UNIVERSITE DU
LUXEMBOURG

PhD-FSTM-2022-019

The Faculty of Science,

Technology and Medicine

DISSERTATION

Defence held on 15/02/2022 in Luxembourg
to obtain the degree of

DOCTEUR DE L'UNIVERSITE DU LUXEMBOURG
EN MATHEMATIQUES

by

Eduardo Ibargiiengoytia Arias

Born on 15 June 1992 in Mexico City (México)

Higher Supergeometry and Mathematical Physics

Doctoral Committee

Prof. Dr. Sergei Merkulov, Chair

Université du Luxembourg

Prof. Dr. Rita Fioresi, Vice-chair

Universita di Bologna

Prof. Dr. Norbert Poncin, Supervisor

Université du Luxembourg

Prof. Dr. Katarzyna Grabowska, Member

University of Warsaw

Prof. Dr. Zoran Skoda, Member

University of Zadar, University of Hradec Kralove

Dr. Andrew James Bruce, Expert advisor

Swansea University






Contents

1 The graded differential geometry of mixed symmetry tensors 9
1.1 Introduction . . . . . . . . . .. 9
1.2 Basics of Zj-geometry . . . .. .o 10
1.3  Mixed symmetry tensors over Minkowski space-time . . . . . . . . . ... .. .. 12
1.4 Mixed symmetry tensors over curved space-times . . . . .. . .. .. ... ... 15
1.5 Concluding Remarks . . . . . . . . . . . . 16

2 The Schwarz—Voronov embedding of Z}-manifolds 19
2.1 Imtroduction . . . . . . . . . 19
2.2 Rudiments of Z§-graded geometry . . . . . .. ..o 22

2.2.1 The category of Zj-manifolds . . . . .. ... ... oL 22
2.2.2 The functor of points . . . . . . . . ... 26
2.3 Z3y-points and the functor of points . . . . .. ..o oL 28
2.3.1 The category of Z3-points . . . . . . . ..o 28
2.3.2 A convenient generating set of ZiMan . . . . . .. ... 29
2.3.3 Restricted Yoneda functor and fullness . . . . . .. ... ... ... ... 34
2.3.4 The manifold structure on the set of A-points . . . . . . ... ... ... 45
2.3.5  The Schwarz—Voronov embedding . . . . . . . ... ... ... ... ... 50
2.3.6  Representability and equivalence of categories . . . . . . . ... ... .. 53
24 Appendix . . ... 57
2.4.1 Generating sets of categories . . . . . . . ..o 57
2.4.2  Fréchet spaces, modules and manifolds . . . . . . . ... ... ... 58

3 Linear Zj-Manifolds and Linear Actions 69
3.1 Introduction . . . . . . . .. 69
3.2 Zj5-graded vector spaces and Linear Zj-manifolds . . . . . ... ... ... .. 71

3.2.1 Zj5-graded vector spaces and the zero degree rules . . . . . . ... .. .. 71
3.2.2  Cartesian Zj-graded vector spaces and Cartesian Zj-manifolds . . . . . . 75
3.2.3 Finite dimensional Z3-graded vector spaces and linear Zj-manifolds . . . 79
3.3 Zy-Lie groups and linear actions . . . . . . .. ... ..o 105
3.3.1 Zj-matrices . . . .. ... 105
3.3.2 Invertibility of Z5-matrices . . . . . .. ... 105
3.3.3 Z3-Lie groups and their functor of points . . . . . .. .. ..o 106
3.3.4 The general linear ZJ-group . . . . . . . . . ... 109
3.3.5  Smooth linear actions . . . . . . . .. ... 114
3.4 Future directions . . . . . . . .. 120
3.5 Appendix ... 120
3.5.1 The category of modules over a variable algebra . . . . . . ... ... .. 120
3.5.2 Basics of Zh-geometry, . . . . ..o 121



4 Z3-Lie algebra representations by coderivation 129
4.1 Poincaré-Birkhoftf-Witt theorem . . . . . . . .. .. ... 000 132
4.1.1 Hopfalgebras . . . . . . . . .. 137

4.2 Coderivations . . . . . . .. L 138
4.3 Weyl algebras . . . . . . ..o 139



Introduction

This dissertation is embedded in the field of higher supermanifolds and their applications in
mathematical physics. Higher supermanifolds or Zj-manifolds have been introduced in foun-
dational papers by T. Covolo, J. Grabowski, V. Ovsienko and N. Poncin. Here Z% stands for
the Cartesian product (Zs)*"™ of n copies of Zs. In the case n = 1, we recover standard su-
permanifolds. The main difference from ordinary supergeometry is that coordinates not only
have a parity, but carry a Zj-degree — a degree that is an n-tuple of zeros and ones. These
coordinates are ZJ-commutative, i.e., the sign in their commutation rule results not from the
product of their parities — which is the parity of the sum of the components of their Z}-degrees
— but from the standard scalar product of their Z-degrees — just like with differential forms on
a supermanifold, if one agrees on using the Deligne sign convention. It follows that there are
odd parameters that commute and non-zero degree even parameters that anticommute. Since
the non-zero degree even parameters are not nilpotent, the ZJ-functions are the formal power
series in the non-zero degree parameters with coefficients in the smooth functions in the zero
degree variables. The study of such higher degrees and the corresponding manifolds is on the
one hand necessary, as natural examples in physics and mathematics show, on the other hand
it is sufficient because every sign rule given by a commutative semigroup and a commutation
factor in the standard sense, can be described as ZJ-sign rule in our sense.

The theory of Z5-manifolds is currently well established, Z3-differential-calculus does exist
and Z3-integration-theory is gradually being fully understood. In particular, the Z3-Berezinian
is entirely described.

The Z5-geometry of mixed symmetry tensors

The paper ‘The graded differential geometry of mixed symmetry tensors’ is published in Archivum
Mathematicum, 55(2) (2019).

In this work we show how the new theory of Zj-manifolds can be used in a geometric
approach to mixed symmetry tensors such as the dual graviton. By mixed symmetry tensor
fields we mean tensors which are neither fully antisymmetric nor symmetric. Such fields play
an important role in supergravity, superstring and gauge theories. We discuss the geometric
aspects of such tensor fields on both flat and curved space-times. The text is one of many
examples of the potential of higher supergeometry in theoretical physics. It gives reason to
hope that the new Z-geometric lens will allow us to expand our understanding of interacting
mixed-symmetric tensors.

We refer the reader to the introduction of the paper for more details — see page 10.

The Schwarz—Voronov embedding of Zj-manifolds

The paper ‘The Schwarz—Voronov embedding of Zj-manifolds’ is published in SIGMA, 16(002)
(2020), 47 pages.



A question arises: To what extent can ZJ-geometry be developed? supergeometry proposes
a series of results that require special care to be generalized into the Zj-graded geometry. As
indicated above, the theory of Zj-manifolds can be understood in a sheaf-theoretic framework,
as supermanifolds can, but with significant differences, in particular in integration theory. In
this paper, we reformulate the notion of a Z}-manifold within a categorical framework via the
functor of points. We show that it is sufficient to consider Z5-points, i.e., trivial Z5-manifolds
for which the reduced manifold is just a single point, as ‘probes’ when employing the functor of
points. This allows us to construct a fully faithful restricted Yoneda embedding of the category
of Z3-manifolds into a subcategory of contravariant functors from the category of Z3-points to a
category of nuclear Fréchet manifolds over nuclear Fréchet algebras. We refer to this embedding
as the Schwarz—Voronov embedding. We further prove that the category of Zj-manifolds is
equivalent to the full subcategory of locally trivial functors in the preceding subcategory. We
are convinced that the functor of points approach to Zj-geometry elaborated in this text will
allow more physicists and mathematicians to take advantage of higher supergeometry in the
future.

We refer the reader to the introduction of the paper for more details — see page 20.

Zj3-Lie groups and linear actions

The paper ‘Linear Z3-Manifolds and Linear Actions’ is published in SIGMA 17(060) (2021),
58 pages.

In Z3-geometry, Z3-Lie groups and their actions on Zj-graded vector spaces represent a
natural application of the functor of points. This study is based on the point functors of
categories such as Z3-vector spaces (the zero rules functor), Z5-manifolds (the Schwarz-Voronov
functor), Z3-Lie groups... The values of these functors are all functors restricted to the test
category of ZJ-manifolds over a single topological point. Throughout the paper, particular
attention must therefore be paid to the full faithfulness and to the target category of the
restricted point functors we use. Building on this, we establish the representability of the
general linear Z5-group defined as a functor valued in a certain category of Fréchet Lie groups,
and use the functor of points to define its smooth linear actions on Z3-graded vector spaces and
linear Zj-manifolds. For this we must prove the quite unsurprising isomorphism between the
category of finite-dimensional ZJ-graded vector spaces and the category of linear ZJ-manifolds.
We do this by explicitly constructing the manifoldification functor and its inverse vectorization
functor. In order to properly treat actions, need to show that the zero rules functor agrees with
the Schwarz-Voronov functor up to composition with the manifoldification functor. While the
mentioned isomorphism of categories is, for the Cartesian space RPI (p, ¢ € N), fairly obvious
and readily accepted, the rigorous proof is in general ZJ-context unpredictably challenging —
to the extent that we coined the temporary subtitle ‘On the unbearable heaviness of higher
supergeometry’ for our paper, in reference to Milan Kundera’s somewhat frivolous novel ‘On
the unbearable lightness of being’ from 1984. The results of the work we just presented are
needed to study vector bundles, in particular to prove that the geometric and sheaf-theoretical
approaches to Zj-vector bundles lead to the same categories.

We refer the reader to the introduction of the paper for more details — see page 70.

Z3-Lie algebra representations

The text ‘Zj-Lie algebra representations by coderivations’ is a work in progress and requires a
follow up research project.



After Z3y-Lie groups we turn to Zj-Lie algebras. More precisely, the last chapter concerns
representations of a Z3-Lie algebra g by derivations of the dual symmetric algebra S(g)*. To
this end, we describe the constructions of tensor, symmetric and universal enveloping algebras
associated with a Z3-Lie algebra. A weak Zf-version of the Poincaré-Birkoff-Witt theorem
(PBW) allows us to build a faithful representation of g into its universal enveloping algebra
U(g), and a strong version of the PBW allows us to construct an explicit representation by
coderivations of U(g). We examine the Hopf structures for each of the considered universal
algebras and show why the adapted Zj-symmetrization map is a coalgebra isomorphism. We
use this to transport the representation by coderivations to the symmetric algebra S(g) and
finally get a representation of g by derivations of S(g)*. We continue to study an adapted version
of Z3-Weil algebras and intend to use this representation to obtain a formula for embedding a
Zy-Lie algebra into a Ziy-Weil algebra.
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Chapter 1

The graded differential geometry of
mixed symmetry tensors

The following research paper was published in “Archivum Mathematicum”, Volume 55 (2019),
No. 2 (joint work with Andrew James Bruce).

Abstract

We show how the theory of Zj-manifolds - which are a non-trivial generalisation of superman-
ifolds - may be useful in a geometrical approach to mixed symmetry tensors such as the dual
graviton. The geometric aspects of such tensor fields on both flat and curved space-times are
discussed.

1.1 Introduction

Recall that differential forms are covariant tensor fields that are completely antisymmetric in
their indices. Furthermore, it is well-known that supermanifolds offer a convenient set-up in
which to deal with differential forms. In particular, differential forms can be understood as
functions on the supermanifold IITM known as the antitangent bundle. This supermanifold is
constructed by taking the tangent bundle of a manifold and then declaring the fibre coordinates
to be Grassmann odd. Moreover, the antitangent bundle canonically comes equipped with
an odd vector field which ‘squares to zero’, this vector field is identified with the de Rham
differential. Mixed symmetry tensor fields are covariant tensors fields with more than one set
of antisymmetrised indices. Mixed symmetry tensor fields represent a natural generalisation of
differential forms in which the tensors are neither fully symmetric nor antisymmetric. From a
representation theory point of view, they correspond to Young diagrams with more than one
column. In physics, such tensor fields appear in the context of higher spin fields, dual gravitons,
double dual gravitons etc. as found in various formulations of supergravity and string theory.
In particular, the particle spectrum of string theory contains beyond the massless particles of
the effective supergravity theory, an infinite tower of massive particles of ever higher spin. In
the tensionless limit, these higher spin excitations become massless. Thus, if one wants to
consider the effective theory beyond the effective supergravity theory, one is forced to contend
with mixed symmetry tensors. Moreover, it is known that in string theory certain mixed
symmetry tensors couple to exotic branes [4]. To our knowledge, the first study of mixed
symmetry tensors field from a physics perspective was Curtright [9] who studied a generalised
version of gauge theory. For a review of mixed symmetry tensors, including some historical
remarks, the reader may consult Campoleoni [3]. Recently, Chatzistavrakidis et al. [5] showed
how to reformulate Galileon action functionals in an index-free framework using a generalised
notion of a supermanifold. The reader should also note that these results are part of Khoo’s
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PhD dissertation [15]. Their theory involves two sets of Grassmann variables that mutually
commute. However, assigning a degree of one to all the Grassmann variables does not lead to
a consistent notion of a “graded supermanifold”, the commutation rules of the coordinates are
not defined by their degree. Thus, it is impossible to make global sense of the geometry: what
is the commutation rule for two arbitrary degree one functions? These difficulties are cured
by using a bi-grading and the theory of Zj-manifolds with n = 2. Moreover, the formalism of
bi-forms (and multi-forms) as developed by Dubois-Violette & Henneaux [11], de Medeiros &
Hull [10], and Bekaert & Boulanger [2], is naturally accommodated within this setting.

The locally ringed space approach to Zj-manifolds is currently work in progress initially
started by Covolo et al. [19, 20, 21]. However, with the basic tenets in place, the time is
ripe to seek applications and links with known constructions. Very loosely, Z5-manifolds are
‘manifolds’ in which we have ZJ-graded, Zj-commutative coordinates. The sign rules are
controlled by the standard scalar product on Z%. Hence, in general, we have sets of coordinates
that anti-commute amongst themselves while commuting across the sets. This is exactly what
we require in order to describe mixed symmetry tensors. The one complication is that, in
general, there are also formal coordinates that are not nilpotent. This means that we must
consider formal power series and not just polynomials in the formal coordinates. However,
with the applications to mixed symmetry tensors in mind, we will not need to dwell on this
subtlety. We will concentrate on mixed tensors with two ‘blocks’ of antisymmetric indices and
so we will only employ very particular Z3-manifolds with no non-nilpotent formal coordinates.

We liken the current situation to the early days of supersymmetry and in particular the
initial works on superspace methods. In particular, physicists worked rather formally with
commuting and anticommuting coordinates largely unaware of that the mathematical theory
of supermanifolds was concurrently being developed in the Soviet Union by Berezin and col-
laborators. We speculate that Z5-manifolds will shed light on various aspects of theoretical
physics and here we suggest just one potentially useful facet.

1.2 Basics of Zj-geometry

The first reference to Zj5-manifolds (coloured manifolds) is Molotkov [16] who developed a
functor of points approach. The locally ringed space approach to Zj-manifolds is presented in
[19]. We will draw upon this heavily and not present proofs of any formal statements. We work
over the field R and in our notation Zj := Zy X Zg X Zy (n-times). A Z3-graded algebra is an
R-algebra with a decomposition into vector spaces A := ®,eczp.A,, such that the multiplication
respect the Zj-grading, i.e., A, - Ag C Aqysp. Furthermore, we will always assume the algebras
to be associative and unital. If for any pair of homogeneous elements a € A, and b € Az we
have that

a-b=(=1)*"p.q, (1.2.1)

where (—, —) is the standard scalar product on Z%, then we have a Z%-commutative algebra.

The basic objects we will employ are smooth ZJ-manifolds. Essentially, such objects are
‘manifolds’ equipped with both standard commuting coordinates and formal coordinates of
non-zero Z5-degree that Zj-commute according to the general sign rule (3.5.1). Note that in
general - and in stark contrast to the n = 1 case of supermanifolds - we have formal coordinates
that are not nilpotent.

In order to keep track of the various formal coordinates, we need to introduce a convention
on how we fix the order of elements in Z7, we do this lexicographically. For example, with this
choice of ordering

Z% = {(070)7 (071)7 (170)7 (171)}'
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Note that other choices of ordering have appeared in the literature. A tuple q = (q1,¢2, -+ ,qn),
where N = 2" —1 provides all the information about the formal coordinates. We can now recall
the definition of a Zj-manifold.

Definition 1.2.1. A (smooth) Z3-manifold of dimension p|q is a locally Z3-ringed space M :=
(M, Oy), which is locally isomorphic to the Zj-ringed space RPI4 := (R, Cg5[[€]]). Local
sections of M are formal power series in the Z3-graded variables £ with smooth coefficients,

Ou(U) = C=(U)[[E]] = { D & falfac C°°(U)},

&aeNN

for ‘small enough’ open domains U C M. Morphisms between Z5-manifolds are morphisms of
Zy-ringed spaces, that is, pairs & = (¢, ¢*) : (M,Op) — (N, Op) consisting of a continuous
map ¢ : M — N and sheaf morphism ¢* : Oy — Oy, i.e., a family of ZJ-algebra morphisms
% On(V) = Opn(¢H(V)), where V C N is open. We will refer to the global sections of the
structure sheaf Oy as functions on M and denote them as C>°(M) := Oy (M).

Example 1.2.2 (The local model). The locally Zj-ringed space U*19 := (U?, C5p[[€]]), where
UP? C RP is naturally a Zj-manifold — we refer to such Zj-manifolds as Z%-superdomains of
dimension p|q. We can employ (natural) coordinates (2, &%) on any Zj-superdomain, where
x® form a coordinate system on U? and the £ are formal coordinates.

Many of the standard results from the theory of supermanifolds pass over to Zj-manifolds.
For example, the topological space M comes with the structure of a smooth manifold of
dimension p, hence our suggestive notation. Moreover, there exists a canonical projection
€: OM) — C®(M). What makes Zj-manifolds a very workable form of noncommutative
geometry is the fact that we have well-defined local models. Much like the theory of manifolds,
one can construct global geometric concepts via the glueing of local geometric concepts. That
is, we can consider a Zj-manifold as being cover by ZJ-superdomains together with specified
glueing information given by coordinate transformations, composed by homomorphisms

‘Ilﬁa = ‘I’El‘I’a : \Ilgl(qja(Ua) N \I’ﬁ(Uﬁ)) - \Ij,gl(\pa(Ua) A \Ijﬁ(Uﬁ))a

which are labelled by the different local models (U,, C*(U,)[[¢]]), {Va : Us = Yo (Us,) C M},
whenever U, NUz # 0; and a graded unital R—algebra morphism W3, : C*(Up)[[¢']] —
C>(Ua)[[€]]-

We have the chart theorem ([19, Theorem 7.10]) that basically says that morphisms between
Z3-superdomains can be completely described by local coordinates and that these local mor-
phisms can then be extended uniquely to morphisms of locally Z3-ringed spaces. This allows one
to proceed to describe the theory much as one would on a standard smooth manifold in terms
of local coordinates. Indeed, we will employ the standard abuses of notation when dealing with
coordinate transformations and morphisms. In particular, the explicit way of computing change
of coordinates concerning any geometrical object are well understood and work identically as
in classical differential geometry. In essence, one need only take into account that Z5-degree
needs to be preserved under any permissible changes of coordinates. For example, vector fields
are defined as Z3-graded derivations of the global sections, X € Der(C*(M) C End(C*(M)),
that are compatible with restrictions. That is, given some open subset U C M, we can always
‘localise’ the vector field, i.e., X|y = Xy € Der(Opy(U)). Furthermore, if this open is ‘small
enough’, we can employ local coordinates (2%, &%) and write

0 9
XU = XQ(ZE,E)% + Xa<5(],§)8—£a .
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Under changes of local coordinates

!

% = x“/(x,f), fa/ = fa,(%@a

remembering the abuses of notation and that Z-degree is preserved, the induced transformation
law on the components of the vector field follow from the chain rule and are given by
0&”

ox® oz / 0L
X7 XY =xb2o XA
ozb N o FERRP T

’ /

Xa’ _ Xb

See Covolo et al. [21, Lemma 2.2] for details. The reader can easily verify that the Zj-graded
commutator of two vector fields is again a vector field and that the obvious Zj-graded version
of the Jacobi identity holds.

As is customary in classical differential geometry, we will not write out the restrictions of
geometric objects explicitly and simply write objects in terms of there components in some
chosen local coordinate system. In other words, one can work locally on Z5-manifolds in more-
or-less the same way as one works on classical manifolds and indeed, supermanifolds. The
glaring exception here is the theory of integration on Zj-manifolds which is expected to be
quite involved (see Poncin [37] for work in this direction).

1.3 Mixed symmetry tensors over Minkowski space-time

Consider D-dimensional Minkowski space-time M = (R, ). The Poincaré transformations we
write as
/7 / /
ot ot =a"AS + at.

We now wish to construct a Z3-manifold built from M in a canonical way. In particular,
consider

M = TM[(0,1)] % TM[(1,0)],

where we have indicated the assignment of the Z3-grading to the fibre coordinates on each
tangent bundle. It is straightforward to see that we do indeed obtain a Z3-manifold in this way
by using coordinates (see [19, Proposition 6.1]). Specifically, we can always employ (global)
coordinates of the form
(@ &0,
=~

0,0) 0,1y (1,0)
where we have signalled the assignment of Z3-grading. Note that we have the non-trivial
Z3-commutation rules

ger = —gre, 09" = —0"0", £19" = +0"¢".

Thus, while each ‘species’ of non-zero degree coordinate are themselves nilpotent, across ‘species’
they commute. This is, of course, very different to the case of standard supermanifolds. The
Poincaré transformations induce the obvious linear coordinate transformations on the formal
coordinates

&' =&, 0" =67 .

Clearly, these transformation laws respect the assignment of Z3-grading and satisfy (rather
trivially) the cocycle condition. Thus, we do indeed obtain a Z3-manifold in this way. As the
coordinate transformations respect the obvious bundle structure and do not ‘mix’ the non-zero
degree coordinates we have an example of a so-called split Z2-manifold [20]. The fact that we
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do not, in this case, have non-zero degree coordinates that are not nilpotent means that we
only deal with polynomials in the formal coordinates.
The space of (p, ¢)-forms on M we define as

Q(p#})(]\/[) = C(M)(p,q)

where we naturally have the N x N-grading given by the polynomial order in each formal
coordinate. By considering all possible degrees we obtain a unital Z2-commutative algebra

(D,D)
QM) =C>M)= P (M),

(p,g)ENXN

which we refer to as the algebra of bi-forms. Note that we naturally, have a C*°(M) = Q0 (M)
module structure on the space of all bi-forms.
In coordinates, any (p, ¢)-form can be written as

1 1% 1%
w(Pv‘Z) ($, 57 9) = p|_q| o0 pgm te _guq wuq-'-mlvq---m (I)
Due to the Z3-commutation rules, we have the relation that Wy, ... ](jv,-] = Wpy-p]rg-v: and
Wig-p1]|[vg-11] = Wirg-11]|[ug—p1) NOte that we will not insist on any further relations in general.

Example 1.3.1. The dual graviton in D-dimensions is a (1, D — 3)-form and so is given in
coordinates as

1
C(x,&,0) = (D——B)' Ugh gt O ().

Similarly, the double dual graviton in D-dimensions of a (D — 3, D — 3)-form and so is given in
coordinates as
1

P.8.0) = =3 =9

91/1 Ce QVD73§M1 Ce é’l‘DfB DIJAD73'“NI|VD73“‘V1 (l‘)

See Hull [13, 14] for details of the role of dual gravitons and double dual gravitons in electro-
magnetic duality of gravitational theories.

Canonically, the algebra of bi-forms on D-dimensional Minkowski space-time comes equipped
with a pair of de Rham differentials. These differentials we consider as homological vector fields
on the Z2-manifold M. That is, they ‘square to zero’, i.e., 2d? = [d,d] = 0. In coordinate we
have

0 0

di1y) = &H—, d =0 —.

o1 =¢& O (1,0) Ok

It is important to note that do indeed have a pair of vector fields in this way. In particular,
the partial derivatives change under Poincaré transformations as

0 0 0 0 0

oz HOm’ oc” v ogv’ 00°' P o0r
Thus, the pair of de Rham differentials are well-defined. It is also clear that they Z2-commute,
ie,
[d(1,0), don] := dg) 0 dioy = dioy 0 dao) = 0.
In this way, we obtain a de Rham bi-complex. Also, note that the interior product and Lie
derivative can also be directly ‘doubled’.
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Canonically we also have a pair of vector fields of Z2-degree (1,1), given by

0 , 0
o0 Bon =56

Apy =&
A direct calculation shows that the non-trivial Z2-commutators are

[A0,1), d1,0)] = d0,1) (A0, do,1)] = d(1,0) -

Rather conveniently, we can understand the metric as a (1, 1)-form and the inverse of the metric
as a second-order differential operator given by

0= 0" nti= A
' o ' OErOor’

respectively.

Example 1.3.2. Consider the Curtright field on D = 5 Minkowski space-time [9]. Such a
field is understood to be the electromagnetic dual of the graviton field. In our language, the
Curtright field is an example of a (1, 2)-form and as such can be written in coordinates as

C(ZL‘, 57 9) = %prygucw/p(x) :

There is a further symmetry condition on the Curtright field, i.e., C,,, + Cpupp + Cppjp = 0,
which comes from wanting an irreducible representation of the Poincaré group. This condition
can be expressed as

1
213
Furthermore, a direct calculation shows that

acw\p OCxp aO)\V\p
oz + oz + ox”

DNo1)C = 576776 (Chutp + Coppy + Cuplu) = 0.

1 1
F .= d(o}l)c = 591)6”5”5)\ ( ) = gepgyfuf)\F)\,uV\p(x) )

which we recognise (up to possible conventions) to be the Curtright field strength. Applying
d(1,0) to the Curtright field strength yields

1

i aF)\uV|p _aF)\uu|w
V]

oz oz

1
E:= d(l,O) (d(O,l)C) ewepfvfuf)\ ( ) = 2'3'9w6p£llgu£)\E}\pu\pw(x)7
which we recognise (up to possible conventions) to be the Curtright curvature tensor, which
is fully gauge invariant, see Bekaert, Boulanger & Henneaux [?] for details. Similarly the
Curtright-Ricci tensor and its trace (again, up to conventions) can be constructed by applying

the inverse metric, i.e.,

77_1(E) = %ngug)\nwa/\quw(x) = %epfug)\EAmP(x)a
0~ (N (E)) = & Exup() = E2Ex(x) .

Remark 1.3.3. The procedure to describe mixed symmetry tensors with more antisymmetric
‘blocks’ is clear. In particular, if we have n such blocks, then we should consider the Z5-manifold

M :=TM[0,---,0,1)] xpy TM[(0,---,0,1,0)] xps -+ xp TM[(1,---,0,0)],

where we have signalled the Z-degree of the fibre coordinates. Note that we have a canonical
de Rham differential in each sector. Thus, the previous statements of this section can be
generalised verbatim.



15

1.4 Mixed symmetry tensors over curved space-times

Directly extending the constructions to curved space-times (M, g) is not possible. This was for
sure noticed in [5], albeit with no reference to Zj-manifolds. The two de Rham differentials
cannot be naively be considered as vector fields on M = TMJ(0,1)] x5 TM|[(1,0)]. The
resolution to this problem is the standard one: we use the Levi-Civita connection to lift the
vector fields. The Z32-manifold M comes equipped with natural coordinates
(& & 2
~~
0,0)  (0,1) (1,0)
where again we have signalled the assignment of Z3-grading. The permissible changes of local
coordinates are

!

’ ’ ’ 81'1/ ’ 3$p/
W 7 o _ pp
As standard, we define a covariant derivative
0 0 0
V,.: T’ -0’

T

where I ~are the Christoffel symbols of the Levi-Civita connection. We then define the co-
variant de Rham derivatives as

Vi =&V, = 5“%_ ”9”1“,5’#%, Vi =0"'V, = 9“%_ “eyrﬁuaigm
remembering that the Christoffel symbols are symmetric in the lower indices, i.e., the Levi-
Civita connection is torsion free. Due to the transformation rules for the Christoffel symbols
both these covariant de Rham derivatives are well-defined vector fields on M. However, in
general, we lose the fact that these vector fields are homological and that they commute. This
is in stark contrast to the case of standard differential forms where the covariant derivative (with
respect to any torsionless connection) reduces to the de Rham differential. Direct calculation
shows that

0
Vo, Vol = Rop) = QqufprWA(l’)@ :
0
_ _ Apv
Vo), Vao) = Rag = 1070 R’)M(:lf)a—gp,
14 a 14 a
[V(Lo), V(O,l)] = R(LI) = 5“9/\9 Rpﬂl/)\%(x) - 9"‘6)\6 Rpul//\(%)ﬁ_fﬂ ,

where R’ is the Riemann curvature of the Levi-Civita connection (similar expressions can
be found in [12]). The vector fields A1) and A o) have exactly the same local form as on
Minkowski space-time. A direct calculation shows that

[Aw.1), Vaol = Vi, [Aw0), Vol =V -
where one has to take care with the signs due to the Z3-grading.

Example 1.4.1. The covariant Riemann tensor is an example of a (2,2)-form on (M, g):

1

0"0"E7E" Rpojyw (1) ,
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here Ry = g,J)\R -~ and R’\UW is the Riemann curvature of the Levi-Civita connection. A

direct computation shows that the first Bianchi identity can be written as

ApnR = _eygpfﬂfo( volup T Ruplps + Rup\au) =0.

Similarly, a direct computation shows that the second Bianchi identity can be written as

1 L) N aRO’M|PV w 8}%HMPV w w
Vol = 213! ZESEI << — Do Bopjpw — FoxBopew |+ P = o Ryxjow — Tpo unjvw
O _ 1w g T R ~ 0
+ Ok = tvptWolpw T L prttio|rvw = Y.

1.5 Concluding Remarks

As remarked in the introduction, differential forms on a manifold M are naturally understood
as functions of the antitangent bundle IITM, which itself canonically comes equipped with
the de Rham differential, here understood as a homological vector field. Similarly, bi-forms
on a (pseudo-)Riemannian manifold (M, g), are naturally understood as functions on the Z3-
manifold TM(0, 1)] x ,, TM[(1,0)], which canonically comes equipped with the odd vector fields
(generally, non-homological) Vg 1y and V(; o). Similar statements can be made for more general
multi-forms.

While the goals of this note have been modest, we hope that the observations here will
prove useful in further studies of mixed symmetry tensors. In particular, it is well-known that
constructing consistent theories of interacting mixed symmetry tensors is problematic. We hope
that further geometric insight can be gained via Z3-manifolds and that this will lead to a better
understanding of how to build actions involving mixed symmetry tensors.
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Chapter 2

The Schwarz—Voronov embedding of
Zy-manifolds

The following research paper was published in “SIGMA” 16 (2020), 002, 47 pages (joint work
wth Andrew James Bruce and Norbert Poncin).

Abstract

Informally, Z3-manifolds are ‘manifolds’ with Z-graded coordinates and a sign rule determined
by the standard scalar product of their Z5-degrees. Such manifolds can be understood in a
sheaf-theoretic framework, as supermanifolds can, but with significant differences, in particular
in integration theory. In this paper, we reformulate the notion of a ZJ-manifold within a
categorical framework via the functor of points. We show that it is sufficient to consider Z3-
points, i.e., trivial Z5-manifolds for which the reduced manifold is just a single point, as ‘probes’
when employing the functor of points. This allows us to construct a fully faithful restricted
Yoneda embedding of the category of Zj-manifolds into a subcategory of contravariant functors
from the category of Z3-points to a category of Fréchet manifolds over algebras. We refer to
this embedding as the Schwarz—Voronov embedding. We further prove that the category of
Z3-manifolds is equivalent to the full subcategory of locally trivial functors in the preceding
subcategory.

2.1 Introduction

Various notions of graded geometry play an important role in mathematical physics and can
often provide further insight into classical geometric constructions. For example, superman-
ifolds, as pioneered by Berezin and collaborators, are essential in describing quasi-classical
systems with both bosonic and fermionic degrees of freedom. Very loosely, supermanifolds are
‘manifolds’ for which the structure sheaf is Zs-graded. Such geometries are of fundamental
importance in perturbative string theory, supergravity, and the BV-formalism, for example.
While the theory of supermanifolds is firmly rooted in theoretical physics, it has since become
a respectable area of mathematical research. Indeed, supermanifolds allow for an economical
description of Lie algebroids, Courant algebroids as well as various related structures, many of
which are of direct interest to physics. We will not elaborate any further and urge the reader
to consult the ever-expanding literature.

Interestingly, Z5-gradings (Z4 = 75", n > 2) can be found in the theory of parastatistics,
see for example [22, 25, 26, 49], behind an alternative approach to supersymmetry [45], in
relation to the symmetries of the Lévy-Lebond equation [2], and behind the theory of mixed
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symmetry tensors [11]. Generalizations of the super Schrodinger algebra (see [3]) and the super
Poincaré algebra (see [10]) have also appeared in the literature. That said, it is unknown if these
‘higher gradings’ are of the same importance in fundamental physics as Zs-gradings. It must
also be remarked that the quaternions and more general Clifford algebras can be understood as
Zy-graded Zj-commutative (see below) algebras [4, 5]. Thus, one may expect Zj-gradings to
be important in studying Clifford algebras and modules, though the implications for classical
and quantum field theory remain as of yet unexplored. It should be further mentioned that
any ‘sign rule’ can be understood in terms of a Zj-grading (see [15]). A natural question here
is to what extent can Z%-graded geometry be developed.

A locally ringed space approach to Zj -manifolds has been constructed in a series of papers by
Bruce, Covolo, Grabowski, Kwok, Ovsienko & Poncin [19, 15, 16, 17, 18, 36, 11, 13]. It includes
the Zj-differential-calculus, the Zj-Berezinian, as well as a low dimensional Z3-integration-
theory. Integration on Zj-manifolds turns out to be fundamentally different from integration
on Zi-manifolds (i.e., supermanifolds) and is currently being constructed in full generality by
authors of the present paper. The novel aspect of integration on ZJ-manifolds is integration
with respect to the non-zero degree even parameters (for some preliminary results see [36]).

Loosely, Zy-manifolds are ‘manifolds’ for which the structure sheaf has a Z3-grading and
the commutation rule for the local coordinates comes from the standard scalar product of
their Z3-degrees. This is not just a trivial or straightforward generalization of the notion
of a supermanifold as one has to deal with formal coordinates that anticommute with other
formal coordinates, but are themselves not nilpotent. Due to the presence of formal variables
that are not nilpotent, formal power series are used rather than polynomials (for standard
supermanifolds all functions are polynomial in the Grassmann odd variables). The use of
formal power series is unavoidable in order to have a well-defined local theory (see [15]), and a
well-defined differential calculus (see [17]). Heuristically, one can view supermanifolds as ‘mild’
noncommutative geometries: the noncommutativity is seen simply as anticommutativity of the
odd coordinates. In a similar vein, one can view Zj-manifolds (n > 1) as examples of ‘mild’
nonsupercommutative geometries: the sign rule involved is not determined by the coordinates
being even or odd, i.e., by their total degree, but by their Z-degree.

The idea of understanding supermanifolds, i.e., Zi-manifolds, as ‘Grassmann algebra valued
manifolds’ can be traced back to the pioneering work of Berezin [9]. An informal understanding
along these lines has continuously been employed in physics, where one chooses a ‘large enough’
Grassmann algebra to capture the aspects to the theory needed. This informal understanding
leads to the DeWitt—Rogers approach to supermanifolds which seemed to avoid the theory of
locally ringed spaces altogether. However, arbitrariness in the choice of the underlying Grass-
mann algebra is somewhat displeasing. Furthermore, developing the mathematical consistency
of DeWitt—Rogers supermanifolds takes one back to the sheaf-theoretic approach of Berezin &
Leites: for a comparison of these approaches, the reader can consult Rogers [39] or Schmitt
[43]. From a physics perspective, there seems no compelling reason to think that there is any
physical significance to the choice of underlying Grassmann algebra. To quote Schmitt [43]:
“However, no one has ever measured a Grassmann number, everyone measures real numbers”.
The solution here is, following Schwarz & Voronov [44, 45, 55|, not to fix the underlying Grass-
mann algebra, but rather understand supermanifolds as functors from the category of finite-
dimensional Grassmann algebras to, in the first instance, the category of sets. For a given, but
arbitrary, Grassmann algebra A, one speaks of the set of A-points of a supermanifold. It is
well known that the set of A-points of a given supermanifold comes with the further structure
of a Ag-smooth manifold. That is we, in fact, do not only have a set, but also the structure
of a finite-dimensional manifold whose tangent spaces are Ag-modules. Moreover, thinking of
supermanifolds as functors, not all natural transformations between the A-points correspond
to genuine supermanifold morphisms, only those that respect the Ag-smooth structure do. A
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similar approach is used by Molotkov [35], who defines Banach supermanifolds roughly speaking
as specific functors from the category of finite-dimensional Grassmann algebras to the category
of smooth Banach manifolds of a particular type. The classical roots of these ideas go back
to Weil [57] who considered the A-points of a manifold as the set of maps from the algebra of
smooth functions on the manifold to a specified finite-dimensional commutative local algebra
A. Today one refers to Weil functors and these have long been utilised in the theory of jet
structures over manifolds, see for example [29].

In this paper, we study Grothendieck’s functor of points [27] of a Zy-manifold M, which
is a contravariant functor M(—) from the category of ZJ-manifolds to the category of sets,
and restrict it to the category of ZZ-points, i.e., trivial Z#-manifolds R that have no de-
gree zero coordinates. More precisely, we consider the restricted Yoneda functor M — M(—)
from the category of Zj-manifolds to the category of contravariant functors from Z3-points to
sets. Dual to ZZ-points R are what we will call Z%-Grassmann algebras A (see Definition
2.2.3). The aim of this paper is to carefully prove and generalise the main results of Schwarz &
Voronov [45, 55] to the ‘higher graded’ setting. In particular, we show that Z2Z-points R ~ A
are actually sufficient to act as ‘probes’ when employing the functor of points (see Theorem
2.3.8). However, not all natural transformations 7y : M(A) — N(A) (where A is a variable)
between the sets M(A), N(A) of A-points correspond to morphisms ¢ : M — N of the un-
derlying Z3-manifolds. By carefully analysing the image of the functor of points, we prove
that the set M(A) of A-points of a Zj-manifold M comes with the extra structure of a Fréchet
Ag-manifold (see Theorem 2.3.22; by Ay we mean the subalgebra of degree zero elements of
the Z5-Grassmann algebra A). Note that we are not trying to define infinite-dimensional Z3-
manifolds, yet infinite-dimensional manifolds, specifically Fréchet manifolds, are fundamental
to our paper. Moreover, we show that natural transformations 7, between sets of A-points arise
from morphisms ¢ of Z3-manifolds if and only if they respect the Fréchet Ag-manifold struc-
tures (see Proposition 2.3.24). By restricting accordingly the natural transformations allowed,
we get a full and faithful embedding of the category of Zj-manifolds into the category of con-
travariant functors from the category of Z5-points to the category of nuclear Fréchet manifolds
over nuclear Fréchet algebras. This embedding we refer to as the Schwarz—Voronov embedding
(see Definition 2.3.28). We finally study representability of such contravariant functors and
prove that the category of Zj-manifolds is equivalent to the full subcategory of locally trivial
functors in the just depicted subcategory of contravariant functors from ZZJ-points to nuclear
Fréchet manifolds (see Theorem 2.3.34).

Methodology: As Zj-manifolds have well defined local models, we work with Z}-domains
and then ‘globalize’ the results to general ZJ-manifolds. We modify the approach of Schwarz
& Voronov [45, 55] and draw on Balduzzi, Carmeli & Fioresi [7, 8] and Konechny & Schwarz
[30, 31], making all changes necessary to encompass Zj-manifolds. Let us mention that Bal-
duzzi, Carmeli & Fioresi study functors from the category of super Weil algebras and not that
of Grassmann algebras. However, if we truly want to build a restricted Yoneda embedding,
the source category of the functors of points must be a category of algebras that is opposite to
some category of supermanifolds — and super Weil algebras are not the algebras of functions of
some class of supermanifolds (unless they are Grassmann algebras). Moreover, the idea behind
our restriction of the Yoneda embedding is ‘the smaller the class of test algebras, the better’ —
which points again to Grassmann algebras as being the somewhat privileged objects. The most
striking difference between supermanifolds and Zj-manifolds (n > 1) is that we are forced,
due to the presence of non-zero degree even coordinates, to work with (infinite-dimensional)
Fréchet spaces, algebras and manifolds. Interestingly, nuclearity of the values M(A) of the
functor of points of a Zj-manifold M, i.e., nuclearity of the local models of the Fréchet A,-
manifolds M (A) or of their tangent spaces, does not play a role in the proofs of the statements
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in this paper. More precisely, the functor of points M (—) has values M(A) that are nuclear
Fréchet Ag-manifolds. Conversely, a functor F(—) whose values F(A) are Fréchet Ag-manifolds
and which is representable, has nuclear values (nuclearity is encrypted in the representability
condition (see Theorem 2.3.34)). Although nuclearity of the tangent spaces of the manifolds
M (A) is not explicitly used throughout this work, we do not at all claim that nuclearity is not
of importance in the theory of Z3-manifolds. For instance, the function sheaf of a Zj-manifold
s a nuclear Fréchet sheaf of Zj-graded Zj-commutative algebras — a fact that is crucial for
product Z5-manifolds and Z5-Lie groups [13].

Applications: The functor of points has been used informally in Physics as from the very
beginning. It is actually of importance in situations where there is no good notion of point
(see also Section 2.2.2), for instance in Algebraic Geometry and in Super- and Z3-Geometry.
Constructing a set-valued functor and showing that it is representable as a locally ringed space,
e.g., a scheme or a Zj-manifold, is often easier than building that scheme or manifold directly.
Functors that are not representable can be interpreted as generalised schemes or generalised Z7-
manifolds. Further, the category of functors is better behaved than the corresponding category
of supermanifolds or of other types of spaces. Also Homotopical Algebraic Geometry [50, 51],
as well as its generalisation that goes under the name of Homotopical Algebraic D-Geometry
(where D refers to differential operators) [20, 21|, are fully based on the functor of points ap-
proach. Finally, the functor of points turns out to be an indispensable tool when it comes to
the investigation of Z3-Lie groups and their actions on Zj-manifolds, of geometric Zj-vector
bundles... These concepts are explored in upcoming texts that are currently being written down.

Arrangement: In Section 2.2, we review the basic tenets of Zj-geometry and the theory of
Z5-manifolds. The bulk of this paper is to be found in Section 2.3. We rely on two appendices:
in Appendix 2.4.1 we recall the notion of a generating set of a category, and in Appendix 2.4.2
we review indispensable concepts from the theory of Fréchet spaces, algebras and manifolds.

2.2 Rudiments of Zj-graded geometry

2.2.1 The category of Zj-manifolds

The locally ringed space approach to Zj-manifolds is presented in a series of papers [19, 15,
16, 17, 18, 36] by Covolo, Grabowski, Kwok, Ovsienko, and Poncin. We will draw upon these
works heavily and not present proofs of any formal statements.

Definition 2.2.1. A locally Z-ringed space, n € N, is a pair X := (| X, Ox), where | X]| is a
second-countable Hausdorff space, and Ox is a sheaf of Z3-graded Zj-commutative associative
unital R-algebras, such that the stalks O,, p € | X|, are local rings.

In this context, Zj-commutative means that any two sections a, b € Ox(|U|), |U| C |X|
open, of homogeneous degrees deg(a) = a € Z} and deg(b) = b € Zj commute according to the
sign rule

ab = (—1)Y pa,

where (—, —) is the standard scalar product on ZJ. We will say that a section a is even or odd
if (a,a) € Zs is 0 or 1.

Just as in standard supergeometry, which we recover for n = 1, a locally ZJ-ringed space
is a Z3-manifold if it is locally isomorphic to a specific local model. Given the central role
of (finite dimensional) Grassmann algebras in the theory of supermanifolds, we consider here
Z5-Grassmann algebras.
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Remark 2.2.2. In the following, we order the elements in Z% lexicographically, and refer to
this ordering as the standard ordering. For example, we thus get

Z% = {<070>’ (071)7 (170)7 (171)}'

Definition 2.2.3. A ZJ-Grassmann algebra A2 := R][¢]] is the Zb-graded ZJ-commutative
associative unital R-algebra of all formal power series with coefficients in R generated by ho-
mogeneous parameters £* subject to the commutation relation

¢ogl = (—1)lel¢hee,

where o := deg(£*) € Z3\ 0, 0 = (0,...,0). The tuple ¢ = (¢1,¢2,- - ,qn), N = 2" — 1,
provides the number ¢; of generators £, which have the i-th degree in Z7 \ 0 (endowed with
its standard order).

A morphism of Z%-Grassmann algebras, 1* : A2 — AL, is a map of R-algebras that preserves
the Z3y-grading and the units.

We denote the category of Z3-Grassmann algebras and corresponding morphisms by Z3GrAlg.

Example 2.2.4. For n = 0, we simply get R considered as an algebra over itself.

Example 2.2.5. If n = 1, we recover the classical concept of Grassmann algebra with the
standard supercommutation rule for generators. In this case, all formal power series truncate
to polynomials. In particular, the Grassmann algebra generated by a single odd generator is
isomorphic to the algebra of dual numbers.

Example 2.2.6. The Z2-Grassmann algebra A-!1) is described by three generators

( 6 ) 0 NS )7
<~ =
(0,1 (1,0) (1,1
where we have indicated the Z2-degree. Note that £ = 6¢, while £2 = 0 and 6% = 0. Moreover,

€z = —2¢ and 0z = —2z0, while z is not nilpotent. A general (inhomogeneous) element of A1)
is then of the form

f(€’072) = fz(z> + éfﬁ(z) + er(Z) + éefﬁﬁ(z)a

where f,(2), fe(2), fo(2) and fep(2) are formal power series in z. As a subalgebra we can consider
A1) whose generators are € and #. A general element of this subalgebra is a polynomial in
these generators.

Within any Z3-Grassmann algebra A := A%, we have the ideal generated by the generators
of A, which we will denote as A. In particular we have the decomposition

A=RaoA,

which will be used later on. Moreover, the set of degree 0 elements, Ag C A, is a commutative
associative unital R-algebra.

Very informally, a Z5-manifold is a smooth manifold whose structure sheaf has been ‘de-
formed’ to now include the generators of a Zj-Grassmann algebra.

Definition 2.2.7. A (smooth) Z3-manifold of dimension p|q is a locally Zj-ringed space M :=
(|M], Oxar), which is locally isomorphic to the locally Zj-ringed space RPI4 := (RP, CZ[[€]]).
Local sections of O); are thus formal power series in the Zj-graded variables £ with smooth
coefficients,

Ou(lUN) = C(UNIEN =3 D & fa:fa€ CR(UD ¢

aeNZit
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for ‘small enough’ open subsets |U| C |M|. A Zy-morphism, i.e., a morphism between two
Zy-manifolds, say M and N, is a morphism of Z3-ringed spaces, that is, a pair ¢ = (|¢|, ¢*) :
(|M],On) — (|N], On) consisting of a continuous map |¢| : |M| — |N| and a sheaf morphism
¢* 1 On = |0, Le., a family of Zj-graded unital R-algebra morphisms ¢/, : On(|V]) —
Ou (|71 (|V])) (V| C |N| open), which commute with restrictions. We will refer to the global
sections of the structure sheaf Oy as functions on M and denote them as C*°(M) := Oy (|M]).

Example 2.2.8 (The local model). The locally Zj-ringed space U*1% := (UP, C5p[[€]]), where
UP C R? is open, is naturally a Zj-manifold — we refer to such Zj-manifolds as Z3-domains of
dimension p|q. We can employ (natural) coordinates (z%,£%) on any Zj-domain, where the x*
form a coordinate system on U” and the £* are formal coordinates.

Canonically associated to any Zj-graded algebra A is the homogeneous ideal J of A gen-
erated by all homogeneous elements of A having nonzero degree. If f: A — A’ is a morphism
of Z3-graded algebras, then f(J4) C Ja. The J-adic topology plays a fundamental réle in the
theory of ZJ-manifolds. In particular, these notions can be ‘sheafified’. That is, for any Z3-
manifold M, there exists an ideal sheaf 7y, defined by J(|U|) = (f € Oxn(|U]) : deg(f) # 0).
The Jy-adic topology on O, can then be defined in the obvious way.

Many of the standard results from the theory of supermanifolds pass over to Zj-manifolds.
For example, the topological space |M| comes with the structure of a smooth manifold of
dimension p and the continuous base map of any Zj-morphism is actually smooth. Further, for
any Zy-manifold M, there exists a short exact sequence of sheaves of Z-graded Z5-commutative
associative R-algebras

0—>ker6—>0M;>C’|‘?\‘}‘ — 0,

such that kere = J,.

The immediate problem with ZJ-manifolds is that Jy; is not nilpotent — for supermanifolds
the ideal sheaf is nilpotent and this is a fundamental property that makes the theory of su-
permanifolds so well-behaved. However, this loss of nilpotency is compensated by Hausdorft
completeness of Oy, with respect to the Jy;-adic topology.

Proposition 2.2.9. Let M be a Zy-manifold. Then Oy is Jar-adically Hausdorff complete as
a sheaf of Z%-commutative associative unital R-algebras, i.e., the morphism

O — lim Oy /T8
—k
naturally induced by the filtration of Oy by the powers of Jar, is an isomorphism.

The presence of formal power series in the coordinate rings of Zj-manifolds forces one to
rely on the Hausdorff-completeness of the [J-adic topology. This completeness replaces the
standard fact that supermanifold functions of Grassmann odd variables are always polynomials
— a result that is often used in extending results from smooth manifolds to supermanifolds.

What makes Z5-manifolds a very workable form of noncommutative geometry is the fact
that we have well-defined local models. Much like the theory of manifolds, one can construct
global geometric concepts via the gluing of local geometric concepts. That is, we can consider
a Zh-manifold as being covered by Z5-domains together with specified gluing information, i.e.,
coordinate transformations. Moreover, we have the chart theorem ([15, Theorem 7.10]) that says
that Z3-morphisms from a Z5-manifold (|M|, Oy) to a Z3-domain (UP, C75[[€]]), are completely
described by the pullbacks of the coordinates (z%,£%). In other words, to define a Z5-morphism
valued in a Zj-domain, we only need to provide total sections (s%, s*) € O (|M|) of the source
structure sheaf, whose degrees coincide with those of the target coordinates (% £%). Let us
stress the condition (...,es% ...)(|M]) C UP, which is often understood in the literature.
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A few words about the atlas definition of a Zj-manifold are necessary. Let p|q be as above.
A plg-chart (or p|g-coordinate-system) over a (second-countable Hausdorff) smooth manifold
|M| is a Zj-domain
Ut = UP, CRliEN)
together with a diffeomorphism |¢| : |U| — UP, where |U| is an open subset of |M|. Given two
plg-charts

U, [al) and (U5, [s)) (2.2.1)

over | M|, we set Vog 1= [ta|(|Uagl|) and Vs, := |¥5]|(|Uagl), where |Uyg| := |Ua| N |Upg|. We then
denote by |13, the diffeomorphism

[Wpal == |1l o [al ™"t Vag = Vaa. (2.2.2)

Whereas in classical differential geometry the coordinate transformations are completely defined
by the coordinate systems, in Z5-geometry, they have to be specified separately. A coordinate
transformation between two charts, say the ones of (3.5.2), is an isomorphism of Z}-manifolds

Vpa = (|¢[3a|7¢2a) Iug‘gh/aﬁ — Ug|g|vﬂa ) (2.2.3)

where the source and target are the open ZJ-submanifolds

Uy, = (Vas, O, [I€]])

(note that the underlying diffeomorphism is (3.5.3)). A p|g-atlas over |M| is a covering

( Zj'g, |1a])a by charts together with a coordinate transformation (3.5.4) for each pair of charts,
such that the usual cocycle condition g1, = 5, holds (appropriate restrictions are under-
stood).

Definition 2.2.10. A (smooth) Z5-manifold of dimension p|q is a (second-countable Hausdorff)
smooth manifold |M| together with a preferred p|g-atlas over it.

As in standard supergeometry, the definitions 2.2.7 and 2.2.10 are equivalent [32]. For instance,
if M = (|M],Oy) is a Zg-manifold of dimension plg in the sense of Definition 2.2.7, there are
Z3-isomorphisms (isomorphisms of ZJ-manifolds)

hoe = (|hal h3)  Ua = ([Ual, Onrlg) = U™ = (U2, C35 i [[E]])

such that (|Uq)o is an open cover of |[M|. For any two indices a, 3, the restriction hq|y,, of hq
to the open Zj-submanifold Uasg = (|Uagl; Onlivasl), [Uasl = [Ual N |Usl, is a Z3-isomorphism
between U,z and

UL v,y = (Vas, C IV [IE]D, Vi = 1hal (Uas]) -
Therefore, the composite
Vo = hslus,halo., (2.2.4)
is a Zj-isomorphism

plg plg
wﬂﬂt :u017|Va,3 - uﬁi‘VBa )

such that the cocycle condition is satisfied. As a matter of some formality, Zj-manifolds and
their morphisms form a category. The category of ZJ-manifolds we will denote as ZiMan. We
remark this category is locally small. Moreover, as shown in [13, Theorem 19|, the category
of Zy-manifolds admits (finite) products. More precisely, let M;, i € {1,2}, be Z}-manifolds.
Then there exists a Zj-manifold M; x My and Z5-morphisms m; : M; x My — M; (with
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underlying smooth manifold |M; x Ms| = |M;]| x |Ms| and with underlying smooth morphisms
|7i| : | My| X |Ma| — |M;| given by the canonical projections), such that for any Z3-manifold N
and Zy-morphisms f; : N — M;, there exists a unique morphism h : N — M; x M, making the
obvious diagram commute. It follows that, if ¢ € Homzpyan (M, M') and ¢ € Homzpyan (N, N),
there is a unique morphism ¢ X 1 € Homzauan (M x N, M’ x N').

Remark 2.2.11. It is known that an analogue of the Batchelor-Gawedzki theorem holds
in the category of (real) Z5-manifolds, see [16, Theorem 3.2]. That is, any Zj-manifold is
noncanonically isomorphic to a Z% \ {0}-graded vector bundle over a smooth manifold. While
this result is quite remarkable, we will not exploit it at all in this paper.

2.2.2 The functor of points

Similar to what happens in classical supergeometry, a Z4-manifold M is not fully described by
its topological points in |M|. To remedy this defect, we broaden the notion of ‘point’, as was
suggested by Grothendieck in the context of algebraic geometry.

More precisely, set V' = {z € C" : P(z) = 0} € Aff, where P denotes a polynomial in
n indeterminates with complex coefficients and Aff denotes the category of affine varieties.
Grothendieck insisted on solving the equation P(z) = 0 not only in C", but in A", for any
algebra A in the category CA of commutative (associative unital) algebras (over C). This leads
to an arrow

Solp : CA> A+ Solp(A) ={a € A" : P(a) =0} € Set,

which turns out to be a functor
Solp >~ Home, (C[V], —) € [CA, Set]

where C[V] is the algebra of polynomial functions of V. The dual of this functor, whose value
Solp(A) is the set of A-points of V', is the functor

HomAff(—,V) - [AffOP,Set] s

whose value Homys: (W, V') is the set of W-points of V.
The latter functor can be considered not only in Aff, but in any locally small category, in
particular in ZiMan. We thus obtain a covariant functor (functor in e)

o(—) = Hom(—,e): ZyMan > M > M(—) = Homzpyan(—, M) € [Z;Man?, Set] . (2.2.5)

As suggested above, the contravariant functor Hom(—, M) (we omit the subscript ZjMan) (func-
tor in —) is referred to as the functor of points of M. If S € ZiMan, an S-point of M is just
a morphism mg € Hom(S, M). One may regard an S-point of M as a ‘family of points of M
parameterised by the points of S’. The functor e(—) is known as the Yoneda embedding. For
any underlying locally small category C (here C = ZiMan), the functor e(—) is fully faithful,
what means that, for any M, N € ZiMan, the map

oy n(—):Hom(M,N) > ¢ — Hom(—, ¢) € Nat(Hom(—, M), Hom(—, N))

is bijective (here Nat denotes the set of natural transformations). It can be checked that the
correspondence e, x(—) is natural in M and in N. Moreover, any fully faithful functor is
automatically injective up to isomorphism on objects: M(—) ~ N(—) implies M ~ N. Of
course, the functor e(—) is not surjective up to isomorphism on objects, i.e., not every functor
X € [ZiMan®P Set]| is isomorphic to a functor of the type M(—). However, if such M does
exist, it is, due to the mentioned injectivity, unique up to isomorphism and it is called ‘the’
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representing Z45-manifold of X. Further, if XY € [Z3Man®P, Set] are two representable func-
tors, represented by M, N respectively, a morphism or natural transformation between them,
provides, due to the mentioned bijectivity, a unique morphism between the representing 77 -
manifolds M and N. It follows that, instead of studying the category ZjMan, we can just as
well focus on the functor category [Z5Man®P, Set] (which has better properties, in particular
it has all limits and colimits). A generalized Z%-manifold is an object in the functor cate-
gory [Z3Man®P, Set] and morphisms of such objects are natural transformations. The category
[Z3Man®P, Set] of generalised Zj-manifolds has finite products. Indeed, if F, G are two general-
ized manifolds, we define the functor F' x G, given on objects S, by (F' x G)(S) = F(S) x G(S5),
and on morphisms ¥ : S — T, by

(F x G)(¥) = F(¥) x G(T) : F(T) x G(T) — F(S) x G(S) .

It is easily seen that F' x (G respects compositions and identities. Further, there are canonical
natural transformations 7y : F' X G — F and ny : F' x G — G. If now (H, ay,a3) is another
functor with natural transformations from it to F' and G, respectively, it is straightforwardly
checked that there exists a unique natural transformation g : H — F x G, such that a; = ;0.
One passes from the category of Zj-manifolds to the larger category of generalised Z7-
manifolds in order to understand, for example, the internal Hom objects. In particular, there
always exists a generalised Z5-manifold such that the so—called adjunction formula holds

Hom ZgMan(M, N)(—) := Homzpyan(— x M, N).
This internal Hom functor is defined on ¢ € Homzpyan (P, S) by

Hom 0, (M, N)(¢) : Hom gy, (M, N)(S)  —  Homypy,, (M, N)(P),
Vg +—— \I/SO((ﬁX]].M).

In general, a mapping Zj-manifold Ho_mZgMan(M ,N) will not be representable. We will re-
fer to ‘elements’ of a mapping Zj-manifold as maps reserving morphisms for the categorical
morphisms of ZJ-manifolds.

Composition of maps between Zj-manifolds is naturally defined as a natural transformation

o :Hom(M, N) x Hom(N, L) — Hom(M, L), (2.2.6)
defined, for any S € ZjMan, by

Hom(S x M, N) x Hom(S x N,L) — Hom(S x M, L) (2.2.7)
(qfs,q)s) — (@9@)3 = q)s ¢} (]]-S X \Ifs) o (A X ﬂ.M),

where A : S — S x S is the diagonal of S and 1g:.S — S is its identity.

Similarly to the cases of smooth manifolds and supermanifolds, morphisms between Z23-
manifolds are completely determined by the corresponding maps between the global functions.
We remark that this is not, in general, true for complex (super)manifolds. More carefully, we
have the following proposition that was proved in [13, Theorem 3.7.].

Proposition 2.2.12. Let M = (|M|,Oy) and N = (|N|,On) be Z3-manifolds. Then the
natural map
Homzzwan (M, N) — Homzzag (O(IN]), O(I1M])),

where Z5A1g denotes the category of Z%-graded Z%-commutative associative unital R-algebras,
18 a bijection.
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It is worth recalling how a morphism ¢ € Homzguz(O(|N]), O(|M])) defines a continuous
base map || : [M| — |N|. We denote by €, € Homzuug(O(|M]), R), m € |M], the morphism

en: O(MI) > £ (e f)(m) €R,
and by Spm(O(|M|)) the maximal spectrum of the algebra O(|M|). The map
b: |M| > m— kere, € Spm(O(|M]))

is a homeomorphism, both, when the target space is endowed with its Zariski topology and
when it is endowed with its Gel’fand topology. The continuous map |¢| : |M| — |N| that is
induced by the morphism v is now given by

|p| : |M| ~ Spm(O(|M])) > m ~ kere,, — ker(e,, o) ~n € Spm(O(|N|)) ~ |N| .

The fact that the functor Homzgyan (S, —) respects limits and in particular products directly
implies that
(M X N)(S) ~ M(S) x N(S). (2.2.8)

The latter result is essential in dealing with Z3-Lie groups. A (super) Lie group can be defined
as a group object in the category of smooth (super)manifolds. This leads us to the following
definition.

Definition 2.2.13. A Z%-Lie group is a group object in the category of Zj-manifolds.

A convenient fact here is that, if G is a ZJ-Lie group, then the set G(S) is a group (see
(2.2.8)). In other words, G(—) is a functor from ZjMan°® — Grp.

Remark 2.2.14. We leave details and examples of Zj-Lie groups for future publications.
However, we will remark at this point that the idea of “colour supergroup manifolds” has
already appeared in the physics literature, albeit without a proper mathematical definition
(see [1, 3, 37, 38|, for example). Another approach to Zj-Lie groups is via a generalisation of
Harish-Chandra pairs (see [34] for work in this direction).

2.3 Z5-points and the functor of points

In view of (2.2.5), we need to ‘probe’ a given Z5-manifold M ~ M(—) with all Z}-manifolds.
We will show that this is however not the case, since, much like for the category of super-
manifolds, we have a rather convenient generating set that we can employ, namely the set of
Z5-points.

2.3.1 The category of Zj-points

Definition 2.3.1. A ZJ-point is a Z§-manifold R%™ with vanishing ordinary dimension. We
denote by Z5Pts the full subcategory of ZiMan, whose collection of objects is the (countable)
set of Zj-points.

Morphisms ¢ : R™ — RO of ZI-points are exactly morphisms ¢* : A% — A™ of Z3-
Grassmann algebras:

Proposition 2.3.2. There is an isomorphism of categories

Z45Pts ~ ZyGrAlg® .



29

We can think of Z3-points as formal thickenings of an ordinary point by the non-zero degree
generators. The simplest Z3-point is the one with trivial formal thickening, R%C := (R, R):

Proposition 2.3.3. The Z3-point R® = RO is a terminal object in both, ZiMan and Z5Pts.

Proof. The unique morphism M — R0 corresponds to the morphism R 3 71— r -1y €
O (|M]|), where 1, is the unit function. O

Proposition 2.3.4. The object set Ob(Z4Pts) ~ Ob(Z5GrAlg) is a directed set.

Proof. Given any m = (my, ma, -+ ,my) and n = (ny,ng,--- ,ny), we write A < A if and
only if m; < n;, for all 7. This preorder makes the non-empty set of Z3-Grassmann algebras into
a directed set, since, any A and A admit A2, where p; = sup{m;,n;}, as upper bound. n

We will need the following functional analytic result in later sections of this paper. See
Definition 2.4.4 and Definition 2.4.8 for the notion of Fréchet space and Fréchet algebra, re-
spectively.

Proposition 2.3.5. The algebra of functions of any Z%-point is a Z5-graded Z%-commutative
nuclear Fréchet algebra.

The proposition is a special case of the fact that the structure sheaf of any Z5-manifold is
a nuclear Fréchet sheaf of Z}-graded Zj-commutative algebras [12, Theorem 14].

Moreover, as a direct consequence of [13, Theorem 19, Definition 13|, we observe that the
category of Z3-points admits all finite categorical products; in particular: RO x ROz ~ ROmAn
By restricting attention to elements of degree 0 € ZI, we get the following corollary. See
Definition 2.4.10 for the concept of Fréchet module.

Corollary 2.3.6. The set Ay of degree 0 elements of an arbitrary Z3-Grassmann algebra A s
a commutative nuclear Fréchet algebra. Moreover, the algebra A can canonically be considered
as a Fréchet Ag-module.

Remark 2.3.7. Specialising to the n = 1 case, we recover the standard and well-known facts
about superpoints and their relation with Grassmann algebras.

2.3.2 A convenient generating set of ZjMan

It is clear that studying just the underlying topological points of a Z}-manifold is inadequate
to probe the graded structure. Much like the category of supermanifolds, where the set of
superpoints forms a generating set, the set of Zj-points forms a generating set for the category
of Z4-manifolds. For the classical case of standard supermanifolds, see for example [41, Theorem
3.3.3]. For the general notion of a generating set, see Definition 2.4.1.

Theorem 2.3.8. The set Ob(ZSPts) constitutes a generating set for ZjMan.

Proof. Let ¢ = (|¢], ¢*) and ¢ = (1], ¥*) be two distinct Zj-morphisms ¢, : M — N between
two Z4-manifolds M = (|M|, Oy) and N = (|N|, Oy). These morphisms have distinct smooth
base maps

|91, [¢] = [M]| = |NT,

or, if |¢| = |¢|, they have distinct pullback morphisms of sheaves of algebras
¢" 4" Oy = |90 -

If |¢| # ||, there is at least one point m € |M|, such that |¢p|(m) # |¢|(m). Let now
s : RO® — M be the Z3-morphism, which corresponds to the ZJAlg morphism s* : Oy (|M]) >
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f = (ef)(m) € R, where € is the sheaf morphism € : Oy — Cfj. It follows from the
reconstruction theorem [13, Theorem 9] that the base morphism |s| : {x} — |M| maps * to m.
Hence, the Z3-morphisms ¢ o s and 1) o s have distinct base maps.

Assume now that || = [¢[, so that there exists [V'| C [N], such that ¢y, # ¢, i.e., such
that ¢y, f # ¢y, f, for some function f € On(|V]). A cover of [V| by coordinate patches (V;);,
induces a cover |U;| := |¢|1(V;) of |U] := ||~ (|V]). Tt follows that

<¢TV|f) |U;| # <¢|*V\f)

|U;| »

for some fixed i, i.e., that

v, (f

Vi) )
so that ¢, # 17,
Recall that, for any open subset | X| C |M|, there is a Zj-morphism
ex - (1X], Omlix) = ([M], Owm)

whose base map |tx/| is the inclusion and whose pullback (% is the obvious restriction. Further,
any Zj-morphism ¢ : M — N, whose base map |¢| : |[M| — |N| is valued in an open subset
Y| of |[N|, induces a Zj-morphism

oy (IM|,On) — (Y], Onljyy)

whose base map |¢y| is the map |¢| : |M| — |Y| and whose pullback ¢3 is the pullback ¢*
restricted to Op|jy|.
In view of the above, if (i4;); is a cover of |U;| by coordinate domains, we have

@y, (Flvi)le; 7 (v, (Flv )l (2.3.1)

for some fixed j. This implies that the Zj-morphisms (¢ o 1y, )y, and (¥ o 1y, )y, from the Z3-
domain U; = (U;, Ci7[[€]]) to the Zy-domain V; = (V;, CFP[[0]]) are different. More precisely,
they have the same base map |¢| = || : U; — V;, but their pullbacks are distinct. Indeed, these
sheaf morphisms’ algebra maps at V; are the maps v, ;0 ¢}, and ¢, i 043, from C3 (y)|[[6]]
to Cif (z)[[¢]], where y runs through V; and @ through U}, and the values of these algebra maps
at f|y, are different (see Equation (2.3.1)).

In view of Lemma 2.3.9, there is a ZJ-morphism s : ROz _, Uj;, such that

(¢O Luj)Vi os# (¢ © Luj)vi ©s.

However, then the Zy-morphism ¢y, o s : RO™ s M separates ¢ and 1), since the algebra maps
at V; of the pullbacks (s 0, ) 0 ¢" and (s* o ;) o ¢* differ. Indeed, as the Zj-morphisms
(¢ 0 wy,)y, and (3 o 1y, )y, are fully determined by the pullbacks of the target coordinates, their
pullbacks at V; differ for at least one coordinate 3°, 6. It follows from the proof of Lemma
2.3.9 that the pullback sj, o (szj,|U¢| o ¢y,.) at V; of (¢ oy, )y, o s and the similar pullback for 1)
differ for the same coordinate. However, the pullback at V; considered is also the algebra map
at V; of the pullback (s o7, ) o ¢*, so that the pullbacks (s* o) 0 ¢* and (s 01, ) o 4" are
actually distinct. O]

It remains to prove the following

Lemma 2.3.9. The statement of Theorem 2.3.8 holds for any two distinct Z%5-morphisms be-
tween Z3-domains.
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Proof. We consider two Z3-domains U”!? and V'l together with two distinct Z2-morphisms

¢

ypla X yrls
(4

As in the general case above, there are two cases to consider: either |¢| # |1, or || = |¢| and
¢* # 1*. In the proof of Theorem 2.3.8, we showed that in the first case, the maps ¢ and ¢ can
be separated. In the second case, since a Zj-morphism valued in a ZJ-domain is fully defined
by the pullbacks of the coordinates, these global Zj-functions ¢, (Y*), ¢} (Y?) € Co(x)[[€]]
differ for at least one coordinate Y’ = y® or Y? = #8. Let B be an index, such that

Gy (07) = Z¢

\al 1

U3 (07) = Zw

|al=1

where we denoted the coordinates of UP14 by (x%,&4) and used the standard multi-index no-
tation, differ. This means that the functions ¢Z(z) and ¢2(z) differ for at least one o and
at least one x € UP, say for a« = a and z = ¢ € UP C RP. From this, we can construct the
separating Z5-morphism
)
ROl 5 gqrla — X prls
P

Let us denote the coordinates of R’ by y#. We then define the ZZ-morphism s by setting

spr® = 1" € R[[x]], deg(x”) = deg( ‘),
st = X" € R[[x]], deg(x”) = deg(¢?) .

It is clear that ¢ o s # 1) o s, since

Y RN = st (6:(87)) # s (45(67)) Z v (

la|=1 |a|=1

The case where ¢35, (Y?) # 43, (Y?) for Y = y* is almost identical. In particular, we then have

oy (y") = |o|"(x +Z¢”

|a| 2
Ve (y') = [0 (x) + Z Wi (x
|a|=2
Since we know that |¢| = [¢|, we can proceed as for Y = 65, O

In view of Proposition 2.4.3, we get the

Corollary 2.3.10. The restricted Yoneda functor
yzgpts . Z;‘Man S5 M+ HongMan(—, M) € [ZSPtSOp, Set},

18 faithful.
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Above, we wrote M (—) € [ZiMan®?, Set| for the image of M € ZJMan by the non-restricted
Yoneda functor. If no confusion arises, we will use the same notation M(—) for the image
Vizpes(M) € [Z5PtsP, Set] of M by the restricted Yoneda functor.

Definition 2.3.11. Let M be an object of Z5Man and A ~ R%™ an object of Z3GrAlg ~
Z5PtsP. We refer to the set

M(A) := Homzgyan (RO, M) ~ Homzy e (O(|M]), A) (2.3.2)
as the set of A-points of M.

Proposition 2.3.12. Let
m* e HomZgAlg(O(|M|),A)

be a A-point of M and let s € O(|M|). The A-point m* can equivalently be viewed as a 71 -
morphism
m = (|m|,m") € HomZgMan(Rolm,M)

and therefore it defines a unique topological point x = |m|(x) € |[M|. If |U| C |[M]| is an open
neighbourhood of x, such that s|jy| = 0, then m*(s) = 0.

Proof. Since m* : Oy — Ogom is a sheaf morphism, it commutes with restrictions, i.e., for any
open subsets [V| C [U| C |M] and any s € On(|U]), we have mj;; (s) € Ogom (Im|71(|U])) and

(i () m=rqviy = v (sljv)) € Opowm(Im| = (V1)) -

It follows that m*(s) = mjy, (s) € A = Ogom ({*}) reads

m*(s) = (M () = (Mfag ($) ljm 1oy = My (8liw) =0

Lemma 2.3.13. There is a 1:1 correspondence

M(A) ~ U HomZQAlg<OM,x7A)

z€|M|
between the set of A-points of M and the set of morphisms from the stalks of Oy to A. The set
M,(A) := HongAlg(OM,z, A)
1s referred to as the set of A-points near x.

Proof. Any A-point m* or m = (Jm|, m*) defines a topological point x = |m/|(x) € |M|, as well
as a ZyAlg-morphism ¢, € Homzpa1g(Onr e, A) between stalks. This morphism is given, for any
ty € O(|U]) defined in some neighbourhood |U| of x in |M|, by

qbw[tU]:c = m:[tU]:c = [mTU|tU]* = m\*U|tU :

Conversely, any morphism ¢, € Homzsag(Onry, A) (y € |M]) between stalks defines a
A-point p* € Homzpa1g (O(IM]), A). Tt suffices to set

Wt =1,lt], € A,

for all t € O(|M]).
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It remains to check that the composites m* — ¢, — p* and ¥, — p* — ¢, are identities.
In the first case, for any t € O(|M]), we get u*t = ¢.[t], = m*t, so that u* = m*. In the second
case, we need the following reconstruction results. Let |U| C |M| be an open subset and set

Sy = {s € O°(IM]) : (es)|; is invertible in C>(|U])} .
Then the localization map Ay : O(|M]) - S;;' — O(|U]) is an isomorphism in Z3Alg. More
precisely, for any t;; € O(|U]), there is a unique Fs~! € O(|M|) - S;;!, such that t;; = F\|U|s\|_U1|
(if s € Sy, then | is invertible in O(|U])), and we identify F's~' with ¢;;. For the proof of
these statements or more details on them, see [13, Proposition 3.5.]. It is further clear from the
results of [13, Proposition 3.1.] that = |u|(%) is the topological point y.
We now compute the second composite above. For any ¢y defined in a neighborhood |U| of

x, we get
Gultv]e = iy (Fs™) = @ (F) p(s) ™ =
Vol Fla (Valsle) ™ = UulFlavha([s], ) = Yu((Flivlalslp)e) = valtvls
where the second equality is part of the reconstruction theorem of Zj-morphisms [13]. O

Let us consider an open cover (|Uy|);ea of the smooth manifold |M|, as well as the open
Z3-submanifolds Uy := (|U;|, Op|j,)) of the Zj-manifold M (which need not be coordinate
charts).

Proposition 2.3.14. For any Z5-Grassmann algebra A and Z5-manifold M = (]M], OM), we
have a natural 1:1 correspondence

M(A) =~ Ui(n),
IeA

so that the family of sets (Ur(A\))1ea is a cover of the set M(A).

Proof. Since it is clear from the definition of a stalk that Oy, ., = O, for any x € |Uy|, it
follows from Lemma 2.3.13 that

U U[(A) ~ U U HongAlg(OM,x,A) = U HomZSAlg((’)Mﬁx,A) ~ M(A) .

IcA IcA ze|Uy| z€|M)|

Recall that
HomZQMan(_7 _> € [ZSMan, [ngtsop’ Set“ J

so that,

i. any Z5-morphism ¢ = (|¢|, ¢*) : M — N is mapped (injectively) to a natural transfor-
mation

925 = HomZSMan(_v(b> : HomZ;Man(_7 M) - HomZ;Man(_yN) )

whose A-component (A ~ R%™) is the Set-map given by

(bA = HongMan(A,¢) : M(A) = HongMan(R()'m, M) ~ HongAlg(O(‘Ml),A) > m* —
(2.3.3)

m* o ¢* € Homzypng(O(|N]),A) ~ HongMan(]RO'm, N)=N(A), and ,
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ii. for any fixed M € Z3Man, given a morphism 1 = (|1p],10*) : RO — RO™ of Z2-points,
or, equivalently, a morphism ¢* : A — A’ of Z}-Grassmann algebras, we get the induced
Set-map

M (1*) == Homzguan (v, M) : M(A) = Homzgyan (RO™, M) ~ Homzguig(O(|M]), A) 3 m*

(2.3.4)
P* om* € Homzpug (O(|M]), A') =~ Homzpen (RO, M) = M (') .
When reading the maps ¢, and M (¢)*) through the 1:1 correspondence
M(A)>m* — (x,m]) € U Homzpaig (Onry, A) |
ye|M]|
where = = |m|(x), we obtain
oa: M(A) — N(A) (2.3.5)
(z, m3) = (|¢[(x), mod;), and,
M(*) : M(A) — M(A') (2.3.6)

(x, m}) +— (z, Y om]) .

2.3.3 Restricted Yoneda functor and fullness

The Yoneda functor from any locally small category C into the category of Set-valued con-
travariant functors on C, is fully faithful. This holds in particular for C = ZiMan. When we
restrict the contravariant functors to the generating set Z3Pts, the resulting restricted Yoneda
functor is automatically faithful. In the following, we show that it is not full, i.e., that not all
natural transformations are induced by a Zj-morphism.

Naturality of any transformation ¢ : M(—) — N(—) between Set-valued contravariant
(resp., covariant) functors on Z5Pts (resp., Z5GrAlg), means that the diagram

Pa

M(A) N(A)
M (™) N(y*)
M(A) " N(A) (2.3.7)

commutes, for any morphism ¢* : A — A’ of Z}-Grassmann algebras.

A A-point of a Zj-manifold M is denoted by m* or m = (|m|,m*). If the manifold is a
Z3-domain UPI4, we use the notation x* or x = (|x|,x*). If (2%, &4) are the coordinates of UP!4,
a A-point x* in UP¢ is completely determined by the degree-respecting pullbacks

(. 68) = (" (=), x"(€Y)) -

Since 7% € Ay = R@® Ag, we write 2% = («f], #3). Hence, any A-point x* in UPI4 can be identified
with
X' (2, 60) = (2, 25, €0) € R? x Af x A% x -+ x AIN (2.3.8)

IN
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where

T = (l‘ﬁ) = (...,xﬁ, ) ceu’

and where 7y,...,vy denote the non-zero Zj-degrees in standard order. Here the % (resp.,
the &) are formal power series containing at least 2 (resp., at least 1) of the generators (6¢)
of the Zj-Grassmann algebra A.

As mentioned above, any Z5-morphism, in particular any morphism ¢ : UP4 — V7ls hetween
Z5-domains, naturally induces a natural transformation, with A-component

da: UPI(A) 5 x* = x 0" € VTE(A).

If (y*,7®) are the coordinates of V'I2, the morphism ¢ reads

= h(x)e, (2.3.9a)

ja|>0

By=>"¢l(x)¢ (2.3.9b)

|a|>0

where the right-hand sides have the appropriate degrees and where ¢o(U?) C V. Further, the
image A-point x* o ¢* in V!¢ by ¢ of the A-point x* ~ ( *(z%); x (fA)) = ( H,xA,fA) in ?/lp‘q
is given by

Z Z 3l aﬁ¢b x||)‘rA§A7 (2.3.10a)

|| >0 |8]>0

EDIPIEACTIEIE LS 23.100)

|a|>018|>0

Let us recall that there is no convergence issue with terms in x| [15]. Thus the components
of a natural transformation implemented by a ZJ-morphism between ZJ-domains, are very
particular formal power series in the formal variables 2% and &4, which are themselves formal
power series in the generators (9) of A.

We are now able to prove that not all natural transformations between the restricted functors
M(—),N(—) € [Z}Pts, Set] associated with M, N € ZiMan, arise from a Zj-morphism M —
N. Since it suffices to give one counter-example, we choose M = N = RPI0 = RP.

Example 2.3.15. Consider an arbitrary diffeomorphism ¢ : RP — RP. The A-component of
the associated natural transformation is

T RPW( )_>RP\Q(A)

(25, 0) = | () + DY = (3% )(ay) &, 0

18>0

5!
From this data we obtain another natural transformation
ay : RPIO(A) — RPIO(A)

(2}, 0) = (¢°(2)),0) .

The natural transformation « is not implemented by a morphism ¢ : R? — RP. Indeed,
otherwise ay = 15, for all A. This means that

(@"(2)),0) = | V(@) + > = 5 @ )i 0

181>0
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for all A and all A-points. Since ¢*(x) = ¥°(x), we have 0°¢® = 9P¢°. Take now any 3 : || = 1,
so that 8, = 1, for some fixed a € {1,...,p}. As we can choose A and 284, for all b € {1,...,p},
arbitrarily, we can choose 74 = 0, for all b # a, and ¢ = 6P0F, where #P and 6F are two
different generators of A that have the same degree. The coefficient of #”6F in the sum over
all B is then (9,4")(z)), hence 0,0¢" = 9,at)® = 0. The latter observation is a contradiction,
since the Jacobian determinant of ¢ does not vanish anywhere in RP.

We now generalise a technical result [55, Theorem 1] to Z5-domains UP!. Let
Byjg(U) := FU", R)[[X, =],

be the Zj-graded Zj-commutative associative unital R-algebra of formal power series in p
parameters X of Z§-degree 0 and qi, . .., gy parameters Z4 of non-zero Z3-degree vi, ..., VN,
and with coefficients in arbitrary R-valued functions on UP, i.e., we do mot ask that these
functions be continuous let alone smooth. Following [44, 45, 55], we will refer to this algebra
as a Zbh-Berezin algebra. Any element of this algebra is of the form

F=> > Falx)X’E", (2.3.11)

|a|>0[8]>0
where the % are coordinates in UP.

Theorem 2.3.16. For any Z4-domains UP'9 and V"', there is a 1:1 correspondence

Nat(U"2, V") — (Bplg(up))T|§

between
- the set of natural transformations in [Z5Pts®P, Set] between UPIY(—) and V'*(-), and
- the set of ‘vectors’ F with v (resp., with sy,...,sy) components F° of degree 0 (resp.,

components FB of degrees 1, ...,yn) of the type (2.3.11), such that the r-tuple (F},) made of
the coefficients F4(x) of the r series F° satisfies

(Foo)U") C V"
Proof. Let F be such a ‘vector’. For any A, we define the map
Ba 1 UPL(A) 3 (aff, 35, 63) = (yx, %) € V'E(A)
where

vhi= Y D Fly(w) i€y and np =) > Fh(x)a{ &y (23.12)

la|>0 |8]>0 |a|>0 |8]>0

Since 7%, &4 have the same degrees as X% =4, the right-hand sides of (2.3.12) have the same
degrees as F°, FB hence, y%,n¥ have the degrees required to be a A-point in V¢, Moreover,
we have

yh = Foolay)

so that g € V". The target of the map (3 is thus actually Vls(A). The naturality of 3 under
morphisms of Z3-Grassmann algebras is obvious: [ is a natural transformation in [Z}Pts°P, Set]
between UP14(—) and V"ls(—). Finally, we defined a map

Z: (Bplg(up))r\§ — Nat(UP4, V"2 .
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We will explain now that any natural transformation S : U”4(—) — V"l5(—) is the image
by Z of a unique ‘vector’ F. We first show that, for any A ~ R%™ the image B, (x*) € V'5(A)
of any A-point
o~ (xﬁ,xff\,ﬁf) cUP x /OXg X A% NI, A%\\],

in P14, has components 34 and n¥ of the type (2.3.12).
Step 1. We prove that any A-point in UP'Y is the image by a 73 -Grassmann algebra map
©* : N — A of a N-point in UMY, some of whose defining series are series in formal pairings.
Let (9°) be the generators of A. The A-point x* then reads

X" o (], S O0F K &Y

where the degree of K% € A is the sum of the degrees of 6* and 6*. Recall that a (resp., A)
runs through {1,...,p} (resp., through {1,...,|¢|}), and that A, x run through {1,...,|m]}.
Consider now the set S of generators

0 = (1™, ¢, v?)
where b has the same range as a, and define their (non-zero) Z3-degrees by
deg(n™) = deg(6"), deg(()) = deg(6"),  deg(¢”) = deg(&) = deg(€”) .
Let A’ be the Z3-Grassmann algebra defined by S, and set
X o (2, S0P, ) EUP x AY x D x - x Ay (2.3.13)

(no sum over a in the formal pairings Y, 7°*¢{). The degree-respecting equalities

o (™) = 6, PG =Y 0K, o) =&

A

define a morphism of Z5-Grassmann algebras ¢* : A" — A. It suffices to set

o ( Z rd) = Z r-(¢*0')° .

3 3

Indeed, any term of the right-hand side is a series in 6 whose terms contain at least |¢| generators.
Hence, for any e, only the terms |¢| < |e| can contribute to 6°, and therefore there is no
convergence issue with the coefficient of 6¢. Since the A-point ¢* o x* in Ul reads

" ox o " (af, Yoy Y, ) = (2, o5, 010F K ER) =7

naturality of the transformation 3 : UP14(—) — V7l5(—) implies that

(Y, mx) = Ba(x") = Ba(p* ox) = Ba (UMS(p") (X)) =

V(") (Bar () = ¢* 0 (Bar(x™)) = @™ (ypr 1) (2.3.14)

where y%, and 1%, are series in the generators of A’.

Step 2. We define formal rotations under which the formal pairings are invariant. Moreover,
we show that any formal series that is invariant under the formal rotations is a series in the
formal pairings.
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The formal part of each degree 0 component of x* can be viewed as a formal pairing
=> n**(¢, which is stable under formal rotations R*. More precisely, we set

R (™) =) _n"(0),), B (¢) =) (0", R (v") =",

K A

a

n*-¢*

where O and O°* are any (my + ...+ my) X (my + ...+ my) block-diagonal matrices with
entries in R that satisfy

D> (0 N0 =62 (2.3.15)

A

Since, for any fixed a (resp., b), the components n* (resp., (%) are ordered such that the
my first components have degree v, the next my degree ~,, and so on, these equalities are
degree-preserving. Hence, they define a Z3-Grassmann algebra morphism R* : A" — A’ via

R*(Z ragla) = R*(Zrtxﬁ’y UQC’B@DV) = Z TaBy (R*n)a(R*C)ﬁq/ﬂ :

afy afy

Since the images R*(n®) (resp., R*(¢?)) are linear in the 7% (resp., ¢?) (of the same degree),
the term indexed by a7 is a homogeneous polynomial of order |a|+ |5]| 4 |7y| in the generators
¢'. Hence, for any €, only the terms |a| + |3| + |7| = || can contribute to 6", so that no
convergence problems arise. In view of (2.3.15), it is clear that, as mentioned above, the formal
pairing n®- (% = Y, n®*(¢ is invariant under R*. As any Z3-Grassmann algebra morphism, the
formal rotation R* induces maps UP14(R*) and V"I*(R*), and due to naturality of 3, we find

VIE(RY) (Barx) = Bar(UPL(R™)(x)) = Bar(R" ox*) = B (R xH,Zn%, ~ Bpx”

so that Syx™ is invariant under rotations.
We are now prepared to continue the computation (2.3.14). Since

B () = (Yo mh) = (]}, Jar %)) (2.3.16)

is invariant under the rotations R*, the series %, 75 in the generators §' are invariant. More
explicitly, for each series, we have an equality of the type

Z (Z Z FO‘BV n CB 1/}7 - Z Z Z Faﬁw (R*n)%R*C)B)QW )

T kL al=k, |Bl=t v kL al=k, |Bl=t

which is equivalent to

Y Fapy ™G = D Fagy 1’ =
loo|=k, |B|=¢ la|=k, |8|=¢
So Fasy BB = D" Fagy oo ™0 o7 (ON) (09, G -
o=k, |B|=¢ |oo|=k, |B| =¢

and holds for all (!) formal rotations. This is only possible, if the power series considered,
i.e., the series g}, and 7}, are series in pairings 7 - (* = >, 7**({. In the classical setting,
the result is known under the name of First Fundamental Theorem of Invariant Theory for the
orthogonal group [24, 58]. It has been extended to the graded situation in [7, Proposition 4.13].
In view of (2.3.14), we thus get

(), U, mx) = Ba(x") = Ba(zf, 2%, 68) = (), " (an), " (k)
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where any image by ¢* is of the type

Yo Fue (07 (@) = Y. Fasdi&R

(a,8)#(0,0) (a,8)#(0,0)
It is clear from (2.3.16) and (2.3.13) that the coefficients

Fby, F2 ((a, B) # (0,0)), and Fy =y

depend (only) on x) € UP. Hence, the image

(y?\ﬁf) = BA(X*) = (Fb(vai'Ava)vFB(xHai‘AygA))

is actually of the type (2.3.12). Since Bx(x*) is a A-point in V"2, the r series FP(z, @, &n)
and the s; series F'B (z)),5,€r) are of degree 0 and degree 7;, respectively, i.e., the r series
F'(x,X,Z) and the s; series FZ(z, X,=Z) are of degree 0 and degree ~;, respectively. For
the same reason, we have Fyy(x)) € V7, for all z; € UP, so that we constructed a ‘vector’
F € (B,,(U?))"s, whose image by Z is obviously 3.

Step 3. We show that F is unique (which concludes the proof). If there is another ‘vector’
F’, such that Z(F') = 3, we have

P A CT E e S ST T S (2.3.17)

|| 20,|8=0 || >0,]8|>0

for all b € {b, B}, all A, and all x*. Notice first that any 2% (resp., any £3') is a series of degree
0 (resp., of degree deg(&4) = 74) in the 6-s that contains at least two parameters 6" (resp.,
at least one parameter QC”). Hence, both sides are series in #, and the left-hand side and right-
hand side coefficients of any monomial §° coincide. A term («, 5) # (0,0) cannot contribute
to the independent term 6°. Hence Fy(z)) = Fgi(x)). We now show that F2s(z)) = Fi(z)),
for an arbitrarily fixed (o, 5) # (0,0). Since A is arbitrary, we can choose as many different
generators 6 in each non-zero degree as necessary, and, since x* is arbitrary, we can choose ||
arbitrarily in 4? and we can choose the coefficients of the series 4 and &1 arbitrarily (except
that we have to observe that the coefficient of a monomial /¢, which does not have the required
degree, must be zero). Let now ay,...,a, and Bi,..., 5, be the non-zero components in the
fixed o and (. For each factor 5,/\“ of

& = (€)™

we choose a monomial in one generator 8% of degree 7,,, set its coefficient r¢, to 1, and all
the other coefficients in the series &4 to zero. Further, for different &4, we choose different
generators §%. Similarly, for each factor &y of

xi _ @7\1)51 o (j%)ﬂu 7

we choose monomials §7x0%ir (k€ {1,...,3;}) in two generators of the same odd degree (for
all Z3-manifolds with n > 1, there is at least one odd degree), set their coefficient rp, g, to
1, and all the other coefﬁments in the series ¥y’ to zero. Further, we choose the generators so
that all generators 6%, §P* and 0F* are different. When setting

I

= H gPirgEn  gPis; pFis; H(eCi)ai £0,
=1 i=1

the terms indexed by (the fixed) («, 5) in both sides of (2.3.17), read

ﬂ' B(IH)Q and ﬁ‘ B(QZH)Q
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For any term («/, 3') # (a, B), we either get a new series £ or @¢ (i.e., a series that is not
present in £§ or x/’g\), or we get an old series a different number of times. In the second case, the
term (o', f') does not contribute to the coefficient of 6“; in the first, we set all the coefficients
of the new series to 0, so that the term (o, ) vanishes. Finally, we obtain F2s(z)) = F/5(z))),
for any ) € UP. O]

We now show that RPI4(A) is a Fréchet space and that U?!9(A) is an open subset, of RPI4(A).
This means that we have a notion of directional derivative, as well as a notion of smoothness
of continuous maps between the A-points of Z3-domains. For more details on Fréchet objects,
we refer the reader to Appendix 2.4.2.

Proposition 2.3.17. For any A € Z5GrAlg, the set RPIY(A) is a nuclear Fréchet space and a
Fréchet Aog-module. Moreover, the set UPI4(A) is an open subset of RPI4(A).

Proof. Let A € Z3GrAlg. As explained above, there is a 1:1 correspondence between the
A-points x* of RP (resp., of U*14) and the (p + |g|)-tuples

X" (24, €) € Af x AD x o x ATY

(resp., the same (p+|q|)-tuples, but with the additional requirement that the p-tuple (ajﬁ) made
of the independent terms of (z%) be a point in U#? C RP). Note now that A is the Zj-graded
Z3-commutative nuclear Fréchet R-algebra of global Z3-functions of some R%™. Hence, all its
homogeneous subspaces A,, (i € 0,..., N, 79 = 0) are nuclear Fréchet vector spaces. Since
any product (resp., any countable product) of nuclear (resp., Fréchet) spaces is nuclear (resp.,
Fréchet), the set RPIZ(A) of A-points of RPI? is nuclear Fréchet. The latter statements can be
found in [12].

As for the second claim in Proposition 2.3.17, recall that Ag is a (commutative) Fréchet
algebra, see Corollary 2.3.6. The Fréchet Ag-module structure on RPI4(A) is then defined by

m: Ao x RPIE(A) 3 (a,x) = (a- 2%, a-&4) € RPE(A) . (2.3.18)

Since this action is defined using the continuous associative multiplication - : Ay, x Ay, — A,
of the Fréchet algebra A, it is (jointly) continuous.
As any closed subspace of a Fréchet space is itself a Fréchet space, the space

/ioﬁ{O}X/ioCRX/O\O:AO

is Fréchet. We thus see that
N N
UPI(A) ~UP x AR x [T A% C RP x Al x [T A% ~ RP9(A) (2.3.19)
i=1 i=1

is open. ]

Remark 2.3.18. In the following, we will use the isomorphisms (2.3.19) (and similar ones)
without further reference.

The just described Ag-module structure is vital in understanding the structure of the A-
points of any Zj-manifold. In particular, morphisms between Z7-domains induce natural trans-
formations between the associated functors that respect this module structure. The converse
is also true, that is, any natural transformation between the associated functors that respects
the Ag-module structure comes from a morphism between the underlying Z3-domains. More
carefully, we have the following proposition.
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Theorem 2.3.19. Let U2 and V'!s be Z3-domains. A natural transformation B : UP9(—) —
V'ls(—) comes from a Z3-manifold morphism UPIY — V75 if and only if By : UPIL(A) — VTIE(A)
is Ag-smooth, for all A € Z5GrAlg. That is, for all A, the map Sy must be a smooth map (from
the open subset UPIL(A) of the Fréchet space RPI(A) to the Fréchet space R™5(A), see Appendiz
2.4.2) and its Gateauz derivative (see Appendiz 2.4.2) must be Ag-linear, i.e.,

defa(a-v) =a-defa(v),
for all x* € UPI(A), a € Ay, and v € RPIZ(A),

Proof. Part I. Let B : UP9(—) — V"I5(—) be a natural transformation with Ag-smooth com-
ponents Sy, A € Z3GrAlg. From Theorem 2.3.16, we know that 3, is completely specified by
the systems

po= Y El(piies  and  gf = Y FE(x))aes (2.3.20)

la|=0,]8]=0 la[>0,|8]=0

where the coefficients FJ; (b € {b, B}) are set-theoretical maps from U” to R.

Part Ia. Smoothness of §, implies that these coefficients are smooth. Indeed, we will show

that F(SB € C°(UP) and that, if Fo[jﬁ € Ck(UP) (k > 0), then Fabﬂ e CkL(Uyp).
Step 1. Since

N
Ba : UMI(A) — Af x [T Az
=1

is continuous, any of its components

y?\ up|g(A) - A’Y’i([1) = ’Yz(b) - H R
'Yz(b

is continuous. For simplicity, we wrote y% instead of 7%, and we will continue doing so. More-
over, the target space are the formal power series in 6 with coefficients in R, all whose terms
have the degree ;) of y°, and this space is identified with the corresponding space of families
of reals. For any w Such that 6~ has the degree 7;s), the corresponding real coefficient gives
rise to a continuous map

Y3 UPE(A) — R

Since this joint continuity implies separate continuity with respect to z € UP, for any fixed
(Za,&n) and any A, we can proceed as at the end of the proof of Theorem 2.3.16. More precisely,
select any (a, B) and select (for an appropriate A) the pair (24,&s) such that i’/ﬁ\ﬁf\‘ = plov,
where 0* is now the degree «;,) monomial defined in the proof just mentioned. The real
coefficient of this monomial is ! F, ﬁ(acH) which, as said, is an R-valued continuous map on U?,
so that Ff; € CO(UP), for all b and all (a, 3).

Step 2. Since

N
UPL(A) C R x (RP™ x AD x HA%)
i=1
is an open subset of a product of two Fréchet spaces, smoothness of 3, implies (via an iterated
application of Proposition 2.4.7) that, for any b € {b, B}, any ¢ € N and any v € NP (|| = {),
the partial derivative

A7 yh UMM xR — [ R

‘TH
7i(b)
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1s continuous.
Assume now that Foy € C*(UP) (k > 0), for any b and any (a, 3), as well as that, for any
v € NP (|y| = k) and any b, the continuous partial Gateaux derivative

\
d3 yh(1, T UPI(A) — H R
is given by
d’YH x* y/\(l Y 1) = Z (ai’tyF(sB) (:EH) iifﬁ ‘ (2321)
ap

Observe that for k = 0, this condition is automatically satisfied. We will now show that, under
these assumptions, the same statements hold at order £+ 1. In view of (2.3.21), any order k+ 1
continuous partial Gateaux derivative

dee 47, yR (1, )t UPIY(A —>HR

xH

(a € {1,...,p}, [yl = k) is given, at any x* ~ (), &4, x) € UP(A), by

b 1 a p b 1 a
af

When proceeding as in Step 1, we get that the limit is an R-valued continuous function in

UP. In other words, the partial derivative 0,.9) F° o €xists and is continuous in U?, i.e., F 0[35 €

C*+1(UP). Moreover, Formula (2.3.21) pertaining to order k derivatives, extends to the order
k + 1 derivatives, see (2.3.22).

Part Ib. We examine the further consequences of Ag-smoothness; in particular those of
Ao-linearity. Since B, is of class C, its components 3§ : UPI4(A) — IL,. )R are of class CL.
Further, as

N
UPE(A) C (R x Ag) x (RF! x AB! x HA%)
=1

is an open subset of a product of two Fréchet spaces, the partial Gateaux derivative

g vh c UPI(A) x (Rx Ag) — [ R

7i(b)

@fj-#3)
is continuous. It is given by
Aiag, a5 YA (V) 0) = dag e YR (0)) + dig e YR (01) =

)| Z axaF IH l’AgA + Z F IH hm ((fi + th)A)B“ — (lo’f\)ﬁa) H(i‘i)ﬁbff\‘ = UHTl + %5 .
apf b#a

As Ay is a commutative algebra, it follows from the binomial formula that

Ty =00 Y BuFlg(m))iy &y = 0aTh

where (e,), is the canonical basis of RP. Observe now that, in view of (3.2.22), the Ay-linearity
of the total Gateaux derivative of y§ with respect to x* is equivalent to the Ag-linearity of all its
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partial Gateaux derivatives with respect to the 24 = (xﬁ, %) and the £{. For a = 0+ 9, € Ag
andv=14+0eR+ /OXO = Ay, this implies that

ATy = dagag),x Ya (04 - 1) = 0 - diagag),x Y (1) = 0aTh
i.e., that
O Y (Bt DFS o, (@)FRER = 0a > vaFiy (ay)d) &5 = UAZ (0o F5) ()R ER -
af a,Y:Ya 70

Since A € Z3GrAlg, vy € Ao, and x* € UPI4(A) are arbitrary, we can repeat the 6“-argument
used above. More precisely, we select (a, 3), select (x5,&5) such that i AE8 = B0, and select
by = BPOF € Ag such that HP0F6~ +£ 0. The coefficients of the latter monomial in the left and
right hand sides do coincide, which means that

: 1
(Ba+ 1)E2 5o () = (000 F23) (x))), or, equivalently, Fabv(xn) = 7—(836an _)(zy)) , (2.3.23)

a,y—eq
for all b, o, a, all v : v, # 0, and all z;; € 4P. For any b, «, and x|, we now set
Palxy)) = Falz)) € C=UP) .

An iterated application of (2.3.23) shows that
1
Foy (@) = %(ngbg)(:p”) :

Hence, the y§ have the form (3.2.29a) and (3.2.29b). This means that the natural transfor-
mation 3 is implemented by the ¢°, which define actually a Zj-morphism from UPlL to V'ls,
Indeed, the property (¢3)(UP) C V" follows from the similar property of (F{,). On the other

hand, the pullback
) = h(x)¢

must have the same degree as y°. However, if deg(£®) # deg(y®), then deg(£) # deg(y}),
whatever £5. It follows therefore from (2.3.20) that ¢% = F5, =

Part II. The proof of the converse implication is less demanding. Let 3 : UP14(—) — V'ls(—)
be a natural transformation that is induced by a Zj-morphism ¢ : UPle — Vrls e, that is of
the form (3.2.29a) and (3.2.29b). For any A € Z3GrAlg, the map [, is smooth and its derivative
is Ag-linear if and only if its components y§ have these properties. The total derivative of 3%
with respect to x* exists, is continuous, and is Ag-linear if and only if its partial derivatives
with respect to the 2% and the &4 exist, are continuous, and are Ag-linear. When computing
the derivative y§ with respect to €4 € A, at x* € UPI4(A) in the direction of wy € A, we get

Algl

Zﬂ‘ (996) () 3 () .. lnn + ((5A Ftwa)® — (E0)%) ()

If ; is odd, the exponent «; is 0 or 1. In the first (resp., the second) case, the limit vanishes
(resp., is wy). If 7; is even, the multiplication of vectors in A, is commutative and the binomial
formula shows that the limit is onz,-(fjéi)afl . The derivative thus exists, is continuous, and is
Ag-linear. Similarly, the derivative of ¢} with respect to x4 exists if and only if its derivatives
with respect to x|} and with respect to 3 exist. The (standard) computation of the derivative
with respect to z§ at x* in the direction of

VA = (U”,f}/\) € R x ./0\0
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thus leads to the sum of the terms
1 e ° «
>y @(35+ "% () 4 &5
aB

and
oy = 0%" ) (@) Ya d) &Zmzﬁ, (077 0) () i €5 -
a"/%ﬁﬁo

The derivative considered does therefore exist, is continuous, and is Ag-linear (note that it is
essential that the derivative is the series over a8 multiplied by vy — as a € Ay does not act on
uj1)- O

Remark 2.3.20. The Ag-linearity is a strong constraint that takes us from the category of
generalized Zj-manifolds to the one of Zj-manifolds. A similar phenomenon exists in complex
analysis. Indeed, for any real differentiable function f =u +iv:Q C C ~R? — C ~ R?, the
Jacobian is an R-linear map J; : R? — R?. However, if we further insist that the Jacobian be
C-linear, then we see that f must be holomorphic, that is, it must satisfy the Cauchy—Riemann
equations on §2. Imposing C-linearity thus greatly restricts class of functions and takes us from
real analysis to complex analysis.

It will also be important to understand what happens to the A-points of a given Z3-domain
under morphisms of Z3-Grassmann algebras.

Proposition 2.3.21. Let UP be a Z3-domain and let ¢* : A — A be a morphism of 73-
Grassmann algebras. The induced map ( see (2.3.4))

U= UP9(")  UPI(A) 5 X"~ (24, 60) > Y7 0 x™ = " (wa, &) € UPI(N)

15 a smooth map from the open subset L{plﬂ(A) of the Fréchet space and Fréchet Ag-module
RPI4(A) to the open subset UPIY(A') of the Fréchet space and Fréchet Ny-module RPI(A"), such
that

de-V(a-v) =9¢*(a) - de¥(v) ,

for all x* € UPI(A), v € RPI4(A) and a € Ay .
Proof. Since A = Ogoim({*}), so that
Y" € Homzp g (Opoim ({x}), Ogorm ({%}))
there is a unique morphism
= (¢], ") € Homzguen (R7 RO12) |

such that ¢* = ¢7,,. Hence, the morphism " is continuous from A = R[[f]] to A" = R[[¢]]
endowed with their standard locally convex topologies [12], and so are its restrictions | Asy
from A,, to A’_. We thus see that the induced map

N
= ("13)? x [ L@ a0
=1

1s continuous.

At x* =~ (25, 6p) = up € UP(A) and v ~ vy € RPI4(A), the derivative

AW : UPI9(A) x RPI4(A) — RPIE(A)
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is defined as

U(x* +tv)—¥(x*)

dx*\II(V) = lim

t—0 t
B C s Ve C VI
t—0 t
— ( ,w*(vx),...)
= (¥ (v}))
where a is the label a € {1,...,p} or A € {1,...,|g|} of any coordinate in R”!4(A), and where

we used the R-linearity of the Z3-algebra morphism ¢* : A — A’. Hence, for any a € Ay, we
get

deW(a-v) = (¥ (a-1})) = (¥*(a) - Y7 (03)) = ¥"(a) - duetp(v) .

Since the higher order derivatives of ¥ vanish, all its derivatives exist and are continuous, hence,
the map V¥ is actually smooth. O

2.3.4 The manifold structure on the set of A-points

The next theorem generalizes Propositions 2.3.17 and 2.3.21. For information about Fréchet
manifolds, we refer to Appendix 2.4.2. We recall that the A-points M(A) of a Z3-manifold
M can be equivalently viewed as the maps m = (|m|,m*) € Hom zpyan (R, M), as the global
pullbacks m* = mjy,| € Homzgag(Owm(|M]), A), or as the induced morphisms

mi S HongAlg((’)M@,A) 5

where x = |m|(x) € [M|. If M = UP is a Z}-domain, we often write x instead of m and we
can identify x ~ x* ~ x} with the pullbacks

(), tp, pa) € UP X AP x HA?;

by x* of the coordinate functions (u, p) in UP!4. Recall as well that Z5-morphisms ¢ : M — N
are mapped injectively to natural transformations ¢ : M(—) — N(—) with A-component

¢ = M(A) 3 (z,m) = ([9](x), m o d;) € N(A), (2.3.24)
and that, for any fixed M, a Z5-Grassmann algebra morphism ¢* : A — A’ induces a map

M(4p*) - M(A) 3 (z,m]) = (2,97 om]) € M(N).
Theorem 2.3.22. Let M be a Z5-manifold, and let A and A’ be Z3-Grassmann algebras. Then

i. M(A) has the structure of a nuclear Fréchet Ao-manifold, and,

it. given a morphism of Zy-Grassmann algebras ¥* : A — A, the induced mapping M (¢*)
15 Y*-smooth.

Proof.

i. Let p|q be the dimension of the Zj-manifold M. The local Zj-isomorphisms

. | 0o
ha = (Ihal,h3) : Us = (|Ual, Ontljvn)) = Ua™ = (UE, C5 L [[0]]) .
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where « varies in some A and where |U,| C |M| is open, provide an atlas on M (see
paragraph below Definition 2.2.10). As recalled above, the Z3-isomorphisms

he : U, — U

implement natural isomorphisms h,, with A-components

han : Ua(A) 3 (z,m5) = (|hal(2), m? o (ha)?) € UBL(A) (2.3.25)

whose inverses are the similar maps defined using

ho'l = |hal™ and  (hg')y = ((ha)juy 1)) (W EUR) .

Y

The family (U, (A), haa) (o € A) is an atlas that endows M (A) with a nuclear Fréchet
Ag-manifold structure. Indeed:

(a)

Any hoa : Uy(A) — uﬁ'q(A) is a bijection valued in the open subset uﬁ'Q(A) of the
nuclear Fréchet vector space RP4(A), which is also a Fréchet module over the nuclear
Fréchet algebra Ag. Moreover, as the |U,| are an open cover of |M|, we have

= U Ua(A)
acA

in view of Proposition 2.3.14.

The image haa(Us(A) N Ug(A)) is open in RPI4(A). To see this, set |Uyg| = |Ua| N
|Us| C |Uq| and consider the open Zjy-submanifold Uas = (|Uagl, Onmlju,,s)) of Us.
The Z3-isomorphism h,, restricts to a Ziy-isomorphism

plg
ho : Uspg = U,j
where the target is the open Z3-subdomain Z/Ip‘q of uﬁ‘g defined over the open subset
Usg = |hal(|Uasl) C UL,

obtained as the image of the open subset |U,g| C |U,| by the diffeomorphism |h,]|.
The restricted Zy-isomorphism h, induces a natural isomorphism h,, whose A-
component is a bijection

haon  Uag(A) = UPK(A)
Further, we have

Uaﬁ(A) - U HomZSAlg(OM,wa A) =

z€|Uag|
U HOmZnAlg OM;m ﬂ U HomZ”Alg OMI)‘/\) - Ua(A) N U5<A) .
z€|Ual z€|Ug|

Hence, the image hoa(Us(A) NUs(A)) = L{SE(A) C RPI4(A) is open.

We have still to prove that the transition bijections
_ | |
hoa(haa) ™" Ung () = Usg (A)
are Ag-smooth. In view of Theorem 2.3.19, the Zj-isomorphism

1l |
hghy' U — Uger
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induces a natural isomorphism hgh_! with a Ag-smooth A-component
_ | |
(Pshi)a : Ung (A) = Usy (A) .
In view of Equations (2.3.24) and (2.3.25), we get
(hsha)au,x3) = (Ihsh'(w), x5 o (hg o b)) =
(sl (hal = (1), x5 0 ((ha)fha-1(0) ™" © (R8)fha=1() = hoa((haa) ™ (w,x7))
for any (u,x}) € L{SE(A). It follows that hga(haa)™" = (hghy')a is Ag-smooth.
The statement of part (ii) is purely local, see Appendix 2.4.2. Let (z,m}) € M(A), let

(Ua(A), han) be a chart of M(A) around (x,m}), and let (Ug(A’), hga) be a chart of
M (A'), such that M (¢*)(Us(A)) C Ug(A'). We must show that the local form

haan o M(¥*) o (han)™"

of M (¢*) is ¢p*-smooth. Actually, we can choose (U, (A’), haas) as second chart, since the
image by M (¢*) of a point (y,n}) in U,(A), i.e., a point

*
(ya ’I’Li) € HomZ;‘Alg(OM,ya A)
with y € |U,|, is the point
(y,9"ony) € HomZSAlg(OM,wA,) )

i.e., in Uy(A'). From here, we omit subscript a.. Since h : U(—) — UPI9(—) is a natural
transformation, the diagram

U M(4r) U
hAl \L hA’
UPIZ(A) UPIL(A)
ur(y)

commutes. Since h is in fact a natural isomorphism, we get that
haro M(47%) o (ha) ™" = UPE(y") .
From Proposition 2.3.21 we conclude that this local form is indeed ¢ *-smooth.

O

In view of (2.3.8), in general, the local model RP4(A) of M(A) is infinite-dimensional, due

to the non-zero degree even coordinates of A. If the particular Zj-Grassmann algebra has no
non-zero degree even coordinates, then it is a polynomial algebra and the resulting local model
Rp@(/\) will, of course, be finite-dimensional. Further, we have the

Corollary 2.3.23. For any Z%-manifold M, the associated functor

M(—) € [Z5Pts®P, Set]
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can be considered as a functor
M(—) € [ZyPts®?, A(N)FMan)] ,

where the target category is either the category AFMan of Fréchet manifolds over a Fréchet
algebra or the category ANFMan of nuclear Fréchet manifolds over a nuclear Fréchet algebra, see
Appendiz 2.4.2. Therefore, the faithful restricted Yoneda functor Yzpecs, see Corollary 2.3.10,
can be viewed as a faithful functor

Vigees  ZyMan — [ZyPts®P, A(N)FMan] .

The latter statement requires that the natural transformation ¢ : M(—) — N(—) induced
by a Z5-morphism ¢ : M — N have components ¢, : M(A) — N(A) that are morphisms in
A(N)FMan between the Fréchet Ag-manifolds M(A) and N(A), i.e., that the ¢ be p-smooth for
some morphism p : Ay — Ay of Fréchet algebras. We will show in the next subsection that this
condition is satisfied for p = id,,, i.e., we will show that:

Proposition 2.3.24. Any natural transformation ¢ : M(—) — N(—) that is implemented by
a Zy-morphism ¢ : M — N has Ng-smooth components ¢ : M(A) — N(A).

Theorem 2.3.25. Let M € ZiMan be of dimension plq and let A € ZyGrAlg.

i. The nuclear Fréchet Ag-manifold M(A) is a fiber bundle in the category ANFMan. [ts base
is the nuclear Fréchet R-manifold M (R), i.e., the smooth manifold |M|, and its typical
fiber is the nuclear Fréchet Ag-manifold

N
APl = B [T A% (2.3.26)

i=1

it. The topology of M(A), which is defined, as in the case of smooth manifolds, by the atlas
providing the nuclear Fréchet Ng-structure, is a Hausdorff topology, so that M(A) is a
genuine Fréchet manifold.

Proof. (1) We think of fiber bundles in ANFMan exactly as of fiber bundles in the category of
smooth manifolds. Of course, in such a fiber bundle, all objects and arrows are ANFMan-objects
and ANFMan-morphisms.

Let p* : A — R be, as above, the canonical Z5GrAlg-morphism. The induced map

m:=M(p*): M(A) > (x,m]) — (x,p" om}) ~x € M(R) =~ |M|

is p*-smooth, i.e., is a morphism in the category ANFMan.

We will show that 7 is surjective and that the local triviality condition is satisfied.

Let z € |M|. There is a Zy-chart (U, h) of M, such that |U| C |M] is a neighborhood of
z. The Z%-isomorphism h : U — U induces a natural isomorphism h, whose A-components
are Ag-diffeomorphisms, i.e., Ag-smooth maps that have a Ag-smooth inverse. We have the
following commutative diagram:

ha
U(A) UPIL(A) = UP x APl

U(p*) = 7lu) U\ (p*) ~ prj,

UR) ~ |U| UPI(R) ~ P

hg = [h]
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where prj, is the canonical projection. Let us explain that U”4(p*) ~ prj,, when read through
b - UP x AP YPI4(A). We need a more explicit description of the equivalent views on A-
points of a Zj-domain, see beginning of Subsection 2.3.4. As elsewhere in this text, we denote
a Z5-morphism R™ — /P14 by x = (|x|,x*) and we denote the morphism it induces between
the stalks Ouqu‘(*) — A by x%. The morphism b is the succession of identifications

UP x NP9 3 (2, dn, E0) = x = (|x],x7) = (|x|(%),x%) € UPL(A) (2.3.27)

where the components of the base morphism [x| are obtained (see [15]) by applying the base
projection ¢, : A — R of R™ ie. the canonical morphism p*, to the components x4 =
(2f}, %) € Ag. Hence, we get

Ix|(x) = x| = (....p"(2}),...) =2 . (2.3.28)

Therefore, we actually obtain that
UL (") (o), s €0)) = (x[(%), p™ 0 35) = [x] (%) = ) = prjy (), £, ) -

Since 7|y = ||t o prj; 0 hy, the local projection 7|y () is surjective, so that z is in the
image of 7, which is thus surjective as well.

As just mentioned, we started from z € |M| and found a neighborhood |U| of z and a
Ao-diffeomorphism h,. When identifying |U| with U? via |h| (which then becomes id), we get
the Ag-diffeomorphism

ha 27 H(|U]) 2 U(A) 3 (y,m)) = (y,m}iohy) e |U| x APl (2.3.29)

Observe that in Equation (2.3.29) we used b~! defined in Equations (2.3.27) and (2.3.28), thus
identifying
(y,m} o hy) € Homzpag(Oppia ,, A) C UPI9(A)

with hom € HomZgMan(R()'m,up'ﬂ), and then with
(y, pro(m* (A" (x))), m* (h*(€))) € [U] x AP,

where we denoted the projection of Ay onto ]O\o by pry,. Notice also that the conclusion that
APl is a nuclear Fréchet Ag-manifold comes from the facts that any subspace (resp., any closed
subspace) of a nuclear (resp., a Fréchet) space is a nuclear (resp., a Fréchet) space.

Hence, the trivialization condition is satisfied as well, and M (A) is a fiber bundle in ANFMan,
as announced.

(ii) Now consider two different A-points m* = (z,m?) and n* = (y,n%) in M(A). If z # y,
then, as |M| is Hausdorff, there exist open neighborhoods |U| of xz and |V| of y, such that
|U|N|V| = 0. When denoting the corresponding open Z4-submanifolds by U and V, respectively,
we get open neighborhoods U(A) and V(A) of m* and n*, such that U(A) NV (A) = (). We
have of course to check that, for any Zj-chart (U,, h,), the image

haa(Ua(A) NU(A))

is open in RPIZ(A), and similarly for V(A). To see this, it suffices to proceed as in the proof of
Theorem 2.3.22.

Next, consider the situation where x = y =: z € | M|, use the trivialization constructed in
(i), and denote the canonical projection from UP x AP onto AP by prj,. As m* # n*, we have

hA(m*) 7é hA(n*), i.e.,
(Ih(2), pria(ha(m™))) # (|hl(2), priy(ha(n®))) -
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Since prj,(ha(m*)) # priy(ha(n*)) are points in the Hausdorff space API, there are open neigh-
borhoods V,,« and V,,« of these projections that do not intersect. The preimages U,,- and U,,«
of V,,+ and V,+ by the continuous map

prjgohy : U(A) — APl2

are then open neighborhoods of m* and n* that do not intersect.
Finally, the space M(A) is indeed a Hausdorff topological space. ]

2.3.5 The Schwarz—Voronov embedding

In order to get a fully faithful functor, hence, to embed the category ZiMan as full subcate-
gory into a functor category, we need to replace the target category [ZjPts°P, A(N)FMan| by a
subcategory that we denote by [Z5Pts°P, A(N)FMan] and that we define as follows:

Definition 2.3.26. The category [Z5Pts®P, A(N)FMan] is the subcategory of the category
[Z5Pts®P, A(N)FMan)|,

i. whose objects are the functors F, such that, for any A € ZiPts°P, the value F(A) is a
(nuclear) Fréchet Ag-manifold, and

ii. whose morphisms are natural transformations n : F — G, such that, for any A, the
component 7y : F(A) — G(A) is Ag-smooth.

Proposition 2.3.27. The restricted Yoneda functor Vippes can be considered as a faithful
functor
S : ZijMan — [Z5Pts®P, A(N)FMan] .

Proof. The image Vzzpes(M) of an object M € ZjMan is a functor M(—) € [Z;Pts®P, A(N)FMan],
such that, for any A, the value M(A) is a (nuclear) Fréchet Ag-manifold. Further, the image
Vizpes(9) of a Zy-morphism ¢ : M — N is a natural transformation ¢ : M(—) — N(—), such
that, for any A, the component ¢ : M(A) — N(A) is Ap-smooth.

The proof of Ag-smoothness uses the following construction, which we will also need later on.
Let M, N € Z3Man be manifolds of dimension p|q and r|s, respectively, let |¢| € C°(|M]|,|N|),
and let (|V3|)s be an open cover of |N| by Z2-charts

gs: Vi — VE'{ where Vs = (|Vs], Onljvy)) -

The open subsets |Ug| := |¢|71(|V3]) C | M| cover |M|, and each |Us| can be covered by Zj-
charts ‘
hga : Uga — Z/{gag, where Uﬁa = (‘Uﬁa’7oM||Uﬁa|) .

The Zg-morphism ¢ : M — N restricts to a Z5-morphism ¢|y,, : Usq — V3. In particular,

the composite
95 0 Olus © (hga) " Ué"f — Ve
is a Zy-morphism.

We now show that ¢, is Ag-smooth. Therefore, let (x,m%) € M(A). There is a Zj-chart
(Vi3,gs) of N such that |¢|(z) € |V3|, and there is a Z5-chart (Ugq, hga) of M such that x € |Ug,|.
These charts (we omit in the following the subscripts 5 and «) induce charts (U(A), hy) of M(A)
around (z,m%), and (V(A), ga) of N(A) such that g5 (U(A)) C V(A). It suffices to show (see
Appendix 2.4.2) that the local form

grogno(ha) ' =(godluoh )

is Ag-smooth. This is the case in view of Theorem 2.3.19. Finally, the faithfulness is established
in Corollary 2.3.10. This completes the proof. O
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We will prove that the functor S is fully faithful, hence, injective (up to isomorphism) on
objects. Therefore, it embeds the category ZiMan of Zj-manifolds as full subcategory into the
larger functor category [Z35Pts°P, A(N)FMan].

Definition 2.3.28. We refer to the faithful functor
S : ZiMan — [Z5Pts®?, A(N)FMan]
as the Schwarz—Voronov embedding.

Theorem 2.3.29. The Schwarz—Voronov embedding S is a fully faithful functor. That is, given
two Z5-manifolds M and N, the injective map

SM,N : HomZgMan (M7 N) — Hom[[ZgPtsop,A(N)FMan]] (M(_)7 N(_))
18 bijective.

Proof. Notice first that it follows from the results of [13] and Lemma 2.3.13 that there is a 1:1
correspondence

| M| ~ Homzyag (Onr(|M]).R) ~ | ] Homzpug(Orre, R) = M(R)

z€| M|

which is given by
T e, (2,6,)

where ¢, is the evaluation map e,(f) = (ef)(z) (f € On(]M])) and where ¢ is the base map
e: Ou — Cfyy- Hence, any (z,m}) € M(R) is equal to (z,;) and can be identified with .
In view of (2.3.25), this 1:1-correspondence identifies the nuclear Fréchet R-manifold structure
on M(R) with the smooth manifold structure on |M|.
Let now
n:M(=) = N(=)

be a natural transformation in the target set of Sysw, i.e., a natural transformation such that,
for any A, the A-component 7, is Ag-smooth. In particular, the map

0] := e : |M]| — [N,

is a smooth map between the reduced manifolds. As in the proof of Proposition 2.3.27, let
(Vs,98)3 be an open cover of |N| by Zj-charts, and, for any 3, let (Ugq, hga)a be an open
cover of |Us| := |¢|~1(|Vs]) by Zs-charts. When denoting the canonical Z3-Grassmann algebra
morphism A — R by p*, we get the commutative diagram

Use Usa(&) — 1, Va(A)
M (p*) Jl\’(p*) :
U Usel U 15l (2.3.30)

which shows that, for any 3, a, we get the Ag-smooth map

(M) |vsar) * UsalA) = Va(A) .

Indeed, if, for (z,m}) € Uga(A), we set na(z, m}) = (y,n}), the commutativity of the diagram
implies that

y =~ (y,p" ony) = (N(p*) oma)(z,m) = (e o M(p*))(z, m) = nr(x,p* o my) ~ [¢](x) € [V3] .
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Therefore, the restriction
MNsa=)  Usal=) = Va(=)

is a natural transformation with Ag-smooth components.
Note that
hoa : Usa = UL and gy : Vs — Ve

are Zj-isomorphisms and induce natural isomorphisms, also denoted by hg, and gz, whose
components are chart diffeomorphisms

Bpan : Usa(A) = UGH(A) and  gsn s Va(A) = VEE(A)

of nuclear Fréchet Ayp-manifolds. The local form

9.0 0 ()]0 (8) © () ™" UEL(A) = VEE(A)

of 1y is thus Ag-smooth. In other words, any A-component of the natural transformation

— ‘ TS
@p0 = 95 0 Musa(-) © Ma : Usa (=) = V(=) (2:3.31)

between functors associated to Z5-domains, is Ag-smooth. It therefore follows from 2.3.19 that
©ga is implemented by a Zj-morphism

Y r|s
gpﬁa . Z/{Ba % VB 5

so that the composite
D = 95" ©Ppa 0 hpa : Usa = N (2.3.32)

is a Zh-morphism that is defined on an open Zj-submanifold of M. The question is whether
we can patch together these locally defined Z3-morphisms, which are inherited from 7, and get
a globally defined Z}-morphism ¢ : M — N that induces 7.

Let ¢,3a|Uﬁa’w and qﬁ,,,AUBWH be the Zj-morphisms obtained by restriction to the open Zj-
submanifold Ug,,,,, with base manifold |Uga. | := |Uga|N|Usy|. They coincide as Z§-morphisms,
if they do as associated natural transformations, i.e., if all A-components of those transforma-
tions coincide. This is the case since both A-components are equal to nA|Uﬁa,uu(A)' It follows
that the Z3-algebra morphisms

¢Ba|*UBa7w7 ¢VM|?JBDL,W : ON(’ND — OM<|U,3@,VAL|)

coincide. This implies that we can glue the Zj-algebra morphisms ¢%,, : On(|N|) = O (|Usal)
and get a Zj-algebra morphism

¢* : ON(IN|) = On(|M]) -

Indeed, for any f € On(|N]), the ¢3,(f) € Oun(|Usal) are a family of Z3-functions on an open
cover of |M|, which do coincide on the intersections. To see this, note that

(D50 D0sanul = P8t () = bvulv,,,, (1) = (@0 (I iUsa 0l -

Hence, there is a unique global section ' € Oy (|M]) of the sheaf Oy, such that F|jy,,| =
¢5a(f). The Set-morphism, which is defined by

Oin: On(IN]) 3 f = F € Ou(|M]),
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is actually a morphism of ZJ-algebras. Indeed, note that

| M| x %
PUsal © PN = Ppa

@

(p is the restriction) and observe that, for any element |Ug,| of the open cover of | M| considered,
we have

(D13 (f - I 050l = P5a(f) - Dpal9) = (D)5 (f) - D (9] 1Usal -

The Zj3-algebra morphism ¢/, fully characterizes a Zj-morphism ¢ = (||¢[|, ¢*) : M — N . We
will show that ¢ induces the natural transformation 7, which then completes the proof.

Since ¢ is glued from the Z5-morphisms ¢g,, we get, in view of Equations (2.3.31) and
(2.3.32), in particular that

o] [1Usal = P8l = MrlUsa®) = @] [|Usa] 5 (2.3.33)
so that [|¢|| = |¢|. Further, for any |Vj|,

[Ugl

Pitnel © sl = O - On(IVal) = On(|Usal) - (2.3.34)

Let now A be any Zj-Grassmann algebra and let (xz,m}) € Ugo(A). As x € |Us,| and |¢|(z) €
|V3], it follows from Equations (2.3.33), (2.3.34), (2.3.31), and (2.3.32), that the image of (z, m})
by the A-component of the natural transformation induced by ¢ is

oz, my) = (|9(z),m] 0 ¢7) = (|¢pal(x), My © @by 0) = (Ppa)al(z, m5) = nalz, M) .

The following theorem is of importance in the study of Z3-Lie groups.

Theorem 2.3.30. The Schwarz—Voronov embedding S sends Z73-Lie groups G to functors
S(G) = G(—) from the category Z5Pts®P of Z5-Grassmann algebras to the category ANFLg of
nuclear Fréchet Lie groups over nuclear Fréchet algebras.

The proof is not entirely straightforward and will be given in a paper on Zj-Lie groups,
which is currently being written down.

2.3.6 Representability and equivalence of categories

As the Schwarz—Voronov embedding is fully faithful, the category ZjMan can be viewed as a
full subcategory of the category [Z5Pts®P, A(N)FMan]. Functor categories are known to be well-
suited for geometric constructions. Hence, when trying to build a Zj-manifold M (possibly
from other Zj-manifolds M,), it is often easier to build a functor F in [ZPts°P, A(N)FMan]
(from the given Z5-manifolds interpreted as functors M,(—)). However, one has then to show
that F can be represented by a Zj-manifold M, i.e., that there is a ZJ-manifold M, such that
M(—)~F.

Definition 2.3.31. A functor
F € [Z5Pts®P, A(N)FMan]

is said to be representable, if there exists a Zj-manifold M € ZiMan (which is then unique up
to unique isomorphism), such that

M(—)~F in [Z3Pts®?, A(N)FMan] .
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We define the restriction |y of a functor F € [Z5Pts, A(N)FMan] to an open subset
|U| ¢ F(R) € (N)FMan.
For any A € Z3GrAlg, let
pr:A—R

be the canonical projection, let
Flpp) - F(A) — F(R)
be the corresponding smooth map. The preimage
Flioy(A) = (F(pi) ' (IU]) (2.3.35)

is an open (nuclear) Fréchet Ag-submanifold of F(A).
Consider now a morphism ¢* : A — A’ in Z3GrAlg. As p}, op* = p}, we get the restriction

Fliwi(e™) = F@ )z m) : Flul(A) — Flu(A) (2.3.36)
which is a morphism in A(N)FMan.
Definition 2.3.32. For any functor
F € [Z5Pts®P, A(N)FMan]
and any open subset |U| C F(R), the restriction of F to |U] is the functor
Fliu) € [Z5Pts?, A(N)FMan]
that is defined by Equations (2.3.35) and (2.3.36).

Example 2.3.33. Let M € Z3jMan, let M(—) be the corresponding functor, and let |U| C
|M| ~ M(R) be an open subset. The restriction M (—)||y is given:

i. on objects A, by
M(=)jo(A) :=={(z,m}) € M(A) : (z,prom)) ~z € |U|} =U(A), (2.3.37)
where U = (|U|, Op|jp) is the open Zj-submanifold of M over |U|, and
ii. on morphisms ¢*: A — A’ by
M(=)ljoi(¢*) == M(p*)|ow) = Ule?) , (2.3.38)
since both maps are given by

U(A) 3 (x,m}) — (z,0 om}) € UN).

Let F be representable, let M be ‘its’ representing Z5-manifold, and let
n:F — M(—) (2.3.39)

be the corresponding natural isomorphism in [Z3Pts°, A(N)FMan]]. The maps 7, and 7, " are
then Ag-smooth, i.e., ny is a Ag-diffeomorphism, for any A. In particular, the map ng : F(R) —
M (R) is a diffeomorphism of (nuclear) Fréchet manifolds. This means that the (nuclear) Fréchet
structures on F(R) ~ M(R) coincide. Further, if one identifies F(R) ~ M(R) with |M|, the
(nuclear) Fréchet structure on F(R) ~ M (R) coincides with the smooth structure on |M|. We
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can therefore view F(R) as being the smooth manifold |M|. Consider now a Zj-atlas (Uy, ha)a
of M. If we denote the dimension of M by p|q, the Z3-chart map h, is a Zjy-isomorphism

he : U, — U

valued in a Zjy-domain of dimension p|g, which implies that

he : Ua(—) — UR9(—) (2.3.40)

is a natural isomorphism in [Z3Pts°P, A(N)FMan]. In view Equations (2.3.39), (2.3.37), (2.3.38),
and (2.3.40), the family (|U,]|) is an open cover of |M| ~ F(R), such that, for any «, we have

|
Fliva) = M(=)|jva = Ua(=) = Ua"(-)
in [Z5Pts, A(N)FMan].

Theorem 2.3.34. A functor F € [Z3Pts®, A(N)FMan] is representable if and only if there
exists an open cover (|Uy|)a of F(R), such that, for each o, we have

Fliva ~ U (-) (2.3.41)

in [Z3Pts®P, A(N)FMan], where U is Z3-domain in a fived R4,

Proof. We showed already that the condition is necessary. Assume now that Condition (2.3.41)
is satisfied, i.e., that we have natural isomorphisms

kot Fliv — UDL(—)

in [Z45Pts®P, A(N)FMan]. This means that the A-components

Fan : Fliow (A) = USYA)

are Ag-diffeomorphisms.
In particular, we have a diffeomorphism

ol += Fan : Flipa(R) = (F(p) " (1Ual) = [Ua] — U R) ~ U2

(67

Notice that (|Us|, |ha|)a can be interpreted as a smooth atlas on |M| := F(R). The direct
image of the structure sheaf O ,i, over Uf by the continuous map |ha| ™! : UE — |U,| is a sheaf

over |U,|, which we denote by Oy, :
. -1
Ov, = (hal )0,

The Z5-ringed space
Us == (|Ual, Ov,)

is isomorphic to the Zj-domain U, The isomorphism is hy := (|hal, hY), where h} is the
identity map (a composite of direct images is the direct image by the composite). In other
words, we have an isomorphism of Zj-manifolds

ho U, — UPL
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Consider now an overlap |U,s| := |U,| N |Ug| # 0. Omitting restrictions, we get that kgk,*
is a natural isomorphism (in [Z5Pts°, A(N)FMan])

Fgo = koky " s UDE(=) — UL (—)

« o

between functors corresponding to Zj-domains (defined as usual). In view of Theorem 2.3.19,
the natural isomorphism kg, is implemented by a Zj-isomorphism

plg plg
kga : U,z — Ug,, -

It follows that
¢5a = hElk’ﬁaha : Uaﬁ — Uﬂa

is an isomorphism of Zj-manifolds, where Uy := (|Uagl, Ov, |jv.s)- The Zj-manifolds U,
can thus be glued and provide then a Zj-manifold M over |M| = F(R), such that there are
Zig-isomorphisms (|Ua|, Oaljv,)) = Ua, if the 1, satisfy the cocycle condition.

Since the Schwarz—Voronov embedding is fully faithful, we have that 1,398, = ¥a as Zj-
morphisms if and only if the induced natural transformations coincide. However, for any A, we
get

(r50sa)a = (hyn) " kya(kpa)  hpa(han)  ksa(kan)  han = Vyan -

It remains to show that M actually represents F, i.e., that we can find a natural isomorphism
n: M(—) — F in the category [Z4Pts®P, A(N)FMan], i.e., that, for any A € Z3GrAlg, there is
a Ag-diffeomorphism 7, : M(A) — F(A) that is natural in A. As (|U,|) is an open cover of
| M|, the source decomposes as

M(A) = JUa(d),

the U,(A) being open (nuclear) Fréchet Ag-submanifolds. On any U,(A), we define 1y by
setting
nA‘Ua(A) = (ka’A)ilha,A : Ua(A) — .F||UQ‘(A) C F(A) .

These restrictions provide a well-defined map
na: M(A) — F(A) .
Indeed, if (z,m%) € Uy(A) N Us(A), we have
(ko)™ (han(z,m))) = (ksa) " (hpa(z,m)) if and only if  Ygan(z,m)) = (z,m]) .

However, since we glued M from the U,, the gluing Zj-isomorphisms /3, became identities
and so did the induced natural isomorphisms. The definition of n; ' is similar. The source F(A)
decomposes as

FA) = Flp. (),

the F|ip,|(A) being open (nuclear) Fréchet Ag-submanifolds. On any Flyr,(A), we define ny'
by setting
M F ) = (han) ™ a @ Fliog (A) = Ua(A) C M(A) .

The condition for these restrictions to give a well-defined map
my': F(A) = M(A)

is equivalent to the condition for n,. Clearly, the maps 1, and 77/(1 are inverses. Naturality
and Ag-smoothness are local questions and are therefore consequences of the naturality and the
Ag-smoothness of (k) 'haa and of (hea) kan. O
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We are now prepared to show that the category ZjMan is equivalent to a functor category.

Theorem 2.3.35. The category ZiMan of Z-manifolds (defined as Z4-ringed spaces that are lo-
cally isomorphic to Z%-domains) and Zy-morphisms (defined as morphisms of Z3-ringed spaces)
is equivalent to the full subcategory [Z5Pts?, A(N)FMan| .., of representable functors in
[Z35Pts©P, A(N)FMan].

In other words, the category ZiMan is equivalent to the category of locally trivial functors
in the subcategory of the functor category [Z5Pts®?, A(N)FMan|, whose objects F have values
F(A) in (nuclear) Fréchet Ap-manifolds and whose morphisms are the natural transformations
with Ag-smooth components.

Remark 2.3.36. This result is reminiscent of the identification of schemes with those con-
travariant functors from affine schemes to sets that are sheaves (for the Zariski topology on
affine schemes) and have a cover by open immersions of affine schemes.

Proof. The Schwarz—Voronov embedding viewed as functor valued in [Z5Pts?, A(N)FMan| ep is

obviously fully faithful and essentially surjective. It thus induces an equivalence of categories.
]
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2.4 Appendix

2.4.1 Generating sets of categories

We will freely use Mac Lane’s book [33] as our source of categorical notions and proofs of
general statements. For completeness, we recall the concept of generating set of a category.

Definition 2.4.1 ([33], page 127). Let C be a category. A set S = {S; € Ob(C) : i € I}, where
I is any index set, is said to be a generating set of C, if, for any pair of distinct C-morphisms

o, A— B,
i.e., ¢ # 1, there exists some i € [ and a C-morphism
s: 8 — A,
such that the compositions
s ¢
(]
are distinct, i.e., ¢ o s # 1) o s. In this case, we say that the object S; separates the morphisms
¢ and v, and that the set S generates the category C.

Example 2.4.2. The set {R} is a generating set of the category of finite dimensional real
vector spaces. This is easily seen, as, if we have two distinct linear maps ¢,y : V. — W, then
there exists a vector v € V' (v # 0), such that ¢(v) # ¢(v). Thus, the two linear maps differ
on the one dimensional subspace generated by v. Now let z be a basis of R. Then, the linear
map s : R — V given by s(z) = v, keeps ¢ and 1) separate.
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Proposition 2.4.3. For any locally small category C, a set S C Ob(C) generates C if and only
if the restricted Yoneda embedding

Vs :C— [S, Set],
where S is viewed as full subcategory of C, is faithful.

Proof. The restricted embedding is defined on objects by
YVs(A) = Home(—, A) € [SP, Set]

and on morphisms by

Ys(¢) = Home(—, ¢) : Vs(A) = Vs(B) ,

where

(Vs())s, : Home(S;, A) 2 s+ ¢pos € Home(S;, B) .

The embedding Vs is faithful if and only if, for any different ¢, : A — B, the corresponding
natural transformations are distinct, i.e., there is at least one ¢ € I and one s € Hom¢(S;, A),
such that pos#1os. [

2.4.2 Fréchet spaces, modules and manifolds

Manifolds over algebras A, also known as A-manifolds, are manifolds for which the tangent
spaces are endowed with a module structure over a given finite-dimensional commutative alge-
bra. For details, the reader may consult Shurygin [47, 48, 49], and for a discussion of the specific
case of (the even part of) Grassmann algebras one may consult Azarmi [6]. A comprehensive
introduction to the subject can be found in the book by Vishnevskii, Shirokov, and Shurygin
[54] (in Russian). The concept needed in this paper is a infinite-dimensional generalisation of
an A-manifold to the category of Fréchet algebras and Fréchet manifolds. For an introduction
to locally convex spaces, including Fréchet vector spaces, we refer the reader to Conway [14,
Chapter 1V], Treves [53, Part I], or Rudin [40, Chapter 1]. A brief introduction to Fréchet
algebras can be found in Waelbroeck [56, Chapter VII]. For Fréchet manifolds, the reader can
consult Saunders [42, Chapter 7] and Hamilton [28, Part 1.4].

Definition 2.4.4. A Fréchet (vector) space is a complete Hausdorff metrizable locally convex
topological vector space.

There exist a few other, equivalent, definitions of Fréchet spaces. The topology on a locally
convex space is metrizable if and only if it can be derived from a countable family of semi-norms
|| = ||k, & € N. The topology is Hausdorff if and only if the family of semi-norms is separating,
i.e., if ||x||[x = 0, for all k, implies x = 0. Given such a family of semi-norms, one defines a
translationally invariant metric that induces the topology by setting

Sy Ll
(X7Y) kZ:O 1+HX_YHk )

for all x and y.

Example 2.4.5. Let M = (|]M|, O) be a Zj-manifold. For any open subset U C |M|, the space
O(U) of Zy-functions on U is a Fréchet space. An inducing family of semi-norms is given by

flle.p = supsec [e(D(f)) ()],
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where € is the projection ¢ : O(U) — C*°(U) of Zj-functions to base functions, where C' is
any compact subset of U, and where D is any Z3-differential operator over U. Details on the
construction of a countable family of semi-norms that is equivalent to (|| — ||c.p)c.p, can be
found in the proof of the last lemma in [12].

Given two Fréchet spaces (F, (|| = ||f )ken) and (G, (|| = ||¢)ken), a linear map
o F— G,
is continuous if and only if, for every semi-norm || — ||¢, there exists a semi-norm || — || and

a positive real number C' > 0, such that
G
loG)IIE < ClIxII
for every x € F. A similar result holds for continuous bilinear maps
¢o:FxG—H.

The morphisms of Fréchet spaces are the continuous linear maps, so that the category of Fréchet
spaces is a full subcategory of the category of topological vector spaces.

What makes Fréchet spaces interesting, is the fact that they have just enough structure to
define a derivative of a mapping between such spaces. This leads to a meaningful notion of a
smooth map between Fréchet spaces, and so much of finite dimensional differential geometry
can be transferred to the infinite dimensional setting, using Fréchet spaces as local models. The
well known Gateauz (directional) derivative is defined as follows.

Definition 2.4.6. Let F' and G be Fréchet spaces and U C F' be open, and let ¢ : U — G be
a (nonlinear) continuous map. Then the derivative of ¢ in the direction of v € F at x € U is
defined as

dxo(v) := lim plx+tv) — ¢(x)

t—0 t

provided the limit exists. We say that ¢ is continuously differentiable, if the limit exists for all
x € U and v € F, and if the mapping

dp:Ux F— G
is (jointly) continuous.

Higher order derivatives are defined inductively, i.e.,

d H(v1, Vo o vi) — Ap(ve, va, ..., vy
A" d(ve, va, ., Vier) == lim Xk (v, vz, - Vi) xO(V1, V2, - Vi)

t—0 t

A continuous map ¢ : U — G is then said to be k times continuously differentiable or to be of
class C*, if
d*¢ U x F** — G

is continuous (or, more explicitly, if all its derivatives of order < k exist everywhere and are
continuous). If ¢ is of class C¥, its derivative d*¢(vy, va, ..., vy) is multilinear and symmetric
in F*¥ [46]. Furthermore, we say that ¢ is smooth, if it is of class C*, for all k.
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Proposition 2.4.7. Let Fy, F, be Fréchet spaces and let U C Fy X Fy be an open subset. A
continuous map ¢ : U — G wvalued in a Fréchet space G is of class C' if and only if its (total)
derivative

do: U x (Fy x Fy) 2 ((f1, f2), (vi,v2)) = dgy 1) & (vi,v2) € G

18 continuous, which is the case if and only if the naturally defined partial derivatives

dfl gb U X F1 3 ((fth)aVl) = dfly(fhfz) ¢(V1) €G

and
df2 gb U X Fy 3 ((fla f2)vv2) = df27(f17f2) ¢(V2> €G

are continuous. In this case, we have

dify ) @ (Vi,V2) = dpy (51,p) @ (V1) + Ay prp0) @ (V2) -

The Gateaux or Fréchet-Gateaux derivative gives a rather weak notion of differentiation,
however, most of the standard results from calculus in the finite dimensional setting remain
true. Specifically, the fundamental theorem of calculus and the chain rule still hold. However,
the inverse function theorem is in general lost. For a special class of Fréchet spaces, known
as ‘tame’ Fréchet spaces, there is an analogue of the inverse function theorem known as the
Nash—Moser inverse function theorem, see Hamilton [28] for details.

A nuclear space is a locally convex topological vector space F, such that, for any locally
convex topological vector space G, the natural map F®,G — F®,G from the projective to
the injective tensor product of F' and G is an isomorphism of locally convex topological vector
spaces. In particular, a nuclear Fréchet space is a locally convex topological vector space that
is a nuclear space and a Fréchet space. Loosely, if a space F' is nuclear, then, for any locally
convex space G, the complete topological vector space F® G is independent of the locally
convex topology considered on F' ® G. Because of this, and their nice dual properties, nuclear
spaces provide a reasonable setting for infinite dimensional analysis. All the Fréchet spaces we
encounter in this paper are in fact nuclear.

The following definition is standard.

Definition 2.4.8. A Fréchet algebra is a Fréchet vector space A, which is equipped with an
associative bilinear and (jointly) continuous multiplication - : A x A — A. If (p;)ics is a family
of semi-norms that induces the topology on A, (joint) continuity is equivalent to the existence,
foranyt € I,of j€ I, keI, and C > 0, such that

pi(r-y) < Cpj(x) pe(y), Yo,y € A .

We can always consider an equivalent increasing countable family of semi-norms (|| — ||,)nen-
The preceding condition then requires that, for any n € N, there is € N (r > n) and C' > 0,
such that

- ylln < Cllzlls Yl Yo,y € A.

In particular, the topology can be induced by a countable family of submultiplicative semi-
norms, i.e., by a family (g, )nen that satisfies

(- y) <qu(@)gn(y), YneN, Vo, y € A.

Note that many authors define a Fréchet algebra simply as a Fréchet vector space, which
carries an associative bilinear multiplication, and whose topology can be induced by a countable
family of submultiplicative semi-norms. This latter definition is equivalent to the former.

In general, a Fréchet algebra need not be unital, and, if it is, one does not require p;(14) = 1,
in contrast to what is usually required for Banach algebras.
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Example 2.4.9 (Formal power series). Consider the space

R([#1, 22, - - -, 24]]
of formal power series in ¢ parameters and coefficients in reals. We set j := (j1, j2, ..., ;) € N*¢
and |j| :== j1 + jo + -+ + j,- A general series x now reads

_ E Jo. E J1 32 Jag. ..
X = z a/] = Zl 22 Ce Zq a]thh s
J J

with no question on the convergence. The algebra structure is the standard multiplication of
formal power series. The topology of coordinate-wise convergence is metrizable and given by
the family of semi-norms

Ixlle ==Y " lajl, VEkeN.

1<k

This algebra is unital with the obvious unit, and it is submultiplicative.

Let us denote the category of Fréchet algebras (resp., commutative Fréchet algebras) as FAlg
(resp., CFAlg). Morphisms in this category are defined to be continuous algebra morphisms. If
we restrict attention to nuclear Fréchet algebras (resp., commutative nuclear Fréchet algebras),
then we work in the full subcategory NFAlg (resp., CNFAlg).

Definition 2.4.10. Fix A € FAlg. A Fréchet A-module is a Fréchet vector space F', together
with a continuous action

Ax F X F

(a,v) = p(a,v),

which we will write as u(a,v) := a-v (and which is of course compatible with the multiplication
in A).

We give a short survey on Fréchet manifolds.

Definition 2.4.11. Let M be a set. An F-chart of M is a bijective map ¢ : U — ¢(U) C F,
where U C M and ¢(U) is an open subset of a Fréchet space F'.

A Fréchet atlas can be defined using charts valued in various Fréchet spaces. For our
purposes, it is sufficient to consider a fixed Fréchet model.

Definition 2.4.12. Let M be a set. A smooth F-atlas on M is a collection of F-charts
((Ua, @a))aca , such that

i. the subsets U, cover the set M,
ii. the subsets ¢,(U, N Ug) are open in F,
iii. the transition maps
$pa = Pp0 by : Ga(UaNUs) C F — ¢p(UsNUs) C F

are smooth.
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A new F-chart (U, ¢) on M is compatible with a given smooth F-atlas, if and only if their
union is again a smooth F-atlas, i.e., the subsets ¢(UNU,) C F and ¢,(U,NU) C F are open,
and the transition maps

a0 i p(UNU,) — ¢o(UsNU) and ¢o¢ " : ¢po(UaNU) — ¢(UNU,)

are smooth (for every a € A). Similarly, two smooth F-atlases are compatible provided their
union is also a smooth F-atlas. Compatibility is an equivalence relation on all possible smooth
F-atlases on M.

Definition 2.4.13. A smooth F-structure on a set M is a choice of an equivalence class of
smooth F-atlases on M. We say that M is a Fréchet manifold modelled on the Fréchet space
F, if M comes equipped with a smooth F-structure. If the model vector space F' is nuclear,
we speak of a nuclear Fréchet manifold.

A smooth F-atlas on a Fréchet manifold M allows us to define in the obvious way a topology
on M, which is independent of the atlas considered in the chosen equivalence class. The domain
U of an F-chart (U, ¢) is open in this topology and the bijective map ¢ : U C M — ¢(U) C F
is a homeomorphism for the induced topologies. Most authors confine themselves to Fréchet
manifolds, whose topology is Hausdorff.

Morphisms between two Fréchet manifolds are the smooth maps between them, where smooth-
ness is defined, just as in the finite dimensional case of smooth manifolds, in terms of charts and
smoothness of local representatives of the maps. We denote the category of Fréchet manifolds
and the morphisms between them by FMan.

Further, the tangent space T ;M to a Fréchet manifold M at a point f € M can be defined
as usual, using the tangency equivalence relation for the smooth curves of M that pass through
f at time 0. One can easily see that T ;M is a Fréchet space. The concept of Fréchet vector
bundle is the natural generalization of the notion of smooth vector bundle to the category of
Fréchet manifolds. The tangent bundle T.M of a Fréchet manifold M is an example of a Fréchet
vector bundle.

In general, we must make a distinction between the ( kinematic) tangent bundle as defined
here and the operational tangent bundle defined in terms of derivations of the algebra of func-
tions of a Fréchet manifold. Indeed, the two notions do not, in general, coincide, there are
derivations that do not correspond to tangent vectors. However, it is known that for nuclear
Fréchet manifolds the two concepts do coincide.

Let § : M — N be a smooth map between Fréchet manifolds modelled on Fréchet spaces
F and G, respectively. There is a tangent map TF of §, which is a smooth map

TF:TM = TN,
and restricts, for any f € M, to a linear map
'I]'fS: 'I]'f/\/l — -u—g(f)./\[ .

As in the finite dimensional case, the local representative of T;§ is the derivative dy(s)(¢F¢ ")
of the corresponding local representative

Vot op(U)C F — G

of § at the point ¢(f).

Fundamental to the work in this paper are Fréchet manifolds with a further module structure
on their tangent bundle.
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Definition 2.4.14. Let M be a Fréchet manifold, whose model Fréchet space F' is a module
over a Fréchet algebra A. We say that M is a Fréchet A-manifold, if and only if all transition
maps are A-linear, i.e.,

dga(nPpala-v) = a-dg,(nPsalv) ,

forall feU, N U, ac€ A, and v e F.

Morphisms between Fréchet A-manifolds M and N are the A-smooth maps between them,
i.e., are the smooth maps § : M — N that are A-linear at every point. This means that, for
any point f € M, there is an M-chart (U, ¢) around f and an N-chart (V,1) around F(f)
that contains §F(U), such that the local representative

do(p)(To™")

of the derivative T;§ is an A-linear endomorphism of the A-module F. The requirement
actually means that the derivative T ;§ must be A-linear at any point f € M. In this way, we
obtain the category of Fréchet A-manifolds, which we denote as AFMan.

In this paper, we will use the category AFMan, whose objects are the Fréchet A-manifolds,
where A is not a fixed Fréchet algebra, but any Fréchet algebra. The definition of AFMan-
morphisms generalizes the definition of AFMan-morphisms. Suppose that M is a Fréchet A-
manifold modelled on an A-module F' and N is a Fréchet B-manifold modelled on a B-module
G. The AFMan-morphisms from M to N are the A-smooth maps between them, i.e., those
smooth maps § : M — N that are at any point compatible with the module structures of F
and . This means that there is a Fréchet algebra morphism p: A — B, and, for any f € M,
there exist charts (U, ¢) and (V) as above, such that

do(p) (0T~ )(a - v) = p(a) - dgcp) (T~ 1) (v)

for any a € A and v € F. This requirement actually means that, for any f, the derivative T ;§
is compatible with the induced actions on the tangent spaces. We will refer to an A-smooth map
with associated Fréchet algebra morphism p, as a p-smooth map. If we restrict our attention to
nuclear objects, i.e, the model Fréchet vector space and the Fréchet algebra are both nuclear,
then we denote the corresponding category as ANFMan.
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Chapter 3

Linear ZS-Manifolds and Linear
Actions

The next research paper was published in “SIGMA”17 (2021), 060, 58 pages (joint work with
Andrew James Bruce and Norbert Poncin).

Abstract

We establish the representability of the general linear Z5-group and use the restricted functor of
points — whose test category is the category of Z3-manifolds over a single topological point — to
define its smooth linear actions on Zj-graded vector spaces and linear ZJ-manifolds. Through-
out the paper, particular emphasis is placed on the full faithfulness and target category of the
restricted functor of points of a number of categories that we are using.

3.1 Introduction

In order to be able to deal with the technical details of vector bundles and related structures in
the category of Z5-manifolds (for n = 1 see [6]), we need some foundational results on Zj-Lie
groups and their smooth linear actions on linear ZJ-manifolds. However, the proofs of some
folklore results, i.e., results that we tended to accept somewhat hands-waving, are often not at
all obvious in the Zj-context. The present paper, beyond its supposed applications, intrinsic
interest and the beauty of some of its developments, raises the question of the scientific value
of ‘results’ that are partially based on speculations.

Loosely speaking, Zj-manifolds (Z5 = Z;") are ‘manifolds’ for which the structure sheaf
has a Z3-grading and the commutation rules for the local coordinates comes from the standard
scalar product (see [11, 13, 14, 15, 19, 20, 21, 23, 37| for details). This is not just a trivial or
straightforward generalization of the notion of a standard supermanifold, as one has to deal
with formal coordinates that anticommute with other formal coordinates, but are themselves
not nilpotent. Due to the presence of formal variables that are not nilpotent, formal power
series are used rather than polynomials. Recall that for standard supermanifolds all functions
are polynomial in the Grassmann odd variables. The theory of Z5-geometry is currently being
developed and many foundational questions remain. For completeness, we include Appendix
3.5.2 in which the foundations of ZJ-geometry are given. In this paper, we examine the relation
between Z3-graded vector spaces and linear Z5-manifolds, and then we use this to define linear
actions of Z3-Lie groups.

In the literature on supergeometry, the symbol RP9 has two distinct, but related meanings.
First, we have the notion of a Zs-graded, or super, vector space with p even and ¢ odd dimen-
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sions, i.e., the real vector space R”4 = RP @ R?. Secondly, we have the locally ringed space
RPl = (Rp, ﬁiﬁ[é‘]), where £ (i € {1,...,q}) are the generators of a Grassmann algebra. The
difference can be highlighted by identifying the points of these objects. The Zo-graded vector
space has as its underlying topological space RP* (we just forget the “superstructure”), while
for the locally ringed space the topological space is RP. There are several ways of showing that
these two notions are deeply tied. In particular, the category of finite dimensional super vector
spaces is equivalent to the category of “linear supermanifolds” (see [32, 33, 38]).

In this paper, we will show that the categories of finite dimensional Zj-graded vector spaces
V and linear Z5-manifolds V' are isomorphic. We do this by explicitly constructing a ‘man-
ifoldification’ functor M, which associates a linear Zj-manifold to every finite dimensional
Z3-graded vector space, and a ‘vectorification’ functor, which is the inverse of the previous
functor. It turns out that working in a coordinate-independent way (V,V') is much more
complex than working with canonical coordinates (RPI4, RPI4).

Throughout this article, a special focus is placed on functors of points. The functor of points
has been used informally in Physics as from the very beginning. It is actually of importance in
contexts where there is no good notion of point as in Super- and Zj-Geometry and in Algebraic
Geometry. For instance, Homotopical Algebraic Geometry [43, 44| and its generalisation that
goes under the name of Homotopical Algebraic Geometry over Differential Operators [25, 26],
are completely based on the functor of points approach. In this paper, we are particularly inter-
ested in functors of A-points, i.e., functors of points from appropriate locally small categories C
to a functor category whose source is not the category C°° but the category G of Z3-Grassmann
algebras A . However, functors of points that are restricted to the very simple test category G
are fully faithful only if we replace the target category of the functor category by a subcategory
of the category of sets.

More precisely, closely related to the above isomorphism of supervector spaces and linear
supermanifolds is the so-called ‘even rules’. Loosely this means including extra odd parameters
to render everything even and in doing so one removes copious sign factors (see for example [24,
§1.7]). We will establish an analogue of the even rules in our higher graded setting which we will
refer to as the ‘zero degree rules’ (see Definition 3.2.1). To address this we will make extensive
use of Zh-Grassmann algebras A, A-points and the Schwarz—Voronov embedding, which is a
fully faithful functor of points § from Z3-manifolds to a functor category with source G and the
category of Fréchet manifolds over commutative Fréchet algebras as target (see [13]). We show
that the zero degree rules functor F, understood as an assignment of a functor from G to the
category of modules over commutative [Fréchet] algebras, given a [finite dimensional] Z2-graded
vector space, is fully faithful (see Theorem 3.2.2 [and Proposition 3.2.25]). The ‘zero degree
rules’ allow one to identity a finite dimensional Z3-graded vector space, considered as a functor,
with the functor of points of its ‘manifoldification’. In other words, the composite S o M and
F can be viewed as functors between the same categories and are naturally isomorphic. This
identification is fundamental when describing linear group actions on Zj-graded vector spaces
and linear Z3-manifolds.

Another important part of this work is the category of Zj-Lie groups and its fully faithful
functor of points valued in a functor category with G as source category and Fréchet Lie groups
over commutative Fréchet algebras as target category. We define the general linear Z3-group
as a functor in this functor category and show that it is representable, i.e., is a genuine Z7-
manifold (see Theorem 3.3.4). This leads to interesting insights into the computation of the
inverse of an invertible degree zero Z3-graded square matrix of dimension p|g with entries in a
Z5-commutative algebra. Furthermore, the approach using A-points and the zero rules allows
us to construct a canonical smooth linear action of the general linear Z3-group on Zi-graded
vector spaces and linear Z5-manifolds. All these notions, in particular the equivalence between
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the definitions of a smooth linear action as natural transformation and as Zj-morphism, are
carefully and explicitly explained in the main text.

We remark that many of the statements in this paper are not surprising in themselves.
However, due to the subtleties of Zj-geometry, many of the proofs are much more involved
than the analogue statements in supergeometry. The main source of difficulty is that one has
to deal with formal power series in non-zero degree coordinates, rather than polynomials as one
does in supergeometry. This forces one to work with infinite dimensional objects and the [J-
adic topology (7 is the ideal generated by non-zero degree elements). Many of the ‘categorical’
proofs are significantly more involved than the proofs for supermanifolds. In general, there is a
lot of work to establish the form of natural transformations as we have non-nilpotent elements
of non-zero degree. While the ethos of the proofs may be standard, they are not, in general,
simple or routine checks due to the aforementioned subtleties.

Motivation from physics: Z}-gradings (n > 2) can be found in the theory of parastatistics
(see for example [27, 28, 29, 49]) and in relation to an alternative approach to supersymmetry
[45]. ‘Higher graded’ generalizations of the super Schrodinger algebra (see [3]) and the super
Poincaré algebra (see [10]) have appeared in the literature. Furthermore, such gradings appear
in the theory of mixed symmetry tensors as found in string theory and some formulations of
supergravity (see [12]). It must also be pointed out that quaternions and more general Clifford
algebras can be understood as Zj-graded Z5-commutative algebras [4, 5]. Finally, any ‘sign
rule’ can be interpreted in terms of a Zj-grading (see [19]).

Background: For various sheaf-theoretical notions we will draw upon Hartshorne [31, Chapter
I1] and Tennison [42]. There are several good introductory books on the theory of superman-
ifolds including Bartocci, Bruzzo & Herndndez Ruipérez [7], Carmeli, Caston & Fioresi [16],
Deligne & Morgan [24] and Varadarajan [46]. For categorical notions we will be based on Mac
Lane [35]. We will make extensive use of the constructions and statements found in our earlier
publications [13, 14, 15].

3.2 Zj5-graded vector spaces and Linear Zj-manifolds

3.2.1 Zy-graded vector spaces and the zero degree rules

When dealing with linear superalgebra one encounters the so-called even rules (see [16, §1.8],
[24, §1.7] and [46, pages 123-124], for example). Very informally, the idea is to remove sign
factors by allowing extra parameters to render the situation completely even. The idea has
been applied in physics since the early days of supersymmetry. More precisely, let

V(A)= (A V)

be the even part of the extension of scalars in a (real) super vector space V, from the base field
R to a supercommutative algebra A € SAlg (in the even rules that we are about to describe,
it actually suffices to use supercommutative Grassmann algebras A = R[fy,...,0y]: the 6; are
then the extra parameters mentioned before). The main result in even rules states, roughly,
that defining a morphism ¢ : V®V — V is equivalent to defining it functorially on the even part
of V after extension of scalars, i.e., is equivalent to defining a functorial family of morphisms

d(A):V(A) x V(A) - V(A)

(indexed by A € SAlg). More precisely, there is a 1:1 correspondence between parity respecting
R-linear maps ¢ : V; ® ... ® V,, — V and functorial families

G(A) : Vi(A) x ... x Vo(A) = V(A)
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(A € SAlg) of Ap-multilinear maps.

We now proceed to generalise this theorem to the Zj-setting. We will work with the category
Z5GrAlg of Zy-Grassmann algebras rather than the category ZjAlg of all Zj-commutative
algebras.

Let V = @ﬁio V., be a (real) Zj-graded vector space, i.e., a (real) vector space with a direct
sum decomposition over i € {0, ..., N} (we say that the vectors of V,, are of degree ; € Z). The
category of Zj-graded vector spaces (not necessarily finite dimensional) we denote as ZjVec.
Morphisms in this category are degree preserving linear maps. We denote the category of
modules over commutative algebras as AMod (see Appendix 3.5.1).

To V we associate a functor
V(—) € Fung(Z5Pts®?, AMod)

in the category of those functors whose value on any Z3-Grassmann algebra A € ZJPts®P is
a Ag-module, and of those natural transformations that have Ag-linear A-components. The
functor V(—) is essentially the tensor product functor — ® V. It is built in the following way.
First, for every Zj-Grassmann algebra A, we define

V(A):=(A® V)O € AgMod

where the tensor product is over R. Secondly, for any Zj-algebra morphism ¢* : A — A’ we
define

Vi) = (¢*® ]lv)m
where the RHS is the restriction of ¢* ® 1y to the degree 0 part of A ® V', so that V(¢*) is an

AMod-morphism
V(e*) : V(A) = V(A), (3.2.1)

whose associated algebra morphism is the restriction (¢*)o : Ag — Af. It is clear that V(—)
respects compositions and identities and is thus a functor, as announced.

We thus get an assignment
F :ZiVec 5V — F(V) :=V(—) € Funy(Z;5Pts°?, AMod) .

The map F is essentially — ® e and is itself a functor. It associates to any grading respecting
linear map ¢ : V — W and any ZJ-Grassmann algebra A, a Ay-linear map

on = (LA ®@P)o: V(A) = W(A) .

The family F(¢) := ¢_ is a natural transformation from F (V') to F(W). Since F respects
compositions and identities, it is actually a functor valued in the restricted functor category
Fung(Z45Pts®P AMod) .

Definition 3.2.1. The functor
F : ZiyVec — Fungy(Z5Pts®?, AMod)
is referred to as the zero degree rules functor.
Theorem 3.2.2. The zero degree rules functor
F : ZyVec — Fungy(Z5Pts?, AMod)
18 fully faithful, v.e., for any pair of Z3-graded vector spaces V- and W, the map
Fvw : HomZQVec(V, W) — HomFuno(ngtsop,AMod) (-F(V)>f(W)) )

18 a bijection.
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This result is the Z5-counterpart of the 1:1 correspondence mentioned above.

Proof. We show first that the map Fy v is injective. Let ¢,v : V' — W be two degree preserving
linear maps, and assume that F(¢) = ¢_ = - = F (1), so that, for any A € ZiPts°? and any
A®v e V(A), we have

AR (V) =pa(A®@v) =y AR v) =A@ Y(v) . (3.2.2)

Notice now that

N
Vi) =AeV),=PAr, eV,
i=0
and let A be the Grassmann algebra
Ay =R[[0y,...,0x]] (3.2.3)

that has exactly one generator #; in each non-zero degree v; € Z3 (N = 2" —1). For any
v; € V,;, Equation (3.2.2) implies that 6; ® ¢(v;) = 0; ® ¢ (v;), so that ¢ and 1) coincide on V,,
for all j € {1,...,N}. For vy € Vj := V,, and A = 1, the same equation shows that ¢ and ¢
coincide also on V4.

To prove surjectivity, we consider an arbitrary natural transformation ®_ : V(=) — W (—)
and will define a degree 0 linear map ¢ : V' — W, such that F(¢) = ¢_ = ®_, i.e., such that,
for any A € Z5Pts®P, we have

Pr = Pp (3.2.4)

on V(A). Since an element of V(A) (uniquely) decomposes into a sum over i € {0,..., N} of
(not uniquely defined) finite sums of decomposable tensors \; ® v;, with (not uniquely defined)
factors \; and v; of degree 7;, it suffices to show that

PA(Ni @ v;) = Pp (N @ ;) (3.2.5)

for all - € {0,..., N}.

Further, it suffices to prove Condition (3.2.5) for A; (see (3.2.3)) and for the tensors 6; ® v;
(6o :==1,v; € V,,,i € {0,...,N}). The observation follows from naturality of ®. Indeed, assume
that (3.2.5) is satisfied for A; and the decomposable tensors just mentioned (Assumption (%)).
For any fixed ¢ € {1,..., N} (resp., i = 0), and for A, \; and v; as above, let * : Ay — A be
the Z3-algebra map defined by ¢*(6;) = \;, ¢*(6;) =0 for j # 4,7 # 0, and ¢*(6p) = ¢*(1) =1
(resp., ¢*(6;) = 0 for all j # 0, and ¢*(6y) = ¢*(1) = 1). Fori € {1,..., N}, when applying
the naturality condition
Dy,

V(A1) W(Ay)
V(p*) W(e*)
V(A) o W(A)

to 0; ® v;, we get clockwise
W (") (P, (0 @ vi)) = W(p")(0: @ p(v;)) = 0™ (0:) ® ¢(vi) = A ® ¢(v;) = da(Ni @ v3)
in view of (%), whereas anticlockwise we obtain

PA(V (") @ v3)) = Pa(Ni @ v;)
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Hence, Condition (3.2.5) holds for ¢ € {1,..., N}. For i = 0, the above naturality condition
yields 1 ® ¢(vg) = Pa(l ® vg), when applied to 1 ® vg. In view of the Ag-linearity of the
A-components of the natural transformations considered, we get now

Pa(Ao ® 1) = Ao Pa(l @ vp) = Ag(1 @ d(vp)) = Pa(Ao @ vp) -
Finally, Condition (3.2.5) holds for an arbitrary A, if it holds for A;.

Surjectivity now reduces to constructing a ZjVec-morphism ¢ : V' — W that satisfies (3.2.5)
for A; and decomposable tensors of the type 6; @ v; (i € {0,..., N}).

We first build ¢(v;) € W,, linearly in v; € V,, for an arbitrarily fixed j € {0,...,N}. We
set again 6p = 1 € A . Since @y, (0; ® v;) € (A1 ® W)O, it reads

Pp, (0, @v;) = ZZ)\k(X)w

1=0 k=1
where M; € N, \F € A, and wF € W,,. When setting

N
Ai = {a e NNV " apy = v}
=1
and
)‘f = Tg,i 0 (rfm €ER),
a€A;
where we used the standard multi-index notation, we get
Mi

CI)Al(Q ®U] ZZHQ az z ZZHQ@U}ON wOévieW%')‘

=0 a€A; =1 1=0 acA;

Denoting the canonical basis of R¥ by (e¢)¢ and decomposing the RHS with respect to the
values of || = a1 + ...+ ay € N, we obtain

P, (0; @ ;) —woo—l—ZH ® We, ; +Z Z 0% ® Wi - (3.2.6)

1=0 acA;:|a|>2

Let now ¢y (ro € R,r7g > 0 and ry # 1) be the Zj-algebra endomorphism of A; that is
defined by ¢} (0x) = 1oy if & # 0 and by 5 (6y) = 1. It follows from the naturality condition

@ 1
V(A)) A W(A)
V(gr,) %V(wifo)
V(A1) > W (A1)
Ay
that
W (er,) (P, (6 ®U]))—woo+29 ® (rowe, i +Z St e (i lwa)
=0 acA; |a|>2
and

B, (V (25, (0; @ 03)) = 79 w00+29 @ (ry " we ) +Z Yo 0@ (g wa),

i=0 acA;:|al>2

where 0 is the Kronecker symbol, coincide. As all the monomials in 6 in the RHS-s of the two
last equations are different, we get,
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i if j #0: wop =0 and w,; =0, for alli € {0,..., N} and all a € A4; : || > 2, and,

ii. if j = 0: w,,; =0, forall ¢ € {1,...,N}, and w,; = 0, for all i € {0,..., N} and all
ac A :|al >2.

Equation (3.2.6) thus yields

Dy, (6, ® ;) ZH ® we,; (j #0) and Dy, (1 ®@vg) = wpp - (3.2.7)

If 7 # 0, a new application of naturality, now for the Zj3-algebra endomorphism % (Ro € R,

Ry # 1) of Ay that is defined by o§ (6;) = Ro0; (i # 0,1 # j), ¢k, (0;) = 0; and @f (6) = 1,
leads to
0; @we, ;+ Y 0;® (Rowe, i) = 0; @we, j+ Y 0; @ we,i
i#] i#j
so that
D4, (0 ®v;) = 0; @we,; (1 #0). (3.2.8)

The vectors woy € Wy (see (3.2.7)) and we, ; € W,, (j # 0) (see (3.2.8)) are well-defined
and depend obviously linearly on vy and vj;, respectively. Hence, setting ¢(vg) = wpo and
¢(v;) = we, ; (j # 0), we define a degree 0 linear map from V' to W. Moreover, since (3.2.5) is
clearly satisfied for A; and the 6, ®v; (i € {0,..., N}), it is satisfied for any A, which completes
the proof of surjectivity. m

Since
F : ZyVec — Funy(Z5Pts°P, AMod)

is fully faithful, it is essentially injective, i.e., it is injective on objects up to isomorphism. It
follows that ZjVec can be viewed as a full subcategory of the target category of F.

The above considerations lead to the following definition.

Definition 3.2.3. A functor
V € Funy(Z35Pts®P, AMod)

is said to be representable, if there exists V' € ZjVec, such that F (V') is naturally isomorphic
to V.

As F is essentially injective, a representing object V', if it exists, is unique up to isomorphism.
We therefore refer sometimes to V' as ‘the’ representing object.

3.2.2 Cartesian Zj-graded vector spaces and Cartesian Zj-manifolds

In the literature, the space RP! is viewed, either as the trivial Z:3-manifold
RY4 = (R?, Cgs [€]))

with canonical Zj-graded formal parameters £, or as the Cartesian Zj-graded vector space

N
RP4 = R? @ @qu‘ ’
j=1
where R? (resp., R%) is the term of degree vg = 0 € Z% (resp., 7; € Z4). Observe that we

use the notation R* (resp., R*), when R*® is viewed as a vector space (resp., as a manifold). It
can happen that we write R® for both, the vector space and the manifold, however, in these
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cases, the meaning is clear from the context. Further, we set ¢o = p, 9 = (¢0,q1,---,qn), and
la| = >, ¢i. When embedding R% (i € {0,...,N}) into RP4, we identify each vector of the
canonical basis of R% with the corresponding vector of the canonical basis of Rl9. We denote
this basis by

(62)1‘,]@ (ZE]:{O,7N}7kEKZ:{1,,qZ})

and assign of course the degree v; to every vector ei. We can now write

N
RU=(PR"= P Re.
i=0 (i,k)EIx K;
The dual space of RPI¢ is defined by
(Rp‘g) = Hom Rp‘q @ Hom, Rp|q R),

where Hom is the internal Hom of ZiVec, i.e., the Z}-graded vector space of all linear maps,

and where Hom,  is the vector space of all degree 7i linear maps. We sometimes write Homgny,

instead of Ho_rn The dual basis of (e}); is defined as usual by
CACART
so that €¥ is a linear map of degree ~; and
(RP9)Y= P Ref.
(i.k)EIxK;

Let us finally mention that any Zj-vector = € RP4 reads = = Y xj ez and that

(3.2.9)

as usual.

Notice now that if M is a smooth m-dimensional real manifold and (U, ¢) is a chart of M,

the coordinate map ¢ sends any point z € M to p(x) = (z!,...,2™) € R™, so that

o'(x) =" . (3.2.10)

Hence, what we refer to as coordinate function z* € C*°(U) is actually the function ¢'. Equa-
tions (3.2.9) and (3.2.10) suggest to associate to any Z3-graded vector space R4 a Z}-manifold
RP4 with coordinate functions €. In other words, the associated p|g-dimensional Z-manifold
will be the locally Z5-ringed space -

R = (R?, Opoiy) = (R, CR[ed, - )

where Cgj is the standard function sheaf of R?, where the degree v; linear maps ejl-, e ,e?j
(7 € {1,...,N}) are interpreted as coordinate functions or formal parameters of degree v;, and
where the degree 0 linear maps &j, ..., el are viewed as coordinates in R?. We often set

ff = 5§ (j#0) and z°:=¢f. (3.2.11)

Remark 3.2.4. In the following, we denote the coordinates of RPI by
(xéjgf) = (xaafA) - (ua) )
if we wish to make a distinction between the coordinates of degree 0,74, . .., vy, if we distinguish

between zero degree coordinates and non-zero degree ones, or if we consider all coordinates
together.
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We refer to the category of Z#-graded vector spaces RP (p,qy,...,qy € N) and degree 0
linear maps, as the category ZjCarVec of Cartesian Zj-vector spaces. As just mentioned, the
interpretation of the dual basis as coordinates leads naturally to a map

M : Z3CarVec > R4 s RPIC € ZIMan |

where ZiMan is the category of Zj-manifolds and corresponding morphisms. This map can
easily be extended to a functor. Indeed, if L : RP — R'* is a morphism in ZjCarVec (it is
canonically represented by a block diagonal matrix L € gl(r|s xp|g, R)), its dual (Z3-transpose)

LY : (R'5)Y — (RPI9)V (which is represented by the standard transpose ‘L € gl(plg x r|s,R))
is also a degree 0 linear map. If we set

L= (L),
where 1 € I, £ € {1,...,s;} label the row and ¢ € I, k € {1,...,¢;} label the column, we get
qi '
=3 L
k=1

where (£f); , is the basis of (R"#)Y. When using notation (3.2.11), we obtain

L*(2") = LV (x ZLf;% #b e 00, (RY) (Lefl,....r}) (3.2.12)
k=1
and .
L&) =LY =) L9 & e 0l (R (j#0,0e{l,...,5}) . (3.2.13)
k=1

These pullbacks define a Zj-morphism L : RPl4 — R7s. This is the searched Z3-morphism
M(L) : M(RP?) — M(R"). Since M(L) is defined interpreting the standard transpose 'L
as pullback (M(L))* of coordinates, we have

(M(Mo L))"~ Lo ™M=~ (M(L))" o (M(M))" = (M(M) o M(L))",

so that M respects composition. Further, it obviously respects identities. Hence, we defined a
functor M.

The pullbacks (3.2.12) and (3.2.13) are actually linear homogeneous Zj-functions, i.e., ho-
mogeneous Zjy-functions in

Opis(R?) := {Z rp ZZrk &yl € R} = (RP9)Y C Opuiy(RP) (3.2.14)

71=1 k=1

where the last equality is obvious because of Equation (3.2.11). Hence, the functor M is valued
in the subcategory Z3CarMan C Z&Man of Cartesian Z3-manifolds RP (p, q1,. .., gv € N) and
Z3-morphisms whose coordinate pullbacks are global linear functions of the source manifold
that have the appropriate degree:

M : ZyCarVec — ZjCarMan .

The inverse ‘vectorification functor’ V' of this ‘manifoldification functor’ M is readily defined:
to a Cartesian ZZ-manifold R”! we associate the Cartesian ZJ-vector space R4, and to a
linear Z5-morphism we associate the degree 0 linear map that is defined by the transpose of
the block diagonal matrix coming from the morphism’s linear pullbacks. It is obvious that

VoM=MoV=1id.
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Proposition 3.2.5. We have an isomorphism of categories
M : ZjCarVec = ZyCarMan : V (3.2.15)

between, the full subcategory Z3CarVec C ZiVec of Cartesian Zj-vector spaces RP and the
subcategory Z5Car Man C ZiMan of Cartesian Z5-manifolds RPIC and Z3-morphisms with linear
coordinate pullbacks.

Remark 3.2.6. Let us stress that the Zj-vector space of linear Z3-functions

(RFI9)Y ~ Ol (RP) C Opyia (RP)

RP\Q

is of course not an algebra. In the case p = 0, we get
Ogsia({x}) = A™ C Opou({#}) = A

where {x} denotes the 0-dimensional base manifold R of the Z3-point R%4, where

A =R[[A},...,0%]] is the Z3-Grassmann algebra that corresponds to R, and where A'™ is
the Z3-vector space of homogeneous degree 1 polynomials in the 67, ...,0% (with vanishing

term AJ™ of Z3-degree zero).

We close this subsection with some observations regarding the functor of points.

The Yoneda functor of points of the category ZjMan is the fully faithful embedding
Y : ZiMan — Fun(ZjMan®?, Set) ,

In [13], we showed that ) remains fully faithful for appropriate restrictions of the source and
target of the functor category, as well as of the resulting functor category. More precisely, we
proved that the functor

S : ZiMan — Fung(Z5Pts°P, A(N)FM) (3.2.16)

is fully faithful. The category A(N)FM is the category of (nuclear) Fréchet manifolds over a (nu-
clear) Fréchet algebra, and the functor category is the category of those functors that send a
Z3-Grassmann algebra A to a (nuclear) Fréchet Ag-manifold, and of those natural transforma-
tions that have Ag-smooth A-components. For any M € Z3Man and any RO™ ~ A € ZIPtsP,
we have

M(A) = S(M)(A) = Y(M)(A) = Homzgen (R, M) .

On the other hand, the Yoneda functor of points of the category ZjCarVec is the fully
faithful embedding

e : ZhCarVec > R4y RP4 .= Homzgyec (—, RP!) € Fun(Z3CarVec®, Set) .
The value of this functor on RO ~ RO ~ A is the subset

R4(A) = Homgzgyeo (R™, R”'2) ~ Homgzy caran (R, RP12) C (3.2.17)

RPI4(A) = S(RP9)(A) = Homggyan (RO™, RPI2) ~

qi qi

N N N qi
@ Ogolm -, ({*}) = @ A, @ A, ® Rel, = @ A,® G}RefC =
i=0 k=1

=0 k=1 =0 k=1 =0 k=1
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(A ® RFI9), = F(RPI9)(A) = RPIZ(A) € AgMod .

More precisely,

N
RY9(A) = Homggyee (RO, R?9) ~ (D Ot ({+}) = (A™ @ R9)g € Set . (3.2.18)
=0 k=1

Remark that, if we denote the coordinates of RPI compactly by (u®), the bijection in Equation
(3.2.18) sends a degree 0 linear map L to the linear pullbacks L*(u®) of the corresponding
Zy-morphism L = M(L).

Remark 3.2.7. If we restrict the functor RP (resp., the functor F(R?4)) from ZZCarVec® ~
ZyCarMan®P (resp., from ZiPtsP) to the joint subcategory ZjCarPts of Zj-points and Z}-
morphisms with linear coordinate pullbacks, the restricted Hom functor R is actually a
subfunctor of the restricted tensor product functor F(RP4). This observation clarifies the
relationship between the fully faithful ‘functor of points’ F(e)(—) = e(—) of the full subcategory
ZyCarVec C ZiVec and its standard fully faithful Yoneda functor of points e(—).

Indeed, we observed already that the values of the Hom functor on Z3-points are subsets of
the values of the tensor product functor. Further, on morphisms, the values of Hom(—, R?l4)
are restrictions of the values of (— ® RP),. Indeed, if

Homzgoarpes (R'2, RY™) 5 L = V(L) = L € Homggrec(R'2, RY™)
the morphisms EP\Q(L) and F(RP9)(L) are defined on EPIQ(A) and its supset F(RPZ)(A),

respectively. When interpreting an element K of the first as an element of the second, we use

the identifications
K~ K~ . € @ @ A, .

=0 k=1

Similar identifications are of course required when A is replaced by A’. We thus get
R"4(L)(K) = Homzyee (L, R")(K) = KoL ~ K o L = (L*(K*(u")))q .
On the other hand, we have
FRA) (L) (K (u")a) = (L*(K*(u)))a

since
N g

(L* ® ]-Rplg)(] =~ @ @ Lr ’

when read through the isomorphism

This completes the proof of the subfunctor-statement.

3.2.3 Finite dimensional Zj-graded vector spaces and linear Zj-manifolds

In this subsection, we extend Equivalence (3.2.15) in a coordinate-free way.
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Finite dimensional Z}-graded vector spaces

We focus on the full subcategory Z5FinVec C ZiVec of finite dimensional Zj-graded vector
spaces, i.e., of Z-vector spaces V' of finite dimension

Clearly
ZyCarVec C ZyFinVec

is a full subcategory.

Above, we already used the canonical basis of RP¢, i.e., the basis
ep ="'0...0;...;0...1...0;...50...0),
where 1 sits in position k of block 7. If
0 )ir (i€el=10,....NhLkeK;,={1,...,q} deg(bl) = v € Z2)
is a basis of V', the degree respecting linear map

b:Vov= vab}; — z:vfe?g = (v, ..., 0) =0 € R (3.2.19)
ik ik

maps a basis to a basis and is thus an isomorphism of Z-vector spaces.

We already discussed extensively the functor of points F = F(e)(—) = e(—) of ZjVec.
Since ZjFinVec is a full subcategory of ZjVec, the functor F remains fully faithful when
restricted to Z5FinVec:

Proposition 3.2.8. The functor of points F : Z3FinVec — Funy(Z5Pts®P, AMod) of the cate-
gory ZyFinVec s fully faithful.

Remark 3.2.9. Later on, we consider linear ZJ-manifolds and denote them sometimes using
the same letter V' as for ZJ-vector spaces. We often disambiguate the concept considered by
writing V in the vector space case.

Linear Zj-manifolds

In this subsection, we investigate the category of linear Z5-manifolds, linear Z-functions of its
objects, as well as its functor of points.

2.3.2.1 Linear Zy-manifolds and their morphisms. A Z3-manifold of dimension p|q is a locally
Z3-ringed space M := (|M|,Oy;) that is locally isomorphic to RPIY.

Definition 3.2.10. A linear Z3-manifold of dimension p|q is a locally Zj-ringed space L =

(|L|,OL) that is globally isomorphic to R4, i.e., it is a ZJ-manifold such that there exists a
Z5-diffeomorphism
h:L— RPI,

The diffeomorphism h is referred to as a linear coordinate map or a linear one-chart-atlas.

We now mimic Classical Differential Geometry and say that two linear one-chart-atlases are
linearly compatible, if their union is a ‘linear two-chart-atlas’. In other words:
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Definition 3.2.11. Two linear coordinate maps hy,hy : L — RPI4 are said to be linearly
compatible, if the Zj-morphisms

hoohy!, hyohy': RPIE —; RPI
have linear coordinate pullbacks, i.e., if they are ZjCarMan-morphisms.

Linear compatibility is an equivalence relation on linear one-chart-atlases. There is a 1:1
correspondence between equivalence classes of linear one-chart-atlases and maximal linear at-
lases, i.e., the unions of all linear one-chart-atlases of an equivalence class. For simplicity, we
refer to a maximal linear atlas as a linear atlas.

Just as a classical smooth manifold is a set that admits an atlas, or, better, a set endowed
with an equivalence class of atlases, a linear Z3-manifold is a locally Z3-ringed space L equipped
with a linear atlas (L, h,)q -

We continue working in analogy with Differential Geometry and define a linear Z5-morphism
between linear Zj-manifolds as a locally Z3-ringed space morphism, or, equivalently, a Z5-
morphism, with linear coordinate form:

Definition 3.2.12. Let L and L’ be two linear Z3-manifolds of dimension p|q and r|s, respec-
tively. A Z3-morphism ¢ : L — L is linear, if there exist linear coordinate maps

h:L— R and k:L' — R
in the linear atlases of L and L', such that the Z3-morphism
kogpoh ' RPl — RIS
has linear coordinate pullbacks.

It follows that any linear coordinate map h of the linear atlas of a linear Z}-manifold L, is a
linear Z5-morphism between the linear Z3-manifolds L and R?4. This justifies the name ‘linear
coordinate map’. Further, the inverse h™! of h is a linear Zj-morphism.

Proposition 3.2.13. If ¢ : L — L’ is a linear Z%-morphism, then, for any linear coordinate
maps (L, ') and (L',X') of the linear atlases of L and L', respectively, the Z-morphism kK ogoh'™*
has linear coordinate pullbacks.

Proof. We use the notations of Definition 3.2.12 and Proposition 3.2.13. Since
Kopoh™' =Kok o(kopoh™)o(hoh'?)

and each parenthesis of the RHS has linear pullbacks, their composite has linear pullbacks as
well. 0

Proposition 3.2.14. Linear Z5-manifolds and linear Z5-morphisms form a subcategory
ZiLinMan C ZiMan of the category of ZL-manifolds. Further, Cartesian Z3-manifolds and
73 -morphisms with linear coordinate pullbacks form a full subcategory ZiCarMan C ZjLinMan.

Proof. If ¢ : L — L' and ¢ : L' — L” are linear ZJ-morphisms, the composite Z%-morphism
is linear as well. Indeed, if ko ¢ oh™ and q o op~! have linear pullbacks, then qo ok™!
has linear pullbacks and so has q o (¢ o ¢) o h™'. Further, for any linear ZJ-manifold L, the
Z35-identity map id, is linear, as for any linear coordinate map h, we have h oid, oh™! = idgplq-
The second statement is obvious. O
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3.3.2.2 Sheaf of linear Z%-functions.

Definition 3.2.15. Let L € ZjLinMan be of dimension p|q and let |U| C |L| be open. A Zj-
function f € O (|U|) is a linear Z3 -function, if there exists a linear coordinate map h : L — RPIZ |

such that
(b)) € Oga (RI(ITT)) -
We denote the subset of all linear Zj-functions of Oy (|U|) by O™(|U]).

The subset O (|h|(|U])) is defined in the obvious way. If f € O/"(|U]), then for any chart
Y L y

RPl2
(L,h’) of the linear atlas of L, we have

(h™) () € Oga (WI(|U)) -

This follows from the equation

(W")7H(f) = (o W'™)*((h")7'(f))
and the compatibility of the two charts.

As Om(JU|) € OL(JU]) is visibly closed for linear combinations, it is a vector subspace of
OL(|U|). Hence, the intersection

Oin n (|U)) = OM(|U)) N O, (IU]) c OL(|U))

is also a vector subspace. We thus get vector subspaces O™ (|U|) € O™(|U]), so their direct
sum over 7 is a vector subspace as well. Since any f € Ohn(|U |) reads uniquely as

N

F=Y 1 (fi€ Ol

=0

ot Y ) =0 f = sz D IPIUAE
J it

As (h*)~! is Zj3-degree preserving, we find that f; € Of2 (|U]), so that

ul)

we get

ol(|u) @Ohn (|U|) € Z3vVec .

Remark 3.2.16. Observe that:

i. For any open subset |U| C |L| and any linear coordinate map h : L — RFIZ | the map

h* - Ogii, (IR(IU1)) — Oof™(|U])

Rp\q

is an isomorphism of Zj-vector spaces of dimension p|q .

ii. The restriction maps and the gluing property of O endow O/'" with a sheaf of Z3-vector
spaces structure.

iii. A Z3-morphism ¢ : L — L’ between linear ZJ-manifolds is itself linear, if and only if ¢*
is a degree respecting linear map

¢ O (IL]) = O™(IL)) -
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It is straightforward to check the first two statements. For the third one, let L (resp., L)
be of dimension p|g (resp., rs) and denote the coordinates of the corresponding Cartesian
Z3-manifold by u® = (2%, %) (resp., v* = (y°,7%)). The morphism ¢ is linear, if and only if
there exist linear coordinate maps (L, h) and (L', k), such that koo h™" has linear coordinate
pullbacks, i.e., such that

(h*) o g* o k) (0") € O, (RP) . (3.2.20)
On the other hand, in view of the first item of the previous remark, the condition

¢*(OfM(IL'D) < O (L)
of the third item is equivalent to asking that

(6" ok )(D _rev’) € h* (O, (RY)) . (3.2.21)
b

The conditions (3.2.20) and (3.2.21) are visibly equivalent.

2.3.2.3 Functor of points of ZyLinMan. We start with the following

Proposition 3.2.17. For any linear Z3-manifold L (of dimension p|q) and any 75 -Grassmann
algebra A ~ R°™ | the set

L(A) := Homgzen(R%™, L) ~ Homzgug(OL(|L]), A)

of A-points of L admits a unique Fréchet Ag-module structure, such that, for any charth : L —
RPI of the linear atlas of L, the induced map

ha : L(A) 3 x* — x* o h* € RPII(A)
18 a Fréchet Ag-module isomorphism.

The definition of the category FAMod of Fréchet modules over Fréchet algebras can be found
in Appendix 3.5.1. In the preceding proposition, it is implicit that the (unital) Fréchet algebra
morphism that is associated to hy is idy,.

Proof. Let A € Z5GrAlg. In view of the fundamental theorem of ZJ-morphisms, there is a 1:1
correspondence between the A-points x* of R”Z and the (p + |g|)-tuples

Xt o (3, &) € AGT X AZT X X AZIN

(we used this correspondence already in Equation (3.2.17)). Indeed, the algebra A is the Z3-
commutative nuclear Fréchet R-algebra of global ZJ-functions of some R%™ (in particular, the
degree zero term A of A is a commutative nuclear Fréchet algebra). Hence, all its homogeneous
subspaces A,, (i € {0,...,N}, 7o = 0) are nuclear Fréchet vector spaces. Since any product
(resp., any countable product) of nuclear (resp., Fréchet) spaces is nuclear (resp., Fréchet), the

set RPIZ(A) of A-points of RP is a nuclear Fréchet space. The latter statements can be found
in [14]. The Fréchet Ag-module structure on RP4(A) is then defined by

9 Ag X RPIE(A) 3 (a,x%) > aax™ = (a-2$, a- &) € RP(A) . (3.2.22)

Since this action (which is compatible with addition in Ay and addition in RPI4(A)) is defined
using the continuous associative multiplication - : A, x A, — A, of the Fréchet algebra A,
it is (jointly) continuous.
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We now define the Ag-module structure on L(A). Observe first that, for any chart map
h: L = RP: h=! of the linear atlas of L, the induced maps hy : L(A) = RFIZ(A) : (h™1),
are inverse maps: (h™!), = (hy)™! =: hy'. For K € N\ {0}, k € {1,...,K}, a*¥ € Ay, and
vi € L(A), we set

D afxyi=h'(O afaba(y;) € L(A)

This defines a Ag-module structure on L(A) that makes hy a Ap-module isomorphism. The
A¢-module structures L(A), and L(A)x that are implemented by h and another chart k of the
linear atlas, respectively, are related by the Ag-module isomorphism

le ¢} hA : L(A)h — L(A)k .

Hence, the Ag-module structure on L(A) is well-defined.

In order to get a Fréchet structure on the real vector space L(A) that we just defined, we
need a countable and separating family of seminorms (p,,)nen, such that any sequence in L(A)
that is Cauchy for every p,, converges for every p, to a fixed vector (i.e., a vector that does not
depend on n). We define this family (of course) by transferring to L(A) the analogous family
(Pn)nen of the Fréchet vector space RPI4(A) (see [14, Theorem 14]). In other words, for each
y* € L(A), we set

Pu(y") = pn(ba(y")) € Ry .
It is straightforwardly checked that (p,).en is a countable family of seminorms that has the
required properties. Moreover, the vector space isomorphism hy is an isomorphism of Fréchet
vector spaces, i.e., a continuous linear map with a continuous inverse. We show that h, is
continuous for the seminorm topologies implemented by the p, and the p,, i.e., that, for all
n € N, there exist m € N and C' > 0, such that

Pn(ha(y")) < Comly™)

for all y* € L(A). This requirement is of course satisfied. Hence, the composite k' o hy of
isomorphisms of Fréchet spaces is an isomorphism of Fréchet spaces, so that the Fréchet space
structure on L(A) is well-defined.

The Ag-module structure and the Fréchet vector space structure on L(A) combine into a
Fréchet Ag-module structure, if they are compatible, i.e., if the Ag-action

x: Ao x L(A) 2 (a,y%) = hy'(a<hy(y*)) € L(A) (3.2.23)

is continuous. The condition is obviously satisfied as this action is the composite of the contin-
uous maps id xhy, < and th. Further, the map hy is clearly a Fréchet Ag-module isomorphism,
for any h in the linear atlas of L.

There is obviously no other Fréchet Ag-module structure on L(A) with that property. Indeed,
if there were, it would be isomorphic to the Fréchet Ag-module structure on RPIZ(A), hence
isomorphic to the Fréchet Ag-module structure that we just constructed. O]

In the following, we denote the Ag-action x on L(A) by simple juxtaposition, i.e., we write
ay” instead of axy*.

To proceed, we need some preparation.

Let Fung(Z4Pts°P, FAMod) be the category of functors F', whose values F'(A) are Fréchet A¢-
modules, and of natural transformations 5, whose A-components 8, are continuous Ag-linear
maps. We already used above the category Fung(ZjPtsP, AFM) of functors, whose values are
Fréchet Ap-manifolds, and of natural transformations, whose components are Ag-smooth maps.
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Proposition 3.2.18. The category Fung(Z5Pts P, FAMod) is a subcategory of the category
Fung(Z3Pts°P, AFM) .

Proof. Observe first that composition of natural transformations (resp., identities of functors)
is (resp., are) induced by composition (resp., identities) in the target category of the functors
considered, which is (resp., are) in both target categories the standard set-theoretical com-
position (resp., identities). Hence, composition and identities are the same in both functor
categories. However, we still have to show that objects (resp., morphisms) of the first functor
category are objects (resp., morphisms) of the second.

Let F be a functor with target FAMod. Since a Fréchet Ap-module (i.e., a Fréchet vector
space with a (compatible) continuous Ag-action) is clearly a Fréchet Ag-manifold, the functor
F sends Z35-Grassmann algebras A to Fréchet Ag-manifolds F'(A). Let now ¢* : A — A’ be a
morphism of Zj-algebras. As F'(¢*) : F(A) — F(A’) is a morphism between Fréchet modules
over the Fréchet algebras Ay and A, respectively, it is continuous and it has an associated
continuous (unital, R-) algebra morphism ¢ : Ag — A{, such that

F(g™)(av +a'Vv') = () F (") (v) + ¢ () F(e") (V') (3.2.24)

for all a,a’ € Ag and all v, v/ € F(A). We must show that F'(¢*) is a morphism between Fréchet
manifolds over Ay and A, respectively, i.e., we must show that F(¢*) is smooth and has first
order derivatives that are linear in the sense of (3.2.24) (see [13]). Since, for any t € R, we have

Y(t) = tp(1) = t, it follows from (3.2.24) that

t—0 t
and
d}li+1F<90*>(V17 s 7Vk+1) =0 )
for any x,v,vy,...,vgr1 € F(A) and any & > 1. Hence, all derivatives exist everywhere and

are (jointly) continuous. This implies that F'(¢*) has the required properties, so that F' is a
functor with target AFM.

As for morphisms, let n : FF — G be a natural transformation between functors valued in
FAMod. Its A-components 1y @ F(A) — G(A) are continuous and Ag-linear maps. Repeating
the proof given in the preceding paragraph for F(p*), we obtain that 7, is Ag-smooth, i.e.,
is smooth and has Ag-linear first order derivatives. Therefore, the morphism 7 of the functor
category with target FAMod is a morphism of the functor category with target AFM. O

Since

ZyLinMan C ZiMan and Fung(Z5Pts®®, FAMod) C Fung(ZyPtsP, AFM)
are subcategories, we expect that:
Proposition 3.2.19. The functor
S : ZiMan — Fungy(Z5Pts P, AFM) (3.2.25)

(see Equation (3.2.16)) restricts to a functor

S : ZjLinMan — Fung(Z3Pts°?,FAMod) . (3.2.26)
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Proof. We have to explain why S sends linear Z3-manifolds and linear ZJ-morphisms to objects
and morphisms, respectively, of the target subcategory.

Let L € ZLinMan. The functor S(L) is an object of the functor category with target AFM.
Since composition and identities are the same in both target categories, it suffices to show that,
for any Z5-Grassmann algebra A, the value S(L)(A) = L(A) is a Fréchet Ag-module and that,
for any Zj-algebra morphism ¢* : A — A’; the morphism

L(¢*) : L(A) 3 y" = ¢" oy™ € L(A)

is a morphism of the category FAMod. The first of the preceding conditions holds in view of
Proposition 3.2.17. We start proving the second condition for L = R Since Rp‘ﬂ(go*) is a
morphism of AFM, it is smooth, hence, continuous. Further, omitting the summation symbols
and using our standard notation, we get

R (") (2" axq) = RP4(p")(a" - 2f 2" €15) = (07(2°) - " (xh 1), 7 (a") - 07 (€11))

— (a¥) @ RYI(p") () (3.2.27)

It now suffices to recall that the ZJ-algebra morphism ¢* is the pullback ¢} over the whole
base manifold {x} of a Zj-morphism ¢ : RO — RO™ and that all pullbacks of Z3-morphisms
are continuous, so that the restriction ¢* : Ay — Aj is a continuous algebra morphism. We
are now able to prove that the second condition holds also for an arbitrary linear Zj-manifold
L. Indeed, since ¢* : A — A’ is a morphism of ZJ-algebras, the map L(¢*) : L(A) — L(A’) is
a morphism of AFM, hence, it is continuous. Recall now that any chart h : L — RP¢ is a ZLiy-
morphism, so that S(h) : L(—) — RP4(—) is a natural transformation h_ with A-components
hy @ L(A) — RPI4(A) that are Fréchet Ag-module isomorphisms in view of Proposition 3.2.17.
Naturality of h_ implies that

hy o L(") = RYS(g") oy .
and, due to invertibility, that
L(¢") = hy o RP(p") oy .
Definition (3.2.23) yields
L(¢")(a" % yi) = (hy! o RP(p") o hy)(hy! (2 < ha(v3))) = ¢ (a") * L(¢") (v7)

(we used our standard notation). Hence, the functor S(L) is an object of the functor category
with target FAMod.

As for morphisms, we consider a linear Zj-morphism
¢:L—L

and will prove that S(¢), which is a natural transformation ¢_ of the functor category with
target AFM, i.e., a natural transformation with Ag-smooth A-components ¢,, has actually con-
tinuous (but this results from Ag-smoothness) Ag-linear components.

Let p|q (resp., r|s) be the dimension of L (resp., of L'). We first discuss the case of a linear
Z3-morphism
d: RPlZ 5 R
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between the corresponding Cartesian Z3-manifolds with canonical coordinates (z¢,¢4) and
(v*,n?), respectively. We know from [13] that, if the ZZ-morphism (resp., the linear Z3-
morphism) ® reads

=) @h(2)€™ (vesp., = ZL” %) | (3.2.28a)

la[>0

= ®F(x)¢* (resp, ZL (3.2.28b)

|| >0

(where the right-hand sides have the appropriate degree and where the coefficients L are real
numbers), then the A-component ®, associates to the A-point x* ~ (2¢;&4) = (xﬁ, z4; 61(‘) of

RPIZ(A), the A-point x* o §* ~ (yﬁ’\; n%) of R"(A) that is given by

Z Z 5' aﬁq)b xl\)mAfA resp, ZLb (3.2.29&)

|| >018|>0

mw=>_ Z ik (0208 (z)) 2 &8 (vesp., ZL (3.2.29b)

|ae|>0|8|>0

Here, we used the obvious decomposition A = R x A and wrote x} = ($ﬁ, %) . The particular
linear versions of Equations (3.2.29a) and (3.2.29b) (in parentheses), show that the component
®, is Ag-linear, as needed.

In the general case of a linear ZJ-morphism ¢ : L — L', the Z}-morphism & := ko ¢ o
h=! : RPIY — R"® has linear coordinate pullbacks ®*(y®) and ®*(n®) (and is thus a linear Z3-
morphism), for any charts h and k of L and L', respectively. Since ¢ = k™! o ® o h, we have
¢r = k' o®, ohy and, in view of Proposition 3.2.17 and the result of the preceding paragraph,
all three factors of the RHS are Ag-linear.

Finally, the natural transformation S(¢) is a natural transformation of the functor category
with target FAMod. O]

Theorem 3.2.20. The functor of points
S : ZijLinMan — Fung(ZjPts P, FAMod)
of the category ZiLinMan is fully faithful.
Proof. We need to prove that the map
S s Homzprinwan(L, L) 3 ¢ = ¢— € Hompunyzzpes o ranoa) (L(—), L'(—))

is bijective, for all linear Z%-manifolds L, L’.

Since § is the restriction of the fully faithful functor S : ZiMan — Funy(Z5Pts®P, AFM), the
map Sy - is injective.

To prove that Si | is also surjective, it actually suffices to show that the property holds for
Cartesian Z3-manifolds. Indeed, in this case, if n : L(—) — L’(—) is a natural transformation
of Fung(Z5Pts®P, FAMod), then k_ o o h~' is a natural transformation in the same category
from RPI4(—) to R"*(—), and this transformation is implemented by a linear Zj-morphism
¢ : RPIE — R7Is Tt follows that

n=klop_oh_=(klogpoh)_,
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where the latter composite is a linear Zj-morphism.

Let now H : RPl4(—) — R(—) be a natural transformation of Funy(Z5Pts°?, FAMod), hence,
a natural transformation of Funy(Z5Pts®P, AFM). We know from [13] that H is implemented by
a Zy-morphism @ : RPI4 — R”. but we still have to prove that this morphism is linear. It
follows from Equations (3.2.29a) and (3.2.29b) that Hy = ®, is given by

W=D > Flglay) ir &y, (3.2.30a)

|a|>0|B]>0
=Y D Fasla) a8 (3.2.30b)
||>0|B]>0
where we set
Fislw) = @@f@* € C*(R?) (3.2.31)

(the ¥ € C(RP) are the coeflicients of the coordinate pullbacks by ®, see Equations (3.2.28a)
and (3.2.28b)), and where the RHS-s have of course the same Z3-degree as the corresponding
coordinates of R™2. Since Hy is Ag-linear, we have

SN Frplray) PRl e = >N T Fry(ay) #1658
« B « B

ie.,
T‘O‘H'B‘F;ﬁ(rxu) =rF 6<IH)

for any r € Ryg C Ay, any «, 3 and for any z; € RP. When deriving with respect to r, we
obtain

Pl (o] + 1B Fag(ray) + 7 fi(Das Fag) (ray)) = Fug(ay) |

a=1

so that setting r = 1 yields
Zx”a o Fug = (1=n)Fis(z)) (n:=la|+|8| €N), (3.2.32)

again for all v, 8 and all 7 € RP.

Recall now that Euler’s homogeneous function theorem states that, if £ € C'(RP \ {0}),
then, for any v € R, we have

P
Zfﬂa&paF =vF(z), Vo € RP\{0} isequivalent to F(rz)=r"F(x), Vr > 0,Vz € R’"\{0} .
a=1
In view of (3.2.32), we thus get

Erg(rmy)) = ' "Fig(xy), Vr > 0,Va) € RP (3.2.33)

where we could extend the equality from R?\ {0} to R? due to continuity. If r tends to 0", the
limit of the LHS is F};4(0) € R and, for n = 0 (resp., n = 1; resp., n > 2), the limit of the RHS
is 0 (resp., Fy5(z))); resp., +00 - Fs()))).

In the case n > 2, we conclude that

Fis(zy) =0, Yoy € RP,Va, B : |a] + (8] > 2. (3.2.34)
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For n =0, we get
F5o(0) =0.

Observe that o = § = 0 is only possible in Equation (3.2.30a). Differentiating (3.2.33), in the
case n = 0, with respect to any component xﬁ of x| and simplifying by r, we obtain

(Oug Foo) (rv)) = Oag Foo ()
and taking the limit 7 — 0T, we get
8wﬁFé)o(xll> = awﬁF(?o(O) =Ly €R.

Integration yields
Foo(xy) =Y Lbafl, Vo € RP, Vb, (3.2.35)

as F4,(0) =0.

In the remaining case n = |a| + || = 1, we have necessarily & = 0 and 8 = e,, or
a = ey and f = 0 (the e, are of course the vectors of the canonical basis of R? and Rl
respectively). For ZJ-degree reasons, the first (resp., second) possibility is incompatible with
Equation (3.2.30b) (resp., Equation (3.2.30a)). Hence, the only terms in (3.2.30a) that still
need being investigated are the terms (o, 5) = (0,¢,). It follows from Equation (3.2.33) and
its limit » — 0% (see above) that F{, (z)) = K., where we set K? := F{, (0) € R. However,
Equations (3.2.31) and (3.2.35) imply that

K, = Fy., (1)) = Ou Fo(2)) = L,

so that
Fy.,(z)) =L € R, Vo € R?.Va,b. (3.2.36)

In Equation (3.2.30b), the only terms that still need being investigated are the terms («a, 5) =
(ea,0). Using again the limit » — 07 of Equation (3.2.33), we find

Fo(x)) = LY, Vo € R*,VA, B, (3.2.37)

where we wrote L instead of F2(0).

When combining now the results of Equations (3.2.34), (3.2.35), (3.2.36), and (3.2.37), we
see that Equations (3.2.30a) and (3.2.30b) reduce to

vh =Y Lb(aff+ &%) and nf=> LEg (3.2.38)
a A

and that the ZJ-morphism ® that induces the natural transformation H is defined by the
coordinate pullbacks

*(y') =) Lia® and ®*(n®)=> LL¢*,
a A

i.e., that ® is linear (see (3.2.28a), (3.2.28b), (3.2.29a), and (3.2.29b)). O
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Isomorphism between finite dimensional ZJ-graded vector spaces and linear Z}-
manifolds

In this subsection, we extend the isomorphism
M : ZiCarVec = ZyCarMan : V

of Proposition 3.2.5 between the full subcategories ZjCarVec C ZjFinVec and ZjCarMan C
Z3LinMan, to an isomorphism

M : ZiFinVec = ZyLinMan : V.

3.2.3.1 Zj-symmetric tensor algebra. We start with some remarks on tensor and Zj-
symmetric tensor algebras over a (finite dimensional) Z3-vector space (see [36] and [9]).

Let
N N
V= GB Vi = GB V., € ZyFinVec
i=0 i=0
be of dimension p|g. The Zj-symmetric tensor algebra of V' is defined exactly as in the non-

graded case, as the quotient of the ZJ-graded associative unital tensor algebra of V' by the
homogeneous ideal

I_: (Ui ®Uj — (—1)<%’W> V; XKv; :v; € V;,Uj c V}) .

More precisely, for k£ > 2, we have

N
vk = P Viw...oV,= P Viea= P (P Vo, ®..0V,), (3239

81,..0 =0 11 <. <1 11<...<7,  0€Perm

where Perm is the set of all permutations of i; < ... <. For instance, if n = 1, i.e., in the
standard super case, the space V3 is the direct sum of the tensor products whose three factors
have the subscripts 000, 001,010,011, 100,101,110, 111 . The notation we just introduced means
that we write

V& = Voo @ Voor ® Vour ® Vi (3.2.40)

where we used the lexicographical order and where
Voo =Vo @ Vo @ Vo, Voir =WV @V eaVid VeV Ve Vi e Vy® V), et cetera .

Further, as we are dealing with formal power series in this paper, we define the Z7-graded
tensor algebra of V' by
TV =1,V

where II; means that we consider not only finite sums of tensors of different tensor degrees,
but full sequences of such tensors. The vector space structure on such sequences is obvious
and the algebra structure is defined exactly as in the standard case. Indeed, for 7% € V®* and
Ul € V¥ we have T% @ U’ € VO®*+0 and we just extend this tensor product by linearity. In
other words, if

T=YT'eTV and U=) U'eTV,
k=0 =0

we set

TeU=> Y T'eU'=) Y T'eU'cTV. (3.2.41)
k 1

m  k+l=m
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It is clear that the just defined tensor multiplication endows TV with a Z3-graded algebra
structure. Indeed, since

N N
®k __ _ Rk
V - @ ‘/;1 ..... e @ @ ‘/7;1 77777 ik @ (V )
11<...<ig, p=0 i< <iy, p=0
> Vi; =P

is visibly a Z3-graded vector space, the space TV is itself Z3-graded:

TV =T @ (VE), = P 1L (V) = P (TV), .

p=0 p=0 p=0

Now, if T € (TV), and U € (TV),, we have T" € (V¥*), and U’ € (V¥),, so that T® U €
(TV)p+q (where p+ g means 7, + ,), which shows that TV is a Z}-graded (associative unital)
algebra (over R), as announced.

The ideal I is homogeneous with respect to the decomposition

V=1, P V.. ie, I=Ihey P Vi.inI).

11 <...<ip i1 <. <y

Therefore, the Z3-symmetric tensor algebra of V' is given by

N
=P un P vio..ov, (3.2.42)

> Vi =p

see [9]. We denote by ® the Zj-commutative multiplication that is induced on SV by the
multiplication ® of T'V. By definition, we have, for [T'] € (SV),, and [U] € (SV),, (obvious
notation),

[T]oU]=[TeU]=(-1)""U]eT].

For instance, if v; € V; C (SV),,, v; € V; C (EV)% and if 1 < j, we get

v; © vV = [Uz‘ X Uj] = [(_1)(’}’2‘7’}’]‘)@3, & Ui] = (—1)<%’7j>1)j G € ‘/z ® V} . (3243)
Notice further that, if 7 < j, the linear map
L Vi@ViaT— [T eVioV, (1L:VioViav,0u—v,0v e V,0V;) (3.2.44)

is a vector space isomorphism. Indeed, if [T] =0, the representative T is a vector in (VioV; e
V; ® V;) N I and is therefore a finite sum of generators of I :

PRl =3 e ~Te(VieV)n (e = {0} (3:2.45)
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It follows that the LHS of Equation (3.2.45) vanishes; hence, the first term of the RHS vanishes,
due to the isomorphism V; ® V; ~ V; ® V;, and thus T vanishes as well. In order to show that
¢ is also surjective, consider an arbitrary vector in V; © V; . It reads

= [va@vf—l—wa@wf]].
k ¢

The image by ¢ of
E U ®U + <%,’Yj>§ wf®w§€vi®vj
¢

is the corresponding class. This class coincides with [T7, since the difference of the representa-
tives is a vector of I.

It follows that, for n = 2 for instance, we have in particular
Voo © Voo © Vor ©Vig © Vig © Vig © Vit =~ 0 Voo @ Vor @ ©*Vig @ Vin = V2 Voo @ Vor @ A*Vig @ Vi
(3.2.46)
where V (resp., A) is the symmetric (resp., antisymmetric) tensor product. Moreover, if the
(finite dimensional) vector space V' has dimension ¢o|q1, g2, 3, we denote the vectors of its basis
(in accordance with the notation we adopted earlier in this text) by b;'» , where 7 € {0,1,2,3}

refers to the degrees 00,01, 10,11 and where j € {1,...,¢}. The basis of the Z}-symmetric
tensor product (3.2.46) is then made of the tensors

0\, 70 1 2 2 2 3
bjy V b3, ® b, @ by, Abjg Abj ® b,
(j1 < je and jy < js < jg), which can also be written
0 0 1 2 2 2 3
bjl © bjz © bjs © bj4 © bj5 © bje © bj7

(71 < jeand js < j5 < Jo) (see (3.2.44)). More generally, the basis of V;, ®...0V;, (i1 < ... <)
is made of the tensors

oL b (3.2.47)

(Je < Jog1 [resp., <], if ip = ipyy and (vi,,%i,,,) even [resp., odd]). To refer to the previous
condition regarding the j-s, we write in the following j; <1 ... < j .

Observe also that

V= P Vio.. oV =SPr=(Qw)

11 <. <ig

as well as that, in order to define a linear map on V;; ® ... ®V;, (see (3.2.46)), it suffices to
define a k-linear map on V;, x ... x V;, that is Zj- commutatlve in the variables i, = = Iy

3.2.3.2. Manifoldification functor. If V' is a Z3-graded vector space, its dual V"V is defined by

N N
VY := Hom(V,R) @Hom (V,R) = @ Hom(V;, R) = @ (V)" € Zjvec .
=0 =0

More explicitly, we consider the space of R-linear maps from V to R of any Zj-degree. It is
clear that the linear maps of degree ; are the linear maps from V; to R (that vanish in any
other degree). Hence,

(V)i = (Vi)' = Vi
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It follows that, if V' is finite dimensional of dimension plq, its dual V' has the same dimension.
Moreover, any basis (b});x (i € {0,...,N} and k € {1,...,q;}, where we set gy := p) of V
defines a dual basis (8¥); of VV.

Let now V' € Z3FinVec be of dimension p|g. We set

N
VY = @Vjv € ZyFinVec (dim(V,’) = 0|g) .

Jj=1

Proposition 3.2.21. If V is a Z3-graded vector space of dimension plq, there is a non-
canonical isomorphism of Z1-commutative associative unital R-algebras

b S(VY) — R[[E]], (3.2.48)
where R[[€]] is the global function algebra of R4,

Proof. As usual, we ordered the Z3-degrees lexicographically, so that the {f—s are ordered un-
ambiguously. We have

R[[¢]} = TR E™

where the multi-index « has components of € N (resp., of € {0,1}), if (y;,7;) is even (resp.,
odd).

On the other hand, it follows from Equations (3.2.42) and (3.2.47) that, choosing a basis
(by);.0 of Vi (defined similarly as V') and denoting its dual basis by (5¢),,, leads to

SVh=I, @ P RAre...0pr =1, PR =TLRF, (3.2.49)

J1<<Jg £1<... < lo|=k

where of € N (resp., af € {0,1}), if (7;,7;) is even (resp., odd).

In view of (3.2.41) and (3.2.43), the multiplications of R[[{]] and S(V,Y) are exactly the
same, so that the two ZJ-commutative algebras are canonically isomorphic, once a basis of V,
has been chosen. O

Remark 3.2.22. We denoted the isomorphism by b to remind us of its dependence on the
basis (). -

We are now prepared to define the linear ZJ-manifold associated to a finite dimensional
Z5-vector space. From here we denote the vector space by V instead of V and reserve the
notation V' for the manifold V' := M(V).

Hence, let V € ZjFinVec be of dimension p|q. The p-dimensional vector space V of degree
0 is of course a smooth manifold of dimension p, as well as a linear Z5-manifold V; of dimension
p|0. On the other hand, the algebra S(VY) is a sheaf of ZJ-commutative associative unital R-
algebras over {x}, i.e., it is a Z}-ringed space with underlying topological space {x} , and, in view
of Proposition 3.2.21, this space is (non-canonically) globally isomorphic to R% = ({x},R[[£]]) .
Hence, the space ({x}, S(VY)) is a linear Z3-manifold V4 of dimension 0|q. Finally, the product
V = Vp x V4 is a ZZ-manifold of dimension p|q, with base manifold Vj x {x} ~ V} and function

sheaf Oy that is, for any open subset 2 C Vj ~ RP, given by

Ov(Q) = Ovyxv (2 x {*}) = C(Q)&k Ov: ({+}) = C*(Q)@= R[] = C*(Q)[[¢]] = OéRPM(Q))

3.2.50
(since ©Q and {x} are Zj-chart domains; for more information about the problem with the
function sheaf of product Zj-manifolds, we refer the reader to [15]). In particular, the Zj-
algebras Oy (V) and Opyie(RP) are isomorphic (see also Definition 13 of product Zj-manifolds
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in [15]), so that the Z3-manifolds V and RP are diffeomorphic (given what has been said above,
the diffeomorphism is implemented by the choice of a basis of V). Finally V' € ZjLinMan
(dim V' = p[g). We define the manifoldification functor M on objects by

M(V)=V. (3.2.51)

We now define M on morphisms. A degree zero linear map L : V — W between finite
dimensional vector spaces (of dimensions p|g and 7|s, respectively) is a family of linear maps
L :V,— W, (i €{0,...,N}). We denote the transpose maps by 'L, : WY — V.

The linear map Lg : Vg — W is of course a smooth map Lg : Vo — Wy, where V, W, are
the vector spaces Vo, Wy viewed as smooth manifolds. The map Ly can also be interpreted as
Zy-morphism Lg : Vo — Wy between the Z5-manifolds Vg, W, (which are of dimension zero in
all non-zero degrees). The base morphism of Ly is Ly itself and, for any open subset 2 C Wy,
the pullback (Lg);, is the (unital) algebra morphism — o Lo, : O®(Q) — C®(w) (w := Ly *(Q))
that extends the transpose ‘Lo(—) = — o Ly .

The linear maps ‘L : WY — VY (j € {1,..., N}) define a linear map
S('L) : S(WY) — S(V)) .
Observe first that to define such a map, it suffices to define a linear map in each tensor degree

k, hence, it suffices to define a linear map

(L), W0, oW/ = VIio.. .0V

J1---Jk Ik

for any j; < ... <jr (Ju € {1,...,N}). Since the k-linear maps
(‘L) WX X WY S (wh . wh ) e Ly (wh) 0.0 'Ly (Wh) eV @ oV

Ji---Jk J1’ Jk J

are Zj-commutative in the variables j, = ... = j,,,, they define the degree zero linear maps

("L)$* . (we set ("L)®° = idg) and thus the degree zero linear map S('L) that we are looking

for. In view of our definitions, the latter is a (unital) Z3-algebra morphism between the global
function algebras of the ZJ-manifolds W< and V-, and it therefore defines a unique Z3-morphism
L. : Vo — Ws . The base morphism of L~ is the identity ¢ : {x} — {x}.

We thus get a Z5-morphism
ML):=L:=Lox Lo :M(V) =V =Vyx Vo 5> M(W) =W =Wy x W,  (3.2.52)
with base map Ly x ¢ =~ Ly and pullback (© open subset of Wy, w := L;'(2))
L : Ow(Q) = O, ()R S(WY) = Oy (w) = Cf (W)@ S(VY) (3.2.53)
which is fully defined by (— o Lo|,) ® S('L) .

We must now prove that the Zj-morphism M(L) = L is a morphism of Z}LinMan, i.e., that
in linear coordinates it has linear coordinate pullbacks. As said above, the linear coordinate map
k : W — R"# is the product of the linear coordinate maps ko : Wy — R"I% and k. : W — ROl
The first of these coordinate maps is implemented by a basis by, of W and its global pullback
by 1 C°(R") — Ciy, (Wy) sends a coordinate function y* € C*(R") to

by (y") =y o bw = By € Ciy, (W) |

where [y is the dual basis (observe that b}, extends the transpose of by, viewed as vector space
isomorphism). Similarly, it is clear from Proposition 3.2.21 that the global pullback b;;} of the
second coordinate map sends a coordinate function 7§ € R[[5]] to

oy (n) = B € S(WY)
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where (8f);, is the dual of a basis of W, . Based on what we just said and on the statement
(3.2.53), we get that the coordinate pullbacks in the linear coordinate expression of L are

(63) M (i (¥)) © Lo) = (67) 7 (Lo(Biy)) = (57) (Y (Lo)iBy) = Y (Lo)pa®

k k

and

v ("L Ow! () = dv ("Ly(8))) = bv (Y (L)) = D (L5

k k

where the notations are self-explanatory. Hence, M(L) : M(V) — M(W) is a morphism of
Z5LinMan .

Since M(L) is essentially the transpose of L, we have defined a functor
M : ZiFinVec — ZjLinMan

and this functor coincides on ZjCarVec with the functor M that we defined earlier.

We already mentioned that the Z3-diffeomorphism, say h, between V = M (V) and R/ is
implemented by a basis (b},); » of V. Now we can explain this observation in more detail. Indeed,
the basis chosen provides a Zj-vector space isomorphism b : V. — R”4 | hence, the image
M(b) : M(V) — M(RP4) is a Zj-diffeomorphism (it is even an isomorphism of ZLinMan),
say b : V — RPI¢. The diffeomorphism b = M(b) is a special case of the map L = M(L)
of Z3LinMan, whose construction has been described above. It is almost obvious from the
penultimate paragraph that the diffeomorphism h coincides with the diffeomorphism & . Indeed,
the diffeomorphism h is the product of two Zj-diffeomorphisms hg : Vo — RPI® and hs : Vo —
ROl (see k in the penultimate paragraph). The same holds for b, which is defined as b = by X b~ ,
where by : Vo — RP® and by : Vo — R (see (3.2.52) and (3.2.53)). The map hy is canonically
induced by the basis (b?), of Vj, and so is by; hence hg = by. The Z3-diffeomorphism b is
defined by the corresponding Z7-algebra isomorphism

S('b) : S(RY9)") — S(VY)

where the source algebra is II,Re® = RJ[[{]]. As seen above, this algebra morphism is fully
defined by the transposes 'b; : (R%)" — V' and their action on the basis (7). The action is

'by(ef) = efob; = ;
since the image of any v; = >, vf’ bi € V; by the two maps is Uf . It follows that

S('b) =b~". (3.2.54)
This yields b~ = h~ . Finally, we get

h=b=M(b). (3.2.55)

3.3.3.3. Vectorification functor. In this subsection, we define the vectorification functor
V : ZyLinMan — ZjFinVec .

If L € ZjLinMan has dimension p|g, we set

V(L) =L = (0(|L])" = PO (IL))” @L € Z3FinVec , (3.2.56)

)
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where L; has dimension ¢; (¢o = p). Further, in view of Ttem (iii) of Remark 3.2.16, if ¢ : L — L'
is a morphism of ZjLinMan, then ‘¢* is a degree preserving linear map

V(@) =& :='¢": V(L) = (O™(IL]))" = (O (L))" = V(L)
The definition of V(¢) implies that V is a functor.
2.3.3.4. Compositions of the manifoldification and the vectorification functors.
(1) We first turn our attention to Vo M. If
V € ZyFinVec (dim'V = p|q) ,

its image

M(V)=V =V, x Vs € ZjLinMan (dimV = p|g)

is the product of the linear Zj-manifolds V; and V5 . Let (b); ¢ be a basis of V with dual (8f); ¢
and induced Z3-vector space isomorphism b : V. — RP! (we denote the induced diffeomorphism
from Vj to RP by by). As explained above, it defines a linear coordinate map

h=M(b):V — RFl (3.2.57)
with pullback morphism
h* = (= oby)®z ") : C*(RM)@= R[] = O3 (Vo)®r S(VY)

(see (3.2.55), (3.2.53) and (3.2.54)). Using Equation (3.2.14), denoting the basis of (RPI%)¥
usual by (¢);,, and remembering the identifications (3.2.11), we thus get

V(M(V)) = (0§(Vp))" = (h* Ol (RP h*@Rgo@@Rs =

(DR(ob) @ @Rb )" @Rﬁo @M

¢
(77) Regarding M o V), recall that if

L € Z5LinMan (dimL = plq) ,

Definition (3.2.56) yields V(L) = L = ((’)ﬁin(|L|))V (notice that L denotes a vector space here,
and not a linear map) and Definition (3.2.50) leads to M(L) := L := (Lo, Op), where Ly is

Lo = (Oﬁ”;o(\L\))v viewed as smooth manifold, and where O (w) (w C Lo open) is

Op(w) = Cpy (w)@r S(LY)
(see (3.2.50)). If we choose a basis (), of L), we have

S =T @ P RB6...08 =R,

G150 gk 41 <. <,

where of € N (resp., af € {0,1}), if (7;,7;) is even (resp., odd) (see (3.2.49)). Just as

Car(Q8r Il RE™ = CRo ()@ RI[E]] = CRo(Q)[[€]] = T CRo(2) €

(€ C R? open) (see [15]), we have

OLw) =T CRw) B =T, EH P Cxw OBk (3.2.58)

J1<0 gk 41 <. <,
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Remark 3.2.23. Let us mention that L and L denote a priori different linear Z5-manifolds
and that our goal is to show that they do coincide.

Recall first that, for any Zj-manifold M, there is a projection
€M - OM — Cﬁ\?l

of | M|-sheaves of Zj-algebras and that €;; commutes with pullbacks. In particular, if h: L —
RP! is a linear coordinate map of L [a (linear) Z3-diffeomorphism], its pullback is, for any open
subset |U| C [L|, a Z}-algebra isomorphism

h*: Opaia([R[(IU])) = OL(U)
and it restricts to a Zj-vector space isomorphism

h* : Ogii (IRI(IU)) — Of™(|U]) -

RPlZ

Further, as just said, we have
eL oh™ =h" o egpie = (— o |h) 0 €ppig
on Opsle(|h[(|U])). Taking |U| = |L| and restricting the equality to degree zero linear functions
ol (®) = (R

Rp@fYO
(see (3.2.14)), we obtain
eoh™=—olhl, (3.2.59)

or, equivalently,

eL = (—olh|)o(h*)™t, (3.2.60)
where (h*) ™" is a vector space isomorphism from (Lg)* = O2 (|L|) to (R?)" and where —o|h| is
an algebra isomorphism from C*(RP) to C*°(|L|). In view of the diffeomorphism |h| : [L| — RP?,
the smooth manifold |L| is linear. Hence, it is a finite dimensional vector space also denoted |L|
and |h| is a vector space isomorphism, whose dual *|h| = — o |h| is a vector space isomorphism
from (RP)¥ € C*°(RP) to [L|Y. It follows (see also Equation (3.2.60)) that the canonical map
€L is a vector space isomorphism from (Lg)Y to |L|Y. When identifying these vector spaces, we

get €. =1id and |L| = Ly, hence the corresponding linear manifolds do also coincide: |L| = Ly .

To prove that the linear Z5-manifolds L and L coincide, it now suffices to show that their
function sheaves coincide. The pullback of h is an isomorphism h* : Opys — Oy of sheaves of
Zh-algebras. Since h* is a ZJ-vector space isomorphism

b+ (RY)" = Ol (R") = Of" (L) = LY |

]RO‘Q *

l

the images (h*(¢f));, are a basis (), of Ly . Moreover, we know that

Ih| = (...,ec(hy),...) = (..., h%eh),...),
as €. = id on (Lg)" . Therefore, if f(z) € C*(RP), we get

h*(f(x)) = f(W(@)) = fo(....,h%eg),...) = folhl € C¥(LI) . (3.2.61)
Equation (3.2.61) (which generalizes Equation (3.2.59)) shows that h* is an algebra isomorphism
h* : C®°(RP) — C°°(|L|). Similarly, if w C |L| is open, € := |h|(w) C RP and f(x) € C>(Q),
we have

h*(f(z)) = fofhll, € C%(w),
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so that
h*: C*(Q) - C*(w) (3.2.62)

is also an algebra isomorphism. Finally, the ZZ-algebra isomorphism
h* : [I,C°(Q) &Y — O (w) (3.2.63)

sends any series Y fo(2)* to
D o0 (fal@)( (€, ) =D 0 (fal@)( o D), )Y =D 0 (fal2))B* € Op(w)

(see (3.2.58)). The Z}-algebra morphism
h* : [1,C*(Q)E* — Op(w) (3.2.64)

we get this way (notice that the targets of the arrows (3.2.63) and (3.2.64) are different) is visibly
an isomorphism. Indeed, it is obviously injective, and it is surjective due to (3.2.62). It follows
from (3.2.63) and (3.2.64) that O (w) = O (w), for any open subset w C [L|. Since h* commutes
with restrictions, the sheaves Op and Op, coincide and M(V(L)) = L. An alternative way of
saying what we just said is to observe that in view of (3.2.63) every element of O (w) is the
image by h* of a unique series ), fo(2)£* and therefore belongs to O (w) . Conversely, in view
of (3.2.62) every element ) go" (9o € C*(w)) of Op(w) uniquely reads > h*(f.(x))B, is
therefore the image by h* of > f.(2)&* and so belongs to Oy (w).

(iii) We leave it to the reader to check that both functors, V o M and M oV, coincide also on
morphisms with the identity functors.

Theorem 3.2.24. The functors
M : ZiFinVec = ZyLinMan : V
are an isomorphism of categories.

2.3.3.5. Comparison of the functors of points. Since ZiFinVec ~ ZJLinMan, the fully faithful
functors of points F (see Proposition 3.2.8) and S (see Theorem 3.2.20) of these categories
should coincide. However, up till now, the functor F is valued in Fung(Z45Pts®P, AMod) , whereas
the functor S is valued in Funy(Z5Pts®P,FAMod). Since FAMod is a subcategory of AMod, the
latter functor category is a subcategory of the former. Hence, if we show that the image F (V)
of any object V of ZJFinVec is a functor of Fung(Z5Pts°, FAMod) (x) and that the image F(¢)
of any morphism ¢ : V. — W of ZjFinVec is a natural transforation of Fung(Z5Pts°P, FAMod)
(%), we can conclude that F is a functor

F : ZyFinVec — Fung(Z5Pts®P, FAMod) .

We start proving (x). Since FAMod is a subcategory of AMod, we just have to show that the
image

FV)(A) =V(A) =(A® V)
of any object A of Z5Pts®P is a Fréchet Ag-module (o) and that the image

F(V)(¢") =V(p") = (¢ ®@1Lv)o

of any morphism ¢* : A — A’ of ZJAlg is a morphism of FAMod (o).
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To prove (), we consider a basis of V (dim V = p|g), i.e., an isomorphism b : V & RPl¢
b~! of Z§-vector spaces. Since F(b) = b_ is a natural isomorphism of Funy(Z5Pts°P, AMod),
any of its A-components is an isomorphism

by : V(A) = RPIE(A) : b}!

of Ag-modules. We use this isomorphism to transfer to V(A) the Fréchet vector space structure
of

R7M(A) = (AR, = P EP A, = LA, = A7 x A28 x . x ASIN (3.2.65)
i k

(see Proof of Proposition 3.2.17 and Equation (3.2.17)), thus obtaining a well-defined Fréchet
structure and making b, a Fréchet vector space isomorphism, i.e., a continuous linear map with
continuous inverse. Since by is Ag-linear, the action - of Ay on V(A) is related to its action <«
on RPIZ(A) by

a-v=bi'(adaby(v)),

for any a € Ag and any v € V(A). The action - is thus the composite of the continuous maps
id x by, <, and le, hence, it is itself continuous. The Ag-module and the Fréchet vector space
structures on V(A) therefore define a Fréchet Ap-module structure on V(A) and b, becomes
an isomorphism of Fréchet Ag-modules (for any basis b of V).

As concerns (o), recall that V(¢*) is a (¢*)o-linear map, where the algebra morphism
(p*)o : Ag — A} is the restriction of p*. Observe now that, in view of (3.2.65), we have

RY2(p") = (¢* @ 1)g = LI, " |

so that RP4(p*) is continuous as product of continuous maps (indeed, the ZZAlg-morphism ¢*
is continuous as pullback of the associated Z4-morphism). As b_ is a natural transformation
of Fung(Z3Pts®P AMod), we have

V(p') = by o RM(g") o by,

so that V(¢*) is continuous (and (¢*)o-linear), hence, is a morphism of FAMod .

It remains to show that (x) holds. We know that F(¢) = ¢_ is a natural transformation of
Fung(Z45Pts®P, AMod) , i.e., its A -components ¢, are Ag-linear maps and the naturality condition
is satisfied. It thus suffices to explain that ¢, = (1 ® ¢)o is continuous. Since A is a Fréchet
algebra, it is a locally convex topological vector space (LCTVS) and 1 : A — A is a degree
zero continuous linear map. Further, since V and W are finite dimensional ZJ-vector spaces,
the degree zero linear map ¢ : V — W is automatically continuous for the canonical LCTVS
structures on its source and target. It follows that 1 ® ¢ and (1 ® ¢)o are continuous linear
maps.

Proposition 3.2.25. The functor
F : ZyFinVec — Fung(Z45Pts P, FAMod)
15 fully faithful.

Proof. The result is obvious in view of Proposition 3.2.8, since Fungy(Z5Pts®P, FAMod) is a sub-
category of Fungy (Z4Pts®P AMod) . O
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We are now ready to refine the idea expressed at the beginning of this subsection that the
(fully faithful) functors of points

F : Z3FinVec — Funy(Z5Pts?, FAMod)
(see Proposition 3.2.25) and
S : ZjLinMan — Funy(Z5Pts®P, FAMod)
(see Theorem 3.2.20) of the isomorphic categories
M : ZiFinVec = ZyLinMan : V
should coincide.

Theorem 3.2.26. The functors
SoM, F:ZjFinVec — Funy(Z35Pts P, FAMod)
are naturally isomorphic.

We first prove the theorem in the Cartesian case
M : ZiCarVec = ZiyCarMan : V

(see Proposition 3.2.5). More precisely, it follows from Proposition 3.2.25 and Theorem 3.2.20
that the functors F and S are (fully faithful) functors

F : ZjCarVec — Funy(Z5Pts?, FAMod)

and
S : ZjCarMan — Fung(Z5Pts P, FAMod) .

Actually:

Proposition 3.2.27. The functors
SoM, F:ZjCarVec — Funy(Z5Pts P, FAMod)

are naturally isomorphic.

Proof. In order to construct a natural isomorphism | : § o M — F | we must define, for any
R”% | a natural isomorphism
lris © S(RPY) — F(RPI)
of Funy(Z3Pts FAMod) that is natural in R?/. To build |grla » We have to define, for each A,
an isomorphism
lgsla s : S(RAD)(A) — F(RP)(A)
of Fréchet Ag-modules that is natural in A . Recalling that the source and target of this arrow
are
RPIZ(A) = Homzgyan (RO™, RPI9) (RO ~ A)

and

N g N  q;
RPM9(A) = (A @ RP9), = @ @A% ® Rel = @EBA% = AJP X KT XX A

1=0 k=1 i=0 k=1
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respectively, we set

epia X DO () @ €l = (¢ (u) = (' (), x°(€1) = (e, €h)

where (uf) = (¥, £F) are the coordinates of RPIZ and where (e}); is the canonical basis of RP!Z .
Since we actually used this 1:1 correspondence to transfer the Fréchet Ag-module structure from
RPI4(A) to RPI4(A) (see (3.2.22)), the bijection |grla 4 1s an isomorphism of Fréchet Ag-modules.
This isomorphism is natural with respect to A. Indeed, if ¢* : A — A’ is a Z}-algebra map
(with corresponding Zj-morphism ¢), we have

lgela o (RP9(0%) (%)) = Ioia a0 (x 0 ) = (97 (x* (")), 0" (x(§]))) = (9" @ D)o (Iota 5 (%)) -

It now suffices to check that Iy, is natural with respect to RPle Hence, let L : Rrl? — Rls
be a degree zero linear map and let L : RP12 — R"s be the corresponding linear ZZ-morphism
M(L). In order to prove that

lRT|§ © S<L) = ]:(L) o |Rp\g ) (3266)

we have to show that the A-components of these natural transformations coincide. To find that
these Fréchet Ag-module morphisms coincide, we must explain that they associate the same
image to every x € RPI(A). When denoting the coordinates of R" by (ul) = (2, &), we
obtain

et A (S(L)A(X)) = lgris (Lo x) = (x*(L* (")), x*(L*(£]))) = (x"(L* ("))
where .
ulf) = Z L P

in view of (3.2.12) and (3.2.13). It follows that

G (L @) = (oL (uh)) = 30 (DL () @ f = Do x(ul) © (Y Lijet) =

k=1 ik ik ¢
*( k —
DX () @ L(e) = (1@ L) Zx )@ i) = F(L)a(lgpia 5 (%)
ik
where (e); is the basis of R'l2. O

We are now able to prove Theorem 3.2.26.

Proof. For simplicity, we set
T := Fung(Z5Pts®?, FAMod) .

In order to build a natural isomorphism Z : SoM — F, we must define, for any V € ZjFinVec,
a natural isomorphism

Iv : S(V) — F(V)
of T that is natural in V.

Set
dim'V = plgq
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and let b be a basis of V| or, equivalently, a Z3-vector space isomorphism b : V. — RPIZ,
In view of (3.2.57), the morphism M(b) : V — RPI2 is a linear Zj5-diffeomorphism. Using
Proposition 3.2.25 and Theorem 3.2.20, we obtain that

F(b): F(V) = F(RF)
and
S(M(b)) : S(V) — S(RF2)

are natural isomorphisms of T. As
| rle - S(RPIE) — F(RPI2)
is a natural isomorphism of T as well, the transformation
Iv:=F(b Yo lgrla © S(M(b))

is a natural isomorphism

Iy : S(V) — F(V)

as requested. In view of Equation (3.2.66), the transformation Zy is well-defined, i.e., is inde-
pendent of the basis chosen.

It remains to show that Zy is natural in V, i.e., that, for any degree zero linear map
¢: V=W (dimW = r|s) and for any basis b (resp., ¢) of V (resp., W), we have

F(¢) o F(b™1) 0 lgsia 0 S(M(b)) = F(e™) 0 Ipris 0 S(M(c)) 0 S(M(9)) ,

or, equivalently,

lpri: 0 S(M(copob™)) =F(cogob™)o lgrla -

Since L := co ¢ o b~ ! is a degree zero linear map L : RP4 — R’ls | Equation (3.2.66) allows
once more to conclude. O

2.3.3.6. Internal Homs. A topological property is a property of topological spaces that is
invariant under homeomorphisms (isomorphisms of topological spaces). More intuitively, a
‘topological property’ is a property that only depends on the topological structure, or, equiv-
alently, that can be expressed by means of open subsets. Similarly, equivalences of categories
(“isomorphisms” of categories) preserve all ‘categorical properties and concepts’. Hence, an
equivalence should preserve products. It turns out that this statement is actually correct.
More precisely, if £ : S — T is part of an equivalence of categories, then a functor D : I — S
has limit s if and only if the functor £ o D : T — T has limit £(s) . Applying the statement
to the discrete index category I with two objects {1,2} and setting D(i) = s; (i € {1,2}), we
get that s; and ss have product s if and only if £(s1) and £(sy) have product £(s) . Now, the
category ZhFinVec has the obvious binary product x . It follows that, for any vector spaces
V, W € ZjFinVec, the manifolds M(V), M(W) € ZjLinMan have product

M(V) x M(W) =M(V x W) .

If L, L' € Z5LinMan, the categorical isomorphism implies that L = M(V(L)) and similarly for
L’, so that the product L x L’ exists and is

Lx L' = M(V(L) x V(L)) . (3.2.67)

Hence, the category ZjLinMan has finite products.
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Equation (3.2.67) shows that we got the product of ZjLinMan by transferring to T :=
ZyLinMan the product of S := ZjFinVec. We can similarly transfer to T the closed symmet-
ric monoidal structure of S. Indeed, the category ZjVec is closed symmetric monoidal for
the standard tensor product — Qzpvec — of Zj-vector spaces and the standard internal Hom
Ho_ng\,ec(—, —) of Z3-vector spaces, which is defined, on objects for instance, by

Homyy e (V, W) @Hommm (V,W) € Z}Vec , (3.2.68)

for any V, W € ZjVec. Of course, if V,W € S, then HomZgVec(V, W) € S, and the same holds
for V @znyec W . It follows that § = ZjFinVec is also a closed symmetric monoidal category.
If we set now

L@l = M(V(L) @zgvec V(L)) and  Homg(L, L") := M (Homgyy. (V(L), V(L)) , (3.2.69)
and similarly for morphisms, we get a closed symmetric monoidal structure on T = ZjLinMan :

Proposition 3.2.28. The category ZiLinMan is closed symmetric monotidal for the structure
(3.2.69).

Alternatively, we could have defined Hom(L, L") € T using the fully faithful functor of points
S : T3> L+ Homgpyan(—, L) =: L(—) € Funy(ZyPts, FAMod) ,

i.e., defining first a functor F| | (—) in the target category, and then showing that this functor
is representable by some Hom(L,L") €

F (=) = Homgpyan(—, Homq (L, L)) = Homq(L, L")(—) . (3.2.70)

This ‘functor of points approach’ is often easier.

To shed some light on our more abstract definition above, we now compute Hom,(RP!Z, R7Is)(A)
(¢) assuming some familiarity with Z%-graded matrices gl(r|s X p|g,A) with entries in A €
Z5Alg . Details can be found in Subsection 3.3.1 which we leave in its natural place. However,
we highly recommend reading it before working though the end of this section.

We observe first that
HomZgVemk(R”@, R'%) = gl (r|s x plg,R) € Vec .

In order to understand the gist here, we consider the case n = 2, so that a matrix X €
gl (r|s x plg,R) has the block format

Xoo | Xo1 | Xoz | Xos
Xio | X1 | Xi2 | Xus
Xoo | Xo1 | Xoo | Xoz |7
Xs0 | Xs1 | Xs2 | X33

(3.2.71)

where the degree z;; of the block X;; is
Tij =Y+ + Yk - (3.2.72)

Since the entries of the X;; are real numbers and so of degree ~, all the blocks with non-
vanishing z;; do vanish. For instance, if v, = 01 € Z (resp., 7% = 11) (do not confuse
with the row-column index 01 in X (resp., 11 in Xj;)), the degree z;; = 0 if and only if
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ij € {01, 10, 23,32} (resp., ij € {03,12,21,30}) (as in most of the other cases in this text, the
Z3-degrees are lexicographically ordered), so that only these X;; do not vanish. It follows that

HomZSVeC(R”‘Q, R") = gl(r|s x p|g,R) € ZjFinVec

is made of the matrices (3.2.71), where no block X;; vanishes a priori. The canonical basis
of this Z5-vector space are the obvious matrices Eyj, (i,7 € {0,...,N}, k € {1,...,s;},
¢ e {1,...,q;}) with all entries equal to 0 except the entry kl in X;; which is 1. In view of
Equation (3.2.72), the vectors of this basis have the degrees 7; + 7; . We can of course identify
(up to renumbering) this Z5-vector space with R!* | where u, (n € {0,...,N}) is equal to

Uy, = Z Siq; (3.2.73)
5]+ =
(we set sg =1,q0 = p, up :=t). Hence:

HomZSVec(Rp‘Q, R'%) = gl(r|s x plg,R) = Rt € ZiCarVec . (3.2.74)

Combining (3.2.69) and (3.2.74), we get
Homg s e (RP4, R™2) = M(Homg,y.(RP, R7#)) = R € ZjCarMan . (3.2.75)
We now come back to (¢). Setting as usual R%™ ~ A | we get the isomorphism
I—Io_ngLinManaRp'g? RTE)(A) = Rtm(/\) ~ I, AJrm

of Fréchet Ag-modules. On the other hand, the vector space gly(r[s x plg, A) is a Ap-module
and this module ‘coincides’ obviously with

glo(rls x plg, A) =TI, AX“ .

By transferring the Fréchet structure, we get an ‘equality’ of Fréchet Ag-modules. Hence, the
Fréchet Ag-module isomorphism

Homy, s pyan (R, R) (A) = RIL(A) =TI A2 = gl (r]s X plg, A) € FAgMod . (3.2.76)

There is a natural upgrade that is independent of the internal Homs and makes G :=
gly(r]s x plg,—) a functor G € Fung(Z5Pts®?,FAMod). Indeed, it suffices to define G on a
ZyAlg-morphism ¢* : A — A’ as

G(e") : G(A) 5 X = ¢"(X) € G(A),
where ¢*(X) is defined entry-wise. The morphism G(¢*) is clearly (¢*)o-linear. It is also
continuous, as it can be viewed as a product of copies of p*. Since G respects compositions

and identities it is actually a functor of the functor category mentioned. The functors G and
Ru(—) = S(R') are of course naturally isomorphic. Since S is a fully faithful functor

S : ZjLinMan — Funy(ZyPts°P, FAMod) ,
the functor G can be viewed as represented by the linear Z5-manifold R .

Proposition 3.2.29. The functor gly(r|s X p|q,—) is representable and the Cartesian Zj-
manifold

glo(rls x plg) == R |

with dimension tlu defined in Equation (3.2.73), is ‘its’ representing object.

Example 3.2.30. For n = 2, we find that gl,(1]1,1,1) = R*444,
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3.3 Zj-Lie groups and linear actions

3.3.1 Zj-matrices

We will consider matrices that are valued in some Z3-Grassmann algebra A, though everything
we say generalizes to arbitrary Z5-commutative associative unital R-algebras. A homogeneous
matrix X € gl (r|s x plg, A) of degree x € Z is understood to be a block matrix

XOO XON
X = S : , (3.3.1)
XNO oo | XNN

with the entries of each block X;; being elements of the Zj-Grassmann algebra A. Here the
degree x;; € Z of X;; is
Ty =%+t

and the dimension of Xj; is
dlm(XZ]) =5; X q;

(setting so = r and gy = p as usual). Addition of such matrices and multiplication by reals are
defined in the obvious way and they endow gl,(r|s x p|g, A) with a vector space structure. We
set

gl(rls x plg,A) == @glm(ﬂg x plg, ) € ZyVec .

TEZ

Multiplication by an element of A requires an extra sign factor given by the row of the matrix,
i.e., for any homogeneous A € A,, , we have that

A X)y = ()N X5 .

We thus obtain on gl(r[s x plg,A) a Zj-graded module structure over the Zj-commutative
algebra A . If r[s = p|q, we write

gl(plg, A) == gl(plg x plg, A) .

Multiplication of matrices in gl(p|q, A) is via standard matrix multiplication — now taking care
that the entries are from a Zg-co_mmutative algebra. Equipped with this multiplication, the
Zy-graded A-module gl(p|g,A) is a Zy-graded associative unital R-algebra. In particular, the
degree zero matrices gly(plg, A) form an associative unital R-algebra. Since multiplication of
matrices only uses multiplication and addition in A, we can replace A not only, as said above,
by any Z-commutative associative unital R-algebra, but also by any Zj-commutative ring R
and then get a ring gl,(p|q¢, R). We denote by GL(p|q, R) the group of invertible matrices in
glo(plg, R) . For further details the reader may consult [18].

3.3.2 Invertibility of Zj-matrices

Let R be a Zj-commutative ring which is Hausdorff-complete in the J-adic topology, where J
is the (proper) homogeneous ideal of R that is generated by the elements of non-zero degree
v; € 23, j € {1,...,N}. The Zj-graded ring morphism € : R — R/J, where

R/J=EDRi/(RinJ)=Ro/(RyNJ)
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vanishes in all non-zero degrees, induces a ring morphism
£ gly(plg, R) > X — &(X) € Diag(plg, R/J) ,
where £(X) is the block-diagonal matrix with diagonal blocks £(X};) (with commuting entries).
The following proposition appeared as Proposition 5.1. in [22]:

Proposition 3.3.1. Let R be a J-adically Hausdorff-complete Z%-commutative ring and let
X € gly(plg, R) be a degree zero p|q X p|lqg matriz with entries in R, written in the standard block
format

XOO R XQN

XNO XNN

We have:

In this work, we are of course mainly interested in the case R:= A =R ® Aand J = /O\, SO
that R/J =R.

3.3.3 Z3j-Lie groups and their functor of points

Groups, or, better, group objects can easily be defined in any category with finite products,
i.e., any category C with terminal object 1 and binary categorical products ¢ x ¢ (¢, € C).

If C is a concrete category, the definition of a group object is very simple. For instance, if C
is the concrete category AFM of Fréchet manifolds over a Fréchet algebra A, a group object G
in C is just an object G € C that is group whose structure maps : G xG - Gandinv: G — G
are C-morphisms, i.e., A-smooth maps. We refer of course to a group object in AFM as a Fréchet
A-Lie group.

If C is the category ZjMan of Zj-manifolds, the definition of a group object is similar, but
all the (natural) requirements (above) have to be expressed in terms of arrows (since there are
no points here). More precisely, a group object G in C is an object G € C that comes equipped
with C-morphisms

p:GxGE—-G, inmv:G—-G and e:1—=G

(the terminal object 1 is here the Z3-manifold R%® = ({},R)), which are called multiplication,
inverse and unit, and satisfy the standard group properties (expressed by means of arrows):
(4 is associative, inv is a two-sided inverse of p and e is a two-sided unit of p. To understand
the arrow expressions of these properties, we need the following notations. We denote by
A : G — G x G the canonical diagonal C-morphism and we denote by eq : G — G the
composite of the unique C-morphism 14 : G — 1 and the unit C-morphism e : 1 — G. The left
inverse condition now reads
po (inv xidg) o A = eg

and the left unit condition reads
,uo(e(; X ldg)OA :ldG
(and similarly for the right conditions). The associativity of u is of course encoded by

po (pxidg) =po (idg xu) . (3.3.2)
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We refer to a group object in ZiMan as a Z5-Lie group.

A morphism F : G — G’ of Fréchet A-Lie groups is of course defined as an A-smooth map
that is a group morphism. Analogously, a morphism F : G — G’ from a Fréchet A-Lie group
to a Fréchet A’-Lie group is a morphism of AFM that is also a group morphism. We denote the
category of Fréchet A-Lie groups by AFLg and we write AFLg for the category of Fréchet Lie
groups over any Fréchet algebra.

Further, a morphism ® : G — G’ of Z}-Lie groups is a Zj-morphism that respects the
multiplications, the inverses and the units (obvious arrow definitions). The category of Z%-Lie
groups we denote by ZiLg.

The functor of points of ZJ-manifolds
S : ZiMan — Fung(ZyPts®P, AFM) (3.3.3)
induces a fully faithful functor of points of Z3-Lie groups:

Theorem 3.3.2. The functor
S : ZjLg — Funy(Z3Pts P, AFLg) (3.3.4)
18 fully faithful. Moreover, if M € ZiMan and
S(M) = M(—) € Funy(Z3Pts?, AFLg) ,
then M € ZyLg.

This theorem was announced as [13, Theorem 3.30.] without proper explanation or proof.

Proof. 1t is clear that we have subcategories
AFLg C AFM, Funy(Z5Pts? AFLg) C Fung(ZyPts®?, AFM) and ZjLg C ZjMan .

Therefore, in order to prove that the functor (3.3.3) restricts to a functor (3.3.4), it suffices
to show that S sends objects G and morphisms ® of ZJLg to objects and morphisms of the
functor category with target AFLg.

Observe first that, for any M, N € ZiMan, we have the functor equality
S(M x N)= (M x N)(=)=M(—)x N(—)=8(M) x S(N), (3.3.5)

in view of the universal property of M x N. Further, if ¢ : M — M’ and ¢ : N — N’ are two
Z3-morphisms, the natural transformation

S(px ) = (¢ x ) (M xN)(=) = (M x N')(-)
becomes ¢_ x 1_, if we read it through the identification (3.3.5).

Now, if G € ZjLg with structure Z4-morphisms p,inv (and e), then the AFM-valued functor
S(G) = G(—) is actually AFLg-valued. This means that it sends any Z35-Grassmann algebra A
and any Z5Alg-morphism ¢* : A — A’ to an object G(A) and a morphism G(¢*) of AFLg.

For G(A) € AgFM, notice that the natural transformations S(u) = p—, S(inv) = inv_ (and
S(e) = e_) have Ap-smooth A-components

pa : G(A) x G(A) = G(A), invy:G(A) - G(A) (and ep: 1(A) = G(A))
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(the Fréchet Ag-manifold 1(A) is the singleton that consists of the Z5Alg-morphism ¢y that
sends any real number to itself viewed as an element of A) that define a group structure on
G(A) (with unit 15 := ep(ta)), which is therefore a Fréchet Ag-Lie group. The group properties
of these structure maps are consequences of the group properties of the structure maps of G. For
instance, when we apply S to the associativity equation (3.3.2) and then take the A-component
of the resulting natural transformation, we get

pia © (fa X idG(A)) = HA© (idG(A) X piA) -

As for G(¢*) : G(A) — G(A'), we know that it is an AFM-morphism and have to show that
it respects the multiplications py and pp, i.e., that

pa 0 (G(p") x G(¢")) = G(¢") oy (3.3.6)

However, this equality is nothing other than the naturalness property of u_ .

Finally, let ® : G — G’ be a ZjLg-morphism and denote the multiplications of the source
and target by u and p’, respectively. In order to prove that the natural transformation S(®) =
$_ : G(—) — G'(—) of the functor category with target AFM is a natural transformation of the
functor category with target AFLg, it suffices to show that ®, is a morphism of AFLg, which
results from the application of the functor S to the commutative diagram

po(®x®) =opu. (3.3.7)
The next task is to show that the functor (3.3.4) is fully faithful, i.e., that the map
SG,G’ . HomZSLg(G) G/> > D= b & Hompuno(zgptsogAFLg)(G(—), G,(—)) (338)

is a 1:1 correspondence, for any Zj-Lie groups G, G’. Since the functor (3.3.3) is fully faithful,
any natural transformation in the target set of (3.3.8) is implemented by a unique Zj-morphism
¢ : G — G’ and it suffices to show that ¢ respects the group operations, for instance, that is
satisfies Equation (3.3.7). However, Equation (3.3.7) is satisfied if and only if

Py o (pa X da) = a0 pua

for all A. The latter condition holds, since ¢, is, by assumption, a group morphism.

We must still prove the last statement of Theorem 3.3.2. The assumption implies that, for
any Z3-Grassmann algebra A and any Z3-algebra morphism ¢* : A — A’ we get a Fréchet
Aop-Lie group M(A) and a (¢*)g-smooth group morphism M (¢*) : M(A) — M(A’). We denote
by 1a (resp., pa,invy) the unit element (resp., the Ag-smooth multiplication, the Ag-smooth
inverse) of the group structure on the Fréchet Ag-manifold M (A). We have already observed (see
(3.3.6)) that the fact that M (¢*) respects the multiplications uy and gy is equivalent to that
of p_ being natural. The natural transformation p_ : (M x M)(—) — M (—) is implemented by
a unique Zj-morphism p: M x M — M . We obtain similarly a Z5-morphism inv : M — M .
As for e : 1 — M , we notice that the maps

en: 1(A) 2 a— 1y € M(A) (A € Z3GrAlg)

define visibly a natural transformation with Ag-smooth A-components. Hence, it is implemented
by a unique Z§-morphism e : 1 — M . We leave it to the reader to check that p, inv and e
satisfy (3.3.2) and the other group properties. ]
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3.3.4 The general linear Zj-group

We want to define the general linear Ziy-group of order plg so that it is a 2"Z-Lie group
GL(p|q) . In view of Theorem 3.3.2, it suffices to define a functor

GL(p|q)(—) € Fung(ZyPts?, AFLg)
that is represented by a Zj-manifold GL(p|q).
Definition 3.3.3. The general linear Zy-group GL(p|q) is defined, for any A € ZyGrAlg, by
GL(p]g)(A) = GL(p]g,A) = {X € glo(p|g,A) : X 1s invertible} ,
and, for any ZjAlg-morphism ¢* : A — A" and any X € GL(p[q)(A), by
GL(plg)(¢")(X) :=&" X,
where p* is ¢* acting on X entry-by-entry.

Theorem 3.3.4. The maps GL(p|q)(—) of Definition 5.3.8 define a representable functor. We
refer to the representing object GL(plq) € ZyLg as the general linear Zjy-group of dimension

plg.
Proof. Recall that:
i. It follows from Equation (3.2.76) that
glo(pla, A) = ILLoAS" = Ag? x TLL AZY ~ RI“(A)
where w,, is given by (3.2.73) (t = uy).
ii. It follows from Proposition 3.3.1 that X € gl,(p|g, A) is invertible if and only if £(X) €

GL(plg,R), if and only if &(X;;) € GL(¢;,R), for all 7 € {0,..., N}, if and only if
Xy € GL(qi,A), for all 7 € {0,,]\]}

In particular, a matrix
X e gly(plg,R) = Rt — RP*H2, 4 — Diag(plg, R)

is invertible if and only if X;; € GL(g;,R), for all 7. It follows that

U' := GL(plg)(R) = II}Y,, GL(¢;, R) C R" . (3.3.9)
As U' C R? is open, we can consider the Z5-domain

U™ = U, Ogoiulurt) (3.3.10)
as well as its functor of points
U™ (—) € Funy(Z3PtsP, AFM)

with value on A )
UM(A) = U x NG x T AZ

(see [13]).
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On the other hand, we get
GL(plg)(A) = {X € R XAF XTI A% (1, &(Xa), .)€ T GL(gi, R)} = U x AF XTI AX |

so that U"%(—) and GL(p|q)(—) ‘coincide’ on objects A: if we denote the coordinates of R as
usually by (u®) = (22,£4), this ‘equality’ reads

UT(A) 5 x" = (x"(u"))a € GL(pl)(A) -

Moreover, U'"(—) and GL(p|g)(—) coincide on morphisms ¢* : A — A’. Indeed, the map
GL(p|q)(¥*) acts on a matrix

(x*(u"))a € GL(plg)(A) C AG* H?’ZIA%“J'

by acting on all its entries x*(u®) by ¢*, whereas the map U'"(¢*) acts on a Z§Alg-morphism
x* € UL(A) by left composition ¢* ox*; if we identify x* with the tuple (x*(u®))q, then U (p*)
acts by acting on each x*(u®) by ¢*, which proves the claim.

It follows that GL(p|q)(—) is a functor
GL(plg)(—) € Funy(ZyPts®", AFM)

that is represented by
GL(plq) := U € ZiMan | (3.3.11)

so that it now suffices to prove that this functor is valued in AFLg , i.e., it suffices to show that
GL(plg)(A) € AgFLg and that GL(p|q)(¢*) is an AFLg-morphism.

Recall that gly(p[g,A) is an associative unital R-algebra for the standard matrix multipli-
cation - (standard matrix addition, standard matrix multiplication by reals and standard unit
matrix I) (see Subsection 3.3.1). It is clear that the subset GL(p|q)(A) C gly(plg,A) is closed
under - :

pa = GL(plg)(A) x GL(p|g)(A) 3 (X, Y) = X - Y € GL(plg)(A) (3.3.12)

is an associative unital multiplication on GL(p|g)(A). Therefore, pp and
invy : GL(plg)(A) 2 X — X" € GL(plg)(A) (3.3.13)

endow GL(p|g)(A) with a group structure (with unit I). Finally, the Fréchet Ag-manifold
GL(p|q)(A) together with its group structure jus,invy (and I) is a Fréchet Ag-Lie group, if its
structure maps uy and inva are Ag-smooth. This condition is actually satisfied (see below).

As for GL(p|q)(¢*) , we know that it is an AFM-morphism and need to show that it respects
the multiplications 4, a . This condition is clearly met because GL(p|q)(»*) acts entry-wise
by the Z3Alg-morphism ¢* .

It remains to explain why u, and inv, are Ag-smooth.

Notice first that the source of the multiplication (3.3.12) is the open subset Q(A) :=
UM(A) x UME(A) of the Fréchet space F(A) := R1¥(A) x RI%(A) (see [13]) and that we can
choose the Fréchet vector space (and Fréchet Ag-module) R!“(A) as its target. Since A is the
(Z5-commutative nuclear) Fréchet R-algebra of global Z-functions of some Z3-point R%™ its
addition and internal multiplication (its multiplication by reals and subtraction) are continu-
ous maps. It follows that each component function of the standard matrix multiplication g
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is continuous, so that u, is itself continuous. We must now explain why all directional deriva-
tives of up exist everywhere and are continuous, and why the first derivative is Ag-linear. Let
(X,Y) € QA) and (V, W) € F(A). We get

. (X+tV)- (Y +tW) - XY
dex,y)fa (V,W):hm( ) ( )

t—0 t

=X-W+V.Y.

Hence, the first derivative exists everywhere, is continuous and Ag-linear. Indeed, for any
a € Ay, we have
dixyypa (@ Via- W) =a-dixyyua (VW) .

It is easily checked that
Aixyypa(Vi, Wi, Vo, Wa) = Vo - Wi+ Vi - Wy and - dgpa(Vi, Wa, o Vi, W) = 0,

so that up is actually Ag-smooth.

As for
invy : U(A) C RI(A) — RI%(A) |

we start computing the directional derivative of
In i= pa o (inva xida) 0 Ay s UM(A) C RI“(A) 5 X = X1 X =T € R%(A)

(A is the diagonal map), assuming continuity of invy , for the time being. For any V' € R¥%(A),
we have

. X+t (X +tV) XX
ATy (V) = i X V) ~ lim (Fxv(0)- X +gxu(t) V) =0,

where
(X +tV) ' —X"!

. and gxy(t) = (X +tV)7 ',

fxv(t) =

It follows that

dX iIlVA<V) == 1151—13(% fX\/<t) = %g% ((va(t>'X+ng(t>'V)'Xil—g)(v(t)'V'Xil) == —Xﬁl'V'Xil y
so that the first derivative is defined everywhere, is continuous, as well as Ag-linear. Also the
higher order derivatives exist everywhere and are continuous. For instance, the second order

derivative is given by

dX inva(V, W) = —%i_{% (fXW(t) VX 4 gxew(t) V- fXW(t))
— X1 w. X' v. Xl xt.v.x.w.x1!. (3.3.14)

Finally, the inverse map inv, is Ag-smooth, provided we prove its still pending continuity.

We will show that the continuity of (3.3.13) boils down to the continuity of the inverse map
tp s A3 A= A7t e A% in A. Here AX C A is the group of invertible elements of A . Since A is
a (unital) Fréchet R-algebra, its inverse map ¢, is continuous if and only if A* is a Gs-set, i.e.,
if and only if it is a countable intersection of open subsets of A [48]. We will show that A* is
actually open in the specific Fréchet R-algebra A considered. In view of Equation (16) in [14],
the topology of A = R[[f]] (A ~ R%™) is induced by the countable family of seminorms

1
poN) = Zile@N] = sl (BENTLA=D Kb € A)
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where ¢ is the projection € : A — R. This means that the topology is made of the unions of
finite intersections of the open semiballs

Bs(v,e)={ e AN:psgA\—v)<e}={AeA:|Ng—vg| <e}={Ae A:)g€blrse)}

(B € N¥Iml ) — Y ou Vol € Aie > 0 and b(vg, €) is the open ball in R with center v and radius
g). Since

AN ={AeA: X eR\{0}} and R\{0}= []J b(re) (forsomee, >0),
reR\{0}

we get

A = U {)\ eA: Ao € b(’l“, Er)} = U Bo(ﬂ 57”) )

reR\{0} reRr\{0}
which implies that A* is open and that ¢, is continuous, as announced.

Before we are able to deduce from this that inv, is continuous, we need an inversion formula
for X € GL(p|q)(A) . Notice first that, in view of [18, Proposition 4.7], an invertible 2 x 2 block

matrix p
B
X = <C D) (3.3.15)

with square diagonal blocks A and D and entries (of all blocks) in a ring, has a block UDL
decomposition if and only if D is invertible. In this case, the UDL decomposition is

A B\ (I BD A—BD7'C 0 I 0
C D Lo 1 0 D D7l 1 )"

As upper and lower unitriangular matrices are obviously invertible, it follows that the diagonal
matrix is invertible, hence that A — BD~!C is invertible. Similarly, the invertible matrix X
has a block LDU decomposition if and only if A is invertible and in this case D — CA™'B is
invertible. Moreover, in view of Proposition 3.3.1, a matrix X € gl,(p|q, A) is invertible if and
only if all its diagonal blocks Xj; are invertible. Let now -

X = <é g) (3.3.16)

be a 2 x 2 block decomposition of X € gl,(p|g, A) that respects the (N + 1) x (N + 1) block
decomposition

XOO XON
X — . .

XN() XNN

Since A (resp., D) is invertible if and only if

A= <gl 51)) (resp., D= (g g)) (3.3.17)

is invertible, hence, if and only if the Xy, on the diagonal of A (resp., D) are invertible, we get
that X is invertible if and only if A and D are invertible. If we combine everything we have said
so far in this paragraph, we find that if X € GL(p|¢)(A), then A, D,A— BD~'C,D - CA™'B
are all invertible. Therefore, we can use the formula

-1 < (A—BD'C)! —~A7'B(D — CA‘IB)_l)

—D7'C(A-BD7'C)! (D~ CA'B)! (3.3.18)
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for any X € GL(p|q)(A) .

In order to simplify proper understanding, we consider for instance the case n = 2,

plg = p|q17q27q3 = 1|2a ]-7 1

and
albeld]|e
A B flohli) albec
X:( >: Ellm|n|p | € GL(1|2,1,1)(A), where A=| flgh ’
C D
gl rs|t|u | 7 m
viwz|y|z

and so on. We focus for instance on the first of the four block matrices in X!, i.e., on
(A— BD'C)~!. The matrix D is a 2 x 2 invertible matrix with square diagonal blocks and
entries in A . Since the four diagonal block matrices in X are invertible, it follows from what
we have said above that the inverse D~! is given by Equation (3.3.18) with A =t € A,
B=u&c€A, C=ycAand D =2 c A. Hence all entries of D! are composites of the
addition, the subtraction, the multiplication and the inverse in A, and so are all entries in the
invertible 2 x 2 block matrix

a| By
A-BD'C=| §|ecC (3.3.19)
niog

with square diagonal blocks (which are invertible) and with entries in A (the square diagonal
blocks have entries in Ag). Hence, the inverse (A — BD7'C)™! can again be computed by
(3.3.18). We focus on its entry

oo (a6 (G ) (0) en 320

Notice that here we cannot conclude that ¢ and £ are invertible and apply (3.3.18) to compute
the internal inverse. However, this inverse is the inverse of a square matrix with entries in
the commutative ring Ag, for which the standard inversion formula holds (recall that a square
matrix with entries in a commutative ring is invertible if and only if its determinant is invertible):

(2 é)_1=<€f—<9>‘1 (_gg _f> : (3.3.21)

Since all the entries of (3.3.19) are composites of the addition, subtraction, multiplication and
inverse in A , it follows from (3.3.20) and (3.3.21) that the same is true for the entry x of X 1.
More precisely the entry k corresponds to a map & that is a composite of the inclusion of
GL(p|q)(A) into its topological supspace A* /¥ (continuous), the projection of A**+1u) onto
A*Y (v < t + |u|) (continuous) and of products of the identity map id of A (continuous), the
diagonal map A of A (continuous), the switching map o of A x A (continuous), the addition a
of A (continuous), the scalar multiplication e of A (continuous), its subtraction s (continuous),
multiplication m (continuous) and its inverse ¢ (continuous). Indeed, it is for instance easily
seen that the map
NS (tu,y, 2) = —2 Yyt —uzly) €A
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is a (continuous) composite of products of these continuous maps. We thus understand that
the entry  of X! corresponds to a continuous map & : GL(p|¢)(A) — A. The same holds of
course also for all the other entries of X ~!. Finally, the inverse map

invy : GL(p[g)(A) > X — X1 e Ax(tHu)
is continuous and it remains continuous when view as valued in the subspace GL(p|q)(A). O

Example 3.3.5. In view of Equations (3.3.11), (3.3.10) and (3.3.9), the general linear Z3-group
of order 1]1,1,1 is
GL(1|17 1, 1) ~ ((RX)4, OR4\4,4,4|(RX)4) s

where R* =R\ {0}.

3.3.5 Smooth linear actions

In this section we define linear actions of Z3-Lie groups G on finite dimensional ZJ-vector spaces
V ~ V (we identify the isomorphic categories ZjFinVec and ZjLinMan). The definition can be
given in the category of Zj-manifolds, but it is slightly more straightforward if we use the functor
of points. Notice that the functors of points of G' € ZjLg C ZiMan and V' € Z35LinMan C Z35Man
are functors

S(G) = G(—) € Funy(ZyPts®?, AFLg) C Funy(ZiPts°P, AFM)

and
S(V) =V(—) € Fung(ZyPts°? FAMod) C Fung(Z4iPtsP, AFM) .

Definition 3.3.6. Let G € ZiLg and V € ZjLinMan. A smooth linear action of G on V is a
natural transformation

o_:(GxV)(—=)=G(=)x V(=)= V(-)

in Fung(Z5Pts®P, AFM) (natural transformation with Ag-smooth A-components) that satisfies
the following conditions:

i. Identity: for all vy € V(A), we have
oa(la,va) = v,
where 1, is the unit of G(A).
ii. Compatibility: for all gy, g} € G(A) and all vy € V(A), we have
oa(ga, oa(gh, va)) = oalalga, ga): va)
where p, is the multiplication of G(A).
ili. Ag-linearity: for all gy € G(A), all vp, v, € V(A) and all a € Ay, we have
(a) oalga,va +v}) = oalga va) + oalga, vh)
(b) oalga,a-va) =a-on(ga,va),

where - is the action of Ag on V/(A).
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Since

S : Z3Man — Fung(ZyPts®P, AFM) (3.3.22)

is fully faithful (for more details, see [13, 14, 15]), there is a 1 : 1 correspondence between
natural transformations o_ as above and ZJ-morphisms

oc:GxV >V, (3.3.23)
This correspondence implies in particular that Condition (ii) is equivalent to the equality
oo (idg xo) = 0o (u xidy) (3.3.24)

of Z5-morphisms from G x G xV =V (u: G x G — G is the multiplication of G). The same
holds for Condition (i) and the equality

[oane] (6 X ldv) = ldv (3325)

of Z5-morphisms from V ~1xV — V (e: 1 — G is the two-sided unit of p).

Canonical action of the general linear group.

We will now define the canonical action of the general linear Zj-group GL(p|q) = Ut € Zs3Lg

on the Cartesian ZJ-manifold RP € Z5LinMan. To do this, we use both, the fully faithful
functor (3.3.22) and the fully faithful functor

Y : ZyMan > M + Homgpyan(—, M) € Fun(Z;Man®?, Set) . (3.3.26)

We start defining a natural transformation o_ of Fun(Z5Man®?, Set) from U!%(—) x RPl4(-)
to RPI4(—). We will denote the coordinates of U!% (resp., RP4) here by X (resp., §), where
a,b € {1,...,p+ |q|} (vesp., where ¢ € {1,...,p+ |¢|}). For this, we must associate to any
S € ZiMan, a set-theoretical map og that assigns to any

(X, ¢) € U(S) x R4(S) = Homzpyan (5, Uy x Homzpyan (5, RPIY) |
i.e., to any (appropriate) coordinate pullbacks
(XS5, 85) == (X7(A), ¢*(§)) € O(S) )™ x o(g)*rHah, (3.3.27)
a unique element og(X, ¢) € RP4(S), i.e., unique (appropriate) coordinate pullbacks
05(Xgy, 85) € (’)(S)X(pﬂﬂ\) .

Since (§%). is viewed as a tuple (horizontal row), the natural definition of this image (horizontal
row) is
05(X5p: 85) = (83 Xgp)a » (3.3.28)

where the sum and products are taken in the global Z3-function algebra O(S) of S. It is clear
that the elements of this target-tuple have the required degrees, as the same holds for the
elements of the source-tuple. The transformation o_ we just defined is clearly natural. Indeed,
for any Z5-morphism v : S” — S, the induced set-theoretical mapping between the Hom-sets
with source S and the corresponding ones with source S’ is — o %, so that the induced set-
theoretical mapping between the tuples of global ZJ-functions of S and S’ is ¢* . The naturalness
of o_ follows now from the fact that ¢* is a ZAlg-morphism.
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Since (3.3.26) is fully faithful, the natural transformation ¢_ is implemented by a unique
Z3-morphism
o : GL(p|q) x RP!Z — RPl, (3.3.29)

which in turn implements, via (3.3.22), a unique natural transformation in Fung(Z5Pts°P, AFM)
between the same functors, but restricted to Z5Pts®P. Since this transformation is the restric-
tion of o_ to Z§Pts®P, we use this symbol for both transformations (provided that any confusion
can be excluded). It is easily seen that

oA(AR 6, §3) = (82 AR p)a

with sum and products in A, has the properties (i), (i) and (iii) of Definition 3.3.6, so that we
defined a smooth linear action of GL(p|q) on R4

The interesting aspect here is that we are able to compute the Z5-morphism (3.3.29). Indeed,
in view of the proof of the full faithfulness of the standard Yoneda embedding ¢ +— Home¢(—, ¢)
of an arbitrary locally small category C into the functor category Fun(C°P, Set), the morphism
o € Homg(c, ) that implements a natural transformation

o_ : Homg(—, ¢) — Home(—, )
1s
o = o.(id.) € Home(c,c') .
In our case of interest C = ZjMan, the previous Yoneda embedding is the functor (3.3.26) and

the morphism
o € Homgzpyan (GL(p[gq) x RPlZ, RPI7)

is
o =o0.(id.), with ¢= GL(pl|q) x RPI4 .
Since the pullback of the identity Z3-morphism id. is identity and the coordinate pullbacks

(3.3.27) are
(Xba7 §t) c O(C)X(p+|g\)(p+|g|+1) ’

Equation (3.3.28) yields
<§b‘2%?)a7

o =o.(id.) ~ o.(X¢, §)
with sum and products in O(c) . In other words:

Proposition 3.3.7. The canonical action o of the general linear Z3-group GL(p|q) on the

linear Z5-manifold or Z5-graded vector space RPI2 | s the 75 -morphism that is defined by the
coordinate pullbacks

o (§%) = §° A8, (3.3.30)
where we denoted the coordinates of GL(pl|q) ( resp., RPIZ) by X8 (resp., §).

Example 3.3.8. We know that the general linear Z2-group GL(1|1,1,1) can be identified with
the open Z2-submanifold 04444 of R4444 We denote the global coordinates of this Cartesian
Z2-manifold by (z%,&%,607, 2°). The indices run over {1,2,3,4} and the Z2-degrees of these
coordinates are (0,0),(0,1),(1,0) and (1,1), respectively. We already mentioned that if we
view U444 as GL(1]1,1,1) we must rearrange the coordinates:

Zl gl 01 Zl

. 52 22 22 62

X = (Xb>a,b - g3 3 43 53
4

20 & g
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In view of (3.3.30), the action o of GL(1|1,1,1) on R'5! with global coordinates
§ = (§%)0 = (2%,6°,6°,2°),
is given as

) _ CL’OZL‘I +§O§1 +9081 +ZOZI ’
50) — 513'062 +€0.I'2 +0022 +2092 7
)

)

Connection between the canonical action and the internal Hom.

Since
GL(p|g) = U™

(see Equation (3.3.11)) is an open Zj-submanifold (see Equation (3.3.10)) of
glo(Pla) = R = Hottgy (R, RP1)

(see Proposition 3.2.29 and Equation (3.2.75)), we can expect a connection between the canon-
ical action of GL(p|q) on R and Ho_mZgLinMan(Rp'ﬂ, RPIZ) | Tt turns out that this link becomes
apparent as soon as we understand the connection between the internal Hom of linear Zj-
manifolds and the internal Hom of arbitrary Z3-manifolds. Indeed, for any A ~ Ro™ e
have

Homy sy (RP'9, RP9) (A) := Homggyen (RP™H2, RPY)

(see [13]). If we denote the coordinates of RO™ by § = (6°) and those of RPI by § = (§%) =
(2, &4), the RHS Hom-set can be identified with the set of (degree respecting) coordinate
pullbacks:

Hommy e (RY2, RP)(A) = {§° = §(2,,6) = ngﬁ (2)e°0%} .

On the other hand, when denoting the coordinates of R‘% as above by X = (X)), we get
similarly

Hotgyian (RPZ, RP9)(A) = R14(A) = Hompgan (A, RY) = {7 = X3(0) = ) 11,6°)
0

= gly(plg, A) . (3.3.31)

An obvious identification leads now to

Hotmgyy s (RPL, RPO)(A) = {§° = §°(2,€,0) Z§b X30) = " X0) + ) P XE(
b B

(3.3.32)
When comparing (3.3.32) and (3.3.31), we see that the internal Hom of linear Z3-manifolds
consists of the pullbacks of the internal Hom of arbitrary Z5-manifolds which are defined by
the canonical action of gl,(p|g)(A) on RP in the sense of (3.3.30).
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Equivalent definitions of a smooth linear action.

Subsection 3.3.5 already implicitly contained the idea that a smooth linear action of a Zj-Lie
group G on a linear Zj-manifold V' in the sense of Definition 3.3.6, is equivalent to a Z5-
morphism o : G x V' — V that satisfies the conditions (3.3.24) and (3.3.25) and additionally
has a certain linearity property with respect to V. A natural idea is that ¢* should send linear
Zy-functions of V' to Zj-functions of G' x V' that are linear along the fibers. The meaning of
this concept becomes clear when we think of the classical differential geometric case in which
the functions of a trivial vector bundle £ = M x R" are

C®(E) = T(VE") = C*(M) ® V (R")*

(V is the symmetric tensor product), i.e., are the functions that are smooth in the base and
polynomial along the fiber. Hence, linear functions of E are the functions that are smooth in
the base and linear along the fiber, i.e.,

PE)=C"(M)® (R")"=C®(M) o CrL(R").

lin lin
We can choose the same definition in the case of the trivial Z3-vector bundle £ = G x V':
O (1G] x [V]) := Oc(|G]) ® O ([V]) .

This definition is of course in particular valid for G = GL(plq) € ZjLg. However, let us
mention that the linear functions (‘linear along the fibers’) of the trivial Z3-vector bundle
E = GL(plq) x V that are defined on | GL(p|q)| x [V| do not coincide with the linear functions

(‘globally linear’) of the linear Z3-manifold M = R x V' (see (3.2.67)) that are defined on the
open subset | GL(p|q)| x [V of its base R" x [V] :

Op"(| GL(plg)| x [V]) # O (| GL(plg)| x [V]) .
Given what we have just said, we expect the following proposition to hold:

Proposition 3.3.9. A smooth linear action o_ of the Z3-Lie group G = GL(plq) on a linear
Z3-manifold V' in the sense of Definition 3.3.6, is equivalent to a Z3-morphism o : G XV —V
that satisfies the conditions (3.3.24) and (3.3.25) and has the linearity property

a*(Oy"(IV])) € Oc(IGl) ® O (IV]) - (3.3.33)
Notice first that the pullback o* is a morphism of ZJ-algebras
o Ov(V]) = Oaxv (|G| x [V]) .
Since G and V' have global coordinates, it follows from [15] that the target of o* is given by
Oaxv (|G| x [V]) = Oc(|G])& Oy (IV]) ,

which shows that it contains _
Oc(IGl) ® Op*(IV])
and that the requirement (3.3.33) actually makes sense.

Another fact is also worth noting. We know from standard supergeometry that the classical
Berezinian defines a super-Lie group morphism

Ber : GL(p|q) — GL(1]0),

so that we get a linear action of GL(p|q) on RY° . The point here is that linear actions of GL(p|q)
are not limited to actions on RPI7.
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Proof. In the light of the observations that follow Definition 3.3.6, it suffices to prove that the
Ao-linearity requirement (iii) in Definition 3.3.6 is equivalent to the linearity condition (3.3.33)
in Proposition 3.3.9. Hence, let o_ be a smooth action of G on V' and let o be the corresponding
Z3-morphism. If h : V' — R" is a linear coordinate map of V', the Z5-morphism

S:=hooo(idgxh™): G xRl - Rl

satisfies (3.3.33) if and only if the Zj-morphism o does. Indeed, if o has the property (3.3.33),
then

&* = (idg xh™*oo* o h* = (id*G ® (hfl)*) oo*oh*
has obviously the same property. We similarly find that the converse implication holds. On

the other hand, if we denote the coordinates of R™ by t = (%) = (y¢,7), the A-components
of the natural transformations o_ and &_ satisfy

Gpr=hpoopo (idg(A) Xth)

and

QA,Z)\ tak) = ha(oa(ga, by Z)\kTAk )

for any gy € G(A), any tar € R"E(A) and any \* € Ay (where k runs through a finite set).
Since

hy : V(A) = R7E(A)

is an isomorphism of Fréchet Ag-modules, the Ag-smooth map &, is Ag-linear in T, if and only
if the Ag-smooth map o, is Ag-linear in vy € V(A). It is therefore sufficient to prove the
equivalence “(iii) if and only if (3.3.33)” for V = R"ls.

We refrain from writing down the proof of the implication “if (iii) then (3.3.33)”. It is
technical and partially reminiscent of a part of the proof of Theorem 3.2.20 (for the super-case,
see [17] and the references it contains).

We now prove the converse implication from scratch. Assume that
&* (O (R")) € O6(IG]) ® Og(R") . (3.3.34)
In view of the universal property of the product of Zj-manifolds, we have
G(A) x R™%(A) 3 (ga, ) = up € (G X R™#)(A) .

If we identify the ZJ-morphisms ga, Ta, ua with the corresponding continuous Z3-algebra mor-
phisms

g/*\ € HongAlg(Og(]GD,A), 'l'z € HongAlg(ORr\é(Rr), A),UZ S HomZgAlg(OGqG‘)@ ORTlé(RT), A) ,

we get

up =ma o (AR T3)
where my : A A — A is continuous Z3-algebra morphism that extends the multiplication
mp = -5 of A (see [15]). We denote the coordinates of G x R"l# as = (1) = (&, %) . Since
G (GXR™E)(A) 3 up = (ga, 1a) = uj = uj (i) = Souy =~ ujo&" > uj (&7(1)) € R™*(A)

we find that

Galgn, Y Niaw) = ia((ga@ () Mtax) ) (7)) -
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In view of the definition of the Ag-module structure on R"#(A), we have
(D_Mtar) =D N
k k

and in view of the assumption (3.3.34), we get for any fized ¢ that

M

& (1) =) st ®= (D_ret?).

n=1 4

where M € N, where s € Og(|G|) and where 7 € R. Since A\* € Ay, what we just said yields

Salga > NTak) 2= D galsE) a Y N a (D i tia(t) = Y A Salgn, Tax) -
k n=1 k k

Cl

3.4 Future directions

We view the current paper as the first steps towards understanding actions of Z3-Lie groups
on Zj5-manifolds and we claim that it will be vital in carefully constructing the total spaces of
Z3-vector bundles, for example. In both these settings, the functor of points, and in particular
A-points, are expected to be of fundamental importance. In particular, the typical fibres of
Z5-vector bundles cannot be Zj-graded vector spaces, but rather they are linear Z5-manifolds.
Moreover, the transition functions will correspond to an action of the general linear Z3-group
and as such a careful understanding of linear actions is needed. This paper provides some of
this technical background. We plan to explore the algebraic and geometric definitions of vector
bundles in the category of Zj-manifolds in a future publication.

3.5 Appendix

3.5.1 The category of modules over a variable algebra

We define the category AMod (resp., FAMod) of modules (resp., Fréchet modules) over any (unital)
algebra (resp., any (unital) Fréchet algebra) A. The algebra A can vary from object to object.
The objects are the modules over some A (resp., the Fréchet vector spaces that come equipped
with a (compatible) continuous A-action). We denote such modules by M 4. Morphisms consist
of pairs (¢, ®), where

p:A— B

is an algebra morphism (resp., a continuous algebra morphism), and
b My — Mp
is a map (resp., a continuous map) that satisfies
D(am + a'm') = @(a)®(m) + (@) (m')
for all a,a’ € A and m, m' € M 4. It is evident that we do indeed obtain a category in this way.

The preceding categories AMod and FAMod are similar to the category AFMan that we used
in [13]. They naturally appear when considering the zero degree rules functor or the functor of
points. See for instance Equations (3.2.1), (3.2.27) and (3.2.24).
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3.5.2 Basics of Zj-geometry,

Z5-manifolds and their morphisms: The locally ringed space approach to Z5-manifolds
was pioneered in [19]. We work over the field R of real numbers and set Z3 1= Zo X Zg X ... X Zy
(n-times). A Z3-graded algebra is an R-algebra A with a decomposition into vector spaces A :=
©,ezp A, , such that the multiplication, say -, respects the Zy-grading, i.e., Ay - Ag C Aaip -
We will always assume the algebras to be associative and unital. If for any pair of homogeneous
elements a € A, and b € Ag we have that

a-b=(=1)*"p.q, (3.5.1)

where (—, —) is the standard scalar product on Z} , then A is a Z -commutative algebra.

Essentially, Z3-manifolds are ‘manifolds’ equipped with both, standard commuting coordi-
nates and formal coordinates of non-zero Zj-degree that Zj-commute according to the general
sign rule (3.5.1). Note that in general we need to deal with formal coordinates that are not
nilpotent.

In order to keep track of the various formal coordinates, we need to introduce a convention
on how we fix the order of elements in Z3 and we choose the lexicographical order. For example,
with this choice of ordering

Zg ::{(070)’(071)7(170)’(171)}'

Note that other choices of ordering have appeared in the literature. A tuple ¢ = (q1,¢2,- - ,qn) €
N*V (N = 2" — 1) provides the number of formal coordinates in each Z3-degree. We can now
recall the definition of a Zj-manifold.

Definition 3.5.1. A (smooth) Z3-manifold of dimension p|q is a locally Zj-ringed space M :=
(|M|, Oar), which is locally isomorphic to the Zj-ringed space RPI4 := (R?, C3[[€]]). Local
sections of M are formal power series in the Z3-graded variables £ with smooth coefficients,

Ou(|U]) = C=(JUDNIE]] = { Y fal": fae C”(IUI)},

a€NXN

for ‘small enough’ opens |U| C |M|. Morphisms between Zj-manifolds are morphisms of Zj-
ringed spaces, that is, pairs ® = (¢, ¢*) : (|M|,On) — (|N|,Op) consisting of a continuous
map ¢ : |M| — |N| and a sheaf morphism ¢* : On(—) — On(¢7'(—)), ie., a family of
Zy-algebra morphisms ¢y, : On(|V]) — Ou(¢71(JV])) (JV| € |N| open) that commute with
restrictions. We sometimes denote Zj-manifolds by M = (M, Oy,) instead of M = (|M|, O )
and we sometimes denote Z5-morphisms by ¢ = (|¢|, ¢*) instead of & = (¢, ¢*).

Example 3.5.2 (The local model). The locally Zj-ringed space U7 := (UP, Cgg[[€]]) (UP C RP
open) is naturally a ZJ-manifold — we refer to such Zj-manifolds as Z%-domains of dimension
plg. We can employ (natural) coordinates (z,£%) on any Zj-domain, where the 2 form a
coordinate system on U? and the ¢# are formal coordinates.

Many of the standard results from the theory of supermanifolds pass over to Zj-manifolds.
For example, the topological space |M| comes with the structure of a smooth manifold of
dimension p, hence our suggestive notation. Moreover, there exists a canonical projection
e: 0y — C“j\% . What makes the category of ZJ-manifolds a very tractable form of noncom-
mutative geometry is the fact that we have local models. Much like in the theory of smooth
manifolds, one can construct global geometric concepts via the gluing of local geometric con-
cepts. That is, we can consider a ZJ-manifold as being covered by ZJ-domains together with
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specified gluing data. More precisely, a p|g-chart (or p|g-coordinate-system) over a (second-
countable Hausdorff) smooth manifold |M| is a Z}-domain

ums = U, Cpllel))

together with a diffeomorphism |¢| : |U| — UP, where |U| is an open subset of |M|. Given two
plg-charts

U al) and (U5, [g)) (3.5.2)

over | M|, we set Vog := |[a|(|Uagl) and Vi, := |¥5]|(|Uagl), where |Uyg| := |Ua| N |Ug|. We then
denote by |13, the diffeomorphism

V80l = |1hs] 0 [Pl ™" : Vag = Via - (3.5.3)

Whereas in classical differential geometry the coordinate transformations are completely defined
by the coordinate systems, in Z-geometry, they have to be specified separately. A coordinate
transformation between two charts, say the ones of (3.5.2), is an isomorphism of ZJ-manifolds

Vpo = ([pal ¥ha) - Uy — ULy (3.5.4)

where the source and target are the open Zj-submanifolds

Uy, = (Vas, O, [I€]])

(note that the underlying diffeomorphism is (3.5.3)). A p|g-atlas over |M| is a covering

( 5'% |9a])a by charts together with a coordinate transformation (3.5.4) for each pair of charts,
such that the usual cocycle condition g, = 13, holds (appropriate restrictions are under-
stood).

Moreover, we have the chart theorem ([19, Theorem 7.10]) that says that ZJ-morphisms
from a Zj-manifold (|M|, Ox) to a Zj-domain (UP, C75[[€]]) are completely described by the
pullbacks of the coordinates (z?,¢4). In other words, to define a ZZ-morphism valued in a
Z3-domain, we only need to provide total sections (s, s) € Oy (|M]) of the source structure
sheaf, whose degrees coincide with those of the target coordinates (z¢,£4). Let us stress the
condition

(...,es% . )(|M]) cu”,

where ¢ is the canonical projection, is often understood in the literature.

Z5-Grassmann algebras, Zj-points and the Schwarz—Voronov embedding: [t is clear
that Z5-manifolds, as they are locally ringed spaces, are not fully determined by their topological
points. To ‘claw back’ a fully useful notion of a point, one can employ Grothendieck’s functor
of points. This is, of course, an application of the Yoneda embedding (see [35, Chapter III,
Section 2]). For the case of supermanifolds, it is well-known, via the seminal works of Schwarz
& Voronov [40, 41, 47|, that superpoints are sufficient to act as ‘probes’ for the functor of
points. That is, we only need to consider supermanifolds that have a single point as their
underlying topological space. Dual to this, we may consider finite dimensional Grassmann
algebras A = Ay @ A; as parameterizing the ‘points’ of a supermanifold. One can thus view
supermanifolds as functors from the category of finite dimensional Grassmann algebras to sets.
However, it turns out that the target category is not just sets, but (finite dimensional) Ag-
smooth manifolds. That is, the target category consists of smooth manifolds that have a
Ag-module structure on their tangent spaces. Morphisms in this category respect the module
structure and are said to be Ag-smooth (we will explain this further later on). In [13], it was
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shown how the above considerations generalize to the setting of ZJ-manifolds. We will use the
notations and results of [13] rather freely. We encourage the reader to consult this reference
for the subtleties compared to the standard case of supermanifolds.

A Z3-Grassmann algebra we define to be a formal power series algebra R[[f]] in Z3-graded,
Z3-commutative parameters Qf. All the information about the number of generators is specified
by the tuple g as before. We will denote a Z3-Grassmann algebra by A, as usually we do not
need to specify the number of generators. A Zy-point is a Z5-manifold (that is isomorphic
to) R . Tt is clear, from Definition 3.5.1, that the algebra of global sections of a Z3-point is
precisely a Z3-Grassmann algebra. There is an equivalence between Z5-Grassmann algebras
and Z3-points:

75GrAlg = ZyPts? .

The Yoneda functor of points of the category ZiMan of Z5-manifolds is the fully faithful
embedding
Y : ZyMan > M + Homzpyan(—, M) € Fun(Z;Man®?, Set) .

In [13], we showed that ) remains fully faithful for appropriate restrictions of the source and
target of the functor category, as well as of the resulting functor category. More precisely, we
proved that the functor

S : ZyMan > M + Homgzpyan(—, M) € Fung(ZyPts®?, A(N)FM)

is fully faithful. The category A(N)FM is the category of (nuclear) Fréchet manifolds over a
(nuclear) Fréchet algebra, and the functor category is the category of those functors that send
a Zy-Grassmann algebra A to a (nuclear) Fréchet Ag-manifold, and of those natural transfor-
mations that have Ag-smooth A-components.
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Chapter 4

Zy-Lie algebra representations by
coderivation

This chapter is a joint work in progress with Zoran Skoda.

Abstract

In this chapter we develop the required tools in the category of Zj-manifolds required to study
representations by coderivations of the symmetric algebra of a Lie algebra, (see chapter 3.2.3.1),
S(g). For this, we recall properties of the tensor and symmetric algebras of Zj-vector spaces,
construct the universal enveloping algebra and prove the Z% version of the Poincaré-Birkhof-
Witt theorem. This allows to construct a faithfull representation of g by acting over the
universal enveloping algebra U(g), and by use of the strong Poincaré-Birkhof-Witt-theorem,
we can extend this action to S(g). We endow this algebras with their classical Hopf algebra
structure. We prove that this action is by coderivations. We set also the basis for the study of
the embedding of the coderivations of S(g) into a Z5-Weil algebra.

Definition 4.0.1. A Z}-graded Lie algebra
i=Py
veZy

Is a Z3-graded vector space, endowed with a graded bracket that satisfies Lie algebra and
Koszul rules:

L. [x%'?yvk] = _(_1><’Yj’%>[yvmxw]
ii. <_1)<7k7%>[x7i7 ['x'me'Yk]] + (_1><%77j>[x7j7 [x'qu x%“ + (_1><w77k>[$’7k7 {LC%, x%’” = O
where, < v;,7v, >, denotes the inner product of Zj.

For fixed number of Z-vector spaces,

917"' ’gp

the tensor product is the Universal (initial) object in the category of p-multilinear maps from
the cartesian product (See [6]).
frogmx-xg —=b
And morphisms,
(frgx--xgy=h)=(g:91 % xgp =¥
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Given by a linear map h : h — € making the following diagram commute:

b
Ve
gx-exg L

pN
¢

Universal objects are unique up to isomorphism. One object of this isomorphism class can
be obtained by looking at the free module generated by the set gq,--- , g, quotiented by the
relations (the submodule generated by elements of the form):

(x17"' s T+ Ty - 7xp) - (xla"' y Ly o axp) - (-rla"' y Liry * " * axp)
(a’;l7... ’axi7... 7271)) _a/<x1,"' 7xi7... pr)

We denote such vector space as,
g1® Qg

Its elements can always be written as a sum of decomposable terms, meaning;:

91®---®9p={2$1®---®$p|$i€9i}

and inherits a Z3-grading
91®®9p:@ @ {x’{a1®x’27a2®...®$;ap| xleg:az}
VELY 301 Yoy =7

Given a family of linear maps, f; : g; — b;, there is a unique linear map,

T(fi, fp) 1@ @gp—bh®---3b,
$1®"'®£pr — f1($1)®®f($p) (4.0.1)

Which respects composition: If f; o g; is a family of composite maps, then

T(frogu- foogp) =T\, - fp) 0T (g1 9p)

and
T(id,--- ,id) = id.

From g, we proceed to build a unital associative algebra: Start with the monoid of natural
numbers N; and for each n € N define,

n—times

T"(g) =g ®

Then, consider the bilinear associative map,

T?(g) x T%(g) — T+ (g)

((x1®~~-®:cp,y1®~~®yq)'—>:€1®-~®:Cp®y1®'--®yq)
This implies that,

o

T(g) = P(T"(g))

n=0
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is a ring. It is bi-graded, such being the classic N grading, and the Z7 degree induced from g
(See Chapter II, 3.2.3.1). Using the association in morphisms (4.0.1), we get a functor, from
graded vector spaces, to associative unital algebras,

(VEC>g—T(g) € Alg).

It is universal in the following way: For any linear map ¢ : g — A from the Lie algebra
into an associative unital associative algebra, in particular zero degree maps, A, there exists a
unique unital algebra morphism, h : T'(g) — A, such that the following diagram commutes:

g— T(g)
o\ Lh
A

Where, i : g — T(g), is the cannonical inclusion (®g° = K; ®g! = g). The map is the
obvious one, given by:

(1 @ xa- - @) = O(T1) 04 G(22) @4 - - 04 O(25,)

N.B. This characterizes T'(g) as the unique unital associative algebra constructed from g, up
to isomorphism. The previous is equivalent to a statement about T being a left adjunction to
the forgetful functor from algebras into vector spaces; Homzy vec(g, ®) = Homa,(T(g),®). (See

(8], [11])

We now look at the two sided ideals generated by elements of the form:

Jo=(z®y— (—1)<M@4W>y @ 5 |z y are homogeneous)

This ideals are distributed along all the degrees, (both N and Zj-degrees). For each n € N,
we have the module,

ST =17/,

and we obtain a canonical map

gx---xg—=T"g) > T"/J, = 5"
The direct sum (see 3.2.42)

S =S

is a N-graded ZJ-graded-commutative algebra.

Observe how J; = 0, so that the inclusion g < S(g) remains injective, and the universal
property can be written as:

For any linear map, ¢ : g — CA, from the vector space into a Zj-commutative algebra,
(with ¢(u)p(v) — (—1)<UWA®)>p(1)p(u) = 0), then there exist a unique map of Z5-commutative

algebras, h : S(g) — CA, such that the following diagram commutes:

g S(g)
o\ Lh
CA

Again, h(uy - uy) = o(uy) - - d(uy).

As in the classical case, S(g) may be identified with the algebra of ZJ-graded polynomials
with the basis of g as generators (see 3.2.47).
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Definition 4.0.2. Let g be a Zj-graded Lie algebra. The universal enveloping algebra of
g is a pair (U(g),4,) formed by a unital associative algebra, U(g), and a linear morphism
iy : g — U(g), such that,

tu(2)iu(y) — (1) <4904, (y)i, (x) = iy([2,y)) (4.0.2)

for all z,y € g; and with the following universal property: If 2 is any other associative unital
algebra and there exists a map j, : g — 2 with the property (4.0.2), there exists a unique
morphism of algebras, h : 2 — U(g), sending 1 to 1, such that h o i, = j,.

We proceed to construct such a pair. We start from the tensor algebra, T'(V') and consider,
the graded two sided ideal, J,, generated by the elements

(x @y — (~1)<0@DAW>y @ 1 — [2,y))
Again, the quotient is a unital associative algebra, with canonical map
m:T(g) = T(g)/Ju

There exists a map coming from the restriction of 7 to T'(g) = g, which we will call 4, : g —
U(g), and inherits the universal property from the tensor algebra in the following way: Let
(2, j.) be as before. Since 2l is a unital associative algebra, the universal property of the tensor
algebra points out at a unique algebra morphism, A’ : T'(g) — 2(, which sends 1 to 1, extends
the morphism j, and therefore, J, C Ker(h'). This allows us to identify a unique morphism
of algebras h : T'(g)/J, — 2 such that hoi, = j,.

4.1 Poincaré-Birkhoff-Witt theorem

N.B. When proving the Poincaré-Birkhoff-Witt theorem, the degree issues that might have
appeared are under control by the Koszul sign rule properties and its appearance in the axioms
of the Z5-Lie bracket. There are parity issues that we solve in the same fashion as the proofs
to the super PBW theorem.

Let G™ be the K-module U, /U,,_1, with U,, = 7(T"). Let G be the direct sum over n € N.
G inherits a multiplication map induced by the one in U(g) with, G"G™ C G™*™. Consider
the maps
b T — U, - G"

This maps are all surjective and assemble into a linear map
¢:T(g) — G

which is an algebra epimorphism. If we take x, € g, and x, € g,, the element in T?, z, ® x, —
(—=1)<"7>x, ® x, projects into Uy, and eventually to zero in G. This means that there is a
unique epimorphism,

pr:5(g) =G
that makes the diagram
™ — U,
{ l (4.1.1)

s — G"

commute (See [9], [11]).
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Theorem 4.1.1. Let g be a Z3-Lie algebra over K. The  epimorphism,
p*:S(g) — G, is an algebra isomorphism.

Proof. Let g be a Z3-Lie algebra, with an ordered homogeneous base X. In the context of the
diamond lemma, consider then the space of words made by using the base elements as letters,
< X > and the free group generated by X which is just he tensor algebra T'(g) ¥ R < X >
(see [1], [13]).

The order in X = {X,} is given by parity in first instance, and lexicographical in each
parity. At every degree we suppose to have chosen an order.

Notation. Suppose X, has degree v;, and Xy v,. We write,
(1) i (-1

The strategy is to reduce words at < X > into a standard form in 7'(g) which is unique in
U(g) (unique mod J, = (Y, - X — (=1)** X, - Y, — [Va, X3])). Standard form means to have only
ordered words. If a < b < ¢, then

X, XpX,. isstandard, while

X X Xy ; X . XpX, are not standard and require reduction

As usual when one proceeds into a proof by diamond lemma, we substitute non standard
words by means of the algebra relations. The easiest example is a non standard quadratic term.

Xp X, = (=) X, X}, + [ X5, X,]

The LHS is clearly non standard, and the RHS consists of a standard quadratic word, followed
by linear terms appearing in
[Xa, X3 = CF L X
e For a < b a word X, X, is changed by (—1)**X, X, + [ X}, X,].
e For a is odd. We change the word X, X, = %[Xa, X,

Given this rules of interchange, the only ambiguity that might occur is to have an overlap. This
means that a word can be reduced in different ways, and the reduction is not unique mod J,.
We have to study two different cases:

The more difficult case is when a < b < ¢: The word

XchXa
can be reduced starting with X.X, or with X, X,.
In the first case,
X . XpX, = (=1)etFeatabyx X, X, 4+ (—1)PT9 Xy, X ] X + (—1)°P X[ X, Xo] + [Xe, Xp] X,

And starting by X, X,:

X XX, = (—1)ebfeateby X, X, 4+ (—1)"4r e X, [X,, X)) + (=12 X, Xo] Xy + X[ Xp, X

We will compare by subtracting the two reductions of X.X,X,; The cubic terms cancel, and
the quadratic terms reduce as,
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(=1)9 Xy, X Xe — Xo[Xp, Xo] = (—1)¢9T¢b[XG, X ] X, — (1) [Xy, X)X, — [X [ X5, X,]]
= _[XC[Xb>XaH-

The whole difference assemble as follows:

_[Xaa [XmXb]] - [Xm [Xb;Xa]] - HXmXa]aXb] =

(_1)C.a[Xav [vaXCH + (_1)a.b[Xb7 [XCa Xa“ + (_1)b.c[Xca [XaaXbH

Which is zero by the Jacobi identity.

The second case concerns the fact that odd vectors do not commute. We study now reduc-
tions of words involving odd vector fields, say X, of the form X, X, X, a <b.

Starting with X, X,

XbXaXa - XaXaXb + (_]-)b'aXa[Xba Xzz] + [Xln Xzz]Xa

1
= é[XCU Xa]Xb + [[Xba Xa]aXa]

And starting by X, X,

1
XbXaXa = §Xb[Xa7Xa]
If we subtract both expressions and, we can arrange them in the following way,

%M@X&&+N&J$Xﬂ—;nM@XJng@XJXﬂ+W%XJXA

Which is again zero because of the Jacobi identity.
O

Example 4.1.2. Consider the Z3-Lie algebra, with one generator per degree, and the ordered
base,

{X(0,0), X(1,1), X(0,1), X (1,00}
relabeled as before
{Xh X?a X3a X4}

Quadratic terms have trivial reductions,
X3Xp = (—1)<EDOU> X, X5 + (X5, Xo) = —Xo X5 + [ X3, Xo

or,
XiXy = (—1)<EOOU> XX, + (X, Xa] = X3 Xy + [ X3, X

Another example with cubic term:

X3 Xy X35 = X3 X3Xy + X3[ X4, X3]

Now In this particular case, the result of the bracket must have degree (1,1), and for this, we
know that [X;X3] = C%X5. In this case we still need to reduce,

X3 Xo = —Xo X3 + [ X5, Xy

The final form, standard word, is,

X3 Xy X3 = X3X3X, — C5, X0 X5 + Ch[ X3, Xo.



135

We follow now the classical case [3].

Corollary 1. Let W be a submodule of T(g). If the restriction of ws to W is an isomorphism.
Then the restriction of m, to W 1is isomorphic, as Zj-vector space, to a complement of U,_1 in
U,.

Proof. This follows from the fact that the composition 5* o 4|y is an isomorphism of vector
spaces, S0, q o T, |w is as well. O

We have then three important results:
Corollary 2. The map i, : g — U(g) is injective. Uy = K and U; = g.

Proof. We use the corollary 1, with n = 1 and W = T"*. This entails that, since the composition
(T' =2 g3 mg|pr — ST — G') is an isomorphism, then 7" = U? O

For any homogeneous n — tuple in g", and for every, o € ¥,,, we define the map
(g" > (z1,- -+ ,xp) Rkt 04(0')1‘0—1(1) @ QTe-1(n) € ™)

A homogeneous Z5-symmetric tensor of degree n € N, z € T", is one such that, for any
permutation, ¢ € ¥,, 0 @ 2 = z. The set of all symmetric tensors form a sub—K—module,
Sym,, of T™. If z is symmetric,

and then, the map,
n S 1
(T Btr—>m ZaotESymn)
O’EEn

is a linear map and a projector of T into Sym,. This means that s o s = id. This allows
us to identify the image of the map, Im(s), and Sym, (See [2] II, 1, no 8). We also obtain
an orthogonal projector, (1 — s), which has Sym,, as kernel, and its image is I, (| T". We get,
then, the ZJ-vector spaces isomorphisms:

T" = Sym, & (T"() J.)

Ts|Symn * Symy, —> S™(g)

Restricting the diagram 4.1.1 to the submodule Sym,,, we get

Sym, — U,
| 1.
ST o= G"

by corollary (1), we get a morphism,

S"—Sym,, — U,

which is a Zj-vector space isomorphism between S™ and a supplement to U,,_; in U,,.
And, the commutative diagram of Z-vector space isomorphisms

Sym,, — U,

1 A (4.1.2)
st = Gn
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Corollary 3. Let g be a Z%-Lie algebra over K and let X be an ordered homogeneous basis of
g. Let X, =i,(x,) € U(g). Then 1 and the standard monomials

XX (4.1.3)

i1 i

wherel < iy < --- <1, <p+Q, e; € N for X; even, ande; € {0,1} for X; odd; QQ = Zwezg/o ¢y,
15 the number of non-zero degree dimensions, and p classic zero degree dimensions. form a free

K—basis of U(g).
Proof. Consider the submodule of T generated by the ordered base X of g and the elements,
y:x:;l ®...®x§:;”'

The elements, y, span the vector space S™, and so (1) gives us an isomorphism between it and
a supplement of U,,_; in U,,. And since

Wu(y) = Z.u(xil)eil R Zu(xzn>em = Xiil . Xie:r

We obtain a base for U(g). O

If f:g9—bisaZj-Lie algebra homomorphism, the composition,

b, © f 19— U(b)

induces an algebra homomorphism,

U(f):U(g) = U(b)

N.B. The universal enveloping can be here viewed in two ways: one as a usual associative
algebra and another as a Z35—graded associative algebra. The latter interpretation is clear as
this holds for the tensor algebra and the ideal is Z5—homogeneous. Then there is a functor
from Z5—graded associative algebras to Z3—graded Lie algebras with identity.

Consequences of the the Poincaré-Birkhoff-Witt theorem

e The isomorphism between S™ and U, obtained in (4.1.2), we will call it symmetrization
map, inherits explicit formulas (See [11], [3], [9]):

Bis(2)") = iu(z)" (4.1.4)
Bis(z1) - = l, Z 0)iu(To()) -+ - 1u(To(n)) (4.1.5)

where, in this case, a(c) € {—1,1} is the sign factor resulting from each particular
permutation of n—elements, 0 € ¥,,. The formula is obtained by ZJ-symmetric per-
mutations, (multilinear ¥, equivariant linear morphisms from the cartesian product),
linearly extended to the map T™ — Sym,,. One is able to invert the linear isomorphism
Sym,, — S™, which composed with the canonical quotient, m,|sym, : Sym, — U,, gives
a well defined linear map.

e The faithful representation of g by linear transformations, by left multiplication in U(g),

g x U(g) 3 (z,u) — iy(2)u € U(g)
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4.1.1 Hopf algebras

The diagonal map,
gaaz»&(x,x) €gXxg, (4.1.6)

defines a linear morphism,
@325 1@r+z®1eT(g) ®T(g)),
which lifts into an algebra map,

A:T(g) = T(g) ® T(g)

that, along with the morphisms, (g > z —— €(z) =0 € R,¢(1) = 1), and Vx € g, 0(x) = —z
turn 7T'(g) into a Hopf algebra. This means that this maps verify the following properties:

(id@A)oA=(A®id)oA (4.1.7)
mo (id®d)oAN=mo(0®id)oA=c¢
mo(id®e)oAN=mo(e®id)oA=1id

m:T(g) @T(g) — T(g), u@v+— u®uv, is the product in T(g). We proceed to induce
this operations into quotients of the tensor algebra (see [4], [8], [3]).
We use mg : S(g) ® S(g) — S(g), the multiplication map obtained in S(g) from the multi-

plication in the tensor algebra and the canonical map T'(g) — S(g). Following (Petracci [9]) o
is the Z5-cocommutation operator in S(g) ® S(g),

T @y S (—1)<1@AW)>y @ g
And a(p) € {—1,1} is the sign factor such that,
Oé(ﬁ)xpl...ijxl--.fp\l...f;j...xnzml...$n7

This maps are explicitly defined by:
For {x;}i_, € g,

j=0 1<pl1<---<pj<n
d(z)=—x and €(x)=0 (4.1.9)

A the special case is,

Ty € go A(z") = <n) 1) ® 2"
=0 \J

They satisfy relations (4.1.7) and
A=0coA (cocommutativity)

by construction.
For the case of the universal enveloping algebra, a short computation shows that the mor-

phism, x 2 lor+r® 1, verifies

D*(x,) D* () = (=1)™"7 D*(,) D" (2,,) = D" ([, w0])
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By the universal property of U(g), as a morphism into U(g) ® U(g), it lifts to a unique algebra
morphism,
A:U(g) — Ulg) @ Ulg)

which, along with (g 3> z +—— €(x) =0 € R,¢(1) = 1) endows U(g) with a coalgebra structure,
and the addition of the map 0(z) = —z V,¢q4, makes of U(g) a Hopf algebra. The formulas of
coproduct, counit and antipode can also be written like (4.1.8).

N.B. One can see that both of this algebras are Hopf algebras by looking at Hopf ideals, (6(J) C
J) of T(g) such as the ideals Js and J, defining the universal symmetric and enveloping algebras,

(see [4])-

Given a morphism of Z-graded Lie algebras, f : g — h, we obtain a commutative diagram

St) 29 sep)
gl gl (4.1.10)
Ulg) “H U(b)

since both compositions yield

% > A0y (o)) -ty (f (omy)).

’ UEZn

We finalize this section proving that the symmetrization map, (4.1.5), is a coalgebra iso-
morphism.

The diagonal map, 4.1.6 g — g X g, lifts naturally into the coproduct, for the case of both,
symmetric and enveloping coalgebras as an algebra homomorphism, U(g) — U(g) ® Ug =

Ulg x g).

Commutativity of the diagram (4.1.10) applied to f : g — h = g x g, is exactly the
property required for the symmetrization map to be a coalgebra homomorphism, and ultimately,
coalgebra isomorphism (see [9] Lemma 2.5.3).

4.2 Coderivations

Given a coalgebra C', with coproduct Ac.

Definition 4. A linear endomorphism, D € End(C') is called a coderivation of C, if it verifies,
(1®D+D®1)oAc=AcoD

The action by left multiplication of the Hopf algebra U(g) restricts to a Lie algebra action
(faithful representation),
g2 hw— L, € End(U(g)),

by coderivations of U(g). This is obvious since A¢(h) = (1® h+ h® 1), and
(1® L+ Lp,®1)o A(h) = A(hh') = (Ao Ly)(R')

This allowed us to define, by means of the symmetrization map, an action by coderivations
of g in S(g) (see [5]),
Bt oLyoB:S(g) — S(g).
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The non degenerate pairing in g, allows to define a dual structure S™ = S™(g*) to S™, for
each n € N, bt means of the extended inner product,

<51"'5’5’31"'x">:Hﬁ E a(o) < 0", T >
i=1

’ oEY

allowes to define the derivation ‘Dj, : S(g)* — S(g)*. This is the same as a Z}-Lie algebra
homomorphism

0 :g— Der(S(g)").

4.3 Weyl algebras

There are several ways to consider the Zj-graded Weyl algebra and its completion by the degree
of the differential operator. Sometimes and invariant form is useful, while below we shall also
use a concrete formulation in a distinguished basis. The simplest abstract approach is as an
inner object of derivations in the symmetric monoidal category of Z3-graded vector spaces.
While a more internal definition is in place in effect one should consider the subspace of inner
endomorphisms of graded symmetric algebra spanned by graded derivations. This subspace
has a structure of a Z-graded algebra. Then one needs classification of derivations to present
this algebra in more explicit terms. i

A bilinear form B on a Z3-vector space V' is ZJ-skew-symmetric if B(a, b) = —(—1){®" B(b, a)
and symmetric if B(a,b) = —(—1)%"B(b, a) for all a,b € V. Define ¢ = 1 in symmetric and
¢ = —1 in skew-symmetric case. Consider the category CZ, whose objects are pairs (A4, \4)
where A is a Zj-graded associative algebra and A4 : V' — A a linear map such that for all
Z5-homogeneous z,y € A

A2)Ay) + (=1) P eA(y)A(z) = B(z,y)1,

and where the morphisms (A,\4) — (B, Ap) are the morphisms of Zj-graded associative
algebras f : A — B such that foA, = Ag. Then this category has an initial object, which is in
the skew-symmetric case called the Zj-graded (symplectic) Weyl algebra of (V, B) and in the
nondegenerate symmetric case the Zj-graded Clifford algebra. (The terminology may be a bit
confusing regarding that the usual Clifford algebra appears to be Zj-graded, but here we talk
about the notion attached to already graded vector space.) A special case is obtained as follows:
take a Z-graded vector space V' and its dual V* and introduce the Z7-graded skew-symmetric
form B(v +v',w +w') = v'(w) — (=1)® )/ (v) on V & V*, where the primed elements are in
the dual. It is clear that if we choose a homogeneous basis then the corresponding Weyl algebra
is in the form in physics known as a Zj-superHeisenberg algebra

Ox; — (=) ;0" = 67,

Like in the case of the usual Weyl algebra, there is a Z-graded vector space isomorphism of
this Weyl algebra with the tensor product S(V) ® S(V*) where the polynomials of the form
z707 where I, J are multiindices (x; is a generic monomial in generators of S(V) and alike for
071 S(V*)).

We are now interested in a concrete formulas for the embeddings of U(g) into the (completion
of) the Weyl algebra corresponding to the skew-symmetric form on the space g @ g* and in
particular for the embedding induced by the symmetrization map.

We look for the embeddings in a form

J



140

where 2, is some choice of basis of g — U(g) (consisting of Zj-homogeneous elements), z; are
the corresponding generators of Z3-graded symmetric algebra S(g) < W(g) and ¢’ are the
Zy-homogeneous elements of (the completion of) the subalgebra generated by the elementary
derivations (coming from the dual space elements) & = d,;. This form has a reason: this
is a dual description of a formal Zj-graded vector field on a neighborhood of unit element
of a Zj-graded Lie group. The Zj-degree of ¢} is z; + #;. It is an easy exercise that, as in
the classical case, one can write uniquely every element in Z3-superHeisenberg algebra as the
sum of products where elements of the S(g) are on the left hand side (a version of normal
ordering). Notice that these are the derivations of the same Z5-homogeneity as z; and the
graded commutator is

[aj7 ZL”[] = 5lj7

while the graded commutators among x-s vanish, and graded commutators among 0-s also van-
ish. In the purely even case, qﬁf is a usual formal function of partial derivatives and [qﬁf , ;| can
be written as the derivative of gzﬁ{ with respect to 0;. In general case, before taking the deriva-
tive one may need to anticommute with some other generators. In any case, the commutation
drops the polynomial degree by 1 and this generalizes the derivatives with respect to 9;. Thus,

[0, 2] = 5al Let also the structure constants of g be defined by the graded commutators
[, 85] = ) Ciys. (4.3.2)

The condition that the map (4.3.1) defines (on generators) a morphism of ZJ-graded algebras
is that the Zj-graded commutator

D wdt, > md] =) Chaed]
k l sr

To that point all looked like in non-graded case. The difference comes from the expansion of the
left-hand side. For the simplicity of the notation we will use the Einstein summation convention.
Thus, after some calculations and using that the Zj-graded commutators [z;,z;] = 0 and
[0%,87] = 0, we obtain

5¢k (2,5) 0 .l7 k r

561 (_ ) J'T 5ak ijx’l‘¢3
Consequently, by equating the expressions on the right of z,, we get a system of Z}-graded
formal differential equations

567, 699
s~ DMy

Theorem 4.3.1. Every solution of the above system for ¢ gives an inclusion of U(g) as a
73 -graded associative algebras into the appropriate 73 -superHeisenberg algebra.

Csi (4.3.3)

Now we want to discuss the form of ¢ which corresponds to the symmetrization map. For
the usual supersymmetry Petracci [9] studied the corresponding representation by coderivations
and she called it universal as it is related to certain scalar function. It is known that the
symmetrization map is functorial in the choice of underlying Lie algebra. In particular if one
takes an identity as a map and considers the formula in terms of different bases, then one gets
covariance with respect to basis. This implies that the form has to be covariant. An extension of
the analysis in [5] of the covariance suggests that in the coordinates the form of the embedding
has to be of the form

= i An(CY): (4.3.4)
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where Ay are some numbers, A4g = 1 and C = ((C;) is a matrix whose upper index is a
column index (non-standard convention which has a reason coming from a deformation theory
interpretation) and where C} = ]’:kﬁk and summation over £ is understood. This form can
be obtained by considering the exponential map in the graded case and expressing the graded
Lie algebra of left invariant vector fields on the Z-graded Lie group in the chart given by
the exponential map. This calculation in the non-graded case is given in [7], chapter 3. The
calculation uses the formula for the differential of the exponential map; the analogue of the
formula for the differential in graded case is known and like in the classical case it involves
the formal function whose coefficients are given by Bernoulli numbers and consequently Ay =
(—=1)YBy/N! where By is the N-th Bernoulli number.

Definition 4.3.2. Bernoulli numbers By for N = 0,1,2,... are the rational numbers defined
by the generating series
= By t
W= = 4.3.5
Z( ) N! 1 —exp(t) ( )
N=0

In particular, it holds By =1, By = —1/2, By = 1/6 and Byg1 = 0 for all integer K > 1.

The coefficients Ay and the proof that 4.3.4 for Ay = By is indeed a representation of the
universal enveloping algebra by elements of the Zj-superHeisenberg algebra can alternatively
be inferred by a direct calculation modifying the proof which is in the classical case exhibited
in chapters 2-7 of [5]. There are however some nontrivial differences with respect to their proof
of the nongraded case. Regarding that the derivations d; W are also having parity, they

satisfy the Z3-graded Leibniz rule. In particular, if f = f(9) then
0:(Cif) = 6,(Cl0 - f) = C,.f + (=1)"*Ci(6-f)

The cumbersome problem in many calculations is that the sign (—1)"* is not an overall sign
in front of the second term, but it falls under the summation over k. Another problem is that
while the scalars C’]’:lC are in the ground field, the entries of the matrix C involve odd and even
summands and hence when we contract the copies of the matrix we need to be careful with
the order and some manipulations from the earlier proof are illegal and have to be replaced by
more subtle calculations.

We first substitute the Ansatz with tensorial form (4.3.4) into (4.3.3). We obtain

SN A AN (6:(CHE(CN )] — (1) (6, (CHE)(CN ) ZAN (5 (V)

N=0 I=1

In the formal topology with respect to the degree of the differential operators it is sufficient to
prove the identity in every degree N with respect to 0-s. Thus we need to check the identities

D ArAn— (6 (CH)(ECY )] = (=1)(8,(CH5)(CVT)] = A1 O (TN ) (4.3.6)

for all N > 1.
We shall extensively use the Z3-graded antisymmetry of the bracket expressed in terms of
the structure constants as Cj; = (—1)“C}; and of the Zj-graded Jacobi identity,

(=D CC + (=) Ol + (-1 C G, = 0, (4.3.7)
and their combinations like the left and right Z7-graded Leibniz identity, e.g.

e — (=1)7Cs.Ch = CC%. (4.3.8)

ir~jk grik — YijYsk
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Equation (4.3.6) for N = 1 reads simply as A,(Cj; — (=1)°C%;) = Cf;, hence it is satisfied iff
A1 - %

Equation (4.3.6) for N = 1 reads
A[0:(CHOMIC — (=1)76,(C5.0")C]] + Ax[0,(C*)07 — (=1)"6,(C*);07] = A1 C5,C

ij s

The first summand on the left hand side is
A3csondt — et "2 sosc,

J J

while the second summand is A;(§;(C?)¢ — (—=1)"7§;(C?)$). Using the Zj-graded rule for the
graded derivative on the matrix square the expression in brackets expands to

C5050" — (~1)"7CR0MCyy — (—1)9 05,050 + (17 Cratcl "2 oy,

This follows by observing that the third summand equals first and the second and fourth add
to the same expression using the Leibniz identity.
Thus the N = 2 equation holds iff A2 + Ay = A;. Using A; = 1/2 we obtain Ay = 1/12.
We are now going to prove that the N = 3 identity holds if A3 = 0. This means that only
I =1 and I = 2 terms (involving A; Ay and AsA;) contribute to the left hand side. After
dividing by A, and substituting A; = 1/2, we obtain the N = 3 condition

Ch(CH)] = (=)™ C5.(C)] + 6:(C*){C] — (—1)"75,(C*)C} = 2C5(C?); (4.3.9)
Applying the graded derivative, the third summand is
5T(C2)EC§ = ;. CC} — (—1)’”"“0;28’“0;@; (4.3.10)
and the fourth summand is
—(=1)"6,(C*)5C} = —(—=1)"7C5.CLCy + (—1)"7HkCs.07Cs, C. (4.3.11)

The first summand in (4.3.10) and the first summand in (4.3.11), by the Leibniz identity for
the structure constants, add up to Cj;(C*)¢ what is exactly one half of the right hand side

S
in (4.3.9). It remains to show that the remaining terms agree, that is

CE(C2)) = (—1)FC30F - C5 C — (=1) 7 CE (CR)7 + (=) T+ 05,0% - O Cl = O3 (C2)%. (4.3.12)

srj s

For the second summand on the left hand side (and similarly for the fourth) we use the Leibniz
identity for the contraction of the first and third C-factor:

—(—1)"*C0" - C4.Ch = (—1)"C5,(C?); + CLCiCh (4.3.13)
(C1)HTRCE 0 - O € = —(—1)9C5(C2): — O3 CC (4.3.14)
Substituting (4.3.13) and (4.3.14) into (4.3.12) we obtain the condition Cj,C{C} — C, CSC} =

C};(C?)¢, which follows by contracting the Leibniz identity with one copy of C¢ multiplied from
the left. This proves the identity (4.3.12) and hence (4.3.9).

Now we claim that not only A3 = 0 implies that the differential equation holds for N = 3 (for
previously inferred values for Ag, Ay, As), but we shall also prove inductively that if Ay =0
for all K € N, and any even coefficients Asx # 0, then the remaining identities for odd powers
N =2K +1 > 3 also hold. The basis of induction is the N = 3 case. If it holds then for N + 2
only the summands for I =1 and I = N — 1. We need to prove for L = 2K > 2 that

AT AL[CE(CR); = 6,(CH)SC) — (1) C5,(Ch); + (=1)"76,(CF)5C] = ALC}(Ch);
what is for Ay = Ayx # 0 equivalent to

[CE(CH); +6,(CH)iC — (1) C5,(CF)f — (=1)"76,(CH)SCi] = 2C5(CH); (4.3.15)
We shall in fact prove more, namely this identity hold for all L > 2, both odd and even.
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Theorem 4.3.3. Equation (4.3.15) and equation

O (Ch) (=) 5056, (CF )T~ (= 1) C5, (CH)] = (= 1) C5,0%-6,(CE )T = C(CP);
(4.3.16)
hold for all natural numbers L > 2.

Proof. For any L we first show that (4.3.15) is equivalent to (4.3.16). Say, if we start
with (4.3.15) and expand by the graded Leibniz rule, §,(C*)¢ = CL(CE1)e4-(—1)"F(C%,.0%)0,(CH1)e,
and analogously for 0,(C")S, obtaining at the left-hand side

Ci(Ch); + CHL(CEECT + (=1)™*C.0%0,(CE1)C;
—(=1)"C5(CH); = (1) (CEHCE + (1) R C50% - 6, (CH)IC.

The second and the fourth summand equal exactly a half of the right-hand side by the identity
L—1\ecmr iJ L—1\emrr __ S L\c
which is just the Leibniz identity in the form

ChCY, — (=1)7C8 .Gl = C5C, (4.3.18)
contracted with 9% and then contracting with (C*~1)¢ from the left. Thus the remaining four
summands equate the other half of the right-hand side in (4.3.15) Thus, by subtracting (4.3.17)
we obtain (4.3.16). To conclude the proof, it remains to show (4.3.16) by induction on L. For the
basis of induction, just notice that for L = 2, equation (4.3.15) coincides with equation (4.3.9)
and equation (4.3.16) coincides with equation (4.3.12). The step of induction reduces to routine
tensorial manipulations and usage of Jacobi identities.

Corollary 4.3.4. If Ay = (—1)N% then identities (4.3.6) hold for N = 0,2, and all odd N.

Let us now expand how the required identities look for even N > 4. As products A;An_;
vanish when [ is odd, we are left with

N/2
> Aok Ana [6:(CHF(CVH)5 — (=1)"6,(CHYS(CNTF)] = —And;(CV)s + (=1)"9 Ani(CN)S
k=1

(4.3.19)
The right-hand side (coming from I = 2k = N summand) can also be written as —Ay (M +
..+ My)§; where

My = (1—(~)9)CyCs--Cs L
(ML) = (Chy")iCH(CN 170 — (—1)9(CE 5L (CN 115, 1S L< N -1,

r)
My = (CHTCH = (~1f(CCs,
(4.3.20)
where we introduce the auxiliary matrix (C); = (—=1)"*C5,0".

A direct proof of the identities (4.3.19) for N even and bigger than 4 stays an open question
in Z4-graded case. This would extend from the non-graded case the explicit formula for the rep-
resentation of Z%-graded Lie algebras by derivations of the (completion) of Z3-graded symmetric
algebra, hence by elements in the corresponding Weyl algebra (completed Zj-superHeisenberg
algebra). We know that this representation exists by transporting the derivations of the uni-

versal enveloping algebra along the symmetrization map which is here introduced by studying
the Z5-graded PBW theorem.
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