Average value of the DC-link output voltage in multi-phase uncontrolled bridge rectifiers
under supply voltage balance and unbalance conditions
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Abstract: Average value of the DC-link output voltage is a variable of interest in multi-phase uncontrolled bridge rectifiers. The
aim of this paper is to present a new, effort-saving procedure capable of providing an accurate value of this variable, a value
which can be later corrected considering the usually omitted voltage drops. The proposed method, based on the Cauchy’s
formula (1841), allows the limitations of the existing methods to be overcome and can be used under supply voltage balance
and unbalance conditions. Time-domain simulations and experimental tests were conducted to show the usefulness of the
method and validate its accuracy. Under supply voltage balance conditions, the new method allows results as accurate as those
provided by analytical expressions available in the literature or time-domain simulations performed by any software to be
obtained. Moreover, under supply voltage unbalance conditions, this method outperforms analytical expressions available in the
literature and at least equals time-domain simulations performed by any software in terms of accuracy of the obtained results.
Therefore, under supply voltage balance and unbalance conditions, the proposed method makes the mathematical effort required
to elaborate analytical expressions or the computational effort required to perform time-domain simulations unnecessary. In
addition, the new method provides suitable estimates of values experimentally determined.
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autotransformer rectifier units (ATRUs) [1], [2], [3], [4], [5],

Nomenclature [6], [7], [8], which are becoming the most reliable way for
AC Alternating Current DC generation in More-Electric Aircrafts (MEAs) [2], [3],
ASD Adjustable Speed Drive [41, [51, [6], [7].
ATRU Autotransformer Rectifier Unit Average value of the DC-link output voltage is one
CCM Continuous Conduction Mode of the main variables of interest in multi-phase uncontrolled
DC Direct Current bridge rectifiers, regardless of whether they are working
EMTDC Electromagnetic Transients including DC under supply voltage balance or unbalance conditions. Once
HVDC High-Voltage Direct Current the value of this variable is determined by the corresponding
MEA More-Electric Aircraft procedure, this value must be corrected by subtracting the
PSCAD Power System Computer Aided Design usually omitted voltage drops, i.e., those due to AC
rms root mean square inductances and diodes [9]. Therefore, the aim of this paper
™ Trademark is to present a new, effort-saving procedure capable of
providing an accurate value of this variable, a value which
oQ, phasorial convex hull boundary can be later corrected considering the usually omitted
S m-th side of 6Q), voltage drops.
vpe diode bridge output voltage Calculation of the average value of the DC-link
Voe average value of vpc output voltage in multi-phase uncontrolled bridge rectifiers
Vi i-th AC phase sinusoidal voltage is an issue of great importance as it follows from the
Vi i-th AC phase voltage phasor literature. This average value allows the DC-link output
vij AC line sinusoidal voltage from v; and v; voltage ripple in these rectifiers to be quantified by using the
Vo DC-link output voltage ripple factor, i.e., the ratio of rms value of alternating
v, average value of v, component of the DC-link output voltage (rms ripple [9]) to
w length of the orthogonal projection of 6Q2, the average value of this voltage. The higher the ripple
Q, phasorial convex hull factor the lesser the purity of rectifier DC-link output
voltage. Ripple factor can be expressed as a function of the
1 Introduction rectifier variables [10], [11], to suggest possible ways to

reduce this factor.

As an example of how to benefit from the average
output voltage to avoid the effects of an output voltage
ripple in the voltage control loop, a method for digital
control of a high power factor AC/DC converter employing

Multi-phase uncontrolled bridge rectifiers are widely
used in a number of applications such as high voltage DC
(HVDC) transmission, adjustable speed drives (ASDs) and
renewable energy conversion systems [1]. Another recent
application of this sort of rectifiers is multi-pulse
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the power balance control technique to achieve a fast
response of the output voltage control is presented in [12].

A research area that considers the average value of
the DC-link output voltage is open-circuit fault diagnosis in
multi-phase uncontrolled bridge rectifiers. Most of the
existing open-circuit fault diagnosis methods are based on
harmonic analysis of the DC-link output voltage, which
entails applying a numerical procedure (fast Fourier
transform) [13], [14], [15], [16], or its analytical equivalent
procedure [17], [18], to this voltage to obtain all the terms of
the Fourier series, one of them being the average value of
the DC-link output voltage. It must be noted that these fault
diagnosis methods mostly rely on the harmonic terms of the
Fourier series. However, a more accurate open-circuit fault
diagnosis method for multi-phase uncontrolled bridge
rectifiers mainly based on the average value of the DC-link
output voltage is proposed in [19].

Suitable models of multi-pulse ATRUs are needed to
study these ATRUs in a more efficient and effective way.
To this end, functional models of P type symmetric and
asymmetric 18-pulse ATRUs allowing accelerated and
accurate simulations to be performed were developed in [3],
[4], [5]. An important step in the development of these
models is to express the average value of the DC-link output
voltage as a function of the peak value of the AC phase
voltage, which is usually achieved by analytical integration.
The expressions deduced in [3], [4], [5], for P type
symmetric and asymmetric 18-pulse ATRUs are similar to
that provided in [8] for P type 12-pulse ATRUs. More
general expressions than that deduced in [3], [5], for P type
asymmetric 18-pulse ATRUs, and than that provided in [8]
for P type 12-pulse ATRUs, are obtained in [2] by analytical
integration but assuming several approximations.

Authors of references [20], [21] and [22] pioneered
the elaboration of approximate analytical formulae for
calculation of the average output voltage in one-/two-phase
half-wave and full-wave diode rectifiers. More recently,
other researchers have developed analytical formulae for
calculation of the average output voltage in multi-pulse
diode rectifiers [23]. Nowadays, the availability of several
simulation tools such as PSCAD/EMTDC allows time-
domain simulations to be performed and then numerical
methods for calculation of the average output voltage to be
applied.

As a result of the above literature review, it can be
stated that there are different procedures to calculate the
average value of the DC-link output voltage in multi-phase
uncontrolled bridge rectifiers, which can be classified into
numerical and analytical methods. The main numerical
methods, which are mostly used under supply voltage
unbalance conditions, are Fourier series and numerical
integration of DC-link output voltage discrete values over a
semi-period of the AC supply voltages. Not only do both
numerical methods require previously obtaining and storing
these DC-link output voltage discrete values, but also offer
limited accuracy that depends on the discretization level. On
the other hand, analytical methods, which are commonly
employed under supply voltage balance conditions, provide
closed-form analytical expressions of the average value of
the DC-link output voltage mainly obtained from analytical
integration of a piecewise continuous function over a semi-
period of the AC supply voltages. These methods are a
better option than numerical ones because they could

provide exact analytical expressions as a function of the
rectifier variables to further investigate their influence on
rectifier behaviour. However, especially under supply
voltage unbalance conditions, it is difficult to determine
these expressions, which are usually obtained by assuming
several approximations, resulting in a loss of accuracy.

In all the modern applications, the DC-link output
voltage provided by multi-phase uncontrolled bridge
rectifiers is feeding some kinds of power electronic devices.
These devices must be fed within a safe operating voltage
range, which means that they effectively reject the DC-link
output voltage if its average value is out of this range.
Therefore, underestimation of this average value by using
the existing methods (for example, the analytical
expressions numbered as (17) and (18) in [2]) becomes a
problem only if the actual average value is above any of the
range bounds, with the estimated average value below this
bound. Likewise, overestimation of this average value by
using the existing methods becomes a problem only if the
actual average value is below any of the range bounds, with
the estimated average value above this bound. Both
problems lead to unexpected acceptances or unexpected
rejections by power electronic devices of the DC-link output
voltage provided by multi-phase uncontrolled bridge
rectifiers.

With the purpose of overcoming the above
limitations of the existing methods, thus avoiding the
problems derived from such limitations, this paper presents
a new method to calculate the average value of the DC-link
output voltage in multi-phase uncontrolled bridge rectifiers
from the AC supply voltages. This method, based on the
Cauchy’s formula (1841) [24], [25], can be used under
supply voltage balance and unbalance conditions by only
assuming the usual hypotheses of continuous -current
conduction mode (CCM) operation and negligible voltage
drops due to AC inductances and diodes. The method
strengths over other existing ones are:

- Unlike with numerical methods, there is no need for
obtaining and storing the DC-link output voltage
discrete values over a semi-period of the AC supply
voltages and then treating these DC-link output
voltage discrete values with any simulation software.
This implies considerable saving in computational
effort.

- In contrast to analytical methods, it is unnecessary to
analytically integrate a piecewise continuous function
over a semi-period of the AC supply voltages. This
results in considerable saving in mathematical effort,
especially under supply voltage unbalance
conditions.

- Compared to existing ones, the new method always
provides exact values, since it is not subject to
discretizations or approximations.

The conducted methodology at presenting and
analysing the new method is clearly reflected in the
organization of the paper as follows. Section 2 shows the
multi-phase uncontrolled bridge rectifier circuit and
establishes the link between the diode bridge output voltage
and the length of the orthogonal projection of a phasorial
convex hull boundary onto an axis. In Section 3, a
description of existing methods to calculate the average
value of the DC-link output voltage in multi-phase

uncontrolled bridge rectifiers is given. In Section 4, the link
2
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Fig. 1 Multi-phase uncontrolled bridge rectifier circuit

established in Section 2 is used to obtain the new method for
calculating the above average value, the applicability of
which is illustrated and detailed. Section 5 presents two
applications in multi-pulse ATRUs to show the usefulness
of the proposed method and validate its accuracy. In Section
6, the most important results obtained in Section 5 are
discussed. Finally, Section 7 draws conclusions from these
results.

2 Multi-phase uncontrolled bridge rectifiers

Fig. 1 shows a multi-phase uncontrolled bridge
rectifier with the AC inductance L, the output LC filter
inductance Ly and capacitance C, and the load represented as
a resistor of resistance R. The rectifier is fed by AC phase
unbalanced sinusoidal voltages,

v;(ot) =V, cos(wt + ;) (i=1...N), (N
where N is the number of the phases (N > 2), o=2n/T =2xnf
is the angular frequency of the sinusoidal supply voltages
and 7T and f=1/T are the period and the frequency of the
supply voltages, respectively.

In nominal circuit operation, the output LC filter
inductance Ly keeps the rectifier operating in CCM and the
output LC filter capacitance C is large enough to keep the
DC-link output voltage v,(ax) close to a constant value. The
average value of v,(ax), called V,, is one of the main
variables to analyse the behaviour of uncontrolled bridge
rectifiers. The voltage V, matches with the average value of
the diode bridge output voltage vpc(ax), called Vpe, (i.e.,
Vo = Vbc,) because the DC component of the voltage drop in
the inductor Ly is zero. Moreover, assuming CCM operation,
negligible voltage drops due to AC inductances (AC line
inductance, and supply transformer leakage inductance), and
negligible diode voltage drops, vpc(ax) is directly related to
the AC line voltages v;( ax) = vi(ax) — v(ax). As an example,
Fig. 2(a) shows the AC phase sinusoidal voltages vi( @) with
=50 Hz and the voltage vpc(ax) of a 6-phase uncontrolled
bridge rectifier under supply voltage unbalance conditions.
It can be observed that both the diode of the rectifier top
diodes (D¢ to Dw in Fig. 1) with its cathode at the highest
AC phase voltage and the diode of the rectifier bottom
diodes (Dp; to Dpy in Fig. 1) with its anode at the lowest AC
phase voltage conduct. Thus, the voltage vpc(ax) is equal to
the difference between the maximum and minimum values
of the AC phase voltages, i.e. the AC line voltages, at each
conduction time of the top and bottom diodes (see Fig. 2(a)),
ie.,
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Fig. 2 Study of a 6-phase uncontrolled bridge rectifier
(a) AC phase voltages and diode bridge output voltage, (b)
Phasor diagram of the AC phase voltages at #, = 4.5 ms

Vpe (ot) = gg)}f]{vi(a)t)} - lrsr}ir]{[{vi (wh)}. )

The AC phase sinusoidal voltages can be represented
with phasors in the Gauss complex plane as

vi(a)t):Vicos(a)t+al-):Re{Ziejw’} (i=1...N), (3)

where V;=Vie/* are the AC phase voltage phasors.
Therefore, it can be deduced from (2) and (3) that

Vpe(ot) = lrgagv{Re{Ziert }} ‘g};%{Re {Kiert }} )

Fig. 2(b) shows the phasor diagram representation of
the AC phase voltages in Fig. 2(a) (i.e., ¥; with i =1 to 6) at
the time instant 7, = 4.5 ms. It can be observed that the real
parts of the phasors (i.e., the orthogonal projections Viz of
the phasors onto the horizontal axis) in Fig. 2(b) are the
values of the AC phase voltages in Fig. 2(a) at the instant of
the phasor representation, i.e., Re{V;} = Viz in Fig. 2(b) are
equal to vi{at,) in Fig. 2(a). According to (4), vpc(ax) at
each time instant is equal to the difference between the
highest and lowest real parts of the AC phase voltage
phasors at that time instant (e.g.,
vpc(@ho) = Re{Ve} — Re{lVs} = Ver — Var).



Fig. 2(b) also depicts the convex hull Q, of the set of
ends of the AC phase voltage phasors (phasorial convex
hull) at the time instant #, = 4.5 ms, which is defined as the
smallest convex region enclosing all ends in the set. It can
be noted that the difference between the highest and lowest
real parts of the AC phase voltage phasors in Fig. 2(b)
equates to the length w of the orthogonal projection of the
phasorial convex hull boundary 0C2, onto the horizontal axis
at the instant of the phasor representation, i.e., both
Re{Vs} — Re{V3} = Ver — V3r and w(ax,) are equal in Fig.
2(b). This can be generalized to any time instant, leading to

max {Re {Kiej“” }} — min {Re{ziej“”}} =w(at). (5)

1<isN 1<i<N
Consequently, it can be deduced from (4) and (5) that

Ve (@1) = w(wr). ()

3 Average value of the DC-link output voltage in
multi-phase uncontrolled bridge rectifiers

The average value of the DC-link output voltage, V,,
characterizes the behaviour of the multi-phase uncontrolled
bridge rectifiers. This value can also be determined from the
average value of the diode bridge output voltage, Vpc. There
are different methods to calculate the voltage Vpc:

e Numerical methods:

These methods use discrete values of vpc(ax) during

a semi-period 7/2 of the AC phase voltages in order

to numerically obtain the value of Vpc. The main

approaches are:

- Fourier series. The voltage Vpc is obtained from
the first term of the Fourier series of vpc(ax)
which can be easily determined by applying the
MATLAB function ff#(-) to vpc(a¥) over a semi-
period,

Vpe (@) =Vpe + Y Ve cos(kart + B). (7)
k=1

- Numerical integration. The voltage Vpc can be
numerically obtained dividing the numerical
integration of vpc(ar) over a semi-period by the
semi-period length,

| T/2=a

Ve = Vpe (ot + At)) + vy (o) AL (®)
T2 = 2

This value can also be obtained by applying the

MATLAB function mean(-) to vpc(at) over a

semi-period.

e Analytical methods:

These methods are useful to have closed-form
analytical expressions for determining Vpc as a
function of the rectifier variables to further
investigate their influence. In general, CCM
operation and negligible voltage drops due to AC
inductances and diodes are assumed, which allows
the expression for Vpc calculation to be obtained
from the AC phase voltages.

- Analytical formulae. There exists a well-known

expression for calculation of Vpc in multi-phase
uncontrolled bridge rectifiers which are fed by
AC phase balanced sinusoidal voltages [26],

NV T
Ve =2——sin| — |, 9
pC - (Nj ©)

where V is the peak value of the AC phase
balanced sinusoidal voltages and N is the number
of phases of the rectifier. In addition, there are a
few expressions for calculation of Vpc under
supply voltage unbalance conditions derived from
studies on multi-pulse ATRUs [2]. Nevertheless,
these expressions are only valid for specific
supply voltage unbalance conditions and they are
obtained by assuming several approximations.

- Analytical integration. An expression for
calculation of Vpc can also be obtained dividing
the analytical integration of vpc(a¥) over a semi-
period by the semi-period length. Taking into
account that vpc(ax) is a piecewise continuous
function on the interval [0, 7/2], this integration is
made from the corresponding AC line voltage
expressions by splitting the interval into
subintervals [#, #+1] at Ny, breakpoints,

1 Tj-z 1 Ny, IT
Vpe =—— | vpe(@t)dt = — v (@t)dt |, (10)
P P 25,2

where the time instants # of the breakpoints must
be previously determined as

0 k=0
V. cos(a;) =V cos(x;
f = Lan | & ,( d : (@;) 1<k <N,,.(11)
w V:sin(e;)—V; sin(a ;)
7/2 k=N,,+1

Under supply voltage balance conditions, (9) is
obtained from (10). Under supply voltage
unbalance conditions, this approach would allow
closed-form analytical expressions for calculation
of Vpc to be obtained without carrying out any
approximation, but involving a  great
mathematical effort.

On one hand, it must be noted that numerical
methods allow Vpc to be numerically calculated, but the
accuracy of the obtained value depends on the discretization
of vpc(at). On the other hand, analytical methods allow
closed-form expressions for calculation of Vpc to be
obtained:

e Under supply voltage balance conditions, an exact
expression (disregarding AC inductance and diode
voltage drops) for any number of phases of the
rectifier is obtained in (9).

e Under supply voltage unbalance conditions, exact
expressions (disregarding AC inductance and diode
voltage drops) could be obtained with a great
mathematical effort. This effort increases with the
number of phases of the rectifier.
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Fig. 3 Cauchy’s formula (1841)
(a) General bounded convex domain, (b) Circular bounded
convex domain

4 New method for calculation of the average value
of the DC-link output voltage

To overcome the drawbacks of the previous methods,
a new approach, called phasorial convex hull method, is
proposed to calculate the average value of the DC-link
output voltage V, from Vpc. This method can be used with
multi-phase uncontrolled bridge rectifiers under supply
voltage balance and unbalance conditions by only assuming
the usual hypotheses of CCM operation and negligible
voltage drops due to AC inductances and diodes.

4.1 Phasorial convex hull method

The new approach allows the average value of
vpc( @) in multi-phase uncontrolled bridge rectifiers under
supply voltage balance and unbalance conditions to be
obtained by applying the following simple expression,

L(0Q2
Vpe = (” V), (12)

where L(0Q),) is the length of the phasorial convex hull
boundary 0Q, (see Fig. 2(b)),

6 6
o0, =S, = LOQ,) =D L(S,), (13)
m=l m=1
with S, being the m-th side of 0Q, in (13).

Proof: Let QO be a bounded convex domain, let 8 be
the rotation angle of Q with respect to the origin of the
Gauss complex plane, and let w(6) be the length of the
orthogonal projection of the convex domain boundary 0Q
onto a given straight line (see Fig. 3(a)). Then Cauchy’s
formula (1841) [24], [25], asserts that the length of 0Q,
L(0Q), can be determined as follows

L(oQ) = | (f w(0)do. (14)

Considering (6), vpc( @) at each time instant is equal
to w(at) (see the example in Fig. 2(b)). Therefore,

1

T_/2J'0T/2 vpe (ot)dt :%J‘; w(wt)d(wt). (15)

Consequently, it can be deduced from (14) and (15)
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Examples: Three examples are presented to illustrate
the application of the Cauchy’s formula (1841) and the
phasorial convex hull method.

e Example #1: The Cauchy’s formula (1841) is applied
in Fig. 3(b) to -calculate the length of a
circumference.

e Example #2: (9) is derived from (12), since the
magnitude of the corresponding AC line voltage
phasors of an N-phase uncontrolled bridge rectifier
under supply voltage balance conditions,
2-V-sin(n/N), is multiplied by the number of phases
N to obtain the length of 0Q,, and then divided by

e Example #3: Fig. 4 shows the AC phase sinusoidal
voltages and the voltage phasor diagram of a 9-phase
uncontrolled bridge rectifier under supply voltage
unbalance conditions. It is noted from Fig. 4 that the
proposed approach can be applied even when the AC
phase voltages of some phases do not work (e.g., AC
phase voltages of both 4™ and 9% phases) or the AC
phase voltage phasors of consecutive phases are not
consecutive in the Gauss complex plane (e.g., AC
phase voltage phasors of 1%t and 2™ phases).
Moreover, the approach could also be applied when
the origin of the Gauss complex plane does not

5
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Fig. 5 Multi-pulse ATRU

belong to the phasorial convex hull Q, or the
phasorial convex hull degenerates in a segment.

4.2 Procedure to apply the phasorial convex hull
method

The procedure to apply the phasorial convex hull
method consists of four steps:
1) Draw in a Gauss complex plane the AC phase

voltage phasors Vi (i =1 to N) which feed the multi-
phase uncontrolled bridge rectifier.

2) Determine the convex hull Q, of the set of ends of
the AC phase voltage phasors (phasorial convex
hull). This can be carried out by applying the
MATLAB function convhull(-) to the set of ends of
the AC phase voltage phasors.

3) Calculate the length of the phasorial convex hull

Phase-shifting
autotransformer

(b)

Fig. 6 P type 12-pulse ATRU with interphase reactors
(a) ATRU configuration, (b) Voltage phasor diagram

boundary 0Q,,

) (17

Ng Ng
L@Q,) =Y LS,) =2 |rr-vy
m=1 m=1

where Ny is the number of sides of the phasorial
convex hull boundary 0Q,, and V™;, V" are the AC
phase voltage phasors characterizing the side Sp.

4) Use (12) to determine Vpc.

5 Applications

Two applications in multi-pulse ATRUs (i.e.,
PSCAD/EMTDC time-domain simulations and
experimental tests) are presented to show the usefulness of
the phasorial voltage convex hull method as well as to
validate the accuracy of the proposed approach.

Multi-pulse ATRUs are becoming the basis for future
DC generation of several electric applications such as
aircraft electric systems [2], [3], [4], [5], [6], [7], and wind
energy conversion systems [8]. According to Fig. 5, they are
formed by multiple three-phase uncontrolled bridge
rectifiers connected to each other in two main topologies,
parallel (P type) and series (S type), and fed by a phase-
shifting autotransformer supplied by three input voltages
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Fig. 7 P type asymmetric 18-pulse ATRU without
interphase reactors
(a) ATRU configuration, (b) Voltage phasor diagram



v, (ot) = \/EVa cos(at+a,)
v, (1) = N2V, cos(wrt + a) (18)
v.(t) = \/EVC cos(wt +a,) (w=2xf),

where V,, V and V. and a,, ap and a. are the rms values and
the phase angles of the input voltages, respectively. The P
type 12- and 18-pulse ATRU configurations are the most
commonly used [2], [8], [27], and [2], [3], [4], [5], [6], [7],
respectively.

The average value of the DC-link output voltage V,
in multi-pulse ATRUs is usually determined by applying the
numerical methods in Section 3 to time-domain simulations
due to the difficulty for obtaining analytical expressions for
all multi-pulse ATRU configurations and supply voltage
conditions. On one hand, some studies provide analytical
expressions to calculate V7, under supply voltage balance
conditions (i.e., Vo=Vp=V.=V,, a=a,—2n/3 and
a. = a, + 21/3) for specific multi-pulse ATRUs [3], [4], [5],
[8]. On the other hand, only a few studies present analytical
expressions to calculate ¥, under supply voltage unbalance
conditions, and these expressions are always for particular
multi-pulse ATRUs and specific supply voltage unbalance
conditions [2]. The phasorial convex hull method could be
an easy and powerful tool to calculate ¥, under any supply
voltage unbalance conditions.

5.1 PSCAD/EMTDC time-domain simulations

As an example, the calculation of V, in a P type 12-
pulse ATRU with interphase reactors, Fig. 6(a), and a P type
asymmetric 18-pulse ATRU without interphase reactors,
Fig. 7(a), fed by the AC phase voltage phasors in the
diagrams of Fig. 6(b) and Fig. 7(b) is illustrated.
Considering CCM operation, negligible voltage drops due to
AC inductances (AC line inductance, supply transformer
leakage inductance, and phase-shifting autotransformer
leakage inductance), and negligible diode voltage drops,
both ATRUs are studied in [2] where analytical expressions
to calculate ¥, under specific supply voltage unbalance
conditions (Vo= 4.V, Ve=AV. and V.=V, with
Aa>2Ap21 and o=, —2n/3 and .= o, +2m/3) are
obtained by assuming several approximations,

1
Ay + A + JV

N

ya2e 2.42(

(19)
IR & 2.437(—1‘1 +jb ”]Vs.

The phasorial convex hull method allows V, to be
accurately calculated under any supply voltage unbalance
conditions. In particular, it allows more accurate results of
V, than those of the above study to be obtained:

e The P type 12-pulse ATRU in Fig. 6(a) results from
connecting two three-phase uncontrolled bridge
rectifiers in parallel by means of the interphase
reactors L, and L,» at the output terminals of each
rectifier [2], [8], [27]. These reactors absorb the
voltage difference between DC voltages of the three-
phase uncontrolled bridge rectifiers at any instant and
ensure their independent operation without any

| 2.42V, =557V
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©
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Fig. 8 Average value of the DC-link output voltage V, of
ATRUs with V¢ =230 V [(12) in continuous lines, (19) in
dashed lines and PSCAD/EMTDC time-domain
simulations in dots]

(a) P type 12-pulse ATRU, (b) P type asymmetric 18-pulse
ATRU

circulating current. According to this, the diode
bridge output voltage, vpc, can be expressed from the
diode bridge output voltages of each rectifier, vpci
and vpc, as [8]

1
Vpc = E(VDCI +Vpe2)s (20)

and the average values of the diode bridge and the
DC-link output voltages, Vpc and V,, are

1
Vo =Vpe = E(VDC1 +Vpe2)- (21)

Considering the AC phase voltage phasors in the
diagram of Fig. 6(b), it can be asserted that Vpci =
Vpca, and therefore Vpc = Vpci = Vpez (21). Thus, the
average value of the DC-link output voltage V, can
be calculated from Vpci or Vpex by applying the
procedure in Section 4.2 to the AC phase voltage
phasors Vi, Vi1 and Vei, or Vi, Vi and Ve, in the
diagram of Fig. 6(b). An analytical expression is
provided in [8] for calculation of ¥, under supply
voltage balance conditions. According to the
previous comments, this expression can also be
obtained by applying (9) with N =3 and considering
the AC phase voltage phasors in the diagram of Fig.

7
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6(b),

2 150
V, =Vpey = 2%sin (gj =2.420,. (22)

e The P type asymmetric 18-pulse ATRU in Fig. 7(a)
is formed by three three-phase uncontrolled bridge
rectifiers with their output terminals directly
connected in parallel [2], [3], [4], [5], [6], [7],
resulting the nine—phase uncontrolled bridge rectifier
in Fig. 1 with N=9. This rectifier is supplied with
the asymmetrical AC phase voltage phasors in Fig.
7(b). Thus, the average value of the DC-link output
voltage V, can be calculated by applying the
procedure in Section4.2 to the AC phase voltage
phasors in Fig. 7(b). An analytical expression is
deduced in [3], [5], for calculation of ¥, under supply
voltage balance conditions,

v, =Jor, SN s 43gy (23)

/18

This expression cannot be obtained by applying (9)
with N =9 because the AC phase voltage phasors at
the terminals of the nine-phase uncontrolled bridge
rectifier are unbalanced (see diagram of Fig. 7(b)).
Considering Vs =230 V, Fig. 8 compares the average
values of the DC-link output voltage V, obtained from both
the phasorial convex hull method and (19) for different
values of 4, and A, as well as the value of V, obtained from
(22) and (23) under supply voltage balance conditions.

Table 1 ATRU data

o Lpl = Lpz Ld C R

(@) (mH) (mH) wE Q)
1.63 10

19 Rw=0108Q) (Rw=04q) 0 %

Moreover, the accuracy of the phasorial convex hull method
and (19) is checked in Fig. 8 from PSCAD/EMTDC time-
domain simulations. It is observed that the phasorial convex
hull method always provides accurate results whereas the
expressions in (19) are only valid for low unbalance
degrees.

5.2 Experimental tests
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Fig. 10 Test A

(a) Input voltages of rectifier 1, (b) Input voltages of
rectifier 2, (c) Diode bridge output voltages of rectifiers 1
and 2, (d) Diode bridge and DC-link output voltages of the
ATRU
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(a) Input voltages of rectifier 1, (b) Input voltages of
rectifier 2, (c) Diode bridge output voltages of rectifiers 1
and 2, (d) Diode bridge and DC-link output voltages of the
ATRU

In order to experimentally validate the phasorial
convex hull method, two experimental tests were conducted
on the P type 12-pulse ATRU in Fig. 9 under different
supply voltage conditions. It must be noted that CCM
operation, negligible voltage drops due to AC inductances
(AC line inductance, supply transformer leakage inductance
and phase-shifting autotransformer leakage inductance), and
negligible diode voltage drops, were checked in the
experimental setup before performing the tests. ATRU data
are presented in Table 1. The complete experimental setup is
represented in Fig. 9(a) and photographed in Fig. 9(b). It
consists of the following elements:

- (A) A 4.5 kVA three-phase Pacific Smart Source TM

(345-AMX model) to feed the ATRU.

- (B) An oscilloscope Yokogawa TM DL850 to make
recordings.

- (C) A laptop Acer TM to numerically process and
then compare the recordings with the phasorial

Maz Lyal
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-30 0 30-30 0 30
Re{V} (V) Re{V} (V)
(a) (b)

Fig. 12 Phasor diagrams at the time instant 0 ms
(a) Test A, (b) Test B

convex hull method results.

- (D) A phase-shifting autotransformer of phase-
shifting angle a.

- (E) Two three-phase uncontrolled bridge rectifiers
made up of Semikron TM SKKD 46/16 SEMIPACK
1 rectifier diode modules.

- (F) Interphase reactors of inductances L, and L, and
internal resistances Rin.

- (G) An output LC filter inductor of inductance Ls and
internal resistance Ri.

- (H) An output LC filter capacitor of capacitance C.

- (D) A load resistor of resistance R.

This experimental setup allowed the following tests
to be carried out:

- TestA: The ATRU was fed with 20 V/50 Hz
sinusoidal balanced three-phase voltages.

- Test B: The ATRU was fed with 50 Hz sinusoidal
unbalanced  three-phase  voltages (V,=20V,
Ve=20V and V.=12V, a=a,-2n/3 and
A= a, +21/3).

Fig. 10 and Fig. 11 show the different ATRU
measured voltages. Moreover, the average values of the
diode bridge and the DC-link output voltages measured in
the experimental tests, Vpc and V,, and calculated by the
phasorial convex hull method (12), Vpci2) and Vo2, are
labelled for comparison purposes. According to the phasor
diagrams in Fig. 12, the phasorial convex hull method
allows the average value of the diode bridge output voltage
of either of the two three-phase rectifiers, Vpciqi2) or Vpco-
(12), to be determined by applying (12) to the corresponding
phasorial convex hull boundary, 6Q,; or 6Q,,. Subsequently,
the average values of the diode bridge and the DC-link
output voltages, Vpc.(12) and Voi2), are determined by (21).
Note that in scenarios of CCM operation and negligible
voltage drops due to AC inductances and diodes, the
proposed method is a practical and accurate approach for
estimating the average value of the DC-link output voltage.
The difference between the measured and calculated average
voltages is mainly due to the internal resistances R;, of both
the interphase reactors, L, and L,», and the output LC filter
inductor, Ly (see Table 1). These internal resistances are not
considered by the phasorial convex hull method.

6 Discussion of results

The accuracy of the phasorial convex hull method
and the analytical expressions in (19) (obtained in [2]), in
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(22) (provided in [8]) and in (23) (deduced in [3], [5]), was
checked by PSCAD/EMTDC time-domain simulations in
Subsection 5.1. The phasorial convex hull method and all
the analytical expressions led to the same accurate results
under supply voltage balance conditions. However, under
supply voltage unbalance conditions, the analytical
expressions in (22) and (23) were found to be inapplicable
as expected because these expressions are only valid under
supply voltage balance conditions. As for the analytical
expressions in (19), whose accuracy was checked under the
specific supply voltage unbalance conditions described in
[2], it was shown that they are only valid for low unbalance
degrees. Only the phasorial convex hull method provided
results at least as accurate as those of PSCAD/EMTDC
time-domain simulations regardless of the supply voltage
unbalance degree. Therefore, under supply voltage balance
and unbalance conditions, the new method makes the
mathematical effort required to elaborate analytical
expressions or the computational effort required to perform
PSCAD/EMTDC time-domain simulations unnecessary.

The accuracy of the phasorial convex hull method
was also checked by two experimental tests in Subsection
5.2. Both under supply voltage balance (Test A) and
unbalance (Test B) conditions, this new method provided
results accurate enough to be used as suitable estimates of
values experimentally determined, making it unnecessary to
elaborate analytical expressions or perform
PSCAD/EMTDC time-domain simulations for this purpose.

7 Conclusion

The paper presents the phasorial convex hull method
for calculation of the average value of the DC-link output
voltage in multi-phase uncontrolled bridge rectifiers from
the AC supply balanced and unbalanced voltages, an
average value which can be later corrected considering the
usually omitted voltage drops. The proposed method applies
a simple expression based on the Cauchy’s formula (1841),
and only the usual hypotheses of continuous current
conduction mode operation and negligible voltage drops due
to AC inductances and diodes are assumed.
PSCAD/EMTDC time-domain simulations of P type 12- and
18-pulse ATRUs, and experimental tests with a P type 12-
pulse ATRU, show the usefulness of the proposed method
and validate its accuracy. Considering the results obtained in
Section 5 and discussed in Section 6, it can be concluded
that, when applied under supply voltage balance conditions,
the new method allows results as accurate as those provided
by analytical expressions available in the literature or time-
domain simulations performed by any software to be
obtained, making the elaboration and availability of such
expressions and the performance of such simulations
unnecessary. Moreover, under supply voltage unbalance
conditions, this method outperforms analytical expressions
available in the literature and at least equals time-domain
simulations performed by any software in terms of accuracy
of the obtained results, also making the elaboration and
availability of more accurate analytical expressions than
those available in the literature and the performance of time-
domain simulations by any software unnecessary. In
addition, the new method provides suitable estimates of
values experimentally determined both under supply voltage
balance and wunbalance conditions. The applications

presented in this paper show that the proposed method is an
easy-to-use tool which may be extended to any other
application based on multi-phase uncontrolled bridge
rectifiers.
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