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Abstract

Fiber-reinforced concrete (FRC) has been proved to be a competitive solution

for structural purposes. Extensive research has highlighted the benefits of

adding fibers on the post-cracking strength, reduced crack spacing and crack

width, and improved durability, among others. However, these aspects are

related to serviceability limit states, and significant work remains to be done in

terms of ultimate limit state behavior of FRC members. As recent publications

have emphasized, reinforced concrete beams with low reinforcement ratios

may result in a reduction of deformation capacity and, hence, to a loss of duc-

tility. To further investigate this topic, this paper presents the results of a

numerical parametric study of simply and continuous supported hybrid-

reinforced concrete (HRC) beams made with different amounts of fibers and

reinforcement ratios. The deformation, rotational, and moment redistribution

capacity of those were assessed by means of a finite-element model previously

calibrated using experimental results available in the literature. The results

showed that there is a significant reduction of rotation capacity and moment

redistribution for lightly reinforced (hybrid) members. Finally, the paper con-

tains practical recommendations in terms of minimum reinforcement ratios

that guarantee adequate rotation and redistribution capacity of HRC members.

As such, the results of this study can provide a contribution toward more reli-

able structural designs of HRC members.
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1 | INTRODUCTION

The increasing use of fiber-reinforced concrete (FRC) in
those structural members for which flexure is the
governing design condition has given rise to questions

Discussion on this paper must be submitted within two months of the
print publication. The discussion will then be published in print, along
with the authors’ closure, if any, approximately nine months after the
print publication.

Received: 1 June 2021 Revised: 31 August 2021 Accepted: 18 October 2021

DOI: 10.1002/suco.202100350

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any

medium, provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.

© 2021 The Authors. Structural Concrete published by John Wiley & Sons Ltd on behalf of International Federation for Structural Concrete.

220 Structural Concrete. 2022;23:220–239.wileyonlinelibrary.com/journal/suco

https://orcid.org/0000-0002-7009-8440
https://orcid.org/0000-0003-0242-8804
https://orcid.org/0000-0002-8016-1677
mailto:alejandro.nogales@upc.edu
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://wileyonlinelibrary.com/journal/suco
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fsuco.202100350&domain=pdf&date_stamp=2021-11-10


regarding the deformation capacity of such elements. As
it has been previously shown, the addition of structural
fibers tends to reduce crack spacing, crack widths, and
deflections, while, at the same time, it increases stiffness
and the load-bearing capacity of flexural members.1–4

Therefore, the improvements are mostly related to ser-
viceability limit state (SLS) performance. These aspects
allow engineers to use optimal combinations of fibers
and longitudinal reinforcement that can maintain the
same load-bearing capacity as reinforced concrete (RC),
but with lower reinforcement ratios (ρs) minimizing
cracks and deflections while reducing building time and
costs. Nevertheless, as it has been outlined in References
5–8 that the combination of fibers and conventional rein-
forcement (known as hybrid-reinforced concrete [HRC])
may lead to failure at lower deformations compared with
those corresponding to elements without fibers, hence
compromising both the bearing capacity and degree of
ductility at the ultimate limit state (ULS).

Experimental research carried out on simply
supported beams combining different values of ρs, and
fiber volume fraction (Vf)

8–12 provided results that con-
firm this loss of deformation capacity, relating it directly
to rotational capacity. The reported loss of rotation capac-
ity was caused by crack localization, resulting in failure
of the conventional steel rebars at lower deformations,
particularly for low values of ρs (i.e., <0.5%) that are close
to the minimum reinforcement ratio necessary for
avoiding brittle failure. Other tests conducted on simply
supported beams with ρs ≥ 0.5% showed that the beam
deformation capacity was unaltered, without any crack
localization.13,14 These outcomes are of paramount
importance, as the combination of structural fibers with
low amounts of conventional reinforcement is frequently
used in several structural typologies (i.e., industrial
flooring,15,16 precast concrete segments for tunnel
linings,17 and sewerage pipes18,19), and this embrittle-
ment effect could jeopardize the ductile response
expected in case of failure. In this regard, the previous
experimental research has been focused on specific mag-
nitudes of ρs and FRC strength classes, and consequently,
the conclusions and recommendations derived from the
results should be limited accordingly.

Of particular importance, in this regard, is the ability of
statically indeterminate structures to redistribute moments.
It allows the structure to transfer forces away from critical
sections, allowing to reach higher loads and eventually
leading to more ductile failure; a feature of special impor-
tance in seismically active regions.20 Comprehensive
research has been carried out regarding this topic, since
the capacity of the non-critical sections can be used, all-
owing the designer to optimize reinforcement requirements
and, therefore, costs.21 Moment redistribution occurs at all

limit states due to the longitudinal variation in stiffness,
and the most rigid sections tend to absorb more forces than
less rigid.22 When a section cracks, its stiffness is affected,
and it takes smaller moments under increasing loads than
it would have if it had not cracked; the moment redistribu-
tion results in a change in the distribution of bending
moments obtained from a theoretical linear elastic analy-
sis.23–27 At ULS, moment redistribution occurs due to the
formation and gradual rotation of plastic hinge regions and
has also been shown to be highly dependent on the stiff-
ness or flexural rigidity of the non-hinge regions.24,28,29

The large number of experimental results regarding
this topic has allowed the incorporation of moment redis-
tribution in design guidelines and codes. The margin of
moment redistribution allowed in national and interna-
tional codes30–34 depends primarily, apart from the struc-
ture typology, on the rotation capacity of plastic hinge
regions. For continuous beams, the maximum moment
redistribution allowed is 30% for Eurocode 2 (EC2),33 the
fib Model Code 2010 (MC2010),34 and the Australian
code,31 whereas it is limited to 15% for the Spanish code
EHE-0832 and 20% for American Concrete Institute's
Building Code ACI 318-14.30

Regarding moment redistribution in HRC members,
experimental tests conducted on statically indeterminate
HRC/FRC two-span continuous beams are gathered in
Table 1. Küsel and Kearsley37 found that the addition of
fibers led to crack localization, reducing the deformation
capacity and leading to less moment redistribution; this
being more evident in FRC element with strain-softening
response at the post-cracking regime. Contrarily,
Mahmood et al.36 observed no signs of crack localization
when comparing RC and HRC beams with ρs of 0.69%
and 1.38%. Finally, Visintin et al.35 tested ultrahigh per-
formance fiber-reinforced concrete (UHPFRC) with large
fiber contents. The results showed that fibers provided
enough ductility to the concrete compressive behavior
that shifted the failure mode from concrete crushing to
reinforcement rupture, allowing the beam to reach larger
deformation, and thus, no significant change in moment
redistribution was reported.

In view of the results of the studies presented in this
section, further study is required for HRC flexural mem-
bers at ULS, since there is uncertainty of its dependence
on different values of ρs and FRC residual strength.38

Hence, there is a pressing need to evaluate the influence
of the use of fibers in the deformation capacity (plastic
rotation) that could compromise the moment redistribu-
tion phenomenon in HRC elements. Particularly, it is
of paramount importance to investigate members with
ρs < 0.5%, since the addition of fibers to RC members is
typically viewed as a way of optimizing (eventually
reducing) longitudinal reinforcement.
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In order to achieve this goal, a parametric analysis on
simply supported beams and on statically indeterminate
continuous beams with varying FRC residual strength
classes, according to MC2010,34 and varying longitudinal
reinforcement ratios were performed in this study. The
specific objectives of this study are twofold: (1) to evalu-
ate the deformation and rotational capacity of simply
supported HRC beams and (2) to quantify the moment
redistribution for two-span continuous HRC beams. To
this end, a finite-element model (FEM) was calibrated
and validated using results from experimental programs
reported in the literature and then applied to two com-
prehensive parametric studies. The obtained results were
analyzed, and design-oriented recommendations are pro-
vided to be potentially taken into consideration for future
revisions of the MC201034 and other national/international
guidelines.

2 | CALIBRATION AND
VALIDATION OF THE NUMERICAL
MODEL FOR HRC BEAMS

The FEM was first calibrated on real-scale continuous
beams reported in Reference 36. To verify the adequacy
of the model to measure the moment redistribution phe-
nomenon, two additional experimental programs were
simulated.35,37 Finally, the FEM was applied to simply
supported beams tested by Bosco and Debernardi39 to
compare the results in terms of deformation capacity and
plastic rotation.

2.1 | Selection of constitutive models

The compressive stress–strain (σ–ε) and tensile stress–
crack opening (σ–w) relationships were established
according to fib MC201034 that are used (see Figure 1).
Flexural residual strengths (fR) can be obtained from the

three point bending test on notched beams according to
EN 14651,40 where fR1 and fR3 stand for the residual
strengths for a crack mouth opening displacement
(CMOD) of 0.5 and 2.5 mm, respectively. Mean values of
each of the involved mechanical variables are considered
for the numerical simulations.

The concrete damage plasticity (CDP) model available
in ABAQUS41 is used. This software presents a versatile
tool to successfully model a wide range phenomenon of
concrete structure behavior, as evidenced by numerous
published studies.42–45 The CDP model is a continuum,
smeared crack, plasticity-based, damage model for con-
crete. In smeared crack models, the damage zone is
assumed to coincide with the FE dimensions. The model
assumes that the main two failure mechanisms for con-
crete are tensile cracking and compressive crushing. To
model the concrete behavior, the input data required are
uniaxial σ–ε curves for compression and tension, see
Figure 1. However, to overcome mesh dependence, the
σ–w tensile curve was used instead. In this regard, the
characteristic length (Lch) was assumed to be the size of
the FE. The CDP magnitude of the parameters adopted
for all the simulations was those proposed in ABAQUS
User's Manual41 for plain concrete, except those for the
dilation angle, which was determined by means of a sen-
sitivity analysis.

2.2 | HRC model calibration

The experimental study carried out by Mahmood et al.36

on flexural performance of steel fiber-reinforced (SFRC)
concrete beams was used for the model calibration. Full-
scale two-span continuous reinforced concrete beams
were tested using steel reinforcement ratios (ρs) of 0.69%
and 1.38%, and 0, 30, and 60 kg/m3 of steel fibers
(corresponding to Vf of 0.38% and 0.76%), the combina-
tion of the parameters leading to a total of six beams. The
steel fibers had a length and diameter of 60 and 0.9 mm,

TABLE 1 Previous research focused on HRC and FRC two-span continuous beams

Material fcm [MPa] Cross-section [mm2] Span length [mm] Vf [%] ρs [%] Tests

Distance of
load from
central support Ref.

UHPFRC 156 200 � 220 2 � 2500 2.08 1.28–1.94 4 0.5�L 35

HRC 40 250 � 400 2 � 4000 0.38
0.76

0.69
1.38

6 0.5�L 36

HRC
RCa

FRC

80 200 � 100 2 � 2250 0.00
0.76
1.51
2.20

0.7
1.4
2.2

15 0.44�L 37

aRC—reinforced concrete.
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respectively. The tested beams had a clear span of
4000 mm, with a cross-sectional height and width of
400 and 250, respectively, as shown in Figure 2, with load
evenly applied to both midspans.

The mean compressive concrete strength (fcm) was
60 MPa. Furthermore, three point bending tests
according to EN 1465140 were conducted to measure the
tensile post-cracking behavior of SFRC; for the purposes
of this study, the flexural strength test results were used
to derive the stress–crack width (σ–w) tensile constitutive
curves according to MC2010.34 The uniaxial stress–strain
(σ–ε) curves of the steel bars were also provided in Refer-
ence 36 with a yield strength (fy) equal to 540, an ulti-
mate strength (fu), and an ultimate strain (εsu) equal to
400 MPa and 0.18, respectively, and a maximum strength
(fmax) of 613 MPa (at a strain of 0.11).

Two beams were used for the model calibration: B00
(�30) and B30(�30) at Reference 36, hereafter referred to
as B0 and B30. Beam B0 is an RC, and beam B30 is an
HRC beam with Vf equal to 0.38% (30 kg/m3 of steel
fibers). For both beams, the reinforcement arrangement
consisted of two 20-mm diameter bars at the top and

bottom layers (with a concrete cover of 30 mm) along the
beam length and an additional bar at the midspans
(1250 mm at either side of the midspan), which cor-
responded to ρs = 1.05%, as shown in Figure 3. The rein-
forcement configuration was adopted by the authors, so a
30% moment redistribution was produced from the hog-
ging to the sagging region (from the support to the
midspan region). In addition, 10-mm diameter stirrups
placed every 200 mm as transversal reinforcement. The
FE mesh considered for the numerical analysis and the
boundary conditions can be seen in Figure 3a. The mesh
is comprised by 7800 elements: 6500 50-mm size eight-
node solid linear hexahedral solid elements (C3D8R)
were used for modeling concrete, whereas the steel bars
were modeled with 1300 linear T3D2 elements assuming
a perfect bond between steel and concrete, using an
embedded condition. The middle support was fixed in
both x and y directions (ux = uy = 0), and the external
supports were fixed only in the vertical direction (uy = 0),
both constraints applied along a line. The analysis was
performed by first applying self-weight and then an
increasing load applied by deflection control, which was

FIGURE 2 Mahmood

et al.36 continuous beam

experimental test setup

FIGURE 1 Constitutive equations for concrete; σ–ε for compression and σ–w for tension

NOGALES ET AL. 223



applied on surfaces equal to the loading plates utilized in
the actual test. Aiming at guaranteeing convergence, a
quasi-static solver (Dynamic, Explicit) available in the
software41 was activated. The mesh representing the rein-
forcement of B0 and B30 specimens is plotted in
Figure 3b. The σ–w curve for 0.38% Vf SFRC was deter-
mined by the following parameters: σ1, σ2, and σ3 equal
to 4.01, 0.98, and 3.01 MPa, and w1, w2, and w3 equal to
0.00, 0.035, and 2.50 mm.

In order to calibrate the model, a sensitivity analy-
sis of finite-element size and dilation angle were car-
ried out. On the one hand, the model showed
robustness in terms of the size of the element, and a

50-mm finite-element size was found suitable for the
analysis in terms of runtime and preciseness (see
Figure 4a). On the other hand, precaution must be
taken with the dilation angle parameter, which governs
the nonlinear volumetric strain of the model, set in the
CDP model, especially for cases where shear failure
mode can be the governing situation. In this sense, a
dilation angle sensitivity analysis covering a wide range
of values, from 16� up to 42�, was carried out; see
Figure 4b. The curves are plotted up to 50 mm, since it
was the data reported by the authors. A significant
influence in the model response was found for this
parameter, whereby models with values under 42�

failed to reach larger values of deformation without
losing load-bearing capacity. Hence, a dilation angle of
42� was chosen for this research work.

In Figure 5a,b, the load–deflection graphs for beams
B0 and B30 along with the key points (cracking load,
first yield, first hinge, second yield, and second hinge)
are plotted, where the load corresponds to the load
applied in each span. Key point values are reported in
Table 2. In all cases, the first crack occurred at the
intermediate support, and cracking continued for both
the support and in the midspan regions of the beams
up to first yield that occurred at the intermediate sup-
port; the first hinge was formed shortly before the yield
at the midspan reinforcement for B0 while for B30 was
produced immediately after. The final event was the
formation of the second hinge in the vicinity of the
midspan in the critical member. In both charts, three
expected stages for this sort of tests can be clearly iden-
tified: linear behavior up to beam cracking, non-linear
behavior until the second hinge was developed, which
generates the collapse mechanism, and finally a hori-
zontal trend, which ends up in collapsing. Cracking
and yielding loads have been identified when tensile
strength (fct) and yield strength (fy) were reached for
concrete and steel reinforcement, respectively. The
sequence of the plastic hinge formation is evident from
the moment–curvature diagrams (M–χ),36 where the
onset of the hinge was detected when a change in slope
was spotted (see Figure 6). It is worth noticing that

FIGURE 3 FEM for B0 and

B30 (a) mesh and boundary

conditions and

(b) reinforcement arrangement

FIGURE 4 Sensitivity analysis for beam B0 (a) mesh and

(b) dilation angle
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cracking and yield loads can also be detected in these
diagrams when a loss of stiffness (minor slope) is
detected.

The graph presented in Figure 5 shows a suitable agree-
ment between the numerical and experimental results. In
case of beam B0, the key points were well captured in
terms of loading; the maximum deviations found were

7.6% and 3.9% for second yield and the onset of the first
hinge, respectively. For beam B30, slightly higher differ-
ences were observed for first yield (16.2%) and first hinge
(9.8%), but the differences decreased for higher loading
stages where the second hinge and the maximum load had
a 2.2% and 3.5% of deviation, respectively. The results
showed that both B0 and B30 models were able to

FIGURE 5 Load–deflection and key points for (a) B0 and (b) B30

TABLE 2 Key points loads for Mahmood et al.36 beams: Experimental and numerical results

Cracking
load [kN]

First
yield [kN]

First
hinge [kN]

Second
yield [kN]

Second
hinge [kN]

Maximum
load [kN]

B0 Experiment 47.2 170.0 209.0 208.0 242.0 258.0

FEM 44.0 173.0 225.0 216.0 237.0 266.0

B30 Experiment 42.7 173.0 222.2 244.0 273.0 289.0

FEM 44.0 201.0 244.0 256.0 279.0 299.0

FIGURE 6 Moment–curvature for midspan and intermediate support for (a) B0 and (b) B30
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withstand the load up to over 50 mm without collapsing,
showing a good rotational plastic response.

Figure 6a,b presents the M–χ diagrams; curvature was
calculated as the relative difference of top and bottom
strain, εtop and εbot, respectively, divided by the height of
the beam h (Equation (1)). εtop and εbot were measured as
the node relative difference of displacement, at a distance
of 50 mm on either side of the centre, divided by the dis-
tance between them (100 mm).

χ¼ εbot� εtop
h

ð1Þ

As it can be seen, the model results are in good agree-
ment with the data reported in Reference 36. While for
beam B0, the cracking, yield, and hinge loads were well
captured, for beam B30, it can be observed that the first
yield was reached at a higher moment, as reported in
Table 3. Notably, higher numerical curvatures were
obtained for both cases; likewise, the midspan experi-
mental curves stopped at lower moment values; the rea-
son for this being that in the test, the gauges were
removed after reaching 24 mm of deflection for safety
reasons.

Table 3 gathers the moment redistribution (KMR) values
for the key points after cracking. The percentage of
moment redistribution was calculated as in Equation (2),
where Mel is the theoretical elastic moment, and Mexp is
the experimental moment that includes the contribution of
the plastic behavior. The redistribution values obtained
were aligned with the ones obtained by means of the exper-
imental test reaching 30%, as per design.

KMR ¼Mel�Mexp=Mel
ð2Þ

2.3 | Model validation

2.3.1 | Moment redistribution capacity

Experimental programs carried out by Küsel and
Kearsley37 and Visintin et al.35 were used to validate the

moment redistribution modeling capacities of the
calibrated FEM.

First, the study by Küsel and Kearsley37 was used to
evaluate the moment redistribution of two-span continu-
ous beams. To this end, two-span continuous beams cast
with four batches of FRC (with Vf equal to 0%, 1.01%,
1.51%, and 2.02%) combined with four tensile reinforce-
ment arrangements (ρs = 0%, 0.7%, 1.4% and 2.2%) that
leads to 16 beam combinations were tested. The tested
beams had a clear span of 2500 mm, with a cross-
sectional width and height of 200 and 220 mm, respec-
tively. Two point loads were applied on each span, 1.0 m
apart from the intermediate support. In this regard,
two beams were analyzed: Beam A had Vf = 2.02% and
ρs = 2.2%, while beam B had Vf = 1.01% and ρs = 1.4%
(the beams are referred as 2B2.2 and 1B1.4, respectively,
in Reference 37). These beams were chosen, since these
had the highest and lowest Vf and fully developed the
plastic mechanism and, hence, the full moment redistribu-
tion capacity. The mean compressive concrete strength
(fcm) was 80 MPa, and the authors provided the σ–ε tensile
constitutive curves. The σ–ε data of the steel reinforcement
were also provided with fy and fu being equal to 537 and
610 MPa, respectively, with εsu equal to 0.08.

The load–deflection curves for both experimental and
numerical tests along with the key points are plotted in
Figure 7, and in Table 4, the data for key points are
gathered.

Both models exhibited a behavior similar to that
observed experimentally. The first crack and yielding
were produced at the intermediate support and, subse-
quently, at the midspans. The key points (Table 3) show
that the key points predicted by the model were in good
agreement with the experimental ones, being slightly
higher compared with the actual test. For beam A, the
ultimate load for the numerical was the same obtained in
the experimental test, whereas in Model B, the numerical
test exhibited major moment redistribution from the criti-
cal section to the midspan, and therefore, this reached
higher loads.

Figure 8 plots the load–moment curve for the experi-
mental test and the numerical simulations. In Figure 8a,
it can be observed that model is able to capture the

TABLE 3 Percentage of redistribution

First hinge [kN] Second yield [kN] Second hinge [kN] Maximum load [kN]

B0 Experimental 13.9% 14.9% 23.6% 24.7%

Numerical model 16.2% 17.3% 24.6% 31.0%

B30 Experimental 23.7% 28.2% 32.0% 31.0%

Numerical model 3.36% 14.0% 27.0% 29.0%
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moment redistribution from the intermediate support,
where the first hinge is produced, to the midspan
(defined as “positive moment redistribution”). The hinges
in the numerical moment were generated for higher load
levels and, consequently, the redistribution started later.
In case of Figure 8b, where it can be observed that the
hinges appeared at the same load, the redistribution
started simultaneously, and slightly more redistribution
is observed in the numerical curve.

The second experimental program on two-span con-
tinuous beams used for the model validation was that
carried out by Visintin et al.35 The tensile reinforcement
ratio ranged from 1.13% to 1.66% in the sagging region
and 0.9% to 1.66% in the hogging region, and the fiber
volume fraction was 2.08% for all beams. These beams
had a total length of 5500 mm length, with cross-
sectional width and height of 200 and 100 mm, respec-
tively. Point loads were located at the mid-point of each
span. Direct tensile tests were conducted to determine
the tensile behavior, providing the post-cracking constitu-
tive curve (σ1 = 5.55 MPa, σ2 = 5.27 MPa, σ3 = 5.0 MPa,
σ4 = 3.80 MPa and w1 = 0.00 mm, w2 = 0.15 mm, w3

= 0.40 mm, w4 = 1.00 mm), and the concrete compres-
sive strength was 110 MPa. The σ–ε data of the steel rein-
forcement were also provided with fy and fu being equal
to 580 and 610 MPa, respectively, with εsu equal to 0.15.

For the model validation, 3 three-dimensional
non-linear models of beams were generated: beam C
(ρs = 1.57% at both midspan and intermediate sup-
port), beam D (ρs = 1.13% for the intermediate support
and ρs = 1.57% for the midspan section), and beam E
(ρs = 1.57% for the intermediate support and ρs
= 1.13% for the midspan section) named as beams
1, 2, and 4 in Reference 35, respectively. With regard

TABLE 4 Key points loads for Küsel and Kearsley37 beams: Experimental and numerical tests

Cracking
load [kN]

First
yield [kN]

First
hinge [kN]

Second
yield [kN]

Second
hinge [kN]

Ultimate
load [kN]

Beam A Experiment 12.5 68.8 72.0 80.5 83.0 83.0

FEM 11.5 66.0 75.9 82.7 86.7 88.0

Beam B Experiment 10.3 45.0 50.0 56.0 59.0 60.0

FEM 11.5 49.8 54.0 58.3 59.0 59.0

FIGURE 7 Experimental and numerical load–deflection
curves for Küsel and Kearsley37 beams A and B

FIGURE 8 Experimental and numerical moment–load curves for (a) beam A and (b) beam B
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to the reinforcement distribution, for beams C and D,
positive moment redistribution was expected, whereas
for beam E, the reinforcement distribution was meant
to force moment redistribution from the midspan
toward the intermediate support.

The load–deflection curves for both experimental and
numerical tests along with the key points are plotted in
Figure 9, and in Table 5, the data for key points are gath-
ered. The results showed that the model results are in
good agreement with those experimental results, and the
positive (beams C and D) and negative moment redistri-
bution (beam E) was well captured as well.

Figure 10a–c gathers the reaction-load graphs for
beam C, beam D, and beam E, respectively. As it can be
seen from Figure 10a,b, the redistribution from the inter-
mediate support to midspan sections was well developed,

and the FEM model for beam D captured properly the
magnitude of the moment redistribution, whereas for
beam C, higher redistribution was seen for the experi-
ment, since early stages, probably, this was caused by a
greater loss of stiffness after cracking. With regard to
Figure 10c, the model developed the negative moment
redistribution as the experimental test, although less
redistribution was achieved, since the beginning, appar-
ently due to stiffness difference.

2.3.2 | Verification of plastic hinge rotation
capacity

In this section, the experimental investigation carried out
by Bosco and Debernardi39 was used for the plastic

FIGURE 9 Experimental and

numerical load–deflection curves

for one span (a) beam C,

(b) beam D, and (c) beam E from

the study by Visintin et al.35

TABLE 5 Key points loads for Visintin et al.35 beams: Experimental and numerical tests

Cracking
load [kN]

First
yield [kN]

First
hinge [kN]

Second
yield [kN]

Second
hinge [kN]

Ultimate
load [kN]

Beam C Experiment 28 - - 187 209 209

FEM 19 180 190 195 208 208

Beam D Experiment 29 - - 160 183 183

FEM 19 131 140 165 187 187

Beam E Experiment 25 - - 154 172 172

FEM 19 153 168 176 177 177
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rotation capacity verification of the model. The results
from these tests were also considered for other model val-
idations.46 For assessing the plastic rotation capacity of
RC beams, a total of 44 beams were used. Different con-
figurations were taken into account: two grades of steel
ductility normal steel (grade B 500 N) and high ductility
steel (grade B 500 H); three cross-sectional area were
used while maintaining the same span-to-depth ratio (L/
h = 10) and the width to depth ratio (b/h = 1/2), with
cross-sectional depths of 200, 400, and 600 mm; the rein-
forcing ratios (ρs) varied between 0.13% and 1.14% and,
finally, two different loading conditions (point load at
midspan and three symmetrically arranged loads).

For the rotation capacity verification, four beams with
a length of 6000 mm, cross-sectional height and width of
600 and 300 mm, respectively, (with concrete cover of
35 mm), and ρs of 0.13%, 0.25%, 0.57%, and 1.14% were
modeled, along with Ø6 stirrups spaced every 150 mm. It is
worth noticing that the rebar configuration for ρs = 1.14%
was not provided, and an equivalent reinforcing area
(6Ø20) configuration was used. All beams were reinforced
with high ductility steel with fy = 600 MPa, fu = 578 MPa,
εsu = 0.1, and fmax = 672 MPa. Concrete had a compressive
and tensile strength of 31.0 and 2.8 MPa, respectively. The
analyzed beams corresponded to T8A1, T9A1, T10A1, and
T11A1 in Reference 39. Hereafter, the beams are labeled
with a capital S or C (for simply supported or continuous

beams, introduced later within the parametric analysis)
followed by a percentage (indicating ρs) and either RC or
FRC strength class according to MC2010.34

Figure 11a presents the meshed model adopted for
the numerical analysis and its boundary conditions: the
mesh comprised 8900 50-mm C3D8R finite elements for
modeling concrete, whereas the reinforcement was
modeled with linear 50-mm T3D2 elements embedded in
the solid elements. One support was fixed in both x and
y directions (ux = uy = 0); the other was fixed only in the
vertical direction (uy = 0). The analyses were performed
by first applying self-weight and then an increasing load

FIGURE 10 Experimental

and numerical reaction–load
curves for (a) beam C,

(b) beam D, and (c) beam E

from the study by Visintin

et al.35

FIGURE 11 FE model (a) mesh and boundary conditions and

(b) reinforcement arrangement for beams S0.13%-RC, S-0.25%-RC,

and S-0.57%-RC for study39
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applied at the midspan by deflection control. Figure 11b
shows the longitudinal reinforcement arrangement; in all
cases, the compressive reinforced consisted of 2Ø12.

The comparison between the experimental and the
numerical results is plotted in Figure 12a. The FEM
results for the beams with ρs ≤ 0.57% are in good agree-
ment with the experimental in terms of load–deflection,
with a slight difference in stiffness seen only in S-
0.57%-RC, up to yielding loads (Pyield), which were well
captured. These beams failed due to reinforcement fail-
ure (when the reinforcement reached εsu). It was dem-
onstrated that the model is able to simulate the plastic
behavior after yielding, although major deflections
were registered for beams S-0.25%-RC and S-0.57%-RC.
Beam S-1.14%-RC failed due to concrete crushing, and
in that case, there is a difference in stiffness and in the
peak load (8.2% higher) between the model and the
actual test.

Figure 12b shows the moment–plastic rotation
(θplastic) relationship, where the latter has been calcu-
lated by integration, along the plastic zone Lp (where
the tension reinforcement had exceeded its yield limit),
of the difference between the curvature (χ) and the cur-
vature at steel yield limit (χy), as it is presented in Equa-
tion (3). In other words, θplastic was derived as the
difference between the ultimate rotation and the rota-
tion corresponding to the reinforcement yielding.14,39,46

The ultimate rotation can be considered as the rotation
beyond which the moment starts descending sharply
according to References 47 and 48.

θplastic ¼
Z

Lp

χ� χy

� �
dz ð3Þ

Although measuring θplastic in experimental tests can be
of great difficulty due to the sudden deflection increases,
the numerical results captured well the yielding moment
load (Myield) and the large plastic rotation, although
larger rotations were registered in beams S-0.25%-RC and
S-0.57%-RC. In case of concrete crushing (S-1.14%-RC),
the failure mode was well captured by the model, but the
plastic rotational capacity was larger than in the test.
These results were found to be acceptable for the numeri-
cal model verification of beam rotational capacity to per-
form a parametric analysis.

3 | PARAMETRIC ANALYSES

Using the model previously calibrated and validated in Sec-
tion 2, two parametrical analyses, combining different FRC
strength classes and varying reinforcement ratios, were car-
ried out. The object of this parametric analysis was to
assess the influence of ρ and Vf on plastic rotation and
moment redistribution capacities. The first step was to ana-
lyze the interaction between FRC flexural residual strength
and HRC reinforcement ratio and its effect on plastic rota-
tion capacity of simply supported beams. Such a choice
was made as plastic rotation capacity is the prerequisite for
moment redistribution in statically indeterminate struc-
tures. Then, in the second step, moment redistribution
capacity was analyzed on two-span continuous beams
maintaining a geometry identical to the previously ana-
lyzed simply supported beams. The beam's cross
section and span length as well as the reinforcing ratio
were based on the beams described in Section 2.3.2.

To this end, the reinforcement configurations of ρs
= 0.13%, 0.25%, 0.57%, and 1.14% from the study by

FIGURE 12 Experimental and numerical comparison of Bosco and Debernardi39 simply supported beams (a) load–midspan deflection

and (b) moment–plastic rotation
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Bosco and Debernardi39 were used along with plain con-
crete, and three FRC mixtures were taken into account.
The FRC strength classes considered, represented by fR1m
(mean value), were 3, 5, and 7 MPa with ductility class
fR3m/fR1m = 1.0 (i.e., class “c” according to MC201034).
Such a ratio was chosen as being most representative of
FRC structural applications (e.g., precast concrete tunnel
segments according to the fib Bulletin 8349; The chosen
values were considered to cover a wide range of fR magni-
tudes (and indirectly, fiber contents). Furthermore, when
determining the σ–w diagram according to MC2010, dif-
ferent post-cracking responses are obtained: FRC classes
3c and 5c exhibit a softening behavior, whereas 7c has a
partially hardening behavior, Figure 13.

3.1 | Analysis of plastic rotation capacity
on simply supported beams

The FEM presented in Figure 11 is used for carrying out
the parametric analysis on simply supported beams. The
results in terms of load–deflection and the normalized
M/Myield–θplastic/θelastic relationship, up to failure, are
plotted in Figure 14. In case of reinforcement failure, the
failure was considered to occur at a steel deformation of
εsu = 0.1 according to MC2010,34 and established as ULS
criterion; in concrete crushing, the graphs are plotted up
to a sharp load decrease. Herein, θelastic stands for the
rotation achieved at the yielding limit. The results pres-
ented show that the addition of fibers affects differently
to the performance of the beams depending on the rein-
forcing ratio. This justifying the need of carrying out this
novelty parametrical analysis combining different Vf and
varying reinforcing ratios.

As seen from Figure 14, for low amounts of ρs
(i.e., 0.13% and 0.25%), a considerable enhancement of maxi-
mum load-bearing capacity caused by the addition of fibers
was achieved, with the enhancement being larger for higher

residual strengths. Importantly, for these beams (S-0.13%
and S-0.25%), a loss of ultimate deformation capacity with
the increase of Vf was also found, up to 60% for 3c FRC
strength classes and 50% for the rest. As Figure 14b,d show,
a softening response was produced due to the increase of Vf

after reaching the reinforcement yielding. The results
obtained are aligned with the behavior observed in actual
beam tests conducted by and reported in References 8–12.

For ρs = 0.57%, the addition of fibers also led to an
increase in load-bearing capacity but did not produce a
softening post-yielding response. In this case, a lower
FRC residual strength (beam S-0.57%-3c) resulted in a
slight increase of deformation capacity, 6%, although the
onset of crack localization was detected in the model.
However, the influence of this crack localization became
more evident in the performance of beams S-0.57%-5c
and S-0.57%-7c, which suffered a reduction in deforma-
tion capacity, 42% and 30%, respectively, reaching a sig-
nificantly lower ultimate deflection than beam S-0.57%-
RC. Crack localization was detected in the model, since
as the load progressively increased, a few cracks became
wider and predominant over the rest. In beams with ρs
= 1.14%, only a slight increase of the ultimate load was
found with the increment of fR1, and the governing mode
of failure of the beams was concrete crushing for all
cases. Crack localization was also detected for high Vf

resulting in a reduction of ultimate deflection capacity,
40% and 30% for S-1.14%-5c and S-1.14%-7c, respectively.

According to the presented results, to develop the full
plastic rotation mechanism of HRC members, character-
ized by a plateau in the load–deflection relationship after
yielding, reinforcement ratios of at least 0.3%–0.5%
are required. The results of the study demonstrate that
for ρs = 0.57%, full rotation capacity is already achieved.
However, since crack localization is detected for class 5c
and 7c and not for 3c, it is probable that the “minimum
reinforcement ratio” for ductility decreases with increas-
ing residual strength class (i.e., it is �0.5% for 3c but
likely lower for 5c and lower still for 7c).

For higher amounts of reinforcement (i.e., ρs = 1.14%),
the failure mode turns from reinforcement failure to con-
crete crushing, disabling the development of such ductile
failure mechanisms.

In order to quantitatively quantifying the ductility
degree of the beams, a ductility index (μ) was adopted,
defined by Equation (4), where δu stands for the ultimate
deflection capacity and δy the deflection at rebar yielding.

μ¼ δu
δy

ð4Þ

For any reinforcement ratio, see Figure 15, there was a
ductility reduction with the increase of Vf, and the results

FIGURE 13 Stress crack post-cracking response of plain

concrete and FRC class 3c, 5c, and 7c
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were aligned with those obtained in previous studies.8,9

However, whereas the authors of previous studies found
that the lowest ductility was expected for low ρs and high
Vf, the results presented in Figure 15 showed that the
lowest values of μ are found for low ρs (0.13% and 0.25%)
and low Vf (this being a direct proxy for residual

strength), with μ increasing with increasing Vf. For
beams S-0.57% and S-1.14%, μ is higher for low amounts
of fibers; as explained earlier, this behavior was caused
by crack localization.

Finally, Figure 16a represents the ultimate plastic rota-
tion θplastic_u–fR1 relationship. It can be seen that for higher

FIGURE 14 Parametrical analysis

on simply supported beams: Load–
deflection and M/Myield–θplastic/θtotal
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residual strength classes (5c and 7c), θplastic_u is less sensi-
tive to ρs than for class 3c. Namely, for class 3c, θplastic_u
increases almost five times when increasing ρs from 0.13%
and 0.25% to 1.14%, whereas for classes 5c and 7c, this
increase is only around 2.5 times, that is, twice smaller. In
other words, changes in longitudinal reinforcement have a
much larger effect (in terms of both load-bearing capacity
and ductility degree) for lower FRC residual strength clas-
ses. This is of particular importance when FRC is used as a
way of reducing the longitudinal reinforcement ratio.

Figure 16b shows the relation between the plastic
hinge length Lp (detected as the length along which the
yield strain in steel is exceeded) and FRC residual
strength. The figure demonstrates that Lp remained
slightly affected by the increase of fRm for ρs = 0.57% and
ρs = 1.14% but was remarkably affected for low ρs: for
these beams, Lp decreases with decreasing FRC residual
strength. These results are aligned with the conclusion
obtained with regards to deformation capacity and post-
yield response, discussed earlier.

3.2 | Analysis of moment redistribution
capacity on two-span continuous beams

After analyzing the plastic rotation capacity of HRC
beams in the first parametric analysis, a second one was
performed to assess the effects of changes in plastic rota-
tion capacity on moment redistribution in statically inde-
terminate HRC beams. Based on the geometry of the
beams presented in Sections 2.3.2 and 3.1 (clear span of
6000 mm, and depth and width of 600 and 300 mm,
respectively), two-span continuous beams were consid-
ered in the analysis. The reinforcement configurations
were again ρs = 0.13%, 0.25%, 0.57%, and 1.14% along
with plain concrete and three FRC mixtures (fR1m = fR3m
equal to 3, 5, and 7 MPa). Compressive longitudinal
reinforcement consisted of 2Ø12, and transversal rein-
forcement consisted of Ø6 spaced at 150 mm, except for
ρs = 1.14% in which stirrups were Ø8 at a spacing of
150 mm, for reasons of shear.

Figure 17a presents the meshed model, its geometry
and boundary conditions: one support was fixed in
both x and y directions of translational degrees of freedom
(ux = uy = 0), and the rest were fixed only in the vertical
direction (uy = 0). The mesh was comprised of 17,600 50-
mm C3D8R finite elements for concrete, and the reinforce-
ment was modeled with linear 50-mm T3D2 finite elements
embedded in the solid elements. Figure 17b–e presents the
reinforced models: the length of tensile longitudinal rein-
forcement for sagging and hogging regions was 1.1 times
the theoretical elastic length, which led to an overlap length
of 0.8 m. The analysis was performed by first applying self-
weight, and subsequently, two-point loads were applied at
both midspans. Considering the applied longitudinal rein-
forcement arrangement, moment redistribution was
expected from the hogging to sagging regions (from the
intermediate support to the midspan section).FIGURE 15 Ductility of simply supported beams

FIGURE 16 Results based on residual strength (a) θplastic_u and (b) Lp
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The results are presented in Figure 18 in terms of load–
midspan deflection and M/Myield–θplastic/θelastic (at the
intermediate support) relationships, up to reinforcement
failure (εs = 10‰), with the plastic rotation calculated
according to Equation (1). As expected, the first cracking
occurred at the intermediate support and subsequently in
the midspan section, in all cases studied. The increase
of fR1 affected the overall response of the statically
indeterminate members in different ways depending on ρs.
For ρs = 0.13%, the addition of fibers resulted in an
increase of the load-bearing capacity and enhancing the
ultimate deflection capacity. Contrary to the results pres-
ented in Figure 14a for simply supported beams, the
increase of fR1 did not reduce the deflection capacity of the
beam but enhanced it. However, as it can be seen in
Figure 18b, the use of HRC led to a softening response after
yielding at the intermediate support (except for C-0.13%-7c
where hardening was appreciated at the onset due to its
post-cracking response, followed by softening) while C-
0.13%-RC presented a hardening response.

In case of ρs = 0.25% (Figure 18c,d), the use of HRC
enhanced the load-bearing capacity and the overall stiff-
ness. Similar to the response of simply supported beams
with ρs = 0.25%, the enhancement of the load-bearing
capacity for the solutions with fibers was in detriment of
the deformation capacity, which was significantly
reduced. As for C-0.13%, C-0.25%-3c and 5c presented a
softening response after reinforcement yielding; for
C-0.25%-7c, a slight hardening was registered before soft-
ening, and for C-0.25%-RC, deflection hardening with
associated ductility was detected.

For simply supported beams with ρs = 0.57%, an
increase of the load-bearing capacity was found and even
an enhanced deformation capacity in case of FRC concrete
class 3c. In all cases, a ductile response was produced after
yielding. In contrast, for continuous beams C-0.57%
(Figure 18e,f), combining steel reinforcement and fibers
only led to a load-bearing capacity and stiffness enhance-
ment, and a clear loss of deformation capacity was
observed along with a softening behavior after reaching the
reinforcement yield. For the highest amount of reinforce-
ment studied of ρs = 1.14%, Figure 18g,h, the failure of the
beams was due to concrete crushing at the mid-support. In
C-1.14%-RC, the beam failed prior to reinforcement yield,
and the use of fibers enhanced the load-bearing capacity of
the beams and significantly increased (100% in all cases)
the deformation capacity of the conventional solution,
improving the ductility before failure.

The moment redistribution capacity was computed
using the KMR coefficient (see Equation (2)). Then, the coef-
ficient KMR was plotted against θplastic and presented in
Figure 19, with both KMR and θplastic measured at the inter-
mediate support. As the coefficient KMR quantifies the
capacity of transferring forces from critical sections toward
those less demanded, the graphs depicted in Figure 19 are
presented up to the point when loads started decreasing.
For low amounts of reinforcement (0.13% and 0.25%), it can
clearly be seen that at the onset of yielding a bigger redistri-
bution of moments had already been produced for the RC
configurations compared with those HRC beams, due to
the loss of stiffness after the section cracking. This is aligned
with the behavior shown in Figure 18a,c. For C-0.13%

FIGURE 17 FEM (a) mesh and boundary conditions and (b) reinforcement arrangement for beams C-0.13%, (c) reinforcement

arrangement for beams C-0.25%, (d) reinforcement arrangement for beams C-0.57%, and (e) reinforcement arrangement for beams C-1.14%
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beams, the solutions with fibers presented lower plastic
rotations compared to C-0.13%-RC. In case of ρs = 0.25%,
the stiffness after yielding was similar meaning that the
addition of fibers for this reinforcement configuration had
less impact on the post-yielding stiffness. Again, the
RC configuration achieved larger plastic deformations. For
ρs = 0.57%, KMR at rebar yielding was similar in all cases;

for this amount of longitudinal reinforcement, the addition
of fibers barely affected the loss of stiffness after cracking.
After yielding, the KMR–θplastic curves had the same slope,
C-0.52%-RC being the unique solution able to present high
plastic rotation capacity. In case of ρs = 1.14%, all beams
had similar redistribution at the onset of rebar yielding, so
the increase of fR1 unaltered the overall stiffness of the

FIGURE 18 Parametrical analysis

on two-span continuous beams: Load–
deflection and M/Myield–θplastic/θtotal
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member, and the same range of moment redistribution was
detected, ranging from 11% to 13%.

Finally, Figure 20 presents the KMR–fR1m relationship.
First, for reinforcement ratios higher than 0.57%, KMR

ranges between 10% and 14%, this being barely affected by
FRC residual strength (although it remains significantly
lower than for the RC solution). As reinforcement ratio
decreases to 0.25% and 0.13%, KMR becomes increasingly
sensitive to fR1m, particularly for a reinforcement ratio of
0.13% for which it linearly decreases with increasing fR1m.

In the light of the previous results, it must be empha-
sized that the redistribution capacity of 20% accepted in
the fib MC2010 (or even higher in other codes) for FRC

structural members should be revised, especially in case
of low longitudinal reinforcement ratios.

4 | CONCLUSIONS

This paper has presented the results of a numerical para-
metric study on the plastic rotation and moment redistri-
bution capacities in HRC members with different
reinforcing ratios (from 0.13% to 1.14%) and FRC residual
strengths (classes 3c, 5c, and 7c per MC201034). Plastic
rotation capacity was assessed on simply supported
beams, whereas two-span continuous beams were used to
analyze the moment redistribution capacity. For this pur-
pose, a numerical model was developed and validated on
experimental data. The simulations were carried out
using high ductility reinforcement (fmax/fy = 672/600);
therefore, the conclusions drawn in this paper only can
be hold when this class of steel is used.

Based on the obtained results, the following conclu-
sions can be drawn:

• The increase of the FRC strength class (represented by
fR1) in both simply supported and continuous beams
led to increases in load-bearing capacity, especially for
low values of ρs.

• The use of fibers in simply supported beams significantly
affected the deformation capacity of those by reducing

FIGURE 19 Parametrical

analysis on two-span continuous

beams: KMR–θplastic graphs for
(a) C-0.13%, (b) C-0.25%,

(c) C-0.57%, and (d) C-0.1.14%

FIGURE 20 KMR–fR1m relationship for two-span continuous

beams
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both deformation and rotation capacities for any FRC
residual strength class in beams with ρs ≤ 0.25%.

• In simply supported beams with ρs = 0.57%, there was an
increase in deformation capacity due to the interaction of
the softening response of FRC residual strength class 3c
and the hardening of the steel reinforcement. For the
remaining values of FRC residual strength classes (5c and
7c), crack localization affected the deformation capacity
leading to a clear reduction of this property. For HRC
beams with ρs = 1.14%, the beams failed due to concrete
crushing, and crack localization was also detected; hence, a
reduction of deformation capacity was found for all beams.

• In simply supported beams, changes in ρs have higher
influence on the rotational capacity for lower FRC resid-
ual classes (3c) than for those with higher FRC classes.
For ρs ≤ 0.57%, the plastic hinge length is not affected by
the addition of fibers, whereas for lower ratios, the length
decreases with the decrease of the FRC residual strength.

• In statically indeterminate members, prior to yielding,
the increase of fR1 reduces the moment redistribution
by enhancing the overall stiffness. As expected and in
agreement with results from the literature, the addi-
tion of fibers increased the load-bearing capacity, with
the contribution increasing when decreasing ρs.

• In HRC continuous beams, the deformation capacity
only improved for beams with ρs = 1.14%. For the rest
of beams, a reduction of the post-yield ductility
response of the beam was observed.

• The moment redistribution capacity was not affected
by the FRC residual strength for beams with ρs
≥ 0.57%. For low reinforcement ratios (i.e., 0.13% and
0.25%), the redistribution capacity became more sensi-
tive; this increases with decreasing fR1.

• The latter conclusion is of paramount importance,
since the redistribution coefficient accepted in several
design guidelines (including the fib MC2010) is supe-
rior to 20%. The results obtained numerically prove
that lower redistribution coefficients are to be expected
when the FRC strength class increases in HRC when
those are compared with the equivalent (same rein-
forcement ratio) RC alternative.

The conclusions of this study are determined by the ranges
of parameter values considered in the analyses and, there-
fore, cannot be directly extrapolated beyond these values.
Although the numerical model was calibrated and vali-
dated on experiments using steel FRC, it can be considered
that, in general, the results are applicable also to FRC pro-
duced with macro-synthetic structural fibers as long as
requirements of subclause 5.6.1 of the fib Model Code 2010
are fulfilled. Therefore, the results of this study can serve as
an important first step toward defining moment redistribu-
tion and rotation capacity models and limits for HRC.

Future studies should include more experimental tests,
ranges of FRC residual strengths, as well as different stati-
cal systems and load distributions.
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NOTATION

List of symbols
CMOD crack mouth opening displacement
Ec modulus of elasticity for concrete
Eci tangent modulus of elasticity of concrete at a

stress σi
Ec1 secant modulus from the origin to the peak

compressive stress
f c mean value of the cylindrical compressive

concrete
f ct tensile concrete strength
f Fts serviceability residual strength (post-cracking

strength for serviceability crack opening)
f Ftu ultimate residual strength (post-cracking

strength for ultimate crack opening)
f R,j value of the residual flexural strength

corresponding to CMOD¼CMODj
f y yield strength of steel reinforcement
f u ultimate strength of steel reinforcement
fmax maximum strength of steel reinforcement
GF fracture energy of concrete
h beam height
KMR moment redistribution ratio
Mel theoretical elastic moment
Mexp moment measured experimentally
V f fiber volume fraction
w crack opening in mm
ws crack opening for f Fts
wt crack opening when σj = 0
wu crack opening for f Ftu
ε1 concrete strain for f ctm
εc concrete compression strain
εbottom strain at the bottom layer of the beam
εtop strain at the top layer of the beam
ρs longitudinal reinforcement ratio
σc concrete compression stress
σj stress point for concrete tensile constitutive

curve, j being the point numbering
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θelastic plastic rotation
θplastic elastic rotation
χ curvature
χy curvature at steel yield strength
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