Alma Mater Studiorum - Unaversita di
Bologna

DOTTORATO DI RICERCA IN
MATEMATICA

Ciclo XXXIV

Settore Concorsuale: 01/A3
Settore Scientifico Disciplinare: Analisi Matematica MAT /05

ADVANCED PROPERTIES OF SOME
NONLOCAL OPERATORS

Presentata da Aleksandr Dzhugan

Coordinatore Dottorato Supervisore
Chiar.ma Prof.ssa Chiar.mo Prof.
Valeria Simoncini Fausto Ferrari

Esame finale anno 2021






Abstract

In this thesisﬂ we deal with problems, related to nonlocal operators. In
particular, we introduce a suitable notion of integral operators acting
on functions with minimal requirements at infinity. We also present
results of stability under the appropriate notion of convergence and
compatibility results between polynomials of different orders. The theory
is developed not only in the pointwise sense, but also in viscosity setting.
Moreover, we discover the main properties of extremal type operators,
with some applications. Then using the notion of viscosity solutions
and Ishii-Lions technique, we give a different proof of the regularity of
the solutions to equations involving fully nonlinear nonlocal operators.
In the last part of the thesis we deal with domain variation solutions
and with notions of a viscosity solution to two phase free boundary
problem. We are looking at minima of energy functionals, the latter
involving p(z)-Laplace operator or a non-negative matrix. Apart from
the Riemannian case, we also consider the related Bernoulli functional in
noncommutative framework. Finally, we formulate the suitable definition

of a viscosity solution in Carnot groups.
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Introduction

Overview of the thesis

This thesis is mainly focused on the nonlocal integro-differential operators and
some equations related to such operators. A classical line of investigation
in mathematical analysis and mathematical physics consists in the study of
integro-differential operators. The motivations for this stream of research
come both from theoretical mathematics (such as harmonic analysis, singular
integral theory, fractional calculus, etc.) and concrete problems in applied
sciences (with questions related to water waves, crystal dislocations and the
classical model, option pricing in finance, optimization, minimal surfaces, etc.):
see e.g. the introduction in [20] and the references therein for a number of
explicit motivations and examples.

A special focus of this stream of research deals with integro-differential

operators of the form

Au(z) =P.V. /n(u(x)—U(y))K(l”y) dy = Iim b )(u(m)—u(y))K(%y) dy.
) (0.0.1)

The notation “P.V.” above (which will be omitted in the rest of this paper
for the sake of simplicity) means “in the principal value sense” and takes
into account possible integral cancellations. The action of such operator is to
“weight” the oscillations of the function u according to the kernel K. To make
sense of the expression above, two types of assumptions need to be accounted

for:

v if the kernel K is singular when x = y, the function u needs to be
regular enough near the point = (to allow integral cancellations and take

advantage of the principal value in (0.0.1))),

v' the function u needs to be sufficiently well-behaved at infinity (namely,

7
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its growth has to be balanced by the kernel K to obtain in (0.0.1]) a

convergent integral at infinity).

Roughly speaking, these two conditions correspond to the request that the
integral in converges both in the vicinity of the given point x and
at infinity. With respect to this, the regularity condition is necessary for
the local convergence of the integral and it is common to differential (rather
than integral) operators: in a sense, for differential problems the regularity
of u ensures that incremental quotients converge to derivatives and, somewhat
similarly, for integral problems the regularity of u allows the increment inside
the integral to compensate the possible singularity of the kernel. Instead, the
second assumption on the behavior of u at infinity is needed only to guarantee
the tail convergence, it is a merely nonlocal feature and has no counterpart for

the case of differential operators.

Conditions “at infinity” are also technically more difficult to deal with.
First of all, they are more expensive to be computed, since they need to account
for virtually all the values of the given function (while regularity ones deal with
the values in an arbitrarily small region). Furthermore, these conditions are
typically lost after one analyzes the problem at a small scale (since blow-
up procedures alter the behavior of the solutions at infinity, with the aim
of detecting the local patterns). Moreover, it is sometimes difficult to detect
optimal assumptions for nonlocal problems even in very basic and fundamental
questions (see e.g. the open problem after Theorem 3.2 in [45]), hence any
theory based only on “essential” assumptions is doomed to have promising

future developments.

It would be therefore very desirable to develop a theory of integral operators
that does not heavily rely on the conditions at infinity (in spite of the striking
fact that these conditions are needed even in the basic definition of the operator
itself!). To this end, a theory of “fractional Laplacian operators up to polyno-
mials” has been developed in [32,133], i.e. when K(z,y) = |v — y|™ 2 for
s € (0,1), to address the case of functions with polynomial growth (see also [53]
for related approaches). By Bg we will denote the open ball of radius R

centered at zero and now we will explain the gist of this method. We consider
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the family of cut-offs

1, if x € BR,
Xr(x) == (0.0.2)
0, otherwise

and apply the operator to the function ygu. Of course, in general, it is
not possible to send R — +o00, since the operator is not well-defined on w,
nevertheless it is still possible to perform such an operation once an appropriate
polynomial is “taken out” from the equation. Given the “rigidity” of the space
of polynomials (which is finite dimensional and easily computable) the method
is flexible and solid, it produces interesting results and can be efficiently
combined with blow-up procedures, see [13,[1].

Furthermore, we discuss the nonlocal fully nonlinear equations of the form

Fu(z) = f(z), (0.0.3)

while the right hand side in the expression above is assumed to be bounded.
Equations of this type are widely spread in literature, consider for instance [18§],
where the authors adapted techniques, introduced in [15]. Since the operator
F' is nonlocal, it possesses the nonlocal features, i.e. long-range interactions.
Moreover, this operator is characterized as a fully nonlinear one, by this we
intend that F'is nonlinear with respect to the highest order derivatives. Usually
these derivatives are not given explicitly but represented by a differential
quotient of second order.

It is not known a priori if it is possible to compute the operator in the
classical sense since the considered function w can be not smooth enough. In
order to be able to handle these problems, some useful instruments like weak
solutions were established. In particular, viscosity theory, built by M.C. Cran-
dall and P.-L. Lions ([25], [24]), as we know it now. The idea of the notion
of viscosity solution is to ”"pass” derivatives to smooth test functions. This
approach turned out to be extremely helpful, since the only condition for a
potential candidate function, i.e. viscosity solution, is only to be continuous.
Of course, one cannot have all the goods, and there is price to pay: any
smooth function touching the solution from above or below must satisfy the
corresponding differential inequality.

A special place in science occupy free boundary problems. This kind of

problems describe in general a qualitative change of the medium, thus they
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represent a phase transition. The most typical example is a melting block
of ice. A boundary formed from the interface of ice and water is called the
free boundary and usually is unknown in advance so it must be found as part
of the solution. Besides physics, free bouundary problems arise naturally in
biology (switching a state of a cell from active to inactive), finance (procedures
of buying and selling assets) and many others.

On the long term, we are interested in finding a suitable way to formulate
one or two phase free boundary problem in case when nonlocal operators are
involved. Unfortunately, we will not able to achieve the desirable result in
this work but here we make first steps towards the main goal. In other words,
we study the local variational case, taking inspiration from [3], looking at
eventually degenerate operators.

We examine the celebrated paper [3], where the authors look for solutions to
some problems dealing with nonlinear functionals, in the sense of the variation
domain. More precisely, they find the Euler-Lagrange equations that govern
the underlying problem associa-ted with the considered Bernoulli functional:
the so called homogeneous elliptic two phase free boundary problem. The
minima to such functional are endowed with few regularity properties like
global Lipschitz continuity coming from an application of the monotonicity
formula proved in [3].

We point out that very recently a new contribution following the mainstream
of [3] appeared in |26]. In addition, we remark that a different approach about
the inner regularity, that does not use any monotonicity formulas, has been
discussed in [51] about the p—Laplace case.

In our opinion the approach described in [3] is highly not trivial and at
the same time reveals some interesting details that are particularly useful for
further generalizations.

In fact, as a consequence of the ideas contained in the previous seminal
papers, there have been many other achievements about the viscosity solutions
of two phase free boundary problems. From this point of view, talking about
the regularity of the free boundary, we recall [37,21}/41} 5], respectively dedica-
ted to homogeneous fully nonlinear operators, homogeneous linear operators
with variable coefficients, homogeneous linear operators with bounded first
order terms and homogeneous fully nonlinear operators with flat boundaries.

Successively, after the fundamental contribution introduced in [27], many

other inhomogeneous cases about two phase problems have been faced in |28,
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29,30]. The technique used in [27] turned out to be particularly flexible and has
been extended to other one phase inhomogeneous cases that are not covered
by previously cited papers yet, see the recent progress contained in [56./55] in
the variational one phase case.

Other important achievements concerning the viscosity approach to non-
linear degenerate operators, still adapting the ideas introduced in 27|, can be
found, for example, in [56].

In Chapter 1, we recall some basic facts and results about different types
of nonlocal operators. Specifically, we will discuss the Marchaud derivative
and the Riesz fractional derivative in Section [[.1l Then we concentrate on the
fractional Laplace operator and its properties in[l1.2] comparing similarities and
differences with other fractional derivatives. Later, in Section |1.3] we will talk
about the viscosity approach of solving differential equations and necessary
tools for dealing with solutions which are not regular enough. Finally, prelimi-
nary notions of noncommutative framework are presented in Section [1.4]

In Chapter 2, we discuss the described “up to a polynomial” setting.
Precisely, in the forthcoming Section we face the core of this work introdu-
cing the main definitions for integral operators “up to a polynomial” and
present their fundamental properties. The corresponding Dirichlet problem
will be discussed in Section 2.21 While Sections 2.1l and 2.2 focus on the
pointwise definition of this generalized notion of operators, Section is
devoted to the corresponding viscosity theory. Finally, in Section [2.4] we
put in evidence the future possible developments of the introduced theory in
a noncom-mutative framework that will be the goal of a forthcoming project.

In Chapter 3, we prove interior regularity of solutions to fully nonlinear
nonlocal equations. First, we recall the extremal type operators in Section (3.1}
Secondly, in Section we examine the suitable notion of uniform ellipticity
and then demonstrate the Lipschitzianity of solutions and their higher regula-
rity, see Theorem [3.2.5| and Theorem [3.2.6| respectively.

In Chapter 4, we try to find the correct formulation of viscosity solution
to a two phase free boundary problem in noncommutative groups, that we
also mainly presented in [36]. We put in evidence that local operators may
be understood as a particular case of nonlocal operators, as shown in |31] and
. In Section we recall the definition of a viscosity solution to two
phase free boundary problem. Then, we look at the simplest one dimensional

Euclidean case in Section4.2|and discover the modulus of continuity of solutions
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in the Heisenberg group in Section Later, the technique is applied to a
functional containing a nonnegative matrix in Section [4.4] while Section 4.5
and Section [4.6| are dedicated to the study of the problem in Carnot groups
and a nonlinear Euclidean case, respectively. We conclude the chapter with

some outcomes and a summary in Section [4.7}
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Notations
e R” is the space of reference, n € N is the dimention of the space.

e « is the multi-index (a,...,a,),a; € N for i = 1,...,n. We usually

denote multi-indices by Greek letters unless otherwise specified.

e Bpr(zg) is the n-dimentional open ball centered at xy of radius R > 0,
i.e.
Br(zo) ={z € R" s.t. |z — x| < R}.

Bp is the ball Bg(xq) centered at zo = 0.
e Nj the set of natural numbers with zero, that is N U 0.
e ()¢ is the complementary set R™ \ €2 for a given 2 C R™.
e (fg)(x) is the short way to write f(z)g(z).

e w, 1 denotes the (n — 1)-dimentional measure of the unit sphere S™1,

namely

(0.0.4)

e S(R") is the Schwartz space of smooth functions rapidly decaying at

infinity with all their derivatives, precisely

S(R") := {f € C*(R") | Vo, B € Ny sup |z%0sf(z)| < —I—oo}.

reR™

e We use standard notations for the Fourier and inverse Fourier trasform.
To be clear, we denote by & € R"™ the frequency variable and define the

Fourier transform of a function f € L'(R") as
Fi(€) = F©) = [ faye =S
R"

Similarly, inverse Fourier transform is given by

Ff(e) = fla) = ﬁ / F(&)eede.
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e Given two colomn vectors h, ¢ € R", we denote by h®q = hq’ their outer

product, defined as a matrix. In index notation (h ® q);; = (a);; = hig;.

['(z) stands for the Gamma function

= /t21etdt, for any z € (0, 4+00).
0

B(x,y) denotes the Beta function

1
/tz 1 —t)vtat
0

or an alternative integral representation

/ 7 —d (0.0.5)
0

for any positive x and y. Moreover, there exists a representation formula

via Gamma function

I'(z)I'(y)

B(z,y) = Tty

(0.0.6)

which can be sometimes extremely useful.

By F(a,b,c,z) we mean the Gauss hypergeometric function, given by

the series

a---(a+k—=1b-- (b+k—1)z"
c---(c+k—1) k!’

which is convergent for |z| < 1.

A function u : Q — (—o00,00] is called lower semicontinuous and we

denote it by u € LSC(Q) if

lim inf u = lim inf u > u(x).
minfu(y) .= lim _ inf  u(y) 2 u(z)

Analogously, we call a function u : 2 — [—00,00) upper semicontinuous
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and we denote it by u € USC(K?) if

limsupu(y) := lim  sup
yoz "0 yeB(2)\{z}

u(y) < u(z).

15



16

CONTENTS



Chapter 1

Preliminaries

1.1 Fractional derivatives

The appeared notion of differentiation immediately gave birth to a thought
d* f(z)

dxs

that there might be a way to define differentiation of noninteger orders
s. In the end of seventeenth century famous mathematicians like G. W. Leibniz
and J. Bernoulli asked themselves whether it is possible to take a derivative
of a function of order 1/2. In the sequel, L. Euler, P.-S. marquis de Laplace
and then J.-B. J. Fourier proposed diverse ideas for fractional differentiation,

among which various integral representations, like

df(x) 1 r 5 r T
i _QW/)\d)\/f(t)cos()\:zz—t)\+s2>dt.

A true pioneer N. H. Abel introduced, as it is clear to us now, the operation

of fractional differentiation

/ (g;(i)ctl)ts = f(z) forse (0,1)and z > q,
thus beginning a new epoch of integro-differentiation. It was followed by a
number of papers by J. Liouville, where he suggested a fractional integration
formula for all functions f(z) = >, a;e"®, representable by a series. Later,
he suggested a definition of the fractional derivative to be a limit of a difference
quotient. In the middle of nineteenth century G. F. B. Riemann published a

work containing one of the main formulas of fractional integration since that

17
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L[ )
r<s>/o CEnE

for any positive x. Later, Hj. Holmgren and A. K. Griinwald with A. V. Letnikov

time, given by

independently investigated and developed the introduced by Riemann definition

of fractional integration, being

o g BN SN =S —s) L
D) = 111115(1) ys T 11;11}(1); r'1—s)IrG+ 1)f($ ]y)ys'

A further development was made by N. Y. Sonin, who found an extension
for the Cauchy formula for fractional powers in the second part of nineteenth
century. At the end of twentieth century J. S. Hadamard brought new fresh
ideas to fractional calculus, defining the differentiation in complex plane in
terms of an analytic function’s Taylor series. The exact definition is the

following expression

o0

s I'(j+1 s
D10 = 3 e g )

where ¢; := % f9(2). Soon after this, the new century began with a contribu-
tion of H. K. H. Weyl, which consisted in dealing with fractional integration for
periodic functions, accomplished by a convolution with a special function. An
important role in fractonal calculus history played a paper by A. Marchaud,
where the author considered for the first time a new form of fractional differen-
tiation.

Here we finish exploring briefly the historical part and address an interested
reader to [60] for a meaningful historic outline about the fractional calculus.

We continue by recalling a basic fractional derivative called Marchaud
fractional derivative (refer to [66]). Precisely, take s € (0,1) and consider
functions f € L®(R) N C**(R), where s < a < 1. Thus left and right

Machaud fractional derivative of order s are defined by

DL () = g ) /f Hf:Fy)dy (1.1.1)
0

If f € L*(R) N C*(R), then Marchaud fractional derivatives are well

defined. Indeed, denoting k(s) := ﬁ, we have that, for the left Marchaud
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fractional derivative,

Zf 1+s ) dy

0o 1

1
< Hf||L°°(R)k?(S)/y1+de + I fllcoak(s )/W < Ho0.
0 0

It is possible to extend the notion of Marchaud fractional derivatives for
any s € R,. Indeed, one recalls the following expression for left and right

Marchaud fractional derivatives of order s:

5 S(x) — fl(a
DS f(x) = 1{_}{3} /f T (=F9) 4, (1.1.2)

where [s] and {s} denote the integer and fractional parts of s, respectively.

As a possible generalization of the Marchaud fractional derivative, one
could consider the hypersingular integrals (see [52], chapter 2). For this, we
first introduce a centered finite difference of a function f(z) of order [ with a

step y € R” centered at the point x € R", defined as

= (N(ee (B-a)). s

Jj=

One could define the non-centered difference in a similar way, namely,

!
e )
81t = S0 () st =)
In this work we deal only with centered differences to avoid complications in

writing although it is possible also to consider non-centered differences as well.

The introduced notion of a finite difference is helpful when one defines

1 Al f(x) l
— 1.14
dn(l,8) ] |ylnt?e W, s€ (0’2)’ (114)
Rn

D f(x) ==

which can be seen as a generalization to multiple dimensions of the Marchaud
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fractional derivative. The constant d,,(l, s) is given by
i =iy
R

When the difference is centered, we assume its order [ to be always an even
number. This fact and why the hypersingular integrals are also called Riesz

fractional derivatives of order 2s can be explained by the following lemma.

Lemma 1.1.1. [t holds that
D*f(x) = F (1€ F(£))- (1.1.6)

Proof. Taking the Riesz derivative ((1.1.4) and applying the Fourier transform,

we get

= oy () | Pt

(1.1.7)

Notice that

and from (|1.1.7)) it yields

FO ) = 5570 [

Now, we change the variable z = |{]y and get

£ £

1 R —izr s i
FO ) = sl [
Rn

Since the integral in the right hand side is rotationally invariant with respect
to &, we are allowed to consider a rotation Je; := £/|£|, which sends e; =
(1,0,...,0) into &/[£]. Then, denoting by J? the transpose of rotation and
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¢ := JTz, we find

R e—iJelé . eiJey% !
PO ) = A€ [ e

d,(l, s)
RTL
1 . fiel-% _ i€1-% l
- aglie [ e (1.18)
Rn
I S (% —e'F)
e IRAG R/ e
Now we set p o,
(1 - %)
RZ [l

and check that d,(l, s) never turns out to be zero. Using the Euler’s formula
e = cos® + isinf, we rewrite the integral in (1.1.9) in the following form:

!
dn(l,s)—/<—2isin%> mi%
R

— (—1)l21_28il/51nl5 dC

|§|n+25'

(1.1.10)

Equality ([1.1.10)) shows that the integral vanishes when [ is an odd number.
Thus, taking finite differences of only even order, we see the validity of ([1.1.6]).
O

The explicit expression for d, (I, s) is known and we provide it here for the

reader’s convenience.

Lemma 1.1.2. The constant d,(l,s) in (1.1.4) is explicitly given by

T2 ko (25)

dn(l, s) = 22T(1 + s)I'(% + s) sin(s7)’

(1.1.11)

and ki(s) is

ki(s) :=2) (—1)7" <l) (é — g) (1.1.12)
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Proof. We start by splitting d, ([, s) in lower dimensional integrals, i.e.

dn(z,s):/(ei?—e—i?)ldgl / 7 d

G+ |C|2)"+fs

C (1.1.13)
_ 171_ 71— 1-2s 1

_/(e Yle </1 +!w!

where we used the change of variable w

= (/¢ in the last equality. The
(n — 1)-dimensional integral can be found by passing to polar coordinates

/ dw ]o = 2 ~
(1 + |w| n+23 J n+2s

Rn—l
_ Wno / T S (1.1.14)

:wn_gB n—1,1+23 ’
2 2 2
where in the last identity we used the definition of beta function in the integral

form (0.0.5). Thus, recalling the explicit value of the measure of the sphere

, we combine ) with ( m to get

n—1 . .¢
o (L2s it —ialyl
dn(l,s) = T nJEQsQ >/(€ : 1i2 ) dG
I'(%5=) |2

27T ) F(1+25) 7(6i<21 — e_i%)l

dG
n+2s 1+2s
e )
(1.1.15)
2[+1,L'lﬂ.”T’1F(1+223) sml [§%

n42s sdgl
F( 452 ) J 1+2

21+172sl'l7.‘.”T_1F(1—;23) SlIl Cdc
I‘(%QS) C1+2s

It remains to simplify the integral, involving sine. To do this, we exploit the
binomial theorem and obtain that

! l
sin! ¢ = 21 IZ( ) il— 2k)<_%2( ) cos (I — 2k)¢ +isin (I — 2k)().
=0 =0
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Thanks to the identity for binomial coefficients

() -

—2 ()0 cos2i0)

Therefore, we can integrate by parts the integral in (1.1.15]) and get

/2

OosinlC 1 ( >j sin 25¢
O/<1+28d<2 Z o 0/ o 2. (1.1.17)

Now we claim that

OOSinjC B 71-17'25—1
/ ¢ de = 2sin(rs)D(2s) (1.1.18)
0

Indeed, the definition of gamma function yields

oo

[ Ta e = (i = 28) ST - 20
0
_ T j2$—1(i25—1 _ (_Z’)2s—1)
sin(27s)T(25) 2i (1.1.19)
T 9
- _Sin(QWs)F(Zs)jQ iy 25— 1)
’/Tj2s_1

2sin(ms)[(2s)’
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which proves (|1.1.18]), as stated. Thus, ((1.1.18)) together with (1.1.17) give

r sin ¢ 22s=lr 2 , [
= —1)7! 25 1.1.20
J {7 sin(rs)T(1 + 25) ;( ) (1/2 - j)] (1.1.20)
Furthermore, we observe that
/2 I 1
S0 ()i = 50 hi2s)
=1 J

which produces
SiHlC B (_1)[/2223—l—lﬂ_
¢1+2s  sin(ms)(1 + 2s)

Hence ((1.1.11) immediately follows by inserting (|1.1.21]) into ((1.1.15]). [

ki(2). (1.1.21)

1.2 Fractional Laplace operator

In this section we recall the basic notations and useful results related to the
fractional Laplace operator and fractional Sobolev spaces. An interested reader
can find more details on the topic in [12] or in [31]. The fractional Laplace
operator of a function u : R” — R can be defined in several ways (see [54]), here
we give the one in principal value sense, that is, for any parameter s € (0,1)

we consider

(—A)*u(x) : = c(n, s)P.V. / Mdy

y‘n-‘rQS

1.2.1

P N TC: Rt PR
TS50 |z — y|nt2s
R\ B. (z)
where ¢(n, s) is a positive dimentional constant, given by
22T(2 4 5

c(n,s) = (G+9) (1.2.2)

- mR0(=s)|

Observe that there is a singularity in the integral above when y approaches x,

and in this case one cannot expect to have integrability. To be the operator
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(1.2.1)) well posed, we take u in Schwartz space S(R"), so that

Ju@) —u)], [ ulz) Zu@)] [ulz) — u()|
/ y’n+2s dy = / o= g dy + / 7 — g dy

By (z) Bi(z)
|z —y|? 1
<C / mdy + 2|[ul| Lo @) mdy
Bi(x) Bi(z)

o

1
1 1
p p
0 1
(1.2.3)

It is worth to mention that definition (1.2.1) is well posed for less regular

functions, namely v € L!(R™) where the space

1 (mny . 1 (on |u(?)]
LS(R ) = u e LIOC(R ) S.t. /Wdt < 400 (124)

R
is endowed naturally with the norm
Ju(t)]
ny = | ————dt
HUHLHR ) /14_ ‘t|”+23
Rn

Locally u should be C?*7¢ for some small € > 0 when s € (0,1/2) and C125T~1
if s € [1/2,1). Another expression for the fractional Laplace operator can
be obtained from the given earlier definition ([1.2.1)). Precisely, one does the

changes of variables 7 =z — z and t =t — z to get

oy () : u(z) —u(y)
(—=A)*u(z) = c(n, s) lim Wdy
R7\ Be (z)
c(n,s) . u(z) — u(z) / u(z) — u(t)
= —— l _— _—
2 Eli% / ‘iL‘ _ Z’n+28 dz + ‘iL‘ _ t‘n+2s dt
R™\ B, () R™\ Be ()

_cn,s) u(z) —u(x —2) . u(z) —u(z +1)
2 llir(l) / ’2|n+2s dz + ‘g|n+2$ dt
R\ B. R™\ B,
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_ c(n, s) lim / 2u(z) —u(z +y) —ulx — y) dy

2 =0 ly|nt2s
R\ B (1.2.5)
_ c(n,s) / 2u(z) —u(z +y) —u(@—y)
B PR !

]Rn

Formula (1.2.5) shows that fractional Laplacian is a special case of Riesz
derivative (|1.1.4) when the finite difference is of the second order, namely
[ = 2. Indeed, using the properties of gamma function we check the value of

the constants:

1 22HT(1 + 5)0(5 + ) sin(sm)
d, (2, 5) Tltn/2
2T+ )05 +s) 225 +s)  c(n,s)
/20 (s)['(1—s) av/2l(—s) 2 7
as stated.

Using the standard notions of Fourier and inverse Fourier transform, we
recall a basic fact about the classical Laplace operator. Indeed, operating with

only definitions, we see that, for some u € S(R),

“Au(z) = ~AF (@) (@) = A | - / a€)ede

Nl (1.2.6)

1 2 ix-€ _ 1 2’11
; R/ ePae)e=Sde = FA (6 (6))

(27

which shows that the classical Laplacian acts as a multiplier of [£]? in a
Fourier space. Another way to see the nature of the fractional Laplacian is to

characterize it via the Fourier transform.
Lemma 1.2.1. For any u € S(R™) it holds that
(—A)u(x) = FH(E[a(f)). (1.2.7)

In other words, the identity ([1.2.7)) tells that the fractional Laplace operator
can be seen as a pseudo-differential operator with symbol |£]%¢. Thus ((1.2.6)
with ([1.2.7) explain the connection between the classical and the fractional
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Laplacians. Presicely, for any u € S(R™), it holds

lim(—A)*u = —Au
ot (1.2.8)

and lim(—A)*u = u,
5—0

giving that the classical Laplace operator is the limit case of the fractional one
as s — 1.

In the celebrated paper [17] the authors give description of the fractional
Laplace operator viewed as a solution to a harmonic extension problem to the
upper half space which maps the boundary condition of the Dirichlet type to
the Neumann condition. Roughly speaking, the fractional Laplacian, being a
nonlocal operator, can be seen as a local operator in the higher-dimensional
half-space. In other terms, we call U : R™ x (0,+00) — R the extension

function that solves

div(y'*#VU(x,y)) =0, (z,y) € R" x (0,+00),
U(z,0) = u(z).

Then it turns out that the solution also satisfies

—c(s) lim y'*0,U = (—A)*u,

y—0t

where the constant ¢(s) depends only on s and explicitly given by (refer to

[69]) K(e)
c(s) = 2234@_

1.3 Viscosity solutions

This section is dedicated to the known results and definitions in viscosity
theory, which will be much used throughout the current work. We introduce

a family of linear nonlocal operators as
Lu(z) = /(Qu(x) —u(x +t) —ulx —t))K(t)dt = /Afu(m)K(t)dt, (1.3.1)
R™ Rn

where the integral can be possibly evaluated in the principle value sense. Notice

that assuming the symmetry condition on the kernel repeating the calculations,
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similar to ([1.2.5]), one recognizes that the considered family of operators ((1.3.1)
is a special case of the family (0.0.1)).

Definition 1.3.1. A function u, continuous in Q, is said to be a subsolution
(supersolution) to Lu = f, and we write Lu < f (Lu > f), if every time all
the following happen

e x is any point of Q);
e U is a neighborhood of x in €);

¢ is some C? function in U;

* o(y) > u(y) (vly) <uly)) in U;

then if we let

o, mU
vi= (1.3.2)
u, i R*"\U

we have Lv(x) < f(z) (resp. Lv(x) > f(x)). A solution is a function u which

15 both a subsolution and a supersolution.

Definition of a viscosity solution is continuously connected with the notion

of a function touching from above or below, that we give immediately.

Definition 1.3.2. We say that a function ¢ touches function u from above
(below) at a point x € Q, if

and ¢(y) = u(y) ((y) < uly)) in case y # x.

Smooth touching from above or below functions are often called test functions.
It is also worth noting that whenever u — ¢ attains a local maximum at a point
xo € €, it holds (u — ¢)(xy) = 0.

Remark 1.3.3. Let us give an example of the object of our interest in the

simplest possible case in one dimension. Set = (—1,1) and

Fu(z) = —u".
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Then the function u(z) = ax + b is a solution, being
Fu(z) = —(azx 4+ b)" = 0.
While w(z) = ax® + bx + ¢, with a > 0, is a subsolution, since
Fw(z) = —(az* +bx +¢)" = —2a < 0,
we have that v(x) = —az? + bx + ¢ is a supersolution, since
Fo(z) = —(—ax® + bz + ¢)” = 2a > 0.

It may happen that only the terms up to the second order play the role in
the definition of viscosity solutions. For this reason, tools like semi jets have

been developed in the literature.

Definition 1.3.4. Let (p,X) € R" x S" and & € Q. We say that (p, X) €
J?Vu(z) if it holds that

() < u(@) +p- (@ — i‘)%(X(x _ &)1 — @) +olle — ).
Similarly, (p, X) € J> u() if

(X(z—2),2—2)+o(|lx — 2|?)

N| —

u(r) > u(@) +p-(r—1)
holds true.

Sometimes it is convenient also to consider a kind of a ”closure” of a semi

jet. This leads us to another

Definition 1.3.5. We say that

(n, X) € T u()
if there exist a sequence (p;, X;) € J*>Tu(w;) such that (x;,pi, X;) — (2, p, X).
Analogously, one defines

(p, X) € T u(d)

if there exist a sequence (p;, X;) € J> u(z;) such that (x;,p;, X;) — (2, p, X).
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For the reader’s convenience, we state the Theorem of Sums (refer to [23]
or [24]), which is the main tool in the method which we call the Ishii-Lions

method. The precise statement of the theorem reads as follows.

Theorem 1.3.6. Let €); be a locally compact subset of R™ fori=1,...,k,
Q:Ql><"'XQk,

w; is USC(Y;), and ¢ be twice continuously differentiable in a neighborhood of

Q. Set
h(z) = ui(zy) + - +ug(ag) for oz = (21, ,2,) € Q,

and suppose & = (Zy,...,&x) € Q is a local maximum of h — ¢ relative to .
Then for each € > 0 there exists X; € S™ such that

(D:Bz(p(j:)y Xz) S 72’+ui(§;i) fOTi = 1, R ,k,
and the block diagonal matriz with entries X; satisfies

Xy ... 0
1 2 ~ . . 2 A 2 A 2
—(oHIDe@I) T< | 8 e ] S DR(@) + e(D7(2))%
0 ... X

where n =nq + - -+ + ny.

In the theorem above by the norm of a symmetric matrix we mean the

supremum of moduli of all eigenvalues of the matrix. To be exact,

|D?p(2)]| = sup{|A| : A is an eigenvalue of D*p(2)}.

1.4 Carnot groups

This section is dedicated to the basic information about Carnot groups and
the Heisenberg group, being the simplest possible case, although it is not easy
at all. We denote by H" the set R*"™! n € N, (z,y,t) € R*" endowed
with the noncommutative inner law such that for every (zi,y,t1) € R*"T1
(19, Y2, t2) E R 2, e Ry, e R™, 1= 1,2

(x1,91,t1) © (T2, Y2, t2) = (1 + @2, y1 + Yo, t1 + L2 + 2(22 - y1 — 21 - Y2)),
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and z; - y; denote the usual inner product in R". We call H" the Heisenberg

group of order n.

Let X; = (e;,0,2y;) and Y; = (0,e;, —2x;), i = 1,...,n, where {e;}1<;<p is
the canonical basis for R™. We use the same symbol to denote the vector fields

associated with the introduced vectors so that fori =1,...,n
Xi = Oy, + 2y;0;,

Y; = ayi - 21’1815

The commutator between the vector fields is
(X5, Yi] = —40,,

otherwise it is equal to 0. The intrinsic gradient of a smooth function u in a

point P is

Vinu(P) = Y (Xu(P)Xi(P) + Yu(P)Y;(P)).
i=1
There exists a unique metric on HH"(P) = span{ Xy, ..., X,,,Y:,...,Y,} that
makes orthonor-mal the set of vectors {Xy,..., X,,,Y;, ..., Y, }. Thus, for every
P e H" and for every U, W € HH"(P), U = 37 (a1, X;(P) + p1,;Y;(P)),
V=370 (a9 X;(P) + B2,;Y;(P)) the scalar product of two vector fields is
defined by

n

(U V) = (njas; + BrBa;)-

j=1
In particular, we get a norm associated with the metric on
span{Xy,..., X,,Y;,...,Y,} and

n

Ul =Y (a3, +5%).

J=1

For example, the norm of the intrinsic gradient of the smooth function v in P

1S

n

Vinu(P)| = | D (Xu(P))? + (Yiu(P))?).

i=1
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Moreover, if Vgnu(P) # 0 the norm of

VHnu(P)
|Viznu(P)|

is equal to one.

If Vgnu(P) = 0 then we say that the point P is characteristic for the
smooth surface {u = w(P)}. Hence for every point P € {u = u(P)}, that

it is not characteristic, it is well defined the intrinsic normal to the surface

{u =u(P)} as follows:
) = S P

We introduce in the Heisenbeg group H" the following gauge norm:

da(x,y,t) = |l(z, 9, D)l = /P + [yP) + 2. (14.1)
In particular for every positive number r the gauge ball of radius r centered
in 0 is
B(0,r)={PeH": ||P|| <r}.

In the Heisenberg group a group of dilation is also defined as follows: for every

r > 0 and for every P € H" let

6,(P) = (rzx,ry, 7’215).

If P € H" and
V e g =span(Lie){X,,Y;, [X;,Y;]: i,j=1,...,n}

we set Jy,py(s) = exp[sV](P) (s € R), i.e., Y(y,py denotes the integral curve
of V' starting from P and it turns out to be a 1-parameter subgroup of H".

The Lie group exponential map is defined by
exp:gr— H", exp(V):=exp[V](1).
The map exp is an analytic diffeomorphism between g and H"™. One has

Yv,p)(s) = Poexp(sV) VseR.
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In particular we remark that if U € HH"(P), then
Yw.p)(t) = Poexp(sU)

is horizontal.

Indeed, we say that a path ¢ : [—7,7] — H" in the Heisenberg group is
horizontal if ¢'(s) € HH"(¢(s)) for almost all s € [—7, 7].

Concerning the natural Sobolev spaces to consider in the Heisenberg group

H", we refer to the literature, see for instance [46]. Here, we only recall that
LY2Q) = {f e L*(Q): X.f, Vif € L*(Q), i=1,...,n}

is a Hilbert space with the norm

D=

|flere@) = (/Q (i(Xify + (Yif)2) + |f|2dx>

1

Moreover,

HL.(Q) = C=(Q) N £L2(Q) e,
“oo7on 2
H]%ﬂn,o(ﬂ) = Co (Q) e,

Of course, on the Sobolev-Poincaré inequalites there exists a wide literature,
see e.g., [50,44,58]. However, here we shall recall only the following one in the

Heisenberg group for every u € Hﬁn’O(BT), namely

lu(z)|dz < Cr/ |Vinu(z)|de,
B,

By

see also [46] for isoperimetric and Sobolev inequalities in more general situations.

In general, this presentation makes sense also for a larger set of stratificated
noncommutative structures: the Carnot groups. In fact, let (G, o) be a group

and there exist {g;}1<i<m, m € N, m < N € N, vector spaces such that,

91@92@"'@gm=gERNEG

and

g, 01 =92, (91,82 =93, - ., [01,0m-1] = Im:
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where

(91, 9m] = 0.

In this case we say that G is a stratified Carnot group of step m.

Moreover, for every
r€G=RV=R"x .. R M k=N,
j=1

and for every A > 0 is defined the anisotropic dilation

on(x) = AW N2®  Amz™) where 22U e RN j=1,....m

2]

© O \ac:O7

such that, if Z, ..., Zy, € g; are left invariant vector fields and Z;(0)
j=1,...,kq, then

rank(Lie{Z1,..., Z, })(z) = N, (Hoérmander condition)

for every x € RNV = G. Let us consider the sublaplacian on the stratified

Carnot group G given by

k1
Ag =) X7 (1.4.2)
j=1

In particular, there exists a N x k; matrix o such that o-o7 is a N x N matrix
such that

div(c - 07V:) = Ag. (1.4.3)
Moreover,
k1
o"Vu = ZXquj =V, u,
j=1

the so called horizontal gradient of u. Hence
A=oc-o.

The Heisenberg group H! is an example of Carnot group of step 2. In fact,

g = span{X, Y}v g2 = span{[X, Y]}7 [91792] = {0}
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and the Lie algebra of the Heisenberg group is obtained as
g =span(Lie){ X, Y, [ X, Y]} = ¢ @ g2
Exploiting the cited representation of the sublaplacians , it results that
(AVu, Vu)py = (0 - 07 Vu, Vi)gy = (67 Vu, 0" Vu)gr, = (Veu, Veu)ge

where Vgu = 07 Vu = Z;“:l X;uXj is the horizontal gradient in the Carnot
group G. Thus the definition by completion of the Sobolev spaces with respect

to the norm

ullr, 26) = \//<AVU7 Vu)pn +/U2 = \//(Vgu, V) ge +/u2
Q (9] ¢} Q

is the same.

We spend few words about the Carnot-Charathéodory distance. To do
this goal, we recall, see e.g. [9], that if {Xy,... Xy} are vector fields in R",
a piecewise regular path 7 : [0,7] — R™ is said subunit, with respect to the
family {Xy,... Xy}, if for every £ € R"

('(t),€)* < Z(Xj(n(t)),@?, for a.c. ¢ €0, T].

Let us denote by D :=D({X1,... Xn}) the set of all the subunit paths.

Proposition 1.4.1 (Chow-Rashevsky). Let G = (R", 0,4)) be a Carnot group
with the Lie algebra g and let {X1,... Xy} be a family of vector fields in R™.

If
g = Lie{X1,... Xn},

then for every x,y € R™ there exists n € D such that n(0) = x, n(T) = vy,

moreover
deo(z,y) == 1inf{T > 0 : there existsn : [0,T] — R",n € D,n(0) = z,n(T) =y}

15 a distance called the Carnot-Charathéodory distance associated with

{X1,... XN} and deo(+,0) is a homogeneous norm on G.

In the case of the Heisenberg group, there exist positive constants Cy, Cy > 0
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such that for every P € H"
Ci||P|lar < dec(P,0) < Co| Pllgn-

The same equivalence may be extended to Carnot groups, simply by considering
the right homogeneous norm versus the Carnot-Charathéodory distance in the
considered group G. In addition, a strong maximum principle holds, see |10],

even if Ag is a degenerate operator.

Proposition 1.4.2. Let u be such that Agu > 0 in  C G is an open set and
G s a group whose Lie algebra g satisfies the Hormander condition. Then the

supremum of u can not be realized in ) unless u is constant.



Chapter 2

“Up to a polynomial”

framework

The goal of this chapter is twofold: on the one hand, we review and extend
the theory developed in [32,33], on the other hand, we generalize the previous
setting in order to include much more general classes of kernels (in particular,
kernels which are not necessarily scaling invariant). Besides its interest in
pure mathematics, this generalization has a concrete impact on the study of
interaction potentials of interatomic type arising in molecular mechanics and

materials science, such as the Morse potential [62]

the Buckingham potential [11]

1
|z —yl|¢’

K(z,y) = e v - (2.0.2)

as well as their desingularized forms obtained by setting

K.(z,y) := min {% K(a:,y)} .

Other classical potentials arising in probability and modelization include also

the Gauss kernel
K(z,y) = e o=, (2.0.3)

the Abel kernel
K(z,y) =e =Y, (2.0.4)

37
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the mollification kernel

RSP if |z —y| <1,
K(z,y) = (2.0.5)
0 if |z —y|>1

and the class of kernels comparable to that of the fractional Laplacian

A A

— <K < —
|.T _ y|n+2$ — (ZIZ’,y) — |.Z’ _ y|n+25

(2.0.6)

for s € (0,1) and A > X > 0.

The theory of integral operators that we develop is broad enough to include
the kernels above (and others as well) into a unified setting. The operators
will be suitably defined “up to a polynomial”, in a sense that will be made
precise in Definition [2.1.7, This framework relies on a suitable decomposition
of the integral operator with respect to cut-off functions that is showcased
in Theorem [2.1.2 This setting is stable under the appropriate notion of
convergence, as it will be detailed in Proposition [2.1.17] and it presents nice
compatibility results between polynomials of different orders, as it will be
pointed out in Corollary and Lemma [2.1.200 We also stress that the
generalized notion of operators that we deal with is “as good as the classical
one” in terms of producing solutions for the associated Dirichlet problem:
indeed, as it will be clarified in Theorem [2.2.1] the solvability of the classical
Dirichlet problem in the class of functions with nice behavior at infinity is
sufficient to ensure the solvability of the generalized Dirichlet problem for the
operator defined “up to a polynomial”.

To develop this theory, we mainly focused on the case of sufficiently smooth
(though not necessarily well-behaved at infinity) functions. This choice was
dictated by three main reasons. First of all, we aimed at developing the core of
the theory by focusing on its essential features, rather than complicating it by
additional difficulties. Moreover, we intended to split the complications arising
from the possible lack of smoothness of the solutions with those produced by
their behavior at infinity, consistently with the initial discussion presented right
after . Additionally, we stress that the generality of kernels addressed by
our theory goes far beyond the ones of “elliptic” type, therefore a comprehensive
regularity theory does not hold in such an extensive framework.

However, one can also recast our theory in terms of viscosity solutions.
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For this, since viscosity theory relates to maximum principles, one needs the
additional assumption that the kernel has a sign. In particular, in this context
one can obtain a viscosity definition of operators “up to a polynomial” (see
Definition and discuss its stability properties under uniform convergence
(see Lemma and the consistency properties with respect of polynomials
of different degree (see Corollary and Lemma . When the structure
is compatible with both settings, the pointwise framework and the viscosity
one are essentially equivalent (see Lemma [2.3.6). Furthermore, for kernels
comparable with that of the fractional Laplacian a complete solvability of the

Dirichlet problem can be obtained (see Theorem [2.3.13]).

2.1 Definitions and main properties

The mathematical setting in which we work is the following. For every 9 €
[0, 2], we define Cy as the set of functions u € L{ (R") such that

loc

(C(B)NI=By) if9=0,
CY(By) if ¥ € (0,1),
u € ¢ C%(By) if 9 =1, (2.1.1)
CH=1(By) if ¥ € (1,2),
| C(By) if ¥ = 2.

Furthermore, for all m € Ny and all 9 € [0, 2], we introduce I, y as the space
of kernels K = K(x,y) such that

for all y € BS, the map = € By — K(z,y) is C"™(B) (2.1.2)

and min{|z — y|”,1} |K(z,y)|dy < +oo  for all 2 € By. (2.1.3)

]Rn

If ¥ € (1,2] we require additionally that every K € K,y satisfies

K(z,x+z2)=K(z,x —z) forallz, z € By. (2.1.4)
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Given K € K,, 9, we consider the space Cy k of all the functions u € Cy for
which

Z / lu(y)| 109K (z,y)| dy < +oo  for all R >3 and = € By
B

|o¢\§m—1 r\Bs
(2.1.5)
and lu(y)| sup |05 K (z,y)| dy < +oo. (2.1.6)
Bs ey

Remark 2.1.1. We observe that these assumptions are satisfied by the kernel
mn for every n, by the kernel in with n = 5 and by all the
corresponding desingularized kernels for every n. The kernels in ,
and also satisfy these assumptions for every n. The kernel in
satisfies for every n and every 9 € (2s,2].

In this setting, we have the following results that show the role played by
a cut-off function in the computation of the operator in (0.0.1) on functions

in C&Ki

Theorem 2.1.2. Let m € Ny, ¥ € [0,2], K € K,y and v € Cy. Let
also T : R™ — [0, 1] be compactly supported and such that T =1 in Bs.

Then, there exist a function f,, : R® = R and a polynomial P, . of degree

at most m — 1 such that
A(tu) = Pur + fur (2.1.7)

in Bi. In addition, f,, can be written in the following form: there exists
Y By x B — R, with

sup [0 0(a,y) < C sup  |NK(x,y), (2.1.8)

r€EBy z€B]
m<n|<m+|v|

for every v € N™ and for a suitable constant C' > 0 depending on m, n and |7|,
such that

fu,T = fl,u + f2,u + f/::,T) (219)
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where
fru() = / (u(e) — u(y)) K (z., ) dy,
Bs

foul@) =u(z) [ K(z,y)dy (2.1.10)

Proof. We observe that
fi. and fo, are well-defined and finite for every = € Bj. (2.1.11)

To check this, we first consider the case in which ¢ € [0,1]. In this case, for
every x € By and y € Bs,

u(z) — u(y)| < Clz —y/”,

for some C' > 0, and thus

fra(z)] < /B lu(z) — u(y)| |K (z,9)| dy < C / v =y | K ()| dy

gc(/ \x—y\ﬂ|K<x,y>|dy+/ \K(x,yﬂdy),
B3sNBi(z) B3\Bi(z)

up to renaming C' > 0, and this shows that f;, is well-defined and finite,
thanks to (2.1.3]).

If instead ¥ € (1,2] we claim that, since u € Cy, there exists a constant
L > 0 such that for all |z| sufficiently small (say z € B;) we have that
12u(z) — u(x + 2) —u(z — 2)| < L|z|”. (2.1.12)
Indeed, in this case we know that u € C*'~!(B,) and thus

2u(x) —u(z + 2) —u(x — 2)| = [(u(z) — u(z + 2)) + (u(x) — u(z — 2))|

1
‘ /Vux—f—tz d—l—/ Vu(x —tz) - zdt
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1
< / \Vu(z +tz) — Vu(r — tz2)| |z| dt

0
1 1
< C/ |z +tz — (x —t2)|" 72| dt = C/ t 2P 2| dt = C|27,
0 0
(2.1.13)

up to relabeling C' at every step. This establishes .
Now, we notice that
frale) = [ (ule) = u(w) Kz ) dy
Bs
= [ @)Ky [ () ) Ko dy
Bi(z

B3\Bi(z)
=: [1 + 12.
(2.1.14)
Using (2.1.4) and (2.1.12)), we obtain that
[ () - at) Ky
Bi(x)
1
5| @) —ute+ ) Koo+
2 B
+ / (U(l‘) —u(x — z))K(:U,x —2)dz
By
1
=3 / (2u(z) —u(z + 2) — u(z — 2))K(z,z + 2) dz
By
1
< 5/ ‘QU(.’E) —u(z + 2) —u(x—z){ \K(z,z + 2)| dz
B
L
< = |2|” | K (2, x + 2)| dz
2 Jp,
L
<5 | IK(z,2+2)|de.
2 Jp,
As a consequence,
L 9
(L <5 | R IK @2+ 2)|dz, (2.1.15)

By

which is finite, thanks to ([2.1.3]).
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Furthermore,

L] < /B oo (G ) 1K)

<2fulieimy [ K y)ldy
Bs\Bi(z)

which is finite, in light of (2.1.3)). This, together with (2.1.14]) and (2.1.15),

proves that fi, is well-defined and finite in the case ¥ € (1, 2].

Also, fy, is well-defined and finite for every ¥ € [0,2], thanks to (2.1.3)).
These observations establish ([2.1.11)).

As a consequence, for any = € By, we can write
A(tu)(z)
— [ (o) - o) K+ [ (06 - o) K. dy

B3

= /B (u(:c) — u(y))K(:c, y) dy + u(z) K(x,y)dy — / (tu)(y) K (z,y) dy

B3 B3

= o)+ foule) - / (r) () K (2, ) dy.

c
3

(2.1.16)

Now, in light of the assumption in (2.1.2)), we are allowed to use
Proposition 5.34 in [22] (see also e.g. Theorem 4 on page 461 of [72]) and we
find that

K(ey) = Y 0K0.5) 5 — (),

laf<m—1

where

« 1
Ylay)=— Y mof /0 (1 — )" 1K (tz, y) dt. (2.1.17)
|a|=m ’
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As a consequence,

J

) | Y2 RO~ v(ey) | dy

|a|<m—1

(ru) (9 K (0, ) dy = /

:Z</B |

c
3

(ru) () K (0, ) czy> ~ / (ru) () (e, ) dy.

al

|a|<m—1 5 5
(2.1.18)
Now, we set, for every |a] <m —1,
00K (0,y
Or o = / (Tu)(y)# dy. (2.1.19)
Bs (o4

Suppose that the support of 7 is contained in some ball Br with R > 3, and
thus

09K (0,y 1 N
pral = [ N EEE ay < L[ ulleexc.)]dy
Br\Bs (0% (0% Br\B3
(2.1.20)
We stress that the coefficients 6, , are well-defined, thanks to ([2.1.5)).
Hence, setting
Pur(z)=—= > 02" (2.1.21)

la<m—1

we have that P, ; is a polynomial in x of degree at most m — 1. Plugging this

information into (2.1.18]), we obtain that

J

Now, we notice that, for all x € B; and all y € Bg,

() () K () dy = — Py (1) — / () (9, ) dy.

c c
3 BS

[(ru)(y)¥(z, y)| < Clu(y)| sup |97 K (z,y)|,

|o|=m
z€Bq

for some C' > 0, possibly depending on m and n. The last function lies
in L'(BS), thanks to (2.1.6]), and therefore, recalling the definition of far
in (2.1.10]), we have that

Ju - is well-defined and finite. (2.1.22)
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With this setting, we have that
| COWE @0 dy = ~Porl) - ),
3

and therefore, plugging this information into (2.1.16)) and recalling (2.1.9)), we
obtain ([2.1.7)).

Hence, to complete the proof of Theorem it remains to check ([2.1.8]).

For this, recalling the definition of ¢ in (2.1.17)), we have that, for all z € B
and all y € Bg,

R(z,y) = Z/ (2% 0K (t,y)) dt

laj=m

-y / cult ()aﬁ( ) PO K (tx, y)) di
5<'Y

la=m

— Z/ ()aﬂ( N =Bl e =B K (ta, ) dt,

|oe|=m ﬂ<7

where ¢o(t) ;== (1 —t)™"'. Here § <y means that 8; <, ---, 8, <, and

we used the notation
v o 71 Tn
Q)@)X (&>

Hence,
) <O swp [OK( )]
zE
m<Inl<m+n]
for some C' > 0 depending on m, n and |y|. This establishes ([2.1.8]). O

Remark 2.1.3. For m =0, the result in Theorem [2.1.9 holds true, simply by
taking P, :=0 and ¥(x,y) := K(z,y).

Remark 2.1.4. Notice that the right hand side of (2.1.8) may be infinite and
in this case (2.1.8) is obviously true. On the contrary, if the right hand side
of (2.1.8) is finite, then the quantity on the left hand side of (2.1.8)) is bounded

as well.

Corollary 2.1.5. Let m € Ny, 9 € [0,2], K € K,,,9, u € Cyx and R > 3. Let
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Tr : R™ — [0, 1] be supported in Br, with Tr = 1 in Bs, and such that

REIEOOTR =1 a.e. inR" (2.1.23)

Then, there exist a function f, : R® — R and a family of polynomials P, -,

which have degree at most m — 1, such that

lim [A(Tpu)(x) — Pyrp(x)] = fu(x) (2.1.24)

R—+o00

for any x € By. More precisely, we have that
fu= fru+ fou+ f30 (2.1.25)

where f1, and fa, are as in (2.1.10) and

frala) = [ ulw)o(e.y)dy (2.1.26)

3

Proof. We apply Theorem [2.1.2] with 7 := 75 for any fixed R, and then send
R — +o00. Indeed, by (2.1.8) (used here with v := 0), for any = € By and
y € B5 we have

|(Tru) (Y)Y (2, )| < Clu(y)| sup 07K (z,y),

[n]=m
z€B1

for some C' > 0 and the latter function of y lies in L'(BS), thanks to (2.1.6)).

Consequently, we use (2.1.10)), (2.1.23) and the Dominated Convergence

Theorem, thus obtaining that

lim f. = lim <m@@waw@=/sz@w@=ﬁAn

R—+00 R—+o00 BS BS

Accordingly, taking the limit in (2.1.7)) we obtain (2.1.24). Also, the claims
in (2.1.25)) and (2.1.26)) follow from (2.1.10)). O

Remark 2.1.6. It is also interesting to point out that, when T := Xg, the

limit in (2.1.24) is uniform for x € By. Indeed, by (2.1.7) and (2.1.8)), for
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all Ry > Ry > 4,

sup
reB,

sup / ()| [0 (z, )] dy
Bpry\BR,

rEB1

(AR, w)(x) = Purg, (2)] = [A(TR,0) (%) = Pury, (7))

IN

IA

C lu(y)| sup |07K(z,y)|,

=m
BR2 \BRl ZI&BI

which is as small as we wish, owing to (2.1.6)). This observation will be further

expanded in Lemmal|2.1.135

We are now ready to introduce the formal setting to deal with general

operators defined “up to a polynomial”:

Definition 2.1.7. Letm € Ny, ¥ € [0,2], K € K9, u € Cyc and f : By - R

be bounded and continuous. We say that
AuZf  in B

iof there exist a family of polynomials Pr, with deg Pr < m — 1, and functions
fr: By — R such that

A(xru) = fr+ Pr (2.1.27)
m By, with
L fr(z) = f(z). (2.1.28)

Remark 2.1.8. In order to show the connection of the introduced setting with
the developed theories in the literature, we will compute a simple example.
Take m = 2, 9 = 2 in dimension n = 1, together with K(x,y) = |z — y|~17%
and s = 1/2, so that Au = (—A)?u. We consider u(z) = x?, then for all
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€ (=1,1) and a fired R > 2 we get

R
2 2 2 2
(—A)l/Q(XR(x)x2> _ / XR(x>|*Z_ 7§(y)y dy + / XR(*T)EC_ ﬁf(yxy dy
—-R i R\(—R,R) Y
R -R 00

-R —o0
R—=z 1 1
= —2R—2z1 2 .
~—~— v R+« T <R+$+R—x>
PR A" ~~
fr

Therefore fr — 0 as R — 400, and we obtain

(—A)22% 20,

Remark 2.1.9. We observe that is considered here in the pointwise
sense. This is possible, since the setting in suffices for writing the
equation pointwise (recall and ) A viscosity theory is also
possible by appropriate modifications of the setting (in particular, to pursue
a viscosity theory, to be consistent with the elliptic framework, one would
need the additional assumption that the kernel is nonnegative). For instance,
for fractional elliptic equations a viscosity approach is useful to establish
existence results by the Perron method, which combined with fractional elliptic
regularity theory for viscosity solutions often provides the existence of nice
solutions for the Dirichlet problem (see e.g. [68]). The viscosity setting will be
discussed in Section 2.3

Remark 2.1.10. From Definition [2.1.7 one immediately sees that for all j € N
and K € ICmﬂs N ICm_A,_j’ﬂ,

if Au f, then Au 2’ ¥,

in By, since polynomials of degree at most m — 1 are also polynomials of degree

at most m + 7 — 1.

Remark 2.1.11. From Definition and Corollary (used here with
TR = Xr, in the notation of (0.0.2))), we can write Au £ f, in B; for any K €
K and u € Cy k.
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Remark 2.1.12. We observe that from Definition it follows that any
polynomial of degree less than or equal to m — 1 can be arbitrarily added
to fr and subtracted from Pg in , hence, for any polynomial P with
deg P < m — 1 we have that

if Au=2 f, then Au= f+ P

n Bl.

We now investigate in further detail the convergence properties of the

approximating source term fg.

Lemma 2.1.13. Let m € Ny, ¥ € [0,2] and K € K,,9. Let u € Cyx, f
and fr be as in Definition [2.1.7.

Then, if R' > R > 4 we have that

| fov — i~ Pllomsy < [ fuly)] sup 02K (el dy, (21.29)

B¢ |a|=m
R r€EBq

where the inf in (2.1.29) is taken over all the polynomials P with degree at

most m — 1.

Proof. We define v := (1 — x4)u. In this way v = 0 in By and |v| < |u], so
v € Cyx. (2.1.30)

Moreover, if R > 4,
(Xr — Xa)u = (xr — xa)v.

Hence, from (2.1.27]),

A((xr—xa)v) = A((xr —xa)u) = fr— fi+ Pr— Py = fr— fi+ Pr, (2.1.31)

where Py := Pr — P, is a polynomial of degree at most m — 1.

We also remark that, due to (2.1.30), we can use Theorem here on the
function v. More specifically, using Theorem on the function v (twice,
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once with 7 := xr and once with 7 := x4), we obtain that

A((XR - X4)U) = Poxn = Poya + fU,XR - fU7X4
= pv,XR + (fl,v + f2,v + fj,XR,) - (fl,v + f2,v + f:7X4)

= PUvXR + f;XR - :,X4
=3m+/ w(y)d(z,y) dy
Bgr\B4

(2.1.32)

in By, where PU,XR = Py xr — Poy, is a polynomial of degree at most m — 1.

Comparing the right hand sides of (2.1.31]) and ([2.1.32)), we obtain that in B,

h=ﬁ+$+/ ()b (e, y) dy,

Br\Bs

where P}, := P, — Pg is a polynomial of degree at most m — 1.

Therefore, for any R’ > R,

fr—Prp— frt+Pr = <f4 +/B . u(y)y(z,y) dy)

and, as a consequence,

| frr — Pp — fr+ Prllees) = 1Y r &l o5 (2.1.33)

where

V(o) = [ ) iy

From (2.1.8) and Remark [2.1.6] we know that

waﬁmmwﬂsSm;/ () [z, y)]| dy
Bp/\Bg

reB;

s/ IWMwM%M%M@S/IWMwM%M%M@.
Bp/\Br B

laj=m ¢ |a|=m
z€By R z€By
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This and (2.1.33]) imply that

Vo — Pl — o+ Phllieian < / ()| sup 102K (2, )| dy,

B¢ |a\:m
R rEB

which gives (2.1.29)). [

Next result deals with the stability of the equation under uniform convergence
(and this can be seen as an adaptation to our setting of the result contained

e.g. in Lemma 5 of [19]).

Lemma 2.1.14. Let ¥ € [0,2] and K € KCyy. For every k € N, let uy, € Cy i

and fr be bounded and continuous in By. Assume that

in By, that
fr converges uniformly in By to some function f as k — 400, (2.1.35)
that
ug converges in By to some function u as k — +00
(
L*>(By) if ¥ =0,
Cﬁ(BZL) Zfﬁ € (Oa 1)7
in the topology of ¢ C%'(By) if v =1,
CYBy)  ifv e (1,2),
\Cl’l (B4) Zf’lg = 2.
and that

Nim |uy) — un(y)||K (2, y)| dy = 0, (2.1.36)
—+00 Rn\Bg

for every x € Bj.
Then,
Au=f

m Bl-
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Proof. Let xy € By and p > 0 such that B,(zy) € B;. We claim that

Jim e (uk (o) — un(y)) K (w0, y) dy = /Bpm) (u(wo) — uly)) K (0, y) dy.
(2.1.37)

For this, we distinguish two cases. If ¥ € [0, 1], we observe that

/B o) (Uk(%) - uk(y))K(xo,y) dy — / (U(iﬂo) - U(y))K(wo,y) dy

Bp(l"O)

IN

/B (o) [k = ) (0) = (g = w) ()| 1K (20, 9)] dy

IN

s — ulleo s / 120 — yl? | K (20,3)]| dy
BP(UCO)
< Clug — ulleopy

for some C > 0, thanks to (2.1.3)), and this proves (2.1.37)) in this case.

Hence, to complete the proof of (2.1.37)), we now assume that 9 € (1,2].
In this case, we recall (2.1.4) and we see that, for k sufficiently large,

/B (o)~ ) K)o

= %/BP (ur(z0) — ug(wo + 2)) K (20, 20 + 2) d2
+ %/BP (ur(z0) — ug(zo — 2)) K (20, 20 — 2) dz

= %/Bp (2uk($0) — ug(zo + 2) — ug(zo — z))K(zO’ zo + 2) dz,

and a similar computation holds with u instead of u;. Consequently, recalling
also (2.1 (used here with uj — u in place of u),

/ (i (o) — () K (0, ) dy — / (u(o) — u(y)) K (0, ) dy
BP(QCO)

BP(UCO)
1
< 5 |12(ur — u)(zo) — (wp — u)(zo + 2) — (u — u)(zo — 2)| | K (0,20 + 2)| dz
By
U — U 1,0—
- s HQC : 1(34)/ ’Z’ﬁ’K(%,iﬁO‘i'z)‘dz
By

S C Huk - UH01,1971(B4),
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for some C > 0, thanks to (2.1.3)), and this completes the proof of ([2.1.37)).

We now claim that

kkgloo (uk(xo)—uk(y))K(xo, y)dy = / (U(IO)_U@))K(%a y) dy.
Ba\By(z0) By\ B, (w0)
(2.1.38)

To prove it, we use (2.1.3) to conclude that

/ (ui(0) — () K (0, ) dy — / (ulo) — u(w)) K (z0, ) dy
B3\By(z0)

B3\By(zo)

< Ol — ull (s / K (0, )| dy

B3\By(z0)

< Clluk = ull ooz

up to renaming C' > 0 from line to line, and this establishes (2.1.38|).
Furthermore, using (2.1.3)),

[, (o)~ Koy = [ (utr) ~ ) Klrov)

R"\Bg

IA

[ Junteo) = uteo) Kol dy+ [ ) = ulw)| | o, )] dy
R"\Bs R"\B

3

IA

C s~ ull~qa + [

R\ B

ue(y) — u(y) || K (zo, )| dy,

which is infinitesimal thanks to (2.1.36)).

Gathering together this, (2.1.37)) and (2.1.38]), we conclude that Auy(x¢) —
Au(xg) as k — +oo. From this, (2.1.34) and (2.1.35) we obtain the desired

result. O

Remark 2.1.15. We observe that condition (2.1.36|) cannot be dropped from
Lemma (2.1.14). Indeed, if s € (0,1) and

X(k,kQ) ([Z’) :C2S

R3 a2z u(z) = — og &

we have that up — 0 =: u locally uniformly and that, for each x € (—1,1),

ug(x) — uk(y) 1 / By
d — d = .
/R o —gr2 Y gk Jy (y—aye (@)
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We stress that, if x € (—1,1) and y > k,

k—1 Y k—1
y—rzy—l=——y+t—-1l2——y
and b 1
+ +
y—x§y+127y—%+1§79~
As a result, if x € (—1,1),
1+2s 1 k2 y25 L1+2s
fe(x) < (k — 1)+2 logk/k yi+es dy = (b — 1)i+2s
and 2
1+2s 2s 1+2s
fk(il?) > k 1 / y—dy — k—,
(k+1)"42 logk [, y'+2s (k + 1)1+

thus fr — 1 =: f uniformly in (—1,1). This example shows that

(—A)Suk = fk — f =1 7é 0= (—A)su.
A natural question is whether the stability result in Lemma carries

over directly to the setting introduced in Definition [2.1.7, The answer is in

general negative, as pointed out by the following counterexample:

Proposition 2.1.16. Let k € N. Let

0 if v € (—o0, k],

ug(x) ==
kx if x € (k,+00)
and L
x
= k1 :
fi(@) k‘—x+ L —
Then,
V=Au, = fi in (—1,1), (2.1.39)
ug converges to zero locally uniformly, (2.1.40)
: |u(y)]
lim dy =0 foralla>1, 2.1.41
k=too Jpy 210y [YPT® ( )
fr(x) converges to 2z uniformly in [—1,1]. (2.1.42)
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Proof. Let R > k and uy r(x) := up(x)X(—g,r)(x). Then, if x € (—1,1),

B R
/ Uk, r(T) u’;R(y) dy = k/ dey
R |z — 1y k(¥ —2)

kx kx
- — 1 ) — k1 _

o R—x+k0g(R z) — klog(k — x)

kx kx R—=z k
_k—x_R—x+klog 7 +k10gR+klogk_x—klogk

R—=x kx

= k1 — k1 — klogk.

fe(x) + klog 7 7o ogR 0g

Since the term k log R— klog k is a constant in = (hence a polynomial of degree

zero) and the function klog Rg“” — % goes to zero as R — 400, the identity

above proves ([2.1.39).
Additionally, the claim in ([2.1.40)) is obvious and, if a > 1,

oo 1 1
lim kW ik / dy _ 1 —0,
k

— im —
k—+oc0 R\(*l,l) |y|2+a k——+o0 y1+a a k—-+oo ka_l

thus establishing ([2.1.41]).

Furthermore, for every x € [—1, 1], if k is large enough,

2

k
—= dt
| fe(z) — 22| < T T —|—‘k10g — —z| = kx—x+k/1k ST
< 1 +k/1+kwdt kx kx
] ) t k—az| |k—z
9 32 142 9 I+ 11—
—+k — - dt| < —— +k —dt
Sro1t /1 / /1 Shroa /1_1911 i
6
< -—
~ k-1

which gives (|2.1.42]). O

Concerning the example in Proposition [2.1.16] notice in particular that,
in (—1,1),

k — +oo 1
V=Auy = f, — 2z £ 0 = V=A0,
showing that some care is necessary to pass Definition to the limit and

additional assumptions are needed to exchange the order in which different

limits are taken.
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From the positive side, as an affirmative counterpart of the counterexample
in Proposition [2.1.16, we provide the following stability result for the setting
of Definition R. 1.7t

Proposition 2.1.17. Let m € Ny, 9 € [0,2] and K € K, 9. For every k € N,

let up, € Cy i and fi, be bounded and continuous in By. Assume that

Aup = i, in By, (2.1.43)
that
fr converges uniformly in By to some function f as k — 400,
that
ug converges in By to some function u as k — +oo
(
L*>(By) if 9 =0,
C?(B f9 € (0,1),
(Ba) if (0,1) (2.1.44)
in the topology of § C%'(By) if v =1,
CL-By)  if Y€ (1,2),
\0171(34) Zfﬁ = 27
that

lim wp/ (1= w) () = (u — ) () K (2,y)dy =0 (2.1.45)
Bgr\Bi(z)

k—+o00 z€Bq
>

R>4
and that
lim sup/ luk(y)| sup |07K (z,y)|dy = 0. (2.1.46)
R—=+00 keN JRn\Bg Inl=m
Then,
AuZ=f  in B. (2.1.47)

To prove Proposition [2.1.17, we establish a uniqueness result in the spirit
of Lemma 1.2 of [32]:

Lemma 2.1.18. Let m € Ny, ¥ € [0,2], K € K,y and u € Cy . Let f
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and fo be bounded and continuous in By. Suppose that
Au = fy and AuZ fy in By. (2.1.48)

Then, there exists a polynomial of degree at most m — 1 such that f; —
f2 = P

Proof. In light of (2.1.48]) and Definition we have that there exist two
families of polynomials P4 and P3, with degree at most m — 1, such that, for
every x € By,

lim (A(xru)(z) — Pg(x)) = fi(2)

R—+oc0

and lim (A(xru)(z) — Pi(z)) = fo(z).

R—+o00

As a consequence, for every x € By,

filz) = fow) = lim (AQxru)(x) = Pp(x)) = lim (A(xpu)(z) - Pq(x))

— 00 R—+o00
= i Pi(x) — P} .
[l (P () (1))
We remark that P3 — P} is a polynomial of degree at most m —1. Accordingly,
we can use Lemma 2.1 of [32] to conclude that f; — f5 is a polynomial of degree
at most m — 1. This establishes the desired result. ]

Proof of Proposition |2.1.17. We exploit the setting of Corollary with 7z 1=
Xr- In this way, for each k, we find a function f,, : R® — R and a family of
polynomials P, r, which have degree at most m — 1, such that, in Bj,

lim [A(xruk)(x) — Py, r(2)] = fu,(x). (2.1.49)

R—+o00

As a matter of fact (recall the footnote on page , we see that, for every x €
By and every k € N,

1
ACG)(#) = Puwal) = Fu)] £ [ pusla)] s 102K, 0) < 3
(2.1.50)

as long as R is sufficiently large, thanks to (2.1.46)).

Comparing (2.1.49) with Definition [2.1.7, we thus conclude that Au;, = fus
in By. This and (2.1.43]), together with the uniqueness result in Lemma[2.1.18]
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yield that f,, = fi + P, for a suitable polynomial P, of degree at most m — 1.

Consequently, setting Puk,R =Py, r+ ]5k, we have that, by (2.1.50)),

1
Alxrun)(w) = P ala) = fula)| < . (2.1.51)

Now, we claim that, given R > 4,
I A(u— ‘ —0. 2.1.52
lim_sup |A((w = ue)xn) (2.1.52)

To this end, we calculate that, for each z € By,

A= w)x) @)

/B @) ((U —u)(x) — (u— uk)(y))[((x, y) dy

s () - (- w)) K ) dy
Br\Bi(z)

IN

/B @) ((U —ug)(z) — (u— uk)(y))K(x,y) dy'

+

/B \B1(2) ((U —ug)(r) — (u — uk)(y))[(@?y) dy’

+HU—WMwwn/ K (2, 9)| dy

R™\Bgr

and hence (2.1.52)) follows from (2.1.3)), (2.1.37)) (used here with p := 1; notice
that we can use (2.1.37)) in this setting in light of (2.1.44))) and (2.1.45)).

Thus, in light of (2.1.52)), given R > 4 we can find kr € N such that

1
< —.
R

sup |A((u— UkR)XR)’ (2.1.53)

B1

We define fr := fi, and Pr := PukR,R' We stress that Pg is a polynomial of
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degree at most m — 1. Moreover, for every x € By,

Alxnu)(x) — f(w) ~ Pa(o)|
< |A((1 = w)x0) (@) + [ACcrtkg) (@) = fr(2) = Pe()

1 2
< =+ | Altateg) @) = fin(@) = Pun(a)| <
thanks to (2.1.50) and ([2.1.53|), which proves (2.1.47]). ]

A consequence of Lemmata [2.1.13| and [2.1.14] is the following equivalence

result:

Corollary 2.1.19. Let v € [0,2], K € Koy and u € Cy k. Let f be bounded

and continuous in Bj.

Then
Au= f in By

s equivalent to

Aul f in the sense of Definition |2.1.7

Proof. Suppose that Au = f in B;. Then, for R > 10,

A(xr/2u)(x) = Au(z) = A((L = Xr/2)u)(2)

2.1.54
= f(z) + /n(l — Xr2W)u(y)K(z,y) dy ( )

for every x € B;. Now, we set

= (XrR — XR/2)U-

We observe that w = 0 in By, so we can exploit Theorem to w (applied
here with m = 0) and get that, for any = € By,

A((xr = xrp2)u)(r) = Aw(z)
= fl,w + f2,w + f;;,XR(x) = /

Br\Bs

w(y)w(:v,y)dyzf\ u(y)y (v, y) dy.
Br\BRr/2

(2.1.55)
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Hence, from (2.1.54)) and ([2.1.55)), we find that

Ales)(@) = Al(xr — xr2)u)(@) + Alxa2u) ()
:1/\ mww@www+f@w+/<1—mm@»mwwmyww
Br\Bg/2

n

= fR(.’L')
(2.1.56)

for every x € B;. We remark that fr — f in By as R — +o00, thanks to
(2.1.8) (used here with m = 0 and v = (0,...,0)) and (2.1.6).

Now we recall Definition [2.1.7] (here with m = 0 and Pz = 0) and we
conclude that Au = f in By, as desired.

Conversely, we now suppose that Au 2 f in B;. From Definition m
and the fact that m = 0, we have that Pg is identically zero, and so we can
write that A(xgu) = fr in By, with fp — f in By as R — +oo. We observe
that yru approaches u locally uniformly in R™. Also, we can use here Lemma
2.1.13} in this way, we find that

nmwﬁmﬂms/|WMmmmme.

BS, T€B

Therefore, we send R’ — +00 and obtain that, for any x € By,

[f(2) = fr(@)] = lim [fr(z) = fr(z)]

R'—+

< Jim o= ulloein < [ Ju(o)] sup | (o)l dy
—too BS, By

As a consequence, recalling ([2.1.6]) (here with m = 0) we have that fr converges
to f uniformly in By as R — +o0o. From this, we can exploit Lemma
and conclude that Au = f, as desired. n

A natural question deals with the consistency of the operator setting for
functions that are sufficiently well-behaved to allow definitions related to two
different indices: roughly speaking, in the best possible scenario, if we know
that Au £ f and j < m, can we say that Au El f? Posed like this, the
answer to this question is negative, since, after all, in light of Lemma [2.1.18]
the function f is uniquely defined only “up to a polynomial”. Nevertheless,

the answer becomes positive if we take into account this additional polynomial
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normalization, as stated in the next result:

Lemma 2.1.20. Let j,m € Ny, with j < m, ¥ € [0,2] and K € Kj9 N Ky

Let f be bounded and continuous in By and let uw € Cy i such that
AuZ f (2.1.57)

m Bl-

Then, there exist a function f and a polynomial P of degree at most m —1,
such that f = f + P and Au = f in B.

Proof. Let v := (1 — x4)u and w := y4u. We notice that v, w € Cy k. Hence,
since K € K;y, recalling Remark 2.1.11} (2.1.10)), (2.1.25) and (2.1.26]), we can

write that

oL g = [ ulw)itey)

4

in By. That is, by Definition [2.1.7]

Alxav) = /B wly)o(e,y) dy + r + Q. (2.1.58)

c
4

for some pg such that pr — 0 in B; as R — +o0o and a polynomial Qg of

degree at most 7 — 1.

Furthermore, by (2.1.57)), and recalling Definition [2.1.7] we get that
A(xru) = f + ¢r + P, (2.1.59)

for some ¢p such that ¢ — 0 if R — 400 and a polynomial Pr with degPr <

m — 1. Therefore, subtracting (2.1.58|) from ([2.1.59)), we obtain

f+<PR+PR—/ u(y)y(z,y) dy—pr—Qr = A(xr(u—v)) = A(xrw). (2.1.60)

121
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We notice that, for every x € By and every R > 4,

Alrw)(x) = / (vrw(@) — xrw(y)) K (2, y) dy

n

:/B (w(x)—w(y))K(x,y)dy+/ w(z) K(z,y) dy

R™\Bg

= /B (w(x) —w(y)) K(x,y) dy+/ w(z) K(z,y) dy

R”\B4

_ / (uaw(e) = xaw(y)) K(,y) dy = Alxaw) (@)

As a consequence of this and (2.1.60]), we have that, in By,

S+ on+ Pr— / w(y) (e, y) dy — ér — Qr = A(xaw).

Bj

This shows that the limit

REIJIFIOO(SOR + Pr— ¢r — Qr)

exists. As a result, the limit

lim (P — Qg)

R—+00

exists. Then, exploiting Lemma 2.1 in [32] we conclude that

lim (PR—QR):P,

R—+o00

for some polynomial P of degree at most m — 1.

Now we set f := f + P and Sg := ¢p + Pr — Qr — P, and we see that
Sr — 0 as R — +4o00. Thus, from (2.1.59)) we obtain that

A(xru) = f+ Sr+ Qg

in By. Since the degree of Qg is at most j — 1, this shows that Au ER fin By,
as desired. O
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2.2 The Dirichlet problem

In this section we consider the existence problem for equations involving general
operators that are defined “up to a polynomial”. The main result is the

following;:

Theorem 2.2.1. Let m € Ny, 9 € [0,2], K € Koy N Ky and u € Cy .
Assume that ug € L (Bf) satisfies (2.1.5) and [2.1.6) and f : By — R is

bounded and continuous in Bj.

Additionally, suppose that for any f . By — R which is bounded and
continuous in By and any g € L'(B§) there exists a unique solution @ € Cy

to the Dirichlet problem

Au = in By,
! ! (2.2.1)
=1y n Bf
Then, there exists a function u € Cy g such that
Au = n By,
f ! (2.2.2)
U = U mn BY.

Also, the solution to (2.2.2)) is not unique, since the space of solutions of (2.2.2)

has dimention N,,, with
= (j+n—1
N, = ) 2.2.3
> () 223

Proof. To begin with, we prove the existence of solutions for (2.2.2). To do

this, we define
uy = X g Uo and U := X By\B; Uo-

Since u; vanishes in By and K € K, », we can write Auy il fu, in By, for some
function f,,, due to Remark [2.1.11
We now consider the solution of (2.2.1) with f := f — f,,. Therefore, using
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Remark [2.1.10[ and Corollary [2.1.19] we obtain that

AuZ f in B,

~q1
I

’&0 in Bi:

Then, we set u := u; + @ and we get that Au = Au; + At = f,, +f=fin By.
Moreover, we have that u = u; + @y = vy in B, that is u € Cy i is solution of
(2:2.2). This establishes the existence of solution for (2.2.2).

Now we prove that solutions of are not unique and determine the
dimension of the corresponding linear space. For this, we notice that for any
polynomial P with deg P < m — 1 there exists a unique solution ap € Cy of
the problem

Aup =P in By, (2.2.4)
up =0 in BY,
due to the existence and uniqueness assumption for @ This is equivalent
to say that Aup 2 Pin By, thanks to Corollary @ Using Remark ,
we obtain that Aiip = P in B;. Thus, applying Remark , we obtain that

up 1S a solution of

Atup =0 in By, (2.2.5)
up =0 in BY.
From this it follows that if u is a solution of , then u 4+ up is also a
solution of (2.2.2).
Viceversa, if u and v are two solutions of , then w := v —v is a
solution of

Aw =20 in By,

w=0 in BY.
Here we can apply Lemma |2.1.20| with j := 0 thus obtaining that Aw 2Pin
By, where P is a polynomial of deg P < m — 1. Using again Corollary [2.1.19]

one deduces that
Aw =P in By,

w =0 in BY.

(2.2.6)

Therefore, the uniqueness of the solution of (2.2.6)), confronted with ([2.2.4)),
gives us that w = up, and thus v = u + up.
This reasoning gives that the space of solutions of ([2.2.2)) is isomorphic to
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the space of polynomials with degree less than or equal to m — 1, which has
exactly dimension N,,, given by (2.2.3)) (see e.g. [34]). O

2.3 A viscosity approach

Up to now, we focused our attention on the case of equations defined pointwise.
In principle, this requires functions that are “sufficiently regular” for the
equation to be satisfied at every given point. However, a less restrictive
approach adopted in the classical theory of elliptic equations is to consider
weaker notions of solutions (and possibly recover the pointwise setting via an
appropriate regularity theory): in this spirit, a convenient setting, which is
also useful in case of fully nonlinear equations, is that of viscosity solutions,
which does not require a high degree of regularity of the solution itself since the
equation is computed pointwise only at smooth functions touching from either
below or above (see e.g. [15] for a thorough discussion on viscosity solutions).

In this section, we recast the setting of general operators defined “up to a
polynomial” into the viscosity solution framework. To this end, we proceed as
follows. For all m € Ny and 9 € [0, 2], we define IC:W as the space of kernels

K = K(z,y) verifying (2.1.2), (2.1.3) and (2.1.4)), and such that

K(z,y) >0 for all x € B; and y € R". (2.3.1)

Given K € ICm 9, we consider the space Vi of all the functions

u € L (R") N C(By) N L>®(B,) for which

Z / YOS K (z,y)|dy < 400 for all R > 3 and z € B
la|<m—1 BR\B3
(2.3.2)
and lu(y)| sup |05 K (z,y)| dy < +oo. (2.3.3)
Bs ey

Remark 2.3.1. Notice that if (2.3.1)) holds true and K € K,, y for some m €
Ny and some 9 € [0,2], then K € K 4

In the viscosity framework we introduce the following definition.
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Definition 2.3.2. Let m € Ny, ¥ € [0,2], K € IC:W, u€ Vi and f: By - R

be bounded and continuous. We say that
Au = f in By in the viscosity sense

if there exist a family of polynomials Pgr, with deg P < m — 1, and bounded

and continuous functions fr: By — R such that
A(xru) = fr+ Pr (2.3.4)
in By in the viscosity sense, with

Rliril fr(z) = f(z)  wuniformly in By. (2.3.5)

Remark 2.3.3. We point out that the limit in (2.3.5) is assumed to hold
uniformly (this is a stronger assumption than the one in (2.1.28)) that was
assumed for the pointwise setting, and it is taken here to make the setting

compatible with the viscosity method, see e.g. the proof of the forthcoming
Corollary [2.3.8)). See also [1] for related observations.

Remark 2.3.4. We observe that, for all j € N and K € IC:W N /C:;er,

if AuZ f, then Au s f
in By in the viscosity sense of Definition [2.3.2]

Remark 2.3.5. From Definition it follows that any polynomial of degree
less than or equal to m — 1 can be arbitrarily added to fr and subtracted from
Pr in (2.3.4), hence, for any polynomial P with deg P < m — 1 we have that

if Au2 f, then Au= f+ P
in B; in the viscosity sense of Definition [2.3.2]

We now establish that when the structure is compatible with the both the
settings in Definitions and the pointwise and viscosity frameworks

are equivalent:

Lemma 2.3.6. Let m € Ny, ¥ € [0,2], K € K9, wu € Cyx and f : By = R
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be bounded and continuous. If (2.3.1)) holds true and u is a solution of
Au 2 f in the sense of Definition [2.1.7,

then K € Kt ,, u € Vg and it is a solution of

m, 3’

Au = f in the viscosity sense of Definition [2.3.3

Conversely, let m € Ny, 9 € [0,2], K € IC;W, u€ Vg and f : By — R be

bounded and continuous. If K € KC,,, 9 and u € Cy i 1s a solution of
Au = f in the viscosity sense of Definition[2.3.5,
then u is a solution of

Au = f in the sense of Definition [2.1.7

Proof. Assume that u is a solution of Au £ f in B; in the sense of
Definition [2.1.7] It follows that there exist a family of polynomials Pg with
deg Pr < m — 1 and functions fz such that

A(xru) = fr+ Pr (2.3.6)

pointwise in B;. Since u € Cy x we have that also u € V. Moreover, we have
that K € Kf

my9» due to and Remark .

Now we observe that if v € Cy and vanishes outside Bs, ¢ is a bounded and

continuous function, and Av = g pointwise in By, then also
Av = g in By in the viscosity sense. (2.3.7)

To check this, let ¢ be a smooth function touching v from below at some
point zy € Bj. Then, we have that v(y) — p(y) > 0 = v(zo) — ¢(xg) for
all y € R™ and therefore, by (12.3.1)),

Aptan) = [ (olan) = o) (ao.9) dy

> [ (0(e0) = o) K 0, dy = Av(z) = g(a0)
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Similarly, if ¢ touches v from above, one obtains the opposite inequality, and
these observations complete the proof of (2.3.7)).

As a consequence of (2.3.6) and (2.3.7)), we obtain that

A(xru) = fr+ Pr

in B in the viscosity sense.

Hence, to finish the first part of the proof, we show that
fr — f uniformly in B;. (2.3.8)

For this, we observe that, in light of Remark [2.1.11] we can write Au = f,
in By in the sense of Definition 2.1.7] That is, recalling Corollary [2.1.5] there

exist functions f,, r and a family of polynomials P, ,,, which have degree at

TR

most m — 1, such that

A(XRU) = fu,R + Pu,xR (239)

pointwise in Bj.

Furthermore, using Lemma 2.1.13] we have that, if R’ > R > 4, there exists

a polynomial Pg p of degree at most m — 1 such that

s — furt — Prllimim) < / ()| sup [0°K (z,9)| dy.  (2.3.10)

B¢ |a\:m
R r€By

We now claim that
Prg = 0. (2.3.11)

Indeed, by a careful inspection of the proof of Lemma [2.1.13] one can notice
that the polynomial Pg s is explicit and, denoting by v := (1 — x4)u, it is
equal to

P

U, X R/

- PU?XR/ - PU7XR + PU/vXR’

where we have used the notation of Theorem [2.1.2] In particular, recalling the
notation in formulas (2.1.19)) and (2.1.21]), we have that the coefficients of the
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polynomial Pg r are given by

| =2 ay - [ awaw

c c
3 3

- / (o) () R0 4 / (o) () 220 g

c al c al
3 3

92K (0, 92 K (0,
— / u(y)Mdy—/ u(y)ﬂdy
BR/\B4 BR/\BS

ol al

92K (0, 9K (0,
BR\B4 BR\B3

ol al

9K (0, 92K (0,
=—/ uwl—¥2@+/ uw——LQ@
B4\B3 o B4\Bg

09K (0,y)

al

dy

ol
= 0,

for every |a| < m — 1, which proves (2.3.11]).
Hence, using the information of formula (2.3.11)) into (2.3.10f), we obtain

that f, r converges to f, uniformly in B;.

Now, as a consequence of (2.3.6) and (2.3.9)), we have that

lim (Puy, —Pr)= lm (fr— fur) =/f—fu (2.3.12)

R—+o00 R—+o00

in B;. Therefore, in light of Lemma 2.1 in [32], we have that the convergence
in (2.3.12)) is uniform in B;. Furthermore,

I fr = flleesy < N fr— fur+ fu— flleemy + | fur — fullLes)-

These considerations prove (2.3.8]) and therefore, the first part of the proof is

complete.

Now take K € K} ; and a solution u € Cy x to Au Z fin By in the viscosity
sense of Definition 2.3.2l We have that there exist a family of polynomials Pg
with deg Pr < m — 1 and functions fz such that

A(xru) = fr + Pgr in By in the viscosity sense. (2.3.13)
Our objective is now to check that

the equation in (2.3.13) holds true in the pointwise sense as well. (2.3.14)
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Indeed, once this is established, we can send R — +o00 and conclude that

Au 2 f in the pointwise sense of Definition m To prove (2.3.14)), we
use a convolution argument. We pick p € (0,1) and we define v. to be the

convolution of yru against a given mollifier .. We also denote by g. the
convolution of fr + Pg against 1. and we remark that, if ¢ is small enough,
then Av. = g. in B, in the viscosity sense, and actually also in the pointwise
sense, since v, is smooth and can be used itself as a test function in the viscosity

definition. Hence, we can take any point zo € B, and conclude that

lim [ (vo(zo) — v-(y)) K (x0,y) dy

e—0 R™

= lim Av. (o) = llir(l) 9=(z0) = fr(xo) + Pr(zo). (2.3.15)

e—0

We now claim that, for all R > 5,

s (v=(0) —ve(y)) K (20, y) dy = /n<XR($0)u(fEO)_XR(y)u(y))K(xO»y) dy.
(2.3.16)
We stress that, once this is proved, then would follow directly from
(2.3.15)). Hence, our goal now is to check . We perform the argument
when 9 € (1,2] (the argument when ¥ € [0, 1] being similar and simpler, not
requiring any additional symmetrization). We exploit to see that

2| ()~ (0K 9)
— / (ve(o) — ve(mo + 2)) K (20, 0 + 2) dz
By (2.3.17)
+ /B (v(o) — v-(wo — 2)) K (20,0 — 2) dz

— /B (QUs(xo) — (o + 2) — ve(To — 2))K(x071‘0 +2)dz.

Also, since u € Cy i (and we are supposing ¥ € (1,2]), for all z € By,

|20 (z0) — ve(To + 2) — ve(x9 — 2)| =

1
<l |
0

1

— 1l |
0

/01 <Vv5(x0 +tz) — V(g — tz)) . zdt'

Vue(zo + tz) — Vo (xo — tz)‘ dt

[Vl + 12~ OOy dc — [ Flumnan — 12 = (0 dc' dt

B:



2.3. A VISCOSITY APPROACH 71

< !ZI/ ; IV (xru)(zo+tz — ¢) — V(xru)(xo — tz — ()| 1=(¢) d( dt

<C’|z|19/ / () d¢ dt

=Cl2I",

for some C' > 0.

From this and the Dominated Convergence Theorem, recalling ([2.1.3)), we
deduce from ([2.3.17)) that

e—0

limQ/Bl(zO)(UE(:EO) —v:(y)) K (0, y) dy
— /B lgr[l) (2v.(w0) — ve(z0 + 2) — V(0 — 2)) K (20, 30 + 2) d2
- /B (2(xru)(z0) — (xrU)(z0 + 2) — (XRW)(T0 — 2)) K (20, T0 + 2) dz

—o / () (o) — () () K (20, ) dy.
Bi(zo)

Using again the Dominated Convergence Theorem, one deduces (2.3.16|) from

the previous equation, as desired. O

Next result shows the stability of the equation under the uniform convergence
in the viscosity sense. To this end, we will also assume other mild conditions on
the kernel. First of all, we assume a continuity hypothesis in the first variable,

that is we suppose that
for all y € R™ and all zy € B\ {y}, lim K(z,y) = K(x9,y). (2.3.18)
Tr—T0

Additionally, we assume a local integrability condition outside a possible singula-
rity of the kernel and a locally uniform version of condition (2.1.3]), namely we

suppose that

for all g € Bs and all r > 0, / sup | K(z,y)|dy < +o00
R\ Br(z0) *€B3\Br(y)

(2.3.19)

and
/ sup |z — y* |K(z,y)| dy < +oc. (2.3.20)
B

3 TEB1
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Lemma 2.3.7. Let 9 € [0,2]. Let K € /Ca“,ﬁ satisfying (2.3.18), (2.3.19)
and (2.3.20). For every k € N, let up € Vi and fi be bounded and continuous

i By. Assume that

in By in the viscosity sense, that
fr converges uniformly in By to some function f as k — +o0,
that

uy converges uniformly in By to some function u € Vi as k — +oo (2.3.22)

and that
khm lu(y) — u(y)| sup |K(z,y)| dy = 0. (2.3.23)
=400 JRn\ By zE€By
Then,
Au=f

in By in the viscosity sense.

Proof. Let xg € By and p > 0 such that B,(zo) € By. Let ¢ € C?*(B,(x))
with ¢ = u outside B,(xy). Suppose that v := ¢ — u has a local maximum

at zg.

We define, for every k € N,

1
ek = |lu — upl|Lo(m)) + z

and

o(x) — ek |z —xo[*  in By(o),

pr(z) = )
ug(x) in R™\ B,(zo).

We let vy, := ¢ — u, and x, € B,(x0) be such that

V() = ;n(ax) V.
p(Zo
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We observe that

o) — pr(Tr)

|2 — wol* = NG
_ vlew) — ve(an) + uley) — we(n)
NG

< v(x) — vp(wo) + &
- VEk
_ #(w0) = @r(w0) — ulwo) + ur(wo) + €k

e
_ —u(xo) + up(xo) + €x

NG

< 2/

Thus, since ¢y, is infinitesimal due to (2.3.22)), we have that x; converges to xg

as k — +oo and, in particular, the function v has an interior maximum at x.

This and ([2.3.21]) give that

0 < App(xr) — fu(zr) < Apr(zr) — f(2o) + [ f(z0) — f(zr)| + || f — fellze -

(2.3.24)
Now we claim that
lim (or(zr) — or(v)) K (zk,y) dy = / (e(w0) — @(y)) K (0, y) dy.
k=00 ) B (o) By (o)
(2.3.25)
To this end, we first observe that
or(zr) — ou(y) =e(@r) — oY) + Verly — zol® — Ver|zr — w0l (2.3.26)
= (1) — p(y) + Ver(2zo — 21 — y) - (71 — ).
We define
F(y) == sup |z —y|*|K(z,y)] (2.3.27)

r€B1

and we observe that I € L'(Bs), thanks to (2.3.20). Accordingly, by the
absolute continuity of the Lebesgue integrals, for all € > 0 there exists 6 > 0
such that if the Lebesgue measure of a set Z C Bj is less than ¢, then

/ Fy)dy <e. (2.3.28)
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We recall (2.1.4)) and we see that, for k sufficiently large,

/ o) (Spk(xk) - @k(y))K(xk,y) dy
Bpja(@k

1
= 3 /Bp/2 (or(zr) — pu(ar + 2)) K (zk, 2 + 2) dz

+%/B (or(ar) — pr(ay — 2)) K (zg, 3 — 2) dz

p/2

- % /B,,/z (29%(:1%) — or(xr + 2) — (T — Z))K<xk’ Tk +2)dz
- % /Bp(om) XBp/z(xk)(y) (290k (zr) — pr(y) — pr(22% — y))K(l’k, y) dy.

Thus, for all y € B,(z() we define

Chly) = %XBP/Q(Ik)(y)(ZQOk(xk) — oY) — er2ry — y)) K (21,)

and we point out that

GO < 5] (oele) — ) + (prla) — ox(2mi — )| 1K (e, 9)
= % ' (/0 Vr(ta, + (1 —t)y) dt

_ /01 Ve, (tzy, + (1 — t)(2z), — y)) dt) (- y)’ K (2, )|

_ ‘/01 ((1 —t) /01 D2g0k<7'(txk +(1—1)y)

+ (1 —7)(twp + (1 — t) (224 — y))) dT) dt (xr —y) - (vp — )| |[K(zr, y)|

< Clzi, — y)* | K (zx, y)|
<CF(y),

where the notation in was used. In particular, since F € L'(Bj3)
by , we can exploit the absolute continuity of the Lebesgue integrals
(see (2.3.28)) and deduce that for all ¢ > 0 there exists § > 0 such that if the
Lebesgue measure of a set Z C B,(x) is less than ¢, then

/ Guly)| dy < Ce.
Z
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Hence, recalling ([2.3.18]), we utilize the Vitali Convergence Theorem and obtain
that

lim G(y) dy = /B ( lim G(y) dy

which proves that

lim (r(ax)—ou () K (2, ) dy = / (o) —pw) K ) do
Bp/2(zo

ko0 B, /2(z0)
Now, for every y € R™\ B,/5(x) we define

me(y) = (er(zr) — @r(y)) K (25, y).

We observe that, if £ is sufficiently large, for every y € Bs \ B,2(0),

me(y)| <C sup  |K(z,y)],
-'EEBB\Bp/4(y)

which belongs to L' (B,(xzo) \ B,2(wo)) due to (2.3.19).

Consequently, by (2.3.18)) and the Dominated Convergence Theorem,

lim (n(wr) = or(y)) K (24, y) dy = lim M (y) dy
=10 J By (20)\B, 2 (w0) =100 J By (20)\B, 2 (x0)
-/ i (o) dy = [ (pl0) — 0w) K (0, ) dy.
Bp(x0)\B,2(x0) F7T Bp(20)\B,/2(x0)

This and (2.3.29) show the validity of ([2.3.25)).

Having completed the proof of (2.3.25]), we now claim that

kliglrl (SOk(uTk)—SOk(y))K(Ik,y) dy Z/ (SO(%)_SO(?J))K(%W) dy.
0 R\ B, (20) R7\ By (z0)
(2.3.30)

Indeed, for all y € R™\ B,(zo) we set

1 (y) = (er(@r) — ox(W) K (xr,y) = ((an) — Verlve — zol* — un(y)) K (x1, ).
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If y € B3\ B,(x9) and k is sufficiently large, then, by ([2.3.22)),

()] < C (1 + [u@)) [K 2k, y)| < C A+ ullewsy)  sup [K(z,y)]

x€B3\B,/2(y)

and the latter function belongs to L' (B3 \ B,(x)) owing to (2.3.19).

This, (2.3.18]), (2.3.22) and the Dominated Convergence Theorem lead to

lim (SOk(l"k) - @k(y))K(xka y) dy
k—+o0 B3\ B, (x0)

= / lim (p(zx) = Verler — zol® — wr(y)) K (21, y) dy (2.3.31)
B3\B)(wo)

k—+o0

- / (¢(z0) — uly)) K (20, y) dy.
B3\ B, (w0)

In light of (2.3.3)) and ([2.3.23)) we also remark that, for large k,

reB;

/ ey sup K (2, y) dy
Rn\Bg

< /Rn\33 lu(y) — u(y)| sup K(z,y)dy + /}Rn\B3 lu(y)| sup K(z,y)dy

r€EB z€B;

<1 +/ lu(y)| sup K(z,y)dy < C,
Rn\Bg

reBy

(2.3.32)

up to renaming C once again. Furthermore, if y € R\ Bs and &, := |¢(z) —
go(:vo)‘ + y/€k, we have that ¢ is infinitesimal as & — 400 and

[(erl@) = eel)) K (n,y) = (o(0) = ulv) K (0, )|

(le(@e) = ()| + VEr + lue(y) = u(w)] )| K (zi,m)
+ |p(wo) = u(y)| | K (w0, y) — K (21, y)|

Ok sup |K (z,y)| + [ue(y) — w(y)| sup |K(z,y)|
r€B] r€B;

+C(L+Ju))) | K (w0, y) — K(zx,y)|

0 sup K (z,y)| + |u(y) — u(y)| sup |K(z,y)]
(EGBl\Bl(y) €D

+C 1+ Ju)]) |K (20, y) — K@, y)|.

IN

IN

IN
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Gathering this information, (2.3.19) and (2.3.23)), we find that

(rl@r) = 1) K (21, 9) = (9(w0) = u(y)) K (0, )| dy

< lim C/ (1+ [u(y)]) | K (z0,y) — K (zx,y)]| dy.
(2.3.33)

We also point out that, if y € R™\ Bs,

(1 + Ju()]) [ K (zo,y) — K(zw,y)| <201+ [uy)l)  sup  |K(z,y)|
azeBl\Bl(y)
and the latter function belongs to L'(R™\ Bs), thanks to and (2.3.19).
The Dominated Convergence Theorem and ( m thereby give that

lim (1+ |u(y) ‘Kxo, y) — K(xg,y ‘dy—()

This and (2.3.33)) yield that

lim
which, combined with (2.3.31]), proves ([2.3.30]).

By combining ([2.3.25) and (2.3.30), we deduce that Apg(xr) — Ap(zo)
as k — +o0o. As a result, by passing to the limit in (2.3.24]), we conclude

that Ap(zo) = f(zo).
Similarly, one sees that if the function ¢ — u has a local minimum at z
then Ap(zg) < f(zo). O

(n() = pu()) K (@1,y) = () = uly)) K (z0.y) | dy = 0.

Corollary 2.3.8. Let v € [0,2]. Let K € Kj, satisfying (2.3.18), (2.3.19)
and (2.3.20)) and uw € Vi . Let f be bounded and continuous in B.
Then

Au = f in B;

in mscosity sense is equivalent to
0 , .
Au= f in By

in the viscosity sense of Definition |2.5.2
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Proof. Suppose first that Au = f in By in viscosity sense. For every R > 5,

we define

fr(z) == f(2) +/C w(y) K (z,y) dy.

R

Notice that
sup |fr(x) — f(2)] < / u(y)| sup K (2, ) dy,
rxeEB, % r€EBq

which is infinitesimal, thanks to (2.3.3)) (used here with m := 0), and thus fg
converges to f uniformly in Bj.

Our objective is to prove that A(xgu) = fr in B; in the viscosity sense

(from which we obtain that Au 2 f in By in the viscosity sense of Definition|2.3.2)).

To check this claim, we pick a point zy € B; and touch yru from below by
a test function ¢ at xq, with ¢ = ygu outside By. We define ¢ := p+(1—xg)u
and we observe that 1 touches u by below at xy and that ¢ = u outside Bs.
As a result, AY(zg) > f(x¢) and therefore

faleo) = SGao)+ [ ul)K(an,y) dy

R

< Ap(ro) + / w(y) K (20, y) dy

c
R

— [ @) = oK o)y + [ u)K ) dy

&0

— [ (et~ v Ky + [ )Rl n)dy

zo

= /B(so(xo)—q)(y)) (z0,y dy+/B U(y)) K (o, y) dy

m’}

+/c u(y) K (2o, y) dy

R

= Ap(x).

(0(y) — D) K (z0,) dy + / () K (20, ) dy

c c

R R

Similarly, if ¢ touches x gu from above, then Ap(z) < fr(xo). These observa-
tions entail that A(yxgu) = fg in By in the viscosity sense.

This proves one of the implications of Corollary [2.3.8, To prove the other,
we assume now that Au — f in Bj in the viscosity sense of Definition m
Then, we find fg : By — R such that A(xgru) = fg in B; in viscosity sense,
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with fr converging to f uniformly in B;. We remark that

Jim lu(y) — (xrw)(y)| sup |K(z,y)|dy = 0,
—roo R"\ B3 T€EB

thanks to (2.3.3) (used here with m := 0) and the Dominated Convergence

Theorem.
We can therefore apply Lemma and conclude that Au = f in B in
the sense of viscosity, as desired. O

In the next result we state the viscosity counterpart of Lemma [2.1.20)] (its
proof is omitted since it is similar to the one of Lemma [2.1.20] just noticing
that the functions v and yrw — x4w vanish in By, hence the viscous and

pointwise setting would equally apply to them).

Lemma 2.3.9. Let j,m € Ny, with j < m, ¥ € [0,2] and K € K}fﬁ F‘IIC:[W.

Let f be bounded and continuous in By and let u € Vi such that

[E;

Aul f (2.3.34)

m Bl-
Then, there exist a function f and a polynomial P of degree at most m — 1
such that f = f + P and Au = f in By.

2.3.1 Applications

Next, as a possible application, we show a specific case in which the existence
of solution to a Dirichlet problem is guaranteed. For this, we consider a family
of kernels comparable to the fractional Laplace operator, as follows. For any

s € (0,1), given real numbers A > X > 0, we consider the family of kernels K
as defined in (2.0.6). We suppose that

there exists m € Ny such that condition (2.1.2)) is satisfied. (2.3.35)

We also assume that condition (2.1.4)) holds true and that K is translation

invariant, i.e.

K(zx+z,y+2z) = K(z,y) for any z, y, z € R™. (2.3.36)
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With this, we have that K belongs to IC:W, with m as in (2.3.35) and for
every ¥ € (2s,2]. Moreover, it also satisfies (2.3.19) and ([2.3.20]).

We introduce the fractional Sobolev space

H'(B) = {u clE): [[ ()~ ) Kle)dy < +oo}
R27\(Bf x Bf)
and, given g € H*(B,), the class
Jy(By) = {u e H(B;): u=g in Bf}

We use this class to seek solutions to the Dirichlet problem (see [63]). More
precisely, the following result can be proved by using the Direct Methods of

the Calculus of Variations and the strict convexity of the functional.

Proposition 2.3.10. Let K be as in (2.0.6), (2.1.4), (2.3.35) and ([2.3.36).
Let f € L*(By) and g € H*(By). Then, there exists a unique minimizer of the

functional

E(u) = ;1 / / ) )R drdy— [ f@pu) e (2357

B1

over Jy(B).
In addition, u € J,(B1) is a minimizer of (2.3.37) over J,(By) if and only

if it is a weak solution of

Au=f in By, (2.3.38)

u=g mn BY,

that is, for every ¢ € C§°(By),
%//Rn o (u(z) — u(y)) (¢(z) — v(y) K(z,y) dedy = ; F(@)p(z) de.

The next result is a generalization of Theorem 2 in [67], which shows the
global continuity of weak solutions of an equation which includes the operator

of our interest.

Proposition 2.3.11. Let K be as in (2.0.6) (2.1.4)), (2.3.35) and (2.3.36)). Let
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f e L>*(By) and g € C*(R") for some o € (0, min{2s,1}). Assume that
lg(x)| < Clx|® for all x € R™ \ B;.
Let also u € Jy(By) be a weak solution of
Au=f in B. (2.3.39)

Then, u € C(R™).

Proof. First of all, we exploit Proposition [2.3.10] with g := 0 to find a weak

solution v of
Av=f in By,

v=20 in BY.
By Proposition 7.2 in [65] (see also [47] for related results), we have that v €
C(R™).
Let now w := u — v. We see that w is a weak solution of
Aw =0 in By,
w=u=g¢g in BYf.

We thus exploit Theorem 1.4 in [6] and find that w € C(R™). From these
observations, we find that u = v +w € C(R"), as desired. O

With this, we can now prove that, in this setting, week solutions are also

viscosity solutions.

Proposition 2.3.12. Let K be as in (2.0.6) (2.1.4), (2.3.18)), (2.3.35) and (2.3.36)).
Let f be bounded and continuous in By and g € C*(R™) for some a €
(0, min{2s,1}). Assume that

lg(x)| < Clx|® for all x € R"\ B;. (2.3.40)
Let also u € Jy(By) be a weak solution of

Au=f in By, (2.3.41)
u=yg in BY.

Then, u is a viscosity solution of (2.3.41)).
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Proof. By Proposition , we know that u € C'(R™).

Now, we take a point zp € B; and a function p € C3°(By,[0,1]) and we
consider an even mollifier p. := ¢ "p(x/¢), for any € € (0,1). We set u. := uxp.
and f. := f % p. (where we identified f with its null extension outside By).

We claim that

Au. = f. in the weak sense in any ball B,(xg) such that B,(z¢) € B.
(2.3.42)

To prove this, we take a ball B,(xq) such that B,(z) € By and a function ¢ €
C5°(B,y(zo)). We observe that

J [ et 2) =ty ) 6k) = ) ) de )

// (ufa+2) ~ uly + )
R%\(Bc(xo )x Bg(x0)
(p(2) = p(y))p=(2) K (2, y) dv dy) dz

( //R%\ BexBo) —u(y)) K (z,y) du dy

* /42n\(BfXBf)<w<w> — () K (2, ) da dy> 0

/Rn(
J.
<7/,

< + o0,
(2.3.43)

thanks to ([2.3.36]).

Therefore, Tonelli’s Theorem gives us that the function

(z,y,2) € R x R" = (u(x + 2) — u(y + 2))(@(z) — @(y))p(2) K (2, y)

lies in L'(R?" x R™). One can interchange the order of integration in (2.3.43)),

thanks to Fubini’s Theorem, and exploit the definition of u. to obtain

/Rn ( //R (u(z + 2) = u(y + 2))((x) = ¢(y))pe(2) K (2, y) dx dy> dz
- //RQ ( /R (u(r + 2) —uly + 2))(p(z) — @(y))p(2) K (2, y) dz) dz dy

= [ (wele) = el ota) = o) K ) i
(2.3.44)
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Then, we can use Fubini’s Theorem once again to get
)

[ Fa)ola)dr

/R i ( . f(x+ 2)p-(2)p(z) dm) dz (2.3.45)

/BE ( @)l - Z)ps(z)d:z) dz

-5/ ( J[ 0@ — a2 - ot - z>>pe<z>K<:z,@>dazd@) dz

€

-5/ ( J[ e +2) = uly + @) - )oK (@) do dy) &z

- % //R%(“E(x) —u=(y))(p(z) — o(y)) K (z,y) dz dy,
(2.3.46)

since the kernel K is translation invariant and u satisfies (2.3.41) in weak sense.

This shows ([2.3.42)).

Now, given B,.(zq) € By, we show that

the map B,(zg) 2 2 — [ (u-(z) —uc(y)) K(x,y)dy is continuous. (2.3.47)
R

For this, we let z; be a sequence converging to a given point x € B,.(xg) and
we define

Ce(2) == Que(zg) — ue(zg + 2) — us(zg — 2)) K(0, 2).

Since u, is smooth and its growth at infinity is controlled via ([2.3.40)), we know
that
|2uc (1) — e (g, + 2) = ue(zx — 2)] < Ceminf|z]?, |2]°},

for some C. > 0. For this reason and ({2.0.6]),

Ce min|z[?, |2|*}

|Ck<z>| < |Z|n+25 )

up to renaming C. and therefore we are in the position of applying the Dominated



84 CHAPTER 2. “UP TO A POLYNOMIAL” FRAMEWORK

Convergence Theorem and conclude that

lim (2ue(xg) — ue(zg + 2) — ue(zp — 2)) K(0,2) dz
k—+oco Jpn

= /n(2u6(x) —us(x 4+ 2) —u(r — 2)) K(0,2) d=.

In view of (2.1.4) and ([2.3.36)), this proves ([2.3.47)).

We also observe that

Au. = f. pointwise in any ball B, (x¢) such that B.(zg) € By.  (2.3.48)

Indeed, by (2.1.4), (2.3.42) and (2.3.47)), if x € B,(x) and ¢ € C§°(B, (o)),

[ ety de = [[ (o) = w)pta) K a.n) do dy.

Since ¢ is arbitrary, we arrive at
fi@) = [ (o) = w) Ko g) dy,

from which we obtain ([2.3.48)).

We also have that

Au. = f. in the viscosity sense in any ball B,(zy) such that B,(z) € B;.
(2.3.49)
For this, we take a smooth function ¢ touching, say from below, the function .

at some point p € B,(xy). Since the kernel K is positive (thanks to (2.0.6))

and recalling (2.3.48)), we have that

fo(p) = /n(ue(p) —u:(y)) K (p,y) dy =/ (V(p) — uc(y)) K (p,y) dy

n

< [ 00) = b K. dy = Av(p).
This and a similar computation when v touches from above give ([2.3.49)).

We also remark that u. and f. converge uniformly to u and f, respectively,

in any ball B,(z¢) € By, due to Theorem 9.8 in [71]. In addition, by (2.3.40)),
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we see that, for every y € R™\ Bs,(x),
e (y)] < / fuly — 2)|pe(2) dz < C / ly — 2[p.(2) d= < Cly|™
B. B

up to renaming C' > 0. As a consequence of this and (2.0.6]), we have that, for
every y € R"\ By (o),

1 C
<

lu(y) —ue(y)] sup K(z,y) < Cly|* sup S

2€Bx (w0) w€B,(xo) [T — Y[+
up to relabeling C' > 0. Since a < min{2s, 1}, this function is in L*(R™ \
Bs,.(z0)), and therefore we exploit the Dominated Convergence Theorem to
obtain that

lim |u(y) — uc(y)| sup K(z,y)dy =0.
N0 R\ By, (w0) z€By

Consequently, condition ([2.3.23)) is satisfied, and therefore we can apply
Lemma[2.3.7] thus obtaining that Au = f in the viscosity sense, as desired. [

With this preliminary work, we can now address the existence of solutions

for a Dirichlet problem in a generalized setting.

Theorem 2.3.13. Let K be as in (2.0.6) (2.1.4)), (2.3.18), (2.3.35)) and ([2.3.36]).
Let f be bounded and continuous in By and g € C*(R™) for some a €
(0, min{2s,1}). Assume that

lg(z)| < Clx|* for all x € R™\ By.
Then, there exists a function u € Vi such that

Au=f in By, (2.3.50)

u=yg in BY.
Also, the solution to (2.3.50)) is not unique, since the space of solutions of
(2.3.50) has dimension N,,, with

m—

Nm::Z(‘j;ﬁzl).

]=

[y
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Proof. Firstly, we prove the existence of solutions for (2.3.50f). For this goal,
we set
up = xp;g  and 9= XBs\B1 J-

Jr
m, )

in B; in both pointwise and viscosity sense, for some function f,,, due to

Remark 2.1.17] and Lemma 2.3.6
We now define f := f — fu, and consider the Dirichlet problem given by

Since wu; is identically zero in By and K € K we can write Au; = fus

Au=f in B, (2351)

~g1

=g in BY.

By Proposition [2.3.10] we find that (2.3.51) has a unique weak solution .
Moreover, thanks to Proposition [2.3.12] we get that @ is a viscosity solution

of (2.3.51)).
Furthermore, by Remark and Corollary [2.3.8 we obtain that

AuZ f in B,

i = in B,

N}

Now, we set u := u; + @ and we get that Au = Au, + Ad 2 f,, +f=fin By.
Moreover, we have that © = u; + ¢ = ¢g in Bf. These observations give that

is u is solution of (2.3.50]). This proves the existence of solution for (2.3.50)).

Now, we focus on the second part of the proof. Namely we establish that
solutions of are not unique and we determine the dimension of the
corresponding linear space. For this, we notice that, exploiting Propositions|2.3.10
and [2.3.12], one can find a unique solution @p of the problem

Aﬂp:P n Bl,
(2.3.52)
ip=0  in B

Furthermore, Atup 2 Pin By, due to Corollary Using Remark , we
obtain that Aip = P in By. Moreover, from Remark [2.3.5, we obtain that @p
is a solution of

Atp 20 in By, (2.3.53)

ip=0  in BS
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This yields that if u is a solution of ([2.3.50|), then u + up is also a solution of

(12.3.50)).
Viceversa, if v and v are two solutions of ([2.3.50), then w := u — v is a

solution of
Aw =0 in By,

w=10 in BY.

Here we can apply Lemma with j := 0 thus obtaining that Aw 2 Pin
By, where P is a polynomial of deg P < m — 1. We use Corollary one

more time to find that
Aw =P in By,

w =10 in BY.

Therefore, the uniqueness of the solution of (2.3.54)), confronted with (2.3.52)),

gives us that w = up, and thus v = u + up.

This reasoning gives that the space of solutions of (2.3.50)) is isomorphic to

the space of polynomials with degree less than or equal to m — 1, which has
dimension N,,, given by ([2.2.3]). O

(2.3.54)

2.4 Further possible developments

Another interesting application of the setting “up to a polynomial” can be its
possible extension to the noncommutative groups, in particular, to the Carnot
groups. Now we will introduce the fractional operator of our interest in the
spirit of the fractional Laplace operator , leaving apart the subsequent
theory that will be cultivated in a forthcoming research project.

In the paper [40], see Theorem 3.11, the authors found a representation for
the sub-Laplacian in an arbitrary Carnot group G. Precisely, given a parameter
s € (0,1), they introduced

Rogy(z) = —- ‘/h(t’@dt, (2.4.1)

where the heat kernel h(t,z) : (0,+00) x G — [0,400) is the fundamental
solution of the heat operator 0; — Ag (refer to [43]). Moreover, the following

result holds true.
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Theorem 2.4.1. Let s € (0,1) and u € S(G). Then

—(—=Ag)’u(x) = P. V. /(u(y) — u(x))f%_gs(y_lx)dy, (2.4.2)

where Ag is defined as in (1.4.2]).

Observe that the kernel R_y4(z), being a positive and homogeneous function
of degree —2s — @ and smooth in G \ {0}, satisfies all the properties of a

123. Hence, one can set

homogeneous norm, if taken to the power — 1%

|z|s == R_Z7 (2) (2.4.3)

and thus ) ()
s u(y) —u(x
G

Remark 2.4.2. We stress that the norm (2.4.3)) is equivalent to the associated

homogeneous group norm. For example, in the Heisenberg group H™ the norms

(2.4.3) and (1.4.1) are equivalent.
Theorem 2.4.3. Let u € S(G) and W (t,z) be a solution of the heat diffusion

problem

8tW = AGVV, m (0, —|—OO) X G,

(2.4.4)
W(0,x) = u(x).
Then
9 +o00
—(—Ag)’u(x) = T O/ t* (W (t,x) — u(zx))dt. (2.4.5)

Proof. We know by [4] that W (t, z) is obtained by the convolution of the heat

kernel h(t,z) with u, namely
Wit.r) = [ ey )uly)dy
G

is a solution to the problem (2.4.4)). Using this and the property of heat kernel

/h(t,x)dx =1 for any ¢ > 0,
G
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we compute

71_5 "W (t,z) — u(z))dt = 7015—8 1 (/h (t,y)u(y " z)dy — u(z /h (t,y dy) dt

0 G G

//t51hty u(y'z) — u(x))dydt

- / (uly'z) — u(z)) / £ (1, y)dty
'F °) / “12) — u(@) R (y)dy = L= / Sy
(- zy) +u z) — 2u(x
- |/ ’ Hyyuc”a) i

(2.4.6)

Notice, that following the idea of (1.2.5]), we obtain that

u(zy) + u(y~'z) — 2u(x)
—(—Ac)u(x) = dy.
This and ([2.4.6|) yield
/ o (Wt 7) — u(z))dt = — ‘P(Q_Ss)‘ (—Ag)*u(),

0

thus proving ([2.4.5)). ]
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Chapter 3
Nonlinear equations

In this chapter we will take a closer look at fully nonlinear operators. In
particular, we consider operators of extremal type and also more general

operators later therein.

3.1 Extremal type operators

An important example of a nonlinear operator are extremal operators of Pucci
type. This section is dedicated to showcase some properties of these operators
and their connection with classical functions.

To start with, let us introduce some notions that will be used throughout
the current chapter. For some fixed positive real numbers A\ and A, such that
0 < A < A, we define the set of quadratic, symmetric, positively defined

matrices as
Asa ={A(z) €S" | 0 < NE)? < ay(0)&& < AP for all € € R"}.
Then, it is convenient to introduce the set
& = {zeR"| |[VATa| <1}
and the extremal operators of Pucci type

M\ (D?u(x)) = Juwp T r(A(x)D*u(z)),

M;’A(DQu(x)): inf Tr(A(z)D*u(z)).

AE‘A,\yA
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For a fixed s € (0,1) we define

s 2u(z) —u(x+y) —ulr —y) dy

R

where ¢(n,s) is the constant, introduced in ([1.2.2). We remark that the
introduced operator is indeed the general case of fractional Laplacian, that
is, when A = A =1 we obtain A = I and

1, 1 2u(z) —u(r +y) —u(x — y) i

§Llu(:c) = §c(n, s)/ s dy = (—A)°u(z). (3.1.1)
]Rn

However, the main objects of our interest are the following extremal operators

of Pucci type:

2 - - - d
Po(u) = — sup c(n, s) / u(z) — u(z +y) +u2(flr y) _dy
AEAN A g <A ly,y>2 det/A
= — sup Liu(z), (3.1.2)
AE.A)HA

) _ _ _
?+’S(u) -— — inf c(n,s)/ U(ZL‘) U(Z’ + y) nigx y) dy
A€AN A K < A_1y7y > 2 det\/z
=— inf £7 1.
AégMLAU(w), (3.1.3)

Next result shows basic properties of extremal operators and, in particular,

the behavior of operators when the parameter s approaches one.

Theorem 3.1.1. Let A > A > 0 and n > 2. For any u € C(R™) the

following statements hold:

A2\ (A2 (z +— %”/2 s zu:z; _
9 90) = —tn) [ DX RN St

R

M2 As(A2u(z)) . — (22N (A2u(z))_
900 = e | A~ S,

R”

(ii1) P%(—u) = =P (u) and PT*(—u) = —=P%(u);

(iv) P~* is concave whereas PT* is conver;
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(v) Jim P(u) = —2V5 0 (D?u());

(vi) Jim P (u) = —2M5 , (D*u(x)).

Proof. (i) We begin the chain of equalities

P8 = — inf L% =— inf (=L%(—u)(z))= sup L%(—u)(z
(W) == iaf L) =~ (L4(0@) = swp L))
(Afu(x))y — (Aju(z) - dy
= Sup C(n78) n+2s
AE‘A/\‘A <A71y’y> 2 det\/A

Rn

(RPN (AZu(z)) 4 — ()N (AZu(z)) -
:c(n,s)/ 2 |Z|n+2;\

dy.
R

Finally, using the fact that f, = (—f)_ , we arrive to the last equalities

M2 As(A2u(z))- — (2)2N°(A2u(x))4
o) = oy [ QRO GO,
A\n/20\s(A2y(x + = Myn/2 As(A2y(z))_
Y e T T

Thus (7) is proved as well as (4¢) in the same way with infimum and supremum
exchanged.

(iv) Using both the definition of P** and the definition of convexity we write
for any ¢ € [0, 1]

P (tu+ (1 —t)v)

. c(n,s) / A2(tu+ (1 —t)v) dy
= - lnf n+2s
A€AN A 2 < A_ly, Yy > 2 dety/ A

.. c(n,s) / 2tu(z) —tu(z +y) —tu(r —y) dy
< — inf ni2s
A€AN A K < A_ly,y > 2 det\/z
gy 20 (2000 ()=o)
AcAyn 2 < A—1y7y >n-;25 det\/z
]Rn

=tPT5(u) + (1 — )PH5(v).

This shows the convexity of P™* and one proves the concavity of P~° in the

same way only changing the inequality signs.
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(v) We notice that

/ 2u(z) —u(z+y) —ulx—y) dy

< A ly,y > "5 detv/ A

R"\Sl
1 dy

< el / (VA 1|72 detv/A

R7\&;

1 r 1 2(,0”71

= 4||u||Loo(Rn) / Wdz = 4||U||Loo(Rn)wn_1 / p1+23 dp = ||u||Loo(Rn)

R"\Bl 1

Then, knowing the behaviour of the dimentional constant,

lim c(n,s) _ An
so1-s(1—s)  wp

(refer to Corollary 4.2 in [31]), we get

i 2 [ 2wt o) ) g

s—1— 2 < A—ly’ Y >n+22s det\/z N
R"\El

Furthermore, with the help of Cauchy-Swartz inequality, we have that

/ 2u(r) —u(z +y) —ulz —y)— < D*u(z)y,y > dy
< Ay y >"5 detv/ A

&1
< ||u||03(Rn)/ £l W Jullosn @dz
|(\/Z)—1y|n+25 det\/z |Z‘n+ s
b b (3.1.5)
2 RET R RER
S ||u||C3(Rn) Wdz = ||u||CB(Rn) Wdz
Bl Bl

1

1 Wn—1
= w1 ||l o @y | VAP / p25_2dz = 28Huy|03(Rn)H\/ZHS.

0
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Recalling again the Taylor formula for v at the point x, we get

Jm =

) [ 20e) o+ )~ ala =)
< Ay y >"5 det/ A

c(n, s) / < D*u(z)y,y > dy
< Ay, y >3 detV/A

&1

= Hm —

(3.1.6)

&1

On the other hand, we have

/ < D*u(z)y,y> dy  [< D?u(z)v/ Az, Az >0

< A-ly,y >"5" detvVA 2|20
81 Bl

_ / < VAD*u(x)vV/Az, 2 >

|Z’n+23

(3.1.7)
dz

By

Then, denoting M () := v/AD?>u(z)v/A, we see that for i # j,

[ st iy =o. (3.1.8)
By

From the other hand, for any fixed 7, we have

_ myi () i/ yl% dy = m; () |Z/|2 dy (3.1.9)

Finally, putting together (3.1.4), (3.1.6), (3.1.7), (3.1.8) and (3.1.9)), we end
up with

2 - — — d
lim P™°(u) = lim | — inf ¢(n, s)/ u(z) = u(z +y) nﬂ(x y)_dy
s—1— s—1— AEA A < A*ly’ Yy > 2 detv A
&1
. . < D*u(z)y,y > dy
= lim [ — inf ¢(n,s) EEER
s—1— AG-A)MA < Aily’ Y > 2 d@t V A

&1
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VAD*u(z)V A
= lim | — inf c(ns)/< () LR P
s—1— A€Ax A |Z’n+23
By
> mai(x)2]
=dm | =0 el 3)/ o
By

=— inf lim ——— cln, s)wn Zm“ = inf Zmu($)

A€AN A 51— 2n 1—s)

— 9 inf Tr(A(x)D2U($))-

AG.A)\,A

This is the desired result and (vi) is proved analogously. ]

3.1.1 Applications

This section is devoted to possible applications of extremal operators and shows
their importance with connection to special functions, such as Gamma and
Beta functions (refer to Chapter 6 in [2]).

Let s € (0,1) and p > —1. We define

u(x) = (1 - o), weR,

vz()”)(x) =1 - |z*)hx,, zeR™

(3.1.10)

Lemma 3.1.2. For any s € (0,1), p > —1 and any x € R™ it holds that

_ B(—=s,p+ 1)A° fAm\3
- :_QC(n,s) Amys: o B
uy” () ) <>\> 2 1<S+2 pts, 5 |$|>
Pl ()
c(n+2,8)B(—s,p+ 1)a"/? 1A /AN 5 n nooL
—2 F(%_‘_l) <X> 2F1<8+§+17 p+8,2+1,|x|),

Moreover, it holds that

c(n,s)B(—s,p+ 1)\ s Am\ 2 n
?Jr,su}(,n)(x):_Q( ) ( p ) <_) 2F1 <S+—

—p+s ﬁ-w)
T(n/2) A g P IE)
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?J“Svl()”) (x)

c(n+2,8)B(—s,p+ )72\ (A)’S JF <

=2 I'(n/2+1) A

n n
s+—+1,—p+s,—+1;lxl2)-

A 2 2

Proof. We recall the relation between the fractional Laplace operator and the

operator £, (3.1.1), i.e.

(—A)Su(m) _ %L;u(l’) _ C(na S) /n QU(ZL‘) B u(x + y) B u(x - y) dy.

2 |y|n+25

Using this and Theorem 1 in [35], we compute,

T”sufg”) (x) = — Sl;lxp quu](on)(:c)
~pepetn ) [ MY o)
n () (n) (n)
_ _2<%>2A5/n 2up " (x) — uy |(;|7:2ys)—up =94,
= 2(5) W o =
_ _20(n78)15;5(:zj,2];+ 1)A® <%)Z F (8 N g’ pis, g; ‘x|2>
(3.1.11)

In particular, it shows that if p = s+ 1, then

oy () — g€ 8)B(=s, 5+ 2)A° (Amy n_1 a2
P (@) = -2 [(n/2) (3)72h (s + 5 150 0eP)

—n(9) aererar (o) r(3) (- (142 ).

If p = s we have

—,5,,(n) — _ c(n,s)B(—s,s—l—l)As E 2 2 E 2
P%ud (x) 2 Tn/2) <)\> oI <5+2,0a27|37|>

4sr<g + s>r(—s)r(s +1)
/2|0(=s)0(1) T (3)
— 925+l (%) ATD(s + 1)r(g + 5>F (ﬁ)_l .

=2

(3.1.12)
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Moreover, using the same reasoning, we get for v;,()”),

T_’Svl(,")(:v) =— sgp Li\vl()”) (x)
(n) (n) (n)
2 - - —y) d
— —2supe(n, S)/ vp () — v ($+?JT)L+2S v (x—y) dy
A " (Aty, )" det/A
Mo 207 @) o @t y) o (e —y)
= —2(—) A 5 dy
A Rn |y[+2s
A % S S n
- _2<X> A (=D ()
c(n+2,8)B(—s,p+ 1)1\ (A) 3 n n )
T(n/2+1) y) hilsr gl prs gt

(3.1.13)

When p = s we have

Py (z) = 2%+ <§> %AS I'(s+ 1)l (g + 5+ 1) r (g + 1)1 Ty

As a consequence of Lemma [3.1.2] we get the next nice corollary.

Corollary 3.1.3. Ifn =1 and p = s we have
P51 — 2?)* = —2A°T(2s + 1).

Proof. Notice that the matrix A in this case becomes a number a and we get

s " 2u(@) — u( +y) — ule — y) dy
Liu(z) =c(1,s T —
= >_£ (a 1y, y) " Va
+o0o
-y [ R Wy < -y ute),

Table 1 in [35] tells us that for € (—1,1) holds

(=) (1 — 2% =T(25 + 1).
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Thus for z € (—1, 1) we calculate

PH(1—22)° = —sup L5(1—27)% = —sup2a’(—A)*(1—2?)* = —2A°T(2s+1).

a

]

3.2 Regularity of solutions to fully nonlinear

equations

In this section we prove the main products of this chapter, which are the
regularity results of solutions to fully nonlinear equations. We consequently
prove the Lipschitz and C™! regularity of solutions, using the method of H.
Ishii and P. Lions.

Given s € (0, 1), we consider the space of functions

. . o n |u(?)]
Rn

Also, we take the family of operators ([1.3.1)) and set the following class of
linear operators for any s € (0,1) and given A > X > 0:

A A
L= {L ‘ K > 0 and symmetric: ¢(n, S)W < K(t) < ce(n, S)W } :

(3:2.1)

Definition 3.2.1. Given a family of operators L, we set

M u(z) := irelfz Lu(x),

Mfu(x) := sup Lu(z).
LeLl

For a nonlocal operator F' we state the uniform ellipticity property and
recall some other notions that are crucial to formulate the main results of this

section.

Definition 3.2.2. We say that F : G — R is uniformly elliptic in Q if for
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any x,y € ) and u,v € G such that if there exist € > 0 such that

A? A?
/L(x)dt < 400 and / tU(y)dt < +o00,

|t’n+28 ’t‘n+2s
Be () Be(y)

then we have
M (u(z) = v(y)) < Fu(z) — Fu(y) < M# (u(z) —v(y)).

Definition 3.2.3. We call an operator F' : G — R convex if for any two given
functions u,v € G and all t € [0,1] it holds that

F(tu+ (1 —t)v) <tFu+ (1 —t)Fw.

Definition 3.2.4. An operator F' : G — R is said to be nonnegatively homoge-
neous if for all r > 0 and a given u € G it holds that

F(ru) = rFu.

Next result shows that the solutions of a fully nonlinear nonlocal equation
are Lipschitz, provided that the operator satisfies the homogeneity and uniform

ellipticity property.

Theorem 3.2.5. Let F': G — R be nonnegatively homogeneous of degree one
and uniformly elliptic in the sense of Definition[3.2.3. Let also f be bounded

and continuous in By and v € L®(R™) N C(R™) be a viscosity solution to
Fu(z) = f(z) in  DB. (3.2.2)
Then for all x,y € Bys
u(z) —uly)| < Ljz -y (3.2.3)
for some positive constant L.
Proof. Without loss of generality we assume that

0<u<1 in B.
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Otherwise divide (3.2.2)) by ||u|[ze(s,), and denote f = I/ vl zee(m,), thus
obtaining, thanks to homogeneity,

Fo(z) = f(z),
which has the structure of the original equation.

Let L, L be positive constants and
p(z,y) == Lz —y| — L]z — y*
for any x,y € B;.
Now choose ¢ € By/4 and set, for all z,y € By,
O(z,y) = u(z) —uly) — ¢(z,y) — 20z - ¢~

Now we prove that ® < 0 (refer to [48] or [64] for additional details). For this
goal suppose that there exist z,y € B; such that

sup ®(z,9) > 0. (3.2.4)

§1X§1
Observe that ¢(i,§) # 0. Otherwise, take L > 2L and suppose
A L L. . 1/2
p(,9) = Llg =gl (1 -7z —g["" | =0.

It follows that & = ¢ and thus ® < 0, giving us a contradiction with ([3.2.4)).

Now we notice that if L > 4L is large enough and (&,9) € d(B; x By),
then (z,9) > 0, giving us that

A . A L . R
o(2,9) + 2|2 — ¢]* = L|z — 9| <1—zfﬂf—y!“2>+2\x—d221,

and thus ®(z, ) < 0, that yields a contradiction with (3.2.4). As a consequence,
we have that (z,9) ¢ 0(By x By).

Therefore, we can use the Theorem of Sums i.e. there exist X, Y € §”
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such that
n A —=2, ~ ~
(Dop(@,9), X) € T (u(@) — 2|2 — ¢P),

PN —2,— .
(_Dy¢($7y>7y> €J u(y)a

(3.2.5)
(X 0 ) < Do(2,7) + w(D?p(i, §))%

0 —-Y
By definition, (D,¢(2,9), X) € T (u(#) — 2|2 — ¢|*) can be written as

LiX(z— )0 —2),

u(@) =20z = ¢° < w(@) = 20 = (° + (Dap(, ), 2 = ) + 5

~ A

u(z) < u(:%)—l—(ngp(:%,gj),az—iz)—i—Q(w,x—aﬁ)—l—Z(i—QC,:U—fc>+%(X(.r—a:),x—x>,

u(z) < u(@) +(Dup(2,9),z — 2) + (22 —4¢, 2 — ) + (28,2 — ) + 2|z — 2|
_l’_

(X(x— 1),z — ),

N —

u(z) < u(i)+(ngo(i,g),x—@+(4@—4{,:16—%)+%((X+4I)(a:—§c),x—§:>.

As a consequence, from (3.2.5) we conclude

(Dpp(2,9) + 42 — 4¢, X +41) € J* T u(z),
(—=Dyp(#,9),Y) € J*~u(y),

X 0
and (o Y) < D*¢(2,9) + u(D*o(2,9))%. (3.2.6)

Now we compute, recalling that |z — g| # 0,

L 3L &—q
Do(z, 1) = —
o) = (g~ ) <y—>

where

L 3L 3L L G & —1
M= T s - o | T o
T -9l |z -9 |z — g T =gl ) |z—9] [z -9
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Furthermore,

~ 2
L 3L
M? = — I
<| — 9 2|@—@|1/2)

=y
- 3L
& =g 2&—g['/3

3L L @-g@gi-g
dz g2 Jz—gl) |2 -9] |2 -9

)
|

g
L 3L 3L i—@é@i—@
=gl 4z -y ) \4z -9 ) |29 [z -9

In particular, taking £ € R™ and inequality (3.2.6)), we see that

(¢ ¢) (if -gy> (g)
9% W) Qe 95 )

which is exactly

(X -Y)<o. (3.2.7)

This means that all the eigenvalues of the matrix X — Y are nonpositive.
T T
Observe also that using vectors (5 O) and (0 5) , we get from (3.2.6)),

§'XE <M + pM?)E,

3.2.8
—TYE < EN(M + pMP)E. 328
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>

=>

-y

Notice now that, if £ =

, then

=>

Nah

>

<>

N ~ T
) (H) (M + pubr?)
|z — 9| |

T —
3L L? 9LL 2712
_ Ap ( + ) . (3.2.9)

ol =g T\ =g T =g il — gl
The factor
~ ~ ~ 2 ~
L? 9LL 27L2 B L 9L 272
& —g)> e —glP? 16z gl \|z—gl 8|z -y 64[z — g
is positive, which yields that we can choose p such that
A L? 9LL N 2712 _ L
PP e el —g]) T 2l — g
This, (3.2.6) and (3.2.9) lead us to the fact that
one of the eigenvalues of X — Y is negative. (3.2.10)
Now, take ry, 7, > 0 such that B, (), B,,(y) € By, and set
v(z) = +3(X +4D)(x — 3),2 — 2) +o(|lz — 2|?), ifz € B, ();
u(z), if x ¢ By, (2).

u(g) - <Dy¢(i‘7@)ay - g) + %(Y(y - Q),y - :l)> + 0(|y - Q|2)7 if Yy e Brg(g);
u(y), if y ¢ Bry (7).

Since u is a viscosity solution to (3.2.2)), we find that

Fo(g) < f(2), (3.2.11)
Fuw(g) = f(5). (3.2.12)
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Then (3.2.11)), (3.2.12) and the uniform ellipticity property give

0> Fo(2) = Fw(y) — f(2) + f(9)

(3.2.13)
> My (v(@) —w(@)) = 2| flleBy)-

Now, we fix < min{ry, ro} and use (3.2.13)), obtaining

0> inf L(u(#) — () — 2| r(m)

2 inf (/T(A?U(f) — Afw(f)) K (t)dt + /Bg(A?U(j) - A?w(f))K(t)dt> (3.2.14)
= 2[|fllo(By)>

where the notation of the centered difference (1.1.3)) has been exploited. Recall that
the functions v, w are smooth in small neighborhoods of z, and 1, respectively.
Hence, we can apply the Taylor formula in (3.2.14)) and get

0> i%f/ (Y = X —4Dt, ) K (t)dt + i%f/ (A7v(2) — Afw(2)) K (t)dt

c
T

= 2[[fll o8-
(3.2.15)
Set M = (m;;) ==Y — X — 41, and observe that for i # j,
B,
due to positivity and symmetry of the kernel.
In particular, for any fixed i, we have
mt; K(t)dt = | myt; K(t)dt = | mgv(o)t: K(t)dt
B B Br
n - - (3.2.17)
= 2 K(t)dt = It K (t)dt.
k=1 7B T B

Taking use of (3.2.7) and (3.2.10)), and then exploiting ((3.2.16]) and (3.2.17]),
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we have that (3.2.15]) becomes
1
0> Tr(Y — X —41)— mf/ It K (t)dt
n K Jp

— 8ul| oo mn) sup K(t)dt — 2| fl|L(s)
Bc
N " (3.2.18)

L ACn s 1 1
2 ]i—yfll/Q n /Br |t|n+2s—2dt_4)\cn7s /Br |t|n+23_2dt

1
_ 8||u||L°°(]R")ACn,S/B Wdt_2||f||l’oo(31)

All integrals in (3.2.18) are convergent, due to the fact that s € (0,1).
Moreover, the right hand side of (3.2.18]) becomes positive, since

L

G—g

as L — 400, which gives us a contradiction.
Hence, we proved that ®(z,y) = u(z) —u(y) — p(x,y) — 2|z — ¢|* < 0, that
yields (3.2.3), setting ( = x. ]

In fact, we are able to prove that the solutions of an equation involving a

fully nonlinear operator are even more regular, as the following result shows.

Theorem 3.2.6. Let F' : G — R be convex, nonnegatively homogeneous of
degree one and uniformly elliptic in the sense of Definition [3.2.9. Let also
f be bounded and continuous in By and uw € L>®(R") N C(R™) be a viscosity
solution to

Fu(z) = f(z) in  Bj. (3.2.19)

Then for all x,y € Byo

r+y

u(z) +u(y) — 2u ( ) ’ < Ly|lr —y|? (3.2.20)

for some positive constant L.

Proof. Without loss of generality we assume that
0<u<1 in B;.

Otherwise one divides (3:2.19) by ||ul|z~(s,) and denotes f := f/||ullz(5,),
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obtaining by virtue of homogeneity

Fuo(z) = f(x),

which has the structure of the original equation.

Let Ly, Lo, L3, L4 be positive constants and

o(z,y,2) == L1z — y|* — Lo|lz — y[** + Ls|z + y — 22| — Loz +y — 22*

for any z,y,z € B.
Now choose ¢ € By, and set, for all z,y,z € By,

(I)(:E7ya 2) = U(ZL‘) + u(y) - QU(Z) - @(I>ya Z) - 2|1’ - C|2

We shall show now that & < 0. For this goal suppose that there exist z,9, 2 €

B such that
sup D(z,9,2) > 0. (3.2.21)
§1><§1 ><§1

Observe that ¢(,7, 2) # 0. Otherwise, take Ly > 2Ly and Lg > 4L,. If

e(2,9, 2)
L L
= Li|i—g[’ (1 -l @\1/2) +Lg|i+5—22| (1 - e - 2§|1/2) =0,
1 3

then it follows that & = ¢ = 2 and thus ® < 0, giving us a contradiction with
32.21).

Now we notice that if Ly, L3 are large enough and (%, 9, 2) € 9(B1 X B1 X By),
then (2,9, 2) > 0, giving us that
Ly

s a1/2
717 g )

(@, 7, 2) 4+ 2|2 — (> = Li|z — g]? (1— y
4 Lald 4§ — 22 o La o i T
sl +y—22(1 L\:c—l—y 2| +2|z — (] > 2,
3

and therefore ®(z, g, 2) < 0, that yields (2,9, 2) ¢ 0(B1x By xBy). Furthermore,
we can use the Theorem of Sums ([1.3.6)) and state that there exist X, Y, Z € S"

such that
(Dop(&, 9, 2) + 4(2 — ), X +41) € J>Tu(2),
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(Dyp(d,9,2),Y) € T u(y),

X 0 0
0 Y 0| < D%(@,5,2) + (DY, 5, ) (3.2.22)
0 0 Z

Now we compute, assuming |z — g| # 0 and |z + g — 22| # 0,

-9 i—q
Do(i,1,2) =20, | §— 2 —g@m—mw g— i
0 0
B4 —22 Z+g—22
+La|a+9—22"1 | 24§ —22 -—%Lﬂi+g—2ﬂ‘v2 T4 —22
2% — 2§ + 42 —2i — 2 + 42

(3.2.23)

We also calculate the Hessian matrix of ¢ at the point (Z,7,2). Namely, we

denote L .
. T—y 7 T+y—2z
¢:=——ande:= —=
|7 — g |2+ g — 22|
and obtain
I -1 0 -9 r—y
D*o(#,9,2)=2L1 | =T I 0| - Loli—g|?|g-2|®|s-2
0 0 0 0 0
- I -1 0
—ng\j—g\l/Z I I 0
0 0 0
&4 -2z i4 -2z
—Lsla+9-22% @d+9-22 || @+9-—22
—2% — 2§ + 42 —2% — 2§ + 42
I I =21
+L3le+g—23"Y | 1 1 —2I
—2f —2I Al

(3.2.24)



3.2. REGULARITY OF SOLUTIONS 109

; I 1 -2
—§L4\a:~+g;—22|*1/2 I I =21
—2I —2I 4]
&2z &g — 22
3 S ~ s|—5/2 - ~ 2 P ~ 2
+ZL4]m—|—y—2z| T4y—2z2 ® T4+y—22
2 — 27 + 42 2 — 2f) + 42
- I =10\ | -9 -9
:(2L1—5L2|55—gj\1/2) -I I 0 —1L2|55—g|—3/2 j—i|o|g—z
0 0 0 0 0
3
— (Lsl# + 9 — 227 = JLal + 3 — 22|7°/%)
Z+g—22 &g —22
x| 2+9-22 |@| 2+9-22
2% — 20 + 42 —2F — 20 + 42
3
+ (Lsla + 9 — 22" = S Lald +§ — 227V%)
—2I —2I 4]
I -1 0
S . L2 1/2
:(2L1—§L2\x—y\ |- I 0 —*LQ‘Z' 9l
%,_/
v 0 0 0 ;
3 € €
+(~Lali +§ - 227+ TLali g - 2272 | e | @ e
v —2¢ —2¢
; I I -2
+(L3\:i"+g)—273|_1—§L4|§3+@7—22|_1/2) I 1 21
~ —oI —2I 4]
(3.2.25)

Let us denote

25

) T S

b= —5LiLa|Z — | 3/2+ZL§\x—y\ e — g%,
25

c .= —L2|l' g|7
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and

27
pi=6L2& + ¢ — 22|72 — 9LsLyld 4§ — 22732 + §Li|@ + 9 — 2371,

- e oal e sl 27 o o oa
Gi= —12L2|% + ) — 22|72 + 27Ls Ly 4 5 — 23|7%/% — ?Lﬂx + g — 23|71,
~ 27

d = 6L3|% 4 § — 22|72 — 18Ls Lyl 4 § — 22|73/ + 7L§|:f: +4—23%

With this notation, we can find the square of the Hessian matrix (D?*p(%, 9, 2))?.

Indeed, naming by v := x — y and w := x + y — 2z, we compute,

I -1 0 v v
-1 I 0 v | & | —v
0 0 0 0
v ) I -1 0 vl —voT 0
=|l-v|®]|—v —1I ol =2 -voT T 0],
0 0 0 0 0 0
2
I -1 0 I -1 0
—I I 0] =2]|-1I 0l,
0 0 0 0 0 0
I -1 0 w w
—I I 0]- w & w
0 0 O —2w —2w
w w I -1 0 0 00
= w & w -7 I 0]l=1020 01,
—2w —2w 0 0 00
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I -1 0 I I =21
-1 I 0]- I I =21
0 0 O —21 =21 41
I I =21 I -1 0
= I I =2I|-\1-1 I 0]= ,
-2 21 41 0
v v w w
—v | Q| —v w ® w
0 0 —2w —2w
w w v v
= w &® w -0 || —v| = ,
—2w —2w 0 0
I I =21 v v
I I 21| ]—-v|®]|—v
-2 =21 41 0 0
v v I -1 =21
=|l-v|®]|—-v]- 1 I 21| = ;
0 0 —21 =21 4]
1 I =2] w w
I I =27 w (9 w
-2 =21 4] —2w —2w
w w I -1 =2I
= w | Q| w | I I =21
—2w —2w —21 =21 41
ww?! ww!  —2wwT
=6 ww?T wwl —2ww? |,
—2ww? —2ww?  Adww”
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2

v v (vuT)2  —(w?)? 0
—v | ® | —v =2 —(v?)? (wh)? 0],
0 0 0 0 0
2
w w (ww?)? (ww?)?  =2(wwT)?
w | ®| w =6 (ww”)? (ww?)?  =2(ww’)? |,
—2w —2w —2(ww?)? —2(ww?)?  4(ww’)?
2
1 I =21 I I =21
1 I 2| =6 I I =21
—2I =21 41 —2I =21 41
Thus we get
(D*p(&,9, 7))
I -1 0 eel’  —eel 0
=a|l-1 1 of+b| - e o
0O 0 0 0 0 0
(ee)? —(ee")* 0
+c| —(eeh)? (eeh)? 0
0 0 0 (3.2.26)
(ee™)? (ee")?  —2(ee’)?
+p| (ee’)? (ee?)?  —2(ee’)?
—2(ee’)? —2(ee’)?  4(eel)?
eel eel’  —2ee’ I I =21
+q| e’ e —2ee’ | +d| I 1 =21
—2eel” —2ee”  4dee’ —2I 21 4I
Notice also that
T T 2
ee £ < ,
cee il (3.2.27)
hee’s < ¢,

Moreover, all matrices in (3.2.26) are nonnegatively definite. Indeed, for
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example, taking the matrix

el —eet 0
—eel el 0
0 0 0

we calculate that

(eehe=é(e'e)=1-¢,

which shows that the matrix has eigenvalue one of multiplicity one, and eigenvalue
zero of multiplicity 3n—1. This yields that the considered matrix is nonnegatively
definite. Similarly, one proves that other matrices in are nonnegatively
definite, as stated.

On the one hand, multiplying both sides of by the vector (&,&,&)7,
we get that

X+Y+Z<0. (3.2.28)
13 0 0

From the other hand, the inequality (3.2.22) (we use | 0|, | & | and |0 |,
0 0 19

respectively) gives us

(€7X,€) < alé]® —bl¢" el + cl¢"e® + digf

+ p(alg)® +olgT e + eleTee” P + plcee” P + qlcTel* + dig)?),
(7Y, &) < al¢? —blgTel? + el e + di¢f?

+ u(alg]® + o7 el + eleTee” P + pleee” P + qicTel* + dig)?),
(€77,6) < 4clg"el® + 4d|¢)?

+ p(4plcTee” [P + 4| ee” |* + 4d|¢]?).

(3.2.29)

Observe that, fixed Ly > 100Ls, L3 > 100L,4, and recalling that

1z — 9% < 2and |2 4§ — 22| < 4,

one has that

5
a=2Ly — 5 Lald - §*? > 200Ly — 5Ly = 195Ly > 0,

3
d=La|z +9§— 23" - S Lalt+ 3 - 25|71/
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3L
= Lol +§ = 22 "2(Je + 9 — 227 - o),
205
97
= ——Lali+9§—232>0
3
CcC = —L3’i’ + ?J — 22|71 -+ ZL4‘£ -+ 3] — 22’71/2
3L
= —Lla +9 — 25 7/2(a + 9 - 2272 - ),
4L
197
< Lild+9—22"Y% <0.
q00 8l 9~ 22

The same idea can be applied to estimate (D?*p(%, 4, 2))?, that is,

5
2(2Ly = Lot +§ - 25|42 > 2. 195212 > 0,

2% . o 25
—5L1 Ly|z — y|V/% + ZL%|ZL’ — | = —Lo|z — g|"*(5L, — ?L§|x —y|'?)

a

b

< —475L%% — 9)V? <0,

. R o 3 .. . i
P = 6(Ls|® + 3§ — 23] 1—ZL4\x+y—2zy 1/2)2

197\ °
>6<m) Lz +9—227" > 0.

(3.2.30)

In a similar way we estimate also the remaining coefficients,

27
G = —12L3|3 + § — 22|72 4+ 27L3La|& + 9 — 25| 7%/% — ?Li\;ﬁ + g — 231

27 2
=—12 <L3|:z- +g—23" - ﬁL4|§: + 79— 22\1/2)

27 ° 27
+12 (ﬂ> Lz +9—237" = 7L§|az~ + 9 — 23"

183\ , . 27\ . .
<12 <7> Li|z + g — 227" + 12 (ﬁ) Lilz +g—227"
27
— 7L§|fc+g) — 237t <0,
- 3 2
d:6(L3]§c+y—22\1—§L4\:%+@—22!”2)

197\* , . .
>6(%) L3z +9— 227t > 0.
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To sum up, we have that
a,b,d,a,c,p, d are positive, whereas

¢, b, q are negative.

This, (3.2.29) and ([3.2.27]) together yield

(€7X,€6) < (a+d+p@ate+p+d)Ef +clelel,
(€Y, €) < (a+d+pla+e+p+d)Ef + e, (3.2.31)
(€72,€) < (4d + p(4p + 4d))|€]* + 4cl¢"e].

Now, summing inequalities (3.2.31]), and then taking & = €, we obtain

(B(X +Y + Z),8) < (2a + 6d + u(2a + 2¢ + 6p + 6d))|&]* + 6¢c|e|?
= 2a + 6d + 6¢ + p(2a + 2¢ + 6p + 6d)
= 4Ly — 5Lo|@ — g|"/% + 6Ls|@ + § — 22|71 — 9L4|@ + g — 23| /?

9 ~
— 6Ls|Z 4+ — 2371 + Lald + 9 - 251712 + p(2a + 2¢ 4 6p + 6d)
9 ~
= 4L, — 5Ly|¢ — g|Y? - §L4]§; + 9§ — 227Y2 + p(2a + 2¢ + 6p + 6d),

(3.2.32)

where we used |é| = 1 in the first equality.

Notice, that 2@ + 2¢ + 6p + 6d is positive, so we can choose 1 such that
~ 9
(20 + 28+ 6p +6d) < TLalE +5 — 25|71/2, (3.2.33)
From (3.2.32)) and (3.2.33)), it follows that, if L, is very large, then
_ - N IS P S1—1/2
(e(X+Y+2),e) <4L, —5Ls|z — g/ — ZL4|x + 4 — 2Z| <0, (3.2.34)

which shows that one of the eigenvalues of X +Y + Z is negative.
Now, take ry,ro,73 > 0 such that B, (&), B,,(9), By, (2) € By, and set

A~

u('%) + <Dx(p(i',ﬂ, 2) + Qk( )7 $>
v(z) == FL(X +2kD) (2 — &), 2 — 2) + o(|z — 2[?), if x € By, (2),
(@), if 2 ¢ By (2),
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wly) = u(§) + (Dyp(@,9.2),y — ) + 5V (y = 9),y = 9) + olly = §*), if y € By, (9),
u(y)> lfy ¢ B7«2(:l)),

h(z) = {“(@ +(Dap(#,9,2), 2 — 2) + 5(—32(2 — 2),2 = 2) + o]z — 2°), if z € By (%),
ulz); if 2 ¢ By (2),

Fo(z) < f(#), (3.2.35)
Fuw(g) < f(9), (3.2.36)
Fh(2) > f(2). (3.2.37)

Then (3.2.35)), (3.2.36)), (3.2.37) and convexity give

0> Fo(#) + Fuw(g) — 2Fh(2) = (f(2) + f(9) — 2f(2))

> o (U222 om0 - 30l

(3.2.38)

Moreover, due to the uniform ellipticity property |3.2.2]

2F <M) — 2Fh(2) > 2M; (M - h(é)) . (3.2.39)

Now, we fix 7 < min{ry, re, r3} and use (3.2.38)) together with (3.2.39)), obtaining

02> inf L(v(Z) +w(§) — 21(2)) = 3|l fll o= (51

> inf ( / (APo(2) + Afw(g) — 2A2h(2))K (t)dt (3.2.40)

o),

Recall that the functions v, w, h are C? in small neighborhoods of %, 9 and 2,

T

(Ao(2) + Afw(2) - 2A$h<z«>>f<<t>dt> = 30l (1.

C
r
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respectively. Hence, we can apply the Taylor formula in (3.2.40) and get

0> i%f/ (—(X +2kI +Y + 2)t, () K (0)dt

+ i%f/ (A70(2) + Ajw(2) — 2A7R(2) K (t)dt — 3| [z (3.2.41)

Set M = (m;j) == —(X +41 +Y + Z), and observe that for ¢ # j,

B,

In particular, for any fixed i, we have

mt; K(t)dt = | myt; K(t)dt = | mgv(o)t: K(t)dt

B, B»,« B,

—Z L B QL

By

(3.2.43)

Taking use of ([3.2.28)) and ((3.2.34)), and then exploiting (3.2.42)) and ((3.2.43]),

we continue the chain of inequalities (3.2.41]),
1
0> -—Tr(X+Y+Z+4I)- inf/ It K (t)dt
n K Jg,

— 12Ju| oo (rm) Sup K(t)dt =3[ f | o)
Bg

. 9 PN ol ACy, s 1
> (—4L1 + 5Ls|% — y‘l/Q + ZL4|$ + 9 — 22| 1/2) n7 / |t[nt2s=2 dt
B,

1 1
+ 4)\07178 /BT Wdt — 12||UHL°°(R")AC7L,S /B$ Wdt - 3||f||L°°(B1)
(3.2.44)

This shows that the right hand side of (3.2.44)) becomes positive, since
9
—4Ly + 5Ls|3 — g|M? + Ll 9 - 25712 & 400

as Ly — 400, which gives us a contradiction.

Hence, we proved that

®(z,y,2) = ulr) +uly) — 2u(z) — (z,y,2) — 2z — {* <0,
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that yields (3.2.20) setting ¢ = x. O



Chapter 4
Domain variation solutions

In this final chapter we deal with some advanced properties associated with
local operators. In fact, as we pointed out in (1.2.8)), local operators may be

considered as a special case of nonlocal operators.

4.1 Domain variation solutions

In this section, following the ideas described in [3], we would like to find
the right formulation of the two phase free boundary problems arising from
Bernoulli type functionals when we consider nonnegative matrices of variable
coefficients or a nonlinear dependence both on the gradient of the solutions
and on the variable x.

This would be a first step before starting to face the one-phase problems
governed by degenerate operators, even possibly defined on noncommutative
groups.

We have in mind two concrete examples respectively given by the Kohn-
Laplace operator in the Heisenberg group and the p(x)—Laplace operator.

Since the p—Laplace case has been discussed in [57] as well, so that it results
also interesting to understand the behavior of the p(z)—Laplace operator. We

remind that the p—Laplace operator is defined as
A, = div(|V - P29),
while the p(z)—Laplace operator is
Apey = div(|V - P27,

119
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where the function p satisfies 1 < p(x) < 0.
Of course, Ay = A, when p(x) is constant and p(x) = p.
The Kohn-Laplace operator in H! is defined as

*u  0*u 0*u 0*u s 9. 0%
Agu(x,y,t) = o2 T Iy +4y8x8t — 4x8y8t +4(z* +y )w (4.1.1)

and even if it is linear, it results to be degenerate elliptic.

In particular, using an intrinsic interpretation of the geometric objects
entering in the description of the noncommutative underlying structure H!,
it is possible to obtain an intrinsic formulation of the two phase problem.
We recall that the Kohn-Laplace operator is degenerate. Indeed, its lowest
eigenvalue is always zero. As a consequence, it is important to understand
what is the right condition to require to put on the free boundary in case we

wish to formulate the problem in a viscosity sense.

The theory of the viscosity solutions has been applied to the study of free

boundary problems, like

Au = f, in Q" (u) :=={x € Q: u(x) > 0},
Au = f, in Q (u) :=Int({x € Q: u(z) <0}), (4.1.2)
(uf)?— (u;)? =1 on F(u) := 00" (u) N,

since [14], for homogeneous problems, by Luis Caffarelli. Here Q@ C R™ is
an open set, and f € C% N L>®(R), while u; formally denotes the normal
derivative at the points belonging to F(u), where n is the unit normal in those
points whenever this makes sense, pointing inside Q7 (u), as well as u, denotes
the normal derivative to the set F(u) and n is the unit normal to the set F(u)
at the point z € F(u) pointing inside Q™ (u).

If, in case F(u) were C'!, even supposing for simplicity that f = 0, then
u would satisfy Au = 0 in Q% (u) U Q" (u). On the other hand, v € C()
is a viscosity solution, so that Au = 0 in Q" (u) and Au = 0 in Q (u) in
the classic sense and the problem (4.1.2) may be reduced to two Dirichlet
problems. However the assumption on the level set F(u) := Q% (u) N Q can
not be formulated in a classical fashion, because F(u) is an unknown of the
problem. In principle, the set F(u) might be very irregular and the notion
of solution would not make sense in the classical meaning, so that has to be

weakened.
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On the contrary, we suppose exactly that the fact itself of knowing that u
satisfies the free boundary problem should imply that u is endowed with some
further regularity properties. Thus, assuming only that F(u) is Lipschitz, the
solution of the Dirichlet problem in a neighborhood of the free boundary may
be a priori no better than a Hélder continuous function until the boundary.

Hence, it appears clear that we can not give a pointwise classical formulation
of the problem on the free boundary. For avoiding this loop, in [14] a viscosity
notion of solution was introduced. In that case the boundary condition is
supposed to be fulfilled only where a weak normal exists, see [16].

The definition of solution of the problem can be stated, in a viscosity
sense, see [28] and the original statement in [14] or in [16] as well, in the
following way.

A continuous function u is a solution to (4.1.2)) if
(i) Au = f in a viscosity sense in Q" (u) and Q (u);

(ii) let o € F(u). For every function v € C(B.(zp)), € > 0 such that

v € C*(B+(v)) N C*(B~(v)), being B := B.(xy) and F(v) € C? if v

touches u from below (resp. above) at zy € F(v), then
(0 (@) — (o7 (@) <1 (resp. (v (w0))? — (v (20))? > 1).

Moreover, also the following notion of strict comparison subsolution (super-
solution) plays a fundamental role in the regularity theory of one/two-phase

free boundary problems, see [27]: a function v € C(f2) is a strict comparison

subsolution (supersolution) to (4.1.2) if v € C?(Q*(v)) N C?*(Q2~(v)) and
(i) Av > f (resp. Av < f) in a viscosity sense in Q7 (v) U Q™ (v);
(ii) for every zq € Q, if zy € F(v) then

(5 (20))" = (v, (20))* > 1 (vesp. (v, (w0))* (v, (0))* <1, vy (20) #0).

As a consequence, a strict comparison subsolution v cannot touch a viscosity
solution u from below at any point in F(u) N F(v). Analogously, a strict
comparison supersolution v cannot touch a viscosity solution u from above at
any point in F(u) N F(v).
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We are mainly interested in viscosity solution, but the natural definition of
two-phase free boundary problems is usually determined by looking for local

minima of functionals like
E(v) = / <|Vv|2+x{v>0}+2fv>dm (4.1.3)
Q

defined on subsets of H'(Q) satisfying some fixed conditions, for instance
assumed on the boundary of €2 and on the sign of the functions themselves.

In [3] exactly this approach has been followed for functionals, associated
with the Laplace operator like , in the homogeneous case. As a conse-
quence, to local minima u of (supposing f = 0) in [3] have been
determined the conditions that have to be satisfied on the free boundary,
morally the set {z € Q: u(x) = 0}.

Since we are interested in problems governed by other operators with
respect to the Euclidean laplacian, like nonlinear ones and, overall possibly
degenerate, we wish, at first, to understand what is the right condition to put
on the free boundary, for the problem in a non-divergence form, in a degenerate
setting.

In fact, the free boundary F(u) is an unknown of the problem and for this
reason we need to start from the energy functional that describes the problem
in the variational setting for obtaining the non-divergence case.

With this aim, we discuss the notion of domain variation solution assuming
that the energy functionals that we wish to study may be associated with
degenerate operators like the p(x)-Laplace operator Ay, that is a generali-
zation of the most popular p—Laplace operator when the function p(z) is
constant or operators like div(A(z)V), supposing that the matrix A satisfies
(A(z)&, &) > 0 for every € € R™ whenever A is a smooth matrix of coeflicients.
For the notion of solution in the sense of variation domain and applications
we refer to |70].

At the end of our discussion we conclude that in any Carnot group the two

phase problem assumes the following nonvariational form:

Agu = f, in Q" (u) :=={x € Q: u(x) > 0},
Agu = f, in O (u) :=Int({x € Q: u(x) <0}), (4.1.4)
|Veu™ > — |[Veu™|? =1, on F(u) := 00 (u) NQ,

where Ag is a sublaplacian in a Carnot group G, see Section for the
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definitions of Carnot groups and the associated notation, and Section [4.4] for

a little more general presentation of the result.

We remark here, however, that now the condition posed on free boundary
is governed by an intrinsic jump of gradients, see Section [1.4] and, for the

one-phase case, see [42].

Moreover, in the case of the p(x)—Laplacian, the functional becomes

Ep(x) (u) = / (|Vv|p($) + X{v>0} —|—p(I)fU) dr

Q
so that we obtain:
Apyu = f, in Qt(u) :={x € Q: u(z) >0},
Apyu = f, in Q (u) :=Int({x € Q: u(x) < 0})
IVutP@) — |y |p@ = p(xl)_p on F(u) := 900 (u) N

(4.1.5)
see also Section for a slightly more general setting of the problem.

We complete our analysis in Section stating the suitable notion of
viscosity solutions for problems like and (4.1.5). In the case (4.1.4)
the characteristic points introduce new dlfﬁcultles in the application of the

approach used in [27]. Regarding the notion of viscosity solution we refer to
[15,24.[7].
In the next section, for describing the meaning of domain variation solution,

we deal with the simplest case in one dimension.

4.2 One dimensional Euclidean case

Before entering the details of our subject we consider the basic heuristic

example in the one dimension for the following functional

1

E(v) = / (v + X{osop + 2fv)dx

-1

where

1, we{v>0},
M= 00 s equ<ol,
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and v € K = {w € HY([-1,1]) : w(-1) = a, w(l) = b} being a,b
assigned values to the boundary. Moreover, we assume, for simplicity, that

fe ™ ([-11)).

We are interested in those functions which become minima or critical values
for £ perturbing the set of definition in a neighborhood of the points where v
vanishes. In mathematical language, for every function v € K and for every
function ¢ € C§°(] — 1, 1) we consider the function v(z) = v?(z + ep(x)). We
shall simply write v, := v¥ to avoid the cumbersome notation. It is clear that
7. = I + ey is an application that transforms [—1,1] in itself whenever ¢ is

sufficiently small. We say that v is a variational domain solution whenever

d
E(F/‘(UE) i = 0.
To do this, we consider
1
() = [ 020) + xtoo0r(v) + 2 (5. (12.1)

-1

Since 7. is invertible whenever ¢ is small we obtain (7.1)(y) = (7/(z)) ", being

r=1_"(y) and
) = 1+ 20(0),

(Y () !

T 1ted( (W)
This implies that for e — 0

() () = 1 = e (171 (y)) + ole).-

We perform the change of variable y = 7.(x) so that:

Eve) = / (02 (7:(2)) + X oo 0} (7e(2)) + 2 (7e(2))v:(7:(2))) 7L(x)d

= / (02 (7:(2)) + Xoe0p(7e(2)) + 2 (7e(2))v:(7:(2))) (1 + e/ () )da

(4.2.2)
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and, since v'(z) = vL(7.(2))7l(x) = vl (7-(2))(1 + e¢'(x)), we get

E(ve)
= /[0'2(17)(1 +29'(2)) 7 + Xques0y (7(2)) + 2f (72 (2) )o(2)](1 + e/ (z) ) da

-1
1

— /[0,2(17)(1 — e/ (2) + 0(€))* + X{v.>0y (T + ()
+ 2f(7e(2))v(2)](1 + e/ (x))da
_ / W2(2)(1 — 26 () + 0(€)) + Xgorn0y (% + £0(2))](1 + £ (x))da

-1
1

+2 / fre(x))v(x) (1 + e’ (x))dz.

-1

(4.2.3)

In other words,

E(ve)

1

=E(v) + / —ev(2)¢'(2) + [X(u>0y (7 + £0(2)) (1 + ¢/ (2)) — X(ws0y ()] dz

T2 / (F@)o(@)¢(2) + F(@)o(@)p(x))dz + ofe)

—£(0)+ [~ @) (o) + [t (2 + £p(a)) ~ Xpap(@)lda

-1

1
te / N0y (& + ep())¢ (@)de
1

1

Iy / (F2)e (@) + F(@)p(@))o(@)dz + of).

-1

(4.2.4)

Hence, integrating by parts and recalling that ¢ is a compactly supported
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function, we obtain

1 1

E(v.) =EW) + / —ev?(x) ¢ (z)dx + 5/X{v5>0} (x +ep(x))y (z)dx

-1 -1

L2 (e(L)u(1) — F(—1)p(~1)u(~1)) — 2 / i £)dz + ofe)

1 1

— () + / —e () o+ [ g o+ ()¢ ()

-1

—25/f x)dx + o(e).
(4.2.5)

As a consequence, if v is a local minimum for the functional £ in K, then

0< M = _ /U'Z(x)gol(x)d:l: + /X{UE>0}(x +ep(z))¢' (z)dx

(4.2.6)

Moreover, it also results that for every ¢ € C§°(] — 1, 1[) we have

o £ = €0)

e—0 g

=0.

Hence, if v is a local minimum for £ on K, then v is a domain variational

solution.

As a consequence, we have obtained that a local minimum has to satisfy

the following relationship:

1

/ x)dx — 2 / f(z x)dx + /X{wo}(x)go’(a:)dx =0,

-1 -1

for every ¢ € Cg°(] — 1, 1]).
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On the other hand, for every ¢ € C3°(—1, 1) such that supp(p) C {v. > 0}
or supp(y) C int{v. < 0} it follows from the previous relation that v" = f(x)
in]—1,1\{z €] — 1,1  v(z) =0} because v is a local minimum for &, (we

will proof this property below in a more general case).

As a consequence,

—tim [ 02(@)¢! (@) + 27 () (@) (@)~ Tim [ o2(0)¢!(2) + 2/ (2) (@) (2)d

~tim [0 @) + 2f(@plal @+ [ ooyl @) =0

6—>0$6 ]

(4.2.7)

for every ¢ € Cg°(] — 1,1]) and ¢,0 > 0, we consider the sets {v(z) < —¢} and
{v(x) > d}. Then integrating by parts we obtain from (4.2.7)), keeping in mind
that meas; ({v =0}) =0,

s

lim [ 20" () = f(2))) ()0 (x)dw — lim[v™ (z)p(2)[;="

1

+lim [ 2(V"(z) — f(2))) ¢(x)v (x)dz — lim[v”(z)p(z)]22], (4.2.8)

e—0 e—0
e
1

+ /X{U>0}(I)g0/(x)dx =0,
.
where v(z.) = —¢ and v(z5) = 0.

Thus, from (4.2.8)), we get

1

—lim[v™(2)p(2)];=7) — lim[v™ (2)e(2)];=;, + / X| (>0} ()¢ ()dx = 0,

or

1

— lim v (z5)p(z5) + lim v (z.) () + /cp'(x)dx = 0. (4.2.10)

6—0 e—0
z0
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This implies, for every ¢ € C§°(—1,1), denoting by x, the free boundary, that

is v(zo) = 0,
(= ()2 (o) + (vF)*(w0)) ¢ (0) — p(0) = 0.
Hence, it results
(v9)(2) ~ (v)*(@) =1, on {v=0}.

In this way, we have obtained the free boundary condition associated with
the Euler-Lagrange equations to local minima of the functional £ in the non-
homogeneous case, (of course assuming that the free boundary is a set of
measure zero). We also proved that, at least in one dimension, the free

boundary condition does not depend on the non-homogeneous term f.

4.3 The Bernoulli functional in the Heisenberg

group

In this section, following the scheme of 3] we make some computations in the
Heisenberg group H", but using the same arguments, the final results apply
also to Carnot groups. In particular, here we recall that local minima of our

functionals are globally continuous. Let
Jun (V) = / (IVerv]? + (@)X (v) + 2fv) dz, vEK
Q

be the functional that we will study, where ¢*(z) # 0,

(o) A2 if v <0, @)
v) = 0.
A2, if v >0,

and A\?(v) is lower semicontinuous at v = 0; it is assumed that A\? > 0 and

A =22 — )3 #0. Here is
K={veL,(Q): VgweL*Q), v=u’ on SCd}

and 2 C R” is a domain.
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There exists a unique solution to the following Dirichlet problem

{ AHnUR = 0, in BR, (4 3 2)

vgp =u, on 0Bpg.

If u realises a minimum for Jyg», then for every ball B, C §2 we get:

/ (IVerul® + ¢ (2) N (u) + 2 fu) dv < / (IVanv,|? + (@)X (v,) + 2fv,) da.

B
Hence by the Poincaré inequality we obtain

/ (IVearul® = [Vinv,|?) da < / (@ ()N (v,) = ()N (w)) + 2f (v, — u)dz

T T

S O()\17)\27Q)TQ+2 f(vr —U)dl’
By
On the other hand,

/ (Vin (v — v,.), Vi (u + v,))dx

T

r

= [ 1Vt 2 [ (T = v0), o)
[ Waw—u) -2 [ fu- o

- B,

and

r

/ (Vign (u —v,), Ve (u 4 v,))dz = / (IViarul® = [Vieo,[*) da.
B,

Hence

/ |V (u — v,.)? :/ (IVerul® = |[Veno,[?) de +2 | flu—v,)da.

T BT‘

r

That is, by Holder inequality

1/2 g_»
(Vi (= 0) P < COw e, Q2 + 4l fllzagmy ([ 1w —wn)) r

By
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and, recalling Sobolev-Poincaré inequality one more time, we get

vlo

/ 1/2
/ Vi (u — 0,) > < C(A1, Ao, Q)r9 + ¢ HfHLQ(BT)(/ |Vin (u — Ur)’2> r2.
B,

T

Thus, applying Cauchy inequality we get for € > 0

c ce
Vi (u —v,) P < C(A1, A2, Q)r€ + 2_||f||%Q(BT)7"Q + 7/ Vi (u — v,)
B, € B,

that implies

de _
(1-5) [ 1Vt ) < €O 2, Q. 1m0

By

where

_ d
C<)\17 )‘27 Q7€7 Hf”LQ(BT)) = C<)\17 )\2769) + 2_€||f||%Q(B7»)

Thus, by fixing & > 0 such that 1 — 5S¢ > % we conclude that there exists a

constant C 1= C(A1, Ay, &, | fllLeq), @) such that

IVHn(’U, — /UT)‘2 S CTQ
By
As a consequence, in analogy with the Euclidean case, we can not expect
on u more than a modulus of continuity ruled by the Carnot-Charathéodory
distance like, see the argument used by [3./61}57]:

ue) — u(y)| < Cdee(e,y) [log (m) ‘ |

for every z,y € K, dec(z,y) < 3.

The existence of a global Lipschitz intrinsic modulus of continuity may be
faced having a monotonicity formula. In H!, see some partial results obtained
in [39,38].
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4.4 Domain variation solutions for a non-negative

matrix

In this section we face the general case with variable coefficients.

Let us consider the functional
Ealv) = / ((A(z)Vv, Vo) + M?*(v,z) + 2fv),
Q
where (A(z), &) > 0 for every x € Q, for every £ € R", and

M(u,x) = Q(I)(A+X{u>o} + )‘—X{u<0}>7

where A, A\_ are non-negative numbers and ¢ # 0 is a function.
We define 7.(x) = x + ep(z) for some ¢ € C§°(2,R™). Recalling Section
[1.4 we remark that A might be one of the matrices that are associated with a

sublaplacian.

Lemma 4.4.1. Let u € K be a local minimum of £4. Then u satisfies
div(A(z)Vu(x)) = f in Q\ {u = 0}.

Proof. For every ¢ € C°(Q2\ {u = 0}) and for every € > 0 sufficiently small,

it results

Ealu+ep) = /

Q(A(x)Vu, Vu)dz + 25/(A($)Vu, V)dx

Q

—i—az/S)(A(x)Vgo,V@dm—i-AM%U—F&QO,J})(ZJ:+2/Qf(u+5g0)dx

_Eau) 4+ 25/

(A(x)Vu, Vo)dr + 25/ fodr + o(e?).
Q Q
As a consequence,

Ealu+ep) —Ealu)
5

=2 (/Q(A(x)Vu, V)dr + /Q fgo) dz + o(e)

and

lim Ealu+ 5“2) —&alw) _, ( / (A(x)Vu, V) + / fgodx) —0,
’ ' (4.4.1)

that is div(A(z)Vu(z)) = f in Q\ {u = 0} in the weak sense. O
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Theorem 4.4.2. Let u be a local minimum of €4 and meas,({u = 0}) = 0.

Then u is a domain variation solution and for every ¢ € Cy(£2, R™)

lim (o, V) (M? — (A(x)VuT, VuT))dS

e—0
O —e<u}

+ lim (o, V) (M? — (A(2x)Vu~,Vu~))dS = 0.

Proof. Denoting by u. the function such that u.(7.(z)) = u(x) where 7.(z) =
r+ep(r), p € C(Q,R") and assuming that A is smooth, we get

J(u.) = /Q ((A(y)Vue(y), Vue(y)) + M*(uc(y),y) + 2f (y)uc(y)) dy
= /Q ((A(7e(2) Ve (1e(2)), Ve (1e(2))) + M (u(re()), 7 (2))
+ 2f(7-(x))uc(1o(x))) |detJ 7. |dx.

On the other hand, since
Jr.(x) =1+ eJp,

then
detJr. = 1+ eTr(Jp) + o(e),

for e — 0. Moreover,
Vu(z) = V(us(7:(z)) = Vue(1o(x)) S (),

hence
Jr.(2) ' Vu(z) = Vu(r.(2)).

Keeping in mind that
Jr(z) ' =1 —¢eJp+o(e),
we conclude that

Jr.(2) " 'Vu(z) = (I —eJo + o(e))Vu(x) = Vu(x) — eJpVu(x) + o(e)
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and since A is smooth we get
A(7e(z)) = A(x) + eJ A(z)p + ofe).

As a consequence,

| ((€a@) + 21 A0 + o) (a) (o), Jr(a) V)
+ M?(u(z), 7.(z)) + 2f(7'5(x))u(x)> |det J7.|dx

N /<<(A(1:)JTE($)IVu(x),JTs(x)lvu(I)>

+ M2 (u(z), 7.(x)) + 2 f(Tg(a:))u(x)> \detJ7.|dx

+ 5/9 (((JA(x)p + o(e)) Jr(2) ' Vu(z), J7(z) " Vu(z))) |det J7.|dz
= /Q (((A(x)Vu(z), Vu(z)) + M?(u(z), (2)) + 2f (1o(2) )u(z)) |det T . |da

- 2€/<A(ZE)VU(ZE),J(,DVU(JZ)>|detJT€|dl’+€/<JA(:L‘)QOVU, Vu)|detJ7.|dz.
Q
Q

Hence

dJ(u.)
de

= /g)((A(z)VU(x),VU(ZE» + M (u(z), ) + 2f (2)u(@))) Te(Jp)dx

e=0

—2/<AVU, Jchu)dx—i—/(JAchu?Vu)dx
Q
Q

+ /Q (<VxM2(u(x),x), @) +2(V f(z), @)u) dx

B /Q<<A<a:>w<x>, Vu(e) + M2(u(x), 2))) Tr(Jp)da

—2/Q<AVU, J@Vu)dx—i—/g(JAgoVu,V@dx

+ /Q (Vo M?*(u(z),z), @)dx — 2 /Q f(@){p, Vu)dz

= /Q div (((A(2)Vu(z), Vu(@))dz + M*(u,x)) ¢ — 2{p, Vu) AVu) dz.

Since u is a local minimum, then

dJ(u(z + ep(x)))
de
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that is u is a domain variation solution. Hence, for every ¢ € C}(Q,R") we

have:
dJ(u.)
de e=0
_ /Q (A@)Vu(z), Vu(z)) + M2(u(z), 7)) )diveds — 2 /Q (AVu, JoVu)dz

(JApVu, Vuydr + /

Q

+ (VM2 (u(z), 7). @)dz — 2 /Q F(@) (o, Vu)da

S~

Q
=0.

Now, let us consider now Q ={r € Q: u< —c}U{r e Q: u>d}U{x €
Q: —e < wu < 4§}, where £,6 > 0. Then, integrating by parts and denoting
Qes(u) ={reQ: —e<u<d} as well as

R.s:= / ((A(z)Vu(z), Vu(z)) + MQ(u(:c),x)))divgodx
Qs,é(u)
— 2/ (AVu, JoVu)dx +/ (JApVu, Vu)dx
QE,5(“) Qs,(s(u)

i /Qa,é(u)<va2<u<x>7 w1 = 2/Q f(@)(p, Vu)d,

5,5(”)

we get
0= —/ (V((A(2)Vu(z), Vu(z)) + M?(u(z), 2))), p)da
ON{u<—e}

+ / (A(2)Vu(z), Vu(z)) + M?*(u(x), ) {p, v)do

o{u<—e}
- /m{ >5}<V<(A($)VU(~’C)7VU(I)) + M2 (u(z), 7)), p)da
+/ (A(x)Vu(z), Vu(z)) + M*(u(z), 2)(p, v)do

{u>é}
- 2[20({ R (AVu, JoVu)dx

JAeVu, Vu)dx V. M*(u(x), z), ¢)dx

+/Qﬁ({u>6}u{u<—a})< v > +/Qﬁ({u>6}u{u<—a})< ( ( ) ) 90>

— 2/ f(x){p, Vu)dx + R, 5.
ON{u>stu{u<—e})

Thus, by recalling that u satisfies div(AVu) = f(z) in Q \ {u = 0} we get,
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denoting u™ := sup{u,0} and v~ := sup{—u, 0},

0 = lim (o, V) ((A(2)Vut, VuT) + M?)dS
20 Jo[—e<u}
+ lim (o, V) ((A(z)Vu~,Vu~) + M?*)dS
020 Jofu<s}
(4.4.2)
-2 (lim/ (o, V){A(z)Vu™, Vu®)dS
20 Jo{—e<u}
+ lim (o, V)(A(z)Vu~, Vu>d5> ,
020 Jofu<sy
because by hypothesis meas, ({u = 0}) = 0 so that lim. 5,0 R. 5 = 0.
Finally leads to
0 = lim (o, V) (M? — (A(2)Vu',Vu'))dS
€20 Jo{—e<u}
+ lim (o, V)(M? — (A(x)Vu~,Vu~))dS.
0=0 Jofu<s}
[
In conclusion, we have obtained, whenever meas,{u = 0} = 0, that
div(A(z)Vu) = f in QF(u) :={x € Q: u(z) > 0},

(

div(A(z)Vu) = f in Q(
(AVut, Vut) — (AVu~Vu~) = ¢*(z)A  on F(u) := Q" (u) N Q.

(4.4.3)

where A := A2 — A2 In the case of the Heisenberg group this reads as follows

(see Section for the details and further generalizations),

Agnu = f in O (u) :={x € Q: u(z) >0},
Agnu = f in Q (u) :==Int({x € Q: u(xz) <0}),

(Vinu™|? — [Vaau™|? = ¢*(x)A  on F(u) := 00T (u) N Q.
(4.4.4)

w) :=Int({z € Q: u(x) <0}),
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4.5 Some comments about the Heisenberg group

and Carnot groups

We compute (A(z)Vu, Vu) assuming that

Then
Xu
(AVu,Vu) = | Yu -Vu
2yg—;‘—2xg—z+4%(x2+y2)
o Ou ou ou ou\ Ou ou o, 5
ou ou
_ 2 _ s 2 _-
= (Xu)® —2yXu T + (Yu)* 4 22Yu e
ou ou\ Ou ou\ >
Q— — 20— | — + 4 — 2447 = (Xu)? + (Yu)?
+(y8x xay> 8t+ ((%) (* 4+ y°) = (Xu)* + (Yu)

= |VHIU|2 = <VH1 u, le U>H1 .
Notice that

div(A(z)Vu(z)) = X?u + Y?u = Agru = divn (Vi) = X (Xu) + Y (Yu).

It is possible to give another example for the Engel group. In this case we

have:

g @92@937

where

g1 =span{ X1, Xo}, g2 =span{X3}, g3 =span{Xy},

(X1, Xo] = X3, [ Xy, X3] = Xy,
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1
2y = (21 + Y1, To + Y2, T3 + Y3 — Y122, Tg + Ya + —yfﬁz — Y1T3).

2
Moreover,
17 0 17 07 —x2, —I3
0, 1 L, 0, —xg, —ax3 | |0, 1, 0, 0
—x9, 0 0, 1, 0, 0 —x9, 0, x%, ToT3
—3, 0 —X3, 07 ToX3, JZ?)’

In this case,
Ap = X7+ XJ.

We can generalize this remark. Indeed, see Section 1.5-(A3) in [9], it is well
known that every sublaplacian Ag = >, Z? on a group G can be written in

divergence form as

AG = le(A(ZE)V),

where

A=o(z)o" (v) (4.5.1)

and o is the n x n; matrix whose columns are given by the coefficients of the
vector fields Zy,...,Z,,.

We conclude that the two-phase problems for Carnot sublaplacians have

to satisfy, whenever measg({u = 0}) = 0, the following condition on the free

boundary
0=tim [ (o 0)(M?—|[Veu'[2)dS + lim / (0, ) (M2 — |V~ |2)dS,
e—0 6—0

{—e<u} {u<d}
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where |Vgul|? = >, (Z;u)?. Then

Agu = f, in QF(u) :={x € Q: u(zx) >0},

Agu = f, in Q (u) :=Int({z € Q: u(x) < 0})

[Veut|? — |Veu™ |? = ¢*(2) (A2 — A2) := q(z)A, on F(u) := 90" (u) N
(4.5.2)

where, whatever the function u is sufficiently smooth, it results:
Veul? = (A(2)Vu, Vu) = (6" Vu, o" Vu)gm

and

Veu(r) = o” (2)Vu(z) = > Zyu(z) Zy(x)

In the case of H', the functions like a(az + by)™ — B(ax + by)~, where
a’> +b >0, a,b € R are fixed, as well as a, 8 € R, a,8 > 0, satisfy the

two-phase homogeneous problem

Agu =0, in QF(u) :={x € Q: u(zx) >0},

Agiu =0, in Q (u) :=Int({z € Q: u(x) < 0})

Venu™? = [Veu™ [ = (¢ +0°)(o® - %), on F(u) := 97 (u) N
(4.5.3)

In this case the free boundary F(u) is the set {(x,y,t) € H' : az + by = 0}

that does not have characteristic points.

4.6 Nonlinear case: p(r)—Laplace operator

Now our attention is attracted by the functional

I = [ (aVula) + M 2) + pla) f(o)ulz) do.
Q
where
M(u,x) = q(x) (AL X{us0y + A= X{u<0})
and a i1s a function that we shall introduce in a while.

We define 7.(x) = x 4 ep(x) where p € C3°(£2, R™). Then, denoting by .
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the function such that u.(7.(x)) = u(x), we get

J(us) = / (a(IVus(9)], ) + M (uely),y) + p) f (9)ue(y) dy
- / (a(| Ve (72 ()], 7)) + M2 (e (), 7 ()
+ p(7()) f(7e(2))ue (1o (2))) |det S 7. |daz.

On the other hand, exploiting the notation of the case, described in
Section [4.4] we obtain

) = [ (all70a) Fulo)] o)) + M u(z). o)
+ Pl () F (7)) et T
= [ (aVuto) = e3eVuta) + o) (o) + MP(u(z). (o)

+ p(ra(z)) f(Ta(x))u(:E)> \det J7.|da.

In the case when a(b, c) = b9, denoting

Exo ) = [ (IVuP 4 32 (u.2) + pla)fw)ule))
Q
we get, from the Taylor expansion,

a(|Vu(z) — eJpVu(z) + o(e)], 7.(z)) = |[Vu(z) — e JpVu(z) + o(e)[P(=®)
= |Vu(z) — eJpVu(z) + 0(5)|P(x)+€<Vp(w)7so(z)>+o(a)
= |Vu(z) — eJpVu(z) + 0(5)|P(w)|vu(x) —eJoVu(z) + 0(6)|6<Vp(m)74p(;g)>+0(5)

which leads

a(|Vu(z) — eJoVu(x) + o(e)], 7-(x))
=(|Vu(z)]* = 2e(JpVu(r), Vu(r) + o(1)) + 0({5))@
X |Vu(x) — eJoVu(r) + 0(5)‘5<Vp(x)7<p(x)>+o(a)
- (IVu(x)|P(w) — ep(2)(JpVu(x), Vu(z)) | Vu(x)[P® =2 4+ o(c))
x exp{e({(Vp(z), o(z)) + o(1)) log(|Vu(z) — eJoVu(z) + o(e)])}
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— (IVu(@)P™) — ep(x)(JoVu(z), Va(@)) | Vu(@) P2 + of))
x exp (£((Vp(2), 9(x)) + o(1)) (log(|Vu(2)])
+ log (1 — e(JpVu(x), Vu(z)) + o(¢))) >>

that is

a(|Vu(x) — eJoVu(z) + o(e)|, 7-(x))
= (IVu(@)"™ = ep(x){(TpVu(z), Vu(@))|Vu(z)["#2 + ofe))
x (1+&(Vp(z), V() log [Vu(z)| + o(€)))
=|Vu(@)["® + & (|Vu(@) " (Vp(x), p(2)) log [Vu(z)]
— p(x)(JpVu(z), Vu(z)) [Vu(@)[PD72) + o(e).

As a consequence,

Enta) (1) = / (IVa(@) ) + = (1Vu(@) "2 (Tp(a), V(@) log [Vu(a)
— p(2){ T Vu(x), Tu())[Vu(@) 2) + ofe))
+ M2(u(x), 7=(2)) + (p(2) + £(Vpl2), ) + 0(€)) f(7=(x) () ) |det.] 7|,
so that
Ep(a) (Ue)
_ /Q (IVul)P) + M2(u(z), 2) + p(a) f()u()) (1 + £Te(Tp) + ofe) ) e
t+e / (IVu(@) P (Fp(), (@) log | Tu(x)|

— p(@)(JeVu(x), Vu(x))|Vu(@) P72 4 u(z)(Vp(z), >f(l’)>
1+ eTr(Jp) + o(e )dx
(

<1+€Tr Jo)+o(e )dx+0

2
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Thus it follows that

o) = Epy )+ ={ [ (IFu@)P + M2(u(a),2) + (o) (2)u(o) Te(T)da
Q

+ / (IVu(@)P(Fp(2), (@) log [Vu(@)| - p(x) (JoVu(z), Vu(e))| Vu(z))2

+ (Vp(a), @)u(a) f(2) + pla)u(@)(V f(2), @) + (VM (u(x), 2),9) )z} + ofe).

Thus, recalling that u is a minimum, we can conclude that

lim Ep(a) (ue) — gp(I)(“)
e—0 g

= 0.

Thus we deduce, recalling Tr(Jg) = div(y), that

0= /Q (!Vu(:v)\p(x) + M?*(u(x), x) +p(:c)f(a:)u(x)>div(go)dx
+/Q <|Vu(;p)‘p(z)<Vp(:E)a@(I))log|Vu(x)| — p(x)(JoVu(z), Vu(z))|Vu(z) P2

+(Vp(@), p)u(x) f(x) + pe)u(@)(V f(2), o) + (VM (u(x), z), w))dm,
(4.6.1)

that is also

0= /Q <’Vu(x)‘l7(x) + M2(u(x),x))div(<p)dx
+/Q <|Vu(x)|p(a:)<Vp(x), o(x)) log | Vu(z)| — p(z)(JoVu(z), Vu(z))|Vu(z)P@) 2

+ (VM (u(e), 7). ) — f(@)p(a)(Tu, ) ) do.
(4.6.2)

Hence, integrating by parts, recalling that div(|Vu|[P®=2Vu) = f in Q\
F(u), considering Q ={z € Q: u< —<ctU{zeQ: u>d}U{reQ: —<
u < 0}, where €,6 > 0, recalling that Q. 5(u) = {z € Q: —e <u < 4§} and,
denoting by

R.s:= /Q » <]Vu(x)]p(‘”)—|—M2(u(a:),:c))divg0— /Q p(2)(V JVu(z), Vu(z))

6,5(“)

wl(z)|P@) T N lo ulz 2 (). 2
# [ T, ) o @) + [ ()0,
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- / PRI )

we get

e—0
6—0

0= 1im { /a ) (1 = pa)IVu(@) P + M(uz), ) )dS
-/ oy L PN (VP + M u(0), ) )dS + Res .

This result that implies

e—0
6—0

0=1lim { / (n.0) (1~ p(@)| Vu(@)"® + M(u(z), z) ) dS
{u<—¢}
[ (- )| Vu@) P + A (ule) 2) s,
{u>d}
because we assumed that meas,{u = 0} = 0, so that lim._, 50 Re5 = 0.

As a consequence, the natural pointwise condition on the free boundary {u =
0} is

(p(z) = DIVu* @ — (p(x) — 1)|[Vu~ P9 = ¢(2) (A = A2).

Usually, previous condition is written as well as

X\

4@ (=P — (g
P — P = ¢ (a) S

where uf and w, denote the normal derivatives, computed considering n
pointing inside to Q% (u) and Q (u) respectively, at the points of the set {u =
0}, of course whenever this fact makes sense. In fact for every z € {u = 0},
and such that Vu(x) # 0, we have:

Vu(zx)

un(z) = (Vu(x), V(o))

) = [Vu(z)].
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In conclusion, the two phase problem can be formulated in viscosity sense as:

Apyu = f, in Q" (u) == {x € Q: u(zr) >0},

Apyu = f, in Q (u) :=Int({x € Q: u(x) < })

[Vt [P — [Vum P = ¢ (2) 55, on F(u) := 00" (u) N
(4.6. 3)

being A := A% — A2,

4.7 Conclusions

Starting from the condition on the free boundary that we have obtained, in
Carnot groups for the two phase problems, we ask ourselves if a comparison
result may work in this framework. Following the mentioned viscosity approach
introduced in [27,28,29.]30], the first thing to prove seems to be the existence
of a comparison result. From this point of view, it is natural to recall the
properties arising from the Hopf maximum principle. About this subject
in Carnot groups, we cite [§], for a detailed study, for a discussion in the
Heisenberg group, and [59] for a generalization to the Carnot groups. In fact
in [8], see Lemma 2.1, the authors remark that if a set (2 satisfies the inner
intrinsic ball property, namely if Fy € 0f) is such that there exists a Koranyi
ball B (Q) C Q, such that Py = dBY (Q) N dQ, u satisfies Agau(P) > 0 and
u(P) > u(P,) for every P € BE' (Py) N, then

oo T(Po) = 1Py = th)

t—0+ t

< 0,

9f(Po)
oh

< 0. In this order of ideas the right definition of a viscosity

where h denotes any exterior direction to 02 at Fy; moreover, in case if
exists, then of (PO
solution for 4.1.4 may be the following one.

Unfortunately, if the contact point between the set and the ball is realized
in a characteristic point, then g—fl = 0 at the characteristic points along all
the horizontal admissible directions h € HH", that is Vgnf = 0 at the
characteristic points.

We denote by v the intrinsic normal to F(v) at xy € F(v) and, as usual,
vl (x0) and v}, (xo) represent the horizontal derivatives with respect to the inner
intrinsic normal v to Q7 (v) and to Q7 (v) respectively.

We are in position to state the definition of solution of a two-phase free
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boundary problem in a simpler case like (4.1.4)) as follows:
Definition 4.7.1. We say that u € C(Q2) is a solution to (4.1.4) if:
(i) Agu = f in a viscosity sense in Q (u) and QO (u);

(11) let xy € F(u). For every function v € C(B.(xy)), € > 0 such that v €
C?*(B*+(v))NC?*(B~(v)), being B := B.(xq) and F(v) € C?, if v touches
u from below (resp. above) at xy € F(v), and xq is not characteristic for

F(v), then
(v (20))" = (v, (20))* <1 (resp. (v (20))” = (v, (w0))* = 1).

Moreover, the following notion of strict comparison subsolution (superso-
lution) plays a fundamental role, at least in the Euclidean setting, see [27,28].

Here below we state it in the framework of Carnot groups.

Definition 4.7.2. We say that a function v € C(QQ) is a strict comparison

subsolution (supersolution) to if: v e C*Q+(v)) NC*OQ (v)) and
(i) Agv > f (resp. Agv < f) in a viscosity sense in Q1 (v) U Q™ (v);

(i1) for every xo € F(v), if x¢ is not characteristic for F(v), then
(v (20))" = (v, (20))* > 1 (resp. (v, (20))” = (v, (w0))* < L.

As a consequence, we obtain the following result.

Theorem 4.7.3. No strict viscosity subsolution v of can touch a
solution w from below at no point in F(u) N F(v) that is noncharacteristic
for F(v). Analogously, no strict comparison supersolution v of can
touch a viscosity solution u from above at points belonging to F(u) N F(v) that

are noncharacteristic for F(v).

Proof. 1t follows by the definitions of solution and strict sub/supersolution in

G. ]

Corollary 4.7.4. Let v and u be respectively a strict subsolution and a solution
of in G. If v < win Q and F(v) is a noncharacteristic set then v < u
in §Q.

Let w and u be respectively a strict supersolution and a solution of

in G. If w > w in Q and F(w) is a noncharacteristic set, then w > u in €.
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Proof. Suppose that strict subsolution of (4.1.2)) such that v < u. Then such

point z can not be inside QO (u) U Q™ (u) because, on the contrary, from
Agv — Agu > f(z) — f(z) =0

in Q% (u) UQ (u) and v — u realizing a maximum at xy we would introduce
a contradiction with the maximum principle. Then this contact point xy €
F(u) N F(v), and, by the definition of strict subsolution, this fact can not
happen. O

As a consequence there might exist solutions u, v of such that v < u,
u Z v but u, v might touch in a characteristic point zq € F(u) N F(v).
In fact it is well known that a Hopf maximum principle in the Heisenberg
group formulated simply substituting to the normal derivative at a boundary
point the intrinsic (horizontal) normal derivative fails, since they may exist
characteristic points on a C! surface. For instance, sets with genus 0 (without
holes) having smooth boundary have always characteristic points belonging
to the boundary. As a consequence, there can not exist solutions of
satisfying flux condition pointwise on the free boundary, when F(u) is the
boundary of a set of genus 0.

Here we give some examples of solutions in H!. Let u be a solution of
a two phase problem in a set A C R? satisfying the same condition
|[VuT|?> — |[Vu~|> = 1 (in the Euclidean setting) on F(u) := AN JA(u). Then
u(x,u,t) = u(z,y) is a solution of in the cylinder Q = A X (a,b), when
G = H.

In the case of the p(z)—Laplace operator characteristic points do not exist.
So that the definition of solution of the simpler problem , in the viscosity
sense, is the following one, keeping in mind that we denote by n the normal to
F(v) at xy € F(v) and, by v, (z0) and v, (x¢) we denote the normal derivatives

with respect to the inner normal n to Q" (v) and to Q7 (v) respectively.
Definition 4.7.5. Let u € C(Q2). We say that u is a solution to (4.1.5)) if:
(i) Ap@yu = f in a viscosity sense in Q*(u) and Q~ (u);

(i1) for every xo € F(u) and for every function v € C(B:(xq)), € > 0 such

that v € C*(B*+(v)) N C*(B~(v)), being B := B.(zo) and F(v) € C* and
Vo(xg) # 0,
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if v touches u from below (resp. above) at xy € F(v), then
(v (20))* = (v5 (20))* < 1 (resp.  (vy (20))” — (v, (z0))* = 1).

In this case, even if we consider only non-degenerate points where Vo # 0
on F(u), the Hopf maximum principle holds in the classical sense, so that, we

introduce the following strict comparison notion of subsolution/supersolution.

Definition 4.7.6. v € C(2) is a strict comparison subsolution (supersolution)

to (4.1.5) if: v e C*(QF(v)) N C*(Q(v)) and
(i) Dp@yv > f (resp. Dp@yv < f) in a viscosity sense in Q7 (v) U Q™ (v);

(i1) for every xo € F(v), if Vu(zg) # 0, then

(v (20))" = (v, (20))* > 1 (resp. (v, (20))” = (v, (w0))* < L.

As a consequence we obtain the following result.

Theorem 4.7.7. No strict viscosity subsolution v of (4.1.5) can touch a
solution u from below. Analogously, no strict comparison supersolution v of

(4.1.5) can touch a viscosily solution u from above.

Proof. The proof immediately follows applying the definitions (4.7.5)), (4.7.6)),

because of inner maximum principle and via the Hopf maximum principle
since, in the last case, the gradient on that contact boundary points can not

be 0. O
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