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 Abstract: In this study the detailed One-at-a-Time sensitivity analysis of nonlinear mass-
spring-damper systems is carried out with numerical simulation. The degree of sensitivity was 
measured with a sensitivity index and based on its sensitivity Fuzzy-sets were established. The 
sensitivity of a parameter then can be expressed by the membership to the Fuzzy-sets. In this 
study the root mean square of acceleration, the maximum amplitude of acceleration and the peak 
frequency were chosen as output variables to measure sensitivity. With this research it was 
proven, that the root mean square of acceleration and the peak frequency can be used for 
sensitivity study of nonlinear vibration systems effectively. 
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1. Introduction 

 One of the exciting areas in the study of nonlinear systems is the sensitivity analysis 
of parameters. It is used in numerous scientific fields like modeling of economic [1], 
chemical [2] and manufacturing processes [3], [4], examining environmental and 
agricultural engineering models [5]-[8]. It can be effectively used in medical research 
too [9]. Nowadays mechanical and vehicle engineering tasks can also be solved 
effectively with sensitivity study [10]-[16]. For example the comfort of a railway 
vehicle could be increased with sensitivity study of masses and damping  
coefficients [14]. 
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 Its primarily aim is to examine how a system changes when its parameters are varied 
[17]. With detailed sensitivity study the behavior of the system can be understood 
better, especially in case of modeling new phenomena. A more effective design and 
development of products can be achieved, as the weak points of the system can be easily 
detected. A very smooth, optimal tuning of certain elements can also be achieved [16]. 
Sensitivity study can also be used for parameter identification [18] and inverse 
simulation [19] tasks and even the uncertainty of the system can be calculated [2]. H-
infinity controllers are designed using sensitivity functions [20].  
 It can be seen that the applicability of sensitivity study is widespread, therefore there 
are several methods [21] (Fig. 1).  

 

Fig. 1. Parameter sensitivity study methods (based on [20]) 

 To begin with the research the One-at-a-Time (OaT) sensitivity study method was 
chosen. It is easy to implement and with fast computers a lot of parameter combinations 
can be examined really fast with numerical methods. However classical OaT sensitivity 
study is only used in a short examination range and only the most sensitive parameters 
with the highest sensitivity index are determined. To use the method in a higher 
examination range and to obtain the degree of parameter sensitivity more precisely 
Fuzzy-sets were established [22]. For effective study it is also important to select the 
proper variable or property to measure sensitivity. In this paper different output 
variables of nonlinear vibration systems are tested with a Fuzzy-set based OaT 
sensitivity study method developed in [23]. The aim of the research is to develop a 
widely and easily useable numerical examination method of nonlinear systems with 
special focus on mechanical and mechatronics applications and to make the design-
development process more efficient. 

2. Sensitivity analysis method 

 To begin sensitivity functions were created. Sensitivity functions show the change of 
a selected output variable versus the change in the examined parameter. The parameter 
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is sensitive, when a small change (1%) in a parameter changes the slope of the 
sensitivity function rapidly. Sensitivity is expressed with Sensitivity Index (SI), which 
can be calculated as the ratio between the relative change of the output variable (v) and 
the relative change of the examined parameter (p) [7]: 

�� =
��	[%]

��	[
%]
	. (1) 

 The following Fuzzy-sets and membership functions were established depending on 
the sensitivity index based on initial simulation results [23]: 

1. not sensitive: �� ≤ 0.1 ∙ �; 
2. moderately sensitive: 0.1 ∙ � < �� ≤ 0.6 ∙ �; 
3. sensitive: 0.6 ∙ � < �� ≤ 2 ∙ �; 
4. extremely sensitive: 2 ∙ � < ��, 

where � is the decimal place of the average values of the sensitivity function. The 
membership value of a selected parameter to the Fuzzy-sets is calculated as follows: 

��

�
	,	 (2)	

where Ri is the length of the selected sensitivity Fuzzy set and R is the length of the 
entire examination range. After obtaining the membership value of each parameter to 
each Fuzzy-set the sensitivity of parameters can be compared easily. That parameter is 
the most sensitive, which has the largest membership value in Fuzzy-set 4. 
 In this research the sensitivity study of a simple Duffing-type vibration system was 
chosen as test case. Three different output variables were selected, which are the Root 
Mean Square (RMS) of acceleration, the maximum amplitude of acceleration and the 
peak frequency. These variables are widely used in vibration measurement and can be 
easily measured with acceleration sensors [24]. 

3. Sensitivity study of nonlinear vibration systems 

3.1. Examined nonlinear vibration system 

 The examined nonlinear vibration system is shown in Fig. 2. 
 It was assumed that the spring has a Duffing-type restoration force, which can be 
expressed with the following equation: 

�� = −!" − #"
$. (3) 

 It was also assumed that the damping coefficient is a variable constant. The 
excitation signal was sinusoidal. The equation describing the system’s behavior can be 
expressed as follows: 
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where m is the mass; c is the damping coefficient; k is the spring stiffness; A is the 
amplitude of the excitation signal and ω is angular velocity of the excitation signal. The 

long-term aim of the research is the sensitivity study of vehicle suspension systems, 
therefore the initial parameters were selected according to a nonlinear suspension model 

presented in [25]. The initial parameters are summarized in Table I. 

 

Fig. 2. Examined Duffing-type vibration system 

Table I 

Initial parameter values 

Parameter Name Value Unit 
m	 mass 375 kg 
k	 spring stiffness 35000 N/m 
c	 damping coefficient 1000 Ns/m 
A	 amplitude of the excitation signal 0.1 m 
ω	 angular velocity of the excitation signal 10π/3.6 rad/s 

 The numerical simulations were carried out with Maple using ODE45 solver and 
0.01 s interval [26], [27]. The simulation time was 50 s. 

3.2. Using the RMS of acceleration 

 The detailed sensitivity study of a semi-active suspension system using the RMS of 
acceleration can be found in [23]. The parameters of the current study are based on that 
model, only the excitation signal was different. Therefore in this paper only the 
sensitivity function of the excitation signal is presented (Fig. 3). 
 It can be seen that the angular velocity in not sensitive in case of low (ω < 9 rad/s) 
and high (ω > 17 rad/s) values. If 9 rad/s < ω < 11 rad/s or 13.5 rad/s < ω < 17 rad/s it 
is moderately sensitive (SIavg=0.29). In case of 11 rad/s < ω < 13.5 it is sensitive with 
SI=0.76. 
 In [23] only the highest value of SI was examined and it determined the degree of 
sensitivity. In this study the method was extended with the membership to Fuzzy-sets 
(can be calculated using Eq. (2)), which is shown in Table II. 
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Fig. 3. Sensitivity of angular velocity of the excitation signal using the RMS of acceleration 

Table II 

Membership of parameters to sensitivity Fuzzy-sets (RMS of acceleration) 

Parameter SImax Fuzzy 1 Fuzzy 2 Fuzzy 3 Fuzzy 4 
m	 0.42 0.18 0.82 0 0 
c	 9 0.8333 0 0.1333 0.0333 
k	 0.53 0 1 0 0 
ω	 0.76 0.69 0.21 0.1 0 
A	 0.03 1 0 0 0 

 It can be seen that most parameters are not sensitive; their membership function to 
Fuzzy-set 1 is the highest. Only the damping coefficient has membership in Fuzzy-set 4 
therefore it is the most sensitive parameter to the RMS of acceleration. However this 
value is small (0.0333), which means that the extremely sensitive range is small. This 
parameter has the highest value in Fuzzy-set 3 too. The angular velocity of the 
excitation signal is the other parameter, which has membership in Fuzzy-set 3, therefore 
it has a sensitive range. This is a parameter, which cannot be controlled, so particular 
attention should be paid to it. In [23] it was shown that the sensitivity of this parameter 
can be reduced by changing the value of the damping coefficient. The spring stiffness 
and the mass are moderately sensitive parameters; their membership value in Fuzzy-set 
2 is the highest. The amplitude of the excitation signal is not sensitive at all; its 
membership value in Fuzzy-set 1 is 1.  

3.3. Using the maximum amplitude of acceleration 

 The sensitivity analysis results in using the maximum amplitude of acceleration as it 
is shown in Fig. 4. 
 It can be seen that the mass is extremely sensitive, when m < 7 kg with SI	= 115.38. 
It is the highest SI value of the examined parameters. The mass is sensitive when  
7 kg < m < 200 kg (SI	= 16.5) and moderately sensitive when 200 kg < m < 600 kg. In 
other cases this parameter is not sensitive.  
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Fig. 4. Sensitivity of parameters using the maximum amplitude of acceleration (mass, damping 
coefficient, spring stiffness, amplitude of excitation signal, angular velocity of excitation signal) 

 The damping coefficient is sensitive in case of low values (c	 < 40 Ns/m) with  
SI = 20. When 40 Ns/m < c < 120 Ns/m it is moderately sensitive with SIavg = 8.665. In 
other cases this parameter is not sensitive. 
 The spring stiffness is moderately sensitive in the entire examination range with  
SI = 3.17. The amplitude is not sensitive, SImax = 0.0286. The angular velocity of the 
excitation signal is not sensitive either, SImax = 0.79. 
 The membership to the Fuzzy-sets is summarized in Table III. 

Table III  

Membership of parameters to sensitivity Fuzzy-sets (maximum amplitude of acceleration) 

Parameter SImax Fuzzy 1 Fuzzy 2 Fuzzy 3 Fuzzy 4 
m	 115.38 0.468 0.3567 0.1721 0.0029 
c	 20 0.963 0 0.0368 0 
k	 3.17 0 1 0 0 
ω	 0.79 1 0 0 0 
A	 0.286 1 0 0 0 

 It can be seen that only the mass has membership in Fuzzy-set 4, therefore it is the 
most sensitive parameter. It has the highest SI value as well. However the value in  
Fuzzy-set 4 is low, it is only 0.0029, which means the extremely sensitive range is 
small. This parameter has a quite high membership value in Fuzzy-set 3 (0.17). This 
parameter therefore needs particular focus in design. It is the only parameter, which has 
membership value in all Fuzzy-sets. The damping coefficient has low membership value 
in Fuzzy-set 3 (0.037), which means the sensitive range is very small. The spring 
stiffness has a membership value 1 in Fuzzy-set 2, so it is moderately sensitive in the 
entire range. The parameters of the excitation signal (amplitude, angular velocity) are 
not sensitive at all; their membership value in Fuzzy-set 1 is 1. 



76 F. HAJDU, Gy. MOLNÁRKA 

Pollack Periodica 15, 2020, 2 

3.4. Using the maximum peak frequency of acceleration 

 The sensitivity analysis results using the peak frequency of acceleration is shown  
in Fig. 5. 

 

 

Fig. 5. Sensitivity of parameters using the peak frequency of acceleration (mass, damping 
coefficient, spring stiffness, amplitude of excitation signal, angular velocity of excitation signal) 

 It can be seen that the mass is extremely sensitive when it is low (m < 22 kg) or 
when 348 kg < m < 353 kg (SI = 22.6 and SI = 67.5). It is sensitive when  
22 kg < m < 202 kg (SI = 7.92) and moderately sensitive when 232 kg < m < 348 kg  
(SI = 1.62). In all other cases this parameter is not sensitive.  
 The damping coefficient is extremely sensitive when 880 < c < 890 Ns/m with  
SI = 75. A sudden change in frequency can be observed in this case. This parameter is 
sensitive when 50 < c < 70 Ns/m (SI = 13.87) or 180 < c < 190 Ns/m (SI = 6.375). It is 
moderately sensitive in case of low values (c < 30 Ns/m), 100 Ns/m < c < 110 Ns/m or  
380 < c < 390 Ns/m. In all other cases this parameter is not sensitive.  
 The spring stiffness is not sensitive, when it is low value (k < 36500 N/m). 
Enlarging it there will be a sudden change in the peak frequency  
(36500 N/m <k < 36750 N/m) and the parameter becomes extremely sensitive with  
SI = 280. With further increase it becomes not sensitive almost the entire range except 2 
short sensitive ranges, which are 57100 N/m < k < 57300 N/m (SI = 12.25) and  
62600 N/m < k < 63000 N/m (SI = 8.75). 
 The amplitude of the excitation signal is not sensitive in the entire examination 
range, except a short range (0.088 m < A < 0.089 m), where it is extremely sensitive 
with SI = 7500. This is the highest SI value. 
 The angular velocity of the excitation signal is not sensitive till ω = 8.4 rad/s except 
short sensitive range (6.2 rad/s < ω < 6.4 rad/s with SI = 11.344) and moderately 
sensitive range (6.4 rad/s < ω < 7 rad/s with SIavg = 1.96) ranges. Increasing ω there will 
be a sudden frequency change when 8.4 rad/s < ω < 8.7 rad/s and the parameter 
becomes extremely sensitive (SI = 65.44). After that the peak frequency linearly 
increases as ω is increased and the parameter is moderately sensitive (SI = 1.39). 
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 The membership to the Fuzzy-sets is summarized in Table IV. 

Table IV 

Membership of parameters to sensitivity Fuzzy-sets (peak frequency) 

Parameter SImax Fuzzy 1 Fuzzy 2 Fuzzy 3 Fuzzy 4 
m	 67.5 0.7153 0.1035 0.1605 0.0207 
c	 75 0.9732 0.0134 0.01 0.0033 
k	 280 0.9909 0 0.0057 0.0033 
ω	 65.44 0.2879 0.6853 0.0077 0.0115 
A	 7500 0.9967 0 0 0.0033 

 It can be seen that almost all parameters are not sensitive as the membership in 
Fuzzy-set 1 is the highest. However all parameters have membership in Fuzzy-set 4, 
therefore all parameters have extremely sensitive ranges. These ranges are small 
(membership value in Fuzzy-set 4 < 0.03) and are sudden changes in the frequency (see 
Fig. 5). Therefore this variable might be even be used for parameter identification tasks. 
The mass, the damping coefficient and the angular frequency have membership in 
Fuzzy-set 3; therefore they have sensitive ranges as well. The sensitive range of the 
mass is relative high (0.16) and this parameter has the highest membership in  
Fuzzy-set 4 too, therefore it is the most sensitive parameter. The angular velocity of the 
excitation signal is moderately sensitive; it has the highest value in Fuzzy-set 2. Except 
a short extremely sensitive range the amplitude of the excitation signal and the spring 
stiffness are not sensitive. However the amplitude has the largest SI value, therefore that 
short extremely sensitive range should be paid special attention during design. 

3.5. Comparison of results 

 Comparing the selected output variables in terms of their overall percentage to the 
Fuzzy-sets is shown in Table V. The overall percentage was calculated as follows: 

:; =
∑ =�
>
�?@

A
100%, (5) 

where pi	is the overall percentage to a Fuzzy-set, mi	is the membership to a Fuzzy-set of 
a selected parameter and n is the number of parameters. 

Table V  

Variable membership dispersion 

Variable Fuzzy 1 Fuzzy 2 Fuzzy 3 Fuzzy 4 
RMS 54.066% 40.6% 4.666% 0.666% 
Amax 68.629% 27.134% 4.178% 0.058% 
fpeak	 79.28% 16.042% 3.679% 0.845% 

 It can be seen that using the RMS of acceleration from the examined ranges 
54.066% are not sensitive, 40.6% are moderately sensitive, 4.66% are sensitive and 
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0.666% are extremely sensitive. The parameters to this variable are either not sensitive 
or moderately sensitive. It has the highest percentage to moderately sensitive  
Fuzzy-set 2. This observation can be important in case of developing ultra-precision 
devices. It also has a relative high range to extremely sensitive Fuzzy-set 4, which is 
important to detect weak points. 
 Using the maximum amplitude has 68.629% to not sensitive range, 27.134% to 
moderately sensitive, 4.178% to sensitive and 0.058% to extremely sensitive ranges. It 
has the lowest value to extremely sensitive ranges and a relative high not sensitive 
range; therefore the parameters are not sensitive to this variable. The sensitive range has 
similar percentage to the other variables, therefore from the selected variables it seems 
the least suitable for further sensitivity studies. 
 Using the peak frequency has 79.28% to not sensitive range, 16.042% to moderately 
sensitive, 3.679% to sensitive and 0.875% to extremely sensitive ranges. It has the 
highest percentage to not sensitive ranges; therefore the parameters are not sensitive to 
this variable. However it has the highest percentage to most sensitive ranges, which is 
because of sudden frequency changes. Therefore this parameter can be used to test 
model accuracy and might be even useful for parameter identification tasks in the 
future. 
 The sensitivity order of the examined parameters is summarized in Table VI. The 
parameter, which was the most sensitive to a selected variable (highest value in  
Fuzzy-set 4) got the largest number. When the membership value to Fuzzy-set 4 are the 
same the membership value to Fuzzy-set 3, then Fuzzy-set 2 are compared.  

Table VI  

Sensitivity order of the examined parameters 

Parameter RMS Amax fpeak	 Σ 
m	 2 5 5 12 
c	 5 4 3 12 
k	 3 3 2 8 
ω	 4 2 4 10 
A	 1 1 1 3 

 It can be seen that the mass (m) and the damping coefficient (c) are the most 
sensitive considering the selected variables. The second most sensitive parameter is the 
angular velocity of the excitation signal (ω). The spring stiffness (k) is less sensitive and 
the amplitude of the excitation signal (A) is the least sensitive parameter.  
 Next step of the research is the sensitivity analysis of nonlinear suspension systems 
using the RMS of acceleration and the peak frequency. As first step the sensitivity 
analysis of a nonlinear semi-active suspension system based on [28] will be carried out. 
The results are planned to be published in a separate paper.  
 The detailed sensitivity study of 21 different parameters of a fire truck suspension 
system using the half car model with nonlinear characteristics using the RMS of 
acceleration has been already accomplished [29]. It was observed that the nonlinear 
coefficient of the rear spring is the most sensitive parameter. It was also proven that 
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nonlinear phenomena cannot be neglected in case of vibration system and that accurate 
spring characteristics are necessary.  

6. Conclusion and further research tasks 

 In this study the OaT sensitivity analysis of nonlinear vibration systems was carried 
out with numerical simulations using a novel Fuzzy-set based sensitivity method. Using 
a Duffing type vibration system 3 different output variable were compared, which are 
the RMS of acceleration, the maximum amplitude of acceleration and the peak 
frequency of acceleration. Based on numerical simulations it was observed that the 
RMS of acceleration and the peak frequency can be used for OaT sensitivity study 
effectively, they have quite a large membership in the extremely sensitive Fuzzy-set 4. 
With the peak frequency parameter identification tasks seem to be solved as it clearly 
shows the sudden changes in the sensitivity functions. It was also shown that taking all 
the 3 sensitivity measures into account the mass and the damping coefficient were the 
most sensitive parameters and the amplitude of the excitation signal was the least 
sensitive parameter in case of a Duffing-type vibration system.  
 To continue the research there are several future tasks. The next step is the 
sensitivity study of a nonlinear semi-active suspension system using the RMS of 
acceleration and the peak frequency. An important task is to develop the presented OaT 
sensitivity method and use Fuzzy logic more effectively. As there are a lot of variables, 
especially in case complex systems a lot of numerical calculations are necessary. The 
calculation can be speedup with a parallel algorithm, the development of it is an 
important research task. In the future global sensitivity study methods are also planned 
to be used to gain a more detailed knowledge about the examined systems.  
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