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Abstract
We study the structure of some groups of diffeomorphisms preserving a foliation. We give
an example of a C∞ foliation whose diffeomorphism group has not a natural structure of
Lie group. On the positive side, we prove that the automorphism group of a transversely
holomorphic foliation or a Riemannian foliation is a strong ILH Lie group in the sense of
Omori. We also investigate the relationship of the previous considerations with deformation
problems in foliation theory. We show that the existence of a local moduli space for a given
foliation imposes strong conditions on its automorphism group. They are not fulfilled inmany
cases, in particular they are not fulfilled by the foliation mentioned above.

Mathematics Subject Classification 58D05 · 53C12 · 22E65 · 58D27 · 22F50

1 Introduction

Let M be a closed smooth manifold. We denote by D = D(M) the group of all C∞-
diffeomorphisms of M endowed with the C∞ topology. It is a metrizable topological group.
In [15], Leslie proved thatD is a Fréchet Lie group; namely, a groupwith a structure of infinite
dimensional manifold modeled on a Fréchet space such that the group operations are smooth.
Fréchet manifolds are difficult to deal with as many of the fundamental results of calculus,
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like implicit function theorem or Frobenius theorem, are not valid in that category. However,
Palais proved that D has a richer structure: it is a ILH Lie group, that is a topological group
that is the inverse limit of Hilbert manifoldsDk each of which is a topological group [22,25].
Later on, Omori introduced the notion of strong ILH Lie group, whose precise definition is
recalled in 2.1. The interest of this stronger notion is that it allows to formulate an implicit
function theorem and a Frobenius theorem in that setting (cf. [23]). In addition to demonstrate
those results, Omori used them to show that D is a strong ILH Lie group.

It is natural to ask for similar results for groups of diffeomorphisms preserving a geometric
structure. In [6], Ebin and Marsden proved the existence of a structure of a ILH Lie group
on Dη and Dω, the subgroups of smooth diffeomorphisms preserving a volume element η

or a symplectic form ω on M respectively; and Omori showed that some subgroups of D,
including Dη and Dω, are strong ILH Lie groups (cf. [23,24]).

In this paper, we are interested in the structure of groups of diffeomorphisms preserving a
foliation, and preserving a foliation with some additional geometric transverse structure. Our
main motivation comes from deformation problems. We want to understand the relationship
between the existence of a nice local moduli space for a certain type of foliations and the
structure of their automorphism groups.

It turns out that the structure of the automorphism group of a smooth foliation is much
more complicated than the structure of the subgroups ofDmentioned above. Indeed, Omori’s
techniques are well-suited for groups of transformations of compact manifolds generating
primitive infinite pseudo-groups, which exclude explicitly groups preserving a foliation. We
give in this paper a negative result but also two positive ones.

Let us assume first thatF is a smooth foliation onM . In [16], Leslie asserted that the group
of foliation preserving diffeomorphismsDF is a Fréchet Lie group. Unfortunately therewas a
gap in his demonstration, which remains only valid for foliations with a transverse invariant
connection. Indeed, for certain foliations the group DF has not a natural structure of Lie
group. This fact seems to be folklore although, as far as we know, there is no published
example. In part 2, we construct and discuss in detail such a foliation.

Let us now consider a type of geometric structure � having the property that if ε is a
structure of type � on a compact manifold M then the automorphism group Aut(M, ε) is
a Lie group in a natural way. Assume that the foliation F is endowed with a geometric
transverse structure of type �. Because of the previous negative result, there is no reason
for the automorphism group Aut(F) (that is the group of the diffeomorphisms of M which
preserve the foliation as well as its geometric transverse structure) to be a strong ILH Lie
group. We show this is nevertheless true in the following two cases: F is a transversely
holomorphic foliation (part 4) or a Riemannian foliation (part 5). In both cases, we also
show the existence of a foliated structure on Aut(F) which is transversely modeled on a
finite-dimensional Lie group.

Part 3 investigates the impact of the previous results on deformation problems in foliation
theory. We want to understand the local deformations/moduli space of smooth foliations
possibly with a geometric transverse structure. Of course we would like to understand which
of these spaces have a natural structure of manifold, or analytic space. In contrast with the
theory of deformations of complex structures on a compact manifold, there are no general
results for deformations of foliated structures except for the transversely holomorphic case
[7]. We introduce the notion of Kuranishi property (cf. Definition 3.1), which is inspired
in the deformation theory of complex structures. A foliation satisfying that property has a
nice local moduli space. But we show that this property imposes strong constraints on the
automorphism group of the foliation. In particular, it must be locally path-connected, so the
example constructed in part 2 does not fulfill that property. We then study more thoroughly
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the case of foliations defined by suspension of a diffeomorphism of the circle (its holonomy
map). If such a foliation fulfills the Kuranishi property then its holonomy map fulfills an
analogous property imposing strong constraints on its centralizer. Especially, we show that a
diffeomorphism of the circle with the Kuranishi property cannot have an irrational rotation
number. All these factsmake clear that theKuranishi property is only fulfilled by quite special
foliations.

2 Groups of diffeomorphisms preserving a foliation

Throughout this article M will be a fixed closed smooth manifold. Let X = X(M) be the
Lie algebra of smooth (of class C∞) vector fields on M . Endowed with the C∞-topology, X
is a separable Fréchet space. We denote by D = D(M) the group of smooth (of class C∞)
diffeomorphisms of M endowed with the C∞ topology. It is a topological group, which is
metrizable and separable; so it has second countable topology.

We recall that a Fréchet manifold is a Hausdorff topological space with an atlas of coor-
dinate charts taking values in Fréchet spaces in such a way that the coordinate changes are
smooth maps (i.e. they admit continuous Fréchet derivatives of all orders). A Fréchet Lie
group is a Fréchet manifold endowed with structure of group such that multiplication and
inverse maps are smooth. In [15], it was proved by Leslie that D is a Fréchet Lie group with
Lie algebra X. In fact, D is endowed with a richer structure: it is the inverse limit of Hilbert
manifolds Dk , each of them being a topological group [6,22]. Moreover D has in fact the
structure of a strong ILH-Lie group [23], a notion introduced by Omori that can be defined
as follows.

Recall that a Sobolev chain is a system {E, Ek, k ∈ N} where Ek are Hilbert spaces, with
Ek+1 linearly and densely embedded in Ek , and E = ⋂

Ek has the inverse limit topology.

Definition 2.1 A topological group G is said to be a strong ILH-Lie group modeled on a
Sobolev chain {E, Ek, k ∈ N} if there is a family {Gk, k ∈ N} fulfilling
(1) Gk is a smooth Hilbert manifold, modeled on Ek , and a topological group; moreover

Gk+1 is embedded as a dense subgroup of Gk with inclusion of class C∞.
(2) G = ⋂

Gk has the inverse limit topology and group structure.
(3) Right translations Rg : Gk → Gk are C∞.
(4) Multiplication and inversion extend toCm mappingsGk+m×Gk → Gk andGk+m → Gk

respectively.
(5) Let gk be the tangent space of Gk at the neutral element e and let TGk be the tangent

bundle of Gk . The mapping dR : gk+m × Gk → TGk , defined by dR(u, g) = dRgu, is
of class Cm .

(6) There is a local chart ζ : Ũ ⊂ g1 → G1, with ζ(0) = e whose restriction to Ũ ∩gk gives
a local chart of Gk for all k.

Remarks 2.2 (a) The strong ILH-Lie group D is modeled on the Sobolev chain {X,Xk , k ∈
N}, where Xk are the Sobolev completions of X. In that case Gk = Dk are the Sobolev
completions of D and there are natural identifications g ≡ X and gk ≡ Xk (cf. [23],
Theorem 2.1.5). As chart ζ satisfying condition 6) in the above definition, one can take
the following mapping. Fix a Riemannian metric on M . Given ξ ∈ X, let ζ(ξ) be the
diffeomorphismwhose value at x ∈ M is γ (1) for γ the geodesic starting at x with initial
velocity ξ(x).
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(b) Weaker definitions of ILH-Lie groups were considered in articles prior to [23], in partic-
ular in [6,22]. In the present paper we will only consider ILH-Lie groups in the strong
sense given by the above definition.

(c) This strong definition ensures, by means of the last condition, that G is endowed with a
structure of Fréchet Lie group. The space g = ∩gk with the inverse limit topology is a
Fréchet space. Moreover, it is naturally endowed with a Lie algebra structure (cf. [23],
I.3). We call g the Lie algebra of G.

Suppose that H is a subgroup of a strong ILH-Lie group G and let B be a basis of
neighborhoods of e in G. For each U ∈ B, let U0(H) be the set of points x ∈ U ∩ H such
that x and e can be joined by a piecewise smooth curve c(t) inU∩H . Here, piecewise smooth
means that the mapping c : [0, 1] → Gk is piecewise of class C1 for each k. Then the family
B0(H) = {U0(H) | U ∈ B} satisfies the axioms of neighborhoods of e of topological
groups. As in [23], this topology will be called the LPSAC-topology of H , where LPSAC
stands for “linear piecewise smooth arc-connected". In general the LPSAC-topology does
not coincide with the induced topology.

Definition 2.3 Let G be a strong ILH-Lie group and let gk be the tangent space of Gk at e.
A subgroup H of G is called a strong ILH-Lie subgroup of G if there is a splitting g = h⊕ f

such that the following two conditions are fulfilled:

(i) It induces splittings gk = hk⊕fk for each k, where hk and fk are, respectively, the closures
of h and f in gk .

(ii) There is a local chart ζ : Ũ ⊂ g1 → G1 fulfilling condition 6) in Definition 2.1 such that
ζ(Ũ ∩ h) = U0(H), where U = ζ(Ũ ∩ g)

Remark 2.4 Clearly, a strong ILH-Lie subgroup H of a strong ILH-Lie group G is itself a
strong ILH-Lie group under the LPSAC-topology.

In [23], Omori was able to state some of the classical theorems of analysis, like the
implicit function theorem or Frobenius theorem, in the setting of strong ILH-Lie groups. The
following is a special case of Frobenius theorem that will be used later (cf. [23], Theorem
7.1.1 and Corollary 7.1.2).

Theorem 2.5 (Omori) Let E and F be Riemannian vector bundles over M and let
A : 	(T M) → 	(E) and B : 	(E) → 	(F) be differential operators of order r ≥ 0
with smooth coefficients. Assume that the following conditions are fulfilled:

(i) B A = 0.
(ii) A A∗ + B∗ B is an elliptic differential operator, where A∗, B∗ are formal adjoints of

A, B respectively.
(iii) h = ker A is a Lie subalgebra of X = 	(T M).

Then there is a strong ILH-Lie subgroup H of D whose Lie algebra is h. Moreover, H is
an integral submanifold of the distribution H in TD given by right translation of h, i.e.
H = {dR f h | f ∈ D}.

Here, the notation 	(E) stands for the space of smooth sections of class C∞ of a given
vector bundle E .

As already remarked, the group H in the above theorem is a strong ILH-Lie groupwith the
LPSAC-topology. However that topology on H can be stronger than the topology induced by
D, even if H is closed in D. Therefore the above theorem is not sufficient by itself to assure
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that H , endowed with the induced topology, is a strong ILH-Lie group, or even a Fréchet Lie
group. The following Proposition gives sufficient conditions for the above two topologies to
coincide. (cf. [23], VII.1).

Proposition 2.6 (Omori) Let H be a strong ILH-Lie subgroup of D and assume that the
following conditions are also fulfilled

(a) H is closed in D,
(b) the LPSAC-topology of H is second countable.

Then the topology on H induced by D coincides with the LPSAC-topology.

From now on we assume that M is endowed with a smooth foliation F of dimension
p and codimension m. We denote by TF its tangent bundle and by νF = T M/TF the
normal bundle of F . The foliation F decomposes the manifold into the disjoint union of
p-dimensional connected submanifolds that are called the leaves of the foliation.

An atlas adapted to F is a smooth atlas {(Ui , ϕi )} of M , with ϕi : Ui → R
p × R

m

homeomorphisms, such that the leaves L of F are defined on Ui by the level sets φi =
constant of the submersions φi = π2 ◦ϕi . Here π2 : Rp ×R

m → R
m denotes the projection

onto the second factor. In that case there is a cocycle {γi j } of local smooth transformations
of Rm such that

φ j = γ j i ◦ φi . (1)

The subsets φi = constant are called the slices of F in Ui .
We consider now the following subgroups of D of foliation preserving diffeomorphisms

DF = { f ∈ D | f ∗F = F},
DL = { f ∈ DF | f (L) = L, for each leaf L}.

We denote by XF the Lie algebra of foliated vector fields (i.e. of vector fields whose flows
preserve the foliation) and by XL the Lie algebra of vector fields that are tangent to F (i.e.
vector fields that are smooth sections of TF). Notice that the flows associated to vector fields
of XF and XL define one-parameter subgroups of DF and DL respectively. The following
result was proved by Omori in [23]. We include a sketch of proof for later use.

Proposition 2.7 (Omori) The group DL is a strong ILH-Lie subgroup of D with Lie algebra
XL = 	(TF).

Proof Let π : 	(T M) → 	(νF) be the linear mapping induced by the natural projection
T M → νF . We can regard π as differential operator of order 0 and its adjoint operator
π∗, constructed using Riemannian metrics on T M and νF , is also a differential operator
of order 0 such that ππ∗ is elliptic (i.e. an isomorphism). Theorem 2.5 implies now that
there is a strong ILH-Lie subgroup D′

L of D with Lie algebra XL. Let Dk
L and D′k

L be the
Sobolev completions of DL and D′

L respectively. Clearly D′
L ⊂ DL and D′k

L ⊂ Dk
L. Since

D′
L is obtained by the Frobenius theorem, if a piecewise C1-curve c(t) satisfies c(0) = e

and c(t) ∈ Dk
L, then c(t) ∈ D′k

L . Using the exponential mapping with respect to a connection
under which F is parallel, one can see that Dk

L has a structure of Hilbert manifold, hence it
is LPSAC. This implies thatD′k

L = Dk
L,0 (the connected component ofDk

L containing e) and
therefore that D′

L is the connected component of DL containing the identity. �
Remark 2.8 It follows from the above Proposition thatDL is a strong ILH-Lie group with the
LPSAC-topology and, in particular, it is endowed with a structure of Fréchet Lie group. In
general, however,DL is not closed inD. This is the case for instance if F is a linear foliation
on the 2-torus T 2 with irrational slope.

123



L. Meersseman et al.

In [16], Leslie asserted that the groupDF is a Fréchet Lie group. Unfortunately there was
an error in his demonstration, which remains valid only for Riemann’s foliations or, more
generally, for foliations with a transverse invariant connection. In fact, the group DF may
not be a Lie group for any sensible choice of the underlying topology ofDF . That fact seems
to be folklore although, as far as we know, there is no published example. We exhibit here a
concrete one. More precisely we prove

Theorem 2.9 There is a foliation F on the 2-torus T 2 such thatDF cannot be endowed with
a structure of a topological group fulfilling

(i) The topology of DF is finer than the C0-topology.
(ii) DF has second countable topology.
(iii) DF is locally path-connected.

We dedicate the rest of the section to prove that statement.
Assume that an orientation preserving diffeomorphism h ∈ D(S1) has been given. Let

τ : R → R be the translation τ(t) = t + 1 and let h̃ : R × S1 → R × S1 denote the map
defined by

h̃(t, x) = (τ (t), h−1(x)) = (t + 1, h−1(x)).

Since h is isotopic to the identity, the quotient manifold M = R × S1/〈h̃〉 is the 2-torus T 2.
The foliation F̃ of R × S1 whose leaves are R × {x} is preserved by h̃. Hence, F̃ induces a
well defined foliation F on M , which is transverse to the fibres of the natural projection

π : R × S1/〈h̃〉 −→ S1 = R/〈τ 〉.
We say that F is the foliation on T 2 obtained by suspension of h.

We consider in DF and D(S1) the topology of uniform convergence. We fix a circle
C = π−1(t0) inside the 2-torus T 2. Consider a neighborhood U := (t0 − ε, t0 + ε) × S1

of C in the torus for ε > 0 sufficiently small. Each element f ∈ DF close enough to the
identity map Id sends C into U . Moreover, in the adapted coordinates (t, x), it is written

f (t, x) = ( f1(t, x), f2(x)).

Therefore, there is a neighborhood W of Id in DF such that the map

P : W → D(S1)
f �→ f2

(2)

is well-defined. Notice that P is a continuous map; it is also a morphism of local groups.

Lemma 2.10 The map P sends W into the centralizer Z∞(h) of h in D(S1). Moreover, P
has a continuous right-inverse map σ defined on a neighborhood V of the identity in Z∞(h)

in the C0-topology.

Remark 2.11 It follows from the above statement that the image of the map P contains a
neighborhood of the identity in Z∞(h).

Proof The first assertion follows from an easy computation. Given an element g1 ∈ Z∞(h)

close enough to the identity, the map g̃ : R × S1 → R × S1 defined by g̃(t, x) = (t, g1(x))
commutes with h̃ and preserves the foliation F . Hence, it induces an element g ∈ DF which
is close to the identity. The map g1 �→ σ(g1) = g is well-defined on a neighborhood V of
the identity in Z∞(h). Clearly, the map σ is continuous and fulfills P ◦ σ = Id. �
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Denote by Dr (S1) the group of diffeomorphisms of S1 of class r , where 0 ≤ r ≤ ∞,
endowed with the Cr -topology. For a given h ∈ D(S1) = D∞(S1), we denote by Zr (h) the
centralizer of h in Dr (S1), and we denote by Zr

0(h) the closure in Dr (S1) of the group 〈h〉
generated by h. Notice that Zr

0(h) ⊂ Zr (h).
Let

ρ : D0(S1) → S1

be the map that associates to each element h ∈ D0(S1) its rotation number ρ(h). We assume
that h ∈ D∞(S1) has been given and that its rotation number α = ρ(h) is irrational. Because
of Denjoy’s theorem, there is a homeomorphism ϕ of S1 conjugating h to the rotation Rα ,
i.e. ϕ ◦ h ◦ ϕ−1 = Rα . Since α is irrational, the centralizer of Rα in D0(S1) is the group of
rotations. Hence the centralizer Z0(h) is the set {ϕ−1 ◦ Rβ ◦ ϕ} with β ∈ S1. The natural
inclusion

ι : Z∞(h) ↪→ Z0(h) ∼= S1 (3)

is a continuous group morphism mapping Z∞(h) onto a subgroup of S1 (cf. [29], p. 185) for
both topologies that we considered in Z∞(h), namely the C0 and C∞ topologies. Note that
the map ι is just the restriction of ρ to Z∞(h). Notice also that the identification of Z∞(h)

with a subgroup of S1 given by ι is algebraic but not topological.
We can consider a distance d∞ defining the Whitney topology of D∞(S1) since such a

space is metrizable. We set

K∞( f ) = inf
n≥1

d∞( f n, Id).

Lemma 2.12 K−1∞ (0) = A ∪ B where A is the subset of D∞(S1) of elements f such that
Z∞
0 ( f ) has the cardinality of the continuum and B is the subset of D∞(S1) of elements of

finite order.

Proof Let f be an element of K−1∞ (0)\B. Each neighborhood of the identity contains non
trivial elements of 〈 f 〉 and therefore of its closure Z∞

0 ( f ) with respect to the C∞-topology.
Hence the group Z∞

0 ( f ) is closed and non-discrete. As Z∞
0 ( f ) is perfect, it contains a Cantor

set and its cardinality is bigger or equal to the cardinality of the continuum 2ℵ0 . In fact Z∞
0 ( f )

is separable, as it is a space of smooth functions on a compact manifold, and therefore its
cardinality is that of the continuum. This shows that K−1∞ (0) ⊂ B ∪ A.

Clearly B is a subset of K−1∞ (0). Let us show that each element f ∈ A belongs to K−1∞ (0).
The group Z∞

0 ( f ) cannot be discrete. Otherwise it would be countable, since it is separable,
getting a contradiction. We deduce that there is a sequence ( f nk )k≥1 of pairwise different
elements that converges. Notice that K−1∞ (0) is closed under inversion. Hence we can assume
that nk > 0. Moreover we can also assume that the sequence nk is strictly increasing. We
choose a sequencemk = nq(k) −nk such that q(k) > k for each k ∈ N and such that (mk)k≥1

is strictly increasing. Then ( f mk )k≥1 is a sequence of non-trivial elements converging to the
identity and therefore f belongs to K−1∞ (0). �

Given an irrational number α ∈ S1 − Q/Z, set

Z∞
0 (α) =

⋂

ρ( f )=α

Z∞
0 ( f )

where the groups Z∞
0 ( f ) are thought as subsets of S1. The following result was proved by

Yoccoz (cf. [29], Théorème 3.5, p. 190)
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Theorem 2.13 (Yoccoz) There is a residual set C of numbers α ∈ S1−Q/Z such that Z∞
0 (α)

has the cardinality of the continuum.

Corollary 2.14 There is an element h0 ∈ D∞(S1) whose rotation number α is Liouville and
such that Z∞(h0) has the cardinality of the continuum. Moreover, each continuous path
γ : [0, 1] → Z∞(h0) is constant where we consider the C0 topology in Z∞(h0).

Remark 2.15 We recall that for each Liouville number α there is a diffeomorphism of S1

of rotation number α that is not C∞-conjugated to a rotation. This result was proved by
Herman in [12, Chapter XI]. Yoccoz proved that, on the contrary, all diffeomorphisms with
a diophantine rotation number are C∞-conjugated to a rotation [28].

Proof Since the set of Liouville numbers is residual and the intersection of two residual sets is
residual, we can find an element h0 ∈ D∞(S1)whose rotation numberα = ρ(h0) is Liouville
and belongs to the set C in the above theorem, and such that h0 is not C∞-conjugated to the
rotation Rα . Since α ∈ C we deduce that there are non trivial elements of Z∞(h0) arbitrarily
close to the identity in theC∞-topology. Let γ : [0, 1] → Z∞(h0) be a continuous path. The
path is constant if and only if the composition

ρ ◦ γ : [0, 1] → Z∞(h0) ↪→ Z0(h0) ∼= S1

is constant. If this were not the case the image (ρ ◦ γ )([0, 1]) would contain diophantine
rotation numbers. In particular there would be an element f in Z∞(h0) which is C∞-
conjugated to a rotation, but then the same map would conjugate h0 to Rα leading to a
contradiction. �
Proof of Theorem 2.9 Let h0 be the element of D∞(S1) given by the above corollary and let
F be the foliation on T 2 obtained by suspension of h0. Suppose that DF is endowed with
a structure of locally path-connected topological group such that the topology T of DF is
second countable and finer than the C0-topology. There exists a neighborhood W0 of the
identity in DF for the C0-topology such that W0 ⊂ W , f ±1 ◦ g ∈ W and P( f ±1 ◦ g) =
P( f )±1P(g) for all f , g ∈ W0. Let U be a path-connected neighborhood of the identity for
the topology T contained in W0. Consider an open neighborhood U0 of the identity for the
topology T such that f ±1 ◦ g ∈ U for all f , g ∈ U0.

Clearly {gU0}g∈DF is an open cover of DF for the topology T . Since T is second
countable, it admits a countable subcover {gnU0}n≥1. The set P(W0) is uncountable by
Lemma 2.10 and equal to the union∪∞

n=1P(gnU0∩W0). Hence there exists n0 ∈ N such that
P(gn0U0 ∩ W0) is uncountable. Notice that f −1 ◦ g belongs to U for all f , g ∈ gn0U0 and
thus our choices of U and W0 imply that P(U) is uncountable. Since U is path-connected
for the topology T , that is finer than the C0-topology, we deduce that P|U is constant by
Corollary 2.14, obtaining a contradiction. �
Remark 2.16 The group DF has no natural structure of Lie group. Indeed, local path-
connectedness is automatic ifDF is a Lie group modeled in a local Fréchet space. Moreover,
requiring the topology of DF to be finer than the C0-topology and second countable is
appropriate, since DF is a group of transformations of a compact manifold.

Remark 2.17 As a corollary of Theorem 2.9, we deduce that the group DF is not locally
path-connected for the Cr -topology for any 0 ≤ r ≤ ∞.

Remark 2.18 Theorem 2.9 provides an example of a closed subgroup of D(T 2) for which
the LPSAC-topology and the induced topology do not coincide. More precisely, the induced
topology of the subgroup is not LPSAC and its LPSAC-topology is not countable. This shows
in particular that condition b) in Proposition 2.6 is not always fulfilled.

123



On the automorphism group of foliations…

3 Deformations of smooth foliations and Kuranishi properties

3.1 The Kuranishi property for foliations

In this section, we discuss deformations of smooth foliations. We emphasize that there are
no general results concerning the existence of local moduli spaces for a smooth foliation.
We show that having an automorphism group which is not locally path-connected is an
obstruction to the existence of a smooth local moduli space in the sense of Definition 3.1.
Hence, the example of Sect. 2 does not admit one.

Throughout this section, we use the notations introduced at the beginning of Sect. 2. We
first review the notion of deformation of a smooth foliation and its encoding by vectorial
forms. For omitted details, we refer to [11].

Let E be the Fréchet manifold of p-dimensional distributions of T M , that is smooth
sections of the Grassmannian of p-dimensional subspaces of T M . Let I be the closed subset
of involutive distributions so defining foliations. Fix a foliation F , i.e. fix TF in I.

A Fréchet local chart of E in a neighborhood of TF is given by a neighborhood of 0 in
the Fréchet space of smooth 1-forms on TF with values in NF . Such a form ω corresponds
to the distribution whose value at x ∈ M is the subspace {v + ω(v) | v ∈ TxF}. Such a form
encodes an involutive distribution if and only if it satisfies an explicit quadratic equation, see
[11, §2].

The Fréchet Lie group D acts smoothly on the right on E by pull-backs. This action
preserves I. The isotropy group of TF is DF .

The tangent space of D at identity e is the Lie algebra of smooth vector fields X. We fix a
Fréchet chart ζ from a neighborhood of 0 inX onto a neighborhood of e inD, cf. Remark 2.2
a).

We look for a smooth local section T to the action of D at TF . Such a local section
encodes all distributions close enough to TF up to isomorphisms. But we also ask for good
properties of minimality of the section, that is we also want the intersection of the section
with the local orbit at TF to be as small as possible. More precisely, we set

Definition 3.1 We say the the foliation F has the Kuranishi property if there is a smooth
Fréchet submanifold T of E passing through TF which fulfills the following properties

(a) There exist a neighborhoodU of TF inE , a vector subspaceLofX and a neighborhood
V of 0 in L such that the mapping

� : (ξ, ω) ∈ V × T �−→ ω · ζ(ξ) ∈ U (4)

is a Fréchet isomorphism.
(b) There exists a neighborhoodW of e inD such that the intersection of T with the local

orbit TF · W is reduced to the point TF ∈ T .

Remarks 3.2 (a) The first condition implies that T parametrizes all the distributions close to
TF up to isomorphism; the second one is a minimality condition.

(b) The restriction of� to V ×(T ∩I)maps bijectively ontoU∩I. Hence T ∩I parametrizes
all the foliations close to F up to isomorphism.

(c) The second condition is exactly condition (MC2) in [19].
(d) Definition 3.1 is modeled on Kuranishi’s theorem for deformations of compact complex

manifolds as it is proved in [21, §4.3]. The above Kuranishi property is pertinent for
any type of geometric structures that can be encoded by elements of a Fréchet space
acted on by a subgroup of D such that isomorphic structures corresponds to elements in
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the same orbit. In fact, besides complex structures, the following geometric structures
always have the Kuranishi property: transversely holomorphic foliations [7], Riemannian
metrics [5], anti-self-dual (ASD)hermitian connections on4-manifolds [3].Moredetailed
considerations about the notion of Kuranishi type properties can be found in [19].

The next proposition relates D, DF and V .

Proposition 3.3 Assume that a foliation F has the Kuranishi property. Then the germ of D
at Id is homeomorphic to the germ of DF × ζ(V ) at (Id, Id). Moreover, if DF is a Fréchet
submanifold ofD then the germs (D, Id) and (DF × ζ(V ), (Id, Id)) are Fréchet isomorphic.

Proof Consider the map F : DF × ζ(V ) → D defined by F( f , g) = f ◦ g. Let us define a
local inverse. Consider the smoothmapG1 : (D, Id) → (E, TF) defined byG1(h) = TF ·h.
Let G2 : E → D be the smooth map defined by G2 = ζ ◦ π1 ◦ �−1. It satisfies that the
map b(h) = (G2 ◦ G1)(h) is the unique element of ζ(V ) such that TF · h = TF · b(h)

for any h ∈ D in a neighborhood of Id. We define a(h) = h ◦ b(h)−1, it belongs to DF by
construction. As a consequence, the map G(h) = (a(h), b(h)) is a smooth map from D to
DF × ζ(V ). It is clear that G is the local inverse of F . �
Since D is locally path-connected, we deduce

Corollary 3.4 Assume that the foliationF has theKuranishi property. Then the isotropy group
DF is locally path-connected.

From this result and Remark 2.17, we obtain

Corollary 3.5 The foliation constructed in Sect. 2 does not have the Kuranishi property.

3.2 The Kuranishi property for diffeomorphisms of the circle

Let us study the Kuranishi property for foliations of the 2-torus T 2 defined by suspension
of diffeomorphisms of the circle as described in Sect. 2. The foliations in a neighborhood of
a suspension are classified by the moduli space of their holonomy maps: the foliations are
C∞-conjugated if and only if the holonomy maps are C∞-conjugated. As a consequence, it
is natural to study the Kuranishi property for diffeomorphisms of the circle.

Remark 3.6 Proposition 3.3 and Corollary 3.4 can be immediately generalized for D∞(S1)
where the action by pull-back is replaced by the action by conjugacy. The isotropy group
DF has to be replaced with the centralizer Z∞(h) in the version of Proposition 3.3 for
diffeomorphisms. The analogue of Corollary 3.4 for diffeomorphisms implies that if h ∈
D∞(S1) has the Kuranishi property then Z∞(h) is locally path-connected. In particular
the diffeomorphism h0 ∈ D∞(S1) given by Corollary 2.14 does not satisfy the Kuranishi
property.

If h ∈ D∞(S1) satisfies the Kuranishi property then the smallest local orbit in the neighbor-
hood of h is the local orbit of h. We interpret this principle in terms of the centralizer of h.

Proposition 3.7 Assume that the diffeomorphism h has the Kuranishi property and Z∞(h)

is discrete. Then Z∞(g) is discrete for any g in a neighborhood of h in D∞(S1).

Proof The proof of Proposition 3.3 implies that ζ(V ) contains a neighborhood of Id in
D∞(S1). Since � is injective, every element g of T in a neighborhood of h satisfies that
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Z∞(g) is discrete. Moreover, T intersects all local orbits of elements ofD∞(S1) defined in a
neighborhood of h and hence Z∞(g) is discrete for any g in a neighborhood of h inD∞(S1).

�
Proposition 3.8 Assume that h ∈ D∞(S1) has the Kuranishi property. Moreover, suppose
that (Z∞(h), Id) is the germ of a finite dimensional manifold of dimension k. Then there
exists a neighborhood U of h in D∞(S1) such that the centralizer Z∞(g) does not contain
a manifold of dimension greater than k for any g ∈ U.

Proof We consider the notations in Definition 3.1. The manifold ζ(V ) has codimension k in
D∞(S1) by Proposition 3.3. Suppose that there exist g ∈ U and a germ of manifold (N , Id)
of dimension greater than k and contained in Z∞(g). We can suppose g ∈ T without loss of
generality. The tangent spaces of N and ζ(V ) at Id contain a common vector X �= 0. Since
f −1 ◦ g ◦ f = g for any f ∈ N , the vector X is in the kernel of the differential of the map
f �→ f −1 ◦ g ◦ f at Id. But such differential is injective since � is an isomorphism. We
obtain a contradiction. �
Corollary 3.4 andPropositions 3.7 and 3.8 provide negative criteria for theKuranishi property.
Let us introduce a new one.

Proposition 3.9 Assume that h ∈ D∞(S1) has the Kuranishi property. Moreover, suppose
that (Z∞(h), Id) is the germ of a one dimensional manifold. Then there exists a neighborhood
U of h in D∞(S1) such that the setD := {g ∈ U : Z∞(g) isdiscrete} is open.
Proof We consider the notations in Definition 3.1. Notice that if g, g′ ∈ U belong to the
same orbit then g belongs toD if and only if g′ does. So given g ∈ D we can replace it with
some other diffeomorphism in the orbit of g without lack of generality, for instance we can
suppose g ∈ T .

Let g ∈ D. Since Z∞(g) is discrete, the map A : D∞(S1) → D∞(S1) defined by
A( f ) = f −1 ◦g◦ f is injective in a neighborhood of Id. Let us consider f in a neighborhood
of Id in Z∞(h) such that A( f ) belongs to the “plaque” A(ζ(V )). Then A( f ) = A( f ′) for
some f ′ ∈ ζ(V ) in a neighborhood of Id. We obtain f ′ = f if f is in a small neighborhood
of Id by injectivity of A. Since f ∈ Z∞(h), f ′ ∈ ζ(V ) and the expression of an element
of D∞(S1) as a product of an element of Z∞(h) and an element of ζ(V ) is unique by
Proposition 3.3, we obtain f = Id and f ′ = Id. We deduce that A( f ) does not belong to
the “plaque” A(ζ(V )) for any f ∈ Z∞(h) \ {I d} in a neighborhood of Id. In particular the
map B := π2 ◦ �−1 ◦ A|Z∞(h) is non-constant. Notice that B( f ) belongs to T and satisfies
B( f ) = b( f )−1 ◦ g ◦ b( f ) where b( f ) := f ◦ [(ζ ◦ π1 ◦ �−1 ◦ A)( f )]−1 and the map
b : Z∞(h) → D∞(S1) is smooth.

Since B is non-constant in every neighborhood of Id in the one-dimensional manifold
Z∞(h), we can consider a point f0 in a neighborhood of Id such that the differentials of B
(and b) at f0 have rank 1. The equation

(b( f0)
−1 ◦ b( f ))−1 ◦ (b( f0)

−1 ◦ g ◦ b( f0)) ◦ (b( f0)
−1 ◦ b( f )) = b( f )−1 ◦ g ◦ b( f ) = B( f )

implies

(b( f0)
−1 ◦ b( f0 ◦ f ))−1 ◦ (b( f0)

−1 ◦ g ◦ b( f0)) ◦ (b( f0)
−1 ◦ b( f0 ◦ f )) = B( f0 ◦ f ).

We can suppose that the differentials of B( f ) and b( f ) have rank 1 at Id up to replace b( f ),
B( f ) and g by b( f0)−1 ◦ b( f0 ◦ f ), B( f0 ◦ f ) and A(b( f0)) respectively. By parametrizing
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(Z∞(h), Id) with (R, 0) let us denote b(t) and B(t) instead of b( f ) and B( f ) where t is a
real parameter.

Consider the smooth map Ĉ : R×T → T defined in a neighborhood of (0, g) inR×T by
the formula Ĉ(t, g′) = (π2 ◦ �−1)(b(t)−1 ◦ g′ ◦ b(t)). It satisfies Ĉ(t, g) ≡ B(t) and hence
the differential of Ĉ(·, g) has rank 1 at 0. Let g′ be an element of T in a small neighborhood
of g. The map C : R → T defined by C(t) := Ĉ(t, g′) is an immersion at 0. In particular C
is injective in a neighborhood of 0. The formula

c(t) := b(t) ◦ [(ζ ◦ π1 ◦ �−1(b(t)−1 ◦ g′ · b(t))]−1

defines a smooth map such that c(t)−1 ◦ g′ ◦ c(t) ≡ C(t). Since C(t) is an immersion
and � is an isomorphism, c(t) is transversal to ζ(V ) at t = 0. Consider the smooth maps
d : R× ζ(V ) → D∞(S1) and D : R× ζ(V ) → D∞(S1) defined by d(t, f ) = c(t) ◦ f and
D(t, f ) = d(t, f )−1 ◦ g′ ◦ d(t, f ) respectively. Since � is injective, the map D is injective
in a neighborhood of (0, Id) and so is d . Assume for now that Im(d) contains a neighborhood
of Id in D∞(S1). Therefore the map f �→ f −1 ◦ g′ ◦ f is injective in a neighborhood of Id
in D∞(S1) and hence Z∞(g′) is discrete.

Finally let us show that Im(d) contains a neighborhood of Id in D∞(S1). There exists a
local smooth submersion α : D∞(S1) → R defined by the formula α( f ) = (π1 ◦ G)( f )
where G is the Fréchet isomorphism defined in the proof of Proposition 3.3. By definition,
we have α−1(0) = ζ(V ). Let us define the smooth function β : R × D∞(S1) → R by
β(t, f ) = α(c(t)−1 ◦ f ). The image by t �→ β(t, Id) of any neighborhood of 0 inR contains
a neighborhood of 0 by the transversality of c(t) and ζ(V ) at t = 0. In particular there
exists t0 ∈ R

+ near 0 such that β(t0, f )β(−t0, f ) < 0 for any f in a neighborhood of Id in
D. Fix a small neighborhood U ′ of Id in D. Given f ∈ U ′, Bolzano’s theorem assures the
existence of t f ∈ (−t0, t0) such that β(t f , f ) = 0. This implies c(t f )−1 ◦ f ∈ ζ(V ) and
hence f = d(t f , c(t f )−1 ◦ f ) ∈ Im(d). �
Let us generalize Corollary 3.5 to any diffeomorphism of the circle with irrational rotation
number. We denote by D∞

α (S1) the set of C∞-diffeomorphisms of rotation number α.

Proposition 3.10 Assume that h ∈ D∞(S1) has irrational rotation number. Then h does not
satisfy the Kuranishi property.

Proof Consider the notations in Definition 3.1. Suppose, aiming at contradiction, that h
satisfies the Kuranishi property. First, we consider the case where h is not C∞-conjugated to
a rotation. Analogously as in the proof of Corollary 2.14, the path-connected component of
Id in Z∞(h) is equal to {Id}. Hence Z∞(h) is discrete by the analogue of Corollary 3.4 for
diffeomorphisms. The set of diffeomorphismsC∞-conjugated to Rρ(h) is dense inD∞

ρ(h)(S
1)

by a theorem of Yoccoz [29, Chapitre III]. This contradicts Proposition 3.7 since Z∞(g)
is C∞-conjugated to Z∞(Rρ(h)) = {Rα : α ∈ S1} and hence non-discrete if g is C∞-
conjugated to the rotation Rρ(h).

Suppose that h is C∞-conjugated to the rotation Rα where α = ρ(h). Indeed we can
suppose h = Rα without lack of generality. We claim that the diffeomorphism Rp/q has
an infinite dimensional centralizer for any rational rotation number p/q where p and q are
coprime integer numbers. Indeed, given the q-to-one covering map σ : S1 → S1 defined
by σ(z) = zq (we consider that S1 is embedded in C), we have that Z∞(Rp/q) is the
group of lifts of diffeomorphisms of the circle with respect to the covering map σ and hence
infinite dimensional. Since there are rational rotations in every neighborhood of Rα and
dim Z∞(Rα) = 1, this contradicts Proposition 3.8. �
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Remark 3.11 There are diffeomorphisms of S1 with rational rotation number that do not
satisfy the Kuranishi property. Consider the subset Dp/q of D∞(S1) of diffeomorphisms
with rational rotation number p/q and a unique finite orbit. Let Ep/q be the subset of Dp/q

of diffeomorphisms h such that Z∞(h) = 〈h〉; it is a dense open subset of Dp/q by a
theorem of Kopell [14]. Fix h ∈ Ep/q , clearly Z∞(h) is discrete. We show below that there
are elements of D∞(S1) in any neighborhood of h whose centralizer is non-discrete. This
implies that h does not satisfy the Kuranishi property by Proposition 3.7. Moreover, since
there are elements of ∪δ∈QDδ (and then of ∪δ∈QEδ) in any neighborhood of an irrational
rotation Rα and dim Z∞(Rα) = 1, Proposition 3.9 shows in an alternative way that Rα does
not satisfy the Kuranishi property.

Let us define hλ = Rλ ◦ h for λ ∈ R. Since h has a unique finite orbit, and up to replace
h by h−1 if necessary, we can suppose that h has a lift h̃ to R such that Fix(h̃q − p) �= ∅ and
h̃(x) − p/q ≥ x for any x ∈ R. As a consequence hqλ does not have fixed points for λ > 0
sufficiently small and hence ρ(hλ) �= ρ(h). Since the rotation number varies continuously,
given any ε > 0 there exists λ ∈ (0, ε) such that hλ has a diophantine rotation number and
then is conjugated to a rotation and has a non-discrete centralizer.

The identity map satisfies the Kuranishi property. There are also non-trivial diffeomor-
phisms with rational rotation number that satisfy the Kuranishi property: the existence of
a nice moduli space for the diffeomorphisms with rational rotation number whose periodic
orbits are hyperbolic [29, XI.5.3] allows to find such examples.

Remark 3.12 Let us remark that the obstructions to the Kuranashi property provided by
Corollary 3.4 and Propositions 3.7, 3.8 and 3.9 are related to the nature of centralizers and
its dependence with respect to diffeomorphisms.

Observe that, if h has the Kuranishi property, then its local orbit in D∞(S1) must be
closed. Having non-closed local orbit is thus the primary obstruction to having the Kuranishi
property. However, it may be very difficult to check. Anyway, this idea can be used to provide
an alternative proof of the lack of the Kuranishi property for every Liouville number α and
any map C∞-conjugated to a rotation Rα . Indeed Yoccoz’s techniques [29, Chapitre III]
allow to show that the closure of the local orbit {g−1 ◦ Rα ◦ g : g ∈ W } of Rα contains a
neighborhood of Rα inD∞

α (S1) for any neighborhoodW of Id inD∞(S1). Since the orbit of
Rα is meager inD∞

α (S1) [12, Chapter XI, Théorème 4.3], the local orbit of Rα is non-closed.
It is worth mentioning, even if it is not a result about local orbits, that there exist a residual

set C of Liouville numbers such that for any α ∈ C every orbit in D∞
α (S1) is dense in

D∞
α (S1) by a theorem of Benhenda [1] (whose generalization for any Liouville number has

been recently announced by Avila and Krikorian). As a consequence we could choose the
diffeomorphism h0 provided by Corollary 2.14 to have a dense orbit in D∞

ρ(h0)
(S1).

3.3 Deformations of foliations on the 2-torus

Let us study the relation between the Kuranishi property for a diffeomorphism of S1 and the
foliation of the 2-torus obtained by suspension of such a diffeomorphism. More precisely,
given h ∈ D∞(S1)we consider the torus T2 ∼ R× S1/〈h̃〉where h̃(t, x) = (t +1, h−1(x)).
The foliation dx = 0 of R × S1 defines a foliation F in the quotient T2 that is transverse to
the fibration dt = 0. The holonomy map of F along the path [0, 1] (in the t-coordinate) in
the transversal t = 0 is equal to h. The main goal of the remainder of this section is proving
the next proposition.
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Proposition 3.13 Suppose that h satisfies the Kuranishi property inD∞(S1). ThenF satisfies
the Kuranishi property in the space E of C∞-foliations of dimension 1 of the torus.

Since h satisfies the Kuranishi property, let � : V × T → U be the Fréchet isomorphism
associated to h, where V is a neighborhood of 0 in a subspace L of X(S1), T is a Fréchet
submanifold of D∞(S1), U is a neighborhood of h in D∞(S1) and

�(ξ, g) = ζ(ξ)−1 ◦ g ◦ ζ(ξ).

First, let us explain how to construct a foliation with a prescribed holonomy map.

Lemma 3.14 There exists a C∞ map s : T → E , defined in a neighborhood of h in T , such
that s(h) = F and s(g) is a C∞ foliation of T2 that is transverse to the fibration dt = 0 and
such that the holonomy of s(g) associated to the path t ∈ [0, 1] and the transversal t = 0 is
equal to g for any g ∈ D∞(S1) in a neighborhood of h.

Proof The foliationF was defined in such a way that its lift toR× S1 is equal to the foliation
dx = 0. In order to obtain new holonomy maps we are going to modify the foliation dx = 0
in {(t, x) ∈ [t0, t1] × S1} where we fix 0 < t0 < t1 < 1. Let us consider a C∞ function
r : R → [0, 1] such that r(t) = 0 if t ≤ t0 and r(t) = 1 if t ≥ t1. We denote by π : R → S1

the covering map π(y) = e2π iy where we identify S1 with the unit circle of C.
We fix a local chart τ : T → E of T , where E is a Fréchet space, such that τ(Id) = 0. The

map R× T → T given by (t, f ) �→ ft = τ−1(r(t) · τ( f )) is well-defined and smooth. Let
X t (S1) be the Fréchet space of time-dependent vector fields on S1. The map T → X t (S1),
that associates to f ∈ T the vector field X f

t = d
dt ft , is smooth.We define s̄ : T → X (R×S1)

as the map sending a diffeomorphism g of S1 close to h to the distribution s̄(g) in R × S1

determined by the vector field Xg := ∂
∂t + X f

t where f = h−1 ◦ g. Since the foliation G
defined by Xg coincides with F in the neighborhood of t = 0 and t = 1, it follows that G
coincides withF , and therefore G induces a foliation s(g) of T2 ∼ R× S1/〈h̃〉. The foliation
s(g) is transverse to t = 0, its holonomy map at t = 0 is equal to g = h ◦ f and s : T → E
is a C∞ map. By construction we have s(h) = F . �
Proof of Proposition 3.13 We keep the previous notations. We denote by P the set of diffeo-
morphisms F of T2 that satisfy t ◦ F = t and F|t=0 ∈ ζ(V ). We define �̂ : P × s(T ) → E
by the formula

�̂(F, s( f )) = s( f ) · F .

Clearly, it is a C∞ map. Next, we will construct its local inverse � in a neighborhood of F .
Consider G ∈ E close to F . Let g be the holonomy map associated to the foliation G, the
path t ∈ [0, 1] and the transversal t = 0. Denote (X , g0) = �−1(g). By definition of �,
the holonomies g and g0 of G and s(g0) respectively, are conjugated by ζ(X). We claim that
there exists a unique Fζ(X)

G,s(g0)
∈ P such that s(g0) · Fζ(X)

G,s(g0)
= G and (Fζ(X)

G,s(g0)
)|t=0 = ζ(X).

More precisely, let HG
t0 be the holonomy map of the foliation G, between the transversals

t = 0 and t = t0 and associated to the path t ∈ [0, t0]. We have

Fζ(X)

G,s(g0)
(t, x) =

(
t, Hs(g0)

t ◦ ζ(X) ◦ (HG
t )−1(t, x)

)
.

The map � : E → P × s(T ) defined by

�(G) =
(
Fζ(X)

G,s(g0)
, (s ◦ π2 ◦ �−1)(g)

)
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is C∞ and it is a local inverse of �̂ in a neighborhood of F . Hence �̂ is a local Fréchet
isomorphism in a neighborhood of (Id,F).

It remains to show that the local orbit of F coincides with F · P . Let G be a foliation in
the local orbit of F . Then the holonomy g of G, associated to the path t ∈ [0, 1] and the
transversal t = 0, is in the local orbit of h. Thus there exists a unique f ∈ ζ(V ) such that
f −1 ◦ h ◦ f = g as a consequence of the Kuranishi property for h. Since F f

G,F ∈ P and

F · F f
G,F = G we are done. �

Remark 3.15 We do not know if the converse of Proposition 3.13 is true. The map �̂ :
P × s(T ) → E used to prove the Kuranishi property has additional properties. It satisfies
that if two foliations G and G′ have the same holonomy g then both are in the same “plaque",
i.e. there exists F ′ ∈ s(T ) and F, F ′ ∈ P such that F ′ · F = G and F ′ · F ′ = G′.
Moreover, the “transversal actions" F|t=0 and F ′|t=0, induced in the corresponding leaf spaces,
coincide. As a consequence, the Kuranishi property for diffeomorphisms of the circle is
equivalent to a stronger version of the Kuranishi property for foliations of the torus. Showing
that the Kuranishi property for foliations is equivalent to this stronger version is the main
difficulty to show that the Kuranishi property for foliations implies its analogous counterpart
for diffeomorphisms.

4 The automorphism group of a transversely holomorphic foliation

Throughout this section we assume that the foliation F on the compact manifold M is
transversely holomorphic, of (real) dimension p and complex codimension q . This means
that the atlas of adapted local charts {(Ui , ϕi )} can be chosen as taking values inRp ×C

q and
that the maps {γi j } fulfilling the cocycle condition (1) are local holomorphic transformations
of Cq .

The transverse complex structure of F induces a complex structure on the normal bundle
νF = T M/TF of the foliation, which is invariant by the holonomy of the foliation.

We denote by Aut(F) the group of automorphisms of the foliation. That is, Aut(F) is the
group of elements f ∈ DF which are transversely holomorphic in the sense that, in adapted
local coordinates they are of the form

f (x, z) = ( f1(x, z, z̄), f2(z))

with f2 holomorphic transformations.
Let aut(F) denote the Lie algebra of (real) vector fields ξ on M whose flows are one-

parameter subgroups of Aut(F). In particular, aut(F) is a Lie subalgebra of XF .
In adapted local coordinates (x, z), a (real) vector field ξ ∈ X is written in the form

ξ =
∑

i

ai (x, z, z̄)
∂

∂xi
+

∑

j

b j (x, z, z̄)
∂

∂z j
+

∑

j

b
j
(x, z, z̄)

∂

∂ z̄ j
, (5)

where the functions ai are real whereas b j are complex-valued. Then ξ is a foliated vector
field, i.e. it belongs toXF , if b j are basic functions, that is if b j only depend on the coordinates
(z, z̄). And ξ is a holomorphic foliated vector field, i.e. it belongs to aut(F), if b j are
holomorphic basic functions.

Notice that DL is a normal subgroup of Aut(F) and that XL is an ideal of aut(F). We
denote by G = aut(F)/XL the quotient Lie algebra. Notice also that DL is not necessarily
closed in Aut(F) as far as the leaves of F are not closed.
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We will suppose that a Riemannian metric g on M , that will play an auxiliary role, has
also been fixed.

We recall now some facts concerning transversely holomorphic foliations that we will use
in the sequel (for the omitted details we refer to [4]). The complex structure on the normal
bundle νF , inherited from the transverse complex structure of F , induces in the standard
way a splitting of the complexified normal bundle

νCF = ν1,0 ⊗ ν0,1.

There is a short exact sequence of complex vector bundles

0 −→ E −→ TCM
π1,0−→ ν1,0 −→ 0

where π1,0 denotes the composition of natural projections

TCM → νCF → ν1,0

and E is the kernel of π1,0. In local adapted coordinates (x, z), the bundle ν1,0 is spanned
by the (classes of) vector fields [∂/∂z j ]. In a similar way, the bundle E is spanned by the
vector fields ∂/∂xi , ∂/∂ z̄ j , and the dual bundle E∗ is spanned by the (classes of) 1-forms
[dxi , dz̄ j ]. For a given k ∈ N, denote

Ak = 	
( k∧

E∗ ⊗ ν1,0
)
.

The exterior derivative d induces differential operators of order 1 (cf. [4])

dkF : Ak −→ Ak+1.

In adapted local coordinates, the operators dkF act as follows

dkF
[∑

α�
I J dx

I ∧ dz̄ J ⊗ ∂

∂z�

]
=

∑[
d(α�

I J dx
I ∧ dz̄ J )

]
⊗

[ ∂

∂z�

]

=
∑

[(
∂α�

I J

∂xi
dxi + ∂α�

I J

∂ z̄ j
d z̄ j

)

∧ dx I ∧ dz̄ J ⊗ ∂

∂z�

]

.

Notice that A0 is just the space of smooth sections of the vector bundle ν1,0 and that G is
the kernel of the map d0F : A0 −→ A1. One has

Proposition 4.1 [4] The sequence

0 −→ A0 d0F−→ A1 d1F−→ A2 d2F−→ · · · −→ Ap+q −→ 0 (6)

is an elliptic complex.

The elements of the quotient Lie algebra G = aut(F)/XL are naturally identified to the
holomorphic basic sections of the normal bundle ν1,0, and are called holomorphic basic
vector fields. In particular G is a complex Lie algebra in a natural way. Using the Riemannian
metric on M , we can identify G to the vector space XN of those vector fields in X that are
orthogonal to F . Notice that, although XN is not a Lie subalgebra of X, there is a vector
space decomposition X = XL ⊕ XN .

As a corollary of Proposition 4.1 one obtains the following result, which was also proved
by a different method by Gómez-Mont [8].
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Proposition 4.2 (Gómez-Mont, and Duchamp and Kalka) Let F be a transversely holomor-
phic foliation on a compact manifold M. The Lie algebra G of holomorphic basic vector
fields has finite dimension.

We denote by G the simply-connected complex Lie group whose Lie algebra is G.
LetDL,0 denote the connected component ofDL containing the identity. Our main result

concerning the structure of Aut(F) is the following

Theorem 4.3 Let F be a transversely holomorphic foliation on a compact manifold M.
Endowed with the topology induced by D, the group Aut(F) of automorphisms of F is a
closed, strong ILH-Lie subgroup of D with Lie algebra aut(F). Moreover, the left cosets of
the subgroup DL,0 define a Lie foliation FD on Aut(F), which is transversely modeled on
the simply-connected complex Lie group G associated to the Lie algebra G.

We recall that a Lie foliation, modeled on a Lie group G, is defined by local submersions
�i with values in G fulfilling � j = Lγ j i ◦ �i , where γi j is a locally constant function with
values in G and Lγi j denotes left translation by γi j .

The proof of the above theorem will be given in several steps:

(1) First, we use Theorem 2.5 to show that there is a strong ILH-Lie subgroup Aut′(F) ofD,
contained in Aut(F) and whose Lie algebra is aut(F). Note that this is not sufficient to
assure that Aut′(F) coincides with the connected component of the identity of Aut(F).

(2) We consider the group Aut(F) endowed with the topology induced by D and the group
DL with the Fréchet topology given by Proposition 2.7. We find small neighborhoods of
the identityV andVL of these two groups andwe construct a continuousmap� : V → D,
with image �̃ = �(V) contained in Aut(F), with the property that V is homeomorphic
to the product VL × �̃.

(3) We show that �̃ is naturally identified to a neigbourhood � of e in the Lie group G. This
implies that the induced topology of Aut(F) is LPSAC and reasoning as in the proof of
Proposition 2.7 we conclude that, with the induced topology, Aut(F) is a closed strong
ILH-Lie subgroup of D, proving the first part of the Theorem.

(4) Finally, we prove that themap� is smoothwith respect to the Fréchet structure ofAut(F)

and that the identification of V with VL × � is a local chart of Aut(F) defining the Lie
foliation in a neighborhood of the identity. A similar construction of local charts around
any element of Aut(F) completes the proof.

Thus we begin with showing the following statement.

Proposition 4.4 There is a strong ILH-Lie subgroup Aut′(F) of D whose Lie algebra is
aut(F). It is contained in Aut(F).

Proof Let π : X = 	(T M) → A0 = 	(ν1,0) be the natural projection. That is, if ξ ∈ X is
written in local adapted coordinates as in (5), then

π(ξ) =
∑

j

b j (x, z, z̄)
∂

∂z j
.

Then π is a differential operator of order 0 and its adjoint operator π∗, constructed using
Riemannian metrics on T M and ν1,0, is also a differential operator of order 0 such that
ππ∗ = Id.

We define the operator A : 	(T M) → A1 as the composition A = d0F ◦ π and we set
B = d1F . Then one has BA = 0 and ker A = aut(F). Moreover the operator

A A∗ + B∗ B = d0F ◦ δ0 + δ1 ◦ d1F ,
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where δk are formal adjoints of dkF , is elliptic because of Proposition 4.1. Then Theorem 2.5
proves the existence of a strong ILH-Lie subgroup Aut′(F) ofD with Lie algebra is aut(F).
The fact that Aut′(F) is an integral submanifold of the distribution TD obtained by right
translation of aut(F) implies that each smooth curve c = c(t) in Aut′(F) starting at the
identity fulfills an equation of type

ċ(t) = ξt ◦ c(t)

where ξt is a curve in aut(F). This implies that each diffeomorphism c(t) preserves the
transversely holomorphic foliation F showing that Aut′(F) is contained in Aut(F). �
Remark 4.5 The above argument also shows that theSobolev completion of order k,Aut′k(F),
of Aut′(F) is also a subgroup of the Sobolev completion Autk(F) of Aut(F).

Proposition 4.6 Let us consider Aut(F) endowed with the topology induced by D, and DL
endowed with the Fréchet topology given by Proposition 2.7. There are open neighborhoods
of the identity V ⊂ Aut(F) and VL ⊂ DL, and a continuous map � : V → D, with image
�̃ = �(V) contained in Aut(F), such that the multiplication map

� : VL × �̃ −→ V
( f , s) �→ f ◦ s

(7)

is a homeomorphism and the following diagram commutes

VL × �̃
�

π2

V

�

�̃

(8)

Proof The idea for proving this proposition is to associate, to any given diffeomorphism
f ∈ Aut(F) close enough to the identity, the element f̄ ∈ Aut(F) fulfilling the following
property: for each w, f̄ (w) is the point of the local slice of the foliation through f (w) which
is at the minimal distance from w. The mapping f̄ is uniquely determined by that condition
and the diffeomorphisms f and f̄ differ by an element of DL close to the identity. Then
�̃ will be the set of the diffeomorphisms f̄ obtained in this way. In order to carry out this
construction in a rigorous way we need to introduce appropriate families of adapted local
charts.

We say that a local chart (U , ϕ) of M adapted to F is cubic if its image ϕ(U ) ⊂ R
p ×C

q

is the productC×� of a cubeC ⊂ R
p and a polydisc� ⊂ C

q , and we say that it is centered
at w0 ∈ U if ϕ(w0) = (0, 0). The submersion φ = π2 ◦ ϕ maps U onto � and the slices
Sz = φ−1(z) in U are copies of C .

Let NF ∼= νF be the subbundle of T M orthogonal to TF and let p : NF → M be the
natural projection. We denote by exp : NF → M the geodesic exponential map associated
to the Riemannian metric g and we set Wε = {(w, v) ∈ NF | |v| < ε}. Since M is compact
there is ε1 > 0 such that Tw = exp(p−1(w)∩Wε1) is a submanifold transverse toF for each
w ∈ M .

Given a cubic adapted local chart (U , ϕ), we set Wε,U = Wε ∩ p−1(U ) and we define
ψU : Wε,U → � × M as the map

ψU (w, v) = (φ(w), exp(w, v)). (9)

Then there are constants 0 < ε0 < ε1 and 0 < δ0 such that, if the diameter of U fulfills
diamU < δ0, then ψU is a diffeomorphism from Wε0,U onto its image. We fix once and for
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all the values ε0, δ0 and we set WU = Wε0,U . We denote by Wz
U the restriction of WU to the

slice Sz , i.e. W
z
U = {(w, v) ∈ WU | φ(w) = z}.

Let (U , ϕ) be a cubic adapted chart centered at w0 and U ′ an open subset of U . We say
that the pair (U ,U ′) is regular if the following conditions are fulfilled:

(R1) diamU < δ0,
(R2) w0 ∈ U ′ ⊂ U

′ ⊂ U and (U ′, ϕ|U ′) is a cubic chart,
(R3) U

′
is contained in the image exp(Wz

U ) for each z ∈ �.

If the pair (U ,U ′) is regular then the intersection of a slice Sz ofU withU ′ is either empty
or coincides with a slice of U ′. Condition (R3) implies that, for each point w ∈ U ′ and each
slice Sz of U meeting U ′, there is a unique point w′ ∈ Sz which is at the minimal distance
between w and Sz , namely

w′ = p ◦ ψ−1
U (z, w). (10)

Notice also that the submersion φ maps the intersection TU ′
w = Tw ∩ U ′ diffeomorphically

onto the open polydisc φ(U ′) ⊂ C
q .

Since M is compact, we can find positive numbers 0 < δ′ < δ < δ0, a finite family
of adapted and cubic local charts {(Ui , ϕi )}i=1,...,m , centered at points wi , and a family of
4-tuples

U = {(Ui ,U
′
i , Vi , V

′
i )}i=1,...,m (11)

of open sets such that

(C1) (Ui ,U ′
i ) is a regular pair fulfilling diamUi < δ and δ′ < d(wi , ∂U ′

i ),
(C2) V i ⊂ U ′

i , (Vi , ϕi |Vi ) is a cubic adapted local chart centered at wi , diam Vi < δ′/4 and
(Vi , V ′

i ) is a regular pair,
(C3) the family {V ′

i }i=1,...,m is an open covering of M .

We then set ψi = ψUi , Wi = WUi and Wz
i = Wz

Ui
. We remark that such a covering has

the following properties:

(P1) If Vi ∩ Vj �= ∅ then V i ∪ V j ⊂ U ′
i ∩U ′

j ,
(P2) given a point w ∈ V ′

i and a slice Sz in Ui which meets Vi , the point w′ ∈ Sz that is at
the minimal distance from w belongs to Vi .

We fix from now on such a family U . We denote by V the open neighborhood of the
identity in Aut(F) defined by f ∈ V if and only if f (V

′
i ) ⊂ Vi for each i = 1, . . .m. We

also define the subset VL of DL of those elements f ∈ DL fulfilling f (V
′
i ) ⊂ Vi for each

i = 1, . . .m and keeping fixed each slice of V ′
i (recall that a leaf of F can cut Vi in many

slices). The set VL is open in the Fréchet topology of DL. We are now ready to define the
map � : V → Aut(F) ⊂ D and the set �̃ = �(V).

Let f be a fixed element in V . For a given point w ∈ M we choose i = 1, . . . ,m with
w ∈ V ′

i . Then ŵ = f (w) ∈ Vi and we denote by Sz and Sẑ the slices of Ui through the
points w and ŵ respectively, i.e. z = φi (w) and ẑ = φi ( f (w)). Then Sẑ meets Vi ⊂ U ′

i
and, since the pair (Ui ,U ′

i ) is regular, there is a uniquely determined point w′ ∈ Sẑ which
is at the minimal distance from Sẑ to w, moreover w′ ∈ Vi . We then define a local map
f̄ : V ′

i → Vi ⊂ M by f̄ (w) = w′. It follows from properties (P1) and (P2) that the above
definition does not depend on the choice of i = 1, . . . ,m. Indeed, if w ∈ V ′

i ∩ V ′
j then the

points w′ constructed using Ui or Uj belong to Vi ∩ Vj and are necessarily the same. This
fact implies that the map f̄ is globally defined in the entire manifold M .
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Since f preserves leaves and is transversely holomorphic, it induces local holomorphic
transformations f̂i between open subsets of�i = φi (Ui ) ⊂ C

n . Notice that, by construction,
f̄ sends leaves into leaves and that the local transverse part of f̄ in Ui is just f̂i .
Let us prove that f̄ is a smooth diffeomorphism. We first notice that, if w′ = f̄ (w) with

w ∈ V ′
i , then the geodesic joining w and w′ and giving the minimal distance between w and

the slice Sz′ , where z′ = φi (w
′), meets Sz′ orthogonally. By applying (10), we have

f̄ (w) = w′ = p ◦ ψ−1
i (φi ( f (w)),w), (12)

Using the local transverse part f̂i of f the above equality can be written as

f̄ (w) = w′ = p
(
ψ−1
i ( f̂i (φi (w)),w)

)
. (13)

This equality proves that f̄ is smooth and that f̄ is entirely determined by the set of local
transformations { f̂i }.

Restricted to V ′
i the map f̄ has an inverse that can be described as follows. Given w′ =

f̄ (w) ∈ Vi weput z′ = φi (w
′) and z = φi (w) = f̂ −1

i (z′). As pointed out before, exp(Nw′F∩
Wi ) meets the slice Sz and the intersection is precisely the point w ∈ Sz . In fact, there is a
unique vector v = v(w′) ∈ Nw′F ∩ Wi such that w = exp(w′, v). Therefore we can write

w = f̄ −1(w′) = exp(w′, v) = π2 ◦ ψi (w
′, v(w′))

and, since ψi is a diffeomorphism, the vector v = v(w′) depends smoothly on w′. Indeed, if
we set T = exp(Nw′F ∩ Wi ) ∩ Vi then φi |T maps T isomorphically onto φi (Vi ) ⊂ �i and
we have

(w′, v(w′)) = ψ−1
i

(
z, (φi |T )−1(z)

)
.

We deduce in particular that f̄ is locally injective and that its (local) inverse is smooth. This
also proves that the map f̄ is open and, as the manifold M is compact, f̄ is necessarily
surjective.

We remark that formula (13) also shows that f̄ is entirely determined by the set of local
transformations { f̂i }. That formula also shows that f̄ depends continuously on f ∈ U . Since
the transverse part of f̄ is just f̂ , the map f̄ is transversely holomorphic. It remains to prove
that f̄ is globally injective and therefore an element of Aut(F) ⊂ D.

Assume that w′ = f̄ (w1) = f̄ (w2) and choose i, j ∈ {1, . . . ,m} with w1 ∈ V ′
i and

w2 ∈ V ′
j . Then Vi ∩ Vj �= ∅ and therefore Vi ∩ Vj ⊂ U ′

i . We deduce that w1, w2 belong to

the same slice Sz of Ui where z = f̂ −1
i (φi (w

′)). Now w1, w2 are in the intersection of Sz
with the submanifold exp(Nw′F ∩ Wi ) ∩ Vi . But this intersection reduces to a unique point,
which shows that w1 = w2.

Summarizing the above considerations, we see that the correspondence f �→ f̄ = �( f )
given by (13) defines a continuous map � : V → D with image �̃ = �(V) contained in
Aut(F). By construction, the diffeomorphism fL := f ◦ f̄ −1 is an element of VL and �

mapsVL to the identity. It is clear from the construction that each element f ∈ V decomposes
in a unique way as the composition

f = fL ◦ f̄

with f̄ = �( f ) ∈ �̃ and fL ∈ VL and that f̄ and fL depend continuously on f , with respect
to the Fréchet topology. This tells us that the composition map � : VL × �̃ → V defined in
(7) has a continuous inverse. Therefore, by shrinking the set VL if it is necessary, the map �

is a homeomorphism and the diagram (8) is commutative. �
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Remark 4.7 Notice that �̃ is not necessarily closed under composition or taking inverses,
even for elements close to the identity.

Remark 4.8 The construction carried out in the proof of the above proposition also provides
a commutative diagram of continuous maps

Vk
L × �̃k �

π2

Vk

�

�̃k

(14)

whereVk andVk
L are open neighborhoods of the identity in the Sobolev completions Autk(F)

and Dk
L respectively, the maps � and � are defined in the same way and � is a homeomor-

phism.

Remark 4.9 Assume for a moment that F is a smooth foliation without any particular geo-
metric transverse structure. We notice that the correspondence f �→ f̄ = �( f ) carried out
in the above proposition is still well defined for any f ∈ DF close enough to the identity,
since the transverse holomorphy of the diffeomorphisms plays no role in the construction
of �. In fact Proposition 4.6 can be stated by substituting the group Aut(F) for any closed
subgroup K of D fulfilling DL ⊂ K ⊂ DF . The proof of such a statement is the same as the
proof of Proposition 4.6 without minor changes.

The following proposition states that, after shrinking it, if necessary, the set �̃ is naturally
identified with an open neighborhood of the unity in the simply-connected Lie group G
associated to the Lie algebra G. More precisely, if we identify G with the space XN ,b of
transversely holomorphic basic vector fields on M that are orthogonal to F , then we have:

Proposition 4.10 There is a neighborhood � of the unity in G and a homeomorphism
σ : � → �̃ such that the composition

�̂ := σ−1 ◦ � : V → �

preserves multiplication and inverses, i.e. �̂ is a morphism of local topological groups.
Moreover, the composition

U ⊂ G ≡ XN ,b → �,

defined as [ξ ] → �̂ ◦ ϕ
ξ
1 for vector fields ξ in XN ,b close to zero, is the restriction to a

neighborhood of zero of the natural exponential map G → G.

Here, ϕξ
t stands for the one-parameter group associated to ξ .

Proof We assume, as in the proof of the above proposition, that a finite family of adapted
and cubic local charts {(Ui , ϕi )}i=1,...,m , and a family of 4-tuples {(Ui ,U ′

i , Vi , V
′
i )}i=1,...,m

fulfilling conditions (C1), (C2) and (C3), have been fixed. As before we set φ = π2 ◦ ϕ and
we denote by �i the polydisc φi (Ui ) of Cq . We also set Di = φi (Vi ) and D′

i = φi (V ′
i ). Let

Bi be the Banach space of continuous maps f : D̄i → C
q that are holomorphic on Di with

the norm

| f |i = max
z∈D̄i

| f (z)|.
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Then the space B = ⊕i Bi with the norm

‖F‖ = ‖( f1, . . . , fm)‖ =
∑

i

| fi |

is also a Banach space. Notice that I = (Id1, . . . , Idm), where Idi denotes the identity map
of Di , is an element of B.

We claim that there is an open neighborhood Iε = {F ∈ B | ‖F − I‖ < ε} of I in B such
that each F = ( f1, . . . , fm) ∈ Iε fulfills: (i) fi (D̄′

i ) ⊂ Di and (ii) fi |D′
i
is a biholomorphism

onto its image for i = 1, . . . ,m. Indeed, we know from Cauchy’s inequalities that, for a
given ε′ > 0 there is ε > 0 such that ‖F − I‖ < ε implies that ‖ fi − Idi ‖C1 < ε′, where
‖ · ‖C1 stands for the C1-norm on the polydisc D′

i . Using the mean value theorem we see
that, for z, z′ ∈ D′

i , one has

| fi (z) − fi (z
′)| ≥ c |z − z′| (15)

for a suitable constant c > 0. Inequality (15) implies that the restriction of fi to the polydisc
D′
i is injective and it is known that a one-to-one holomorphic map is necessarily a biholo-

morphism onto its image. Therefore, there is ε < 0 such that condition (ii) holds for F ∈ Iε

and condition (i) is also fulfilled if ε is small enough.We assume that such an ε, and therefore
the open subset Iε of B, have been fixed.

We consider now the holonomy pseudogroupH of the transversely holomorphic foliation
F . As a total transversal of F we choose the union T = ∪Ti of disjoint submanifolds Ti of
X of dimension 2q and transverse to F with the property that Ti ⊂ V ′

i and φi (Ti ) = D′
i .

Notice that T is naturally endowed with a complex structure. We identify T , through the
maps φi , with the disjoint union of open polydiscs T ≡ � D′

i . The holonomy of the foliation
F induces local transformations between open subsets of the total transversal T . They are
holomorphic andH is the pseudogroup generated by these holonomy transformations. Since
the manifold X is compact, H is a compactly generated pseudogroup. This means that H
is generated by a finite number of transformations of the pseudogroup, hμ : Wμ → T for
μ = 1, . . . , �, with the following properties: Wμ is a relatively compact subset of some D′

i
and hμ has an extension to an open neighborhood of Wμ in D′

i such that hμ(Wμ) ⊂ D′
j for

some 1 ≤ j ≤ m (cf. [9]).
We define S as the subset of Iε of those F = ( f1, . . . , fm) fulfilling

f −1
j ◦ hμ ◦ fi = hμ (16)

in the common domain of definition. Clearly, S is closed in Iε . We notice that each element
F = ( f1, . . . , fm) ∈ S induces a well-defined diffeomorphism σ(F) belonging to �̃. This
correspondence σ : S → �̃ can be constructed as follows. Formula (13), where we replace
f̂i by the corresponding component fi of F , determines a (local) foliation preserving diffeo-
morphism f̄i : V ′

i → Vi whose transverse part is just fi . The identities (16) guarantee that
formula (13) applied to the family { fi } provides a well defined diffeomorphism f = σ(F)

of M belonging to �̃. Clearly σ maps S homeomorphically onto its image �̃′ = σ(S). The
fact that f = σ(F) is a diffeomorphism globally defined over M implies in particular that
each one of the maps fi extends holomorphically to the polydisc �i = φi (Ui ) and maps
φi (U ′

i ) biholomorphically onto an open subset of �i . From that fact one deduces easily that
S is a local topological group (for the general properties of local topological groups we refer
to [26]). Moreover, if we set V ′ = �−1(�̃′) then the composition

�̂ := σ−1 ◦ � : V ′ → S
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can be seen as the map which associates its transverse part f̂ to each diffeomorphism f in
Aut(F)which is close enough to the identity. It follows in particular that the map �̂ preserves
multiplication and inverses. It is therefore a morphism of local groups.

The end of the proof will be based on the following fact. �
Lemma 4.11 The local group S is locally compact.

Proof Let us fix 0 < ε′ < ε. It is sufficient to prove that the neighborhood Sε′ of I defined
by ‖F − I‖ ≤ ε′ is compact. Let {Fk = ( fk,1, . . . , fk,m)} be a sequence of elements of Sε′ .
As noticed before, we can think of each fk,i as a holomorphic transformation defined on �i

that sends φi (U ′
i ) into �i . By taking ε′ small enough, we can also assume that fk,i (φi (U ′

i ))

contains Di . It follows fromMontel’s theorem that there is a subsequence {Fk j } of {Fk} such
that each fk j ,i converges uniformly to a holomorphic map f̃i . Since fk,i are invertible, we

can suppose that the sequences { f −1
k j

}, that are defined on Di , also converge to a limit which

necessarily is f̃ −1
i . This proves that {Fk j } has a limit that belongs to Sε′ . �

End of proof of Proposition 4.10 Now we are in position to apply Theorem A in [2] to the
local group S. Although the result by Bochner and Montgomery is stated in the context of
topological groups, the arguments used there are purely local and therefore they still remain
valid for locally compact local groups of transformations. It implies in particular that S is a
local Lie group, i.e. S is isomorphic to a neighborhood of the identity of a certain Lie group.

Finally, we claim that this Lie group is just the 1-connected Lie group G associated to the
Lie algebra G. Indeed, each element ξ of XN ,b ≡ G induces a one parameter group ϕ

ξ
t that is

sent by �̂ (and for small t) into a local one parameter subgroup of S which does not reduce
to the identity unless ξ = 0. Conversely, each local one parameter subgroup of S is obtained
in this way. Hence S is naturally identified to a neighborhood � of the unity in G. The last
assertion of the proposition is clear from the above discussion. �
Remark 4.12 The map σ constructed in the above proposition also identifies � with the set
�̃k = �(Vk) considered in Remark 4.8

Remark 4.13 The following criterium is useful to assure that certain maps between Fréchet
manifolds are smooth (cf. [10]). Let V and V ′ be fibre bundles over a compact manifold
X , eventually with boundary, and let 	(V ) and 	(V ′) denote the Fréchet manifolds of the
smooth sections of V and V ′ respectively. Assume that there is an open subset U ⊂ V
meeting all the fibres of V and a fibrewise smooth map F : U → V ′ projecting onto the
identity of X . Let Ũ be the subset of 	(V ) of those sections s having image in U . Then the
map χ : Ũ ⊂ 	(V ) → 	(V ′) given by s �→ χ(s) = F ◦ s is a smooth map of Fréchet
manifolds. Moreover, assume that E and E ′ are Fréchet submanifolds of 	(V ) and 	(V ′)
respectively with E ⊂ Ũ and such that χ(E) ⊂ E ′, then the restricted map χ : E → E ′ is also
smooth.

Combining the above two propositions we obtain the commutative diagram

VL × �
�̂

π2

V

�̂

�

(17)

As a corollary we deduce the following
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Proposition 4.14 With the induced topology, Aut(F) is a closed strong ILH-Lie subgroup of
D with Lie algebra aut(F).

Proof Notice first that Aut(F) is a closed subgroup of D. Using the above commutative
diagram as well as Remarks 4.8 and 4.12 , and arguing as in the proof of Proposition 2.7, we
see that Aut′k(F) coincides with Autk0(F) (the connected component of Autk(F) containing
the identity). This implies that Aut′(F) is the connected component of the identity of Aut(F)

concluding the proof. �

End of proof of Theorem 4.3 We first prove that the map �̂ in diagram (17) is smooth. Let
{(Ui , ϕi )}i=1,...,m be afinite family of adapted and cubic local charts ofM and let {(Ui ,U ′

i )}be
a family of regular pairs with the properties that {U ′

i } is an open cover of M and φi (Ui ) = Di

andφi (U ′
i ) = D′

i are open polydiscs.We choose a family {Ti } of disjoint transversals Ti ⊂ Ui

ofF such that φi (Ti ) = Di .We set T ′
i = Ti ∩Ū ′

i andwe identify T = � T ′
i , through themaps

φi , with the disjoint union of closed polydiscs T = � D̄′
i . ThemanifoldsV = � (T ′

i ×Ui ) and
W = � (T ′

i ×Di ) are fibre bundles over T taking as projection the natural projections onto the
first factor. The map F : V → W given by F(zi , wi ) = (zi , φi (wi )) is fibrewise and smooth,
and it follows from the criterium stated in Remark 4.13 that the map χ : 	(V ) → 	(W ),
given by χ(s) = F ◦ s, is smooth. Notice that diffeomorphisms of M close to the identity
can be thought of sections of the fibre bundle π1 : M × M → M with image close to the
diagonal. Moreover, for a small enough neighborhood W of the identity in D, the map

τ : W −→ 	(V )

f �→ {zi �→ (zi , f (zi ))}

is well defined and smooth. If f ∈ W belongs to Aut(F) the family {zi , φi ( f (zi ))} =
χ(τ( f )) is an element of the local group S ≡ � constructed in the proof of Proposition 4.10.
Therefore the map �̂ : V → � can be written as the restriction to V ⊂ Aut(F) of the
composition χ ◦ τ , which proves that it is smooth.

Let us consider now the map σ : � ≡ S → �̃ ⊂ Aut(F). A reasoning similar to the
previous one, using now the local expression of the correspondence s = { fi } ∈ S �→ f̄ ∈ �̃

given by the equality (13), shows that σ is smooth and therefore that �̂ : VL × � → V ,
which is given by the multiplication �̂( f , s) = f ◦ σ(s), is also smooth. Its inverse �̂−1

is just the correspondence f �→ ( fL , fN ), where fN = �̂( f ) and fL = f ◦ f −1
N , which

proves that �̂ is a diffeomorphism.
Therefore, the map �̂ : VL × � → V can be regarded as a local chart of Aut(F) and the

map �̂ : V → � as a submersion defining the foliationFD in a neighborhood of the identity.
Let f ∈ Aut0(F) be given. As each connected topological group, Aut0(F) is generated,

as a group, by a given neighborhood of the identity, in particular by V ∼= VL × �̃. It follows,
using that DL is a normal subgroup of Aut0(F), that we can write

f = fL ◦ fN = fL ◦ exp(v1) ◦ · · · ◦ exp(vk)

where fL ∈ DL and vi ∈ XN ,b are vector fields with the property that, if we denote
v̂i = ϑ(vi ) ∈ G, where ϑ : XN ,b → G is the natural identification, then exp(v̂i ) ∈ �.
We denote by f̂N the element of G given by

f̂N = exp(v̂1) ◦ · · · ◦ exp(v̂k)
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Now, proceeding as before we can prove that there exist neighborhoods V f ⊂ Aut(F),
VL, f ⊂ DL and � f ⊂ G, of f , fL and f̂N respectively, and a commutative diagram

VL, f × � f
�̂ f

π2

V f

�̂ f

� f

where �̂ f is a diffeomorphism providing a local chart of Aut(F) and �̂ f is a smooth sub-
mersion defining FD in V f . Finally, it also follows from the above discussion that, if V fi
and V f j have non-empty intersection, then there are locally constant G-valued functions γi j
fulfilling

�̂ fi = Lγi j ◦ �̂ f j .

This ends the proof of the theorem �
Remark 4.15 The Kuranishi property can also be formulated in the setting of transversely
holomorphic foliations. It follows from the versality theorem in [7] that each transversely
holomorphic foliation on a compact manifold has the Kuranishi property.

5 The automorphism group of a Riemannian foliation

We suppose in this section that the foliation F on M is Riemannian. This means that the
local submersions φi defining the foliation take values in a Riemannian manifold T and that
the transformations γi j fulfilling the cocycle condition (1) are local isometries of T . In an
equivalent way, the foliation F is Riemannian if there is a Riemannian metric g on M which
is bundle-like with respect to F , that is a metric that in local adapted coordinates (x, y) is
written

g =
∑

gi j (x, y)ω
iω j +

∑
gab(y)dy

adyb,

where {ωi , dya} is a local basis of 1-forms such that ωi vanish on the bundle of vectors
orthogonal to F .

We suppose that such a bundle-like metric g has been fixed. Let p and q stand for the
dimension and the codimension of F respectively.

In this section Aut(F) will denote the automorphism group of the Riemannian foliation
F , that is the group of elements of DF which preserve the transverse Riemannian metric,
and by aut(F) the Lie algebra of vector fields whose flows are one-parameter subgroups of
Aut(F). Also in this case,DL is a normal subgroup of Aut(F) andXL is an ideal of aut(F).
We denote by G = aut(F)/XL the quotient Lie algebra. The elements of G generate local
isometries on T , therefore they are called basic Killing vector fields.

Proposition 5.1 The Lie algebra G of basic Killing vector fields has finite dimension.

The above proposition can be proved in the same way as the classical theorem of Myers
and Steenrod (cf. [13,20]). Namely, let π : P → M be the O(q)-principal fibre bundle of
transverse orthonormal frames of the Riemannian foliation F . The total space P is endowed
with a foliation FP of dimension p that is projected by π to F . The foliation FP is trans-
versely parallelizable and the elements of Aut(F) are in one-to-one correspondence with the
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automorphisms of the principal fibre bundle which preserve the transverse parallelism and
the Riemannian connection. The finiteness of G then follows from the general fact according
to which the automorphism group of a parallelism is finite dimensional.

In particular we can consider the simply connected Lie group associated to the Lie algebra
G that we denote G.

As we already mentioned Leslie proved in [16] that, in the case of a Riemannian folia-
tion, the group DF is a Fréchet Lie group. Moreover, using the connection provided by the
Riemannian metric, Omori’s proof that D is a strong ILH-Lie group can be adapted to show
the following

Proposition 5.2 Let F be a Riemannian foliation on a compact manifold M. Then DF is an
ILH-Lie group with Lie algebra XF .

Remark 5.3 The structure of the group DF when F is a Riemannian foliation on a non
necessarily compact manifold has been studied in [17].

Our main result in this section is the following theorem.

Theorem 5.4 LetF be a Riemannian foliation on a compact manifold M. The automorphism
group Aut(F) of F is closed in DF and, with the induced topology, it is a strong ILH-Lie
group with Lie algebra aut(F). Moreover, the left cosets of the subgroup DL define a Lie
foliation FD on Aut(F), which is transversely modeled on the simply-connected complex
Lie group G associated to the Lie algebra G.

Remark 5.5 The above theorem is weaker than Theorem 4.3 as we are not able to exhibit a
supplementary to the Lie subalgebra aut(F) inside the Lie algebraX ofD. Consequently we
do not show that Aut(F) is a strong ILH-Lie subgroup ofD. Notice however that Theorem 5.4
implies in particular that the topology of Aut(F) is second countable and LPSAC.

The proof of the above result is parallel to that of Theorem 4.3, hence we just indicate the
differences.

Proof (Sketch of proof) We recall first that the correspondence f �→ f̄ = �( f ) given by
Proposition 4.6 is well defined for each f ∈ DF close enough to the identity (cf. Remark 4.9).
The proof of that proposition shows that there is a commutative diagram of continuous maps

VL × �̃
�

π2

V

�

�̃

(18)

where V and VL are neighborhoods of the identity in Aut(F) and DF respectively, �̃ is the
image of� and the map�, that is given by multiplication, is a homeomorphism. As stated in
Remark 4.8 the same proof also provides commutative diagrams of continuousmaps between
the Sobolev completions of the spaces in (18).

Proceeding as in Proposition 4.10, we consider a complete transversal T to F which now
is endowed with a Riemannian metric. The families of local isometries of T that are close
to the identity and that commute with the holonomy pseudogroup of F are the elements of a
local group S that can be identified to �̃. We claim that S is locally compact. In the present
setting this fact follows from the following observation that replaces Lemma 4.11. A local
isometry is determined, on a connected domain, by its 1-jet at a given point, therefore S can
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be embedded in a space of 1-jets over T , which is finite dimensional. Moreover, S is locally
closed in this space of jets and therefore it is locally compact.

The arguments used by Salem in [27] can be applied here to show that S is in fact a local
Lie group, more precisely each element of S is in the flow of a Killing vector field over T
that commutes with the holonomy pseudogroup of F . These Killing vector fields form a Lie
algebra naturally isomorphic to G and therefore �̃ is identified, through a suitable map σ , to
a neighborhood � of the neutral element of the simply connected Lie group G. Notice that
isometries of a smooth Riemannian metric are necessarily of class C∞. Therefore, and as
it happens in Remark 4.12, the map σ also identifies � with the set �̃k = �(Vk) for k big
enough.

The maps �̂ : VL × � → V and �̂ : Vk
L × � → Vk can be regarded as local charts of

Aut(F) andAutk(F) respectively.Moreover themap �̂ : V → � is a submersion defining the
foliationFD in a neighborhood of the identity. In a similar way as in the proof of Theorem 4.3,
one can construct atlases of adapted local charts for Aut(F) and Autk(F). In particular the
groups Autk(F) turn out to be Hilbert manifolds showing that Aut(F) is an ILH-Lie group.
This ends the proof. �
Remark 5.6 In Appendix E of [20], E. Ghys raised the problem of developing a theory of
deformations for Riemannian foliations and conjectured the existence of a versal deformation
parametrized by a finite dimensional space. Up to now there are not general answers to that
question. In particular, we do not know if Riemannian foliations on compact manifolds fulfill
the corresponding Kuranishi property.
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