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SUMMARY

In the first Chapter we study a family of dissipative standard maps of the cylinder for
which the dissipation is a function of a small complex parameter of perturbation, . We
compute perturbative expansions formally in ¢ and use them to estimate the shape of the
domains of analyticity of invariant circles as functions of €. We also give evidence that the
functions might belong to a Gevrey class. The numerical computations we perform support
conjectures on the shape of the domains of analyticity.

In the second Chapter, we consider a singular perturbation for a family of analytic sym-
plectic maps of the annulus possessing a KAM torus (this family contains the dissipative
standard map studied in Chapter 1). The perturbation introduces dissipation and contains
an adjustable parameter. We prove that the asymptotic expansions for the quasiperiodic
solutions and the adjustable parameter satisfy Gevrey estimates (proving one of the conjec-
tures given in Chapter 1). To prove this result we introduce a novel method that might be
of interest beyond the problem considered here.

Chapter 1 is based in joint work with Renato Calleja, see [1, 2]. Chapter 2 is based in

joint work with Rafael de la Llave, see [3].
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CHAPTER 1
COMPUTATION OF DOMAINS OF ANALYTICITY FOR THE DISSIPATIVE
STANDARD MAP IN THE LIMIT OF SMALL DISSIPATION

1.1 Introduction

We study the limit of small dissipation/expansion of a family of conformally symplectic
standard maps. Since conformally symplectic systems include Hamiltonian systems when
one adds a small friction term that is proportional to the velocity, then this kind of systems
are relevant in applications [4]. In particular, we approximate the shape of domains of
analyticity of invariant circles of a family of conformally symplectic standard maps of the
cylinder, M = S! x R, depending on a small parameter, ¢, that vanishes as the conformal
factor tends to one.

The present work addresses some rigorous results and conjectures in [5] from a numer-
ical point of view. For instance, it is remarkable that invariant circles which are attrac-
tors/repellors in the dissipative/expanding case [6], converge in the limit of small dissipa-
tion to invariant circles in the symplectic case. It was noted in [5] that the small divisors
depend on the complex parameter € and give rise to regions where the functions parame-
terizing the circles cannot be analytic with respect to € but miss by very little. A conjecture
in [5] states that the tori are analytic in a domain in the complex ¢ plane that is obtained
by taking from a ball centered at zero, a sequence of small balls with centers along smooth
curves passing through the origin. The radii of the excluded balls decreases faster that any
power of the distance of the centers of the balls to the origin, see Figure 1.1. In fact, it
was rigorously proved in [5] that this domain is a lower bound. The main objective of the
present work is to illustrate the results in one example, provide numerical evidence and

indications of new results. Our computations indicate that there are singularities which



cluster around several points at which one does not expect the functions to be analytic.

L]
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Figure 1.1: Domain of analyticity according to [5].

A common method to compute invariant circles of a map of the cylinder f. : M — M,
is by computing a parameterization K, : S' — M of the invariant circle which satisfies an

invariance equation. The invariance equation is

fang:KgoTw

with T,,(#) = (6 + w). The invariance equation states that the dynamics on the invariant
circle is conjugated to a rigid rotation of the circle by an irrational number w. One of the
advantages of working with the dissipative standard map is that the parameterization func-
tion K. can be written in terms of a periodic function, u. : S' — R, as it is explained
in Section 1.2.1. The method we use to find the singularities is to approximate the conju-
gacy function u.(6) by means of a Lindstedt series expansion in €. The Lindstedt method

produces polynomials in € of high order,

whose coefficients u,, : S' — C are periodic functions. We then use the Lindstedt series of

the conjugacies to obtain Padé rational functions whose poles are expected to approximate
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the poles of the original function u.. Padé extrapolation methods of Lindstedt series have
been widely used by several authors [7, 8, 9, 10, 11] in the symplectic case. Since the
Padé extrapolation method is based on approximating an analytic function with a rational
function, the computation of poles is done by approximating the roots of the denominator
of the Padé approximant. The denominator is a polynomial that can be of very high degree,
and computing its roots depends heavily on numerical precision. Since the computations
are very sensitive to precision, we perform them using ~ 10? digits which allows us to
compute singularities for values of ¢ that are at a distance ~ 0.3 from € = 0 in the complex
plane. We expect that higher precision together with higher order degree series, would
allow us to compute poles that are closer to the origin. However, the method already allows
us to have an approximation of the boundary of the domain in regions at which one does
not expect the functions to be analytic, as it was predicted by the conjecture in [5], even
when the singularities are not very close to ¢ = 0. We also find conjectures on the rate of
growth of the terms of the Lindstedt series.

We note that the shapes of the domains that we present here are remarkably different
from what one sees in the symplectic case, see [9, 10, 11, 12]. This is partly due to the fact
that in the symplectic case the small divisors do not depend on the conformal factor b(e)
which in our case is a function of ¢.

Some explorations of the shape of the analyticity domains in the dissipative standard
map have been performed using the parameterization method in [13], that is very similar
to the one described in Section 1.3.3. In [13], it is noticed that the breakdown of invariant
tori in the conservative and the dissipative case are similar when the conformal factor b is
a constant, [14]. A different behavior in the breakdown of invariant tori involving bundle
collapse is observed in the dissipative standard map in [15]. Explorations of the shape of
the domains of analyticity in € in the conservative case with the use of the parameterization

method appear in [16, 12].



1.2 Preliminaries

We consider the dissipative standard map defined on the cylinder M = S! x R given by

fs(xm yn) = (anrla yn+1) and

Yn+1 = bsyn +c+¢€ V/(xn)

T+l = Tp+ Yntl s (1.1)

where y, € R, z, € S', ¢ € R, and V'(z) = 5= sin(27z). Here we consider the case
when the dissipative parameter, b., is given by b, = b(¢) = 1 — &3, and the drift param-
eter ¢ = c¢(¢) is a function that depends on the small parameter . Note that adding a
dissipation to the system is a very singular perturbation and could lead to the creation of
attractors/repellors without quasi periodic motions. For that reason, one has to consider
this external parameter, c.. The dissipative parameter b. coincides with the Jacobian of
the function. We note that adding an odd power of epsilon to the b. term is the physically
relevant choice. For this work, we choose to include a third power since it is the first non—
trivial odd case. We note that the Jacobian is the rate of dissipation/expansion of the map
(1.1), this rate will be dependent of the parameter . In particular, the case € = 0 coincides
with the zero dissipation limit. We must emphasize that we tie the paremeter ¢ to the non-
linearity of the map since in this case € = 0 also coincides with the integrable case and that
will hugely simplify our computation. In particular, by doing this we make sure that the
symplectic case, which will be the zero-th order of our series, will be trivial.

In fact, it is discussed in [5] that (1.1) is conformally symplectic. That is, if {2 = dy Adx

is the standard symplectic form of the cylinder, the map f. satisfies that

70 = .0 (1.2)

For certain values of c. we know that maps of the form (1.2) have analytic invariant circles



corresponding to quasi-periodic orbits with Diophantine rotation numbers, w. The Lindst-
edt series analysis in Section 1.3.1 determines that one condition for the the mapping (1.1)
to admit an invariant circle is that c. = we® + O(e?). In the following, we discuss the
properties that the rotation number should satisfy so that one can have quasi-periodic orbits

parameterized by a function.

1.2.1 Quasi-periodic orbits

We consider a frequency w that satisfies the Diophantine condition,

lwg—p| >vlg|™", peZ, qecZ\{0} (1.3)

where v € RT and 7 € R with 7 > 1.
Quasi periodic orbits of the dissipative standard map (1.1) are found using a parametric

representation of the variable x,, € S! as

T, =0, +u.(6,), 6¢cS (1.4)

where u, : St — R is a 1-periodic function. We assume that the variable 6,, varies linearly
as 6,11 = 0, + w where w is the rotation frequency.

It follows from equation (1.1) that

Tpyr — (1 +b)xy + by — o +V'(2,) = 0. (1.5)

We look for quasi periodic solutions by finding u., as in (1.4), and c. = ¢(¢) such that

€



where
E._[u:] = u.(0+w)—(14b: ) ue (0)+boue (0 —w)+(1—be )w—ce+eV (0+u.(0)) = 0. (1.7)

It is clear that once we find a pair (u., c.) satisfying (1.6), we can recover the embedding

of the quasi-periodic orbit by the parameterization K, : S! — M,

e 0+ u(0)
() = . (1.8)

w+ u(0) — u (0 —w)

We remark that the nature of the two unknowns is different since u.(6) is a smooth
complex 1-periodic function of § € S' depending on the complex parameter € and c. is a
complex number depending on €. The conjecture in [5] states that € is a complex parameter
whose range lays in a complex domain that is obtained by taking out from a neighborhood
of ¢ = 0 points inside balls with centers along smooth curves passing through the origin, see
Figure 1.1. In [5] there is also a rigorous proof that the domain described in the conjecture

is a lower bound that approximates the exact domain o analyticity.

1.3 Methods for computing solutions

We will use two different methods for finding the solution pair (u, c.) of (1.6). The first
method is based on a Lindstedt series approximation of the solutions written as formal
power series of the small parameter . In our case the small parameter € will account both
for the size of the perturbation and the distance of the conformal factor to the symplectic

case. This method produces approximate solutions in the sense that if

N

N
usN(0) = Z up(0)e® and =N(e) = Z cre® (1.9)
k=0



are polynomials in e, we say that (1.9) is an approximate solution of order N whenever
| Epxn o) [usN]|| ~ |e]¥*, where E is the functional defined in (1.6) and || - || is the supre-
mum norm over all # € S'. The Lindstedt series method that we describe in Section 1.3.1
provides a way to construct an approximate solution of any given order N € N.

In Section 1.3.3, we include an algorithm to find the solution (u.,c.) by means of a
Newton method. The method starts form an approximate solution pair (u,, ¢,) so that the
norm of E,_[u,] is small and provides a correction (v, d) by imposing that the new solution
(uq + v, ¢, + 0) satisfies the functional equation E,_ s[u, + v] up to first order in (v, d).

This method can be shown to converge using scales of Banach spaces.

1.3.1 Lindstedt Series

The Lindstedt series method consists of performing a formal series expansion in a small
parameter . According to (1.6), and the fact that b(e) = 1 — 3, we look for a solution,

(ue, cc), of
u (0 +w) — (2 —¥u(0) + (1 — ¥u. (0 — w) + 3w — c(e) = —eV'(0 +u()) (1.10)
as a power series expansion. That is, we look for solutions
us(0) = iuk(e)ak and c¢(e) = ickek, (1.11)
k=0 k=0

where each u,, is a function from S* to C and each ¢,, € C. This solution can be computed

by equating powers of ¢ in (1.10). Taking the Taylor expansion at ¢ = 0

—V'(0 + u(0) =) Sk(0)F (1.12)
k=0



and substituting (1.11) into (1.10), we have that

S8 o wg (0+w)ek —(2—e3) 20 up (B)ek +(1—e3) 82 up (f—w)eb+edw 370 ereb =322 Sp(0)ek. (1.13)

Remark 1. When V'(0) = 5= sin(276), or a trigonometric polynomial, the Si(0)’s can

be computed very efficiently in terms of the u;(0)’s. Following [17, 18] and denoting
L (0,e) = sin(27(0 + ua(ﬁ))) € (0,¢) = cos(2m(0 + ua(ﬁ))) the coefficients of the series

expansions . (0, €) Z ()" and €(0, €) Z €r(0)e® are given by the following

‘ k=0 k=0
recurrence relations,

(N +1).Sn1(0) =27 Y (m + 1) Gy (0) 111 (6) (1.14)

(N + 1D)Gya(0) = =21 > (m + 1)y ()t (6).

m=0
Thus, S(0) = ——1(0) for k > 1 and Sy = 0, by (1.12).

Defining the operator
Lop(0) == (0 + w) — 2¢(0) + (0 — w) (1.15)
equation (1.13) can be rewritten as
oo 2
ZSk(O Z Lour(0) — ) € + (Lous(0) — 5+ up(0) — up(0 — w) +w)e?
k=0
+ ) (Louk(0) — o + up—s(0) — up—3(0 — w)) ", (1.16)
k=4

Some properties of the operator L, are summarized in the following Lemma. See [19]

for details about the proof.

1
Lemma 2. Let n : S' — S' a continuous function such that / n(0)dd = 0. If w is
0



Diophantine as in (1.3), then there exists a solution, p(0), to the equation

Lop(0) =n(0) (1.17)

1
such that / w(0)dO = 0. In fact, the solution is given by
0

e 2t
0 =
#(0) Z 2(cos(2mlw) — 1)6 ’
LeZ\{0}

where 1), are the Fourier coefficients of 1(6).

The Lindstedt process is as follows. Matching the coefficients of the same order in
(1.16) we obtain the following relations to different orders of . The zero-th order term

tells us that the coefficients at order zero in ¢ have to be trivial. The equations are
quo(ﬁ) — Cyp = 0. (118)
Choosing ¢y = 0, then uy = 0 is the solution given by Lemma 2. This construction is

analogous to the zero-th order term in the symplectic case.

Remark 3. This method has been used in [18, 19, 7, 8, 9, 10, 11] for the symplectic case.
That is, making the same process for the standard map, (x,11, Yni1) = (Tn + Yna1, Yn +

eV'(x,)), gives the following equation to all orders €™,

1

Moreover, / Sk(0)d0 = 0 for all k > 0. This is a consequence of the symplectic structure
0

and the fact that Si(0) depends on the previously computed uy(6), ui(0), ..., ux_1(0),

So(8), S1(0), ..., Sk_1(0) (see Remark 1).

The first and second orders in ¢ are also analogous to the symplectic case. For this



reason the first two coefficients of ¢, will be trivial.

Choosing ¢; = 0 = ¢, the equations are reduced to the non dissipative case and, by Remark
3, the right hand side has zero average. Therefore, we can find solutions wu; (6), uq(6).

The third order in ¢ is the first one that is different from the conservative case.
qu3(9) —C3t+w= 53(9) (121)

Here we notice that the drift parameter starts playing a role in the existence of invariant
tori. Taking c3 = w, equation (1.21) becomes the same equation as in the symplectic case.
Since S3(6) has zero average we find u3(6).

The equations for orders higher than 3 are remarkably different since we have a counter

term coming from the previously computed orders. Namely,
quk(e) = Sk(e) - uk_g(O) + Uk_g(g - w) + Ck, k Z 4. (122)

1 1
Notice that, by construction, / up—3(0 — w)dl = / up—3(0)dd = 0 (see Lemma 2). Now,
0 0
taking
1
Cp = —/ Sk(0)do, (1.23)
0

we can find uy(6) solving (1.22) for all k& > 4.
We have proved the following proposition which is a particular case of part A) of The-

orem 12 in [5].

Proposition 4. For any N € N, the procedure presented above allows to find an approxi-

10



mate solution,
usN(0) = Zuk(H)ek and =N (e) = chsk, (1.24)

such that

[ Eeen o [us"]I| < Clel™™*

where I is the functional defined in (1.6).

1.3.2  Padé extrapolation

The domain of analyticity for the solution of (1.6) can be approximated by implementing
a Padé method in which we use the approximate solutions obtained by the Lindstedt series
constructed in Section 1.3.1.

The Padé method is quite standard and is presented in several places in the literature.
Here, we follow the exposition in [20]. A Padé approximant of order [p/q| of a function
g(e) = >, gi" is a rational function, P(e)/Q(g), which agrees with g to the highest
possible order in €.

That is,

P(e)

g(s)-—»Z§Z55 = O(ePtath) (1.25)

where P(¢) and ((¢) are polynomials of degree p and ¢ respectively, Q(0) = 1.
The existence of the polynomials P and () can be obtained by noticing that (1.25) is
equivalent to

9(e)Q(e) = P(e) + O

and, then, considering P(c) = Y 7 P’ and Q(¢) = Y7, Qic" the coefficients of the

11



polynomials can be found by solving the following systems of equations

g+ 0i-iQi=0 p<i<p+q (1.26)

The second equation of (1.26) gives the )’;s, and then we can find the P;s by substituting
in the first equation. Then, the boundary of the domain of analyticity of a function can be
approximated by the zeros of () in the [p/q] Padé approximant.

There are a number of implementations of the Padé methods that are used in a quite
standard manner. In the present work we use the implementations included in Version

2.9.0 of GP/PARI, [21].

1.3.3 Newton’s method

In this section we summarize an iterative scheme in scales of Banach spaces that can be
very well adapted to perform numerical computations. The scheme is based in a Newton
iteration starting from approximate solutions to the equation (1.6). We briefly describe the
scheme here since details of schemes of these kind and numerical implementations have
been described already in the literature [13, 5, 15, 22], and the reader can refer to these
works for more details.

We start from an approximate solution (u,, ¢,) of equation (1.6). Namely, we have a
solution so that || E,, [u,]]| is small enough. The approximate solution could be obtained
by several means. One possibility is starting from the integrable case (for € close to zero)
and perfoming continuation or from a Lindstedt series expansions like the ones obtained
in Section 1.3.1. We remark that in the dissipative standard map we are studying, ¢ = 0
is the point where the map becomes symplectic. Since we use methods for conformally
symplectic systems we actually start the continuation from values of ¢ that are not equal to

zero but small.
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The Newton algorithm consists of adding a correction (v, d) to the approximate solution
so that supremum norm of (1.6) evaluated in the function plus the corrections, || E., 1 s[uq +

v]||, is of the order of the square of the norm of (1.6) evaluated at the approximate solution,
| Ee,+s(ua +0]|| < C|E, [ua]||2

One obtains the correction by solving the linearized equation of E._ . s[u, + v| for (v, )
around the approximate solution, (g, ¢,)-

In this case, the equation we have to solve is

D, E., [u.Jv — 6 = —E,,[u,] (1.27)

which involves unbounded operators in Banach spaces (namely D, E., [u,|v) that are actu-
ally bounded if one considers that the operators map into Banach spaces of less regularity.
It is a standard observation in Nash—Moser theory [23, 24], that to set up a converging iter-
ative Newton scheme it is not necessary to find an exact inverse of the operator D, E., [u,],
but finding an exact inverse of an approximate operator will suffice.

In our case, we will not solve equation (1.27) directly but will solve a modified equation
obtained by adding a term that is quadratic in the error. We remark that since a Newton
method is a quadratic scheme solving a linear equation then adding a quadratic term also
gives a quadratic scheme that solves the same linear equation. Defining h'() = 1 +
%ua(ﬁ), one obtains an approximate Newton equation by subtracting the term

vD, E.,[ug)h', which is quadratic in the error. The modified Newton equation is,
b DyE.,[uv — vD,E,, [uh' = —h'(E.,[us] — ) . (1.28)

The Lh.s. of equation (1.28), factorizes into a sequence of operators that are easier to solve

numerically, as it is noted in Lemma 5.
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This method has been used in several works [25, 26, 19]. Here we only make a reference
to the justification in [13], where the reader can refer to for details.

Let the operators D_, Di be defined by

D_f(0) = [f(0—w)—[(0)

DLfO) = f(0+w)—0bf(o). (1.29)

A small remark is that (1.29) are operators that are diagonal in Fourier space. In the fol-
lowing lemma, we write the modified Newton as a sequence of operators that are either

diagonal in Real or Fourier space.

Lemma 5. The modified Newton equation in (1.28) with E,, [u] defined in (1.6) is equiva-

lent to

DL [=h(0)0 (0 — w)D-[(1) " (O)w(O)]] = —1(Ee,[ua] (6) — 0). (1.30)

Remark 6. One notices that the operators involved in the Lh.s. of equation (1.30) only
involve differentiation, multiplication, division, shifting the arguments of functions, and
solving the difference equations with constant coefficients in (1.29). All this operations can
be implemented very efficiently using the computer. For instance if we discretize the peri-
odic functions using n uniformly distributed points and we use a Fast Fourier Transform

method, the modified Newton step equation can actually be solved in O(n logn) operations.

The factorization in equation (1.30) suggests an algorithm that is used to solve the

modified Newton equation.

Algorithm 7. i) Find two functions p and v solving the equations

Dip(0) = ~I'E,,[u] (1.31)

and

Div(0) = —h'(0) . (1.32)

14



Notice that if ©(0) and v(0) are solutions of (1.31) and (1.32), respectively, then the
equation D% (p(0) — 6v(8)) = —H (0)(E,, [uo](0) — &) holds for any 6 € C. This will

<p(9)—(5u(9)) vanishes.

allow us to chose a complex number § so that the average of FOIC=")

i) Choose o € C such that

() —ov(0)
/T e — )

iii) Obtain w from the solution of the constant coefficient difference equation

__»(0) —ov(0)
Dwl®) = e —w)

(1.33)

Notice that after choosing a § in step ii) so that the right hand side has zero average
we can always find a periodic function w solving (1.33) when the rh.s. is smooth

enough.

iv) Construct v(0) = W' (0)w(0) and obtain the improved solution (u, ¢) defined as

w(0) = uq(0) +v(0) , C=c,+90.

The observation in remark 6 is that the operators in (1.30) are very efficiently imple-
mentable with the use of a computer either in Real or in Fourier space. This efficiency
comes from the fact that all the operations involved in the four steps of Algorithm 7 are
multiplications, additions and integrals of periodic functions that take only O(n) operations
in Real space; and differentiation, shifts and solving cohomology equations with constant
coefficients, that take only O(n) operations in Fourier space. Therefore, the most expensive
operation in the Algorithm 7 is transforming from Real to Fourier space and back. This can

be done in O(n log n) operations by means of a Fast Fourier Transform.
Remark 8. We note that the algorithm is guaranteed to converge inside the boundaries of
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the analyticity domain. Indeed, in [12] it was rigorously justified that the algorithm only
fails to converge as the continuation reaches the boundary of analyticity. Therefore, the

continuation method can also be used to asses the bounds on the domain of c.

1.4 Numerical results

In this section we present the results of implementing the methods described in Section
1.3. All the computations in Sections 1.4.1 and 1.4.2 were done using the golden ratio,

w = Y51 which satisfies (1.3), see [19].

1.4.1 Domain of analyticity

The construction of Lindstedt series in Section 1.3.1 was implemented as a numerical al-
gorithm. The statement of Proposition 4 tells us that given any NV € N, the outcome of the
method is the pair of polynomials of degree NV in (4). The observation of Lemma 2 is that
the operator L, defined in equation (1.15) is diagonal in Fourier Space and equation 1.17
can be solved for ¢ if we allow to obtain functions with less regularity than the right hand
side, . We find the solution numerically by transforming to Fourier space and solving for
the uy’s from expressions (1.20) to (1.22). At every order of the process we obtain the c;’s
as a byproduct of imposing the condition that every order should have zero average. The
Lindstedt series expansions are used to obtain an approximate solution to the functional

equation in (1.6) at some high order.

Approximation of poles of the Lindstedt series

Here we include the poles of the Lindstedt polynomial found with the Padé method. In
Figure 1.2, we show the poles of the series approximated by means of the Padé method. Itis
well known that the Padé method computations are very sensitive to precision, see [20], so
we have implemented the computations with extended precision using the software gp/Pari

[21]. We show the values of the poles in the £ complex plane, and the complex values of
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the function () = 1 — 3. Our computations suggest that the boundary of the analyticity
domain has a more complicated structure that what was predicted in [5], compare the left
panel of Figure 1.2 with Figure 1.1. Figure 1.3 contains the comparison of the values of
the function b(e) with the unit circle. We also include zoomed in versions of the values of

b(e) in Figure 1.3.

0.8 '1 Poles of the series . - Poles of the series
. 08

0.6 e
’ . . 0.4 -
0.4 ., . -

0.2
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0.4
-0.6

s

0.8 ¢ 06

-0.8 0.6 0.4 0.2 0 02 0.4 0.6 075 08 08 09 095 1 1.05

Ere Pre

Figure 1.2: Points which are simultaneously poles of Padé approximants of degree
[475,475] and [500,500]. The implementation was done with 1000 digits. Left panel: Poles
in the complex plane ¢ € C. Right panel: Poles evaluated in the function b(e) = 1 — &3,
with e € C.

Newton method

We used Newton’s method and continuation to explore the monodromy of the solutions
in the domains. A rigorous result in [5] states that the solutions defined in the domain of
analyticity in € have trivial monodromy. We verified this fact numerically by perfoming
continuation of the solutions (u,, c.) around the poles that were previously approximated
using the Padé series method described in Section 1.4.1.

We used the approximated poles as centers of circular paths in € over which we per-
fomed continuation while solving the invariance equation (1.6) using Algorithm 7. Once
the continuation achieves a complete turn around a chosen pole, one verifies that the solu-
tion always arrives to the same starting point. This is an effect of the monodromy of the

functions being trivial.
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Figure 1.3: The poles compared to the unit circle. Left panel: Evaluation of the poles of
the series by the function b(¢) = 1 — £3. Right panels: Two zoomed in versions of the set.

We present several instances of the functions for different parameter values along a
circle winding around a pole in Figure 1.5. The path we used to surround the pole is
presented in Figure 1.4. The continuation was perfomed using FFTW3, [27], with the
libquadmath library, [28]. The radii of the continuation paths were chosen so that the path
did not come very close to the poles. Indeed, when the continuation comes close to a pole
our implementation of the Newton method becomes degenerate in the sense that one needs
to compute quotients of very small quantities. The reason is that when solving equations
(1.31) and (1.32), the divisors depending on ¢, are below machine precision close to the

pole and dividing over those quantities leads to large numerical errors.

1.4.2 Growth of the coefficients of the Lindstedt expansions.

The results in Section 1.4.1 agree with the conjecture in [5] about the domain of analyticity
of the parameterization of the quasi periodic orbits. The qualitatively conjectured optimal

domain of analyticity of the parameterizations for the map (1.1) does not contain any ball
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Figure 1.4: Poles of the series and two different continuations done with the Newton algo-
rithm. The continuation is done around the pole in order to illustrate that the monodromy
is trivial.

with center at the origin nor angular sectors with width larger than 7 /3, so one does not
expect the Lindstedt series to converge. The shape of the domain of analyticity suggest the
Lindstedt expansions might belong to a Gevrey class.

We recall that a formal power series, Y f,&", is 0-Gevrey (at ¢ = 0), with respect to a

norm || - ||, if the coefficients satisfy
| £all < CR™n™. (1.34)
where o > (. Equivalently,
1
—log|| full ~ olog(n) +log(R)

for n large enough.
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Table 1.1: Values of € and ¢(¢) for different instances taken from the small circle in Figure
1.4.

Instance 5 c(e)

1 0.3202966 + ¢0.1460915 | 0.01994937 — 10.06774761
0.3008391 + 20.1527000 | 0.009976542 — ¢0.06136120
0.2830167 +:0.1871540 | —0.01146081 — 20.06221038
0.3122423 + 10.2245263 | —0.02718298 — 70.08804174
0.3613448 +¢0.1973876 | 0.007928831 — 20.1127768
0.3242691 + 40.1460201 | 0.02157160 — 20.06953580
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Figure 1.5: Real and imaginary part of different instances of a continuation by the Newton
algorithm including the initial and final functions. One observes that there is no mon-
odromy after a full turn around the pole.

Remark 9. We note that, by Stirling’s formula, inequality (1.34) is equivalent to
Ifall < CR™(nl)°. (1.35)

If 0 = 0 the power series would define an analytic function of ¢.

We approximated several norms of the coefficients u(#) to have an indication of how
far the functions are from being analytic. First, we use the norm on the complex strip of
size p > 0,1.e., 0 € S} if [Im(#)] < p. Let f : S) — S, be a function of S| then the norm

Wwe use is

1l =D IfelPe®m

LEL
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where fg are the Fourier coefficients of f.

Since we want to check if the formal series u. () = > ux(0)e* belongs to a Gevrey
class with the analytic norms, it is convenient to compute the following expressions as
functions of k,

Ay(k) = - log [u (@), (1.36)

=

and then approximate the constant o. The values of A,(k) as in (1.36) for different values

of p are shown in Figure 1.6.

0 100 200 300 400 500
k

Figure 1.6: Plot of A,(k), 1 < k < 500, for the frequency w = ‘/52_1.

We also used Sobolev norms defined for a real number 7 > 0 by the L2-norm of the "

derivative with respect to 6,

[fllwr = 1105 fl 2

The Sobolev norms can also be written in terins of Fourier coefficients as follows,

1/2
| fllwr = (Z(zwkmm?) .

kEZ

As in the case for analytic norms we define the following expressions for the Sobolev
norms,

H"(k) = —log ||ug(0)]|wr- (1.37)

el e
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We include the values of H" (k) for the coefficients of the approximate solution and several

values of 7 in Figure 1.7.
2

5% 333
([0 [ e T
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k

Figure 1.7: Plot of H"(k), 1 < k < 500, for the frequency w = \/52’1.

In both cases, the rate of growth of the norms ||u(0)||p with respect to k seem to
be large enough to make one think that the formal expansion belong to a Gevrey class. To
study the rates of growth more systematically we have performed numerical fits of functions
of the form log(R) + o log(k) to the data in Figures 1.6 and 1.7. In Tables 1.2 and 1.3 we

summarized this numerical fits.

Table 1.2: Numerical fit of a function log(R) + o log(k) to the data A, (k) for different val-

ues of p and frequency w = @ Computations were done using 2'? Fourier coefficients

and 600 digits of precision. The numerical fit was made in for 100 < k£ < 300.

e, () = A, (k) — (1og(R) + o log(k))
R o o]
p=0.1 0.672269 0.227899 0.020793
p=0.01 0.585740 0.238324 0.019491
p = 0.001 0.576278 0.240049 0.019325
p = 0.0001 0.575333 0.240225 0.019280
p = 0.00001 0.575239 0.240243 0.019282
p = 0.000001 0.575230 0.240244 0.019279
p = 0.0000001 0.575229 0.240244 0.019278

We note that the numbers 12 and o in Table 1.2 and Table 1.3 are just the raw numbers
obtained by fitting numerically functions of the form log(R) + o log(k) to the data A,(k)

and H"(k), we are not sure how to assess the reliability of these numbers. Also, we have

22



Table 1.3: Numerical fit of a function log(R) + o log(k) to the data H" (k) for different val-
ues of r and frequency w = % Computations were done using 2'3 Fourier coefficients
and 600 digits of precision. The numerical fit was made for 100 < £ < 300.

e, (k) := H"(k) — (log(R) 4+ olog(k))
R g ler o
r=1 0.685071 0.212840 0.020144
r=2 0.816610 0.185284 0.023905
r=3 0.974288 0.157572 0.028145
r=4 1.163403 0.129713 0.032216
r=>5 1.390238 0.101731 0.036129
r==~6 1.662287 0.073651 0.039905

added a column with a measure of the remainder,

é||s> between the numerical fit and
the data. The measure of these remainders, which looks a little bit worrisome, seems to
come from an oscillatory behavior in the data, the structure of the remainders is studied in
Section 1.4.4.

For the sake of completeness we include a comparison between A;o-7(k), H°(k) and
their respective numerical fits, see Figure 1.8. Note that even if the norms considered
in A,(k) and H" (k) are in principle not compatible, the fact that A,(k) and H" (k) have
similar trends seems to indicate that there is a mechanism which is captured for any norm
for the functions we study. This suggest that a more detailed study of the structure of this

functions could be interesting.

1.4.3 Results for different frequencies

We recall that the computations presented in Section 1.4.2 were done using the frequency

V5-1
2

w = . In this section we present the computations also for different frequencies, of
the same Diophantine type. We present the results below.

Figure 1.9 contains a plot of 4,(k), p = 1077, for all the frequencies considered. The
plots in Figure 1.9 seems to indicate a logarithm growth for all the frequencies considered.

To study more systematically the growth of the coefficients of the Lindstedt series we have

also fitted numerically functions of the form log(a) + o log(k), the results are summarized
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Figure 1.8: Comparison between H%(k) and A,y-7 (k) with their respective numerical fits,
_ V51
W = -

in Table 1.4. We note that all the frequencies considered belong to the same Diophatine
class D(v, 1), where w € D(v, T) means that |e™** — 1| > v|k|~". Figure 1.10 and Figure

1.11 contain comparisons between the quantities A, and their respective numerical fits.
3

Cw=(/5-1)2
w=(V3+1)/2
2.5 | w=V2
w=HT7-1)/2
wz(\\f}§—1)/6
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2 ( w:%i
15
< |
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Figure 1.9: Graph of A,(k) for different values of the frequencies w, p = 1077,

The numerical results presented in Sections 1.4.2 and 1.4.3 lead us to think that the

Linsdtedt series of the parameterization of quasiperiodic orbits for the dissipative standard

map (1.1) belong to a Gevrey class.
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Table 1.4: Numerical fit of a function log(R) + o log(k) to the data A,(k) for different
values of the frequency w and p = 10~7. Computations were done using 23 Fourier
coefficients and 600 digits of precision. The numerical fit was made in for 100 < & < 300.

ew(k) = Ay(k) —log(R) + olog(k),  p=10"7
R o llewloo
w = ‘/52 ! =[0,1,1,1,1,1,1,...] 0.575229 0.240244 0.019278
w=Y51-100,2,1,2,1,2,1,..] | 0695887 | 0.225349 | 0.047762
w=v2=1,222222,.] 0.583365 | 0.247799 | 0.033104
w=+v3=[1,1,2,1,2,1,2,1,..] | 0460186 |0.307029 | 0.038801
w = \/?2 ! =0,1,4,1,1,4,1,1,...] || 1.300597 0.112924 0.045704
w = ‘/§ ! =10,2,3,3,3,3,3,...] 0.582937 0.258504 0.047840
w=Y>1=0041,51,51,5,.] | 1235768 | 0.158503 | 0.042327
1all ‘ ‘ " log(1.300597) +0.1129i11$?,§55§ — 1 14 % ‘ ‘ " 10g(0.460186) +0.307Ui91$?,§%£§ — ]
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Figure 1.10: Comparison between A,(k), p = 1077, and its corresponding numerical fit.
Left panel: values for the frequency w = VoL, Right panel: values for the frequency

2
w =13

Conjecture 10. Given w € D(v, 1), the Lindstedt series, u. = > upe®, of quasi-periodic
orbits for the map (1.1) belongs to a Gevrey class with Gevrey exponent o < 0.307. That

is, ||unll, < CR"n" with o < 0.307 and p < 107".

1.4.4 Some interesting patterns

A careful inspection of Figure 1.6, Figure 1.9, Figure 1.10, and Figure 1.11 shows that the
graphs of A,(k) present an oscillatory behavior of period three, see Figure 1.12. These
oscillations are present for all the values of the frequencies considered.

As we mentioned before, the coefficients of the Lindstedt series are determined by solv-
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Figure 1.12: Graph of A,(k) for p = 1077, w = @ The same oscillatory behavior is
also present for H" (k).

ing equation (1.22) in which the coefficient of order & depends explicitly on the coefficient
of order k£ — 3. This is due to the power three of € in the function b.. At the same time this
phenomenon is independent of the frequency w we choose. This gives an explanation of
the appearance of an oscillating pattern obseﬁved in the inset of Figure 1.12 which appears
for all the frequencies we considered. However, the computations show that the amplitude
of the oscillations decreases as k& grows and this oscillating effect fades away.

To study how the amplitude of the oscillations decreases we have centralized the os-

cillations by considering the differences between A,(k) and some moving averages. More
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precisely, denoting a, = A,(k), p = 1077, we have considered the following centraliza-

tions
k+2 k+2
k—ak__ > aj, k—ak——Zﬂl], (1.38)
j =k—2

Since the oscillations have period three, the centralization x; is made by subtracting a
moving average that captures two periods of the oscillation. The results for x; are sum-
marized in Figure 1.13 and Figure 1.14. For all the centralizations considered it is quite
surprising that the amplitude of the oscillations seems to decrease as £, with 3 =~ 1. Due
to this behavior we consider a second centralization, z;,, which assumes that the oscillations

decrease as k1. The results for z; are summarized in Figure 1.15.
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Figure 1.13: Plots of the centralization . Left panel: Plot for the frequency ‘[ L Right

panel: Plot for frequency ¥3-L,
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Figure 1.14: Plots oft the centralization x;. Left panel: Plot for the frequency v/2. Right
panel: Plot for frequency v/3.
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Figure 1.15: Plots of the centralization z;. Left panel: Plot for the frequency @ Right

panel: Plot for frequency Y=L,

The results collected in the figures above suggest that the centralizations behave like

k=# f (k) with f a periodic function. This observation motivates the following conjecture.

Conjecture 11. Let A,(k) = 1 log |luk ||, then A,(k) ~ log(R)+ o log(k) + k~° f (k) with

B ~ 1, f(k) a periodic function of period 3, and k > 1.

1.5 Validation of the results

To validate the results described above we verified that the cohomology equation (1.22) is

satisfied at every order with a suitable error. We also verified, as shown in Proposition 4,

that the invariance equation (1.6) satisfies that log, o (|| E.<n o) [us"][|c) ~ (N +1)log,(e)

as long as the error is above machine precision. We recall that F.<n ) [u=N] means that

we evaluate the operator F, given in (1.6), in the finite expansions u=" = chvzl ue® and
V(e = Ty s

In Figure 1.16, we show the results of these computations.

For this work, the computations have been performed using 600 digits and 2¢ Fourier
coefficients, with 10 < ¢ < 13. Using this precision we have verified that the coefficients
u,, of the Lindstedt expansion have a relative error less than 1073 when n < 400, see
Figure 1.17. We have also checked that the functions u,, are trigonometric polynomials

of degree n, as predicted in [3], up to an error less than 1072 within the same range of
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Figure 1.16: Left panel: Plot of log,o (|| Lo un(0) — Sn(0) — ¢ — tn—3(0 — w) + 1y —3(0)]| )
for different values of the frequency w, 1 < n < 500. Right panel: Plot of
logyo (|| Eesn (o) [uz"]llc), with € = 1072,

parameters. All the computations were done in pari/gp, [29].
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Figure 1.17: Left panel: Graphs of log,o(||u, — vn||eo) Where w,, and v,, are the same
coefficients of the Lindstedt series but computed using a different number, ¢, of Fourier
coefficients. Right panel: Graphs of the relative errors, log; (||t — vnl|so/||tn| 0 )-
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CHAPTER 2
GEVREY ESTIMATES FOR ASYMPTOTIC EXPANSIONS OF TORI IN
WEAKLY DISSIPATIVE SYSTEMS

2.1 Introduction

Hamiltonian systems with small dissipation appear as models of many problems of physical
interest. Notably, dissipation is a small effect in astrodynamics of planets and satellites
[30, 31] !. In the design of many mechanical devices, eliminating friction is a design goal
which is never completely accomplished. Hamiltonian systems with friction also appear
as Euler-Lagrange equations of discounted functionals which are natural in finance and in
the receding horizon problem in control theory. In such a case the limit of zero discount
(equivalent to the limit of zero friction) is of interest. See [33, 34, 35, 36] for different
studies of the zero dissipation limit in calculus of variations and in control.

When the friction is small, it is natural to study such systems using perturbation theory.
Nevertheless, adding a small friction is a very singular perturbation, and periodic/quasi-
periodic orbits may disappear for arbitrarily small values or the perturbation. In contrast
with Hamiltonian systems that often have sets of quasi-periodic orbits of positive measure
(KAM theorem), for dissipative forced systems, there are few periodic or quasi-periodic
orbits. These quasi-periodic orbits of a fixed frequency are known to persist only if one can
adjust parameters in the system [37, 38, 39]. As discussed very clearly in [40], the number
of parameters needed is affected by the geometric properties of the systems considered.

In recent times, for some particular types of dissipative systems — the conformally sym-
plectic systems, see Definition 12 — there is a very systematic KAM theory [41] based on

geometric arguments. The examples mentioned above (Hamiltonian systems with friction

'A problem in astrodynamics which motivate us is the spin orbit problem describing approximately the
motion of an oblate planet, subject to tidal friction, in a Keplerian orbit [32]
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proportional to the momentum and Euler-Lagrange equations of exponentially discounted
variational principles) are conformally symplectic. This theory, once we fix a frequency,
predicts the changes of parameters and the changes in the solutions needed to obtain a
quasi-periodic solution of the prescribed frequency.

The goal of this Chapter is to study the singular perturbation theories in which the small
parameter also introduces dissipation.

There are several studies of the singular perturbation theories in dissipation which are
particularly relevant for us: The paper [5] shows that if one fixes a Diophantine frequency
w (see Definition 22), considers a Hamiltonian system — not necessarily integrable — with a
quasi-periodic solution of frequency w, and introduces a conformally symplectic perturba-
tion (see Definition 12), then there is a (unique under a natural normalization) formal power
series expansion for the quasi-periodic solution of frequency w and for the drift parameter.
These series are very similar to the Lindstedt series of classical mechanics. The paper [5]
also showed that the formal Lindstedt series is the asymptotic expansion of a true solu-
tion defined in a complex domain of parameters that does not include any ball around zero
(giving an indication that the power series may be divergent). The paper [1] studied numer-
ically these Lindstedt series in a concrete example and the possible domain of analyticity
of the function (using Padé as well as non-perturbative methods). The numerical studies in
[1] lead to the remarkable conjecture that, in the cases examined, the formal power series
giving the quasiperiodic solution and the forcing are Gevrey (see Definition 19).

In this thesis, for some class of analytic maps (we require that the system is conformally
symplectic and that the non-linearity is a trigonometric polynomial) we show that the con-
jecture in [1] is true and that the series obtained are indeed Gevrey. The Gevrey class can
be bounded depending only on the Diophantine condition of the frequency w (and the order
of the friction in the dissipation), see Theorem 29.

The Gevrey class of functions has received a lot of interest recently since those func-

tions are related to many deep theorems of Dynamical Systems (KAM, Nekhoroshev).
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Similar theories (e.g. hypoellipticity) also admit Gevrey classes as natural regularity. This
Thesis goes in a different direction. Even if we start with an analytic problem — indeed
polynomial! — several objects of interest are only Gevrey. The phenomenon that analytic
problems have only Gevrey solutions has appeared in other contexts in dynamics, notably
in the study of singular perturbations [42], the regularity of attractors and fast-slow systems
[43, 44, 45]. Closer to us, in dependence on parameters of solutions of non-linear prob-
lems, [46, 47], dependence of KAM tori in the frequency [48], or in the theory of parabolic
manifolds [49, 50].

We note that showing that a perturbative expansion is Gevrey allows to obtain good
bounds of the error of a finite sum [51]. It also allows the use of resummation methods to
extract better results for the series, [52], and it gives insights on the analyticity domains.
Indeed, in the Mathematical Physics literature, there has been considerable interest in the
Gevrey nature of perturbation theories, often called factorial bounds, Borel summability,
etc. [53, 54, 55]. We hope that introducing a new method for these questions can have
interest in other motivations.

The method of proof we introduce may be of interest beyond the problem considered
here and we hope that there are other applications. We consider a Newton method in the
space of power expansions. As in KAM theory, each step of the quadratically convergent
method is estimated in a domain smaller than the domain of the previous steps. In contrast
with KAM theory, the domains where we control the results shrink very fast to a point, so
that, at the end we do not obtain any analytic function. On the other hand, by examining
carefully the process, we can obtain estimates on the coefficients of the expansions.

Our hypothesis that the non-linearity is a trigonometric polynomial ensures that the
coefficients of order N do not change after log,(/N) steps of the Newton method, so that
one can use Cauchy estimates in the domain that is under control after log,(/N) steps to
obtain estimates on the Nth coefficient.

We hope that the hypothesis that the non-linearity is a trigonometric polynomial can be
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removed at the price of estimating the change of the coefficients in subsequent iterations,
but a proof would require a new set of estimates that — if indeed possible — would lengthen
the exposition and obscure the main ideas.

The Newton method acting on power series is patterned after the Newton method used
in [41]. This Newton method takes advantage of remarkable cancellations related to the
geometry and introduces the corrections to the torus additively (rather than making changes
of variables). The fact that the Newton method in [41] does not involve changes of variables
makes it possible to lift it to formal power series. We will present full details later.

For simplicity in the treatment, we will deal with maps since the geometric arguments
are simpler. The same arguments apply for differential equations, but they are more elabo-
rate. Besides adapting the proof of maps to the case of ODE’s, one can deduce rigorously
the results for differential equations from the results for maps by taking time-7" maps. Note
that in this case, the fact that the non-linearity in the time-7" map is a trig. polynomial is
difficult to express in terms of the original ODE. This is another reason why we would like

eventually to get rid of that hypothesis.

2.1.1 A preview of the main result

A model to keep in mind is the so-called dissipative standard map f. , : T xR — T xR

given by

Jepe(@,y) = (2 + AE)y + pe —eV'(2), M)y + pe — €V'(2)) 2.1)

In (2.1), the physical meaning of A\(¢) = 1 — &%, a € N, is dissipation and ., called the
drift parameter, has the physical meaning of a forcing. Our assumption on the non-linearity
amounts to V' being a trigonometric polynomial. The model (2.1) is indeed conformally
symplectic in the sense of Definition 12 (see below). The map (2.1) is the model that was

used in the numerical experiments in [1].
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Note that for ¢ = 0, the map (2.1) is integrable. The integrability of the map at e = 0
does not play any role in the theoretical results in [5], the only assumption needed in [5]
is that for ¢ = 0 the map is symplectic and has as an invariant torus. For the numerical
study in [1], the fact that the map for ¢ = 0 is integrable leads to much more efficient
algorithms. In this Thesis, we will not use explicitly the integrability for ¢ = 0, but this
seems to be the only case where it is possible to verify the assumption on the nonlinearity
being a trigonometric polynomial (yet another reason to try to get rid of that hypothesis).

The main result of this Thesis, Theorem 29, establishes the Gevrey character of the
formal power series expansions for the drift parameter p. and for the quasi-periodic orbit
of frequency w of the map (2.1). The rigorous formulation of the main Theorem is given
in Section 2.3, the statements of the main results can be better understood after some pre-
liminary definitions and remarks are given (see Section 2.2). Here we give an informal
statement of our main result: Given a Diophantine frequency w, the coefficients of the for-
mal power series expansions Y K" and > p1,,¢™ for the quasi-periodic orbit and the drift

parameter, respectively, satisfy the following Gevrey estimates

K[l < CRMETO™ || < CRM T/

where 7 depends on the Diophantine type of w (see Definition 22) and « is the order of the
dissipation A\(¢) =1 — &%,
The model (2.1) can be thought as a numerical time step — using a Verlet-like method —
of the spin-orbit problem
T=1y

2.2)
J=—py+A+V'(2)
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2.1.2  Organization of the Chapter

The Chapter is organized as follows. In Section 2.2 we collect some standard definitions
and we also define the function spaces in which the iterative procedure takes place. Also,
in the same section we present some geometric identities which allow us to solve the lin-
earized equations of the modified Newton method. In Section 2.3 we state Theorem 29 and
Lemma 33, which are the main results of this Thesis and establish the Gevrey character of
the perturbative expansions of the quasi periodic orbits.

The proof of Theorem 29 is based on a quasi Newton method. In Section 2.4 we formu-
late the iterative step of this Newton method, while in Section 2.5 we provide estimates for
the corrections and the new error at one step of the method. Finally, in Section 2.6, using a
KAM like argument, we give estimates for any step of the Newton like procedure and, with
them, a proof of Lemma 33 is given establishing the Gevrey character of the perturbative

expansions.

2.2 Preliminaries

In this section we introduce the notations, collect some standard definitions including the
Banach spaces and their norms that enter in this Chapter. This section should be used as a

reference.

2.2.1 Symplectic properties

Let M = T¢ x B, B C RY endowed with an exact symplectic form ). Note that the
manifold M is Euclidean (i.e. the tangent bundle is trivial) and we can compare vectors in
different tangent spaces. This is crucial in KAM theory.

We denote by .J the matrix associated to the symplectic form €2, i.e., in coordinates we
have Q,(u,v) = (u, J(z)v) where (-,-) denotes the inner product for any u,v € T, M.

Note that J depends on the choice of the inner product.
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Definition 12. We say that a diffeomorphism defined on an symplectic manifold (M, Q) is
conformally symplectic when

ff=XQ
for a number )\, where f* denotes the standard pull back on forms.

The map (2.1) is conformally symplectic with the conformal factor A(¢) = 1 — &® and

the standard symplectic form 2 = dx A dy on the cylinder T x R.

2.2.2  Banach spaces of analytic functions

Analytic functions on the torus

Given p > 0 we define the complex extension of the d-dimensional torus as
']I‘Z = {2z € CY/Z| Re(z;) € T, | Im(z;)| < p}

and denote .4, as the vector space of analytic functions defined int(’]l"ff) which can be ex-

tended continuously to the boundary of ’]Tﬁ. A, is endowed with the norm
lgll, = sup [g(0)]
9eTd

which makes it into a Banach space.

For vector valued functions, g = (g1, g2, ---, ga), we define the norm

2 2 2
lgll, = \/Hngp +lgall, + -+ llgall,

and for n; X ne matrix valued functions, G, we define

1
vER™2 |v|=1 —1

n no 2
|G]l, = sup > (ZHGUH,)%’) :
= j=1
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We will also need to work with functions of two variables. Denoting B, (0) C C the

open ball with center zero and radius v in the complex plane, define
Ap,W:{K:BV(O)—M\p K is analytic in B, (0) and can be extended continuously to BV(O)}

endowed with the norm

1K1, == sup [[K ()],

lel<v
It is well known that with the norms ||-|| ,, and ||-|| , the spaces A, , and A, are Banach
algebras.

To discuss analyticity properties, we will need to deal with complex values of all the
arguments. For physical applications, we need mainly real variables. Hence, it will be
important that the functions we consider have the property that they yield real values for
real arguments. The functions that satisfy this property (real valued for real arguments) is
a closed (real) subspace of the above Banach spaces. All the constructions we use have the
property that when applied to real valued functions, they produce real valued functions.

Note that we can think of functions A, , as analytic functions on B, (0) taking values
on a space of analytic functions of the torus. This point of view is consistent with the
interpretation that we are considering families of problems and we are seeking families of
solutions.

For typographical reasons from now on we will use the following notation. Given

K e A, wedenote K.(0) = K(0,¢) := (K(¢))(0).

Definition 13. Let B be a Banach space. Given an analytic function g : B, (0) C C — B,

andn > 0, we say g(e) ~ O (|e|™) if and only if there exists C > 0 such that
lg(e)ll < Clel”

for & small enough. Equivalently, g() ~ O (|e|") if and only if g(e) = > r, gre® for e
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small enough and gy, € B.

Cauchy estimates.
We recall the classical Cauchy inequalities, see [56].

Lemma 14. For any 0 < 6 < p and for any function f € A, we have
1D"fll,,—s < Co I 1],
where D™ denotes the n-th derivative and

[fel < 2 1],

where |k| = |ky| + |ka| + - - - + | kn| and f denotes the Fourier coefficient of f with index k.

As mentioned above we will be working with functions depending upon two variables.

The following are Cauchy inequalities in the second variable, €.

Lemma 15. Forany 0 < r < -y and any function f € A, ., suchthat f.(0) = > "7 fn(0)e"

we have

1
fall, = — 1A -

Proof. By Cauchy integral formula

o 1lar 1 6,6, 1 /2“ f(0,re®)
Jal0) = n! dem (6.€) o 2mi Sy, &7 a6 = 2 J, eind a9,
1 1
s, 1,01 < s 76.) a1, < % 17, 0

Corollary 16. Assume that A € A, is such that A, = | Aye™. Let a,b € N such

that N < a < b < oo and denote Aﬁ“’b] = zb Aye". Then, forall 0 < r < 1 we have

n=a+1 —"N

(0] raJrl
HAaprﬂwS 1—7r || HPv’Y'
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Remark 17. Note that the estimate in Corollary 16 only depends on a, associated with the

order of the first term in the expansion of A,

2.2.3 Formal power series

General definitions

Formal power series expansions are just expressions of the form

E ane"
n

where a,, belong to a Banach space, sometimes a,, are just scalars.

Formal power series are not meant to converge nor to represent a function. They can,
however be added, multiplied (using the Cauchy formula for product; note that for a fixed
degree, computing the coefficients involves only a finite sum) or substituted one into an-
other.

One can form equations among formal power series. The meaning is, of course, that
the coefficients on each side should be the same. This is extremely useful in many areas
of mathematics, notably combinatorics. See [57], [58] for more details on formal power
series.

Many perturbation expansions in physics or in applied mathematics are based precisely
into formulating the solutions of the equations of motion as formal power series and re-
quiring that the equations of motion are satisfied in the sense of power series. Notably,
the Lindstedt series were in standard use in astronomy even if they were only shown to

converge for some frequencies in [37].

Asymptotic expansions

For formal power series, a notion weaker that convergence of the series to a function is that

the series is asymptotic to a function.
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Definition 18. We say that a formal power series >, a,e™ with coefficients a,, in a Banach
space X, is an asymptotic expansion to a function ¢ : D — X when for all N € 7, there

exists C'y such that for all p < pg

N

Z ane" — ¢(e)

n=0

sup < Cnp™

e€D,e|<p

If the domain D does not include any ball centered at zero, even if the function ¢ is
analytic and bounded on D, this does not imply that the series converges.

Given a function ¢, the associated expansions may be non unique. The Cauchy example

P(e) = exp(—c?) (2.3)

has an identically zero asymptotic expansion on a domain

Ds ={ec: |Arg(e)| < 6} (2.4)

when § < 7.

Note that the definition of asymptotic involves the domain D. A series may be asymp-
totic to a function in a domain but not in a larger domain. For example the zero series is
asymptotic to the the Cauchy example 2.3 in the domains D; as in (2.4) when § < 7, but

not when § > .

Gevrey formal expansions

Given a formal power series, even if it diverges, it is interesting to study how fast the
coefficients grow. The following definition captures some speed of growth that is weaker

than convergence, but which nevertheless appears naturally in many applied problems.

Definition 19. Ler 5,p > 0. We say that a power series expansion [ = Y f,(6)e",

with f, € A,, belongs to a Gevrey class (3, p) if and only if there exist constants C > 0,
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R >0, and ny € N such that
I full, < CR™n™  for n > ny, (2.5)

and we denote [ € Qﬁ.

Similarly, we say that a power series expansion j1 =y >~ [in€", with 1, € C9, belongs
to a Gevrey class (3 if and only if there exist constants C' > 0, R > 0, and ng € N such
that

lptn| < CR™P™ for n > ny, (2.6)
and we denote 11 € GP.
Remark 20. It is well known that (2.5) in Definition 19 is equivalent to the inequality
[ fall, < CR"(n))?  forn > ng

which, in turn, implies the series Y~ {;,()‘2 e" converges in A, with positive radius of

convergence.
This remark makes a connection with the theory of Borel summability. If a series is
Gevrey, under some extra conditions, the Borel transform produces a function that is ana-

lytic in a sector and the series is asymptotic to this function. See [52], [58].

Remark 21. The class of functions that around each point have expansions satisfying Def-
inition 19 has received a lot of interest recently since those functions are related to many
deep theorems of Dynamical Systems (KAM, Nekhoroshev). Similar theories (e.g. hypoel-
lipticity) also admit Gevrey classes as natural regularity.

This thesis goes in a different direction. Even if we start with an analytic problem
— indeed polynomial! — several objects of interest are only Gevrey. The phemenon that
Analytic problems have only Gevrey solutions has appeared in other contexts in dynamics,

notably in the study of singular perturbations [42], the regularity of attractors and fast-
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slow systems [43, 44, 45]. Closer to us, in dependence on parameters of solutions of
non-linear problems, [46, 47], dependence of KAM tori in the frequency [48], or in the
theory of parabolic manifolds [49, 50].

A property from number theory
In KAM theory, some number theoretical properties of frequencies play an important role.
We will use the standard:

Definition 22. For v, 7 > 0, we say w € R? is Diophantine of type (v, T) if
627rik-w . 1} Z l/|k'|_T.

We denote w € D(v, T).

2.2.4 Quasi-periodic orbits

A quasi-periodic sequence {x, }ncz of frequency w € R? in a Euclidean manifold is a

sequence which can be expressed in terms of Fourier series.
T, = E 627rzk~wni,k — K(TLW)

where K (0) = >, cga €™ 02,

We can think of the function K as an embedding of the torus T¢ into phase space. If
w does not have any resonances (i.e. k-w # 0 for k € Z?\ {0}, which can always be
arranged by reducing d if there is one), then {wn},cz is dense on the torus. The map K is
often called the hull function.

If z,, is an orbit of a map, z,,41 = f(x,) we see that K (nw + w) = f(K(nw)). Since

{wn} ez is dense, this is equivalent to
K0 +w) = f(K()) Vo € T 2.7

Hence, we see that the set K (T?), the image of the standard torus under the embedding K
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is invariant under f. So, it is customary to describe quasi-periodic solutions as invariant
tori.

The problem of given a map finding a quasi-periodic solution of frequency w can be
formulated as finding an embedding K solving (2.7). The equation (2.7) will be our fun-

damental tool to characterize quasi-periodic orbits.

2.2.5 Set-up of the problem. The invariance equation

In this section, we describe informally the geometric set up and the geometric meaning of
the formulation of our problem. The precise formulation of the main result of this thesis
(Theorem 33) will be presented in Section 2.3.

We will be mainly concerned with an analytic family of maps f. , : M — M, such
that

fL0=Ae)Q

where ¢ € C is a small parameter, u € A C C? is an internal parameter (the drift parame-
ter), and A(e) = 1 — &°.

A good example to keep in mind is the dissipative standard map presented in (2.1).
Note that, for ¢ = 0 and for each i, the maps f; , are symplectic because A\(0) = 1.

The main assumption in the main Lemma, Lemma 33, is that the map f, ,, has an
invariant torus in which the motion is a rotation of frequency w which is Diophantine (see
Definition 22). Note that the drift parameter, p, is chosen to guarantee the persistence of a
quasi periodic orbit of a given frequency w, so we also consider p = ..

Following the discussion in Section 2.2.4 and, in particular (2.7), we see that finding
a quasi-periodic orbit for f. ,_ is equivalent to finding families of embeddings K. and

families of parameters .. in such a way that

Jepe 0 Ko(0) = K. (0 4+ w) (2.8)
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Equation (2.8) should be interpreted as, given the family f. , and the frequency w find-
ing u., K.. For this work, the sense in which (2.8) is meant to hold is the meaning of
formal power series (the coefficients of €™ on both sides of (2.8) are identical for all n, as it
is customary in the study of Lindstedt series).

Note that the equation (2.8) is highly underdetermined. If j., /. is a solution, changing
6 into # + 0., we obtain that ., K. is also a solution where f(E(Q) = K.(0 + o0.). This

change of variables has the physical meaning of choosing a change of origins in the torus.

2.2.6  Automatic reducibility

Asitis noted in [41], a very useful property of conformally symplectic systems is that solu-
tions to equation (2.8) satisfy the so-called automatic reducibility, that is, in a neighborhood
of an invariant torus, one can find a system of coordinates in which the linearization of the

evolution has constant coefficients.

Lemma 23. Let f,, : M — M, such that, f;Q =\, and K : T* — M such that
fuoK(0) = K(0+w) withw an irrational vector. If N' = (DK " DK)™", then, the 2d x 2d

matrix
M(8) = [DK(0)|J " o K(0)DK (9)N(6)] (2.9)
satisfies
Id S(0)
Df, o K(O)M(0) = M(0 + w) (2.10)
0 M

where 1d € R and S(0) is an explicit algebraic expression involving DK, Df,, J o K,
and, N.

The proof of Lemma 23 is given in [41]. The argument is as follows, taking derivative in
equation (2.8) one has D f,, 0 Ko(8) DKy () = DKy(8 +w) which gives the first column in
(2.10). The second column comes from the fact that the conformally symplectic property,

[2$2 = AQ, implies that the invariant torus given by equation (2.8) is Lagrangian. Then,
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using the conformally symplectic geometry the second column can be obtained.

Remark 24. As it is pointed out in [41] if K is an approximate solution of (2.8), that is,
fuo K@) — K(§ +w)=: E) (2.11)

the relation (2.10) will hold with an error, R, that can be estimated in terms of the error,

E(6), of the invariance equation, that is

Id S(6)
Df, o K(0)M(8) = M(0 + w) + R(9), (2.12)
0 Ald

with
SO)=PO+w) ' DfoK(0)J o K(O)P(0) —N(0+w) T(0 + w)N (O + w)\

2.13)
P(9) = DK(O)N(0),

') =DK(0)'J o K(§)DK(0).
Moreover,
R(0) = [DE(@) ]vw +w)(B(0) — A1) + DK (6 + w)(S(0) — S(G))] (2.14)

where

V() =J " o K(0)DK(O)N(0) (2.15)
B(0) —AId=DK(0)"Jo K(0)DK(#)S(6) (2.16)
S(0) —S(0) = N+ w) ' T(O +wN(O +w)(B(H) — A1d) (2.17)
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We note that B — 1d is estimated by the norm of (2.11), thus R in (2.14) can be estimated

by the norm of (2.11) as it is shown in Lemma 48. The derivation of the formulas in (2.13),

(2.14), and (2.15) can be found in [41].

Remark 25. Observe that when considering K, 1 satisfying (2.8) and a perturbation K.,
e (Which could be given in terms of formal power series), equation (2.12) is also satisfied

by K., . but with all the expressions depending on ¢ (small enough), that is,

Id S.(6)
Df,. o K.(0)M:(0) = M.(0 + w) + R.(0).
0 AId

2.3 Statement of the main result, Theorem 29

In this section we state the main result, Theorem 29, which gives the Gevrey character of
the perturbative expansions of the solutions to equation (2.8). First we introduce a normal-

ization which guarantees the uniqueness of the solutions to equation (2.8).

2.3.1 Normalization and local uniqueness

The centerpiece of this work is the invariance equation
fs,ug oK. =K.oT, (218)

where T,,(0) = 0 + w. Note that if (K, i) is a solution of the invariant equation (2.18),
then, for any o € T?, (K o T,, ;1) is also a solution of (2.18), due to the fact that K o T,
parameterizes the same torus as K. So, in order to get uniqueness it is neccesary to impose

a normalization condition.

Definition 26. We say that a torus with embedding K is normalized with respect to K

when

/Td [ My (0)(K(0) — Ko(0))] ,d6 = 0 (2.19)

46



where the subscript d indicates that we take the first d rows of the 2d x d matrix, and M

is constructed from K as in (2.9).

We also recall the following result ([41], Proposition 26) which shows that this condi-

tion can be imposed without loss of generality for solutions that are close to one another.

Proposition 27. Let Ky, K be solutions of (2.18) and ||K — Ko||c1 be sufficiently small
(with respect to quatities depending only on M -computed out of K - and f). Then, there

exists o € R, such that K9 = K o T}, satisfies (2.19). Furthermore,
o] < CJ|K — Kol|en

where the constant C' can be chosen to be as close to I as desired by assuming that f,,
Ky, and K are twice differentiable, DK | DK is invertible and || K — Ko||co is sufficiently

small. The o thus chosen is locally unique.

Remark 28. As it is noted in [41] the normalization (2.19) works as well when K is only
an approximate solution. Then, assuming that K, is a solution of equation (2.18), the
normalization condition (2.19) for an approximate solution of (2.18) given as power series

expansion Y~ K, (0)e" is equivalent to the conditions

/ (M (0) K, (0)] ,d0 =0 (2.20)
Td
foralln > 1.

2.3.2 Main Theorem

Here we present our main theorem, Theorem 29.

Theorem 29 (Main Theorem). Let w € D(v, 7). Considerthe map f : T xR — T x R
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given by

fere(@,y) = (@ + M)y + pe —V'(2), M)y + pe — eV'(x)) (2.21)

where A\(¢) = 1 — €%, a € N, V() is a trigonometric polynomial, ;1. € C, and ¢ € C.

Then, there exists py > 0 such that the following holds

(A)

(B)

There exist formal power series expansions K el = Z;io K&l and
,u[goo] = Z;io w,e’ satisfying f., o K = K(0 + w) in the sense of formal power
series. More precisely, defining KEN = Zévzo K&l and ,LL[ESN] = Z;.V:O el for

any N € N we have

where Cy > 0. Moreover, if the K;’s satisfy the normalization condition (2.20), then

I yem 0 KEM — KEM o T,

< Cyle|M. (2.22)
PO

the expansions KE[OO], ,u{[.;oo} are unique.

The unique formal power series expansions, K E[OO] and ,LLLOO], satisfying (2.22) and the
normalization (2.20) are such that K o] ¢ gig fa and ,u[oo] € G¥/* je. there exists

constants L, F', Ny such that

K],y < LE™n®" and  |p,| < LE™n@7"  foranyn > N,. (2.23)

The proof of Theorem 29 is an easy consequence of Lemma 33. Proposition 66, given

in the Appendix, shows the hypothesis of Lemma 33 are satisfied for maps of the form

(2.21). Lemma 33 states the same results as Theorem 29 but in a more general setting.

Remark 30. It is instructive to compare the results in Theorem 29 with the numerical

explorations of Chapter 1 (see also [1], [2]). In the case that \(¢) = 1 — e and w is

the golden mean, Theorem 29 gives that the expansion satisfies the Gevrey bounds with
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exponent 2/3. Of course, Theorem 29 gives only an upper bound and lower exponents
could also be true. The numerical results in Chapter 1 ([1, 2]) lead to the conjecture that

the expansion ) , K,c" has some well defined asymptotics
Kl ~ Cn? (2.24)

with a slightly smaller Gevery exponent, 0 ~ 0.3. The asymptotics (2.24) is compatible
with the results in Theorem 29, but suggests that the results in Theorem 29 are not optimal.
Chapter 1 also presents several other patterns in the series (refined versions of (2.24)
including oscillations of period 3, studies for other Diophantine numbers, etc.) We hope
that the method presented in this thesis can lead to studies of these phenomena, hitherto
discovered only through numerical implementation.

We think that the argument in Theorem 29 can be optimized to lower the Gevrey expo-
nent and get closer to the numerical values, but, since the method of proof is rather novel,
we decided to follow the advice “Premature optimization is the root of all evil” [17], and
present the argument in its simplest form so that it could, perhaps, be applied to other

problems.

For the sake of completeness, before stating the main Lemma we will state a Theorem
in [5] which assures the existence of formal power series expansions satisfying (2.18) up

to any order for conformally symplectic systems.

Theorem 31 ([5], Theorem 12). Let M = T? x B with B C R% an open, simply connected
domain with smooth boundary; M is endowed with an analytic symplectic form ).

Let w € D(t,v) and consider a family f. ,, of conformally symplectic mappings that
satisfy

f2.80=A(e)Q, (2.25)

withpyy € ANACCL Ne)=1—¢% ae€Nande € C.
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Assume that for € = 0 the family of maps f, is symplectic and that for some value
o the map fo,, admits a Lagrangian invariant torus, namely we can find an analytic

embedding Ky € A,(T%, M), for some p > 0, such that
Jouy 0 Ko = Koo T, (2.26)

Furthermore, assume that the torus K satisfies the following hypothesis:

HND Let the following non-degeneracy condition be satisfied:

So So(B .
ot [ (0b~) 01 L0

0 Aog

where the d X d matrix Sy is defined as

So(6) = No(0 + w) " DEKo(0 + w)D f0.0 0 Ko(0)J 0 Ko(0)DKo(0)No(6)

— No(0 +wW)"DKy(0 +w)' T o Ko(0 4 w)DKo(0 + w)No(0 + w)

with N = (DKl DKy)™%, the d x d matrices Ao1, Ags denote the first d and the last d rows
of the 2d x d matrix Ay = (My o Tw)fl (D, fou, © Ko), where My is as in (2.9), (Bg)° is
the solution (with zero average) of the cohomology equation (By,)° — By o T, = —(Ags)°,

where (BOb)O = By, — Bo, and the overline denotes the average.

Then, we have the following

(A) There exist a formal power series expansions KM = Z;’io K&l and MLOO] =
chio el satisfying (2.26) in the sense of formal power series. More precisely,
defining KEN = Z K;e’ and u[— = Z;V:o e’ forany N € Nand p > 0, we
have

[, 0 812 il

L < CnleNT (2.27)
,0/
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for some 0 < p' < pand Cy > 0.

Moreover, if we require the K;’s satisfy the normalization condition (2.20), then the

expansions Ks[oo], /LLOO] are unique.

Note that Theorem 31 does not assume that the case ¢ = 0 is an integrable system, as it
is the case for the map (2.21) , it suffices that the case ¢ = 0 is a Hamiltonian system with

a KAM torus.

Remark 32. Denoting
EN0) = f. en o KEN(0) = KEN(0 + w) (2.28)
then (2.27) can be written as

12

s < Cnlel™ (2.29)

According to the notation introduced earlier, this means that EN ~ O (|e|"™) or EN =

Z;’i N+l E;& for e small enough. We denote

the truncated series.

The following lemma, Lemma 33, can be considered as an improvement of Theorem
31 in the sense that it gives Gevrey bounds for the coefficients K;, u; of the unique (under

normalization) formal power series expansions KE[OO}, MLO"]

Lemma 33 (Main Lemma). Assume the hypothesis of Theorem 31. Assume also that for

any €, small enough, and for any N € N we have:

HTP1 Eg’m], Az\fz are trigonometric polynomials in 0 of degree at most aN, a € N; where

Eg’QN], A;’Q denote the d X 1 and d x d matrices, respectively, given by taking the
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. -1

last d rows of the 2d x 1 matrix EWNANT (ME[SN} o Tw> EN2N and the 2d x d
_ -1

matrix Aév = (MQ[SN] o Tw> D, & ul<N] O KFN], respectively. Mg[SN] isasin (2.9)

<
constructed from K, E[—N].

HTP2 The d x d matrix

EY.(0) = DKEN(0 4+ w)TJ o KIEN(0 + w) DKIEN(0 + w)

= D(f. pr 0 KEM(0)) " T o (f. s 0 KEN(0) D(f. i 0 KEM(9)) - (230)

is a trigonometric polynomial of degree at most aN.

Then, there exist py < p' such that the unique formal power series expansions, KE[OO]
and 1, satisfying (2.27) and (2.20) are such that K1 € G2/ and p> € G*/°, i.e.,

there exists constants L, I', Ny such that

IKnll,, < LE"n®7" and || < LF™n7"™  foranyn > No.  (2.31)

The proof of Lemma 33, given in Section 2.6.2, is done by means of a Newton like
method which acts on finite powers series expansions (KE[SN], MLSN]), this method is de-
scribed in the next section. We emphasize that this quasi Newton method takes advantage
of the conformally symplectic property (see Definitions 12) that maps like (2.21) satisfy.

We also point out that hypothesis HTP1 and HTP2 are very natural for the maps con-
sidered in Theorem 29. The verification of these hypothesis for the dissipative standard
map is described in detail in Proposition 66 of the Appendix. In the general setting in
which Lemma 33 is stated, the hypothesis HTP1 and HTP2 are needed to be able to get

estimates, in balls with center at the origin, for the solutions of the linear equations of the

quasi Newton method.
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2.3.3 Asymptotic estimates for invariance functions

The formal power series studied in this thesis are asymptotic expansions of functions K, ji.
constructed in [5]. The functions K, . are determined by the condition that they satisfy
the invariance equation (2.18) and the normalization (2.20). In this section we argue that the
same method we use to prove the Gevrey estimates also shows that the formal series defined
here are asymptotic to the functions K., ;. with very strong estimates in the remainder, see
Theorem 34.

We emphasize that the functions K, u. are not constructed out of the asymptotic ex-
pansions by complex analysis methods (Borel summation, resummation of series). They
are obtained from the requirement that they satisfy the invariance equation (2.18) and the
normalization (2.20). It is an interesting open question whether some resummation of the
asymptotic expansions studied here can produce the functions K, ji..

The domain of definition of the functions K, y. is rather subtle. In [5], it is proved that
the domain of definition of K., y. contains a set G obtained by removing sequence of balls
that are dense on curves converging to the origin, in fact, it is rigorously showed that G is a
lower bound on the analyticity domain of the functions K., .. We also point out that the
set G does not contain any ball centered at the origin. Indeed, the set G does not contain
any sector centered at the origin of width bigger than 7/« thus the width of the domain
is not enough to apply many methods of complex analysis related to Phragmén-Lindel6f
theory. In the other direction, the paper [S] contains arguments showing that for generic
perturbations one should not expect that the domain of analyticity contains the excluded
balls (if the perturbation happens to be identically zero one indeed obtains a larger domain).
The paper [1] studies numerically the maximal domain of definition of the functions K., j.
for the map (2.21) using a variety of methods including Pade summation and continuation
methods. Indeed [1] conjectured that the series were Gevrey and this was an important
motivation for this thesis.

The set G is determined by asking that A(¢) satisfies a Diophantine condition with
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respect to w, more precisely, defining

p=0v(\w,T)= sup |[eXFY — \|THE|ITT (2.32)
kezd\ {0}
one has
G=G(4Lw,rn,N)={ceC: Nwr1)\e) -1 T < A}. (2.33)

The basic idea to prove the existence of the functions K, ji. is as follows: The formal
power expansions produces a sequence of polynomials which satisfy the invariance equa-
tion (2.18) rather approximately in a ball. In the intersection of the ball with the set G, we
can apply the a-posteriori theorem, Theorem 14 in [5], and obtain a true solution of (2.18).
Of course, the detailed implementation requires taking into account several other issues
such as the absence of monodromy.

In this thesis, we will use a very similar technique. As as byproduct of the estimates
used in the proof of Lemma 33, we obtain that some truncations of the formal expansion
satisfy the invariance equation up to a very small error in appropriate balls. Then, in the
intersection of the balls with the set G we will be able to apply Theorem 20 in [41].

More precisely we have:

Theorem 34. Assuming the hypothesis of Lemma 33 and n. € (2" Ny, 2" No] NN, then for

any 0 < § < po the asymptotic expansions in Lemma 33 satisfy

n
KjE] - Kg
J=1

< (U i VQh(3T+3d)Tn+1r2hNo) (CD)hBh2T(2L1)NO HENoHpo

po—9

sup
€€G,le|<Anq2

(2.34)
where C and C are uniform constants and
_ CAVV71571572(T+d)’ V= Oyfs(aNO)2Tpa(T+3d)22T+6d’

U
D

l/_G(GN0)4Tpa(2T+6d)2_(4T+12d), r—= 2—7'/04’ B = 267’+6d’ and
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Y = (27 )Y (a2" Ny ) 7/

Note that (2.34) can be understood as having super-exponentially small errors in do-
mains decreasing exponentially fast. It is also important to note that almost all constants in

(2.34) are given explicitly. The proof of Theorem 34 is given in Section 2.6.3.

2.4 TIterative step of the quasi Newton method.

The KAM procedure for the proof of Theorem 33 is based on the application of a quasi
Newton method, which is described in Section 2.4.2. Before describing this procedure we
introduce two types of cohomology equations that allow us to solve the linear equations,
and obtain estimates, of the modified Newton method. The estimates for each step of the

method will be given in Section 2.5.

2.4.1 Estimates for some cohomology equations

The iterative step described in Section 2.4.2 depends on the solution of two cohomology
equations. The first equation, (2.35), is very standard in KAM theory. The estimate given
in Lemma 35 is well known for the experts in KAM theory, we have decided to include
a proof here for the sake of completeness. The second type of cohomology equation we
consider, (2.37), it is more complicated to study due to the fact of the appearance of the
factor A(¢) = 1 — . This factor introduces some restrictions in the set of parameters, ¢,

for which we are able to obtain estimates.

Standard cohomology equation

The first cohology equation we deal with is the following

906(6) - 905(9 + w) = 778(0) (2.35)
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Lemma 35 below, gives sufficient conditions to solve equation (2.35) and to obtain esti-

mates of its solutions. These estimates are very standard in KAM theory.

Lemma 35. Let w € D(v, 7). Assume that ) € A,, is such that [.,1:(0)d6 = 0. Then,
we can find a unique solution of (2.35), ., that satisfies de ©:(0)dO = 0. Moreover, if for

any 0 < 6 < pwe have p € A,_s,, then
lell,—s, < Cv=to T in]|,.

With C = C(d). Furthermore, n. ~ O (|e|*) implies ¢. ~ O (|¢]*).

Proof. Expanding in Fourier series the solution to (2.35) is given by

P=(0) = > ke 0y %62”’“'9. Then, using Cauchy estimates one obtains

|77k (2)] ik
||g0€||p—6 < Z |1 _16627rik’~w| H€2 kg”p—(s
kezZ\{0}

< Z V_1|]{?|T ”77€||p 6—27r|k|p€27r(p—6)\k\
kezZa\{0}

< Oyt ||776||p ZjT+d+1e27r5j
jeN

< Cv e T ), (2.36)
The last line gives . ~ O (|e|*) if n. ~ O (|e|*) and taking supremum over ¢ the result is
proved. 0

Remark 36. Equation (2.35) appears very often in KAM theory. When € € R, the paper
[59] contains estimates with a better exponent on 9. That is, in the same situation of Lemma

35, when € € R, one can get ||¢.|| ,—s < Cvd~ 7|0 -
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Parametric cohomology equation

The second cohomology equation we are interested in is an equation for ¢, : T¢ — C, of

the form

AE)pe(0) — e (0 +w) = n:(0) (2.37)

where 7. : T — C and w € R? are given, ¢ fixed.

Note that, as it is seen in Lemma 38, solve equation (2.37) presents a small divisors
problem. In this case the small divisors depend on the variable ¢, that is, equation (2.37) is
not expected to have a solution when A(¢) = e*"*“_ One approach that has been used to
deal with the small divisors in equation (2.37) (see [41]) requires to remove a set from the
complex plane, ¢ € C, where the denominators \(g) — e>™** are small. This gives rise to
a set with a complicated structure, G C C, of parameters, ¢, in which is possible to find a
solution, and estimates, of equation (2.37). One of the properties of the set G described in
[41], is that it does not contain any ball with center at the origin. This property is one of the
reasons for which we follow a different approach to deal with equation (2.37), to prove the
Gevrey estimates in Lemma 33 we rely heavily on being able to obtain estimates of (2.37)
for € in a ball centered at the origin.

The following two Lemmas allow us to obtain estimates in balls centered at ¢ = 0
for the solution, ., of equation (2.37) whenever 7). is a trigonometric polynomial. If the
degree of the trigonometric polynomial, 7)., is a/N, Lemma 37 gives a relation between this
degree and a domain in which the solution, ., of (2.37) will be analytic in €.

Note that the requirement of hypothesis HTP1 and HTP2 in Lemma 33 is due to the
fact that the quantities given in these hypothesis will be the right hand side of equations of

the form (2.37).

)1/04 1

Lemma 37. Letw € D(v,7), AN(e) =1—¢% a > 1,anda, N € N. If|e| < ( ORC

14
2

57



then, for |k| < aN we have

Proof.

|€27rik~w_)\(€)| Z |€27rik-w_1| o |1—>\(6)| Z

Lemma 38. Let \(e) =1 — % a> 1, w € D(v,7); a, N € N, and define

B (V)l/a 1
=) (aNyTe

Letn € A, such that [1,n.(0)d9 = 0 and assume that, for any ¢, 1:(0) is a trigono-

metric polynomial of degree aN in 6. Then, for any |e| < yn equation (2.37) has a unique

solution, (0), such that [, ¢-(0)d0 = 0. Furthermore, if for any 0 < 6 < p we have

0 € Ay_s5qy, then,

[l -5y < Cv™H(aN)76~ ]

PYIN *

Moreover; if - ~ O (|e]¥), then p. ~ O (|e]¥).

Proof. Expanding 7. in Fourier series as n.(6) = 3 g_jj<ay Mk(2)e*™? a solution to

(2.37) 1s given by
i (€) 2mik-0
(0) = — .
¥ ( ) Z >\(€) _ 627rzk~w€

0<|k|<aN
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Using Lemma 37 and Cauchy estimates, one obtains that for any || < vy

|73k (€] ik
||()0€||p—5 S Z |)\(€) : e27rzkw| H ’ ker—(S

0<|k|<aN

<2aN)yvh Y fi(e)]e e

0<|k|<aN

< 2(0,N)TV71 H77€” 672ﬂ|k|p€2ﬂ‘k‘(p7(§)
= E : p
0<|k|<aN

aN
2(aN>TV—1 ||776||p Zjd—1€—27rj6
j=1

< CvH(aN)"6~Ine]l, (2.38)

Thus, ||| < Cv~HaN)76*|In]| .- The last claim comes from (2.38), that is

P*&’YN

@ ~ O (|eF) if ne ~ O (Je]*). U

2.4.2 Formulation of the quasi Newton method

Every step of the quasi Newton method starts with a solution of equation (2.18) up to order

eN. That is, assume that

KIEN(0) = 3K (0), pl=) = Zu "

satisfy the normalization (2.20) and
£, iz 0 KEN(6) — KN (9 4 w) =: EY(6)

with

|2, < clep

Remark 39. The first step of the Newton method could start with K=Vl y[SNol - given by

Theorem 31, for some N,.
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Newton’s method consists in finding corrections A, . to KM and /LLSN] such that
the linear approximation of equation (2.18) associated to Ks[SN} + A, ,LLLSN] + o, reduces

the error up to quadratic terms. Taking into account that
fepro o (K +A) = fe o K+ [Dfey o K]A + [Dyfey 0 Klo + O(|A°) + Ollo||)
the Newton equation is
Df, e o KM A = Aco Ty 4 Dy f, e o KV 0. = —EY. (239)

Equation (2.39) is not easy to solve due to the fact that D f€7M£§ N] O KFN] 1S not constant.
Following an approach similar to that in [41], we will not solve (2.39) exactly but we
will find approximate solutions that will reduce quadratically the error. The idea is to
approximate the solution of (2.39) using the geometric identities introduced in Section

2.2.6. Considering the change of variables
A= MENTW, (2.40)

where ME[SN] is as in (2.9) computed from KE[SN]. Using (2.12) one obtains that (2.39) is
equivalent to

1 sEN

MIEN o,

£

We—W.oT,| + (D"feu[SN]OKFNO Ug:—EéV—RFN]I/Va
0 Me)ld e
(2.41)

where REM s the error (2.14) and SEM g given in (2.13), both computed from KEN,

That is

MEN = [DKEN | g7t o KIENIDKIENMNENT ~ O(|e°) (2.42)
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SIEN) = PIENTDf ey o KIEN 1o KIENIPIEN] — \(NIEM T TIENIVIEN] 0 O(Je[%)

(2.43)
-/\/E[SN] _ [(DKE[SN])TDKFM] - ~ O(le]"), (2.44)
PE[SN] = DKa[SN]/\/;[SN],
FLSN] — DKa[SN]TJ_l o KEN]DKE[SN} (2.45)

Since we expect both W, and RFN] to be estimated by Eév , see (2.66) and (2.76), the
term WgRFN] is quadratic in Eév , thus, we expect that omitting this term in (2.41) will not
change the quadratic nature of the method.

In order to be able to get estimates of solutions of cohomology equations of the form

o0

(2.37) instead of considering the whole error EY = 3 J=Nt1

E;7 we only consider a trun-
cation of this series, that is, we only consider EéN’zN] = Z?fN 41 Ejsj .

Taking the above into account our quasi Newton step consist in solving the following equa-
tion

Id sV
MIEN o W. —W.oT,| + (Dﬂfsulﬁm o Kg[sm) 0. — — BN2N)

) 0 Ae)Id
(2.46)
Remark 40. The election of the truncation EE(NQN] in (2.46) has two very important im-
plications for the proof of our result. The first one is that this will yield a new approximate
solution which reduces the error quadratically, as a function of . Moreover, our model
example, the dissipative standard map (2.1), will satisfy hypothesis HTP1 and HTP2 in

Lemma 33 due to the fact that the truncation is made. See appendix A.
In order to construct a solution of equation (2.46), we follow a similar approach as in

[41]. Defining

B = (MEV o )T BN~ O(eY ) (247)
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AN = (MEN 0 T,) ' Duf. om0 KEM ~ O(|e[0) (2.48)

and writing EWANT = (Eg’m}, Eg’zN})T, where E(N’QN] and E(N’2N] are the first and

~ (N,2N]

last d rows of the 2d x 1 matrix E. . Similarly, write AY = (AN, AY,)7 and W, =

e,

(W.1,W.2)". Then (2.46) can be written in components as

Wer —WeroT, = —SENW,, — BV - AN 6, (2.49)

ANeYWeo = Wepo T, = —EL™N — ANq. (2.50)

Denoting W ; as the average of W ;, with respect to 6, and (W, ;) = W, —W_,;,i =1,2;
we can divide the system above into two systems, one for the average and another one for

the no-average part, that is

= SENWL, — SEN ()0 — EAN AN 6,

&,

W, = —BNM — Ao, (2.51)

(Wer)® — (Wen)? 0 Ty = —(SENWL,)0 — (BN — (AN)00,

AE)(We2)® — (Wen)® 0 T, = —(EL N0 — (AN,) .. (2.52)

In order to uncouple systems (2.51) and (2.52) we consider (W€,2)0 as an affine function of

0., due to (2.52). That is,

(WE,Z)O = (Ba,s)o + (Bb,s)oo'e (253)
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where (B, .)° and (B, )° are defined as the solutions of

ME)(Bae)® = (Bue)’ o T, = —(ELy N0 (2.54)

A(E)(Bye)® = (Bye)’ o T, = —(AL,)°. (2.55)

Due to HTP1, and applying Lemma 38, equations (2.54) and (2.55) can be solved and we
can get estimates in balls with center at ¢ = 0. Once that (2.54) and (2.55) are solved, and

using (2.53), system (2.51) can be written as

SIENT - gl=Ng, o +ZJY1 Wes —SEN(B, )0 — BN

_ = R (2.56)
£31d AN, 0. —EN

Remark 41. Due to HND in Theorem 31 the matrix in the left hand side of (2.56) is
invertible at € = 0. By the continuity of the determinant, equation (2.56) can be solved for

€ small enough and the inverse is analytic in ¢.

Thus, (2.53) and (2.56) yield 0. ~ O (|e["*!) and
Weo = (Wep)? 4+ Weo ~ O (|e]¥1). It remains to find W, ;, this can be done by solving

the equation
(Wer)® = (Wer)® o Ty = —(SENMWL,)° — (ELPM0 — (AN))0, (2.57)

which can be done due to Lemma 35. To fulfill the normalization condition (2.20) and

obtain uniqueness of the coefficients of the perturbative expansions, W is chosen as

-1

W. ., — — -1 [<N] -1 [<N] 0 [<N]

Wei = </Td M5 (0) DKL }dcw) /Td (M5 (0) (DEIEN (W) + VMWL, )| o
(2.58)

where VI=N = 1o KlSN]DKs[SN]/\/'E[SN} is the second column of the matrix M{:[SN}, see

Remark 28.

Remark 42. Assuming that K, E[SN] satisfies the normalization (2.20), then the new approx-
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imation K= + A, will satisfy (2.20) if the correction satisfies

M; Y (0)A.(0)d0 = 0.

Td

Since A, = MENWw. = DK&[‘SN]WE,I + ‘/:S[SN}WQQ = DKEM (Wen)* +Wey) +
VSN, (2.58) follows from the fact that

Jon [MO‘IDKE[SN]W&ILdQ = I [Mo‘lDKg[SN}]ddQW_EJ. Note that the d x d ma-
1rix [ [Mgl(G)DKé[SN](G)]ddG is invertible, for € small enough, due to the fact that
DKg[SN}(H) is a perturbation of DK (0) and [Mo_l(é’)DKO(Q)]d = Iyxq, because My(6) =
(DEy(0)Va(0))

This yields, W1 = (W.1)" + W.1 ~ O (|e|N*!) and thus
Ao =MENW, ~ O (eN*Y)  and oo~ O (Je]V). (2.59)

which means that A, = >>> o Apc”and 0. = > 7 ., 0,c". Finally, we take the

corrections as

2N 2N
AWN2NT = Z A" and oM = Z one". (2.60)
n=N+1 n=N+1
Therefore, the new approximation is chosen as
KT — SN L ANVENT gnd p[S2V) = SN G (V2N (2.61)

Remark 43. Notice that, due to Lemma 38, the solutions of (2.54) and (2.55) will sat-
isfy (Bag)® ~ O(|e]¥*1) and (By.)® ~ O(|¢]%), because (ELy*M)0 ~ O(e|N*1) and
(AY,)° ~ O(|e|). Moreover, (2.56) implies that W5 ~ O(|e|N+) and 0. ~ O(|e|N*+1).

Thus, We5 ~ O(|e|"™) and similarly W.; ~ O (|e|N*) which implies A, ~ O (|e[V).
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2.4.3 Algorithm for the iterative step

The procedure described above leads Algorithm 44 for a given Diophantine vector w and
assuming that we are given an analytic family f. ,.. Some steps in the algorithm are denoted

as p < ¢, meaning that the quantity ¢ is assigned to the variable p.

Algorithm 44. Given KE[SN} T — M, MLSN} € R%. We perform the following computa-

tions:
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(1) EN« fs’”lgﬁN] o KM _ kN o,

(2) EN*M obtained from EXN by truncation

(3) a.+ DKEM

(4) N« [alac]™

(5) Vi J o KEMa N

(6) M.« [o:|V]

(1) Bes (MeoTo)™

(8) EW2M _ g pNan]

(9) P+ aN:

T, ol J o KV,

Se ¢ (P.oTy) Df yem o KEM 1o KEVP,

~AMe)N.oT,) T 0T, (N.oT,)

A+ BeDpf =m0 KN

(10)  (Bayc) solves A(€)(Ba.)® — (Ba.)® 0 T, = —(EL*N)0
(By.)° solves \(e)(By.)? — (By.)? 0 Tp, = —(A.5)°

(11) Find W_, 0. by solving

g6 Ss(Bb,s>0 + Z,l W5,2 _Se(Ba,e)O - E~|s(,1¥’2N]

e*1d Ao o. _ R
(12) (We2)® = (Boo)’ + (Bye)0-
(13) Wep = (Wep)® + Way ~ O (Je|¥*1)
(14)  (Wo1)° solves (We1)® — (We)® 0 T, = —(SWeop)® — (B0 — (A.4)°
(15) Wer = = (Jpu [Mg 0] d0) ™ fru [My " (e (Wer)® + VaWV20)] 6
(16) Wey = (Wen)® + Way ~ O (Je|¥*1)
(17) A < MW,
(18)

RIS RISM 4 pan
U )y g

It is worth to note that all the operations in Algorithm 44 could be implemented in a
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few lines in a high level computer language.

Remark 45. Note that Algorithm 44 involves only algebraic operations, compositions,
derivatives, truncations, and solving cohomology equations. This implies that if we start

with analytic functions then the output will be an analytic function.

Remark 46. Note that at each step of the iterative procedure obtained by the quasi Newton
method the input will be polynomials of degree N in ¢, KFN] = Zivzo K,c", and MLSN I —
ZnN:o tne™. The output will be polynomials of degree 2N in ¢ given by

KE[QN] = K&ESN] + AE:N’QN} and /JLQN} = /LLSN] + aéN’QN].

Since, by construction, A& ~ © (le/N*') and A NG (|e[N+1), the first N coeffi-
cients K1, Ks, ..., K of the expansion of K'=*N! will be the same coefficients of KN and
they will not change for any of the next steps. The same also happens for the coefficients of
M[E§2N}. This is a crucial step for proving the main lemma, Lemma 33, since due to the fact
that the coefficient up to order N do not change after log, (N ) steps of the modified Newton

method, one can use Cauchy estimates in the domains given by Lemma 38 after log,(N)

steps to obtain estimates on the N coefficient.

Remark 47. To iterate the modified Newton method in Algorithm 44 it is needed that the
new error E*N obtained using the new approximations Ké[gzN] = KE[SN] + AéN’QN] and
MLQN] = ,u?m + V2N satisfies E*N ~ O (|e|*NT1). This is a consequence of the fact
that the new error is quadratic in the original error, as an expansion on ¢, and this is

verified in Lemma 56.

2.5 Estimates for the iterative step.

In this section we present the estimates for the corrections given by the Newton step de-

scribed in Section 2.4, these estimates are obtained by following the steps in Algorithm
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44. Throughout this section we consider maps in the spaces A, .. In the following we will
be dealing with equations of the form (2.37) which, accordingly with Lemma 38, can be

solved if

v 1

e <y = (§>1/a g (2.62)

where a/V is the degree of the trigonometric polynomial in the right hand side of (2.37).

2.5.1 Estimate for the reducibility error.

The following Lemma provides an estimate for the error in the approximate reducibility
given by RN agin (2.14) computed from K=", The estimates are obtained by studying
qualitatively the geometric identities introduced in Section 2.2.6 and taking into account

the uniformity on the variable ¢.

Lemma 48. Let N € N, w € D(v,7) and f.,, : M — M be a family of analytic

conformally symplectic maps, with f*,Q = Xe)Q, p € A € C% Let KEN e A, .

such that K[;LSN] : T4 — M is an embedding for any |e| < vn. Assume also that, for any

|€’ S N>

i) KE[SN} (Tﬁ) C Domain(fs M[SN]) and that there exist & > 0 such that
dist (Ks[SN] (T9) , 0 Domain(f_ ”[gm)) >¢>0

dist (15N, 0A) > €>0

€

ii) The approximate invariance equation holds

fs k=N © K£§N] - K;N] ol, = E:;{V ~0 (|5|N+1)
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iii)

v aN)TST BN <1 (2.63)

iv) HTP2 The d x d matrix

EY.(0) = DKEN(0 4+ w)"J o KEM(0 + w)DKIEM(9 + w)

= D(f, em 0 KEM(0) T o (£, e 0 KEV(O))D(f, om0 KEN(0)) (2.64)

is a trigonometric polynomial of degree less than aN.

Then

REM ~ O(leM ) (2.65)

and for any 0 < 0 < p we have

RN, ., < Co-taysey 9] 260

pP—0, YN PN

where € = C(d, [DEEN|, L IWE, 170 KV

PYYN PyYYN

Proof. Writing RQLSN] in terms of KE[SN] as in (2.14) yields
RIEN(0)= [DEgV (0) | VIEN 040)(B2(0) M) 1)+ DEEEN) (04+0) (5. ()51 (9))]
with

VEN@) = T o KENM(0)DKEN (9)NIEN(9) (2.67)
B.(0) — Me)1d = —E} (0 + w)SEN(9) (2.68)
S-(0) — SEN(0) = —NIEV(0 + w) TTEN(O + w)NIEN(6 + w) (B-(6) = Ale) 1d)

(2.69)
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where

Ep.(0) = DEENM(9)TJ o KEY(0) DELEY(6) (2.70)

is the pull back (KE[SN])*Q written in coordinates and FLSN] as in (2.45). We recall that J
is the matrix associated to the symplectic form, see Section 2.2. It is easy to estimate the

[<N]
&€

first column of R using Cauchy estimates, that is

IDET,_s < COTHIES,

To obtain estimates for the second column of RQSN], due to (2.68) and (2.69), it is
enough to get estimates of £ . The estimate for £ is obtained using that o8 =
A(e)S2. Note that B, = (K{;LSN} oT,)* Y —(f. e Ka[SN])*Q in coordinates and, since

(f, e KF[SN])*Q = )\(K?N])*Q, we have that FY satisfies the equality

Eﬁa oT., — /\(E)Eﬁe = E{{a. (2.71)

Then, by Lemma 38 and HTP2 we obtain

|EY]| < Cv Y aN) 6 || EY|| (2.72)

p767'YN p75/2”\/N ’

To get estimates for EY, we follow [41]. If / and g are smooth maps with range in M,

the matrix corresponding to h*€) — g*( is
DhT JohDh—DgT JogDg=(DhT —Dg")JohDh—Dg (Joh—Jog)Dh+Dg" Jog(Dh—Dg)

Using this formula with g = f_ =M O K?N], h=KEM o T., and Cauchy estimates one
obtains

VB, <ot BN, @73

p—6/2
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which yields EﬁE,E& ~ O (|5’N+1) and, then, REN Lo (]g|N+1) and

BN, ., < Comt @y s B @

pP—06, YN PN

Note that when the matrix J is constant both HTP2 and the computations above are signif-

icantly simpler than in the general case. ]

Remark 49. We emphasize that, if K satisfies Koo T,, — fo ., © Ko = 0 then DKy(0)" J o
KoDKy(0) = 0 and Ko(T?) is a Lagrangian manifold, see [41]. This implies that the
spaces Range(DK(0)) and Range(J o Ky(0) DK (0)) are transversal and this condition
makes My(0) a linear isomorphism. Note that if EY in (2.70) represents the error of the
lagrangian character of K. E[SN], then, if EY is small enough the spaces Range( DK E[SN] (0))
and Range(J ™" o KI=N] (G)DKe[SN] (0)) will be transversal and the matrix MEN will define
a linear isomorphism. This transversality will be obtained if (2.63) is satisfied and it is

given by (2.72) and (2.73).

2.5.2 Estimates for the corrections

N,2N]

In this sections we obtain estimates for the corrections AY:2V] and o , this estimates

are obtained by following the steps in Algorithm 44. First, Lemma 50, we obtain estimates
for the corrections A., 0. and then, using Cauchy estimates, we obtain estimates for the

N,2N N,2N
2N] 5(N2N]

truncations A , Corollary 51.

Consider C C C?/Z% x C? the complexification of M = T¢ x B.

Lemma 50. Leta € N, 0 < p < 1, and § such that 0 < 20 < p. Assume that for any

e € C, such that |e| < vy, I, PEYRE C — C is an analytic conformally symplectic map

with f* xS0 = Me)Y. Assume also that KISN ¢ A, is such that K™ ¢ —
He™

PYYN

Ce/Z% x C% is an embedding. Assume also that for any |g| < yn we have the following:

71



i) K=V (’]Tﬁ) C Domain(f, ,<~) and that there exist { > 0 such that
dist (KI5M (T9) , 9 Domain(f. <n)) > € > 0

dist (u=M,0A) > €

ii) HND. The following non-degeneracy condition holds:

w5 SENB AL #0
e
e31d AY,

iii) HTP1 For any N € N, the matrices (Eg,QN})o and (AY,)° defined in (2.47) and

(2.48), are trigonometric polynomials of degree less or equal than aN.

Then, for any 0 < r < 1 we have

W, ~ 0O ([N, 0.~ 0O (le]M) (2.75)
B g TN
W5y < CV2(aN)?7o~ D — [ EY|| (2.76)
and
_ LogrNTt
o lod <N o
where C' = C(d, || DKEN| MM |[(MIEMY=H - VEN TN and
PN PN PN PN

TN is defined in (2.81).

Proof. Given that (Ea(g,ZN])o and (fl?é)o are trigonometric polynomials, by Lemma 38,
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(2.54), and (2.55); B, and B, satisfy the following estimates

“1(, Ny g—d || V2N
1Ball, 5,y < Cv'(aN)™s HE2 .
-1 T5—d (N,2N]
< Cv'(aN)67||E [ (2.78)
and similarly
-1 Ts—d N
||Bb”/7—5:""YN S CV (CLN) 5 HA Hp,r'yN ' (279)

Taking into account that Wy = (W5)°+W; and (W5)? = (B,)°+0(B,)°, to have estimates

for W, we need estimates for W5, and o. Now, according to (2.56) we have

-1

W572 S‘LSN] SE:[_SN] (Bb,a)o + zj\{l —S‘LSN] (Ba,a)o - EE(,]\II’QN] (2 80)
o £31d AN, By
denoting

-1

SEN sEN(By )0 + AN,
= (Bre) a and TV = sup TV (2.81)

from (2.80) we have

Woa| < TN (‘SFN] L) +EN2N]‘ v ‘EMN () ~ 0 (V) 28

which yields 0. ~ O ([e|"*!) and W. 5, ~ O (|e|"™) because (B,.)? ~ O (|e]V*!) and

EE(N»QN] ~O (|€‘N+1)‘

Thus

|O'5| |W52|<TN( [<N ae ‘+‘EN2N‘+‘EN.€(’J§,2N])

SCTN HS[SN]H ||(Bas + ENZN + E(N,2N]
5 p » £,2

)
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forany 0 < § < p. Thus, using (2.47) and (2.78) we obtain

sup |Weo| < CvH(aN) 67 || EM2N| (2.83)

le|<ryn P

sup [oe| < CvHaN)T6[ECEM (2.84)
lel<ryn ’
For (W5)° = (B,)? + o(By)° we have
0 0 0
H(W2) Hp—(S,T"7N < H(Ba) Hp—é,r'yN + |a|S<Lt°I’)yN ‘0-| H(Bb) Hp—&,r'yN
<Cr 1 @N)TE 4| BNV o2 (anyrsd | aN | [V : (2.85)
PTYN PTYN PTYN
< Cv2(aN)> 52 HE(N,zN] H .
PTYN
Thus, combining (2.83) and (2.85) we get
IWall, g,y < Crv2(aN)>7672 || EN2N - (2.86)
The estimates for (W;)? come from (2.57) and Lemma 35, i.e.,
0
H(Wl) Hp725,r'yN
SCV?I&i(T#’d) ||S[SN] “pfé,'rwN HWQ”P*&T'YN—’—HE(NQN] Hp—(S,T'yN +Sup|5|STWN |JE| ||AN Hp—(s,'r'yN:|

<Cplo—(+d) [”S[SN] H y‘z(aN)2T(5_2d HE(N,zN] H

PTYN PTYN
o T L I P ST L
that is,
H(WI)OH < CV73(CLN)2767(T+3CI) HE(N,2N]H (287)

p—20,rYN — PN
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Finally, the estimate for W, comes from (2.58), that is

sup W] < C (10V sy + Wallygmy)

le]<ryn

< Cy=3(aN)#o-rH3d) || V2N (2.88)

PYTYN

Putting together (2.86), (2.87), (2.88), and using the Cauchy estimates in Corollary 16

yields the claimed estimate for V. [

Corollary 51. Assuming the hypothesis of Lemma 48 and Lemma 50, for any 0 < § < p

and 0 < r < 1 we have

N+1
[N, < OV NP OO s 1B, 289)
sup (o2 < € aNya | 250)
‘dSTPYN : N (1 —r1/2)2 PN :
Moreover,
o - T o— (7 T’%N+1
HA(zN’ ]”P*&T“/N S CV 3(QN)2 5 ( +3d)m ||ENH,0,“/N (291)
su |g(2N,oo}| < C’y—l(aN)T(S—dﬂ HENH (2.92)
‘ElgTI“)/N ) N (1 —r1/2)2 PN :

Proof. Using the Cauchy estimates as in Corollary 16 and the estimates in Lemma 50 one

obtains

Jacvs < T
p—=0,r2yN — (1 _ 71) p—O,rYIN

2N+1 TNJrl

<C — V—a(a]\[)2r5—(r+3d)m ”ENHMN
7,.?)N—I—Q

— C(l — r>2y—3(aN)275—(7'+3d) HENHp,,yN



and

o F2N+1
sup [Vl < sup ||
le|[<r2yn T lel<rn
P2N+1 ) SN
S 1—7"OV ((lN) ) EHE Hp,’YN
1 g TN N

=Cv (CLN> 0 (1—7“)2 HE Hp,'yN

The other estimates are obtained similarly. [

2.5.3 Non-linear estimates for the quasi-Newton method.

The quasi-Newton procedure in Algorithm 44 can also be described using a convenient

operator notation. Defining the error functional
S[Kaa ;ua] = fa,ug o Ka - K& o Tw (293)

and assuming A and o are small enough, the Taylor expansion of E[K + A, u+ o] is given

by
EK + A u+ 0] =E[K,pu]+ DiEIK, u)A + DE[K, plo + RIA, 05 K, ] (2.94)
where the Frechet derivatives are given by

Dlg[K€7 MS]AE - (Dfa,ug o Ke) As - As o Tw (295)

D28[K€7 Ne]o-a = (Dufe,ug o Ke) O¢ (296)

and R is the remainder of the Taylor expansion. Note that [ K. g[SN], ,uFN]] = EX, with this

notation the classic Newton method would consist in finding a correction (AéNﬁN] , MSV’QN])
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such that

(c/-[KE[SN}7 M[SN]] + Du‘:[Ke[SN],u[fN]]AéNQN} + DZg[Ka[gN}’ MLSN]]USV,QN] —0. (297

€

As it was explained before, in Section 2.4.2, the corrections we construct with Algorithm
44 do not satisfy (2.97) but they solve an approximate equation (2.46). The following
Lemmas give estimates for the error functional evaluated in the corrected unknowns. First,
Lemma 54, we give estimates for the error £[KSM + A, <M+ 5] and then, using Cauchy
estimates, we obtain the estimates for the error evaluated in the truncated corrections,

E[KIENT o AW2NT Y [SN] o o (N2NT] Proposition 56.

Remark 52. We emphasize that to be able to compute E[K + A, + o] we need both A
and o to be small enough, so the compositions in (2.93) are well defined. In particular
A and o need to satisfy ||A|], |o| < & and we need to choose the domain loss. In Section
2.6, Lemma 60, we give smallness conditions on the initial error which will guarantee that
the compositions will be defined at any step of the iteration. This is very standard in KAM

theory.

Lemma 53. Assume 0 < r < 1 and 0 < 0 < p. Then, under the hypothesis of Lemma 48

and Lemma 50 one has

EIKENT =N 4 Dy E[KIENT WENA, 4 DLE[KIEN =N o, ~ O (|e2YH) (2.98)

and

H g[K[SN]ML[SN]} + Dlé’[K[SN}, M[SN}]A + DQE[K[SN],M[SN]]J ||
2N+1

pfa’rﬁ/N
2
PyYN

r
<
1—1r

HENH + CV74(GN)3757(T+4CI+1)£ HENH
PyYN 1 —7r

(2.99)
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Proof. Note that with the operator notation introduced at the beginning of this section we
have £(KISM, [Ny = EN. Using (2.12) and taking into account that A, = MMy,

and that 1V, satisfies (2.46) we have

EKEN, pEV + DiE[KEM, uEMAL + DoE[KEM, pl=Mo,

=EN + (Dfa <m0 KI5 )A —A.oT, + (D [<N] OKE[SN}) o.  (2.100)

&1
— RIEN) (ME[SM)*1 A, + RN (ME[SN})*1 A,
I SN .
= BN + MEN o T, (MEMT A — Ao T, (2.101)
0 Xe)ld
+ (Dufepiem 0 KM o + RISV (]\/[E[SN])f1 A,
= EN — ENAN 4 RSN, (2.102)

_ E€(2N’Oo] + RLSN}WE ~ O (|€|2N+1)

where BV = Y meons1 Ene™. Note that the order of ¢ in the last line follows from the
definition of EN:>l (2.65), and (2.75).
Then, using the Cauchy estimates of Corollary 16, Lemma 48, and Lemma 50 one

obtains

Hg KI=N] M[SN}]JFDlg[K[SN] <N]]A+Dg[ K= M[SN}]JH

p—d,rYN
S HE@N’OO]”pf(S,WyN || [SN]pr&r'yN ||W||P—5’7"“/N
< T8, + Oy
— 1—-7r PYN 1—17r PYN

]

Lemma 54. Assume 0 < r < 1and 0 < 0 < p. Then, under the hypothesis of Lemma 50

and Lemma 48 we have

E(KEN + AL =M 4+ 6.) ~ O (| ) (2.103)
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and

r2N+1

HENH +CV—6(GN)476—(27'+6d)TN;1 HENH2
PYYN

e i

p—bryy 1 —1
(2.104)

where C' = C (HDK[SN]”p , HDQfM[SN] o K[SN]H

2 <N
N D2 fuem 0 KIS }HMN>-

YN PsIYN

Proof. Note that R[KE[SN}, /L‘[;N], A., 0. in (2.94) can be estimated using Taylor estimates

for the remainder, that is

IR, <C (HAsHi + !ael2> (2.105)

where C'is a constant depending on the norms of the second derivatives of f. , evaluated
at KM and MLSN].
Since f, , is assumed to be analytic it is natural to expect the quantities

1D2 fyizm o KEM|

PYYN

Dj fusxi o KEM|| - tobecloseto || D?f, v 0 KIS Hpo o
; YN

HDZ fusnol 0 K [<No] HPMNO, at the first step of the iterations. For now, we assume that C'
is uniform constant. In Section 2.6, Lemma 60, we give sufficient conditions on the initial
error of the iteration that imply that C' can be taken as an uniform constant during all the
iterations.

Note that (2.105) yields R. ~ O (|¢[*N2). This, together with (2.98), gives (2.103).

Moreover, taking sup with respect to € one obtains

2
HRpr&r'yN < C (HAHpé,r’yN + sup ‘0—’2>

le[<ryn
[<N] H2 2
< ¢ ||M PAN HWpr(S,r'yN + sup ‘J|
le[<ryn
S C(V—G(aN)47-5—(27—+6d) ?ff:;; ||EN| . +V_2(aN)2T§_2d zi]i;];] ||EN| p,,-.yN)

702N+2

< CVfG(aN>4T(5*(27+6d) (]__—T)Q ||EN Hi,T’YN

where in the third line we use the inequalities in Lemma 50. Finally, this inequality, Lemma

53, and (2.94) give the result. ]
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Note that the estimates above are done for the analytic functions A and o. It is only left
to get the respective estimates for the truncations A®:2N and (V2N which are an easy

consequence of the Cauchy inequalities and are given in the following propositions.

Proposition 55. Assuming the hypothesis of Lemma 48 and Lemma 50, for any 0 < § < p

and 0 < r < 1 we have

SN, N+ DIEIREN, UENIAL 1 DI, W o2 O ()

(2.106)
and
HE[K[SN}, M[SN]] + Dlg[K[SN],M[SN]]A(NQN} + DQS[K[SN], 'U[SN}]O_(NQN]HP*&T’YN
< Cv=3(aN)275—(T+3d) (fﬁgﬂ | ENY Hp o~ +Cr—4(aN)37§—(TH4d+1) T%l | BN Hiw (2.107)

Proof. Recalling the notation A = 57 +1A,(0)e™ we have that

AW2NT L ACNeel — A Also remember that EY = E[KI=N 4[<N], then, using the

linearity of the Frechet derivatives one obtains

EIKEN =N 4 D EIKIEN, pENAN2N 4 D, g [KIENT y[SNT g (V2N]
= E[KEN, p=N) 4 DLEIKIEN, WENAL + Do [KIEN, pl= o

— D, E[KIEN yEN|ARN<] _ D, e[ KISV SN 5 (2N.ox]
= S[K‘E[SN]’ [<N] +D 5[ 7,UE<N]]A +D2(€[ <N] [SN]]O-(E

o (Df <N © K[<N]) ASN?C)O] + A£2N’OO] oT, — (Du e ul<N O K[<N]) é2N7OO]

which implies (2.106). Moreover, using the relation above and the estimates in Lemma 53
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and Lemma 51 one gets

LY, <N 4 D[N, SN AN 4 D[RS, <o o |

p_(svr/YN

< (€T, W) 4 DEIKISN, VA + Do [REN, y= Mol

+O(|aBEI] s+ sup [N

le[<ryn

PN N —4 37 s—(T+4d+1) rivH EN

S 1—T HE Hp,'yN_'_CV (CZN) 5 1_7,,H Hp’yN
3
+Cv—3(aN)2m6—(T+3d) 72N/2)2H N”p,vN+Cu_1(aN)Tp_d(1rj+;L;)2” NH;MN
N+1
<o siaps v v, o S
]

Proposition 56. Assuming the hypothesis of Lemma 48 and Lemma 50, for any 0 < § < p

and 0 < r < 1 we have
E [KIEN 4 AN pEN) 4 g NV2NT] O (e +1) (2.108)
and

Hg[K[SN] + A(NJN]’M[SN] + U(N,QN]]” (2.109)

p—06,rYN
3
S5 N+L

< Cr=3(aN)27§—(T+3d) (1_r1/2)2 H N“p;yN

+Cv=5(aN)47 5~ (27 +6d) (1’”71+/§>4H N”mN

where C = C(d, || MEN]]

(M[SN])_IH |V
PYN

constant C' also depends on the norms of the first and second derivatives of f., evaluated

KN T, the

PN’ PN’

at KEN and MLSN]

Proof. The expansion (2.108) follows from using the same argument as in the proof of
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Lemma 54. We also have

R [KIEM, =M AN GV |

p—06,rYN
(N,2N]||2 (N,2N]|2
< C HA Hp—é,r'yN + sup ‘0-5 ‘
le|<ryn
_ rs—(27 F2N+2 2 _ . 2N+2 2
S C(V G(QN)4 g ared) (17,«1/2)4 HENpré,T'yN—H/ 2<aN)2 P 2d(1,T1/2)4 ‘|EN’|p757r»yN>'
Combining this estimate with (2.107) in Lemma 55 one gets (2.109). ]

2.6 Iteration of the quasi-Newton method.

We start this section giving the choice of parameters which quantify the loss of regularity
at any step of the quasi Newton method. Lemma 60 will guarantee that the Newton method
is well defined at any step. We note that we have loss of domain in both the variable on the
torus, ¢, and the variable of the perturbation, €. In contrast with the regular KAM theory

we end up losing much more domain in ¢, so that at the end we do not have any £ domain.

2.6.1 The iterative procedure.

We denote by h € N the number of steps of the quasi Newton method. We consider

5y = % and  pp1 = pp — O > % for h > 1, (2.110)

where pj, denotes the radius of analyticity in the variable 6 at step h, that is, at step h we
will be considering functions in the space A,,. Note that py = p’ can be the one given
in Theorem 31. Since at any step we double the number of coefficients of the Lindstedt
expansions, we have,

N, :=2"N, (2.111)
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and

AL 1 AL 1
- _ - _(Z S — 2.112
Th =N <2) (aNh)T/a (2) (a2hN0)T/a ( )

where a € Nis the exponentin A\(¢) = 1 —¢%, a € N, and Ny € N s a fixed constant to be

chosen later. Note that 7, is the radius of the domain of analyticity in the variable ¢ at step

h, that is, at step h we will be considering functions in the space A Also note that

phﬁ}?h'
Yhr1 = 277, (2.113)
Denoting K := K=Vl and jig := pl=™ol, for h > 1 we have

K, = KISNol L Ao NI] o A (N1, V] L = M[SNO] 4+ oWoMl oy 5 (Nh—1,Na],

(2.114)

Furthermore, denoting
Ay = ANl and gy, = gWe Nl for b > 0 (2.115)

we have that, for h > 0
Kh+1 :Kh—i-Ah and b1 :Mh+0h. (2116)

Finally, denote also
en = EKn, nlll,, 5, = 1 Y], 5 (2.117)
! PhsTh PhsTh
dy, = HAthhHﬂhH (2.118)
vp = ||DAh||ph+mh+1 (2.119)
sp = sup |op(e)]. (2.120)
el <An+1

Remark 57. We emphasize the dependence of v, in Ny, note that v, — 0 as N — o0
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(h — o0). This implies that this quasi Newton method will not converge in any Banach
space A, s,, because the domains in € shrink to 0, however, at each step we get estimates
in balls with positive radius, 7y,. An analysis of these bounds will provide us with estimates
of the coefficients of the expansion. Note also that to start with ey < 1 we require N

sufficiently large in the formal power series in Theorem 3 1.

Note that with this new notation the estimates in Corollary 51 can be written as

. e 1\

dy, < Chv=3(alNy)> s, T <W) en (2.121)
A -3 or c—(r+3d+1) [ 1 N

Up, S ChV (aNh) 5h 27_/@[ €n (2122)
. 1\ M

s < ChvH(aNy) 6, (W) en (2.123)

where C}, is an explicit constant depending in a polynomial manner on || M,,||
-1
124,71, 5,0 IR

given in Proposition 56 implies

Phy Y’

and 7,. Moreover, the non linear estimate (2.109)

[ D]

PhyYh’ PhsTR’

1
27’/04

Np,
eni1 < Chv%(aN,)* s, 700 ( ) (en+¢2) (2.124)

where C}, is a constant which also depends explicitly on || M, || M; ! th 5 NG, 5,

PhyYh’

| DKL and 7.

PhyIn’

Remark 58. In the following we will denote C' a constant depending on v, 7,d, £, po, |J "

Noll

>

and Ty. We will

My

and that is a polynomial in || Mo || | DK,

p0,Y0’ po, Yo’ 00,50’ 00,50’

also denote

C}, = max (é’h, C’h> .

In Lemma 60 , we give smallness conditions so that C, < C for every h > 0. Since we
are working with expansions near to (K5l (SNl it is natural to expect that the quan-

tities || My, ||

I M’:1||phﬂh’ HNthmh, HDKthh’;Yh, and Ty, will be close to HMOHPO,%’
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and Ty, respectively. For now, we assume that C' is

1M, 50 WOl 5 1D

large enough, for instance C' > 2Cy. Here M), = MM NG, = NIENW and T, = TN

£0,70’ £0,70’

asin (2.42), (2.44), and (2.81).

Considering this uniform constant C' on (2.124), and taking N, sufficiently large, yields

ep < 1 for any h > 0, and inequality (2.124) implies

e 1\
€hit < OV76(aNh)4T6h (27+6d) (27/&) ep.- (2125)

Remark 59. Due to Remark 58 and the definitions of oy, pn, Ny, and 7y, the inequality

(2.125) can be rewritten as

2" N
_ — _(4r 6r+6d [ 1
en1 < Cv 6(aN0)4 Po (Br6d) = (r+12d) (2h) (27/(1) o

or

ens1 < CDB"? Nog, (2.126)

where
D— V—G(aNO)4Tpa(2r+6d)2—(4T+12d)’ r =927 and B — 967+6d
Lemma 60. Assuming that 2230 CDBrN < 1 BrNo <1, N¥7ey < 1, and
CV—S(aNO)2Tpa(T+3d+1)227+6d+260 < 1.

Then, for all integers h > 0 the following properties hold:

(p1; h)

HKh_KOH SgKNgTGO <§

PhyYh

sup |pn — o] < £ Ngeo < &
|5|§’7}z+1
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with (e = Cv=3a2p, THD2246d gy ¢, = Cu—1a724py?

(p2; h)
en < (CD)hBhQr(Qh_l)Noeo

(p3; h)
c, <C

Remark 61. Note that by (2.29) we have ey ~ O(NO_(T/O‘)NO), due to the fact that we
estimate e in a ball with radius 7y ~ O(N, i “). So the assumptions on the smallness of

Nyey are satisfied.

Proof. Note that (p1;0), (p2;0), and (p3;0) are trivial.
Let us now prove (pl, H + 1), (p2, H + 1), and (p3, H + 1) assuming they are true for

h =1,2,..., H. Noticing that 2/ < 291 — 1, for any j > 0, and assuming that IV is large
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enough such that 2> CDBrM < 1and Br < 1, we have

- ERTINOTS (NirNir ]
HKVH‘*‘1 KOHﬂHHﬁHH T HA P AT HPHHWHH
H H
<D dy <Y G (aN;) T TN,
=0 =0

H
S Z CV—3(a2jNO)QTp(;(T+3d) 227’+6d2(7'+3d)jr27N0 e;

IN

H
CV_3(aNO)QTpa(T+3d)227—+6d Z 93(d-+7)j,. 2 No <(CD>ij2T(21_1)No 60>

3=0

H
< Cl/,g(aNO)QTpa(T+3d)22T+6d Z 93(d+7)j (CD)J'BJZT(QHLDNOQO
j=0

H
< Cy-3 (a N0)27p5(7+3d)227-+6d Z 93(d-+7)j (C D)j Bj2 r2j No eo

§=0

T

< Cy=3 ((ZNO)QTpg(T+3d)22T+6d€0 Z (23(d+T)CDBT’NO)j

=0
<Cv3 (aNO)QTp(;(T+3d) 92 +6dg

< KKN[?Teo
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Similarly,

sup
lel<Am 41

lwmsn — po| = sup  |oNoNd gy NNl
|5|<’~YH+1
H H
< ZSJ < ZC]I/ l(aN])Téj dpNie,
Jj=0 j=0

H
v (alNo)pp 22y (27 (CDY B T DNogy
j=0

IA
Q

H
< OV HaNo)Tpy "2y (27 (CDY B ¥ ey
=0
H .
< Cv™HaNo) py 2%%eg Z (27+dC’DBTN°)]

j=0
< Cyil (aNo)T2dpad€0

S @uNgeo.

Thus, taking Ny large enough, which makes eg small, we get ;x N3"eg < & and £, NJ ey <

€.

Since (p1; H + 1) is true, we use the estimate (2.126) given in Remark 59, which is a

consequence of the nonlinear estimates given in Lemma 56, that is

en1 = |EEn + Ap, pin + )|

< CDB"? Nog, (2.127)

Ph+1,Th+1 —

where D, B, and r are as in Remark 59. This yields,
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ent1 < C’DBhr2hN°eh
< CDB"?No ((CD)hBh2r<2h—1>Noeo)
< (CD)MH B @ Do,

< (CD)M Bt (- Diog
which yields (p2, H + 1). In order to prove (ps; H + 1) note that

| Nn — Nol| < C||DK;, — DK,

PhyTh PhyTh
”Mh - MOthﬁh S c HDKh - DKOHth:Yh

-1 -1 ral
HMh — M, th,’yh <0 HDKh - DKOHPh,’Yh

Tn — Tol < C||DK), — DK,

PhyTh

(2.128)
(2.129)
(2.130)

(2.131)

where C' is a uniform constant. The above inequalities come from the fact that M, N,

and 7}, are algebraic expressions of DKy, Df. ., and D,f. . ; see (2.42), (2.44), (2.43),

(2.81). Then,
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DK — DKol = | DA®NT 4 4 DAWmNial |

PH+1,YH+1 PH+1,YH+1

H
d; < Z C’jy’g(aNj)275;(”30{“)7“%%

0 §=0

M=

<.
Il

C«V—?’(a2jN0)27-p6(7’+3d+1)227+6d+22(7+3d+1)jr2jN0 e;

M=

<.
Il
o

H
CV—3(aN0)27p5(7+3d+1)22T+6d+2 Z o(3d-+37+1);,.2/ No ((C’D)ijzr(zj_l)Noe())

J=0

IA

H
< Cy,g(aNO)sza(rJradH)227+6d+2 Z 2(3d+37-+1)j(CD)jBjQT(QjH*l)Non

§=0

H .

< OV—S(aN0)27p6(7+3d+1)227+6d+2 Z 2(3d+37-+1)j(CD)ijQTQJNoeo

j=0

H .

< Cy’s(aNo)Q —(7+3d+1) 927 +6d+2 Z 23d+3r+1CDB7,N0)]

7=0

< CV—S(aNO)QTp(;(T+3d+1)227+6d+260

where the sum is bounded as in the previous estimates. Taking e, small enough, such that
CCr=3(aNy)?py "4 92r+6d420 < 1 we are able to verify (p3; H + 1) because Ciy1

is an algebraic expression of My, Ny, and T; and taking C' > 2CY, for example. O]

2.6.2 Proof of main Lemma

For the proof of the main Lemma, Lemma 33 , we inherit all the notation introduced

throughout this section.

Proof. Note that Theorem 31 assures the existence of the Lindstedt series satisfying (2.6.2).

That is, given K, € A, and ;1o € A C C satisfying fy ,, o Ky = Ky o T, and HND, there
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exists pg < p and power expansions KM and MLSN] such that

Hfau[SN] o KEN _ KIEN o T,

/ S CN|€|N+1
P

for any NV > 0. This expansion is unique under the normalization condition (2.20).

1f K5 and MLSN} satisfy hypothesis HTP1 and HTP2 then, we can choose N, such
that /[=Nol and ;u[=Nol satisfy the hypothesis of Lemmas 48 and 50. Also, N, needs to be
large enough such that 23(73)+1C' D BrNo < %, BriVo < 1, (g NETeq < &, £,Njey < &
and

60”—3(aNO)2Tpa(T+3d+1)22T+6d+260 <1,

then Lemma 60 can be applied and this allows us to iterate the quasi Newton method
described in Algorithm 44. That is, we can construct the unique formal power series as

follows

KE[SN()] + AgNo,QNo} + A£2N0,22N0] 44 AghNo,Qh‘"lNo] 4.

MLSNO] + M(NO,QNO} + IM§2N0,22N0} 4ot uéQhNo,QthlNg] 4o

£

Note that by definition of ¥, we will have 7, = "3, , where » = 277/% and 7, =
2 1/eyl/ O‘(aNO)*T/ “, see (2.113). Before giving the detailed computations, note that v, ~

(2"No)~"/* and if n € (2" Ny, 2" Ny] NN then

()" ~ (2 Ng) O/ o, g CCr/eim,

Using this together with Cauchy estimates is expected to yield the Gevrey estimates. More

precisely, if n € (2"Np, 2" Ny] NN, using Cauchy estimates, (2.121), and (p2; h) we
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have

1alles < Gaet) ™ 180l

< (Fng1) " Al

S (T}H_l’?o)_ndh

Ph+1:Th+1

IN

(rh-i-l,?o)—QhHNo éhl/_?) (CLNh)2T(5;(T+3d)T’Nh en

< (Th+1%)—2h+11vo Cp=3 (a2hN0)27pa(T+3d)2(27—+6d)2(r+3d)h7,2hN0 (CD)hthr(Qh—l)NO co

< CV73p5(7+3d)2(27'+6d) (aN0)2780(237+3dCD)hBh2 (,?0)—2”"’1NOT(—(h+1)2h+1+2h+1—1)N0

< Cu=3py (THD 264 (Vg )27 e (237+34C DYk BN (21/ =1/ (aNg) /@) 2" No p= (2 1) Ng
< L (27O DBy e g2 (NG N (g (2

< £2(T/Q)NQF2}LN0 (NgT/a)QhNg (227/a)h2hN0

< LF2hN0 (thO)@T/a)tho

< Lan(QT/a)n

where [Aj — OV_Bpa(T+3d)227+6d((1N0)2760, F = 23T+3d+2/aCDBV—2/aa2T/a’ and [ =

L(27/*)No_ The estimates for /i, are obtained in a similar way. [

2.6.3 Proof of Theorem 34

Proof. Inheriting the notation from Lemma 60, consider N, sufficiently large such that the

a-posteriori theorem, Theorem 14 in [5], can be applied. That is, Ny such that

sup HEéVOHP < C (vi(Aw,7))* 6740+, (2.132)

5€g7‘5|§§0
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where (\; w, 7) is defined in (2.32). Then, following the discussion in Section (2.3.3) and

applying the a-posteriori theorem, Theorem 14 in [5], one obtains

< COv'o(hw, )72 gup

€€, |e|<Vn2

sup KFﬂNﬂ] — K,

€€G,le|<An+2

2h N
EE

po—9 PO

where G is defined in (2.33).

Now, considering n € (2" Ny, 2" Ny] N N one has

sup HKF”] — KEH s < sup

K’[SZ}LHNO] . A(n,2h+1No] - K
— £ o) I
e€G,le|<An42 €€G,le|<An+2

po—0
h+1

< sup K[=2" Nol

£€G,e|<Vn+2

~K.

h+1
2 N
5 SUPEEG el HA(n’ o H

P~ po—96

< Cv -1 ~715 (t+d) sup
€€G,|e|<An+2

C’y_lﬂ_l5_2(7+d) HE?hNO

E2hN0

+  sup ||ALTIN

pPo £€G,le|<An+2

po—0

IN

A2 No]
3

d

P Ah+2 P0—0,Yht2

Tn+1

IN

+ A(QhN0,2h+1N0]
1>

A1 h
CV 1V 15 2( d) H E? No
£0s7h 1 7

P0—0,Vh41

CY 1~715 (7+d) 6 + TnJrld

IN

IA

C’ —15-15-2 T+d€ + oy (aNh)2T5;(T+3d)TNheh

<(U+Cv=3(aNo)*p, <T+3d)22T+6d2h(37+3d)rn+1r2h1\lo> (CD)hBhZT(Qh—l)NO co

N A

(U 4 V2h(37+3d)7,n—|—17,2hN0> (CD)hBhQT(Qh—l)Noeo

where U = Cv=1=16=20+d) and V = Cr=3(alNy) > p, " TV 92r+6d O
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Appendices



APPENDIX A
EXPLICIT COMPUTATION FOR THE DISSIPATIVE STANDARD MAP

A.1 Verifying trigonometric polynomial hypothesis, HTP1 and HTP2, for the dissi-

pative standard map

Consider the dissipative standard map f, ,. : T x R — T x R given by

Jene(@,y) = (x+ AE)y + pe — V() A(E)y + pe — V(). (A.1)

Where V' (z) is a trigonometric polynomial. In this section we verify that maps like (A.1)
satisfy HTP1 and HTP2 of Lemma 33. For the sake of simplicity in the exposition we
do it for the case A\(g) = 1 — 3. The general case for & € N is done by very similar
computations, fixing the value of o = 3 allows an easy analysis of the Lindstedt series.
Note that one has fZ Q0 = A(¢)Q2 for the symplectic form Q(, ) = dz A dy, so it is

conformally symplectic. One can write the map as

Tptl = Tn + Ynt1

Ynt1 = ME)Yn + pe — eV ()

equivalently

Tpy1 — (L+ A(E))xn + AE)Tpy — pe +V(x,) = 0. (A.2)

Considering a parametric representation of the variable z,, € T as x, = 60, + u.(6,),

0, € T; where u. : T — R is a 1-periodic function and assuming that 6,, varies linearly,
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ie., 0,11 = 0, + w, then, (A.2) becomes
U (04w) — (1+A(€))uc(0) +A(e)u (0 —w)+(1—A(e) )w—pe+eV(0+u-(6)) =0 (A.3)
If u. satisfies (A.3) it is easy to check that K. : T — T x R, given by

K.(6) = 0+ u.(0) |

w+ us(0) — u(0 — w)

satisfies f; ,_ o K.(f) = K(0 + w). Therefore, the problem of finding Lindstedt series for
quasiperiodic orbits for the map f. ,. is equivalent to find asymptotic power series to a
solution, (u., p.), of (A.3).

Using A(e) = 1 — &3, equation (A.3) becomes
U0+ w) — (2= ) u(0) + (1 — ) u (0 — w) +*w — pe +eV (0 +u () =0. (Ad)
Introducing the operator
Lou(0) = u(f +w) — 2u(f) + u(f — w),

and expanding in power series on ¢, i.e., u.(0) = > - ju,(0)e” and p. = > "7 pne”

equation (A.4) becomes

Z (Lour(0) — pr) € — (Lous(0) — ps + uo(0) — up(0 — w) — w) 3
k=0

+ ) (Louk(0) = e + up—s(0) — we—s(0 — w)) e = =Y~ Sp1()e" (A5)

k=4

Remark 62. When V (0) is a trigonometric polynomial, the coefficients S,, can be com-
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puted as follows. Note that Vi,(0) = fe2™%0 satisfies the relation

d
de

Thus, considering

Vi(0 + uc (0 Zsk

and (A.6) the coefficients S* satisfy the following relation

(n+ 1Sk, = 2mik(C + Duea S)_,
=0

and S¥(0) = foe*™*®_ Furthermore, if V(0) = > ki< Fre2mh —

trigonometric polynomial of degree a, considering

V(0 + u.(0 ZS

the coefficients S,,(0) are given by

where S¥ is given by (A.7).

— V(0 +u(0)) = 27m'k%u6(0)‘/k(9 + u:(6)).

(A.6)

(A.7)

Z\k\ga Vi(0) is a

Remark 63. Note that if n) is a trigonometric polynomial and  is a solution of the equation

Ly, = n then, ¢ is a trigonometric polynomial of the same degree as 1. This is due to the

fact that the Fourier coefficients of ¢ satisfy ¢ = mn

k- Note that the equation

Ly = n has a solution if fqr n(0)d0 = 0, and this solution is unique if we impose the

normalization [, p(0)d6 = 0.

Proposition 64. If V (0), in (A.1), is a trigonometric polynomial of degree a, then u,(0) is

a trigonometric polynomial of degree an. Furthermore, S,_1(0) is a trigonometric poly-
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nomial of degree an.

Proof. Equating the terms of same order in equation (A.5) one gets that for order zero

o = 0 and ug(6) = 0. For order 1 we have,
qul(ﬁ) — U1 = —S()(e)

So, taking p1 = 0, u; becomes a trigonometric polynomial of degree a, because Sy(0) =

V (0). Now, for order 2 we have
Lous(0) — pa = —51(0),

if 415 = 0 the right hand side is S1(0) = > <, ST(0) = 27miui (0) Y-y <, kS5(0) which
is a trigonometric polynomial of degree 2a, thus us is a trig polynomial of degree 2a. For
order three we have

qu3(9) — U3 tw= —52(0),

here we take p3 = w and us is a trig polynomial of degree 3a because
So(0) = Y SK(O) = miug (0) > kSF(0) + 2mius(0) Y kSE(0)

[k|<a |k|<a |k|<a

is of degree 3a; then ug(0) is of degree 3a. Finally, for n > 4, assume the claim is valid for

any m < n then, the equation of order n is
Loun(0) = pn, — tp—3(0) + up_3(0 —w) — Sp_1(6).

So, taking p,, = fT Sn—1(0)db, u,, can be found and has degree an since,
Sn-1 = Y jrj<n Sn_1 and each Si_; has degree an due to (A.7). Note u,_3 has degree
(n — 3)a. O

Corollary 65. If V (0), in (A.1), is a trigonometric polynomial of degree a, then for any
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N

fixed ¢ the sum Z u,(0)e™ is a trig polynomial of degree aN in 0.
n=0

Note that in this case

0 N un(0)em
KI=N(g) = + 2 n—o un(0)e ’ (A.8)

) WA SN (1 (0) — un(6 — w))e"

and using equation (A.5) we have

o) Sn— 0
Eév(e) = fo=m © Kg[gN](m _ KE[SN}(Q-FW) _ Z 1( ) "
n=N+1 \ Sp_1(6)

and therefore, for any fixed e, EE(N’ZN](G) is a trigonometric polynomial of degree 2aN.
Moreover, in this case the matrix

MEM6) = [DKEM9)]071 o KENM () DKEM (0)NEN(9) | is given by

L+ Yo up(6)eF NENG) ST (14,0 — w) — i (0))eF

M[SN](Q) —
S o () = uf(0 —w))et NEMO)(1 + 0wl (0)<")

£

where A<M (0) = (14 S04 (0)e*)? + (0o (ui(0) — ui (0 — w))s’f)?)‘l. So,

(M[SN] o T ),1 B (NE[SN]OTw)(1+Zf€V:O uf (0+w)e®) (NE[SN]OR;> SN (W (04+w)—ul (8))e"
€ w -

o (U4 (0) — up (6 + w))<* D NTAGE,
which implies that E g,zN] is a trigonometric polynomial of degree 3a/N. Remember that
. . -1
Eg’zN] is the second row of the vector EE(N’QN} = (ME[SN} o Tw> EE(N’QN]. Note that
0 1
J =
-1 0
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1 -
Furthermore, we have D, f  <n(z,y) = , then the second row, AY,, of the vector
&, g )

1
- -1
AN = (ME[SM o Tw> D, fa#gg N] O KE[SN] is a trigonometric polynomial of degree a V.
The following proposition summarizes the computations presented above and assures
that hypothesis HTP1 and HTP2 of the main Lemma 33 are satisfied for the dissipative

standard map.

Proposition 66. For any N € N, if V(0) in (A.1) is a trigonometric polynomial of degree
a, then Es(g’zN] is a trigonometric polynomial of degree 3aN, A§V2 is a trig polynomial of

degree aN, and

EY.(0) = DEEN(0 4+ w)"J o KIEV(0 + w) DKEIEN(9 + w)

— D(f. iz o KEN0)T T o (f. =N © KEN(6))D(f. JEN) © KEN(6) (A9)

is a trigonometric polynomial of degree 2aN.

Proof. 1t is only left to prove the last claim. Note that Eg .(0) is the expression in coordi-

nates of (K=Y o 7)) Q0 — (f. usn o KIENI)*Q. Now, using the fact that f. ,, is conformally

symplectic we have (f plsN) oKE[SN])*Q = Ka[SN]*fe* <2 = A(s)KE[SN}*Q, which means
yHe sHe™

that, in coordinates

ES.(0,e) = DKEN(0 +w) T o KEM(0 4+ w) DEEN(6 + w)

— Me)DKEN(@0)TJ o KEM()DKIEN(9)  (A.10)
which is a polynomial of degree 2a/V due to the fact that .J is a constant matrix and

D INNACES

DKEN(9) =
3o (14, (8) — (6 — w))e"
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is a trigonometric polynomial of degree a/V. O

A.1.1 Uniqueness

Note that for ¢ = 0, My = I. Also note that the coefficients of the expansion (A.8) are

given by

u, (0
K,(0) = ©) forn > 1.

Up(0) — up (0 — w)

Therefore, the normalization condition

/ (Mg K, (6)], d6 =0

in this case has the form

/Tun(e)dﬁ =0,

which is satisfied by the construction of the u/,s. Thus, the expansion given in (A.8) is the

only one which satisfies the normalization condition.

101



[1]

[2]

[3]

[4]

[5]

[6]

(71

[8]

[9]

[10]

[11]

[12]

REFERENCES

A. P. Bustamante and R. C. Calleja, “Computation of domains of analyticity for the
dissipative standard map in the limit of small dissipation,” Physica D: Nonlinear
Phenomena, vol. 395, pp. 15-23, 2019.

——, “Corrigendum and Addendum to Computation of domains of analyticity for
the dissipative standard map in the limit of small dissipation [Physica D 395 (2019)
15-23],” Physica D: Nonlinear Phenomena, 2021.

A. P. Bustamante and R. de la Llave, “Gevrey estimates for asymptotic expansions of
tori in weakly dissipative systems,” 2020, preprint, https://arxiv.org/abs/2010.06006.

A. Celletti and L. Chierchia, “Measures of basins of attraction in spin-orbit dynam-
ics,” Celestial Mech. Dynam. Astronom., vol. 101, no. 1-2, pp. 159-170, 2008.

R. C. Calleja, A. Celletti, and R. de la Llave, “Domains of analyticity and lindstedt

expansions of kam tori in some dissipative perturbations of hamiltonian systems,”
Nonlinearity, vol. 30, no. 8, pp. 3151-3202, 2017.

J. Moser, “A rapidly convergent iteration method and non-linear differential equa-
tions. I1,” Ann. Scuola Norm. Sup. Pisa (3), vol. 20, pp. 499-535, 1966.

A. Berretti, C. Falcolini, and G. Gentile, “Shape of analyticity domains of Lindstedt
series: The standard map,” Phys. Rev. E (3), vol. 64, no. 1, part 2, pp. 015202, 4,
2001.

A. Berretti and G. Gentile, “Renormalization group and field theoretic techniques for
the analysis of the Lindstedt series,” Regul. Chaotic Dyn., vol. 6, no. 4, pp. 389-420,
2001.

A. Celletti and C. Falcolini, “Singularities of periodic orbits near invariant curves,’
Phys. D, vol. 170, no. 2, pp. 87-102, 2002.

A. Berretti and G. Gentile, “Scaling of the critical function for the standard map:
Some numerical results,” Nonlinearity, vol. 17, no. 2, pp. 649—670, 2004.

R. de la Llave and S. Tompaidis, “On the singularity structure of invariant curves of
symplectic mappings,” Chaos, vol. 5, no. 1, pp. 227-237, 1995.

R. Calleja and R. de la Llave, “Computation of the breakdown of analyticity in statis-

tical mechanics models: Numerical results and a renormalization group explanation,”
J. Stat. Phys., vol. 141, no. 6, pp. 940-951, 2010.

102


https://arxiv.org/abs/2010.06006

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

R. Calleja and A. Celletti, “Breakdown of invariant attractors for the dissipative stan-
dard map,” Chaos, vol. 20, no. 1, pp. 013121, 9, 2010.

R. Calleja and R. de la Llave, “A numerically accessible criterion for the breakdown
of quasi-periodic solutions and its rigorous justification,” Nonlinearity, vol. 23, no. 9,
pp- 2029-2058, 2010.

R. Calleja and J.-L. Figueras, “Collision of invariant bundles of quasi-periodic attrac-
tors in the dissipative standard map,” Chaos, vol. 22, no. 3, pp. 033114, 10, 2012.

R. Calleja and R. de la Llave, “Fast numerical computation of quasi-periodic equilib-
rium states in 1D statistical mechanics, including twist maps,” Nonlinearity, vol. 22,
no. 6, pp. 1311-1336, 2009.

D. E. Knuth, The art of computer programming. Vol. 2. Addison-Wesley, Reading,
MA, 1998, pp. xiv+762, Seminumerical algorithms, Third edition [of MR0286318],
ISBN: 0-201-89684-2.

C. Falcolini and R. de La Llave, “Numerical calculation of domains of analyticity
for perturbation theories in the presence of small divisors,” Journal of Statistical
Physics, vol. 67, no. 3, pp. 645-666, 1992.

R. de la Llave, “A tutorial on KAM theory,” in Smooth ergodic theory and its appli-
cations (Seattle, WA, 1999), ser. Proc. Sympos. Pure Math. Vol. 69, Providence, RI:
Amer. Math. Soc., 2001, pp. 175-292.

G. A. Baker and P. R. Graves-Morris, “Padé approximants,” vol. 59, 1996.

C. Batut, K. Belabas, D. Benardi, H. Cohen, and M. Olivier, “User’s guide to PARI-
GP,” 1998, see also http://pari.home.ml.org.

R. C. Calleja, A. Celletti, and R. de la Llave, “A KAM theory for conformally sym-
plectic systems: Efficient algorithms and their validation,” J. Differential Equations,

vol. 255, no. 5, pp. 978-1049, 2013.

E. Zehnder, “Generalized implicit function theorems with applications to some small
divisor problems. I,” Comm. Pure Appl. Math., vol. 28, pp. 91-140, 1975.

——, “Moser’s implicit function theorem in the framework of analytic smoothing,”
Math. Ann., vol. 219, no. 2, pp. 105-121, 1976.

A. Celletti and C. L., “Quasi-periodic Attractors in Celestial Mechanics,” Arch. Ra-
tional Mech. Anal., vol. 191, no. 2, pp. 311-345, 2009.

103


http://pari.home.ml.org

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

R. de la Llave, “KAM theory for equilibrium states in 1-D statistical mechanics
models,” Ann. Henri Poincaré, vol. 9, no. 5, pp. 835-880, 2008.

M. Frigo and S. G. Johnson, “The design and implementation of FFTW3,” Pro-
ceedings of the IEEE, vol. 93, no. 2, pp. 216-231, 2005, Special issue on “Program
Generation, Optimization, and Platform Adaptation”.

Y. Hida, X. S. Li, and D. H. Bailey, Quad-Double Arithmetic: Algorithms, Imple-
mentation, and Application. 2000.

C. Batut, K. Belabas, D. Bernardi, H. Cohen, and M. Olivier, User’s Guide to PARI-
GP. Université de Bordeaux I, 2000.

A. Milani, A. M. Nobili, and P. Farinella, Non-gravitational perturbations and satel-
lite geodesy. Adam Hilger (IOP Publishing Ltd.), Bristol, 1987, ISBN: 0-85274-538-
9.

A. Celletti, “KAM theory and its applications: From conservative to dissipative
systems,” in European Congress of Mathematics, Eur. Math. Soc., Ziirich, 2013,
pp. 243-257.

——, “Stability of satellites in spin-orbit resonances and capture probabilities,” in
Predictability, stability, and chaos in N -body dynamical systems (Cortina d’Ampezzo,
1990), ser. NATO Adv. Sci. Inst. Ser. B Phys. Vol. 272, Plenum, New York, 1991,
pp. 337-344.

A. Bensoussan, Perturbation methods in optimal control, ser. Wiley/Gauthier-Villars
Series in Modern Applied Mathematics. Chichester: John Wiley & Sons Ltd., 1988,
pp. xiv+573, Translated from the French by C. Tomson, ISBN: 0-471-91994-2.

E. S. Meadows, M. A. Henson, J. W. Eaton, and J. B. Rawlings, “Receding horizon
control and discontinuous state feedback stabilization,” Internat. J. Control, vol. 62,
no. 5, pp. 1217-1229, 1995.

R. Tturriaga and H. Sanchez-Morgado, “Limit of the infinite horizon discounted
Hamilton-Jacobi equation,” Discrete Contin. Dyn. Syst. Ser. B, vol. 15, no. 3, pp. 623—
635, 2011.

A. Davini, A. Fathi, R. Iturriaga, and M. Zavidovique, “Convergence of the solu-
tions of the discounted Hamilton-Jacobi equation: Convergence of the discounted
solutions,” Invent. Math., vol. 206, no. 1, pp. 29-55, 2016.

J. Moser, “Convergent series expansions for quasi-periodic motions,” Math. Ann.,

vol. 169, pp. 136-176, 1967.

104



[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

H. W. Broer, G. B. Huitema, and M. B. Sevryuk, Quasi-Periodic Motions in Fam-
ilies of Dynamical Systems. Order Amidst Chaos. Berlin: Springer-Verlag, 1996,
pp. Xii+196, ISBN: 3-540-62025-7.

M. B. Sevryuk, “The lack-of-parameters problem in the KAM theory revisited,” in
Hamiltonian Systems with Three or More Degrees of Freedom (S’Agaré, 1995), Dor-
drecht: Kluwer Acad. Publ., 1999, pp. 568-572.

J. Moser, Stable and random motions in dynamical systems, volume 77 of annals of
mathematics studies, 1973.

R. C. Calleja, A. Celletti, and R. de la Llave, “A kam theory for conformally sym-
plectic systems: Efficient algorithms and their validation,” Journal of Differential
Equations, vol. 255, no. 5, pp. 978-1049, 2013.

M. Canalis-Durand, J. P. Ramis, R. Schifke, and Y. Sibuya, “Gevrey solutions of
singularly perturbed differential equations,” J. Reine Angew. Math., vol. 518, pp. 95—
129, 2000.

C. Foias and R. Temam, “Gevrey class regularity for the solutions of the Navier-
Stokes equations,” J. Funct. Anal., vol. 87, no. 2, pp. 359-369, 1989.

M. Canalis-Durand, “Formal expansion of van der Pol equation canard solutions
are Gevrey,” in Dynamic bifurcations (Luminy, 1990), ser. Lecture Notes in Math.
Vol. 1493, Springer, Berlin, 1991, pp. 29-39.

C. Baesens, “Gevrey series and dynamic bifurcations for analytic slow-fast map-
pings,” Nonlinearity, vol. 8, no. 2, pp. 179-201, 1995.

D. Sauzin, “Caractere Gevrey des solutions formelles d’un probleme de moyennisa-
tion,” C. R. Acad. Sci. Paris Sér. I Math., vol. 315, no. 9, pp. 991-995, 1992.

C. H. Lin, “Gevrey character of formal solutions of a nonlinear system with a param-
eter,” in Ordinary and delay differential equations (Edinburg, TX, 1991), ser. Pitman
Res. Notes Math. Ser. Vol. 272, Longman Sci. Tech., Harlow, 1992, pp. 129-133.

G. Popov, “Invariant tori, effective stability, and quasimodes with exponentially
small error terms. I. Birkhoff normal forms,” Ann. Henri Poincaré, vol. 1, no. 2,
pp- 223-248, 2000.

I. Baldoma and A. Haro, “One dimensional invariant manifolds of Gevrey type in
real-analytic maps,” Discrete Contin. Dyn. Syst. Ser. B, vol. 10, no. 2-3, pp. 295-
322, 2008.

105



[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

I. Baldom4, E. Fontich, and P. Martin, “Gevrey estimates for one dimensional parabolic
invariant manifolds of non-hyperbolic fixed points,” Discrete Contin. Dyn. Syst.,
vol. 37, no. 8, pp. 4159-4190, 2017.

P. Bonckaert and P. De Maesschalck, “Gevrey and analytic local models for families
of vector fields,” Discrete & Continuous Dynamical Systems-B, vol. 10, no. 2&3,
September, p. 377, 2008.

0. Costin, G. Gallavotti, G. Gentile, and A. Giuliani, “Borel summability and Lind-
stedt series,” Comm. Math. Phys., vol. 269, no. 1, pp. 175-193, 2007.

J. Feldman, J. Magnen, V. Rivasseau, and R. Sénéor, “Construction and Borel summa-
bility of infrared ®} by a phase space expansion,” Comm. Math. Phys., vol. 109,
no. 3, pp. 437-480, 1987.

S. Graffi and V. Grecchi, “Borel summability of the unequal double well,” Comm.
Math. Phys., vol. 92, no. 3, pp. 397-403, 1984.

G. Gentile, M. V. Bartuccelli, and J. H. B. Deane, “Summation of divergent series
and Borel summability for strongly dissipative differential equations with periodic
or quasiperiodic forcing terms,” J. Math. Phys., vol. 46, no. 6, pp. 062704, 20, 2005.

S. Saks and A. Zygmund, Analytic Functions. (Enlarged. Translated by E J Scott.
Monografie Matematyczne, Tom 28), 1965, 2nd edn.

H. Cartan, Elementary theory of analytic functions of one or several complex vari-
ables. Dover Publications, Inc., New York, 1995, p. 228, Translated from the French,
Reprint of the 1973 edition, ISBN: 0-486-68543-8.

0. Costin, Asymptotics and Borel summability, ser. Chapman & Hall/CRC Mono-

graphs and Surveys in Pure and Applied Mathematics. CRC Press, Boca Raton, FL,
2009, vol. 141, pp. xiv+250, ISBN: 978-1-4200-7031-6.

H. Riissmann, “On optimal estimates for the solutions of linear partial differential

equations of first order with constant coefficients on the torus,” in Dynamical sys-
tems, theory and applications, Springer, 1975, pp. 598-624.

106



	Title Page
	Acknowledgments
	Table of Contents
	List of Tables
	List of Figures
	Summary
	1 | Computation of Domains of Analyticity for the dissipative standard map in the limit of small dissipation
	Introduction
	Preliminaries
	Methods for computing solutions
	Numerical results
	Validation of the results

	2 | Gevrey estimates for asymptotic expansions of tori in weakly dissipative systems
	Introduction
	Preliminaries 
	Statement of the main result, Theorem 29 
	Iterative step of the quasi Newton method.
	Estimates for the iterative step.
	Iteration of the quasi-Newton method.

	Appendices
	A |  Explicit computation for the dissipative standard map

	References

