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ABSTRACT. A first order differential equation with a periodic operator coefficient
acting in a pair of Hilbert spaces is considered. This setting models both elliptic
equations with periodic coefficients in a cylinder and parabolic equations with time
periodic coefficients. Our main results are a construction of a pointwise projector
and a spectral splitting of the system into a finite dimensional system of ordinary
differential equations with constant coefficients and an infinite dimensional part
whose solutions have better properties in a certain sense. This complements the
well-known asymptotic results for periodic hypoelliptic problems in cylinders [7]
and for elliptic problems in quasicylinders [13].

As an application we give a center manifold reduction for a class of non-linear
ordinary differential equations in Hilbert spaces with periodic coefficients. This
result generalizes the known case with constant coefficients, [10], [11].
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1. INTRODUCTION

Consider a first order ordinary differential equation (ODE) for an unknown func-
tion z(t) with values in an infinite dimensional Hilbert space Y,
dx(t)

(1.1) — = Ax(t) + f(t; (1)), t € R,

where A is an unbounded linear operator in Y, which is constant in ¢, and f :
R x Dy — Y is given. If P is a finite dimensional orthogonal projector in Y which
commutes with A, then the system (I with f = 0 can be split into a finite
dimensional system on the subspace P(Y’) and an infinite dimensional system which
may have better properties than the initial one. This reduction can be quite useful
in the study of the large time behaviour of linear dynamical systems perturbed by
a linear or non-linear perturbation f (see [3], [LT] and references there). The main
subject of this paper is to study similar splitting for the case when A = A(t) is a
periodic operator function with certain Fredholm properties. Our goal is to define a
pointwise projector P = P(t), which is a projector for any ¢ € R and commutes with
the operator of the periodic problem. This projector leads to the reduction of the
problem to a finite dimensional problem with time independent operator and infinite
dimensional problem having better properties than the original one. Another goal

is to present a center manifold reduction for nonlinear periodic operators.
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We recall the classical Floquet theorem concerning a system of ODEs

dx(t)
dt

(1.2) = A(t)z(t), t € R, z(t) € RY,

where A is a d x d-matrix depending periodically on t. Let G(t) be the fundamental
matrix-solution of (L2). The Floquet theorem says that there exists a constant
matrix C' and a periodic matrix P(t) such that G(t) = P(t)e“’. This theorem
allows to reduce the periodic system ([[2)) to a system with constant coefficients.

We will consider the infinite dimensional case, where A is an operator in infinite
dimensional Hilbert-spaces and depends periodically on t. We will use the theory
of this equation as developed and exposed in [6] and [7] (see in particular Sect.
5.1, the comments of Ch.5 and the references there). This allows us to avoid the
details of the Floquet-Bloch techniques, on which the theory is based (for a recent
presentation of the Floquet-Bloch techniques, see [§]). We also mention the related
theory of elliptic problems in periodic quasicylinders, see [13] and [14], although we
stick to cylindrical domains here.

Our contribution to the infinite dimensional, periodic problem will consist of a
construction of a projection operator and a spectral splitting of the problem as
described in the beginning. We also mention the references [3], [4] and [5], the first
two of which contain an analogous theory in the case A(t) is a perturbation of an
operator Ay independent of t. We will use the same formalism of analytic Fredholm
operator in the way as it is presented in the appendix of [3]. In particular in the
treatment of the infinite dimensional part of the splitted system we use a technique
developed [3], which allows us to avoid a choice of function spaces for estimating the
remainder terms, since all of them can be treated from this ”pointwise estimate”,
see Sect.4 and 7 in [3].

The new aspects of the above approach are motivated by the possibility to gener-
alize the existing center manifold reduction results of non-linear Hilbert-space valued
ODE:s to the case of periodic equations. Indeed, in the last section of the paper we
will present such an application, where we consider small solutions of a non-linear
problem Dyu — A(t)u = f(t,u) and present its reduction to a finite dimensional
dynamical system, similarly to the constant coefficient case considered by Mielke in
[10].

The structure of the paper is the following. In Sect.Pl we formulate the periodic
infinite dimensional problem, introduce the function spaces and present the main
assumptions on the operator of the problem. In Sect.[3] we remind some basic defi-
nitions and properties of the eigenvalues, eigenvectors and generalized eigenvectors
of the operator pencils associated with our periodic problem. In Sect.l we collect
known results ([7], Ch.4 and 5) on the solvability and asymptotics of solutions to
periodic problems. These results are proved in [I3] in the case of elliptic boundary
value problems with periodic coefficients in periodic cylinders. Our main results
are contained in Sect.[}l and [ . In Sect.[ we introduce a certain operator P which
is actually a projector which commutes both with the periodic operator as well as
the point evaluation operator f + f(t) for all ¢, and delivers a finite dimensional
ODE with constant coefficients for Pu, where u is a solution to the infinite dimen-
sional system. The main result of our paper is Theorem in Sect.[6l which gives
a splitting of the periodic operator valued equation into a finite dimensional system
of ODEs with constant coefficients and an infinite dimensional part whose solutions
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have better properties in a certain sense. In Section [[] we present the main applica-
tion of Theorem [6.]l namely an extension of the center manifold theorem for ODE
in Hilbert space obtained by Mielke in [10], [II], to the periodic coefficient case.

2. STATEMENT OF THE PROBLEM

The setting of our problem is similar to that of [7], Section 5.1, and [3], Part
III, except that in the latter, the nature of the t-dependence of the operator A(t)
is different. All the results of this section are known, see in particular Ch. 1 of the
first above mentioned citation. Some proofs are reproduced for the convenience of
the reader.

To proceed with details, we let X and Y be Hilbert spaces over the complex scalar
field C such that X is compactly and densely embedded in Y. We denote the norms
in X and Y by || ||x = ||; X| and || ||y = ||-; Y|, respectively. We identify Y* with
Y by using the inner product (-,-) = (-, )y and introduce for h € Y the norm

[2llx- = sup{|(g, h)| - g € X, [lgllx = 1}.

The completion of Y with respect to this norm coincides with X*, and the sesquilin-
ear form (g,h) can be extended for ¢ € X and h € X* such that the inequality
l(g,h)| < |lgllx|||lx+ holds. Clearly, Y C X*.

Given a,b € R, a < b, we denote by X(a,b) the space of functions u : (a,b) — X
such that the weak t-derivatives with values in Y exist and are locally integrable (in
the standard Bochner sense, see e.g. [1], Sect.3.7.) and such that the norm

b

(21) Jos (a0l = [ (o XIP + Doy v IP)ar)

a

is finite. Here and elsewhere D; = 0/0t. Also, the space Y(a,b) consists of locally
integrable functions v : (a,b) — Y with finite norm

(22 I:3@ 0l = ([ hrasvipa)”

The space Vige := L?

ioe(R;Y) consists of measurable functions defined on R with val-
ues in Y with finite semi-norms ([2.2)) for all a < b, and the space Xjoc := L3 .(R; X)
is defined analogously (cf. above); in particular for every f € X, the semi-norms

(1) are finite for all a < b .
Given 3 € R, the space X3 consists of functions u € L _(R; X) such that Dyu €

loc

L} (R;Y) and the norm
1/2

@3)  Jul = ([ ey XIP + Do)y |Pyde) s e,

R
and the space Vs = L3(R;Y') consists of functions f € Li,.(R;Y") with finite norm

1/2
(24) 1224l = ([ sy Par)
R

In order to deal with periodic problems we follow [12], [14] and also introduce
subspaces of Xjo. and V., which consist of periodic functions in t of period 1 and
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which are denoted by X and ;)A/, respectively. The norms in these spaces are

s X|| = [Ju; X0, V)], 15 VI = [1£; Y0, DI

Let A(t) be a bounded operator from X into Y depending continuously on t € R
with respect to the operator norm. We assume that A(t) is periodic with respect to
t with the period 1. For every ¢, we denote by A(t)* : Y — X* the adjoint operator
with respect to the duality (-,-), i.e.,

(2.5) (A1), ¥) = (0, AW)W) ¢ € X, €Y.
We also define the differential operators

(2.6) L =L(~t,D;) := Dyu(t) + A(t)u(t) and L*(t, D;) := —Dyu(t) + A(t)*u(t).

In the following we will consider the problem

(2.7) L(t, Dy)u = f(t),

where f € L2 (R;Y) is a given function and u € X, is a function to be found. Our
aim is to introduce a reduction of this problem into a system consisting of a scalar
valued, finite dimensional ODE-system and of another vector valued ODE, which
has better properties then the initial problem. The first main assumptions on L is

the following local estimate (cf. [4], Sect.2.2)
s 20, 1) < C(I1£(t, Dy ¥(-1,2)]
(2.8) 4w Y(—1, 2)||) for all u € X(—1,2).

To formulate the second assumption let us consider the following operator de-
pending on a complex parameter A\,

(2.9) AN =L(t, D)+ X: X =Y, AeC.

(Here, for the values A = i£, the number £ € R would correspond the Floquet
parameter or quasimomentum in the Floquet-Bloch transform, but we do not need
to exploit this machinery, as mentioned in the introduction.) Obviously, A is a
holomorphic operator pencil with respect to the parameter A\. The second main
assumptions on £ reads as (cf. [12]):

(2.10) there exists Ng for which A(Xo) : X — Y is an isomorphism.

Remark. We have in mind some applications to parabolic and elliptic PDE-
problems, which have been transformed into first order ODE-systems with respect
to one of the variables in a canonical way. The assumptions (Z8]), (2I0) are natural
for such cases. The assumptions would in general fail for hyperbolic PDE-problems.

Lemma 2.1. If the assumptions ([2.8)) and 2I0) hold, then the families
AN 1 C — L(X,Y),
A*(N) == AN : C — LY, X,

where A*(\) = —D; + A(t)* + X\, are holomorphic Fredholm families. Moreover,
there holds
1

@11) ([ (0 X+ 1 Ao YIP)de) ™ < e (AN T+ 31 )

0
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forueé?.

Here, E(z"? , )A)) denotes the Banach space of bounded linear operators from X into

V.

Proof. Writing estimate ([Z) for the function eMu, u € X, we get
1

([ e utey XIP+ 1+ ey IPyar)

0

: 2
1/2 12
< C((/eﬁmnﬁ(t, Dt+)\)u(t);Y||2dt) +/€2tm||u(t);Y||2dt) ),

which implies estimate (2I1). Since the inclusion X C Y is compact, we can use

the argument in [9], p. 20 or Theorem 2.1. to see that the embedding X C Yis also
compact. Hence, estimate (ZIT]) implies that the kernel of A()) is finite dimensional
and the image is closed for all A. This together with assumption (ZI0) gives that
the operator pencil is Fredholm with the index 0 for all A (see [3], Section A.8).

The definition of the adjoint holomorphic family A*()) is as in [3], Section A.9,
and its Fredholm property follows from that of the family A(\), as explained in the
citation; see also the next lemma. [

Let us provide a description of the dual space X*. To this end we use the inner

product to identify Y = )A), and we also denote by L?_(R;X*) the subspace of

per
L% (R; X*) consisting of periodic functions f : R — X* endowed with the norm

I£: LB X = ([ 05 Pae)
0

We skip the standard proof of the following lemma.
Lemma 2.2. Under the dual pairing

(1, 0)5 = / (u(t), v(t)) d

the dual space X of X consists of periodic functions w represented as
(2.12) w = wo + Dyw,
where wy € L2,.(R; X*) and wy € Y, and it is endowed with the norm

lw; X% = inf (Jlwo; Lper(R; X7 + || Dews; V)

per

where the infimum is taken over all representations [ZI2). The adjoint A*(N\) of
the operator A(X) satisfies

(AN, V)p = (0, ANy peX,p e,
We end this section with one more lemma. One can easily verify that
(2.13) AN u = AN — 27i) (e*™u)
for u € X.
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Lemma 2.3. Assume that the operator A(p) is an isomorphism for u = 5 + i&

with a fived B € R and for all £ € [0,27). Then, for allu € X and A\ =  + i with
£ R,

@) ([ (ler X+ 1D Nuler v < LA,

where C' may depend on B but it is independent of £.
Proof. By (ZI3)) the optimal constant ¢ in the inequality
(2.15) AN w; VI = cllu; V|

is the same for A and A —27ki for all k = £1, 42, .... This together with (2.I3]) and
the assumption of the lemma implies existence of a constant ¢y such that (2I5]) is
true for all A = 5 + i€ with £ € R. Using (2.I3) we derive (214) from (ZII). O

3. EIGENVECTORS, GENERALIZED EIGENVECTORS, JORDAN CHAINS

We recall some basic facts concerning the spectrum of the operator pencil A(\),
[29). For the sake of the presentation, we recall some proofs and otherwise refer to
the Appendix [3] for a quick introduction to the topic. As in standard spectral theory
of linear operators, the spectrum is the set of those A € C such that A(\) : X -y
is not invertible; A is an eigenvalue, if the kernel of A(A) is not {0}.

Since A(N) : X Yisa holomorphic Fredholm family and due to the assump-
tion (ZI0), the spectrum of A(\) consists of isolated eigenvalues of finite algebraic
multiplicity, see Proposition A.8.4 of [3]. From the relation (2.I3)) it follows that if
A is an eigenvalue then the same is true for A + 272 and their multiplicities coincide.
In the following we denote for all g € R

(3.1) dg={AeC: RAX=0,3\e€[0,2m)},
and we choose real numbers
(3.2) P < B2

such that there are no eigenvalues of A(\) on the the intervals dz, and dz,. We
denote eigenvalues of A(\) in the set

(3.3) {A=0+i&; B <P <P, £€0,2m)}

by Ag, k= 1,...,N, and let J; and my1,...,my s, be the geometric and partial
multiplicities of A\y. Assume that for every k =1,..., N,

(3.4) e m =0, my; =1, j=1,...J,

is a canonical system of Jordan chains of the linear pencil A(\) corresponding to A
(see [3], Definition A.4.3, Propositions A.4.4, A.4.5.). The functions

(3.5) o i=1,..

form a linearly independent sequence of eigenvectors corresponding to the eigenvalue
Ak, while the functions ([34]) with m > 1 are associated vectors satisfying

(3.6) A()\k)apﬁo =0, A()\k)apﬁm = —gpjm_l, m=1...,my;— L
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In the same way, the eigenfunctions and generalized eigenfunctions of the adjoint
operator are the solutions of the equations

(3.7) A*(Ak)zpjo =0, A*(Ak)lp;im = —wf,m_u m=1,...,my;— 1.

It will be important to specify the choice of the functions ([B.H) and ([B1) such that
certain orthogonality relations are satisfied. Notice that we consider a finite set of
eigenvalues, which is fixed by the choice of the numbers 3, 55 above. The following

assertion is known and its proof can be found in Remark A.10.3 in [3] (see formula
(A.60) there).

Lemma 3.1. If the Jordan chains (3-4) are fized, then there exist uniquely defined
Jordan chains of the adjoint pencil A*(\) corresponding to the eigenvalue Ay

(3.8) heam=0, .. omg— 1, j=1,...,J,

]7m’

such that in addition to all equations [B6]) and BT) also the following hold true:
(39) (¢§,mk7j—17 wﬁ,m)f} = 53]5(7)na m=0,... y M5 — L.

From now on we assume that the eigenfunctions and generalized eigenfunctions
satisfy (B.9). The last relation implies some more orthogonality relations.

Lemma 3.2. Let the Jordan chains [3.4]) and [B8) be the same as in Lemma[31]
Then the following biorthogonality relations hold:
(310) (gpj m) meKJ 1— M) - 5K5J5M
forall k, K, j,J,m, M.

Proof. Let first K = k. Then [B.I0) for m = my, ; — 1 follows from (B.9).

Next we observe that for m = 1,...,my; —land M =1,...,mp;—1, J =

., Jk, the relations (B6]) and ([B.7) yield
(90] m’¢]mk1 1- M) (ng maA*(Ak)¢Jka M)y

(311) = (A()\k)(ﬂ] m7¢Jka M) ((p]m 171/}Jka M)y

Applying this relation with m = my; —1 and M =1,...,my s — 1 and using that
(B.I0) is proved for m = my; — 1, we arrived at ([B.I0) for m = my; — 2 and
M =0,...,mg,— 2. Since the relations

(ijma w§70)§ = O, m = O’ . )mk‘,j _ 2’

follow from the solvability of (8.6), we arrive at ([B.I0) for m = my; — 2 and all M.
Repeating this argument we prove ([BI0) for all m and M.

We finally show that if & # K, then the orthogonality in (B.I0) automatically
holds. For the two eigenfunctions we get the orthogonality (gog?,o, wfo)f; = 0 for all
g=1,...,Jx, J=1,..., Jg by the simple classical argument, since the eigenvalues
A, and A\ are different. Then, we have, for all M =0,...,mg ; — 2, all 7, J,

(90] 0 ¢JM) (% 0 -A*()‘K)wJM-i-l) (A()\K)SO?,O, waJrl))?
= _(-A(Ak)%,()a ¢J,M+1)37 + (A — AK)(%’,m wJ,M+1)37
(312) = (M = M) (@0, VT a1 3
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where the coefficient A\, — A\g is non-zero, so that the orthogonality (¢§,o> wﬁf M +1)37 =
0 for all M =0,...,mg ;s —1 and j,J follows by induction. In the same way one
obtains (‘P?,mawfo)f; =0forallm=0,...,my,; —1andj,J .

Then, one proves the following formulas in the same way as (3.12)

(% m+l>wJM 1) + (A — )\K)(% m—+1s @DJM)
(@?,ma TAI{M)SJ =
(SOJ m—1> IDJM+1) + (A — AK)(‘P]W IDJM+1)
One can then proceed by induction to get the orthogonality for all indices. [J

Let us still introduce some more notation with the help of the above introduced

Jordan chains: we define
m

t tmn
k gt k gt k
(313) (I)],m(t) = e Z% m(pj,m—n = e Z% (m — n)!(pj,fw
forall k =1,...,N, j=1,...,J5, m =0,...,my; — 1. It is known and one can

verify it directly that these functions are solutions to the homogeneous equation
@1). The binomial formula implies the following relation which will be needed
later:

e””ig(t;f) Pl —ewZ;Z lim P alt)
(3.14) = e)‘ktz ) A '%H Z
v=0 n=0 v=0

4. SOME RESULTS ON SOLVABILITY AND ASYMPTOTICS FOR PROBLEM (2.7])

We will need some more solvability and asymptotical results for problem (2.7),
which are proved for general boundary value problems with periodic coefficients in
a cylinder in [7], Sect. 4.2, 5.1, 5.4 (for the case of a periodic quasi-cylinder, see also

[13]).

Theorem 4.1. The mapping

,C(t, Dt) : X_g — y_g
is isomorphic if the semi-interval 0g does not contain eigenvalues of the operator
pencil A(N).

Theorem 4.2. Let 3, < (B2 be real numbers such that the semi-intervals dg, and
9, do not contain eigenvalues of the operator pencil A(N) and let f € YV_5, V-4,
Denote by uy and uy solutions to the problem ([27) from the spaces X_g, and X_g,
respectively (which exist according to Theorem[{.1). Then

N J, mgi—1

(4.1) Up — Uy = ZZ Z C]m ]m

k=1 j=1 m=0
where the functions CI);m, k=1,...,N, are all the functions (Z13) such that the
eitgenvalues N\, belong to the set
(4.2) Q(B1,B2) ={A=B+i€ : fp <B < Pa, §€10,2m)},

and cfm are constants.
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A straightforward consequence of the last theorem is the following uniqueness
result.

Corollary 4.3. Let 1 and B2 be the same as in Theorem [{.2 If u € Xy is a
solution of (2.7) with f =0 and

(4.3) Ju; X(t,t+1)|| < Ce” fort >0 and |u; X(t,t+1)|| < Ce®™ fort <0

for some positive constant C', then

N J, mp—1

(4.4) ZZ Z kL ok (

k=1 j=1 m=0

where c& . are constants and ®%, are all functions (313) such that the eigenvalues

Ak belong to the set (A2]).

Proof. Let 8] > (; and ) < (5 be such that the intervals |3y, 5]] and (35, 5a]
do not contain the eigenvalues of the operator pencil A()\). Let also n = n(t) be a
smooth function of one variable such that n(t) =1 for t > 1 and n(¢) = 0 for t > 0.
Consider the problem (Z7) with f = (Dyn)u. This problem has two solutions,
uy = nu and uy = (n — 1)u. Since

,m

[ mixipa < ¢ [ et P s oo < s,
0 0 0

uy belongs to X_g . Similarly, us belongs to X_g,. By Theorem B2, v = uy — uy is
equal to the right-hand side of (A1) and we arrive at (44). O

5. POINTWISE PROJECTOR.

Let us introduce the operator

N Jg mk,j_l

(5.1) Pu(t)=> U} () 1 (),
k=1 j=1 m=0

where

(5.2) uf () = (u(t), ¥ ,,.(1))

and ¢t € R. If the inner product (-,-) were replaced by (-,-)5 then by @B.I0) the
above operator would be the finite dimensional spectral projector for the operator
—L(t, D) corresponding to the spectrum in the set (3.3]). But here we have only
the inner product (-,-) on the cross-section and the coefficients u”,, are functions
of t. By definition, the operator P commutes with the point evaluatlon operator
Vioe 2 [ = f(t) for all t € R. The notation P(t) means the evaluation of (5.1]) at .

The operator P is well defined on the spaces Vo and Xj,.. Since there are only

finitely terms in the sums (51) and
|05 (1) < Cllu(t); Y| and |0y, ()] < CllOu(t); Y,

the operator P is bounded as an operator in Xz and Vg.
In the following theorem we prove that the operator P(t) is indeed a projector
and derive some important properties of P.
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Theorem 5.1. The operator P has the following properties:
(i) P(t) is a projector for everyt € R;

(i1) LPu = PLu for all u € X ;

(iii) there holds

N Jk Mg, j—

(5:3) LPu=) 3> ( (1) = 0 (D) 1)

k=1 j=1 m=0

where it is assumed that uj_l = 0.

The proof of is based on the following, perhaps unexpected fact.

Lemma 5.2. We have for all k, K = 1,...,N, j =1,...,J,, J = 1,...,Jk,
sz,...,ka—l,MzO,...,mKJ—l,
(5.4) (D s —1-m (), V5 (1) = 036503, for all t € R.

We will give a proof of this lemma at the end of this section and now complete the
proof of Theorem .1l Indeed, the claim (i) follows from (5.4]). As for (iii), using

B8) we have
(D + A1) U(2)

N Jk mg, j— 1

= : ((Dtujm(t)>¢§,mk,j—1—m(t)
s () Dy + AW 1o(t))
=D 3 DD DN (RS RINOE G

(P (D))
which implies (7i¢). Finally, we have
PLu = Zvﬁm(t)wjmk’j_l_m(t) , where
Vi () = ((De+ A0)u(t), 05,,(t)) = Dy (8) + (u(t), (= De+ A1) )5(1)).
Using (5.4) we obtain
U (t) = Dyt (8) = M (u(t), €5, (1)) — (ul(), ¥ 1 (1))
= (Dt = M)t () = 5 1 (1),

which together with (7i7) gives (ii). O
Proof of Lemma Introduce
(5.5) I(k, j,m; K, J, M)(t) = (@50 (8), 050 (1))
We have for all m, M =0,...,my,; —1
DiI (k, jym; K, J, M)(t) = (Deg 1 (8), 050 (8) + (95,0 (8), Detbing (1))
Moreover, by (B.0]), [B.),
(Dy+ A() + M)+ Pmo1 = 0, (=Du+ A()" + A )as + USa = 0,
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where we must agree that the functions with negative second lower index are zero.
Thus,

DI (k, g, m:i K, J, M)(t) = —((A®) + M)@Sm(t) + @51 (), 50 (1))
(@ (6, (AR 4+ X)W 5as (1) + P51 (1)
After cancellation, we get
Dy (k,j,m; K, J, M)(t)
= (D ma1(£), 50 (1) + (5 (), Vo011 (1))
(5.6) = —I(k,5,m—1, K, J, M)(t)+ I(k,j,m; K, J, M —1)(t).

1°. We first prove the case K =k and J =j € {1,..., Ji}.

(7) Let first m = 0 and M = 0. Then, the right-hand side of (&) is zero
by the convention made above, and therefore D,I(k,7,0;k,7,0)(t) = 0 and thus
I(k,7,0;k,7,0)(t) does not depend on ¢. By Lemma B2l we get for all ¢

1
(5.7) I(k,j,0;k,5,0)(t) = /l(k‘,j, 0,3k, 5,0)(r)dr = (£ 0, ¢} o)y = 0.
0

(2) We next consider the case m = 0, M = 1,...,my; — 2. We use induction
with respect to M: assume that I(k, j,0;k, j, M)(t) = 0 for some M < my, ; —2 and
all t € [0,1]. By (50) we get

hence, I(k, j,0;k,j, M +1)(t) is constant with respect to ¢t. Integrating this constant
as in (B.7) and using Lemma 3.2 yield for all ¢

[(k>]707ka]aM)(t):(S0j0’ f,M)j}:O \V/le,,ka—Q

(Note that by Lemma the inner product is not zero for M = my; — 1.)
In the same way, using inductively

Dl (K, j,m+ 15k, 3, 0)(t) = I(k, j,m; k, ,0)(t) = 0
for m =0,...,my; — 2 instead of (5.8) we prove that
I(k,j,m;k,j,0) =0 Ym=1,...,my; —2.

(#73) We next consider the case m+ M < my, ; —2 by using a double induction: as-
sume that for some index M > 0 with M < my, ;—3 the equality I(k, j,m; k, j, M) =
0 has been proven for all m = 0,...,my; — M — 3. Then, (5.6) implies, for
m=1,....,my; — M —2,

Dtl(kaja m; k>j>M + 1)
We can thus proceed by induction with respect to m (using t-integration and Lemma
3.2 as above) to get
I(k,j,m;k,j,M+1)=0 Vm=0,...,my,; — M — 2.

Induction with respect to M yields (5.4)) for all m+M < my, ;—2. In both induction
procedures we use (i) for m = 0 and M = 0 to start with.
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(tv) Consider m + M = my,; — 1. Formula (5.6) and what we have proven until
now again imply that for every m = 0,1...,my ; — 1 the expression

I(kaja m; kf,j,ka —m — ]-)
is a constant, which by ¢- integration and Lemma is equal to 1.
(v) However, this and (5.6) again imply that for every m =1,2,...,my; — 1 we
have
[(k7]7m7 kaja mk,j - m) = 0.

(vi) From here on we can continue in the same way as in (izi) to get the result
for M +m > my, ;.

2°. The proof in the case K = k but J # j is simpler than 1°. The case (i)
is the same. The argument of the case (i) yields I(k,j,m;k,J, M) = 0 for the
pairs (m, M) withm =0,M =1,...,mpy—land m =1,...,my; — 1, M =0,
by Lemma Then, the procedure of (iii) yields I(k,j,m;k, J, M) = 0 for all
remaining pairs (m, M), since now we do not have the obstruction of the case (iv)
(the inner products (¢%,,, 9% 1/)5 equal 0 instead of 1, by LemmaB.2, for all indices
in question).

3°. For the proof in the case K # k we need to introduce instead of (5.5)),

I(k,j,ms K, J M)() = e (g (1), 405 0(1))
because \; # Ag. By a similar calculation as around (G5.6) we get for all j, J, m, M
CANINND, I (K, j,ms K, T, M)(2)
+ (D (£), 0500 (1) + (5,1 (1), Detbps (1))

The following argument shows that we can use (0.9) instead of (5.6]) and repeat the
proof of the case 2° (i.e. the steps (i) — (zi¢) in 1°) for all j, J;m, M: assume that
the right-hand side of (53) equals 0 for all . Since e(=*FAx)t =£ (0 this implies
that D, I(k,j,m; K, J, M)(t) = 0 for all ¢, hence, I(k,j,m; K, J, M)(t) = B for some

constant B, for all t. Thus, by Lemma [3.2]

1
0= (A Vg = [ ORI (0, 08 ()t = B
0

e =2t 1p

o _

Here we have fol ePr=M)tdt £ 0, since A\ — A, cannot equal a multiple of i27, see
([B3). Hence, the constant B must be zero, and thus also (¢¥,,(t), ¥, (t)) = 0 for
all t. [

6. SPECTRAL SPLITTING.

We assume that 5, < [, are the same real numbers as in Theorem so that in
particular the semi-intervals dg,, dg, do not contain eigenvalues of the pencil A(\)
and its eigenvalues in the set Q(f1, f2) of (L2) are Ai,..., A\y. We introduce the
function

p(t) = e P for t >0 and p(t) = e ! for t < 0.
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Using the projector P of (B.]) we represent a solution of ([2.7]) as
u=U+V, where U="Pu, V=0Qu:=(I—-Pu.

Due to the commutation relation Theorem [B.I](ii) we have the following system of
equations for U and V:

(6.1) L(t,D)U(t) = (D + At))U@) = Pf
(6.2) L(t, D)V (t) = (D + A1)V (t) = QF.
Using representations (5.1)), (5.3]) together with Theorem [B.1J(iii) and writing

N Jg mk,j_l

PIO=D> > finm,-1-m(t).

k=1 j=1 m=0

where
Tt = (f(), ¢, (1)),

we can present (6.1]) as a system of first order differential equations
k k k
(6.3) (Dr = Mot (8) + 051 = fm

Here, k =1,...,N,j=1,...,J,, m=0,...,my,; — 1, and u?m is given by (&.2)
and we assume that U?,m_1 =0ifm=0.

The equation (6.2]) concerns the "remainder” term: here we have removed the
spectrum Aq, ..., Ay from the operator using the projector, and hence it has better
estimates. This property of the equation (6.2)) is contained in the following assertion.

Theorem 6.1. Let f € L (R;Y) and

loc

(6.4) /u(t)||f; V(t,t+1)|dt < co.

R

Then, the equation
E(tv Dt)u = f

has a solution u = U +V € Xy such that U is a solution of ([GIl) and V is a
solution of ([6.2) satisfying the estimate

(©5) Vi(r,r+ DI < C [ ue = 7)IQF: Vet + 1) de
R

for all T € R.
Let f satisfy (64]) and Qf = 0. If the bounds ([A3]) with some constant C' hold
for u, then V = 0.

Proof. We need to prove here the existence of V' satisfying (6.0 as well as the
last uniqueness statement. We start by the uniqueness. Let Qf = 0 and assume
u satisfies (A3]). Let the coefficients of Pu in (B.)) satisfy (63)). Then Pu is a
solution to (2.7)) and by analysing solutions of the ODEs (6.3]) we conclude that this
solution also satisfies (A.3]) possibly with a slightly larger 5, and smaller 5. Then,
according to the above uniqueness result from Corollary we have u = Pu and
hence V = Qu = 0.
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Let us turn to the existence. Let first f have a compact support and let g = Qf.
Applying Theorem [4.] to the equation LV = g, we get the estimates

(6.6) t/e—m“*ww«prWdtscrjpeﬂﬂ*ﬂng&xwaa

for k = 1,2 and all 7 € R. Finally, assume f is as in (6.4]) and write f = Z;‘;_w fis
where

fi(t)=fon (4,j+1) and f; =0 for ¢ outside (j,j+ 1), 7 =0,£1,£2,....
Using estimate (6.6) for the function V; (corresponding to f; and g; = Qf;) we get

T+1 Jj+1

([ s xia)”™ < ot =n( [ 1or@syipa)”

Summing up these relations, we obtain for all 7 € R
T+1

([ wesxipa) ™ <c [ ue-niesw:vid.

R
which is the same as (60). O

Remark 6.2. We note that the function u(t) is the Green function of the second
order operator —(D; — 31)(D; — B2) up to a positive constant factor. So the estimate
(65) is similar to the representation of the solutions to the equation

—(Dy = B1)(Dy = Bo)u(t) = f(t)
through the Green function and the right-hand side.
Estimates (0.4]) and (G3) imply estimate (E3]) possibly with some slightly larger
(smaller) 51 (fB2) and hence uniqueness and existence parts in Theorem are in
agreement.

7. REDUCTION OF A DYNAMICAL SYSTEM WITH PERIODIC COEFFICIENTS IN
HILBERT SPACE

7.1. Formulation of the problem. In this section we apply Theorem [6.I], in a
slightly modified form, to obtain a center manifold reduction for a non-linear ODE
with periodic coefficients in a Hilbert space. The proofs are mainly quite straight-
forward modifications of existing result, hence, we only sketch many of them.

To formulate the problem we let the Hilbert spaces X and Y and the operators
A(t) and A(X) be as in Section 2l Then, consider the following non-linear ODE in
the space X,

(7.1) L(t, Dyyu(t) = f(t, p,u(t)),
where
(7.2) fIRXMxX =Y

and M is the set of parameters, which is a neighborhood of a point 1y € R?, while
X is a neighborhood of zero in X and u € X, with u(t) € X for all t. Moreover we
assume that the function f of ([Z2) belongs to C&H(R x M x X;Y) (the space of
functions R x M x X — Y, which, together with all -, u- and u-derivatives up to
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order k + 1, k > 1, are uniformly continuous and bounded; by the u-derivative we
mean the standard Fréchet-derivative in Banach-spaces) and that

(7.3) f(t, 1o, 0) =0, O.f(t, 10,0) =0 for ¢t € R.

Observe that according to these equalities, f isin a sense at least of the second degree
with respect to u, a property which will be essential to the fixed point argument in
the proof of the main result. We assume also that the periodic operator function A(t)
belongs to CEXY(R; L(X,Y)) (the space of k + 1 times continuously differentiable
functions R — L(X,Y’) which are periodic in t).

In this section and in what follows we denote by Ai,..., Ay the eigenvalues of
A(X) on the interval 6y, (BI), and for their multiplicities, partial multiplicities,
eigenvalues and generalized eigenvalues we keep the notation of Bl Introduce the set
of indices

©={(k,jm):k=1,...,N;j=1,....J;ym=0,...,my,; — 1},

and the total algebraic multiplicity of all eigenvalues on the interval d
N J

M = ZkaJ—.

k=1 j=1

Following Sections [ [l we represent the function u of (7.1]) as

(7.4) u=U+V, |,

where

(7.5) Uty =Ptyu(t) = > U (DL s 1-m (D),
(k,j,m)€O

with

(7.6) uf () = (u(t), ), (1))
and V =u—U = Qu, @ =7 — P. Due to additional smoothness of A(t) we have

ok, € ChL(R; X) and %€ CF (R;Y). Now equation (ZI]) can be transformed
into the system

(7.7) L(t, DYU(t) = Pf(t,U(t) + V(1))

(7.8) L(t, D)V (t) = Qf(t,U(t) + V (t)).

By Theorem [5.1], equation ([I.7]) can be written as the scalar system

(7.9) (D; — )\k)ufm(t) — ug‘?’m_l(t) = ;fm(t, Ut)+Vi(), (kjm)eoO,
where u} _; =0 and

(7.10) o (tu(t)) = (s u(t), ] (1)

for all k, 7, m. We introduce the notation

(7.11)  u(t) = {uf, (O }wgmee = {(ul), V50 () ogmeo: £ = {fimbnimeo
and define the M x M-matrix by

(7.12) Ru = { Nl +ub Y jm)co-

Given 7 € R and £ € CM we associate to the equation (T9) the problem

(7.13) (Dy = R)u(t)(t) = £(t, 1, U(t) + V (1)), u(r)=¢,
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where U is expressed through u by (Z.H). This reformulation will replace (7.7)) in
the later considerations (see (.30))) in the general case of complex Hilbert spaces X
and Y. In the next section we make remarks on the real case.

7.2. Projector P in the case of real Hilbert spaces. We consider here the case
when the operator A(t) is real, or real valued. Namely, in possible applications for
partial differential operators having real coefficients, it may very well be desirable
to stick to the real valued solutions, but in (ZI3)), there is no guarantee that for
example the matrix R is a real one. Accordingly, we derive here a modified equation
with a real R.

To be precise, we assume here that our basic Hilbert spaces X arld Y, SAectiongL
are presented as a standard complexification of the Hilbert spaces X, X, Y and Y,
respectively, over the real scalar field R, i.e.

X=X@iX and Y =Y @iy
as vector spaces. Then, T = T — ix denotes the conjugation of an element x =
T+ir € X ®iX = X (here, ¥ and T are the real and imaginary parts of x).
Moreover, x € X is real, if z € X, or equivalently x = T = Z; the notions of the real

and imaginary parts of = are as usual. The operator A(t) : X — Y is real, if there
holds A(t) = A(t), where A(t) is the conjugation of the operator A(t) defined by

AW (F +i7) = A @ —a7) forall 7, 7 € X.

If A(t) is real, there holds A(t)(X) C Y. For example, if X is a Sobolev-space H'(Q)
on some domain Q C R? then the above concepts have natural interpretations in
terms of real valued functions and partial differential operators with real coefficients
ete.

We introduce the operators P, : )Y — ) as

T e i—1
P)\ku_z Z ]m y‘P]mkj—l -m"*
j=1 m=0
Let also
Jk mk,j—
(7.14) Pa.(Bult) = ) K D)y e 1),
7j=1 m=0

which is now defined for all u € C),.(R;Y). Clearly, ﬁAk is the spectral projector of
the operator pencil £ corresponding to the eigenvalue A\, and taking values in the
space of periodic functions. Similarly to Lemma 5.2 one can show that the operators
P, (t) are projectors for every ¢ € R, i.e. we have P; = Py, . These projectors also
have the properties

N
= Py(t) and Py ()P (t) = dpx for k, K =1,...,N

According to (213), the numbers Ay — 27i are also eigenvalues of the pencil A(N\)
of the same multiplicity and partial multiplicities as A, and the systems

(7.15) _27”g0fm and e 2™t =1 Jy, m=0,... ky;— 1,

j?m’
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are canonical Jordan chains corresponding to the eigenvalue A\, —27i, and the relation
(B.10) holds for them. If the projector Py, _ori(t) is defined analogously to (T.14) by
using ((Z.I5), then one can verify that actually

(7.16) Pri—2ni(t) = Pa (1)

In the case a real valued operator A(t) the number ), is also the eigenvalue of
A(X) of the same multiplicity and partial multiplicities as A;. There also holds the
important relation

Py (t) = Pos ().

It will be convenient to re-numerate eigenvalues as follows. We first consider
the eigenvalues Ay € (0,7i) and numerate them by 1,...,0. Then the interval
(i, 2mi) contains the same number of eigenvalues since the numbers Ay, A\ — 27i
and —\; 4 27 are all eigenvalues of the same multiplicity and partial multiplicities.
The eigenvalues in (74, 27i) are indexed by the numbers —1,..., —o so that

—As = A_g — 2.
Thus,

P(t) = (Pu(t) + Pu(t)) + (c0Po(t)) + €op1Pora(t)).
s=1
Here, ¢g = 1, if 27i is an eigenvalue, otherwise ¢y = 0. Similarly, €,,1 = 1, if wi is
an eigenvalue, otherwise this coefficient is 0.

If 277 is an eigenvalue, then due to ([T.I6) we have Par;(t) = Py(t); one can choose
all eigenfunctions and associated eigenfunctions ¢y, ; and ¢y, ; to be real. Hence, the
expression for the operator Py(t) consists of real terms only for each ¢. If A\ = 7i is
an eigenvalue of the operator pencil A(\) then the corresponding projector P, (%)
has the form

a+1 Mo+41,5

(7.17) (Poru®)(t) =D > uff t)eln (),

7j=1 m=0
where
(7.18) u () = (u(t), v EH )y
and
(7.19) il and 97 j =1, s, m=0,.. mes;— 1,

are canonical Jordan chains corresponding to the eigenvalue 0 of the operators D; +
A(t) and —D; + A*(t) with anti-periodic conditions (u(t 4+ 1) = —u(t)). The chains
are subject to the biorthogonality conditions (3I0). Clearly, the functions (.19
can be chosen to be reall. So the projector P(t) is real for each t.

To give a more explicit representation for P(t) we write the real and imaginary
parts

Phm(t) = B + 15, and Of(8) = OF, 4 i,

Then for real valued u we have

s Ms,j—

iZ 2. ( (D1 + Ty (D, 1 (D))

s=1 j=1 m=0

IWe note that isomorphism between periodic and anti-periodic vector-functions is given by
multiplication by e™.
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o Js ms,j_l
(7.20) D DD I I (5 1 S ()
s=0,0+1 j=1 m=0

where N _
w5 (t) = (u(t), &5, (8))y and uj,,(t) = (u(t), 15, (t))y-
By taking the real and imaginary parts in (.9) we get the real equations

(7.21) Dy + 15Ty — Wy = Fims

(7.22) DALy — HsTE g = Wt = oy

where \y = i and

(7.23) () = (F0),65,(0)y and J7,(t) = (f(1),95,(6)y-
In the case 27i, or 0, are also eigenvalues, we get one more equation,
(7.24) D2, — = s

since go?’m, @DJO»,m and fjo,m are real, see above. Similarly, if 77 is an eigenvalue, then
there is the additional equation

(725) D,a /\J—i-l Aa—i—l fa-i-l‘

j m—1
In the decomposition (7.4]), i.e. u(t) = P(t)u(t) + V(t), the projector P(t)u(t)
has the new representation ([7.20) and V satisfies the same estimate (G.0]) as before.
However, the matrix (7.I2]) can now be replaced by another one, which is obtained
from the system (T2I)-(7.25) and has real entries. We keep the old notation and
still write system (I3]) as

where R is a real matrix. In the real case we will use the coordinates
(& G 0 €Y, s =1, 0,

where the last two are there only when 27i or/and 7i are eigenvalues respectively.

7.3. Model problem. Hereinafter, we formulate all results for the case of real
Hilbert spaces. Their generalizations onto complex Hilbert spaces are quite straight-
forward.

We will need to consider a linearization of the system (C7)-(Z8). To formu-
late this we introduce for v > 0 the weighted Sobolev-type space H}{(R) of vector
functions u : R — RM with finite norm

s R = ([ () + [ D) )

(here and in what follows, || - || without a Banach space denotes the Euclidean norm
of RM) and the space X, (R) consisting of functions V' € X, satisfying Q(¢t)V (¢) =
V(t) for almost all ¢ € R with finite norm

VX, @)= ([ eV X P + e vIPar)

Given 7 € R and £ € RM, we pose the following linear problem
(7.27) (D — R)u(t) = F(t), u(t)=¢
(7.28) L(t, DYV (t) = G(2),
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for the unknown pair (u,V) € H}(R) x X, (R). Here, F : R — R" is a given vector
function belonging to the weighted space L?Y(R) endowed with the norm

s 1/2
IFLE®) = ([ e R P

and G € Y. belongs to the space Y., (R) consisting of functions satistying Q(t)G(t) =
G(t) for almost all ¢t € R and endowed with the norm

—27|t—7| 2 1/2
G Y @) = ([ Gl v

We denote by 3 a positive number such that A\, ..., Ay are the only eigenvalues
of the pencil A(\) on the intervals d with |5'| < f.

Lemma 7.1. Let v € (0,8] and £ € RY, F € L2(R), G € Y,(R). Then the
linear problem (7.27), (7.28) has a unique solution u € H}(R), V € X,(R), and
this solution satisfies

(7.29) lw; HY(R) |- < C(I[€]] + 1F; L2(R)]|-)
and
(7.30) IV; X, (R)]l- < ClG; Y4 (R)]|-,

where C' is independent of 7. In the case of complex Hilbert spaces we must assume
certainly that € € CM.

Given « as in the lemma, we define the linear operator
(7.31) K:L2(R) x R x Y, (R) = HJ(R) x X,(R)

which maps the data (F, ¢, G) into the solution of the problem (Z.27)-(7.28)) satis-
fying the estimates (7.29)), (Z.30).

Let us sketch the proof of Lemma . By a shift of the ¢-variable the lemma can be
reduced to the case 7 = 0, which is the case we will consider here. Equation (T.27)
can be written as

t
u(t) = e™¢ +/ eRU=SIF (5)ds.
0
Since the eigenvalues A\, k = 1,..., N, are purely imaginary we have
R <+ t)™ Y, m=max{my, : k=1,...,N,j=1,...,J;}

and similar estimate is valid for the ¢-derivative. Therefore
()] < C((L+[e)™ " + /t(l + [t — s|)" M F(s)|ds)
and . 0
W)l < C(@+ ™ +/0 (L4t =)™ [F(s)|ds + |F(1)])

which implies (Z.29).
We will use the following version of Theorem adapted to our situation.

Theorem 7.2. Let f € L2 (R;Y) and

loc

(7.32) /e_5t|||f;y(t,t+ 1)||dt < oo.

R
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Then, the equation
E(t, Dt)u = f

has a solution u = U +V € Xy such that U is a solution of ([GIl) and V is a
solution of ([6.2) satisfying the estimate

(7.33) Hvyuﬂ7+1mgca/aﬂpwgﬁy@¢+1mﬁ
R

for all T € R.
Let [ satisfy ((32) and Qf = 0. If the bound

Ju; X(t,t+ 1) < Cell fort e R
with some constant C' hold for u, then V = 0.

The estimate (7.30) follows from (733]) by using the arguments in Section 4 of
[3]; the fact the in the present case the operator A(t) is not constant in ¢ does not
influence the proofs. We need to observe that 5 in the reference can be replaced by
[1 > [ with 87 so small enough so that the strip f < A < 1 does not contain
eigenvalues of the pencil A(\).

7.4. Center manifold reduction. The following theorem is an analog of Theorem
1 in [I0] and its proof is literally the same. We present below the main steps of the
proof for the convenience of the reader. As in the previous section we consider the
real case and hence the matrix R is real valued and defined in the end of Sect[l.2]

Theorem 7.3. Suppose that the assumption on A(t) from Sect2l are valid and the
Operator A(t) is real valued. There are neighborhoods of zero W, € RM, W, € X
and a neighborhood My of oy in M and a function
h = h(t,,u,f) S Ck(R X Mg x Wh, Wg),
such that
Q(t)h(t) = h(t), h(t,po,0) =0 and deh(t, j1y,0) =0 fort e R.
Moreover the following properties hold:
1. Every solution u : R — Wy of the reduced system
(7.34) Dyu — Ru = £(t, u, U(t) + h(t, p,u(t))),

where € My and U = Pu is given by (T.20), gives a solution u = U + h(t, p,u(t))
of the whole system (T.1)).

2. Every small bounded solution u : R — X of (L)) satisfying u(t) € Wy and
V(t) € Wy for all t € R yields a solution u of the reduced system (L34). In this
case V(t) = h(t, p,u(t)).

The first step of the proof is to study the solvability of the non-linear problem
(7.35) (D = R)u(t) = £(t, 0, U(t) + V(1)) u(r) =¢
(7.36) L(t, DYV (L) = Q) f(t, 1, U(t) + V(1))
for small ||£||. Since we are interested in small solutions it is convenient to introduce

new right-hand sides in (Z.30]), (7.36) which however coincide with the original ones
for small w. Thus, let

£(t, g, u) = f(t,u,U)X(HE”)X(HV”X),

3
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(7.57) ety = gt (120 (VY

€

where y € C*1([0,00)) is a cut-off function such that x(t) = 1 for ¢ < 1 and
x(t) =0 fort > 2 and € € (0,e0) with g satisfying

(7.38) {U+V : Ju| <26, |V]x <260} € X.
Now instead of (Z3H), (Z30) we consider the problem

(7.39) (Dr = R)u(t) = £(t, p, U(t) + V (1)), u(r) =&,
(7.40) L(t, D)V (t) = Q) f-(t,pu, U(t) + V (1)),

where f. and f. are defined by (.37). Using the operator K introduced in (Z.31]),
we can write problem (7.39)), ((Z.40) as a fixed point equation

(u(t), V() = K(£(, 1, UC) + V())& Q) fl m UC) + V() (t)

Similarly to [I0] and using (73] among other things, one can show that the operator
K(-,&,-) is a contraction in a small ball of the Hilbert-space H.(R) x X,(R) deter-
mined by the choices (T37)), (Z38). The problem thus has a unique small solution
for small . The function h is defined by

(7.41) (T, 1, €) = V (7, 1, §)(7).

The same arguments as in [L0] show that h has the required smoothness with respect
to t, p and & and that the properties 1 and 2 hold.

The following remarks can be verified by quite straightforward arguments using
the definition of the function A given in the proof of the above theorem.

Remark 7.4. If f is periodic in ¢, then the function A is also periodic in t.
Remark 7.5. If additionally
ft, 1, 0) =0 for pe M, t € R,

then
h(t,11,0) =0 for p € Mo, t € R.

Remark 7.6. Let the operator A(t) (and hence £) depend also on u € M of class
CEFNR x M; L(X,Y)). So A = A(t, ;) and L(t, 1, D). We assume also that the
structure of the orthogonal projector P = P(t, 1) is the same for p € M and it is
given by (T5) where the functions ¥ = ¥ (¢, ;1) and ¥ = ¢ (t, j) are smoothly

depend on p also (of class C*FHR x M; X) and CEFL(R x M;Y) respectively. If

per per
f(t, 1, 0) =0 and O, f(t,p,0) =0 for p € M, t € R,
then
h(t,;t,0) =0 and Och(t, pu,0) =0 for p € My and t € R.
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