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Abstract

Background. The study of the deformation of curved rods sub-
jected to bending and its associated stress state is a complex task
that has not been treated in depth in the literature, which makes dif-
ficult to obtain constitutive models or Finite Element Models (FEM)
in which it is necessary to know all the components of the stress and
strain tensors.

Objectives. This study focuses on a new calculation methodology
to obtain stress and strain tensors of curved rods under bending.

Methods. The stress and strain tensors have been determined based
on the theory of continuum mechanics and differential geometry of
curves (moving bases), in a general methodology and valid for large
strains, curved geometries and variable cross-sections along the spec-
imen. This has been applied to the human rib and, in addition, a
new experimental method for bending of curved specimens based on
Digital Image Correlation (DIC) is presented.

Results. Both the test method and the proposed calculations ap-
plied to the human rib show results according to expectations, allow-
ing to know the rib curvature changes along the test, the stresses and
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strains along the rib and the components of both stress and strain
in all directions, in order to build the stress and strain tensors. In
addition, the results of stress, strain and young’s modulus correspond
to those of previous literature in tensile testing of human rib cortical
bone.

Conclusions. The proposed calculations allow the construction of
the strain and stress tensors of a curved specimen subjected to bend-
ing, which is of great importance for the development of constitutive
models. Moreover, since with this method it is possible to calculate
both tensors along the entire length of the specimen and in all di-
rections, it is possible to apply this method in finite element models.
Finally, the new test methodology allows to know the stress and strain
in curved specimens such as the human rib, from bending tests.

KEYWORDS: Human rib, mechanical properties, bending testm dig-
ital image correlation.

Nomenclature
CSSR - Cross Sectional Stress Resultants (axial force, bending moments, ...)
DIC - Digital Image Correlation
FEM - Finite Element Method
mCT - micro-Computed Tomography

1 Introduction

The mechanical characterization of a biological tissue provides relevant infor-
mation regarding its mechanical behavior and the load that can be applied
before reaching the fracture or a permanent deformation [1, 2]. The mechani-
cal properties are the data source for the finite element models (FEM) widely
used for predicting the behavior of a solid [3, 4]. In fact, FEM include three-
dimensional constitutive models developed on the basis of experimentally
determined mechanical properties [5, 6], and that is the reason why simple
one-dimensional constitutive relations are less useful when the general be-
havior of a solid needs to be known, specially in non-isotropic materials as
remarked in some research studies [7].

The most common mechanical tests from which stress and strain tensors
can be obtained are the tensile tests [8, 9]. However, in this type of loading
the stress and strain tensors take a particularly simple form, which does not
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always allow distinguishing adequately the effect of different parameters in
constitutive models for nonlinear elastic materials [10, 11, 12]. Due to this
fact, other tests such as bending tests can be used [13, 14, 15]. In this more
complex loading situation, additional components appear in the stress and
strain tensors, and this allows determining more constitutive parameters.
However, the implementation of the stress and strain tensor calculations in a
bending load is not easy for materials with nonlinear constitutive equations,
and the task is even more difficult if the specimen is not a straight rod and
does not have constant cross-section.

A case of this type of difficulties is found for example in human bones, which
present and added difficulty if they are curved, as it happens in human ribs
(once the micro-cracking process is advanced). In fact, human rib has been
taken as an instance of the general methodology proposed in this article. For
viscoelastic or nonlinear elastic materials, the approach based in Euler or
Timoshenko beam theories is not suitable, because of the intrinsic nonlin-
ear material behavior, which is not taken into account in the ordinary beam
theory. In the case of human ribs, these drawbacks are reflected, in the fact
that only a limited number of constitutive parameters can be obtained, usu-
ally reduced to parameters related to properties in the direction tangent to
centerline (barycentric line). In addition, many studies do not proportionate
stress and strain in their tensor form [16, 17|, and this limits the possibility
to use these methodologies for fitting nonlinear constitutive models.
Therefore, in many cases the determination of mechanical properties is com-
plex in curved rods under bending, but in practice, it is usually a large-strain
problem that can be treated by moving frames and differential geometry of
curves. This would allow the determination of stress and strain accurately
and throughout the specimen.

For all the above reasons, this study focuses on the development of a new
methodology for the calculation of the strain and stress tensors in curved rods
under bending load and where large strain occurs. This methodology is based
on the continuum mechanics theory and the differential geometry of curves
for dealing with co-moving vector frames. Furthermore, this method has
been applied to a widely studied, but incompletely solved case: the human
rib. For this purpose, a new methodology for bending tests of curved rods,
applicable to complete ribs, has been developed. In this paper, it is detailed
how to compute stress and strain tensors from the displacements obtained by
DIC procedures and the measured forces on the rib from a bending test for
complete ribs. This kind of data make the developed methodology suitable
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for finding constitutive parameters in the case of nonlinear materials, as it is
experimentally shown.

2 Strain and stress calculus for planar curved
rods

The three-point bending problem has been extensively analyzed by means of
beam theory. In this kind of analysis, a dimensional reduction from 3D to
1D is carried out. This allows us to reconsider the mathematical form of the
problem in terms of forces, bending moments and displacements, instead of
in terms of stress and strain components. This dimensional reduction has
allowed to obtain many exact analytical solutions which are very well docu-
mented in the literature for the elastic beam problem [18; 19, 20, 21, 22].
Unfortunately, classical models in beam theory (Timoshenko’s and Euler’s
versions) assume a linear relation between stress and strain components, and
for this reason are not suitable for characterizations of nonlinear materials.
In addition, when DIC techniques are used, the approach based in beam the-
ory does not provide information about the distortion of the cross-section.
Even interesting works dealing with some degree of nonlinearity do not con-
sider nonlinear constitutive equations [19, 20, 23] and due to this, this paper
considers some aspects arising in the nonlinear case.

2.1 Coordinate system used for curved rods

When analyzing a curved rod, it has to be taken into account that its progres-
sive deformation produces changes of its curvature and, thus, the geometry
of the centerline varies with strain. For this reason, in a curved rod it is more
appropriate to use the differential geometry of curves, i.e., the Frenet-Serret
frame and its associated formulas, to deal with the change of curvature and
the geometry of the barycentric line. The Frenet-Serret vector basis {t,n, b}
will change in orientation between different material points on the rod and
between different configurations, related to different strain levels.

For any point on the rod, t is the tangent vector to the barycentric line
(and therefore is perpendicular to the cross-section of the rod), and the nor-
maln and binormal b vectors are contained in the cross-section of the rod: n
is directed in the vertical towards the curvature center, and b is orthogonal
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to both ¢ and m, hence “bi-normal” (see Figure 1). The position of a material
point on the curved rod can be defined with curvilinear coordinates (&,7,()
as the distance £ (arc length) along the barycentric line from the coordinate
origin O to the centroid of the section containing the point plus the distances
7, directed in the m and b directions, respectively.

the barycentric axis

A

F
l Cross-sections perpendicular to

\\\ Displacement
Inital Final \‘\

Figure 1: Location of the Frenet-Serret frame in a curved rod, applied to the rib; the
frame {X,Y, Z} is centered in the extreme of the rib and the tangent vector ¢ is directed
along the barycentric line at any point. A material point on the rib is defined with the
curve coordinates (£, 7,(), where £ is the arc length from O to the centroid of the section
that contains the point and 7, ( are the distances over the section in the directions n and
b respectively (being n the vertical direction and b the depth direction).

It should be noticed that in a planar problem, the barycentric line is
always contained in a plane (in this case, the XY plane). This plane is
chosen to be orthogonal to the binormal vector b, which is constant for a
planar bending problem. In these circumstances, the barycentric line can
be defined by a polynomial y(z) that allows to describe its geometry and
compute the vector trihedron {¢,m,b}, with respect to a fixed ortogonal
basis {i,j,l%}, as:
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being b = —k. The derivatives of the trihedron define the kinematic properties
of a material point or particle through the Frenet-Serret formulas [24]:

(1)

t' =7n, n' = -xt+71b, b'=-mn (2)

where y is the curvature and 7 the torsion. When dealing with a planar
situation, the torsion is 7 = 0 and the curvature can be computed as:

~ y" ()
X+ (v ()PP

(3)

2.2 Strain computation for curved rods

Once defined the reference system and the coordinates to be used, two con-
figurations are considered: the initial undeformed curve configuration before
the deformation and the deformed configuration after the change in shape,
whose curvature has varied. Let us assume then that the deformation from
one curve to the next deformed curve involves an intermediate configuration
in which the rod has been unbent (reference configuration), see Figure 2.

The transitions from the reference configuration to the initial and the
deformed configurations can be defined with the mappings o and ¢ respec-
tively:

{(577770'—’%(57%0 =R(£,1,0) = Ra(§) +nIN(E) + (B(§)
&m0 = e€n¢) =70 =rw(§)+AMn)[Mm(E) +b(E)]

being {T', N, B} and {t,n, b} the basis vectors of the Frenet-Serret frame in
the initial and deformed configurations respectively, R and r the point posi-
tion and R,,, T, the position of the centroid of the cross-section containing
the material point. The kinematic hypothesis for deformation under bending
used in equation (4) is similar to the results used in asymptotic analysis of
elastic curved rods [19, 21]. The function A(n) describes the distortion of the
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Initial undeformed configuration ———

F = Dy o Dyy!

L 50 _

Figure 2: Schematic view of the three configurations used: (top) initial undeformed con-
figuration, (center) [straight] reference configuration and (bottom) deformed configuration.
The mappings ¢y and ¢ apply the reference configuration in the undeformed configuration
and the deformed configuration respectively.

cross-section due to the Poisson effect, and it will be computed later. For the
moment, it is advanced that the function A(n) is representable by a power
series of the form:

A(n) =1 i Fo(2) (x = xo) (5)

with 7 = () a Poisson function which depends on the maximum stretch
A in the cross-section. Inside the summation term, y is the curvature in a
deformed configuration, y, the initial curvature (in the undeformed configu-
ration) and fi(7) are functions to be determined that satisfy f;(0) =0 [for a
linear isotropic elastic material 7 reduces to ordinary Poisson ratio vy]. We
will see in equation (15) that this conjectured form for A(n) is correct.

From the kinematic hypothesis (4), the deformation gradient F = (F%) =
(0ri/067) can be computed as the composition F = Dg o Dpy! of both map-
pings, where D(e) denotes the Jacobian matrix of a mapping. The columns
of the Jacobian matrix are defined as U; for the initial mapping ¢y and wu;
for the final (spatial) mapping ¢ and correspond to the derivatives of R and
r with respect to the coordinates (0',62%,0%) = (£,n,() respectively.

171

172

173

174

175

176

177



The Jacobian matrix of the map ¢ is given by:

OA

ort , , oA
D@Z[aej]Z[’U,17'U,2,U3]= t+An'n +ACb, A+a—nn n+a—77€b7 Ab
(6)

where wu; represent column vectors forming together the Jacobian matrix
D¢. Introducing the well known Frenet-Serret formulas (2) and the planarity
condition 7 = 0:

OA oA
Do = [u1,uz, us] = | (1 - Anx)t, A+8_77 n+a—ana Ab (7)

Following the same steps for the ¢y mapping, with torsion 75 = 0, and oper-
ating its inverse:

OR’7™" 1
Doyt = . = [Uz x Uz, Us x Uy, Uy x U ]*
003 1-nx0 (8)
1 T
- T, (1- N, (1- B
1—77X0[ , (1=nx0)N, (1-nx0)B]

The composition of both matrices allows us to obtain:

1-Anx

oA
1 —NXo

F
on

oA
t®T+(An+n8—n)®N+§ beN+Abo®B (9)
n

Now to compute the above expression in the spatial basis {¢,n,b}, we ob-
serve that vector basis the Frenet—Serret trhiedron in initial configuration is
nothing more than a rotation of the deformed basis given by an angle « (see
Figure 1), and B = b, therefore:

1-Anx
L =nxo0

F-

on

A
+Ca— b® (sinat+cosan)+Abeb
n
(10)

In order to simplify the above expression, we define a curvature change factor
K, as:

OA
t® (cosa t-sinan)+ (An+—7]b) ® (sina t+cosan)+...
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1-Anx
K=
L =nxo0

(11)

Using the parameter s, the spatial components of the deformation gradient

given in equation (10) can be written as:

K COS (¢ —Kksin o 0
F,=|(A+nA)sina (A+nA)cosa (A’
(n+)AN'sina (n+()ANcosa A

(12)

From this form, the (spatial) Eulerian—Almansi strain tensor () = (I -
F;TF;1)/2 is given by:

[ 1
1_§ 0 0
O I G Ui 9\ GV VS TGO GRS LY B
ev=3 BN A A)  ROAY T (A A) (13)
NAC A A) QA (CA)? pi(ALA)
p%(AvA,) pg(A,A’) pg(AvA,) pQ(AvA,)

where the polynomials p; (A, A’) and pa(A, A’) have the form:

pl(A’ A,) =
pQ(A7A,) =
When |(x = x0)7| << 1 the above approximations in the last equations hold,

if A(n) >>nA'(n) and A(n) >> (A’(n). In the same approximation regime,
the Eulerian—Almansi strain tensor reduces to:

A+ANnw~A,
A(A+ M) = (1 + A2 ~ A2

e® » (14)

[N
=
[}

The above equation is asymptotically valid for a curved rod of nonlinear
isotropic material (or of transversally isotropic material where the preferred
direction is tangent to the centerline, which is the case for human ribs).
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Because of the Poisson effect in a bending situation we have 552) = 63(/2) = el

and this conditions allow to find the function A(n):

1 1
].—E:—V 1—;

Because of the equation (11) for , the above equation leads to a fourth-degree
polynomial equation in A. But since we depart from the asymptotically
valid equation (14), keeping the same order of approximation, the following
aproximation for k ~ (1 -nx)/(1 -=nxo) is used, obtaining the convenient
asymptotic equation:

. 9 -1/2
A(y) » n U [1+(1+,,)(M_1)]
VI+(1+0)(R2-1) 1=xon (1-xom)?

(15)
For a linear elastic material, 7 reduces to the Poisson ratio; but for a nonlinear
material it takes a specific form associated with a plane stress state for the
planar rod (see section 7). Now, it is clear by calculating the Taylor series in
n that the function A(n) has the mathematical form (5), as it was claimed.

2.3 Stress computation for curved rods

In the calculation of stress from forces, we encounter a difficulty: Navier’s
formula for the calculation of stresses from CSSR (axial force and bending
moments) is not valid for a nonlinear material. This makes it impossible
to determine the stress components o;; directly from the section resultants,
i.e., axial force and bending moments. This difficulty can be overcome by
calculating the CSSR directly from the strains and the parameters of the
constitutive equation of the elastic material (every Cauchy elastic material
admits a constitutive equation), so one has, for example, that:

Ouw = F(E5 10y thn) = Fru (€5) (16)

where 7, is the spatial Eulerian-Almansi strain tensor and py are the consti-
tutive parameters that are intended to be determined through the bending
test. For an isotropic or transversely isotropic nonlinear elastic material with
deformation given by (14), the above relationship leads to an equation of the
form:
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Ozx = fuk (52:1:7 ggs/ya 5;) = fuk(gjww _Dgix7 _DSCSEI) = Fuk(gjcm) (17)

The equations (14) and (11) allow us to express the stress as a function of
the current curvature, the initial curvature, and the coordinate n along the
radii of curvature:

1 1-A
oszM(—-—"X) (18)
2 1-1x0
The function F),, typically, is a known function with unknown constitu-
tive parameters (p1,...,i,) and the bending test is intended to determine

the values of such parameters. This objective can be achieved considering
that the axial force and bending moments as a function of the constitutive
parameters:

. 1-A
NG _ / Fl. T AIX ) qpdc
& 2(1 - nxo)
’ 1 - Anx
N +/F — X ¢ gpde 19
! o "\ 2(T-nxo) )~ (19)
- 1-Anx
M(#k) - _ f F - TTIA dnd
¢ o\ 2Ty )
Then, the parameters (1, ..., tt,) can be found by minimizing the function:

N
1y, ... ) = Z [(N:,Sj) _ Ngguk))QLCQLMQ n (MC(j) _ Mc(uk))Q +(0- Mr(]uk))2:|
j=1
(20)
Thus, the difficulty of determining the stress from CSSR in a straightforward
way can be circumvented by directly minimizing those forces and moments,
rather than trying to approximate the stress with a Navier-like formula. No-
tice that in the above residue function ®, we have taken into account that,
for a rod bent in the plane, it is expected that M,gj) = 0. In the above for-
mula, the length L, has been introduced to homogenize dimensionally the
function @ (the factor w is an adimensional “weight” calibrated to ensure a
good fitting, and L, can be chosen as L2 = area).
Once the constitutive parameters (pg,...,/,) have been determined, the

25 stress o,, can be calculated a posteriori from the constitutive equation (16).
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In addition, in many cases the complexity of the equations (19) can be
avoided by considering a Taylor series for ®(uy) (see appendix section 8).
Moreover, for a thin wall structure like a rib, the effect of nonlinearity in the
stress is limited because the third area moments are very low, see example
computations in the appendix.

2.4 Application to human ribs

The characterization of the human rib has been well studied in recent years
9, 25, 26, 27], but the mechanical properties of bending tests in the literature
are based on the linear elastic theory of beams and ignore the distortion of
the cross-section. These two factors combined can produce large departure
in the computation of the actual stress and strain in a sample.

In addition, the human rib has a remarkable and non-constant curvature, as
well as a variation of the cross-section along the centerline [28]. That is why
most of the research, both in human rib bending tests and in other curved
samples, is focused on the determination of the mechanical properties in the
fracture section once its location is known, without the chance to calculate
these values in other points of the material before the failure. Moreover,
given the difficulty of testing curved samples as in the case of the rib, many
experimental designs are based on tests of rib sections or the placement of
supports whose position on the rib varies throughout the test.

Many of the above difficulties can be solved using computations for initial
curved rods in the regime of semi-large strain regime, see section 7.

3 Data and methods

3.1 Materials

Human rib specimens were harvested from forensic autopsies conducted at
the Forensic Pathology Service of the Legal Medicine and Forensic Science
Institute of Catalonia (IMLCFC), which were initially removed for comple-
mentary medico-legal investigation. This study was approved by the Re-
search and Ethics committee of IMLCFC. For this study, the entire 4th rib
of post-mortem human subjects was used. Some human ribs were used for
showing how the previous methodology works for curved bones. For the em-
pirical validation of the methodology, a total of 17 ribs from 10 PMHS were
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used: 7 male and 3 female individuals (from some individuals, both left and
right ribs were used). The average age of the subjects was 5111 years (from
26 to 62 years) and body mass index (BMI) of 30.4+ 5.4 kg/m?. Prior to the

experimental tests, the soft tissue and cartilage was removed.

3.2 Experimental tests

For the bending test considered in this study, the entire ribs were subjected
to three-point bending tests following a new test methodology. The aim of
this test is to allow a free sliding and opening of the rib extremes in order
to determine the maximum displacements and deflections along the rib and
compute the stress and strain. An overview of the experimental test is shown
in Figure 3.

Upper platform Upper platform
test machine test machine

[ | steel guide
‘ 2 | 1L
aluminum
guide

guide \ rib / front and rear

safety bars

front safety bars

impactor

base

Lower platform
test machine

Lower platform
test machine

Figure 3: Bending test scheme: the rib is placed in the plane, with its extremes inside
the guide and the outer middle region in contact with the impactor. Safety bars protect
against the rib slipping out of the plane.

The bending tests were performed with a Zwick® ProLine 20 and loads
were measured with a load cell of 2000 N coupled to a data acquisition sys-
tem (Spider 8-30 from HBM®). The experimental setting consisted of a guide
placed in the upper platform of the test machine, where the extremes of the
rib are introduced, and an impactor placed in the lower platform, which ap-
plies the force in the outer middle region of the rib, so that the extremes of
the rib slide along the guide. The upper U guide was made of steel, inside
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which an aluminum guide was fixed to reduce the friction of the rib ends
when sliding. To minimize friction, the guide was kept lubricated, and the
rib ends were coated with polytetrafluoroethylene band. On the other hand,
the lower assembly consisted of an aluminum prismatic base to which a pris-
matic impactor was attached. This type of impactor was chosen because
in previous tests with cylindrical impactors, localized damage was detected
that induced a stress concentration, locally damaging the sample; however,
the objective of this experimental test was to calculate the maximum stress
of the rib in the macroscopic fracture. In addition, four aluminum bars were
fixed to the prismatic base to provide protection to the test in case of a lat-
eral slide of the rib (the bars were never in contact with the sample).

The whole test was recorded with a high-speed camera and the video was
then processed following a DIC procedure with MATLAB® to determine the
displacements of the selected points along the contour of the rib during the
test and to compute the strain tensor as explained in the following sections.

The objective of this experimental testing was to show that the basic me-

chanical properties obtained from the proposed bending test methodology do
not differ significantly from a similar sample of coupons machined from the
cortical part of the ribs and tested in tensile tests. The 83 specimens used
for tensile tests were the same specimens considered in some previous papers
of the same authors [12].
The comparison of the results obtained from the two different testing method-
ologies is intended to show the adequacy of the new proposed bending method-
ology. In addition, in some cases, the more complex stress-strain state pro-
duced in bending allows to distinguish some constitutive parameter that in
a tensile test can be confused.

3.3 Digital Image Correlation procedure

The bending test is recorded in video, and for each video frame a set of
specific points or landmarks are tracked by means of DIC procedures using
a MATLAB® script. Remarkably the script was originally developed for a
different experimental setting related to tensile test[10, 12]; however a clever
use of the DIC procedures allows use it for the bending test as explained in
sections 2.1 and 2.2 thanks to the formulas of differential geometry of curves.

Specifically, for application of the DIC procedure, the video was decom-
pressed in frames, and in the first frame of the test a line mesh of points was
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Figure 4: Points defined for the motion tracking with DIC procedures; line of points
defined on the guide and at the intersections of the inner and outer contours of the rib
with the rubber bands.

created on the guide to determine its position at each moment. On the other
hand, to compute the displacements of the rib, different points or landmarks
were defined over in the inner and outer contours of the rib to be tracked by
the software. For this purpose, before the test some elastic bands were placed
in different positions of the rib, to allow the tracking of their positions along
the test (see Figure 4). With the use of a Computerized Tomography (CT)
of human rib it has been verified that the error committed in considering the
barycentric line as the middle point of the contours is 3%, whose maximum
error corresponds to 0.4 mm at the central region where the rib breaks. Thus,
the intersections of each elastic band with the upper and lower contours of
the rib were tracked by the software, and the middle position of each pair of
elastic band intersections was considered to belong to the barycentric line.
Those set of the mentioned positions was known in each frame, thus defining

w7 the geometry of the barycentric line of the rib throughout the test.
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3.4 Specific computations for strain and stress

An accurate computation of the strain requires computing adequately the
barycentric line. The barycentric line of the rib in each testing time ¢ was
approximated by a polynomial y;(z) fitted to the points whose positions
define the barycentric line. On the basis of the positions of each point of the
centerline, the tangent ¢ and normal n vectors, as well as curvature £ were
determined.

The CSSR could be computed from the reactions in the extremes of the rib of
each deformed configuration. Defining L, as the horizontal distance between
the ends of the rib, we have L, = a + b and being a the longitudinal distance
from the anterior end to the application location of the vertical force F' and
b the distance from the force application to the posterior end. The reactions
were R, = Fb/L, j and R, = Fa/L, j and so:

O<z<a: N,=R,-t, V;=Rp,-n, M=R,x
(21)
a<x<b: Ny=Rg-t, V,=Rys-n, M;=Rsx+F(x-a)

Being N, the axial force, V,, the shear force and M, the bending moment.
With these data, a fitting procedure can be carried out by minimizing a func-
tion of the same form as ® defined in (20). The strain tensor in the fracture
region was calculated using equations (14).

On the other hand, for computing explicitly the stress a previous fitting
of the constitutive parameters from the CSSR is required. Then, from these
parameters, the stress can be computed from constitutive equation (16).

4 Results

The proposed bending methodology has been implemented to 4th level hu-
man rib bending tests from deceased human subjects to obtain data com-
parable with other testing methodologies, and to assess the adequacy of the
proposed procedures. The 4th human rib can be a represented as a curved
rod [mainly| contained in a plane. The selected coordinate system is shown
in the Figure 1 and all the computations are implemented in that coordinate
frame. In the bending tests, the ends of the ribs were coated with polyte-
trafluoroethylene bands and kept lubricated to reduce friction and introduced
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in a U guide contained in the plane containing the centerline of the 4th rib.
The test force of bending was directly applied on the central outer surface of
the rib and, as the force increases, the rib ends freely slide in opposite direc-
tions along the guide, resulting in a change in shape. The positions of the
midpoints of the rubber bands along the test were obtained by following the
DIC procedure described in the previous section (see Figure 4). As shown
in Figure 4, the geometry of the rib changes as the load increases. This
change of geometry is represented in Figure 5(a), where it can be seen the
initial barycentric line of the rib (yo), the barycentric line after a certain test
time when the load increased (y real), and this same central line which was
rescaled in length X to the initial length in order to compare the changes in
curvature between both initial and deformed configurations (ys). In Figure
5(b), the curvature of the barycentric line along the rib for the initial (o)
and deformed () configurations is represented. As it can be seen, the higher
decreases in curvature are observed in three regions along the rib, which are
indicated in Figure 5, where the maximum curvature decrease occurs in the
central region of the rib. Around this three regions, the rib is being straight-
ened as the bending force increases.

The spatial strain tensor €(*) and the Cauchy stress tensor o were cal-

culated. For the strain tensor, only the components 55;?,535‘;) and 52) are

non-zero, while 5%) = 5§§? = 53(/‘? = 0. Using the proposed procedure, all those
components can be computed for any point of the rib once the geometrical
parameters are known. The higher strain and stress occur in the upper and
lower fibers of the rib, being the longitudinal 5&? component those of maxi-

mum values with respect to the other components.

To show the results obtained from the proposed calculation procedure,
the inner fiber of the rib was used. The strain tensor in each point defined
by the rubber bands was computed using its particular geometrical proper-
ties, which vary in each section. Curvature was previously computed in each
time of the test and each point along the barycentric line and n was the
distance from the barycentric line to the upper fiber.

Figure 6(a) shows the deformation profile along the upper fiber of the rib,
whose position is indicated by the horizontal initial position X. As expected,
the profile is similar to that of curvature change (Figure ??). In Figure 6(b),
the strain values are plotted versus the change in curvature, and there is a
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Figure 5: (a) Initial (gray line), deformed (black dot line) and deformed rescaled (black
line) configurations of the rib. The three regions of maximum curvature variation are
represented with the gray zones, whose maximum variation corresponds to the dotted
vertical lines. (b) Curvature of the rib along the barycentric line, represented with the
horizontal position between the extremes; initial curvatures yo before increasing the load
and Final curvatures xy once the maximum force is achieved.

clear correlation between curvature change and strain as expected. On the
other hand, axial and shear forces, as well as bending moment, were com-
puted for each time of the test and along the whole rib. With these data and
the geometrical parameters, the stress component o' was obtained, being
the rest of the components negligible. The axial stress profile for the final
load is shown in Figure 7. As it can be seen, the maximum principal stress
is reached near the point where the force is applied. The shear component,
ignored in equation (14), was computed using the well-known Collignon—

Jorawski formula to ensure its value is not relevant compared to the axial
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Figure 6: (a) Final longitudinal strain in each position along the rib and load application
position. (b) Plot of final longitudinal strain along the rib and increase in curvature from
the initial configuration and trend line. The maximum strain occur at the points where
the curvature changes the most.

stress. The shear stress did not exceed in any case 6+ 0.6% times the axial
stress, and can be neglected for determining the principal stress o;. In the
present case o7 = (0up +/02, +402,)[2 <1,0050,.

From the values of strain and stress during the whole test, the stress-
strain curves and main mechanical properties can be obtained. The Young
modulus of different bending tests of ribs were computed from the slope of
the elastic region of the stress-strain curves of the fracture section. The re-
sults obtained for bending tests were compared with tensile test results from
coupons (dog-shape) manufactured from cortical rib bone in complementary
studies [12], which were contrasted with the literature. The average values
of the mechanical properties of tensile and bending tests are represented in
Figure 8. It can be seen that the mechanical properties of bending tests
are similar to those obtained for tensile tests. The strain value obtained is
176+62 MPa, within the range of the values of 153-185 MPa obtained by
other studies [17, 26]. The same is observed with the Young modulus, which
average value is 15.4+5.6 GPa, being the literature values of those studies of
11.9-20 GPa.
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Figure 8: (a) Axial stress, (b) axial strain and (c) Young Modulus average values for

both tensile and bending rib tests. As it can be seen, the results obtained by the two
methods seem comparable.

Moreover, stress-strain curves for tensile and bending tests are reported a3
in Figure 9. As it can be seen, bending curves are similar to tensile plots. a4
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Figure 9: Stress-strain curves for the axial components of (a) tensile and (b) bending
tests.

5 Discussion

Bending tests are a simple alternative to tensile tests for estimating the
Young’s modulus of a material. They can also be used when the maximum
strains are small and the nonlinearity of the material is small, since in all
these cases the Infinitesimal Strain Theory can be used. However, when
the stress distribution over a cross-section is far away from linearity, then
Navier’s formula itself is no longer valid and many other formulas based on
it do not work properly. So the ultimate stress o, and other magnitudes can
be inaccurate.

However, some studies based on bending tests seem to assume that Navier’s
formula is valid in general [13, 29, 30, 32], even when the material is nonlin-
ear elastic. Nevertheless, this assumption may not be adequate for materials
with nonlinear behavior and only provides a reasonably approximate result
for a small strain regime. Some recent works have insisted on the importance
of directly relating the curvature to the bending moment by looking for non-
linear relationships [31], leaving aside Navier’s formula, in the same line as
the work developed here that seeks to relate the curvature directly to the
bending moments. In our work the peculiarity is that we use Finite Strain
Theory and the use of Navier’s formula is avoided. An excellent discussion
of how Navier’s formula should be modified to obtain more accurate and re-
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alistic stress distributions is given in [33]. These types of ideas are not only
of theoretical interest, there are some papers that use nonlinear bending for
various applications [34].

On the other hand, in this work it has been seen that the curves obtained
for simple tensile tests, based on [35], provide values for the mechanical prop-
erties that do not differ significantly from those obtained by the new bending
methodology, see Figure 9.

The crucial difference is that obtaining specimens for tensile tests requires
a lot of machining time to fabricate coupons of the right size and shape,
whereas the bending tests, although they have slightly more complex post-
processing, it can be automated and this experimental setting do not require
machining on the rib.

In addition, the stress-strain state induced in a bending test is less symmetric
that the state induce in a tensile test, this in principle allows to distinguish
the effects of different constitutive parameters, which in a tensile situation
may appear as lumped in with others. In addition, the bending test devel-
oped induces a non-uniform stress-strain state, so one has cross-sections with
different levels of stress appear on the same rod, whereas in a tensile test the
stress-strain state is always homogeneous, which makes it difficult to force
the macroscopic failure to being in a specific region of the rod for example.
This could be interesting for developing failure models for materials.

6 Conclusion

This paper proposes a bending test methodology, which with certain restric-
tions, even allows dealing with problems outside the small-strain regime.
Moreover, the proposed methodology can be implemented even in materials
with a nonlinear stress-strain response.

To illustrate how the methodology works, an experimental design has been
made with human ribs, which during the loading process undergo microc-
racking before macroscopic failure. The results of this test show that the
new methodology produces mechanical property values equivalent to those
obtained by tensile testing. In addition, the most of the samples in this
study were used in combination with Acoustic Emission Data to develop a
fracture model of ribs, where the methodology in this paper was used for the
mechanical testing [36].
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7 Supplement: On the semi-large strain regime:

In the scientific literature concerning continuous media, it is common to dif-
ferentiate among large-strain problems and small-strain problems.
Mathematically, this difference is that large-strain problems refer to prob-
lems which are studied using a strain tensor which is obtained by means of
a nonlinear differential operator of the displacements, and small strain prob-
lems refer to approaches which use the strain tensor obtained with linear
operators of the displacements [37].

On the other hand, large-strain regime and small-strain regime are informally
used to refer to the magnitude of the strain. It is obvious that situations
with large strain require the use of nonlinear operators of the displacements
in order to preserve accuracy, and small-strain situations can be adequately
approximated with linear operators. No clear difference between these two
regimes has been established. In this paper, a conventional difference is
proposed: the stress-strain around a point will be called in the small-strain
regime when the full nonlinear Green-Lagrange strain tensor (expressed in
the material coordinates) does not differ more than a 5% from the infinitesi-
mal strain tensor, a slightly lower limit than the margins of error considered
in ordinary structural engineering [38].

This study considered some approximations by ignoring shear stress and
making some asymptotic approximations using strain tensor (14) instead of
full strain tensor (13). However, even with these approximations the pro-
posed procedure allows dealing with large-strain regime in the conventional
sense described in the previous paragraph, using an approximated nonlinear
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strain tensor with simplifications. The approximations in section 2.2 are typ-
ically under the margin of 5% as longer the magnitude |(x —x0)7| < 0.05 even
being the actual principal strain larger than 5% greater than the computed
infinitesimal strain. We propose to denominate this kind of situation, when
some asymptotic approximations are used, but the strain components are
large a semi-large strain approach.
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8 Appendix: Approximations for section forces:

and moments

In section 2.3, the exact formulas for computing the axial force and bending
moments from the strain field along the cross-section of a rod are deduced,
see equation (19). When the constitutive model is highly nonlinear the com-
putation can be extremely cumbersome. In some cases, a Taylor approxi-
mation is useful for obtaining successive approximations to the constitutive
parameters. For example, if we consider a second order Taylor series for
F (€22) ® aggy + be?,, an approximation could be obtained involving not

Tx)

only second area moments but also third order area moments. In this case:
1-Anx 1-Anx ?
O b Ml remrm)
% a(xo =)0+ [(3a - 26)x+ (2= a)xo] (o~ )
Then using this approximation in equation (19):
Ny % [(3a=20)x + (20— a)xo](xo = X) 1o
0~ a(xo—x)bn +[(3a=2b)x + (20-a)xo](xo - x)1 (22)
M~ —-a(xo—x)Io - [(3a—2b)x + (2b—a)xo](x0 — X)J2
where two third area moments have appeared:

h= [, g= [ nCandg

For the computations of the area moments some mCT of human ribs can
be used. These mCT were processed using the sub-package BoneJ® imple-
mented in the software ImageJ®, obtaining the geometrical data along the
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rib, such as cross-sections, area moments, thicknesses among other values
useful in the above computations.
Finally, by minimizing the function p(a,b) for all the times ¢;:

pa,b) = 3 [La(NZ™(t) = Nu(t;))? + (ME™(t5) = Mc(t;))? + (0 = My (85))?]

with respect to a and b one obtains an approximate solution for these pa- ees
rameters, for obtaining a more accurate solution a higher order series needs 66
to be used. 670
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