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a b s t r a c t 

Identifying approaching bifurcations and regime transitions from observations is an important challenge 

in time series analysis with practical applications in many fields of science. Well-known indicators are 

the increase in spatial and temporal correlations. However, the performance of these indicators depends 

on the system under study and on the type of approaching bifurcation, and no indicator provides a re- 

liable warning for any system and bifurcation. Here we propose an indicator that simultaneously takes 

into account information about spatial and temporal correlations. By performing a bivariate correlation 

analysis of signals recorded in pairs of adjacent spatial points, and analyzing the distribution of lag times 

that maximize the cross-correlation, we find that the variance of the lag distribution displays an extreme 

value that is a consistent early warning indicator of the approaching bifurcation. We demonstrate the 

reliability of this indicator using different types of models that present different types of bifurcations, 

including local bifurcations (transcritical, saddle-node, supercritical and subcritical Hopf), and global bi- 

furcations. 

© 2021 The Author(s). Published by Elsevier Ltd. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Dynamical systems often display regime transitions that can 

e reversible or irreversible, safe or catastrophic, and may unfold 

lowly or explosively [1–5] . In the human body, transitions to crit- 

cal conditions such depression, arrhythmia or epilepsy may occur 

ith no warning. In the Earth system, examples of regime transi- 

ions include ice ages, desertifications, population extinctions and 

pidemic outbreaks, to name just a few. A regime transition may 

e difficult to recognize, to reverse, to manage, and may trigger a 

ascade of transitions in inter-dependent subsystems [6–13] . 

Regime transition are often traced back to the presence of a 

ime-varying parameter and a bifurcation that destroys a stable so- 

ution (fixed point, limit cycle, or attractor) or changes its stability, 

nd may generate new solutions [14] . 

A lot of effort s have f ocused on identifying “early warning sig- 

als” that anticipate an approaching bifurcation or tipping point 

where a transition to a new state occurs), directly from data [15–

8] . Also effort s have been devoted to understand the mechanisms 

nderlying regime transitions and bifurcations by using experi- 

ental “toy models”. For example, the study of the light emit- 
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E-mail address: cristina.masoller@upc.edu (C. Masoller). 

t

l

a  

ttps://doi.org/10.1016/j.chaos.2021.111720 

960-0779/© 2021 The Author(s). Published by Elsevier Ltd. This is an open access article
ed by a laser with a time-varying parameter has shown how the 

ipping point (when the laser turns on) depends on the rate of 

ariation of the control parameter, the level of noise, and the ini- 

ial conditions [29,30] . The experimentally recorded optical signals 

ave also been used to test early warning indicators [31,32] . 

An indication of an approaching bifurcation is known as “Crit- 

cal Slowing Down” (CSD): as the system approaches the bifurca- 

ion point, the dynamics becomes slower, and the relaxation time 

o equilibrium increases. Since the dynamic slows down, the au- 

ocorrelation of the observed variable increases. The slowdown is 

uantified by the lag-1 autocorrelation of the observed variable, 

nd may also lead to an increase in its variance. In the presence 

f spatial diffusion, as a bifurcation is approached the spatial cor- 

elation may increase, which provides another way to detect CSD 

rom the analysis of the system in different locations [33–37] . 

However, CSD and significant changes in variance, autocorrela- 

ion, or other indicators may fail to predict regime transitions, may 

aise false alarms, may reveal only particular types of transitions, 

nd may occur only after the tipping point is crossed [32,38–41] . 

Here we propose to integrate the increase in temporal corre- 

ation and the increase in spatial correlation, into a single quan- 

ity: the standard deviation, στ , of the distribution of minimum 

ags, τi j , that maximize the correlation between time series of 

n observed variable, u , in neighboring points, u i (t) = u (x i , t) and
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Table 1 

Parameters used in the simulations of the FHN model. 

Bifurcation � � ν σu σv D u D v 

Saddle-Focus 2 1 1 0.005 0.005 0.5 0.5 

Subcritical Hopf 3 2 0.1 0.0001 0.0001 0.001 0.001 

Supercritical Hopf 0.3 2 0.1 0.001 0.001 0.005 0.005 

Travelling waves 3 2 0.1 0.001 0.001 0.2 0.02 
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 j (t) = u (x j , t) . We show that this new indicator provides a reli-

ble warning of different bifurcations that occur in different sys- 

ems, and we propose a simple model that allows us to understand 

hy στ is successful. We also compare the performance of στ with 

hat of two classical indicators, the spatial correlation and the lag- 

 autocorrelation. 

This paper is organized as follows. In Section 2 we introduce 

he formal definition of the variance of the lag distribution, στ , and 

f other two indicators, the lag-1 autocorrelation and the spatial 

orrelation; Section 3 presents the models used to test the perfor- 

ance of these indicators. Section 4 presents the results obtained 

nd Section 5 presents a summary and our conclusions. 

. Early warning indicators 

.1. Variance of the lag distribution 

We define the lag, τi j , that maximizes the correlation between 

wo time series, u i and u j , of length N, normalized to have zero

ean and unitary variance, as 

i j = argmax τ
1 ≤τ≤τmax 

( 

∣∣∣∣∣
N−τmax ∑ 

t=1 

u i (t) u j (t + τ ) 

∣∣∣∣∣
) 

. (1) 

e note that 
∑ 

t u i (t) u j (t + τ ) is the Pearson correlation coeffi- 

ient that is a measure of linear correlation between u i (t) and 

 j (t + τ ) . 

The variance of the distribution of lags that maximize the cor- 

elation is 

τ = (1 /M) 
∑ 

i, j 

(τi j − 〈 τ 〉 ) 2 , (2) 

here M is the number of ( i , j) pairs and 〈 τ 〉 is the average lag,

 

τ 〉 = (1 /M) 
∑ 

i, j τi j . 

From an operational point of view, we search for the lag that 

aximizes the correlation in the interval [1, τmax ]. We start with a 

inimum lag of 1 (instead of 0) because in the distribution of τi j 

alues, 0 tends to be overpopulated, regardless of the value of the 

ifurcation parameter. On the other hand, searching for the max- 

mum in an interval of values provides information about longer 

ime scales than lag-1 cross-correlation. Unless otherwise stated, 

max is 4% of the length of the time series. τmax is the only free 

arameter and the sensitivity of στ to the value of τmax is ana- 

yzed in Section 4 . 

In Eqs. (1) and (2) the pairs ( i , j) are limited to first neighbors

n the regular grid of points used to observe the system’s dynam- 

cs. This choice has two reasons: (i) due to diffusion, every point 

n the lattice is directly coupled to its first neighbors and (ii) it 

s computationally efficient as it strongly reduces the number of 

alculations. We have verified that taking into account higher or- 

er neighbors does not improve the performance of the metric. We 

ave also used, instead of the Pearson coefficient, a nonlinear cor- 

elation measure (the mutual information, which is computation- 

lly more demanding) and found a similar performance of στ . 

.2. Other early warning indicators 

To demonstrate the performance of στ , in Section 4 we com- 

are it with the performance of two well-known indicators, 

he average lag-1 autocorrelation and the average spatial cross- 

orrelation, formally defined as 

ag-1 CC = 〈 | 〈 u i (t) u i (t + 1) 〉 t | 〉 i , (3) 

patial CC = 

〈 
| 〈u i (t) u j (t) 

〉
i, j 

| 
〉 

t 
. (4) 

or the calculation of the spatial correlation, the pairs ( i , j) are also

imited to first-order neighbors. 
2 
. Models 

To demonstrate the performance of στ we simulate three mod- 

ls where different types of bifurcations occur. 

.1. Scalar bistable 1D model 

This model describes a stochastic bistable system defined by a 

calar field, u (x, t) , in a one-dimensional space [42] , 

∂u 

∂t 
= −u 

3 − αu 

2 + u (1 + α) + D 

∂ 2 u 

∂x 2 
+ ξ . (5) 

ere α is a control parameter, D is the diffusion coefficient, and ξ
s a Gaussian noise term having zero mean and σ 2 variance. The 

ystem presents three homogeneous steady-state solutions: u = 0 , 

 = −1 − α and u = 1 . When α = −1 or α = −2 , two solutions col-

ide and exchange stability due to transcritical bifurcations. 

.2. Local positive feedback (LPF) model 

This model describes the interaction between biomass B and 

oil water w in a two-dimensional region [33,36] , 

∂w 

∂t 
= R − w 

τw 

− �wB + D 
w + ξw 

, 

∂B 

∂t 
= ρB 

(
w 

w 0 

− B 

B C 

)
− μ

B 

B + B O 

+ D 
B + ξB . (6) 

ere τw 

, μ, ρ , �, w 0 , B O , B C are constant parameters, R is the

ifurcation parameter that represents the amount of rainfall, D 

s the diffusion coefficient, and ξB and ξw 

are Gaussian noise 

erms having zero mean and σ 2 
B and σ 2 

w 

variance respectively. The 

imulations were carried out with the same parameter values as 

n Tirabassi et al. [36] . The observed variable for calculating the 

arly warning indicators was the biomass, B . 

.3. Fitzhugh–Nagumo (FHN) model 

This model represents a set of diffusely coupled neurons in a 

wo-dimensional region, forced by an external stimulus, I [43–45] . 

he model describes the evolution of the membrane potential, u , 

nd the recovery variable, v . The equations read [45] : 

∂u 

∂t 
= �u − u 

3 − �v − I + D u 
u + ξu , 

∂v 
∂t 

= ν( u − v ) + D v 
v + ξv . (7) 

ere �, � and ν are constants, I is taken as bifurcation param- 

ter, D u and D v are diffusion coefficients, and ξu and ξv are Gaus- 

ian noise terms having zero mean and variance σ 2 
u and σ 2 

v respec- 

ively. The simulations were carried out with the parameter values 

isted in Table 1 . The observed variable for calculating the early 

arning indicators was the membrane potential, u . 

.4. Model simulations 

The models were simulated using the Euler–Maruyama method 

ver a linear periodic grid of 100 points (for the scalar bistable 
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Fig. 1. (a) Dynamics of the scalar bistable 1D model close (black) and far (grey) 

from the bifurcation at the same spatial location. The parameters D = 0 . 2 and 

σ = 0 . 005 . The effect of critical slowing down is evident in the variances of the 

two time series, with the former being significantly higher than the latter. (b) Con- 

ventional early warning indicators, lag-1 temporal correlation and spatial cross- 

correlation, as a function of the bifurcation parameter, α. (c) Mean, 〈 τ 〉 , and stan- 

dard deviation, στ , of the distribution of lags that maximize the absolute value of 

the cross-correlation. 
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D model) or over a 100 × 100 periodic square lattice (for the 

FP and FHN models). The diffusion term was approximated using 

nite differences ( D ∂ 2 u/ ∂x 2 | x = x i = D [ u (x i +1 ) + u (x i −1 ) − 2 u (x i ) ] ). 

he integration steps were dt = 0 . 1 and dx = 

√ 

2 / 2 ( dx = 1 / 2 ) for

he 1D model (for the 2D models). 

Unless otherwise specifically stated, the bifurcation parameter 

as increased in steps up to the bifurcation point, using the last 

ondition of one simulation as the starting condition of the next 

imulations. For each value of the bifurcation parameter the time 

eries of the observed variable was recorded in each spatial grid 

oint, every time unit for 10 0 0 time units, after disregarding the 

rst 500 time units to let transients die away. 

In a realistic scenario the control parameter varies continuously 

n time, and we show in the next section that if the parameter 

ariation is slow enough, στ still provides a reliable indication of 

he approaching bifurcation. 
3 
. Results 

In this section we investigate time series obtained by simulat- 

ng the models presented in the previous section. By studying how 

τ varies when the control parameter approaches the bifurcation 

oint, we show that στ is more informative than the two other in- 

icators, the lag-1 autocorrelation and the spatial cross-correlation. 

.1. Transcritical bifurcation 

We begin by considering the scalar bistable 1D Model presented 

n Section 3.1 . In this model, when α approaches a critical value, 

wo fixed points collide giving rise to a transcritical bifurcation . Ap- 

roaching the bifurcation point, the time series variance increases 

 Fig. 1 a) and CSD is detected through lag-1 correlation and spa- 

ial correlation ( Fig. 1 b). However, although both these quantities 

ncrease, their behavior does not reveal how close the system is 

o the bifurcation, since they grow monotonically and the bifurca- 

ion occurs way before they reach their maximum possible value. 

n contrast, the standard deviation of the distribution of lags, στ , 

isplays a non-monotonic behavior with respect to the bifurca- 

ion parameter ( Fig. 1 c). In particular, approaching the bifurcation 

τ slightly increases before collapsing, right before the bifurcation 

oint. In Fig. 1 c we also note that variation of στ is more informa-

ive than the variation of the average lag, 〈 τ 〉 , that does not reach 

 maximum before the bifurcation (dashed line). 

.2. Simple model for estimating στ

The variation of στ can be understood by examining how the 

istribution of τi j values changes when the bifurcation is ap- 

roached. Fig. 2 displays in color code the histograms of τi j values 

s a function of α. When α approaches the critical value, τi j values 

igrate uniformly towards τi j = 1 and, to a lesser degree, towards 

i j = 2 . 

This migration results in a nonlinear variation of στ with re- 

pect to α that can be modeled in the following way: let’s sup- 

ose that, far from the bifurcation, τi j is uniformly distributed in 

1, τmax ]. Approaching the bifurcation, the lags τi j migrate towards 

mall values, and we can write an ansatz for the distribution of 

ags as the superposition of a uniform and an exponential distri- 

ution: 

p(τi j ) = f/τmax + A exp (−βτi j ) , (8) 

here f , A and β depend on the bifurcation parameter, α. Given 

f and β , A can be calculated using the normalization condition 

 

p(τi j ) = 1 . 

Using this equation, 〈 τ 〉 and στ can be computed as a function 

f f for a given β . As shown in Fig. 3 (solid lines), 〈 τ 〉 decreases 

inearly with f , but στ exhibits a local maximum. In Fig. 3 we also 

how the values of 〈 τ 〉 and στ (as dots colored according to the 

alue of the bifurcation parameter α) and we estimate the value 

f f from the distribution of τi j for τi j > 10 , where the exponential 

erm is negligible. A good agreement with Eq. (8) is evident, thus 

roviding a simple interpretation of the variation of στ that makes 

t a useful indicator of an approaching transcritical bifurcation. 

.3. Saddle-node bifurcation 

In the LPF model presented in Section 3.2 , when the amount 

f rainfall, R (bifurcation parameter), decreases below R c = 1 . 1 , a

addle-node bifurcation occurs which causes a collapse from a veg- 

tated state ( B > 0 ) to a desert state ( B = 0 ). As in the previous

ase, close to the bifurcation, we see in Fig. 4 that στ displays a 

aximum, while the other indicators vary monotonically. 
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Fig. 2. Histogram of τi j values (in color code) as a function of the bifurcation parameter, α, for the scalar bistable 1D model. 

Fig. 3. Average, 〈 τ 〉 , and standard deviation, στ , of the lag distribution as a func- 

tion of the parameter f in Eq. (8) , for the scalar bistable 1D model. The color code 

indicates the value of the bifurcation parameter, α, and the black line depicts the 

values predicted by Eq. (8) for β = 10 . The horizontal bars represent the uncertainty 

on the estimation of f , that is estimated, from each histogram, as the median value 

of the frequency in the tail, and the standard deviation is used to measure of un- 

certainty of that estimate. 
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Fig. 4. Early warning indicators as a function of the bifurcation parameter, R , for 

the saddle-node bifurcation of the LPF model. (a) Lag-1 correlation and spatial cor- 

relation. (b) Average, 〈 τ 〉 , and standard deviation, στ , of the distribution of lags that 

maximize the absolute value of the cross-correlation between first neighbors. 
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To confirm that the simple model for στ presented previously 

lso works here, we repeated the analysis. The behavior of στ in 

unction of the parameter f is depicted in Fig. 5 . Also in this case,

he behavior predicted by Eq. (8) fits the behavior of στ computed 

rom the biomass time series. As before, the parameter f was es- 

imated from the distribution of τi j values for τi j > 10 , where the 

erm A exp (−βτ ) is negligible. 

.4. Saddle-focus bifurcation 

As shown in Table 1 , the FHN model displays a variety of bi-

urcations. For appropriate parameters, the system has three fixed 
4 
oints, two stable and one unstable. When varying the bifurca- 

ion parameter I a saddle-focus bifurcation occurs, and the pres- 

nce of noise sustains subthreshold oscillations around the stable 

xed point. These oscillations dominate the dynamics and render 

he spatial correlation useless for predicting the approaching bi- 

urcation ( Fig. 6 a). However, in Fig. 6 b we can see that στ varies

onsiderably approaching the bifurcation. In this case, the increase 

s monotonous, lacking the turning point we have seen in the tran- 

critical and saddle-node bifurcations. 

.5. Supercritical Hopf bifurcation 

For appropriate parameters the FHN model exhibits a super- 

ritical Hopf bifurcation, where a stable fixed point loses stabil- 

ty while a stable periodic orbit appears. As in the previous case, 
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Fig. 5. Average, 〈 τ 〉 , and standard deviation, στ , of the lag distribution as a function 

of the parameter f in Eq. (8) , for the LPF model. The black line depicts the values 

predicted by Eq. (8) for β = 10 . 

Fig. 6. Early warning indicators as a function of the bifurcation parameter I for the 

saddle-focus bifurcation of the FHN model. (a) Lag-1 correlation and spatial corre- 

lation. (b) average ( 〈 τ 〉 ) and standard deviation ( στ ) of the lag distribution. 
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Fig. 7. As Fig. 6 , but for the supercritical Hopf bifurcation. 

Fig. 8. As Fig. 6 , but for the subcritical Hopf bifurcation. 
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he eigenvalues are imaginary, thus producing subthreshold oscilla- 

ions, but the spatial correlation increases in the proximity of the 

ifurcation ( Fig. 7 a). στ displays again a maximum that provides 

he early warning for the transition ( Fig. 7 b). 
5 
.6. Subcritical Hopf bifurcation 

In the FHN model, for appropriate parameters, an unstable or- 

it and a stable fixed point coalesce giving rise to an unstable fixed 

oint. The system loses stability and evolves towards a second, sta- 

le fixed point. The behavior of the classical indicators ( Fig. 8 a) 

s similar to the one seen in the supercritical bifurcation. How- 

ver, the behavior of στ is opposite: approaching the bifurcation στ

ecreases and, when the bifurcation is close enough, it increases 

bruptly ( Fig. 8 b). 

.7. Global bifurcation 

The spatial FHN model can also host several types of travel- 

ng waves [46] . In the case of the subcritical Hopf bifurcation, in- 

reasing one of the diffusion coefficients enables the propagation 
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Fig. 9. As Fig. 6 , but for the traveling waves instability. 

Fig. 10. Variation of στ with respect to τmax , for the LPF model. We see that if τmax 

is too large the extreme point disappears. 
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d
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r

f nonlinear waves. When crossing a threshold value of the bifur- 

ation parameter, I, the presence of noise can excite a local pulse 

hat starts traveling with a circular front. This happens when the 

ystem is not bistable yet, and the traveling waves are pulses. If 

increases further up to the bistability, the traveling pulses turn 

nto traveling fronts [46] . This instability is not due to a local bi-

urcation as the previous ones, but it is due to a global change 

n the phase-space structure (traveling pulses are due to the ap- 

earance of a heteroclinic orbit in the phase-space of the traveling 
ig. 11. στ in function of the bifurcation parameter, R , for different rate of variation of R 

ange of variation of R in each time window. In this case, τmax is always 20 t.u. 

6 
aves’ solution [47,48] ). No eigenvalue crosses the imaginary axis, 

hus, there is no reason to expect critical slowing down. Never- 

heless, the autocorrelation and spatial correlation increase, even 

f their absolute values are very modest ( Fig. 9 a). Importantly, στ

aptures the approaching non-local bifurcation and drops right be- 

ore ( Fig. 9 b). Again, we have a non-monotonic variation that re- 

eals that the system is close to a loss of stability, although the 

oss is not due to a local bifurcation. 

.8. Sensitivity of στ to the maximum lag 

The value of the lag, τi j , that maximizes the absolute value of 

he cross-correlation between two time series, u i and u j , depends 

n one free parameter: the size of the interval [1, τmax ] within 

hich we search for the maximum. This is the only free param- 

ter of the indicator στ that impacts its performance. 

In the previous sections we kept fixed the maximum lag to 4% 

f the series length, N. Given N = 500 , we have τmax = 20 time

nits (t.u.). In Fig. 10 we analyze, for the LPF model, the sensitivity 

f στ when increasing τmax up to 16% of N. We see that there is an

pper limit above which the maximum of στ disappears, or rather 

oves across the transition, making στ no more useful than other 

ndicators. 

.9. Continuous variation of the parameter 

In previous sections we have tested the performance of στ

hen the bifurcation parameter is varied in small steps, and here 

e test its performance when the parameter varies continuously. 

pecifically, we consider a linear variation and analyze the perfor- 

ance of στ as a function of the rate of variation of the parame- 

er and the size of the sliding window used to compute the cross 

orrelation. To study the influence of the rate of variation of the 

arameter, we kept constant the duration of the interval [1, τmax ] 

ith τmax = 20 t.u., while to study the influence of the size of the 

indow we kept constant the relative duration of the interval: 4% 

f the size of the window used to compute the cross correlation. 

esults for the LPF model are presented in Figs. 11 and 12 re- 

pectively. We see that when the time window is small enough, 

uch that the variation of the bifurcation parameter, R , is small, 

nd when τmax is not too small (in this case 10% performs well), 

hen στ reaches a maximum that is an indication of the upcoming 

ifurcation. 

. Conclusions 

In summary, we have shown that the standard deviation of the 

istribution of lag times, στ , is a robust indicator of an approach- 

ng bifurcation, not only in the context of a local bifurcation, but 

lso, when a global bifurcation occurs. 

The lag-1 autocorrelation consistently rises in response to an 

igenvalue whose real part goes to zero but this rise may be 
and for different window sizes used to compute στ . Horizontal whiskers mark the 
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Fig. 12. στ in function of the bifurcation parameter, R , for different rate of variation of R and for different window sizes used to compute στ . Horizontal whiskers mark the 

range of variation of R in each time window. In this case, τmax is always 4% of the window size. 
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onotonous and thus, not particularly informative. In contrast, 

hen the system’s spatial correlation increases, στ displays a max- 

mum that serves as an indication of the approaching bifurcation. 

hen there is no increase in spatial correlation, στ varies mono- 

onically, and thus, it is as useful as the lag-1 autocorrelation. We 

ave also proposed a simple model to explain the underlying ori- 

in of the maximum of στ that serves as a warning of the ap- 

roaching bifurcation. 

When there are subthreshold oscillations before the bifurcation, 

s the bifurcation is approached, στ displays a minimum, that also 

erves as early warning of the bifurcation. We interpret the min- 

mum as due to the fact that the oscillations give rise to a local 

aximum of the cross-correlation at the oscillation period. This 

aximum creates a second peak in the distribution of the lags, in- 

reasing the lags variance. 

More in general, we believe that the success of the indicator στ

elies on the fact that its calculation involves the analysis of lags 

ithin an interval of values, and therefore takes into account prop- 

rties of the time series that may be linked to the changes hap- 

ening in the phase space. Further analysis in this direction will 

e undertaken to advance our understanding of the performance 

f this new early warning indicator. 
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