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1 Introduction

Let L denote the language of ordered rings. In [2] we showed the undecidability of
the L-structure of Scott’s model (see [3]). Continuing the investigation, in [1], we
showed that true first-order arithmetic is interpretable in the L-structure of a class
of models which includes the well-known topological models as well as Scowcroft’s
model (defined in [4]) and its generalizations. Here we improve that result showing
the interpretability of true second-order arithmetic in these structures. We shall use
the notations, definitions and the results of that earlier paper.

2 Basic notions

We quote the main (standard) definitions about the models we are interested in
from [1].
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Let H = (H, L, T,A,V,—,<) be a complete Heyting algebra — the truth value
algebra of the model to be defined. Infinite infimum and supremum will be denoted
by A and \/ respectively. We say that A € H is complemented if there is an element
denoted by A° of H such that A AN A° = 1L and AV A° = T. Note that if A is
complemented then A=A — 1. A — L is the pseudocomplement of A, denoted by
—A. We say that two elements Uy, U, € H are disjoint if Uy AUy = L. An element
U e H is dense if ——=U = T.

A choice sequence, i.e. a sequence of natural numbers is represented in the model
by a function £ : wxw — H such that \/, £(I,m) =T and £(, m)AE(L,n) = L for all
[, m, n with m # n. From this follows that the elements £(I, m) are complemented.
Here £(1,m) is the truth value of the statement that the [-th element of the sequence
represented by £ is m. Let = denote the set of choice sequences.

The language L; we shall use is the one used in [4]. It contains two sorts of
variables — x, y, 2z, etc. ranging over the elements of w, and «a, 3, etc. ranging
over choice sequences — and constant symbols for each m € w and for each choice
sequence £. Since it will not cause any confusion, we shall use the same symbol
for the constant and the corresponding element of the model. The language contains
symbols for certain primitive recursive functions and relations defined on the elements
of w-eg |r—y|, <etc. — and we also have the equality symbol =. It will be
used in atomic formulas of the form ¢ = ¢ or £(t) = ' where ¢t and ¢’ are terms of
natural-number sort and ¢ is a choice sequence (constant).

Atomic sentences receive truth values as follows:

T ifm<n
L ||m§n||:{ 1 ifm%n

and similarly for other primitive-recursive relations.
2. Concerning choice sequences, we have:
1€(m) = nl| = &(m,n).
Arbitrary sentences ¢ receive truth values ||¢|| € H in the usual way:

L lor Voo = [lo1]l V ez
2. [Jor Aol = [lr |l A fop2|

3. |lor = 2|l = lleall = [z
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A sentence v is true in the model just in case ||| = T.

In [5, pages 134-135] Vesley considers a species R of real-number generators: £ € R
if and only if the sequence 277¢(z) (x € w) of diadic fractions is a Cauchy-sequence
with VEIaVp|277€(x) — 277 P¢(x + p)| < 27, i.e. if and only if VAIxVp2F|2PE(x) —
Ex+p)| < 2.

Equality, ordering, addition and multiplication on R are defined as follows.

1. € = nif and only if VAIzvp2¥|&(x + p) — n(z + p)| < 27+,
2. € <7 if and only if IkI2Vp2* (n(z + p)—E(x + p)) > 27+,
3. (4 n)(x) :=&(x) +n(x) and

4. (En)(x) = [27¢(x)n(x)].

The following facts are also proved in [5]. If £, n € R then {47 € R, = is a congruence
relation with respect to < and +. Similar facts are true for multiplication as well (cf.
also [6, pages 20-21]).

Let us expand the language L with a unary predicate symbol R, binary predicate
symbols = and <, and binary function symbols for addition and multiplication on
choice sequences.

The corresponding truth values may be defined as follows:
IREI = Vk3avp2h|2°¢ () — &(a + p)]| < 2777

using obvious abbreviations.

Similarly:
1€ = nll = [Vk3aVp2*|&(x + p) — n(z +p)| < 2777,

and
& <l = |13K32p2" (n(z + p)—€(x +p)) > 2°*7|.
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Using the facts mentioned above, these definitions can be extended readily to poly-
nomials of choice sequences.

¢ is a global real-number generator just in case ||R(§)|| = T. Let G denote their
set. G is closed under addition and multiplication. From now on elements of G will
be denoted by f, g, h etc.

For each natural number n there is a corresponding global real-number generator
fn defined as follows: f,,(I,m) =T if m = n2' and f,(I,m) = L otherwise. Then

n

—l
[fnf =f+--+ =T

If it does not cause any confusion, we shall denote f,, € G by n.

Then G is a model for the language of ordered rings with addition and multiplication
defined above where the interpretation of 0 and 1 is f, and f; respectively. Note
that = has the usual properties in the model, e.g. f =g < (g < fV f < g),
f=gN@(f) — ©(g) etc. has truth value T. f # g is defined as f < gV g < f.
Finally note that in general —f = g ¥ f # g.

In what follows a base of a Heyting algebra is a set of elements with the property
that every element of the algebra is the supremum of base elements.

If H has a base of complemented elements, than it is easy to see that quantification
over reals in the corresponding model can be reduced to quantification over global
real-number generators. l.e. in this case

IBa(R(c) Ap(@)ll = \/ le(Hll and [IVa(R(a) = p(a))ll = /\ (A

feg feg

Definition 1. A Heyting algebra H is nice if for any g € G there is a subalgebra
Hi < H containing the elements g(l,m) with the following properties.

1. Hq has a base D of complemented elements forming a tree of height . We shall
call v the height of the algebra. FEach base element D € D has a level, an ordinal
K < p such that D has level k (D € D) if and only if the following conditions
hold.

(i) D & Urer Da
(1i)) VA < k 3! Dy € Dy such that D < D,
(iii) VD" € D(D' € |Jy.,Dr or D' AND =1 or D' < D)

2. If an element of Hy is the supremum of countably many disjoint elements, then
it is the supremum of countably many pairwise disjoint complemented elements.



3. An element A € Hy is maximal if A # T and for any B € H, if A< B<T,
then B = A or B=T. FEach C € H,, C # T is contained in a mazimal
element.

In the next lemma we collect some simple facts about D.

Lemma 2. 1. Elements on the same level are pairwise disjoint.
2. Let D; € DM (Z = 1,2) ]f>\1 < Ay and Dy N Dy % 1, then Dy < Dy.

3. Let D eD,, D ={D €D,y | D) <D} IfD +#0, let Dy = \/D'. Then
D:Dl.

4. If D1 € D, and D1 < Dy then there is some A < v such that Dy € D).

5. For every n € w there is a finest pairwise disjoint cover C,, (ie. VCn =T) from
base elements such that D,, C C,, and C,, C | U{Dy | k < n}.

Proof. 1. Immediate from (%ii).

2. By (ii) there is a unique D} € D,, such that Dy < D7, so if Dy A Dy # L, then
Dy AN D} # L. Then from 1. of this lemma follows that D; = D].

3. We have to show that D < Dy, the other direction is obvious. Assume that
D L Dy, let D' € D' and C = D A —D'. Then there is a base element D” < ('
such that D” £ D;. From D” < D and D” £ D; follows that D” € D,
for some A > v + 1. By (i) there is a unique D, € D,,1 with D” < D,,;.
DAD,; # | follows, soby 2., D,.1 < D and D” < Dy follows, a contradiction.

4. Follows from 1. and 2.

5. Follows from (%ii) and 3. by induction on n. Start with Dy and refine elements
using 3. whenever it is possible.
O

Lemma 3. 1. Let us assume that H is a complete Heyting algebra with a base
described in the previous definition. Using the notation above assume that B #
T, B € Hy. B contains a set B ={DB; : i € 1} of pairwise disjoint complemented
elements of Hy (base elements) such that B = \/ B and for every C € Hy, if
C' VvV B > B then there is some i € I with B; < C.

2. For every element C of Hy there is a countably infinite set of pairwise disjoint

elements U = {U,, | n € N*} such that C =\ U.



3. If the algebra has height w, then requirement 2 in the definition above follows
from 1. in the following stronger form: any element C' of Hq is the supremum
of countably many pairwise disjoint complemented elements.

Proof. 1. For A < p (u is the height of the tree as above) let By = {D € D, :
D<BandYv <\ VEE€B, EAND=_1}.

Let B = J,., Bx. By definition \/ B < B. For the other direction assume that
there is some base element D € D, (here we are using property (h)) such that
D ¢ \/ B. Then there are v < X\ and E € B, such that D A E # 1. Since
DeDy,,v<Xland E€D,, D < E. But then D <\/B. So B=\/B.

Now let C' € Hy, C'V B > B. Again there is some D € UA D, such that D < C
but D £ B. Then D # 1 and since =B = 1 (B is dense), D A B # 1. So
there is some D’ € D; with j < x minimal such that D’ < D A B.

We claim that D" € B;. Assume that for some v < j and £ € B, E and D’ are
not disjoint. Then by properties (a) and (f) above D' < E. Then D' < EA D,
so EAND # 1. E < D would contradict the minimality of j, so by property
(a) D < E, but then £ £ B follows, a contradiction again. So D" € B; and
D’ < C proving the claim.

2. Use the construction from 1. inside C' and partition the set B obtained into
countably many disjoint sets B = [J{B,, | n € N}. Let U, = \/ B,,. Then the
set U = {U, | n € NT} has the required property. Note that since B is a set
of pairwise disjoint elements, U/ is a set of pairwise disjoint, but not necessarily
complemented elements.

3. Here we use the results and notations of Lemma 2. Since C, is a disjoint cover
for every n € w, the supremum \/C’ of any subset C,, C C, is complemented,
it C,)” = C\C’then\/C’\/\/C”—Tand\/C’/\\/C”—L Fori e w
let &; {EEC\E<C/\ﬂ\/{ | j < i} and E; = \/&. Then, as
a supremum of a subset of C;, E; is complemented E={E|1ic€ w} is

a countable set of pairwise disjoint complemented elements. We claim that
C=V{E|ic w}. V{E; | i € w} < C is true by definition. For the other
direction, if C' £ \/{E; | i € w} then there is a base element D, € D such that
D, < C but D, £ \/{EZ | i € w}, in particular for every i € w and E € &,
Dy £ E. If i < k then, since C; C |{D, | j < i}, E £ Dy. Thus, for every
i<kand E€&, DyANE =1, s0 Dy <CA-V{E;|i<k}. Butthen, since
Dy CCx, Dy € &, 50 Dy, < \/{EZ | i € w}, a contradiction.
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Example 1. Let k be any cardinal with the discrete topology, and H be the Heyting
algebra of the open sets of X = “x. Then H with H; = H fulfills the requirements
of Definition 1. Note that the open set algebra gives us Scott’s model in the case of
K =w (see [3]).

Proof. The height of the tree of base elements required in DefinitionI.1. is w. For o €
"W (n€ew)let B, ={pe“k|oCp}. Let D, ={B, |0 €"xk} and D = J,c, Dn-
For every p € “k, U, = “k \ {p} is a maximal element and A{U, |p € “k} = 1. O

FExample 2. Let again k be an infinite cardinal, but now let H be the Heyting algebra
of the open sets of X = "(“2) with the product topology. For each g € G there is a
subalgebra H; isomorphic to the open-set algebra of “2 and containing the elements
g(m,n) — the subalgebra of elements with support equal to the support of g (see [7]).
Then H is nice, this can be shown by using the isomorphism between H; and the
open-set algebra of “2 and the previous example. Note that if x > w than these
models are elementarily equivalent to Krol’s model defined in [8] (cf. [7]).

Note. The results in [1] were true for a third class of Heyting algebras, the algebras
of the coperfect open sets of X = “k. In particular true first order arithmetic can be
interpreted in the corresponding real algebras (see below). These Heyting algebras
however have no maximal elements, so the proof of the interpretability of second order
arithmetic below does not go through.

Definition 4. Let hy,hy € G global real number generators, B € Hi. A positive
natural number n is an NE-quotient (non-ezxcluded quotient) of hy, ho with respect to
B if ||-nhY = hi|| < B.

We shall encode subsets of natural numbers as NE-quotients of appropriate elements

of G.

Definition 5. Using the notation above, for each W C N we define the encoding
real number generators in a nice Heyting algebra H as follows. Let us assume that
B # T, B={B;:i€ I} has the property of the previous lemma. For everyi € I
let {U" # L :n € N*} be a set of disjoint elements with \/,,.y+ U = B; (using
property 2. of nice Heyting algebras) and U} = B; N=\/, ., U". Let U" = \/,.; U!".
Using property 3., let \/,,cn+ U™ = Voo, i where {E;} is a countable sequence of
pairwise disjoint complemented elements. Let W C Nt, W # (, F : Nt — W an

onto function. Let
Vo B ifm=0
hi(l,m) =< E; ifm=2""(0<i<I)
il otherwise,



(Vigz Ei>c ) ifm=0 .
hY (I,m) = V{Ei/\U”:m:[%L 0<i<I} ifmz[%} for some n and i
L otherwise.

Note that m = (%1 (m is the least integer greater than or equal to the rational number
k/n) is definable in our language as k < mn Amn < k + n.

If W = NT then we shall use the notation hy for hy with the function F being the
identity function.

For W =0 let h) = 0.
Note that every element of the form hY (m, k) and hy(m, k) is in H;.

Lemma 6. Using the notation above here we extend and modify Lemma 3. in [1].
1. UANU™= 1L ifl #m.

“Vypent U =-B = L.

hy' hi € G, de. |R(BY)| = [IR(h)ll = T.

Vien+ U™ = [lha # 0] = [|hy" # 0]

U" < ||F(n)hy = hal|

“Voews 1F )" =D = [y = 0] = [[1 =0 = =V, ens U™ = L

S N N

For all k € N*, |-khY = hi|| < B if and only if k = F(n) for some n € N, ie.
W is the set of NE-quotients of hy, hY with respect to B. In particular for all
n € NT, |[-nhy = hy|| < B.

8. For all k,l € N* if k # 1 then |IhY = hi| < ||=kRY = h|.
9. For allm € NT ||nhy = hy|| < [[==F(n)hY = hy]|.
10. For alln,k € NT if k # F(n) then ||nhy = hy|| < ||-kRY = hy||.
11 ==\ [FORY = Il = T
12. If for allm € NT if k # F(n) then ||-~khY = hy|| = T.
18 If W =0, ||=khS = hy|| = T for every k € N*.
14. For any element B € H, there is g € G such that B = ||g # 0]

Proof. First assume that W = ().



1. U'AU™ = L if | # m immediately follows from the definition.

2. =B = L by assumption (B is dense). For =\/, .+ U" = L we have

SV 0= VI A A 0= A A0

neN+ neNt iel i€l neN+ el n>1
el n>1 n>1 el el

3. WY e G ie. [RM)|=T. (||R(h1)|| =T is similar.)

First of all A} is a choice sequence, since h (I, m) and h¥ (I, n) are obviously
disjoint if m # n, and

\V ey am =N\ E)yv\ \ (EAUY)=

mew i<l 1<l neNt
NE)XVVEACN U)=NE)SVVEANE)=T.
i<l i<l neNt i<l i<l JEW

Next we want to show that T < ||VA3xVp2F|2PRY (z) — hY (z +p)| < 2°7P||. Fix
k € wand let > k. Then for all i <z, p € w and n € N*,

n w 21+p7i
AU < W +p) = |G|

Then
B AU™ < 27770 < Y (2 + p)F(n) A Y (2 + p) F(n) < 2747 4 F ()|
and
E; ANU™ < |27~ < 2PhY (2)F(n) A 2PRY (2) F(n) < 27TP~1 + 2P F(n)||
we have
E; NU™ < 128270y () = by (x + p)] < 2827 + D) A 252 + 1) < 2777,
Also,

E)e < [ (2) = 0| A |BY (x + p) < 22FP=@FD)|| A ||2otp—(@+]) — gp—1
2 2

i<z



for all p, so
(\V E)° < N\ 12512708 () — B (2 + p)| < 25771 A 2007 < 277,
1<z pEW

From these
T < |Vkevp2t27hY (x) — hY (@ + p)| < 277

follows.

- Views U™ = [lha # 0] = [[R3” # O]I.
We show only that \/, .y U™ = [|hY # 0|, V,en+ U™ = ||h1 # 0| is similar.

Since (V<pip £i)° < 103 (x +p) = Ol|, [2°83" (z +p) = 2777 <V

i<x+p z<m+p

From this follows that

1Ry # 0] = \/ \/ /\ 12°RY (z + p) > 2777 < \/ \/ /\ \/ E;, =

k€Ew TEW pEw k€w r€w pew 1<x+p
VVVE=VVE=\E=V\ U
kcw zew i<z kcw xew TEW neN+

On the other hand for n € N* and i € w fixed, if F(n) <2Y and z =k =y +1,
then for all p € w,

p—1

2x+p—i 29:—1—
EinU < 208 (2 + p) = 2 | I A 12¢

F(n) F(n) -‘ > 2k+m+p7i7y||/\

|| 2k+r+p -y _ 2$+PH

From this \/, s U™ < ||RY # 0] follows.

. We claim that for all n € Nt and i € w, E; AU" < ||F ( YhY = hy||. Since
U" =V, (E; AU™), from this follows that U™ < || F ( YhY = hy|| as claimed.
If 7« <[ then

I—1i
EAU" < () = [ | W) = 27

so for all k € w, if x >k, 2 >4 and 2% > F(n)2*, then for all p € w,
E; AU < ||2Y|F(n)RY (x + p) — hi(z +p)| < F(n)2%|| A |F(n)28 < 2777].

From this the statement follows.
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10.

11.

12.

13.

14.

 Vaews [F()BS = ha|| = [|hy = 0] = [|n}" = 0[] = =V

nent U™ = L follows

from 2., /. and 5.

First we show that for alln € NT || =F(n)hY = hy|| < B. Otherwise ||=F (n)hY =
hi|V B > B, so by Lemma 3. B; < |[|[=F(n)hY = hy|| for some i € I. Thus
Ur < |=F(n)hY = hy||, but UP < ||F(n)hY = hy]|, a contradiction.

Now let us assume that & ¢ W. Then ||khY = hi||[AV oy [F(R)RY = ha|| = L,
so [|khY = hi|| < = V,en |[F(n)RY = hy|| = L and ||[-kRY = hy| = T and
thus k is not an NE-quotient.

Assume that k # [ € NT. Then [[IhY = h|| A [|[kRY = h|| = |IRY = hy]| A
16y = hal| A Ik # 1] < [|RY" = 0] = L, so [|Ihy" = l|| < ||=khy" = ha]].

For n € Nt let A, = |[nhy = hy|| A [[=F(n)hY = hy|. We claim that A, = L,
from this ||nhy = hy|| < ||==F(n)hY = hy| follows. Since A, < |[nhy = hy||
they are pairwise disjoint. Also, for all n € NT A, A U™ = L, since A, <
|=F(n)hY = hy| and U™ < ||F(n)hY = hy||. From 3. and the fact that
U* < |lkhy = hy|| and A,, < ||nhy = hy|| follows that if k # n then UFA A, = L.
So A, V (Vyen+ UP) is a disjoint union. Then from =\/, .+ U™ = L (see 1.)
follows that A,, = L as claimed.

Assume k # F(n). From 8. ||F(n)hY = hy|| < ||=khY = hy]|, so ||==F(n)hY =
mll < kbl = b, e, |~F@hY = byl < [k = by By 9.
Inhy = hi|| < ||[==F(n)hY = hy||. From these ||[nhy = hy|| < ||-khY = hy|| as
claimed.

Q

== Vpens [F(n)hY = hy|| = T follows from =\/, .+ |F(n)RY = h|| = L.

If for all n € Nt if & # F(n) then by 10. for all n € NT |nhy = hy| <
|=khy = hi|, ie. V,ens Inhe = ha]| < ||=khY = hy|. Then by 11. T =
==V pens 7 = hal| < —=||=kRhY = ha|| = || =khY = hq|| and the statement
follows.

|hY = 0|| = T by definition, so ||khY = hy|| < ||hy = 0| = L and ||-kR) =
| =T.

Use the construction of the previous definition.
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4 Coding N*

This section is from [1]. The variables z, y, u, v, w etc. range over reals, k, [, n will
range over natural numbers. From now on let B(y) denote the L-formula y = 0Vy # 0.
Let o+ ($a Y, u, U) =

—z <1A(-w=uV-2v=u— B(y) AVw[(~wv=u— B(y)) =
[(w<1—=By)Aw>1— T (w#wV-wv=u+v— By)))-

Note that z # y is defined as x < y Vy < x and —x = y, which is equivalent to
——x # y, is weaker intuitionistically than z # y.

The following sentences are used as axioms, they are true in the models of intuitionistic
second-order arithmetic we have mentioned:

1. VyFudv(Vn € Nt (—nv =u — B(y) A—v =0A =—3In € NT (nv = u));

2. =VyB(y).

Note that if y = 0V y # 0 is true, then in 1. arbitrary v = v # 0 work, so this
sentence is true classically.

Theorem 7. (From [1]) Let ¥+ (x) denote the L-formula Yy3u3ven+(x,y,u,v).
Then from the axioms and the properties of real numbers mentioned above and from
the usual azioms of natural numbers Ik € Nt (x = k) = ¢+ (x) follows in two-sorted
intuitionistic predicate calculus with equality. In particular the statement holds in our

models: for all h € G, \/ cn+ |h = K| = [[¥ne (R)]]. O

5 Coding Second-Order Arithmetic

Let ¢(Z,S) be a second-order formula of the language L' = (1,+, x). Here 7 is a
tuple of first-order variables, Sisa tuple of second-order variables. Without loss of
generality, we assume that ¢ does not contain any implications. 1(S/0) denotes the
formula obtained from ¢ by regarding S as the empty set: replace all subformulas of
¢ of the form = € S where z is a numeric variable with the (false) formula -z = z.
For each second-order variable S let vg be a new variable, and let y be a new variable
occuring only in the indicated places. The formula ¢ will be encoded by @(%, Ug, y, u),
a formula of the language of ordered rings. Here the free variables in ¥ correspond

12



to free natural number variables in ¢, s corresponds to free second order variables
in ¢, y corresonds to g € G above, u to hy and v to ho, the pair of reals in the
model encoding the set of natural numbers. ¢ is defined inductively as follows (¢
may contain other variables than the ones indicated):

(i) If ¢ is first-order atomic, then ¢ = ¢ — y # 0;

—_——

(i) z € S = —2vg =u—y # 0;

—_—

(iil) ©10 @2 = P10 Py where o = A, V;

(iv) o1 = @1 =y #0;

—_——

(v) Frpi(x) = F (Y (1) A @1());

(vi) Vo (x) = Vo (dyr () = @1(x));

(vii) 3Sp1(S) = ¢1(S/0) V JugTu &1 (vs, u);

e~

(viil) VS¢1(S) = VosVu ¢1(vs, u).

In the next lemmas let g be a fixed element of G used in the definition of Y and hy,
let Ay = |lg # 0| and let Cy = ||((g)||. For k € N* k also denote the corresponding
real-number generator as before.

Definition 8. Let U € Hyi. An element C € Hy is maximal in U if C < U and for
any C" € Hy if C < C" < U then either C'=C or C' =U.

Lemma 9. Let A < T and M mazimal. If A < M — A, then A is maximal in
M — A.

Proof. Let AKC <M —A It M =MANC, then C < M, so since C < M — A,
C < A and C' = A follows. Otherwise M < M V C. Then, since M is maximal by
assumption, MVC =T, soM - A= (M — ANMVC) = (M — A)AM)V((M —
ANC)<AVC=C,s0C =M — A and we are done. O

Lemma 10. Let A < T. For each complemented D £ A there is an element B € H;
such that B< DV A and A= B or A is maximal in B.

13



Proof. Let E be a maximal element such that =D V A < E. By our assumption on
H, such an element exists. If £ = A, then B = T fulfills the requirements. If A is
maximal in E, then with B = E we are done. Otherwise let B = EF — A. First
we claim that £ 4= A< DVA E—- A< (-DVA) - A<-D—> A= (=D —
A)N(DV-D)=((—wD—A)AD)VA<DVA.

Next assume that A < B. Then A is maximal in B by Lemma 9. O

Lemma 11. 1. If C € H; is mazimal with C' = ||g # 0| for some g € G in B,
then B < [|¢(g)|-

2. Let A, < C, (notation as above) and let C = {C < C, | A, is mazimal in C'}.
Then \/ C = C,.

3. C=N\{B € H,| B is mazimal } = L

Proof. 1. Let h € G arbitrary, A = ||h # 0]|. We have to show that B < (A —
C) Vv A. Since C is maximal, either C' = (C'V A) A B, or (CV A)ANB = B.
In the first case C = (CVA)AB = (CAB)V(AAB) =CV(AAB), so
AANB < C and then B< A — C,s0 B<(A— C)V A. In the second case
B=(CVAANB=(CAB)V(AAB)<(A— C)V A and we are done.

2. Assume that C;, £ \/C. Then there is a complemented D € H; such that
D < Cyand D £ \/C. By Lemma 10. there is B < D V C, such that A, is
maximal in B. =DV \/C < T, so there is a maximal element M such that
~DV\C < M. There is h € G such that M = ||h #0|. If A, = M — A,
then D < C, < (M — A))VM =A,VM,so T =DV-D<A,V M, but
A, <\VC < M, so M =T follows, a contradiction. So A, < M — A, and
by Lemma 9 A, is maximal in M — A,. Thus by part 1. M — A, < Cy, so
M— A, eCand M - A, <\VC <M. Then M - A, < A,, a contradiction.

3. Suppose that C' > 1 and let D < C' a complemented element. Then —D is
contained in a maximal element M # T,so T=DV-D < CV-D< M, a

contradiction.
[
Lemma 12. Using the notation above, for each second order L'-formula o,
Ag < |l2(9)ll-
Proof. By formula induction. O]

Lemma 13. Let ¢(Z, §) be a second-order L'-formula, @ be a tuple of positive integers,
and W be a tuple of subsets of N*. Let B be an arbitrary element such that A, is
mazximal in B. Using the notation of Theorem 6 (¢ may contain other parameters
than the ones indicated):
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1.

2.
3.

IFN* = pld@, W) then ||@[d, hY, g, ]| > B
[fNJr I# 90[67 W] then H@[a? }?2/‘/797 hl]” < Ag

Let by, b be an arbitrary pair of elements of G,

let W ={k € N* | ||=khly = hi|| = A, > B}, hY the element of G correspond-
ing to W, then if W # (),

l6lhy, 9. 1]l > B < |2y, g, ]l > B

16[R, g, W]l < Ag = [16[hs", g, ]l < A,

Ie. each element hly of G 0 can be regarded as hY for the appropriate subset

W C NT.

Proof. By formula induction.

(i)

(i)

(iii)

If ¢ is first-order atomic and N |= ¢ then ||-¢| = L and ||—¢| - 4, = T. If
N* }£ ¢, then |-l = T and ||-¢|| = A, = A,. Finally 3. holds since ¢ does
not contain the variable vg.

—_——

x €8S =—avg =u— By).
1. follows from Theorem 6.7: ||-ahy = hi|| = A, =T > B.

2. Assume that Nt [£ a € W. It is enough to show that ||[—ahy = hy| = T.
First assume that W # () and let F': NT — W be the surjection corresponding
to W. Then Vn € NTF(n) # a, so by Theorem 6.10. Vn € N ||nhy = hy|| <
|[=ahy = hi|, 80 Ve [nhe = ha|| < ||7ahy” = hy||. Using Theorem 6.11,
T ="Voens Inhe = || < ==flmahy” = || = | -ahy” = .

If W =0 then ||[—ahY = hy|| = T by Theorem 6.13.

3. If a € W then by 1. ||[-ahy = hy| — A, > B. Also, by the definition of W,
I ahl = B = 4, > B.

If a ¢ W then ||—ahy = hy|| = T by Theorem 6.12, so ||-~ahy = hi|]| = A, =

A,. By the definition of W, ||mahl, = hi|| = A, # B so, since A, is maximal in
B, |[mahl, = hi]| - A, < A, and we are done.

@mg = @1 A @y. For 1. if NT |= 1 A o, then Nt = ¢ and N |= 5. By
the inductive hypothesis ||@1]| > B and ||@2|| > B, the statement follows. For
2. if NT £ o1 A @y then NT £ 1 or NT £ o, Let us assume that NT (= .
Then by the inductive hypothesis ||@1]] < A,. From this [|¢]| < A,. 3. again
easily follows from the inductive hypothesis and the maximality of A,.
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(iv)
(v)

(vii)

(viii)

(ix)

—_—

©1 Vs = P71 V Py. Similar to the previous case.

=p1 = @1 — B(y). Let us assume that N* = —p;. By the inductive hypothesis
o1l < Ay, so ||gill = A, = T > B. If Nt £ =gy, ie. NT = ¢y, then
|1l = B. If [|¢a]] = Ag = B, then B < ([|g1]| A (@1l = Ag) < Ay, s0
B < A,, a contradiction. From this ||¢1|| = A, 2 B and by the maximality of
Ag, [|1]l = Ay < Ay

Jrpr(x) = Fx(Pn+ () A P1(2)). Assume first that NT = Jzg;(z). Then NT |
¢1(a) for some a € N* and [|¢n+(a)|]| > |la = a|| = T. By the inductive
hypothesis ||¢1(a)|| > B, from these 1. follows. If N* p£ Jze;(x), then for
all @ € Nt N }£ ¢(a) and by the inductive hypothesis ||@1(a)]| < A,.
Let h € G arbitrary. Then by Theorem 7. [[tn+(h)|| = Ven+ [|h = K|, s0

[¥ne(a) A@r(a)l| = Viyen+ (1h = Kl All@r (W) < Viene ([[21(R)]]) < Ag and 2.
follows. For 3., since A, is maximal in B, it is enough to prove that

"Elx(wN+(x) A ()51<:C7h,2797 hll))” > B < Hzlx(wNJr(m) A (,51(.T,h12/v,g, hl))” > B.

If || 3z(Yn+ (2) A @1(x, By, g, hY))|| > B then there is u € G such that ||¢y+(u) A
21, iy g, WOV 2 B From this Ve (lu = bl A @1 Hy 0, BDI) > B
by Theorem 7 so for some k € N* |ju = k|| A ||P1(u, by, g, k)| > B. From
this by the inductive hypothesis |lu = k| A ||@1(u, kY, g,h)| > B and
|32 (s (2) A G1(x, b, g, h1))|| > B follows. The other direction is similar.

Ve (z) = Ve (¢Yy+ () = @1(x)). Similar to the previous case.

AS1(S) = p1(S/0) V FvgTu(p1(vs, u)).
Let us assume that NT = 35¢1(5), so N* = (W) for some W C N*t. If

—_——

W =10, [|¢1(S/0)]] > B by the inductive hypothesis. If W # (), by the inductive
hypothesis ||¢1(hY, h)| > B, so ||FvsIu @1(vs,u)|| > B, ie. 1. follows. If
N* £ 3Sp1(S) then for all W C N, NT b£ (W), and ||g1 (A, k)|l < A,.
For every pair hf, b} in G we have to show that ||@;(hf, h))|| < A,. By 3. applied
to 1, for some W C NT ||@y (R, h})|| < A, if and only if ||@1(hY, k)| < A4,

and 2. follows. Using the inductive hypothesis 3. is immediate, since 3S¢;(5)
does not contain v, and u free.

—_——

VSpi(S) = YusVu @1(vs,u). Let us assume that Nt = VS (S), so Nt |=
o1 (W) for all W C N*t. By the inductive hypothesis ||@1(RY hy)|| > B. If
Ry, hl, € G are arbitrary, apply 3. to ¢;. There is some W C Nt such that
|@1(hh, kY| > B if and only if ||@1(hY, hy)|| > B. From these 1. follows. If
N* F£ VS (S) then for some W C Nt Nt b£ o (W), and ||@g1(RY, h)| < A4,
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by the inductive hypothesis. From this 2. follows. Again, using the inductive
hypothesis, 3. is immediate.

O

Theorem 14. Let ¢ be a second order L' sentence, ¥ =Yy (((y) — &(y)).

1. If NT =, then ||¢]| = T.
2. If NT F£ o, then ||¢] = L.

Proof. 1. If N* |= . Let g € G arbitrary, we have to show that C, < ||¢[g]]

If A, = Cj, then the statement follows from Lemma 12. By Lemma 13.1.
|¢lg]ll > B for every B with A, being maximal in B. By Lemma 11.1. if
Ay is maximal in B, then B < Cj, so we can apply Lemma 11.2. to get
I2lg]ll = V{C < C, | A, is maximal in C'} = C,,.

. If N [~ ¢, then by Lemma 13.2. for all g € G ||@[g]l| < A, Let Gy =
{9 € G | A,is maximal }. For any h € G, g € Go, since A, is maximal,
Ay VA, =A, or A, VA, =T. In the firs case (4, < A,),s0 (A, = A,)) =T,
so (Ap, = Ay) VA, = T. In the second case T = A, VA, < A,V (4, = A,))
so in both cases (A, — Ay) V A, = T. Since h was an arbitrary element, if
A, is maximal, C;, = T and C; = A, = A, then, since A, < C,. So, using
Lemma 11.2 and the fact that each B € H; is of the form A, for some g € G,
|¥] < A{B € H; | B is maximal } = 1.

O
Theorem 15. True second-order arithmetic can be interpreted in the real algebraic
structure of models of intuitionistic analysis built on nice Heyting algebras. ]
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