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Abstract
The point-to-set principle [14] characterizes the Hausdorff dimension of a subset E ⊆ Rn by the
effective (or algorithmic) dimension of its individual points. This characterization has been used to
prove several results in classical, i.e., without any computability requirements, analysis. Recent work
has shown that algorithmic techniques can be fruitfully applied to Marstrand’s projection theorem,
a fundamental result in fractal geometry.

In this paper, we introduce an extension of point-to-set principle - the notion of optimal oracles
for subsets E ⊆ Rn. One of the primary motivations of this definition is that, if E has optimal
oracles, then the conclusion of Marstrand’s projection theorem holds for E. We show that every
analytic set has optimal oracles. We also prove that if the Hausdorff and packing dimensions of E

agree, then E has optimal oracles. Moreover, we show that the existence of sufficiently nice outer
measures on E implies the existence of optimal Hausdorff oracles. In particular, the existence of
exact gauge functions for a set E is sufficient for the existence of optimal Hausdorff oracles, and
is therefore sufficient for Marstrand’s theorem. Thus, the existence of optimal oracles extends the
currently known sufficient conditions for Marstrand’s theorem to hold.

Under certain assumptions, every set has optimal oracles. However, assuming the axiom of
choice and the continuum hypothesis, we construct sets which do not have optimal oracles. This
construction naturally leads to a generalization of Davies’ theorem on projections.
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1 Introduction

Effective, i.e., algorithmic, dimensions were introduced [12, 1] to study the randomness of
points in Euclidean space. The effective dimension, dim(x) and effective strong dimension,
Dim(x), are real values which measure the asymptotic density of information of an individual
point x. The connection between effective dimensions and the classical Hausdorff and packing
dimension is given by the point-to-set principle of J. Lutz and N. Lutz [14]: For any E ⊆ Rn,

dimH(E) = min
A⊆N

sup
x∈E

dimA(x), and (1)

dimP (E) = min
A⊆N

sup
x∈E

DimA(x) . (2)

Call an oracle A satisfying (1) a Hausdorff oracle for E. Similarly, we call an oracle
A satisfying (2) a packing oracle for E. Thus, the point-to-set principle shows that the
classical notion of Hausdorff or packing dimension is completely characterized by the effective
dimension of its individual points, relative to a Hausdorff or packing oracle, respectively.

Recent work as shown that algorithmic dimensions are not only useful in effective settings,
but, via the point-to-set principle, can be used to solve problems in geometric measure theory
[15, 17, 18, 19, 30]. It is important to note that the point-to-set principle allows one to use
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57:2 Optimal Oracles for Point-To-Set Principles

algorithmic techniques to prove theorems whose statements have seemingly nothing to do
with computability theory. In this paper, we focus on the connection between algorithmic
dimension and Marstrand’s projection theorem.

Marstrand, in his landmark paper [21], was the first to study how the dimension of a set
is changed when projected onto a line. He showed that, for any analytic set E ∈ R2, for
almost every angle θ ∈ [0, π),

dimH(pθ E) = min{dimH(E), 1}, (3)

where pθ(x, y) = x cos θ + y sin θ1. The study of projections has since become a central theme
in fractal geometry (see [8] or [25] for a more detailed survey of this development).

Marstrand’s theorem begs the question of whether the analytic requirement on E can
be dropped. It is known that, without further conditions, it cannot. Davies [5] showed
that, assuming the axiom of choice and the continuum hypothesis, there are non-analytic
sets for which Marstrands conclusion fails. However, the problem of classifying the sets
for which Marstrands theorem does hold is still open. Recently, Lutz and Stull [20] used
the point-to-set principle to prove that the projection theorem holds for sets for which the
Hausdorff and packing dimensions agree2. This expanded the reach of Marstrand’s theorem,
as this assumption is incomparable with analyticity.

In this paper, we give the broadest known sufficient condition (which makes essential use
of computability theory) for Marstrand’s theorem. In particular, we introduce the notion of
optimal Hausdorff oracles for a set E ⊆ Rn. We prove that Marstrand’s theorem holds for
every set E which has optimal Hausdorff oracles.

An optimal Hausdorff oracle for a set E is a Hausdorff oracle which minimizes the
algorithmic complexity of “most”3 points in E. It is not immediately clear that any set E

has optimal oracles. Nevertheless, we show that two natural classes of sets E ⊆ Rn do have
optimal oracles.

We show that every analytic, and therefore Borel, set has optimal oracles. We also
prove that every set whose Hausdorff and packing dimensions agree has optimal Hausdorff
oracles. Thus, we show that the existence of optimal oracles encapsulates the known
conditions sufficient for Marstrand’s theorem to hold. Moreover, we show that the existence
of sufficiently nice outer measures on E implies the existence of optimal Hausdorff oracles.
In particular, the existence of exact gauge functions (Section 2.1) for a set E is sufficient for
the existence of optimal Hausdorff oracles for E, and is therefore sufficient for Marstrand’s
theorem. Thus, the existence of optimal Hausdorff oracles is weaker than the previously
known conditions for Marstrand’s theorem to hold.

We also show that the notion of optimal oracles gives insight to sets for which Marstrand’s
theorem does not hold. Assuming the axiom of choice and the continuum hypothesis, we
construct sets which do not have optimal oracles. This construction, with minor adjustments,
proves a generalization of Davies’ theorem proving the existence of sets for which (3) does
not hold. In addition, the inherently algorithmic aspect of the construction might be useful
for proving set-theoretic properties of exceptional sets for Marstrand’s theorem.

1 This result was later generalized to Rn, for arbitrary n, as well as extended to hyperspaces of dimension
m, for any 1 ≤ m ≤ n (see e.g. [22, 23, 24]).

2 Orponen [29] has recently given another proof of Lutz and Stull’s result using more classical tools.
3 By most, we mean a subset of E of the same Hausdorff dimension as E
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Finally, we define optimal packing oracles for a set. We show that every analytic set
E has optimal packing oracles. We also show that every E whose Hausdorff and packing
dimensions agree have optimal packing oracles. Assuming the axiom of choice and the
continuum hypothesis, we show that there are sets with optimal packing oracles without
optimal Hausdorff oracles (and vice-versa).

The structure of the paper is as follows. In Section 2.1 we review the concepts of measure
theory needed, and the (classical) definition of Hausdorff dimension. In Section 2.2 we review
algorithmic information theory, including the formal definitions of effective dimensions. We
then introduce and study the notion of optimal oracles in Section 3. In particular, we give a
general condition for the existence of optimal oracles in Section 3.1. We use this condition to
prove that analytic sets have optimal oracles in Section 3.2. We conclude in Section 3.3 with
an example, assuming the axiom of choice and the continuum hypothesis, of a set without
optimal oracles. The connection between Marstrands projection theorem and optimal oracles
is explored in Section 4. In this section, we prove that Marstrands theorem holds for every
set with optimal oracles. In Section 4.1, we use the construction of a set without optimal
oracles to give a new, algorithmic, proof of Davies’ theorem. Finally, in Sectino 5, we define
and investigate the notion of optimal packing oracles.

2 Preliminaries

2.1 Outer Measures and Classical Dimension
A set function µ : P(Rn) → [0, ∞] is called an outer measure on Rn if
1. µ(∅) = 0,
2. if A ⊆ B then µ(A) ≤ µ(B), and
3. for any sequence A1, A2, . . . of subsets,

µ(
⋃

i

Ai) ≤
∑

i

µ(Ai).

If µ is an outer measure, we say that a subset A is µ-measurable if

µ(A ∩ B) + µ(B − A) = µ(B),

for every subset B ⊆ Rn.
An outer measure µ is called a metric outer measure if every Borel subset is µ-measurable

and

µ(A ∪ B) = µ(A) + µ(B),

for every pair of subsets A, B which have positive Hausdorff distance. That is,

inf{∥x − y∥ | x ∈ A, y ∈ B} > 0.

An important example of a metric outer measure is the s-dimensional Hausdorff measure.
For every E ⊆ [0, 1)n, define the s-dimensional Hausdorff content at precision r by

hs
r(E) = inf

{∑
i

d(Qi)s |
⋃

i

Qi covers E and d(Qi) ≤ 2−r

}
,

where d(Q) is the diameter of ball Q. We define the s-dimensional Hausdorff measure of E by

Hs(E) = lim
r→∞

hs
r(E).

STACS 2022
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▶ Remark 1. It is well-known that Hs is a metric outer measure for every s.
The Hausdorff dimension of a set E is then defined by

dimH(E) = inf
s

{Hs(E) = ∞} = sup
s

{Hs(E) = 0}.

Another important metric outer measure, which gives rise to the packing dimension of a
set, is the s-dimensional packing measure. For every E ⊆ [0, 1)n, define the s-dimensional
packing pre-measure by

ps(E) = lim sup
δ→0

{∑
i∈N

d(Bi)s | {Bi} is a set of disjoint balls and Bi ∈ C(E, δ)
}

,

where C(E, δ) is the set of all closed balls with diameter at most δ with centers in E. We
define the s-dimensional packing measure of E by

Ps(E) = inf

∑
j

ps(Ej) | E ⊆
⋃

Ej

 ,

where the infimum is taken over all countable covers of E. For every s, the s-dimensional
packing measure is a metric outer measure.

The packing dimension of a set E is then defined by

dimP (E) = inf
s

{Ps(E) = 0} = sup
s

{Ps(E) = ∞}.

In order to prove that every analytic set has optimal oracles, we will make use of the
following facts of geometric measure theory (see, e.g., [7], [2]).

▶ Theorem 1. The following are true.
1. Suppose E ⊆ Rn is compact and satisfies Hs(E) > 0. Then there is a compact subset

F ⊆ E such that 0 < Hs(F ) < ∞.
2. Every analytic set E ⊆ Rn has a Σ0

2 subset F ⊆ E such that dimH(F ) = dimH(E).
3. Suppose E ⊆ Rn is compact and satisfies Ps(E) > 0. Then there is a compact subset

F ⊆ E such that 0 < Ps(F ) < ∞.
4. Every analytic set E ⊆ Rn has a Σ0

2 subset F ⊆ E such that dimP (F ) = dimP (E).

It is possible to generalize the definition of Hausdorff measure using gauge functions. A
function ϕ : [0, ∞) → [0, ∞) is a gauge function if ϕ is monotonically increasing, strictly
increasing for t > 0 and continuous. If ϕ is a gauge, define the ϕ-Hausdorff content at
precision r by

hϕ
r (E) = inf

{∑
i

ϕ(d(Qi)) |
⋃

i

Qi covers E and d(Qi) ≤ 2−r

}
,

where d(Q) is the diameter of ball Q. We define the ϕ-Hausdorff measure of E by

Hϕ(E) = lim
r→∞

hϕ
r (E).

Thus we recover the s-dimensional Hausdorff measure when ϕ(t) = ts.
Gauged Hausdorff measures give fine-grained information about the size of a set. There are

sets E which Hausdorff dimension s, but Hs(E) = 0 or Hs(E) = ∞. However, it is sometimes
possible to find an appropriate gauge so that 0 < Hϕ(E) < ∞. When 0 < Hϕ(E) < ∞, we
say that ϕ is an exact gauge for E.
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▶ Example. For almost every Brownian path X in R2, H2(X) = 0, but 0 < Hϕ(X) < ∞,
where ϕ(t) = t2 log 1

t log log 1
t .

For two outer measures µ and ν, µ is said to be absolutely continuous with respect to ν,
denoted µ ≪ ν, if µ(A) = 0 for every set A for which ν(A) = 0.
▶ Example. For every s, let ϕs(t) = ts log 1

t . Then Hs ≪ Hϕs .
▶ Example. For every s, let ϕs(t) = ts

log 1
t

. Then Hϕs ≪ Hs.

2.2 Algorithmic Information Theory
The conditional Kolmogorov complexity of a binary string σ ∈ {0, 1}∗ given binary string
τ ∈ {0, 1}∗ is

K(σ|τ) = min
π∈{0,1}∗

{ℓ(π) : U(π, τ) = σ} ,

where U is a fixed universal prefix-free Turing machine and ℓ(π) is the length of π. The
Kolmogorov complexity of σ is K(σ) = K(σ|λ), where λ is the empty string. An important
fact is that the choice of universal machine affects the Kolmogorov complexity by at most an
additive constant (which, especially for our purposes, can be safely ignored). See [11, 28, 6]
for a more comprehensive overview of Kolmogorov complexity.

We can naturally extend these definitions to Euclidean spaces by introducing “precision”
parameters [16, 14]. Let x ∈ Rm, and r, s ∈ N. The Kolmogorov complexity of x at precision
r is

Kr(x) = min {K(p) : p ∈ B2−r (x) ∩ Qm} .

The conditional Kolmogorov complexity of x at precision r given q ∈ Qm is

K̂r(x|q) = min {K(p | q) : p ∈ B2−r (x) ∩ Qm} .

The conditional Kolmogorov complexity of x at precision r given y ∈ Rn at precision s is

Kr,s(x|y) = max
{

K̂r(x|q) : q ∈ B2−s(y) ∩ Qn
}

.

We typically abbreviate Kr,r(x|y) by Kr(x|y).
The effective Hausdorff dimension and effective packing dimension4 of a point x ∈ Rn are

dim(x) = lim inf
r→∞

Kr(x)
r

and Dim(x) = lim sup
r→∞

Kr(x)
r

.

By letting the underlying fixed prefix-free Turing machine U be a universal oracle machine,
we may relativize the definition in this section to an arbitrary oracle set A ⊆ N. The definitions
of KA

r (x), dimA(x), DimA(x), etc. are then all identical to their unrelativized versions, except
that U is given oracle access to A. Note that taking oracles as subsets of the naturals is
quite general. We can, and frequently do, encode a point y into an oracle, and consider the
complexity of a point relative to y. In these cases, we typically forgo explicitly referring
to this encoding, and write e.g. Ky

r (x). We can also join two oracles A, B ⊆ N using any
computable bijection f : N × N → N. We denote the join of A and B by (A, B). We can
generalize this procedure to join any countable sequence of oracles.

4 Although effective Hausdorff was originally defined by J. Lutz [13] using martingales, it was later shown
by Mayordomo [26] that the definition used here is equivalent. For more details on the history of
connections between Hausdorff dimension and Kolmogorov complexity, see [6, 27].

STACS 2022
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As mentioned in the introduction, the connection between effective dimensions and the
classical Hausdorff and packing dimensions is given by the point-to-set principle introduced
by J. Lutz and N. Lutz [14].

▶ Theorem 2 (Point-to-set principle). Let n ∈ N and E ⊆ Rn. Then

dimH(E) = min
A⊆N

sup
x∈E

dimA(x), and

dimP (E) = min
A⊆N

sup
x∈E

DimA(x) .

An oracle testifying to the the first equality is called a Hausdorff oracle for E. Similarly, an
oracle testifying to the the second equality is called a packing oracle for E.

3 Optimal Hausdorff Oracles

For any set E, there are infinitely many Hausdorff oracles for E. A natural question is
whether there is a Hausdorff oracle which minimizes the complexity of every point in E.
Unfortunately, it is, in general, not possible for a single oracle to maximally reduce every
point. We introduce the notion of optimal Hausdorff oracles by weakening the condition to a
single point.

▶ Definition 3. Let E ⊆ Rn and A ⊆ N. We say that A is Hausdorff optimal for E if the
following conditions are satisfied.
1. A is a Hausdorff oracle for E.

2. For every B ⊆ N and every ϵ > 0 there is a point x ∈ E such that dimA,B(x) ≥
dimH(E) − ϵ and for almost every r ∈ N

KA,B
r (x) ≥ KA

r (x) − ϵr.

Note that the second condition only guarantees the existence of one point whose complexity
is unaffected by the addtional information in B. However, we can show that this implies the
seemingly stronger condition that “most” points are unaffected. For B ⊆ N, ϵ > 0 define the
set

N(A, B, ϵ) = {x ∈ E | (∀∞r) KA,B
r (x) ≥ KA

r (x) − ϵr}.

▶ Proposition 4. Let E ⊆ Rn be a set such that dimH(E) > 0 and let A be an oracle.
Then A is a Hausdorff optimal oracle for E if and only if A is a Hausdorff oracle and
dimH(N(A, B, ϵ)) = dimH(E) for every B ⊆ N and ϵ > 0.

A simple, but useful, result is if B is an oracle obtained by adding additional information
to an optimal Hausdorff oracle, then B is also optimal.

▶ Lemma 5. Let E ⊆ Rn. If A is an optimal Hausdorff oracle for E, then the join C = (A, B)
is Hausdorff optimal for E for every oracle B.

We now give some basic closure properties of the class of sets with optimal Hausdorff
oracles.

▶ Observation 6. Let F ⊆ E. If dimH(F ) = dimH(E) and F has an optimal Hausdorff
oracle, then E has an optimal Hausdorff oracle.

We can also show that having optimal Hausdorff oracles is closed under countable unions.

▶ Proposition 7. Let E1, E2, . . . be a countable sequence of sets and let E = ∪nEn. If every
set En has an optimal Hausdorff oracle, then E has an optimal Hausdorff oracle.
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3.1 Outer Measures and Optimal Oracles
In this section we give a sufficient condition for a set to have optimal Hausdorff oracles.
Specifically, we prove that if dimH(E) = s, and there is a metric outer measure, absolutely
continuous with respect to Hs, such that 0 < µ(E) < ∞, then E has optimal Hausdorff oracles.
Although stated in this general form, the main application of this result (in Section 3.2) is
for the case µ = Hs.

For every r ∈ N, let Qn
r be the set of all dyadic cubes at precision r, i.e., cubes of the

form

Q = [m12−r, (m1 + 1)2−r) × . . . × [mn2−r, (mn + 1)2−r),

where 0 ≤ m1, . . . , mn ≤ 2r. For each r, we refer to the 2nr cubes in Qr as Qr,1, . . . , Qr,2nr .
We can identify each dyadic cube Qr,i with the unique dyadic rational dr,i at the center of
Qr,i.

We now associate, to each metric outer measure, a discrete semimeasure on the dyadic
rationals D. Recall that discrete semimeasure on Dn is a function p : Dn → [0, 1] which
satisfies Σr,ip(dr,i) < ∞.

Let E ⊆ Rn and µ be a metric outer measure such that 0 < µ(E) < ∞. Define the
function pµ : Dn → [0, 1] by

pµ,E(dr,i) = µ(E ∩ Qr,i)
r2µ(E) .

▶ Observation 8. Let µ be a metric outer measure and E ⊆ Rn such that 0 < µ(E) < ∞.
Then for every r, every dyadic cube Q ∈ Qr, and all r′ > r,

µ(E ∩ Q) =
∑

Q′⊂Q
Q′∈Qr′

µ(E ∩ Q′).

▶ Proposition 9. Let E ⊆ Rn and µ be a metric outer measure such that 0 < µ(E) < ∞.
Relative to some oracle A, the function pµ,E is a lower semi-computable discrete semimeasure.

In order to connect the existence of such an outer measure µ to the existence of optimal
oracles, we need to relate the semimeasure pµ and Kolmogorov complexity. We achieve this
using a fundamental result in algorithmic information theory.

Levin’s optimal lower semicomputable subprobability measure, relative to an oracle A,
on the dyadic rationals D is defined by

mA(d) =
∑

π : UA(π)=d

2−|π|.

▶ Lemma 10. Let E ⊆ Rn and µ be a metric outer measure such that 0 < µ(E) < ∞. Let
A be an oracle relative to which pµ,E is lower semi-computable. Then is a constant α > 0
such that mA(d) ≥ αpµ,E(d), for every d ∈ Dn.

Proof. Case and Lutz [3], generalizing Levin’s coding theorem [9, 10], showed that there is a
constant c such that

mA(dr,i) ≤ 2−KA(dr,i)+KA(r)+c,

for every r ∈ N and dr,i ∈ Dn. The optimality of mA ensures that, for every lower
semicomputable (relative to A) discrete semimeasure ν on Dn,

mA(dr,i) ≥ αν(dr,i). ◀

STACS 2022
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The results of this section have dealt with the dyadic rationals. However, we ultimately
deal with the Kolmogorov complexity of Euclidean points. A result of Case and Lutz [3]
relates the Kolmogorov complexity of Euclidean points with the complexity of dyadic rationals.

▶ Lemma 11 ([3]). Let x ∈ [0, 1)n, A ⊆ N, and r ∈ N. Let Qr,i be the (unique) dyadic cube
at precision r containing x. Then

KA
r (x) = KA(dr,i) − O(log r).

▶ Lemma 12. Let E ⊆ Rn and µ be a metric outer measure such that 0 < µ(E) < ∞. Let A

be an oracle relative to which pµ,E is lower semi-computable. Then, for every oracle B ⊆ N
and every ϵ > 0, the set

N = {x ∈ E | (∃∞) KA,B
r (x) < KA

r (x) − ϵr}

has µ-measure zero.

We now have the machinery in place to prove the main theorem of this section.

▶ Theorem 13. Let E ⊆ Rn with dimH(E) = s. Suppose there is a metric outer measure µ

such that

0 < µ(E) < ∞,

and either
1. µ ≪ Hs−δ, for every δ > 0, or
2. Hs ≪ µ and Hs(E) > 0.

Then E has an optimal Hausdorff oracle A.

Proof. Let A ⊆ N be a Hausdorff oracle for E such that pµ,E is computable relative to A.
Note that such an oracle exists by the point-to-set principle and routine encoding. We will
show that A is optimal for E.

For the sake of contradiction, suppose that there is an oracle B and ϵ > 0 such that, for
every x ∈ E either
1. dimA,B(x) < s − ϵ, or
2. there are infinitely many r such that KA,B

r (x) < KA
r (x) − ϵr.

Let N be the set of all x for which the second item holds. By Lemma 12, µ(N) = 0. We
also note that, by the point-to-set principle,

dimH(E − N) ≤ s − ϵ,

and so Hs(E − N) = 0.
To achieve the desired contradiction, we first assume that µ ≪ Hs−δ, for every δ > 0.

Since µ ≪ Hs−δ, and dimH(E − N) < s − ϵ,

µ(E − N) = 0.

Since µ is a metric outer measure,

0 < µ(E)
≤ µ(N) + µ(E − N)
= 0,

a contradiction.
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Now suppose that Hs ≪ µ and Hs(E) > 0. Then, since Hs is an outer measure,
Hs(E) > 0 and Hs(E − N) = 0 we must have Hs(N) > 0. However this implies that
µ(N) > 0, and we again have the desired contradiction. Thus A is an optimal Hausdorff
oracle for E and the proof is complete. ◀

Recall that E ⊆ [0, 1)n is called an s-set if

0 < Hs(E) < ∞.

Since Hs is a metric outer measure, and trivially absolutely continuous with respect to itself,
we have the following corollary.

▶ Corollary 14. Let E ⊆ [0, 1)n be an s-set. Then there is an optimal Hausdorff oracle
for E.

3.2 Sets with optimal Hausdorff oracles
We now show that every analytic set has optimal Hausdorff oracles.

▶ Lemma 15. Every analytic set E has optimal Hausdorff oracles.

Proof. We begin by assuming that E is compact, and let s = dimH(E). Then for every
t < s, Ht(E) > 0. Thus, by Theorem 1(1), there is a sequence of compact subsets F1, F2, . . .

of E such that

dimH(
⋃
n

Fn) = dimH(E),

and, for each n,

0 < Hsn(Fn) < ∞,

where sn = s − 1/n. Therefore, by Theorem 13, each set Fn has optimal Hausdorff oracles.
Hence, by Proposition 7, E has optimal Hausdorff oracles and the conclusion follows.

We now show that every Σ0
2 set has optimal Hausdorff oracles. Suppose E = ∪nFn is

Σ0
1, where each Fn is compact. As we have just seen, each Fn has optimal Hausdorff oracles.

Therefore, by Proposition 7, E has optimal Hausdorff oracles and the conclusion follows.
Finally, let E be analytic. By Theorem 1(2), there is a Σ0

2 subset F of the same Hausdorff
dimension as E. We have just seen that F must have an optimal Hausdorff oracle. Since
dimH(F ) = dimH(E), by Observation 6 E has optimal Hausdorff oracles, and the proof is
complete. ◀

Crone, Fishman and Jackson [4] have recently shown that, assuming the Axiom of
Determinacy (AD)5, every subset E has a Borel subset F such that dimH(F ) = dimH(E).
This, combined with Lemma 15, yields the following corollary.

▶ Corollary 16. Assuming AD, every set E ⊆ Rn has optimal Hausdorff oracles.

▶ Lemma 17. Suppose that E ⊆ Rn satisfies dimH(E) = dimP (E). Then E has an optimal
Hausdorff oracle. Moreover, the join (A, B) is an optimal Hausdorff oracle, where A and B

are Hausdorff and packing oracles, respectively, of E.

5 Note that AD is inconsistent with the axiom of choice.

STACS 2022
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Proof. Let A be a Hausdorff oracle for E and let B be a packing oracle for E. We claim
that that the join (A, B) is an optimal Hausdorff oracle for E. By the point-to-set principle,
and the fact that extra information cannot increase effective dimension,

dimH(E) = sup
x∈E

dimA(x)

≥ sup
x∈E

dimA,B(x)

≥ dimH(E).

Therefore

dimH(E) = sup
x∈E

dimA,B(x),

and the first condition of optimal Hausdorff oracles is satisfied.
Let C ⊆ N be an oracle and ϵ > 0. By the point-to-set principle,

dimH(E) ≤ sup
x∈E

dimA,B,C(x),

so there is an x ∈ E such that

dimH(E) − ϵ/4 < dimA,B,C(x).

Let r be sufficiently large. Then, by our choice of B and the fact that additional
information cannot increase the complexity of a point,

KA,B
r (x) ≤ KB

r (x)
≤ dimP (E)r + ϵr/4
= dimH(E)r + ϵr/4
< dimA,B,C(x)r + ϵr/2
≤ KA,B,C

r (x) + ϵr.

Since the oracle C and ϵ were arbitrarily, the proof is complete. ◀

3.3 Sets without optimal Hausdorff oracles
In the previous section, we gave general conditions for a set E to have optimal Hausdorff
oracles. Indeed, we saw that under the axiom of determinacy, every set has optimal Hausdorff
oracles.

However, assuming the axiom of choice (AC) and the continuum hypothesis (CH), we are
able to construct sets without optimal Hausdorff oracles.

▶ Lemma 18. Assume AC and CH. Then, for every s ∈ (0, 1), there is a subset E ⊆ R with
dimH(E) = s such that E does not have optimal Hausdorff oracles.

Let s ∈ (0, 1). We begin by defining two sequences of natural numbers, {an} and {bn}.
Let a1 = 2, and b1 = ⌊2/s⌋. Inductively define an+1 = b2

n and bn+1 = ⌊an+1/s⌋. Note that

lim
n

an/bn = s.

Using AC and CH, we order the subsets of the natural numbers such that every subset
has countably many predecessors. For every countable ordinal α, let fα : N → {β | β < α}
be a function such that each ordinal β strictly less than α is mapped to by infinitely many n.
Note that such a function exists, since the range is countable assuming CH.
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We will define real numbers xα, yα via transfinite induction. Let x1 be a real which is
random relative to A1. Let y1 be the real whose binary expansion is given by

y1[r] =
{

0 if an < r ≤ bn for some n ∈ N
x1[r] otherwise

For the induction step, suppose we have defined our points up to α. Let xα be a real
number which is random relative to the join of

⋃
β<α(Aβ , xβ) and Aα. This is possible, as

we are assuming that this union is countable. Let yα be the point whose binary expansion is
given by

yα[r] =
{

xβ [r] if an < r ≤ bn, where fα(n) = β

xα[r] otherwise

Finally, we define our set E = {yα}. This set E satisfies dimH(E) = s, however E does
not have an optimal Hausdorff oracle.

3.3.1 Generalization to higher dimension
In this section, we use Lemma 18 to show that there are sets without optimal Hausdorff
oracles in Rn of every possible dimension. We will need the following lemma on giving
sufficient conditions for a product set to have optimal Hausdorff oracles. Interestingly, we
need the product formula to hold for arbitrary sets, first proven by Lutz [17]. Under the
assumption that F is regular, the product formula gives

dimH(F × G) = dimH(F ) + dimH(G) = dimP (F ) + dimH(G),

for every set G.

▶ Lemma 19. Let F ⊆ Rn be a set such that dimH(F ) = dimP (F ), let G ⊆ Rm and let
E = F × G. Then E has optimal Hausdorff oracles if and only if G has optimal Hausdorff
oracles.

▶ Theorem 20. Assume AC and CH. Then for every n ∈ N and s ∈ (0, n), there is a subset
E ⊆ Rn with dimH(E) = s such that E does not have optimal Hausdorff oracles.

4 Marstrand’s Projection Theorem

The following theorem, due to Lutz and Stull [20], gives sufficient conditions for strong lower
bounds on the complexity of projected points.

▶ Theorem 21. Let z ∈ R2, θ ∈ [0, π], C ⊆ N, η ∈ Q∩ (0, 1) ∩ (0, dim(z)), ε > 0, and r ∈ N.
Assume the following are satisfied.
1. For every s ≤ r, Ks(θ) ≥ s − log(s).
2. KC,θ

r (z) ≥ Kr(z) − εr.
Then,

KC,θ
r (pθz) ≥ ηr − εr − 4ε

1 − η
r − O(log r) .

The second condition of this theorem requires the oracle (C, θ) to give essentially no
information about z. The existence of optimal Hausdorff oracles gives a sufficient condition
for this to be true, for all sufficiently large precisions. Thus we are able to show that
Marstrands projection theorem holds for any set with optimal Hausdorff oracles.
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▶ Theorem 22. Suppose E ⊆ R2 has an optimal Hausdorff oracle. Then for almost every
θ ∈ [0, π],

dimH(pθE) = min{dimH(E), 1}.

This shows that Marstrand’s theorem holds for every set E with dimH(E) = s satisfying
any of the following:
1. E is analytic.
2. dimH(E) = dimP (E).
3. µ ≪ Hs−δ, for every δ > 0 for some metric outer measure µ such that 0 < µ(E) < ∞.
4. Hs ≪ µ and Hs(E) > 0, for some metric outer measure µ such that 0 < µ(E) < ∞.
For example, the existence of exact gauged Hausdorff measures on E guarantees the existence
of optimal Hausdorff oracles.
▶ Example. Let E be a set with dimH(E) = s and Hs(E) = 0. Suppose that 0 < Hϕ(E) < ∞,
where ϕ(t) = ts

log 1
t

. Since Hϕ ≪ Hs−δ for every δ > 0, Theorem 13 implies that E has
optimal Hausdorff oracles, and thus Marstrand’s theorem holds for E.
▶ Example. Let E be a set with dimH(E) = s and Hs(E) = ∞. Suppose that 0 < Hϕ(E) <

∞, where ϕ(t) = ts log 1
t . Since Hs ≪ Hϕ, Theorem 13 implies that E has optimal Hausdorff

oracles, and thus Marstrand’s theorem holds for E.

4.1 Counterexample to Marstrand’s theorem
In this section we show that there are sets for which Marstrand’s theorem does not hold.
While not explicitly mentioning optimal Hausdorff oracles, the construction is very similar
to the construction in Section 3.3.

▶ Theorem 23. Assuming AC and CH, for every s ∈ (0, 1) there is a set E such that
dimH(E) = 1 + s but

dimH(pθE) = s

for every θ ∈ (π/4, 3π/4).

This is a modest generalization of Davies’ theorem to sets with Hausdorff dimension strictly
greater than one. In the next section we give a new proof of Davies’ theorem by generalizing
this construction to the endpoint s = 0.

We will need the following simple observation.

▶ Observation 24. Let r ∈ N, s ∈ (0, 1), and θ ∈ (π/8, 3π/8). Then for every dyadic
rectangle

R = [dx − 2−r, dx + 2−r] × [dy − 2−sr, dy + 2−sr],

there is a point z ∈ R such that Kθ
r (pθz) ≤ sr + o(r).

For every r ∈ N, θ ∈ (π/4, 3π/4), binary string x of length r and string y of length sr, let
gθ(x, y) 7→ z be a function such that

Kθ
r (pθ (x, z)) ≤ sr + o(r).

That is, gθ, given a rectangle

R = [dx − 2−r, dx + 2−r] × [dy − 2−sr, dy + 2−sr],

outputs a value z such that Kr(pθ(x, z)) is small.



D. M. Stull 57:13

Let s ∈ (0, 1). We begin by defining two sequences of natural numbers, {an} and {bn}.
Let a1 = 2, and b1 = ⌊2/s⌋. Inductively define an+1 = b2

n and bn+1 = ⌊an+1/s⌋. We will
also need, for every ordinal α, a function fα : N → {β | β < α} such that each ordinal β < α

is mapped to by infinitely many n. Note that such a function exists, since the range is
countable assuming CH.

Using AC and CH, we first order the subsets of the natural numbers and we order the
angles θ ∈ (π/4, 3π/4) so that each has at most countably many predecessors.

We will define real numbers xα, yα and zα inductively. Let x1 be a real which is random
relative to A1. Let y1 be a real which is random relative to (A1, x1). Define z1 to be the real
whose binary expansion is given by

z1[r] =
{

gθ1(x1, y1)[r] if an < r ≤ bn for some n ∈ N
y1[r] otherwise

For the induction step, suppose we have defined our points up to ordinal α. Let xα be a
real number which is random relative to the join of

⋃
β<α(Aβ , xβ) and Aα. Let yα be random

relative to the join of
⋃

β<α(Aβ , xβ), Aα and xα. This is possible, as we are assuming CH,
and so this union is countable. Let zα be the point whose binary expansion is given by

zα[r] =
{

gθβ
(xα, yα)[r] if an < r ≤ bn, for fα(n) = β

yα[r] otherwise

Finally, we define our set E = {(xα, zα)}.

4.2 Generalization to the endpoint
▶ Theorem 25. Assuming AC and CH, there is a set E such that dimH(E) = 1 but

dimH(pθE) = 0

for every θ ∈ (π/4, 3π/4).

For every r ∈ N, θ ∈ (π/4, 3π/4), binary string x of length r and string y of length sr, let
gs

θ(x, y) 7→ z be a function such that

Kθ
r (pθ (x, z)) ≤ sr + o(r).

That is, gs
θ, given a rectangle

R = [dx − 2−r, dx + 2−r] × [dy − 2−sr, dy + 2−sr],

outputs a value z such that Kr(pθ(x, z)) is small.
We begin by defining two sequences of natural numbers, {an} and {bn}. Let a1 = 2, and

b1 = 4. Inductively define an+1 = b2
n and bn+1 = (n + 1)⌊an+1⌋. We will also need, for every

ordinal α, a function fα : N → {β | β < α} such that each ordinal β < α is mapped to by
infinitely many n. Note that such a function exists, since the range is countable assuming
CH.

Using AC and CH, we first order the subsets of the natural numbers and we order the
angles θ ∈ (π/4, 3π/4) so that each has at most countably many predecessors.
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We will define real numbers xα, yα and zα inductively. Let x1 be a real which is random
relative to A1. Let y1 be a real which is random relative to (A1, x1). Define z1 to be the real
whose binary expansion is given by

z1[r] =
{

g1
θ1

(x1, y1)[r] if an < r ≤ bn for some n ∈ N
y1[r] otherwise

For the induction step, suppose we have defined our points up to ordinal α. Let xα be a
real number which is random relative to the join of

⋃
β<α(Aβ , xβ) and Aα. Let yα be random

relative to the join of
⋃

β<α(Aβ , xβ), Aα and xα. This is possible, as we are assuming CH,
and so this union is countable. Let zα be the point whose binary expansion is given by

zα[r] =
{

g
1/n
θβ

(xα, yα)[r] if an < r ≤ bn, for fα(n) = β

yα[r] otherwise

Finally, we define our set E = {(xα, zα)}.

5 Optimal Packing Oracles

Similarly, we can define optimal packing oracles for a set.

▶ Definition 26. Let E ⊆ Rn and A ⊆ N. We say that A is an optimal packing oracle (or
packing optimal) for E if the following conditions are satisfied.
1. A is a packing oracle for E.

2. For every B ⊆ N and every ϵ > 0 there is a point x ∈ E such that DimA,B(x) ≥
dimP (E) − ϵ and for almost every r ∈ N

KA,B
r (x) ≥ KA

r (x) − ϵr.

Let E ⊆ Rn and A ⊆ N. For B ⊆ N, ϵ > 0 define the set

N(A, B, ϵ) = {x ∈ E | (∀∞r) KA,B
r (x) ≥ KA

r (x) − ϵr}.

▶ Proposition 27. Let E ⊆ Rn be a set such that dimP (E) > 0 and let A be an oracle. Then
A is packing optimal for E if and only if A is a packing oracle and for every B ⊆ N and
ϵ > 0, dimP (N(A, B, ϵ)) = dimP (E).

▶ Lemma 28. Let E ⊆ Rn. If A is packing optimal for E, then the join C = (A, B) is
packing optimal for E for every oracle B.

We now give some basic closure properties of the class of sets with optimal packing oracles.

▶ Observation 29. Let F ⊆ E. If dimP (F ) = dimP (E) and F has an optimal packing
oracle, then E has an optimal packing oracle.

We can also show that having optimal packing oracles is closed under countable unions.

▶ Lemma 30. Let E1, E2, . . . be a countable sequence of sets and let E = ∪nEn. If every set
En has an optimal packing oracle, then E has an optimal packing oracle.

We will need a specific set which has optimal Hausdorff and optimal packing oracles. For
every 0 ≤ α < β ≤ 1 define the set

Dα,β = {x ∈ (0, 1) | dim(x) = α and Dim(x) = β}.
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▶ Lemma 31. For every 0 ≤ α < β ≤ 1, Dα,β has optimal Hausdorff and optimal packing
oracles and

dimH(Dα,β) = α

dimP (Dα,β) = β.

5.1 Sufficient conditions for optimal packing oracles
▶ Lemma 32. Let E ⊆ Rn be a set such that dimH(E) = dimP (E) = s. Then E has optimal
Hausdorff and optimal packing oracles.

▶ Theorem 33. Let E ⊆ Rn with dimP (E) = s. Suppose there is a metric outer measure µ

such that

0 < µ(E) < ∞,

and either
1. µ ≪ Ps, or
2. Ps ≪ µ and Ps(E) > 0.

Then E has an optimal packing oracle A.

We now show that every analytic set has optimal packing oracles.

▶ Lemma 34. Every analytic set E has optimal packing oracles.

5.2 Sets without optimal oracles
In this section, we state results which show that, assuming CH and AC, there are sets without
Hausdorff optimal and without packing optimal oracles of arbitrary dimension.

▶ Theorem 35. Assuming CH and AC, for every 0 < s1 < s2 ≤ 1 there is a set E ⊆ R
which does not have Hausdorff optimal nor packing optimal oracles such that

dimH(E) = s1 and dimP (E) = s2.

▶ Corollary 36. Assuming CH and AC, for every 0 < s1 < s2 ≤ 1 there is a set E ⊆ R
which has optimal Hausdorff oracles but does not have optimal packing oracles such that

dimH(E) = s1 and dimP (E) = s2.

▶ Theorem 37. Assuming CH and AC, for every 0 < s1 < s2 ≤ 1 there is a set E ⊆ R
which has optimal packing oracles but does not have optimal Hausdorff oracles such that

dimH(E) = s1 and dimP (E) = s2.
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