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Abstract

Variance reduction is a crucial tool for improving the slow convergence of stochastic
gradient descent. Only a few variance-reduced methods, however, have yet been shown
to directly benefit from Nesterov’s acceleration techniques to match the convergence
rates of accelerated gradient methods. Such approaches rely on “negative momentum”,
a technique for further variance reduction that is generally specific to the SVRG
gradient estimator. In this work, we show for the first time that negative momentum
is unnecessary for acceleration and develop a universal acceleration framework that
allows all popular variance-reduced methods to achieve accelerated convergence rates.
The constants appearing in these rates, including their dependence on the number of
functions n, scale with the mean-squared-error and bias of the gradient estimator. In
a series of numerical experiments, we demonstrate that versions of SAGA, SVRG,
SARAH, and SARGE using our framework significantly outperform non-accelerated
versions and compare favourably with algorithms using negative momentum.

Keywords Stochastic optimisation - Convex optimisation - Variance reduction -
Accelerated gradient descent

Mathematics Subject Classification 90C06 - 90C15 - 90C25 - 90C30 - 90C60 - 68Q25

C.-B.S. and M.J.E. acknowledge support from the EPSRC Grant No. EP/S026045/1. C.-B.S. further
acknowledges support from the Leverhulme Trust project on ‘Breaking the non-convexity barrier’, the
Philip Leverhulme Prize, the EPSRC grant EP/T003553/1, the EPSRC Centre Nr. EP/N014588/1, the
Wellcome Innovator Award RG98755, European Union Horizon 2020 research and innovation
programmes under the Marie Skodowska-Curie Grant Agreement No. 777826 NoMADS and No. 691070
CHiPS, the Cantab Capital Institute for the Mathematics of Information and the Alan Turing Institute.
D.D. acknowledges support from the Gates Cambridge Trust and the Cantab Capital Institute for the
Mathematics of Information.

B Derek Driggs
d.driggs @damtp.cam.ac.uk

Extended author information available on the last page of the article

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10107-020-01566-2&domain=pdf
http://orcid.org/0000-0003-1582-5884

672 D. Driggs et al.

1 Introduction

We are interested in solving the following composite convex minimisation problem:

def def 1 -
xnellg}n lF(x) =f)+gkx) = " Zfi(x) +8) . ey

i=1

Throughout, we assume f; : R™ — R are convex and have L-Lipschitz continuous
gradients forall i. We also assume g : R — RU{o0} is proper, lower semicontinuous,
and p-strongly convex with © > 0, but we do not require g to be differentiable.
Problems of this form are ubiquitous in many fields, including machine learning,
compressed sensing, and image processing (see, e.g., [11,12,25,35]). Fundamental
examples include LASSO [35] and matrix completion [12], where f is a least-squares
loss and g is the £ or nuclear norm, respectively, and sparse logistic regression, where
f is the logistic loss and g is the £1 norm.

One well-studied algorithm that solves (1) is the forward-backward splitting algo-
rithm [13,29]. This method has a worst-case convergence rate of O (1/7) when F is
not strongly convex, and when F' is pu-strongly convex, it converges linearly with a
rate of O ((1 + K_l)_T), where k = L/u is the condition number of F. The inertial
forward-backward splitting algorithm [9] converges at an even faster rate of O (1 /T 2)
without strong convexity and a linear rate of O ((1 4+ «~1/2)~T) when F is strongly
convex. The inertial forward-backward method is able to achieve these optimal con-
vergence rates because it incorporates momentum, using information from previous
iterates to adjust the current iterate.

Although the inertial forward-backward algorithm converges quickly, it requires
access to the full gradient V f at each iteration, which can be costly, for instance, when
n is large. In many applications, common problem sizes are so large that computing V f
is prohibitively expensive. Stochastic gradient methods exploit the separable structure
of f, using the gradient of a few of the components V f; to estimate the full gradient
at the current iterate. In most cases, the complexity of computing V f; for one i is 1/n-
times the complexity of computing the full gradient, so stochastic gradient methods
generally have a much smaller per-iteration complexity than full-gradient methods.
Moreover, it has recently been shown that the optimal convergence rates of stochastic

def

gradient methods are O (n / T2) without strong convexity and O <9S_ T) with 0y =

1+ ﬁ when g is u-strongly convex, matching the optimal dependence on 7 and «

of full-gradient methods [37].! Stochastic gradient methods have undergone several
revolutions to improve their convergence rates before achieving this lower bound.

! The results in [37] are complexity bounds, bounding the number of gradient and prox oracle calls required
to achieve a given tolerance. For algorithms performing O(1) oracle calls per iteration, these complexity
bounds imply the stated bounds on convergence rates.
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Accelerating variance-reduced stochastic gradient methods 673

We summarise these revolutions below, beginning with traditional stochastic gradient
descent.

Stochastic Gradient Descent (SGD). Stochastic gradient descent, dating back to [32],
uses the gradients Vf;, Vj € Jr C {1,2,...,n} to estimate the full gradient.
The mini-batch Ji is an index set chosen uniformly at random from all subsets of
{1,2,...,n} with cardinality b = |Jk|l. When b < n, the per-iteration complexity
of stochastic gradient descent is much less than full-gradient methods. However, the
per-iteration savings come at the cost of a slower convergence rate, as SGD converges
at arate of O(1/+/T) in the worst case. Still, SGD outperforms full-gradient methods
on many problems, especially if a low-accuracy solution is acceptable.

Variance Reduction. Variance-reduced estimators use gradient information from pre-
vious iterates to construct a better estimate of the gradient at the current step, ensuring
that the mean-squared error of these estimates decreases as the iterations increase.
Variance-reduction improves the convergence rates of stochastic gradient methods,
but either have a higher per-iteration complexity or have larger storage requirements
than SGD. The two most popular variance-reduced algorithms are SVRG [21] and
SAGA [15], which use the following estimators to approximate V f (xz41):

UYRG 2 NV fGus) = VL@ |+ VF® 2)
J€Jk

fad def 1 j 1 - [

VEAPAZ S| D2 VG = V@D |+~ Y Vi) 3)
J€Jk i=1

In SVRG, the full gradient V f (X) is computed every m ~ 2n iterations, and V f (X) is
stored and used for future gradient estimators. SAGA takes a similar approach, storing
n past stochastic gradients, and updating the stored gradients so that V f; (<p}£ ) =
V fi(xk+1). In this work, we consider a variant of SVRG where the full gradient is
computed at every iteration with probability 1/p € (0, 1] rather than deterministically
computing the full gradient every 2n iterations.

SVRG, SAGA, and related variance-reduced methods converge at arate of O (n/T)
when no strong convexity is present. With strong convexity, these algorithms enjoy lin-

ear convergence, with a rate of (’)((1 + (n+ K)_l)_T). Although these convergence
rates are significantly faster than the rate of SGD, they do not match the asymptotic
convergence rates of accelerated first-order methods, converging like O (n / T2) with-
out strong convexity and O((1 + (ne)~VYH =Ty with strong convexity.

Variance Reduction with Bias. SAGA and SVRG are unbiased gradient estimators
because they satisfy Ey §k+l = V f(xk+1), where [Ey is the expectation conditioned
on the first k iterates. There are several popular variance-reduced algorithms that
use biased gradient estimators [27,33]. In [16], the authors develop a framework for
proving convergence guarantees for biased methods, suggesting that the convergence
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rates of biased stochastic gradient estimators depend on the sum of two terms:
V2E Vst = Vf QD) 1P+ (Vf ) = EieVieyr, xie — x7).

These terms are the mean-squared error (MSE) of the gradient estimator and the “bias
term”, respectively. The authors also show that recursive gradient estimators such
as SARAH [27] and SARGE [16] minimise these terms better than other biased or
unbiased estimators, leading to better convergence rates in some settings. The SARAH
gradient estimator is

SsarAl o {%(Zm Vi) = V) + PN wp 1=

k1 =
V f (Xk+1) W.p. %

As with SVRG, we consider a slight variant of the SARAH estimator in this work,
where we compute the full gradient at every step with probability 1/p. The SARGE
gradient estimator is similar to the SAGA estimator.

- L1 ; I
o LS g - v |+ 130w
i=1

b
J€Jk

b\ (1 -
- (1 - ;) 5 2 Vi) = VARGE )

Jj€Jk

where the variables ¥/ follow the update rule ¥, | = V f; (xeq1) — (1 — bYV £
forall j € Ji, and 1//,£ = 1//,£ otherwise. Like SAGA, SARGE uses stored gradient
information to avoid having to compute the full gradient. These estimators differ
from SAGA and SVRG because they are biased (i.e., Ex Vi1 # V f(xk+1). Many
works have recently shown that algorithms using the SARAH or SARGE gradient
estimators achieve faster convergence rates than algorithms using other estimators
in certain settings. Importantly, these recursive gradient methods produce algorithms
that achieve the oracle complexity lower bound for non-convex composite optimisation
[16,17,30,36,42]. They have not yet been shown to achieve optimal convergence rates
for convex problems.

Variance Reduction with Negative Momentum. Starting with Katyusha [2] and fol-
lowed by many others [1,3,4,22,34,40,41], a family of stochastic gradient algorithms
have recently emerged that achieve the optimal convergence rates implied by Wood-
worth and Srebro [37]. There are two components to these algorithms that make this
acceleration possible. First, these algorithms incorporate momentum into each iter-
ation, either through linear coupling [6], as in the case of [1-4,40], or in a more
traditional manner reminiscent of Nesterov’s accelerated gradient descent [34,41].
Second, these algorithms incorporate an “anchor-point” into their momentum updates
that supposedly softens the negative effects of bad gradient evaluations. Almost all of
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these algorithms are an accelerated form of SVRG with updates of the form

Xyl =X + 1 (xx —X), or

Xepl = T1zk + 02X+ (1 — 11 — 0wk,

using traditional acceleration or linear coupling, respectively (zx and yi are as defined
in Algorithm 1, and , 71, 72 € [0, 1]). We see that these updates “attract” the current
iterate toward a “safe” point, X, where we know the full gradient. Because of this
“attractive” rather than “repulsive” quality, updates of this type have been termed
“negative momentum”.

There are several issues with negative momentum. Most importantly, negative
momentum is algorithm-specific. Unlike Nesterov’s method of momentum or linear
coupling, negative momentum cannot be applied to other stochastic gradient algo-
rithms. SAGA, for example, cannot be accelerated using negative momentum of this
form, because there does not exist a point X where we compute the full gradient (how-
ever, see [40]). Also, numerical experiments show that negative momentum is often
unnecessary to achieve acceleration (see the discussion in [2] or Sect. 7, for example),
suggesting that acceleration is possible without it.

Other Accelerated Methods. Outside of the family of algorithms using negative-
momentum, there exist many stochastic gradient methods that achieve near-optimal
convergence rates, including Catalyst [24] and RPDG [23]. Catalyst’s convergence
rates are a logarithmic factor worse than Katyusha’s when the objective is strongly
convex or smooth. RPDG achieves optimal convergence rates in the strongly con-
vex setting, matching Katyusha’s rate. When strong convexity is not present, RPDG
achieves optimal rates up to a logarithmic factor. We include further discussion of
these and other related works in Sect. 3.

Contributions. In this work, we provide a framework to accelerate many stochastic
gradient algorithms that does not require negative momentum. We introduce the MSEB
property, a property that implies natural bounds on the bias and MSE of a gradient
estimator, and we prove accelerated convergence rates for all MSEB gradient estima-
tors. As special cases, we show that incorporating the SAGA, SVRG, SARAH, and
SARGE gradient estimators into the framework of Algorithm 1 creates a stochastic
gradient method with an O (1 / TZ) convergence rate without strong convexity, and a
linear convergence rate that scales with \/k when strong convexity is present, achiev-
ing the optimal convergence rates in both cases up to a factor of n depending on the
bias and MSE of the estimator.

Roadmap. We introduce our algorithm and state our main result in Sect. 2. We compare
our results to existing work in Sect. 3. The next four sections are devoted to proving our
main results. In Sect. 4, we review elementary results on the subdifferential relation,
results on the proximal operator, and lemmas from convex analysis. We prove a general
inequality for accelerated stochastic gradient methods using any stochastic gradient
estimator in Sect. 5. This inequality implies that many stochastic gradient methods
can be accelerated using our momentum scheme; to prove an accelerated convergence
rate for a specific algorithm, we only need to apply an algorithm-specific bound on the

@ Springer



676 D. Driggs et al.

MSE and bias of the gradient estimator. We do this for the SAGA, SVRG, SARAH,
and SARGE gradient estimators in Sect. 6. Finally, in Sect. 7, we demonstrate the
performance of our algorithms in numerical experiments.

Algorithm 1 A Universal Framework for Acceleration

Input: Set step size y; and momentum parameter 7 as in Theorem 1 if & = 0 or as in Theorem 2
otherwise, and gradient estimator v.

1: Initialise zg = yg = xg-.

2:fork=0,1,---, T —1do

3 X1 < e+ (= )y

4 Compute V.1, an estimate of V f (xg41)-

2: Tk41 < PIOXy, o (zk - Vkvk+1)-

7:

Vk+1 < TkZk+1 + (1 — 1) vk
end for

2 Algorithm and main results

The algorithm we propose is outlined in Algorithm 1. Algorithm 1 takes as input any
stochastic gradient estimator %k+1 , o it can be interpreted as a framework for accel-
erating existing stochastic gradient methods. This algorithm incorporates momentum
through linear coupling [6], but is related to Nesterov’s accelerated gradient method
after rewriting x4 as follows:

Xip1 = Yk + (1 — 1)k — Yi—1)-

With 7, = 1, there is no momentum, and the momentum becomes more aggressive
for smaller 7. Although linear coupling provides the impetus for our acceleration
framework, similar acceleration schemes appear in earlier works, including Auslender
and Teboulle [8], and Ghadimi and Lan, 2016 [19].

We show that as long as the MSE and bias of a stochastic gradient estimator satisfy
certain bounds and the parameters y; and 1; are chosen correctly, Algorithm 1 con-
verges at an accelerated rate. There are three principles for choosing yx and i so that
Algorithm 1 achieves acceleration.

1. The step size yx should be small, roughly O (1/n) with the exact dependence on
n decreasing with larger MSE and bias of the gradient estimator.

2. On non-strongly convex objectives, the step size should grow sufficiently slowly,
so that sz 1—-p) < 7/13—1 (1 — %) with p = O (1/n) decreasing with larger MSE
and bias.

3. The momentum should become more aggressive with smaller step sizes, with

T = O(#)

For strongly convex objectives, yx and t; can be kept constant.
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Accelerating variance-reduced stochastic gradient methods 677

For Algorithm 1 to converge, the stochastic gradient estimator must have controlled
bias and MSE. Specifically, we require the estimator to satisfy the MSEB property,”
introduced below.

Definition 1 For any sequence {xk+1},let Vk+1 be astochastic gradient estimator gen-
erated from the points {xe+1} 7—o- The estimator Vk+1 satisfies the MSEB(M 1, M2, py,
pPB, pr) property if there exist constants My, My > 0, puy, pp, pr € (0, 1], and
sequences My and Fy satisfying

V(i) = EiVipr = (1= pp) (Vf () = Vi)
EllVis1 — VgD lI* < My,

M n
Mic < =2 3BV fiGien) = VG0N + Fic+ (= pan) My,
i=1

and

k

M(1 — pp)F=t &
<> M SCEIV fi(rer) — VA Gl

=0 i=1

On a high-level, the MSEB property guarantees that the bias and MSE of the gradient
estimator decrease sufficiently quickly with k.

Remark 1 In [10], the authors study the convergence of unbiased stochastic gradient
methods under first- and second-moment bounds on the gradient estimator. The bounds
implied by the MSEB property are similar, but with the crucial difference that they
are non-Markovian; we allow our bound on Mj to depend on all preceding iterates,
not just x.

In this work, we show that most existing stochastic gradient estimators satisfy the
MSEB property, including SAGA, SVRG, SARAH, SARGE, and the full gradient
estimator. We list their associated parameters in the following propositions.

Proposition 1 The full gradient estimator $k+l = V f(xk41) satisfies the MSEB prop-
erty with My = My = 0and pyy = pp = pr = L.

Proof The bias and MSE of the full gradient estimator are zero, so it is clear these
parameter choices satisfy the bounds in the MSEB property. O

Although trivial, Proposition 1 allows us to show that our analysis recovers the
accelerated convergence rates of the inertial forward-backward algorithm as a special
case. The MSEB property applies to the SAGA and SVRG estimators non-trivially.

Proposition 2 The SAGA gradient estimator (3) satisfies the MSEB property with
My = On/b?), py = O(b/n), My =0, and pg = pr = 1. Setting p = O(n/b), the
SVRG gradient estimator (2) satisfies the MSEB property with the same parameters.

2 Because this property asserts bounds on the mean-squared-error and bias of a stochastic gradient estimator,
the name MSEB is a natural choice. We suggest the pronunciation “M-SEB”.

@ Springer



678 D. Driggs et al.

We prove Proposition 2 in “Appendix C”. We are able to choose pp = 1 for the
SAGA and SVRG gradient estimators because they are unbiased, and we can choose
M, = 0 and pr = 1 for these estimators because they admit Markovian bounds on
their variance. This is not true for SARAH and SARGE, but these estimators are still
compatible with our framework. We prove Propositions 3 and 4 in “Appendices D
and E”, respectively.

Proposition 3 Setting p = O(n), the SARAH gradient estimator (4) satisfies the MSEB
property with My = O(1), M =0, pyy = O(1/n), pp = O(1/n), and pr = 1.

Proposition 4 The SARGE gradient estimator (5) satisfies the MSEB property with
My = O(1/n), My = O(1/n?), py = O(b/n), pp = O(b/n), and pr = O(b/n).

All gradient estimators satisfying the MSEB property can be accelerated using the
framework of Algorithm 1, as the following two theorems guarantee.

Theorem 1 (Acceleration Without Strong Convexity) Suppose the stochastic gradi-
ent estimator Vi satisfies the MSEB(M1, M2, pum, pB, pF) property. Define the
constants

. 8(1 — v M 2M of
01 <21+ w, 0, 2 MPEFEM2 - nd p “ minfow. o, pr)-
PEPM oM PF
With
2(14+4/14+8016,(2 — +
¢ = max 1+ 1022 — py pBPM))7]6@1@2 ,
2 — pm + PBPM

and v > max {0, %}, set Yy = k;}f‘ and T, = cLlyk. After T iterations, Algo-

rithm 1 produces a point yr satisfying the following bound on its suboptimality:

Kiv+2)(v+4)
(T +v+3)2

EF(yr) — F(x™) <

El

where

2cL

== %2
o rnwra o>l

K1 £ F(y) — F(x*) +

A similar result gives an accelerated linear convergence rate when strong convexity is
present.

Theorem 2 (Acceleration With Strong Convexity)

Suppose the stochastic gradient estimator Vi1 satisfies the MSEB(M1, M3,
OM» PB, PF) property and g is u-strongly convex with u > 0. With the constants
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Accelerating variance-reduced stochastic gradient methods 679

O1, O, ¢, and v set as in Theorem 1, set y = min{\/ﬁ, ﬁ} and t = py. After T

iterations, Algorithm 1 produces a point z satisfying the following bound.:

-7
Ellzr — x*|1> < K> (1 —i—min{,/%, g}) )

where
o 2
K) 2 m (F(y0) — F(x*)) + llzo — x*||?

Remark 2 Although we prove accelerated convergence rates for many popular gradient
estimators, the generality of Theorems 1 and 2 allows our results to extend easily to
gradient estimators not considered in this work as well. These include, for example,
the gradient estimators considered in [20].

Remark 3 With some manipulation, we see that these rates with ¢ = v = O(n) are
similar to the rates proved for Katyusha. In [2], the author shows that in the non-
strongly convex case, Katyusha satisfies

- . F(x0) — F(x*)  Llxo —x*||?
EF(XS)—F(X)S(9< L )

Recall that Katyusha follows the algorithmic framework of SVRG; § denotes the
epoch number, X the point where the full gradient was computed at the beginning of
epoch S, and P = O(n) is the epoch length. In our notation, S = T /P = O (T /n).
Theorem 1 with ¢ = v = O(n) shows that Algorithm 1 achieves a similar convergence
rate of
n’ L
EF(yr) —F(x") <=0 (ﬁ (F(yo) - F(x") + —lizo —X*||2)> .

In the strongly convex case, an appropriately adapted version of Katyusha satisfies

-SSP
EF (%) — F(x*) < <( Sﬁ) 3f Vi
-
o((3)7) L <4

Similarly, with ¢ = p = O(n), Theorem 2 shows that the iterates of Algorithm 1

satisfy
-T
! 1
3Bler "I <0 ((1 +ainf [ 11) ) ,

which again matches the rate of Katyusha. Of course, not all stochastic gradient esti-
mators satisfy the bounds necessary to set c = v = p = O(n), so these optimal rates
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are conditional on being able to construct an “optimal estimator”. SAGA, SVRG,
SARAH, and SARGE all require c to be slightly larger than O(n).

The proofs of Theorems 1 and 2 use a linear coupling argument adapted from [6],
but we use a different adaptation than the one in [2] used to prove convergence rates for
Katyusha. To explain the differences between our approach and existing approaches,
let us give a high-level description of linear coupling and the generalisation used in
[2].

In [6], the authors suggest that gradient descent and mirror descent can be coupled to
create an accelerated algorithm. We do not discuss gradient descent and mirror descent
in detail (for this, see [6]), but the main idea of linear coupling can be understood from
only two bounds arising from these algorithms. For the purpose of this argument,
suppose g = 0, sothat F = f. Gradient descent with step size 1 satisfies the following
bound on the decrease of the objective (equation (2.1) in [6]):

1
S ) = f () — Z||Vf(xk+l)||2- (6)

This bound shows that gradient descent is indeed a descent method it is guaranteed
to make progress at each iteration. The iterates of mirror descent using step size y
satisfy a bound on the sub-optimality of each iterate (equation (2.2) in [6]).

1 2 y2 2
(Vf (), 2 — x¥) < §||xk — x| = —||Xk+1 —x*P+ —IIVf(xk)H )

While gradient descent is guaranteed to make progress proportional to ||V f (xz)]|?
each iteration, mirror descent potentially introduces an “error” that is proportional
to ||V £ (xx)||*. Linear coupling takes advantage of this duality. Loosely speaking, by
combining the sequence of iterates produced by gradient descent with the sequence
produced by mirror descent, the guaranteed progress of gradient descent balances the
potential error introduced by mirror descent, accelerating convergence.

This argument does not immediately hold for stochastic gradient methods. This is
because in addition to the norm ||V f(xx) ||2 arising in inequalities (6) and (7), we also
get the MSE of our gradient estimator ||Vk — Vf(xp) ||2 as well as a “bias term”. In
the stochastic setting, analogues of inequalities (6) and (7) read

fxea1) < fOa) AV 1), Xierr — Xg)

1 ~ ~
= flx) — ;nvkﬂ 12+ (V£ Grg1) = Vi1, X1 — )

€ 1 ~ 2 1 ~ 5
< flx) + ;. I Vit1ll” + Z”Vkﬂ - Vfrnl”,

2 2
where the last inequality is Young’s, and
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1 1
y(f () = F () = 5l — P Skt = )2

2
~ 7/ ~
+ 7 (VFxR) — Vi, xe — x%) + 7||vk||2.

If the MSE or bias term is too large, the gradient step is no longer a descent step, and
the progress does not balance the “error terms” in each of these inequalities, so we
cannot expect linear coupling to offer any acceleration. This problem with the MSE and
bias term exists for non-accelerated algorithms as well, and all analyses of stochastic
gradient methods bound the effect of these terms, but in different ways. Katyusha and
other accelerated algorithms in this family incorporate negative momentum to cancel
part of the MSE. In contrast, analyses of non-accelerated algorithms do not try to
cancel any of the variance, but show that the variance decreases fast enough so that it
does not affect convergence rates.

3 Related work

Besides Katyusha, there are many algorithms that use negative momentum for accel-
eration. In [34], the authors consider an accelerated version of SVRG that combines
negative momentum with Nesterov’s momentum to achieve the optimal /k depen-
dence in the strongly convex case. This approach to acceleration is almost the same as
Katyusha, but uses a traditional form of Nesterov’s momentum instead of linear cou-
pling. MiG [41] is another variant of these algorithms, corresponding to Katyusha with
acertain parameter set to zero. VARAG is another approach to accelerated SVRG using
negative momentum. VARAG achieves optimal convergence rates in the non-strongly
convex and strongly convex settings under the framework of a single algorithm, and
it converges linearly on problems that admit a global error bound, a quality that other
algorithms have not yet been shown to possess [22].

The only direct acceleration of a SAGA-like algorithm is SSNM from [40]. Using
the notation of (3), SSNM chooses a point from the set {go,i}?zl uniformly at ran-
dom, and uses this point as the “anchor point” for negative-momentum acceleration.
Although SSNM admits fast convergence rates, there are a few undesirable qualities
of this approach. SAGA has heavy storage requirements because it must store n gradi-
ents from previous iterations, and SSNM exacerbates this storage problem by storing
n points from previous iterations as well. SSNM must also compute two stochastic
gradients each iteration, so its per-iteration computational cost is similar to SVRG and
Katyusha, and always higher than SAGA’s.

Many algorithms for non-convex optimisation also use negative momentum for
acceleration. KatyushaX [3] is a version of Katyusha adapted to optimise sum-of-non-
convex objectives. To achieve its acceleration, KatyushaX uses classical momentum
and a “retraction step”, which is effectively an application of negative momentum
(this relationship is acknowledged in [3] as well). Natasha [1] and Natasha2 [4] are
accelerated algorithms for finding stationary points of non-convex objectives. Both
algorithms employ a “retraction step” that is similar to negative momentum [1].
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682 D. Driggs et al.

There are also many accelerated stochastic gradient algorithms that do not use
negative momentum. In [28], the author applies Nesterov’s momentum to SVRG
without any sort of negative momentum, proving a linear convergence rate in the
strongly convex regime. However, the proven convergence rate is suboptimal, as it
implies even worse performance than SVRG when the batch size is small and worse
performance than accelerated full-gradient methods when the batch size is close to n.
Our results show that a particular application of Nesterov’s momentum to SVRG does
provide acceleration.

Point-SAGA [14] is another SAGA-like algorithm that achieves optimal conver-
gence rates, but point-SAGA must compute the proximal operator corresponding to F
rather than the proximal operator corresponding to g. This is not possible in general,
even if the proximal operator corresponding to g is easy to compute, so point-SAGA
applies to a different class of functions than the class we consider in this work.

There are also many algorithms that indirectly accelerate stochastic gradient meth-
ods. This class of algorithms include Catalyst [24], APPA [18], and the primal-dual
methods in [39]. These algorithms call a variance-reduced stochastic gradient method
as a subroutine, and provide acceleration using an inner-outer loop structure. These
algorithms are often difficult to implement in practice due to the difficulty of solving
their inner-loop subproblems, and they achieve a convergence rate that is only optimal
up to a logarithmic factor.

4 Preliminaries

In this section, we present some basic definitions and results from optimisation and
convex analysis. Much of our analysis involves Bregman divergences. The Bregman
divergence associated with a function 4 is defined as

def

Di(y,x) =h(y) —h(x)+ (&, x—y),

where £ € dh(x) and 9 is the subdifferential operator. If 4 is differentiable, we drop
the superscript & as the subgradient is unique. The function % is convex if and only if
Dfl (y,x) > Oforall x and y. We say h is u-strongly convex with u > 0 if and only if

N
?u—wFsDﬁ»n.

Bregman divergences also arise in the following fundamental inequality.

Lemma 1 ([26], Thm. 2.1.5) Suppose f is convex with an L-Lipschitz continuous
gradient. We have for all x,y € R™,

IVF(x) = VFOI* <2LDy(y, x).

Lemma 1 is equivalent to the following result, which is more specific to our analysis
due to the finite-sum structure of the smooth term in (1).
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Lemma2 Let f(x) = % Y i fi(x), where each fi is convex with an L-Lipschitz
continuous gradient. Then for every x, y € R™

] n
S IVA@) = VAP < 2LD (v, x).
i=1
Proof This follows from applying Lemma 1 to each component f;. O

The proximal operator is defined as

(1
prox,(y) = arg min {Ellx —yI*+ g(x)} .

xeR™
The proximal operator is also defined implicitly as y — prox,(y) € dg(prox, (y)).
From this definition of the proximal operator, the following standard inequality is

clear.

Lemma 3 Suppose g is wu-strongly convex with w > 0, and suppose z =
prox,,, (x — nd) for some x, d € R™ and constant . Then, for any y € R™,

||2_M

1
5l - yiI? - Sz = x|I* = ng(z) + ng ().

1
nd.z=y) = Zllx—y
Proof By the strong convexity of g,

g(2) —g(y) < (E.z—y) — %uz —yI* V& e dg()

From the implicit definition of the proximal operator, we know that %(z —x)+d e
0g(z). Therefore,

g(2) — g(y) < (£, 2 — y) — %nz T

1 Iz
=—(z—x+nd,z—y)— =lz—yl?
n 2

1 1 + un 2 2
=(d, z— —x=y? = —lz =y = —lz—
(d,z—y)+ o llx =yl 2 llz =yl o llz — x|
Multiplying by 1 and rearranging yields the assertion. O

5 The acceleration framework

To apply the linear coupling framework, we must couple stochastic analogues of (6)
and (7) to construct a lower bound on the one-iteration progress of Algorithm 1.
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Lemma 4 (One-Iteration Progress) The following bound describes the progress made
by one iteration of Algorithm 1.

F(yx) — —F(yk+1) + i F(x™) + Vk Vi1 = V f (gD

1—
0 < vl — 1)
T

+ (2 - X1 — + ol —x
o <2 41’ka> lxXk+1 — Y1l 2|| k I

1+ pye ~
-l - N+ i (VI Grrt) = Vi, 2 — 1)
(1 — 1)
- T—kDf()’k,ka).

Proof We use a linear coupling argument. The extrapolated iterate x4 can be viewed
as a convex combination of an iterate produced from mirror descent (namely, zz) and
one from gradient descent (yx). This allows us to provide two bounds on the term
f(xk41) — f(x*): one is a regret bound inspired by the classical analysis of mirror
descent, and the other is inspired by the traditional descent guarantee of gradient
descent.

e (f (k1) — f(x™))

©)

< vV f(xkt1), Xk — x7)

= (V[ (Xk1), X1 — 2k) + YV f (k1) 26 — x7)
1—

@ M(V.f@wﬁul), Yk = X)) + vV f (g1), 2k — x%)

1 ~
J/k(—(f(yk) S ) + va Vit 2 — x¥)
B J/k(l — )

Tk
el — 1)
T

D (v, Xi1) + i (Vo (1) — Vir, 2 — x7)

(FOR) = f @) + v (Vi 2k — zk41)

& Vel — )
+ Y& (Vi1 zrg1 — %) — TDf(yk,XkH)

+ 7 (Vf Qi) = Viewtn 2k — x*>

e J/k(—(f(yk) S (k1)) + (Vk+1 Xkl — Yet)
1 —
+ vk (Vk+1, ka1 — X¥) — %ICIC)D/'(M, Xk+1)
+ v (Vf (k1) — Vit 2k — x*) 3)

Inequality @ uses the convexity of f, @ follows from the fact that xz 1 = Tezx +
(1 = 7)Yk, and @ uses Xg41 — Y1 = Tk(2k — Zk+1). We proceed to bound the
inner product (Vii1, zk+1 — x*) involving the sequence 74| using a regret bound
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from mirror descent, and we bound the term (§k+1, Xk+1 — Yk+1) using an argument
similar to the descent guarantee of gradient descent.
By Lemma 3 with z = 741, X = 2, ¥y = x*, d = Vi41, and n = 4,

Yk (§k+1, Zk+1 —X*>

1 1+ py 1
< Z k2 _ 2T MK T _ 2
=3 lzx — x™|] > lzk+1 — x7|| > lzk+1 — 2kl
— Y8 (zk+1) + vig(x™)
1 1+ 1
= Slla — "1 - %uzm =5 = ke = i

k
— k& (Zk+1) + kg (x™). 9)

For the other term,

Yk &
T_<Vk+l»xk+l — Yk+1)
X

Vk Yk &
Tk V1), Xkt — Yer1) + T—k<Vk+1 = Vf(Xkg1)s Xkl — Yir1)

I/\@

— (f(Xk+1) — fOr+1)) + (Vk+1 V f(Xk1),s Xkr1 — Yea1)

L 2
+ 2—||xk+1 = Vi1l
Tk

® ~
< ? (f i) = L Orr) + ¥ 1 Ve = V f i) 1P

Ly 1
+ (— + —) 1 — v 112
27, 472 77

- Z‘Z (Fks1) = FOreD) + 121V — V£ )1

Ly |1 Vi
+ o=+ — | I — e 12 + =g Gug)
27 4z} Tk

® ~
< ? (f Cxg) = Fup)) + v Vi = V)|

Ly 1 Vi(1 — 1)
+ e + — ) Ikt — Ykt 12 + veg @aa) + —g(yk). (10)
Tk 4 Ty Tk

Inequality (@ follows from the Lipschitz continuity of V f;, @) is Young’s inequality,
and () uses the convexity of g and the update rule yxy1 = wzk+1 + (1 — ) yk.
Combining inequalities (9) and (10) with (8) and rearranging yields the assertion. O

Lemma 4 completes the linear coupling part of our argument. If not for the MSE
and bias terms, we could telescope this inequality as in [6] and prove an accelerated
convergence rate. As with all analyses of stochastic gradient methods, we need a useful
bound on these qualities of the estimator.
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Existing analyses of unbiased stochastic gradient methods bound the variance term
by a pair of terms that telescope over several iterations, showing that the variance tends
to zero with the number of iterations. It is difficult to generalise these arguments to
accelerated stochastic methods because one must prove that the variance decreases at
an accelerated rate that is inconsistent with existing variance bounds. In the analysis of
Katyusha, negative momentum cancels part of the variance term, leaving telescoping
terms that decrease at an accelerated rate. Without negative momentum, we must
handle the variance term differently.

In the inequality of Lemma 4, we have two non-positive terms:

1 (1 — 1)
—— X1 — yes1 I and  — ———=D (3. Xk 41).
‘L'k Tk

This makes our strategy clear: we must bound the MSE and bias terms by terms of the
form || xg4+1 — Yr+1 ||2 and Dy (yk, xx+1). The following two lemmas use the MSEB
property to establish bounds of this form.

Lemma 5 (Bias Term Bound) Suppose the stochastic gradient estimator §k+1 satisfies
the MSEB (M1, M», pum, pB, PF) property, let p = min{py, pp, pr}, and let {o}}
and {si} be any non-negative sequences satisfying oks,% 1-p) < Uk,1s£_1 (1 — ’2—’)
and o, (1 — p) < op_1 (l - g) The bias term can be bounded as

T-1
> " ouskE(V f (i) = Vg, zx — x¥)
k=0
-1 852 5 0
ad M
<(1=pp) Y oB| 52— [ VFGr) = Vierr|” + =5 a1 — w17 |-
k=0 poM Srk

Proof Because z; depends only on the first k — 1 iterates, we can use the MSEB
property to say
orskE(V f (xkg1) — Vit 2k — x*)

= okskE(V f (xi41) — B Vi1, 2k — x¥)

D s (1 — pB)E(V f (k) — Vi, 2k — x*)

@ ~

2 011 = p)E[si (V. () = Vi 26 — 24

+ 55 (V f () = Ba1 Vi, 251 — X*)]

4s,§

IV £ Ge) — Vi ||2 + PupE lzk — ze—111?
PMPB 16

®
<ol - ,OB)E[

+ s (Vf () — Br—1 Vi, 21 — x*)}
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Equality @ is due to the MSEB property. We are able to pass the conditional expectation
into the second inner product in @ because zx—1 is independent of %k conditioned on
the first k — 2 iterates, and inequality ® is Young’s. We can repeat this process once
more, applying the MSEB property to obtain

452 ~
Sk va(x]()_ka2+pMpB
M PB

2
2k Zk—1

or(1 _,OB)E|:
0

+ 511 = pp) (V f (em1) = Vimr, 21 — x*q

452 ~ 4s2(1 —
Sk ||Vf(xk)—Vk||2+M|

|V f (i) — Vi ||2
PMPB PMPB

<ol - pB)lE[

PMPB
16

+ ¢ (1= pp) (V f (k—1) — Vi1, 2k—2 — x*)}

+

(Nat = 26t + (1 = po)lzkes — ze2l?)

@ 4oy s? S 2
<a —pBﬂE[ o \ECORR
PMPB
407(—152_ 1— LB ~
i (1-3) |V o) = | + Pups (Ukllzk -zl
PMPB 16
OB
+ ok (l — 7) lzk—1 — Zk—2”2)

+owsi(1 = pp) (V f (k1) = Vet 22 — x*)]

Inequality @ uses our hypotheses on the decrease of okslf and oy. This is a recursive
inequality, and expanding the recursion yields

ok SkE(V f k) — ExVigr, 2 — x¥)

k 2 PB \k—L
4s7(1 — 52)
<(- pB)ZaeE[f—z
=1 PMPB
ﬂTB)kfl

2
lze — ze—1ll :|

[V f@xe) — Ve ”2

pmpp(l —
+ 16

The above uses the fact that 51 = V f(x1), so the inner product (V f(x1) — 51,
z0 — x*) = 0. Taking the sum over the iterations k = 0 to k = T — 1, we apply
Lemma 7 to simplify this bound.
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T—-1
> oSk E(V f (1) — B Vi1, 7 — x7)
k=0
T-1 k 2 k—t
4s (1 ) )
= =pp) ) D B[~ |V f(xe) = Vi
k=1 t=1
pupp(l — 5 ¢
Lz —zz_lnz]
T-1 2
® 8S ~ 2
= —pB) Z o E |: 5 VD) = Vit |+ p—M||Zk+1 - Zk||2i|
PEOM 8
k=0 B

® T-1 8S2 5 0
fad M
=(1—pp) Y oE [ NV Grr) = Vi | + gz e = e ||2} :
T
k=0 BPM k

Inequality @ follows from Lemma 7, and equality @ is the identity yy411 — Xg41 =
T (Zk4+1 — 2k)- o

This bound on the bias term includes the MSE, so to complete our bound on the
bias term, we must combine Lemma 5 with the following lemma.

Lemma 6 (MSE Bound) Suppose the stochastic gradient estimator %kﬂ satisfies the
MSEB (M1, M2, pm, pB, PF) property, let p = min{py, pg, pr}, and let {s} be any

non-negative sequence satisfying s,% 1—-p) < s,% 1 (1 — ) For convenience, define
O = % The MSE of the gradient estimator is bounded as
T-1
> SEEIV f (gr) = Viga |12
k=0
T-1
< Y 4O2LsTE 2D (s xksn) + Liiss — vis 1]
k=0

Proof First, we derive a bound on the sequence Fj arising in the MSEB property.
Taking the sum fromk =0tok =T — 1,

~
|

1

k M 1 — k—t n
Z 2sk( ,OF) ZE“sz(x@-‘rl) —Vfl(Xe)H
n

i=1

T-1
Z s,g]:
k=0

|/\@
i M
~ W

Mas?(1 — eEyk=t
il - 2 SURIV i — VG P

0 i=1
2
Ms;;

npr

~
Il
~
Il

0
1

~

IAN®
)

D EIVfilasn) = Vil

i=1

~
Il
o
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Inequality @ uses the fact that s?(1 — pr) < s7_, (1 — ££), and @ uses Lemma 7.
With this bound on F, we proceed to bound My in a similar fashion.

T-1

> SEIV £ Grg1) = Vi |

k=0

T-1 2 n
M1S
< E n" E EIV f; (1) — V GO + sEFk + sg (1 — py) M-y
k=0 =

-1 2 n
(M1pF +2Mp)s
<> = — > EIVSiGer1) = Vil + 55 (1= par) M

k=0 npPF i=1
T-1 k 2 k—t n
Oasi (1 — pm)" oM
=2 — S EIVfiGer) = Vil
k=0 ¢=1 i=1
@ps2(1 — )HpM i
< Z Z D BV filxer) = Vfixo)1?
k=0 ¢=1 i=1

ZOzsk

—Z

40,52
+ k

D BV i) = Vi) 17

i=1
4@2sk

Y EIV i) = VoI
i=1

S EIVAGr) - Vo

i=1

T-1

@

= Y (802LFED (i xi) + 402L2FE v — i)
k=0

Inequality ® uses s3(1—pp) < s7_; (1 — %), @ uses Lemma 7, ® uses the inequality

la—c||?> <2|la—b||*+2||b—c||?, and @ uses Lemma 1 and the Lipschitz continuity
of V fi. O

Lemmas 5 and 6 show that it is possible to cancel the bias term and the MSE
using the non-negative terms appearing in the inequality of Lemma 4. Without these
terms, we can telescope this inequality over several iterations and prove accelerated
convergence rates. We are now prepared to prove Theorems 1 and 2.

Proof of Theorem 1 We set ;v = 0 in the inequality of Lemma 4, apply the full expec-
tation operator, and sum the result over the iterations k = 0tok =T — 1.

T-1
1 1 Ye(l — ) Yk
0 <—llz0 — x*||* = =E|lz7 — x*|]? ]E[—F _ZF
_2llzo x7 > lzr —x™|1" + E o (k) = (Vk+1)

k=0
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L 1

Yk
+ i F(x™) + . (- D(yk, Xk+1)

_ et — 2 - ved — )
2 " dun k+1 = Yk+1 T

(V£ Grn) = Firn, 26 = 27 + P2V £ @) = T P,

We bound the terms in the final line, beginning with the bias term. Our choice for yj
satisfies yk2 1-p) =< ykz_l (1 - ’2—’), so with sy = yx and oy = 1, we apply Lemma 5.
This gives

T—-1
1
0 <5 llz0 —x*I*+ ) E
k=0

ve (L 1 (I — pB)pm
+ & <_ _ > + 5 lxXk1 — )7k+1||2
Tk 2 47—'ka 8‘L’k

-7
T

1 —
[um) ~ 2P () + @)
T Tk

Dk, Xkt1) + VEOUIV f (1) — Vig s ||2],

where we have dropped the term —1/2E | z7 — x*||? because it is non-positive. Apply-
ing Lemma 6 to bound the MSE, we have

1 T-1
0<5llzo —x*I7+ > E

[Vk(l — )
k=0 Tk

'k
F) — L F(yegn)
Tk

ye(l — Tk))
Tk

+ i F(x™) + <8V;3L@1@2 - Dk, Xk+1)

pm(l —pp) vk (L 1
S e ALCHCITEY (= I = i I
Stk e \ 2 4T Vi
(an

With the parameters set as in the theorem statement, it is clear that the final two
lines of (11) are non-positive (see “Appendix B” for a proof). This allows us to drop
these lines from the inequality, leaving

T—1
1 k
0<3llzo—x"I"+ ) E FOu) — P () + VkF(’“*)} .
Tk

[Vk(l — k)
k=0 K
Rewriting 7z in terms of y shows that this is equivalent to
| T—1
0 =3lz0 =17 + Y B[ Ly = ) F (i) = cLy2F ) + mF () .
k=0
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Our choice for y; satisfies cLyk2 = cL)/kz_1 - 40%, allowing the F(yx) terms to
telescope. Hence, our inequality is equivalent to

T-1

1
0= —cLyf (BIF(yr) = FGM] = 7= Y E[F(u) = F(x")]
k=1

1 1
+ (cLy§ — ) (F(y0) — F(x*)) + 5 llz0 = Pl SElizr — PO

2
Using the facts that cLy%f1 = %, cLy02 -1 = %, and F(y) <
F(x*), we have

(T +v+3)? %
T]E [F(yr) — F(x")]
2 4 1
< %(F(yo) ~ FOD + 5l — 1P

Dropping the term 1/2|z7 — x*||> on the left side of this inequality and rearranging,
we have proved the assertion.
]

A similar argument proves an accelerated linear convergence rate when strong
convexity is present.

Proof of Theorem 2 We recall the inequality of Lemma 4.

(I 4+ uy)
% (F(k41) — F(x) + Tyllzwl — x|
y(1—1) 1 v
< = (FOO = FON) + gl =517 + 921V = Vf G
L 1 (1-1)
+ riz__L k1 — Vi1 I — V—Df(yk,XkH)
T \2 4ty T

+ v (VFug1) = Visr, 2 — x%).

By our choice of y and t, we have

1—o)\! 1
Z(—y( T)> = >1l+t=1+puy.
T T 1—1

Therefore, we can extract a factor of (1 + py) from the left.

11— 1
a+ MV)(y(fr) (F k1) = F(x™) + 2k = x*||2>

yd—1o
==

1 ~
FOm) = FO) + 5 llak = 12+ Y2 Vi — Vi s ) 112
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y (L 1 y(1—1)
+ =5 = ) Ik — e IIP = ———Ds (G, Xi41)
T \2 4ty T

+y (Vf Cg1) — Vi1, 2k — x*).

Multiplying this inequality by (1 + 3 )X, summing over iterations k = Otok = T —1,
and applying the full expectation operator, we obtain the bound

1— 1
(1+ w%[@ (F(yr) — F(x*)) + Sller = x*||2]

(I-7) 1
= B2 (FOw = Fe) + 3120 =371
T-1
+ 2+ ) B[y 211 = Vf )P
k=0
y (L 1 5
e (2 4TV) k1 — Yl
1I—-1) ~
— D k) + (V) = Yz =) | (2)

As in the proof of Theorem 1, we bound the bias term and the MSE using Lemmas 5
and 6, respectively. To apply Lemma 5, we let o = (1 + uy)* and sp = y. These
choices are appropriate because (1 + w1 —p) < A +up)1a - %) due to the
fact that uy < p/2.

Combining these bounds with (12), we have

1 — 1
(1+ w%[@ (F(yr) — F(x™) + Sllzr = x*nz}

1— 1
< @ (FOO ~ FO9) + 5 llz0 = 2° 12

T-1

1 —
X+ urte] (822010 - L1220 Do)
k=0

N (PM(l — PB) L

y 1
+4y°L%©,0, + - (— - —)) IXk41 — yk+1||2:|-

872 2 4ty

The parameter settings in the theorem statement ensure the final two lines are non-
positive (see “Appendix B” for details). This gives

1
SEller — x|
1-— 1
<U+up" (@ (FOo) = F(™) + S llz0 = X*||2>

T 1
< (1 —|—min{ /Li, g}) (; (F(0) = F) + 5120 _x*||2),
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which is the desired result. |

6 Convergence rates for specific estimators

In light of Theorems 1 and 2, we must only establish suitable bounds on the MSE
and bias terms of a gradient estimator to prove accelerated convergence rates for
Algorithm 1. We consider four variance-reduced gradient estimators: SAGA, SVRG,
SARAH, and SARGE, beginning with the unbiased estimators. We defer proofs to the
“Appendix”. To preserve the generality of our framework, we have not optimised the
constants appearing in the presented convergence rates.

Theorem 3 (SAGA Convergence Rates) When using the SAGA gradient estimator in

3 4n
Algorithm 1, setb < 4/2n%/3, y = Yty +9 b

Toan2» And T = gg 0
the suboptimalty at yr satisfies

. After T iterations,

(3 +2)(2 + 4K,y

EF — F(x*
On - P& = s

where

Ki=\F —F(&x) + 0 — X .
1 Yo 3(451 2)(421 ) 0

If g is wu-strongly convex, set y = min {4anZLL’ ﬁ] and t = py. After T

:

iterations, the point z satisfies

T
b3/2ﬁ b
Elz7 —x*||> < [ 1 + min , — Ko,
llzr I ( oL n 2

where K3 is defined as in Theorem 2.

It is enlightening to compare these rates to existing convergence rates for full and
stochastic gradient methods. In the non-strongly convex setting, our convergence rate is
@ (n2 / T2), matching that of Katyusha. As with Katyusha, this rate could be improved
for SVRG using the epoch-doubling procedure in SVRG++ (see Allen-Zhu, 2018 [7]
for further details). In the strongly convex case, if F is poorly conditioned so that

3/2 =T
L/u > O(b), we prove linear convergence at the rate O <(1 + hn\/‘gj) > With

b = n?/3, this rate matches the convergence rate of inertial forward-backward on the
same problem (i.e., the rate is independent of ), but we require only n2/3 stochastic
gradient evaluations per iteration compared to the n evaluations that full gradient
methods require. This is reminiscent of the results of [5,31], where the authors show
that SAGA and SVRG achieve the same convergence rate as full gradient methods
on non-convex problems using only n>/3 stochastic gradient evaluations per iteration.
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This is slightly worse than the results proven for Katyusha, which requires O(/n)
stochastic gradient evaluation per iteration to match the convergence rate of full-
gradient methods.

The analogous convergence guarantees for SVRG are included in Theorem 4.

Theorem 4 (SVRG Convergence Rates) When using the SVRG gradient estimator in

Algorithm 1, setb < 32p?, y, = 24Hipt0) b

13,7 And Tk = Geyr—. After T iterations, the
suboptimalty at yr satisfies

@p+2)4p + DK,
(T +4p +3)?

EF(yr) — F(x*) <

)

where

X —(F( NS - S —x*||2)
TN bdp +2)@dp+4) " '

_— R vb 1 _
If g is u-strongly convex, set y = min {417«/6;7’ T and T = py. After T
iterations, the point z satisfies

— T
Elzr — x*||*> < <1+min{&7i}> K>,
4p~/6L 4p

where K> is defined as in Theorem 2.

The convergence rates for SVRG are similar to the rates for SAGA if p and b
are chosen appropriately. In the strongly convex case, setting b = p? allows SVRG
to match the convergence rate of full gradient methods, and the expected number of
stochastic gradient evaluations per iteration is n/p + b. To minimise the number of
stochastic gradient evaluations while maintaining the convergence rate of full gradient
methods, we set p = O(n'/3), showing that Algorithm 1 using the SVRG gradient
estimator achieves the same convergence rate as full gradient methods using only
O(n?/3) stochastic gradient evaluations per iteration.

Remark 4 The above discussion shows that when using the SAGA gradient estimator
on a strongly convex objective with b = O(n*/3) and y = O(1//L), Algorithm 1
finds a point satisfying E||z7 — x*||?> < € in O(n*/?/k log(1/€)) iterations. This is
compared to the complexity lower bound of O(/nk log(1/¢€)) achieved by Katyusha
[37]. SVRG has a similar complexity when b = n?/3 and p = n'/3.

The SARAH gradient estimator is similar to the SVRG estimator, as both estima-
tors require the full gradient to be computed periodically. SARAH differs from SVRG
by using previous estimates of the gradient to inform future estimates. The recursive
nature of the estimator seems to decrease its MSE, which can be observed in experi-
ments and in theory [16,27]. However, this comes at the cost of introducing bias into
the estimator.
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Biased stochastic gradient methods are underdeveloped compared to their unbiased
counterparts. The convergence proofs for biased algorithms are traditionally complex
and difficult to generalize (see [33], for example), and proximal support has only
recently been extended to the biased algorithms SARAH and SARGE, as well as biased
versions of SAGA and SVRG in the convex setting [16]. It is difficult to determine
conclusively if the negative effect of the bias outweighs the benefits of a lower MSE.
We show that Algorithm 1 is able to achieve accelerated rates of convergence using
biased estimators as well, beginning with the SARAH estimator.

Theorem 5 (SARAH Convergence Rates) When using the SARAH gradient estima-
tor in Algorithm 1, set y = 204 qnd ¢ = m. After T iterations, the
suboptimalty at yr satisfies

Cp+2)2p+4HK,

EF(yr) — F(x*) <

(T +2p+3)2
where
K (F o) — F) + — 2L, *"2>
= — X 0 — X .
: Y0 Qr+22p+aH°

. . l 1
If g is pu-strongly convex, set y = min { /m, 217_u} and T = py. After T
iterations, the point z1 satisfies

1 -T
Elzr — 22 < (1+min] [—2— — 1) K,
oz = +71 —< +mm{ 144p°L" 2p 2

where K3 is defined as in Theorem 2.

We provide a proof of this result in “Appendix D”. Theorem 5 shows that using the
SARAH gradient estimator in Algorithm 1 achieves an optimal O (1/ T2) convergence
rate on convex objectives, but with p = O(n), the constant is a factor of n? worse
than it is for accelerated SAGA, SVRG, and Katyusha. In the strongly convex case,
setting p = O(n) and b = O(1) guarantees a linear convergence rate of O((1 +
n=2/w/L)~T), achieving the optimal dependence on the condition number, but with
a constant that is a factor of n worse than accelerated SAGA and SVRG, and a factor
of n3/% worse than Katyusha. Despite this dependence on 7, experimental results,
including those in Sect. 7 and [27], show that the SARAH gradient estimator exhibits
competitive performance.

Finally, we provide convergence rates for the SARGE estimator. In [16], the authors
introduce the SARGE gradient estimator to mimic the recursive nature of SARAH but
trade larger storage costs for a lower average per-iteration complexity, similar to the
relationship between SAGA and SVRG. We prove in “Appendix E” that SARGE
satisfies the MSEB property with similar constants to SARAH, and achieves similar
convergence rates as well.
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Theorem 6 (SARGE Convergence Rates) Ler’ ¢ = 86016n*/b*. When using the

47,,
SARGE gradient estimator in Algorithm 1, set yy = % and vy = ——. After T

cLyi”
iterations, the suboptimalty at yt satisfies

203 + D2 +2)K,
(T + 22 +3)2

EF(yr) — F(x™) <

where

86016n*
Ki = (F(yo) — F(x*) + lizo — x*|12] .
( b3+ D3 +2)

. . 1 b . .
If g is u-strongly convex, set y = min { JonL W } andt = py. After T iterations,
the point zT satisfies

4821540 b |\ ©
%12 .
Ellzr —x™|I7 < <1+mm{W’E}> K,

where K> is defined as in Theorem 2.

The convergence rates for SARGE are of the same order as the convergence rates
for SARAH, even though SARGE requires fewer stochastic gradient evaluations per
iteration on average.

Although our bound on the MSE of the SARAH and SARGE estimators is a factor
of n smaller than our bound on the MSE of the SAGA and SVRG estimators, the
analytical difficulties due to the bias lead to a worse dependence on n. Nevertheless,
SARAH and SARGE are competitive in practice, as we demonstrate in the following
section.

7 Numerical experiments

To test our acceleration framework, we use it to accelerate SAGA, SVRG, SARAH,
and SARGE on a series of ridge regression and LASSO tasks using the binary classi-
fication data sets australian, mushrooms, phishing, and 1jcnnl from the
LIBSVM?* database. We include Katyusha and Katyusha™ for comparison as well. For
SVRG and SARAH, we compare our accelerated variants that compute the full gra-
dient probabilistically to the non-accelerated versions that compute the full gradient
deterministically at the beginning of each epoch.

3 Throughout this manuscript, we have sacrificed smaller constants for generality and ease of exposition,
so the constant appearing in c is not optimal.

4 https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/.
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Fig. 1 Performance comparison for solving ridge regression among different algorithms

With feature vectors a; and labels y; fori € {1, 2, ..., n}, ridge regression and
LASSO can be written as
1~/ T 2 iR
. 1 T 2 ’
w25 (s e
where R = %|| -|I? in ridge regression and R = || - ||; for LASSO. Letting g = AR, it

is clear that g is A-strongly convex in ridge regression and g is not strongly convex for
LASSO. In all our experiments, we rescale the value of the data to [—1, 1]. For ridge
regression, we set A = 1/n, and for LASSO, we set A = 1//n.

For accurate comparisons, we automate all our parameter tuning. For our experi-
ments using ridge regression, we select the step size and momentum parameters from
the set {1/¢ : t € N}. For LASSO, we use the parameters suggested by Theorem 1, but
we scale the step size by a constant s € N, and we rescale the momentum parameter
so that tgp = 1/2. We perform the same parameter-tuning procedure for Katyusha, and
set the negative momentum parameter 7o = 1/2 as suggested in [2] unless otherwise
stated. In our accelerated variants of SVRG and SARAH, we set p = ﬁ, and for the
non-accelerated variants and Katyusha, we set the epoch length to 2n. We use a batch
size of b = 1 for all algorithms.

We measure performance with respect to the suboptimality F (xg1)— F (x*), where
x* is a low-tolerance solution found using forward-backward. To fairly compare algo-
rithms that require a different number of stochastic gradient evaluations per iteration,
we report their performance with respect to the number of effective full gradient com-
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| —sAGA
erated SAGA

15
1078
Full Gradient Evaluations Full Gradient Evaluations

(a) australian (b) mushrooms

TSAGA |
~ Accelerated SAGA
—SVRG | \
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Fig.2 Performance comparison for solving LASSO among different algorithms. In Katyusha, the negative
momentum parameters 7o = 0, % are not tuned

putations they perform on average each iteration. By this metric, SAGA performs 1/n
full gradient computations each iteration, while SVRG performs an average of % + ﬁ,
for example.

Figures 1 and 2 display the median of 100 trials of ridge regression and LASSO,

respectively. We observe the following trends:

Acceleration without negative momentum significantly improves the performance
of SAGA, SVRG, SARAH, and SARGE in most cases. The improvement is least
dramatic on the smallest data set, australian, and slightly less dramatic for
the biased algorithms, SARAH and SARGE.

Because they require only one stochastic gradient evaluation per iteration, SAGA
and Accelerated SAGA require significantly less computation to achieve the same
accuracy as other methods.

In the strongly convex setting, Katyusha performs similarly to or better than SVRG
with acceleration in most cases.

In the non-strongly convex setting, Katyusha™ performs much worse than other
methods when using negative momentum. Without negative momentum, it per-
forms much better than all algorithms except Accelerated SAGA. Because
Katyusha without negative momentum is almost exactly the same algorithm as
Accelerated SVRG, this improved performance is likely due to the second prox-
imal step and additional step size 1 in Katyusha. All of the algorithms presented
in this work can adopt these features without changing their convergence rates.
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8 Conclusion

Although acceleration is a widely used and an extensively researched technique in
first-order optimisation, its application to stochastic gradient methods is still poorly
understood. The introduction of negative momentum adds another layer of complex-
ity to this line of research. Although algorithms using negative momentum enjoy fast
convergence rates and strong performance when the parameters are tuned appropri-
ately, it is unclear if negative momentum is necessary for acceleration. In this work,
we propose a universal framework for accelerating stochastic gradient methods that
does not rely on negative momentum.

Because our approach does not rely on negative momentum, it applies to a much
broader class of stochastic gradient estimators. As long as the estimator admits natural
bounds on its bias and MSE, it can be used in our framework to produce an accelerated
stochastic gradient method with an optimal 1/72 dependence on convex problems and
an optimal /k dependence in the strongly convex setting. The bias and MSE of the
estimator appear only in the constants of our convergence rates. From this perspective,
negative momentum is effectively a variance-reduction technique, reducing the vari-
ance in the iterates to improve the dependence on n in the convergence rates. A natural
question for future research is whether there exist gradient estimators with smaller bias
and MSE than SAGA, SVRG, SARAH, and SARGE that can be accelerated using our
framework and admit a better dependence on .
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A One technical lemma

Lemma 7 Given a non-negative sequence oy, a constant p € [0, 1], and an index
T > 1, the following estimate holds:
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Proof This follows from expanding the double-sum and computing a series:

T k
Y2 (=)o =[o1]+ (1 = p)or + 2] + [(1 = p)o1 + (1 = p)oz + 03] + -
k=1 t=1

=[1+(1_p)+(1_'0)2+"'+(1—)0)T_1]c71
+[1+(1_'0)+(1_10)2+"'+(1—,0)T_2]02+...

(e ()

'y
— Of.
'Ok=1 ‘

IA

O
B Proofs of non-positivity
The goal is to show that the two terms
1— L 1—
pm( 2,03) +4y2L2@1@2—|—&(—— ) and Syk2L@l@2_Vk( %)
87:k e \ 2 41 Yk Tk
13)

are non-positive with the parameter choices of Theorems 1 and 2. We consider three
cases.

Case 1. Let y; and 1 be as in the statement of Theorem 1. For the first term in (13),

1-— L 1
M+4V13L2@1@2+E - _
877 o \2  Anuyk
2
2,2 ( pm(l — pp)c 1 c
=y L | ——————— +4010+4c| = — -
Y ( 3 +4010;, + 4c 272
The constraint
2

¢ (1+ V14861022 = pur + puow))

z—
2 — pm + PBOM

ensures that this quadratic in ¢ is non-positive. For the second term, we require 7y, < 1/2
for all k, which holds because 1, = ﬁ < % Therefore,

1— cLy?©,0
Vi ( Tk)fg)/kzL@lgz— v ©102

8y2LO O, —
Yk 102 o >
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The constraint ¢ > 1601, implies that this quantity is non-positive.

Case 2. Let y and T be as in the statement of Theorem 2, and suppose —A—— < . In

JuLe — 2p
this case, T = %:ﬁ.AsinCasel,
pu(l — pp) 2.2 y (L 1
P PB) 4212000, + L (2 - —
872 v 2 \2 4ty
1— 2 1
=y2L2<M+4@1@2+4c(5—2)),

which is non-positive due to the constraints on c. For the second term, all we must

show is that 1 — 7 > 1/2. We have 7 = ‘/Lic < ic, and c is larger than 4, so the

constraint ¢ > 1601 ©, ensures that the second term in (13) is non-positive.

i p 1 — L )
Case 3. In Theorem 2, suppose instead that o < N sothat y = o and T = 5

This assumption implies the inequality % < %, o)

- L 1
Pl =p8) | 42120,0, + % (— - —)

872 2 4ty
:M+4y2L2(~)1@2+l L1
8u?y? n\2 4upy?
_pul—pp) L2610y L 1
22 u? 2u P2
pm (1 — pp) n 160,60, 2 1
= 202 2p? cp?  p2
1 1— 2
-2 ("M( 2p3)c + 160,60, +2c—c2>.

This is a quadratic in ¢ with the root

2
2 — pm + pPBPM

(14 V15861022 = oy + pspmn)) -

Because c is larger than this quantity, this term is non-positive. For the second term in
(13),

y(1—1)  2LO0:p*
T B u?

_i<@_i<0’

8y2LO 0, — S e 5 =

where the last inequality follows from the fact that ¢ > 16©;6);.
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C Proofs for SAGA and SVRG

Our results for SAGA and SVRG require the following lemma, which appears also as
[31, Lem. 7].

Lemma 8 Suppose X1, ..., X; are independent random variables satisfying Ex X; =
Oforalli. Then

Eell X1 4 -+ X0 = Bl X111 + - - + 1 X, 1171

Proof Our hypotheses on these random variables imply Ei[X;X;] = 0 fori # j.
Therefore,

t
EillXi 4+ X7 = Y BlXi X1 = 1X117 + -+ 1 X%
i,j=1

]

We begin with a standard bound on the variance || %,fﬁlc’A — Vf(xk+1) |2 that is an

easy consequence of the variance bound in [15], but [15] and related works [2,14,21,38]
ultimately use a much looser bound in their convergence analysis.

Lemma 9 The variance of the SAGA gradient estimator with minibatches of size b is
bounded as follows:

~ 1 & .
B VAT =V @rIP < o= Y IV filoen) = Vg
i=1

Proof Let X; =V fj(xp41) — ij(q),{) for j € Ji. We then have

Bl VEASA — V f (o) 11

1 - 1 — .
=Bl Y (V1 0ae) = VI @D) + — DV filg) = V)|
JeJk i=l1
1 b
=Eellz ) Xi —EXill®

i=1

©1,. <

= 5B ) IXiP
i=1

SEEN ] EmE |
jeJk

1 — .
= D IV fitar) = Vi@l
i=1
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Equality @ is due to Lemma 8. O

Lemma 9 provides a variance bound that is compatible with the MSEB property,
as we show in the following lemma.

Lemma 10 The SAGA gradient estimator satisfies the MSEB property with M| =
pM=g, My =0, and pp = pr = 1.

bz’

Proof Lemma 9 shows that the MSE of the SAGA gradient estimator is dominated by
ﬁ "L EIV fi (xk41) —Vf,-(go,i)”z, so we choose this sequence for M. Using the
inequality fla — c[[* < (14 #)lla — bl? + (1 + )16 — cl|?,

1 & i
My = o ;wwﬁ(ka —Viepl?

(k1) — Vi (oI

IA

b n
+ 2 S e ) - VDR
-

1+% - )
ZE||Vﬁ<xk+1) — Vil

e

1+ 2 ‘
n bnzn (1 _ Z) ;EHVﬁ(xk) ~ VfilgipI?

/\@

= Z]E”sz(ka) = Vfiol?

i=1

1 b\ < ;
- (1 _ Z) ;mwﬁ(xk) _V i I

3 < 5 b
=5 ;E”Vfi(xk+l) - Vil + (1 — E) Mi_1.
Equality @ follows from computing expectations and the update rule for (p,’;:

D _EIVSiGo) = VAP =5 > EIVSi@0 = V@Dl

i=1 jeJr—1

+E DIV = Vilgp_ DI

i¢Jk—1

b\ w ;
—0+ (1 - ;> S EIV (0 =V itgh DI,
i=1
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and @ follows from the the inequalities (1 + £ ) (1 — 2) < (1 — £)and 1+2% < 3.

This shows that we can take M| = 2—’2‘, M> = 0, and pr = 1. Because the SAGA
gradient estimator is unbiased, we can clearly set pp = 1, proving the claim. O

A similar result holds for the SVRG gradient estimator.

Corollary 1 The SVRG gradient estimator satisfies the MSEB property with M| = 7’7
PM—E; My =0, and pp = pr = 1.

Proof Following the same argument as in the proof of Lemma 9, we have the bound

~ —1/p
EVEYRE — V f (gD <

Y EIV fitws) = VHE®I
i=1

The factor 1 — 1/p that appears is due to the fact that §k+1 = Vf(xr4+1) with
probability 1/p. With My = 12 S BV £ (xi1) — V£ D)%, we follow the
proof of Lemma 10.

1—1/p & ~
M = bn/p ;EHVf,-(ka) —VH®I?

B s ZP)b(nl —1/p) in;EHVﬁ(ka) — Vil
(1+ )b(: l/p);]EHVf,(xk) VE®|?
od +2P)b(nl —1/p) izn;EHVfi(ka) — V fiG)?
(H )1(9111_ /p)zilEHVﬁ(xk)—Vﬁ(a?)llz

i=1

30 — 1
< DS BNV fiGagn) — Vi Gl + (1 - —) M.
ni= 2p

Equality @ follows from the fact that X = x; with probability 1/p. O

With the MSEB property established for the SAGA and SVRG gradient estimators,
we can apply Theorems 1 and 2 to get a rate of convergence. For the SAGA estimator,

Lemma 10 ensures that the choices ¢ = 92§‘2 and p = % satisfy the hypotheses of
Theorems 1 and 2 as long as b < 4/2n?/3, Similarly, for the SVRG estimator, the
choices ¢ = %b > and p = 2 satisfy the conditions of Theorems 1 and 2 as long as
b < 32p2.
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D Proofs for SARAH

To prove the convergence rates of Theorem 5, we first show that the SARAH gradient
estimator satisfies the MSEB property.

Lemma 11 The SARAH gradient estimator satisfies the MSEB property with M1 = 1,
My =0, ppy =1/p, pp =1/p, and pr = 1.

Proof The SARAH gradient estimator is equal to V f (xx41) with probability 1/p, so
the expectation of the SARAH gradient estimator is

S ! 1 (1 -
B VErRAH = ;Vf(le) + (1 - ;) (bIEk (Z V fjGgr) — ij(xk)) + VEARAH)

J€Jk

1 1 5
= ;Vf(karl) + (1 - ;) (VfGre1) = Vf o) + VEARAH)

Therefore,
~ 1 N
Vf(Xks+1) — Ekvl?-éFAH — (1 — ;> (Vf(xk) _ V]?ARAH) ’

so pgp = 1/p. Next, we prove a bound on the MSE. Let £ , denote the expectation
conditioned on the first & iterations and the event that the full gradient is not computed
at iteration k 4+ 1. Under the condition that the full gradient is not computed, the
expectation of the SARAH estimator is

~ 1 S
Ex p Ve = EEk,p § : V fjGar) = V£ | 4 VAR
jedk

=V f(xps1) — V.f(xp) + VoARAH

The beginning of our proof is similar to the proof of the MSE bound in [27, Lem. 2].

Er pIVERRAY — ¥ f () 112
= By TR 0 £ (1) + V f(x) = V f (xiepr) + VEARAT — GSARAH 2
= |[FSARM 0 £ (o) |2+ IV f(x) = V f (o) 2 + By, | FEARAH — G5aRAH 2
+ 2V f () = VIRV £ (1) = V £ ()
= 2{Vf () — VPR B, [VRRRAT — VRARAH)

—2(Vf (k1) — Vf (i), B p [VEARAH — YSARAH])

We consider each inner product separately. The first inner product is equal to

2V f () — VIARMLY £ (1) — V f ()
= —IVf ) — VIARMY2 19 (1) = VAP + IV f () — VEARAH 2,
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For the next two inner products, we use the fact that
By p[VEHTA — VAR = ¥ £ () — V f (x0).
With this equality established, we see that the second inner product is equal to

) (Vf(xk) _ %}?ARAH, Ek,p W}fﬂmﬁ _ %EARAH])
= 2V f(xp) — VPARML Y £ (1) — V F ()
= IV £ ) — VEARM2 L1 £ (1) — V) I? = IV f () — VEARARZ,

The third inner product can be bounded using a similar procedure.

—2(Vf (i) = V), B p [VEARA — FpARAI])
= 2V f(xpr1) = VL), VF (ag1) = VF ()
= 2|V f (k1) — V£l

Altogether, we have

B p | VEARAR — ¥ f (v |12
~ 2 . ~ ~
< |VEARA W F () |7 = IV f Grgt) = V@)l + By, [ VEARAH — YSARAH 12

~ 2 ~ ~
< H VI?ARAH _ vf(xk)H + ]Ek.p”vEJ/r\FAH _ V,?ARAH”z.

For the second term,

2

- - 1
By || VOARAH _ GSARAH2 _f, A D VG = V()
J€Jk

1
SBip [ DIV fiGen) = V0l

IA

JjeJk

1 n
= > IV filoren) = Vi)l

i=1
The inequality is Jensen’s. This results in the recursive inequality
SSARAH 2
Er plIVELT™ = Vi (gDl

< [T v pao| 4 Y IV Ak — VAR,
i=1
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This provides a bound on the MSE under the condition that the full gradient is not
computed at iteration k. If the full gradient is computed, the MSE of the estimator is
clearly equal to zero, so applying the full expectation operator yields

E|VEARAE v £ (o) 112

< (1 - %) (E [Tt v pe| 2 S BV it - Vﬁ<xk>||2> .
i=1

With M = E||§,§fFAH — V f(xre1)|1?, it is clear that we can take M| = 1, py; =

1/p, M =0, and pr = 1. O

With these MSEB constants established, convergence rates easily follow from The-
orems 1 and 2 with ¢ = 144p* and p = 1/p.

E Proofs for SARGE

For the proofs in this section, we rewrite the SARGE gradient estimator in terms of
the SAGA estimator to make the analysis easier to follow. Define the operator

o w 1 ; 1 & :
Var M E | 2 V@ = VEED | - VG,
i=1

Jj€Jk

where the variables {E,i i_, follow the update rules S/Z 41 = Xk forall j € Ji and
g, =& foralli ¢ Ji. The SARGE estimator is equal to

~ ~ b ~ ~
SARGE __ SAGA §-SAGA SARGE
Vst =Vig - <1 - ;) (Vk—H — Visi )

Before we begin, we require a bound on the MSE of the £-SAGA gradient estimator
that follows immediately from Lemma 10.

Lemma 12 The MSE of the §-SAGA gradient estimator satisfies the following bound:

EH%E'SAGA—Vf<x)”2<3f D) S E o - Va2
k+1 S| =73 o 2 JSiCxe JiGe—DII7.

Proof Following the proof of Lemma 9,

2
SE-SAGA
Ex H VEH - Vf(xk)H
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2

== |2 Y (VA0 - VHED) VA + - Y VA

jed i=1

2 Z v s - vrieh]

Equality @ is an application of Lemma 8. To continue, we follow the proof of
Lemma 10.

2
SAGA
£lFE v

< ;E |V s - vreh|’

1428 &
< % Y EIV i) = Vi)l

i=1

1 b - i
o (1 + E) ;1@ |V i - VA

271 )

2 U3 S gy i) — V)P

i=1

1 b b\ < N
+%<1+%) <l—;);EHVfi(xk—l)_vfi(gk—l)H
2 2 S EIVAGO ~ Vit I
i=1
1 b . i 2
+ o (1 — Z) ;E HVfi(Xk—l) — Vfi(fk_QH

k=t n

k
3 b
=52 (1 - 5) S EIV it = Vit
=1 i=1

Equality @ follows from computing expectations, and ® uses the estimate (1 — %)

(14 2) = (1= 5)-

Due to the recursive nature of the SARGE gradient estimator, its MSE depends
on the difference between the current estimate and the estimate from the previous
iteration. This is true for the recursive SARAH gradient estimate as well, but bounding
the quantity || %,?ARAH — %,f’fFAH |? is a much more straightforward task than bounding
the same quantity for the SARGE estimator. The next lemma provides this bound.
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Lemma 13 The SARGE gradient estimator satisfies the following bound.:

vUSARGE _ JSARGE (2
BV ™ = Vil

k k—¢ n
27 + 12b b
<= Z(l——> S EIV fi(re) = V i)
i=1

2
n = 2n

12 & 2 3b? SSARGE (|2
+— ;mwmm — VIR + SB[V () — TR

Proof To begin, we use the standard inequality |la — cl> <A +8)|a—b|>+ 1+
s HIb = ¢|)? for any § > 0 twice. For simplicity, we set § = 4/3/2 — 1 and use the
fact that 1 + W 7 = 6 for both applications of this inequality.

VSARGE _ GSARGE 2
E[Vy - Vi [

~ b\ /= ~ ~ 2
SAGA §-SAGA SARGE SARGE
:]E‘Vkﬂ —(1—;>(Vk+1 — TRARGE) _ T3

~ 2
< 6E HVSAGA ot SAGAH n V3b? EHVs -SAGA VEARGEH

k+1 k41 Jn? k+1
~ 2 6/3b? 2
SAGA SAGA
= 6K Hvlé—ﬁlGA V,’f+1 H + ﬁn E H V,’éf+1 = V f(xr) H

3b2 S SARGE 2
+ 5B |V e - T

= SAGA SAGA 2
< 6E |T5p0A - 955 H 42 EHV,§+1 — V|

3b ’ SARGE
BV a0 - FpRE] (14)
We now bound the first two of these three terms separately. Consider the first term.

TSAG T5-SAGA
6]E”Vk+1A Vit H

1 ; 1 « ,
:6]EHE DOV = V@) |+ =Y VgD
jeJk ni:l

1 : 1 N
= 2 VA -VHE) | -~ 3 VE
i=1

J€Jk—1

2

< 12EH Z V§ir1) = V[ (xe)

J€Jk
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1 n ' 1 n ' 2
4 12EH V@D -VHED | - Y VA + = 3 VAiED
jel i=1 i=1
@ 2
lzJEH D Vi) = Vi)
J€Jk
2
1 . .
+12E{ | > Vi) = Vi)
JjeJk
1 | & ?
—12 ;;Vﬁ(w@) + ;gw@p
2
2 o 1 ; ;
<— ;E IV i) = V fi o) 2 + 12E | ]ZJ Vit — ViED
<= ZE IV fi ke — VA0l + 2B Y |V b v e
i=1 J€Jk

Equality @ is the standard variance decomposition, which states that for any random
variable X, Ex || X — Ex X |2 = Ex | X ||* — |E« X ||2. The second term can be reduced
further by computing the expectation. Let ji be any element of Ji. The probability that

V fie ((p ) =V fj_, (xi) is equal to the probability that jix € Ji_1, whichis b/n. The

probability that V f;, ((p,ﬁ") = V fj,_,(xx—1) is equal to the probability that j; ¢ Jr_1
and ji € Jy—2, whichis b/n (1 — b/n). Continuing in this way,

E vajk(‘pl{k) = Vi

2 b k b k—t ,
= n Z (1 - ;) ENV fj,_ o) =V i (e=DI17

This implies that

Z [vriwh-vs (5,9“

J€Jk
b k k—¢ n
= —22(1 - —) D IVitee) =V fiee-I?
=1 i=1
12b & b\l
=z (1 - 5) DIV i@ =V il
=1 i=l1
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We include the inequality of the second line to simplify later arguments. This com-
pletes our bound for the first term of (14). For the second term, we recall Lemma 12.

k k—¢ n

~c 2 3 b
E|TETN - vrow| = 5 ) (1 - %) > EIVfi() = V fi G-I,
(=1 i=1

Combining all of these bounds, we have shown

SSARGE  SSARGE |2
EIVeir™ — Vi [

12 &
< =D EIVfitsis) = VLI

i=1

k k—t n
27 + 12b b
= Z(l——) S IV i) = ¥ fiGreenIP
i=1

2
n P 2n
3b? ~ 2
+ 57 |V = TR

m}

Lemma 13 allows us to take advantage of the recursive structure of our gradient
estimate. With this lemma established, we can prove a bound on the MSE.

Lemma 14 The SARGE gradient estimator satisfies the following recursive bound:

E|VIARE -V f (oD |12

b 3b° S SARGE 2 12 2
<(1--+=)E|W Vi) +—= E E[IV fi k1) — V fi ()|l
n  2n no

k k—¢ n
27 +12b b
+—+ Z(l——> E E|V f; (x¢) — V fi (xe—) ||*
i=1

n? 2n
=1

Proof The beginning of our proof is similar to the proof of the variance bound for the
SARAH gradient estimator in [27, Lem. 2].

B | VERROE — ¥ f ()11
v fad ~ 2
= Ey H VEARGE — V) +VIiGr) — V(s + V,?ﬁ{{GE _ VEARGE H
= H USARGE _ Vf(xk)” + IV F) = V£ G + Ex ”VEJ/?}{GE _ V[?ARGEH
+2(V f () = VEROE V£ (i) = 9 f ()

_ 2<Vf(xk) _ %}?ARGE’ E; [gksi}zGE _ §I§ARGED

- 2<Vf(xk+]) — V£, Ex [%,?j_\FGE _ %}?ARGE]>'
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We consider each inner product separately. The first inner product is equal to

2V f(x) — VIARCE Y £ (xih1) — V f (1))
= — |V () — VEARCE |2 v £ (iir) — VF )|
+ IV f (1) — VEARGE 2,

For the next two inner products, we use the fact that

SSARGE _ ISARGE
Ek[ ko Vi ]

~ b\ ~¢. b\ ~ ~
- Ek[ SAGA _ (1 3 ;) £SAGA | (1 3 ;> VEARGE} _ {SARGE

b b~
=V f(xk+1) — <1 - ;> V f(x) — r_leSARGE

=V fxks1) — Vo) + ?, (Vf(Xk) _ %}?ARGE) .
With this equality established, we see that the second inner product is equal to
(V£ () - TPAROE B [TARoE _ Gparar])
= 2V f(x) — VIARCE ¥ F (1) — V£ ()
- 2n—b<Vf (x) — VIARGE 'y 1 (x;) — VIARGE)
= |V f () — VEARCE |2 L1V £ (1) — V)2 = IV f (1) — VEARGE)2
- zn—bnvmw — VPARGE)?
= (1= ) 190 = TR £ 19 50) = VG0
— IV f(xkq1) — %}?ARGE”;
The third inner product can be bounded using a similar procedure.

—2(Vf (1) = V f (), B [FEAREE — G9ARaE])

= =2(V f(xx+1) = Vi), Vf(xpe1) =V f(xr)

2b _
_ 7<Vf(xk+1) — Vf(xp), VS (xg) — VSARGE,
b
< =20V f ) = VE@OIP + IV f Goren) = Vo )
+ SIIVf(Xk) — UPARGE 2

b 1 ~
=- (2 - ;) IV f Gt = VLGOI + IV S () = VERREE|2,
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where the inequality is Young’s. Altogether and after applying the full expectation
operator, we have

E|VEARE — V f (s D) 11

B\ e 2 b
< (1 - Z) E [ TEARCE — v poxo) | - (1 - ;) EIV £ (i) — V£l

SSARGE _ SARGE |2
+EIVETTT =V I

b ~ 2 ~ ~
< (1 - Z) B [FEARCE — v ) |+ BTEEROE — GEARGE)2,

Finally, we bound the last term on the right using Lemma 13.

E|VIARCE _ v f (x 1) I1?

k+1
b 3b*\ s 2 12
< (1 ~2 4 —2> B TARE — 9 £ |+ == SO BIV fiu) — VAl
n  2n U

27+ 125 b\
+ RS (1-5n) L EIVAG) - VAl
i=1

n 2n
=1

[}

Lemma 14 shows that the SARGE gradient estimator satisfies the MSEB property
with suitably chosen parameters.

Corollary 2 The SARGE gradient estimator with b < n/3 satisfies the MSEB property
with My = 12, My = (27 + 12b)/n?, py = &, pp = b/n, and pr = 1.

Proof 1t is easy to see that pp = b/n by computing the expectation of the SARGE
gradient estimator.

~ s b\ (sesaca
V) = B VEROE = V[ () — By [VEi?A - (1 - ;) (FEnon — Gparar)

= <1 - S) (V f(xp) — VPARGE)

The result of Lemma 14 makes it clear that M| = 1%. To determine pjy;, we must
first choose a suitable sequence M. Let M; = ]E||V,§ﬂ{GE — Vf(xk+1)||2. The

2
ELME % so Lemma 14 ensures that

requirement that b < n/3 implies 1 — % +52 =

with pa = 22, My < (1 — pa) Mi—1.
Finally, we must compute M> and pr with respect to some sequence F;. Lemma 14
motivates the choice

bkt
£ =Z<1 ‘Z) STEIV fiGe) = V fi G-I,
i=1
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b

and pp = 5. are clear. m]

and the choices M = 27",:—21%

To prove the convergence rates of Theorem 6, we simply combine the MSEB

constants of Corollary 2 with Theorems 1 and 2.
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