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Abstract

Let @ C R” be a C! domain, or more generally, a Lipschitz domain with small
local Lipschitz constant. In this paper it is shown that if u is a function harmonic
in Q and continuous in €, which vanishes in a relatively open subset & C 9;
moreover, the normal derivative d, u vanishes in a subset of X with positive sur-
face measure; then u is identically zero. © 2021 The Authors. Communications
on Pure and Applied Mathematics published by Wiley Periodicals LLC.

1 Introduction

In R”*, with n > 3, there are examples of harmonic functions in the half-space
R%, C 1 up to the boundary, such that the function and its normal derivative vanish
simultaneously on a set of positive measure of dR’} . This was shown by Bourgain
and Wolff in [5]]. The same result was generalized later to arbitrary C % domains
by Wang [[19]]. A related conjecture that is still open is the following:

Conjecture. Let 2 C R” be a Lipschitz domain and let ¥ C 92 be relatively
open with respect to dQ. Let u be a function harmonic in  and continuous in €.
Suppose that u vanishes in ¥ and the normal derivative d,u vanishes in a subset of
¥ with positive surface measure. Then u = 0 in .

Note that the assumption that u vanishes continuously in X implies that Vu ex-
ists o-a.e. as a nontangential limit in ¥, and moreover Vi = (dyu) v € L12<>c(0|2)~
Here ¢ stands for the (n — 1)-dimensional surface measure and v is the outer unit
normal. See Appendix [A]for more details.

The preceding conjecture is an open problem that is already mentioned in Fang-
Hua Lin’s work [[12]. It was later stated explicitly as a conjecture in the works
by Adolfsson, Escauriaza, and Kenig [1, Zﬂ The conjecture is known to be true
in the plane, and also in higher dimensions if one assumes the function u to be

positive. In the first case, this can be deduced from the subharmonicity of log |Vu/|,

! For an accurate historical account, see the recent work [/10].
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and in the second one it is possible to use standard techniques in connection with
harmonic measure and the comparison principle.

In this paper I show that the conjecture is true for Lipschitz domains with small
local Lipschitz constant. The precise result is the following:

THEOREM 1.1. Let Q C R" be a Lipschitz domain, let B be a ball centered in
02, and suppose that ¥ = B N 02 is a Lipschitz graph with slope at most 1o,
where tg is some positive small enough constant depending only on n. Let u be a
function harmonic in Q and continuous in Q. Suppose that u vanishes in X and
the normal derivative 0,u vanishes in a subset of X with positive surface measure.
Thenu = 0 in Q.

As an immediate corollary, it follows that the above conjecture holds for C'!
domains.

Note that, up now, the result stated in Theorem (and in the conjecture) was
only known in the case of Dini domains (i.e., Lipschitz domains whose outer nor-
mal is Dini continuous), by results of Adolfsson and Escauriaza [1]] and Kukavica
and Nystrom [11]], and also in the case of convex Lipschitz domains, by Adolfsson,
Escauriaza, and Kenig [2]. Previously, the case of C L1 domains had been solved
by FE.-H. Lin [12f]. See also [16] for a recent contribution in the particular case of
convex domains where the recent geometric techniques introduced by Naber and
Valtorta [[17] are applied to study the strata of the set where d,,u vanishes.

The proof of Theorem [I.1]is based on the study of the doubling properties of
L? averages of the harmonic function u by means of the so-called Almgren’s fre-
quency function, which is analogous to the works mentioned in the previous para-
graph. The strategy in this paper consists in studying the behavior of the frequency
function at points in 2 approaching the boundary. This strategy is closer to the
one of Kukavica and Nystrom in [11] than to the one of Adolfsson and Escauri-
aza [1]], which is based on the use of a clever change of variables that transforms
the Laplace equation into an elliptic PDE in divergence form with nonconstant
coefficients and improves the domain, in a sense.

The main novelty in the arguments to prove Theorem [I.1]is the application of
some combinatorial techniques developed by Logunov and Malinnikova in the
works [[13H15]] in connection with the nodal sets of harmonic functions and the
Nadirashvili and Yau conjectures. In particular, one of the main technical results
in this paper, the Key Lemma [3.1] uses some ideas inspired by [13] to bound the
set where the frequency function is large. With the Key Lemma [3.1]in hand, in the
last section of the paper a probabilistic argument is used to show that

2
udo
lim inf Jo.12r < 00

r—0 faB(x r) u?do
for almost all points x € 3. By a lemma due to Adolfsson and Escauriaza [1}
lemma 0.2], this suffices to show that d,u cannot vanish in a subset of X with
positive measure.
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In the case that 2 is a Dini domain, in [[1,|11] it is also proven that if u is
harmonic in € and vanishes continuously in ¥ (where X is as in Theorem [I.)),
then |0, u| is alocal B, weight in ¥ with respect to surface measure (i.e., it satisfies
a local reverse Holder inequality with exponent 2). This follows from the local
uniform bound of Almgren’s frequency function proven in [1}/11]], which in turn
implies a local uniform doubling condition for 1.2 averages of the function u on
surface balls. Then, as shown in [2| theorem 1], this doubling condition ensures that
|0, u| is a local By weight. In the case of Lipschitz domains with small constant,
the proof of Theorem [I.T]in this paper does not ensure that the frequency function
is locally uniformly bounded (or even pointwise bounded!) in X, and thus one
cannot deduce that |d,u| is a local B weight.

In a similar vein, under the Dini assumption, in [1] it is shown that the dimension
of the set where d,u vanishes in > has dimension at most n — 2. This follows
by arguments developed previously in [12] in the case of C ! domains, which
are based on the monotonicity of the frequency function in X. For C! domains
or Lipschitz domains with small constant, one cannot derive any bound on the
Hausdorff dimension smaller than n — 1 from the arguments in this paper, as far as
I know.

Finally, it is worth mentioning a corollary about harmonic measure that follows
easily from Theorem (1.1

COROLLARY 1.2. Let 2 C R” be a Lipschitz domain, let B be a ball centered in
392, and suppose that ¥ = B N 02 is a Lipschitz graph with small enough slope.
Let wP, w? be the harmonic measures for Q2 with respective poles in p,q € Q.
Suppose that there exists some subset E C X with positive harmonic measure such
that
w?|g = ollE
Then p =q.
Note that saying that w?|g = w?|g is the same as saying that
wP(F) = w4(F) forall Borel sets F C E.

The corollary follows by applying the theorem to
u=g(,p)—g(.q) nQ\(B(p.e)UB(qe),

where g(-,-) is the Green function of Q2 and ¢ > 0 is small enough so that
B(p,2s) U B(gq,2¢) C 2. Observe that u is harmonic in the Lipschitz domain
Q. := Q\ (B(p,e) U B(q.¢)), it is continuous in Q, and it vanishes identically
in Q2 C 0%2;. Further, by Dahlberg’s classical theorem [6], it follows that the har-
monic measures w? and w9 are mutually absolutely continuous with the surface
measure ¢ on 052, with

dw? dw?

o = —dvg(-, p), o = —dvg(-.q),
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so that d,u vanishes in the whole E. So €. and u satisfy the assumptions of
Theorem [I.1] and thus ¥ = 0 in Q. This implies that p = g. Otherwise, letting
¢ — 0 we infer that u(x) — oo as x — p.

2 The Frequency Function

As usual in harmonic analysis, in the whole paper, the letters C, ¢ are used to
denote positive constants that just depend on the dimension n» and whose values
may change at different occurrences. On the other hand, constants with subscripts,
such as Cy, retain their values in different occurrences. The notation A < B is
equivalentto A < C B,and A ~ B isequivalentto A < B < A.

In the whole paper, unless otherwise stated, we assume that €2 and X are as in
Theorem|[L.1l We consider a function ¥ harmonic in 2 and continuous in & which
vanishes in X%, and we assume that u is not constant in 2. We extend u by 0 out of
Q, so that u is continuous across . Without loss of generality we assume that X
is a Lipschitz graph with respect to the horizontal axes and that 2 N B lies above
XNB.ForO0<e< %r(B), we denote X, = X + gey, and Q2 = Q2 + € ey, where
en =(0,...,0,1).

For x € R” and r > 0, we denote

hix,r) = _ b u?do
’ o (0B(x,7)) Jopx.r) '

For a ball B(x,r) that intersects €2, the Almgren frequency function (or just fre-
quency function) associated with u is defined by

F(x,r) =rd;logh(x,r).

LEMMA 2.1. Let x € R" and let I C (0, 00) be a closed bounded interval. Sup-
pose that B(x,r) N Q # @ and B(x,r) C 2B for all v € I (where B is as
Theorem . Then h(x,-) is of class C' in I and

2 y—Xx
orh(x,r) = u(y)Vu(y) - do(y)
' ( O(aBr) 0B(x,r) (y y) r y
2
2.1 = uo,udo
1) o (0By) 9B (x,r)NQ Y
2
= Vul*d ora.e. r e l.
0(0By) JB(x,r)nQ Vuldy - f

Further, the identity 0,h(x,r) = ﬁ fB(x N |Vu|?dy holds forall r € 1.
Also,

dh(x,r) 27 [guny IVul?dy

2.2) Fx,r)=r =
h(x,r) faB(x’r) u2do

forallr € 1.
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Note that, for B(x, r) as in the lemma, we have

/ |Vu|?> dy < oo.
B(x,r)NQ

Indeed, write ¥ = u* —u~ and, for any ¢ > 0, let uf = max(u™,¢) — ¢,
u; = max(u~,¢&) — ¢, and ve = u — u; . Itis immediate to check that u and
u; belong to W12(B(x,r’)) for some r’ > r, and moreover they are subharmonic
in B(x,r’). As a consequence, by Caccioppoli’s inequality,

+

/ \VuE|>dy < C@r.r') w2 dy < C(r, r’)/ lu|? dy.
B(x,r) ) B

B(x,r’ (x.r")

Letting ¢ — 0, we deduce that

/ |Vu|? dy < co.

Further, it follows easily that v, — u in W12(B(x,r)), and sou € WL2(B(x,r))
too.

An immediate corollary of the lemma and, in particular, of the third identity in
(2.1), is that 3,2 (x, r) > 0 and thus % (x, r) is nondecreasing with respect to .

PROOF OF LEMMA 2.1l The calculations in the lemma are quite straightfor-
ward and well-known in the case when u is sufficiently smooth up to the boundary.
In the general case when we only assume u to be continuous up to the boundary,
we have to be a little more careful, and so we will show here all the details.

Notice first that the second identity in is immediate. Concerning the third
one, for a.e. r € I we have faB(x,r) |Vu|?> do < oo, and so

2 2
udyudo = lim

udyudo
0(0Br) JaBx.rnQ e=00(By) Japxr.ne)

because
2

lim
e=0 0(0Br) JB(x,r)NIR.

udyudo =0.
This follows easily from the fact that u vanishes continuously in 3, while

2.3) lin}) Vu(x + eey) — Vu(x) in Lﬁ)c(o*|g)
E—>

with Vu = (dyu)v € leoc(0'|z;) defined as a nontangential limit, as shown in

Theorem[A.1] Then, by Green’s theorem, using that u is C* in a neighborhood of
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Q. N B(x,r) for any & > 0 sufficiently small and for a.e. r € I, we obtain

1
2/ udyudo = 3, u?)do
MBI o(0Br) JaBerngs)
1
= Au?)dy
o (dB;) B(x,r)NQ,
2
= |Vu|? dy.
0(0Br) JB(x,r)nQ.

So letting ¢ — 0, taking into account that u € Wlé C’Z (B), the third identity in (2.1))
follows.

To show the first identity in (2.1]), observe that, for all [¢,b] C I, writing
0(0B,) = c, r* 1, we have

b2 y—x
fa S5 o MO0 T do )y
f f u(y) Vu(y) - do(y)dr
0B(x,r) | |
~ 2" | u(y) Vu(y) - —’“,,dy
A(x,a,b)NQ ly — x|

-1 ~ 2 V—
=c divy [ u(y) —) dy,
" /A(x,a,b)ﬂQ Y ( |y — x|

where A(x,a, b) stands for the open annulus centered at x with inner radius a

and outer radius b . Since u € VVIOC (B) and is smooth in a neighborhood of
B(x, b) N Qg, by the divergence theorem, we have

-1 . 2 V=X
c divy, [ u(y) —) dy
g /A(x,a,b)ﬂQ g ( ly —x["

1 4. . y—-x
= ¢y 1 lim ley (M(y)z_—xw) dy

£=0 JA(x,a,h)NRe ly

1
= lim ( u?do — u? da)
e—0\ 0(0Bp) JaB(x.b)nQ; 0(0B4) JaB(x,a)nQ:
+ lim ¢, 1[ u(y)2 —(y) & )d (»).
£—0 A(x,a,b)NIQ, ly —x|"

Since # vanishes continuously up to the boundary ¥, the last limit on the right-hand
side above vanishes. Therefore,

2 y—
2.4 \Y .
4 /a U(aBr) 0B (x,r)NQ M(y) M(y)

Y do(y)dr = h(x,b)—h(x, a).
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On the other hand, we have already shown that, for a.e. r € I,
2

O'(aBr) 0B (x,r)NQ

y—x 2
uOIVU) = don) = s | Vul .
r X,r &

and so this term is continuous in r, as ¥ € Wléc’z (B). Then, the first identity in

(2.1) follows from (2.4) and the fundamental theorem of calculus.
The identity (2.2)) is an immediate consequence of the definition of F(x,r) and

2.1). g

The following lemma is already known. It is essentially contained (but not stated
in this way) in [2]. For the reader’s convenience we include the detailed proof here.

LEMMA 2.2. Let x € R" and let I C (0, 00) be a closed bounded interval. Sup-
pose that B(x,r) N Q # @ and B(x,r) C 2B forallr € I, where B is as in
Theorem|[1.1} Then F(x,-) is absolutely continuous in I and, for a.e.r € I,

drF(x,r)
4r

2
e lu?do / doul”do
H(x,r)z(/az;(x,r)nsz BB(x,r)ﬂQ‘ v

2.5 2
23) — (/ U U da) )
0B(x,r)

2 2
H(x.r) B(x,r)mag(y_x)'v(y)‘aV“(Y)‘ do(y).

_l’_

where
Hx.r) = 6(3B,) h(x.r) = / w2 do.
0B(x,r)
In particular, if (y—x)-v(y) = Oforo-a.e. y € B(x,r)N0oK, then d, F(x,r) > 0.

PROOF. Denote
Z(x,r) =/ |Vu|? dy.
B(x,r)

.
I(x,r):// |Vu|? do(y)dt,
0 J3B(x,r)

it follows that Z(x, -) is absolutely continuous with respect to r. As H(x,-) is of
class C! and bounded away from 0 in /, we deduce that F(x, -) is also absolutely
continuous in /.

By (2.1), we have
0, F(x,ry=29

Since

2r Z(x,r)
" H(x,r)
_5 (Z(x.r)+rT(x,r) H(x,r) —r Z(x,r)H (x,1)
H(x,r)? '




8 X. TOLSA

where the symbol ’ denotes the derivative with respect to r. Observe that, by (2.1)),
forae.rel,

H' (x,r) = 0,06(0B;) h(x,r) + o (dB,) W' (x,r)

— w h(x.r)+2Z(x,r) = (nr;l) Hx.r) +21(x,).

Therefore,

2
0 F(x,r) = T rHGx, )T (x,r)

(X,”)z(
—(m—=2)H(x,r)I(x,r)—2rI(x, r)z).

2.6)

To calculate Z'(x, r) we take into account that

T'(x,r) = / |Vu|? do
0B(x,r)

_ / y—x
(B, )NQ) T

— X
- f VX ) IVu() P do(y).
B(x,r)nox T

V() [Vu)? do(y)

By the Rellich-Necas identity with vector field 8(y) = y — x, v € Q, we have
div(B |Vu|?) = 2div((B - Vu) Vi) + (n — 2) [Vul*> in Q.

Integrating in B(x,r) N Qg (with Q; as in the proof of Lemma 2.1)), applying the
divergence theorem in this domain, and then letting ¢ — 0, taking into account
(2.3), we derive

/ O — ) -v() [Vu()|? do(y)
(B (x,r)NQ)
- / (v — ) - V() du(ndo () + (1 — 2) I(x.r)
0(B(x,r)NQ)
=2r/ |avu|2da+2/ O = x) - v )P do(v)
IB(x,r)NQ B(x,r)No

4+ (n—2)Z(x,r).
Thus,

-2
I’(x,r)=2/ ‘8vu‘2d0+,1—1(x,r)
0B(x.)NQ r
1

o / (v = x) - v() [du(y) Pdo(y).
B(x,r)No2
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Plugging the last calculation for Z’(x, r) into (2.6)), we obtain

0rF(x,r)
4r »
= —— | Hx,r doul” do
H(x,r)? ( (o) B(x,r)NQ ‘ ‘
2.7 H(x,r
+ (2 ) (v —x)-v() [hu)| do(y)
r B(x,r)No
—I(x,r)z).

Observe now that Z(x, r) can be written in the following way:

1 1
I(x,r) = —/ A(uz)dy = —/ E)V(uz)da
2 JB(x,r )N 2 JaB(x,r)nQ)
= / u dyu do.
0B(x,r)

Plugging the last identity into (2.7), we get (2.5).
The last assertion in the lemma follows from the fact that, by Cauchy-Schwarz,

2
/ |u|2d0f ‘Bvu‘zda—(f uavuda) >0,
0B(x,r)NQ 0B(x,r)NQ 0B(x,r)

and from the condition that (y — x) - v(y) > O for o-a.e. y € B(x,r) N I, which
implies that

[ (o — 1) v () ) do(y) > 0. 0
B(x,r)No2

It is immediate to check that saying that d, F(x,r) > 0 a.e. in an interval is
equivalent to saying that the function

f(t) =logh(x.e")
is convex in ¢ = logr for r in that interval, i.e., /" (logr) > 0 a.e. in the interval.

LEMMA 2.3. Given x € R", let I C (0, 00) be an interval such that h(x,r) > 0
and 0, F(x,r) > 0 fora.e. r € I. Givena > 1, ifbothr,ar € I, then

h(x,ar)
2.8 F(x,r) <log, —= < F(x,ar).
(2.8) (x,7r) <log, o) S (x,ar)
Another way of writing the preceding estimate is the following: for R = ar
R F(xar) R F(X,R)
e b (F) 0 shwm =i (T)
r r

PROOF. By the convexity of the function f defined above, we have

f’(lOgr)S f(logar)_f(logr) Sf,(logar).
logar —logr

It is immediate to check that this is equivalent to (2.§). O
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From now on, we say that an interval / C (0, c0) is admissible for x € R” if
h(x,r) >0and 9, F(x,r) > Oforae.r €.

LEMMA 24. Letx,y € R" andr > 0, y € (0,1/10), such that |x — y| < yr. Let
1 be an open interval admissible for x and y such that both r, 2(1 + yl/z)r el.
Suppose that B(x,5r) N 02 C X. Then

(2.10) F(y,r) < (1+CyY2) F(x,2(1 + yV?)r) + Cy'/2,
for some absolute constant C > 0.

PROOF. Let x, y,r, v be as above and let § € (0, 1) to be chosen below. Since
h(y,-) is nondecreasing, we deduce that

By, r) =][ W2 do 5][ 2 dm.
0B(y,r) A(y,r,(14+68)r)

Analogously,

h(y,r) z][ u?dm.
A(y,(1=8)r.r)

The same estimates are valid interchanging y with x and/or » with 2r. Then, by

(2.8), we have

h(y,2r) _ fag2r@rpn > dm

F(y.r) <1 :
(y,1) <log, o) = B T w2 dm

Observe now that

AD = A(p.2r, (24 8)r) C A(x, 2= Y)r.(2+ 8 + y)r) =: A3,

and
Ay =AW, (1 =8)r.r) D Ax.(1 =8+ y)r.(1 —y)r) =: AL.
Thus,

fu?dm g (fA% w2 dm m(Ai)m(A;))
5 5 =log,

F(y,r) <1 '
(y,7) < logy J[A}, w2dm faurdm m(AL)m(A3)

2
u-dm
< log, faB(x,(2+8+y)r)

+ Cs,y.
faB(x,(1—8+y)r) u?dm

where we denoted
m(A%) m(A})

Cs, =logy ————.
7T maym43)
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1/2

We choose § = y /<. Using just that y < §, we get

faB(x,(2+28)r) u*dm

F(y,r) <log, + Cs,y

3B (x,(1=8)r) udm

log % FaBex.arasyy > dm
= —— loga+2s

log2 T e, a-syr ¥ dm

+ Cs.y.

Since (2 + 28)r € I (by assumption), by Lemma 2.3 we have

2
1 faB(x,(2+28)r)u dm
0g2425 24
-3 faB(x,(l—e;)r)“ m

It is also immediate to check that

< F(x,(2 4 28)r).

24248
R . 1+ Cyl2,

log?2
Hence,
F(y.r) < (14 CyV)F(x. @2+ 2y + Gy,
It only remains to show that Cs ,, < C )/1/ 2. To this end, observe that

m(AZ)  Q+8+y)'—Q2—yp)
m(A2) ~ 2+ 8)m —2n
2"+ 2+ )"y + 0y = 2" + 02"y + O(y?)
B 2+ 8)m —2n
n(2+ 8"y +n2"ly + 0(y?)
n2n=18 + 0(82)

It follows that
m(A3)
m (Ag)

1] < c% — cyl/2,

Almost the same arguments show that

m(4y)

m(43)

—1] < c% — Ccyl/2,

Therefore,

1
m(A3) +10g2m(Ay) < U2,
m(A3) m(A})

as wished. O

CS,J/ = 10g2
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3 The Key Lemma

To prove Theorem 1.1 we consider an arbitrary ball By centered in X such that
M?By C B, where B is the ball in Theoremand M > 1 will be fixed below.
We denote X9 = dQ N MBy. We will show that if ¥ is a non-zero (i.e., not
identically zero) function harmonic in € and continuous in € which vanishes in
3, then the normal derivative d,u cannot vanish in a subset of XN By with positive
surface measure. Clearly, this suffices to prove Theorem [I.1]

Let Hy be the horizontal hyperplane through the origin. By the hypotheses in
the theorem, we can assume that 32 N M By is a Lipschitz graph with respect to
the hyperplane Hp with slope at most 7o << 1, and that & N M By is above the
graph. We consider the following Whitney decomposition of €2: we have a family
W of dyadic cubes in R” with disjoint interiors such that

) o=2.

Qew

and moreover there are some constants A > 20 and D¢y > 1 such the following
holds for every Q € W:
(1) 100 C ;
(i) AQ NIQ # @;
(iii) there are at most Dy cubes Q' € W such that 10Q N 10Q’ # &. Further,
for such cubes Q’, we have %E(Q/) <L(Q) <24(Q)).

Above, we denote by £(Q) the side length of Q. From the properties (i) and (ii)
it is clear that dist(Q, d2) =~ £(Q). We assume that the Whitney cubes are small
enough so that

3.1) diam(Q) < ziodist(Q, Q).

The arguments to construct a Whitney decomposition satisfying the properties
above are standard but we include the detailed arguments in Lemma below
for the convenience of the reader.

Let I1 denote the orthogonal projection on Hg. By translating the usual dyadic
lattice if necessary, we can assume that there exists some cube Ry € W such that
IT(Bg) C TI(Rp) and £(Rg) < C r(Bp) and moreover Ry C %Bo, for M big
enough.

Next we need to define some “generations” of cubes in V. We let ng (Ro) =

{Ro}. For k > 1 we define D{iv(Ro) as follows. Let
3.2) J(Ro) ={I1(Q) : QO € W such that [1(Q) C I[1(Rp) and Q is below Ry}.

Observe that J(Ryp) is a family of (n — 1)-dimensional dyadic cubes in Hy, all
of them contained in T1(Rg). Let Jr(Ro) C J(Ryp) be the subfamily of (n — 1)-
dimensional dyadic cubes in Ho with side length equal to 27%¢(R). To each
Q' € Ji(Ro) we assign some Q € W such that I[1(Q) = Q’, [1(Q) C I1(Ry),
and such that Q is below R (see Lemma [B.2] for more details), and we write
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s(Q’) = Q. Notice there may be more than one possible choice for Q. However,
the choice is irrelevant. Anyway, for definiteness we take the cube Q that is closest
to Ro among all the possible choices. Then we define

Djiy(Ro) = {s(Q") : 0" € Ji(Ro)}.
Next we let
Dw(Ro) = ) Dfy(Ro)}.
k>0
Notice that, for each k, the family {TI(Q) : Q € D{i\, (Ro)} is a partition of TT(Ry).
Finally, for each R € D{ﬁv(Ro) and j > 1 we denote

DJy(R) = {Q € DS (Ro) : TH(Q) C TI(R)}.
By the properties of the Whitney cubes, it is easy to check that
0 € Dw(Rg) = dist(Q, Xp) = dist(Q, 9Q2) ~ £(Q).

From now on, for any cube Q, we denote by x¢ its center. Further, we denote by
Myu—1 the (n — 1)-dimensional Lebesgue measure on the hyperplane Hy.

KEY LEMMA 3.1. Under the assumptions of Theorem[1.1] let Ry be as above and
let No > 1 be big enough. There exists some absolute constant 8¢ > 0 such that
for all A > 1 big enough the following holds, assuming also tg small enough and
M big enough. Let R € Dyy(Ry) satisfy F(xr, AL(R)) > Ng. There exists some
positive integer K = K(A) big enough such that if we let

Gk (R) = {Q € DE,(R) : F(xg. AL(Q)) < 1 F(xr, AL(R))},
then:

@ M1 (Ugegr ) 1(Q)) = Soma1 (IL(R).
(b) Forall Q € DE(R), it holds

F(xp.AL(Q)) < (1 4+ CA™Y?) F(xg. AL(R)).

A key point in the lemma is that g does not depend on A. On the other hand, 7,
M, and K depend on A. The constant Ny is also an absolute constant independent
of the other parameters.

The general strategy for the proof of the Key Lemma is similar to one of the
Hyperplane Lemma 4.1 from [13]]. The main differences stem from the fact that in
the lemma above we wish to estimate the frequency function in points that are close
to d€2, and then we have to be more careful and more precise with the monotonicity
properties of the frequency function.

A basic tool for the proof of the Key Lemma [3.1] is the following result on
quantitative Cauchy uniqueness:



14 X. TOLSA

THEOREM 3.2. Let v be a function harmonic in the half ball BlJr ={x € R":
|x| < 1,x, > 0} and C' smooth up to the boundary. Let T the following subset of
B :

I ={xeR":|x| <3/4,x, =0}.

f+|v|2dm§1
B

1

Suppose that

and
sup |v| + sup |Vv| < ¢,
r r

for some ¢ € (0,1). Then

sup |v| < Ce%,
B(1/2,1/4)

where C, a are positive absolute constants.

This result appears in [12, Lemma 4.3] and it is proven in much greater gener-
ality in [3| Theorem 1.7].
Remark 3.3. We claim that, for T > 0 and R € Dy (Rp), if x € Q satisfies
dist(x, R) < T£(R) and dist(x,d) > T~LL(R),

then the interval (0, AZ(R)) is admissible for x, assuming M > T, A and that 7
is small enough, depending on 7" and A. This property will be essential for the
proof of the Key Lemma.

To prove the claim it suffices to check that, in the situation above,

3.3) (y=—x)-v(y) >0 oc-ae. ye€B(x,r)NidQ,0<r < ALR),

since then Lemma [2.2] ensures that 9, F(x,r) > 0 for 0 < r < AL(R). To prove
(3.3), let x” € X be the point such that IT(x) = TI(x’), so that x — x’ is orthogonal
to Hy. Denote by Hy the hyperplane parallel to Hy through x’. Given y as in
(3:3), let y’ be the orthogonal projection of y on Hy; see Figure 3.1} So y" — x” is
orthogonal to x — x’. Moreover, since the slope of X is at most 7o,

y=VI<wly =x[<wly—x and [v(y)—(=en)| = 7o
Then we write
=) v =[0—=y)+ 0 =)+ &' =] [—en+ (ean +v(»)]
> x = x| =[x = x[len + v = |y =¥ = 1y = x| lea + v(y)|
> |x' = x| =10 |x —x'| =70y — x| =70 |y — x|
= (1 —10) |x" = x| =279 |y — x|.
Using now that, for 79 < 1/2, we have |x’ — x| ~ dist(x, 0Q2), we get
(y —x)-v(y) = ¢ dist(x,dQ) — 219 |y —x| = ¢ T LEL(R) =219 AL(R) > 0,
assuming 79 < § (AT)™!, which proves (3.3).



UNIQUE CONTINUATION AT THE BOUNDARY 15

FIGURE 3.1. The domain €2 and the Lipschitz graph X. The points x, y
satisfy (y — x) - v(y) > 0.

Proof of the Key Lemma[3.1} For any Q € W, we consider its associated
cylinder:

c(Q) = n~11(Q)).

Let R € Dy (Rp) be as in the lemma and let A >> 1. For some j >> 1 to be
fixed below (independent of A), let L be a hyperplane parallel to Hy such that

dist(L, o N C(R)) = 277 £(R).

Notice that there are two possible choices for L. If tg is small enough (and so X
flat enough) depending on j, then

(3.4)  dist(x, 92 NC(10R)) ~ 277 £(R) forall x € L N C(10R).

Then we choose L so that L. N C(10R) C .
Let J denote the family of cubes from W which intersect L N C (%R). By the
properties of Whitney cubes and (3.4)), it is clear that

LQ)~274(R) and II(Q)C I(R) forall Q€ J.

Let Adm(2AQ) be the set of x € 2N 2AQ such that the interval (0, diam(25AQ0))
is admissible for x. Recall that A is one of the constants in the definition of Whit-
ney cubes. We assume 7y small enough so that 3Q C Adm(2AQ) Then by

Lemmal[2.4]

3.5) sup F(x,diam(5AQ)) < Cp F(xg, diam(20AQ)) + Co,
x€AdM(2AQ)

where Cy is an absolute constant.

2 Notice that 2A0 ¢ Adm(2AQ) because 2AQ intersects R” \ Q. Instead, a big portion of 2AQ
is contained in Adm(2A Q) if Xg is flat enough.
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Claim. There exists some Q € J such that
F(xg, AUR))
4Cy

if j is big enough and we assume that 7y is small enough depending on j, and also
that Ny is big enough.

(3.6) F(xg,diam(20AQ)) <

Remark again that the choice of j will not depend on the constant A.

To prove the claim we intend to apply a rescaled version of Theorem [3.2]to a
suitable half ball B centered at z g, the orthogonal projection of xg on L. We
take

By = {x € B(zr.£(R)/4) : xn > (ZR)n}.
so that By C €2, assuming that ¢ N C(R) is below L. We also consider the point

Fr=2r + (0.....0,L(R)/S).

Notice that Z g € B4 (in fact, B(Zg,£(R)/8) C B4).

Aiming for a contradiction, suppose that F'(xg,diam(20AQ)) > 4NTO for all
Q € J,where N = F(xg, AL(R)). For each O € J, by the subharmonicity of
|u| and (2.9), we have

sup [u| < lu| do < h(xQ,diam(ZOAQ))l/2

20 ]{)B(xQ,diam(?,Q))

diam(20A0)\ ¥ (xo.diam(20A0))/2
< htsg. i ? (S5 |

Here we applied the property described in Remark [3.3] allowing the smallness of
the slope constant g to depend on j. Below we will make repeated use of this
property, often without further reference.

To estimate /(x g, £(R)) we take into account that

. L(R) < ul2dm % w2 dm < h(Eg, CLUR)),
A(x0.L(R),24(R)) B(Er.C1L(R)

since A(xg,£(R),2£(R)) C B(Zr, C1£(R)) for some fixed C; > 1. Further, by
(2.9),
h(ZR. C1U(R)) < h(ZR.L(R)/16) (16 Cp)F Er-C1RD

< (16 C;)FErCLUR) ][ ul? dm
BErA(R)/8)

< (16 Cl)F(ZR,CM(R)) ][ |u|2 dm,
B+
recalling that B(Zg,£(R)/8) C B4+. Thus,
3.7

sup [u|? < (16 C;)F Er-CrER) (
20

d1am(2OAQ) ) Flxo,diam(20A0)) f |L£ |2 dm

E(R) By
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Observe now that, by Lemma[2.4]
F(Zr, C14(R)) < C F(xr,CL(R)) + C,

for a suitable absolute constant C > 2C;. So for A and Ny big enough (both
independent of j, just larger than some absolute constant),

(3.8) F(ZR,C14(R)) < C F(xg,AL(R)) +C < C'N.
Therefore, recalling also the assumption F(x¢, diam(20AQ)) > 4NTO’ by (3.7) we

get
v {diam(20A0)\ N/ 4Co
sup|u|2s(1601)CN(M) £ wram
20 £(R) B,
:2—jCN+C”Nf |u|2dm
B

(here we took into account that diam(20AQ) < £(R) for j larger than some abso-
lute constant). Also, by standard interior estimates for harmonic functions,

1 22/ . "

sup |Vu|? < sup [ul? < ——— 27 JeN+C N][ lul>dm.
30 €0)? 29 L(R)? B,

From the last two estimates we deduce that if j is big enough and Ny (and thus N)

also big enough, then there exists some ¢’ > 0 such that

sup (Jul* + £(R)? |Vu|?) < 2—1'0’1\’][ lu|®>dm.
30 By
Since the cubes %Q with O € J cover the flat part of the boundary of B4, which
we denote by I, it is clear that

sup (Ju)? + €(R)? |Vu|?) < 2—1'0’N][ lu|>dm.
r By

Applying now a rescaled version of Theorem to the half ball B, we infer

that
sup lu)? < 2_jC,N°‘][ lu|?> dm.
B(Zp L(R)/16) B

Consequently,

hEr. LR/16) 5 220N uf? dm 5 272N p(E g E(R),

B@ZrA(R))
for some fixed « > 0. By Lemma [2.3] this implies that
hGErLR)

16 7= >

h(Zr.£(R)/16)
for some fixed ¢ > 0. However, for j big enough this contradicts the fact that

F(Zr,2(R)) < N, which follows from (3.8). So the proof of the claim is con-
cluded.

F(Zr,4(R)) > log ¢ jNa,
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Now we are ready to introduce the set G (R). Fix Q¢ € J such that (3.6) holds
for Q. Notice that, by (3.5),
(3.9)
N

N
sup F(x, A(Qo)) < Co F(xg,,diam(20AQ¢))+Co < —+Cp < —,
xeAdm(2A00) 4 2

since N > Ny and we assume Ng big enough. Now we just define

Gk (R) = {0 € DYI*(R) : TI(Q) C TI(Qo)},
with k = [log, A]. So we have Gx (R) C D{fv(R) with K = j + k and it holds

Q) ~ 27%4(Qy) for every O € Gx (R).

The property (a) in the lemma follows easily from (3.9). Indeed, if P € Gk (R),
then taking into account that xp € Adm(2AQg) for 7o small enough (depending
on A),

F(xp. AL(P)) < F(xp.(Q0)) < F(xp. AL(Qy)) < %

Notice also that
mia (U 10) = 600" ~ 27 er)" .
0€Gk (R)

and recall that j is independent of A. So (a) holds with 8o ~ 27/ (1)
The property (b) is an easy consequence of Lemma[2.4] Indeed, for any P €
D{fv(R), since |xp — xg| < £(R), taking y ~ A~! in (2.10)), we deduce
F(xp, AL(P)) < F(xp, AL(R)/3) < (1 + CA™Y?) F(xg, AL(R)) + CA™'/?

<(1+2CA"V?)N. O

4 Proof of Theorem [I.1]
Our next objective is to prove the following result:
LEMMA 4.1. Under the assumptions of Theorem let Rg € W be as in Sec-
tion[3| Then,
h(x,12
fimint P12 0 or e x € S0 N C(Ry).
r—0 h(x, r)
Recall that C(Ry) is the cylindernn
C(Ro) = TI™1(TT(Ro)).

and it contains By, by the assumption just after (3.1)).
The proof of the preceding lemma will use the following version of the law of
large numbers, due to Etemadi [7:

THEOREM 4.2. Let { Xy }k>1 be a sequence of nonnegative random variables with
finite second moments such that:
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(a) supy>q EXp < o0,
(b) E(X; Xi) <EX; EXy for j # k, and
(©) Ygs1 gz VarXy < oo
Let Sy, = X1 4+ -+ + X Then
lim w =0 almost surely.
m—00 m

PROOF OF LEMMA |1l Let Iy, : C(Rg) — C(Rp)NX( denote the projection
on C(Rg) N Xy in the direction orthogonal to the horizontal hyperplane Hy. We
consider the measure

p = Hzg#mn—1le(ro)nHo)-
This is the image measure (or push-forward measure) of the (n — 1)-dimensional
Lebesgue measure on C(Rp) N Hg to C(Rg) N Xg. Obviously, u is mutually
absolutely continuous with the surface measure o on C(Rgp) N Xg.
Next we consider the families of cubes from 1V defined by

@.1) T/ = {Q € D}y (Ro) : F(xg.ALQ)) < No}. j > 0.

where the constants K, 4, and Ny are given by the Key Lemma [3.1] (the precise
large value of A will be chosen below). We also denote

Rz, = Ix,(Ro)
and consider the following subset of Rx,:
7= | Nx,(Q). Jj=0.
QeT;
We will prove the following:

Claim. We have
M(REO \ lim sup TJ) = 0.

Jj—oo
Let us see first that the lemma follows from this claim. Indeed, if x € 77,
then there exists some cube Q € ’77 such that x € Il1x,(Q). By construction,

F(xg, AL(Q)) < No and thus, by 2.9),
h(xg., AL(Q)) < 48N0 h(xg, AL(Q)/48).
For A big enough, we have
B(x, AL(Q)/24) D 3 B(xg, AL(Q)/48) and
3 B(x, AL(Q)/2) C B(xg. AL(Q)).

Then, by the subharmonicity of |u#| in a neighborhood of ¥¢ and standard argu-
ments,

h(x, AL(Q)/24) Z h(xg,AL(Q)/48) and h(x, AL(Q)/2) < h(xg, AL(Q)).



20 X. TOLSA

Hence, for each x € Tj,

B AUQ)/D) _ hixg. AUQ)  _ o
h(x, AL(Q)/24) ™ h(xg. AL(Q)/48) ~ ’
with £(Q) ~ 277KL(Ry).
Consequently, if x € limsup;_,, 7}, then a sequence of radii r; — 0 exists
such that

h(x, 12rj) < 48N0
h(x,rj) ™ ’

which implies that
.. h(x,12r)
liminf —— ,
r—0  h(x,r)
and yields the lemma, assuming the claim.
To prove the claim above we need to introduce some additional notation. For
J = 0and K as in the Key Lemma [3.1] we denote

= K
D;j(Rx,) = Hx, (D5, (Ro)).
or more precisely,
~ K
D] (Rzo) = {HE()(Q/) : Q/ € D)j/\] (RO)}

We also set

D(Rs,) = | Dj(Rsz,).
Jj=0
For any R € D;(Ry,) such that R = [x,(R’) for some R’ € D'{,'\I,((Ro), in case
that F(xg/, AL(R’)) > Ny, we consider the good set
GR)= |J TMg(0).
Q’eGr (R)

with Gk (R’) as in the Key Lemma[3.1} In case that F(xg/, A £(R’)) < No, we let

G(R) = g, (R") = R.

Finally, we write

7j = {M5,(Q") : Q" € Dy (Ro). Flxgr. AUQ")) < No}.
or in other words,
T; = Ox,(T)),
with 7/ defined in (.1)
To prove the claim we have to show that [ J i>p Tj has full p-measure in Ry,
for every i > 0. To this end, for any fixed /2 we define the following functions f;,

j=h
fi= Y. Jfo

QeD;(Rx,)
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where fo = 0if Q is contained in some “cube” Q el > Tj and, otherwise,

fo = 102 _
727 WGy @1

It is immediate to check that the functions f; have zero p-mean, and they are
orthogonal, i.e., [ fi fjdu = 0if i # j (taking into account that f; has zero
(-mean in each O € 15j (Rx,) and is constant in each P € 15j+1 (Rx,)). Observe
also that the functions f; are uniformly bounded, due to the fact that u(G(Q)) >
8o u(Q) in the latter case by the Key Lemma. So their L2 (i) norms are uniformly
bounded too.

We consider the probability measure p| Ry, /u(Rx,) and the random variables
X; = f; + 1, j = h. Notice that they are nonnegative and the assumptions in
Theoremd.2]are satisfied. Indeed, (a) and (c) follow from the uniform boundedness
of the functions f;, and the zero mean of each f; and the mutual orthogonality of
the f;’s imply that E(X; X;) = E(X;)E(X;) if i # j. Applying the theorem
then we infer that

4.2) lim — Z Ji(x) =0 forpu-ae. x € Ry,
j=h+1
using the fact that EX; = 1 forall ;.
We will show that

(4.3) xers, \J T = lim — Z fi(x) #0.

m—o00 m
j=h Jj=h+1

Clearly, by (4.2), this implies that Rz, \ | J;5, 7; has null u-measure and finishes
the proof of the claim.

We prove (4.3) by contradiction. Suppose that there exists some point x €
Ry \ Ujsp Tj such that limp—sc0 35 Y 7=y /j(x) = 0. Denote by Q; the

“cube” from D i (Rx,) that contains x. Since Q; ¢ 7; for any i > /, by definition

we have 0
110 =~ G055 Xoe;

Then @.2)) tells us that, for any ¢ > 0,

y(x) —1 forany j > h.

m

w(Q;)
> ~ X6()(x) —m| <em
A G2
for any m big enough. In particular, choosing ¢ = % we infer that, for some

mo = mo(x),
m

M
J'=;+1 m(G(Q;)) 16(0,) (%) =

for any m > my.

(SYRR
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Since u(G(Qj)) > 8o 1(Q;), we get

m
)
4.4) | Z )(G(Qj)(x) > on for m > my.
j=h+1
For each j > h, let Q" € Dyy(Rp) be such that Q; = I1x,(Q}). Recall that
the Key Lemma (we can apply this because F (xQ} , AE(Q})) > Np) asserts that

1 .
Flxgy,, AUQj. 1) < 5 Flxg). ALQ)) ifx € G(Q))
and otherwise just ensures that
F(xgy,  AUQ ) < (1+CATV2) F(xgr, AUQ))) ifx € Q;\ G(Q)).
These estimates and (4.4) imply that

Som/2
Frgy, AUQ = (5) L+ CAT2 form = mo

However, if A is chosen big enough (recall that A is independent of 8¢ and can be
taken arbitrarily big in the Key Lemma [3.1)), this implies that

F(xg; . AL(Qp)) = 0 asm — oo,

which cannot happen because x & Uj >p 1j, recalling the definition of 7. This
concludes the proof of the claim and of the lemma. O

The proof of Theorem|[I.T|will follow as a straightforward consequence of Lemma
4. 1land the next result of Adolfsson and Escauriaza:

LEMMA 4.3 ([1} lemma 0.2]). Let D C R” be a Lipschitz domain and let V be
a relatively open subset of dD. Let v be a nonzero function harmonic in D and
continuous in D that vanishes identically in V, and whose normal derivative 0, v
vanishes in a subset E C V of positive surface measure. Then, for every point
x € V that is a density point of E (with respect to surface measure), we have

vldm
4.5) lim JBennp ViAo

r—>0 fB(x,Gr)ﬂD |v |dm

Actually, the identity (4.5)) is not stated explicitly in lemma 0.2 in [[I]]. Instead,
it is said that v vanishes to infinite order in x. However, a quick inspection of the
proof shows that the authors actually prove (d.3), which in turn implies that v van-
ishes to infinite order in x. The lemma above relies on [2, lemma 1 and theorem
1]. Though the proof of [2, lemma 1] is not correct—as explained in [4} para-
graph before lemma 5]—one can replace that lemma either by [/1, lemma 2.2] or
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by more quantitative arguments involving [4, lemma 4] and well-known proper-
ties of harmonic functionsﬂ For the reader’s convenience I provide an alternative
self-contained proof in the Appendix [C|

PROOF OF THEOREM[LLIl As explained at the beginning of Section [3] it suf-
fices to show that d,u cannot vanish in a subset of positive surface measure of
30 N C(Ryp) (since this set contains the ball By).

For the sake of contradiction, suppose that d,,# vanishes in a subset £ C Xo N
C(Ry) of positive surface measure. By Lemma.3] for any x € X N C(Ry) that
is a density point of £,

luldm
lim fB(x,Gr) — 0

r—0 fB(x,r) luldm

By the subharmonicity of |u|, for » small enough,

1/2
hix,r/2)Y? = (][ |u|2do) 5][ lu|dm.
0B(x,r/2) B(x,r)

Also, by Cauchy-Schwarz and the fact that /(x, -) is nondecreasing in r,
1/2
][ luldm < (][ |u|2dm) < h(x,6r)V/2,
B(x,67) B(x,6r)

h(x,6r)'/2 |u|dm
fiminf 80 S ing 1BCu0n 4ldm.
=0 h(x, r/2)1/2 r—0 J[B(x,r) luldm

Therefore,

Consequently,
h(x,12r)
r—>0 h (x , T ) B
which contradicts Lemma[4.1] d

Appendix A Existence of Nontangential Limits for Vu

Let 2 C R” be a Lipschitz domain, and let o denote the surface measure on
d%2. For o-a.e. x, there exists a tangent hyperplane to €2 in x and the outer unit
normal v(x) is well-defined. For an aperture parameter a € (0, 1) we consider the
one-sided inner cone with axis in the direction of —v(x) defined by

Xf(x)y={yeR": (x—y)-v(x)>aly —x|}.

Analogously, we consider the outer cone

X, (x)= {y eR”: (y —x)-v(x) >a|y—x|}.

31 thank Luis Escauriaza for informing me about this fact.
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For a given function f : R”\ 02 — R and a fixed parameter @ € (0, 1), we define
the nontangential limits
fralx) = lm  f(y),  foalx)=__1lim  f(y),
XF(x)ay—x Xg (x)sy—>x

whenever they exist.

Although the following result is already known (see [9, theorem 5.19], I have
not been able to find an easy argument in the literature and thus I provide a detailed
proof based on Dahlberg’s theorem on harmonic measure [6].

THEOREM A.1. Let Q C R” be a Lipschitz domain, let B be an open ball centered
in 082, and let ¥ = B N 02 be a Lipschitz graph. Let u be a function harmonic in
Q and continuous in Q. Suppose that u vanishes in X. Then, for any a € (0, 1),
(Vu) 4 4 exists o-a.e. and belongs to leoc(0|2)- Further, (Vu)y 4 has vanishing
tangential component. That is, (Vu)4+,, = (0vu)v. In addition, assuming that

Q2 N B isabove X,

lirr%) Vu(-+ eey) = (yu) v in L2 (o).
e—>

Also, in the sense of distributions,
(Au)|p = —dyu olx.

PROOF. We extend u by 0 out of 2 and denote

ut = max(u,0), u~ = —min(u,0),

so that ™ and u™ are continuous and subharmonic in B. This implies that, in
the sense of distributions, in B, Au = Aut — Au" isa signed Radon measure
supported on X.

First we claim that

(A.1) (Au)|p = pols.

where p € L{°(X) and w is the harmonic measure for £ with respect to some

fixed pole p € 2. To prove the lemma we may assume B small enough so that
Q\ 2B # @ and that p € Q \ 2B. To prove the claim, let B’ be an open ball
concentric with B such that B’ C B. We will show that that there exists some
constant C, depending on B’ and p such that for any compact set K C X, it holds
that

(A2) [(Au, xk)| = C2 w(K).

By duality, this implies (A.T).

Given an arbitrary ¢ € (0, % dist(K,R" \ B’)), let {Q;};cs be a lattice of cubes
that cover R”, with diameter equal to £/2. Let {¢;}ics be a partition of unity of
R”, so that each ¢; is supported in 2Q; and ||V ¢; ||oo < £(Q;)~/ for j = 0,1,2.
Then we have

(A3) (Au, i) = (A, Y o) = (A Y 01— ).

iel’ iel’
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where [’ is the collection of indices i € I such that 2Q; N K # &. Since (Au)|p
is a signed Radon measure,

‘<Au, Z(pi — XK}‘ < (|Au|, XUS(K)\K) —0 ase—0,
iel’

where U, (K) is the e-neighborhood of K. Concerning the other term in (A.3)), we
have
(80 Y o)| = Sl ae £ 3 pps [ tulam.
iel’ iel’ iel’ E(Ql) 20;

Since |u| is subharmonic and continuous in B and vanishes in B\ €2, by the bound-
ary Harnack principle (see theorem 5.1 from [§]], for example), we have

lu(x)] < C3g(x,p) forallx € B'N L,
where g(-, ) is the Green function of 2 and C5 depends on u, p, and B’, but not
on K. Thus,
1

02 /2Qi g(x, p)dx,

with the implicit constant depending on u, p, and B’. By standard estimates for
the harmonic measure (see (4.3) and (4.4) from [{8]], for example), we have

w(40;)
£(Q;)"2

(EOWIEDD

iel’ iel’

glx,p) < forallx €20; NQ,i € 1.

Therefore,

(8w, 30} 5 3 0@0i) < 0Us(K)).
iel’ iel’
Letting ¢ — 0, we have w(Use(K)) — o(K) and thus (A.2) follows, which
implies the claim (A.T) .
Next recall that by Dahlberg’s theorem, harmonic measure on a Lipschitz do-
main €2 is a By weight with respect to the surface measure ¢. In particular, the

density function Z—Z‘: belongs to Lﬁm (0). Therefore, in the sense of distributions,

(Au)|p = hol|y forsomeh € Lﬁ)c(a).

Our next objective consists in showing that (Vu)y , exists o-a.e., and moreover
(V)44 = (dyu)v € L2 (o]x). To this end, consider an arbitrary open ball B

centered in ¥ such that 4B C B. Let @ be a C*° function that equals 1 on 2B and
vanishes out of 38, and let v = ¢ u. Observe that

(A4) v=ExAlpv) =Ex(@Au+ulAp +2Vu Vo),

where £ is the fundamental solution of the Laplacian. Note also that Vu € leoc (B),
by Caccioppoli’s inequality.
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For a finite Borel measure 7, let R7 be the (n — 1)-dimensional Riesz transform
of n. That is,

Ry(x) = / S an)

whenever the integral makes sense. From the 1dent1ty (A.4), we deduce that, for all
xe€X,

Vu(x) = cn (R(p g 0]5)(x) + R(u Apm)(x) + 2 R(Vu - Vo m)(x))
(recall that m is the Lebesgue measure in R”). Observe that R(u Ag m) and R(Vu-
Vem) are continuous functions in B. On the other hand, the nontangential limit
(R(¢p g0lx))+,q(x) exists for o-a.e. x € 32, by the classical jump formulas for
the Riesz transforms (see [18]], for example). Taking also into account that Vv =
Vu in B, it follows then that (Vu)+ 4(x) exists for o-a.e. x € T N B. By the
L?(o0) boundedness of the (principal value) Riesz transform operator R(-o) on
Lipschitz graphs, we deduce that (Vu)+ , € L2(0|En 7)

Since ¥ = 0 in QF, it is clear that (Vu)—, = 0in X N B. As the tangen-
tial component of R(¢ g o|x)(x) is continuous across 32 for g-a.e. x € 0%,
again by the jump formulas for the Riesz transforms, we deduce that the tangential
component of (Vu) 4 4 coincides with the tangential component of (Vu)_ , o-a.e.
in £ N B, and thus (Vu)y o =0in 2 N B, which is equivalent to saying that
(Viu)yq = (@yu)vin TN B.

It remains to prove that (Au)|p = —d,u o|x in the sense of distributions. To
this end, let ¥ be a C* function supported in B. Without loss of generality we
may assume that ¥ N Bisa Lipschitz graph with respect to the horizontal axes and
that Q N B lies above ¥ N B. For 0 < ¢ < r(B), denote £, = ¥ + ce, and
Q, = Q2+ ¢eepy, where e, = (0,...,0,1). Then we have

(Au, W)zqude—hm uAydm
Bng,
(AS) = lim {_ udyYydo — lim [ Y oyudo
>0 /Bnaq, e=>0JBnaq.
:O—f Y dyudo.
z

The last identity follows from the fact that, in a neighborhood of 3 N B ,as e — 0,
u(- + eey,) converges uniformly to 0 and Vu(- + ee,) converges to (Vu)4 4 in
L2(0|Em 7) (this is proven by arguments analogous to the ones above for the o-
a.e. existence of the limit (V)4 4(x) in ¥). From (A.5), we deduce that Au =

—dyu oy in E, and thus also in B. O

Appendix B Whitney Cubes

In this appendix we prove some of the properties of the Whitney cubes con-
structed at the beginning of Section 3]



UNIQUE CONTINUATION AT THE BOUNDARY 27

LEMMA B.1. Let Q & R” be open. Then there exists a family VW of dyadic cubes
with disjoint interiors such that
Uo=q

Qew

and moreover there are some constants A > 20 and Do > 1 such the following
holds for every Q € W:

(i) 100 C Q and diam(Q) < 55 dist(Q, 9Q);
(i) AQ N IR # &
(iii) there are at most Do cubes Q' € VW such that 10Q N 10Q’ # &. Further,
for such cubes Q’, we have %K(Q’) <L(0) <2L(0Q).

PROOF. We assume the dyadic cubes to be half-open and half-closed. Let ¢¢ €
(0, %) be some constant to be fixed below. Denote d(x) = dist(x, d€2), and let W
be the family of all dyadic cubes Q C €2 that satisfy

(B.1) £(Q) <co ing d(x)

and moreover are maximal. It is immediate to check that the cubes from W cover
2 and are disjoint, because they are maximal.
For all Q € W, since ¢ d(x) > £(Q) for all x € Q, it follows that

dist(Q, Q) > cg 1(Q).

Taking co small enough, the properties (i) and (ii) follow.

Let O, Q' € W satisfy 100 N 10Q’ # &. Let Q” the dyadic parent of Q’,
which is also contained in €2, by (i). By the definition of W, there exists x” € Q"
such that £(Q") > c¢od(x”). Fix also any x € Q. From the condition 10Q N
10Q" # @, it follows that [x — x| < C (£(Q) + £(Q")), where C is some
constant depending just on n. Then we have

€(Q) < cod(x) < cod(x") +colx —x"] < 24(Q") + co C(E(Q) + £(Q)).

For ¢ small enough we deduce that £(Q) < 2.5£(Q’), which implies that £(Q) <
2£(Q’) because £(Q)/£(Q") = 2¥ for some k € Z. Reversing the roles of Q and
Q’, we deduce that %E(Q’ ) < £(Q) < 24(Q’). From this property and standard
volume considerations it follows easily that there are at most Do cubes Q' € W
such that 10Q N 100’ # @&, with Dy depending just on 7. g

LEMMA B.2. Let Q2 be a Lipschitz domain, and let X, Bo, %o, Ho, I1, and Ry be
as in Section[3| Also, let J(Ro) be as in and, for k > 1, let Jy (Ro) C J(Ro)
be the subfamily of (n — 1)-dimensional dyadic cubes in Hy with side length equal
10 27%0(Ro). Then, for each Q' € Ji(Ro) there exists some cube Q € W such
that TI(Q) = Q’, TI(Q) C I1(Ry), and such that Q is below Ry.

PROOF. Let Q' € Ji(Rp) and denote by x’ its center, so that x’ € Hy N T1(Rp)
too. Let L, be the line orthogonal to Hy through x’. Let x be the intersection
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of L, with the lower face of Ry, and let x” = L, N Xy. Let S be the segment
(x, x”), which lies on L.

Consider the sequence of dyadic Whitney cubes {R;};>1 C WV that intersect S,
so that

S=LynN U R s
Jj=1

and assume that the sequence is ordered in such a way that, for all ;j > 0, R; and
R; 1 are neighbors and Rj 41 is below R;. The sequence of side lengths £(R;)
tends to 0 as j — oo because dist(R;, d2) — 0 as j — oo. Also, forany j > 0,
£(R;)/€(Rj+1) equals 1, % or 2, by the property (iii) in Lemma This implies
that, for some j > 1, {(R;) = 27%¢(Ry). Indeed, we claim that the cube R j such
that £(R;) < 27%¢(R¢) and j is minimal does the job. To check this, notice that,
by the minimality of j, £(R;j—1) > 27%+10(Rp). So property (iii) of Lemma
implies that £(R;) > 27%¢(Ry) and the claim follows.

Notice now that IT(R;) = Q’, because both IT(R;) and Q” are (n—1)-dimensional
dyadic cubes in Ho with side length 2% ¢(R¢) and both contain x’. U

Appendix C An Alternative Proof of Lemma 4.3

We assume that we are under the assumptions of Lemma So given a Lips-
chitz domain D C R” and a relatively open subset V' of dD, we consider a nonzero
function v that is harmonic in D and continuous in D, vanishing identically in ¥/,
and whose normal derivative d,,v also vanishes in a subset £ C V of positive sur-
face measure. We have to show that, for every point x € V that is a density point
of E (with respect to surface measure), it holds that

|v|dm
(C.1) lim Jpe.nno —
r—>0 fB(x,Gr)ﬂD |v|dm

To this end, for such point x, given ¢ € (0, 1), let ro > 0 be small enough so that
B(x,r9) NadD C V and

c(D NB(x,r)\ E)<ea(@@D N B(x,r)) forall0 <r <ry.

We fix r € (0, ro/3). Without loss of generality, we assume that x = 0 and denote
B, = B(0,r), We also assume that dD N Bs, is a Lipschitz graph with respect to
the horizontal axes, and that D is above the graph. As usual, we understand that v
has been extended by 0 in D€¢. As shown in Theorem |[A.1]

(Av)|g, = —0yv OlapnB, =: K-

Thus, g := v — &€ * p is harmonic in B;.
We intend to apply the three-ball inequality to the function g. In order to do this,
first we need to estimate the total variation of the signed measure ©. We apply the
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Rellich-Necas identity
2(B - Vu)Av

= 2div((B - Vv)Vv) — div(B |Vv|?) + [Vo[?div B =2 8; B 9;v 9;v.
i’j
with a vector field B = ¢ e,, where ¢ is a smooth function supported on B(3/2),

and identically 1 on B, . Integrating the above identity in B, N D with respect to
Lebesgue measure and applying the divergence theorem, we obtain

0= / [20(7) 8,0(3) 3w (y) — () [VO)I? (en - v(¥)] do ()
0DN B>,

+/ Bn(p|Vv|2dy—2/ > " 0ign ;v 0pv dy.
B>, By, i

In fact, to be more precise, since v need not be smooth up to dD, first we apply the
divergence theorem in the domain Bs, N (8¢, + D) with § > 0, and then we let
§ — 0 as in the proof of Lemma [2.2] Taking into account that Vv = (3, v)v on
aD N By, we get

/’ o) 1350 (en - V(M) o ()
0DN B>,

=— [ Oa@|VolPdy+2 | > 0igadivonvdy.
BZr B2r i

Thus, recalling that yp, < ¢ < xp,,,, and applying Caccioppoli’s inequality,

1
/ WW@dews—/
0DNB, rJB

Now, by Cauchy-Schwarz, we derive

|uu|=ELDnB 3,00 |do(y)

1
VoPdy < 5 [P

r By,

NIw

1/2
5(/‘ |mv@n2mnw) o (B, NOD \ E)2
0DNB,

1 n 1/2
g2r22 (/ |v|2dy) .
BZI’

Let x" = —5 en. Then there is some ¢, > 0 depending just on the Lipschitz

character of D such that B(x’,2¢c2r) C B, \ D. We denote 7’ = c¢,r. Observe
now that for any s € [r/, 7],

1
©2) (/ W*uwos/]‘ L do()dlulz) < s,
AB(x'.5) AB(x'.5) 1Y — 2|

A
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Thus, the functiorﬂ w := & *x u satisfies

1 12 1 2 12
wldo S — Jlull < e (/ o dy)
][BB(x’,s) rn=2 rn/2 B>,

1/2
%81/2 (f |U|2dy) ’
B2r

with the implicit constants, from now on, possibly depending on ¢, and thus on the
Lipschitz character of D.

Since g = w in B(x’,2r’), and g is harmonic in B(x’,2r’) and continuous in
B(x’,2r"), we deduce that, for all z € B(x’,r’),

1/2
|g(z)|s][ |g|dosel/2(f |v|2dy) .
oB(x’,2r") B>,

b= fgPdo e f oPay,
oB(x’,r") B>,

Next we estimate /1g (x', %r). We write

][ lgldo 5][ |v|do —i—][ |lwldo.
3B(x’,%r) 8B(x’,%r) 8B(x’,%r)

Since |v| is subharmonic in By, and continuous in Bs,, we have

lv(2)] 5]{3 |lv|dy forall y € B,.
2r

(C.3)

Hence,

Therefore,

1/2 1/2
][ gldo s][ vldy + £/2 (][ |v|2dy) < (][ |v|2dy) .
8B(x’,%r) BZ}’ BZr B2r

Since g is harmonic in B(x’, 2r) and continuous in B(x’, 2r), we have, for all

z € B(x/, §r),
1/2
2(2)] sf gldo < (][ |v|2dy) |
IB(x',4r) Bay

he'. 30 5 f ol dy.
BZr
Recall now that, by the three-ball inequality, given @ € (0,1) andr, > r; > 0

such that B(x’,r2) C By, it holds that

hg (x/, r‘l"rl_“) < hg(x',r1)%hg (X, ).

and so

4In the case n = 2 it is better to choose w = & * w— % w(R?) logr = ﬁ log ‘)rc—l

then (C.2) and (C3) follow analogously.

* 1, and
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In fact, this inequality is an immediate consequence of the convexity of the function
loghg(x’,e"), proven in Lemma in a more general situation. Applying this
inequality with ry = 7/, rp = %r, and « such that

3 51— 2
(r"® (1) * = 37
ie.,

log %

3
4co

B log
we infer that
he (. 21) < s“][ [v]? dy.

BZr

Hence, using Cauchy-Schwarz and again (C.3)),

][ |v|ldo 5][ lgldo —i—][ |lw|do
dB(x',2r) 0B(x',3r) dB(x',3r)

1/2
< g, 2112 4 612 (]{3 |v|2dy)

1/2
< pu/2 (][ |v|2dy) .
BZr

Since [v| is subharmonic in B3, and continuous in Bz, and B(y/2), C B(x’, %r),
we get

1/2
][ |v|dys][ v]do < 62 (][ |v|2dy) ssw/z][ oldy.
B%r aB(x’,%r) B>, B,

So we have shown that, for any ¢ > 0, if r is small enough,

fB(l/z)r lv|dy < a2
fa, Wldy ~

2r

which proves the lemma.
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