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Abstract

The viscous drag on a slender rod by a wall is important to many biological and industrial

systems. This drag critically depends on the separation between the rod and the wall and can

be approximated asymptotically in specific regimes, namely far from, or very close to, the wall,

but is typically determined numerically for general separations. In this note we determine an

asymptotic representation of the local drag for a slender rod parallel to a wall which is valid for

all separations. This is possible through matching the behaviour of a rod close to the wall and a

rod far from the wall. We show that the leading order drag in both these regimes has been known

since 1981 and that they can used to produce a composite representation of the drag which is valid

for all separations. This is in contrast to a sphere above a wall, where no simple uniformly valid

representation exists. We estimate the error on this composite representation as the separation

increases, discuss how the results could be used as resistive-force theory and demonstrate their

use on a two-hinged swimmer above a wall.

a lyndon.koens@mq.edu.au
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I. INTRODUCTION

Viscous flows around slender objects by walls occur in many important microscopic fluid

systems. For example bacteria and spermatozoa swim towards boundaries using filaments

called flagella [1–6], beating hairs called cilia line our airways and help keep them clean [7, 8],

artificial microscopic machines often use fibres and need to navigate tight conditions [9, 10]

and fibre-reinforced plastic machine parts can be created by injection moulding [11, 12].

Though such geometries are common, the flow around slender bodies can often be tricky

to model [13]. This is because the large aspect ratios (length/thickness) of these objects

causes numerical simulations to require a high resolution to accurately capture the flow [1–

3, 12]. Hence asymptotic techniques, called slender-body theories (SBTs), are often used to

simulate these systems [14–19].

Slender-body theories expand the viscous flow around a slender object in terms of the

inverse of the aspect ratio of the body. In this limit, filaments in isolation display two

regions of behaviour: an inner region in which the body behaves like an infinite cylinder and

an outer region in which the body is effectively a line [15]. These regions can be matched

together to solve for the flow and the drag per unit length along the object. This drag per

unit length is determined though an integral equation over the centreline of the body for

algebraically accurate SBTs [15, 17–19] or a set of local drag coefficients for logarithmically

accurate ones [14, 16]. Though less accurate, these local drag coefficient models - often called

resistive-force theories - capture the leading physics and are easy to use. Viscous SBTs have

been successfully used for models of isolated micro-organisms [20–23], dilute suspensions of

rods [24, 25], and the dynamics of secluded elastic fibres [26, 27] and have been extended to

filaments with non-circular cross-sections [16, 28, 29].

The presence of walls complicates the slender body asymptotic expansions by introducing

additional length scales. Similarly to the viscous models for spheres by walls [30, 31],

SBTs with walls are typically restricted to distinct regimes and configurations [32–35]. For

example there have been several studies of rods exactly half way between parallel plane walls

[36–38] but, to the author’s knowledge, none at general separations [39]. This issue is also

present in the simple case of rod by a single plane wall. In this case there exists asymptotic

solutions in the limit that the separation is much larger then all lengths of the rod [35, 40], the

separation is much larger than the thickness of the rod but much smaller than the length [37]
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and the separations is of order of the thickness [41, 42]. Furthermore each of these solutions

were found using different asymptotic techniques; Brenner used the method of reflections to

determine the drag when the separation is much larger than all lengths of the rod [40], Katz

et al. represented the body as a line of point forces above a wall [43] to determine the drag

when the separation is larger than the thickness but smaller than the length [37], and Jeffrey

and Onishi used lubrication arguments to determine the flow when an infinite cylinder is

very close to the wall [42]. Russel and De Mestre later showed that the model of Katz et

al. could be extended to capture the results of Brenner [38, 44] but as yet no asymptotic

representation exists that bridges all the separations. However such representations are still

greatly desired for the modelling of microscopic swimmers near surfaces (biological and

artificial) [1, 3, 23, 45–47], the dynamics of colloids [35], microcantilevers by walls [27] and

the sedimentation of rods [24, 48–52].

In this note we find a representation of the local drag per unit length for a slender rod

parallel to a wall which is valid for all separations. Unlike the equivalent representations

for a sphere by a wall [30, 31], this representation of the local drag on a rod does not

involve infinite summations or issues with convergence in certain limits. This representation

is produced by asymptotically matching Russel and De Mestre’s solution for a rod far from a

wall to Jeffrey and Onishi’s solution for an infinite cylinder by a wall. We use the matching

formalism to determine the error on the infinite cylinder solution and therefore show that the

error on the local drag increases towards an asymptotic value as the separation between the

wall and rod increases. We compare these results with numerical solutions, before discussing

if the drag coefficients would be suitable to create a resistive-force theory. Such a resistive

force theory could be used to help understand the planar swimming of spermatozoa [1] or

the dynamics of artificial micro-swimmers which have sunk to the bottom surface [46, 53].

Finally we demonstrate this resistive force theory on Purcell’s two-hinged swimmer, before

concluding the note.

II. GEOMETRY OF A ROD PARALLEL TO A WALL

In this note we consider a slender cylindrical rod parallel to a plane wall located at y = 0.

In a Cartesian coordinates system, {x, y, z}, with the major axis of the rod aligned with the

z direction and the centre of the rod located {0, d, 0} above the wall, the surface of this rod
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Figure 1. Schematic representation of a slender rod above a wall at y = 0 with ρ(s) = 1. The wall

is coloured green and the rod is yellow. The origin of the frame is located in the wall while the

centre of the rod is a distance d above the origin in the y direction (blue vector). A point along

the centreline of the rod is given by sẑ (purple) and the thickness of the rod is 2ερ(s) (red).

can be parametrised by

S(s, θ) = {ερ(s) cos θ, ερ(s) sin θ + d, s} (1)

where s ∈ [−1, 1] is the arclength, ε is maximal radius of the rod, θ determines the location

on the surface at a given cross-section, and ερ(s) ∈ [0, ε] determines the cross-sectional radius

along the length (Fig. 1). This parametrisation corresponds to a slender body in the limit

ε � 1 and a slender rod when ρ(s) = 1. The equations derived apply in this rod limit,

away from the ends, but we will leave ρ(s) arbitrary as it proves useful for estimations of

the error.

III. THE LOCAL DRAG ON A ROD PARALLEL TO A PLANE WALL

The drag on a rod parallel to a plane wall critically depends on the separation distance,

d. This is because the asymptotic flow around a slender rod has two regions of behaviour:

an inner region in which the rod looks like an infinite cylinder and an outer region in which

the rod appears as a line [15, 17, 19]. Hence if the distance from the wall is much larger than

the thickness of the rod, the wall only contributes to the outer region of the flow, while if d
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is a similar order to the thickness the wall contributes to the entire flow. The behaviour in

each of these cases must therefore be treated separately and then asymptotically matched

to create a solution valid for all separations.

A. Drag on a rod far from the wall

When the distance from the wall is much greater than the radius of the filament, d� ε,

the wall changes the outer flow around the rod. In the outer region an isolated rod looks like

a straight line and the flow behaves as a line of point forces [15, 16]. Russel and De Mestre

extended this representation to include the wall by replacing the point forces with point

forces by a wall [43] and expanding the resultant flow in the small ε and ε/d limits [38, 44].

This expansion was adapted from Batchelor’s work on rods with arbitrary cross-sections

[16] and produced an integral equation for the drag per unit length along the body. This

drag per unit length on the rod was then expanded in powers of 1/ ln(2/ε) and the leading

order behaviour determined. They found that the drag per unit length on the filament to

O[1/ ln3(2/ε)] was given by

f f (s) = −µ
[
ζf1 x̂x̂ + ζf2 ŷŷ + ζf3 ẑẑ

]
·U(s) (2)

where

ζf
′

1 =
8π

ln [4(1− s2)/ε2ρ2(s)] + 1− E1(s)− 2E2(s)
, (3)

ζf
′

2 =
8π

ln [4(1− s2)/ε2ρ2(s)] + 1− E1(s)− 8E2(s) + 2E3(s)
, (4)

ζf
′

3 =
4π

ln [4(1− s2)/ε2ρ2(s)]− 1− E1(s) + E2(s) + E3(s)
, (5)

E1(s) = asinh

(
1 + s

2d

)
+ asinh

(
1− s

2d

)
(6)

E2(s) =
1 + s

4
√

(1 + s)2 + 4d2
+

1− s
4
√

(1− s)2 + 4d2
, (7)

E3(s) =
(1 + s)3

4[(1 + s)2 + 4d2]3/2
+

(1− s)3

4[(1− s)2 + 4d2]3/2
. (8)

In the above the superscript f is used to denote the solution when d � ε, asinh x is the

inverse of sinhx and ζ1, ζ2 and ζ3 are the local drag coefficients in x, y and z, respectively.

We note that the typographic errors in Ref. [44] (see Ref. [33]) have been corrected above.
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The total force on the body from the fluid is then

Ff =

∫ 1

−1
f f (s) ds, (9)

however, no closed form exists that captures both the limits d→∞ and d→ ε [54]. These

results limit to the near drag coefficients derived by Katz et al. [37] as d → ε and far drag

coefficients of Brenner [40] when d� 1. Experiments have also shown that the drag on a rod

approaching a plane wall is accurately described by ζf2 for d > 3ε [54]. This demonstrates

the effectiveness of the representation over all d� ε.

Though these coefficients are very effective, the dominator of ζf
′

2 goes to zero for d ∼ eε/2.

Hence ζf
′

2 only applies if d & eε/2 while the coefficients ζf
′

1 and ζf
′

3 are well-behaved for all

d > ε. This is mostly likely a reflection of the stronger singularity experienced for the rod

approaching the wall rather than moving perpendicular to it. It is possible to overcome this

issue by adding a function to the dominator which is smaller than the expansion order of

the term. Though only necessary for ζf
′

2 , it will become apparent that these small functions

will help us simplify the matched form and so we include them in all three far coefficients as

ζf1 =
8π

ln [4(1− s2)/ε2ρ2(s)] + 1− E1(s)− 2E2(s) + 2g1[ερ(s)/d]
, (10)

ζf2 =
8π

ln [4(1− s2)/ε2ρ2(s)] + 1− E1(s)− 8E2(s) + 2E3(s) + 2g2[ερ(s)/d]
, (11)

ζf3 =
4π

ln [4(1− s2)/ε2ρ2(s)]− 1− E1(s) + E2(s) + E3(s) + 2g3[ερ(s)/d]
, (12)

(13)

where the gi[ερ(s)/d] are small functions to be determined through matching the solutions.

We assume that gi[ερ(s)/d] = O(ε/d) or smaller and so its contribution to the total drag

coefficient is at most O(ε/d), which in the limit d � ε is much smaller than the accuracy

of the expansion, O[1/ ln3(2/ε)]. Hence the addition of these functions do not significantly

change the order of the expansion or the accuracy of the results in its region. The accuracy

of this assumption will be checked in the matching.

B. Drag on rods near a wall

When the distance from the wall is similar to the radius of the rod, d ∼ ε, the wall

influences the entire flow. In this limit x and y scales with ε, and z scales with 1. As a
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result, the Stokes equations can be asymptotically expanded in terms of a power series in ε.

This expansion separates the flow and derivatives along the rod’s axis, w and ∂z, from the

flow and derivatives perpendicular to it, u⊥ = {u, v} and ∇⊥ = {∂x, ∂y}, thereby making

the problem two dimensional. Specifically if the flow u = {u, v, w} is expanded as

u = u(0) + εu(1) + · · · , (14)

p = p(0) + εp(1) + · · · , (15)

the equations for u(0) become

∇⊥ · u(0)
⊥ = 0, (16)

∇2
⊥u

(0)
⊥ −∇⊥p

(0) = 0, (17)

∇2
⊥w

(0) = 0, (18)

with the boundary conditions

u(0) (ρ(s) cos θ, ρ(s) sin θ + d/ε, s) = U, u(0) (y = 0) = 0, u(0) (|x| → ∞) = 0. (19)

These equations describe the two dimensional flow around an infinite cylinder of radius

ρ(z = s) a distance d/ε above a plane wall. Jeffrey and Onishi [42] solved these equations

for motion perpendicular to z, Eqs. (16) and (17), using bipolar coordinates. We omit the

full flow for brevity but note that the pressure is

p(0) =
µV

a(α1 − tanhα1)

[
2 cos β coshα− 3 +

2 cos β cosh(α− α1)− cos 2β cosh(2α− α1)

coshα1

]
+

µU

aα1 sinhα1

[2 coshα coshα1 sin β − cosh(2α− α1) sin 2β] , (20)

where U = {U, V,W}, α1 = ln
[
(d+

√
d2 − ε2ρ2(z))/ερ(z)

]
, tanhα = 2ay/(x2 + y2 + a2),

tan β = −2ax/(x2 + y2 − a2) and a2 = (d/ε)2 − ρ2(z). This pressure will be needed to

estimate the error on the leading solution. Similarly the out of plane motion can also be

solved using bipolar coordinates [55] to find

w(0) = W
α

α1

, (21)

and the drag per unit length on the body from these flows are

fn(s) = −µ [ζn1 x̂x̂ + ζn2 ŷŷ + ζn3 ẑẑ] ·U(s) (22)
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where

ζn1 =
4π

α1

, ζn2 =
4π

α1 − tanhα1

, ζn3 =
2π

α1

, (23)

α1 = ln
[
(d+

√
d2 − ε2ρ2(z))/ερ(z)

]
, and the superscript n indicates the d ∼ ε region. Again

the total force is determined by the integration of this result. These coefficients produce the

correct lubrication behaviour as d→ ε [41, 42].

The error on these coefficients can be estimated from the u(1) flow. This flow satisfies

∇⊥ · u(1)
⊥ = −w(0)

z , (24)

∇2
⊥u

(1)
⊥ −∇⊥p

(1) = 0, (25)

∇2
⊥w

(1) = p(0)z , (26)

with all the boundaries held stationary. These equations describe the two dimensional

viscous flow around an infinite cylinder in the presence of a plane wall with sources of

fluid. The force on the body from this flow can be determined using the Lorentz reciprocal

relationship [30]. This relationship relates any two flows that share the same domain and

takes the form∫∫
(u · σ′ · n− u′ · σ · n) dS =

∫∫∫
[p∇ · u′ − p′∇ · u + u · (∇ · σ′)− u′ · (∇ · σ)] dV

(27)

where the primed and unprimed variables denote different flows with 0 constant background

pressure, σ is the fluid stress, the surface integrals are taken over all the boundaries and

the volume integrals are taken over the entire fluid. If we set, u = u(0), and u′ = u(1), this

relationship becomes

U · F(1) =

∫∫∫ [
w(0)p(0)z − p(0)w(0)

z

]
dV +O(ε), (28)

where F(1) is the total force on the rod from the correction flow. The boundary condition

that the fluid goes to rest as |x| → ∞ ensures that p(0) and w(0) decay sufficiently to enable

this integral to converge. This integral shows that force on the rod from the O(ε) flow scales

with ∂z(p
(0)w(0)) dV . Hence the total drag from the next order flow is roughly

εF(1) = O

(
dρ′(z)

ρ(z)α3
1

)
(29)

where we have used ∂zα1 = −dρ′(z)/ερ(z)a and that the pressure, p(0), scales with 1/aα1,

the axial velocity, w(0), scales with 1/α1 and the cross-sectional volume element, dV , scales
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with a2. We note that the total drag at O(ε) also includes contributions from the out of plane

components of the normal director on the rods surface. The above estimate shows that the

inner region expansion error scales with ρ′(z) (or any other variation in the geometry with

z). Hence this error is minimal near the centre of a rod parallel to a wall. However near the

ends of any slender body this variation is likely to be very large. Provided these regions of

high variation occur over a small fraction of the whole rod, their total contribution to the

drag remains small and so the errors can be ignored.

This estimate of the error also suggests a non-monotonic dependence on d. This is

because α1 →
√
d− ε as d→ ε and α1 → log(d/ε) as d/ε→∞. Hence as d/ε increases the

drag grows almost linearly while as d→ ε the the error grows roughly as dρ′(z)(d− ε)−3/2.

This complex behaviour with d reflects the different hydrodynamic behaviours present in

the problem. As d increases the initial assumptions underlying this expansion region break

down and the total length of the rod becomes significant, hence generating an error with

increasing d. Conversely, as the body gets close to the wall, the lubrication singularity makes

the local geometry critical [56]. For an infinite cylinder approaching a wall the lubrication

singularity goes as (d− ε)−3/2 while for a sphere it goes as (d− ε)−1. Hence these coefficients

can have a large errors close to the wall if the body is not approximately a rod.

C. The common behaviour

The different region solutions can be matched together if they share the same behaviour

in an overlapping region. This overlap is found by considering the drag coefficients for a rod

far from the wall in the limit d→ ε and the drag coefficients for a rod near to a wall in the

limit d/ε→∞. In both these limits the drag coefficients become

ζc1 =
4π

ln [2d/ερ(s)] + g1[ερ(s)/d]
, (30)

ζc2 =
4π

ln [2d/ερ(s)]− 1 + g2[ερ(s)/d]
, (31)

ζc3 =
2π

ln [2d/ερ(s)] + g3[ερ(s)/d]
, (32)
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where the superscript c above denotes the common behaviour and the expansion of the

inner solution in the limit d/ε→∞ reveals

g1

(
ερ(s)

d

)
= g3

(
ερ(s)

d

)
= α1 − ln

[
2d

ερ(s)

]
, (33)

g2

(
ερ(s)

d

)
= (α1 − tanhα1)−

(
ln

[
2d

ερ(s)

]
− 1

)
. (34)

The relative size of these gi[ερ(s)/d] functions can be determined using Taylor series to find

gi[ερ(s)/d] = O(ε2/d2) for every i. Hence, these functions are smaller than the expansion

order in the far from wall region as per our initial assumption. Importantly this is only

possible because the leading contributions from Dr Mestre [38, 44] and Jeffrey and Onishi

[42] match in these limits. Without this condition we would have found gi[ερ(s)/d] = O(1)

which is inconstant with our initial assumptions. The from of these leading contributions

can be found if by dropping the gi[ερ(s)/d] functions and are the resistance coefficients found

by Katz et al. [37]. Since both these limits are the same, the two solutions match and a

composite representation of the drag can be formed [57]. We note that the matching of the

ζ2 coefficients, without the gi[ερ(s)/d] functions, was previously observed by Trahan and

Hussey when they compared the different models to experiments of a rod falling towards a

wall [54].

D. A representation of the local drag which is valid for all separations

Since the drag coefficients match in the suitable limits, a composite representation for

the drag per unit length which is valid for all separations can be created by adding the far

and near behaviours together and subtracting off the common behaviour (f ≈ f f + fn − f c)

[57]. Hence the force per unit length on a rod parallel to a plane wall can be asymptotically

represented by

f(s) = −µ [ζ1x̂x̂ + ζ2ŷŷ + ζ3ẑẑ] ·U(s) (35)
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where

ζ1 =
8π

ln [(1− s2)/d2] + 1− E1(s)− 2E2(s) + 2α1

, (36)

ζ2 =
8π

ln [(1− s2)/d2] + 3− E1(s)− 8E2(s) + 2E3(s) + 2(α1 − tanhα1)
, (37)

ζ3 =
4π

ln [(1− s2)/d2]− 1− E1(s) + E2(s) + E3(s) + 2α1

, (38)

we have substituted in the gi[ερ(s)/d] functions, used α1 = ln
[
(d+

√
d2 − ε2ρ2(z))/ερ(z)

]
and simplified the equations. From the above we see that through including the gi[ερ(s)/d]

functions, the near wall and the common behaviour cancel, leaving a single set of coefficients.

The leading order drag on a rod parallel to a plane wall at any separation is therefore

F =

∫ 1

−1
f(s) ds. (39)

Again no closed form exists for the net drag that bridges all configurations without further

approximations [54]. These drag coefficients apply in the limit of a slender rod, ρ(s) = 1.

Hence in order to apply to non-rod like bodies we require ρ′(z) to be small. For simple

shapes, like prolate spheroids where ρ(s) =
√

1− s2, this condition is often met away from

the ends of the body. Hence the total drag from a prolate spheroid could be estimated using

these coefficients provided the regions of high variation is small relative to the entire length.

Interestingly around d ∼ 1 the error on the near and far region both scale as 1/ log3(2/ε).

Hence the error on these coefficients appears to increase to O[1/ log3(2/ε)] as the separation

increases.

E. Comparison with established limits and numerical simulations

The behaviour of the matched resistance coefficients, Eqs. (36), (37) and (38), visibly

approaches the well-established limiting behaviour of a rod above a wall in the different

respective regions (Fig. 2). At small separations from the wall and small ε, the coefficients

are seen to closely replicate the lubrication behaviour on the rod, while for small ε and larger

d, the far-field behaviour matches better; this behaviour is by construction. However, the

plots also reveal that for ε ∼ 0.1 and d close to the wall, in the matched coefficients there

is over 20% error with both of the established limiting behaviours. This indicates that the

model breaks down in this region, and so the matched representation is no longer accurate.
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Figure 2. Contour plots of the absolute relative difference between the matched drag coeffi-

cients and the limiting behaviours for a rod (ρ(s) = 1). a)
∣∣∣∫ 1
−1(ζ1 − ζ

f ′

1 ) ds/
∫ 1
−1 ζ

f ′

1 ds
∣∣∣, b)∣∣∣∫ 1

−1(ζ2 − ζ
f ′

2 ) ds/
∫ 1
−1 ζ

f ′

2 ds
∣∣∣, c)

∣∣∣∫ 1
−1(ζ3 − ζ

f ′

3 ) ds/
∫ 1
−1 ζ

f ′

3 ds
∣∣∣, d)

∣∣∣∫ 1
−1(ζ1 − ζ

n
1 ) ds/

∫ 1
−1 ζ

n
1 ds

∣∣∣, e)∣∣∣∫ 1
−1(ζ2 − ζ

n
2 ) ds/

∫ 1
−1 ζ

n
2 ds

∣∣∣, and f)
∣∣∣∫ 1
−1(ζ3 − ζ

n
3 ) ds/

∫ 1
−1 ζ

n
3 ds

∣∣∣.

Given ε ∼ 0.1 is typically considered to beyond the accuracy of most local drag models, this

behaviour is to be expected.

The accuracy of the matched representation for drag can be further investigated via

comparison with numerical simulation of a translating prolate spheroid above a no-slip

boundary. Simulations were performed via a constant panel single-layer Boundary Element

Method (BEM) with a kernel given by a regularised Blakelet [58]. Briefly, we begin by

constructing a quadratic triangular mesh of a prolate spheroid by projecting a regular mesh

of a cuboid, of the same aspect ratio, onto prolate spheroidal coordinates. This produces

a high-quality mesh with relatively uniform element areas (Fig. 3). We then specify the

velocity of the spheroid u(ym) at the centroids ym of each of the N elements Sn=1,...,N of

the meshed surface S. The unknown force per unit area fn is approximated as constant over
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each element, so that our task is to find a solution to the integral equation,

u(ym) =
1

8πµ

N∑
n=1

fn ·
∫
Sn

Bδ(ym,x) dSx. (40)

where the regularised Blakelet tensor, originally found by Ainley et al., but containing a

minor typographical error [59], is given by Smith [58]. The integrals of regularised Blakelets

over each element are performed via adaptive Fekete quadrature [60], with 10 points for

n 6= m and 190 points for the nearly singular integrals n = m. Simulations are normalised

such that the minor semi-axis of the spheroid is 1, and the regularisation parameter for the

Blakelets δ = 1/50. The total drag in any given direction is then given by

F =
N∑
n=1

fn

∫
Sn

dSx, (41)

namely, multiplying the forces by the element areas and summing. This method is accurate,

and converges rapidly. The convergence of our code is examined for a prolate spheroid with

ε = 0.2 a distance d = 0.1 from the boundary (the closest approach modelled) in Fig. 4.

Panel (a) shows the percentage change between subsequent mesh refinements for 16, 32, 48,

64, and 80 elements in the azimuthal direction, corresponding to a range of 832 to 18240

elements in total, with run times ranging from 2 to 840 seconds on a Lenovo Thinkstation

with an Intel Xeon W-3265 2.7GHz CPU and 128GB of RAM. The worst errors occur for

the perpendicular component of a spheroid being pulled away from the surface, and the

percentage change in the value of this drag between 64 and 80 azimuthal elements is 0.16%,

indicating that we have reached convergence.

However, such high azimuthal resolution quickly becomes computationally impractical for

more slender objects, as doubling the slenderness doubles the number of elements, increasing

the memory requirements for storing the dense matrix for the linear system by a factor of

4, and the solution time approximately by a factor of 8. As such, for any given simulation,

we take a different approach whereby we run two relatively coarse discretisations, and then

perform Richardson extrapolation (used recently by [61] to decrease the regularisation error

of the method of regularised stokeslets [62]), on the outputs of the two simulations to increase

the accuracy of our solution to within an acceptable tolerance of the converged solution.

Richardson extrapolation is viable, because we know the order of convergence of our results:

in our case, the total drag is a two-dimensional surface integral of the tractions, which is
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Figure 3. Perpendicular component of the force per unit area on the underside of a prolate spheroid

being pulled away from a wall, in dimensionless units. The azimuthal mesh resolution is 32 elements

(3072 elements total), and ε = 0.2. The left spheroid is at a height of 1 above the boundary, while

the right spheroid is at a height of 0.1, showing the rapid azimuthal variation in the force per unit

area for spheroids close to the boundary. The computational mesh is outlined in grey.

calculated (via the constant panel method) by a 2D mid-point rule, which converges as h4

for element length h. Therefore, for all spheroids and distances to the wall we run our

simulations for 28 and 32 azimuthal elements, producing values F
{28}
z and F

{32}
z , from which

we obtain the new approximation,

FR
z =

t4F
{32}
z − F {28}z

t4 − 1
, for t = 8/7. (42)

This approximation is within 1.6% of the converged solution for a prolate spheroid with

ε = 0.2 at a height of 0.1 above the boundary, as shown in Fig. 4b. Though better results

can be obtained using F
{48}
z and F

{32}
z , we deem this sufficiently accurate for the purposes

of validating our asymptotic approach.

Figures 5(a,b,c) plot the force on the prolate spheroid in each direction as predicted by

Eqs. (36), (37) and (38) together with the results from the BEM simulations. Visually

the model closely replicates the numerical for small ε but starts to differ as ε gets larger.

This behaviour is confirmed by the absolute relative error (Fig. 5d,e,f). Furthermore the

error on the model is seen to increase as d decreases. This is because of the lubrication

singularities in the drag of a prolate spheroid by a wall differs to that of a rod (which

the coefficients model). This effect is visible by comparing the model to the asymptotic

lubrication behaviour of a prolate spheroid (Fig. 5b) inset black lines) [56]. In the close

region the slope of the model differs to that of the lubrication model, indicating different

singularity behaviour. The numerical results, however, agree with the asymptotic lubrication

results in this region. Even with these differences however the relative error is typically 10%

for ε = 0.2, less than 5% for ε = 0.1, and less than 1% for ε = 0.02. This is surprisingly

accurate for a local drag representation, as long range hydrodynamic interactions often play
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Figure 4. Convergence of the drag calculations, for a prolate spheroid with ε = 0.2, a height of

0.1 above the boundary. a) The percentage difference in the principal drags for 16, 32, 48, and

64 azimuthal elements vs a solution with 80 azimuthal elements, showing good convergence. b)

The dimensionless perpendicular component of the drag when the spheroid is pulled away from

the wall, showing corrections using Richardson extrapolation for t = 8/7 with the solutions for 32

and 28 azimuthal elements being used (resulting in a 1.6% error), and t = 12/8 using the more

resolved solutions for 48 and 32 azimuthal elements (resulting in a 0.05% error).

an important role to the dynamics of such bodies.

IV. THE SUITABILITY FOR RESISTIVE-FORCE THEORIES

The above force per unit length representation is suggestive of a resistive-force theory.

These theories estimate the drag on a general filament using the drag per unit length along

a rod [63] and, for filaments in isolation, have errors of O[1/ ln2(2/ε)] from non-local contri-

butions [14]. A resistive force theories for filaments perpendicular to walls would be useful

for modelling swimmers near boundaries with planar or nearly planer motions [1, 46]. These

geometries can be surprisingly common as many biological and artificial microswimmers are

driven towards walls through hydrodynamics forces [64], the kinematics of their motion [5]

or buoyancy effects [46, 53, 65]. In this section we discuss the validity of such a resistive

force theory and demonstrate its use on Purcell’s two-hinged swimmer.
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Figure 5. The drag on a prolate spheroid parallel to a wall for motion in x̂ (a), ŷ (b), and ẑ (c) and

the absolute relative error for each of these direction, (d,e,f) respectively. The absolute relative

error is defined as the modulus of the difference between the numerics and the model divided by

the numerical result. Blue circles correspond to the numerical results with ε = 0.02, orange squares

correspond to numerical results with ε = 0.1 and green diamonds correspond to numerical results

with ε = 0.2. In plots (a,b,c) the solid blue line is the model results for ε = 0.02, the orange dashed

line is the model results with ε = 0.1 and the green dotted line is the model results for ε = 0.2.

Black lines in (b) inset represent the asymptotic lubrication behaviour for a prolate spheroid with

ε = 0.02 (solid), ε = 0.1 (dashed), and ε = 0.2 (dotted) [56].

A. Validity of such a representation

The validity of Eq. (35) for general filaments depends on how such non-local contributions

change the error in each region. In Russel and De Mestre’s model (ie. d� ε) these non-local

factors appear in the integral over the length of the filament [38, 44] and, like the isolated

case, would produce errors of O[1/ ln2(2/ε)]. Recent comparisons of these coefficients to

modern numerical techniques support this [1].

The influence of these non-local factors in the near the wall solution is however less obvi-

ous. In this case the centreline of the filament can be used to define a set of local coordinates

using the the Frenet-Serret formulae [66]. Locally these coordinates are cylindrical and so a

similar expansion of the Stokes equations in powers of ε produces the same leading order so-

lution. However the error on this solution changes due to the additional sources of variation
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Figure 6. a) Schematic representation of a slender Purcell two-hinged swimmer in a plane above a

wall with ρ(s) =
√

1− s2. Graphical dipiction of the swimming stroke described by Eq. (51). c)

Contour plot of the x displacement of the Purcell swimmer in rod lengths with stroke Eq. (51) for

varying thickness, ε, and distance from the wall d.

along the axis of the filament. In this case the Lorentz reciprocal relationship for the force

from the correction flow, Eq. (28), will be modified to account for all the different variations

along the length of the filament. Hence provided that these variations are much smaller

than 1, the near wall leading order solution will remain valid. These estimates indicate that

the matched drag coefficients can be used for a resistive-force theory for filaments in a plane

parallel to a wall, provided there is a slow variation along the length of the slender body.

However these coefficients cannot be used for general filaments by a wall because the local

geometry of the filament changes with the orientation [1, 35].

B. Demonstration with Purcell’s two-hinged swimmer above a wall

The motion of a Purcell two-hinged swimmer moving in a plane above a wall is one case

which could be modelled using these resistance coefficients. This swimmer consists of three

rods placed end to end and the angles between the rods can be varied to generate a stroke [67]
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(Fig. 6a). This swimmer is often considered a simple prototypical swimmer and its motion

has been theoretically studied extensively in an unbounded fluid region using free space

resistive force theories [68–75]. However in the experimental realisations of this swimmer

there are interfaces and walls are typically present [76, 77]. It is therefore interesting to ask

how the presence of walls affect the swimmers motion.

The earlier determined drag coefficients, Eq. (35), allows us to consider a Purcell swimmer

moving in a plane parallel to a single flat wall at all separations (Fig. 6a). Assuming the

swimmer is a distance d above a plane wall at y = 0, the shape of this swimmer can be

parametrised by

r1 =
1

3
{−3− (2 + 3s) cosφ1(t)− cosφ2(t), 3d,−(2 + 3s) sinφ1(t)− sinφ2(t)}, (43)

r2 =
1

3
{3s+ cosφ1(t)− cosφ2(t), 3d, sinφ1(t)− sinφ2(t)}, (44)

r3 =
1

3
{3 + cosφ1(t) + (2 + 3s) cosφ2(t), 3d, sinφ1(t) + (2 + 3s) sinφ2(t)}, (45)

where s is the arclength of each rod, ri is the centreline parametrisation of rod i, φ1(t) and

φ2(t) are the angles between the rods at time t and we have used the Cartesian coordinates

{x, y, z}. In the above we have assumed that the rods are thin and so the swimmers shape

can described by their centrelines. The surface velocity of each rod can therefore be approx-

imated by Vi = ∂tri + U + Ω × ri, where U and Ω = ωŷ are the rigid body linear and

angular velocities velocity. The resistive force formalism then says the force per unit length

along each of these arms is given by

fi = −µ
[
ζ1n̂in̂i + ζ2ŷŷ + ζ3t̂it̂i

]
·Vi, (46)

where the index i goes from 1-3, t̂i = ∂sri, n̂i = ŷ× t̂i. Assuming the swimmer is force and

torque free the rigid body velocities, U and ω, can be found by solving∫ 1

−1
(f1 + f2 + f3) ds = 0, (47)∫ 1

−1
(r1 × f1 + r2 × f2 + r3 × f3) ds = 0, (48)

and the trajectory of the swimmer in the laboratory frame is given by

dx

dt
=


cos θ sin θ 0

− sin θ cos θ 0

0 0 1

 ·U (49)

dθ

dt
= ω (50)
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where θ is the angle between the laboratory frame x axis and the central rod, x(t) =

{X(t), Y (t), Z(t)} is the laboratory frame position. We solve these equations in Mathematica

[78] using a swimming stroke of

{φ1(t), φ2(t)} =



π
4
{2t− 1,−1} 0 < t < 1,

π
4
{1, 2(t− 1)− 1} 1 < t < 2,

π
4
{1− 2(t− 2), 1} 2 < t < 3,

π
4
{−1, 1− 2(t− 3)} 3 < t < 4,

(51)

for varying ε and d (Fig. 6c) with ρ(s) =
√

1− s2. This is the classic Purcell swimming

stroke stoke (graphically shown Fig. 6b) and only creates net motion in the x̂ direction due

to symmetry [67, 68]. In the above stoke t is scaled such that ∂tφi = π/2. The choice of this

parametrisation does not effect the net displacement and only rescales the swim velocity

due to the time-independence and linearity of the Stokes equations [79]. Figure 6c shows

that as the Purcell swimmer gets thinner and closer to the wall its displacement per stroke

increases. This increase is due to the decreasing thickness and wall separation both increase

the drag anisotropy and so promotes larger displacements [68, 80].

V. CONCLUSION

The viscous hydrodynamics of bodies near walls is hard to determine but critical to many

physical systems. Even in the case of a sphere above the wall a simple representation for the

drag which is valid for all separations currently eludes us [30, 31]. In this note we identified

the leading order drag coefficients for a slender rod parallel to a plane wall. Unlike previous

models, this representation is valid for all separations above the wall and was found by

asymptotically matching the behaviour of rods far from and near to the wall. The results of

Russel and De Mestre [38, 44] were used for the drag on a slender rod far above a plane wall

and the two dimensional flow solution of Jeffrey and Onishi [42] was used for the leading

order drag on a rod near a wall. We show the error on the near wall solution to increase

roughly linearly with the separation from the wall. We then showed that these leading order

far and near solutions match in the appropriate limit and so can be combined to produce

a composite representation for the drag per unit length along the rod which is valid for all

separations.
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We then used these coefficients to form a resistive-force theory of a filament perpendicular

to a wall. This resistive force theory could be used to better understand the motion of

biological and artificial microswimmers near walls which use nearly planar swimming strokes.

We demonstrate this with Purcell’s two-hinged swimmer and analysed how the swimmers

speed changed with its distance from the wall.

Though this model can handle arbitrary separations from the wall, it restricts the geom-

etry and requires the filament to be exponentially thin when far from the wall. Effective

models for slender bodies by a plane wall need to release both these restrictions to be ap-

plicable to a large range of problems and is the subject of ongoing work.
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