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Abstract

In this thesis, the main topic is the study of some free boundary problems,
more precisely the investigation of regularity issues in degenerate elliptic and
parabolic ones. Specifically, three different problems are treated. The first
one is the one-phase Stefan problem, for which the regularity of flat free
boundaries is dealt with by relying on perturbation arguments leading to
a linearization of the problem. This approach is inspired by the elliptic
counterpart. The second problem concerns the question of the existence of
an Alt-Caffarelli-Friedman monotonicity formula in the Heisenberg group.
Following the ideas exploited in the Euclidean setting, a necessary condition
about the existence of such tool in that noncommutative setting is found.
The last problem faced is related to almost minimizers of the p-Laplacian.
In particular, the optimal Lipschitz continuity of almost minimizers, for p
greater or equal than 2, is proved as well as the regularity of the free boundary

is studied.
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Introduction

In this thesis, the main topic is the study of some free boundary problems,
more precisely the investigation of regularity issues in degenerate elliptic and
parabolic ones.

A free boundary problem is a problem that involves some partial differential
equations satisfied in some sense by functions which have to fulfill certain
conditions on unknown domains determined by the functions themselves.
Hence, these domains are a priori unknown and depend on the problem. The
boundaries of such unknown domains, inside the set on which the problem is
stated, determine the so-called free boundary of the solution. We will come
back later on the precise notion of free boundary, which depends on the prob-
lem under consideration. In general, in this kind of problems, we are not only
interested in the regularity of the solutions, but also in the study of the free
boundary properties. Actually, one of the main mathematical challenges is
exactly to understand the regularity of the free boundary.

Free boundary problems naturally arise in several fields, such as physics,
industry, biology, finance and other areas. In general, in these applied prob-
lems, there is a qualitative change of a medium and thus an appearance
of a phase transition, for instance ice to water, liquid to crystal, buying to
selling (assets), active to inactive (biology), blue to red (coloring games),
disorganized to organized (self-organizing criticality), see [1] for some of such
examples. Let us consider a typical free boundary problem given by a block
of melting ice. In this case, the free boundary is the moving interphase sepa-

rating the ice and the water, the PDE controlling the process is given by the



heat equation and its solution is the temperature distribution. Specifically,
this problem is in the class of Stefan problems, see Chapter 1.

An important feature of such kind of problems is the distinction between
one-phase and two-phase free boundary problems. This characterization de-
pends on whether the solutions of the problem we are looking for are non-
negative or sign-changing. We call positive phase the set where the solution
is positive and in case of a two-phase problem, we call negative phase the set
where the solution is negative as well. An example of a one-phase problem

is the classical one-phase elliptic Bernoulli free boundary problem

Au=0 in Q" (u) ={reQ: ulx) >0},

(0.1)
Vu| =1 on F(u) :=0Q"(u) N,
where () is a bounded domain in R™. The two-phase form is instead
Au=0 in QF(u) ={r € Q: u(xz) > 0},
Au=0 in Q (u) = Int({z € Q: u(zx) <0}), (0.2)

IVu™ > —|Vu|? =1 on F(u) = 0Q"(u) N1,

with u = sup{w, 0} and u™ := sup{—w, 0}. In (0.1) and (0.2), F'(u) denotes
the free boundary of w, while Q% (u) and Q~ (u) its positive and negative
phase respectively.

Some free boundary problems can be written as variational inequalities, for
which the solution is obtained by minimizing a constrained energy functional,
see [50], [15] and [71] for an introduction. Specific examples can be found
in (2], and also in Chapter 3 for a free boundary problem involving almost
minimizers.

Among the free boundary problems in a variational formulation, a canonical

example is the classical obstacle problem, whose formulation is the following:

1
minimize 3 / |Vv|>dr  among all functions v > ¢,
Q

given a smooth function ¢ (the “obstacle”), under the further boundary

conditions V| = 95 where ¢ is a datum. Here, €2 is a bounded domain in



iii

R"™. In R?, we can think of the solution v as a “membrane” which is elastic and
constrained to be above . The Euler-Lagrange equation of the minimization

problem defining the obstacle problem is

v>@ in €
Av <0 inQ, (0.3)
Av =0 in the set {v > p},

together with the boundary conditions V| = 9- Alternatively, we may take

u = v — ¢ and the problem (0.3) is equivalent to

u>0 in 2,
Au = f in the set {u > 0},

where f := —Ap (classically defined since ¢ is smooth). In particular, such

solution u can be found minimizing
1
/ <§\Vu|2 + fu) dxr among all functions u > 0.
Q

In other words, we can make the obstacle just zero, by adding a right-hand
side f. Coherently, the minimization is now subject to the boundary condi-
tions ul,, = g, with g == g — .

At this point, the natural question could be: why is the obstacle problem a
free boundary problem? Looking at (0.4), we point out that the condition
Au = f is required to be satisfied in the set {u > 0}, whose boundary is
unknown, since it depends on the solution w itself. This is exactly the pe-
culiarity of free boundary problems, as stressed in the initial definition. The
set 'y == 0{u > 0} N 2 is the free boundary of u. Specifically, the obstacle
problem is one of the most motivating examples in the study of free boundary
problems.

Variational inequalities can also be used to define a weak notion of solution
to free boundary problems. As often happens in PDEs, even in free bound-

ary problems, a classical notion of solution is not sufficient for a complete



investigation, for instance in facing the question of the existence. So, one
or more weak notions are needed. Concerning free boundary problems, the
weak notion of viscosity solution has turned out to be very suitable, thanks
to its flexibility. For this purpose, we want to mention the classical contribu-
tion of Luis A. Caffarelli, who introduced an original geometric approach to
the study of the free boundary regularity, exploiting this notion of solution.
Specifically, the use of viscosity solutions was one of the most innovative el-
ements of his work.

The previously mentioned Caffarelli’s approach turned out to be fundamen-
tal to develop the study of free boundary regularity as a research trend in
free boundary problems, and more generally in the field of partial differential
equations. Precisely, he proved in his pioneer work [11] that Lipschitz free
boundaries for problems like (2.2) are C, while in [13] he showed that “flat”
free boundaries are Lipschitz. The key step of the method in [11, 13] consists
in finding a family of comparison subsolutions using supconvolutions on balls
of variable radii. To provide a complete bibliography on Caffarelli’s contri-
bution, we mention [12] and [15] as well. As pointed out before, his work was
a key breakthrough for the comprehension of the free boundary regularity.
Indeed, in the homogeneous case as for [11, 13|, regularity results in the spirit
of [11, 13] were subsequently proved for more general operators. In partic-
ular, in [80, 81] Wang considered concave fully nonlinear uniformly elliptic
operators of the form F(D?u). Moreover, [11] was extended by Feldman in
[35, 36] to a class on nonconcave fully nonlinear uniformly elliptic operators
of the type F'(D*u, Du) and to certain nonisotropic problems. For operators
with variable coefficients, we recall the work of Cerutti, Ferrari, Salsa, see
[18], and Ferrari, Salsa, see [40, 41]. In addition, Ferrari and then Argiolas,
Ferrari in [37, 3] dealt with a class of fully nonlinear operators of the form
F(D?u, r) with Holder dependence on x. Concerning higher regularity of the
free boundary, instead, it follows from the classical work of Kinderlehrer and
Nirenberg [59].

More recently, the viscosity theory has been also used by D. De Silva in [26] to



improve Caffarelli’s approach to obtain the C'Y® regularity of flat free bound-
aries for problems in the class of the one-phase nonhomogeneous Bernoulli
problem
Au=f in By N{u> 0}, 0.5)
|IVu|=1 on F(u) = B; N o{u > 0},
where B; denotes the open ball of radius 1 and center at 0 in R™. More
generally, B,(xy) denotes the open ball of radius r and center at xy in R".
For the sake of simplicity, we denote B, = B,.(0). We refer to Chapter 1 for
the discussion of her approach and its importance in the investigation of the
free boundary regularity.

To conclude this introduction, we point out that the one-phase problem in

the parabolic setting may take the form

w=Au  in (2 x (0,T)) N{u > 0},
u; = |[Vul? on (2 x (0,7]) No{u > 0},

where Q C R", u : Q x [0,T] = R, u > 0. We remark that here the free
boundary 0{u > 0} involves the time as well, so that the complexity of the
problem increases. We will study in details this problem in Chapter 1.

The thesis is organized as follows. In Chapter 1, we study the regularity of
flat free boundaries for the one-phase Stefan problem based on perturbation
arguments leading to a linearization of the problem, taking inspiration from
the elliptic counterpart developed by De Silva in [26]. In the following chap-
ter, we investigate the existence of an Alt-Caffarelli-Friedman monotonicity
formula, see [2], in the Heisenberg group H!. Lastly, in Chapter 3 we deal
with the extension of the results in [30] to a generalization of the classical

one-phase (Bernoulli) energy functional to each p > 1.






Chapter 1

Free boundary regularity in the

one-phase Stefan problem

This chapter focuses on [28], which I have written together with D. De
Silva and O. Savin. Here, we study the regularity of flat free boundaries for

the one-phase Stefan problem

u = Au in (2 x (0,7]) N{u > 0},
u; = |[Vul? on (2 x (0,7]) No{u > 0},

(1.1)

with Q CR™, u: Q x[0,7] - R, u > 0.

1.1 Some generalities of the Stefan problem

In this section, we provide some generalities about the Stefan problem,
mentioning a bit of the literature on it.
The Stefan problem is one of the most classical and important free bound-
ary problems. It dates back to the 19th century and its name precisely to
around 1890, when the physicist Josef Stefan introduced the general class of
such problems in a series of four papers relating the freezing of the ground
and the formation of sea ice, see [73] for a comprehensive description of the

history of the Stefan problem. The importance of this problem lies in the fact

1



1. Free boundary regularity in the one-phase Stefan problem

that it has a physical motivation. Precisely, the Stefan problem describes the
phase transition between solids and liquids, such as the melting of the ice (or
the solidification of the water), see for example [49] and again [73]. In par-
ticular, the one-phase form (1.1) is based on an assumption that one of the
material phases may be neglected. Typically, this is achieved by assuming
that such a phase is everywhere at the phase change temperature and hence
any variation from this temperature leads to a change of phase. As a conse-
quence, we can just focus on the behavior of the other phase. In the setting
of the melting of the ice, u represents the temperature of the water, the re-
gion {u = 0} the unmelted region of ice and the free boundary d{u > 0} the
moving interphase separating the ice and the water. Furthermore, the water
satisfies the heat equation and the condition u; = [Vu|* on 0{u > 0} is the
law of conservation of energy, which defines the position of the interphase.

Here, % is the speed of d{u > 0}, at ¢ fixed, in the direction —v, with

V= |§—Z\-

The main object of interest in the one-phase Stefan problem (1.1) is the be-
havior of the free boundary 0{u > 0}.

In problems of this type, free boundaries may not regularize instantaneously.
A two dimensional example in which a Lipschitz free boundary for (1.1)
preserves corners can be found for instance in [15], together with a three di-
mensional one in the more general setting of the two-phase Stefan problem.
For this reason, exactly in such framework of the two-phase Stefan problem,
Athanasopoulos, Caffarelli, and Salsa studied the regularizing properties of
the free boundary under reasonable assumptions. Specifically, in [4] they
showed that Lipschitz free boundaries in space-time become smooth pro-
vided a nondegeneracy condition holds, while in [5] the same conclusion was
established for sufficiently “flat” free boundaries. The techniques were based
on the original work of Caffarelli in the elliptic case we recalled in Introduc-

tion, see [11] and [13]. For the sake of completeness, we provide the two-phase



1.2 A recent approach for the free boundary regularity in the
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formulation of the Stefan problem:

/

up = Au in (2 x (0,7]) N{u > 0},
u = Au in (2 x (0,7]) N{u < 0}°,
uy _ (1.2)
ﬁ:Wuﬂ—\Vu | on (2 x (0,7]) No{u > 0},
|Vu;—| — |Vt — [Vu| on (Qx (0,T]) Nd{u > 0},
2 C R"™. Here, IVuE*I and Wu;:,' both represent the speed of the interphase

introduced before. The form (1.2) describes the physical scenario in which
both the two phases can not be neglected and have non-constant zero tem-
perature.

About the one-phase Stefan problem, we mention, at this level, the contri-
bution given by S. Choi and I. C. Kim, who showed in [19] that solutions
regularize instantaneously if the initial free boundary is locally Lipschitz with

bounded Lipschitz constant and the initial data has subquadratic growth.

1.2 A recent approach for the free boundary
regularity in the one-phase Stefan prob-

lem

In this section, we introduce the contents of [28], which we expose in de-
tails in the remaining of the chapter. The approach in [28] relies on pertur-
bation arguments leading to a linearization of the problem. This is inspired
by the elliptic counterpart developed by De Silva in [26]. There, the author
improves Caffarelli’s approach to obtain the C** regularity of flat free bound-
aries for problems in the class of the one-phase nonhomogeneous Bernoulli
problem (0.5). Precisely, the strategy in [26] consists of showing that the
graph of a solution u in this class of problems satisfies an “improvement of
flatness” property and then iterating it to achieve the O regularity. As
stressed in the introduction of the thesis, De Silva in [26] exploits the the-



1. Free boundary regularity in the one-phase Stefan problem

ory of viscosity solutions. Before focusing on the flexibility of De Silva’s
approach, we give an idea of the notion of viscosity solution, roughly saying
what is a viscosity solution to (0.5). In this regard, a viscosity solution to
(0.5) is essentially a nonnegative continuous function such that its graph can
not be touched by above (resp. below) at a point, locally, by the graph of a
classical strict supersolution to (0.5) (resp. subsolution). Here, by a classical
strict supersolution to (0.5) we mean a sufficiently smooth function which
solves (0.5) with < instead of = . Similarly, we can define a classical strict
subsolution. Moreover, given two continuous functions wu, ¢, intuitively we
say that ¢ touches u from below (resp. above) at a point if the graph of
¢ touches the graph of u at such a point and it is below (resp. above) the
graph of u in a neighborhood of that point.

As previously anticipated, the techniques in [26] have come out to be very
flexible and have been widely generalized to a variety of free boundary prob-
lems, including two-phase nonhomogeneous problems, “thin” free boundary
problems and minimization problems (see for example [27], [29], [25]), for
which regularity results have not been proved using classical Caffarelli’s ap-
proach yet. As a consequence, it is important to understand how these tech-
niques could be applied in the context of time dependent problems. This has
been exactly the motivation with which De Silva, Savin and I have started
investigating the regularity of flat free boundaries for (1.1), taking inspira-
tion by [26]. At this level, we want to point out that the methods developed
in [28] are suitable to further extensions as well.

Looking now into the details of [28], the result is basically equivalent to the
previously mentioned flatness result in [5]. Specifically, the main theorem
roughly states that a solution to the Stefan problem in a ball of size A in
space-time which is of size A and has a “flat free boundary” in space, must
have smooth free boundary in the interior provided that a necessary nonde-
generacy condition holds. The nondegeneracy condition for u requires that u
is bounded below by a small multiple of A at some point in the domain at dis-

tance A from the free boundary. Precisely, we assume that v : 2x[0,7] — R*



1.2 A recent approach for the free boundary regularity in the
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solves (1.1) in the viscosity sense. This means that u is continuous and its
graph cannot be touched by above (resp. below) at a point (xg,t) in a
parabolic cylinder B,(z¢) X (to — 72, to], by the graph of a classical strict
supersolution ¢ (resp. subsolution). By a classical strict supersolution we
mean that p(z,t) € C?, V,p # 0, and it solves

pr>A0p  in (2% (0,T]) N {p > 0},
0 > |Vl on (Qx (0,7]) N d{p > 0}.

(1.3)

Similarly we can define a strict classical subsolution.
Throughout the chapter, given a space-time function, V, A, and D? are
computed with respect to the space variable x.

The rigorous statement of the main theorem is as follows.

Theorem 1.1. Fiz a constant K (large) and let u be a solution to the one-
phase Stefan problem (1.1) in By x [—K~'X,0] for some A < 1. Assume
that

lu| < KA, u(zo,t) > K '\ for some x € Bs,.

There ezists €y depending only on K and n such that if, for eacht, 9,{u > 0}
is €o-flat in By, then the free boundary 0{u > 0} (and u up to the free
boundary) is smooth in By x [—(2K)~'\,0].

Here we use the notation 0,{u > 0} to denote the boundary in R" of
{u(-,t) > 0)}, with ¢ fixed. By 0,{u > 0} is ep-flat in B, we understand
that, for each ¢, 0,{u > 0} N B, is trapped in a strip of width eyA (the region
between two parallel hyperplanes at distance egA from each other), and u = 0
on one side of this strip while v > 0 on the other side.

The assumption that u is of size A in a domain of size A around the free
boundary is natural, since this eventually holds for all classical solutions by
choosing A small. We point out that in Theorem 1.1 the behavior of the
solution depends strongly on the value of A. If we scale the domain to unit

size and keep the function u of size 1, then the rescaled function

1
(x,t) Xu()\x,)\t), (x,t) € By X [—K‘l,O],
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solves a Stefan problem with possibly large diffusion coefficient A~*

)\ut = Au in (Bl X (—K_I,O]) N {u > 0},
u; = |[Vul? on (B x (=K~1,0]) N d{u > 0}.

(1.4)

Theorem 1.1 states that nondegenerate solutions of size 1 of (1.4) which
have €y- flat free boundaries in By are smooth up to the free boundary. We
remark that €y is independent of A, which means that we need to obtain
uniform estimates in A for the oscillation of the free boundaries of solutions
of (1.4). The results in [28] show that the free boundary has a uniform C**
bound in space. On the other hand, the estimates for u in the set where
it is positive depend on the parameter A\. The strategy is to approximate u
with a family of explicit functions [,; which in the direction perpendicular
to the free boundary depend on A while on the tangential directions to the
free boundary are independent of the parameter \.

Formally as A — 07, a solution u to (1.4) solves the Hele-Shaw equation.
Estimates for this problem by similar methods as those developed in [28§]
were obtained by H. Chang-Lara and N. Guillen in [CG].

To prove main Theorem 1.1, we show that if a solution wu satisfies the
hypotheses of Theorem 1.1 then, after a convenient dilation, the flatness
assumption can be extended to the whole function u instead of just the free

boundary. Then Theorem 1.1 is a consequence of the following result.

Theorem 1.2. Fix a constant K (large) and let u be a solution to the one-
phase Stefan problem (1.1) in Bay X [—2X,0] for some X < 1. Assume that
0 € 0{u > 0}, and

an(t) (zn —0(t) — e N <u < an(t) (z, —bt) +a ),

with
K'<a, <K, lal (t)] < A2, V(t) = —an(t),

for some small €, depending only on K and n. Then in By x [—\, 0] the free

boundary O{u > 0} is a CY graph in the x, direction.
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The assumption that ¥ = —a,(t) means that the approximating linear

*, satisfy the free boundary condition, while

functions in z, a,(t)(x, — b(t))
lal (t)] < A72 respects the parabolic scaling of the interior equation and
represents that a, can change at most o(1) in a time interval of length o(\?).

We remark that it suffices to prove Theorem 1.2 under the more relaxed
hypotheses

A< and |, (t)] < oA, (1.5)

with Ao, ¢g small depending on K, n. We end up in this setting by working
in balls of size 7\ with 7 sufficiently small, and then relabel 7A by A and
e17 ! by €.

Theorem 1.2 applies, for example, when u is a perturbation of order o(1)A

of a traveling wave solution
(e%mnta™t _ 1)F, K'<a<K.

In this case we choose a,(t) = a, b(t) = —at, and consider A < A\ small so
that the difference between the approximating linear part a,(t)(z, — b(t))
and the exact solution above is less than %61)\ in B,.

The proof of Theorem 1.2 is based on linearization techniques. The lin-
earized equation in our setting has the form of an oblique derivative parabolic
problem

vy = tr(A(t)D*v) in {z, > 0},
vy =7(t) - Vo on {x, = 0},

(1.6)

with A(t) uniformly elliptic and 7, > 0. An important task in our anal-
ysis is to develop Schauder-type estimates for equation (1.6) with respect
to an appropriate distance d, and to capture both features of the mixed
parabolic/hyperbolic scaling.

The remaining of the chapter is organized as follows. In the next section,
we show that Theorem 1.1 can be deduced from Theorem 1.2. In Section 1.4,
we use a Hodograph transform to obtain an equivalent quasilinear parabolic
equation with oblique derivative boundary condition. In the following sec-

tion, we state an improvement of flatness result Proposition 1.9 for solutions
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of such nonlinear problem, then we show how this implies Theorem 1.2. The
proof of Proposition 1.9 is presented in Section 1.6, and it relies on various
Holder estimates (with respect to the appropriate distance) for solutions to
the linearized problem associated to the nonlinear problem. Sections 1.7 and
1.8 are devoted to the proofs of such Holder estimates, while Section 1.9 fo-
cuses on the one dimensional linear problem, which plays an essential role.
The last section contains some general technical results on solutions to the

linear problem.

1.3 From flat free boundaries to flat solutions

In this section, we show that Theorem 1.1 can be reduced to Theorem
1.2.

We assume that the function u satisfies the €p-flatness hypothesis of the
free boundary from Theorem 1.1 for some A < 1, and that (0,0) is a free
boundary point. Precisely, by d,{u > 0} is ep-flat in By we understand that,

for each ¢, there exists a direction v such that
O {u(-,t) >0} N By C {|{x — zo,v)| < €A},
and

u=0 in {{x —zg,v) < —€A},

u>0 in {{r —x0,v) > A}

First, we show that in a smaller domain B, x [-nA, 0] the whole graph
of u is nP- flat, for some small 3, provided that ey < ¢(n, K). Then, in this
domain the hypotheses of Theorem 1.2 are satisfied by choosing 7 sufficiently
small.

We work with the parabolic rescaling of the function u which is defined

in By x [—(K\)™',0] and keeps the function u of unit size:

(1.1) %u()\x)\?t), (2.1) € By x [—(K),0].
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By abuse of notation we denote this rescaling by u, and then u solves a Stefan

problem with possibly small speed coefficient A,

u = Au in (By X (—(KXA)™1,0]) n{u> 0}, w7
we = AVl on (Br x (—(KA\)~,0]) N d{u > 0}. '

We prove the following main lemma. Universal constants only depend
on n, K. As usual, in the body of the proofs, constants denoted by C' may

change from line to line.
Lemma 1.3. Assume that u solves (1.7),
lu| < K, u(zo,t) > K1 for some x € Bss,
0 € 0, {u(-,0) > 0}, and O {u(-,t) > 0} is ey-flat in By.
Then for all small n > 0 we have
a, (1) (xn —b(t) — 771+6)Jr < u < ay(t) (xn —b(t) + 771+6)Jr n an[—)\_ln, 0],
with B =1/20 and for ¢,C > 0 universal,

c<a,(t) <O, |d, () <n?2 V()= —=Xa,(t), b0) =0,

provided that ¢y < c¢(n, K).

When we rescale the conclusion back to the original coordinates, we
obtain that the hypotheses of Theorem 1.2 are satisfied in the cylinder
By X [=nA, 0] with ¢, = n”.

We start by proving a result about the location of the free boundary in

time.

Lemma 1.4. Assume u solves (1.7) in By x [-K ', 1] and that 0 <u < K.
If u(z,0) = 0 in By, then

u(z,t) < C(lz| — 1T, if te€[—(2K)™,0], (1.8)

and
u(z,t) =0 if x| <1—=CA te]0,1], (1.9)

with C' > 0 universal.



10

1. Free boundary regularity in the one-phase Stefan problem

Proof. Since the support of u is increasing with time we deduce that v = 0 in
By for all t € [-K~',0]. Then, in the annular domain (Bs\ By) x [-K 0],
by the comparison principle, u is less than a multiple of the solution to the
heat equation which equals 0 on dB; x (=K% 0], and 1 on the remaining
part of the parabolic boundary. This, together with the boundary regularity
of such solution, implies the estimate (1.8).

Now, for times ¢ € [0, 1] we compare u with
w(z,t) = Co g(|z| —r(t)), r(t) =1—CoAt,

with ¢g a 1D function such that g(s) = 0 if s <0, and for positive s is defined
by the ODE

g"(s) +2ng'(s) =0, g¢(0)=0, ¢'(0)=1.

Notice that ¢’ € [0, 1].

We may assume that r(t) > 1/2, otherwise the conclusion (1.9) is trivial
(say for C' > 2C)).

The constant Cy is chosen large such that w > u at time t = 0 (by (1.8))
and also on 0By x [0, 1]. We check that w is a supersolution to (1.7); indeed
in {w > 0} we have (recall r(t) > 1/2),

-1
w; = CiAg' >0, Aw = Cy (g" + n’_‘g,) <0,
T
and on 0{w > 0}
w; = \C3 = \|Vw|>.
In conclusion, u < w which gives the desired conclusion (1.9). O

Now, we turn to the proof of Lemma 1.3.

Proof of Lemma 1.3. We assume that u satisfies (1.7) in By x [—(K\)™1, 0],
and 0,{u > 0} is ¢-flat in B;. Suppose that (0,0) € O{u > 0} and then,

after a rotation,

u(z,0) > 0if x, > €, and u(z,0) = 0 if x,, < —¢p.



1.3 From flat free boundaries to flat solutions

From (1.8) in Lemma 1.4 (applied to balls tangent to {z, = —¢y}) we find
that u < C(x, + €)t in Byjs x [—(2K)71,0].
We define

u, = —u(rz, 7°), with 7> 6(1]/2,
T

and, if 7 € [¢)/%, ], then
u, < C(x, +7)7 in By x [—2,0]. (1.10)

Notice that u, satisfies (1.7) with 7 instead of \. We apply (1.9) of Lemma
1.4 for u, and obtain that (since (0,0) € d{u, > 0}),

Oz{ur > 0} N By, intersects {x, < CAt}, forallt € [-1,0]. (1.11)

Moreover, 9,{u, > 0} is 7~ '¢o-flat in By, which combined with (1.11) implies
that

o{u, > 0} N (Byje x [—1,0]) is included in {z, < C(AT+ 7 1e)}. (1.12)

In (By2N{x, > C7}) x [-1,0] we compare u, with the solution w to the
heat equation which equals 0 on {z, = C7}, and equals u, on the remaining

part of the parabolic boundary. Notice that by (1.12), since 7 > e(l)/ 2

, Uy >0
on {z, = C7}. From (1.10) we find |u, — w| < C7, and the boundary

regularity of w gives
ur — ax,| < Cp** 4+ Cr < 20> in By, x [—p?, 0], (1.13)

for some constant a < C, provided that we choose T = p*/? with p small, to
be made precise later.

We claim that the nondegeneracy assumption u(zg,t) > K~ for some
Ty € Bsjy implies that a > c. For this we use (1.12) which, in terms of
the function u, implies that d,{u(-,t) > 0}, at all times t = —7% < —¢,
intersects the x,, axis at distance at most C'(A|t| + ¢) from the origin. As
for (1.12), using that 0,{u > 0} is ¢-flat in By, we obtain that u(z,t) > 0
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if z,, > Ceg + CAJt| in Byjo. Now we can use the nondegeneracy condition

with a Hopf-type lemma for the heat equation and obtain
u>c(x, —Cleg+ Alt]))T in By x[—(4K)™, 0],

for some ¢ > 0 that depends only on n and K. We use this inequality at time
t = 0 in (1.13) and conclude a > ¢ since 7p > 272 > 2¢;. We can restate
(1.13) as

(az, — Cp'*3)" < u < (az, + Cn'*5)t in By, x [—1% 0],

with n == 7p = p°/2.
Similarly, by looking at the points (b(t)e,,t) where the free boundary

intersects the x,, axis, we obtain that
b(t)] < C(A[t] +€0) < Con if ¢ € [=A71n,0],

and in the domain Byg,, X [t — n?,t] we have
(a(t) (x—b(t)e,) — C’ng)Jr <wu(z,s) < (a(t) (x —Db(t)e,) + C'ng)Jr
with ¢ < |a(t)] < C. The flatness assumption of the free boundary in By
implies
ja(t) = an(t)en| < Cn,

so we may replace a(t) - (x — b(t)e,) above by a,(t)(z, — b(t)).

The bounds on u above imply that a,(t) can vary at most Cn'/° in an
interval of length n?. We can regularize a,(t) by averaging over such intervals
(convolving with a mollifier) and the bounds for u still hold after changing the
value of the constant C. Hence for all ¢t € [-A"1n, 0], we can find a,(t) € R

such that
6\t 6\t
an(t) (xn —b(t) — 0775) < u < an(t) <$n —b(t) + ong) (1.14)
in Bycy, X [t — 0%, t] with

c<an(t) <C, ()] <Cns? [b(1)] < Con. (1.15)
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It remains to show that we can modify b slightly so that it satisfies the ODE

b = —\a,. Precisely, we let
V(t) = —Xan(t), b(0) =0,
and we show that
b(t) — b(t)] < Cp**? if te[-A"'p0], B =1/10. (1.16)

For this we perturb the family of evolving planes a,,(t)(x, — b(t))" into a

subsolution /supersolution. Let
d(t) = b(t) + CinAt,
with C large, to be specified later. We claim that
b(t) > d(t) — 2n* P, (1.17)
For this we define the function
vi= (1= Con’) an(t) ((z — d(t)ea))™,

with
h(z) =z, — "' (|2'|* — 2na),

and check that it is a subsolution to our problem (1.7) in the domain

Q= |J  Bayld(t)en) x {1}.

te[=A"1n,0]

Notice that in a ball of radius 2,
h<Cn, |Vhl=1+00"), (1.18)
and the constant Cy = Cy(n) is chosen depending only on n such that
v < ap(t)(z, —d(t))", (1.19)

with equality at d(t)e,, and moreover, when x € 0By, (d(t)e,) N{v(x,t) > 0},

the difference between the two functions above is greater than n'*”.
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Next, we check that v is a strict subsolution. In the interior {v > 0},
using (1.15), (1.18), the definition of b, we have (for 7 small)

lve| < Clal|n+ C|d| < Cp~/>, Av > ent >y,
and on the free boundary (C” depending only on Cy, n),
v =1~ Con)an(~d )by,  |[VU? 2 (1= C"7)a;.
Since
hy =14+ 00", (=d)a, = Aa — Ciha,n”,

we can choose C) large such that v, < A\|[Vvl?.
It
b(to) < d(to) — 2n*** for some ty € [—=A"1n, 0],

then by (1.14) and (1.19) we find that v < u at time t = ¢; in By, (d(to)e,)
N{v > 0}. On the other hand v = u at the origin (0,0). This means that as
we increase ¢ from t, to 0, the graph of v(-,t) in By, (d(t)e,) N {v > 0} will

touch by below the graph of u for a first time ¢, and the contact must be an
interior point to By, (d(t)e,) due to the properties (1.14),(1.19) of v and v (in
particular the difference between a,,(t) (z,, —d(t))* and v is greater than n**#
on 0By, (d(t)e,)). This contact point is either on the free boundary d{v > 0}
or on the positivity set {v > 0}, and we reach a contradiction since v is a

strict subsolution. The claim (1.17) is proved, hence

!

b(t) > b(t) — O™ if  te[-A"In,0]

The opposite inequality is obtained similarly and the claim (1.16) holds.
Then from (1.14) we deduce that for all < ¢ small

~ A T ~ N T
an(®) (w0 = B(t) =) < < an(t) (o — b(E) +0)
in B, x [-A"!n,0] with 8/ = 1/20 and

n

c<an(t) < C, a, ()] <nPTE V() = =dan(t), b0)=0.
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1.4 The Nonlinear problem

In this section, we use a standard Hodograph transform to reduce our
Stefan problem (1.1) to an equivalent nonlinear problem with fixed boundary
and oblique derivative boundary condition (see (1.23)).

Here and henceforth, for n > 2, given r > 0 we set
QT = (_T7 T)na Q:‘r = QT N {ITL Z 0}7 QT(‘TO) = X9 + QT7

Cr = (Q:{x, > 0})x(—r,0], F,={(z,t)] v €@ -Nn{x, =0}, te(—r0]}.

Also, by parabolic cylinders we mean

Pr(l’o,to) = Qr(l’0> X (t[) — T2,t0].

1.4.1 The Hodograph transform

As mentioned above, we use a Hodograph transform to reduce the Stefan
problem (1.1) to one with fixed boundary. Precisely, we view the graph of u
in Rn+2

D= {(z,2p11,1)] Tpy1 =uw(w1,29,...,20,1)}

as the graph of a possibly multi-valued function u with respect to the z,

direction
= {<x>$n+l>t)‘ Tp = ﬂ(l’l,l'g, s 7$n—17$n+17t)}-

We use (y1,-..,Yn) to denote the coordinates (x1, s, ..., Tp_1,Tnr1). Then,
if Du and Du denote at some point on the graph I" the gradients with respect
to the first n entries of v and u, we find
1 U
Du:—T(ﬂl,...,ﬂn_l,—l), Ut:——t
Unp, Unp,
1
D*u = —— (A(Du))" D*u A(Da),
Uy,
where A(Du) is a square matrix which agrees with the identity matrix except

on the nth row where the entries are given by the right hand side of Du above.
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The Stefan problem (1.1) in terms of @ can be written abstractly as the
following quasilinear parabolic equation with oblique derivative boundary

condition:

uy = tr(A(Vu) D*u) in {y, > 0},
u = g(Vu) on {yn = 0},

with A(p) symmetric, positive definite as long as p, # 0, and g,(p) > 0.

(1.20)

The free boundary of u is given by the graph of the trace of @ on {y,, = 0}.
Our goal becomes to show that @ is Cb* with respect to the ¢/, ¢ variables.
Let us assume that u satisfies the hypotheses of Theorem 1.2 (it is now more
convenient to work in cubes rather than in balls). Below we denote by ¢, C'

various constants depending on K and n. From the flatness assumption
lu—an(t)(z, —b(t))"| < Cearh  in Qxx[=A,0] (1.21)
and 0 € 9{u > 0} implies |b(0)| < Ce; A which together with |b'| < CX gives
b(O)] < Cler + [E)A.

Thus, if (x,t) € Q\ X [—cA, 0], then (for €; possibly smaller), |b(t)] < /2
and by (1.21) the domain of definition of @ at time ¢ contains Q7 for ¢ small
enough. We conclude that @ is well-defined in Q; x [=A,0], with A == ¢\,
c; sufficiently small.

Moreover, the graph of @ in this set is closed in R™"*? (since it is obtained
as a rigid motion from the graph of u) and it satisfies equation (1.20) in the

viscosity sense, see Definition 1.6 below.

Remark 1.5. We observe that u is single-valued in the region y,, > Cej\,
and possibly multi-valued near y, = 0. Indeed, similarly as above, if ¢
€ [to — A%, to + A\?], then using the bound for |#'| and (1.5) for |d/|,

la(t) = alto)] < co,  [b(t) = b(ty)] < CN*,
hence, if \g, ¢g are smaller than ¢; then

|U - an<t0)($n — b(t0>)+| S 061)\ in Q)\ X [to — )\2, to -+ )\2], (122)
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with [b(to)] < A/2. By applying interior gradient estimates in parabolic
cylinders included in {u > 0} we find from (1.22) that if

(xo,tg) with xy € @\, to> —c\ isin the region Cerh < u(xg,tg) < cA
then
|Vu(zo, to) — an(to)en] < (2K)7.

Finally, the main hypotheses of Theorem 1.2 can be written in terms of

u as

|ﬂ - (an<t>yn + B(t)>| < C1615\ n Q:{ X [_5‘70]a
V(t) =g(@n(t)en), K '<a,<K,

Our purpose in this paper is to prove an improvement of flatness result
for solutions of the nonlinear equation (1.20) as above, provided that e;, Ay,
¢, are chosen small depending on n and K (see Proposition 1.9 in the next

section). Then Theorem 1.2 can be obtained by iterating such statement.

1.4.2 Assumptions on the nonlinear problem.

We consider solutions to the following problem (for simplicity of notation

we drop the bars in our formulation, and we use z rather than y),

u; = F(Vu, D*u) in Cj,
u = g(Vu) on F).

(1.23)

We assume that F is linear in D?u, that is F(Vu, D*u) = tr(A(Vu)D?u)
and g, > 0.
We start by stating precisely the notion of viscosity solution, which can

be easily adapted to multi-valued functions u whose graphs are compact sets
of R**2,

Definition 1.6. We say that a continuous function u : Cy — R is a viscosity

subsolution to (1.23) if its graph cannot be touched by above at points in



18

1. Free boundary regularity in the one-phase Stefan problem

C\ U F,y (locally, in parabolic cylinders) by graphs of strict C* supersolutions
@ of (1.23), i.e.

> F(V, D? in Cy,
O (V, D?p) A (1.24)

pr > g(Ve) on Fi.
Similarly we can define viscosity supersolutions and viscosity solutions to
(1.23).
We define now a class of linear in x functions that we use throughout this

paper to express the flatness condition.

Definition 1.7. We denote by l,(z,t) functions which for each fixed ¢ are
linear in the x variable, and whose coefficients in the 2’ variable are indepen-
dent of ¢, and also so that I, satisfies the boundary condition in (1.23) on

{z,, = 0}. More precisely,
lap(z,t) = a(t) -+ b(t),

with
a(t) = (alv s 7an—17an(t))7 a; € R, 1= 1, N 17

and

Our main result is to show that if  is a viscosity solution of (1.23) which
is possibly multi-valued near {z, = 0} and is well approximated by [,; in a
cylinder Cy, i.e.
|lu—1lap] <eX in Cy,

then in a smaller cylinder C., it can be approximated by another function
l; 5 with an error €; = e that improved by a C1@ gcaling.

Before formulating this result rigorously in the next section, we state here
the precise hypotheses on F' and g. We assume that F(p, M) is uniformly
elliptic in M for each fixed slope p € R™ with p, > 0 and the ellipticity
constants could degenerate as p, — 07 or |p| — oo. Precisely, for any given

constant K large there exists A large depending on K such that

Al > Dy F(p, M) > A1, if peRg, (1.25)
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with
Rix =BxkN{p, > K '} c R (1.26)
We choose K sufficiently large such that when p is restricted to the set above

we also have

(D F| < AM|, - lgller <A, ga > AT (1.27)

From now on we assume that the constants K and A have been fixed
such that (1.25)-(1.27) hold. In fact, for notational simplicity, by possibly
choosing K larger, we can assume that (1.25)-(1.27) hold with A = K. We
consider the situation when u is well approximated in Cy by a function [,
as above with slopes a(t) belonging to the region R.

We suppose in addition that u satisfies the Harnack inequality from scale
A to scale oA where o is a small parameter. We denote this property for u

as property H (o) which is defined in the following way.
Definition 1.8. Given a positive constant o small, we say that
u has property H (o) in Cy
if u (possibly multi-valued) satisfies the following version of interior Harnack
inequality in parabolic cylinders of size r € [0, \].
Let [ denote a linear function

l(x) =a-x+Db, with a €R", beR, |a] <K.

If
w>1 in Quxo) X [t — 17 to + 1] C Gy,
with » > o\, and
(u—1)(zo,t0) > p, for some p >0,

then

1
u—1 Z R in QT/2<$0) X |:t0 + §T27t0 + 7”2:| )

for some constant xk depending on n and K (but independent of o).
Similarly, if u < [ we require these inequalities to hold for [ — u instead

of u—1.
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Property H(o) for all o > 0 is a consequence of the parabolic Harnack
inequality in the case when w is a viscosity solution of (1.23), and in addition
we know that Vu € Rg. However, we will show below that property H(o)
for some o small, is satisfied for solutions u which are well approximated by

functions [,;, and are graphical with respect to the e,, direction.

1.5 The iterative statement

In this section, we state the main improvement of flatness result Propo-
sition 1.9, and we show how Theorem 1.2 can be deduced from it. We also
describe the strategy of the proof of Proposition 1.9, and its connection to
the corresponding linearized problem (1.34).

The improvement of flatness statement reads as follows (we use the no-
tation from Subsection 3.2). The rest of the paper will be devoted to its

proof.

Proposition 1.9 (Improvement of flatness). Fiz K > 0 large, and assume
F.g satisfy (1.25)-(1.27). Assume that u is a viscosity solution to (1.23)
possibly multi-valued, which satisfies property H (el/ %) and

[u —lop] <X inCy, with V() = g(a(t)), (1.28)

a(t) € Ri, |, (t)] < dex?,

and
e<e, A<, AZJde

Then there exists I such that
u—logl 574 inCo  H(R) = glalt),

with 5
a(t) —a(] < Ce, a0 < SN

Here the constants €y, Ao, 0, 7 > 0 small and C large depend only on n, and
K.
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For the remainder of the section constants depending only on n and K

are called universal, and denoted by ¢;, C;.

Remark 1.10. We apply the proposition above to the hodograph transform
of a solution to the original Stefan problem, hence in our case u is graphical
with respect to the e,, direction. Then (1.28) already implies our hypothesis
that

u satisfies property H(e'/?) in C.

Indeed, if t € [tg — A\, to + A?], then using the bounds for |a'|, |V],
la(t) —a(to)] < de,  [b(t) — blto)| < CN* < Cde,
hence
la(to) -z + b(te) — lap| < CdeX in QF x [to — N, to + M. (1.29)

This shows that u is well approximated in each parabolic cylinder of size A

by a linear function which is constant in ¢,
lu— (a(ty) -z +b(tg))] < 2eX in QF x [to — A%, to + N7, (1.30)

with C' > a,(ty) > c. Since the graph of u coincides with the graph (in the
e, direction) of a solution to the heat equation, we can use the standard
Harnack inequality for the heat equation and find that u satisfies property
H(Ce) in Cy (as we used interior regularity in Remark 1.5). Thus u satisfies
property H(e'/2) by choosing €, smaller if necessary.

This argument shows that if u is graphical with respect to the e,, direction,

then it is single-valued away from a O(e\) neighborhood of {x,, = 0}.

We now show that Proposition 1.9 implies Theorem 1.2, and the remain-

der of the paper will be devoted to prove Proposition 1.9.

Proof of Theorem 1.2. As discussed in Subsection 1.4.1, Theorem 1.2 is
equivalent to obtaining C'' estimates on {x,, = 0} for the hodograph trans-

form. After relabeling constants if necessary, the hodograph transform does
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satisfy the hypotheses of Proposition 1.9 with € = €5, A < min{deg, Ao},
ao(t) = (0,0,...,0,(ao)n(t)) € Ris2- Now Proposition 1.9 can be applied
indefinitely in the cylinders Cy,, Ay = A%, with € = ¢; = ¢,27% = C(\)\¢.
The hypothesis that ax(t) € R is satisfied (by choosing €y smaller if neces-

sary) since

ax(t) — ax—1(t)| < Cep, ao(t) € Ry,

from which we also deduce that
lag(t) — Vu(0,t)] < Cey. (1.31)

Hence

|u - lak7bk| S ek)\k S C()\) /\]16-"-04 in C)\k,

for all £ > 0, and from (1.30) (applied for A\;) and (1.31) we deduce that
|Vu(0,t) — Vu(0, s)| < C(\)|t — s[*/2,
which gives
la(t) — ap(s)| < CIX? it t,s € =X, 0).

Using that b}, = g(ax) we lastly obtain

1+3

lu — (ag(0) -z + b, (0)t + br(0))] < C(N)A, in Cy,,

which is the desired conclusion. O

1.5.1 Strategy of the proof of the improvement of flat-

ness.

We briefly explain the strategy of the proof of Proposition 1.9. The main

idea is to linearize the equation near I, ;. Define w(x,t) the rescaled error by

uw(x,t) = lop(z,t) + eAw (;, ;) ,  (z,t) € Cy. (1.32)
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Then w is defined in C;, possibly multi-valued near {z,, = 0}, and satisfies
by hypothesis
”U)’ < 1 in Cla

and

Aal (A)z, + U/ (M) + ewy(z,t) = F (a(Xt) + eVw, £D*w) in Cy,
(1.33)
V(M) + ew, = g(a(Mt) + eVw) on Fi.

We show that w is well approximated by a solution to the linear equation

I and the second

obtained formally by multiplying the first equation by Ae™
by €' and then letting € — 0, § — 0. Using |a/| < deA™, and Ade ' <5 — 0
we obtain

vy = tr(Ax(t)D*v) in Cy,

vy = Ya(t) - Vo on Fi,

(1.34)

with
AN(t) = Ala(A)),  n(t) = Vg(a(rr)).
Using that A, g € C*(Rk), and that |a/| < A™2 we find

@<L A S AT

The next sections are devoted to the study of the linear problem (1.34), and
to obtain estimates which are uniform with respect to A\. To this aim, we

introduce a distance d between points (z,t) € R

d((x,1), (y,5))
=min{|e’ — o/ + |2 =yl + =512 o =y + o] + [yal + |t = 5[}

which is consistent with the scaling of the equation, so that d is equivalent
with the standard Euclidean distance on the hyperplane z, = 0 and with
the standard parabolic distance far away from this hyperplane. The various
Holder estimates in the next section are written with respect to this distance

d, or after a dilation of factor A™! with respect to the rescaled distance d,.
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In particular, this allows us to show that solutions v to the linear problem
enjoy an improvement of flatness property in cylinders C,x, which can be
transferred further to the solutions of the nonlinear problem (1.33).

The relation between solutions w to (1.33) and v to (1.34) is made precise
in the next proposition. It states that w satisfies essentially a comparison
principle with C? subsolutions/supersolutions v of (1.34) which have bounded

derivatives and second derivatives in x.

Proposition 1.11 (Comparison principle). Let v € C%(Q) with Q C C
satisfy
[Vol, [D*] < M,

for some large constant M and

vy < tr(Ax(t)D?*v) — C§  in Q,

B (1.35)
vy < () - Vo—20 on F1 N,

with Ax(t), yA(t) as above.
Then v is a subsolution to (1.33), as long as C' is sufficiently large, uni-

versal, and € < e1(6, M'). In particular, if

v<w on I\ {t=0}U{z, =0}

then
v<w in K.

Similarly, we have the same result for supersolutions by replacing < by

> and the — signs in (1.35) by +.

Proof. 1t is straightforward to show that (1.35) implies the corresponding
inequalities for v (in place of w) in (1.33). We need to use the hypotheses of
Proposition 1.9 and that

Alla|lzee + [0 e < C, [A(a(At) + V) — Aa(At))] < CeM,

lg(a(Mt) + eVv) — g(a(\t)) — eVg(a(At)) - Vo| < Ce2 M.
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As a consequence, we obtain that if the rescaled error w is close to a C?
solution v of (1.34) on the Dirichlet boundary of a domain 2 C C; then v

and w remain close to each other in the whole domain 2.

Corollary 1.12. Let w be a solution to (1.33) and v € C? be a solution of
(1.34) in a domain Q C Cy, with

V|, |D*] < M.

If e < e€1(0, M) and

lv—w| <o on I\ ({t=0}U{x,=0})

then
lv—w| <o+ C6d in Q.

Proof. This follows immediately by applying Proposition 1.11 to
v+ (Co(x2 —t —2) — o).
O

We apply Proposition 1.11 and Corollary 1.12 to functions v for which
M is large, universal. In order to apply Corollary 1.12 we need to show that
w can be well approximated near the boundary of C,/; by a solution v to
(1.34) with bounded second derivatives in x. We prove that w has essentially
a Holder modulus of continuity (as 6 — 0) with respect to the distance d,
induced by d, and then we let v be the solution to the Dirichlet problem
(1.34) in Cy/» with boundary data which is sufficiently close to w.

We conclude this section by stating a version of interior Harnack inequal-
ity for w with respect to constants, which is an immediate consequence of
property H(€'/?) of u in Cy, see Definition 1.8.

As in (1.29), the error between [,; and a linear function independent of
t in a time-interval of size (Ar)? is CdeAr?. Then Definition 1.8 implies the

following property for u — l,.
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If for some constant w
u—(w+lep) >0 in Qx(xo) X [to — (Ar)% to + (Ar)?] C Cy,
with r € [¢¥/2,1], and
(u — (W + lap)) (w0, to) > per, for some p > Cr?,
then
u— (Wt lap) > gﬂﬁ)\ in - Qra/2(z0) X |to + %(/\T)Qato + (Ar)?],

with & the universal constant from Definition 1.8. In terms of w this can be

written as follows.

Interior Harnack inequality for w. If

w>w in Qp(x) X [to — AP to + M?] C Cy,

1/2

with w a constant, » > ¢/°, and

w(xg,ty) > w +p, for some p > Cor?,

then

A
w>w+ g,u in Qr2(xo) X |to + 57’2,250 + 2. (1.36)

1.6 The linearized problem

In this section, we state various estimates for the linear problem (1.34)
which are uniform in the parameter A < 1 and we use them to prove the
main result Proposition 1.9. We start with introducing the distance d, with

respect to which such estimates are obtained.
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1.6.1 Definition of the distances d, d), and the family
of balls B,, B,,.

We define the following distance in R**!

d((z,1), (y,5))
= min{|a’ — | + o =yl + 18— 812 |2 =y ] + gl + = sl

which interpolates between the parabolic distance and the standard one de-
pending on how far points are from {z,, = 0}. It is not too difficult to check
that d satisfies the triangle inequality.

For r <1 and points (y, s) with y,, € [0, 1], we define the family of “balls”
of center (y,s) and radius 7, which are backwards in time and restricted to

{x, > 0}, and which are consistent with the distance induced by d:

BT(yv S) = Qr(?]) X (S - 7”2,8), if r < |yn|7
B.(y,s) = Qf (y) x (s —r,s), if 1>7 > |yl

where we recall that

Qr(y) ={z eR" |z —wysl <}, Q7 (y) = Qr(y) N{zn = 0}.

Notice that

(z,1) € Bar(y, ) \ B (y,s) = d((x,1), (y,5)) ~ 7

A function v : U — R, with U C €y, is Holder with respect to the distance
d if

[Wles = sup |u(z,t) —v(y,s)| d((z,t), (y,5))"" < .
(@,1)7#(y,s)

Equivalently, v € C¢(U) if and only if there exists M such that V(z,t) € U

osc v < Mr® in B.(z,t)NU.
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Rescaling. Assume A\ < 1 and we perform a dilation of factor A=! which

maps Q7 into Q7. We use hyperbolic scaling for the rescaled distance dy of
A 1

d

1

d\((2,1), (y,5)) = d(A(z, 1), Aly, 5))

= min{|t' — /| + wn — yal + X2t = s|V2, |2" — | + [wal + [yal + |t = 5]}

The corresponding family of balls induced by dy denoted by B, , is obtained
by dilating of a factor A~! the sizes of the balls B, above and then relabeling
A~1r by r. We find

By (y,s) = Q.(y) x (s — A%, s), if 7 < |ynl,
By (y,s) = QF (y) x (s —r,s), if AT > > |y,

and notice that B, ,(y,s) = B,(y, s) if y, = 0.
As above a function v is Holder with respect to the distance dy in U and
write v € Cg (U) if there exists M such that

osc v < Mr® in By.(x,t)NU.

1.6.2 Estimates.

Having introduced the distance dy, we are now ready to state the esti-

mates for the linear problem

vy = tr(A(t)D?*v) in Cy,

(1.37)
vy =7(t) - Vo on Fi,
with
K'I < A(t) < KI, K'<v,<K, v < K
AE(0,1,  JAMI<AT, WOl

for some large constant K. Here constants depending on n and K are called
universal.

We start with an interior regularity result (see Definition 1.7 of I,).
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Proposition 1.13 (Interior estimates). Let v be a viscosity solution to (1.37)
such that ||v||p=~ < 1. Then

|Vo|, |D*v| <C in Cijo,
and for each p < 1/2, there ewists I, such that
v — L5l < Cp'te in C,,

with

with o, C' universal.

In terms of the Dirichlet problem for (1.37), we define the Dirichlet bound-

ary of Cy as
OpCy = 0C: N ({t = =1} U{z, = 1} U {Joi| = 1}).

Notice that dpC; is different from the standard parabolic boundary since

the points on F; are also excluded.

Proposition 1.14 (The Dirichlet problem). Let ¢ be a continuous function
on OpCy. Then there exists a unique classical solution v € C*1(Cy) N C°(Cy)
to the Dirichlet problem (1.37) with v = ¢ on dpCy. Moreover,

Vo, |D21)| < Clo)||vllpe in CY :={dr((z,t),0pC1) > o},

and if ¢ is C' with respect to the distance dy, then v is also C* up to the

boundary and
[vllog < Cllglles

with C(o), C universal constants (independent of X).

Here

HUHC(}1 = ||UHL°° + sup ‘U(ﬂj’,t) - U(ya 8)|d)\((l',t), (ya S)>_a'
A (2,1)7#(y,s)
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The proofs of Propositions 1.13 and 1.14 are based on a Harnack inequal-
ity for solutions to (1.37), which we provide in the next section. The Harnack
inequality holds for more general equations of the same type with measurable
coefficients. It applies also for solutions w to the nonlinear problem (1.33)

2

up to scale €'/2. To state it, we recall the definition of the maximal Pucci

operators
ME(N) = max tr AN, Mg(N)=  min tr AN.
K-1I<A<KI K-1I<A<KI
(1.38)
Theorem 1.15 (Hélder continuity). Let v be a viscosity solution to
ME(D%*v) > My > My (D) in Cy,

K, — Kvf — K|Vyv| > v > Kot — Kv, — K|Vav| on Fy.
(1.39)
Then v is locally Holder continuous in Cy /o with respect to the metric induced
by dy, that is

HUHC%(Cl/z) < CHUHLOO(CI)'

Moreover, if v is continuous up to the boundary and v = ¢ on JpCy with

¢ € CF then v € CF up to the boundary and
[olleg. < Clidle
The constants o and C depend only on n and K.

Proposition 1.16 (Harnack inequality for w). Assume that u satisfies the

hypotheses of Proposition 1.9 and w is defined as in (1.32). Then
0OsC w S O’f‘a, \V/(Zto,to) € Cl/g, r Z C(5>€1/2,

provided that 6 < ¢ universal.
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1.6.3 Proof of Proposition 1.9.
Using the results above we can complete the proof of Proposition 1.9.

Proof of Proposition 1.9. We divide the proof in two steps.

Step 1. We prove that there exists a solution v to (1.34) which approxi-

mates w well in Cy /9, that is
v —w| < C6 in Cy,

provided that € < € (9).
Indeed, by Proposition 1.16 we know that there exists a function ¢ defined
in Cy /2 such that
w—d| <6 [dlley <C. (1.40)

Let v be the solution to (1.34) in Cy/» with v = ¢ on OpCi 2, which exists in

view of Proposition 1.14 and satisfies,

0]

cg < C. (1.41)

Then, if d\((x,t),0pC1/2) < §'/%, there exists (y, s) on OpCi /2 so that (using
(1.41) and (1.40)),

v(z,t) — oy, s)| < Co,  |w(z,t) — oy, s)| < C4,
thus,
v —w| < C§ on  CijoN{dr((x,t),0pCis) < 6V} (1.42)
In particular
lv—w| <C5 on IpQ, Q= Cipn{dy((z,t),0pCin) > 5.
On the other hand, by Proposition 1.14,
|Vol, |D?*v] < C(6) in Q.
Thus, using Corollary 1.12,

lv—w| <C§ in Q
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which gives the desired claim.

Step 2. Applying Proposition 1.13, to the solution v above, we find that
lw—1l5 < Cp™*+C6 in C,,

and
V(t)=m(t)-a, la,| <Cp* A1 a| <C,

with () = Vg(a(At)). We choose p = 7 small, universal, and

so that 0 < ¢ the constant from Proposition 1.16, and
1 : =/ 1 —2y—-1
lw — 55 < 77 i C, a, | < 15 T AT

In terms of the original function wu, this inequality implies

t t t
u — (lmb + E)‘l&,I_J (;, X)) ‘ = e\ |w (;, X) — laj) (;7 X) ‘ S 27')\ in CT)\.

Set
a(t) = alt) + ca G) Bt) = bt) + A G) ,
then
U=l < 77X i Con,
and

’gL’ <§ 1+L < €0
)2 472 ) = 2(TN)?

Finally, we define b by the ODE

and then we have

b = b +elf (;) = g(a(t))+eVyg(a(t))-a (X) = g(a(t))+0(e?) = '+ 0(é?).
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If t € [-7A,0] then
G -b)(1)] < Celt] < ra,

which implies the desired conclusion
u—lpl < 5O7) i Co

and @, b satisfy the required bounds. O

1.7 Harnack inequality

In this section, we prove Theorem 1.15 and Proposition 1.16. The key
ingredient is to establish a diminishing of oscillation property. As usual,

universal constants depend on n, K.

Proposition 1.17. Assume that v is a viscosity solution of (1.39) and 0
<v<1imCi. Then

oscv <1—g¢,
Ci/2

with ¢ > 0 universal.

In order to prove Proposition 1.17 we start with a lemma. Let €2 be a

smooth domain in R", n > 2, such that
73+/4 cQcC Qi/s,
and call
T = {x, =0} N Q34 C ON.

Define (') a standard bump function supported on Qf /s and equal 1 on
Q' j (here the prime denotes cubes in R"1). Let ¢ satisfy (see (1.38) for the

definition of the Pucci operator),
M (D?*¢) =0 in Q,
¢p=0 ondQ\T, ¢=n onT,

and notice that 0 < ¢ <1, ¢ > c on QT/Z, and by Hopf lemma ¢, > 0 on
{z, =0} N {¢ = 0}. The following lemma holds.
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Lemma 1.18. Let v > 0 satisfy

ME(D*0) > My > Mg (D?*v)  in Cy,

(1.43)
v > K 'vh — Kv, — K|Vv|  on Fi,
in the viscosity sense. If for some ty € (—1,0],
U(fL’,to) > 50 ¢(x) n QT? 50 > 07
then
v(w,t) > s(t) ¢(x) in QF x [to, 0],
with
s'(t) = —Cos(t), s(to) = so, Cy large universal.
Moreover, if so < co with ¢y small universal, and
1 1

then
U(l’, to + )\) > (80 + Co)\)¢($)

Proof. For the first part of the claim, since v > 0, it suffices to show that

with our choice of s,
w(z,t) = s(t)¢(x),
is a subsolution to (1.43) in 2 x [to, 0], that is
Awy < My (D*w) in Q x (to,0],
w, < K'w! — Kw, — K|Vyw| on {z, =0}N(Q x (t,0]).

The interior equation is immediately satisfied since ' < 0 and s > 0. On
{z,, = 0}, we need to show that

Co+ K¢y — Ko, — K|V >0,

for some large C'. By Hopf lemma ¢, > 0 on {¢ = 0} N {z,, = 0} and

moreover |V, ¢| = 0, thus

K'¢f — K¢, — K|Vpo| =K '¢,>0 on {¢=0}n{x, =0}
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The same holds in a neighborhood of this set by continuity, and then we can
choose C' sufficiently large so that the desired inequality holds.

For the second part, denote for simplicity

A
tiizto—l-lz, Z:L...,4.

We define
D={zxeQ| d(z,00)>c} C,

with ¢ small universal such that there exists a C? function @) > 0 defined in
Q\ D satistying
M (D*)) >4 in Q\D,

and
=0, |[Vy|>1 onodQ, <1 ondD.

An example of such a function is given by ¢ = d + Cd? with C sufficiently

large, where d is the distance function to 0. In view of (1.44)

1
v (ﬁen,tl) 2 1/2

Thus, we can use Harnack inequality (after rescaling) to conclude that
v>2¢; on D X [tg, 4], (1.45)
for some small ¢;. We claim that at time ¢ = t3,
v(z,t3) > s(tz)p+cyp in Q\ D. (1.46)

For this we compare v in (2 \ D) X [tg, 3] with

q(z,t) == s(t3)p + c1 (¢ + ttg__t;;) :

The inequality ¢ < v holds on the boundary of the domain. Indeed (recall
that s is decreasing), on 0D

q(x,t) < s(tz)p+c1 < so+ ¢ < 2¢ <,
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where in the last inequality we used (1.45), and on 092 or at t = {5 we have
q < s(t3)p <.

It remains to check that ¢ is a subsolution for the interior equation. In-
deed,
Mgy = 4ep < o M (D) < My (D?q),

where we used that M (Ny) + Mg (Ny) < M (N1 + Ns), and claim (1.46)
is proved.

Next, in the domain (2\ D) X [t3,t4] we compare v with the subsolution

2(z,1) = (s(ts) + co(t = 13))0(x) + 1y (),

with ¢y sufficiently small.
The inequality v > z is satisfied at time ¢ = t3 by (1.46), and on 0D we
have

Z§80+02+01§261§U,

while on 992\ {z,, = 0} we have z = 0 < v. We check that z is a subsolution

of our problem. For the interior inequality we have
A2y = e\ < ¢y < ¢ M (D*)) < M (D?2).
For the boundary condition, on {z,, = 0} we get
2= o < g < K Y, (1.47)

where in the second inequality we have used that ¢, > 1 on 0Q N {z, = 0}.

Moreover, since ¢,, > —C on IQ2N{x, = 0}, we get (for sq, co small enough),

Zp 2 — (So + Czé) C+ay, > 1/%
and lastly (|[V.| =0 on {z, = 0})
K|Vo2] < (s0+ 7 ) KIVard] < K .
Together with (1.47), this gives
=0 <cy <K'z, — K|Vyz| on{z,=0}.

In conclusion, at time t = ¢4 we have v > 2z in Q\ D and v > 2¢; in D which

gives the desired claim by choosing ¢, sufficiently small. O]
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Remark 1.19. In the proof above we only used the subsolution property for

v

ME(D?*) > My, (1.48)

in order to extend the inequality (1.44) from one point to (1.45) by apply-
ing the interior parabolic Harnack inequality. Alternately, it is sufficient to
assume that the Harnack inequality holds for v only in a neighborhood of D
and not necessarily up to {z,, = 0}.

The rest of the proof is based on comparing v with the explicit C? sub-
solutions w, ¢ and z which all have bounded second derivatives in the =z
variable. Thus the hypothesis that v is a viscosity supersolution of (1.43)
can be slightly relaxed, and require instead, that v only satisfies the compar-

ison principle with respect to the explicit barriers above.

Remark 1.20. The hypothesis (1.48) can be removed completely if instead of

(1.44) we assume a measure estimate

ot oo 3D s o2

Then, the inequality (1.45) follows directly from the supersolution property

for v and the weak Harnack inequality (see for example [79]).

We are now ready to prove Proposition 1.17.

Proof of Proposition 1.17. Assume that 0 < v < 1, and for half of the

values of
tp = —1+ kA, so that ¢, €[-1,-1/2), k=0,1,2,...,

we have
1 1
v <§en,tk + /\/4> > 3 (1.49)

We apply Lemma 1.18 repeatedly to the sequence of times t; and obtain

v(w,ty) > spd, s = s(ty), so = 0,
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with ¢ given in Lemma 1.18, and
Sky1 > Sk + CoA if (1.49) holds and s; < ¢,

or
Skr1 > Sk(1 — CoA)  otherwise.
Now it follows that s, > ¢y for the last value of & so that ¢, < —1/2, for

c1 appropriately chosen depending on ¢q, Cy. Then we apply the first part of

Lemma 1.18 to obtain
v(x,t) >¢cp forallt > —1/2,

which gives the desired conclusion, since ¢ > ¢ on Qi/z- O]

The same arguments show that a similar statement to that of Proposition
1.17 holds for a solution w of (1.33) defined in (1.32). Below is the key lemma
which connects the linear and nonlinear problem and allows us to reduce our

analysis mostly to the linear case.

Lemma 1.21. Assume that u satisfies the hypotheses of Proposition 1.9 and
let w be defined as in (1.32), with —1 < w < 1. Then

osc w < 2(1 —¢),

Ci/2

with ¢ universal, provided that § < ¢ and € < €(0).

Proof. We may assume as above that w(e,/2,t, + A/4) > 0 for more than
half the values of k, and then show that w separates from the lower constraint

—1. For this we apply the same argument as above to the function
w=w+1+Co2+t—2122) >0,
for which the relaxed hypotheses of Remark 1.19 hold. Indeed, by (1.36),
w satisfies the required Harnack inequality (1.44) = (1.45) and, by Propo-
sition 1.11, it satisfies the comparison with the explicit barriers of Lemma
1.18.
We remark that we have only used that u has property H(c¢”) in Cy for

some ¢” small, universal. ]
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Before we proceed with the proofs of Theorem 1.15 and Proposition 1.16
we provide a boundary version of the diminishing of oscillation Proposition
1.17.

Lemma 1.22. Assume that U is a space-time domain obtained by the inter-

section of n + 1 half spaces in the x1, ..., x,_1, x, and t variables,
U= (_00721) X (—00’22) X e X (—OO,Zn) % (—Zn+1,OO) C IRnJrl7

with z; € [0, 1].
Assume that v > 0 satisfies

Aoy > My (D?0) inC NU,
v > Kt — Kv, — K|Vyv| on FiNU, (1.50)
v > i on OU NC;.

If min z; < %, then
v>c mCypnU, ¢ universal.

Proof. This follows easily from Lemma 1.18. Indeed, we work with the trun-
cation ¥ := min{v, 1} extended by 1 in C; \ U. Then © is a supersolution for
our problem in C;.

If 2,11 < 1, then we can apply directly the first part of Lemma 1.18
for v for some ty close to —1 and for sy universal, and obtain the desired
conclusion.

On the other hand, if 2,1, = 1, then z; < g for some 7 < n hence for each

time ¢t € [—1,0] we find

Now the conclusion follows as before, see Remark 1.19. O]

We are now ready to prove Theorem 1.15.
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Proof of Theorem 1.15. Notice that the rescaling of v
vp(z,t) = v(raz,rt), r<1,

satisfies again the hypotheses of Theorem 1.15 in C; with the constant A
replaced by \. = Ar. Proposition 1.17 applied to v, implies that

osc v, < (1 —c)osc v,

Ciy2 C1
which gives (recall that By ,(y,s) = B,(y, s) if y,, = 0),

osc v<(l—¢) osc w.
BT/2(090) BT(O’O)

Similarly, if (y,s) € Cijo N {z, = 0}, then by considering cylinders centered
at (y,s) we obtain

osc v<(l—c) osc w, Vr <1/2, 1.51
BT/Q(yvs) o ( ) B’l‘(y78) / ( )

which proves the desired oscillation decay on {x, = 0} NC, /2-
If (y,s) € Ci/2, then (1.51) applied at ((y/,0), s) implies
osc v<(l—-¢) osc w, if oy, <r<1/4.
B/\,r/8(y)s) o ( ) B)\,r(y)s) y /
In the case when r < y,,, then the inequality above follows from the standard

parabolic Harnack inequality applied to v in the interior cylinder By ,(y, s).

The boundary version follows in the same way. Precisely, if (y,s) €
CiN{x, =0} then we find

osc v<(l—¢) osc w, Vr <1,
BT/Q(y78)mcl Br(y,s)ﬂC1

by applying either Proposition 1.17 or Lemma 1.22 depending whether or
not By, (y, s) intersects the boundary dpC;.

The inequality above can be deduced at all points (y, s) € C; after replac-
ing /2 by r/8 on the left hand side. Indeed, if r > y,, then it follows from
the inequality above applied at the point ((¢/,0),s), and if r < y,, then we
can apply the standard parabolic Harnack inequality or its boundary version

since By, (y, s) does not intersect {x,, = 0}. O
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We conclude the section with the proof of Proposition 1.16, that is the

Harnack inequality for w.

Proof of Proposition 1.16. By Lemma 1.21 we find that, in terms of u, we
satisfy again the hypotheses of Proposition 1.9 in Cy/, with X replaced by
A/2, e replaced by 2(1 — ¢)e, and with 0 the same. The function a stays the
same while b is modified by a small constant. Moreover, the property H (e'/?)
of u in Cy implies that u satisfies property H(2¢'/?) in Cy/2. We can iterate
this result k times as long as the scale parameter of the property H (Zkel/ 2)

remains small, universal, and the hypotheses of Lemma 1.21 hold:
okel/2 < (', 5 </, 2F(1 — ¢)Fe < €,(0),
with ¢’ small, universal. This means that we can iterate k times if
okel/2 < €2(9), 0 <c.

In terms of w, we obtain that its oscillation in C,-x is bounded by 2(1 — ¢)*
as long as k satisfies the inequality above. On the other hand for the interior
balls By, by (1.36), w satisfies a similar diminishing of oscillation up to scale

r ~ €/2, and the conclusion follows. O

1.8 Proof of Proposition 1.13

In this section, we prove Proposition 1.13 by using Theorem 1.15 and the
estimates for the one-dimensional problem which will be proved in Lemma

1.23 of the next section. The constants C' in this proof depend on n and K.

Proof of Proposition 1.13. The proof is divided in four steps.

Step 1 - Interior Estimates. Let (y, s) € Cy/2. From Theorem 1.15 we
know that

osc v < (Cr® T =Y,
Boys) — Yn
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The rescaling
o(x,t) = vy +rx,s +r2\t),

solves in @1 x (—1,0)

oy = tr(A(t)D*), A(t) == A(s +1r°)t).
Since |A’| < A7, we have |A'(t)] < C, and we find by interior estimates that
17,,(0,0)] < C 0scq,x(-1,0) U, from which we deduce

lun(y, s)| < Cre~t = Cya™

On the other hand, we prove in appendix that the difference of two viscosity
solutions is still a viscosity solution. Thus, the estimates for v can be ex-
tended to the derivatives of v in the z; directions, ¢ = 1,...,n — 1. Indeed,
by applying the interior Holder estimates to discrete differences in the z;

directions, and iterating this we find that
|DEv|| < C(k) in Cyp, VEk>1.
In particular, using also the estimate for v, above, we obtain

HD:%’UH <C, ’Uin’ < Ci[zil in Cl/g.

Step 2 - Reduction to 1D. Combining the interior estimates with our
assumptions on vy, we obtain that when we restrict v to a two-dimensional
space in which we freeze the x' variable, say for simplicity 2’ = 0, then the

function v((0, x,),t) solves in the xz,,t variables the equation

vy = %{a”n(t)vm + h(zn,t)} in Cy,
vy = Yo (t)vn + f(t) on Fi,

(1.52)

with
!h! < Capl, |f()<C,
h(zn,t) ) v ((0,2), 1), = %lt) vi(0,1).

(4,5)#(n,n) i<n
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The boundary condition on JFj is understood in the viscosity sense.
Indeed, if a C' function ¢(z,,t) touches v(0,z,,t) by above/below, say
at (0,0), in B,(0,0) C R?, then
o(xn, t) + Z v;(0,0)2; £ C|(z, )|+
i<n
touches v by above/below at the origin in B,.(0,0) C R""!. This follows from

the C'* continuity of v;, ¢ < n, which implies

v(x,t) — (v(O, Tp,t) + Z%‘(Q 0)37,)

<n

< Ol(z, )|+ (1.53)

Now, we can use Lemma 1.23 a) for v(0,x,,t), where we establish C1~
estimates for the 1D problem (1.52). We obtain

[0((0,2,),t) — v(0,t) — v,(0,t)z,| < Caite,

which together with (1.53) gives

— (v(O, t) + v, (0, 6)x, + ”2 v; (0, 0)%)

=1

< Cp't™ in C,.

This means that
v =l < Cp'™™ inC

with

a(t) = (01(0,0), ..., v5_1(0,0),v,(0,)), b(t) = v(0,¢),
and

V' = (t)an + () a+Z% (0:(0, ) — v;(0,0)).

Step 3 - Modifying the linear approximation. Next, we modify a
and b slightly into @, b so that

v —lasl < Cp'™ i C,,

and we also satisfy

@' ()] < CA1p*2, V' =~(t)-a. (1.54)
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By Lemma 1.23 we know that
|an (t) — an(s)] < CAT2|t — 5|2, (1.55)
and by the Holder continuity of the v;’s,
[V = (1) - al <D |illvi0,8) = 0:(0,0)] < Ct]* (1.56)
i<n
Thus, a,, oscillates Cp® in an interval of length A\p?. We define a by averaging
a over intervals of this length. More precisely, let 17 be a standard mollifier in

R with compact support in [—1, 1], and 7, denote its rescaling with support

of size 7. We extend a,(t) to be constant for ¢ > 0 and define
Qp = Ay * My p2, a; =a;, 1=1,...,n—1.
Then (1.55) implies the inequality (1.54) for @’ and also
la —a| < Cp~. (1.57)

We define b(t) for t < 0 as

Then, (1.56), (1.57) imply
(B—b)| < Cp* = [b—bl < Cp* in[—p,0],
and the desired conclusion follows.

Step 4 - Conclusion. The tangential derivatives v;, with ¢ < n, satisfy
the same estimates as v. We find from Step 2 applied to v; that the mixed
derivatives v, must be bounded by a universal bound. This improves the
initial estimate in Step 1, which in turn improves the regularity of f and A in
Step 2. More precisely, by Lemma 1.23 we find that v;,, satisfies the estimate
(1.59). This holds also for the tangential derivatives of order up to 2. Then
the functions h(z,t) and f(t) in (1.52) satisfy the hypotheses of part b) of
Lemma 1.23. This gives that the remaining second derivative v, is bounded
as well, and (1.55) holds for a4+ 1 instead of a. Thus we can replace a by
a+ 1 in the bound (1.54) above, and the proposition is proved. ]
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1.9 Estimates for the 1D case

In this section, we provide the necessary estimates for solutions to the
1D linear problem. The difference with the higher dimensional case is that
now, in the 1D case, the Holder estimates and the subsequent C'%* and C?*

estimates can be iterated in parabolic cylinders

P, = (0, p) x (_pz’o]’

and we can use the standard Holder parabolic norms with respect to the

1/2

standard parabolic distance: d((z,t), (y,s)) == |z — y| + |t — s|'/?. Following

Krylov [60], we denote the corresponding Hélder spaces with respect to this
distance with C’fta :

Precisely, we prove the following.

Lemma 1.23 (1D-Estimates). Assume that A < 1 and w(z,t) is a viscosity

solution in C; C R? of the equation

wy = ${A)Wee + Wz, t)}  inCy, (1.58)
w = () we + f(1) on Fi,

with
Jwllpe <1, K '<A®),v(t) <K,  |A{t)]<KNL

a) If
h| < Ka*7', |f()] £ K,

then w € C* in the x variable, w € C* on {x = 0}, and the free boundary

condition is satisfied in the classical sense. More precisely, in Cy/, we have
lw(x,t) — (w(0,t) + 2w, (0,t))] < Cax'te, lw,| < C,

and
w(y, 1) —w(z,s)] < C(ly— 2"+ A3t —s]7),
[wa(y, t) = wa(z, )| < C (ly — 2| + A7 [t = 5]2), (1.59)

with C depending only on K and «.
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b) If in addition in Cs)4
By, t) = h(z,8)] < K (ly — 2| + A2 [t = 5]%)
V() = () S KAZ[t—s]2,  [f(t) = f(s)] < KAT2|t — 8|2,
then in Cy /s
lwe (0,8) — wy(0,8)| < CAT 2|t —s| 2, |wa| < C. (1.60)

After subtracting F'(t) := f(f f(s)ds from w and replacing h by h — Af(t)
we may assume that f = 0. We work with v(z,t) = w(x, \t), and after

relabeling At by ¢ in the arguments of A and h, we obtain

vy = A(t)vge + h(z,t) in (0,1) x (=271 0],
vy = A\Y(t) v, on {x = 0},

(1.61)

with

K1 <A®), v(t) <K, At <K, |b<Kz*? (1.62)

Lemma 1.23 is equivalent to the Lemma 1.24 below, where we establish

the corresponding estimates for v using parabolic scaling.

Lemma 1.24. Assume that v is a viscosity solution of (1.61) in Py with
A <1, and coefficients that satisfy (1.62). Then

[ollcrap, .,y < CUlv][Lemy) +1), (1.63)
z,t( / )

and the free boundary condition is satisfied in the classical sense. If in addi-
tion
Mo Tl < .
then
||U||C§:ta(731/2) S C1(||v||L°°(7D1) + 1)7

with C' depending only on n, K and «.
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Proof. If v solves (1.61) in P, then the rescaling

o(z,t) = p~Pv(pz, p°t)

solves (1.61) in P; with coefficients

A(t) = A(p°t),  hlz,t) = p* Phipz, p°t), A =pA, F(t) =~(p’t). (1.64)

Notice that the hypotheses on the coefficients are preserved as long as <

1 + o, and moreover A — 0 as p— 0.

We divide the proof in four steps.

Step 1: Holder estimates. We show that

Wllcosp, ) < C (N0l +1),

for some 3 > 0 small.

Notice that after an initial dilation, we may assume that A < )\ is small.
It suffices to prove the following claim.

If v is a viscosity solution of (1.61) then

3
osc v<2 = oscuv<-—, with p = ¢y small, universal. (1.65)
Py Pp 2

The Holder estimate is obtained by iterating this claim in parabolic cylinders
centered on the t axis, while for the interior parabolic cylinders (included in
{z > 0}) we can apply directly the diminishing of oscillation for parabolic
equations.

In order to prove (1.65), we let g(x,t) be the solution to the 1D heat

equation on the real-line
9 =K 'gp,  g(x,0) = X(0,00) — X(=00,0)- (1.66)
Notice that for all ¢ > 0, in x = 0 we have
9(0,t) =0,  g.(0,t) <Ct ™2

and

g <0, forax>0.
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We want to show that if |v| < 1 in Py, then we can improve the upper bound
or lower bound by a fixed amount in the interior, depending on the value of
vat (0,—1), i.e.

lv] <1in Py and v(0,—1) <0, then v < 1/2 in P,, with p = .
In P; we compare v with
1
G(z,t) = Cig(z,t + 1)+ Z(t + 1)2 — Chatte.

We choose (5 and then (] sufficiently large such that G is a classical super-
solution to (1.61) and G > 1 on the boundary (0,1} x {—1} and {1} x [-1, 0],
while G(0,0) = 1/4. Then we find v < G in Py, which gives the claim (1.65)

by choosing ¢y sufficiently small.

Step 2: C* estimates. We show that (1.63) holds by first establishing
a pointwise C'1® estimate at the origin.

After an initial dilation and after dividing by a large constant, we may
assume that A < 8, |h| < 6z*~" for some small ¢, and ||v]| Lo (p,) is sufficiently
small.

Claim. If a function [y (linear in z) of the form
lo = apx + by(t), by = A\y(t)ao, lag| < 1, (1.67)
approximates v in P, to order 1 + «, i.e.
v — o] < p't™ in P,, p <9,

then we can approximate v to order 1+ « in P,,, by a function [; as above,
with |a; —ag| < Cp®, and ¢; small universal. Then the claim can be iterated
indefinitely by starting with lo = 0 in Py.

We prove the claim by compactness. Notice that v — [y solves (1.61) with
a slightly modified h that satisfies |h| < dz®~! + C§. This means that the

rescaled error

oz, t) = p~ 1) (v — 1) (pz, p*t),
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satisfies (1.61) with coefficients as in (1.64). Since ||0||z~ < 1, by Step 1 we
know that

1llcos, . < €
This means that if we consider a sequence of 6, — 0 and corresponding
solutions v,, in P, , then we can extract a uniformly convergence subsequence

of the rescalings v,, in P/, such that
Uy — V.
Then the Holder continuous limit function v is a viscosity solution of

U = Aq_}xz in P1/27

vy = on {x = 0},

with A constant. Since ¥ is constant on the boundary {z = 0}, the C?

estimate for the standard heat equation implies
- 1
v — (ax +b)| < Or* < §Tl+°‘ in P, 7<ec.

This shows that if § is chosen sufficiently small, then the rescaling v satisfies

the inequality above instead of v which implies

w

v — (mz +0(t))| < Z(Tp)”““ in P, T=c,
with
ay = ag + p*a, b(t) = by(t) + p' .
We define b;(t) so that [ has the form as in (1.67), that is
bi(t) = My(t)ar, b1(0) = b(0).
Then

[(i=b)'| < Clap®| < Cp* = |bi=b| < Cp*(1p)* < S (7p)"*

(tp in P,

R

where we used p < ¢ sufficiently small. In conclusion,

’U — l1| S (Tp)1+a n P‘rp; ll = a1x + b1<t>,
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and the claim is proved.

We remark that the oscillation of by(¢) which appears in the approxima-
tion function ly in (1.67) is less than Cp? in P,. Thus we can modify by to
be constant in (1.67) and take Iy to be linear, and then adjust the error p'*
by Cp'*t®. This pointwise C* estimate can be applied at other points on
{z = 0}, which combined with interior C* estimates for parabolic equations

implies the desired conclusion (1.63).

Step 3. Boundary regularity. We check that v is C! on {z = 0} and
the boundary condition is satisfied in the classical sense.
For this assume by contradiction that there exists a sequence t;, — 0~

such that

%(U(O,tk) —0(0,0)) < p == Ay(0)(v,(0,0) —7n), for somen>0. (1.68)

For each k, we look at the contact point where the graph of v is touched
by below by a translation of the graph of the classical strict subsolution to
(1.61)

1
g(z,t) =v(0,0) + ut + x (Um((), 0) — 57]) + Cx'te,

in the domain Dy = [0, ¢(n)] x [tx, 0].
We choose ¢(n) small such that g,(z,t) < v,(z,t) in the domain Dy, for

all large k. This implies that the contact point must occur on Dy N {z = 0}.
On the other hand, (1.68) gives

U(Oa tk) - U(O’ O) > 9(07 tk) - g(07 0)

which shows that the contact point is different than (0,¢;) and we reach a

contradiction.

Step 4. C* estimates. On {z = 0} we know that v,,y € C*/2  and
the boundary condition implies that v(0,t) € C**/2, Now we can apply the

standard C% Schauder estimates up to the boundary for the heat equation.
]
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1.10 Viscosity solutions for the linear prob-

lem

In this section, we collect some general facts about viscosity solutions for
the linear problem (1.37) and establish the existence and uniqueness claim
in Proposition 1.14 by Perron’s method. Similar results for different types
of boundary conditions were established by G. Lieberman (see for example
[64]). However, we are not aware of an existence result that applies directly
to the linear problem (1.37). Therefore, for completeness we provide the
details in this case.

Recall that v € C(Cy) satisfies

vy < tr(A(t)D*v) in Cy,

(1.69)
v < (t) - Vo on Fi,

in the viscosity sense if v cannot be touched by above at any point (z, )
€ C;UJF; in a small neighborhood B,.(zg, tg) by a classical strict supersolution
w € C*(B,(xo,t0)). As usually, this definition is equivalent to the one where
we restrict w to belong to the class of quadratic polynomials rather than to
the class of C? functions.

Another equivalent way is to say that v is a viscosity subsolution of the
parabolic equation in C;, and a viscosity subsolution of the boundary con-
dition on Fj. This last condition means that we cannot touch v locally by
above at any point (zg,%,) € Fi by a function w € C*(B,(x0,t)) (or say w

is a linear function) that satisfies
we (o, to) > Y(to) - Vw(zo, to).

The two definitions are the same since, if w € C! is as above, and say

(xo,t0) = (0,0), then a vertical translation of the quadratic polynomial
w(0) + (wy(0) — €)t + (Vw(0) + ee,) - x + M(|2|* — nK?z?),

must touch v by above at some interior point (z,t) € B,. Here r is chosen
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sufficiently small and M large, appropriately, and then the polynomial is a
strict supersolution in B,.

We state the comparison principle for viscosity solutions.

Lemma 1.25. Assume vy is a viscosity subsolution, and vy a viscosity su-

persolution to (1.37) in Cy. If vy < vy on OpCy then vy < vy in Cy.

Corollary 1.26. The difference of two viscosity solutions of (1.37) is also

a viscosity solution of (1.37).

We work with the rescaling w(z,t) = v(x, \t).
First we prove a preliminary result on the evolution in time of a Lipschitz

“trace” w((«',0),t) under specific growth assumptions.

Lemma 1.27. Assume that w < 1 satisfies

w; < M (D*w) +1 in (Q1 N A{z, >0}) x (0,7, (1.70)
sw, < Kw — K~ 'w, + K|Vyw|  on {z, =0}, '
and
w((2',0),0) < |2|?.
Then

w(0,t) < CAXtY2 1) fort >0,

with C' depending on n and K.

Proof. We compare w with
G(x,t) = g(xn, t) + CAE2 + 1) + |2/ + O (21, — 22),

where g(x,,t) is the solution to the 1D heat equation on the real-line (see
(1.66))

9 =K " Gun,  9(20,0) = X(0,00) — X(—00,0)-

It is easy to check that G is a classical supersolution which is above w on the

boundary of our domain, and that gives the desired result. O
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Lemma 1.28. Assume that w < 1 satisfies (1.70) in Cy and the trace of w
on {x, = 0} is Lipschitz, i.e.

[Vyw| <1 on {x, =0}

Then
w((2',0),t) > w((2',0),0) — CA3 |t|z  ifa' € Q. o

Proof. We prove the inequality for ' = 0. Since w is Lipschitz the parabola
w(0,t) + Cr? +r~ 2|2’ |?

is greater than w((z’,0),t), with r to be specified later. Now we can apply

the previous lemma to the rescaling
w(y, s) = w(ry,t+ris) —w(0,t) — Or?
which solves (1.70) with A = Ar, and obtain that
w(0,5) < CA(sY% + 5).

This gives
C(r* + Alt|z + Art]) > w(0,0) — w(0, 1),

and we choose 7 = (\[t])*/? to get
w(0,) > w(0,0) — C(AJt]Z + (A|t))*/?) > w(0,0) — OA |t=.
O]

Remark 1.29. The proof of Lemma 1.28 shows that we can construct a super-
solution G(z,t) in C; such that G((2/,0),—1) = |2'|, G > 1 on the remaining
part of pCy, and so that G(0,¢) < CA3 |t|2. Similarly, given o > 0, we can
/|a

construct a supersolution with G((z/,0), —1) = |2'|*, G > 1 on the remaining

of dpC; and such that G(0,t) < C(Alt|)?, for some 8 depending on a.
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We are now ready to prove our main lemma.
Proof of Lemma 1.25. Let w;(x,t) = vi(x, At), i = 1,2, so that w; is a
subsolution and w, a supersolution of
wy = tr(A(t)D*w) in {x, > 0},
wy=7(t)-Vw  on{z, =0},

>|=

and we want to show that w; cannot touch wsy strictly by below at an interior
point. Assume by contradiction that this is the case.

The standard viscosity theory of parabolic equations implies that the
contact point cannot occur in {z, > 0}. Below we denote by C, ¢ various
constants that may depend on w; and .

After a translation and a dilation we may assume that in C;
w1 S wa + ,Uta wl(oa 0) = w2<07 O) = 07

for some p > 0 small. Without loss of generality we may also assume that

wy /wy has a semiconvex/semiconcave trace in the x’ variable, that is
D> w, > —I,  Diw, <1, (1.71)

and also

Jwill e <1 (1.72)

and each w; solves the parabolic equation in the interior. This is achieved
in the following way. First we replace a subsolution w with the standard

regularization using the sup-convolutions in the z’ variable

1
we(x,t) = max {w(y,t) ——y - x/|2} :
Y 2e

then we divide w, by a large constant, and in the end we solve the parabolic
equation in the interior of C; by keeping the same boundary values on the
parabolic boundary. All these operations maintain the subsolution property

of w, and justify the extra assumptions (1.71)-(1.72).



1.10 Viscosity solutions for the linear problem

55

Moreover, after subtracting from each w; a function of the type a’-2'4b(t)

with £b(t) = Aa’ - 7(t) we may assume in addition that
w;(0,0) =0, Vpw;(0,0)=0, (1.73)
and the interior parabolic equations have the form
Oyw; = tr(A(t) D*w;) + h(t), |h| < C.

We show that w; (0, t) are differentiable at the origin in the ¢ variable, and that
the derivative of w; is less than the derivative of wq, which would contradict
our hypothesis that w; < ws + ut.

To achieve this we apply Lemma 1.28 several times. By (1.71)-(1.72)-
(1.73) and Lemma 1.28 we find that

w; > —Cr and wy <Cr on P, N{x, =0} (1.74)

Since w; < wsy, we can use the pointwise C* parabolic estimates at the origin

and find that, given any a < 1, we have
osC w; < Cr* forall r > 0. (1.75)
We can iterate this argument, by working with the rescaling

Wy (z,t) = rwy (rz, rt),

which satisfies a similar equation with A\ = Ar, and is such that (1.71)-(1.72)
-(1.73) hold for w;. Again by Lemma 1.28 we find

Wy ((2,0),t) > —Cr?/? if 2 € Qo
hence we improve the estimate (1.74) as
wy > —Cr**s  on PN {z, =0} (1.76)

The same holds for w, with < instead of > and Cr®+3 instead of —Crots3.

This in turn shows that w; are pointwise C5 at the origin.
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We modify again each w; by subtracting the corresponding function
Opw;(0)z, + bi(t), with 4b; = Ay,,0,w;(0). Using that 9,(w; — ws)(0) < 0,
we find that the inequality w; < wy + pt is still valid on {z,, = 0}, while
(1.75) holds with r*+2/3 instead of r®. The same argument as above implies
that (1.76) holds again with 7°*4/3 instead of r**2/3. Since o +4/3 > 2, this
means that w(0,t) > —C[t]**? and w,(0,t) < C[t|**? for all small ¢t < 0,
which contradicts wi (0, t) < w9(0,t) + pt. O

We can lastly conclude the proof of Proposition 1.14.

Proof of Proposition 1.14. The interior C? estimates in the  variable and
the Holder estimates up to the boundary were already proved in Proposition
1.13 and Theorem 1.15. It remains to prove existence by Perron’s method.

We assume for simplicity that the boundary data ¢ is Lipschitz, and the

general case follows by approximation. As usual, we define

v(x,t) == sup w(z,t),
weA
where A is the class of continuous subsolutions on C; which have boundary
data below ¢ on dpC;. The conclusion that v solves our problem is easily

checked once its continuity has been established.

Claim. For each (z,ty) € OpC; there exists a subsolution w(,,+,) which
vanishes at (zo, o), is below the cone —|(z,t) — (o, )| on IpC; and has a
Holder modulus of continuity at (o, tg).

This can be deduced from the proof of Theorem 1.15, where the Holder
continuity at the boundary was achieved using explicit barriers. More pre-
cisely, as in Lemma 1.18 and Lemma 1.22, for all » < 1/2 we can construct

a subsolution ¢, defined in Bir(xo, to) N Cy, where
B):Er(x();t()) = {($,t)| d)\((ﬂf,t),(flf[),to)) < T},
so that

¢r = O on 8Bir($0,t0)\(8DC1 U.Fl), ¢r S 1 on 8B)fr(:c0,t0)ﬂ8DC1
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and
¢, > cy on 8Bir/2(xo,t0).

Then w(,, ) is obtained by superposing appropriate multiples of ¢, for a

dyadic sequence of r = 27". We omit the details.

Using the claim we can construct a subsolution ¢ and supersolution o
which are Holder continuous on dpC; and agree with the boundary data ¢.

Thus we can restrict the class A of subsolutions to satisfy
P<w< . (1.77)

This shows that the limit v achieves the boundary data ¢ continuously. More-
over, using (1.77) we can replace each w € A by its maximum among appro-

priate x’ translations
max {w(z — (¢,0),t) — Cly'|°},
y/

and remain in the same class. Therefore we may assume that A contains only
subsolutions which are uniformly Hélder continuous in the 2’ variable. Using
this together with Remark 1.29, we find that the trace of v on {z,, = 0} is
locally Holder continuous in the 2, ¢ variables. This means that the solution
v to the interior parabolic equation in C; with boundary data v is continuous
up to the boundary. By the maximum principle ¥ > w for any w € A, and it

is straightforward to check that © € A, hence v = ¥ is continuous in C;. [






Chapter 2

An Alt-Caftarelli-Friedman

monotonicity formula in the

Heisenberg group

In this chapter, we investigate the question of the existence of an Alt
-Caffarelli-Friedman monotonicity formula in the Heisenberg group, on which
I have worked together with my advisor Fausto Ferrari. Specifically, Ferrari
and I have written the papers “A new glance to the Alt-Caffarelli-Friedman
monotonicity formula” [38] and “Some remarks about the existence of an
Alt-Caffarelli-Friedman monotonicity formula in the Heisenberg group” [39].
The first one is a review of the classical Alt-Caffarelli-Friedman monotonicity
formula, with exactly a look to our result in the Heisenberg group, while the

second one contains all the details of our work.

29
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2. An ACF monotonicity formula in the Heisenberg group

2.1 The classical Alt-Caffarelli-Friedman mono-

tonicity formula and its role in the study

of free boundary problems

In this section, we recall the classical Alt-Caffarelli-Friedman monotonic-
ity formula and its importance in the study of free boundary problems.
The Alt-Caffarelli-Friedman monotonicity formula was introduced in [2] as
a fundamental tool for studying the main properties of the solutions of
two-phase free boundary problems.
Looking into [2], the result roughly says that there exists 1o > 0 such that for
every nonnegative uy,us € C(By) N HY(By), if 0 € F(u;), Au; > 0,0 = 1,2,
and uius = 0 in By, then

2 2
O(r) = r4/ [V dx/ Vs dx (2.1)
B B

. ’x|n—2 : |£L’|n_2

is well defined, bounded and monotone increasing in (0, 7). In [2] the authors
used this result for proving the Lipschitz continuity of critical points of a

functional like

Enpa (V) = / (IVV]* + AL X om0 + A-X{u<oy) d2,
Q

with Ay — A_ # 0, defined on a set K C H'(), where Q C R" is a given
bounded open set and K is determined by some known conditions on v given
on 0f2.

In particular, the critical points of the functional £,  »_, with A, = 1 and

A_ = 0 satisfy the two-phase free boundary problem
Au=0 in QF(u) ={r € Q: u(xz) > 0},
Au=0 in O (u) =Int({z € Q: u(x) <0}), (2.2)
IVu™ > —|Vu|? =1 on F(u) = 0Q"(u) N1,

see [2], thus the Lipschitz continuity of critical points of & ¢ transfers to

solutions of (2.2). More precisely, solutions of (2.2) satisfy, at least in a
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“weak” sense, see [15] for a more general viscosity meaning, the following
property: for every P € F(u)

(w; (P))*(u, (P))* = lim &(r) < C,

r—0+

where v, formally, denotes the unit normal vector to F'(u) at the points be-
longing to F'(u), with the convention that v is pointing inside the set Q7 (u)
for u™ as well as inside Q7 (u) for u~. Hence, if one of the two phases, let
say u~, is sufficiently regular at P € F(u), then by Hopf maximum principle
(see [54]) it results u, (P) > 0 so that, as a by-product, u;(P) has to be
bounded. In this way, the solutions of (2.2) are globally Lipschitz.
As said before, the Alt-Caffarelli-Friedman monotonicity formula turned out
to be a key tool in the comprehension of free boundary problems. Indeed,
after [2] many other important papers on this topic were written. We quote
some of them, without attempting to cite all the literature. Precisely, in [12]
it was proved that the monotonicity formula holds for linear uniformly ellip-
tic operators in divergence form with Holder continuous coefficients, while in
[14] a formula for nonhomogeneous free boundary problems was discovered.
More recently, in [75] the Riemannian case has been treated and in [69] the
nondivergence form case has been faced. In addition, some very partial re-
sults have been obtained even in the nonlinear case, in lower dimension, see
[32] for the p—Laplacian case. Furthermore, this formula has become increas-
ingly popular for other applications as well. Among these, we recall further
ones to two-phase problems, see [11] for the elliptic homogeneous case, [6]
and [42] for the parabolic homogeneous setting, and [27] for elliptic linear
nonhomogeneous problems. Lastly, we mention some segregation problems,
see for instance [70], [72], [77] and [76].
In view of such extensions of the classical Alt-Caffarelli-Friedman monotonic-
ity formula, the goal of Ferrari and myself has been to investigate if a formula
of this type can hold in the framework of the Heisenberg group. Concerning
other similar formulas about sublaplacians, we find in the literature some im-
portant contributions, see [51] and in particular [53], where the authors deal

with the Almgren frequency function in Carnot groups. Moreover, we quote
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[22] and [21] for further papers in noncommutative settings about other free

boundary problems, precisely the obstacle problem.

2.2 Positioning of the problem in the Heisen-

berg group

In this section, we set the problem of the existence of an Alt-Caffarelli
-Friedman monotonicity formula in the context of the Heisenberg group.
Precisely, it holds, by applying the definition of solution in the sense of the

domain variation to the functional

En(v) = [ (Vawol? + X)) do,
Q
) C H", that the parallel two-phase problem to (2.2) is

Agnu =0 in QF(u) = {z € Q: u(zx) > 0},
Agnu =0 in QO (u) = Int({r € Q: u(x) <0}), (2.3)
Vinu™|)? = |[Vanu™ 2 =1 on F(u) = 90 (u) N Q,

see [34]. We remark that, in this particular noncommutative context, the
gradient jump |Vu™|? — |Vu~|> = 1 is governed by the jump of the horizon-
tal gradient Vg». As a first consequence, in this degenerate case associated
with the sublaplacian Ayr, a new geometric problem, that in the Euclidean
two-phase problem (2.2) does not exist, appears. As a matter of fact, since
classical smooth free boundaries of (2.3), in principle, might have character-
istic points, the jump of the horizontal gradient of a solution u to (2.3) on
F(u) could not be satisfied pointwise, because the horizontal gradient van-
ishes on characteristic points, see Section 2.4. Moreover, it has been already
proved, see [43, Section 3], that every minimum wu of the functional Egn is
endowed by a locally bounded horizontal gradient and satisfies Agnu = 0
in Q% (u), as well as Agau = 0 in Q7 (u), even if no words have been spent

about the behavior of the free boundary of these minima. Specifically, here
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it is shown an alternative way of proving that a minimum of the functional
Eyn is intrinsically Lipschitz, instead of using the monotonicity formula.
Thus, it seems natural to consider, as a candidate for an Alt-Caffarelli

-Friedman monotonicity formula in the Heisenberg group, the function

_ Vnu1|2 |VH uz|
Joun(r) =1r"F 1 2l 2.4
)= /B%ﬁ"() €l 5/ o €lg 3 24

where § > 0 is a suitable fixed exponent and 0 € F(u;), i = 1,2. This func-
tion is indeed the natural one correspondent to (2.1) in the Heisenberg group
H", derived substituting Fuclidean balls with Koranyi balls, the Euclidean
gradient with the horizontal one, the Euclidean dimension with the homoge-
neous one and recalling that the fundamental solution for the Kohn-Laplace
operator Ag» is, up to a constant, ]5\%;69, see Section 2.4 for these notions in
H"™.

Following the main steps of the Euclidean proof, recalled in Section 2.3, in

[39] the main result below is proved.

Theorem 2.1. If there exists a positive number 3 for which Jgm is mono-
tone increasing in (0,7q), ro > 0, for every nonnegative uy,us € C(BFl(O))
N HY, (B (0)), such that Agiu; >0, 0 € F(u;), i = 1,2 and uyuy = 0, then
B <4

We point out that such result is stated in the first Heisenberg group only.
This is due to the fact that a monotonicity formula for all the Heisenberg
groups is not proved, but simply that if such a formula holds in H!, then
the right exponent § has to be smaller or equal than 4. Nevertheless, even if
the proof in higher Heisenberg groups would require more efforts, it may be
obtained following the same ideas. On the other hand, the breakthrough that
we would need to conclude that, at least in H', the sharp exponent 3 has to
be exactly 4 depends on a long standing open question. As a matter of fact,
the profile of the set that realizes the equality in the isoperimetric inequality
in the Heisenberg group (and as a byproduct the descendant Polya-Szégo

inequality on the surface of the Koranyi ball of radius one) is still open, see
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for example [17] for an introduction to this problem. We shall discuss better
this topic in Section 2.14. Concerning the same problem in the FEuclidean
setting, of course, the question is well understood. However, for the sake of
completeness, in Section 2.3 we recall the steps useful to prove the classical
Alt-Caffarelli-Friedman monotonicity formula and, in particular, we treat a
little bit this subject. In the remainder of the chapter, we expose the details
of [39].

2.3 The Euclidean setting

In this section, following the original papers [2] and [15], we recall the
main steps needed for proving the Alt-Caffarelli-Friedman monotonicity for-
mula in the Euclidean setting.

First, after a straightforward differentiation, it results by (2.1)

O'(r) = I,(r) L(r)r— (—4 +r (% + %)) , (2.5)

12
Ii(r) ::/ V] de, i=1,2.
B

S

where

By a rescaling argument the problem may be reduced to

/ |Vu, |*do / |Vusy|*do
831 aBl

_l_
/ |VU1|2d5E / |VUQ’2d:L‘
B |z["? B, |z["?
Precisely, we have

) 2 . 2
1) - | Vailrg) g / Vo)l
B1 Bl

|ry|n2 |y |2

I(r) = /0 (/{)Bp(o) —'Vﬁrﬁgpda@)) dp = /0 (/{)B |Vl;i§_pg)l2
p”_lda(y)> dp = /O p (/83 |Vui(py)|2d0(y)> dp,

®'(r) = Li(r)L(r)r ™ | —4+ (2.6)

and
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where here y denotes the coordinates on 0B;. Thus, we get

d T
el (/ \Vui(py)\Zda(y)) dp r/ \Vu(ry)|* do(y)
I _dr o 9B, _ Jon
I , 2 - ‘ 2
@ o [ T, - [ o,
By ’y‘ni B \y!”*

v ot

T / |Vui(ry2)|2dy ’
B |y

which implies, if we define

(wi)r(z) = Ui(:x>’ v € By,

that

;) Ve Rty

]i - \% i)T 2 ’
© [ FEOE,
B Yl
where (u;), is defined in By. As a consequence, if we write y = x and (u;),

I

= u; the last equality gives

[ k)

.

r - ’
I; / |Vui(z)[” Jr
B1

[yl
and so (2.5) becomes (2.6).

Now, if
/ ’VU1’2dO' / IVU2|2dO'
0B, 0B, > O
Nalr [ VP -~
— dx — dx
B1 ’.T‘ B |x|

then, from (2.6), ®'(r) > 0. Hence, in order to prove that previous inequality

/ \Vu;|2do
0B1
|2 ’
/ _|Vul_|2 dx
B ||

—4+

holds, the following ratios

JZ(T‘) =
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for 1 = 1, 2, have to be estimated.
Since the gradient may split in two orthogonal parts involving the radial

part and the tangential part, respectively denoted by V?u; and V%u,, it holds
Vu|? = |VPu? + [ Vo).
Then, we can rewrite J; as

/ (IVPu|* + |Vou|?) do
0B,

Vu;|?
/ | ul_|2 dx
B |z|"

At this point, we estimate the numerator and denominator of (2.7) separately.

JZ(T) =

(2.7)

About the numerator, we define first

/ (V% |2do
D) = inf T —
U2

veHYTY) / do
T

Iy ={x€0B;: w(z) >0}

where

and \(T;), i = 1,2, is the Rayleigh quotient. By definition of A(T;), we thus
obtain, for every (; € (0,1),

/ |V9ui‘2da:/ }Veuifdaz )\(I’i)/ uido = (1 — f;
831 Fi Fi

+ BIAT) / w2do = BA(TS) /

T ry;

uido + (1 — b’i))\(f‘i)/ uido,

T

hence, by Cauchy inequality, we have
/ (IVPu|* + |Vou]?) do > / |VPu;|2do + m(ri)/ uido
0B, I; I;
- @»)A(m/

1/2
uido > 2 (/ |Vpui|2da> (2.8)
Fi Fi

(ﬁi)\(ri) /F u?da) v + (1= B)ATY) /F W2do.
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Concerning the denominator, instead, we compute

"0 ou;
A(uf) = Z 8_% (Qulﬁxj) =2 (|Vuz| + wAu;) > 2 IV |*
1

since u;Au; > 0 by the assumptions on ;.

Consequently, we achieve the following estimate

2 % oo

Precisely, the previous inequality follows after two integration by parts,

using the facts that \x|2_” is, up to a multiplicative constant, the fundamental

solution of A, and 0 € F(u;), i = 1,2, and by Hélder inequality, because

il 1 1 _
/ ’V:JQ dx < —/ A (uf) |z*da = —/ div (|:zc|2 "Vu?) dx
B1 ‘.CL" 2 B1 2 By

1
- V™" Vuide = _(/ 2> V2 - Lo — / div(u?V || ") dx
By 2\ Jog, |z] B

1
+/ qu(|x|2")d$> =3 (/ 2u;VPu,;do + (n—2)/ u? |z " do‘)
By 2 T, I,
3 S
([ ra) ([t 252
Ly Ty 2 r;

Now, putting together (2.8) and (2.9), we get, in view of (2.7),

2BAT))2Em; + (1 — B)AT)n?

Hr) 2 &mi + nT_QThQ ’
setting & = </ |VPu; (z))? da) ’ and n; = ( ) which entails
I
o 2BAT)Em: + (1= BIAT)rp _ 2BAT)): + (1= fNTE
2B E 4 (1= BT, AT 1
Zilzlg (B )>1+%zﬁ) (T)z :2m1n{n(_2(1—ﬁi>7(5¢)\(Fi))2}.

The last equality easily follows by elementary arguments.
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Now, if it were possible to choose f3; € (0,1) in such a way that

A(L)
n—2

NI

(1 =75 = (BA(T))

we would realize, by denoting «; = (ﬁi/\(Fi))%, that previous equation is

satisfied if and only if

On the other hand, since a function v = p®g(#), 0 = (61,...,60,_1), is har-

monic in a cone determined by a domain I" whenever
P ((ala = 1) + a(n — 1))g(0) + Agg) = 0,
we deduce that there exists «; such that
ai(a; — 1) + ai(n — 1) = A(I),
namely
a2+ (n—2)a; — A(I';) = 0.

By the structure of the equation, it immediately comes out that there always
exists a strictly positive solution «;; = a;(I';), which is called the characteristic
constant of IT';.

Therefore, we have to prove the existence of 5; € (0,1) such that

—(n—2)++/(n—2)2+4\T))

> = (BAIY)?. (2.10)
Specifically, (2.10) is equivalent to solve
(n—2)+ j&(P—Z)z)a o~ AT,
that is 1
20(I)2 _ ﬁ%

(n—2)+ /(n—2)2+4\(T;) .
Since the continuous positive function defined in [0, +00) as

(n—2)++/(n—2)2+4 22

zZ —
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is strictly increasing, 2 0) =0, and su =
Y & <(n—2>+\/<n—2>2+22) (0) o) (=2 (2P

= 1, we conclude that for every A(I';) > 0, there exists ; such that (2.10)

holds. In particular, we get

. 2
S\ -2+ /(=22 a1y )
Hence, with the previous choice of 3;, if we denote
AT 1
«; = min {5(1 — Bi), (BZ)\<FZ))2} ,

which is also the exponent corresponding to the eigenvalue given by the

Rayleigh quotient A(I';), we conclude that, whenever
ap +az > 2, (2.11)

then & > 0.
So, for completing this proof, we would need to know that (2.11) holds.
To this end, by [74] we know that «;(I';) > a;(I'}), where I'; C 0B, is a

spherical cap, namely a set of the form
I''=0B N{x,>s}, —-1<s<l,

such that H"}(T;) = H"*(T}). Here H"' denotes the (n — 1)-dimensional
Hausdorff measure on 0B;.
Precisely, it is shown in [74] that if u € C*°(0B;,R), then

[ Ivwanet < [ varant 1<p <
b, b, (2.12)
VU poeamy) < VUl Lo o8, -

where u* is the function associated to u so that u* € C°(9By, R) is Lipschitz,
depends only on the latitude of the argument, and its image measure on the
Borel sets of R coincides with that of u. More technically speaking, there

exists a monotone decreasing, continuous function ¢ from [0;7] to R such
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that u*(z) = g(arccos((z,zo))) for € 0B;, with o € 0B fixed, and

uy(H™ ) = ul (M) , where uy(H"') and uf(H"""') denote the

|B(]R) |B(R)

pushforward measures of v and u* respectively. This last condition then
entails
/ poudH" ! = / ¢ou* dH" !, (2.13)
0B1 0By

for any function ¢ : R — R p*-measurable, where p* is the outer measure
defined on the power set P(R) of R as

p*(F) = inf {i,u(/ll) A, € BR), F C GAZ} ,

with p = u#(’H”_l)‘B(R) = u*#(H"_1)|
¢ = x% in (2.13), we obtain

/u2 dHn_l — /(u*>2 d%n—l’

BBl aBl

@) and F' € P(R). Hence, choosing

which gives, together with (2.12), A(I";) > A(I'}), and thus, using the expres-
sion of o;(T;), a;(T;) > ay(T7F), since u* is defined on T'}, if u is defined on
;. The fact that H"1(T';) = H"1(T'}) derives from a property of u* which
says that

M (u p,00)) = H"H((u") M[p,00)), VpER

On the other hand, from [48] we achieve that o;(I'7) > (s;), where
()

Si:mfﬂld
1 1
llog—+3, 0<s<-=
2 2 =0
h(s) = 4s 1 4 (2.14)
2(1 —s), Z§s<1.

is convex and decreasing. Specifically, the proof of this fact is organized in
the following steps.

First of all, we set a(s,n) = a(E), where a(F) is the characteristic constant

an—l(E)

H=T0B) and n is the dimension. At

of the spherical cap £ C 0By, s =
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this point, Theorem 2 in [48] tells us that a(s,n) is a monotone decreasing

function of n for fixed s, so

a(s,00) = lim a(s,n) (2.15)

n—oo

is well-defined and satisfies a(s, 00) < a(s,n) for every n. It is thus sufficient
to show that «a(s,00) > 1 (s) defined in (2.14). To this end, Theorem F in
[48], which is taken by [57], gives us that a > 1(s), where

o0

5= /e_(l/Q)tht,

h

with h = h(«) the largest real zero of

Flz) = e W42, (%)

d*F 11
—+<a+——— 2)F:o

satisfying

dz?

(]
=~

and
FO)_ T (52)
F(0) r(-%)
where T is the Euler gamma function. In particular, H,(x) is the Hermite’s

function of order a. We denote a here introduced by «a(s). Furthermore, the
proof of Theorem 3, again in [48], shows that a(s,o0) defined in (2.15) is

equal to «a(s), because

o0

%n 1 1 9
H1(0B;) 831 / ¢
h

Hence, a(s,00) > 1(s), and from the argument exposed above a(s,n) > 1(s)
for every n and for all s € (0, 1).

As a consequence, recalling that s; = %, ie{l,2}, 232 < %, because
'y N5 = (), thus, since ¢(s) defined in (2.14) is convex and decreasing, we

get

avkas 2 Vo0 2 2 (o) + pulsn) ) 2 20 () 2 20 (5).
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which lastly gives (2.11).

An alternative proof of this result is given in [15], where, using [7] and [10],
the two authors directly show that a(s;)+a(s2) > 2, exploiting the properties
of a(s) of Theorem F in [48], which is the first Dirichlet eigenvalue on [h, c0)

associated to the Hermite operator
d? n 1, 1
—— —xf—=.
dz? 4 2
2.4 The Heisenberg group

In this section, we introduce the main notation in the Heisenberg group
which we will employ to describe the problem about the existence of an Alt-
Caffarelli-Friedman monotonicity formula in such a group.

We denote by H" the n-th Heisenberg group, i.e. the set R***! n € N,
n > 1, endowed with the following noncommutative inner law: for every
P = (x1,y1,t) € R2TL M = (29, y2,10) € R 2, e R y; e R™, i = 1,2,

we have
Po M = (x1 + xa,y1 + Yo, t1 + to + 2({(x2,v1) — (T1,92))),

where (-, -) denotes the usual inner product in R™.

Let X; = (e;,0,2y;) and Y; = (0,¢;, —2x;), @ = 1,...,n, with {e;}1<i<n
the canonical basis for R".
We exploit the same symbols to denote the vector fields associated with the

previous vectors, that is
X =0y, + 290y, Y, =0, — 22,0, 1=1,...,n. (2.16)
The commutator between the vector fields is then

—43,5, i:1,...,n,
[Xi, Y] = X3V = YV, X; =
0 otherwise.
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Using these vector fields, we can define the intrinsic gradient of a smooth

function u : H” — R in a point P as

Vinu(P) ==Y (Xiu(P)X;(P) + Yiu(P)Y;(P)). (2.17)

i=1

Now, there exists a unique metric on
HHY} = Span{X;(P),..., X, (P),Y1(P),...,Y,(P)}

which makes orthonormal the set of vectors {X1,..., X,,Y7,...,Y,}. Thus,

for every P € H" and for every U,V € HH}, U = ) (a1, X;(P)+61,;Y;(P)),
j=1

V= > (a; X;(P) + P2,;Y;(P)), we have

J=1

n

(U, V)= (onjas; + BrjBay)-

j=1
In particular, we get a norm associated with the metric on the space HH,

which 1is

n

Ul =Y (ad;+52)).

J=1

For example, recalling (2.17), we achieve

n

Vinu(P)| = | > (Xiu(P))? + (Yiu(P))?). (2.18)

i=1
Moreover, if Vygnu(P) # 0, then

Vynu(P) ‘ _

Vinu(P)[|
If Vgnu(P) = 0, instead, we say that the point P is characteristic for the
smooth surface {u = u(P)}. Therefore, for every point M € {u = u(P)}
which is not characteristic, it is well defined the intrinsic normal to the surface

{u = u(P)}. Precisely, we have

_ Vanu(M)
v(M) = —|anu(M)|
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Let us introduce in H" the following gauge norm as well:

[,y )]s = /(|22 + [y[2)? + 2. (2.19)

For every positive number r, we can set the gauge ball of radius r centered
at 0 as
BY(0)={PeH": |Plg <7}

In the Heisenberg group H", a dilation semigroup is defined as follows: for

every r > 0 and for every P = (z,y,t) € H", let
5.(P) == (rz,ry, r’t).
Taken P = (x,y,t),0 = (0,0,0) € H", we define
di (P, 0) = |Plyn.
In addition, for every P,T € H" is well defined
dg(P,T) = |P~" o T|gn.

In other words we have a distance dx on H", known as the Koranyi distance.

This distance is left invariant, that is for every P,T, R € H"
dgx(RoP,RoT)=dg(P,T).

Coherently, B (0) is known as the Koranyi ball of radius r centered at 0.
At this point, we recall the definition of the fundamental sublaplacian

Apgn, also known as the Kohn-Laplace operator, which is the correspondent

differential operator on H" to the classical Laplacian in R".

Precisely, the sublaplacian Ag» of a smooth function v : H" — R is

Agru =Y (X7u+ Y u). (2.20)

i=1
We want to show then a direct computation which somehow justify that
|P |1%IZQ is, up to a constant, the fundamental solution of the sublaplacian Ayx
in H", with the pole in the origin, and T'(P, R) = ¢|P~' o R|?,% is the general
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fundamental solution, see [44] for the details. For the sake of simplicity, we
may perform our computation assuming that dealing with dy (P, O) = | P|gn,

where O = (0,0, 0), simply because from the left invariance of dx we obtain
dg(P,T) =dg(T ' o P,T ' oT) =dg(T "o P,0).
Specifically, for every ¢ = 1,...,n, we get, according to (2.19) and (2.16),
with P = (z,y,1t),
XulPlin = S+ )2 + )4 (A2l + ) + )
= [Pl (= + ly[*)zi + yit)
and
Vil Plign = [Pl (2 + [y1*)yi — it),
namely
XilPla = |Plgn (12 + [y*)z: + yit),
Yi| Plan = [Plga (12 + [y|*)yi — it).

Using these, we achieve

(2.21)

X7 |Plun = =3|Plga Xa| Plee (|2 + [y1*)2 + yit) + | Pl (227 + |2 + [y[?
+27) = =3 Plae (12 + [yI)2s +vit)? + [Plgn (2(2f + 47) + |2 + yl*)
and
Y2IPlen = =3[Pl ((|2° + ly)yi — wit)? + [Pl (2(aF + 97) + |l + ),
which give
XPIPlin = =3I Plgn (|2 + |y[*)a + yit)* + [Pl (227 + y7) + |2 + [y[*)
V2| Plan = =3|Plan((|2* + |y[*)yi — xit)? + | Plg (2(xF +y7) + |2[* + [y[*).
(2.22)
Therefore, by (2.21), we have, recalling (2.18),

(Van | Plan > = |[Pls ) (12 + 1y*)*(aF + 47) + (a7 + 4)

i=1

n

= Plgt Y (12 + y)? + )(aF +7) = (2 + [y)| Pl

=1
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1.c.
Vi |Plan |2 = (|2 + |y[*)| Pl (2.23)

In parallel, we obtain, by virtue of (2.20), (2.22) and exploiting the compu-
tations done to obtain (2.23),

n

Agn|[Plin = =3 Plgt > _(((J® + [yl)zi + yat)* + (12 + ly[*)ys — z:t)?)
=1

+ Pl D202 + yl) + 4(2F + 7)) = =3IPlgit D (2 + |y (@} + 47)

i=1 i=1
+ 37 +y7)) + [Plga 2+ ) (|2 + y[*) = @n+ (|2 + [y[*)| Pl

which yields
Apr |Plen = (20 + 1)(|2]* + [y1*)| Plgs. (2.24)
Hence, denoting by @) := 2n + 2 the homogeneous dimension, we get, in view

of (2.23) and (2.24),

n

Ao | Pl =Y (Xi((2 = Q) Pl Xil Plian) + Yi((2 = Q)| Plggn Y| Plin))

i=1
=Y (2= Q)1 = QP2 (Xil Plan)* + (2 = Q) Pl X7| Plan + (2 = Q)
i=1

(1= Q)P (YilPlan)® + (2 = Q)| Pl Y| Plan)
= (2 - Q)1 = Q)IP[a? |Vir | Plan [* + (2 = Q)| Plggn” An | Pl
= (2- Q)1 = QP (|2l + [yP)IPla + (2 = Q)P 2n + D)(|2f* + [y])
Plan = 2= Q)Plg “(l2* + y*) (1 - Q +2n+1) =0,
that is
A | P29 = 0.

In conclusion, this computation somehow shows that |P|§H;Q is indeed, up
to a constant, the fundamental solution of the sublaplacian Ag», with the
pole in the origin, and I'(P, R) = ¢/P~! o R|2.% is the general fundamental
solution.

Coherently with the classical case of the Laplacian A in R", the definition of
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H™-subharmonic function, as well as the one of H"-superharmonic function
in a set {2 C H", can be stated directly giving conditions on Ag.. Precisely,
we require that Agnu(P) > 0 for every P € Q) for the H"-subharmonicity,
and that Agnu(P) < 0 for every P € Q2 for having H"-superharmonicity. If
u satisfies both Agnu(P) > 0 and Agau(P) < 0 in €2, which means that
Agnu(P) = 0, we say that w is H"-harmonic. We refer to [9] for further
details.

Concerning the natural Sobolev spaces to consider in H", we refer again

to the literature, see for instance [52]. Here, we simply recall that
L) ={fe LX) : Xif, Vif € I’(Q), i=1,...,n}

is a Hilbert space with respect to the norm

Flesae = ( / (fj«xif)? e |f|2)dw> g

i=1

Moreover

HL,(Q) = C=() 1 L12(Q) e 2@

Now, if £ C H" is a measurable set, a notion of H"-perimeter measure
|OF|g» has been introduced in [52]. Actually, in [52] the authors work in
a more general setting, but for our purposes we just recall some results in
the framework of the Heisenberg group, the simplest nontrivial example of
Carnot group. We refer to [52], [45], [47], [46] for a detailed presentation.
Precisely, it 1is sufficient to recall that, if E has locally finite
H"-perimeter (is a H"-Caccioppoli set), then |0F|g» is a Radon measure
in H", which is invariant under group translations and H"-homogeneous of

degree () — 1. In addition, the following representation theorem holds, see
[16].

Proposition 2.2. If E is a H"-Caccioppoli set with Fuclidean C' boundary,
then there is an explicit representation of the H"-perimeter in terms of the
Euclidean 2n-dimensional Hausdorff measure H*"

n 1/2
PH%LE(QE) = / (Z (<Xj,nE>%&2n+l + <Y;',?7IE>I%R2TL+1)) d’HQn’

oEN \ {2
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where ng = ng(x) is the Euclidean unit outward normal to OF and Q C R™

18 an open Sset.

Going into the specific of our notation, in this chapter we will denote with
dogn the surface element in the Heisenberg group H", whose expression in

terms of the Euclidean surface element in R?" do is the following, see (2.23):

Vin n / 2 2
doue(€) = (gl dote) = L E it oo

Next, we recall the statement of the divergence theorem in H" and the defini-
tion of a Friedrichs mollifier in this framework, together with a convergence
result for mollifiers of H"—subharmonic functions, see [9] for the last two
statements. Before, we provide the definition of the divergence operator in
H™.

If b: H® — R?" is smooth, we denote with divy» the operator

divb=diy (by,...,bs) = Z;(Xibi + Yibpis). (2.25)
Proposition 2.3. If E is a reqular bounded open set with Euclidean C*
boundary and ¢ is a horizontal vector field, continuously differentiable on Q,

then
/divqﬁdx:/ (¢, v YdPE,
g H" OE

where vgn () is the intrinsic horizontal unit outward normal to OF, given by
the (normalized) projection of ng(x) on the fiber HH? of the horizontal fiber
bundle HH"™.

Remark 2.4. The definition of vgn is well-posed, since HHY is transversal to
the tangent space of E at = for Pf.(OF)-a.e. x € OF (see [65]).

Definition 2.5. Let u : H* — [—00, +00). Let J € C3°(H"), J > 0 such that
supp(J) C Bf""(0) and [, J = 1. For every positive number ¢, we define u.

to be the Friedrichs mollifier of u as

u(z) = e 9 /n u(—y o x)J(d.-1(y))dy.
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Proposition 2.6. Let u : H" — [—o00, +00) be a H"-subharmonic function.

Then u. € C*(H") is H"-subharmonic, and u. — u in Li (H") ase — 0.

loc

Let us conclude this section with the following fact. Let S(H™) be the set
of the H"-subharmonic functions. Then if u € S(H"),

Lu(g) = / u(@)Aup(a)d, o€ CF(H), ¢ >0

is positive, i.e. if u € S(H") then Agnu > 0 in the distributional sense.

2.5 Some estimates in the Heisenberg group

In this section, we provide some partial steps useful to obtain a mono-

tonicity formula associated with Jgpgn.

Lemma 2.7. There exists a positive constant ¢ = ¢(Q) such that for every

nonnegative H"—subharmonic function u € C(B¥"(0)), if u(0) = 0, then

V n 2 1
/ | HQE‘J de < cp—Q/ wrde, 0<p< -
B (0) |€]gn BE" (0)\BZ" (0) 2

Proof. For every € > 0 small, let u. be the Friedrichs mollifier of u as in

Definition 2.5. Then, by hypothesis and Proposition 2.6, we have
Apnu? = 2u Agntie 4 2| Vinue|? > 2| Vi .

Hence, for every test function ¢ € C5°(Bi" (0)) we get

/ i} w2 Agnp dé = hi% uAgnp d¢ = lim @Apnu? dé
B (0) Bt

i (0) =0 B (0)
> lim2/ ©| Vinu 2 dé = 2/ ©| Vgnu|2dE.
=0 B0 B (0)
(2.26)
(B (0)) and Agnu? > 2|Vgnu|? as a distribution.

1
As a consequence, u € Hj
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Let now ¢ be a cutoff function, ¢ = 1 in B,"(0), ¢ = 0 outside Bj, (0),
0<p< % We also set

Ye = TNe *7, (227)

where v(&) = [¢€ |§HZQ and 7. is an approximation of the identity. Then, 1.

is a test function in B, (0), so, in view of (2.26) and (2.27), we achieve

2/" ¢w4vﬂmwﬂ£sh/
BH"™(0) BH™

2p

+ 2/ u2<an1/}7 VH”’Y@) d§ +/ UQ’}/gAHn@Z) dé'
B3 (0)\BE" (0) B3 (0)\BE" (0)

u%WWM%z/ WA dE
B3 (0)

(0)

— / U2Q/}(77€ * AHH'Y) dé- + 2/ u2<VHn’Lp’ 7]5 * VHTL’Y> dg
B5,'(0) B (0)\BE" (0)

+ / Uy Apnt) dE,
B3, (0)\BE" (0)

which yields the desired conclusion letting ¢ go to 0, because 7 is, up to
a multiplicative constant, the fundamental solution of A~ and thus also

Y. = v in L (H"), u(0) = 0, and v is a cutoff function. O

loc

Lemma 2.8. For every couple of nonnegative H"-subharmonic functions
u; € C(B(0)), i = 1,2, such that uyus = 0 and uy(0) = uy(0) = 0, we

have
V n 2 V n 2
/ / Mdaw(/{) / Mdmﬂn(/{)
Jp (1) _Jopm ) /|2]? + y? n a8 (0) /|x]? + 2 5
Jﬁ,H"(l) |VHnU1|2d |anUQ|2 '
BE"(©0)  |Klgn BE(0)  |K|fn

Jj g . .
Moreover, ifﬁng > 0, then there exists ro > 0 such that Jgpun is monotone

increasing in (0,79).

In this statement, dog» denotes the surface element in the Heisenberg

group H", see Section 2.4 for a short introduction and [52], [45].

Proof. 1t follows from Lemma 2.7 that Js g» is well defined in (0, 1). Differen-

tiating with respect to r and recalling the co-area formula in the Heisenberg



2.5 Some estimates in the Heisenberg group

group, we obtain

_a_ |VHnU1|2 |VH”U2|2
) [ Tl [ Tl
BiE"(0)  |&|gm 20)  |€]gn
_ |VH"U1|2 ‘VH"U2|2
L / e doge(e) [ VEtal
OBE" (0) rO=2y/|z]? + |y|? B0 €[5
_ ’vH"U1’ |V ug|?
? / e e dory (€)
BE (o) |€[gn OBE" (0) rO=2\/|z]? + |y|?
_A[_ VHn’U, 2 VHn’U, 2
__/674 B 1/ ‘ 1‘ 5 | Q_22| df
BEn) €l BE"(0)  |&]gm

8 |V |” | Vi s
oEn (0) T973\/[z2 + [y[? BEn0) €]

_ Vanu Vot 2
+r 5/ Ve 1' dé AL Y
BE" (0)

€ oBE™(0) T3 /]| + |y[?

Notice that by a change of variables, denoting x € 90BI"(0) as

Kk = (Kg, Ky, ki), with k£, K, € R" and k; € R, we have thus

wtty (8,(5))[2 witn (8, (k)2
JéJHIn(T) _ —Brﬁlrm/ |Vignuy Q(im dre / | Vinua(6,(k))| dre
BE(0)  |6-(K)|n BE" (0)

2 2
+r‘5r2Q_1/ | Vinui(6,(k))| dUH"(’f)/ |Vinuz(6,(k))| dre
0B (0) 1973/ [rk 2 + [rhy 2 BE"(0)

2 2
+T—BT2Q—1/ |V (6,(k))| dn/ | Vinua(6,(k))] Ao ()
BH™(0) d

16, ()& B (0) 7973/ 1| + [rsy |2
g0 / Vi@ ()2, / Vi a0, (R))? |
BH™(0) BH™ (0)

rQ-2|x g, rQ-2xlg.”

2 2
4By / Vern 0, (), ) / (Ve ua (0, ()
HBH™ ( BH™(0)

VAL R rQ-2xlg.?

2 2
+ T_BTQ / |anu1(57"<H))| dr ,',,2 / |anu2(5T(K'))’ dogn (/{)7
BH™ (0) 3

rQ-2|k|g.” B (0) /|82 ]2 + [y [2
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which gives

n 57~ 2 n (57‘ 2
By =t [ TG, [ D 0P,
BE™(0) |K|gn B (0) || gn
P TG, [ DR,
aBH" (0) B (0)

|Ka|? + [y [ s

2 2
+/ |anu1gﬁ§R))| dk / |anu22(5T(K))|2 dJHn(Fa)).
BE" (0) || g 0B (0) /|Ka|? 4 [y

(2.28)

Let now v;(k) = M, i =1,2. Then Vgnv;(k) = (Vmnu;)(d,(k)). Hence,
by (2.28), it holds

_ Vanl 2 VH"UQ 2
T n (1) =7 5+3<—,8/ § Vim0 Q_J dk / i [Vanval® Q_J dk
BE(0) |K|gn BE"(0) |k[gn

V nU 2 V n U 2
+ / | = d —dog (k) / %dn (2.29)
oBE" (0) \/ |Ka|? + |Ky] BE"(0)  |A|gn

Vi |2 AN
+/ ”{Tqﬂd/ﬁ / | Ii v 2dO'Hn</€)>.
BE"(0)  |Fgn 0B (0) / |Fz|? + |Ky]

In particular, using this last expression and (2.4), we have

VHnU 2
) / | : 1 2daHn(/<:)
(1) Joim o) v/Ika|* + [k
Jon(1) Vi vy |2
s (1) / | HQ7112| ik
B0 [Ag
Vi vg|?
/ [Virva| doyn (K)
081" (0) V/[kal® + |1y |?
2 _B'
/ |VH’/LU2| d
Q-2 ¥
B (0)  |Al
The fact that it is sufficient to show that jZi:EB > 0 to get that Jzpn

is monotone increasing follows again from (2.29) and (2.4), since by (2.29)
it results Jj g ()% = Jj . (1) and by (2.4) Jggn is always nonnegative
respectively. O]

In the next section, we reduce ourselves to the simplest case given by H!.



2.6 Kohn-Laplace operator in spherical coordinates in H*

83

2.6 Kohn-Laplace operator in spherical coor-

dinates in H!

This section is devoted to represent the Kohn-Laplace operator Ag» in

spherical coordinates in the Heisenberg group. As a matter of fact, in order
T n (1)
Jgmn (1)
coordinates. This issue has been faced in [58] by using an abstract and more

, we need to write Agn in terms of radial

to obtain some estimates of

elegant approach, even if very theoretical, see also [56] and [8]. Here, we
describe in details this problem in H!' with explicit computations.

Specifically, we consider the following coordinates in H*

x = py/sin(p) cos(d)
y = py/sin(p)sin 6 (2.30)
t = p*cos .

They mimic the classical polar coordinates in R®. From (2.30), we obtain the

expressions of p, ¢ and @ with respect to the cartesian coordinates x, y and
¢, that is

p= (a2 + )

6 = arctan () (2.31)
= n

© = arccos (pQ) :

Recalling now from Section 2.4 the vector fields

0 0 0 0
X=—+2y—, Y=— 20— 2.32
or Yor oy or (2:32)
and the operators
Vi = (X,Y), Amp =X*>4+Y? (2.33)

we want to determine Viip, Vi, Vi, using (2.32), (2.31) and (2.33).
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Lemma 2.9. We have the equalities
2
p(z? +y?)
Vip = p (2% +y*)x +ty, (2% + y°)y — tx),

Vip = (tVmp+ p(—y,z)),

lee = m(—y, l’)

Proof. Let us begin by calculating

p

1 t 1 2, 2
om e () ()
- 4

1 ( tXp) 207 1 (py—tXp) 2 (1X )

—ly—— | =— — = ——— —PY),

p? p ph— 2 p? p py/ pt — t2 por
and

1 t P> ( 21 5 >
Voo — vy (L)oo (2 oy
@ <t>2 ('02) N AN

1- (&
p
2 —acp—tYp) 2
= — = X —|—tY y
p4_t2( p ; r_tQ(p p)
which gives
2 2 2
Vg = | ——— (tXp— py), ————— (ap + 1Y p) | = ————
HLP (p p4_t2( P py)pr_tz(p p)) T
2
tXp—py,xp+tYp) = ——— (tVmp + p(—y,x)) . 2.34
(tXp— py,zp P) p(x2+y2>( mp + p(—y, v)) (2.34)
Let us calculate now Vg1 6. For this purpose, we have
1 1
XO=—"5X <y> = z (‘%) -
1+ (%) v/ 145N T °+y
and )
1 1
Y9=—2Y<y>= — 2(—):%7
1+(%) T T2+ Yy \ T T4 +y
which imply
1
Vb = (—y, ). (2.35)

x?+ 92
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About Vi p, instead, we exploit (2.21) in the particular case of H' and it
holds

Vip = p 3((2* + yH)x + yt, (2 + y*)y — xt). (2.36)
Using (2.34), (2.35) and (2.36), we achieve

Vi = (tVmp+ p(—y,z)),

p(z? +y?)
Viip = p 2 ((2° +y*)x +ty, (2% + y°)y — to),

VHIQ = m(—y, .ﬁE)

Let us establish, at this point, also the values |Vgip|®, |Viip|® and
(Vi 6] .

Lemma 2.10. The following relationships hold:

4(z% + 1?) 22 + y? 1
2 2 2
Vael = =——=— Vwl"=—5— Vwll' =55
Proof. According to Lemma 2.9, we obtain first
1 1
Vi) = —— (> +2?) = ————. 2.37
| H! | (1‘2 +y2)2 (y +x ) 22 +y2 ( )

Concerning |V p|®, it comes directly from (2.23) and it holds
2% 442

2
|VH1p| = p2 .

(2.38)

About |V ¢|®, instead, we calculate explicitly and we get, using (2.38) and
Lemma 2.9,

4
V| = W(tQ Ve pl” + p°(y° + 2°) + 2tp(Vip, (—y, 7))
4 <t2372 +
pZ(xQ +y2)2 p2
4 % + 92 2?2 + 9
+ 2 {L'—l‘Qt — t2 + 2 2+ZL‘2 —2t2—
y)y )) I +y2)2< o p~(y )

4 2 2 4 4—t2
= 90,2 22<p2(a:2+y2)—t2x 4;3/>: 202 2 (P )
p* (2 +y?) P P*(2? + y?)

+ 02 (v + 2%) + 2tpp > (—(2® + ¥ yz — ¥t + (2
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namely

Vi = %. (2.39)
Putting together (2.37), (2.37) and (2.39), we then achieve the expected
results. 0

To conclude the computations on Vi p, V10, Vi, we calculate (Vi p,
Vuip), (Vmp, Vi) and (Viip, Vi 6) as well.

Lemma 2.11. The following equalities hold:

_cos(v)

2 l‘2+ 2
(Virp, Viap) =0,  (Vinp, Vb)) = =%, (Vi 0, Vi) = (@ +y7)

ot
Proof. Let us compute (Viip, Viip), (Vie, Vi 6) and (Vi p, Vi 0), using
Lemma 2.9 and Lemma 2.10. Specifically, we have first

2
<VH1¢’ VH1p> - p(l’Q + y2) (t |VH1P|2 + p((_y’ ZE), VH1P>)
9 2 4 o2
- p(22 + 12) (tx 2 Lt p (=@ + P )yx — Pt + (2% + )y — a:Qt))
2 z® +y° 2 2 2
= t +p A (—t(x” + =0.
p(22 + 42) ( 2 p (=" +y7))
(2.40)
Next, we calculate
P’ 2 | 2 2 2, 2 2 t
(Vip, Vi) = . +y2(—(:c + Doy — vt + (22 + P )ay — 27t) = _E
B _Cos(go)
P
(2.41)

Concerning (Viig, Vii6), lastly, using (2.41), it results

2
<VHIQO7 VH19> = W(tp_3(_(:p2 -+ y2)xy _ y2t + ([E2 —+ y2)$y — x2t>
2 2
2 2\ 42 =3/(,.2 2 2 2\ —

2 (—t2+p4) _ 2(2* +4°)
ple*+y*) \ p° P!
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Considering this together with (2.40) and (2.41), we obtain the desired rela-
tionships. O

We are in position now to compute A1, A p and A6, using Lemma

2.9. In particular, we have the following results.
Lemma 2.12. We have the relationships
3(x? + y?)
0
Proof. We first remark that by Lemma 2.9

4 cos ¢

AH19 == O, AHlp = Ale = .

’

2y 2xy
Ay = 2+ ) — 2+ ) = 0. (2.42)

About Ay:p, instead, we can employ the formula, see [9],
—1
AHlf(p) == |VH1PI2 (f” + QTJN) 5 (243)

in the particular case of f(p) = p and @@ = 4, and we achieve, in view of

Lemma 2.10,
?+y*3 32 +y?
Amp="—22_ ( 3y>. (2.44)
p p
About Ag:p, we obtain, from Lemma 2.9, and by virtue of (2.44) and Lemma

2.10,

AHw:X( )(tXp—py)+ (XtXp+tX?p —yXp

9
p(x? 4+ y?)

) (tYp+ pzx) +

pla? +y?)

—pXy)+Y (YtYp+tY?p+2Yp

2
p(z% +y?)
) ((2* +y*) X p + p2z) + (tY p + px)

+pYI)=(tXp—py><— -

p2(£132 + y2)2

2 . 2
— 75 53 Y 2 —— (Xt —y)Xp—pX
( p2($2+y2)2)((9¢ Yot o2y + S (K =y Xp = pXy
2t 2
+(Yt+2)Yp+pYa)+ —————Amp = —————(t(z® + y*) (X p)?
— py(2® + y*) X p + 2p1tXp — 2p°xy + t(2? + ) (Y p)? + pz(2® + v*)Yp
6t 2y 2x
20ytY p 4 2p%xy) + — + ———Xp— —Y
pytY p207y) + 5 A T )
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so that

A= ——— 2 (t(a® + P (X0 + (Vp)) + pla® + )@Y p — yXp)

2 2 ot
A A TR
Viel” - p(xfi R p(a:f-yé RN M4—+tm(
+ p(wf—iyz)Xp - p(xf—in)Yp = —% + ﬁ(yxp —zY)p)
4t 6t

- W(f’fﬁ_?’((?ﬁQ +y?)z 4+ yt) +yp((2° + vy — o)) + o

- % i ﬁ(wf?’((z? + o) +ty) — xp (2 + yP)y — at))

At 5 | 2y 2 5 o o 4t 4
- 7+ Yyt +xyt + (27 + —yxt) = — + ——
g @ Y vt @)y gt =
4t 4t  4cos
(2 + P yx +ty° — (@ + D)oy + ) — 5 = — = 2(90)

6t
+2tp(zXp+yYp)) + o +

6t
Xp+yYp)+ A

ptp p
ie. A
cos
Angﬁ = 5 14
p
Putting together this with (2.42) and (2.44), we have the expected relation-
ships. O

We complete this section providing the expression of Ay u, assuming that
u=p"f(0,¢)
Lemma 2.13. Let u = p“f(0,¢). Then
1 0%f

A = p* (O‘(a +2)sin(p)f — 2a(cos(¢)) g_g " Sinp) 002

_ 02 , 02 0
+ 4sin(p) 89059 + 4sm(g0)8—90]; + 4COS(()0)£> :

Proof. Let us start the proof by computing X« and Yu. We have

0 0
Xu=ap* H(Xp)f +p° (a—ng) + %XQO)

_ of 0 0
Yu=ap* ' (Yp)f +p (a—gYQ + %Y@).
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We are ready now to calculate Agiu. Precisely, we achieve

Agru = a(a = 1)p*(Xp)? + (Y p)*) f + ap® H(X2p + Y?p) f + 20p*™

(Xp) <8£X9 + a—fXg0> + 2ap* (Y p) (8]00}/9 + % 90)

o f 8f of af
+p (X(%X@—k% )+Y(89Y6+% 30))

0 0
= a(a—1)p" 7 |Vapl® f + ap " (Agp) f + 200! ( fX X0+ —pr

00 dp
of of ol (0 f s of
X+ 89YpY9—|—aSOYpY90> +p (X<89)X€+ an 0+ X 8@ X
s O\ vy Of o of s
+890X 90+Y(89)Y9+69Y 0+Y 890 ng—l—aSOng

) )
= (a(or = 1)p* 7 [Vinp|* + ap™ ' Agp) f + 200" <a—£<VH1P, Vi 0) + a_f
f vy, P 0% f 0% f
19, Vi . Xo )X X0+ 2L x
(VHP,VH@)M ((W 9+a¢ae w) 9+<398 9+a¢2 so)
2 2 2
/ *f o f o' f Of /2
X Yo |V YO+ S lye)y X
‘”(am D000 90) 0+(393<,0 Ot 5 90) o+ gl
)
+Y20) + %CX %+ Yz@) = (ala = 1)p* 2 [Vap|* + ap" Amp) f

0 0 0?
+2ap*7 ((‘9§ (Viip, Vi) + a—f<VH1,0, VH190>) +p° (w Ve 0
>*f 2f of of
‘I— a 80 <VH1QD, VH19> |VH1(P| + %AHle + 8¢AH1§0),

which yields

0
Amu = (oo —1)p* 2 ’VHWF + ap® Amp) f + 2ap ! <8JHC (Viip, Vi)
2

af of 0 2 o’ f >’f
+a¢(VH1/)7VHISD>) +p <(96’2 Vi 0| +28 ae(VHNP V) + 92

5, 5,
Vino|® + agaHle + aiAH1¢>.

In particular, using Lemma 2.10, 2.11 and 2.12, we get

2 2 3( 22 2 9
Apu = [ ala — 1)pa_2$ +y 4 apa—l (x® +y°) - 2apa_1_fcosg0
p? PP Bl
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e Pf 1 +482f x2+y2+82f4(:c2+y2)+%4cos(gp)
002 12 + 2 0pdl  p* 0p? Pt oo p?

~ afa+ 2) (S5 )~ 2a(con(elp

x2+y2 a2f +4x2+y232f
p? 0pdld p? 0p?

a—Zﬁ_‘_ a—2 pZ ﬁ
90 22 + 42 00°

+4

+ 4COS<Q0)%).

Thus, we lastly obtain the desired expression for Agiu, since IQpLgyz = sin(yp)
from (2.30). O

2.7 e, e, as orthonormal basis

In this section, we look for the points p = (x,y,t) € H' where {e,,e,}
is an orthonormal basis of HH, with HH, denoting the horizontal vector
space at p € H', see Section 2.4.

Let p € H!. Let us define

) = (22 )0 eol) = (8 ) o

We recall, according to Lemma 2.11, that (e,(p), e,(p))r2 = 0. Then, when-

ever e,(p), e,(p) exist, we have

span{e,(p), e,(p)} = H]H[}D.

As a consequence, in these cases, since {e,(p), e,(p)} is an orthonormal basis,

if u: H' — R is sufficiently smooth, then

leu(p) = (V[Hpu(p), ep(p»ep(p) + <VH1u(p)v ew(p)>e¢(p),

since Vinu(p) € HH, and denoting

Vinu(p) = (Viu(p), e,(p))es(p),  Vipu(p) = (Vinu(p), ex(p))es(p),
(2.45)

we have

[Vinu(p)[* = (Vinu(p), e,(p))* + (Vinu(p), e,(p))*,
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and
[Vanu(p)]* = [Viu(p)]* + [ Viu(p)]*. (2.46)

Lemma 2.14. The couple (Vi p)(p) , (Vi) (p) determines a basis of HH,
for every p = (z,y,t), such that x> + y* # 0.

Proof. We look for the points where Vyip and Ve vanish. We have that

P2 ((2® +y?)z + yt)
P2 ((2® + y?)y — at)

which gives, multiplying the first row by y # 0 and the second one by x # 0,

— (2.47)

0 (22 +y*)x+yt =0
0 (22 + y?*)y — ot = 0,

(22 + ) )yx +y*t =0 (2.48)
(22 + y*)yxr — 2%t = 0.

Subtracting the second row to the first one in (2.48), we get
0 = y*t + 2°t = (2 + y*)t,

which implies ¢ = 0, because x # 0 and y # 0. Now, if ¢ = 0, we obtain, from
the first row in (2.47), (2?4 y*)z = 0, which is a contradiction, recalling that
we have supposed that = # 0.

Therefore, suppose that y = 0, and in view of the first row in (2.47), we
have x = 0. Analogously, if we assume x = 0, we achieve, by the second row
n (2.47), y = 0. To sum up, we have Viip = 0 in points p = (x,y,t), with
x=0and y=0.

Concerning Vi, we have Vi = 0 if

2
FeEE) (p(=y,2) +tVimp) =0,
which immediately yields that x and y can not be equal to 0 at the same

time, so it is equivalent to

p(—y,x) +tVmp =0,
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that is
—py +tXp =0 —py +tp°((2* + y*)z + yt) =0
<~
pr+tYp=0 pr+tp3((2* +y*)y —at) =0

t((@® +y*)x +yt) = p'y
t((2* + y?)y — at) = —pa,

thus, we have to solve

t((2* + yH)z + yt) = p*
((° +y%)x +yt) = p'y (2.49)
t((a? +y*)y — at) = —p'a.
Specifically, multiplying the first row in (2.49) by y # 0 and the second one
by x # 0, we get
t(x® +y*)ay + ?y* = ply?
(@° +y*)zy + 2y = ply (2.50)
t(x? + y?)yx — t22? = —pla?.

Subtracting the second row in (2.50) to the first one,
(a® +y)t* = (2" + )",

and dividing by (2 + 3?) # 0, recalling that z and y can not be equal to 0

at the same time,

t*=p",

which implies
t] = p?
and hence t = 4p?. Substituting ¢t = p? in the first row of (2.50), we achieve
PP+ y)yr + ply® = oty
which gives
p*(x* + y*)yx =0,
which is a contradiction, since x # 0, y # 0 and p # 0. Analogously, if we

take t = —p?, we have, always from the first row in (2.50),

—p*(2* + y*)yx + p'y? = p'y°,
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ie.
—p*(x* + y)yx =0,

which is a contradiction, again because x # 0, y # 0 and p # 0.
Suppose now that y = 0, and we have, according to the first row in (2.49),
tz3 = 0, which entails ¢ = 0, since  and y can not be equal to 0 at the
same time. At this point, if y = ¢ = 0, we have, by the second row in (2.49),
p*r = 0, in other words = 0, recalling that p # 0, which is impossible,
since y = 0. Analogously, if we assume = = 0, we have from the second row
in (2.49) that the only possibility is ¢ = 0, but this condition yields, by virtue
of the first row in (2.49), y = 0, which is impossible, because z = 0. To recap,
Vi # 0, Vp € H', where it is well defined, i.e. in points p = (z,y,t) such
that z% + 3% # 0.

This fact, together with Vigip = 0 if 2 = y = 0, gives that (Vi p)(p) and
(Vi p)(p) are a basis of HH, in points p = (z,y,t) with 2* + y* # 0. O

2.8 Some crucial estimates in H!

In this section, we show a crucial lower bound for
leu 2
/ % dop (5 )
oBE (0) \/ X + Yy

V 1u2
[
B 0)  |€lm

with « € C(B™(0)) N Hﬁl(BIIHIl(O)) nonnegative, and such that u(0) = 0,
AHIU 2 0.

Let us introduce the following notation:

2
Vil

A / V2, ul’ dow(©), A /
= ————— dom (§), = IR : et
8 aBE (0) \/ 22 + y? v aBE (0) \/ 22 + y?
Ay ::/ u?/ 22 + y2 doy ().
9B} (0)

dow (),

(2.51)

As in the Euclidean setting, we obtain the following lower bound.
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Lemma 2.15. Let u € C(B (0)) N HL, (B (0)) be nonnegative, and such

that w(0) = 0, Agru > 0. Then, the following lower bound holds:

|VH1U|2
/83H1 ©) V% + y? dow &) A,+ A
1 > (4 ®

/ [ Vinul® d¢ T A+ AA?
B o) €l

Proof. Using (2.46), we get

(2.52)

m (§)

) 2 2
|vH1u’ do 1(6) ‘vgﬂlu‘ +|V]f]11u| do
i 2 2 H L 2 2
oBE (0) \/ 2% + Y _ JoB{ (0) Ve t+y
|VH1U|2 |VH1U|2
[
B (0) €| B o) |€lm
’V%ﬂif ’vcplu’2
o e L IR - SeEy
/33@1 0) /2 + y? aBE (0) /2% + y?

|VH1U|2
S e
Bi'(0) |€lm
We now look for an upper bound of
v 2
[ et
B0 [€lm
Specifically, as for the classical Laplacian, we have
AHIUQ =2 ’vH1U|2 —+ 2UAH1U,
which implies, if u satisfies uAgiu > 0,
2 |VH1’LL|2 S AH1U2.

In view of this, we then achieve

Vi ul? 1 A1
B o) €l 2 /5 0) €l

(2.53)

(2.54)

At this point, recalling the definition of divy: from Section 2.4, it holds

€t Aapnd® = diy (|€]a7 Vierw®) — (Vi €7, Vi),
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which entails, by virtue of (2.54),

/ Vool d€<1/ div (|¢]r Venu®) dé
~ = 1 H1
BE (o) |€]5m 2 Jpu) m H

1

—5/1 (Vi [€]gr s Venu®) dé. (2.55)
B (0)

Now, we have, again as for the classical Laplacian,
VH1U2 = QuVHm.

Consequently, by the analogue of the divergence theorem in H!, see Section

2.4, we get

/ div (’£|I;H12 VHluz) dg = / ) 2 ’£|I;H12 U<VH1U, VH1> dUHl (5), (256)
5 085 (0)

]{HI(O) Hl
where
Vi p
Vgt = s 2.57
with
p =&l - (2.58)

In particular, on B} (0), we have |¢|z = 1, therefore, in view of (2.56), we

obtain

/ div (|¢]5t Vinu?) dé = / 2u(Vigiu, v ) dog (€). (2.59)
B ( B} (0)

o) H'

In addition, it results
(Viu?, Vi [€]gr) = diy (W Vi |€|gt) — u? diy (Vi |€]mt) - (2.60)
Hence, by the analogue of the divergence theorem in H', we have
/ <VH1U2, VHl |€|HT]I12> df = / U,2<VH1 |£|H:I% s VH1> dO'Hl (5)
B (0) B (0)

—/ w? div (Vi [€]g1) dé. (2.61)
Bt W
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As a consequence, by virtue of (2.59) and (2.61), we achieve from (2.55)

2
/BI{“ ) % “= Lo Vi) o ()
£ g i (T ) = [ () o €
(2.62)
At this point, it holds, according to (2.58),
Vi [€]5f = =21€]50 Vin €l = —20"*Vinp.
which yields, using (2.57),
(Vi €]t vmm) = —2p7° [Vinpl. (2.63)
Notice, in particular, that by (2.57) we have
Vi = €. (2.64)

Thus, by virtue of this and (2.63), we obtain from (2.62), also exploiting
(2.45),

Vinul”
/ ’ HZU‘ d€ < / u<VH1u, €p> dUHl (5)
B ©0) €| OB} (0)

1 _
+ —/ U,2 div (VHl |£|H12) d£ —I—/ u2 |VH1p| dO’Hl (f),
2 /Bt H 2B (0)
which implies

|V]Hllu|2 2

/ ) s— d¢ < ) (w(Vinu, e,) +u” [Vinp|) dom (€)

i) €l 9B} (0) (2.65)
1 ) By
3 gl O )

At this point, we know that |€ \H_ﬂ? is, up to a multiplicative constant, the

fundamental solution of Aps, and in addition

AHI = le le ,
H1
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thus
diy (Vi [8]g) = A [€]gr = o,
with dg the Dirac delta centered at 0.
Consequently, recalling that w(0) = 0, and therefore also u*(0) = 0, we
achieve
. — . 1
u? (%ilv (Vi \§|H12) =u?0y =0 in B (0),
which entails, in view of (2.65),
By £< 1 (u(VHm,ep) +u |VH1p|) dogi (§).  (2.66)
B (0) €| 9B (0)

In particular, we have from Lemma 2.10

ZL’2 +y2
Vinp| = Y25
P

which gives
Vinp| = V22 + 42 on 0B (0).
Substituting this in (2.66), we then get
Vil
/ | H;L’ € < (U<VH1u, €p) +u2\/x2+y2) dowm (€). (2.67)
B (0) |€lm 0B} (0)

Specifically, we can rewrite the right term in (2.67) as
S22 1 42
/ uw(Viu, e,) 4—y dog (&) + u\/22 4+ y2 dow (€),
aBE (0) a2+ 9?2 aBE! (0)

which gives, by Holder inequality,

/ (u(VHlu, e,) +u\/a? + y2> doy1(€) < / u\/22 4 y2 doy (€)
B} (0)

oBY (0)

12 v ul? 1/2
([ evmipese) ([ Mdam(@) -
Bl (0) 9

B (0) /2% + y?

As a consequence, we have, from (2.67),

2
/Hl()mdgg )uQ\/:B2+y2 do (€)
B (0

’5‘%1 aBﬂl'Hl (0

T @) Vol o\
+ / u x2+y2d01§) (/ —d01§) :
( aBH (0) e (6) aBH (0) /X% + Y2 i (6)

(2.68)
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To recap, we have increased the denominator of (2.53) with (2.68) and using
this, we then obtain from (2.53) the desired lower bound. O

Let us introduce now the notation

dom (f)

N = af EVEAY
T e H(D) / PN 7 dom (5)’
>

where, in general, ¥ C 8Biﬂl(0) is a rectifiable set. In particular, for our

(2.69)

purposes, we consider
¥ = 0B (0) N {u > 0}, (2.70)
for u as in Lemma 2.52.

Theorem 2.16. Let u € C(BI" (0))NHL, (B (0)) be nonnegative, and such
that u(0) =0, Agru > 0. Then

2
/a Ll )

V 1U2
B 0) €l

Proof. First of all, we remark that A, # 0, hence the right term in (2.52)

>2 (/14 A, — 1), (2.71)

becomes
Ao Ao
dotse A A (2.72)
Act PP (4,
Ay
Substituting it in (2.52) we then achieve
Vi uf A, A
IVEUL (€ 4, A
/aB%*“ o VE+E ) ’ (2.73)

>
2 = 1/2°
B 0) €l Ay
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Furthermore, recalling that u € Hy (X) and (2.70), we have

which entails, in view of (2.73),

[ e g A
83?1(0) x2+y2 i . A_u+>‘90<z>

. 2.74
|VH1'U/|2 — Ap 1/2 ( )
) g d¢ 1+ 2
B]fl (0) ‘€|H1 Au
At this point, if we call
Ay (2.75)
s =—" .
A,
we can rewrite the right term in (2.74) as a function depending on s, precisely
as
S+ Aps

F(s) = ——F~ R, s> 0.

Our idea is to find the minimum of F' to get a lower bound of
v 2
[ e
aBH (0) /X2 + Y2

Vi 2
e
B o) [€lm
Specifically, we have

_ 1+/s— (5+)‘w<z>)2\1/§ (V)25 — s = Ay,
N (1+V/5)? IENECEVOR
2\/g +s— )‘80(2)

250+ Vo)

At this point, we notice that the denominator in the expression of F” is always

F'(s)

positive, so we have to study the numerator to find the minimum.

In particular, it results

2=V

Vs +s— Doy 20 =5 22427, >0

P (=)

Now, the roots of 22 + 2z — \ are

P(z)

zp =14 /14 Ay,
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but because z > 0, we obtain

22— Ny, S0 2> -1+ /1+ ),

P(z) =)’

which implies that
2
s =2 = (—1 +4/1+ A¢(E)>

is the minimum point of F.

Consequently, we achieve

A LT+ A =2/ T4 A + Aoy,
F(s) 2 F ( (<14 /14 As) ) = vy T
- 16>

1 + )‘90(2 80(2)
= T (),
4’@)

s—l—/\w(z)
T+/s >2<V1+A“’<E> )

and thus, using (2.75),

which yields

AP
A_u + >‘<P(2)

A 1/2 =
1 r
(%)

This fact, together with (2.74), then entails the expected lower bound.

(e )

]

We now show an alternative proof of Theorem 2.16, which follows the
approach developed in [15] about the classical Alt-Caffarelli-Friedman mono-
tonicity formula.

We first consider for every 5 € (0,1) the following lower bound, recalling the
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definition of A, ., in (2.69), (2.46) and employing the Cauchy inequality:

P(x)
2
Vil / Vi
IVE o (€) > AT o (€) + A
/EJBIIHII(O) x? + y? i (6) aBT (0) \/ 22 + 2 w (6) o

\/
éﬂl()UQ\/m2+y2daH1(f)=/a Hl()Mdam(ﬁ)Jﬂwz)ﬁ
BE (0 B (0

/x2+y2
/a Hl()u2,/x2—|—y2 dam(f)—k)\(p(z)(l—ﬁ)/ )u2 /32 + 42 dog (€)
BE' (0

aBE (0

|Vﬁ1u|2 : 2 :

>2 / ——— dom (& A B/ u“\/ 22 4+ y? dogn (€
oBY (0) /T2 + y? i (&) PO Jopt o) ()

Fha(L=8) | VP dow(©)
BE' (0

(2.76)

In view of (2.76) and (2.68), it then follows, since A, # 0,

/ AT
aBE (0) /22 + y? " - 2()\%2)6)1/214;/2/171/2 +(1— B sy Au

/ Vi ul? i - A, + AYPAL?
B o) [€lm
1/2
2()‘<P(2)B)1/2 Aﬁl)/2 (1 - 5))‘90(2)
= - > min{(1 = F)Ag ), 2N, 8) /7).
14 225
Ay

At this point, let § € (0,1) be such that

(1= B)Aps, = 2(Aps, )2 (2.77)

Then, denoting « = ()‘eo@) B)'/2, we obtain that the previous relationship is
satisfied whenever

o +2a — A 0. (2.78)

Pz

We point out that, from (2.77), it follows

(1_/8)\/)‘90(2):2 ﬁa
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as well, so that, denoting v = /3, we get

>‘%0<2>72 +27 =/ Ap, = 0.

—1£ /1+ A,
V= ,
\/ /\90(2)

but, since # > 0, it results

—1+,/1+)\<p(2) 1 1
v = = — +/1+ S
\/ )\W(Z) \/ )\‘:D(E) )

Now, the function r — —r + /1 + 12 is positive in [0, +00) and since (—r
+V1+7r?) = 14 = <0 for every r > 0, this function is monotone
decreasing, so that 0 < —r ++/1+r2 < 1.

As a consequence, there exists g € (0,1) given by

2
—1+,/1+)\@(E>
b=
\ Aos)

such that, when (2.77) is realized, it holds

min{(1 — 8) A, 2()\@(2)6)1/2} =2 (, [T+ Aoy — 1) ;

as stated in Theorem 2.16.

This yields

2.9 Straightforward computation of the two

basic cases

In this section, we want to state and prove two further lemmas and next
give a generalization of one of them, which will be useful in the proof of
Theorem 2.1.
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Lemma 2.17. If u =z, then

’le'u,|2
/831{111 ) /12 + 32 dow: (¢)

|VH1U|2
/ L T ®
B (0) |€lm

Proof. First of all, we note that

Vma" = Xz},

hence

Nl e ———dom (¢
/83?1 © /2% +y? e (¢) _ JopE g0y V@? + 3P e (2.79)

Veul” _—
o 1B " e €F
B 0) €l 7 0)n{z>0} [l

Let us calculate now

1
[
B (0)n{z>0} [€]gn
To this end, we apply the change of variables in spherical coordinates, that

is, denoting & = (x,y,1),
£ =T(p.p.0) = (p\/sin(p) cos(0), py/sin(p) sin(0), p* cos()),  (2.80)
and, since |det Jr| = p® and
. m s
x = py/sin(p) cos(f) > 0 < -5 < 0 < BL (2.81)

we get

1 T~ r% prl 3 21,=1 2
/ _d¢ :/ /2 / P dpdpdo = {p—] -7 (282
BE' (0)n{z>0} \f!Hl o J-zJo P 2 p=0 2

Regarding

1
——— do: (§),
/aBgHIl 0)n{z>0} \/ 22 + 32

instead, we recall first that, by definition of doy:, see Section 2.4, it holds

dog (6) = YV 50, (2.83)
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hence we achieve

1 1
————dom (§) = / —— do(§). (2.84)
/831{*11 0)n{z>0} /T2 + y? oBM (0){2>0} |Vl

At this point, we consider the following parametrization of 9B (0) :

&= K(0,p) = (\/sin(p) cos(f), v/sin(y) sin(h), cos(y)). (2.85)
Then, we obtain
8K 0K
do(§) = ‘ o0 " 5, dfdep,

which yields

oK 8K
df de, (2.86)
/BHl( 0)N{z>0} |VP‘ / /— |Vp| ‘

using (2.81).

In particular, we have

Vol = '1((1- +y7)% + ) 7A(2(2 + y7)22, 2(2” + yP)2y, 2t)

1 1
= 5P VA (@ )P+ Ay y?) + 12 = A+ )

that is, according to (2.85),

1 . , T
IVp| |8311H11(0) = 5\/lemg(go) + cos?(p) in (— 5 §> x [0, 27).

On the other hand, in view of (2.85), it results

0K OK| e a2\ cos(y)
‘W A r (— sin®’(¢) cos(#), — sin” () sin(6), — 5
] cos?(p) 1 5 )
—\/Sln <,D+—4 —2\/48111 © + cos?(p),
which thus implies
‘81{ A 8K

|Vp| - m(‘g’g)ﬂwﬂ- (2.87)



2.9 Straightforward computation of the two basic cases

105

Consequently, we have

oK aK
dfdp = 2
// \Vp!' i

hence, from (2.84) and (2.86), we get

1
/ —— do (&) = 7. (2.88)
aBH (0)n{z>0} \/2? + y?

Putting together (2.82) and (2.88), we lastly achieve by (2.79) the expected
result. ]

Lemma 2.18. Ifu =t", then

2
/ AVeul” do (€)
aBH (0) /22 + y?
V 1U 2
s
B# (o) |l

Proof. We point out first that, in this case, we have

Vit™ = 2(y, —2) x{1>0}-

Therefore, it holds

A
[ g [ s
oBH" (0) aBHE' (0)n{t>0}

x? + 12 0
= (289
/ |Vl i / 42+ ) P (2.89)
BE (o) €] BE (>0} €[5

Now, let us compute

4 2 2
/ (z —;y ) .
BE (o)n{>0y €|

Using the change of variables in spherical coordinates (2.80) and noting that

t=pPcos(p) >0=0<p< g, (2.90)
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we then obtain

/ (:L’ +1?) i = // /4,08111 B dpdiodd — 2.
s g0y €l —r
(2.91)

In parallel, in view of (2.83), (2.87) and (2.90), we get

/ 1 A/ 2?2 + y? dogr (§) = 4/ /2 sin(p) dpdf =8r  (2.92)
B (0)n{t>0} —-mJ0

as well. So, from (2.89), (2.91) and (2.92), we lastly have the desired equality.
[

Lemma 2.19. For every a,b € R such that a® + b* # 0, let u = (ax + by)"
be defined in B (0). Then

2.10 Proof of Theorem 2.1

In this section, we prove the main result Theorem 2.1, as a consequence

of Lemma 2.8 and Lemma 2.19.

Proof of Theorem 2.1. Let uy = (ax+by)" and uy = (ax+by)~, with a,b € R
such that a?+0? # 0. Then, we employ Lemma 2.17, which holds in the same

way for us, concluding that

/ Mdam () / Mdam ()
oBH (0) \/2% + |y|? oBE (0) /22 + |y|?
2 + 2 =
’vHﬂLl’ |VH1’LL2|
R R
B (0) |kl B ) |kl

Thus, if § > 4, then u; = (ax + by)t and uy = (ax + by)~ satisfy the
hypotheses of Lemma 2.8, but s, HIEI; < 0 when tested on these choices of 1,
and uy. Hence, in order to preserve the increasing monotonicity of Jgm, we

must assume that § < 4. n
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2.11 The case f independent of 6

In this section, we analyze the case of H'-harmonic functions in the form
u = p*f(¢p), with f a given function depending on ¢.
First, we recall that in Lemma 2.13 we proved that if u = p®f(0, ), then

82
Amuzw2(«a+m$mmﬂa@—QMmaw@%+ﬁi@5£
0? 0? 0
+ 4sin(yp) 89059 +4 sin(gp)a—é +4 cos(gp)—ai) : (2.93)

Now, if we evaluate this expression on B (0), we get

: 0
AH1u|aB]{ﬂ1 0= ala+2)sin(p) f(0, @) — 2a cos(w)% + sin(p) 962
02 f 0 f

9,
9000 + 4sin(yp) == + 4 cos(p) / (2.94)

+ 4sin(p) 0.2 95

Corollary 2.20. If u = p*f(¢), then

. o [ . of
AH1U|83¥11 0 ala+2)sin(p)f + 4% (S]n(gp)%) ‘

Proof. For the sake of simplicity, in the following we will denote AH1u|aBH1
1

with Apu.

(0)
In particular, if f(0,¢) does not depend on 6, i.e. f = f(¢), we obtain,
in view of (2.94),

Ay = a(a+ 2)sin(p) f + 4 sin(ap)g%;; + 4cos(g0)g—£. (2.95)

At this point, we note that

0*f of 0 of
4sin(p) 2L 1 4 9 42 (sin(p) 2L
sinp) 4 + dcose) o =1 (sim()3L )
which implies, from (2.95), our thesis. ]

Corollary 2.20 yields the following lemma as well.
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Lemma 2.21. If a = 2 and we take u = p? cos(yp), we have that u is A

-harmonic, that is Agnu = 0, and

s

4 [ sin(p)((cos()))? dyp
ot |

/0 : sin(i) cos®(p) dy

Proof. This result can be found in [56]. However, to help the reader, we give
a straightforward proof of this fact.
First of all, from (2.93), we achieve that if u = p® f(p),
o? 0
Agpu = p*2 (a(a +2)sin(p) f + 4Sin<<'0)8_cp]; +4 cos(gp)%) :
As a consequence, if u = p?cos(p), we have, because a = 2 and f(p) =

cos(p),
Apu = 8sin(p) cos(p) — 4sin(p) cos(p) — 4 cos(y) sin(p) = 0.

Now, if u = p®f(p) satisfies AH1U|BBH1 = 0, we have, according to Corol-
1

lary 2.20,

(0)

—4(sin(p) f') = a(a +2)sin(p) f,
writing % <sin(<p)%) = (sin(¢) f'), since f is a function depending only on
v, and multiplying both the terms of the equality by 7 sufficiently smooth
with n (g) =0, it holds

ala+2)sin(p) fn = —4(sin(e) f)'n.
Integrating over [0, g] the previous equality, we then obtain

oo +2) / *sin(p) fn dp = —4 / * (sin() f')'n do.

In particular, if we choose n = f, we get, because f(g) = 0 by virtue of the

choice of f,

Wl

ata+2) | " in(p) 2 dp = ~a([ntrr] T / sin(g)ff i)

»=0

=4 [Tsin(e)( dp.
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In addition, in view of this, we also have

1 /  sin(p) (/)2 dy -
0 _ . 2.96

i sin () f2 d

ala+2) =

At this point, we recall that, from Lemma 2.21, p? cos(y) is H!'-harmonic,

where o« = 2 and f(p) = cos(p), with cos (g) = 0, hence, repeating the
same argument used to achieve the last equality, it results

af sin()(cos'(p))* dg
- th |
/0 sin(y) cos®(¢) dyp

Now, denoting by Lf = 4(sin(p)f’)’, and considering the following eigen-
values problem

Lf+Asin(p)f =0, ¢ <@ <y

flpr) =0, (2.97)
fle2) =0,
it results that « has to satisfy the relationship
ala+2) = A, (2.98)

which is exactly the same one obtained in (2.78). Furthermore, we know,

from the proof of Lemma 2.21, that the identity below is valid:

4 / " sin(o) (f)? do

alo+2) = %o
/O sin(p) f2 dep
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On the other hand, performing a change of variables 7 = 7 — ¢, it holds

—4 o sin(r — 7)(f")*(m — 7) dr
ala+2) = /“

- /ﬂ " in(r — 1) 2 — 1) dr
4 /ﬂ :00 sin(r)(f)2(r — 7) dr
/ﬂ :m sin(7) f2(r —7) dr

To sum up, we have achieved

[T sine)
a1 (o) (a1 (po) +2) = /O*goo o)
sin(¢

[e=]

(2.99)

3

4/ sin(7)(f)?* (7 — 1) dr

0

(o) (e (no) +2) = w
/ sin(7) f2(r — 7) dr

10

where ¢g + 1y = .

Lemma 2.22. The function
G(p) = an(p)(en(p) +2) + ar(r — p)(ar(m — ) +2), ¢ €[0,7],
is symmetric with respect to 7.

Proof. For every ¢, € [0, 5] we have

G(po) = ar(m — (7 — wo)) (1 (m — (T — ¢o)) + 2) + a1(m — o)
(o (m — o) +2) = G(m — o).

]

In particular u = p* cos(y) is H! —harmonic in {(z,y,t) € H' : t > 0}.
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Let us denote, at this point, by A, (¢2) the eigenvalue of the problem

(2.97). We note that, in particular, the first eigenvalue A is determined

$0,P1
by the Rayleigh quotient given, in this case, by

t [ sin()f (o)

Moo = | inf T |
FEHY(1,02)) / sin(p) f(¢)*dep
©

0

Moreover, we denote with G(¢) and h(p) the functions

G(p) = Ao(p) + Ap(m), ¢ €[0,7].

and

hp) =21+ Xo(p) = 1) +2(/1+ Xo(mr — ) — 1) (2.100)
respectively. Then, we get the following result.

Lemma 2.23. If the minimum value of h corresponds to the configuration
in which the Koranyi ball is split in two parts by the plane t = 0, then
G(p) > 16 and h(p) > 4. In general, assuming only that G(p) > q > 0, we

obtain h(p) > 2(v/2 4+ q — 2).
Proof. Let us recall first that, in general, it holds va+b < /a + Vb <
V2v/a + b, so from (2.100) it follows

M) > 2(v/24 Mo(@) + ho(m —9) —2) =2(+/2+ Glp) —2).  (2.101)

Now, we distinguish two cases, i.e. whether the minimum value of h corre-
sponds to the configuration in which the Koranyi ball is split in two parts by
the plane ¢ = 0 or not. Let us treat the first case. Then, in view of (2.98)
(2.99) and Lemma 2.21, we achieve by definition of G

Gl) = M) + Ao (m) = Mo(9) + ho(m = ) > 20(3) =16 (2102)
which yields, according to (2.101),
hp) > 2(V18 —2) > 2(4 —2) = 4.

In case, instead, we only know that G(¢) > ¢ > 0, again by (2.102) we
reach h(p) > 2(v/2+q — 2). O
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2.12 The case f depending on ¢ and 6

In this section, we deal with the case of H!-harmonic functions whose
expression is u = p® f(6, ¢), with f a given function depending on 6, ¢.

We begin recalling that, according to Lemma 2.13, it holds if u = p® f,

0 f?
Agiu = p*~2 (a(a +2)sin(p) f — 2a(cos(g0))a—]; + sinl(go) a—gz
0? 0? 9,
+ 4sin(gp)agp§9 + 4sin(p )% + 4 cos(yp )8gj;>

which also implies

: 1 af
AHlulaBI{“(o) = a(a+ 2)sin(p) f — 2a(cos(p )) sm( 196
. 0 f , 0% f of
+ 4sin(yp) 9000 + 4sm(g0)% + 4 cos(p >8_ (2.103)
Let now
Sin (%) (4 + 2a) sin(yp)
A0, ) = . (2.104)
—2asin(y) 4sin(p)
and define
Lo = div(A(0,9)Vae), (2.105)
®
where
99 99 . 0G, | 9G,
=\ 35 5~ =75 T A 2.1
Voed (ae’ 8g0)’ divG = 55+ 90 (2.106)

with g : [0,27] x [0, 7] = R and G : [0, 27] x [0, 7] — R? smooth. Then, the

following lemma is valid.

Lemma 2.24. Let Qp, C [0,21] x [0,7] and T(Q,) C OB (0). If u
= p“f(0, ) is solution of Agru =0 in dg(T(Qy.)), R > 0, then

Lo,f =—ala+2)sin(e)f inQyy,,
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with

1 /9f\> . ofof af\?
/M(Smw (%) asin(e)g g, s “”(@) W@

/ sin(y) f2 dfdy
Q

0,¢

(2.107)

Proof. First of all, we point out that (2.103) yields if AHIU’BBHl 0= 0, with
u=p*f(0, ),

0 1 0
ala+2)sin(p) f — 2a <3os(<,0)a—J9C + S (7) 8_9]; + 4sin(90)890§9
+ 4sin(p );Tf—i-llcos( )gi 0.

Now, we claim that this equation also implies
ala+2)sin(p)f + Lo,f =0, (2.108)

with Ly, defined as in (2.105). Let us check it. We have by (2.105)

: 1 0 0 . 0 . 0
Lo, = %}g (sm( 196 + (4 + 2a) sm(go)asp —2a sm(gp)% + 4sm(gp)%)
1 o 02 0 _ 02
— (o) )8&2 + (4 + 2a) sm((p)aea — 2« cos(gp)% — 2asin(p) 9000
0 _ 2
+4 cos(go)% + 4s1n(<,0)8—802,
in other words
1 2 0 §
- F4sin(p)—— —2 4 4y .
Lo, = Sn(e) )892 (¢)398g0 a cos(p )80+ cos(ip )8g0+ sin(¢ )&02,

hence (2.108) indeed holds.
Therefore, if we consider T'(y,,) € B (0), (2.108) in Qy,, can be read as

(giv (AgoVoof) = —ala+2)sin(p)f in Qg,,
@

and, multiplying both the terms of the equality by 7 sufficiently smooth, with

compact support in €2y ,, we get

celi;f (Ag,Vo,of)n=—ala+2)sin(p)fn in Q.
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Integrating this equality over {2y ,, we then achieve

J

In particular, if we choose n = f in the previous equality, we have

J

In addition, by the divergence theorem, we obtain

/Qg’yJ ’

- / (A9, Vouof, Vo f) dode,
Q

0,

%iv (Ap., Vo, f)ndidp = —a(a+ 2) / sin(p) fn dfdep.
©

0,0 Q.

div (A9, Voo ) f dbdp = —alar+2) / sin(i0) 2 dodg.  (2.109)
©

0o ' 7

%i;f (A9, Voo f) [ didp = / (fAp Voo f v) do(8, )
85’29‘90

which implies

J

because f has compact support in €y, by the choice of f.

v (A0, oo ) 0o == [ (A0, V0, f, aof) dbd,

Q

0,0 0,¢

As a consequence, substituting this in (2.109), we then have

J

Now, let us note that with 4+ 2a # —2a, namely o # —1, from (2.104), Ay,

(A0 Voof, Voo f) dody = a(a + 2) / sin()f? dodp.  (2.110)

Q

0,0 0,0

is not symmetric.

Thus, we can consider the symmetrized form of Ay,

Agp + Ag,eo

Ag,cp = 5 ,

and we observe that
S 1 T 1 2
(A v,v) = 5((149,50%@ + (Ag v, ) = §(<Ae7wv»v> + (v, Agpv)), v ERT,

1.e.

<Ag,<pv7v> = (Ag,v,v), vE R?.
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Using it, we then achieve from (2.110)

J

At this point, we look for an explicit expression of Ag o

(A5 Vouof Vouf) ddde = a(o +2) / sin(p) f2 dfdp.  (2.111)

0,¢ QGW

Specifically, we have, using (2.104),
1

. ' S0 (2) (4 4 2ar) sin(ep) S0 (2) —2asin(p)
Ay, = 3 +
—2asin(yp) 4sin(p) (44 2a)sin(p)  4sin(yp)
1 Sin (@) 4sin(¢p) ) Sin (@) 2sin(y)
4sin(p) 8sin(p) 2sin(p) 4sin(yp)
Consequently, we get
L of . 9f71 Tof
Sin(p) 90 +2 sm(gp)% .
<Ag@v9,wfu vG,wf> = < ) of >
0 0
2sin(gp)a—£ + 4sin(gp)£ 9o
L (OfNT L OfOf . OfOf . . af\’
= Snly) (%) +2 Sln(gp)%% + 251n(gp)%% + 4sin(y) <%>

1 [0F\* . OfOf . Of\?
- A I GIe) Ly g .
sin(9) <ae) Fasin(e) g5, HAsine) (55
Substituting this expression in (2.111), it then results the desired equality.
O

At this point, we remark that if @ = 1 and f = y/sin(p) cos(6), we get,
in view of (2.103),

A (p sin(¢) cos(@)) |8BIlHll o 3sin®% () cos(f) + 2 cos(p)/sin(y) sin(h)

sin(¢p) cos(6) . 0 : . .
sin(p) +4 s1n(90)% (— Vsin(ep) sm(@)) + 4sin(p) cos(d)
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i( cos() ) + 4 cos(p) cos() cos(6) = 3sin®?(¢) cos(f) + 24/sin(yp)

O \ 24/sin(p) 2,/sin(y)
cos(p) sin(6) — su;i;o();)os(@) + 4sin(yp) ( 5 Cossiip(zp) sin(@)) + 4sin(p)
, : cos(¢)
—sin 24/sin(y) — cos —
(=sinfp)) ()= conl) ( Sin(‘p)> cos(9) + 2 25 #) 0s(0)
4sin(p) sin(y)

_3 sinS/Q(so) cos(f) + 2\/mcos(gp) sin(f) — % _9 Sin(i)igzz;@)

cos?(ip) cos(h) 4o cos?(p) cos(h) _ sin? ¢ cos(6)

\/sin(p) \/sin(p V/sin(p)

N 2sin(y) cos(p) sin(f) — cos(f) — 2sin(p) cos(p) sin(f) + cos?(p) COS(H)7

\/sin(yp)

sin(f) — 2sin(p)*? cos(6) —

~—

namely
A (p sin(ep) cos(@)) |8B]fll(0) = 0.

Hence, in view of (2.107), with Q4 , = (0,7) x (0, 7), we should have

1o (ofN® . ofof . ofr\*
/Q (m (%) —|—4sm(g0)%%+4sm(<p) (%) )d@dgp

3=
/ sin(y) f2 dfdy
Q

0,0

Y

(2.112)

with f = y/sin(¢) cos(d).

Let us check now that this equality holds. Precisely, we have first
/ sin(,0)(+/5in () cos(0))? dfdyp — / in? o dyp / cos2(6) db,
(0,m)x(0,m) 0 0

which implies
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since

1 + cos(27)
cos® T = ) :
2.114
5 1 — cos(27) ( )
sin“ 7 = 5 :

In parallel, it is also valid

/(OJ)X(OJ)( 1( )(%( in(p) cos(@))>2+4sn % \/7005

%( sin(p) cos()) dfdyp + 4 sin(yp ( (v/sin(p) cos(6)) ))d@dgp

= /(OJ)X(M) (s *(0) — 2sin(p) cos(¢) cos(0) sin(f) + cos*(¢) cosz(9>> dfde
)

:/ n%() dody — / sin(2¢) cos(0) sin(#) dody
(0,m)x(0 ) (0,m)x(0,m)
+/ cos?(ip) cos®(6) dfdep,

(0,7)x(0,7)

and thus, from (2.114),

/ (0, >( 1()(389( <90)C°S(9))>2+4sin(s0)%( sin(¢p) cos(0))

(0,

8@(\/ n(y) cos(0)) dfdyp + 4sin(p) (%( sin() cos(d)) > dfdy

Dy

)
=7 / n%(6) df — /0 ' sin(2¢) dy /O ’ cos(6) sin(6) df + /0 WCOS2(g0) dy
/ 0)do = / (1 _C;S(Z'g)) o — {—w} F: /O " cos(6) sin(0) 6
+/0 (1+Cc2)s(2g0)> d(p/()”(l—kcgs(%)) deﬂ(;_ sinize)]ZZD
D) G ) -5 -

that is

/<0 (. )(S‘nl(so) (%( sin(p) COS(Q)))2+4SiH(¢)%( sin(ip) cos(6))
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%( sin(y) cos(d)) dfdy + 4sin(yp) (%( sin(y) cos(@))) ) dfdy = ZWQ.
(2.115)

As a consequence, putting together (2.113) and (2.115), we indeed get (2.112).

2.13 Evaluation of )\<p(z) for symmetric caps

In this section, we analyze the behavior of A for symmetric caps. We

L)
observe, at this point, that a symmetric cap with respect to the t—axis may
be described by only using the variable ¢ in the change of variables T, see
(2.80). It is worth to recall now that the Koranyi ball is not symmetric along

all the directions like the Euclidean ball. Precisely, the following results hold.

Lemma 2.25. If u = xt, then

v, ul?
/ % dop (f)
oBE (0)n{u>0} \/X° + Y

= 2.
/ w22 + y2 dog (€)
dBE' (0)n{u>0}
If u=1t", then
v, ul?
/ % dom (5)
B (0)n{u>0} \/ T + Y _g

/ u?\/22 4 y2 dog (€)
aBH (0)n{u>0}

As a consequence, it results

)\SO(E) < 2’

with ¥ = 0B (0) N {u > 0}.

Proof. We start with v = ™. In particular, we want to compute

\VASEY) 2
/ % dowm (5)
B (0)n{u>0} \/X° + Y

/ u?/ 22 + y2 dog (€)
oBI (0)n{u>0}
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P(x)

Using the parametrization in spherical coordinates of the boundary of unitary
Koranyi ball in (2.85), u = z* reads on 9B (0)

u = (y/sin(p) cos(F)) ", (2.116)

which is positive if —7/2 < 6§ < 7/2 by (2.81). At this point, we want to
express ‘Vﬁlu‘z according to (2.116). Let us recall first that if v = p*f(, ),

we have

0 0

Moreover, we know by (2.45) that

Vinv = (Vmv, eg)e,,

where e, = |§H1:| , thus, in view of (2.117), Lemma 2.10 and 2.11, we achieve
H1

0 0
Vi = (ap® 'Vup f + p° (6_£le0 + %VHWO)

VHIQO
’ |VH1§0|>%
o pt? of 2(x* + y?)
RN (% P

Pt (Of of
— W (%<VH19, V) + % |VH1<p|2 €y

Of 4(x* 4+ y?)
Yo )

namely

which implies
, 2
(VEw|™ = p? 2 (2 + ¢?) (— + 2—) .
In particular, on @B (0) this reads, by virtue of (2.85),

of a_f)2

2 .
9500 g = 500 (5 +251 (2118)

Now, the function u = 2 in the spherical coordinates (2.80) has the expres-

sion u = (py/sin(y) cos())", which corresponds to the form p®f(6, @), with
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a=1and f = 4/sin(y) cos(d). Thus, we obtain, according to (2.118),

cos(p) cos(6) \”
24/sin(p) )
= sin?(ip) sin?(A) + cos?(¢) cos?(6) — 2 cos(y) sin() cos(#) sin(h)

2 : . .
|Vl losi (o) = sin(yp) ( — +/sin(y) sin(6) + 2

= (sin(¢) sin(#) — cos(ip) cos(#))? = cos?(0 + ),
that is
Vi

2
H1u| |aB]fI1 © = cos?(6 + ). (2.119)

Let us recall, moreover, that, from (2.83) and (2.87), it results

dog (€) = YEPL o) — \fem(o) dodp, (2.120)

therefore, exploiting (2.85), (2.116) and (2.119), we get

Vel
/ M do (€) / / cos®(0 + ) dfdyp
oB (0)n{u>0) /22 + Y2 3
/ 1 w22 + y? dog (€ / /2 sin?(y) cos?(6) d@dgp
B (0)n{u>0}

(2.121)

Let us compute, at this point, the numerator and the denominator of the

N\::

right hand side in (2.121) separately. In both cases, we use the duplication
formulas recalled in (2.114).

About the numerator, in particular, we have

[l

Concerning the denominator, it holds

2
/ / sin®(y) cos?(#) d9d802%~ (2.123)

Consequently, from (2.121), (2.122) and (2.123), we lastly obtain

\VASEY)
/ L % dowm (5)
ABM (0)n{u>0} \/T° + Y

/ u?/ 22 + y2 dog (€)
oBI (0)n{u>0}

2
cos?(0 + ) dfdp = 7; (2.122)

mu

= 2.
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Let us deal now with u = ¢*. In view of (2.85), we achieve u™ = cos(¢)™,
which is positive if 0 < ¢ < 7/2. Then, keeping in mind (2.118) and (2.120),
we get
Vil
(@ sr [ sin(p)sint(p)d
/aBIIHIl O)n{u>0} /22 + 2 " 0 sin(p) sin”(ip)dp

2 2 2 3 .
u /2?2 +y?2dog (§) 9 / 2 d
Lo Y 7 [ o) sintes

us

o /0 " sin(p)(1 — cos2(e))dy -
21 [—5 cos® @] T_

=3
=0

]

In particular, from the proof of Lemma 2.25 we derive the following corol-

lary as well.
Corollary 2.26. It holds

Vil ;. 0f
————— dom (& / sin (— + 2—) dod
/8311311(0)m{u>0} x? 492 w (6) _Jag, (?) a0 0 4

/ ) u\/22 4+ y2 dow (€) / sin(y) f2dfdyp
B (0)n{u>0} Q

0,¢

where T(Qg.,) = OBY (0) N {u > 0} and u = p*£(0, ).

2.14 Last considerations

In this section, we expose our last considerations about the question of the
existence of an Alt-Caffarelli-Friedman monotonicity formula in the Heisen-
berg group H!.

In view of Sections 2.12 and 2.11, whenever f satisfies

0 0? 0?
ala+2)sin(p) f(0, ) — 2a cos(go)a—‘g + s1n1( ] 86’]; + 4sin(p) &pgﬁ
. D’ f of
+ 4sm(<p)% + 4 cos(y )890 0,

(2.124)
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on T'c B (0) or

ala+ 2)(sing) f(e) + 4% (sin(gp)%) =0

on I' ¢ 9BM(0) for f depending only on ¢, then u = p*f(f,¢) is

H!'-harmonic in the set

Pro={(z,y,t) eH": (2,y,t) =0(&n,7), A >0, ({,n,7) €T},

where 0y(&,n,7) = (A, An, A27), A > 0, is the dilation semigroup in the
smallest Heisenberg group H!, see Section 2.4. This follows directly by
Lemma 2.13. For instance, if I' = {(x,y,t) € B (0) : 2%+ 9> < Mt},

where M > 0 is a constant, then
Pr={(z,y,t) cH' . 2®+9* < Mt}

Moreover, if we add a boundary condition to the equation (2.124) by requiring
that f = 0 on OI', then u = pf satisfies

AHlu = Oa ($a yvt) € PI‘,
u=0, (x,y,t) € OPr.

(2.125)

Of course, if we fix I' and we assume that f = 0 on JI' as well, then the
equation (2.124) has a solution only for some particular values of «. This
type of problem, in particular, has been faced (the authors having in mind
different applications respect to those in the work of Ferrari and myself) in
[58] and [8], without entering into the details as done in [38], but considering
all the Heisenberg groups H".

Now, see Section 2.12; (2.125) can be rewritten as the eigenvalues problem

Lo,f=-MND)f inQcCR?
f=0 on 01,

(2.126)
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with 7(Q) =T and

/ Gf d@dg&

A(l') = inf (2.127)
vEH; (0p) /sm )2 d@dgp

where

of\? 9F\ 2
G0, ) = @(a—g) + 4sin(p )8£ &,J; + 4sin(p) (%) ,

As a consequence, as in the Euclidean framework, we have reduced ourselves
to study Rayleigh quotients to understand if a monotonicity formula can hold
in H!' and, in particular, to deal with the correspondent of the characteristic
number, see Section 2.3 for this notion, in such a noncommutative framework.
Specifically, it would be fundamental to know if the result by [48] recalled
in Section 2.3, that is the cap on dB; having the same H" ! measure of
some sets X on 0B has the smallest Rayleigh quotient, is true even in the
Heisenberg case. Let us say that we would like to know if there exists a set
I'* ¢ OB (0) such that for every I' € 9B (0),

ml

B (0 BE .
PY; ()(F) P (© )(F ),

it results
(0558 (F) Z (0% ¢! (F*),

where ag (I') denotes the unique positive solution to the equation
a(a+2) = A(D),

and A(T") is the first eigenvalue of the problem (2.126) defined as in (2.127).
The existence in the Heisenberg group of the properties of the characteristic
number associated with the set I', as far as we know, is still unknown. This
part corresponds to the topic discussed in [74] in the Euclidean setting. Pre-
cisely, just for having an idea about the difficulty in solving the problem, we

remark that

Pﬁﬂ (O)(F) = /Q Vsin(p)dfde,
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where I' = T'({1} x Q). At this point, we may decide to symmetrize the set
(2 in many ways. For instance, for every ¢, we might define {7, in such a way
that

Hl(Q;) = 2‘9@ = Hl(Q¢)7

and consider Q" = Ugcr, (0§, where TIx(2) = {p : Q, # 0}. Nevertheless,
the lack of an isoperimetric result in the framework of H! does not permit
to conclude anything.

Trying to recap the situation in H!, first, by Lemma 2.25, we know that,

in general, A < 2, where A is the Rayleigh quotient in this context.

L) P(2)

In the particular case of functions defined on caps depending only on ¢,

i.e. in the form u = p®f(p) in what exposed in this chapter, the function
2
do not know if the minimum of the function A is realized when ¢ = 7,

h defined in (2.100) is symmetric with respect to Z in [0, 7]. However, we
even if this fact would seem natural. In any case, if it were true that the
Koranyi ball is split in two half parts by the plane ¢ = 0 when h realizes
the minimum, which is unfortunately still unknown, then solél[(i)gr] h(p) = 8,
since from Lemma 2.21 Xo(3) = 8, see Section 2.11 for all the notation
mentioned. As a consequence, choosing 8 = 8 in the expression of Jzm,
we would achieve, according to Lemma 2.8 and Theorem 2.16, that Jgm is
increasing monotone only considering functions defined on caps depending
= Xo(%), by virtue of (2.78) and (2.98). In the more

general case of functions defined on caps depending on both ¢ and @, the

just on @, since Ay,

question is more delicate because in this case Ay, # A(I'), as we can see
from Corollary 2.26 and (2.127).



Chapter 3

Regularity of almost

minimizers for the p-Laplacian

In this chapter, the aim is to investigate some extensions of the results in
[30] to the functional

Jp(u, Q) = /Q(\Vu\p + Xqusoy)dz, p>1, (3.1)

where €2 is a bounded domain in R™ and u > 0. This functional is, precisely,

a generalization of the classical one-phase (Bernoulli) energy functional

J(u,0) = /Q (V2 + x(usoy) do.

studied in [30], to each p > 1. We note that J corresponds to .J; in (3.1), so in

the following we will refer to J in this way to exploit just a single definition.

3.1 State of the art for almost minimizers of
J2

In this section, we present the state of the play concerning almost mini-
mizers for Js.

In [30], specifically, the two main theorems concern the optimal Lipschitz

125
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regularity of almost minimizers for J, and the C1® regularity of their free
boundary outside a closed singular set of Hausdorff dimension n — 5, together
with finite n — 1 dimension. In particular, this last result relies on an im-
provement of flatness theorem, in the spirit of [26], because the authors show
that almost minimizers are “viscosity solutions” in the following more general
sense. Roughly speaking, in this case viscosity solutions satisfy a comparison
principle in a neighborhood of a touching point whose size depends on the
properties of the test functions. This strategy is inspired by [31].

About further literature on almost minimizers for J;, we quote the recent
works [24, 23]. In [24], the authors achieved local Lipschitz continuity of
almost minimizers in the more general case of a two-phase energy functional.
Later, in [23] the authors showed uniform rectifiability of the free boundary,
and in the purely one-phase case they obtained that the free boundary is

CYe almost-everywhere.

3.2 Regularity issues for almost minimizers

for the p-Laplacian

In this section, we introduce the regularity issues for almost minimizers of
Jp on which I have been working together with Serena Dipierro, my advisor
Fausto Ferrari, and Enrico Valdinoci. Precisely, the optimal Lipschitz regu-
larity of almost minimizers for .J,, p > 2, has been proved. The statement of

this result is the following.

Theorem 3.1. Let u be an almost minimizer for J, in By (with constant k

and exponent () with p > 2. Then, it holds
||vu||L°°(Bl/2) < O(HUHWLP(Bl) +1)

with C' some constant depending on K, and n. In addition, u is uniformly
Lipschitz continuous in a neighborhood of {u = 0} , in other words if u(0) = 0
then

|Vu| < C(n) in B,,,
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for some 1o depending on k,3,n and ||Vul|,, .

About, instead, the free boundary regularity for an almost minimizer to
(3.1), a regularity result has not been proved yet. The trickiest point is re-
lated to a nondegeneracy condition on almost minimizers. Another aspect to
carefully investigate is the possible existence of a Weiss type monotonicity
formula, always for almost minimizers. We refer, for instance, to [62, 63, 61]
for the theory about free boundary problems for the p-Laplace operator.
Furthermore, we cite [82] as a possible reference work in the study of the ex-
istence of the Weiss type monotonicity formula, and we mention [67], which is
related to the behavior of p-harmonic functions of two variables. Concerning,
instead, the other aspects in [30] about the regularity of the free boundary,
most of them are valid also for almost minimizers of (3.1), p > 2.

We provide in the following the details of the study I have been doing with
S. Dipierro, F. Ferrari and Enrico Valdinoci. Let us begin by recalling in
Section 3.3 a few of general things we exploit hereinafter. In Section 3.4,
we show the optimal Lipschitz regularity of almost minimizers for J,, p > 2.
In the next section, we deal with nondegeneracy properties and in the final

Section 3.6 we focus on the partial regularity of the free boundary.

3.3 Some general facts

In this section, we give some general definitions and results which will be
useful in this chapter.
First, for the sake of completeness, let us provide the definition of the

p-Laplacian.

Definition 3.2. Given a function ©v : R®* — R € C', we define the
p-Laplacian of u as
Ayu = div(|VulP 2 Vu).

We point out that the p-Laplacian can be rewritten as
Vu Vu >)

Ayu = Va2 ( A _ oDyt VU
=Vl (Bt (p = 2D Gl T
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Now, we recall the definition of the p-harmonic replacement and next, we

state and prove a technical lemma on it.

Definition 3.3. Let u € W?(B,(z)) be given. We say that v € W'?(B,(z))

is the p-harmonic replacement of w in B,.(z), if

/ Vol dz = min / |Vw|” dz.
By () u—w € Wy'P(Br(x)) J B, ()

Lemma 3.4. Let B, = B,.(x¢) C R" and let u € W'P(B,.). Then, if v is the

p-harmonic replacement of u in B,, we have the following inequalities:

(i) if 1 < p <2, then

I3

Vu— Vol de < C (/ (IVul” = [Vo?) dx) 2
By . (3.2)

</T(|VU| " |Vv])”dg;)l p , C=C(n,p) >0

(ii) if p > 2, then

YV — Vol de < c/ (IVul” — [Vol")da, (3.3)

B B

with C' = C(n,p) > 0.
Proof. By definition, v satisfies

/ IVolP >V - Ve dr =0 (3.4)

for all ¢ € W,*(B,), that is v is a weak solution of A,(v) = 0.

Now, we want to get an upper bound of

|Vu — Vo’ dz.

B

To this end, let us consider the following family of functions

u’(z) = su(x) + (1 —s)v(z), 0<s<1, (3.5)
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in such a way that ©° = v and u' = u, and we compute
/ (|Vul” — Vo) dz = / (|Vu']" = |Vu®|?) do
Br Br

bd
:/T (/0 £|Vus|pds> dx
1
:/ (/p|Vus|p_2Vus-V(u—v)ds) du,
- \Jo

which gives using (3.4), since u — v € Wy*(B,),

[ avar=weryas=p( [ ([ 1vart o v i)
_/01( v Vv-V(u—v)dm) ds)

1
= p/ (/ (IVu [P Vu* — Vol Vo) - V(u —v) ds) dr.
- \Jo

Let us remark that

thus, from the previous equality, we achieve

/ (Vul” — [Vo]?) da

T

= p/o1 é(/ (Ve P2 Vu' — Vol Vo) - V(u® — v)dm) ds.  (3.7)

T

At this point, we want to apply to (3.7) the well-known inequality

€= CIP (€] + ¢ ifl<p<2,
€ — ¢ if p > 2,

(JEP2E= K20 - (€= Q) =

for any nonzero ¢, ( € R" and a constant v = y(n,p) > 0.

Precisely, if we choose ¢ = Vu® and ( = Vv in the inequality above, we
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obtain, by (3.7),

/ (IVul’ — [Vo]?) da

T

( 1 1
/ s ( / [V = Vol* (IVur| + |W|>p—2da:) ds,
0 s
itl<p<2,
> py 1q (3.8)
/ - (/ |Vu® — Vol? dx) ds,
o S n
\ifp > 2.

Let us analyze the two cases above separately.

First, let us consider the case p > 2. Specifically, from (3.6) and (3.8), we get
1
/ (IVul’ — |Vou|")dx > py/ sPt ( |Vu — Vol dm) ds
By 0 B,

= fy[sp] ::; /Br Vu — Vo|? dz,

namely

/ (Vul” = [VoP)dz > v [ |Vu— Vol da. (3.9)

T B
About the case 1 < p < 2, instead, we observe that

V| + Vol < s[Vul 4 (1 = ) [Vo| + [Vu| = 5 [Vu[ + (2 = 5) [V
0<s<1
< 2(|Vu| +[Vv]),

which yields by (3.6) and (3.8), because p —2 < 0if 1 <p < 2,

/ (|Vul® —|Vol?) dz

T

"1
> pv/ g/ s? [Vu — Vo? 2072 (|Vu| + |Vo|)P 2 dz
0 .

21 s=1
= C(n,p) [%} i, \Vu — Vol* (|Vu| + |[Vo])P 2 dx
s=0 r

i.e.
/ (Vul” — (Vo) dz > Cln,p) [ [Vu— Vol ((Vu| + Vo] de.
r B,
(3.10)
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Now, let us consider

|Vu — Vo|P dz,

B,

and by Holder’s inequality with Holder exponent 2/p and conjugate exponent

(2)’_ 2/p 2
p 2/p—1 2-p

we have

|Vu — Vol? dx
B,

p(p—2) p(p—2)

=/ [Vu = Vol (|Vul + [Vu]) 2 ([Vu] + [Vo])~ >
B

dx

D
2

-
< (/ IVu — Vol|* (|Vu| + \Vv|)p2d:c> (/ (|Vu| + \Vv|)pdx> :
B, By

which implies, from (3.10),

|Vu — Vol dz

By

<con) ([ RZEIR da:)g (f (vl + |Vv|>pda:)1 |

(SIS

]

Let us go on recalling the definition of Campanato spaces and a result

which we will use in the proof of the corollary 3.12, see [55].

Definition 3.5 (Campanato spaces). Let Q2 be a bounded open set in R”,
and let 1 < p < 400 and A > 0. We denote by £P*(Q,R") the space of
functions u € LP(§2, R") such that

[u]!s, == sup p~* /Q( ) |t — Uy | d < +00, (3.11)
z0,p

EISY
p>0

where

Quop = QN B(xo, p), Uy p = ][ udz.
Q

z0o,p
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Remark 3.6. The quantity [u]zp is a seminorm in £P* and it is equivalent

1/p
_)\ . P
su inf U — dx .
<zoels)zp £eRn /Q(zo,p) | §| )

p>0

to

We define then the norm in £P* as
[wll o = llwll o + [1]zoar (3.12)

For simplicity, let us assume now that Q = B,(z).

Theorem 3.7. Let Q = B,.(x) and let n < A\ < n+p. The space LP(B,(z))

is isomorphic to C®*(B,(x)), with a = -

3.4 Lipschitz continuity of almost minimizers

for J,

In this section, we prove the main result Theorem 3.1 about the Lipschitz
continuity of almost minimizers of J,, p > 2. Let us start by recalling the

definition of almost minimizer for J,.

Definition 3.8. We say that u is an almost minimizer for J, in Q (with

constant x and exponent 3) if u € WP(Q), u > 0 a.e. in Q and

Jp(u, Bo()) < (14 wrP)J, (v, B.(x)). (3.13)

for every ball B,.(x) C Q such that B,(z) C Q and every v € W'?(Q) such

that v = w on B, (x) in the trace sense.

Throughout the chapter, constants depending only on n and p are called
universal and moreover, when u is an almost minimizer, these constants may
depend on k and (8 as well. It may happen that we denote with the same
symbol universal constants changing from line to line.

Proceeding in parallel to [30], the first result is the subsequent dichotomy.
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Proposition 3.9. Let u € WHP(By) and assume that
Jp(u, By) < (1+0)Jy(v, By) (3.14)

for all v € WYP(By) such that v =u on OB;. Denote by

1/p
a = < |Vu|pdx> : (3.15)
B1

For every e > 0 small, there exist constants n, M, oo (depending on €) such
that if 0 < o¢ and a > M then the following dichotomy holds. Either

1/p
a

( f [Vul” dm) <3 (3.16)

or
1/p
< |Vu — ¢ dx) < ea, (3.17)

By

with ¢ € R™ such that
a
s@r < 4l = Coa, (3.18)

and Cy > 0 universal.

Proof. Let v be the p-harmonic replacement of u in B;. We want to get an
estimate of
|Vu — Vol dz

Bi
in terms of a. According to Lemma 3.4, we have to distinguish two cases.

Let us suppose first that p > 2. Then, from (3.3), we achieve, using (3.14),

|Vu — VolP de < C’(Jp(u,Bl) — Vo’ dx) < C’((l +0)Jy(v, By)

B1

—/ \Vv|pdx) :c(g(/ ]Vv]pda:+]{v>0}ﬂ31]) +]{v>0}ﬂ31])
Bl Bl
<C (0 |Vol? dx + 1) :

By

B1

which gives, since v is the p-harmonic replacement of v in By,

/ Vu —VolPde < C (0/ |Vul? de + 1) :
B1 Bl
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Taking the average integral of the previous inequality, we then obtain

|Vu — VolP de < C (a \Vul|” dx + 1) = C(od” + 1), (3.19)

By By

for C' > 0 universal.

Let us assume now that 1 < p < 2. By virtue of (3.2), repeating the same

argument used to get (3.19), we have

r
2

By

£ 1=
Vu —VolPde < C (a |Vul? de + C’) (/ (|Vu| + \Vv])%x)
Bl Bl

p

2, 1=
<2k <a’z’( |Vu|pdx) +02> (/ 2”(|Vu|p—|—|Vv|p)dx)
Bl Bl
g

P 1—
2
< C(n,p) <a‘5( |Vu|pdx) +1>< \VulP dz + |Vv|pdx> ,
By By By

which implies, because v is the p-harmonic replacement of u in Bj,

|Vu — Vo’ de < C(n,p) <O’§ ( |Vul? dw) + 1)
B

B

12 12
(2 |Vul? dx) = C(n,p) (05 \Vul? dx + ( |Vul? dx) ) :
B By B

Taking the average integral in the previous inequality, we then have

[S]iS7

IVu — VolP dz < C(n,p)(o2a” + (wy)~
B

(a)'"5)
< Cn,p)(ota? + (@) h). (3.20)
At this point, for every p, we know by Theorem 3.19 in [66] that, since v

is the p-harmonic replacement of u in By, if we fix x € By, then, because
Bl/z(.l’) C Bl,

Vol (z) < sup |Voff <C |VolPdy < C |Vul? dy,
By /4() By 2(z) By

thus we achieve

|Vu| (x) < Coa, =€ Byjs. (3.21)
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Denoting by ¢ := Vv(0), from (3.21), we hence obtain |¢| < Cpa, and by

Theorem 2 in [68] we have
n\" '
]i Vv — q|F dox < ]{3 (C’ (m) HVUHLOO(31/2)> dz < Cn°P HVUHPOO(BW)
n n
i.e., together with (3.21),
f Vv —q|" dx < CyaPn®?, VW <1/2, (3.22)
BTI

for some 0 < o < 1 and C] universal.

Now, let us distinguish two cases again. If p > 2, using (3.19) and (3.22), we

get
|Vu —q|" dx < ][ 2°(|Vu — Vol? 4+ |Vv — ¢|")dx
By, B,
< 2P(n~"C(oa? + 1) + CiaPn?),
namely

][ |Vu —q|" de < 2°Cn~"oa? + 2PCn~" + 2P CraPn?, (3.23)
B

n

which yields
][ |VulP de < 4PCny~"oa” + 4PCny~" + 4PCraPn*? + 27 |qfF (3.24)
BTZ

as well.
Otherwise, if 1 < p < 2, we have, by virtue of (3.20) and (3.22), and repeating

the same argument to achieve (3.23),
][ Vu — g dz < 2°Cy o5 aP + 2Oy~ (aP) =2 + 2°ChaPn™®,  (3.25)
B'W

which also gives

p
2

][ IVul? de < 47Cn o5 a? + 4PCy~"(aP)' =% + 4PChaPn®® + 27 |q|” . (3.26)
B,
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At this point, given ¢ > 0, we want to show that we can choose n small

(depending on ) and then o small and a large depending on 7, such that

4PCn "oaP +4PCn~" + 4PCraPnP < 2PePaP < 2?«1;1 ifp > 2,

CyotaP + 4PCy~"(aP)' =% + 4PCraPn? < 2PePaP < S22

ifl<p<2.
(3.27)

Precisely, first we fix n small in both cases. Then, if p > 2, we can choose

o =n""! and thus
POy "oal +4°PCn™" + 4PC1aPn? = 4PCna? + 4PCn™" + 4PCraPn*?,
so we want to choose a such that

APCna? +4PCn~" + 4PCraPn™P < 2PePaP <= 2PCn™" < aP(e? — 2PCy

2p07,’7n 1/p
e — 20Cy — 20C P '

—2°C1NP) <= a > (

(n+1)2

In parallel, if 1 < p < 2, we can choose 0 =7 », which entails

2
2

4pC77’"agap + 4p077’”(ap)1’% + 4PCraPn®? = 4PCnaP + 4PCny~ " (aP)'~
+ 4PChaPn*?,

hence we want to choose a so that

APCnaP + 4PCy~"(aP)' 75 4 4PCLaPntP < 2PePaP <= aP (P — 2°Cy
2 2
—?Cn"a" T — PCINP) > 0 < &P — 2PCny — PO "a"T — 22Cyn?
2
>0 < —-2°Cn—2°Cn*? > 2pC’77_"a_p7

2 QPCU—H 2p0,'7—n 2/272
2 > <~ a> .
gp —20Cn — 2PCyinP ep —20Cnp — 2PCyin™P

— a

Now, we distinguish two cases according to the size of |¢|. In particular, if

a
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we obtain, in view of (3.24) and (3.27),

a? aP a? aP aP
][ ]Vu]pdxgﬁ—i—? = + =
Bn

92p+1 op+1 " op+l op’

1/p
(f |Vul? da:) <2
B, 2

Analogously, repeating the same computation, we achieve the same conclu-
sion from (3.26) and (3.27). Otherwise, we have

and thus

a
2@ D lq| < Coa,
and, by (3.23) and (3.27), we get

][ |Vu — ¢ de < ePa?,
BTI

1/p
<][ |Vu —q|” dx) < ea.
B,

Analogously, repeating the same argument, according to (3.25) and (3.27),

1.e.

we obtain same sentence as before. O]

We want to show now that alternative (3.17) can be “improved” when
e and o are sufficiently small, again taking inspiration from [30]. The next

result expresses this fact.

Lemma 3.10. Let u be as in Proposition 3.9 with p > 2 and a > ag > 0.

1/p
(][ |Vu — gl dx) < ea, (3.28)
By

for some € > 0 and g € R™ such that

Assume also that

G < lq| < 2Cqa, (3.29)

with Cy > 0 the universal constant in Proposition 3.9.
There exist 0 < a < 1, and corresponding p = p(a) > 0, eg = o, ap),

co = co(a, ag), such that if

e<gy and o < coeP,
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then

1/p
( |Vu — gl dx) <ep®a Poincaré-Sobolev
BP

with ¢ € R™ such that
|q - Cﬂ S éga?

for some C > 0 universal.

Proof. Let v denote the p-harmonic replacement of u in B;/, and define by
v the competitor

v=10 in Bl/27 (3 30>

v=u outside By.

Then, since v = u on By and v € W'?(B;) by (3.30), using the hypotheses
on u, we have

Jp(u, By) < (14 0)Jy(v, By),
which gives, because v = u outside B s,

Jp(u, Bija) + Jp(u, By \ Bya) < Jp(v, Br) + 0 Jy(v, Br) = Jy(v, Byya)
+ Jp(u, By \ Bij2) + 0Jp(v, By),

that is
Jp(u, Bl/g) S Jp(U, Bl/g) + O'Jp('l}, Bl) (331)

Now, rewriting (3.31) in view of definition of J,, we obtain

/ |vu|pdm+\{u>o}mBl/2|g/ [Vl? dz + [{v > 0} N Bya|
By

1/2

+0Jy(v, By) < / Vol dz + | Byja| 4+ 0J,(v, By),

By

which yields

/ (IVul” = |[Vo")dz < [{u =0} N Byjao| + 0J,(v, By).
By 2
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This inequality, by virtue of (3.3), also implies

/ [Vu— Vol de < C |{u =0} N Bys| + CoJy(v, By), (3.32)
By

with C' = C(n,p) > 0.
Lastly, because v is the p-harmonic replacement of u in By and is equal to
u outside By, it holds

VoP dz + |{v > 0} 1 By| < / Vul dz+ |Bi| <+ C,
B1

B1

so, after relabeling C', we conclude, from (3.32),
/ Vu— Vol dr < C|{u=0} N Bip| + Co(@® +1).  (3.33)
By

Moreover, we claim that
|{U = 0} N Bl/Q‘ S Cl€p+6, (334)
with Cf, § universal, which gives, by (3.33), after renaming C1,

/ Vu — V|’ de < C1e? + Co(a? +1). (3.35)
By 2

At this point, we want to show that, even if v — ¢ - x is not the p-harmonic
replacement of u — ¢ - z, differently from the classical case (see [30]), it still
satisfies a uniformly elliptic equation in B/, with C7 coefficients, 0 < v < 1.
Precisely, using (3.28) and (3.35), we get (universal constants can change

from line to line)
/ Vo —q|" dz < 2p(/ |Vu—q|pd$+/ |VU—Vu|pd$)
By /2 Bija By /2
< ?(ePaP 4 C1ePT 4 Co(a? 4 1)),
in other words

/ Vo — q|P do < 2PePaP + CyeP™ + Co(a? +1).
B2
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Let us assume, at this moment, that o < coeP, with ¢y to be made precise

later. As a consequence, from the previous inequality, we have

/ (Vv — P do < 2PePaP + C1eP™° + CeoeP(aP + 1),
By 2

which implies, since a > ag > 0 and P < P,

/ Vo — q|P doe < CePaP. (3.36)
Bi2

Specifically, if ag > 1 this fact easily follows. Otherwise, we can get an
upper bound of Ccye? multiplying and dividing it by a? and then using that
1/a? < 1/ab.

Furthermore, (3.36) also yields

Vv —q| < C(ga)”, (3.37)

where v is a small exponent, non necessarily 1. This condition however, to-
gether with (3.18) and the fact that a > ap > 0, guarantees that v — ¢ - x
satisfies a uniformly elliptic equation with C7 coefficients.

Precisely, let us remark first that ¢ -  is p-harmonic as v, since V(q - z) = q,

which is a constant. Let us define now the function F': R — R" by
F(z) = |2|" 2, (3.38)
and we consider
F(Vv)—F(q) = /01 %F(th + (1 —1t)q)dt,
that is

1

d

Vo2 Vo — g2 g = / CEVo+ (- nd (339)
0

Let us compute explicitly £ F(tVv + (1 — t)g). We have

d

aF(th +(1—1t)q) = DF(tVv+ (1 —t)q)(Vv —q),
which implies, from (3.39),

1
Vo’ > Vo — |¢|" g = / DF(tVv+ (1 —1t)q)(Vv —q)dt,
0
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namely
1
Vo’ > Vo — |¢[" 2 q = (/ DF(tVv+ (1 —t)q) dt> (Vo —q). (3.40)
0

At this point, applying the divergence to both sides in (3.40), because v and

q - = are both p-harmonic in B/, we achieve
div(A(z)(Vv —¢q)) =0 in By,

with
Az) = / DF(tVu + (1 — t)q) dt.

In particular, in view of (3.29), the fact that a > ag > 0 and (3.37), v —q - x
satisfies a uniformly elliptic equation in B/, with C7 coefficients, 0 < v < 1.
Therefore, applying again Theorem 3.19 in [66], we obtain fixing € B4,
since By/4(x) C By, and following the argument used to have (3.21),

Vo-qP@) <Cf  [Vo-dPdy
B2 (z)
which yields, using (3.36),
Vv —q| (v) < Cea, x € By (3.41)

By virtue of this, denoting ¢ the gradient of v — ¢ - x at 0, it holds, again
from Theorem 2 in [68], always because v — ¢ - « solves a uniformly elliptic

equation in By, with C7 coefficients, recalling the steps done to have (3.22),
][ V(v —gq-z) =g’ de < CypPePa?, Vp <1/4,
BP
with Cy universal and 0 < 8 < 1, namely, denoting ¢ := q + ¢,
f Vv — G| dov < CopPePal. (3.42)
BP
We point out that, by (3.41) and the definitions of ¢ and g,

g —q| =1q| < Cea.
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Putting together now (3.35) and (3.42), we then achieve

B, wWnp"

that is
][ |Vu — g|P de < 20C1eP0p™ 4 Co(aP + 1)p " + 2PCopPPePal.  (3.43)
By

At this point, we want to choose p so that
1
2P CopPePaPl < Zpapepap, (3.44)

and this is possible only if we take 0 < a < (3. Precisely, we have to take p

depending on « in such a way that

1

(B—a)p
= w20y’

in other words
1

p < (2PT2Cy)Fam,

Moreover, we want to choose ¢ small depending on p (and thus «) and ag
such that
1
PCLelP o < Zp“pepag, (3.45)

and thus we take € which satisfies

1
1 ap+n P
e < ———p ay
2020, ’

i.e.

1 1/6
ap+n P
£§<2p+201p ao) )

Lastly, we choose o small depending on p (and hence «) and qg in such a
way that
pPeP(a” + ap), (3.46)

| =

Co(a? +1)p™" <
which means that we take o so that
PP + af)

o< = ,

- C(ar+1)
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which is coherent with our hypothesis that o < cpe?. Putting together the
choices (3.44), (3.45) and (3.46), we then get, in view of (3.43), since a > aq,

1 1 1
|Vu — " dx < Zp‘”’epag + Z—lpapep(ap +ab) + Zp""’spap
BP

1 1 1
< Z_lpocpgpazv + §,Ooapgpap + Zpongpap = p*PePaP,

1/p
(][ Vu — gl d:r) < p“ea,
By
as desired.

It remains to show that (3.34) is true.

which gives

To this end, we consider the linear function
l(z) =b+q-z, b= ][ u, (3.47)
B

and we observe that

]i(u—l)d:ﬂ:O.

Indeed, since ¢ - x is harmonic,

][ (u—l)dx:][ udx+][ q-xdm—][ bd:v:b+][ q-rdr—1>

Bl Bl Bl Bl Bl

= (¢-2)(0) = 0.

As a consequence, by Poincaré inequality, denoting
(u—1)p, = ][ (u—1)dz,
By
we achieve
lu =1 = (u—="05llos) = lu =1, <CIV@ =D,

with C' universal, which entails, from (3.28), because VI = ¢, using (3.47),

lu—1" de < C 4 |Vu—q|’ de < CePaP. (3.48)

Bl Bl
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Now, since u > 0, [~ < |u — l|. Precisely, when [~ = 0 it follows immediately,

whereas when [~ > 0,
IT=—=l<u—-Il=|u—1.
Hence, by virtue of (3.48), we have
][ (I7)Pdx < CePaP. (3.49)
B
This fact, together with (3.29), yields
[ > cia in By, (3.50)

with ¢; universal and ¢ small.
Specifically, we first note that [~ is subharmonic, because [ is harmonic. So,

by Hélder’s inequality with exponent p, we obtain, according to (3.49),

_ _ 1 _ e 1-1/p
7 (x) < l dy < ———— l Pd By jy(x
wsf rowspo( [ cwra) e

1/p
= (][ (l_(y))pdy) < Cea, € By
B1/4($)

In particular, this condition implies
—l(z) <17 (z) £ Cea, x € By,

in other words
l(x) > —Cea, x € Bys. (3.51)

At this point, let us fix z € By, and we consider

. q
y=r——:.
lqi
We remark that
<ol + || <=0
x —— <=+ -=-
u= igl| T2 1
i.e. y € By, and thus, by (3.51), I(y) > —Cea. Developing this last inequal-

ity, in view of (3.47), we then have

2
q-y+b:q-(x—i)+b:q-x—m+b:q-x—m+b2—05a,
41q] 4lq] 4
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which gives, using (3.29),

4| a
Q'l"i‘bZZ—C&fCLZW—CgCL:ClCL,

with ¢ universal, if
1

2(3p+1)/p+2 Ce >0,

namely ¢ sufficiently small. To recap, we have shown that
q-r+b2>cia, x€ By,

and so, by the arbitrariness of z and definition (3.47), we get (3.50).
Now, dividing v and [ by a, we can assume without loss of generality that

a =1 in (3.28) and (3.50). Moreover, from the Poincaré-Sobolev inequality,

we obtain
. 1/p* 1/p
( lu — 1|7 dm) < C’( |V(u—l)|pdx) if p <n,
By B (3.52)
sup]u—l|§C( ]V(u—l)\’%ix) if p>n,
Bl B1

with C' = C(n, p) universal.
Let us treat the two cases above separately. Let us suppose first that p < n.
Then, recalling (3.52), definition (3.47), and (3.28), we get

i} 1/p*
( lu— 1P dac) < Ce.
By

Furthermore, exploiting (3.50), we achieve

X 1/p* i 1/p*
Ce > (/ lu — 1|7 dx) > (/ lu — 1|7 d:v>
B3 Bl/gﬂ{u:O}

1/p *
= (/ |7|P d:c> 201}31/20{U10}‘1/p ;
Bl/ZQ{UZO}

which yields
|Bijp N {u=0} < Ce. (3.53)
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At this point, we recall that

* np
p = )
n—p
and hence we can rewrite p* as
. PP —p* p°
pr=———"—=p+ :
n—p n—p

Therefore, calling § = p?/(n — p), which satisfies § > 0, since p < n, we lastly
get, according to (3.53),

‘Bl/Q N{u = 0}| < Ot

as desired.
Let us assume now that p > n. We note that in this case, in view of (3.52),

we also have, with § > 0,

1/(p+9) 1/p
( |u—Z|p+5dx) < sup |u— 1] | B[V < o( |V(u—l)|pdx) .
Bl Bl

By
Therefore, we can repeat exactly the same reasoning done in case of p < n
and we obtain the desired result.

It remains to analyze the case p = n. For this purpose, we know by Theorem
7.15 in [54] that since u — [ € W™(By), then

/ < Ju—{ ) " By (3.54)
exp r < c .
g \allV =D, S

with ¢ = ¢1(n) and ¢o = c2(n). As a consequence, because we know in

general that
e >cxt, x,u>0,

we also achieve from (3.54), by virtue of (3.47),

. np1/(n—1)
/ C( |u | ) dl‘SCQ‘Bl|7
B 1 ||vu - q||L”(B1)

which implies, according to (3.28),

u— ™ de < OIVu - a5V By < cem/ D (3.55)
1
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with C' universal. In particular, we can choose y = n and we remark that

n? nz—n+n

n
p— m— n+n_1 n 4+ o, > 0,

hence, from (3.55),

lu — 1™V do < Cen o
Bi

Arguing as in case p < n, we eventually get
|{U = O} N Bl/g‘ < Cl€n+5,
with C, 0 universal. O

Remark 3.11. We remark that Lemma 3.10 still holds if we replace the lower
bound in (3.29) with the assumption

][ udx > Cha, (3.56)
By

for Cy universal large enough (depending on Cj). Indeed, in the proof of
Lemma 3.10, the lower bound in (3.29) is only used to get (3.50). Therefore,
it is enough to show that (3.50) still holds under the assumption (3.56). To
this end, we first note that, by definition of b in (3.47), the assumption (3.56)
reads

b > Cia.

Hence, using (3.47) and (3.29), we achieve
1
l(z) = ¢a+b> —|q| |z|[+Cia > —QCOCLE—I—Cla = a(C’l—Co) =cia, € By,

in other words
[ > c1a in Bl/27
if C; > Cjy (from which the dependence of C; on Cj), which is exactly (3.50).

At this point, a corollary of Lemma 3.10 holds.
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Corollary 3.12. Let u be an almost minimizer for J, in By (with constant
K and exponent 5), p > 2 and suppose that u satisfies (3.28)-(3.18), together
with a > ag > 0. Then, there exist gy, kg depending on 3,n and ag, so that if

e < eg, k < Koe? then
lw = U, ,,) < Cea, (3.57)

where C' 1s a universal constant and | is a linear function of slope q. Further-
more, it also holds
IVl ) < Ct (359)

with C universal.

Remark 3.13. In view of (3.57), we have Vu # 0, which implies that v > 0
in B1/2-
Specifically, by (3.57), using the definition of ||u — l||01,5/p(31/2) and the fact

that [ is a linear function with slope ¢, we obtain
IV (u— l)”Loo(Bl/Q) = |IVu — QHLoo(Bl/Q) < Cea,

which gives
Vu —q| (x) < Cea, € By,

and thus also
Vul (2) > |gl - Cza, « € Bypa

As a consequence, since (3.18) holds, we get

\Vu| (z) a 7 Cea >0, x € By,

2 2(2p+1

if ¢ is sufficiently small, which indeed yields Vu # 0 in B s.

From this fact, since u is nonnegative, we get that u > 0 in By ;. Precisely,
because u > 0, if u > 0 in B; /5 was not true, it would mean that there exists
a point g € Bys such that u(zg) = 0. Since u € CV#/P(By5) by (3.57), we
have now two alternatives. Either v = 0 in B;3 or zy is a minimum point
for w. In both cases, however, Vu(zg) = 0, and this contradicts the fact that
Vu # 0 in By .
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Proof of Corollary 3.12. We show first that we can iterate Lemma 3.10 in-
definitely with av = 5/p. Indeed, if (g := q)

1/p
< Vu — qi” dx) <erflra,  with r = pF, (3.59)
Br
holds, then the rescaling
un(z) = “(:35) (3.60)

satisfies the hypotheses of Lemma 3.10 with
op = rrP g, = erflP, (3.61)

Precisely, from (3.60) and (3.59), we have

1/p — 1 1/p
( rw—qkrpdx) :( r<w><ry>—qk|pr”dy)
By

wnpt™ [,

1 1/17
(— V() — aul? dy) < op¥lvq,

wn JB,
1/p
(f ouarw)” <
By

and so u, defined as in (3.60) satisfies (3.28) with &, defined in (3.61). For

the almost minimality condition, see instead Remark 3.14.

in other words

Moreover, the conclusion of Lemma 3.10 implies that
i1 — @i| < Cep®Pa, i <k—1, (3.62)

which, together with (3.18), gives that (3.29) is true for any g, provided that
g is sufficiently small, see Remark 3.15. As a consequence, the rescaling wu,

and ¢y, satisfy all the hypotheses of Lemma 3.10 and so we can apply it with
a = [/p to get

1/p
( IV, — g | dx) < spﬁ/pr’g/”a — 5pﬁ/ppk/3/pa - sp(Hl)ﬁ/pa.
BP

(3.63)
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In particular, in view of (3.60), we can rewrite the left hand side of (3.63) as

1/p 1/p
( IV, — | dm) = (][ |(Vu)(rz) — e |’ dx)
B, B,

y=rz 1 1/p r—ph 1/p
- ( n / IVu(y) — qeal” r_"dy) = (][ IVu — gy |’ d@/) :
Wn P Byrp Bpk+1

which yields, from (3.63),

1/p
( ][ IV — gy |” dy) < epttiirg,
B k1

Therefore, (3.59) holds for r = pF+1 as well and thus it is satisfied for any k.
Now, we want to show that the same conclusion is true for all balls B,(x)
C Bs)4, after relabeling € by Ce if necessary.

Precisely, we fix x € B/ and we take By 4(x). Since x € Bsa, Byj4(x) C By,

hence, according to (3.28), we achieve, because ¢ = ¢,

1/p
<7[ |Vu — qol” dy) < Cea, x€ By,
By /4(z)

with C' universal. Repeating the reasoning used to obtain (3.59), we then

have
1/? 1
(][ |Vu — g’ dy) < CerfPa,  with r = Zpk, r € By (3.64)
By (x)

At this point, it remains to show that (3.64) holds for any r such that B,(x)
C Bjsys. To this end, we distinguish two cases, i.e. either r > 1/4 or r < 1/4.
Let us assume first that » > 1/4. Then, always from (3.28), we get

1/p 1 1/p
Vu — q pdy) < (— Vu — g pdy) < Cea.
(][Br(x) | o wn(1/4)™ ), | o
(3.65)

If instead r < 1/4, then 3k so that
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thus, using (3.64), we have

1/p 1 1/p
|VU_Qk|pdy) < (—/ |VU_Qk|pdy)
(]érm (o) I,
- (s /.
o Ly

which gives

1/p
|Vu — g’ dy) < CerPlrg,

1/p
(][ IVu — |’ dy) < CerPlrq. (3.66)
By (z)

Consequently, putting together (3.64), (3.65) and (3.66), we lastly achieve

1/p
<][ \Vu — gil” dy> < CerfPa,  B,(x) C By (3.67)
Br(x)

From this fact, by virtue of standard Campanato estimates, we then obtain

Vu — Q0||co,6/p( ) < Cea, (3.68)

By 2

from which our claims follow.

We show first this fact and then how we use Campanato estimates to get
(3.68).

About the claim (3.58), from (3.68) we also have

19 = aoll s, ) < Ca,
which gives, in view of (3.18), since ¢y == ¢,
V| (z) < |[Vu — qo| (2) + |qo| < Cea+ Coa = Ca, x € By )2,
if £ is small enough, and thus
HVUHLOO(Bl/Q) < Ca.

Concerning claim (3.57), instead, we consider a linear function

l(z) =qy-x+0, (3.69)
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in such a way that
b= u(0). (3.70)

Therefore, since u € Cl’ﬁ/p(Bl/g) by (3.68), we can apply the mean value

theorem to v — [ in the segment [0, z], with x € B/, and we have
(u—=0(x)=(u—=101)0)+V(u—-10(2) -z, z€][0,x] (3.71)
In particular, using (3.69) and (3.70), (3.71) can be rewritten as
(u—=0D)(x) = (Vu—qo)(2) -z,
which entails from (3.68), because x, 2z € By s,
ju=11(2) < [Vu = o] (2) ] < Cza3 = Cea,

and hence

it = Ul s, ) < Ca

This fact, together with (3.68), then yields

i = s o,y < Cea

with [ a linear function of slope ¢q and so of slope g.
We are left with the proof of (3.68). By Theorem 3.7, it is equivalent to show

[Vu — C]O||Lp,n+ﬁ(31/2) < Cea,
and from Remark 3.6 this means
|[Vu — qO”LP(Bl/Z) + [Vu — qo][;perﬂ(Bl/Q) < Cea.
In view of (3.28), since go = ¢, we have
[Vu — qO||LP(B1/2) < Cea. (3.72)
Therefore, it remains to show that

[Vu = qo] o6, ) < Cea.
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Specifically, by virtue of Remark 3.6, it suffices to prove that

1/p
sup r~ ") inf / |Vu —qo — &P do < Cea.
B1/2($07T)

20€B1 /2 LER™
r>0

For this purpose, we fix o € By, and by (3.67) we also obtain, for any
B,.(x9) C By,

1 1/p 1 1/1’
7 ][ |Vu — q|" dz = B+n/ \Vu — qi|" dz < Cea
TP\ J Be(o) WnT By (o)

which yields
1 1/p
( o / |Vu—qk|pdx) < Cea,
T J B, (30)

with C' universal. Moreover, we can rewrite this as

1 1/p
( Btn / [Vu —qo + (g0 — qr)I” da?) < Cea,
r BT(mO)

so we get in addition

1 » 1/p
(rmn [ Vuad dw) < Cea, (3.73)

for any B,.(z¢) C Bi/s.
Now, we note that if r is such that B,(zy) C B2, then by Definition 3.5

Bija(xo,7) = Br(x0), hence to achieve

1/p
sup r~ ") inf / \Vu — qo — &P dz < Cea,
20€By /9 R B /2(zo,r)

we also need to know

1 1/p
( inf \Vu —qo + &7 d:c) < Cea,

B+n
T §ER™ By /3(wo,7)

for any B,(x9) € Bije. To this end, we distinguish two cases. If B,(zo)
¢ Bsyy this means that r > 1/4, since z¢ € By /. Thus, in view of (3.28), we



154 3. Regularity of almost minimizers for the p-Laplacian

have, because By /o(zg,7) C By /o from Definition 3.5,

( 1 1/p
inf / |Vu—qo+§|pd:c)
i geRe By /a(wo,r)
1 1/p
<=+ inf / |Vu—q0+§|pd:c)
((1/4)64—71 gER™ By /a(wo,r)

/p
p
< ( /1) 5+“wn/ IV — qo d:c) < Cea,

that is

1 1/13
inf Vu—qy+ &P dr < Céea, 3.74
(it [ T JRE (3.74)

with C' universal. If instead B,(z) C Bsjs, by (3.67), repeating the same

reasoning to obtain (3.73), we get

1 1/p
( inf / IVu —qo + £° dx) < Cea, (3.75)
By (z0)

rhtn cern

with C universal, for these balls as well. Consequently, considering together
(3.73), (3.74) and (3.75), we obtain

1 1/p
< inf / Vu — qo + &J° dx) < Cea,
By (zo)

rBtn ¢crn

with C' universal, for every xo € By, and for any r, which also gives

1
inf / |Vu — qo + &|P dx < CePa?,
(zo)

1
rftn gern [

for every xy € By/2 and for every r, and thus

p _
[Vu — qO]cp,nHﬁ(Blm) = sup
zOGBl/2
r>0

1
; _ p < PP
rB+n slerﬁafn /BT(Cvo) Vi = o £ de < Cete?,

1.e.

[Vu - QO]LP«an(Bl/Q) < Cea.
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Remark 3.14. We remark that if w is an almost minimizer for J, in By (with
constant x and exponent [3), then the rescaling defined as in (3.60) satisfies
(3.14) with o, == xrP.

Indeed, by definition of almost minimizer for .J, in By (with constant x and

exponent (), we know that

Jo(u, B,) < (1 + wrP)J,(v, B,) (3.76)

for every ball B, C B; and for every function v € W'?(B;) so that v = u on
OB, in the trace sense. Now, we take v € W1?(By) such that v = u, on 9B,
in the trace sense. Then, using (3.60), we have (the equalities are always in

the trace sense)

ro(x) =rv (E> =u(rz), x € 0By,
r
which means
v.(z) =u(z), =€ B, (3.77)
it we call
ve(z) =rv (E) (3.78)
r

As a consequence, from (3.76), we get

/ (IVul” + Xuso0y)de < (1 + /17“’8)/ (VU [’ + X 1o, >0y )d. (3.79)

ka ka

We want to rewrite (3.79) in terms of u, and v. We have, according to (3.60)
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and (3.78),
/ (IVul” + Xqusop)dz "=" /B (IVu(ry) " + Xy utry)>0p) r"dy
- 1
=" /B1 (IVur @) + Xyl runy>0y) dy = 7" /31 (IVur” + Xy ur>01) Ay
- Tn/B (IVurl” + Xy urwy>0))dy = 7" Jp(ur, Br)
1

< (14w / (V0P + X0y

T

e [ ([5(2)
e [ (|7(F)

= (1 + /437“’8)7"”/;3 (|V7J(y)|p + X{yr\rv(y)>0})dy
1

p

+ X{z| vr(x)>0}) dx

p

+ X{yr| vr(yr) >0}) r dy

r>0 n n
= (1 +/<cr5)7" /B (|Vv]p+x{y|v(y)>o})dy =r"(1 +/€r6)Jp(v,Bl),
1

which yields
" Iy (uy, Br) < (1 + k1), (v, By), (3.80)
and hence, recalling that o, = xr?,

Jp(“’raBl) S (1 +UT)Jp(UaBl)7

for all v € W1P(By) such that v = u, on OBy in the trace sense.

Remark 3.15. (3.29) holds for any ¢, by induction on k£ > 1, provided that
go is sufficiently small. Specifically, according to (3.62), we have with k& =1

g1 — qo| < Cea, (3.81)
which yields, using (3.18),
la1| < 1 — ol + [qo] < Cea + Coa < 2Cqa, (3.82)

if ¢ and hence ¢y is sufficiently small. On the other hand, from (3.81), we

also achieve, by virtue of (3.18),

a a
|(]1’ > |CJ0| — Cea > m — Cea > m, (383)
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if ¢ and thus g is sufficiently small. Therefore, putting together (3.82) and
(3.83), we obtain that (3.29) holds for ¢;.
At this point, we suppose that (3.29) is true for g. By (3.62), we have

|@k+1 — o] < @+ — @l + e — qe—1| + - + a1 — o
< Cepkﬁ/pa + Cap(kfl)ﬁ/pa + ...+ Cea < Cea,

So, we can repeat the argument used in case of £ = 1, and we get that (3.29)

holds for k + 1 as well. Consequently, (3.29) is satisfied by any g.

Having proved the previous results, we are now able to show the proof of

main Theorem 3.1.

Proof of Theorem 3.1. First of all, we note that without loss of generality we
can assume that u is an almost minimizer with constant # = xs®, which can

be made arbitrary small. Indeed, we can consider the rescaling

and the fact follows arguing as in Remark 3.14.
Now, let us choose a = 3/p, and ag = 1 and let g9 = £¢(5, 1), co = co(5,1)
be given from Lemma 3.10. Moreover, let n small, M > 1 and o be the

constants from Proposition 3.9 depending on ¢ = gj. Let us define at this

alr) = ( ][ T Vul? d;z:) v (3.84)

and we consider the integers £ > 0 such that

point

a(n®) < C(n)M +27%a(1), (3.85)

for C'(n) a large constant.
For k = 0, (3.85) is clearly true. Let us also suppose that (3.85) holds for all
k’s. Then, it follows that

a(r) <C(M,n)(1+a(l)), Vr<l1. (3.86)
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Precisely, if r < 1, there exists ky > 0 so that nfo*! < r < n*o. Therefore, by
(3.84) and (3.85), we get

1 1/p Y Y B
"= (W / |Vu|”dl“> — " Pa() < n T H(COM 427
n k

n"0

a(1)) < n~"Pmax(C(n)M, 1)(1 + a(1)) = C(M,n)(1 + a(1)).

Let us assume otherwise that (3.85) is not true for all k£’s and let ky + 1 be
the first integer for which (3.85) fails. We distinguish then two cases. If

a(n™) < M,

then (3.85) holds for ky + 1 as well, because, exploiting the steps to obtain
(3.86), we have

a(i ) < n " Pa(n') < Cln)M +27 " a(1),
which is a contradiction with the choice of ky. As a consequence,
a(n') > M,
and, in view of Proposition 3.9 (rescaled) it holds that either, from (3.85),
(i) < Sa(n) < CoPM + 260 a(1),

which yields again a contradiction, or

1/p
(7[ Vu — q|? dx) < ea(n™), (3.87)
Bnk0+1

a(n*)
2@ i)/p

with
< q| < Coa(n™).

Hence, in this case we can apply Corollary 3.12 (rescaled) and we achieve,

since (3.85) is true for ko,

a(r) < Ca(n™) < C(M,n)(1 +a(1)), r <nk. (3.88)
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Indeed, by Corollary 3.12 (rescaled), we have

ko
||vu||L°°(Bnk0/2) < Ca(n™).

Therefore, if » < k0 /2, we get, because (3.85) is true for ky,

1/p
) < (f 19ultniny, ) = 19l ) < COLRL+aD),
which gives
a(r) < COLR)(1+a(l), 7<)

Now, this fact is then true for all r’s such that » < n*, since if r > nko /2 we
can repeat the same argument used to achieve (3.86).
On the other hand, if r > n*°, we can repeat again the argument to get (3.86)
and it holds

a(r) < C(M,n)(1 +a(1), 7> 7',

which, together with (3.88), implies again (3.86).
In particular, repeating the same reasoning done to obtain (3.67), we have in
addition that (3.86) holds for all balls with center in B/, which are contained

in By, namely, if we denote

1/p
a(r)(z) = Vul? d , 3.89
@ = (f, o) (3.59)
we have
a(r)(z) < C(M,n)(1+a(1)(0)), =z € By, B,(z) C By.

Consequently, we get from (3.89), by virtue of Lebesgue Differentiation The-

orem, since u € W1?(By),
V()] = (|Vu(@)[")” = lim a(r)(z) < C(M,)(1 + a(1)(0)) = C(1 + a(1)(0))
=C(1+ Wrtl/p ||Vu||LP(Bl)) <C(1+ ||U||W1»p(31)>’

which yields
IVull oo, ) < O+ ullyrngs,))- (3.90)
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So, the first claim is proved.

We prove at this point the second claim. First of all, we observe that if
u(0) = 0, we can never end up in the alternative (3.87), otherwise Corollary
3.12 applies to u and by Remark 3.13 v > 0 in B /5, which is a contradiction.
Therefore, arguing as above, this implies that (3.85) is true for all £ > 0, and
thus

a(n®) < C,

with €' universal depending on [|Vul[,p,) , ie. a(n®) is uniformly bounded.

Indeed, since

2-ka(1) "25° 0,
27%a(1) is bounded by a universal constant depending on ||Vul| Lr(By) » Which
gives in view of (3.85) the desired fact.
As a consequence, repeating the same argument used above to achieve (3.90),

we get
[Vu(z)| < C(1+a(n*)(0)) < C, x € By,
le
Vu| < C in B s,

with C' universal depending on |[Vul|p, p,), which is the second claim with
To = 7’]k/2
[

3.5 Nondegeneracy

In this section, our goal is twofold. First, we show that almost minimizers
for J, are well approximated by p-harmonic functions (in their positivity set).
Next, we deal with nondegeneracy properties of almost minimizers, which are
a crucial ingredient to use compactness arguments. Concerning the last topic,
we have already mentioned that it is a tricky point. In particular, a strong

nondegeneracy property in the spirit of [30] has not been proved for almost
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minimizers to (3.1) yet.

Throughout the section, we assume that
VUl poo(p,y < K, and  Jy(u, Br) < Jp(v, Br) + 0. (3.91)

We note that the second inequality in (3.91) directly comes from the condition

of almost minimality. Indeed, by (3.91), we have
Jp(u, By) < KP |By| + |By| = C,
and so the energy inequality
Jp(u, B1) < (1+0)J,(v, By)

for any v € WP(By) which agrees with u on 9By, can be read as

JP(”? Bl) S JP(U7 Bl) + CO’,

with C sufficiently large, i.e., relabeling o, (3.91) holds. The advantage of
(3.91), rather than (3.14), is that the energies cancel in a region where u = v
and (3.91) rescales better, see Remark 3.16 below.

Remark 3.16. The rescaling (3.60) satisfies (3.91) with o, := r~"0. Precisely,
let us take a function v € WP(B;) such that v = u, on OB;. Then, exploiting
the same argument used to have (3.77), it holds v = v, on 0B,, with v,

defined as in (3.78). As a consequence, because u = v, on dB,, we obtain
Jo(u, B,) < Jy(vr, By) + o,
which entails, repeating the same computations done to achieve (3.80),
" Jy(up, By) < 1" Jy(v, By) + o,

namely

Jp(um Bl) S Jp(U, Bl) + Oy

for any v € W(By) such that v = u, on dB;.
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First, we prove the following lemma, which provides a comparison be-
tween the almost minimizer v and its p-harmonic replacement in the positiv-

ity set of w.

Lemma 3.17. Assume that u satisfies (3.91) and By C {u > 0}. Let v be

the p-harmonic replacement of uw in By. Then
|lu — v||Loo(Bl/2) <c(o), c¢(o) =0 aso—0. (3.92)

Proof. Since v is the p-harmonic replacement of w in B;, we can use (3.91)
to get
Jp(u7 Bl) S Jp(vv Bl) + g,

which gives, because By C {u > 0},
|Vul|P dz + |By| < Vo’ dz + |By| + o
Bl Bl
and thus

VulPde < [ |Vu|Pdx + 0.
Bl Bl

From the last inequality, in view of Lemma 3.4, we then have
|Vu — V|’ dz < Co, (3.93)
B
with C' universal.
Moreover, we can apply Poincaré inequality to u — v € VVO1 P(By) and we

obtain
/ lu — o[’ de < Co, (3.94)
B34

with « — v uniformly Lipschitz in Bs/,, because both v and v are uniformly
Lipschitz in Bsy.

Let us assume now that (3.92) fails. This means that there exists xo € By s
such that |u — v|(zg) > p and in particular, without loss of generality, we
can suppose (changing v — v in v — u otherwise) (u — v)(z¢) > p, with g > 0

independent of o. Thus, by the uniform Lipschitz continuity of u — v, we get

(u=v)(x) = (u=v)(xo) = Clr = 0| = copr in Be (o),
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provided c is small enough. From this and (3.94), we then have
pr < Co,

which contradicts the hypothesis on p and so (3.92) holds.
]

Lemma 3.18. Let u be a function that satisfies (3.91) and suppose B
C {u > 0}. Let w be a p—harmonic function such that uw > w in By, Vw # 0
and u—w > > 0 at 0 for some pu < pg, o small depending on K. Then

u—w > cp in By for some ¢ universal, provided that o < Tiarans

Proof. Let v be the p—harmonic replacement of w in B;. Then recalling

Lemma 3.17, we deduce that in By,
—com + v <u< vt o, (3.95)
As a consequence, we obtain that in B/,
w<u<ov+ ca%ﬂ),

so that in B9
(v+coms) —w >0 (3.96)

and, in addition,

(0(0) + com7) — w(0) > u(0) — w(0) > p,

namely
(v(0) + com7) — w(0) > p. (3.97)

Let v = v + ca%ﬂ. Then v; is p—harmonic as well. Thus

/ (A(Voy) — A(Vw), Vo) dz — / (A(V0) — A(Vw), Viphd = 0,
By 2

By )2

where A(h) := |h|P~?h. On the other hand

A(Vv) — A(Vw) = /0 %A(V(thr (1 — t)w))dt,
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so that by writing

we obtain
/ (B(x)V (v, —w),Vy)dz =0,
By s
where
M <B<AI
and

min{1,p — 1}/0 |V (tvy + (1 — w)[P~2dt = Az) < A(z) = max{1l,p — 1}
/1 |V (tvy + (1 — t)w) [P 2dt.

Now, recalling that Vw # 0 it results that B is elliptic and v; — w > 0, see
(3.96), satisfies div(B(x)V(vi —w)) = 0 in By 2. Then by Harnack inequality,
see [64], using (3.97), it follows that in B4

Cu(vi —w) > (v1 —w)(0) > p.

Then, in view of the definition of v;, we have
1 oo
v+contr —w > —— in By
Ch
which gives, from (3.95), if o < p"P*1
U—W >V —Ccomtr —w > —— — 20" > ¢ in Byy.
Cu

Finally, to recap, it results

u—w2>cp in By,
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Remark 3.19. This theorem is different with respect to the harmonic case, see
[30], because the p—Laplace operator is not linear and we need to know that
after the linearization of the operator, the matrix B has to be elliptic. This
hypothesis is satisfied whenever we consider a p—harmonic function whose
gradient does not vanish. In the application, this fact is satisfied for every

polynomial of degree 1.

At this point, we are able to state and prove the weak nondegeneracy

lemma.

Lemma 3.20 (Weak nondegeneracy). Suppose that u satisfies (3.91) for o
small and By C {u > 0}. Then u(0) > ¢ with ¢ = ¢(K) > 0.

Proof. Denote by v the p-harmonic replacement of v in B;. Then, in view
of Lemma 3.17, it suffices to show that the statement holds for v. Indeed, if
v(0) > ¢, ¢ = ¢(K) > 0, by Lemma 3.17 we have u(0) — v(0) > —Cg'/(+p)

which gives
u(0) > v(0) — Col/p) > o _ Cgl/tntp) —

if o is small enough.
Now, let us take ¢ € C§°(By2) such that ¢ = 1in By, and 0 < ¢ < 1.
Then, by definition of the p-harmonic replacement, since ¢ € C*(B/s),
v(l — ) = v = u on OBy, thus, using again the definition of p-harmonic
replacement, (3.91) and the fact that B; C {u > 0}, we get

Jy(v, By) < |Vl dz + |Bi| = Jp(u, By) < J,(v(1 = ¢), B1) + 0. (3.98)

By

On the other hand, because v is p-harmonic in B; and v = v > 0 on 0B;,
we can apply Comparison Principle, see Theorem 2.15 in [64], and we have

v > 0 in B;. Therefore, we can use Harnack inequality for v and we have
HUHLoo(Bl/Q) < Cv(0), (3.99)

with C' = C(n,p). Moreover, the fact that v > 0 in B; also yields by the
Strong Maximum Principle, see Corollary 2.21 in [64], that v > 0 in B;.
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Precisely, by the Strong Maximum Principle, if 3 2o € B such that v(zg) = 0,
then, since ming, v > 0, it means that v = 0 in B;. Hence, because u = v on
0By, this entails © = 0 on 0B; and so we can choose the zero function as a

test function in (3.91), which gives
Jp(u, By) < o,

which is an absurd with ¢ small, because J,(u, By) > |By|, since v > 0 in
By. As a consequence, v > 0 in Bj.

In parallel, by Theorem 2 in [78], we know that, dividing v by ||v|| (By)s)
which is positive because v > 0 in By, and noting that v/ HUHLW(BI/Q) is still

p-harmonic,

Vo(z)] < C o]l e s, ,,) < CV(0), @ € B,

where C' depends only on n, p and some other a priori constants, see [78].

Thus, we obtain

||VU||L00(31/2) < Cv(0),
which implies from (3.99), after relabeling C' if necessary,
0], 190 5,y < C0(0): (3.100)
We consider, at this point,

. Vol dz = ; IV(v(1l =)+ V(vp)| dx
= [ (9001 = oD + 2701 = ). Vo0) + [Twe))" da
- / V(u(1 - @) da

B1\By 5

F L (Ve - )P + 2T - 9), V) + V) e
B1/5\B1/4

+ / |Vol|P dz,
By
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so that by the Cauchy-Schwarz inequality we achieve
/ Vol? da 2/ YV —¢>>|de+/ Vol da
. P\ P (3.101)

Vv(l — — IV(vo)llP de.
+/Bm\Bm” (v(1 = )| - [V (wp)]

Now, let us analyze the term

[, IS =l )P
B1/2\B1/4

First, we rewrite it as

[ a0l - Dl
B1/2\B1/4

- / IV (o(1 — )| - [V (vp)|” da
(B1/2\B1,4){IV(v(1=9)[>|V(vep)|}

T / IV (o(1 — )| - |V (wp)|l” da
(B1/2\B1/4) IV (v(1=9))|<|V(ve)|}

and we treat the two terms of the right hand side separately. About

/ IV - o)l - [V da.
(B1/2\B1/a) [V (v(1=¢))[<|V(ve) [}

(3.102)

since |V (v(1 — )| < [V (vy)], it also holds [V (v(1 — ¢))|” < |V(vp)|?, thus

we have

IV =) = V()| de
(B1/2\B1 )N (I (2(1-¢)) <V (v)]}

v

/ (V1= )P = V(o)) do
(B1/2\B1/4) |V (v(1=¢)) <[V (v)[}

/ V(o(1 - o) de
(B1/2\B1/4){IV (v(1=¢))[<|V(ve)|}

-/ (Vo) + oVl da,
(B1/2\B1/4)"{|V(v(1-¢))|<|V(ve)[}

which yields, from triangle inequality of |-| and keeping in mind that (a 4+ b)?
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< 207 1(aP + bP) for every a,b > 0 and for every p > 1,

/ 19601 - )] = V(o) do
(B1/2\B1/a) |V (v(1-9)) <[V (vp)[}
>

/ V(o(l - ) de
(B1/2\B1,4){IV (v(1=¢))[<|V (ve)|}

= ((V)el + oVl do
(B1/2\B1/4){|V(v(1-9)) <[V (vp)|}

that is

/ IV - )] - VoIl do
(B1/2\B1/4) |V (v(1=¢)) <[V (ve)[}
>

/ V(o(l - o)l de
(B1/2\B1/4)N{IV(v(1=9))|<IV (ve)|}

g / (Vo l? + [o!|Vol?) da.
(B1/2\B1/4){|V(v(1—9))|<|V(ve)[}

By this, together with the fact that 0 < ¢ < 1 and ¢ € C§°(By/2), we then
get

/ IV = )] - VoIl do
(B1/2\B1/4)N{IV(v(1=9))|<IV (vep)|}
>

/ V(o(1 — ) do
(B1/2\B1/4){IV(v(1=9))|<IV (vep) |}

—cf (IVel? + [of?) da,
(B1/2\B1/4) IV (v(1=9))[<|V(vp)|}

which gives, according to (3.100),

/ IV (0(1 = @)| = [V(vp)|[” d
(B12\B1 /)| V(v(1=¢)) <[V (v9)[} (3.103)

>

/ IV(v(1 = ¢))|P de — Cv(0)*.
(B1/2\B14){|IV(v(1=9))[<|V (ve)|}

Concerning

/ IV (o(1 - )] — [V (wp)|I” da,
(B1/2\B1/4){|IV(v(1=9))|>|V (ve)|}
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instead, by Bernoulli’s inequality, because % < 1, we have

V(01 =) = [V(wo)ll” = [V(u(1 = ) (1 - %)p

B O ) N WS
> 19001 - ) (1= preto s ) — V(1 - )
DIV = ) V).

In addition, we can apply Young’s inequality for products

mopn 1 1
abga——i——, a,b>0 mmn>1 —+—=1,
m n m n

with

a=|V(l-p))" b=V, m= z%

and the choice of m entails that

1 -1 1
1_,_p-1_1

n p p
1.e.

n=np.
As a consequence, we obtain, repeating the same considerations done to
achieve (3.103),

/ IV (o(1 = )| - |V (wp)|I” da
(B1/2\B1/4){|IV(v(1=9))|>|V (ve)|}

>

/ V(o(1 — ) de
(B1/2\B1/4){|IV(v(1=9))|>|V(ve)|}

p—1 1
- (IV(v(l—w))!’”—+|V(w)lp —) da
(B12\B1,2)"{|V (v(1—0))|>|V (v) |} p p

>

/ V(o(1 — ) de
(B1/2\B1/4){|IV(v(1=9)) |2V (ve)|}

(-1 / V(o1 — ) dr — Cu(0)P,
(B1/2\B1,4){IV(v(1=9)[>|V(ve)|}

(3.104)

In particular, since

V(v(l =) = (Vo) (1 —¢) —vVe,
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we can repeat again the considerations used to get (3.103) and we have

—@—n/ V(o(1 — ) dz > —Co(0,
(B1/2\B1/4){|IV(v(1=9)) 2|V (ve)|}

which implies, from (3.104),

/B Byn{v oo V=)l = [V (wp)ll” de
1/2\B1 /4 v(1l— >|V (v
(B1/2\B1/0)"{|V (v(1=¢)) 2|V (ve) [} (3.105)

>

/ IV (v(1 = ))|P dz — Cv(0)P.
(B1/2\B14) M {|IV(v(1=9))[>|V (ve) |}

Putting together (3.103) and (3.105), we then obtain, by virtue of (3.101)
and (3.102), since 1 — ¢ =0 in By 4,

Vol dz > / IV(v(1 —))? d:v—l—/ |Vol? dz
B B1\By /2 B4

B

s V- e)Pde - Co0p 2 [ V(- @) ds - Culop.
B1/5\B1/4
Now, combining the last inequalities with (3.98) we achieve

[Vol|Pdx +/ X{v>0} dT < / [Vol” dz + Cv(0) +/ X{v(1-¢)>0} dT + 0,
B1 B B

B1

and, because v > 0 in By and again 1 — ¢ = 0 in B, 4, it results

[VolPdz + |By| < [ |V’ dz + Co(0)” + |By| — |Bija| + 0

Bl Bl

Therefore, we conclude
’Bl/4l S CU(O)p + g,

which gives the thesis for ¢ sufficiently small. m

3.6 Partial regularity of the free boundary

In this section, we deal with the regularity of the free boundary for almost

minimizers of J,, p > 2.
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3.6.1 Almost minimizers as viscosity solutions

This subsection is devoted to show that almost minimizers satisfy a com-
parison principle with suitable families of sub and supersolutions of the
one-phase free boundary problem

Apu=0 in {u> 0},
|IVu| =1 on F(u) = d{u > 0}.

(3.106)

Asin [30], the difference with the infinitesimal case is that in order to obtain a
contradiction in the proof of the comparison principle, we have to make clear
the size of the neighborhood around the contact point between the solution
and an explicit barrier.

Let us start by providing a viscosity supersolution lemma. Actually, we
have not been able to show this result yet. Specifically, in the proof there
are two tricky points we are still facing and which we will point out for
clarity in the remainder of the proof. Hereinafter, we label the still unproven
results with “Expected”. In particular, these are both direct and indirect
consequences of the following viscosity supersolution lemma (Lemma 3.21)

and the corresponding viscosity subsolution lemma (Lemma 3.23).

Expected Lemma 3.21 (Supersolution). Let u satisfy (3.91) and let P be

a quadratic polynomaial such that
|D?P|| <1, AP >y,
for some 0 < p < pg small. Suppose also that
either u >0 or |VP| > 1+ p in B;.

Then P cannot stay below u in By and touch u by below at a point in By if

o < et

We point out that the supersolution Lemma 3.21 is used to get a compar-
ison principles for a function w satisfying (3.91). In particular, one way to
apply Lemma 3.21 can be found in the following version of the comparison

principle for almost minimizers.
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Expected Corollary 3.22 (Comparison principle). Assume that u satisfies
(3.91) and

u > P in a d-neighborhood of OU of some domain U C By,

for some quadratic polynomial P such that |D*P|| < 67!, AyP > u. Let us
suppose also that either u >0 or |VP| > 14 p inU. If

W > O(K, 6o,
thenu > P inlU.

Proof. Suppose by contradiction that the thesis is not true. This means that

1z :u(z) < P(). (3.107)
Let us define then
M = H;jln(u — P) = (u— P)(x), (3.108)

where z( exists because u is Lipschitz from (3.91). We remark first that M
is negative by (3.107). Thus, since u > P in a d-neighborhood of oU, z¢ € U

at distance greater than ¢ from OU. Moreover, in view of (3.108), we have
P+M<P+u—P=u inl,

and
(P + M)(xg) = P(x0) + u(xg) — P(xo) = u(xp).
Therefore, P+ M touches u by below at xy. Without loss of generality, P+ M
is denoted by P. Being dist(zg, 0U) > 0, Bs(xg) C U, so we can rescale the
situation from Bjs(xo) to By and contradict Lemma 3.21.
Precisely, we define
o - P o

a(z) = M’ Pla) = w, € B, (3.109)

Then, because P touches u by below at zq, P touches @ at 0. Also, by (3.109),

we achieve

VP(z) = (VP)(zo+6z), D?P(z) = §(D*P)(z¢ + o),
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which give

A P(x) = [(VP)(z0 + 62)[" 2 5(AP) (0 + 0z) + (p — 2) [(VP) (20 + 62) [P~
§{(D?*P) (g + 62)(VP)(xg + 0z), (VP) (g + 02)) = 6(A,P) (w0 + d),

To recap, we have for P

VP(z) = (VP)(zo+6z), D?P(z)=§(D*P)(z¢ + o),

N (3.110)
A,P(z) = 6(A,P)(xo + ).

Hence, using the hypotheses on P, we get, according to (3.110),

ID?P|| =6 ||D°P|| < 66" =1,
A, P(x) = (A, P) (0 + ) > b,

namely

|D?P|| <1, AP >épu,

and if |[VP| > 1+ p,
IVP| = |VP(xg+0z)| > 14 p>1+6pu,

thus from (3.109), either @ > 0 or [VP| > 1 + 6y in B;. Finally, by Remark
(3.16), @ satisfies (3.91) with ¢ == §"0.

To sum up, all the assumptions of Lemma 3.21 are satisfied by @ and P
with & and fi := du. As a consequence, if & < g"P™!, we can apply Lemma
3.21 and the fact that P < @ in B; with P touching u by below in 0 gives
a contradiction. It remains to show that ¢ < "*?*! holds. Precisely, we

obtain

§F=0"0c < ﬁn-‘rp-i-l — Mn-‘rp-‘rl(sn-‘rp-i-l
if we suppose " Pt > §7"P-lg = C(K, )o. O

In a similar way, we also have a viscosity subsolution lemma, from which

we can achieve a version of Corollary 3.22 for polynomials P lying above u.
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Expected Lemma 3.23 (Subsolution). Let u satisfy (3.91) and let P be a

quadratic polynomial such that
0P| <1 AP <
for some p > 0 small. Suppose also that
either u >0 or |[VP| <1—p in B;.

Then P* cannot stay above w in By and touch w by above at a point in
Bl/g N {P > 0} ZfO' < ,u"+p+1.

Before showing the proofs of Lemma 3.21 and 3.23, we state and prove two
auxiliary lemmas about perturbations of quadratic polynomials as classical
subsolutions to (3.106). In particular, we will use the second one of them in

the proof of Lemma 3.21.

Lemma 3.24. Let Q = c|x — 0|~ +m, where v > 0 and m € R. For every
quadratic polynomial P such that

for some 0 < pu < o small, there exist positive constants ¢, and C, such that
if || < ¢, then

AP > and |VP|>1,

A
Cp
where P(x) = P(x) + Q(z).

Proof. We want to show that we can choose z sufficiently large and ¢ small

enough in such a way that A,P > & To this end, we compute
p

VQ = —cylx — xo!ﬂ*l—x — T
|z — x|

D°Q = —cx( = (04 Do — o 2T g L2

+ |z — :1:0|_7_2I
|z — 0| |7 — w0

1 Tr—T
- |m—x0|_7_1—2(x—1‘0)®—0 = —cy| |z — mo| 2
|z — z¢] |z — ¢

-G Dl - g L)

|z —x0| — |x — 20
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that is
VQ = —cyle — w0
|z — 20
T —x -
D2Q207\$—$0|_7_2<(’Y+2) 0 g LTT0 —1)7
v — 20| |z — o

which also give

AQ = el — 20| 72y + 2~ m).

To sum up, we have

T — X9

VQ = —cylr — x| 77! AQ = cy|x — x| 72 (y + 2 — n),

|z — x|

T —2x T —2x
D2Q = vl — | 2 ( (7 +2) Lt LT ),
|lx — x| — |x — x|

(3.111)

Now, calculating A, P, we get
2P = V(P + QP (AP + AQ+ (p = DD*Quit) + (= D(DPoy0) ).

denoting

V= VP+Q) (3.112)

V(P + Q)

In particular, we can rewrite the expression of A, P as

8P = 9P+ QP (AP £ (- DD P T TE +8Q + (p - (D',
0+ 0= 2D P ) ) = (VPP AP+ (0= 20D G T )

VP VP

e )

V(P4 Q)P —2) (<D2Pv,v> e %Q V(P + Q)

V(P + QP — [VPP) (AP (p—2)D°P

(AQ + (p — 2)(D*Qu,v)),
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1.e.

_ VP VP
AP =A,P P P2 VPP AP+ (p—2)(D*Pics o m
P = AP+ (V(P+ QP = (VPP (AP + (- D PT L T0)

, VP VP

-HV@+@W*@—@QD#mw—wDPﬁfmgﬂﬂ+wWP+Qw*

(AQ + (p — 2)(D*Qu,v)).
(3.113)

We treat the terms in (3.113) separately. Let us analyze first

VP VP
V(P P=2(p —2)( (D*Pv,v) — (D*P——, —) ).
V(P4 QP - ) (102Po) - (0P T
Specifically, according to the mean value theorem for the function |VP

+ z|P~2, we achieve

VP ¢

VP +zfP? = |vpPP? —2)|VP + &P o
VP al? ™ = [VPI2 4 (p = DIVP + € (G

), §€[0,z],
where [0, 2| represents the segment which connects 0 and z. In particular,

with x = VQ, we get

VP ¢

VP+VQP 2 = |VPP2+(p—2)|VP+EP (=,
VP+VQ VP4 (p=2)[VP+{] ﬂvp+5

V@), £€[0,VaQl
(3.114)

Exploiting the same argument, but for the function

e
we also obtain
1 1 1 1 VP -
VP + VQ| - VP ’%4_% - |V P (‘lg_g‘ ~||VP] +1n

~op H VQ>> 1 ( vP

_ VP
< AL B KA CN
‘w3+%]VP\ VP VP

( :
vP VP
‘_WP\ —}—n‘ ’ ‘

(VP
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ne [0 lgg‘] which yields

VP+VQ_VP+VQ< ’vp - wp|+77 VQ>>

IVP+VQ|  |VP| a |V P| "|VP|
VP

=~ 10
op OV,

since our idea is to let |[VQ| go to 0. As a consequence, putting this condition
together with (3.114), we achieve, by virtue of (3.112),

v(e+ Q-2 (0 re - p I T8 | = vy

VP VP,
VP 4¢ , [ VP
ot vc2>)< >\<D P(—WP, +<9<rvc21>),

VP VP VP

W+O(|VQ|>> (D* |vP| |VP|>

C(p—2)VP 4 i EEE
\ <(p— 2)(!VP\“ f(p-2)VP

+ £\P3|VQI)O<!VQD < CiVPPEVQ| + GV P VQYP,

in other words
—2(, 2pvy oy — (p2p YL VP
L (e SRR L )|

< [VPPZVQI(CL+ Co|VQIIVPTY,
because by hypothesis ||D*P|| <1 and |¢] — 0 if [VQ| — 0. Concerning the

term

VP VP
V(P P2 _ VPP AP - (D?*P——, ——
(VP + QP = (PP (AP + (=200 T o T ).
instead, we get, from (3.114),
VP VP
V(P =2 _ VPP AP —D*P——,

VPLE

<|o-2P eIt v

o (1871 + 0 -2)r s (o)

which entails
VP VP )‘
VP |VP| (3.116)

(V(P+Q)* - |VP\H>(AP+ (b — 2)(D*P

< (p = 22[VPIP?|IVQl(n +p - 2),
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since ||[D?P|| < 1 implies |[AP| < n as well and again [£] — 0 if [VQ| — 0.
Lastly, we have to estimate
V(P +Q)F*(AQ + (p — 2){D*Qu, v)).
For this purpose, we recall (3.111) and we obtain, in view of (3.112),
V(P +Q)F*(AQ + (p — 2){D*Qu,v)) = V(P + Q)P *(tr(D*Q) + (p — 2)
t(D*Q(v @ v))) = V(P + Q2 (DI + (p — 2)(v @ v))
> V(P + Q) P, (D*Q) = [V(P + Q)" *ev]z —wo| " (7 + 1= (p— 1)
1
(n=1)) 2 SIVPFeyfz — o[ 7 (y + 1= (p = D(n = 1)),
namely
1
V(P + QP *(AQ + (p = 2)(D*Qu, v)) 2 S|VPIeyla — zo| 7 (v + 1

—(-1Dh-1)),
(3.117)
because |VQ| — 0.

Therefore, considering together (3.115), (3.116) and (3.117), from (3.113),
(3.111) and the hypothesis A, P > p, it holds

mfzu+www%vw(—@—mmvm1m+p—m—cr«mv

1
o= 2o VP gl =l 1= (= D= 1),
which gives, if M —2 < |z — x| < M, with M very large, and recalling that

VP> 1+ p,
AP > u+ VPP 2cylz — x| 77! ( —(p—22n+p-2)1+p) ' =

1
- Coer (M =) L 4 M 1= (= - 1)) 2
P
if M — o0, i.e. g is extremely large, and c is sufficiently small as well.

The condition [VP| > 1 now easily follows by the facts that |[VP| > 1+ pu
and |[VQ| — 0. O
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Lemma 3.25. Let Q = c4|z|? + m, where ¢ > 2 and m € R. For every
quadratic polynomial P such that

|D*P|| <1, AP >p, |[VPI>1+4p,

for some 0 < p < g small, there exist positive constants ¢, and C, such that
if |cql <y, then

AP > C’ip and |VP|>1,
where P(x) := P(z) + Q(z).
Proof. Let
P(z) == P(z) + Q(x), (3.118)
where
Qx) = cylz|"+m, q>2. (3.119)

We want to prove that we can choose ¢, sufficiently small in such a way that
APP > Cip For this purpose, first, repeating the same computations done to
achieve (3.120), we have

X

VO glal L AQ = glal g~ 2+ n)
(3.120)
) 5 T x
D*Q = c,q|x|? ((q -2)—®—+ I).
z| |z

Next, since (3.113) is not depending on the particular expression of @, it is
valid in the same way in this case as well, together with (3.112).

We focus then, as in the proof of Lemma 3.24, on the terms in (3.113). Again,
(3.115) and (3.116) do not rely on the particular expression of ), so they hold

also in this case. Let us analyze then

V(P +Q)IF*(AQ + (p — 2)(D*Qu, v)),

and we point out that, repeating the same argument to have (3.117), but

with (3.119), we get, because p > 2,

V(P + QP AQ+ (p - 2(D*Qu,v)) > - [VPP2cyglal™(q +n - 2),

(3.121)

DN | —



180 3. Regularity of almost minimizers for the p-Laplacian

because again we want to let |VQ| go to 0. Consequently, according to (3.115),
(3.116) and (3.121), we obtain this time from (3.113), (3.120), the hypotheses
AP > i, [VP| > 1+ p, p> 0 and the fact that we ask 1 > |z] > 3,

1¥P2u+WPWﬂVQ(—@—@ﬂVH*W+p—%—Crf%ﬂm“l
VP glel Mk n=2)) 20 [9PPRQI - (- 22014 070
+p—2)—C1 — Chcgq(1+p) ™" + %(q +n— 2)) > p+ [VPP?VQ)
(=C(n,p) — C1 — Caceq + C(q, m)),
ie.

AP > i+ |VPIP2|VQ|(—C(n,p) — C1 — Cocyqg + Clg,n)).  (3.122)
Now, we distinguish two cases, depending on the sign of

—C(n,p) — C1 — Cacyqg + Clg,n).

Precisely, if this is nonnegative then, by (3.122), it directly follows that
AP > &

satisfied. Hence, it remains to consider the case when

and provided ¢, is chosen sufficiently small, also [VP| > 1 is

—C(n,p) — Cy — Cacyqg+ Clg,n) < 0.
First, by this we can get a lower bound of (3.122) as
App Z % + O(P)CqQ(_O(nvp) - Cl - OQqu + C(Qa n))? (3123)

where C(P) := max |V P[P~% and again because 1 > |z| > 1. Let us focus, at
B
this point, on the term

C(P)eqq(=C(n,p) — C1 = Cacgq + C(g, n)).
Developing it, we have

~CaC(P)(cg0)? + C(P)ega(~C(n, p) — Ci + Clg,m)),
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and we ask this to be greater or equal to —%, where k(p, q) satisfies
1 1
e Z —,
k(pa Q) CP

with C), to be made precise later. Denoting for the sake of simplicity
a=ceq, bi=C(P)(=C(n,p) = C1+C(g,n)),

we need then
—CyC(P)a* + ab +

which is satisfied if
b— \/62 +4CoC(P) b+ \/b2 +4CoC (P)
2C,C(P) 2C,C(P)

In particular, since a > 0, the last condition reads

bt (0 +ACC(P) s

<a<

Vo= 20,0(P)
Therefore, with this choice of a == ¢(q)q, we achieve from (3.123) A, P > C%,?
and provided ¢, is chosen enough small, |[VP| > 1 is satisfied as well.
To recap, in both cases, we have A, P > -C/f—p and |[VP| > 1. ]

As already remarked, we will exploit Lemma 3.25 in the proof of Lemma
3.21. Specifically, we will see that the proofs of Lemma 3.21 and 3.23 follow
the same structure. So, we state the correspondent lemma to Lemma 3.25

which will be employed in the proof of Lemma 3.23.

Lemma 3.26. Let ) = c4|x|? + m, where ¢ > 2 and m € R. For every
quadratic polynomial P such that

|ID*P|| <1, AP <—p, |[VP[<1-p

for some 0 < p < g small, there exist positive constants ¢, and C, such that
if |cql < ¢y, then

AP < — and |VP| <1,

A
Op
where P(z) == P(z) + Q(x).
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We now give the proofs of Lemma 3.21 and 3.23. Actually, in these proofs
there is a tricky point we are still facing and which we will point out for clarity

in the proof of Lemma 3.21.

Proof of Lemma 3.21. Let us assume first that « > 0 in B;. Then, the con-
clusion follows by Lemma 3.17. Indeed, let us assume that the thesis of
Lemma 3.21 is not true. This means that P < u in By and P touches u by

below at xy in By /. According to Lemma 3.17, we know that
||lu — U||Loo(Bl/2) <c(o), ¢(c)—=0 asog—0, (3.124)

with v the p-harmonic replacement of u in Bj. In particular from (3.124),

since u(xg) = P(x0), xo € By/2, we get
v(zg) — c(0) < u(wg) = P(xy), c(o) =0 aso—0,

1.e.

v(zg) — (o) < P(xg), c(0) =0 aso—0. (3.125)

Moreover, because v is the p-harmonic replacement of v in By, we have that
v = u on 0Bj. Therefore, because P < w in B; implies (by continuity)
P < won 0B as well, we obtain P < v on dB;. Now, using the comparison
principle for the p—Laplace operator, see [64, Remark at p. 11|, we con-
clude that P < v in all of By, because by hypothesis the polynomial P is a
p—subsolution. Nevertheless, from (3.125) we deduce that it is not possible to
have P < v in whole B; 5, so it has to occur that either P = v in B/, or there
exists a sequence of points {;};eny C Bi/2 such that P(x;) = v(z;), but not
P =wv in By,. The first alternative can not happen, since v is p-harmonic,
whereas P is strictly p-subharmonic (a strict subsolution of the p—Laplace
equation). It remains to analyze the second case. This second alternative is
a little bit tricky and it should follow in view of a compactness argument we
are dealing with. However, let us suppose, for the moment, that even this
second possibility is valid. Therefore, to recap, it can not hold that P < v

in whole B 5.
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Now we assume by contradiction that there exists a quadratic polynomial
such that v > P, u(xg) = P(x¢) for some xg € By, and |[VP| > 1+ u. We
know that D?P is bounded, u is Lipschitz and P touches u by below at x.
As a consequence P is uniformly Lipschitz continuous in By, with Lipschitz
constant independent from P. Indeed, from the fact that P touches u by

below at xq, we achieve

V(u— P)(zo) =0,
which yields, in view of (3.91),
|VP(x0)| = [Vu(zy)| < K. (3.126)
Moreover, since ||D?P|| < 1, we get
IVP(z) — VP(zo)| < ||D*P|| |z — @o] < |z| + |20] <2, z € By,
namely
IVP(x) — VP(x0)| <2, x€ By.

Putting together this condition with (3.126), we then have
|[VP(x)| < |VP(x)| 4+ |VP(x) = VP(z0)| < K+ 2, € By,

which lastly implies that P is uniformly Lipschitz continuous in B;, with

Lipschitz constant independent of P.

Now, instead of perturbing the polynomial with a function w satisfying
Ap,w = —1, see for instance [20] for the proof of Ap|:v|17%1 = ¢pn, We exploit
the result proved in Lemma 3.25. Indeed we define, similarly to the classical
case,

P =P+ pcy(1 — |z)?), (3.127)

so that we can apply Lemma 3.25 for ¢ = 2. In particular, we have App > CL,,
and |[VP| > 1. Being P Lipschitz continuous in B, we achieve that PT is

Lipschitz continuous in B; as well. Indeed, if either PT = P or P = 0 in
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a couple of points, the Lipschitz continuity is clear. It remains to check the
fact when P*(z) = P(x) and P*(y) =0, x,y € B;. In this case, we have

[P (z) = P*(y)| = |[P*(2)] = P*(2) = P(x) < P(x) — P(y) < Llz — yl,
namely
|P+((L')—P+(y)|§[/|l’—y|, x,yEBl,

since, because P*(y) = 0, P(y) < 0, and thus —P(y) > 0. As a consequence,
PT is actually Lipschitz continuous.
By the Lipschitz continuity of P*, together with that of w, we then obtain
that

[(PT —u)(z) = (PT —u)(z0)| < Llz — xo| in Beu(xo),

which gives, in view of (3.127), since u(xo) = P(z0), o € B2,
(P —u)(z) = (P" = u)(xo) = Llw — wo| = pea(1 — |wo[*) — Ll — 9|

in other words

Ptr—u>L in B(x), (3.128)
Cy
with ¢ sufficiently small.
At this point, let us set
Umax = max{u, PT}, iy, = min{u, P*}, (3.129)
and we remark that
Upax = U,  Umin = PT on 0B;, (3.130)

because P < u in By implies by continuity P < u on 0B; as well and
P=P+pucy(1—|z)>) =P <u ondBy,

which yields Pt < u on 0By, since u > 0 everywhere.

Then, using (3.130), we get, according to (3.91),

Jp(u7 Bl) S Jp(uma)u Bl) + g,
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which can be rewritten as
Jp(Umin, B1) — J,(PT, By) < 0. (3.131)

Precisely, by virtue of (3.129), we have

Tty By) — Ty (s By) = / (VU + v o)) de

Bin{u>P+}

+/ ) (|Vu|p+x{u>0})dx—/ ) (|Vu|p+x{u>0})dx
Bin{u<P+t} Bin{u>P+}

S PTPpegde= [ (VP g do
Blﬂ{u<P+}

Blﬂ{u<]5+}

[P P el = [ (VP ) ds
Bin{u<Pt} Bin{u<Pt}

- / (VPP xqprany) do £ / (VPP 4 xpeney) da
Bin{u<P*}

Bﬂ"l{uZP""}

~ [ (Vawia? + Xz de = [ (VPP 4 xp1)
By

By

which hence entails
Jp(ua Bl) - Jp(uma)u Bl) - Jp(umina Bl) - Jp<P+7 Bl)u

and so (3.131) holds.
We claim, at this point, that

Jp(umin,B1) — Jp(p+,Bl) Z i/ (P+ — umin) dr.
B
Then this claim, together with (3.128) and (3.131), lastly implies that
BE;L

o> Jp(uminaBl) J (P ,B1) > Cﬂ/ (P+ — Umin) dT > Ci (P+
u)dx

a
umln dz > _/ = |B5M<x0)‘ = Cﬂn+27
(o) C’ Ch
Bz
that is 0 > cu™*2, which gives a contradiction with the hypothesis o < p"+?+1
and p small. As a consequence, Lemma 3.21 holds.
It remains to show that the claim is true. For this purpose, we minimize the

functional

F,(v) = /B (|Vv|p + X{v>0} + Cﬁ(v - P+)> dx (3.132)
1 p
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among all functions 0 < v < P7* which are equal to Pt on 0B, and we
argue that Pt is the minimizer. This fact will yield the claim since umi, is
an admissible competitor. Indeed, by (3.132), if P* is the minimizer and
Umin 1S @ competitor, we have

Fp(P*) = Jp(P*) By) < Fp(umin) = /

L
('vuminlp + X{um;n>0} + _<umin
B1

Cp

_ 15+)) dz = J,(tmin, B1) + i/ (tgnin — P+) da,
Op B1

namely the claim holds.
To prove that PT is actually the minimizer, we first remark that in the region
where the minimizer v is strictly below P*, v satisfies in a variational sense

the following problem
Ap =26 in {v> 0}, (3.133)
[VolP = 25 on F(v),
see [61] or [33]. About, instead, the fact that v is also solution of (3.133) in the
viscosity sense, it is a more delicate argument, that we are still investigating.
Let us assume, for the moment, that it is true, as we would expect.

This facts means that v fulfills the comparison principle with the contin-
uous family of functions (P +t)*, which are classical subsolutions to (3.133),
because A,P > -C’f—p, so that A, P > 5@%7 and |[VP| > 1, see [61] for the de-
tails. In particular, we can increase t from a large negative constant up to

t = 0 and thus we achieve that v = P™.
O

Proof of Lemma 3.23. The proof follows the same scheme of the previous
one, so we only sketch it. Exploiting the same argument used in the proof
of Lemma 3.21, but with opposite inequalities, we get the conclusion in case
u > 0. Therefore, it suffices to assume that |[VP| < 1 — p and we suppose
that the conclusion does not hold, i.e. v < P* in By and u(zg) = Pt (xo)
with zy € By)s ﬂm. We define, at this point, as in the proof of Lemma
3.21,

P =P — pcy(1—|z|*), >0, (3.134)
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so that in this case Lemma 3.26 applies since |[D*P|| < 1 and AP < —p,
and thus we have A, P < —Cip and |V P| < 1. Setting again

Umax = max{u, PT}, Uiy == min{u, P}, (3.135)

we note this time that uyy, = v on dB;, because by continuity v < PT in
By implies u < P* on 9B as well and in view of (3.134), P* = P* on 0B;.
As a consequence, (3.91) yields then

Jp(ua Bl) S Jp(umim Bl) + o,
which can be rewritten as
Jp(Umax, B1) — Jp(lf’+, By) <o, (3.136)

using the same computation exploited to obtain (3.131).

Furthermore, as before, it turns out that P+ is the minimizer of the functional
B = [ (1904 v+ (P70 ) o (3137)
By D

among all competitors v > P+ which are equal to P+ on dB;. The argument
used is again that the minimizer v satisfies the comparison principle with the
continuous family of functions (P+t)*, ¢ > 0, which are in this case classical
supersolutions to

Ay =—-L—in {v > 0},
P pCr { J (3.138)
|VoulP = ﬁ on F(v),

because App < —Cip and so also APP < —picp, and |V P| < 1. We point out
that v is a viscosity solution to (3.138).

The fact that P* is the minimizer of (3.137) then entails that
0 > Jy(tmax, B1) — J,(PT, By) > / (g — PF) d, (3.139)
p J By

hence we are left with the proof that the right hand side is greater than cp™*2

to conclude as above. To this end, we have to distinguish two cases.



188 3. Regularity of almost minimizers for the p-Laplacian

If u(zo) < 2F, we can deduce first from u(zg) = P*(xo) that P(zo) < %F.

In addition, by the mean value theorem, together with the assumption |V P)|

<1—pu <1, we have
|P(z) — P(xo)| < |z — 20| < % in Bege (20),
which gives, using P(xo) < %,
Gt Gt

namely P < £ in Begu (x0). In particular, according to (3.134), this fact

then implies

_ c 1 c 3 c )
P = P—pcy(1—|z|?) < 2—”—“02(1‘1) - 37”‘“021 - ‘QTH in. Bege (o)

ie. P<0in Bege (x0), since we can suppose that Bege (x9) C By provided

1 is small enough. As a consequence, we also obtain

]5+ = in BC%# (.Cl}()) (3140)

Now, we distinguish two cases, that is whether u(zg) > 0 or not. Let us
begin with the case u(x¢) > 0. Then, provided p is sufficiently small, we can
assume that v > 0 in whole B% (x0). Therefore, by virtue of Lemma 3.20,
Lipschitz continuity of u, (3.140) and (3.135), since u > 0 everywhere, we

achieve

Umax — PT = u > u(xg) — Llx — 2| > ¢(K) — L' = c(K)p
in B C B%(:L’O), |B| ~ p",

if ¢ is small enough, which yields that the right hand side in (3.139) is greater
than cu™*2.

If instead zo € 9{u > 0}, the desired conclusion would follow from the
strong nondegeneracy of u, nevertheless we recall that do not have the strong
nondegeneracy for u yet. However, for the moment, we assume that such
property holds . Consequently, we get

Cold
max u = u(x > co(K)—.
i = ) 2 oK)
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Now, if we take B = By, (zy) C B%(xo) this condition entails, together
with the Lipschitz continuity of w,

u(x) > u(xy) — Lz —zp| > c(K)% — Ldp=c(K)p in Byy(z)
if ¢ is sufficiently small, and hence, from (3.140), since u > 0 everywhere,

Unax — PT =u>c(K)p in Byu(zar),

which gives that the right hand side in (3.139) is greater than cu"2.

If u(zg) > 2, then, according to the fact that u(z¢) = P*(2¢) and (3.134),
we achieve u(zg) > P*(xq), which gives by continuity v > P* and so u
= Umax 0 Bu, (7). This, together with the Lipschitz continuity of u and P,
lastly yields

(Umax — P)(x) > (u — P1) (o) — L|w — mo| > pea(1 — |w0)?) — L > cp
in Be, (o), in other words
Umax — P+ > ClL in Bc’u<x0)7

which implies that the right hand side in (3.139) is greater than cu"™. [

3.6.2 Partial regularity of the free boundary

As in the classical case, see [30], this subsection provides the proof of
the main regularity result for the free boundary of almost minimizers. Our
proof is inspired by the techniques developed in [61], which have been largely
inspired by the techniques in [26]. The structure of the subsection will follow
that of the corresponding subsection in [30]. All the results in the current
subsection are expected ones, but not completely proved, since they depend
on both Lemma 3.21 and 3.23. Therefore, as previously anticipated, they are
labeled with “Expected”.

First of all, we present the statement of the main theorem.
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Expected Theorem 3.27 (Flatness implies regularity). Let u be an almost
minimizer for J, in By (with constant k and exponent ) and assume that
|Vu| < K. Suppose also that |u — x| < €9 in By and 0 € F(u) = 0{u >
0} N By. Then, if eg and k are small enough depending on B and K, it holds
that F(u) is CY* in a neighborhood of 0, for some o < B/(n +p+ 2).

As in the classical case [30], it turns out that Theorem 3.27 is a direct
consequence of an improvement of flatness lemma. The precise statement of

the improvement of flatness lemma is the following.

Expected Lemma 3.28 (Improvement of flatness). Let u satisfy (3.91).
Suppose also that |u — zf| < e in By, 0 € F(u) and o in (3.91) satisfies

o < e"PT2 Then, given o € (0,1), there exists n depending on o such that
e n B, (3.141)

for some unit direction v, provided that ¢ < eo(K, ) is small enough.

About the proof of Lemma 3.28, instead, we do not provide it immedi-
ately. Before giving it, we point out indeed that due to results in subsection
3.6.1, the proof of Lemma 3.28 follows the scheme of the case of minimizers as

in [61]. In particular, we sketch the details in the following two subsections.

3.6.3 Two properties

Let us define first the e-scaled function

U — Ty,

in the set {u > 0} N By, (3.142)

Uy ==

and we introduce the notation

By = B,N{x, >0}

(3.143)
I',=B,N{z, =0}

We introduce now two properties (P1) and (P2) for the function u which

result to be sufficient for obtaining the approximation of u. as in (3.142)
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with solutions of the linearized Neumann problem

L,y =0 in B},

P /2 (3.144)
(9,,110 =0 on Fl/Za

with v == e, and £, := A + (p — 2)0pnn, and for achieving the improvement

of flatness Lemma 3.28. These properties are written in terms of two small

parameters 0 and € > 0.

(P1) Harnack inequality, (see Theorem 3.2 in [61]).
Given § > 0, there exists €9 = £¢(d) so that if ¢ < &,

u>1" = (r,+a)" in B.(x) C By,
with a constant, r > 9, |a| < e and
u(y) > 1" (y) + ~e for some y for which B, »(y) C {I" > 0} N B,.(xo),
for some v € [4, 1], then
u> (x, +a+cye)t  in B, ja(o),

with ¢ > 0 universal.

In a similar way, the above is true when we replace > by < and v by —~.

(P2) Viscosity property. Given ¢ > 0, there exists g9 = £¢(J) so that if e < &g
we cannot have u(zg) = P(x¢) and u > P in Bs(xg) C Bj, where P
is a quadratic polynomial with ||[D*P|| < 6~'e, A,P > de, and in the
ball Bs(zo) either u > 0 or |[VP| > 1+ de.

In a similar way, the above is true when v < P, A,P < —d¢ and
IVP| < 1—de.

At this point, we show that (P1) and (P2) are enough to get the improvement
of flatness property as in [61].
Precisely, we first state and prove a lemma which roughly says that a func-

tion u which satisfies (P1) and (P2), satisfies the improvement of flatness
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property as well. Secondly, we show that if u verifies the hypotheses of the
improvement of flatness Lemma 3.28, then it satisfies (P1) and (P2).

Expected Lemma 3.29. Suppose a family of functions u satisfy properties
(P1) and (P2). If lu — x| < e in By and 0 € F(u), then

1 .
u—(z-v)"| <en'™™ in B,

with v a unit direction, provided that ¢ < g1 with 1 depending on n, o and
the dependence § — €o(0) of properties (P1) and (P2).

Proof. The proof is achieved by compactness. Precisely, we argue by con-
tradiction and we find sequences ¢, — 0 and a sequence of functions uy
satisfying the assumptions but not the conclusion of Lemma 3.29. Let, at

this point,
U — Ty,

Uy, = in the set {uy > 0} N B;. (3.145)

€k

Then, taking e, < &(0;) with 5, = 27%, property (P1) together with the
Ascoli-Arzela theorem produce that (up to a subsequence) the graphs of
ug, converge in the Hausdorff distance to the graph of a Holder function g
defined in the half ball B;r/z U T )9, see [61].

Now, we want to show that the property (P2) entails that the function g
satisfies (3.144) in the viscosity sense. To this end, we take a quadratic
polynomial ) which touches 4 from below at some point xy € Bfm UTLys.
By the convergence of the graphs of u; to the graph of ug, this means that
there exist constants ¢, — 0 such that ) + ¢, touches u; from below at
Tr — T in a fixed neighborhood of . In particular, using the definition of

uy, as in (3.145), this also implies that
Py =z, + ex(Q + k) (3.146)
touches ug by below at xp. At this point, we distinguish two cases.

(i) If 29 € By,, we have to prove that (AQ + (p—2)Qun)(xo) < 0. For this

purpose, let us assume by contradiction that AQ+(p—2)Qy, > 0. Then,
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choosing § > 0 sufficiently small, we can assume that ||D?Q|| < 671,
AQ + (p — 2)Qnn > C10, with C} to be made precise later, and that
Py, as in (3.146) touches u; from below at zj, in a d-neighborhood O
of zx. Without loss of generality, we can assume that Oy = Bs(xy).

The strategy now is to contradict property (P2) for uy by means of Pj.
We note first that since (), > 0, for k large also (zx), > 0. Thus, in
view of (3.146), taking ¢ and ¢, sufficiently small, we get that P, > 0
in Bjs(zy). Precisely, because z,, > (x), — ¢ and @ > min @ = C(Q)

Bs (1)

in Bs(xy), we have from (3.146)

(mO)n
2

P> (@) — 0+ ex(C(Q) + ) 2 — 0+ ex(C(Q) + ) >0

in Bs(xy,), if indeed 6 and ¢;, are small enough. Moreover, || D?Q|| < 6!
immediately gives by (3.146) ||D?Py|| < § 'eg. So, it remains to check
that A,P; > 0¢j,. For this, we compute

ApPk: = |VPk|p_2(€kAQ + (p - 2)|Vpk|_2<€kD2Q(en + Eka)v en + €k
VQ)) = VP2 (AQ + (p — 2) |V *er(D?*Qen, en) + (p — 2)
IV P 72(263(D*Qen, VQ) + £1(D*QVQ, VQ)))

which yields

ApPy = VP (ex(AQ + VP (p — 2)Qun) + (p = 2)|VE| 7 (225

(D*Qe,, VQ) +e(D*°QVQ, VQ))).
(3.147)

Let us analyze the terms in (3.147) separately. About
VPP 2er(AQ + [V Pe| 72 (p — 2)@nn),

we remark first that |[VP.| — 1 as g — 0. As a consequence, because

AQ + (p — 2)Qun > 0 by the assumption on ), we obtain

AQ+ VP (0 —2)Qun — AQ + (p —2)Qppn >0 as g — 0,
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which means by the definition of limit that

AQ + VP72 (p = 2)Qun > A0+ (p2— 2)Qnn > 0215 for k large,

that is
5 Ch6
AQ+ VP (p—2)Qunn > > for k large. (3.148)

In addition, always since |VPy| — 1 as g — 0, we can assume for
instance that |VP,| > 1/2 for these k’s. Hence, using (3.148), we

achieve, because p > 2,
- L IR
VPP "er(AQ + [V P (p — 2)Qnn) > i 3) o for k large.
(3.149)

Concerning the term

(p = 2)|VEIP(255(D?*Qen, VQ) + £i{D*QVQ, VQ)),

instead, we first note that for previous k’s large for which |V P;| > 1/2,
it also holds |V Py < 3/2, thus we get for these k’s, because || D?Q)|
<61 and [VQ| < C(Q) = max |V,

s(xr)

(p = 2V P[P (2e1(D*Qen, VQ) + ex(D*QVQ, VQ)) > (p — 2)| VP[P

3 p
(-2:3D°Qe, 170 - HID*QUIT Qv =~ - 2) (3 ) (22

§7'C(Q) +£5071C(Q)?)
and we ask
3 p
—(p—2) (5) (2e2571C(Q)+e;6 1 C(Q)?) > —c1e6,  with ¢; universal.
In other words, we want

P
(p—2) (g) (2e261C(Q) + €361 C(Q)?) < c1e40,  with ¢; universal,
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namely
3 p
(p—2) (5) (2e,071C(Q) +€3071C(Q)?) < 16,  with ¢; universal,

and this is true if ¢, is sufficiently small, i.e. if k£ is large enough. To

recap, we have obtained
(p = 2)|VE (267 (D*Qen, VQ) + i (D*QVQ, VQ)) > —c164,

with ¢; universal and £ large.
Putting together this condition with (3.149), we then achieve, by virtue
of (3.147),

1\ 046
ApPk Z €k <§) Tl - 015k6 Z 514:5’

it C is sufficiently large, which gives A, P, > dey.

Therefore, to sum up, we have that Py touches uy, from below in Bs(zy)
at xy, with ||D*Py| < 6 'ey, ApPy > e and uy > 0 in Bs(zy). This
fact contradicts property (P2) for u; and hence AQ + (p — 2)Q,n > 0
can not happen. As a consequence, AQ + (p — 2)@Q,n(xy) < 0.

(ii) If zp € T'y/2, we want to show that Q,(zo) < 0. Suppose by contra-
diction that @Q,(xg) > 0. Then, proceeding as above, we find that Py
as in (3.146) touches uy from below in {u, > 0} N Bys(xo) at xx — .
Provided ¢ is sufficiently small, we can assume that @,,(xg) > 0. At this
point, exploiting (3.146), we notice that 0, P, = 1 + ,Q,, > 1 + dey, if
again ¢ is small enough, which thus implies that ),, > ¢ in m
N Bas(xp). This remark yields that both Py is increasing in the z,, di-
rection and |VP;| > 0,P, > 1+ dg;, in m N Bys(xg), namely
|VPy| > 1+ dep, in {u, > 0} N Bas(xo). In particular, the fact that Py
is increasing in the x,, direction entails that Py is below u; in a whole
d-neighborhood of xj, which we can assume to be Bs(xy). Indeed, if
xy € {up > 0} N Bys(xo), it immediately follows from the remark that

{ur, > 0} N Bas(xo) is open, whereas we need the z,-monotonicity of Py



196

3. Regularity of almost minimizers for the p-Laplacian

if 2, € ({ug > 0} \ {ug > 0}) N Bas(ao), because we only have Py < uy,
in Bs(z) N m Nevertheless, by the x,-monotonicity of P, and
the fact that |u—z| < e, P, < 0in {ug > 0} NBs(zy). Consequently,
Py, is actually below uy in Bs(xy).

To recap, we have that Py touches wuy from below in Bs(xy) at zy,
with Py satisfying || D?Fy|| < 6 'er and A,P, > &6 by (i). Hence,
since in addition |VP| > 1+ dg; in {uk—>0} N Bas(g), and thus
|V P;| > 1+ dey in Bs(xy) as well, we contradict property (P2) for u
again and this implies that @, (z¢) < 0.

A similar argument can be used if a quadratic polynomial ) touches @ from
above at some point zy € Bfr/Q UT /9, exploiting the version of property (P2)
for quadratic polynomials touching from above.

As a consequence, 4 is actually a viscosity solution to (3.144).

Now, we sketch the conclusion of the lemma, see [61] for the details. Precisely,

from Lemma 2.8 in [61], we know that
|to(z) — 1o(0) — Viig(0) - 2| < Con® in B UT,, (3.150)

where, specifically, @y(0) = 0, since u;(0) = 0 for every k and @y converge
uniformly to u%y. Therefore, choosing n > 0 sufficiently small depending only

on « and n, we also get by (3.150)
_ I e .
’UO — l’ < 57”]1+ m B:]r U FW‘
At this point, we argue as in [61] to obtain that each uy satisfies the conclusion

of Lemma 3.29, which is a contradiction with our assumptions on u;’s. [

3.6.4 Properties (P1) and (P2) are satisfied

To get Lemma 3.28 it is enough to show that if o < "™P2 then properties
(P1) and (P2) are satisfied by u. About (P1), in view of Remark 3.16 it is

sufficient to analyze the case B,(x¢) = B; and replace o by

& =r"o. (3.151)
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Furthermore, we assume a = 0 for simplicity. At this point, we want to apply
Lemma 3.18 to u and z,,. Indeed, we know by assumptions of property (P1)
that w > =} > x, in B;, with z,, p—harmonic and Vz,, # 0. In addition, we

also have
u(y) > y;& + ~e for some y for which Byj2(y) C {z;f >0} N B, (3.152)

Hence, we can consider u > z,, in By (y) and since Bys(y) C {z}f > 0}N By,
it holds, from u > =z, in By (y), that Byj(y) C {u > 0} as well. As
a consequence, according to (3.152), we can apply Lemma 3.18 to u and
x, with p = ~e provided that & < p"™P*!. This condition, in particular,
follows by (3.151) and the fact that o < e"™*2. Precisely, using (3.151) and

o < e"P*2 we achieve
o=r "0 S 6—n€n+p+2 S (,yg)n—i—p—i-l — Iun—&—p—l—l’

where v > 0 in the hypotheses of property (P2) and taking € small depending

on ¢, for instance ¢ < §2"*P*1. We can then apply Lemma 3.18 to obtain
u>x, +cye in Byu(y). (3.153)

We note now that Bjjs(y) C By means that |y| < 1/2, so By4(y) C Bsja.
Moreover, the fact that By2(y) C {x, > 0} implies y,, = 1/2, from which
we deduce that By4(y) C {z, > 1/4}. To recap, we have By/4(y) C B3
N{z, > 1/4}. Consequently, we can actually extend (3.153) to the whole
Bsja N {zn > co(n)}, with co(n) a universal constant to be fixed, provided
changing ¢ and exploiting that Bs/y N {z, > co(n)} is bounded. Therefore,
we get, from (3.153),

U > 2, +cye in By N {x, > co(n)},
which also gives, because x,, > ¢y(n) > 0,

u>xt +cye in By N{z, > co(n)}. (3.154)



198 3. Regularity of almost minimizers for the p-Laplacian

At this point, we want to apply Corollary 3.22 to show that « must be greater
than
P =+ Sye(co + o + 200l — [2']) (3.155)
in the cylinder
C = {|z,| < 2co, |[2'|<1/4}.

To do this, we need that u > P in a d-neighborhood of 9C, with | D?*P|| < § 1,
A,P > i, prsmall, and either v > 0 or [VP| > 14pin C. Let us start checking
the differential conditions on P. Precisely, by virtue of (3.155), we have

VP =e, + gfye(en +4nxne, — 22') = <1 + g’yE(l + 4nxn)> en — cyex’,

-2 0 0

0
D*P=cye | 0 0
: 0

0 0 0 0 4n

AP = 575(471 —2(n—1)) = 578(271 +2) =cye(n+1).
Then, using the expression of D*P, we get
| D*P|| = cyedn < 671, (3.156)

with ¢ small to be chosen later, provided ¢ and ¢ are sufficiently small.
In parallel, exploiting the equality for V P, we obtain

2 2
VP]? = (1 + 575(1 + 4n:cn)) + (eye)’la’]” = (1 + gve(l - 8n00>>

2
2(1+§75> =(1+p)?* inC,

which yields
IVP|>1+4+p inC, (3.157)

taking u = c¢ye/4 and ¢q such that

1
= g < —.
16n

DN | —

1
1—8710025 <= 8ncy <
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The conditions above let us to compute A,P as well. Indeed, we have

A,P = |[VPP2(AP + (p — 2)|VP|"2D*PVP,VP)) = VPP 2(cye(n + 1)
+ (p—2)|VP|2((=2Py,...,—2P,_1,4nP,),VP)) = |VP[P%(cye(n + 1)
+(p—2)|VP|2(—2P —--- — 2P | +4nP?%) = [VP["?(cye(n + 1)

+ (p—2)|VP|?(=2|VP]* + (4n + 2)P?)) = [VP|P?*(cye(n + 1) — 2
(p—2)+ (p—2)|VP|*(4n +2)Fy),

namely
AP = [VPP2(cye(n+1) — 2(p— 2) + (p — 2)|V P|2(4dn + 2)P2). (3.158)

Let us analyze now the term |V P|~2P2. Specifically, using the expression of

V P, we achieve

2
(1 + 575(1 + 4nmn))

P2

- >
VP -

in C,

| —

2
<1 + gvg(l + 4nxn)) + (cye)?|2')?

choosing ¢ and e small enough, since |z,| < 2¢y and |z’| < 1/4in C. Exploiting

this inequality, we then obtain, in view of (3.158) and (3.157),
AP > |[VPP~? (C'ye(n +1)—2(p—2)+(p—2)(4n + 2)%)
> (L4 p)P2(eyeln+1) + (p = 2)(2n = 1)) 2 4,
ie.
AP > p,

if 1 is sufficiently small. To recap, putting together this last condition with
(3.156) and (3.157), we have | D?*P|| < 6!, [VP| > 1+pin C and A,P > p.
So, it remains to show that v > P in a d-neighborhood of dC to can apply
Corollary 3.22 to v and P. To this end, we distinguish two cases. If ¢ < z,
< 2¢y, this fact follows directly from (3.154) if ¢, is sufficiently small depend-
ing on n. Precisely, by (3.154) we get, always using (3.155),

c
P<ux,+ 575(00 +2co +8ncd) <zt 4 eye <u in By N {co < zn < 20},
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which implies, if we call O a §-neighborhood of dC,
P<u inONn{c <z, <20}, (3.159)

provided that ¢y is small enough depending on n.
About the complementary case, what we want to prove is a consequence of
the hypothesis

u >} in By

of Property (P1). Actually, if —2¢y < z, < —cp, provided ¢ and ¢ are
sufficiently small, we have P < 0 from (3.155) and thus, because u > 0,
u > P in {—2¢) < 2, < —co}. Hence, it remains to consider the case
—co < T, < ¢g. Here, a d-neighborhood O of OC is guaranteed by the fact
that |2'| > 1/4 — §, so we obtain, according to (3.155),

1 2
P§$n+§7€<60+60+2n63_ (1—5) ) <z, <u,
le.
P<u inON{—cy <z, <c},

which yields, together with the considerations above,
P<u inON{-2c¢ <z, <co}

This condition and (3.159) then give that P is below u in a d-neighborhood
of 0C. As a consequence, we can apply Corollary 3.22 to u and P and we
achieve © > P in C.
Next, we show that this fact entails the conclusion of property (P1). The
strategy is to use u > P in C to get the result on {2’ = 0} and then to slide
it to each 2’ in B ,.

Specifically, on 2’ = 0, by virtue of (3.155) we have
P=ux,+ gfya(co + 1z, +2n22) on {2’ =0},
thus, from u > P in C we obtain

U > T, + gvs(co + 1z, +2nz2) on {2’ =0} NC. (3.160)
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We remark first that, independently from (3.160), when x,, < —cve the fact
that u > (x, +cye)™ is a direct consequence of u > 0. So, we have to analyze
the case when z,, > —ce. For this purpose, we need (3.160). Indeed, in view

of (3.160), we have with x,, > —cye
u >z, + gfya‘(co —cye) =x, +cye on{r' =0, x, > —cye}NC,
in other words, since u > 0,
u> (v, +cye)t on {2’ =0, z, > —cye} NC,

taking ¢ and e sufficiently small. Putting together this with the remark

above, we then achieve
u> (2, +cye)t on {z' =0}N(CU{z, < —cye}). (3.161)
In addition, from (3.154), since x, > ¢y > 0 and c¢ye > 0, we get
u >zt +cve = (z,+cye)t in By N{z, > co(n)},

i.e. also
u > (z, +cye)t in ByjpN{z, > co(n)},

which implies, together with (3.161) and the definition of C, that
u> (z, +cye)t on {2’ =0} N Byp. (3.162)

Now, we want to extend the result in (3.162) to the whole By ;. To this end,

we fix 2 € By, and we consider the translation of P as in (3.155)
P(x) = P(a' — xp, x,).

We note that P(xz},z,) = P(0,z,), hence we can repeat the reasoning used

before to obtain (3.162) with P instead of P and we have
u > (x, +cye)t on {a' =13} N By

Varying x;, in all of B] /o» we lastly get the conclusion of property (P1) in the
whole Bl/2-
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Concerning property (P2), instead, we exploit Lemma 3.21. Precisely, we

first apply a rescaling of factor !, in other words considering

i(z) = M) P(z) = M’ r € B,

and thus, by virtue of the hypotheses of property (P2), the rescaled polyno-
mial P satisfies, according to (3.110),

|ID?P|| <e<1, A,P>d%.

Also, always using the hypotheses of property (P2) and (3.110), it holds
either 2 > 0 or |V15| > 1+de > 1+ 6% > in By. As a consequence, we can
apply Lemma 3.21 to @ and P, with pu = 6%, if & < p"™*! and this fact,
recalling (3.151), is true if

F=r"0g S 5 "o S 57n8n+p+2 S (52€>n+p+1 — ,LLnerJrl,

which means e < §2("+P+D+7 that is ¢ small enough depending on . There-
fore, property (P2) holds as well.

To recap, both property (P1) and (P2) are satisfied if o < "2 and so
Lemma 3.28 holds.

Now, we sketch the proof of Theorem 3.27.

Proof of Theorem 3.27. We first point out that because u is an almost mini-
mizer, it satisfies (3.91) with o = k. At this point, given a € (0, 5/(n+p+2)],
we take €y depending on K, a as determined by Lemma 3.28 and x < 58” 2
Then, in view of Lemma 3.28 and the hypotheses of Theorem 3.27, u satisfies

(3.141) with ey, in other words
lu—(z-v)t| <en'™™ in B,. (3.163)

Let us consider now the rescaling

un(ﬂj) = , T € Bl;
and, by (3.163), we achieve, writing = = ny, y € By,

1 (e} : (03 :
EIU(ny) —(ny-v)*| <em® in By < |uy(y) — (y-v)"| <eon® in By,
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i.e., relabeling y = x,
lu, — (x-v)*| <en® in By. (3.164)

Furthermore, using Remark 3.14, (3.91) still holds for w,,, but with & = knP.

Consequently, we can apply Lemma 3.28 again, but this time for w,, if

5= '%776 S (Eona)n+p+2’

that is, because x < g 7 if

77/3 < na(nﬂﬂr?)’
which is true for n sufficiently small for our choice of a.. Therefore, repeating
the same argument, we can apply Lemma 3.28 indefinitely and the theorem

follows in a standard way. ]
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