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Abstract

The viscous drag on a slender rod by a wall is important to many biological and industrial
systems. This drag critically depends on the separation between the rod and the wall and can
be approximated asymptotically in specific regimes, namely far from, or very close to, the wall,
but is typically determined numerically for general separations. In this note we determine an
asymptotic representation of the local drag for a slender rod parallel to a wall which is valid for
all separations. This is possible through matching the behaviour of a rod close to the wall and a
rod far from the wall. We show that the leading order drag in both these regimes has been known
since 1981 and that they can used to produce a composite representation of the drag which is valid
for all separations. This is in contrast to a sphere above a wall, where no simple uniformly valid
representation exists. We estimate the error on this composite representation as the separation
increases, discuss how the results could be used as resistive-force theory and demonstrate their

use on a two-hinged swimmer above a wall.
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I. INTRODUCTION

Viscous flows around slender objects by walls occur in many important microscopic fluid
systems. For example bacteria and spermatozoa swim towards boundaries using filaments
called flagella [1-6], beating hairs called cilia line our airways and help keep them clean [7, 8],
artificial microscopic machines often use fibres and need to navigate tight conditions [9, 10]
and fibre-reinforced plastic machine parts can be created by injection moulding [11, 12].
Though such geometries are common, the flow around slender bodies can often be tricky
to model [13]. This is because the large aspect ratios (length/thickness) of these objects
causes numerical simulations to require a high resolution to accurately capture the flow [1-
3, 12]. Hence asymptotic techniques, called slender-body theories (SBTs), are often used to
simulate these systems [14-19].

Slender-body theories expand the viscous flow around a slender object in terms of the
inverse of the aspect ratio of the body. In this limit, filaments in isolation display two
regions of behaviour: an inner region in which the body behaves like an infinite cylinder and
an outer region in which the body is effectively a line [15]. These regions can be matched
together to solve for the flow and the drag per unit length along the object. This drag per
unit length is determined though an integral equation over the centreline of the body for
algebraically accurate SBTs [15, 17-19] or a set of local drag coefficients for logarithmically
accurate ones [14, 16]. Though less accurate, these local drag coefficient models - often called
resistive-force theories - capture the leading physics and are easy to use. Viscous SBTs have
been successfully used for models of isolated micro-organisms [20-23], dilute suspensions of
rods [24, 25], and the dynamics of secluded elastic fibres [26, 27] and have been extended to

filaments with non-circular cross-sections [16, 28, 29].

The presence of walls complicates the slender body asymptotic expansions by introducing
additional length scales.  Similarly to the viscous models for spheres by walls [30, 31],
SBTs with walls are typically restricted to distinct regimes and configurations [32-35]. For
example there have been several studies of rods exactly half way between parallel plane walls
[36-38] but, to the author’s knowledge, none at general separations [39]. This issue is also
present in the simple case of rod by a single plane wall. In this case there exists asymptotic
solutions in the limit that the separation is much larger then all lengths of the rod [35, 40], the
separation is much larger than the thickness of the rod but much smaller than the length [37]
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and the separations is of order of the thickness [41, 42]. Furthermore each of these solutions
were found using different asymptotic techniques; Brenner used the method of reflections to
determine the drag when the separation is much larger than all lengths of the rod [40], Katz
et al. represented the body as a line of point forces above a wall [43] to determine the drag
when the separation is larger than the thickness but smaller than the length [37], and Jeffrey
and Onishi used lubrication arguments to determine the flow when an infinite cylinder is
very close to the wall [42]. Russel and De Mestre later showed that the model of Katz et
al. could be extended to capture the results of Brenner [38, 44] but as yet no asymptotic
representation exists that bridges all the separations. However such representations are still
greatly desired for the modelling of microscopic swimmers near surfaces (biological and
artificial) [1, 3, 23, 45-47], the dynamics of colloids [35], microcantilevers by walls [27] and
the sedimentation of rods [24, 48-52].

In this note we find a representation of the local drag per unit length for a slender rod
parallel to a wall which is valid for all separations. Unlike the equivalent representations
for a sphere by a wall [30, 31], this representation of the local drag on a rod does not
involve infinite summations or issues with convergence in certain limits. This representation
is produced by asymptotically matching Russel and De Mestre’s solution for a rod far from a
wall to Jeffrey and Onishi’s solution for an infinite cylinder by a wall. We use the matching
formalism to determine the error on the infinite cylinder solution and therefore show that the
error on the local drag increases towards an asymptotic value as the separation between the
wall and rod increases. We compare these results with numerical solutions, before discussing
if the drag coefficients would be suitable to create a resistive-force theory. Such a resistive
force theory could be used to help understand the planar swimming of spermatozoa [1] or
the dynamics of artificial micro-swimmers which have sunk to the bottom surface [46, 53].
Finally we demonstrate this resistive force theory on Purcell’s two-hinged swimmer, before

concluding the note.

II. GEOMETRY OF A ROD PARALLEL TO A WALL

In this note we consider a slender cylindrical rod parallel to a plane wall located at y = 0.
In a Cartesian coordinates system, {z,y, z}, with the major axis of the rod aligned with the

z direction and the centre of the rod located {0, d,0} above the wall, the surface of this rod
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Figure 1. Schematic representation of a slender rod above a wall at y = 0 with p(s) = 1. The wall
is coloured green and the rod is yellow. The origin of the frame is located in the wall while the
centre of the rod is a distance d above the origin in the y direction (blue vector). A point along

the centreline of the rod is given by sz (purple) and the thickness of the rod is 2ep(s) (red).

can be parametrised by
S(s,0) = {ep(s) cos B, ep(s)sinf + d, s} (1)

where s € [—1, 1] is the arclength, € is maximal radius of the rod, # determines the location
on the surface at a given cross-section, and ep(s) € [0, €] determines the cross-sectional radius
along the length (Fig. 1). This parametrisation corresponds to a slender body in the limit
€ < 1 and a slender rod when p(s) = 1. The equations derived apply in this rod limit,
away from the ends, but we will leave p(s) arbitrary as it proves useful for estimations of

the error.

III. THE LOCAL DRAG ON A ROD PARALLEL TO A PLANE WALL

The drag on a rod parallel to a plane wall critically depends on the separation distance,
d. This is because the asymptotic flow around a slender rod has two regions of behaviour:
an inner region in which the rod looks like an infinite cylinder and an outer region in which
the rod appears as a line [15, 17, 19]. Hence if the distance from the wall is much larger than

the thickness of the rod, the wall only contributes to the outer region of the flow, while if d
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is a similar order to the thickness the wall contributes to the entire flow. The behaviour in
each of these cases must therefore be treated separately and then asymptotically matched

to create a solution valid for all separations.

A. Drag on a rod far from the wall

When the distance from the wall is much greater than the radius of the filament, d > e,
the wall changes the outer flow around the rod. In the outer region an isolated rod looks like
a straight line and the flow behaves as a line of point forces [15, 16]. Russel and De Mestre
extended this representation to include the wall by replacing the point forces with point
forces by a wall [43] and expanding the resultant flow in the small € and €/d limits [38, 44].
This expansion was adapted from Batchelor’s work on rods with arbitrary cross-sections
[16] and produced an integral equation for the drag per unit length along the body. This
drag per unit length on the rod was then expanded in powers of 1/1n(2/¢) and the leading
order behaviour determined. They found that the drag per unit length on the filament to
O[1/1n*(2/€)] was given by

£/(s) = —n [cfxx+ L35 + {23] - UGs) 2)
where
i = °r 3)
U In[4(1 — s2)/e2p2(s)] + 1 — Ey(s) — 2Ey(s)’

i = o (1)

2 In[4(1 — s2)/e2p2(s)] + i— E1(s) — 8Fs(s) + 2E5(s)’
@ S A=) — 1= Bi(s) + Ba(s) + Balo)’ ®)
E1(s) = asinh <%> + asinh (12_d5) (6)

1+s 1-—s

Bals) = 4/ (1 + 5)2 4 4d? " 4y/(1 = 5)% + 4d?’ g
Es(s) = (1+5s) (1—s) (8)

A[(1+ )2 +4d?P2  4[(1 — 5)% + 4d?]3/*

In the above the superscript f is used to denote the solution when d > €, asinh z is the
inverse of sinhz and (;, (s and (3 are the local drag coefficients in x, y and z, respectively.

We note that the typographic errors in Ref. [44] (see Ref. [33]) have been corrected above.
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The total force on the body from the fluid is then

F/ = /1 f7(s) ds, 9)

1

however, no closed form exists that captures both the limits d — oo and d — € [54]. These
results limit to the near drag coefficients derived by Katz et al. [37] as d — € and far drag
coefficients of Brenner [40] when d > 1. Experiments have also shown that the drag on a rod
approaching a plane wall is accurately described by ¢J for d > 3¢ [54]. This demonstrates
the effectiveness of the representation over all d > e.

Though these coefficients are very effective, the dominator of ({ , goes to zero for d ~ ee/2.
Hence g{ , only applies if d 2 ee/2 while the coefficients Q{ "and (?’: " are well-behaved for all
d > €. This is mostly likely a reflection of the stronger singularity experienced for the rod
approaching the wall rather than moving perpendicular to it. It is possible to overcome this
issue by adding a function to the dominator which is smaller than the expansion order of
the term. Though only necessary for C{ ’, it will become apparent that these small functions

will help us simplify the matched form and so we include them in all three far coefficients as

8
G WA =) @) T 1= Br(s) — 2Ba(s) + 2gilep(a)/d] (10)
1
@ = WA )R 1 Fie) ~SEA) + 3B0) + Tl 1
f - T
G = WA =) 2R~ 1= B(s) T Bal) + Bols) Fomlep(yd D
(13)

where the g;[ep(s)/d] are small functions to be determined through matching the solutions.
We assume that g;[ep(s)/d] = O(e/d) or smaller and so its contribution to the total drag
coefficient is at most O(e/d), which in the limit d > € is much smaller than the accuracy
of the expansion, O[1/1n*(2/¢)]. Hence the addition of these functions do not significantly
change the order of the expansion or the accuracy of the results in its region. The accuracy

of this assumption will be checked in the matching.

B. Drag on rods near a wall

When the distance from the wall is similar to the radius of the rod, d ~ ¢, the wall

influences the entire flow. In this limit = and y scales with e, and z scales with 1. As a
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result, the Stokes equations can be asymptotically expanded in terms of a power series in .
This expansion separates the flow and derivatives along the rod’s axis, w and 9., from the
flow and derivatives perpendicular to it, u; = {u,v} and V, = {0,,0,}, thereby making

the problem two dimensional. Specifically if the flow u = {u, v, w} is expanded as

u=u®+eu® ... (14)
p= p(O) + Ep(l) +e (15)
the equations for u(®) become
v, -ul =o, (16)
Viu(f) —v.p =o, (17)
Viw® =0, (18)

with the boundary conditions
u® (p(s) cos, p(s)sinf +d/e,s) =U, u®(y=0=0, u® (x| >00)=0. (19)

These equations describe the two dimensional flow around an infinite cylinder of radius
p(z = s) a distance d/e above a plane wall. Jeffrey and Onishi [42] solved these equations
for motion perpendicular to z, Egs. (16) and (17), using bipolar coordinates. We omit the

full flow for brevity but note that the pressure is

0 _ pnV 5 ho — 3 2 cos S cosh(a — ap) — cos2f cosh(2ac — o)
D a(on — tanhay) [ cos [ cosh + e
U
ac, sinha, /:inh o [2 cosh a cosh g sin f — cosh(2a — o) sin 23] , (20)

where U = {U,V,W}, a; = In [(d—l— V% — 62p2(z))/ep(z)] , tanh o = 2ay/(z? + y? + a?),
tan 8 = —2az/(2? + y* — a®) and a® = (d/e)* — p*(z). This pressure will be needed to
estimate the error on the leading solution. Similarly the out of plane motion can also be

solved using bipolar coordinates [55] to find

w® = (21)
631

and the drag per unit length on the body from these flows are



where

41 4 2
(1 aq ) CQ ap — tanh ay ) C3 aq ) ( )

=1In [(d +4/d? — esz(z))/Gp(z)} , and the superscript n indicates the d ~ € region. Again
the total force is determined by the integration of this result. These coefficients produce the
correct lubrication behaviour as d — € [41, 42].

The error on these coefficients can be estimated from the u® flow. This flow satisfies

v, -ul) = - (24)
Viu(f) —v.pM =o, (25)
Vie" =p, (26)

with all the boundaries held stationary. These equations describe the two dimensional
viscous flow around an infinite cylinder in the presence of a plane wall with sources of
fluid. The force on the body from this flow can be determined using the Lorentz reciprocal
relationship [30]. This relationship relates any two flows that share the same domain and

takes the form

//(U.J/.n_u/.a.n) dS:///[pV-u’—p’V-u+u-(V-a’)—u’-(v-a)] dV

(27)
where the primed and unprimed variables denote different flows with 0 constant background
pressure, o is the fluid stress, the surface integrals are taken over all the boundaries and
the volume integrals are taken over the entire fluid. If we set, u = u®, and u’ = uV, this

relationship becomes

U-FO = / / / PO — pDw] av + O(e), (28)

where F(U is the total force on the rod from the correction flow. The boundary condition
that the fluid goes to rest as [x| — oo ensures that p(® and w(® decay sufficiently to enable
this integral to converge. This integral shows that force on the rod from the O(¢) flow scales
with 0, (p@w®)dV. Hence the total drag from the next order flow is roughly

eF) =0 <dpl(z)3) (29)

p(z)aq

where we have used 0,c; = —dp'(2)/ep(z)a and that the pressure, p®, scales with 1/aay,

the axial velocity, w®, scales with 1/a; and the cross-sectional volume element, dV/, scales
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with a?. We note that the total drag at O(e) also includes contributions from the out of plane
components of the normal director on the rods surface. The above estimate shows that the
inner region expansion error scales with p/(z) (or any other variation in the geometry with
z). Hence this error is minimal near the centre of a rod parallel to a wall. However near the
ends of any slender body this variation is likely to be very large. Provided these regions of
high variation occur over a small fraction of the whole rod, their total contribution to the

drag remains small and so the errors can be ignored.

This estimate of the error also suggests a non-monotonic dependence on d. This is
because a; — v/d — € as d — € and oy — log(d/e) as d/e — oco. Hence as d/e increases the
drag grows almost linearly while as d — ¢ the the error grows roughly as dp'(2)(d — €)~3/2.
This complex behaviour with d reflects the different hydrodynamic behaviours present in
the problem. As d increases the initial assumptions underlying this expansion region break
down and the total length of the rod becomes significant, hence generating an error with
increasing d. Conversely, as the body gets close to the wall, the lubrication singularity makes
the local geometry critical [56]. For an infinite cylinder approaching a wall the lubrication

—3/2

singularity goes as (d — ¢) while for a sphere it goes as (d —€)~'. Hence these coefficients

can have a large errors close to the wall if the body is not approximately a rod.

C. The common behaviour

The different region solutions can be matched together if they share the same behaviour
in an overlapping region. This overlap is found by considering the drag coefficients for a rod
far from the wall in the limit d — € and the drag coefficients for a rod near to a wall in the

limit d/e — oco. In both these limits the drag coefficients become

47

G = W Rdfep() ol (30)
@ = I dfep(s)] 1+ galep()/d] (31
e l (32)

3 " In 12d/ep(s)] + g3[ep(s)/d]’
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where the superscript ¢ above denotes the common behaviour and the expansion of the

inner solution in the limit d/e — oo reveals

o () =0 (%)

= | 5] (32)

% (€p§3)> = (a; — tanh o) — (111 Lj(’i)} - 1) . (34)

The relative size of these g;[ep(s)/d] functions can be determined using Taylor series to find

gilep(s)/d] = O(e?/d?) for every i. Hence, these functions are smaller than the expansion
order in the far from wall region as per our initial assumption. Importantly this is only
possible because the leading contributions from Dr Mestre [38, 44] and Jeffrey and Onishi
[42] match in these limits. Without this condition we would have found g;[ep(s)/d] = O(1)
which is inconstant with our initial assumptions. The from of these leading contributions
can be found if by dropping the g;[ep(s)/d] functions and are the resistance coefficients found
by Katz et al. [37]. Since both these limits are the same, the two solutions match and a
composite representation of the drag can be formed [57]. We note that the matching of the
(o coefficients, without the g;[ep(s)/d] functions, was previously observed by Trahan and
Hussey when they compared the different models to experiments of a rod falling towards a

wall [54].

D. A representation of the local drag which is valid for all separations

Since the drag coefficients match in the suitable limits, a composite representation for
the drag per unit length which is valid for all separations can be created by adding the far
and near behaviours together and subtracting off the common behaviour (f ~ f/ 4 f* — £¢)
[57]. Hence the force per unit length on a rod parallel to a plane wall can be asymptotically

represented by

f(s) = —p [(XX + GyY + G22] - U(s) (35)
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where

8

= In[(1—s2)/d?]+1— Ei(s) — 2E5(s) + 2ay’ (36)
8

G2 = In[(1 —s2)/d?| + 3 — E1(s) — 8F(s) + 2E3(s) + 2(a; — tanh o)’ (37)

6= = )

In[(1—s2)/d?] — 1 — E1(s) + Es(s) + E3(s) + 2oy’

we have substituted in the g;[ep(s)/d] functions, used oy = In [(d + \/mvep(z)}
and simplified the equations. From the above we see that through including the g;[ep(s)/d]
functions, the near wall and the common behaviour cancel, leaving a single set of coefficients.
The leading order drag on a rod parallel to a plane wall at any separation is therefore

F / CE(s) ds. (39)

1

Again no closed form exists for the net drag that bridges all configurations without further
approximations [54]. These drag coefficients apply in the limit of a slender rod, p(s) = 1.
Hence in order to apply to non-rod like bodies we require p’(z) to be small. For simple
shapes, like prolate spheroids where p(s) = V/1 — s2, this condition is often met away from
the ends of the body. Hence the total drag from a prolate spheroid could be estimated using
these coefficients provided the regions of high variation is small relative to the entire length.
Interestingly around d ~ 1 the error on the near and far region both scale as 1/log®(2/e).
Hence the error on these coefficients appears to increase to O[1/log®(2/€)] as the separation

increases.

E. Comparison with established limits and numerical simulations

The behaviour of the matched resistance coefficients, Eqgs. (36), (37) and (38), visibly
approaches the well-established limiting behaviour of a rod above a wall in the different
respective regions (Fig. 2). At small separations from the wall and small €, the coefficients
are seen to closely replicate the lubrication behaviour on the rod, while for small ¢ and larger
d, the far-field behaviour matches better; this behaviour is by construction. However, the
plots also reveal that for € ~ 0.1 and d close to the wall, in the matched coefficients there
is over 20% error with both of the established limiting behaviours. This indicates that the

model breaks down in this region, and so the matched representation is no longer accurate.
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Figure 2. Contour plots of the absolute relative difference between the matched drag coeffi-
cients and the limiting behaviours for a rod (p(s) = 1). a) ‘f_ll(gl —C{/)ds/ f_ll C{/ ds‘, b)
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, €)

Given € ~ 0.1 is typically considered to beyond the accuracy of most local drag models, this

behaviour is to be expected.

The accuracy of the matched representation for drag can be further investigated via
comparison with numerical simulation of a translating prolate spheroid above a no-slip
boundary. Simulations were performed via a constant panel single-layer Boundary Element
Method (BEM) with a kernel given by a regularised Blakelet [58]. Briefly, we begin by
constructing a quadratic triangular mesh of a prolate spheroid by projecting a regular mesh
of a cuboid, of the same aspect ratio, onto prolate spheroidal coordinates. This produces
a high-quality mesh with relatively uniform element areas (Fig. 3). We then specify the
velocity of the spheroid u(y,,) at the centroids y,, of each of the N elements S,_; n of

the meshed surface S. The unknown force per unit area f,, is approximated as constant over
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each element, so that our task is to find a solution to the integral equation,

1 N

u(ym) = % f, / B‘S(ym,x) dSy. (40)
n=1 n

where the regularised Blakelet tensor, originally found by Ainley et al., but containing a
minor typographical error [59], is given by Smith [58]. The integrals of regularised Blakelets
over each element are performed via adaptive Fekete quadrature [60], with 10 points for
n # m and 190 points for the nearly singular integrals n = m. Simulations are normalised
such that the minor semi-axis of the spheroid is 1, and the regularisation parameter for the

Blakelets § = 1/50. The total drag in any given direction is then given by

N
F = an/s dSy, (41)
=1 n

namely, multiplying the forces by the element areas and summing. This method is accurate,
and converges rapidly. The convergence of our code is examined for a prolate spheroid with
e = 0.2 a distance d = 0.1 from the boundary (the closest approach modelled) in Fig. 4.
Panel (a) shows the percentage change between subsequent mesh refinements for 16, 32, 48,
64, and 80 elements in the azimuthal direction, corresponding to a range of 832 to 18240
elements in total, with run times ranging from 2 to 840 seconds on a Lenovo Thinkstation
with an Intel Xeon W-3265 2.7GHz CPU and 128GB of RAM. The worst errors occur for
the perpendicular component of a spheroid being pulled away from the surface, and the
percentage change in the value of this drag between 64 and 80 azimuthal elements is 0.16%,
indicating that we have reached convergence.

However, such high azimuthal resolution quickly becomes computationally impractical for
more slender objects, as doubling the slenderness doubles the number of elements, increasing
the memory requirements for storing the dense matrix for the linear system by a factor of
4, and the solution time approximately by a factor of 8. As such, for any given simulation,
we take a different approach whereby we run two relatively coarse discretisations, and then
perform Richardson extrapolation (used recently by [61] to decrease the regularisation error
of the method of regularised stokeslets [62]), on the outputs of the two simulations to increase
the accuracy of our solution to within an acceptable tolerance of the converged solution.
Richardson extrapolation is viable, because we know the order of convergence of our results:

in our case, the total drag is a two-dimensional surface integral of the tractions, which is
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Figure 3. Perpendicular component of the force per unit area on the underside of a prolate spheroid
being pulled away from a wall, in dimensionless units. The azimuthal mesh resolution is 32 elements
(3072 elements total), and € = 0.2. The left spheroid is at a height of 1 above the boundary, while

the right spheroid is at a height of 0.1, showing the rapid azimuthal variation in the force per unit

area for spheroids close to the boundary. The computational mesh is outlined in grey.

calculated (via the constant panel method) by a 2D mid-point rule, which converges as h*
for element length h. Therefore, for all spheroids and distances to the wall we run our
simulations for 28 and 32 azimuthal elements, producing values F’ 2{28} and F! ;{32}, from which
we obtain the new approximation,

t4FZ{32} . Fz{28}
T

FR , for t=28/7. (42)

This approximation is within 1.6% of the converged solution for a prolate spheroid with
€ = 0.2 at a height of 0.1 above the boundary, as shown in Fig. 4b. Though better results
can be obtained using F 2{48} and F,;{32}, we deem this sufficiently accurate for the purposes
of validating our asymptotic approach.

Figures 5(a,b,c) plot the force on the prolate spheroid in each direction as predicted by
Egs. (36), (37) and (38) together with the results from the BEM simulations. Visually
the model closely replicates the numerical for small ¢ but starts to differ as € gets larger.
This behaviour is confirmed by the absolute relative error (Fig. 5d,e,f). Furthermore the
error on the model is seen to increase as d decreases. This is because of the lubrication
singularities in the drag of a prolate spheroid by a wall differs to that of a rod (which
the coefficients model).  This effect is visible by comparing the model to the asymptotic
lubrication behaviour of a prolate spheroid (Fig. 5b) inset black lines) [56]. In the close
region the slope of the model differs to that of the lubrication model, indicating different
singularity behaviour. The numerical results, however, agree with the asymptotic lubrication
results in this region. Even with these differences however the relative error is typically 10%
for e = 0.2, less than 5% for e = 0.1, and less than 1% for e = 0.02. This is surprisingly

accurate for a local drag representation, as long range hydrodynamic interactions often play
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Figure 4. Convergence of the drag calculations, for a prolate spheroid with ¢ = 0.2, a height of
0.1 above the boundary. a) The percentage difference in the principal drags for 16, 32, 48, and
64 azimuthal elements vs a solution with 80 azimuthal elements, showing good convergence. b)
The dimensionless perpendicular component of the drag when the spheroid is pulled away from
the wall, showing corrections using Richardson extrapolation for ¢ = 8/7 with the solutions for 32
and 28 azimuthal elements being used (resulting in a 1.6% error), and ¢ = 12/8 using the more

resolved solutions for 48 and 32 azimuthal elements (resulting in a 0.05% error).

an important role to the dynamics of such bodies.

IV. THE SUITABILITY FOR RESISTIVE-FORCE THEORIES

The above force per unit length representation is suggestive of a resistive-force theory.
These theories estimate the drag on a general filament using the drag per unit length along
a rod [63] and, for filaments in isolation, have errors of O[1/In*(2/¢)] from non-local contri-
butions [14]. A resistive force theories for filaments perpendicular to walls would be useful
for modelling swimmers near boundaries with planar or nearly planer motions [1, 46]. These
geometries can be surprisingly common as many biological and artificial microswimmers are
driven towards walls through hydrodynamics forces [64], the kinematics of their motion [5]
or buoyancy effects [46, 53, 65]. In this section we discuss the validity of such a resistive

force theory and demonstrate its use on Purcell’s two-hinged swimmer.
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Figure 5. The drag on a prolate spheroid parallel to a wall for motion in %X (a), ¥ (b), and Z (c) and
the absolute relative error for each of these direction, (d,e,f) respectively. The absolute relative
error is defined as the modulus of the difference between the numerics and the model divided by
the numerical result. Blue circles correspond to the numerical results with e = 0.02, orange squares
correspond to numerical results with ¢ = 0.1 and green diamonds correspond to numerical results
with e = 0.2. In plots (a,b,c) the solid blue line is the model results for e = 0.02, the orange dashed
line is the model results with ¢ = 0.1 and the green dotted line is the model results for ¢ = 0.2.
Black lines in (b) inset represent the asymptotic lubrication behaviour for a prolate spheroid with

€ =0.02 (solid), € = 0.1 (dashed), and € = 0.2 (dotted) [56].

A. Validity of such a representation

The validity of Eq. (35) for general filaments depends on how such non-local contributions
change the error in each region. In Russel and De Mestre’s model (ie. d >> €) these non-local
factors appear in the integral over the length of the filament [38, 44] and, like the isolated
case, would produce errors of O[1/1n*(2/¢)]. Recent comparisons of these coefficients to

modern numerical techniques support this [1].

The influence of these non-local factors in the near the wall solution is however less obvi-
ous. In this case the centreline of the filament can be used to define a set of local coordinates
using the the Frenet-Serret formulae [66]. Locally these coordinates are cylindrical and so a
similar expansion of the Stokes equations in powers of € produces the same leading order so-

lution. However the error on this solution changes due to the additional sources of variation
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Figure 6. a) Schematic representation of a slender Purcell two-hinged swimmer in a plane above a
wall with p(s) = v/1 — s, Graphical dipiction of the swimming stroke described by Eq. (51). c)
Contour plot of the z displacement of the Purcell swimmer in rod lengths with stroke Eq. (51) for

varying thickness, €, and distance from the wall d.

along the axis of the filament. In this case the Lorentz reciprocal relationship for the force
from the correction flow, Eq. (28), will be modified to account for all the different variations
along the length of the filament. Hence provided that these variations are much smaller
than 1, the near wall leading order solution will remain valid. These estimates indicate that
the matched drag coefficients can be used for a resistive-force theory for filaments in a plane
parallel to a wall, provided there is a slow variation along the length of the slender body.
However these coefficients cannot be used for general filaments by a wall because the local

geometry of the filament changes with the orientation [1, 35].

B. Demonstration with Purcell’s two-hinged swimmer above a wall

The motion of a Purcell two-hinged swimmer moving in a plane above a wall is one case
which could be modelled using these resistance coefficients. This swimmer consists of three

rods placed end to end and the angles between the rods can be varied to generate a stroke [67]
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(Fig. 6a). This swimmer is often considered a simple prototypical swimmer and its motion
has been theoretically studied extensively in an unbounded fluid region using free space
resistive force theories [68-75]. However in the experimental realisations of this swimmer
there are interfaces and walls are typically present [76, 77]. It is therefore interesting to ask
how the presence of walls affect the swimmers motion.

The earlier determined drag coefficients, Eq. (35), allows us to consider a Purcell swimmer
moving in a plane parallel to a single flat wall at all separations (Fig. 6a). Assuming the
swimmer is a distance d above a plane wall at y = 0, the shape of this swimmer can be

parametrised by
1
r, = g{—?) — (24 3s) cos 1 (t) — cos Pa(t),3d, —(2 4 3s) sin ¢y () — sin ()},  (43)
1
ry = 5{33 + cos ¢y (t) — cos ¢a(t), 3d, sin ¢y (t) — sin ¢o(t) }, (44)
1
r; = 5{3 + cos 1 (t) + (2 4 3s) cos pa(t), 3d, sin p1(t) + (2 + 3s) sin (1) }, (45)
where s is the arclength of each rod, r; is the centreline parametrisation of rod 7, ¢;(¢) and
¢o(t) are the angles between the rods at time ¢ and we have used the Cartesian coordinates
{z,y,z}. In the above we have assumed that the rods are thin and so the swimmers shape
can described by their centrelines. The surface velocity of each rod can therefore be approx-
imated by V; = or; + U 4+ Q X r;, where U and 2 = wy are the rigid body linear and

angular velocities velocity. The resistive force formalism then says the force per unit length

along each of these arms is given by
f; = —p [Giy; + Yy + C3£i£i:| Vi, (46)

where the index i goes from 1-3, t; = d,r;, fi; = § x t;. Assuming the swimmer is force and

torque free the rigid body velocities, U and w, can be found by solving

1
/ (fl + fg + fg) ds = 0, (47)

1

1
/ (r1 X f; + 1y x f5 +r3 x f3) ds =0, (48)

1
and the trajectory of the swimmer in the laboratory frame is given by

cosf sinf 0

dx

i —sinf cosf 0 | -U (49)
0 0 1

do
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where 6 is the angle between the laboratory frame z axis and the central rod, x(t) =
{X(t),Y(t), Z(t)} is the laboratory frame position. We solve these equations in Mathematica

[78] using a swimming stroke of

2t —1,-1} 0<t<l,
L2t -1) -1} 1<t<2,
Hr—-2(t-2),1} 2<t<3,
(T, 1-2(t-3)} 3<t<4,

{01(1), d2(t)} = (51)

for varying e and d (Fig. 6¢) with p(s) = v/1 —s2.  This is the classic Purcell swimming
stroke stoke (graphically shown Fig. 6b) and only creates net motion in the X direction due
to symmetry [67, 68]. In the above stoke ¢ is scaled such that dy¢; = w/2. The choice of this
parametrisation does not effect the net displacement and only rescales the swim velocity
due to the time-independence and linearity of the Stokes equations [79]. Figure 6¢ shows
that as the Purcell swimmer gets thinner and closer to the wall its displacement per stroke
increases. This increase is due to the decreasing thickness and wall separation both increase

the drag anisotropy and so promotes larger displacements [68, 80].

V. CONCLUSION

The viscous hydrodynamics of bodies near walls is hard to determine but critical to many
physical systems. Even in the case of a sphere above the wall a simple representation for the
drag which is valid for all separations currently eludes us [30, 31]. In this note we identified
the leading order drag coefficients for a slender rod parallel to a plane wall. Unlike previous
models, this representation is valid for all separations above the wall and was found by
asymptotically matching the behaviour of rods far from and near to the wall. The results of
Russel and De Mestre [38, 44] were used for the drag on a slender rod far above a plane wall
and the two dimensional flow solution of Jeffrey and Onishi [42] was used for the leading
order drag on a rod near a wall. We show the error on the near wall solution to increase
roughly linearly with the separation from the wall. We then showed that these leading order
far and near solutions match in the appropriate limit and so can be combined to produce
a composite representation for the drag per unit length along the rod which is valid for all

separations.
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We then used these coefficients to form a resistive-force theory of a filament perpendicular
to a wall. This resistive force theory could be used to better understand the motion of
biological and artificial microswimmers near walls which use nearly planar swimming strokes.
We demonstrate this with Purcell’s two-hinged swimmer and analysed how the swimmers

speed changed with its distance from the wall.

Though this model can handle arbitrary separations from the wall, it restricts the geom-
etry and requires the filament to be exponentially thin when far from the wall. Effective
models for slender bodies by a plane wall need to release both these restrictions to be ap-

plicable to a large range of problems and is the subject of ongoing work.

ACKNOWLEDGMENTS

LK has received funding from the Australian Research Council (ARC) under the Discov-
ery Early Career Research Award scheme (grant agreement DE200100168) and Macquarie
University’s new staff grant. T.D.M.-J. gratefully acknowledges support from a Leverhulme
Trust Research Leadership Award. The authors also thank Maciej Lisicki and Geordie

McBain for useful discussions and advice.

[1] B.J. Walker, K. Ishimoto, H. Gadélha, and E. A. Gaffney, “Filament mechanics in a half-space
via regularised Stokeslet segments,” J. Fluid Mech., vol. 879, p. 808, 2019.

[2] D. J. Smith, E. A. Gaffney, J. R. Blake, and J. C. Kirkman-Brown, “Human sperm accumu-
lation near surfaces: a simulation study,” J. Fluid Mech., vol. 621, p. 289, 2009.

[3] D. Das and E. Lauga, “Computing the motor torque of Escherichia coli,” Soft Matter, vol. 14,
p. 5955, 2018.

[4] S. Spagnolie and E. Lauga, “Hydrodynamics of self-propulsion near a boundary: predictions
and accuracy of far-field approximations,” J. Fluid Mech., vol. 700, p. 105, 2012.

[5] S. Bianchi, F. Saglimbeni, and R. Di Leonardo, “Holographic Imaging Reveals the Mechanism
of Wall Entrapment in Swimming Bacteria,” Phys. Rev. X, vol. 7, p. 011010, 2017.

[6] K. Ishimoto and E. A. Gaffney, “A study of spermatozoan swimming stability near a surface,”

J. Theor. Biol., vol. 360, p. 187, 2014.

20



[7]

[10]

[11]

[14]

[15]

[18]

[19]

S. M. Vanaki, D. Holmes, S. C. Saha, J. Chen, R. J. Brown, and P. G. Jayathilake, “Muco-
ciliary clearance: A review of modelling techniques,” J. Biomech., vol. 99, p. 109578, 2020.
P. Cicuta, “The use of biophysical approaches to understand ciliary beating,” Biochem. Soc.
Trans., vol. 48, p. 221, 2020.

K. Lippera, M. Morozov, M. Benzaquen, and S. Michelin, “Collisions and rebounds of chemi-
cally active droplets,” J. Fluid Mech., vol. 886, p. A17, 2020.

H.-W. Huang, F. E. Uslu, P. Katsamba, E. Lauga, M. S. Sakar, and B. J. Nelson, “Adaptive
locomotion of artificial microswimmers,” Sci. Adv., vol. 5, p. eaaul532, 2019.

M. R. Sanjay, P. Madhu, M. Jawaid, P. Senthamaraikannan, S. Senthil, and S. Pradeep, “Char-
acterization and properties of natural fiber polymer composites: A comprehensive review,” J.
Clean. Prod., vol. 172, p. 566, 2018.

M. Yamanoi and J. M. Maia, “Analysis of rheological properties of fibre suspensions in a
Newtonian fluid by direct fibre simulation. Partl: Rigid fibre suspensions,” J. Non-Newton
Fluid, vol. 165, p. 1055, 2010.

P. M. Reis, F. Brau, and P. Damman, “The mechanics of slender structures,” Nat. Phys.,
vol. 14, p. 1150, 2018.

R. G. Cox, “The motion of long slender bodies in a viscous fluid Part 1. General theory,” J.
Fluid Mech., vol. 44, p. 791, 1970.

J. Lighthill, “Flagellar Hydrodynamics: The John von Neumann Lecture, 1975, SIAM Re-
view, vol. 18, p. 161, 1976.

G. K. Batchelor, “Slender-body theory for particles of arbitrary cross-section in Stokes flow,”
J. Fluid Mech., vol. 44, p. 419, 1970.

J. B. Keller and S. I. Rubinow, “Slender-body theory for slow viscous flow,” J. Fluid Mech.,
vol. 75, p. 705, 1976.

R. E. Johnson, “An improved slender-body theory for Stokes flow,” J. Fluid Mech., vol. 99,
p. 411, 1979.

L. Koens and E. Lauga, “The boundary integral formulation of Stokes flows includes slender-
body theory,” J. Fluid Mech., vol. 850, p. R1, 2018.

M. Kim and T. Powers, “Hydrodynamic interactions between rotating helices,” Phys. Rev. E,

vol. 69, p. 061910, 2004.

21



[21]

[22]

23]

[24]

32]

[33]

L. Koens and E. Lauga, “The passive diffusion of Leptospira interrogans,” Phys. Biol., vol. 11,
p. 066008, 2014.

M. Myerscough and M. Swan, “A model for swimming unipolar spirilla.,” J. Theor. Biol.,
vol. 139, p. 201, 1989.

J. Yang, G. Huber, and C. W. Wolgemuth, “Forces and Torques on Rotating Spirochete
Flagella,” Phys. Rev. Lett., vol. 107, p. 268101, 2011.

A. Tornberg and K. Gustavsson, “A numerical method for simulations of rigid fiber suspen-
sions,” J. Comput. Phys., vol. 215, p. 172, 2006.

E. Nazockdast, A. Rahimian, D. Zorin, and M. Shelley, “A fast platform for simulating semi-
flexible fiber suspensions applied to cell mechanics,” J. Comput. Phys., vol. 329, p. 173, 2017.
B. Chakrabarti, Y. Liu, J. LaGrone, R. Cortez, L. Fauci, O. du Roure, D. Saintillan, and
A. Lindner, “Flexible filaments buckle into helicoidal shapes in strong compressional flows,”
Nat. Phys., p. 1, 2020.

R. Clarke, O. Jensen, J. Billingham, and P. Williams, “Three-dimensional flow due to a
microcantilever oscillating near a wall: an unsteady slender-body analysis,” P Roy. Soc. A-
Math. Phys., vol. 462, p. 913, 2006.

L. Koens and E. Lauga, “Slender-ribbon theory,” Phys. Fluids, vol. 28, p. 013101, 2016.

N. S. Borker and D. L. Koch, “Slender body theory for particles with non-circular cross-
sections with application to particle dynamics in shear flows,” J. Fluid Mech., vol. 877, p. 1098,
2019.

S. Kim and S. J. Karrila, Microhydrodynamics: Principles and Selected Applications. Boston:
Courier Corporation, 2005.

D. J. Jeffrey and Y. Onishi, “Calculation of the resistance and mobility functions for two
unequal rigid spheres in low-Reynolds-number flow,” Journal of Fluid Mechanics, vol. 139,
p- 261, 1984.

E. Barta and N. Liron, “Slender Body Interactions for Low Reynolds Numbers—Part I: Body-
Wall Interactions,” SIAM J. Appl. Math., vol. 48, p. 992, 1988.

C. Brennen and H. Winet, “Fluid Mechanics of Propulsion by Cilia and Flagella,” Annu. Rev.
Fluid Mech., vol. 9, p. 339, 1977.

S.-M. Yang, , and L. G. Leal, “Particle motion in Stokes flow near a plane fluid fluid interface.

Part 1. Slender body in a quiescent fluid,” J. Fluid Mech., vol. 136, p. 393, 1983.

22



[35]

[36]

[37]

[38]

[43]

[44]

[47]
[48]

[49]

M. Lisicki, B. Cichocki, and E. Wajnryb, “Near-wall diffusion tensor of an axisymmetric
colloidal particle,” J. Chem. Phys., vol. 145, p. 034904, 2016.

Y. Takaisi, “Note on the Drag on a Circular Cylinder moving with Low Speeds in a Viscous
Liquid between Two Parallel Walls,” J. Phys. Soc. Japan, vol. 11, p. 1009, 1956.

D. F. Katz, J. R. Blake, and S. L. Paveri-Fontana, “On the movement of slender bodies near
plane boundaries at low Reynolds number,” J. Fluid Mech., vol. 72, p. 529, 1975.

N. J. de Mestre, “Low-Reynolds-number fall of slender cylinders near boundaries,” J. Fluid
Mech., vol. 58, p. 641, 1973.

N. Liron and S. Mochon, “Stokes flow for a stokeslet between two parallel flat plates,” J. Eng.
Math., vol. 10, p. 287, 1976.

H. Brenner, “Effect of finite boundaries on the Stokes resistance of an arbitrary particle,” J.
Fluid Mech., vol. 12, p. 35, 1962.

R. Cardinaels and H. A. Stone, “Lubrication analysis of interacting rigid cylindrical particles
in confined shear flow,” Phys. Fluids, vol. 27, p. 072001, 2015.

D. J. Jeffrey and Y. Onishi, “The slow motion of a cylinder next to a plane wall,” Q. J. Mech.
Appl. Math., vol. 34, p. 129, 1981.

J. R. Blake, “A note on the image system for a stokeslet in a no-slip boundary,” Math. Proc.
Cambridge, vol. 70, p. 303, 1971.

N. J. De Mestre and W. B. Russel, “Low-Reynolds-number translation of a slender cylinder
near a plane wall,” J. Eng. Math., vol. 9, p. 81, 1975.

T. Omori and T. Ishikawa, “Upward swimming of a sperm cell in shear flow,” Phys. Rev. E,
vol. 93, p. 032402, 2016.

L. Koens, H. Zhang, M. Moeller, A. Mourran, and E. Lauga, “The swimming of a deforming
helix,” The European Physical Journal E, vol. 41, p. 119, 2018.

J. Elgeti and G. Gompper, “Self-propelled rods near surfaces,” EPL, vol. 85, p. 38002, 2009.
W. B. Russel, E. J. Hinch, L. G. Leal, and G. Tieffenbruck, “Rods falling near a vertical wall,”
J. Fluid Mech., vol. 83, p. 273, 1977.

R. Holm and D. Séderberg, “Shear influence on fibre orientation,” Rheol. Acta, vol. 46, p. 721,
2007.

G. Tiefenbruck and L. G. Leal, “A note on rods falling near a vertical wall in a viscoelastic

liquid,” J. Nonnewton Fluid Mech., vol. 6, p. 201, 1980.

23



[51]

[52]

[53]

[54]

[59]

[60]

[63]

[64]

C. Sendner and R. R. Netz, “Hydrodynamic lift of a moving nano-rod at a wall,” EPL, vol. 79,
p. 58004, 2007.

F. Zhang, A. A. Dahlkild, K. Gustavsson, and F. Lundell, “Near-wall convection in a sedi-
menting suspension of fibers,” AIChE J., vol. 60, p. 4253, 2014.

H. Zhang, L. Koens, E. Lauga, A. Mourran, and M. Moller, “A Light-Driven Microgel Rotor,”
Small, p. 1903379, 2019.

J. F. Trahan and R. G. Hussey, “The Stokes drag on a horizontal cylinder falling toward a
horizontal plane,” Phys. Fluids, vol. 28, p. 2961, 1985.

J. Yuan, Microswimmers and Microfluidics: Understanding and Manipulating the Locomotion
of Undulatory Microswimmers. PhD thesis, University of Pennsylvania, 2015.

I. Claeys and J. F. Brady, “Lubrication Singularitis of the Grand Resistance Tensor for two
Arbitary Particles,” PhysicoChemical Hydrodynamics, vol. 11, no. 2, p. 261, 19809.

E. J. Hinch, Perturbation methods. Cambridge University Press, 1991.

D. J. Smith, “A boundary element regularized Stokeslet method applied to cilia- and flagella-
driven flow,” Proceedings of the Royal Society A: Mathematical, Physical and Engineering
Sciences, vol. 465, pp. 36053626, 2009.

J. Ainley, S. Durkin, R. Embid, P. Boindala, and R. Cortez, “The method of images for
regularized Stokeslets,” Journal of Computational Physics, vol. 227, pp. 4600-4616, 2008.

T. D. Montenegro-Johnson, S. Michelin, and E. Lauga, “A regularised singularity approach
to phoretic problems.,” The Furopean physical journal. E, Soft matter, vol. 38, p. 139, 2015.
M. Gallagher and D. Smith, “The art of coarse Stokes: Richardson extrapolation improves
the accuracy and efficiency of the method of regularized stokeslets,” jan 2021.

R. Cortez, L. Fauci, and A. Medovikov, “The method of regularized Stokeslets in three di-
mensions: Analysis, validation, and application to helical swimming,” Phys. Fluids, vol. 17,
p. 031504, 2005.

J. Gray and G. J. Hancock, “The Propulsion of Sea-Urchin Spermatozoa,” J. Ezp. Biol.,
vol. 32, p. 802, 1955.

E. Lauga and T. Powers, “The hydrodynamics of swimming microorganisms,” Reports on
Progress in Physics, vol. 72, p. 096601, 2009.

L. Zhang, K. E. Peyer, and B. J. Nelson, “Artificial bacterial flagella for micromanipulation.,”
Lab on a chip, vol. 10, pp. 2203-15, 2010.

24



[66]

[73]

[74]

[75]

L. Koens and A. M. Martin, “Perturbative behavior of a vortex in a trapped Bose-Einstein
condensate,” Phys. Rev. A, vol. 86, p. 013605, 2012.

E. M. Purcell, “Life at low reynolds number,” Am. J. Phys, vol. 45, pp. 3-11, 1977.

L. E. Becker, S. A. Koehler, and H. A. Stone, “On self-propulsion of micro-machines at low
Reynolds number: Purcell’s three-link swimmer,” J. Fluid Mech., vol. 490, pp. 15-35, 2003.
E. Gutman and Y. Or, “Symmetries and Gaits for Purcell’s Three-Link Microswimmer
Model,” IEEE Trans. Robot., vol. 32, p. 53, 2016.

O. Wiezel, L. Giraldi, A. DeSimone, Y. Or, and F. Alouges, “Energy-optimal small-amplitude
strokes for multi-link microswimmers: Purcell’s loops and Taylor’s waves reconciled,” 2018.
J. E. Avron and O. Raz, “A geometric theory of swimming: Purcell’s swimmer and its sym-
metrized cousin,” New J. Phys., vol. 10, p. 063016, 2008.

R. L. Hatton and H. Choset, “Nonconservativity and noncommutativity in locomotion,” Fur.
Phys. J. Spec. Top., vol. 224, p. 3141, 2015.

S. Ramasamy and R. L. Hatton, “The Geometry of Optimal Gaits for Drag-Dominated Kine-
matic Systems,” IFEE Trans. Robot., vol. 35, p. 1014, 2019.

R. L. Hatton and H. Choset, “Geometric motion planning: The local connection, Stokes’
theorem, and the importance of coordinate choice,” Int. J. Rob. Res., vol. 30, p. 988, 2011.
R. L. Hatton and H. Choset, “Geometric Swimming at Low and High Reynolds Numbers,”
IEEFE Trans. Robot., vol. 29, p. 615, 2013.

B. Chan, Bio-inspired fluid locomotion. PhD thesis, Massachusetts Institute of Technology,
20009.

M. S. Kumar and P. Philominathan, “Robo-Linked Purcell’s Swimmer,” Int. J. Fluid Mech.
Res., vol. 38, p. 565, 2011.

W. R. Inc., “Mathematica, Version 12.2.” Champaign, 1L, 2020.

L. Koens and E. Lauga, “Geometric phase methods with Stokes theorem for a general viscous
swimmer,” Journal of Fluid Mechanics, vol. 916, p. A17, 2021.

L. Koens and E. Lauga, “Rotation of slender swimmers in isotropic-drag media,” Phys. Rev.

E, vol. 93, p. 043125, 2016.

25



