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Abstract

In-silico models applied to bone remodeling are widely used to investigate bone mechanics, bone
diseases, bone-implant interactions, and also the effect of treatments of bone pathologies. This paper
proposes a new methodology to solve the bone remodeling problem using one-dimensional (1D)
elements to discretize trabecular structures more efficiently for 2D and 3D domains. An Euler
integration scheme is coupled with the momentum equations to obtain the evolution of material
density at each step. For the simulations, the equations were solved by using the finite element
method, and two benchmark tests were solved varying mesh parameters. Proximal femur and
calcaneus bone were selected as study cases given the vast research available on the topology of these
bones, and compared with the anatomical features of trabecular bone reported in the literature. The
presented methodology has proven to be efficient in optimizing topologies of lattice structures; It can
predict the trend of formation patterns of the main trabecular groups from two different cancellous
bones (femur and calcaneus) using domains set up by discrete elements as a starting point. Preliminary
results confirm that the proposed approach is suitable and useful in bone remodeling problems leading
to a considerable computational cost reduction. Characteristics similar to those encountered in
topological optimization (TO) algorithms were identified in the benchmark tests as well, showing the

viability of the proposed approach in other applications such as bio-inspired design.

Keywords: bone remodeling, trabecular bone, finite element analysis, bone architecture, topological

optimization.

Introduction

The bone remodeling process consists of multiple dynamic interactions between several cell types and
signaling pathways that respond to different mechanical and biological conditions to repair bone

damage and preserve homeostasis of needed minerals while preserving bone integrity. The main cells



involved in the process are osteoclasts, osteoblasts, and osteocytes. Insights in the understanding of
bone remodeling, involving the mechanisms that couple bone formation and resorption, specifically in
pathological cases such as osteoporosis which affects more than 200 million people (Sozen, Ozisik, and
Calik Basaran 2017), have led to the development of mathematical models. This provides a quantitative
tool to help the understanding of existing correlations between mechanical loads applied to a bone’s
portion and biological variables in the remodeling process, such as resorption and formation rate
(Raggatt and Partridge 2010).

Five phases set up the bone remodeling process: activation, resorption, reversal, formation, and
quiescence. These processes occur continually, being key aspects in understanding bone remodeling.
The most relevant works found in the literature address partially or totally each one of these phases.
One of the first models to relate mechanical loads to bone remodeling was Wolff’s model, published in
1807. Wolff states that bone remodeling occurs in response to changes in the stress distribution in bone;
this leads to a reorientation of the trabeculae. This new configuration has a topology determined by the
stress field, following the principal stress trajectories (Cowin 1986). This first research established the
foundations of the mechanics of modern bone remodeling, allowing for deeper research on how calcium
homeostasis works, how local micro-damage repair occurs, and which biological factors are most
important in this process (see for instance van Lenthe and Muller 2006 and Pivonka et al. 2008). During
the mid-20th century several cell population models were developed; (Lemaire et al. 2004) relates the
activation of osteoblasts and osteoclasts which depends on the RANK-RANKL-OPG signaling
pathway; the model uses the mature and immature portion of the osteoblast population to control the
degree of osteoclast activity. (Geris, Sloten, and Oosterwyck 2010) proposed a model using partial
differential equations to describe bone formation; this approach uses a time-space scheme that varies
according to cell densities and concentrations of growth factors. (Sun et al. 2013) postulated a growth-
factor diffusion model in which ordinary differential equations describe signaling pathways activity.
Also, this model includes agents that simulate the action of various cell types involved in vascularized
bone regeneration within a CaP scaffold loaded with growth factors. (Vanegas-Acosta et al. 2011) also
used diffusion models to reproduce the patterns found in different healing processes occurring in the
osseointegration of a dental implant; this model helps to predict the degree of acceptance and anchoring
of the implant.(Komarova et al. 2003) proposed a set of differential equations for populations of
osteoclasts, osteoblasts. The model implements regulating factors to produce periodic solutions that
adequately represent the biophysical process which correlates the phases of activation and resorption.
The model stated by (Nackenhorst 1997) is based on strain energy as the main determinant of localized
bone density in trabecular structures. This model proposed a set of bone remodeling differential
equations integrated with the finite element method using 2D elements. The solution obtained resembles

density distribution showing the formation of the main trabecular groups. It has been found that using



the finite element analysis to find field variables such as energy strain or stress and considering them
as biological stimuli is useful in modeling other phenomena besides bone remodeling, as is the case of
bone growth (Guevara et al. 2015) or viscoelastic behavior (Pawlikowski, Jankowski, and Skalski
2018). Boundary-based strategies for bone remodeling can also be found; one of the main advantages
of this approach is the simplicity of the discretization since only the boundary is meshed. The use of
boundary integral methods such as the Boundary Element Method (BEM) has been proposed by
(Martinez and Cerrolaza 2006) and (Gonzalez, Cerrolaza, and Gonzalez 2009). Their results show that
BEM, used together with damage mechanics, is a powerful tool in bone remodeling and adaptation.
Modeling techniques such as B-spline were used in BEM-based approaches to investigate biomedical
applications (Annicchiarico, Martinez, and Cerrolaza 2007). More recently, the effects of
piezoelectricity in bone remodeling have been modeled using BEM as reported by (Gonzélez,
Cerrolaza, and Gonzélez 2009), while the behavior of vertebral discs under dynamic loading was also

reported by (Cerrolaza, Nieto, and Gonzalez 2018).

Up to this point, bone architecture has been mainly addressed by modelling the bone trabeculae obtained
from CT scans as 2D or 3D continuum elements or even 1D-beam elements arranged with different
distributions (e.g. periodic honeycombs or a more random distribution). This implementation of 1D
elements to represent bone architecture can reduce the model complexity thus leading to advantage
from a computational point of view (Ruffl. Ruffoni, D. & Van Lenthe, G. H. 3.10 Finite element
analysis in bone research: A computational method relating structure to mechanical function.
Comprehensive Biomaterials Il vol. 3 (Elsevier Ltd., 2017).oni and Van Lenthe 2017). Using this
approach, a decrease in orders of magnitude of the number of nodes has been found, allowing a 1000-
fold reduction in CPUs time in the modelling of trabecular bone mechanical properties (van Lenthe and
Mdiller 2006).

In the field of cellular materials, a common technique to model its behavior is that of homogenization
which focus on the microscopic level to predict how the structure will behave macroscopically, with
this technique the structure is treated as a homogenized material rather than a discrete structure (Daxner
2010), one way to achieve this and that will be used in this paper is the discrete microfield approach
which uses beam theory (using 1D elements) to predict the behavior of the microstructure of the
material. In the field of bone mechanics, the homogenization technique has been used before to analyze
failure properties of trabecular bone which is of interest in the understanding of bone-implant interface
mechanics (Ganghoffer and Goda 2018).

For these reasons, we propose a 1D-element discrete method for the bone remodeling problem, being
its main attractiveness the use of elements that resemble trabecular bone and its low computational cost.

This procedure enables researchers to increase the sample size and the complexity of trabecular bone.



Until now, there are no models using this 1D approach to solve the bone remodeling problem.
Therefore, we present a methodology based on the approach used by (Garzén-Alvarado and Linero
2012) which employs a dimensionless density that depends on the energy strain (see Eqn. 1) and uses
different integration schemes like Heun, Euler and Runge-Kutta to solve this equation, where the use
of one scheme or another did not lead to any appreciable difference. The change over time in density A
depends on variables k; and n which are found experimentally, the energy strain U in each step is
divided by a reference strain energy value U,..; that determines the limit at which remodeling occurs.
The work of (Garzén-Alvarado and Linero 2012) is of great importance for the proposed methodology

since it is able to correctly model the behavior of trabecular bone using 2D continuous elements.

The implemented remodeling methodology has one additional feature in comparison with the (Garzon-
Alvarado and Linero 2012). This paper proposes a new approach to model the bone remodeling problem
based on previous works with a low computational cost compared with methodologies using continuum
domain elements (van Lenthe and Miuller 2006), allowing the implementation of more complex
structures and sample sizes in the simulation of bone remodeling dynamics and bio-inspired conceptual

designs.

Methods

In this section, the bone remodeling model is presented as well as the developed algorithm. In addition,

two benchmark tests (Valdez et al. 2017) are analyzed for validation purposes.

Model description

The proposed remodeling algorithm is shown in Fig. 1, where the constitutive elements of the domain
correspond to either frame or truss finite elements. To create this model the coupling of the moment
equation (Eq. 2) with the density equation (Eq. 1) is required in order to relate the strain energy to the
element density, thus setting the bone remodeling dynamic. This modifies the modulus of elasticity as
observed in equation (Eg. 3), where E(A) is the elastic modulus, A is the dimensionless density, and n
is an exponent found experimentally. In equation (Eg. 2) o is the stress tensor and b the body forces

vector.
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Fig. 1: Proposed algorithm
Vig+b=0 Eq. 2

E()) = EoA" Eq. 3

To find the maximum stress, superposition was used in a fiber of an element by adding both the stresses
due to the axial load P and the stresses due to the maximum bending moment M,,,., (Eq. 4). It should
be remarked that the loads and moments are applied at the corresponding nodes. Each element is

assumed to have a circular cross-section area A, moment of inertia | and a vertical distance away from

the neutral axis C . Ml.lef " and Mir ‘91t are the concentrated moments at both ends of the element (EQ. 5).
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Similarly, deformation energy due to axial load and bending moments is expressed as:

Ustrain =
strain
2

1 (tp? 1 (M2 (x) Eq.5
Lﬂdx—l_i_]; £l dx

Solving these integrals yields the strain energy, as stated by (Makris, Provatidis, and Rellakis
2006),their mathematical derivation can be found in the annexes:

N
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For the 3D implementation the frame element formulation has twelve degrees of freedom since each
node can have three translational displacements (Along the x,y and z axes) and three rotational
displacements around each axe. The methodology flow chart shown in Fig. 1 was applied to the 3D
case as well, the direct formulation and same remodelling equation is used, yet, in this case the strain
energy per element takes into account terms due to torsional and additional bending moments because
of the three dimensional nature of the problem, for this reason inertia along the Y and Z axis is
considered, as well as the polar moment of inertia J and torsional modulus G as shown in the next

equation, T is the torsional moment at the element nodes.

Ustrain = E . ﬂ X 2
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Numerical implementation

To solve the finite element equations for frame and truss elements, a user element subroutine (UEL)

was used and attached to ABAQUS (2017), where a direct formulation was programmed to each

discrete element, Fig. 2 in the annexes has a graphical description on the methodology for this task.

Euler’s method was used to solve equation (EQ. 1) as shown in equation (Eq. 8)

U
= n-1
Avr = ky I/lt 7

— 1|4t
ref l Eq. 8

A time step At = 0.1 days was used. Constant ki was 0.325 days * and n was 2.0. The reference energy
constant Urer, Which determines the threshold at which remodeling occurs was set to 800 Pa, these
constants are based on the previous works of (Garzén-Alvarado and Linero 2012). It is worth
mentioning that the algorithm stop condition was set to 100 days of simulation time, since at this time
cell population dynamics have reached a quasi-steady-state (Buenzli, Pivonka, and Smith 2011) and

after this time no significant change in density was appreciated during the simulations.

Unit cell topology

Unit cells of different shapes (hexagons, squares, and triangles as shown in Fig. 3) were tested in two
benchmark tests: the cantilever beam displayed in Fig. 4(a), and the square plate subjected to a
distributed load shown in Fig. 4(b). According to (Luxner et al. 2009)it is expected that unstructured
meshes resemble better the mechanical behavior of trabecular bone since a more disordered cellular
structure prevents early crack formation, once a load has been applied. Finally, it was tested which

formulation (truss or frame) was most suitable for the remodeling algorithm based on the resulting



topology, and then its results compared with previous works on topology optimization and with the

benchmark tests described in the next section.

Fig. 3 Different unit cells
Different unit cells tested: (a) Hexagonal or honeycomb. (b) Square cells. (c) Triangular cells. (d)
Square Cells with two diagonals. (e) Triangle.

a b

Fig. 4: (a) Cantilever beam, (b) Square plate with distributed load

Benchmark tests and model validation

In order to test the computational model, two benchmark tests were performed. First, a cantilever beam
was used as the initial domain that was discretized using frame and truss elements. The meshes
reproduced were made with different aspect ratios and distributions. Several element lengths (h) ranging
from 2.4m to 0.15m were used to see the effectiveness of the method in each mesh. Only elements with
a density higher than one (1) unit are shown in Fig. 6 to Fig. 10 to better appreciate some of the resultant
topologies, whereas in Fig. 5 the continuous field of density (lambda) is shown; as the benchmark

results are not the focus of the paper, only a few cases are enough to evidence viability.

Fig. 5: Density for the cantilever beam at 100 days, element length 0.3m.
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Fig. 6: Square frame cell unit structure remodeling.
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Fig. 7: Polygon cell unit structure remodeling; frame elements.

In Fig. 6 and Fig. 7 the resultant topologies of the discrete bone remodeling algorithm are shown with
different element sizes and types of unit cells, while Fig. 8 depicts a triangular unstructured mesh. The
results obtained with this methodology resemble those of a topological optimization (TO) algorithm for
this benchmark test (Fig. 11). Examining the benchmark results, it can be noted that the method shows
a high sensibility to the type of unit cell that sets up the initial domain. This can be seen in Fig. 6 and
in Fig. 9 where the meshes only differ in that the square configuration has an extra diagonal element in

their unit cell, yet the final topology is different since the stress distribution changes at a unit cell level.

Finer meshes produce results that seem to be more similar to those of TO algorithms, so a rather fine

mesh will be used in the study cases.



Fig. 8: Unstructured mesh remodeling with triangular unit cells.

Regarding the relationship between the topology of the unit cell and the result of the bone remodelling
algorithm, there are some aspects of cellular material theory that can provide insights on what type
of final topologies will be obtained and how they will behave. A classical approach was developed
by Clark Maxwell, who published a paper proposing a simple equation (see Eq.9) that gives insight
on the behavior of a unit cell, depending on the number of struts, b, and joints, j,(Maxwell, n.d.). In
Fig. 8 a classification based on the number of joints and elements can provide information on the
mechanical behavior that the final topology will have. It is good to emphasize that the algorithm will
optimize shape based on strain energy per element and depending on the unit cell shape and length it
will vary results, yet up to this moment we have only looked this parameters in benchmark tests to
validate the model, the goal is to implement the bone remodelling algorithm in two study medical

cases, where the different meshes used will resemble the topology of real bone.

M=b-2j+3 Eq.9
M<0 M=0 M=>0
* Mostly bending *  Stiff structures «  Over constrained
+  Compliant design

structures

Fig 8 Maxwell, stability criterion for different structures
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Fig. 9: Remodeling in structured meshes, triangular unit cell.

Fig. 10 displays a comparison between frame (three degrees of freedom: horizontal, vertical, and
rotational displacement) and truss elements (two degrees of freedom: horizontal and vertical
displacement). In this case, the capacity to bear moments is noted in the frame topology, since the final
result shows a structure with longer horizontal supports, whereas in the truss case a structure with long
diagonal supports at an angle of 45° is seen along the structure. Both results are structurally consistent
and serve as a conceptual basis for design. It is worth noting that although there are different results in
the topologies obtained, the strain energy found in the structure stays the same but concentrated along
the remaining trabeculae. With the aim in mind to address bone remodelling problems, frame elements

will be used in further cases, since they can bear moments, similar to trabeculae structures.

Fig. 10: Comparison between results of the bone remodeling problem using frame and truss
formulation with a mesh setup by diagonal elements.
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Fig. 11: Initial (left) and optimized (right) structure of a cantilever beam using a topological
optimization algorithm (Chen et al., 2018)

Next, a test based on the implementation proposed by (Garzén-Alvarado and Linero 2012)is discussed
herein to compare similarities in the resultant topology. A triangular distributed load is applied on a
square plate with the boundary conditions shown in Fig. 12(a) a comparison was made between
Garzon’s results using an element-based remodeling approach (using continuous, triangular elements)
and the discrete remodeling algorithm proposed herein with frame elements. In this case, an increase in
speed was found with the proposed methodology for meshes with 10000 nodes. The computer used had
an AMD Ryzen processor (2.30GHZ) with 7 cores and 16GB RAM. With the continuum approach a
simulation time of 100 days was achieved in 310 (sec) whereas with the new methodology the
simulation reached that same span in 245 (sec) wall-clock time; in this case, the proposed methodology

used the unit cell shown in Fig. 3(b).

i 1 ¢ v vt o3y

Fig. 12: Bone remodelling benchmarks
(@) Boundary conditions. (b) Result for bone remodeling problem using an element-based approach
(Garzon-Alvarado and Linero 2012)(c) Result of bone remodeling problem using discrete frame
elements.

To this point, two benchmark cases have been tested with the proposed methodology showing results
similar to those obtained in previous works with continuum elements. In the plate model a serious of
column structures are formed at the base and have ramifications at the top part. In the cantilever
benchmark test a serious of diagonal structures are formed as seen in Fig. 10. This is expected in this
case since the methodology follows an objective function with the purpose of obtaining a preset specific
energy strain value per unit bone mass. Regarding the square plate, there are differences in the
topologies obtained, but the formation of structural columns with branches are seen in both cases Fig.

11



12(b) and Fig. 12(c); in the discrete case, the difference in column density might be due to lack of

contact between the elements that hold the highest energy density.

Given that these benchmarks showed very good agreement with previous works, two study cases will
be examined to further study the reach of this methodology. For the following medical cases the
geometrical properties from trabeculae were adopted from studies from (Cesar et al. 2013) on skeletal

microarchitecture, for each bone.

Results

Results in 2D

In this work two medical cases were subjected to our bone remodeling algorithm in an attempt to study
the formation of the main trabecular groups. The first case, proximal femur, and the second, calcaneus
cancellous bone, were considered in a specific stage of the walking gait according to previous studies.

The resultant topologies in both cases resemble anatomical features found in the literature reviewed.

In the first medical case, proximal femur, the boundary conditions try to mimic the loading history of
this bone where the main forces correspond to both the hip reaction force and the action of the abductor
muscle during the gait cycle. The loading cases are based on the works of (Beaupre and Orr 1990). The
boundary conditions of the initial mesh corresponding to an unstructured lattice with a triangular unit
cell are shown in Fig. 13(left). The resultant topology with the formation of the main trabecular groups
(in the density field) and relevant anatomical features are seen as well in Fig. 13(right). The results

show the formation of groups of trabeculae that undergo compression or tension.
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Fig. 13: Boundary conditions and topology obtained at t=100 days mass fraction, with periosteum set

as a constraint.

d

Fig. 14: Similarities in topologies obtained with bone remodelling
Bone topology (a) Study case: femur contour with initial triangular mesh and frame elements. (b)
Topology obtained without restriction on the periosteum at 100 days. (c) Femoral frontal section
through neutral axis, showing trabecular topology from (KOCH 1993). (d) Principal trabecular
groups (Martin and Kochen 2011)
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An additional condition was needed to solve these medical cases since the contour corresponding to the
periosteum seemed to be affected by the remodeling algorithm. This issue was fixed by applying a
constraint on each element belonging to the periosteum corresponding to a constant elastic modulus.
For comparison sake, results of the femur case restrained with this condition, in Fig. 13 can be seen,

whereas in Fig. 14(b) the density field is shown without the restriction.

In the second medical case, calcaneus cancellous bone, the boundary conditions were suggested by
(Belinha, Natal Jorge, and Dinis 2012) which represent a series of stages of the gait cycle. The different
force values at each stage are collected in Table 1, while all boundary conditions are shown in Fig.
16(a). The boundary conditions in the second stage of this cycle are detailed in Fig. 15 along with the

initial mesh; results show that trabecular groups undergo, mainly, compression stresses.

Fig. 15: Boundary conditions and topology obtained at 100 days, second load case, initial mesh is
shown.
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Fig. 16: Results of calcaneus cancellous bone remodeling at 100 days.
(a) boundary conditions used by (Belinha, Natal Jorge, and Dinis 2012). (b) Trabecular patterns
obtained with frame elements (c) calcaneus x-ray detail.
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Second medical case
First load case |F1 F2 F3 F4
Force magnitude
(N) 65 100 20 10
Normal to
Direction 90° surface 0° 5°
Second load
case F1 F2 F3 F4
Force magnitude
(N) 65 30 25 --
Direction 70° 90° 0° --
Third load case |F1 F2 F3 F4
Force magnitude
(N) 65 15 15 100
Normal to
Direction 90° 0° 0° surface

Table 1. Gait cycle, boundary conditions as proposed by (Belinha, Natal Jorge, and Dinis 2012).

Implementation in 3D

As a final part of this work the authors tried this methodology in 3D as a starting point for a future
work where more complex cases will be investigated. The same general methodology as in the
previous 2D cases was followed, first the algorithm was tested with benchmark tests corresponding
to topological optimization classical cases as the cantilever beam shown in Fig. 10 and bone
remodelling cases as the one presented in Fig. 12. In the first benchmark test, the distributed load in
a cube (Fig. 17), the formation of four columns is appreciated with an increased density, with arcs
forming in each face, these results are similar in topology to those obtained by (Walton and
Moztarzadeh 2017), allowing to infer as we did in the 2D cases that this methodology can be applied
to a medical case in which the bone density equation proposed first by (Nackenhorst 1997) can yield

important information on the trabecular patterns formed for a particular boundary condition.
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Fig. 17: a. Boundary conditions for the 3D domain. (b) Results in topology optimization for a
domain composed of frame elements.(c) Topological optimization results from (Walton and
Moztarzadeh 2017)

For the medical case, a 3D model of the femur was discretized into frame elements and subjected to the
boundary conditions suggested by (Beaupre and Orr 1990), where an approximated pattern of the main
trabecular groups was found. In Fig. 18 the 3D initial bone density is shown along with the bone
remodelling results after 100 days, as in the 2D simulations for this medical case. The mesh is composed
of tetrahedral structures (i.e., the unit cell is a tetrahedron). The properties of each element are the same
as in the case of the previous 2D simulations, inertias, area, and average length per element (Cesar et
al. 2013). For these simulations a restriction in density was set for the elements corresponding to the

periosteum as in the case of Fig. 13Fig. 13.
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Fig. 18:(a) Total displacement for the loading history proposed by (Beaupre and Orr 1990). (b)
Coronal section of the femur (c) Isometric view with a cut showing coronal section.

This last part in the paper is set as a starting point for future works in 3D and as proof that the

methodology can be implemented in three dimensions with similar results as in 2D.

Discussion

In this work, a bone remodeling algorithm, based on the works of (Nackenhorst 1997; Garzon-Alvarado
and Linero 2012) is proposed with a discrete element approach to address the bone remodeling problem,
where an implementation is feasible in 2D and 3D. In addition, different aspects such as mesh quality,

mesh size and mesh distribution were tested qualitatively to see the influence on the resultant topology.

In the first medical case, a zone with less density called Ward’s triangle (in honor to Ward, who first
described the internal structure of the proximal femur in 1938) can be seen between the ogival system
of the trochanteric plateau and the cervicocephalic support system. This is an important region
because cervicotrochanteric fractures originate here in people of advanced age (Martin and Kochen
2011). The calcar, which extends from the posteromedial cortex in the femoral neck to the distal part

of the lesser trochanter, is identified with a high bone density in the final topologies. This is an

17



important fact since this region helps to support stems from implants, which need a dense cancellous
bone for a proper anchorage; for this reason, numerous fixation methods have been proposed on this
zone, see (Cha et al. 2019) and (Peng et al. 2020).

Among the obtained trabecular groups in the 2D simulations, it is noted that the greater trochanter group
(GTM) appears as a less dense zone compared with the other groups. The secondary compressive (GSC)
and secondary tensile (GST) groups are visible too: They begin to form in the lateral portion of the shaft
and go upward forming an arch that ends in the vicinity of the greater trochanter. As seen in Fig. 14(c)
the secondary groups meet at right angles, starting in the proximal section of the shaft, becoming
gradually thinner as they approach the surface of the femoral head. These last observations agree well
with our simulations as seen in Fig. 14(b). Another key feature found in the simulation is that a high
bone density is predominant in zones where there is a greater cortical thickness as seen in Fig. 14(c)
and Fig. 13; this helps to maintain the strength and rigidity of the femur as stated by (Marco et al. 2019).
In the 3D simulations for the trabecular groups, the patterns corresponding to the principal trabecular
groups have been achieved, although secondary groups as well as the greater trochanter groups do not
show explicitly in the resultant topology, although there is bone density increase in those areas; these
results differ from the 2D femur simulations, this might be due to the fact that (Beaupre and Orr 1990)

results model better the two-dimensional domain.

The calcaneus bone is the largest tarsal bone and it is characterized by a cortex containing trabecular
bone (Metcalf et al. 2018). Due to the mechanical stresses acting on the calcaneus, a set of trabecular
groups are formed and play a crucial role in the biomechanics of this bone. These are important in
orthopedic procedures and pathology treatments that compromise bone integrity such as in
osteoarthritis therapy. The loading conditions were addressed as bone remodeling problems with the
methodology proposed herein. The resulting trabecular groups resemble those seen in the calcaneus
bone illustrated in Fig. 16(c). As in the previous medical case, a set of main trabecular groups have
been identified as displayed in Fig. 16(b). These are in good agreement with anatomical studies
regarding the biomechanics of calcaneus bone (Abboud 2018). The following trabecular motifs can
be identified individually for the boundary conditions of (Belinha, Natal Jorge, and Dinis 2012):
thalamic group (1); inferior plantar group (2); anterior apophyseal group (3); anterior plantar group
(4); posterior achillean group (5); and central triangular area of refracted bone (6). An aspect that calls
attention in some of these groups is the appearance of single lines corresponding to long trabecular
groups such as the anterior apophyseal group or the central triangular area of refracted bone; this
“thinning” could mean that the particular group does not play a vital structural role for that specific

case load.
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Having discussed the medical cases, it can be stated that this method may be used as an alternative to
continuous domains due to its inexpensive computational cost as stated by (van Lenthe and Mduller
2006) where even a 1000-fold reduction in processing time can be achieved by using frame elements,
thus allowing to increase both the sample size and the complexity of the trabecular structure to analyze
multiple loading configurations (Ruffl. Ruffoni, D. & Van Lenthe, G. H. 3.10 Finite element analysis
in bone research: A computational method relating structure to mechanical function. Comprehensive
Biomaterials 11 vol. 3 (Elsevier Ltd., 2017).oni and Van Lenthe 2017). A comparison in speed of the
continuum and the proposed discrete methodology was briefly addressed as seen in Fig. 12(b) and Fig.
12(c): an improvement of more than 20% wall-clock time was achieved. Furthermore, it was found that

the new bone remodeling approach using discrete structures have shown great potential.

A high level of mesh structuration leads to results quite similar to those obtained in TO. However, the
simulations obtained with the medical cases which resemble the most to trabecular bone were those
with non-structured meshes. This can be in part due to the fact that trabecular bone has been more
accurately modeled with non-structured meshes (Luxner et al. 2009). This also agrees with the
hypothesis given by (Weinans, Huiskes, and Grootenboer 1992) that trabecular bone is chaotically
ordered and can be considered as a fractal since the best results were obtained with a triangular non-

structured mesh.

Looking at the bone remodeling algorithm proposed, it is seen that the rule applied to each element is
an objective function for an optimization process, relative to an external load. This function follows
a preset value for the energy strain density. In this sense it can be said that this method uses a bio-

inspired topology optimization.

Conclusions

The results show the self-enhancing process in which denser bone attracts more strain energy after each
iteration, resulting in an even denser bone. This methodology when applied to the medical cases has
proven to be a valid approach given the similarity with previous works (Garzén-Alvarado and Linero
2012; Valdez et al. 2017) and the anatomical features found in literature (Martin and Kochen 2011;
Marco et al. 2019), and it has potential for 2D and 3D simulations .

As first stated by (van Lenthe and Miller 2006) the use of beam-like elements properly predicts the
anatomical distribution of trabecular groups. A modelling approach using both beam elements for rod-
like trabeculae and shell elements for plate-like structures, characteristic in cancellous bone, may be
used to improve this methodology. However, the user must keep in mind that frame-based models alone

fail to represent the plate-like networks, especially in certain areas where plate structures are
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predominant in cancellous bone; so, this approach is applicable only to model mechanics of trabecular
bone. In cortical bone, a precise model would need to be coupled with continuous elements to improve
representation. This loss in precision to represent bone architecture is compensated with a gain in model
simplification and solution time that could be used to look into nonlinear problems, typical in bone
remodeling, or with several spatial scales. Another shortcoming of this approach, when dealing with
medical cases, is that the initial domains are generated randomly in a manner that attempts to mimic
cancellous bone, but not with a specific-patient domain. In further works, a more clinical accurate
domain may be obtained from a specific portion of cancellous bone retrieved from a CT scan to evaluate
bone remodeling in a specific loading case, this 3D simulation will benefit from the improvements in

speed and simplicity from this methodology.

Finally, this work may be used by design engineers as a method to generate a concept design for
biomaterial engineering applications since trabecular bone is a natural material that excels for its low
weight and high mechanical performance (Ruffl. Ruffoni, D. & Van Lenthe, G. H. 3.10 Finite element
analysis in bone research: A computational method relating structure to mechanical function.
Comprehensive Biomaterials Il vol. 3 (Elsevier Ltd., 2017).oni and Van Lenthe 2017). It could also be
used too by medical researchers who are interested in the bone remodeling dynamics and the mechanical
properties of cancellous bone with applications in bone grafts and implants. Furthermore, by
understanding the topological optimization of bone remodeling, engineers should be inspired by these

natural smart designs for developing sustainable and useful technologies.
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ANNEXES
Strain energy

2
Waensity = 0.5-0 - i = 0'5%
1 o (L{(P)\? My 2\ 2
Ustrain = .Uf Wdensity dxdy dz = fdeensity dAdx = EIA fo ((7) + ((T)Z) )dx dA
1 Lor. Pi 2 M(x)Z 2
= ﬁf L((z) +(=7) )‘“‘d"

L e L [ J 244
2E), AT E), 27

—1fLPi2d +1fLM2(x)d
~2),EAYT2), B

Solving the integral of the energy term due to the function moment M(x):
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Fig. 19:Moment function along the element.
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So the total energy strain for each element is:
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Fig. 20: Element formulation, frame (left) and truss (right).
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Finite element, direct formulation Beam elements.

For a beam element the stiffness matrix is:

r 12E1 6El —12EI 6EI -

13 12 L3 12

6EI 4E1 —6E] 2EI

[K] _| L2 L L L
Local —12E1 —6EI 12EI —6EI

13 12 I3 12

6EI 2E1 —6EI 4E1

12 L 12 L

This local system can be seen in global form using the rotation matrix as follows:
[K]global: [T]t[K]local[T]
where

__(cos(8) sin(B)
[T]‘(—sin(e) cos(9)>

The global system of equations is given by:
[F] = [K]global[u] Eq. 3
Finite element, direct formulation truss elements.

For a truss element the stiffness matrix is:

EA —EA

L L
[K]Local = —EA EA

L L

Finite element, direct formulation Frame elements.

The stiffness matrix can be obtained by superposition of the truss and beam elements, resulting in the
following:
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12E1 6E1 —12E1 6EI
0 13 = 13 2
0 6E1 4E1 0 —6E1 2E1
_ L2 L L2 L
[K]Local - —AE AE
—_— 0 0 —_ 0 0
L L
—12EI —6FEI 12EI —6EI
L3 L2 0 L3 L?
6E1 2E1 0 —6E1 4E]1
L? L L2 L

For a formulation using local coordinates as seen in Fig. 20, the following transformation can be used:

[K]global: [T1[K]i0ca[T]

Where

r cos(f) sin(@) O 0 0 07
—sin(f) cos(@) O 0 0 0
[T] = 0 0 1 0 0 0
0 0 0 «cos(8) sin(@d) O
0 0 0 —sin(@) cos(8) O
0 0 0 0 0 14

ABAQUS subroutine
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ELEMENTAL ASSEMBLY, user \
subroutine:

\

Mesh generation with different unit
cell patterns using MATLAB and

U Assembling of elemental matrices
S GMSH, generate nodes and with direct formulation
E connectivity files 5
R l ‘g Ensamble subroutine:
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Fig. 21 :FE algorithm implemented in ABAQUS (2017).

Continuum Elements

An overview on how the finite element method (FEM) is used to solve the elasticity equations is shown

in this section for the continuum elements, for triangular elements.

Fig. 22: Stress element.

Considering a differential stress element as seen in Fig. 22, the equilibrium equations are:
Y F 2 (0)xraxt Ay — (0t dY + (Tay)yrayt dx — (Tay)yt dx + Xtdxdy = 0

X E = (0y)yrayt dx — (o)t dx + (Tyy)x+axt AY — (Txy)xt dy + Ytdxdy = 0
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Which yields the following differential equations:

00y
dx

F

+24 X =0
ay

9oy | 9txy —
ALY =0

The information provided by the boundary conditions is included as the following equilibrium

equations, according to Fig. 23:

O

Fig. 23: Boundary element.

OxNy + TyxyNy — by =0

TyeyNy + 0y, — b, =0

Plane strain
1—v v 0
D] = E v 1-v 0
Rz 1
1-2v)(1+v) 0 0 -y
2
Plane stress
1 v 0
E v 1 0
D] =
[D] (1—v2) 1-v
0 0 5

Postprocessing:

Where L is a differential operator:
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Rearranging the following system of PDEs cab be obtained.

0%u 0%v 0%u 0%v _
D,y,—+D D Dyy—+x =
116x2+ 126x6y+ 336y2+ 336x6y+ 0
0%u 9%v 0%u v _

DZla ay‘l‘Dzza 2+D33a X0y +D33ﬁ+_’y:0

The finite element formulation will start using the Galerkin method to obtain a weak form of this system
of equations. This process will be shown for equation for the first equation of the two.

fw p, % p, 2 dQ+fW Dy 4 p, LN dﬂ+fW‘dQ—0
o \1gxz T332 o \"2axay " TR axay il
The weak form can be obtained by applying integration by parts (divergence theorem) as follows:

j(D 6W6ﬁ+D awau)dﬂ f(D 6W619+D 6W619)d9
Q 1 9x ox 3 9y ay 12 9x dy 3 9y ox

ot ot av av _
— fFW (Dnanx + D33 @ny) dl — fFW (Du@"x + D35 arg,) dr — fQdeQ =0

Is noted that the boundary conditions are added after applying integration by parts. Also, is useful to

note that these terms can be expressed as:
ot ot av av
.’;W (Dll anx + D33 @le) dar + -];W (D12 @nx + D33 a?’l;,) ar
= f W(axnx + Txyny)df‘ = foxdF
r r

Using this expression, the weak formulation yields:

f( ow ot awaﬁ)dﬂ f( oW ov awav

Djy——+Dy)—— D33 ——+D dQ = | WxdQ + | Wf,dr
qQ 116x6x+ 12 9x dy o\ % ay ay 336316 f x fo

Analogously the weak form of equation 11 is:

Dy 9% L p awaﬁ)dﬂ+ (D W b awa dQ—jW dQ+jW dr
fﬂ( 3 0x ax ' " ox dy fﬂ 219y oy | ?* 9y ox y Iy

By using Voight notation this can be expressed as:
J,LW)T[DILIUDAQ = [ WXdQ + [ WFdT

Where:
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ae(x) = Z U N (%)

m=1
The next step is to discretize the domain so an approximation in an element will be:
t [ (LAW)T[DIL[UAQE = [, WXdQ® +t [, WFdT® Eqg. 10
In this form we can appreciate the problem in a simplified way as:
[K41[Un] = [F€]
Where each term corresponds to those in Eq.10.

Given that the domain discretization gives place to irregular elements, a mapping of the domain is
performed in each element that will facilitate numerical integration, in this case gaussian integration as

seen Fig. 24.

Fig. 24: Mapping to perform gaussian integration.

Using a local coordinate system (&,n) the elemental formulation yields:

o) ] 0y00) _9y9Q)

Ox 0 on 9¢ 0% dn 0
_ o0|_1 9x90) _9yo0f_1 .
LO=10 ox | Ul 0 9t an  om 0% |/|L()
90 90 9x9() _9yd() 9yo() 9yd()
9x  Ox |95 9n  on 0t o 9t  OF ond

And the shape functions for a triangular linear node are:
Nizanj=77' Nkzl_f_n

These shape functions will be used approximate the displacement at each node, and the stiffness term
[Kim ] Will be:
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(Kim] = = (L [WDT[D]CL* [Ny ]) f dgdn

Ul

The load vector can finally be expressed as the sum of both body and surface forces as:

[F] = [, WXdQ® +t [, WFdr®
Density equation

The energy density is:

1
W(p)——l” TCoe = —
2p “Tpl 2 p

The evolution density equation as stated by (Nackenhorst 1997) is:

__ k[Wref_ 1] Eq !

At [e TCOel AT
=2y

Because 41 = pﬁ we can rearrange eg.X into:
0

dA AU
— Kp lpo _ 1]

et _ Po Po] AU
dt ° popWref

ref

PoWrer
And making:

ki =Kpo and poWyor = Uyes

The dimensionless form of the evolution density equation can be written as:

U
Tef

ol k1 [An 1

dt— —1]Eq8
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