFL−(L,v) =

ĤFL(L,v) 6= 0 and v1 + v2 > s1 + s2. Hence either dim ĤFL(L, s′) > 0 for an s′ > stop

or dim ĤFL(L, stop) > 1; the first claim is impossible, while the second one contradicts the
assumption of L being fibered.

Proof of Corollary 1.4. It follows combining the proof of Theorem 1.2 with the definition of
special L-space link. In fact, one has that s = (s1, ..., sn) is such that

si = g3(Li) +
`k(Li,L \ Li)

2

and then s1 + ... + sn = stop as we saw before. Moreover, the fact that τ(L) = ν+(L) =
g3(L) + n− 1 is a consequence of Theorem 2.2.

4.2 Algebraic and quasi-positive links

We recall that algebraic links are the links of planar complex curve singularities in
S3. They are coded by their embedded resolution graphs, which are connected and negative
definite graphs, see [7, 21]. In particular, algebraic links are (a subfamily of) iterated positive
cables of the unknot and it is known, see [12, Theorem 2.1.5], that they are L-space links.

Proof of Proposition 1.1. Suppose that L = L1 ∪ ... ∪ Ln is an algebraic link; let s =
(s1, · · · , sn) such that

si = g3(Li) +
`k(Li,L \ Li)

2
.

We first prove that

HL(v1, · · · , vi, · · · , , vn) = HL(v1, · · · ,∞, · · · , vn) if vi > si .

Recall that
HL(∞, · · · , vi, · · · ,∞) = 0 for all vi > si .

Then HL(v) = HL(v + ei) = 0 if vi > si and vj � 0 for all j 6= i. By [11, Lemma 3.6], we
have

HL(v − eK) = HL(v − eK + ei)

for any subset K ⊂ {1, · · · , n} \ {i}. Iterating this equation, one can prove that

HL(v1, · · · , vi, · · · , vn) = HL(v1, · · · ,∞, · · · , vn) if vi > si .

By using the similar argument, one can show that the H-function satisfies Equation (1.3).
Now it suffices to prove thatHL(s−1) = 1. Observe thatH(s−ei) = 1 for any i ∈ {1, · · · , n}
by [11, Lemma 3.6]: then the claim follows from Equation (3.2), Lemma 3.6 and Paragraph
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7.1.A in [11], where it is shown that if s � v and HL(v−ej) > HL(v) for some j ∈ {1, ..., n}
then vj < sj .

In fact, take a non-empty N ⊂ {1, · · · , n} \ {j}. Then, writing N ′ = N ∪ {j}, we can
suppose that v = s−eN and v−ej = s−eN ′ . For what we said before we should have vj < sj ,
but we see that vj = sj and this is a contradiction. It follows that HL(s−eN ′) = HL(s−eN )
and inductively we obtain HL(s− 1) = HL(s− e{1,...,n}) = HL(s− e1) = 1.

Remark 4.2. Note that the convention for the H-function here is different from the con-
vention in [11]. The lattice point s in our proof corresponds to the lattice point (0, · · · , 0) in
[11], and their h-function (this is how it is denoted in [11]) is obtained from our H-function
by shifting s to the origin and then reflecting at the origin.

Quasi-positive links are defined as the transverse intersection of the 3-sphere S3 ⊂ C2

with the complex curve f−1(0), where f : C2 → C is a non-constant polynomial. It fol-
lows from their braid equivalent definition ([4]) that strongly quasi-positive links, and then
algebraic links, are quasi-positive, but the latter one is in fact a much larger class.

Proof of Proposition 1.5. Let us denote the the 2-bridge link b(4k2 + 4k,−2k − 1) with Lk

and its mirror image with L∗k. Since Lk is non-split alternating, we compute easily that

τ(Lk) = k and τ(L∗k) = 1− k ,

see [3]. From [4] we have that if a 2-component link L is quasi-positive then 2τ(L) −
2 = −χ4(L), where χ4(L) is the maximal value of the Euler characteristic of a properly
embedded, compact, oriented surface Σ in D4 such that ∂Σ = L. Hence, the link L∗k cannot
be quasi-positive because χ4 6 2.

In the same way, if Lk is quasi-positive then from [4, Theorem 1.2] we have that the
maximal self-linking number SL(Lk) is equal to 2τ(Lk) − 2 = 2k − 2. Since the link has
unknotted components and linking number zero, we can write

2k − 2 = SL(Lk) 6 2 · SL(©) = −2

which implies k 6 0 and then we have a contradiction.
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