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1 Introduction

The formulation of gravity as a ‘double copy’ of gauge theory has been remarkably fruitful
over the past decade or so; see [1] for a review. It originated in the realisation of gravity
and gauge theory as low-energy limits of closed and open strings, due to the double copy
relation between the respective scattering amplitudes [2]. Particularly after the framework
of [3, 4], this general idea has been exploited to great effect to study a range of perturbative
problems, from the ultraviolet divergences of supergravity theories to the classical dynamics
of black hole binaries.

In this paper, we will focus on one strand of this progress, which is concerned with the
double copy interpretation of classical gravity solutions. Since the double copy had been
understood as a property of perturbative gravity, it came as a surprise that exact black



hole spacetimes — e.g. the Kerr solution — could admit a straightforward interpretation
as a double copy of a gauge theory solution [5, 6]. Ultimately, this is possible because
the solutions in question are algebraically special, which guides us through the seemingly
intractable problem of relating coordinates in a curved spacetime to coordinates in the
flat spacetime where the gauge theory solution lives. In particular, the Kerr solution has
algebraic type D in the Petrov classification, and moreover it is of Kerr-Schild type, which
determines a privileged class of coordinates that can also be thought of as those of a
flat spacetime; see [7] for other exact vacuum type D solutions and [8] for vacuum type
N solutions. The need to worry about gauge choices is absent when dealing only with
scattering amplitudes, which are gauge invariant, but an exact relation between explicit
classical solutions requires thinking about coordinates. Notice that in order to relate a
double copy of classical solutions to the original double copy of scattering amplitudes, one
needs to think about the classical solutions perturbatively. This undoes the algebraic magic
involved in the exact solutions, but is important in order to show that we are dealing with
the same notion of double copy. The equivalence of the notions of double copy has now
been established in various ways [9-18], with [17] providing a particularly transparent proof
directly from scattering amplitudes, using the KMOC formalism [19].

The formulation of the double copy between exact classical solutions to be explored in
this paper is the Weyl double copy [7]. It interprets the Weyl curvature of a gravity solution
as a double copy of a gauge theory field strength; a scalar field also plays an important
role: it is the bi-adjoint scalar field of the scattering amplitudes story. At linearised level, a
twistorial interpretation of the Weyl double copy has been proposed [20, 21]. A potentially
puzzling feature of the double copy of exact solutions is that it deals with Abelian solutions
on the gauge theory side; for instance, the single copy of the Schwarzschild solution is the
Coulomb solution. This shows that the non-linearity of the gravity solutions in question has
the special feature that it can be “swept under the carpet” by a coordinate transformation,
due to their multi-Kerr-Schild property. That this property (particularly double-Kerr-Schild)
applies to any type D vacuum solution was shown long ago [22]. In its various guises, Weyl
or otherwise, the classical double copy has been a very active research topic; see e.g. [23-71].

Another line of work that motivates our paper focuses on the asymptotic symmetries
of gravity and gauge theory solutions, and has seen a surge in interest in recent years,
particularly since the developments reviewed in [72]. Supertranslations have been related
via the double copy to electric-magnetic duality [13, 73-75]. Large diffeomorphisms in
self-dual gravity and large gauge transformations in self-dual gauge theory have also been
related [76], based on the fact that the self-dual theories provide a simple setting for the
double copy [77]. The notions of celestial operators and amplitudes that arose recently are
also revealing their own versions of the double copy [78-80]. Closer to the approach to be
taken here, the double copy has been seen to arise in the characteristic value formulation
of general relativity, particularly in the example of the Taub-NUT spacetime [73]. In [73],
it was shown that the Dirac monopole solution can be viewed as a seed solution for the
Taub-NUT spacetime in a characteristic value formulation and, moreover, that the proper
and large gauge transformations of the monopole solution map onto proper and asymptotic
diffeomorphisms of the Taub-NUT solution.



In this paper, we will explore aspects of the classical double copy as seen asymptotically,
near null infinity, with a view to gaining new insights into the connections between these
various subjects. Bondi coordinates are then a natural choice, as we will explain. We will
see how the Weyl double copy relates in a simple manner various quantities that are familiar
from the literature of asymptotic symmetries and of the characteristic value formulation.
While the Weyl double copy has only been successfully applied to certain algebraically
special spacetimes, the fact that a much wider class of spacetimes is asymptotically special
allows us to extend its application, albeit in a restricted asymptotic framework, which we
hope will be a stepping stone for a fuller understanding.

We will consider two examples of spacetimes in detail. One is that of rotating STU
supergravity black holes [81], which are algebraically general but asymptotically of type D;
the Kerr-Newman solution with equal dyonic charges is a particular case. While a double
copy interpretation of STU supergravity is not known, the asymptotic properties of these
solutions are sufficient for our purpose.

The other example that we will consider in detail is the C-metric. This was discussed
already as an example of the type D Weyl double copy [7]: the uniformly accelerated
black holes are associated via the double copy to the Liénard-Wiechert field for uniformly
accelerated point charges. The Kerr-Schild double copy is insufficient to deal on its own with
this example (even in the multi-Kerr-Schild framework) because of the time dependence, but
the Weyl double copy provides a complete prescription. Here, we will revisit the C-metric
example of the double copy as seen asymptotically, based on Bondi coordinates, whose
construction for the C-metric is not straightforward. A major motivation is the proposed
interpretation of the C-metric as a non-linear solution associated to a superrotation [82]. This
suggests that its single copy can be interpreted analogously as a large gauge transformation,
and we will find that this is the case.

This paper is organised as follows. In section 2, we present the ‘asymptotic’ or
characteristic value formulation of the Weyl double copy. In section 3, we apply this to
the example of STU black holes, which are only algebraically special asymptotically, and
discuss also the simplifications arising for axisymmetric solutions. Section 4 shows that the
superrotation interpretation of the C-metric has a natural single copy analogue, in terms of
a large gauge transformation. We conclude with some final comments. There are several
appendices containing technical details.

Note added. While we were finalising the paper, we became aware of parallel work [83],
whose goals overlap with ours.

2 The Weyl double copy in the characteristic value formulation

As described in appendix A, the homomorphism between the Lorentz group and SL(2, C)
can be used to write spacetime tensors as spinors [84]. The Weyl tensor may equivalently
be written as a totally symmetric 2-component spinor object ¥ 4pcop. Similarly, a Maxwell
2-form F,,, may be written as a totally symmetric 2-spinor ® 4. The Weyl double copy



is the observation that for type D and N vacuum solutions [7, 8], the Weyl spinor takes

the form 3¢
Vascp = 5 P(ap ®op); (2.1)
where in the type D case
g = (—2045® 45)'/*, (2.2)

with ¢ a constant designed to absorb parameters. For type N spacetimes, S solves the wave
equation on the curved background, and also the wave equation on a Minkowski background
in the case of non-twisting solutions [8]. For type D solutions, in general S only satisfies
the wave equation in a flat spacetime, rather than the curved background. Indeed, in the
type D case, the two equations above imply that

08 = —2(Wy) /3, (2.3)

where Uy is a component of the Weyl spinor to be defined momentarily. Therefore, in order
to satisfy the wave equation we need to turn off the parameters of the background type D
solution, such as the mass, that are associated with the curvature, so that Wo then becomes
zero, implying a (at least locally) Minkowski background.

Translating back to tensor language, the 2-component spinor relation (2.1) between the
Weyl curvature and the Maxwell field strength translates into the tensor relation

- c
C,uupa' +1 Cuupo’ = g {]:,upflzo _]:/w']:up +2]:u1/]:p0 + %(gupgua _guagup)]:Q

= 31D g0 — (Fpo 9o = (Fvp 9o + (Fhuo gl ) (24)

ic * * *
+ g {%(‘FMV ‘/—:pa + f,uufpa) - %(Qupguo *g/wgz/p) Jraﬁfaﬂ - %euupa-/—'a} )
where
*C,uz/pa = %Euyaﬁ Caﬁpa (25)
and
(Fw = Fuf Fupy Fr=FW F, FO=1broF, (2.6)

Note that, in general, ¢/S is complex. However, if it is real, then by taking the real part
of (2.4) one has

{Fuo Foo = Fuo Fup+ 2Fus Foo + 3(Gpp G0 = Guor Gp) F*

- %[(}—2)#[} Jvo — (]:2)}1«0 Gup — (}—Q)Vp Juo + (]:2)110 gup]} . (2.7)

Wl

C/,ng =

We may introduce a Newman-Penrose null frame [85] (¢,n, m,m), where ¢ and n are
null vectors such that £-n = —1 and m is a complex null vector, orthogonal to ¢ and n,
that parametrises the remaining two spacelike directions, so that m - m = 1. Therefore,?

g = —200pY) 4 2m ), (2.8)

'Some type III examples, in the linearised approximation, were discussed in [20, 21].
2We define v *w”) = 1 (v*w” + w*v”) and vl = 1 (vHw” — wh).



or in more familiar language

0 -1 00
-1 0 00
_ b _
Juv = Ez Ey Tlab, TNab = 0 0 01 (29)
0 0 10
with
E'=—p), E'=—¢, E"=m", E™=m’. (2.10)
Equivalently,
Ey=4¢ FEi=n, En=m, En=m, (2.11)

where E* = Ej dz" and n’ = nydz*, etc., and E, = E} 0, and n = n*J,, etc. For
convenience, we can use the above notation to project any tensor into this null frame. For
example, for any 1-form X,

Xo=0X,=-X" Xi=n'X,=-X° X,=m'X,=X" Xz=m'X,=X"

2.12
A corresponding spinor basis (0,¢) may be constructed, satisfying 1)
eapotB =1, (2.13)

where € 4p is a volume form in spinor space, so that
0~ 0A6A, n o~ LAZA, m ~ oA, (2.14)

o, etc., where 0%, ; is defined in eq. (A.1).)
In such a null frame, Maxwell and Weyl scalars may be defined by projecting the

(More precisely, we have ¢# = E! 0% , ; o

Maxwell field strength and the Weyl tensor into the null frame. In particular, we define the
Maxwell scalars as

Dy = Fom = Papo?o?, @ =3(For — Fom) = Capo™ P,
Dy = Fy = Pap i (2.15)

and the Weyl scalars as

A B C D A B C.D
Vo = Comom = Yapcpo™ o0~ 0~ 07, V1 = Coriom = Yapcpo™ o~ 0~ 17,
A B.C D A B C D
Uy = Comm1 = Yapecpo™ o~ 717, V3 = Cioim = Yapepo™ v o7, (2.16)
A B C D
Uy = Cimim = Yapept™ o 1717

Therefore, translating the Weyl double copy equation (2.1) into the null frame constructed
above gives

K oy D Oy Dy + 2(Dq)?
\yozsc(g) : \111:3c7031, Uy =c—2 22( )”

o, D 05)?
Uy =3 152, \114—30(;) (2.17)



Having re-expressed the Weyl double copy equation in a null frame, we choose coordi-
nates that will provide a direct relation to a characteristic value formulation of the Einstein
equation. We begin by assuming that the spacetime is locally asymptotically flat.? Locally
asymptotically flat spacetimes provide a mathematical model of an isolated gravitational
system that may be emitting radiation that is measured by an observer at infinity. We
choose Bondi coordinates (u,r, 2! = {,¢}), where u is a timelike coordinate, r is a radial
null coordinate and z! correspond to angular coordinates. In such a coordinate system, the
metric takes the Bondi form*

ds? = —Fe*Pdu? — 2e*P dudr + r*hyj(da’ — Cldu)(dz? — C7du), (2.18)

where we assume the following large-r fall-off conditions for the metric components:

F 1y = 3o fitw 2 2.19
(’LL, T7$ + Z T7'+1 ) /B(uvrvm ) - Z TH_Q ’ ( : )
1=0
> Cl(u, 2! Cry C wU U.I‘I
CI(’LL,T,I‘]) :ZZT(H-Q)’ hIJ(u7T7$I) _WIJ+7+ +Z L;*H—Q )

1=0

with wry the metric on the round 2-sphere. Note that C? = Cr;C!’, where we always
lower /raise indices on tensors defined on the 2-sphere using wy; and its inverse. Further-
more, we fix a residual coordinate freedom in the definition of the radial coordinate r by
requiring that

det(hjj) = det(wu) = sin? 4. (2.20)

Following ref. [86], we may choose a parametrisation of hr; that is adapted to this
gauge choice:

2hpydatde’ = (e* + €29)dh? + 4sin @ sinh(f — g)dOde + sin® O(e™ 2 + e729)d¢?, (2.21)

where

1 oo I
flurat) = PO SR gunany - BT S0 )

r =2

The tensor C7; is parametrised by fo and gg, while the higher f;, g; (with ¢ > 2) parametrise
the D( 2)( z!) tensors.

Assumlng appropriate fall-off conditions for the energy-momentum tensor, there are
equations relating the various metric tensor components; see ref. [88]. However, here we

8By locally asymptotically flat we mean spacetimes that can be put into a Bondi form as described
below, but with metric components that are not necessarily regular on the 2-sphere. Examples where the
components are regular on the sphere include the Kerr metric and the charged STU supergravity metrics
that we discuss in this paper. Examples where there are singularities on the sphere include the Taub-NUT
solution and the C-metric.

“In fact, this form of the metric is due to Sachs [86]. The form of the metric that appears in [87] is
restricted to axisymmetric solutions. Moreover, the choice of coordinates that was made in [87] is not
well-adapted to solution with angular momentum. Therefore, except in section 3.2, we shall use the Sachs
form even when dealing with axisymmetric solutions.



will keep the discussion general by not assuming any fall-off conditions on the energy-
momentum tensor.

Above, we have assumed an analytic expansion in the metric components. This
is a consistent assumption from an initial value problem perspective, in the sense that
assuming an analytic fall-off for initial data will guarantee that the evolved solution will
remain analytic [86]. However, it does preclude some physically interesting cases [89, 90].
Another more general class of consistent fall-offs that one may consider are polyhomogenous
spacetimes [91-94]. Nevertheless, the analytic expansion we assume here will be sufficient

for our purposes.

We choose the following null frame associated with the metric (2.18): [88]

_ 0 Y 0 1_0 ; 0 _mf 0
where
2mIm?) = nl’ (2.24)

with h!7 the matrix inverse of hr;. In particular, here, we choose

(e +ie™9) i(ef +ie9)
9 0 2sinf ¥

= (2.25)

In this formulation, the Einstein equation divides into three sets of equations (see, for
example, ref. [73]): hypersurface equations, which hold in each u = constant hypersurface,
evolution equations, which are first order equations in time derivatives, and finally conser-
vation equations that are satisfied on r = constant hypersurfaces. One major advantage
of the characteristic formulation of the Einstein equation is that there are no constraint
equations, unlike the situation in the initial value formulation. C7;(u, x!) constitutes free
data, while Fy(ug, X1), C{(ug,z’) and D?}(uo,xl ) are unconstrained initial data with
associated evolution equations. All other metric functions can then be solved from these
functions and their form at time step ug + Awu, derived via their evolution equations; see,
for example, ref. [88].

In such a frame, the Weyl scalars can be written in a 1/r expansion, where they take
the form

U=0 (Tsl_i> . (2.26)

More precisely, given our assumptions of analyticity, one has the expansions

i1
j=0

This notable behaviour of the Weyl scalars is known as the peeling property [85, 95]. The



W, have the form

W = {—3 (1+1) (fo +iga) — %ao {(00)2 + o0 - (aoﬂ + % (00)3] %5

60+ s +ig)) 5 +0 ()

7
3 +d) e 6\ | B 012 05-0] 1 1
U, = {4 (Cl —zsmGCl) —i—zﬁi\o | + 30 00 } 7"4+O(T5>’
1 - 1 141) =
Uy = £y — 20°0,6" + 520" — %52 — 3 {Fl—i-( H)FS(C?—isin@Cf)

(1—14) 0 ;o 8\ _ 3 (205 0\, 9 0mx-0  la-04 0] 1 1
_TES(Cl —|—zsmc901>—15(0 60)+10 00c —1—150 50}7"4—{_0()’

\113:685—01 +0(1>,

Uy =— 8360; - 588&0%2 +0 (;) , (2.28)
where
o= T (g i) (2.20)
Acting on a scalar of spin n, we have
on = - —2H) sin” 0 (aae Siiﬁ%) (m?ne) ‘ (2.30)

In a similar fashion, we may consider a 1/r expansion of the Maxwell potential compo-
nents, which for physically reasonable matter take the form

U, T A (u,
AU(U,T,IEI) :ZTSH)’ AT(U,T,SUI) :ngﬁ)v
=0 =0
oo z)
(o) = Yo AT, (2.31)
=0

where, again, we assume an analytic form for the dependence of the gauge fields on 1/r.
The analogue of the Bondi gauge in this case is to use gauge freedom to set A, to zero:

A= A—dr, A= / Ayt 2 )dr + M. (2.32)
In this gauge, we have

oo (@) I oo () I
Aufurat) =3 RT) oty =0, Ag(ura) = Y AT (o g
=0

=0

with a residual gauge freedom parametrised by A(z'), which corresponds to a so-called large
gauge transformation. This large gauge transformation is the single copy analogue of the
gravitational BMS generator; a statement that we shall make more precise in section 4.



The corresponding Maxwell field strengths are of the form

AL
Fur = =0pAu = 25 + O(1/r%), Fur = 0uAr — 01 A, = 0,4 + 0(1/r),

A 3 (0)
J-"ﬂ:&A]:—T—QJr(’)(l/r ), .F[JZQa[IAJ] :28[1"4J] +O(1/7’). (2.34)

The Bianchi identity dF = 0 is trivially satisfied, while the Maxwell equation
d*F =0 (2.35)

is equivalent to
Ou(V—939""9"° Fps) = 0. (2.36)
In Bondi coordinates
V=g =r?e®*\/u, (2.37)
while the inverse metric takes the form
0 —e 28 0
g = | —e? R 2807 . (2.38)
0 _6—2601 T‘_2hIJ

In fact, for type D and for non-twisting type N solutions, the Maxwell field appearing in

the Weyl double copy satisfies the Maxwell equation also on Minkowski spacetime [7, 8].
Using equations (2.15), (2.23), (2.25) and (2.34), we can derive the appropriate Maxwell

scalars @, @1 and P9 in a 1/r expansion. For type D solutions, the scalar S is then given by

g = V2 (o} - <1>0<1>2)1/4 —O(1/r). (2.39)
Comparing the 1/r expansions of the Weyl scalars (2.28) with the Maxwell scalars
and the scalar given by (2.39) via the double copy relations (2.17) gives an asymptotic
formulation of the Weyl double copy.
It is important to stress that in formulating the Weyl double copy in the characteristic
value formulation, the single copy must be expressed in Bondi coordinates on a flat Minkowski
background. However, the Maxwell scalars must be defined with respect to the curved

null frame.

2.1 C-metric and the Liénard-Wiechert solution

In this section, we demonstrate the conclusions of the previous section using the C-metric as
an example. The single copy of the C-metric is the analogous Liénard-Wiechert solution [7].
Following the prescription given above in section 2, we need to transform the coordinates
for the C-metric to Bondi coordinates and also transform the coordinates for the Liénard-
Wiechert solution to those corresponding to Minkowski in accelerated coordinates (i.e. the
C-metric with the mass parameter m set to zero). In appendix B, we derive the Bondi
form of the C-metric. In the original C-metric coordinates in which the metric takes the
form (B.1), the Liénard-Wiechert gauge potential reads

A=Quyadt, (2.40)



which can easily be seen to give a solution of the Maxwell equations. In particular, this is
true if we turn off the mass parameter, so that the metric just describes Minkowski spacetime
in accelerating coordinates. Thus A has the interpretation of being the Liénard-Wiechert
potential for an accelerating charge. After rewriting it in terms of our new Bondi coordinates
(see appendix B), we will simply have that A is given by

AZQ(&—:J;—T)(dQU—}%), (2.41)

where we then implement the various substitutions and expansions detailed in appendix B.
After doing this we find that

Au:_Qx cos 0 —1—(’)(1) ’ A - QzGj(x) COSH+O<1> ’

r sin 6 r2 Ar? sinf

Ag=—Qx csch+ O (i) , Ay =10. (2.42)

After a compensating gauge transformation to restore the A, = 0 gauge choice, we have

Q cosf 3/2 . (1)
= (1— — r = ,
rsin29< r+G Gj)—i-@ 2 ) A, =0
Ag=—Qz csc0+ O (i) , Ay =0. (2.43)

These expressions are valid in the general C-metric, but we actually want them just in
the flat spacetime limit, which can be obtained by setting m to zero in the expressions in
appendix B.1. Thus x and Gj(x) are then just given by the expansions in (B.19) and (B.20)
with m set to 0, and so we have

343 1
AuZL?OSQ 1= - 3/2 +O<2>’ A =0,
r sin” 6 (u2A2—|—Sin2 0) / r

QuA <1)
Ag = — +0(-], A, =0. 2.44
o Vu2A? + sin? 60 sin @ r ¢ ( )

Defining the null tetrad (¢,n,m) and the scalar components of the Weyl tensor as

in section 2, we find that for the C-metric written in Bondi coordinates as described in
appendix B, we have

2
i (1 — cosQHGGj2) VGG
\IIU = s + O <T_6) )
16A3 sin3 0 rd
(1+1i)cosf (1 —cos?0G G2 G*2 G G s
Y= 16 A2 sin3 4 r4 +00™),
 (1-3cos20G G G2 G" 4
V2 = 244 sin® 0 13 +O(r),

(1 —1i)cos@ G2 G5 G

-3
Vs = 8 sin? 0 r2 O,
iAGS2qM
UV)y=———"— -2, 2.4
* 4sin® 0 r +00™) (2.45)

~10 -



We now make the small-m expansion described in appendix B.1 to give the leading-order
terms in the expansions of the Weyl tensor in (2.45):

3im sin? 0 (u?A? + 1)2
0_ _ 2
Vo= 4A? (u2A? + sin? 9)5/2 +0m),
3(1+i)mu sin® cosf (u2A% +1)
0 2
= O
! 4(u? A2 + sin? 0)5/2 +0(m),
o m[(Bu?A? +1)sin? 6 — 2u>A?] 9
= O
V2 2(u2A? + sin? 0)5/2 +0m),

3(1 —i)mu A2 sinf cos 6

0 _ O 2
v 2(u2 A2 + sin? §)5/2 (m™).
. 2 G2
W= SmATSn O o) (2.46)

(u2 A2 + sin? 9)5/2

(See eq. (2.27) for the definition of the 1/1*17)
Now we calculate also the field strength for the Liénard-Wiechert potential, and thence
the Newman-Penrose scalars

o = Fp Fm?, &y =1F, (Y +mtmY), ®y=Fumin’. (2.47)
We find that at leading order in the 1/r expansion, these are given by

q)o:—(1+i)Q(1_C0829GGj2)\/64—(9(774),

4Asin2 6 r3
Q cosH G312 Gy _a C(1-1) AQ G3/2 .
2sin2 0 r2 +0(r™), 02 = 24in2 0 r +O0(r 7). (2.48)

As with the Weyl scalars, the expressions can be made more explicit in a small-m expansion

@) =

in which

Gz)=1-2>+0(m), Gjz)=xz(1—2>)""2+0(m),
z = uA (u?A% 4+ sin? 0)"1/2 4 O(m). (2.49)

Thus we have
~ (1419)@sind (u?A? +1)
4Ar3 (u2A2? + sin? 0)3/2
- AQu cos b
2r2 (u2 A2 + sin? §)3/2

Py = + 0>, (2.50)

(1 -14)AQsind

q) =
! 2r (u2A? + sin? 6)3/2

+O(r?%),  Py= +O(r?).

We can see from the results for the Weyl scalars in (2.46) and the Maxwell scalars
in (2.50) that a relation of the form seen in (2.17) holds. If we define

H2 Py D4 dy Oy + 22 b, Py H2
Ry=-", R = Ry=——-"1 = Ry = -2 2,51
0 T, ) 1 T, ) 2 30, ’ 3 Ty ’ 4 0, s ( )
then to leading order in 1/r these are all the same:
S 2
R, @ +0(r %), foralla. (2.52)

T3¢ 6mr(u?A? +sin? )2

11 -



From the Weyl double copy, we know that the scalar potential is [7]
S=Q(&+y) (2.53)
for some constant @ In Bondi coordinates this has the large-r expansion

QVG  Q(2VGGj+cos’ GG Gj?)

_ -3
~ Asinér 4A2sin? 0 r2 +00™) (2:54)
and in the Minkowski background it reduces to
© +0(r %). (2.55)

S pr—
Ar (u2A2? +sin?0)1/2

Comparing this expression with (2.52), we find that the two expressions agree once we

choose ~
_2mQ
AQ?

Let us make a clarifying remark. We used the asymptotic Weyl scalars with coefficients

C =

(2.56)

given in (2.46), which correspond to the linearised order in m. On the other hand, the Weyl
double copy interpretation of the C-metric is exact [7]. The linearisation in m is actually
equivalent to an alternative, but exact, procedure. In [7], double-Kerr-Schild coordinates
were used for the exact double copy, and in these coordinates the Weyl spinor is proportional
to m. The advantage of multi-Kerr-Schild coordinates for the double copy is that they allow
us to map the gravitational curved spacetime to a flat spacetime where the gauge field and
the scalar live. Asymptotically, however, we are interested in using the Bondi coordinates.
So the alternative procedure would be to start with double-Kerr-Schild coordinates for
gravity, and then transform these into ‘flat spacetime Bondi coordinates’, which we are
using for the gauge field and the scalar. In this way, the Weyl coefficients will indeed be
linear in m. We chose to proceed as in (2.46) for brevity.

3 Asymptotic Weyl double copy

In this section, we consider whether the Weyl double copy holds asymptotically for alge-
braically general spacetimes. In the previous section, we formulated the type D and type N
Weyl double copy for locally asymptotically flat spacetimes. In this formulation, the Weyl
double copy relation transforms into a tower of relations in a 1/r-expansion. The fact that
locally asymptotically flat spacetimes become simpler for large r, means that it may be
possible to satisfy the Weyl double copy relations for leading order(s) in a 1/r expansion,
even when the background is not type D or N and so a full Weyl double copy relation is not
known. This could be a stepping stone for a more generic understanding of the classical
double copy.

One good reason to expect that it might be possible is the peeling property of the Weyl
tensor. As is evident from the general expressions in (2.28), the Weyl scalars of a locally
asymptotically flat spacetime satisfy the fall-offs

T; = O 0. (3.1)
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This means that for large r, a generic solution becomes asymptotically type N. This
will mean that the Weyl double copy for type N spacetimes [8] will apply asymptotically.
Perhaps more interestingly, for a non-radiative spacetime one would expect the radiative
parts of the Weyl tensor, parametrised by W3 and ¥4 in a Bondi null frame, to fall off at a
rate much faster than that suggested by the peeling theorem. As is clear from (2.28), the
leading order terms in W3 and Wy are given by the Bondi news d,0°, which parameterises
the flux at null infinity. Therefore, in the absence of flux at null infinity, 5 and W4 fall off at
least at the same rate as Ws. If they were to fall off yet faster, it would then mean that the
leading Weyl scalar at large r would be ¥y and the spacetime would be asymptotically type
D. In this case, the Weyl double copy for type D solutions [7] applies asymptotically. Here
we shall consider a simple such example of algebraically general black hole solutions that
become asymptotically type D and therefore obey an asymptotic Weyl double copy relation.

3.1 Rotating STU supergravity black holes

It is instructive to examine the Weyl double copy equations that applied in the case of
asymptotically-flat type D metrics, but now in the case of asymptotically-flat metrics
that are algebraically general. Specifically, we consider the rotating STU black holes
with pairwise-equal charges. As can be seen from the discussion of their Petrov type in
appendix D.1, these black holes approach type D metrics at large distance. Thus, we can
expect that the type D Weyl double copy relations will hold asymptotically in this more
general setting.

The rotating STU supergravity black holes are solutions of N' = 2 supergravity coupled
to three vector multiplets, and the bosonic sector comprises the metric, four U(1) gauge
fields and six scalar fields (three dilatonic and three axionic). The most general black hole
solutions carry eight independent charges (four electric and four magnetic), but for our
purposes it suffices to consider the case of the black hole solutions with two electric and
two magnetic charges, and where furthermore these pairs of charges are set equal leaving
one electric and one magnetic charge. The resulting black holes can be viewed as solutions
of a consistent truncation of the full STU supergravity, to a theory whose bosonic sector
comprises the metric, 2 gauge fields and two scalars (one dilaton and one axion); the bosonic

Lagrangian can be written as®

L4 =Rx1— %*dgp Adp — %eQ‘p *dy N dy — %e_‘p (xFy AN Fy 4+ xFy A\ Fy)
—IX(FLAFL+ Fy A Fy), (3.2)

where F; = dA; and Fy = dAs.

5There are various ways one can write the bosonic Lagrangian for STU supergravity, and the truncation
we are considering here, depending upon whether one or more of the gauge fields is dualised. The Lagrangian
we are considering here in eq. (3.2) is written in a duality frame in which the rotating black hole metrics in
egs. (3.5) are supported by one field strength carrying a magnetic charge and the other carrying an electric
charge. If Fi is dualised, the metrics are then supported by electric charges for both field strengths. Details
of the relations between various duality formulations of STU supergravity can be found in [96].
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The rotating black hole solution takes the form [81]°

A N L =2 _ 209 _ _
ds?® = ~7 (dt — a sin®0dp)> + W (CZ + d02> + 3 o [adt — (r17r9 + a®)dg)?, (3.3)
690:1—1-1"1(7“17712): r? 4 a? cos207_7 X:a(m—rl) cos_¢§7 (3.4)
w rire + a? cos? 0 r? + a2 cos? 0
A — 2v2 M sy ¢y [adt — (1179 + a®)d@) cos
1= W )
Ay — 2v2M s9 ¢y (dt — a sin? 0 do) 7 (35)
w
where

A =7 +a®—2Mr, W =717y + a®cos’,
T, =T+ 2Msz2, s; = sinh §; , c; = cosh ¢; . (3.6)

Here M is a parameter characterising the mass of the black hole, a is the rotation
parameter, and d; and &y are parameters characterising the magnetic and electric charges,
respectively. If 0; = d5 the solution reduces to the dyonic Kerr-Newman black hole, which
is Petrov type D, with electric and magnetic charges equal to one another. In fact, the
Kerr-Newman metric in Boyer-Lindquist coordinates is derived from these coordinates by
the following transformation

M _ V2M se

F— 7 — 2Ms? M- ——— =P="""7
rer o 1o 9 14252

(3.7)

where s = s1 = s9 and ¢ = ¢; = 9.

As we show in appendix D.1, if the charge parameters d; and ds are unequal, the black
hole spacetime is algebraically general (Petrov type I).

Before proceeding, an important clarification is in order. We do not know whether
the Kerr-Newman black hole admits a standard double copy interpretation, and the same
applies to generic rotating STU black holes. The reason is that while the Kerr-Newman
black hole is a solution of Einstein-Maxwell theory, it is not a solution of its “stringy”
analogue Einstein-dilaton-axion-Maxwell theory (“4D heterotic gravity”). The latter theory
is well known to arise from a double copy, both in scattering amplitudes [97] and in a
Kerr-Schild-type classical double copy [98]. The solution space of Einstein-Maxwell theory
is not embedded into the 4D heterotic gravity, because the dilaton and the axion are
generically sourced by the Maxwell field — unless the latter is null, meaning that both
invariants built from the field strength and its dual vanish. So, apart from a restricted set
of solutions that are also solutions to 4D heterotic gravity, we do not know whether generic
solutions to Einstein-Maxwell theory should allow for a standard double copy interpretation
— a conclusion which extends to STU gravity. In appendix E, we discuss what goes wrong
for the Kerr-Newman metric if we naively apply the Weyl double copy. In any case, the
example of STU black holes will be sufficient for our purposes of illustrating the asymptotic
Weyl double copy, since the solution is asymptotically of a double copy form.

SNote that we have placed bars on all the coordinates here since these are the original coordinates of the
black hole solutions. We reserve unbarred coordinates for Bondi coordinates (u,r,, ¢).
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3.1.1 Asymptotic Weyl double copy relation

In order to investigate whether an asymptotic Weyl double copy relation (2.17) exists for
the general rotating STU black holes, we first need to construct Bondi coordinates for these
solutions. This is done in appendix D.2. Next we need to find a candidate single copy. The
gauge fields of the solution are natural candidates.” Thus from equation (3.5) we shall have
a single copy potential of the form

A

ki 7(dt — asin® 0 dg) N ko (adt — (r? + a2)d¢) cos 0 (3.8)
P2 +4a?cos?l 72 4 a? cos2 0 ’ '

where k1 and ko are two arbitrary charge parameters.
Next, we may take the Weyl double copy relations given in (2.17), and use them to

provide five expressions for the scalar S. Thus we may define

So 30 S1 3%y Py Sy By By + 207

C a \I’Q ’ C N \I’l ’ C N ‘112 ’

S; 301 ® Sy 393

2Bl 2Rt (3.9)
C \113 C \114

Following the Weyl double copy prescription, the Maxwell field from which the Newman-
Penrose scalars ®y, ®; and ®5 are calculated is taken to be that of an electromagnetic
field in the flat-space limit of the black hole metrics, corresponding to setting the mass and
charges to zero. This is achieved by taking the quantity M = 0 in the parameterisation we
are using.

After implementing the transformation to the Bondi coordinates, and introducing the
associated Bondi null tetrad frame in the standard way, we can calculate the Weyl scalars
(Vo, Uy, Wy, U3, Uy) and the Maxwell scalars (®g, P1, P2) and substitute into equations (3.9)
in order to find expressions for Sy, S1, S, S3, S4. The expressions required need to be
calculated to a very high order in the Bondi coordinate expansions, which we performed in
Mathematica and which will not be presented in full detail here.

First, we record that the calculation of the invariant quantity I® — 27J2, where I and
J are defined in eq. (D.5), leads to the result that

9at M0 (s3 — s2)8 (14 s? + s3)? sin' 0
4126

B —21J% = +O(r?7). (3.10)

This fall-off is consistent with the results of appendix D.1; in particular egs. (D.8) and (D.6).
Then, we find that at leading order, all five of the scalars Sy, ..., Ss defined in eqgs. (3.9)
take the form

3V k1 + ik
S; = —@ +0(r7?), (3.11)
where we have chosen o _ 6Mp (3.12)
= (kjl +ik2)3/2 .
with
Mp =M (1+ s} +s3), (3.13)

"In fact, the gauge fields solve a modified Maxwell equation due to scalar couplings: V(e ?F*) = 0.
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the Bondi mass of the black hole. Thus, to leading order, the scalars all agree, and define
the “zeroth copy” that satisfies the massless Klein-Gordon equation in the flat-space limit.
Moreover, at leading order, the expression in (3.11) is equal to the expression derived from
equation (2.39).

At higher order the various expressions differ; we find

S, — S _Mkal—FZ.]{iz(S%—S%)z+V1(S%—S%)2+O( 74)
1790 = 2, 2\2,0 3 r)
(14 s7+s5)%r r
G g — 2Mp\/ky + iks (53 — 53)? L (s2 — s3)? +orh
2700 = 7 22,0 3 A
(14 s7+s3)%r r
g g — Mpvki + iks (8% — S%)Z V3 (8% — S%)Z +vsky _4
3700 = 5, 2,2 3 +00r™),
(14 s7+s5)%r r
0 wvs(s?—s3)2 4wk
Si— 5=+ Al 7?3) o). (3.14)
Here, the quantities v, ..., 4 are expressions whose precise form is unimportant in the

present discussion. We can see that whereas in the general case where the two charges are
unequal (s1 # s2) the scalars S; agree only at the leading 1/r order, the agreement extends
to the first sub-leading order (i.e. order 1/r?) in the case s; = sy (the Kerr-Newman black
hole) where the metric is of Petrov type D.

If we set M = 0, the S; become equal, to the orders calculated, to the expression
derived from (2.2) on the Minkowski background, and they satisfy the wave equation on
the Minkowski background.

3.2 Axisymmetric Weyl double copy

We have discussed above how to express the Weyl double copy (2.17) asymptotically starting
from the Bondi form of the metric (2.18). The relation becomes lengthy if one attempts to
write it down in terms of the 1/r expansions for the metric and the gauge field described
in that section. For illustrative purposes, particularly regarding the discussion of the next
section, we will now consider the restriction to the axisymmetric case, which simplifies the
map considerably. The original axisymmetric Bondi metric reads [87]

ds®> = — (Ve% - U27‘2627> du® — 2e*P dudr

r (3.15)
—2U7r%e®dudh + r(e*7df? + e~ ¥ sin? 0 dp?),
with fall-off conditions
y(u,r 2l = M +0(r ), (3.16)
Blu,r,z!) = —C(Z:;I)Q + 073, (3.17)

1 1

Ulu,r,z!) = —(cp+2ccot ) — + (2 N(u,zb) + 3cco+ 4¢? cot 0)— + o™, (3.18)
r r

V(u,r,z!) =r —2Mp(u,z’) + O ). (3.19)
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This Bondi form is a subclass of the more general form (2.18), to which it is related by

v
F=— = F=-2Mp, (3.20)
ol = (U,0), (3.21)
h e’ 0 Coo = 2 3.22
7=\ 0 e 27sin26 = 00 = =¢ (322)

For the gauge field, the axial symmetry allows us to set Ag = 0 in (2.33). Finally, we
introduce an additional simplification, by taking the scalar S to be real in (2.4), which leads
to (2.7); this applies for instance to the C-metric.® We can plug these expressions directly
into (2.7) and compare the components to obtain the neat relations

(A2
ol o 2
5G Cuu s (3.23a)
A(g(z Aq(}) B _89(81112(90#) (3.23b)
28 sin2 6 ’ '

Az(}) 2+A(1) A(O)

) 5 b "0 — M —ccy, (3.23¢)
AI(}) Agl)

— Y =N. 3.23d

63 ( )

In principle, these expressions could be used to obtain (up to constants of integration)
a metric tensor from any axisymmetric gauge potential in Bondi gauge. However, the
system (3.23) is over-complete, which gives rise to the integrability condition

Aq(}).A(O) A(O) 2
au< S fu ) = sir112 500 sinze(i;“) . (3.24)

Alternatively, this equation can be obtained by imposing the vacuum Bianchi identities,

VHECupe =0, on (2.7), assuming that the gauge field satisfies the Maxwell equations.
The expressions above can easily be checked to hold for the example of the C-metric.

4 Asymptotic symmetries and the Weyl double copy

The classical double copy is fundamentally about relating solutions in gravity and gauge
theory. An important aspect of both gravitational and gauge theories is their symmetry
structure. In gravity, this is given by diffeomorphisms, while in gauge theory it is gauge
transformations. Proper diffeomorphisms and gauge transformations, while not physical in
the sense that they parametrise redundancies in the description of the same physics, are
important aspects of the theories. In addition, there exist also improper transformations,

8We also assume here the reality of the couplings-absorbing constant c in (2.7). It should not be confused
with the metric function c¢ in the present section, so here we will choose that constant to take the numerical
value 1/3.
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which generally change boundary conditions and hence are physical. Any claim towards
a new understanding of such theories ought to give some insight into how the respective
symmetry structures arise and how they relate to one another. No fully general relation
has been found yet, but much progress has been made on both global and linearised local
symmetries, e.g. [99-103], and more recently on asymptotic symmetries [13, 73-76, 80].

The difficulty arises from the nature of the double copy formulations. The Kerr-
Schild double copy [5] relies on a particular coordinate system (gauge-fixed frame) in the
gravitational theory and a gauge-fixed Yang-Mills field for the single copy, leaving no room
for symmetry transformations. In contrast, the Weyl double copy map [7] still relies on
having a map between coordinates in gravity and those in gauge theory, but the Maxwell
field strength is gauge invariant in nature. The leading-order asymptotic Weyl double copy
is completely insensitive to symmetry transformations. This can be easily checked for the
simplified case of axial symmetry and real scalar considered in (3.23).

Despite these challenges, some progress has been made on improper or asymptotic
transformations. In [73], it was shown that (proper and improper) supertranslations on the
Taub-NUT background correspond to (proper and improper/large) gauge transformations
of the Dirac monopole field. This relation, which has been explored also in [13, 74], relied
heavily on the time-independence of the background. Recently, a more general relation has
been given in the context of the self-dual sectors of the respective theories in a light-cone
formulation [76]. Within the self-dual sector, all fields within both the gravitational and
Yang-Mills theory can be described in terms of scalars, and this formulation helps in relating
the symmetries; in fact, it is known to help make the double copy fully manifest at the level
of the equations of motion or the Lagrangian [77]. It is not clear how similar ideas can be
used more generally.

In this section, we study this problem by focusing on the particular example of the
C-metric and its single copy, the associated Liénard-Wiechert solution. In [82], it was argued
that there is a superrotation embedded in the C-metric. From a double copy perspective, this
result indicates that there ought to be an analogous large gauge transformation embedded in
the Liénard-Wiechert potential. Indeed, we find that the superrotation on the gravitational
side maps to a large residual gauge transformation at leading order.

4.1 The C-metric as a superrotation

First, we review the results of [82], where it is argued that superrotations are to be viewed
as a “memory effect” related to the appearance/disappearance of cosmic strings piercing
null infinity. The C-metric, as an exact solution, provides a non-linear realisation for such a
process; see figure 1.

Consider the Bondi news of the C-metric?
Nog = 0uCho = — =55 (414 257G ()G () = £*C (1)), (4.1)

Tn [82], the solution chosen was the charged C-metric, since it admits a thermodynamic interpretation:

a relation between A and ¢ can be imposed such that the event and acceleration horizons have equal surface
gravities, hence equal temperatures. This is not needed for our purposes. In fact, we will set ¢ = 0 since the
Weyl double copy is only known to apply in vacuum; see related comments just above section 3.1.1. On
the other hand, the single copy gauge field to be considered later, which lives in flat spacetime, coincides
precisely with the gauge field of the charged C-metric after taking m — 0.
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news related by
superrotation

)

news related by
superrotation

C-metric

Figure 1. A portion of the Penrose diagram for the snapping cosmic string considered in [82] is
shown on the left. The green area represents the infinite cosmic string metric, which is glued to
a Minkowski patch (in blue) along u = 0. The trajectory of the endpoints is represented by the
thick line. On the right is the corresponding picture for the (linearised) C-metric. In this case,
we have radiation approaching .# . Note that the true Penrose diagram for the C-metric is more
involved [104].

where k parametrises the deficit angle. Note that in appendix B, we have normalised k
to one. The expression above can be derived by making the x dependence explicit in the
metric (B.1), i.e. multiplying the d¢? term by &2, and using equations (B.10) and (B.11),
as well as the expression for Cygy in (B.18).

We are interested in the limits ©w — fo00. Recall that x is implicitly defined in (B.10) in
terms of the Bondi v and 6 coordinates, and so using Hong-Teo’s parametrisation for G(x),
in equation (B.4), these limits correspond simply to z = £1. The asymptotic structure
of (B.10) gives

sin? 6 1 4
Pl o Ay @ TOWT) s o, (4:20)
sin? 6 1 4
T +O0™) as u— —co. (4.2b)

1 _
o (1—2Am)3 u?

Fixing k so that the segment between the two black holes is regular gives

2 1
"TIGM) T 1+24m (43)
This then implies that
8Am 1
lim Ngg=— 4.4
uﬁlrfnoo 06 (1 + 2 Am)2 sin2 0 ’ ( a)
uginoo Ngg = 0. (4.4b)

The u — £o0 limits of the Bondi news, (4.4b) and (4.4a), are related by a superrotation.
To show this, we start from a Minkowski background, for which Nyg = 0. Superrotations are
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generated by 2-dimensional vector fields Y/ that are conformal Killing vectors of the celestial
sphere and independent of v and r.'° We are interested in the subgroup that preserves g
as a Killing vector of the metric. This restricts the superrotations to a three-parameter
subgroup

Y‘g:(ﬂ—i—ulntanz) sinf, YO=pg+9. (4.5)

Setting ¥ = 0 and 8 = 0, the effect on the Bondi news of the flat Minkowski metric is

Nog — —p

. 4.6
sin? 6 (46)
A comparison with (4.4a) reveals that the two limits of the Bondi news of the C-metric (4.4)
are related by the superrotation

SAm 0 8Am
A5 24m)? sin @ lntan2, 172 m)2¢' (4.7)

4.2 The Liénard-Wiechert potential as a large gauge transformation

Having made the case for the C-metric as a superrotation, it is reasonable to expect that
its single copy, the Liénard-Wiechert potential, has a similar interpretation in terms of a
large gauge transformation.

In order to investigate this, we need to put the Liénard-Wiechert potential on a
background in which Minkowski spacetime is written in Bondi coordinates and in a gauge
in which A, = 0. We have already done this in section 2.1, with the appropriate expression
given by (2.44). In these coordinates, a large gauge transformation corresponds to

AL 5 AL — gy(0) . (4.8)

These gauge transformations are the electromagnetic analogues of the BMS asymptotic
symmetries [105].
As we did in the previous section, we will compare the two limits of the gauge potential

As = lim A. (4.9)

u—+oo

Taking this limit in the expression for the gauge potential (2.44) gives

A =0 3) du + (— si(r]1¢9 + O(r_2)> e, (4.10a)
A = O(3) du + (sii -+ O(r2)> o (4.10D)

Taking the difference between these gauge potentials we find that
2q

A — A- =— df = d\(0 4.11
(Ay = A)| =~ —Lido = ax(e). (111)
1011 other words, they must generate transformations of the type

z— f(z), zzeid)cotg7

with f(z) a holomorphic function.
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where o
A(0) = —2¢ Intan 7 (4.12)

This is indeed a large gauge transformation; compare with (4.8). Note the similarities
between (4.7) and (4.12): it is not just that the solutions can be thought of as large
diffeormorphisms or gauge transformations, but the corresponding parameters are also
related. It would be interesting to find a fully general relation, beyond the example
studied here.

5 Discussion

We have taken steps towards providing an asymptotic understanding of the classical double
copy with the goal of studying the asymptotic symmetries and of making a connection with
recent advances in celestial (i.e. flat-space) holography.

We have shown how the Weyl double copy can be formulated asymptotically, in the
neighbourhood of null infinity, where it applies to a wider class of spacetimes, including
algebraically general ones. The next natural step would be to understand this formulation at
sub-leading orders, i.e. moving from asymptotic infinity into the bulk. This may assist us in
generalising the Weyl double copy beyond algebraically special solutions in an appropriate
expansion.

It would also be interesting to understand how our formulation fits in with the story of
conformally primary metrics on the celestial sphere and their double copy interpretation [80],
where the C-metric still provides a puzzling example.
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A Four-dimensional spinor formalism

Following the conventions of [7], define 0% ; and * AA by
ot = % (1,0%), 7 = % (1, —0"), (A1)

where o are the standard Pauli matrices. (a,b,c, ... are tangent-frame vector indices.) One
also defines

ol = ‘7.[:/1 4% o, (A.2)
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where €'?2 = +1. Indices are raised and lowered using the epsilon symbols:

A =By, Ya=vPepa, (A.3)

and similarly for dotted indices.

A Maxwell field strength F; is written in terms of a symmetric bi-spinor ® 4 g, defined by

Cup = 3Far ol (A.4)
This has the complex conjugate
i = 5Fan 0%y, (A.5)

where the components of 5%’3 are just the complex conjugates of the components of O'aAbB.
Inversely, one has

FO = ,4p0®AB 4 ‘i’AB FabAB (A.6)
A straightforward result that follows from the definitions is that
OB D g = LT Fop + 1T Fap) . (A7)
In a similar fashion, one defines from the Weyl tensor Cgp.q the Weyl spinor
U apep = 1Caped 045 0 (A.8)

and its complex conjugate ¥ ipcp- These quadri-spinors are totally symmetric, by virtue
of the symmetries of the Weyl tensor. Conversely, one has

Ot — oty iy WAPCP 4 51ty i, WADCL (49

Noting that the symbols 0%73 obey the relation
O'%)B O.CdAB — %(nac nbd _ nad nbc + iEade) ’ (A.lO)
(and mutatis mutandis for the complex conjugates 6%73), it follows that
ABCD o — i (C G + i scyabed Cuved) - (A11)
Note that the Weyl tensor satisfies the property
*Cabed = C” abed (A.12)

and hence also *C* jped = —Clabed-
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B C-metric in Bondi coordinates

In this appendix, we shall derive the Bondi form of the C-metric. There exists a variety
of papers addressing the radiative properties of the C-metric in the literature. An early
attempt to study the C-metric using the Bondi method was carried out by Bi¢ék [106], who
gave an expression for the Bondi news (see also [107-109]). Other studies of the asymptotic
properties of the C-metric include [104, 110-113]. Here, we provide a systematic procedure
for deriving Bondi coordinates for the C-metric to any desired order in a 1/r expansion.
The most common form of the C-metric is
1 dy? daz?

s |—Fy)dt* + —— + —— + G(x)d¢?| (B.1)

ds? = ————
A%z +y) F(y)  G(x)

where
Gx)=1—-2*-2mAz®,  F(y)=—-G(~y). (B.2)

Here, 0 <2Am <1, y € (—x,00) and = € (x2,x3), with z9 and x3 the largest two roots
of G(z).

An alternative form of the C-metric, given by Hong and Teo [114], has the same
metric (B.1) but with a different form for the functions F'(y) and G(x) with a simplified
root structure:

Gx)=(1—-2})(1+2mAzx), F(y) = —-G(—y), (B.3)

where y € (—x,00) and = € (—1,1), G(z) > 0. This patch covers both the static and
asymptotic regions, which is given by the limit x — —y [104].
In addition, the charged C-metric solution is given by same metric (B.1), but now with

Gz)=1—-2>)1+ry Azx)(1+7r_Azx), F(y) =—-G(—y), (B.4)

where 7+ =m 4 /m2 —¢2 and 0 < r_A < ry A < 1. The coordinate ranges are the same
as those of the uncharged Hong-Teo coordinate system.

Given the fact that the form of the metric is the same in both coordinate systems,
one can derive a Bondi form from both coordinate systems in one go; this is what we now
proceed to do. We begin by relabelling x as & and defining coordinates €2 and w by

1

Q:m, w:t+/dy/F(y). (B.5)

The metric now takes the form

2 72
2 2 2 N N 7.2
ds* = Q* | —F(y)dw* — mdwdﬂ — 2dwdz + G + G(2)do~| | (B.6)
with the understanding that y is given in terms of & and §2 by
=—-z+ L (B.7)
v= AQ '
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Now, replacing z by «, with

T da
o B.
G(2) dw sin v (B-8)
gives
2 Q QPG
ds®* = —Q* [F(y) + G(2)] dw? — dwd G(2) (do? +sin® a d¢?) . (B.9)

A sin? o
To summarise, we have transformed the C-metric into coordinates given by (w,Q, «, @)
with an auxiliary coordinate # given implicitly in terms of the other coordinates via
equation (B.8).

We can now proceed perturbatively, order by order in an inverse distance expansion, to
put the metric into the Bondi form with coordinates (u,r, 6, ¢). However, before we do this,
it will prove useful to define a new auxiliary coordinate x implicitly in terms of the new
coordinates u and 6 by

. Gj [a:llsmﬁ ’ (B.10)
where d!
) r x

Gj(x) E/ G (B.11)

The coordinate transformation will define the old coordinates in terms of the new coordinates,
i.e. we have

w=w(u,rb), Q=Qu,rb), o=au,r/b) (B.12)

as well as a relation between the old auxiliary coordinate & and the new coordinates
t=x+4+T(r,z,0). (B.13)

Writing these relations in terms of 1/r expansions

0 0
Q:gl(xﬁ)r—i—go(m,ﬁ)—i—gl(f’ ) +gz(:;7 ) + ;
h 0 h 0 h 0
=0+ 1(1'7 )+ O(Z’ )+ 1(3;’ )+
r T r
_ 0 0 0
w:fl(x,ﬁ)—i—fo(x’ )+f1(a:2, )+f2(:c3, )+
r r r
7= Ro@0) | ka@0) k@0 (B.14)
r T r

we proceed in a systematic manner, requiring that the metric expressed in terms of the new
coordinates (u,r, 6, ¢) have the Bondi form (2.18) and satisfying the fall-offs (2.19) as well
as the gauge condition (2.20). Note that in addition, we have the constraint that the old
auxiliary coordinate Z must satisfy equation (B.8).

We have chosen to define = so that it is equal to & up to a perturbative correction
T = O(1/r), as can be seen from egs. (B.13) and (B.14). This means that G(&) and G(y)
can simply be written in terms of z using a Taylor expansion. In particular,

G(%) = G(z) + TG () + %TQG”(x) - éTi”G(?ﬂ (z) + ;—4T4G(4)(x), (B.15)
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where primes denote derivatives with respect to x, and we have used the fact that G is a
quartic polynomial in its argument.

We now proceed order by order in inverse powers of r, by plugging the expansions (B.14)
into the metric (B.9) and the constraint (B.8). First, we solve equation (B.8) at order r°,
obtaining first-order differential equations for fi(z,6) whose solution is

fi(z,0) = Gi(z) + log tan 36, Gi(x) = : Gd(:fv/’) . (B.16)

From this point on, all the expansion coefficients can be solved purely algebraically, according
to the following scheme:

(a) Solve equation (2.20) at order r° for g (z,6).
(b) Solve g6 = 0 at order r° for hi(z,6).
(c) Solve g, = 0 at order 72 for fy(x,0).

(d) Solve the dr component of equation (B.8) at order r=2 for ko(z,0). (Note that
the differential equations for ko(x,6) that arise in the dx and df components of

1

equation (B.8) at the preceding order r~' are now automatically satisfied.)

One then proceeds by iterating steps (a)—(d) at the next order, solving algebraically for
go(x,0), ho(x,8), fi(z,0), and ki(x, ), and so on ad infinitum. The results for the first few

expansion coefficients are:

sin 6 i _\/éGj cosf —1

el 1= AVG ;
VG 1 — GGj? cos? ]

B 2A sin 0 ’

fi :Gi+10gtan%0, g1 =

[VG Gj cos — 1]

Jo=- 2A VG sin 6

o = [2+VGG' Gj COSQH]Gj’
4A/G(z)

[1 —VGGj cosb][2cos0 + VGG Gj cosb + 2v/G Gj sin? 6]

i
S
|

ho = 442G sin b ’
11— VGG costPAVG G — G+ 2VG G Gj cosf + GG Gj* cos? 0]
hi= 16A2 G sin? 0 ’
b — (G Gj? cos? 0 — 1]4VG Gj — G’ + 3G G' Gj? cos? 0]
! 16A2 sin2 ¢ ’
2VG Gj + G')? - 2[G Gj? cos?§ — 112G G”
n =BG ]32A2 [Gi%gjsme ] ’ (B.17)

where the arguments of G, G', G”, Gj and Gi are all z, defined implicitly in terms of u and 6
by equation (B.10). We have obtained explicit results also for (h1, fa, k2, g2, ha, f3, k3, g3, h3).
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The first few terms in the expansions (2.19) are given by

[2G' +VG G* Gj —2G32 G" Gj) cos b

0_ 6 _

Co= 8A+/G sin?6 ’ Co =0,

o0 G cost LG [9G"% —6G (2+3GG")+8G2G"] cos

17 1642G sin30 9642 /G sin36
Gj2 (3G —6GG" —8) cosf G G2 G cos® O
16 A2 sin3 6 12A? sin3 6
c?=o,
. / . 4

ngz—%, Coo =0, C¢¢:2\/§4Ci]/gGsin9, (B.18)

pI_ GI'GG" o' Gj? N Gj? (2G? G" cos? 6 —9G")
e — 48 A3 sin3 6 8 A3 sin3 0 48 A3 /G sin3 0

| 3GIG® 3G +4GPG"
3243Gsin30 19243 G3/2 sin30’

D\)=-Df sn?6, Dy =0,
. 12G3 G Gj? cos? 0+ 6V G [4— G +2G G| Gj +6G (2+GG") — 3G —4G2 Q"
0= .

48A /G sin® 6
B.1 Small mass expansion
It is hard to gain much insight from these expressions as they stand, since x is defined
implicitly in terms of u and 6 by equation (B.10). One thing we can do is to consider an
expansion in powers of the mass parameter m (or, to be precise, in powers of the small
dimensionless quantity mA). Expanding the integrand G—3/2 in equation (B.11) in powers
of m and then integrating term by term, we then have
, x mA (3z% — 2)
Gj(z) = 5 T 2\3/2
V1—z (1—2?)
Conversely, we can then express x perturbatively in m, in terms of v and 6, finding
B uA N mA(u?A? — 2sin? )
" VuZA? +sin?0 u?A? +sin% 0

It is now straightforward to expand the expressions in (B.18) for Cf, C1/ and Fy in powers

+O(m?). (B.19)

+ O(m?). (B.20)

of m. In particular, we find

m sin @ cosf
cl = — S O(m?). B.21
0 (u2 A2 + sin? 0)3/2 +0(m’) ( )

The expansion coefficient Fy, which is related to the Bondi mass aspect, is given by
m[(3u?A4? + 1) sin? 0 — 2u? A2

2
(u2A2? + sin? §)5/2 +0(m?). (B.22)

Fy =

We also have
2m(2u? A% + sin? )

Vu2A? + sin? 0 sin? 0

Cop = + O(m2) , C¢¢ = —Cly sin? 6. (B.23)
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C Taub-NUT solution and the dyon solution

The Taub-NUT metric was written as an expansion in Bondi coordinates in [115]. Intro-
ducing a complex null tetrad (¢,n,m, m) for the Bondi metric (2.18) in the form given
in (2.23), and calculating the Weyl scalars in this frame at the leading couple of orders in
the 1/r expansion we find

120 (0 —im) tan® § 60i 3 (€ — im) tan® §

r r
314 (¢ —im) tan? 12(1 — )02 (£ — im)tan 2
\111: ( )(4 ) 2+ ( ) (5 ) 2+
r r
\1]2:_1(6 32m)_3€(€42m)+”. Uy — (I —13)l( 4zm) ang
T r 27
362 (£ — im) tan? ¢
g, = 3« ng Aty (C.1)

In the original Taub-NUT metric

ds? = —h(F) (df — 4€ sin? & d§)? + h(r) " di? + (i + £2) (d6° + sin? § d¢?) (C.2)

with!! ) 2
_ re—2mr —
hr)=——s—p— Nz (C.3)
the single copy field strength F = dA with
PO -02)+Qr , - P
A=— (207 ( ) (dt — 4¢ sin* § dg) (C.4)

72 + (2
satisfies the Maxwell equations V,F*” = 0 and describes a configuration with electric

charge @ and magnetic charge P.'? Re-expressing the potential in the Bondi coordinate
system by employing the expansions given in [115],

2 (44 3cos ) sec § — 8m? — 1142

t=u+r+2mlogr+ 5 +oe
,
- sec? g
R R
~ 2 (3cosf + 5)sin? § sect §
r=r-+ ey
4dr
_ 2% sin ¢ sec? ¢
0—0— 22 2 4, (C.5)
r
we find, after making a gauge transformation that sets the r-component of A, to zero,
A A
A=Ao+=2+F+ (C.6)

" The tetrad vectors £ and m should not be confused with the NUT parameter ¢ and the mass m. It
should be clear from context which is intended.

12T fact if the metric function A(7) in (C.2) is modified to h = (72 — 2m# — £2 4+ P% 4+ Q*)(#* + £*)™', the
metric and electromagnetic field also satisfy the coupled Einstein-Maxwell equations.

13We have calculated the components of the gauge field to higher order than the terms presented here.
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with

Ay =2P sin? g do,
Agy = —Qdu+40Q sin*§de — 20 P tan § do,
Ay =0Pdu—20*P(2+cosf) tan? § dp — > Q (1 + 2cos ) sec* § tan §do.  (C.7)

The Maxwell scalars turn out to be given by

(L+)(P+iQ)tand 3(1—14)?(P+iQ) tan$

Dy = - + ; +0(r™?),
T T
[(P1iQ) ((P+iQ .
o, — t )« el ) L o4
@, = L DIDIQG | ooy, (C.8)

We can see from the results for the Weyl scalars in (C.1) and the Maxwell scalars
in (C.8) that a relation of the form seen in (2.17) holds here also. If we define

d2 by D4 dy Dy + 292 D, Dy d2
Ry=-%, R = Ry=——7—"1  Ry= , Ry=-2, (C9
0 \IIO 1 \Ijl ) 2 3\112 ) 3 \113 4 \114 ( )
then to leading order in 1/r these are all the same:
S (P+iQ)? g
Ry=—=———-"7"—-+4+0 for all a. C.10
“= 3" smriny T OU), foralla (€.10)
From
P+iQ)* 2il(P+iQ)?
4B Py = L(FP Fy +i"F® Fy) = ( ;ZQ) O ?ZQ) Foe,(Ca1)
r r
the Weyl double copy gives the scalar
P+iQ)? 1 il
S:ﬂw, h==— 4, (C.12)
2 ror

which obeys (i) = 0 in the flat background. Comparing this expression with (C.10), we
find agreement with
c=m+il. (C.13)

It is interesting to note that in the expressions for Vg, ¥y, Vs, &y and Py, the first
subleading order terms, along with the leading order terms, can be nicely combined by
writing r = 7 — ¢ £ and then expanding in inverse powers of 7. For example, the expansion
for Wy in (C.1) becomes

; [
B 120% (¢ — im) tan? §
7o

0= +0O(F ), (C.14)

with analogous results in the other cases.
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D Rotating STU supergravity black holes

In this appendix, we derive the Petrov type of the rotating STU black holes considered in
section 3.1, as well as constructing the Bondi coordinates for the general solution.

D.1 Petrov type of solution

The Kerr-Newman black hole is type D, which means that when s; = s9 (corresponding to
Kerr-Newman) the solution becomes Petrov type D. However, in general the rotating STU
black holes are algebraically general (Petrov type I) as we show in this section.

We use a null tetrad (¢,n,m,m) given by the vectors'

_ rirg +a? a A | (rrp+a?) a
E—Tat_'_ar‘i_xad), n—ﬁ lAat_8r+Aa¢ 5
1 . . 1
m—W asm93t—109+sinea¢], (Dl)

with m being the complex conjugate of m. The Weyl scalars then turn out to be given by

\I/() = 0, \114 = 07
v, — iaM? (s3 — 5?))2 sin 6 7 Ty — _iaMZ (s3 — s%)i A sin 6 7 (D.2)
V2W2 22 W2
and
MIr +iau + (s3 + s3) (r + iau — M) ([r +iau + M(s? + s3)]? — M?(s? — 33)2)
Uy = — R
2M?(s3 — 3%)2(2A —3ia(M — r)u — a?(1 + 2u2)>

+ (D.3)

3W3 ’
where u = cos 6.

As is clear from the expressions above, when s = s all Weyl scalars vanish except for
Wy, which means that the Petrov type is D. However, in the general case s; # s2, the Weyl
scalars U1 and W3 do not vanish and so the solution is then not of type D. However this, of
itself, does not necessarily mean that the solution is algebraically general when s; # so,
since we have not yet ruled out the existence of another principal null direction (PND) that
is repeated, which would mean that the solution would be algebraically special (type II).

In order to show that the solution is actually algebraically general, we can look at the
null frame invariant

B —271J%, (D.4)
where the quadratic invariant I and cubic invariant J are given in general by
Uy U3 Uy
I =Uy0y, — 40,3 + 3032, J = |Us Uy Ty . (D.5)
Uy Uy ¥y

MNote that here we are using a null tetrad adapted to the principal null directions of the metric, in which
in particular Wo = W4 = 0. This is not the same as the null tetrad in the Bondi frame that we are using in
the bulk of the paper.
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Given an arbitrary null frame, there are then the possibilities [116]

B _or2])” 0 == algebraically special ‘
#(0 = algebraically general

In our case, where ¥y = ¥, = 0, we have
P —27J% = 492 U2 (9U3 — 160, U3). (D.6)
Substituting the expressions in (D.2) and (D.3) gives
P =212 =a* M"Y (s? — 533 X, (D.7)

where X is a rather complicated expression whose precise form is unimportant to the
discussion, and which can be easily obtained from (D.2) and (D.3). Thus, the solutions are
algebraically general when s1 # so. In the Kerr-Newman case s1 = so, the invariant does
vanish, as expected.

It can be seen from (D.2) and (D.3) that at leading order in 1/r at large distances,

1 1 1

Uy~ — Uy ~ — Uy~ — . D.8
1 75 2 73 3 5 ( )

In a generic smooth asymptotically-flat metric the Weyl scalar ¥, would fall off according
to the peeling theorem as W, ~ 7572, Thus in the rotating STU black holes ¥; falls of
faster than the leading-order peeling by one inverse power of r, and W3 falls off faster than
peeling by three inverse powers of 7. Wy, on the other hand, falls off at precisely the r—3
rate of leading-order peeling. It follows, therefore, that the metrics are approaching Petrov
type D asymptotically at large r.

D.2 Bondi coordinates

Here, we cast the metric (3.3) into the Bondi form defined by the metric (2.18) with
fall-offs (2.19) and determinant condition (2.20). We follow the procedure employed in [115]
for the Kerr black hole, where the metric is first expressed in terms of an asymptotically
spherical coordinate system (rather than the usual asymptotically spheroidal system of
Boyer-Lindquist coordinates) by means of the coordinate transformation

7% sin? 0 = (7% + a?) sin 4, 72 cos® § = 72 cos® 0, (D.9)

and then further transformations are made, order by order in an expansion in inverse powers
of 7, to put the resulting metric into the form of eq. (2.18). To the first few orders, we find
that the required coordinate transformations are given by

M?[8 4+ 12(s% + s3) + 3(s] + s3) + 1857 s3] N

t=u+r+2Mg logr —

2r
&:é_aMB+2aM2[2+3(s%+s%)—|—s‘f+s§—|—4s%s%}+”'
72 3r3
9 o M?(s3—s3)2 Ma?sin?0
F=r—M(s]+s3) + 5 - 53 RN
T T
5 Ma? (s7 4 s3)sin 20 a® M? (7si + 7s3 + 2257 s3) sin 20
jopy Ma (312T352) in2 o (7s7 1S;T4 s7 85) sin bl (D.10)
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where we have defined the Bondi mass
Mp = M (14 82 + s3) (D.11)

of the black hole. We refer the reader to [115] for more details of the nature of the required
expansions, which were obtained there in the case of the Kerr black hole.

The components g,,, of the resulting Bondi metric for the rotating black holes at the
first few orders turn out to be

2Mp  2M?(s?c? + s3c3) n Mp [2M? (s — s3)? — a® — 3a® cos 20)]

Guu = -1+

r r2 273 o
M? (5T — s5)°
gur:_1+T+"'
3a® Mp sin20  a® M? [18(s? + s3) 4 23(s} + s3) — 10s? s3] sin 20
Guo = 2 + 3 +
2r 127
2aMp sin? 0 2aM? (53¢ + s3c3)sin? 0
gu¢ = - r 7'2 + - )
o a’Mpsin?0 a® M?[6(s? + s3) + 5(s] + s3) + 252 s3] sin? 0
goo =17 — + +
r 612
_ 5a® Mp cosf sin®6 n 12a® M2 (52 ¢ + s ¢3) cos 6 sin® 0 n
o8 = 2r2 5r3 ’
gop =1 sin? 0 + @ Mp sin'6 + @ MP[0(sf + o) + 5(s1 + 53) + 251 o] +--0,  (D.12)

r 672

along with g,, gr¢ and g4 vanishing. (We are only presenting a few leading order terms
here; we have actually calculated the metric components to order 1/r10.)
We find that the first few coefficients in the expansions (2.19) are given by

FO == —2]\437 Fl 1M2(451 +432 + 551 + 582 - 25152)
Bo=—3M*(st—s3)%,  B1=0,
cy=0, c¢=0, c!=0, C=2aMp,

Cg = —3a®Mp sinfcos b, C’g’ = —2aM? (31 cl + s5 c%)

Cr; =0, Déé) = —a® Mp sin?#, 5;3 = —D( ) sin2 0, Dé}ﬁ) =0,
Déze) = éaQ M? 553 ¢3 + 553 c3 + (51 + 53)%] sin? 6, D((;b) = Déz) sin® g,
Déi) a 3 Mp sin?6. (D.13)

E Not quite Weyl double copy for Kerr-Newman

The Weyl double copy [7] has been formulated for vacuum spacetimes only, but analogous
relations — which do not necessarily have a double copy interpretation — for non-vacuum
solutions have been considered, including for the Reissner-Nordstrém solution of the Einstein-
Maxwell equations [117]. Given that the rotating STU supergravity black holes we are
considering here are non-vacuum, and that for certain choices of parameters they simplify
to (same-charge) dyonic Kerr-Newman black holes, we consider, in this appendix, what
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happens if we try to apply the Weyl double copy for the Kerr-Newman solution to the
Einstein-Maxwell theory.
The Kerr-Newman solution is given by the metric

A 2 c 2
ds? = =5 (dt — a sin 0d9)* + % (‘Z + d92) + Oladt — (2 + a®)dg?, (1)
(E.2)
with
A=r?—2Mr+a®+ M@ +p*), T=r’+a"cos’0. (E.3)

Note that we have rescaled the electric and magnetic charges with a factor of the mass
Q=Mgq, P=Mp, (E.4)

so that setting M = 0 corresponds to Minkowski spacetime (in a spheroidal coordinate
system). The corresponding gauge potential is

_ —qMr(dt — a sin?0d¢) + pM[adt — (r* + a*)d¢)] cos o

A E.
& (5)
The single copy is of the same form as the gauge potential of the solution:
A —Qr(dt — a sin® 0 d¢) + Pladt — (r*> + a?)d¢] cos b (E.6)

Z ?
and it solves the Maxwell equation on both the Kerr-Newman and the Minkowski back-

grounds, because it does not depend on M.
In a null frame adapted to the principal null directions, given by

2 2 1
€:<r+a>8+8+aa n ((r2+a2)a—A8+aa)

A ot o Aoy T ox ot or 0
1 0 0 1 0
= inf— —i— = E.
T 20 + iacos0) (‘Lsm B) Zaﬁsineaqb)’ (E7)

the only non-zero Maxwell scalar is

. Q-—iP
1= 2(r —iacos6)?’ (E-8)

while the only non-zero Weyl scalar is

M [r+iacos — M (¢* + p*)]

Uy — — E.9
2 (r —iacos0)3(r + iacos0) (E-9)

Hence, as is well-known, this solution is of type D. Choosing
¢=—6Mi(Q—iP)™%?, (E.10)
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the equation (2.17) yields

5 3i\/Q — iP (r + iacos ) (£.11)

[r+iacos@ — M (¢> + p?)] (r —iacosf)

Naively, there appears to be no obstacle to thinking of this as a double copy interpre-
tation of the Kerr-Newman solution — or, at least, of the metric part, since the gauge
field (E.5) would need to be similarly interpreted. However, we need to also consider
whether the single copy S satisfies the wave equation on Minkowski spacetime. It is here
that the subtlety appears. Recall equation (2.3), which follows from the vacuum type D
Weyl double copy: S does not depend on the curvature-generating parameters but the box
operator does, which gives rise to the non-trivial right-hand side. When considering the flat
spacetime box operator, [1 — [y, then S satisfies the flat spacetime wave equation, as the
zeroth copy should. In the Kerr-Newman example (E.11), however, the M dependence of
S means that (g5 # 0, so we would need to consider also S — Sy, which does not follow
the expectation of a double copy, since the zeroth copy (like the single copy) should live
in flat spacetime. This breakdown is unsurprising. On the one hand, the Weyl double
copy has so far only been presented for vacuum solutions. On the other hand, it is not
known whether ‘pure’ Einstein-Maxwell theory (as opposed to the theory with also a dilaton
and an axion/B-field) admits a double copy construction. Asymptotically, however, the
dependence of the Kerr-Newman metric on the electric and magnetic charges is sub-leading,
so we still expect a leading-order asymptotic double copy to exist. The difficulty arises in
sub-leading orders in the expansion away from null infinity. This example shows also that
being algebraically special is not enough for a full double copy interpretation.

Notice that the Kerr-Newman black hole has a perturbative interpretation in terms
of scattering amplitudes in Einstein-Maxwell theory [118, 119]. Whether or not the black
hole can be understood as a double copy follows directly from whether or not the relevant
Einstein-Maxwell scattering amplitudes can be understood as a double copy, which is an
open question.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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