Received: 23 May 2020

'-) Check for updates

Accepted: 23 September 2021

DOI: 10.1111/mafi.12339

ORIGINAL ARTICLE

MATHEMATICAL  n international Journal of Mathematics,

Statistics and Financial Economics

WILEY

FINANCE

Optimal dividend payout under stochastic

discounting

Elena Bandini!

Fausto Gozzi’

! Universita degli Studi di Milano-Bicocca,
Milan, Italy

2 School of Management and Economics
(Dept. ESOMAS), University of Turin,
Turin, Italy

3 Collegio Carlo Alberto, Turin, Italy

4 Center for Mathematical Economics,
Bielefeld University, Bielefeld, Germany

5 LUISS University, Rome, Italy

Correspondence

Fausto Gozzi, LUISS University, Viale
Romania, 32,00197 Roma, Italy.
Email: fgozzi@luiss.it

[The copyright line for this article was
changed on 18 January 2022 after original
publication].

Funding information

INdAM - GNAMPA, Grant/Award Num-
ber: Project 2018; Italian Ministry of Uni-
versity (MIUR), Grant/Award Number:
PRIN 2015 - 2015233N54_006; Luiss -
Guido Carli, Grant/Award Number: Visit-
ing Grant for Drs De Angelis and Ferrari;
EPSRC grant, Grant/Award Number:
EP/R021201/1; German Research Founda-
tion (DFG), Grant/Award Number: Col-
laborative Research Centre 1283; Deutsche
Forschungsgemeinschaft (DFG, German
Research Foundation), Grant/Award
Numbers: SFB1283/2 2021, 317210226

| Tiziano De Angelis** ® |

Giorgio Ferrari* |

Abstract

Adopting a probabilistic approach we determine the
optimal dividend payout policy of a firm whose sur-
plus process follows a controlled arithmetic Brown-
ian motion and whose cash-flows are discounted at a
stochastic dynamic rate. Dividends can be paid to share-
holders at unrestricted rates so that the problem is cast as
one of singular stochastic control. The stochastic interest
rate is modeled by a Cox-Ingersoll-Ross (CIR) process
and the firm’s objective is to maximize the total expected
flow of discounted dividends until a possible insolvency
time. We find an optimal dividend payout policy which
is such that the surplus process is kept below an endoge-
nously determined stochastic threshold expressed as a
decreasing continuous function r — b(r) of the current
interest rate value. We also prove that the value func-
tion of the singular control problem solves a variational
inequality associated to a second-order, non-degenerate
elliptic operator, with a gradient constraint.
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1 | INTRODUCTION

1.1 | The problem

In this paper we solve an optimal dividend problem with stochastic discounting. In our model, the
company pays dividends to shareholders at unrestricted rates and any dividend payment instan-
taneously reduces the company’s surplus. The aim is to maximize the total expected discounted
return of dividend payments, up to a possible insolvency time. We assume that dividends are
discounted exponentially at a stochastic rate given by a deterministic non-decreasing and non-
negative function p of the spot interest rate R. As we also discuss in Remark 2.3, when p(R) = R
such a discounting force might be justified, for example, by thinking that the company discounts
at the cost of equity which, in a risk-neutral world, coincides with the risk-free interest rate accord-
ing to the capital asset pricing model. Alternatively, looking at the company as a dividend paying
security in a complete financial market, the stochastic discount factor can be then interpreted as
a classical deflator process. Accordingly, the company’s value is given by the total expected dis-
counted flow of dividends. In classical optimal dividend models the discount rate is often deter-
ministic (and constant), so that shareholders are only exposed to risks arising from the random
profitability of the firm (see also Section 1.3). On the contrary, in our setting shareholders are also
exposed to uncertainty from the wider macro-economic activity via random fluctuations in the
interest rate.

From a mathematical point of view, we model the previous problem as a two-dimensional sin-
gular stochastic control problem. The two coordinates of the state process are the surplus process
and the spot interest rate. The surplus process evolves as a Brownian motion (ZfJ )r>0 With drift
u and volatility o, which is linearly controlled via a non-decreasing stochastic process (D;);>¢
representing the cumulative amount of distributed dividends. The uncontrolled spot interest rate
(Ry)s>0 enters into the exponential discount factor appearing in the expected return of dividend
payments. The process (R;);>o is assumed to be independent of the surplus’ process, and to fol-
low a mean-reverting dynamics specified by the Cox-Ingersoll-Ross (CIR) model. We require that
the coefficients of the CIR process fulfill the so-called Feller condition (see (4) below), so that the
spot interest rate is strictly positive at any time with probability one. The discount rate at time ¢ is

t
of the form p(R;) (hence, total discounting up to time ¢ is e Jo p(Rs)ds), for some nonnegative and

non-decreasing function p satisfying suitable growth conditions (see Assumption 2.1). Notice that
our requirements on p are such that the cases of constant and linear discounting forces (i.e., like
p(r)=po>0o0rp(r)=rforallr € R,) are included in our setting. The aim is to maximize the
total expected discounted value of dividends, up to the random time P :=inf{t>0: ZP <al,
for a given and fixed solvency level a > 0. If « = 0 we find the classical bankruptcy condition for
this kind of models.

1.2 | Methodology and results

The key challenge in our work arises from the two-dimensional (non-degenerate) diffusive nature
of the set-up. Indeed, dynamic programing ideas link the stochastic control problem to a varia-
tional problem involving an elliptic partial differential equation (PDE) with gradient constraint
that is not amenable to an explicit solution. This stands in contrast with some of the more classical
versions of the same problem where the state process is purely one-dimensional (see Jeanblanc-
Piqué and Shiryaev (1995) for an early formulation and, for example, Lokka and Zervos (2008)
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and Sethi and Taksar (2002) among more recent contributions). Indeed, the dynamic programing
equation arising in one-dimensional problems involves an ordinary differential equation (ODE)
so that a so-called guess-and-verify approach can be implemented. The latter consists of an edu-
cated guess on the structure of the problem’s solution, leading to an ODE for the value function
with suitable boundary conditions (usually involving smooth-fit). The ODE can be solved explic-
itly and a verification theorem allows to prove that such solution is indeed the value function of
the problem. That approach fails in our set-up since explicit solutions are not available.

In order to solve our two-dimensional optimal dividend problem, here we follow ideas devel-
oped in De Angelis and Ekstrom (2017) and later extended in De Angelis (2020b). We link the
optimal dividend problem to an auxiliary problem of optimal stopping whose underlying process
is a two-dimensional reflecting diffusion (R, K) and whose payoff increases upon each new reflec-
tion of (R, K), but it is discounted with the same stochastic dynamic rate as in the original dividend
problem. In both De Angelis and Ekstrom (2017) and De Angelis (2020b) the interest rate is con-
stant although the state-space is two-dimensional. In De Angelis and Ekstrom (2017) the problem
is set on a finite-time horizon but the diffusive dynamics only affects one state variable. In De
Angelis (2020b) the time-horizon is infinite but there is partial information that leads to the same
Brownian motion driving a two-dimensional SDE (hence degenerate). On the contrary, here we
have a fully two-dimensional diffusive set-up so that the construction of the auxiliary optimal
stopping problem is different to those in De Angelis and Ekstrom (2017) and De Angelis (2020b)
(e.g., here it preserves the stochastic discounting) and the subsequent analysis of the optimal divi-
dend policy must follow a different line of argument. In particular, the use of a stochastic discount
rate with CIR dynamics leads to numerous technical complications. These arise, for example, in
the proof of a preliminary verification theorem for the dividend problem (Theorem 2.4), as well
as in showing boundedness and regularity of the value in the optimal stopping problem (Proposi-
tions 3.4 and 3.11). Also it is worth noticing that the dynamic programing equation in De Angelis
and Ekstrém (2017) and De Angelis (2020b) involves a one-dimensional parabolic PDE, while in
our problem we have a two-dimensional elliptic PDE.

In the auxiliary optimal stopping problem that we consider (see the beginning of Section 3), the
state variable consists of the original spot interest rate R appearing in the discount factor, and of
a Brownian motion K with drift u and volatility o, which is reflected at the solvency level a. By
making use of almost exclusively probabilistic arguments, we show that the optimal stopping time
is expressed in terms of the hitting time of the process t — K, to a (stochastic) moving boundary
t = b(R;), where b is a non-increasing and continuous function on [0, co) whose properties are
collected in Lemma 3.8, Theorem 3.13 and Proposition 3.14. Moreover, using that the underlying
process (R, K) is a strong Feller process and that the boundary points are regular (in the proba-
bilistic sense) for the stopping region, we can show (Proposition 3.11) that the value function U of
the stopping problem is everywhere continuously differentiable (see also De Angelis and Peskir
(2020) for general results in this direction).

The smoothness of the function U allows to construct the value function V of the dividend
problem by a simple integration (formula (187) in Section 4) and provides nice regularity prop-
erties for V. Indeed, as a function of the state variables (r, z) associated to the process (R, ZP),
the mapping (r, z) = V(r, z) is globally C?, with second-order derivatives d,,V and d,,V that are
continuous everywhere. Furthermore, the second-order derivative d,,.V is locally bounded in the
whole space and continuous away from the boundary z = b(r) with well-defined limits up to the
boundary (Propositions 4.1 and 4.2). A direct approach to the variational problem with gradient
constraint for the function V is involved, especially because of an additional boundary condition
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along the solvency level, that is, V(r, o) = 0 (see, e.g., Grandits (2013, 2014, 2015)). In this respect,
our probabilistic approach overcomes the difficulties arising in the PDE arguments.

The main result of the paper is Theorem 4.3 which, thanks to the verification Theorem 2.4 and
to the regularity results mentioned above, links the value functions U and V' and provides an
optimal dividend strategy as a Skorokhod reflection of the process t — ZID below the stochastic
boundary ¢t — b(R;). The structure of the optimal dividend policy is discussed in Section 5.1, and
numerical illustrations of the free boundary and of the value function U for the optimal stopping
problem are presented in Section 5.2.

1.3 | Related literature

The first version of an optimal dividend problem was formulated by Bruno de Finetti in 1957 in
De Finetti (1957). De Finetti proposed to measure the value of an insurance company in terms
of the discounted value of its future dividend payments. Since then the optimal dividend prob-
lem has been studied extensively and it has become a cornerstone of the modern Mathematical
Finance/Actuarial Mathematics literature. Early contributions addressing the dividend problem
via control-theoretic techniques include, for example, Jeanblanc-Piqué and Shiryaev (1995), where
the authors consider several problem formulations, including controls with bounded-velocity and
singular controls (see also Radner and Shepp (1996), which appeared in the same years). A broad
class of infinite-time horizon singular control problems for one-dimensional diffusions, inspired
by the optimal dividend problem, were analyzed in Shreve et al. (1984) who obtained general for-
mulae. Numerous extensions and refinements of those early models have appeared in the litera-
ture; here we only mention a few of them and our review is certainly not exhaustive. For exam-
ple, in Cadenillas et al. (2007) the cash reserve has a mean-reverting dynamics and lump sum
dividend payments are made at optimally chosen discrete dates (i.e., impulsive controls are con-
sidered); similarly, Bayraktar and Egami (2010), consider models with general diffusive dynamics
for the surplus process, impulsive dividend payments and implementation delay; Reppen et al.
(2020) studies a model with stochastic drift in the dynamics of the company’s surplus process; in
Belhaj (2010) the surplus process evolves as a jump-diffusion so that the company faces two types
of liquidity risk: a Brownian risk and a Poisson risk; jump processes appear also in Bayraktar et al.
(2013), where the surplus is modeled by a spectrally positive Lévy process; on an infinite-time hori-
zon, Lokka and Zervos (2008) allows capital injections in order to avoid company’s bankruptcy,
whereas Ferrari (2019) considers a general diffusive model with “forced” capital injections (see
also Ferrari and Schuhmann (2019) for the finite-time horizon version). In the series of papers
Grandits (2013, 2014, 2015) the author solves the optimal dividend problem with finite-time hori-
zon by means of purely PDE methods, whereas De Angelis and Ekstrém (2017) addresses the
problem probabilistically. Additional references can be also found in the review Avanzi (2009)
and in the book Schmidli (2008).

More closely related to our work are the papers considering stochastic discounting, many of
which have appeared in recent years. In a discrete-time setting, the analysis is typically considered
in the context of risk models for insurance companies (see, e.g., Xie and Zou (2010) and the more
recent Tan et al. (2015)). In continuous-time we find, for example, Akyildirim et al. (2014) and
Jiang and Pistorius (2012) where the wealth process is a drifted Brownian motion and the interest
rate is modulated by a continuous-time Markov chain (more recently Jiang (2015) extends Jiang
and Pistorius (2012) to the case of a jump-diffusive surplus process). Fixed-point methods are
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adopted in Jiang and Pistorius (2012) and Jiang (2015), whereas dynamic programing ideas appear
in Akyildirim et al. (2014).

The papers Eisenberg (2015) and Eisenberg (2018) consider discounting factors of the form
e~Ut. In Eisenberg (2015) the process (U, ), is either a drifted Brownian motion or an integrated
Ornstein—-Uhlenbeck process, while it is a CIR process in Eisenberg (2018). It is worth noticing
that the CIR process in Eisenberg (2018) does not mean-revert to a finite value but explodes as ¢
diverges to infinity, in order to guarantee a finite value of the problem. With such specifications of
the discount factor, the nature of the optimal dividend problems considered in Eisenberg (2015)
and Eisenberg (2018) is very different from ours. In our paper indeed it is the discount rate— and
not the cumulative discounting force—that takes a mean-reverting CIR dynamics. At the techni-
cal level, when (U;);>¢ in Eisenberg (2015) is a Brownian motion with drift, a change of measure
allows a reduction to a one-dimensional diffusive set-up. When (U; ), is an integrated Ornstein—
Uhlenbeck process a viscosity characterization of the value function is provided but without an
optimal dividend policy. In Eisenberg (2018), explicit solutions are obtained when the surplus
process is deterministic; the case of a stochastic surplus is instead investigated only in a regime of
small volatility. Extensions of Eisenberg (2015) to the case in which (U;);s is a Lévy process can
be found in Cheng (2017), Eisenberg and Kriihner (2017), and Jiang (2018).

Compared to the existing literature we provide a detailed analysis of the value function and of
the optimal dividend policy in a two-dimensional diffusive setting, under very mild assumptions
on the discount rate (cf. Assumption 2.1 below), and under the Feller condition (4) that guarantees
strictly positive interest rates.

1.4 | Plan of the paper

The rest of the paper is organized as follows. In Section 2 we set up the problem and prove a
preliminary verification theorem. The auxiliary optimal stopping problem is studied in Section 3,
while in Section 4 we construct the value function of the optimal dividend problem together with
its optimal dividend strategy. Finally, Section 5.1 contains a financial discussion on the optimal
dividend policy which is accompanied by numerical illustrations presented in Section 5.2. Sec-
tion 5.3 discusses possible extensions to a model including correlation between the interest rate
and the company’s surplus processes.

2 | PROBLEM SETTING AND VERIFICATION THEOREM
2.1 | Problem formulation and assumptions

We consider a probability space (Q, ', P) that carries two independent Brownian motions (B;);>o
and (W,);>o. We denote by F := (F;);>o the filtration generated by (B, W) and augmented with
P-null sets. We fix o > 0, representing a minimum capital requirement, and we assume that the
cash reserve (or surplus) of a company follows the controlled dynamics
ZtD=Z+,ut+O'Bt—Dt, t>0, ¢))
where u € R, 0 >0, z>a, and (D)5 is right-continuous and non-decreasing. Indeed, D;
denotes the total amount of dividends paid to the shareholders up to time t. The set of
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admissible cumulative dividend payments is given by

A :={D : Dis [F-adapted, non-decreasing, right-continuous and such that,

setting Dy_ = 0, we have D, — D,_ < Z” —a,Vt > 0,P-as.}. )

In the rest of the paper we denote by Z° the dynamics of Z” with D = 0.
The interest rate follows a CIR dynamics and, in particular, we have, for all t > 0,

dR, = k(6 —R,)dt +y \/R,dW,, R, =r>0, (3)
where k, 0 and y are fixed constants. We assume the so-called Feller condition
2k6 > y? 4)

so that R; > 0, P-a.s. for all ¢t > 0 (see, e.g., (Jeanblanc et al., 2009, p. 357 and Section 6.1.3)). In
what follows we find sometimes convenient to use the notation R; for the interest rate process
that starts at time zero from R, = r. Similarly, we denote by Zf’D the surplus process started at
time 0— (i.e., before any dividend payment) from the level z > «, and by Zf ¥ the process z + ut +
0B,. Accordingly, we will denote by P, , the probability measure on (Q, F) such that P, ,(-) =
P(:|Ry =1, Zé)_ = z), and we define E, , the corresponding expected value. Also, E, will denote
the expectation under P.(-) = P(:|Ry = r) and E, the expectation under P,(-) = P(-|Z(1))_ = z).

‘We assume that the firm’s manager discounts dividends at a rate p that depends on the current
level of the interest rate. The manager aims at maximizing the total expected discounted flow of
dividends up to a possible insolvency time of the firm. Then the value function of the problem
reads

D
V(r,z):=]§u£)1 Erz l / e‘fof’(Rf)ddel], (5)
€ 0—

where, for any D € A, the random time horizon

™ i=inf{t>0: Z° <a} (6)

enforces the solvency requirement Z[D > « for all t < 72. The notation 0— in the integral means

that we include a possible jump Dy — Dy_ < z — «a at time zero. If & = 0 we recover the classical

bankruptcy condition for this kind of models (see, e.g., (Schmidli, 2008, Chapter 2, Section 2.5)).
The following assumptions on the discount rate will be standing.

Assumption 2.1. The discount rate p : R, — R, is a continuous function. Moreover
(i) itis non-decreasing;
(ii) there exist two non-negative constants ¢; and ¢, such thatc; + ¢, > 0and p(r) > ¢; + ¢, ¥ for

r =0
(iii) there exists c; > 0 and q € N such that, forr; > r, >0,

p(r) = p(ry) < e3(1+ rD(/r] = y/r2). )
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Remark 2.2. We observe that (i) and (ii) of Assumption 2.1 above will be used to prove all the
results below.

* Condition (i) enables to obtain monotonicity properties of the value function.
* Condition (i) is a mild requirement which allows us to deal with the (possibly) infinite horizon
in Problem (5).

Assumption 2.1-(iii) above is only needed in order to prove the C! property of Proposition 3.11;
hence all the results obtained before Proposition 3.11 do actually hold without Assumption 2.1-
(iii). Furthermore, notice that Assumption 2.1-(iii) is satisfied if p is such that 0 < p(r;) — p(r,) <
(1 + ri])(rl —1,), for some ¢; > 0, § € Nand for any r; > r, > 0.

Observe also that condition (7) is verified, for example, when p € C'(R*) and there exist C > 0
and g € N such that p’(r) < C(1 + r?) for any r > 0. Finally, notice that (i) + (ii) + (iii) is con-
sistent with reasonable models for the discount rate, including p(r) = r and p(r) = const., which
are canonical.

Remark 2.3. As already discussed in the Introduction, the canonical case p(r) = r has various
economic/financial interpretations. For example, we might think that the company evaluates the
risk-adjusted present value of each future dividend by discounting it at the cost of equity. In a
risk-neutral world, the latter cost coincides with the risk-free interest rate, according to the capital
asset pricing model Sharpe (1964). Alternatively, the discount factor can be thought of as a classical
deflator process, if we interpret the company’s value as the fair price of a dividend paying security
in a complete financial market (see, e.g., Sections 6L and 6M in Duffie (2001)).

In this paper, for the sake of mathematical generality, we take a generic p satisfying Assump-
tion 2.1. That allows an interpretation of the model in which discounting is understood as an
“opportunity cost”. In this interpretation the personal time-preferences of a representative share-
holder are linked to the financial market’s evolution and, in particular, to the interest paid by an
alternative form of investment in a “safe” asset, like a bond. Determining the structural form of
agents’ time preferences is a fundamental problem in experimental economics related to utility
theory. A definitive answer has not been obtained yet and we refer to the reviews Frederick et al.
(2002) and Harrison et al. (2005), for experimental methods and findings.

For frequent future use we recall that for any 8 > 0 one has (see, e.g., Jeanblanc et al. (2009),
Corollary 6.3.4.3, p. 362)

E, [e‘ﬁ /ol Rudu] _ e—Aﬁ(t)—rGﬁ([)’ (8)
with
2ﬁ(e”5‘—1)
Gg(t = >
ﬁ( ) 7]/3(67]3[+1>+k<e}75t—1> ©)
2k6 27)/38(nﬁ+k)%
Aﬁ(t) = __2 gt )
14 (nﬁ+k)<e B —1>+2n5

and7g := k2 +2y28.
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2.2 | Verification theorem

The infinitesimal generator £ of the pair (Z° R) is defined by its action on twice-continuously
differentiable functions f as

1 1
(Lf)r2) =50 f2a(r,2) + 1 f2(r, 2) + S V21 frr(r,2) + K(8 = 1) £,(r, 2), (10)
where we adopt the notation f '=iff '=iff '=iff '=ifandf '=3—2f
T gt 0 E T g T T g2l T T gy 2zt gp2Y

The financial intuition suggests that the firm’s manager is more likely to pay dividends when
the firm performs well. We thus expect that for each value r of the interest rate, there should be a
critical value of the surplus process, such that dividends are paid if z is larger than such a value.
Motivated by this intuition and by the idea that a dynamic programing principle should also hold,
we formulate the following verification theorem.

For the ease of notation we introduce the sets

O :=(0,00) X (ar,00) and O :=[0,0) X [ar, 0). (11)

Moreover, for an interval (x;, x,) of the real line, we adopt the convention that (x;, x,) = @ when-
ever x, < X1.

Theorem 2.4. Let Assumption 2.1 and condition (4) hold. Assume that there exists functions a :
(0,4+) — [a,+0)and v : O — R, with the following properties.
(1) The mapping r — a(r) is right-continuous and non-increasing.
(ii) The function v is such that v € C'(OQ) n C(O) with v,,,v,, € C(®) and v,, € Ly
0), where

O©)nCc{In
1 :={r,z) € O : v,(r,z) > 1} (12)
(iii) The couple (v, a) solves the free-boundary problem

Lu(r,z)— p(r)v(r,z) <0, ae (r,z) €O
Lo(r,z)— p(r)v(r,z) =0, a<z<a(),r>0

v,(r,z) > 1, a<z<a(r),r>0 (13)
v,(r,z) =1, z>a(r), r>0
v(r,a) =0, r>0.

Then, v >V on O. In addition, ifv(r,z) <c(z—a) forall (r,z) € © and some ¢ > 0, then for
every (r,z) € O we have v(r, z) = V(r, z) and the process

+
D¢ := sup [ZSZ’O - a(Rg)] , t>0, (14)

0<s<t
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with Dg_ =0, is optimal at (r, z); that is,

Da

a ¢
u(r,z)=V(r,z) =E,, / e Jo p(Rf)dthf . (15)
0_

Proof. Part 1: Proof that v > V on ©.

We start arguing as in Fleming and Soner (2006), Chapter VIII, Theorem 4.1. More precisely,
for each k > 1, we introduce the standard mollifier ¢, (r, z) = k=2¢(kr, kz) with ¢ € CZ(B;(0)),
$ >0, /RZ ¢(r,z)drdz = 1 (where B;(0) is the ball in R? centered in zero with radius one), so that
$i(r,z) € CE(By /(0)). Then we define (V¥)»; € C*(O) by convolution asvX := v * ¢;. Thanks
to the regularity assumptions on v, for any compact set K C @ we have

Jim ([0 = vl = 0, (16)

lim ||v* — v, =0, lim |[vf — v, = 7)
k—o0 L°(K) k-0 L>o(K)

lim — =0, lim - =0. 18

Pl Uzz = Uzg LK) Pl Uyz = Uz LK) (18)

In general vf,, will not converge to v,, uniformly on every compact subset of O, since v,, is not
continuous. Therefore, we cannot expect that Lv* converges to £v uniformly on compact sets.
However, by the definition of weak derivative and since v,, € L;> (O), we have @), = Uy * Pp).
Then, thanks to the continuity of the coefficients in £ we have

lim [1(£0%) = [(£0) * el = 0. 19)

for every compact K C O, using that the minimal distance from K to O is strictly positive. Recalling
that Lv — p(-) v < 0a.e.in O, then it also holds that (Lv — p(-) v) * ¢ < 0everywhere in ©. Hence
(19) yields

limsup sup (Lv* — p(r)vX)(r,z) <0. (20)
k—-oo (r,z)EK

Let now (7, z) € O be given and fixed, and consider an arbitrary admissible dividend strategy
De A.For0<e<z—a,set

UEZD:=inf{t20:a§ZtZ’D50c+s}. (21)

Notice that when 72(w) = 0 (recall that 72 is defined in (6)) also 7% (w) = 0 for every ¢ € (0,z —
a). Moreover, if 72 (w) > 0, for every § > 0 sufficiently small we have

inf Zf’D(w) > a, (22)

0<t<tP(w)-s
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hence for every § > 0 we find ¢ > 0 such that

inf  Z"P(@) > a+e= 12(w) - 6 < ¥ (w) < 12(w). (23)
0<t<t2(w)—6

Since 52” (w) is increasing in & we conclude that 7% (w) 1 t2(), P.,as,ase 0.
Let us also define

Z" :=inf{t20 7270 > %} nR ::inf{tZO “R[ & (s%) } (24)

and
90 = 92" ApRATE. (25)

We have 9P = inf{t > 0 : (Rt’,ZtZ’D) ¢ K.}, where K, = (e, %) X (a+e, %). Since +oo is unattain-
able for the processes R and ZP and 0 is unattainable for R, we also have 9° 1 2 P, as., as
€] 0. s

Let us now fix ¢ > 0. The Dynkin formula applied to the process e o P(R“)d”vk(Rs, ZP) on the
(random) time interval [0, 97 A t] gives

9D At
k — = ¢ pRdu Kk D
vi(r,z) = E,; [e e v <R8?At’Z8§’At>]

DAt s
—E, l / e Jo PROdu(p p(RS))vk(RS,ZE)ds]
0
9Pt s
+E, l / e Jo PRk (RS,ZE)dD§]
0

£ Y el rROB k(R ZP) — ok (R, Z2)) |, (26)

0<s<8P At

where D¢ denotes the continuous part of D and the final sum is non-zero only for (at most count-
ably many) times s such that AD; := Dy — D;_ > 0. Notice that

Yoo RO ok (R, ZP) - ok (R, ZP.))

0<s<8P At

. AD,
-_ Z ¢~ Jo P(RAu / vk (R, Z2 —y)dy. 27)
0

0<s<8P At
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Since (ZSZ’D R )o<s< SRINES K., using (16-18) and (20), (26) we obtain, sending k — +o0,

9Pt
U(V, Z) 2 Er,z [e_/o P(Ru)duv(RSé)/\[’ ngl\l )]
9P At s
+E 2 l/ e_/o p(Ru)duUZ (Rs’ ZSD)dDgl
0

s AD;
+Eo| D e~ Jo PRdU / v, (R, ZP - y)dy | (28)
0

0<s<9P At

Recalling that v, > 1 on © by (13) (hence v > 0 too, since v(r, &) = 0 for any r > 0) we obtain from

(28) that
+ Er,z /
0
9Pt s
>E,, l / e Jo PR dDS] . (29)
0

Then, we can take limits first as t T oo, and then as ¢ | 0, and employ monotone convergence to
obtain

SPA

€

SEDAt
- (Ry)du D
u(r,z) 2 E., [e Jo POy RS?AI’Zszr

! s
e_,/o P(Ru)du dDS]

2 s
u(r,z) > E,, l/ e_/o p(Ry)du dD;| ) (30)
0

Since v € C(®) and r p(RY) is P-a.s. continuous and non-decreasing, an application of Fatou’s
lemma also gives

Tg s Tg N
0(0,2) = limv(r,2) > E, l / liml%nfe_fo p(R; )du st] =E, l / e~ Jo P(RYu st], (31)
r 0 r

0

upon noticing that 72 is independent of r. Finally, we also have v(r, &) = 0 = V(r, &), where the
second equality is by definition of V.

Thus (30) is true for any D € A and for any (r, z) € [0, o) X [@, c0) and we conclude thatv > V
on 0.

Part 2: Proof of v = V and (15). We divide this part of the proof into three steps.

Step 1. Fix (r, z) € [0, +00) X (&, +00). We are going to prove that the process D in (14) belongs
to A and, P, ;-a.s.,

zP" <a(R,) forallo<t <zl (32)
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Moreover, we show the Skorokhod minimality condition:

pa

Ta AD?
/0 1]{Zf’f1<a(Rt)}dD ‘= ZDa /0 ﬂ{zﬁ“-;m(&)}d? =0. (33)

0<t<t,

To prove these facts observe first that D¢ is by construction F-adapted and non-decreasing.
Moreover, by definition of D we easily get, for 0 < ¢ < Tg a,

+ a a
D{ — D! = max {0, (Z) —a(R)) - Df_} = max {o, z> - a(R,)} <zl -a, (34)
where in the last inequality we used that a > a. The second equality above also implies
ZP* — AD?® = min {Z?_“ , a(R,)}, (35)

which guarantees that the second integral in (33) equals zero. Condition (32) follows by definition
of D%, upon noticing that
zP" =7°-Di<aR,) foro<t<tl’, P, as. (36)
It remains to show that D¢ is right-continuous and that the first integral in (33) is also
zero. Fix w € Q (outside of a null set so that ¢ — (Z?(co),R,(co)) are continuous) and let t €
(0,78" (w)] be such that ZP*(w) = Z%(w) — D (») < a(R,(w)). Since D is non-decreasing, we
have ZP"(w) = Z%(w) — D%(w) < a(R,(w)), that is, ZX(w) — a(R;(w)) < D*(w). Recalling that r
a(r) is right-continuous and non-increasing, then it is also lower semi-continuous. Hence t —
Z?(co) — a(R;(w)) is upper semi-continuous. Then there exists some ¢ := (w, t) > 0 such that

sup [20(w) — a(Ry(@))] " < D(w). (37)

se(t,t+e]

It thus follows that for all s € [t,t + €] we have

Dg(w) = DX@) v sup [23(w) — a(Ry(@))]" = Df(w). (38)

ue(t,s]

Since (38) holds for any 0 <t < rga(w) such that Z?_a (w) < a(R;(w)), the first integral in
(33) is zero. Moreover, right-continuity of D¢ follows by upper semi-continuity of ¢ Z?(co) -
a(R,(w)) similarly to (37) and (38), so that the process D“ belongs to .A.

The above implies that the triple (Z°°, R, D?) solves the Skorokhod reflection problem for
the process (Z°,R) (with reflecting direction (—1,0)) in the set {a < z < a(r), r > 0}, seen as
a relatively open' subset of the orthant o. By construction, the process cannot jump into the
set {a& <z < a(r), r > 0}. Indeed jumps are allowed only at points of left discontinuity of a
(hence when the boundary {z = a(r)} contains a vertical segment) and cannot go out of this
boundary.
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Step 2. Here we show that v = V. Fix (r, z) € ©. We know that (26) holds for the special choice
of control D®. The process (Z°,R) is constrained to evolve in the set {a < z < a(r), r > 0} = 1
(cf. (12)), and v,, is assumed to be continuous therein.

It follows that (ZSZ’D a,R§ )0 <sgp? € K:NT and, consequently, that L£vk - £v on K, N 1.
Exploiting the second equation in (13) and the continuity of £, p, v, this implies that the second
term of the right hand side of (26) converges to 0 as k — oo0. The limit for the first, the third and
the fourth term of (26) can be instead obtained as in Part 1, thus yielding (28) with equality for
the control D“. Now, recalling (32), we see that the random measure ¢ = dD}' is supported on the
(random) set of times t € [0, 72 “] for which ZtD_a > a(Ry); hence, using the fourth of (13), also the
inequality of the first line of (29) becomes equality when D = D¢.

Hence, for r > 0 we have

19?‘1/\[ SEDaAt s
u(r,z) = E,. e—fo p(Ru)duv<R8?a 7D i l) +/ e_fo o(R,)du dDSa (39)
0

AL DA A

and it remains to take limits as ¢t T co and ¢ | 0. Assume for a moment that

SDa At
1 1 - ¢ p(Ru)du D¢ —
U v [ ' (RZ)] =0 )

then the second term in (39) also converges by monotone convergence as in (30) and we have

D4

Ty s
u(r,z) =E,, / ¢~ Jo P(Rudu dD¢ | < V(r,z) (41)
0

for all (r,z) € O. By the result in Part 1 of the proof we conclude that v = V on @ and v(r,a) =
V(r,a) = 0 for all r > 0. The result extends to r = 0 by recalling that r = p(r) is non-decreasing
(hence p(R}) > ,o(R?) forallt > 0, P-a.s.) and v € C(O). Indeed we have

2 B
V(0,z) <v(0,z) = limv(r,z) = lim sup E, , / e~ Jo P(Ruu dD,
rl0 rl0 peag 0

2
< sup Eg, l/ e~ Jo PRu)du dDS] =V(0,z), (42)
0

where the first inequality was proven in Part 1 above and the second inequality also uses that the
set A and the stopping time 72 do not depend on r > 0.

Step 3. In this step it only remains to prove (40). By using that, by assumption, v(r, z) < c(z — a)
for some ¢ > 0, we have
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Je 7 p(Ry)du DA
E, |[e /o wul R Z
r 80 ni Zgpa

€

a2 :
<CE,. le‘fo P <Z§Da - “>“{9£“<t}“{s£“=nfl’“ }]

sb* a
+c Er,z le_k PR (Zgga - OC> L {95Da <t} L {S?a #ngZDa }]

—Jy pRy)du (5D _
+cEr,Z[e 0 Z; a ﬂ{s?“zz}

< ceP, [ 82" = n?"|
8D° ;
+cE, . e_fo P(Ry)du (Z —-—a+ ,thgD + Bsga )1] {9D0<t} 1 {SDa#nZDa }
t
+cE,, [e_/o PRI (7 _ g 4 ut + oB,)1 ( SDa>[}] (43)

a
where we have used that Zg;a <o +¢ on the event {8°° =Z }, as well as that zP' <70 =

z + ut + oB, forallt > 0, by (51). We now estimate the last two terms of (43). For the third one, the
independence of B and W and standard inequalities give

E,, [e— Jy ROy _ oy ut + oB,)1 { sgazt}]
sw—a+mn+ﬂwmm{a£mqu
< (z—a+|ult + VOE, [e‘ Jo p(R“)d“]. (44)
Now we look at the second term. Since SEDH < t and B and W are independent, we have

— [ o) a
E,,Z[e Jo PR u(Z—O(+,Ll195D +B~95Da>ﬂ{9?a<t}]]{8?a#nzm}

€

t t
<(z—a+|u|HE, [e‘fo p(R“)d“] +E, [e_/o P(R“)d“] E [ sup Bs]

0<s<t

t
<E, e Jo p(R“)d"] (z —a + |ult +2V0), (45)
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where the final inequality follows by Jensen’s and Doob’s inequalities for B. Feeding (44) and (45)
back into (43) we obtain, for a suitable constant C > 0,

/sé)aAtp(R Y Do
E,,|le /o Wl R ,Z
rz 9P At 3D% ¢

t
<ce+Cz—a+|ult + VOE, [e—fo P<Ru>d“]. (46)

We now distinguish two cases coming from Assumption 2.1-(ii). If p(r) > ¢; for any r > 0 and
for some c; > 0 then (40) is immediately deduced from (45). If p(r) > c,r for some ¢, > 0, then

E [e— /()[P(Rﬁ)d“ <E

e C2 f()’ R;du] — e_Acz(t)_rGCZ([), (47)

where we used (8) and (9) for the equality.
Plugging the latter back into (45) we get

8D e .
o le_/o p(Ru)du”(RseD“AngfaA)] <ce+Cz—at |ult + Ve 700 (4g)

and (40) holds since (cf. (9)) G, (t) >0 and A, (¢) ~ %(77C2 — k)t for ¢ sufficiently large, with
/4

Ne, > k. O

In the case u < Oitisintuitively clear that the firm’s manager wants to liquidate the fund imme-

diately, by paying dividends in a single transaction, that is, Dy = z — «a. It is indeed immediate to

check that for ¢ < 0 the couple v(r, z) = z — e and a(r) = «a satisfies (i)—(iii) in Theorem 2.4. Thus,
the next corollary holds as a simple application of the theorem.

Corollary 2.5. Suppose that u < 0. Then V(r,z) = z — a for any (r, z) € O and the optimal divi-
dend policy is given by (D});»o such that Dj_ = 0 and D} = z — a fort > 0.

As a consequence of the corollary, from now on we require:
Assumption 2.6. We have u > 0.

In the rest of the paper we shall always assume that (4) and Assumptions 2.1 and 2.6 hold with-
out further mention.
3 | AN AUXILIARY TWO-DIMENSIONAL OPTIMAL STOPPING
PROBLEM
As we discussed in the Introduction (Subsection 1.2), in order to tackle our singular control prob-

lem we follow the approach taken in De Angelis and Ekstrom (2017): (i) we guess a link between
the dividend problem and an optimal stopping problem with value function U; (ii) we solve the
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latter by characterizing its optimal stopping boundary b; (iii) we go back to the original problem
by showing that (cf. Theorem 4.3 in Section 4)

V(r.z) = / UGr,y)dy, (49)

and that the optimal stopping boundary b of U also triggers the optimal dividend policy (i.e., it
plays the role of a in (14)).

The present section is devoted to introducing and studying the optimal stopping problem “asso-
ciated” to our original optimal dividend problem. In the optimal stopping problem the underly-
ing process consists of the interest rate process R and of a reflecting diffusion K. Moreover, the
stopping payoff increases upon each new reflection of (R, K), but it is discounted with the same
stochastic dynamic rate as in the original dividend problem. The heuristic derivation of the con-
nection between the dividend problem and the stopping problem is provided in Section 5.3 fol-
lowing arguments originally developed in (De Angelis and Ekstrém, 2017, Section 3) and later
expanded in De Angelis (2020b).

After formulating the optimal stopping problem, we divide this section into two parts. First, in
Section 3.1 we provide basic properties of the stopping value function U (monotonicity, bounded-
ness and continuity, respectively in Lemma 3.3, Proposition 3.4, Proposition 3.6), which in turn
allow us to show that U solves a suitable free boundary problem (Corollary 3.7). Second, in Sec-
tion 3.2 we prove the global regularity of U (i.e., even across the free boundary; cf. Proposition 3.11),
and three additional results on a required boundary condition (Corollary 3.12) and on the regu-
larity of the optimal stopping boundary (Theorem 3.13 and Proposition 3.14).

We denote F2 := o(B,, t > 0). Fort > 0, let

Y, :=—ut+0B;, S;:=supY,, and K;:=(z—-a)VS —Y+a. (50)

0<u<t

When clear from the context, we will simply write K, instead K;. Notice that, the process K is
an arithmetic Brownian motion reflecting at « and, according to the discussion at p. 2 of Peskir
(2006), it is a Markov process. Then, setting

2
1=, (51)
o2
we introduce the optimal stopping problem
U(r,z) = supE [e’1 (E=evSe=(=a)=y p(R: )ds], (r,z) € O, (52)
>0
where the optimization is taken over all the FX" -stopping times, where F&W := (FX"),, is

the filtration generated by K and W, augmented by the P-null sets. Problem (53) is the one that
we expect to be associated to the original optimal dividend problem via the formula (49) (see
Section 5.3 for details).

Remark 3.1. Due to the presence of the processes S; and /Ot P(R})ds in the exponential of the gain
process, the optimal stopping problem (52) may appear non-standard in our Markovian set-up.
Indeed, the standard form of a Markovian problem involves the expectation of a function of a
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Markov process, stopped at a stopping time, while the process S; and fol p(RY)ds are not Marko-
vian. We now show that (52) can be rewritten easily as a standard optimal stopping problem.

Denote I} =i+ fot p(Rh)ds, Y] :=y — ut + 0B, and notice that K? + Y;—a = (z —a) V S,
by (50) and that the process (K, Y) is Markovian. Then, it is easy to see that for U as in (52) we
have

U(r,z) = e~VU0(r,z,y,1), (53)

where U is the value function of the standard optimal stopping problem

U(r,z,y,i) = supE|e? (K?J”Yg_a_(z_“))_[ir], (r,z,,0) EOXRXR,, (54)

>0

for the four-dimensional Markov process (R, K;, Y, I;);>o. However, due to (53), we can abandon
the general standard formulation (54) and just consider a problem of optimal stopping for the
process (R;, K;);>o rather than for the process (R;, Ky, Yy, I1);>0-

Remark 3.2. 1t is worth noticing that, for r > 0,

t
L := tlim </1 S; —/ P(RY) ds) <2184 (55)
— 00 0
and by (Karatzas and Shreve, 1991, Sec. 3.5.C, Eq. (5.13))
P(Sy, > Xx) = e, (56)
Hence P(L, = +o0) < P(S,, = +o0) = 0 for all r > 0, since u > 0 (Assumption 2.6).
From now on we focus on the study of problem (52). We will then prove in Section 4 how such
an optimal stopping problem is related to the original optimal dividend problem.
3.1 | Basic properties of U and a free boundary problem

It is not hard to verify that, P-almost surely, the map

rz)pAlz-a) VS, —(z—a)]— / p(RY)ds (57)
0

is non-increasing in z. Moreover, using comparison theorems for (3), we also have that the map in
(57) is non-increasing in r since p(-) is non-decreasing. These facts imply the next simple result,
whose proof is omitted for brevity.

Lemma 3.3. The map z — U(r, z) is non-increasing for each r € R,. Moreover, the map r —
U(r, z) is non-increasing for each z € [a, +o0).
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The next proposition gives us an important bound on U, and estimates obtained in its proof will
be used several times in the rest of the paper. It is useful to introduce here the random variables

o0 t .
H :=1 +/ e 2o R ds ) o35 g, (58)
0
and
SP := sup (B; — pt), (59)
0<t<oo

where p := u/o + c¢;0/2u and the constants ¢, ¢, > 0 are as in (ii) of Assumption 2.1.

Proposition 3.4. Recall ¢; and c, from (ii) in Assumption 2.1. We have

0<U(r,z) < hy, forall(r,z)e o, (60)
where
hy :=E[e?*"] < +00  ifc; >0 and hy := sup E[H'] < +o0 ifcy > 0. (61)
reR,

Proof. The lower bound in (60) is trivial. For the upper bound instead we use Assumption 2.1 to
write

E [e/l ((z—oc)vST—(z—oc))—/OT o(RY) ds] <E [e/l S;—c1T—Cy fOT : ds] ) (62)

Now, if ¢; > 0 we have, by using (51),

U(r,z) < sup E[elsf_clf] < E[e/lcSP]
T

= 2p/ ec e ?PVdy = Zp/ e # dy<+oo, (63)
0 0

where we used that P(SP > x) = exp(—2px) (see (Karatzas and Shreve, 1991, Sec. 3.5.C, Eq. (5.13))).
Ifinstead ¢, > 0 (and in particular when ¢; = 0) calculations are a bit more involved. Noticing
that the process S is of finite variation, we first use an integration by parts to obtain

U(r,z) < sup E[e’lST_CZ/O Ry ds]
T

T t T t
=1+supE [/ ec2Jo Rids § o245 ds, — cz/ e~ 2Jo K dSR{ etSidt
T 0 0

< E[H"] < sup E[H"], (64)
reRy
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where in the last inequality we used that R} > 0 for all ¢ > 0. It remains to prove that hy =
SUP, E[H"] < +00. Letting

HV

T t
o= [ ek aeiias (63)

0

we have E[H"] = 1 + limy_,, E[H}] by monotone convergence. It is therefore sufficient to find
a bound for E[H}] which is independent of T and r. Using independence of B and W, Fubini’s
theorem and explicit formulae for CIR model (see, e.g., Jeanblanc et al. (2009), p. 361), we obtain

_ . tr
E[H]] =E E(/ e 2o R ds ) 625 g, rf;)]
0
- t

—E / E<e—02/OR§ds

i 0

- t
| [ (o) s

0

rf;) AetSi dSt]

T
—F / e_Afz(t)_rGCZ([)/le/lst dst] (66)
0

where G, and A, are as in (9) with § = c,, and where 7., 1= \/k? + 2y2c,. Setting f(t) :=
E[e*5(], integrating by parts in (66), using Fubini and undoing the integration by parts we get

T
E [H;] = e_Acz (T)—VGCZ (T)f(T) - e_A"Z (0)_rG¢'2 © _ /0 E [e’l S‘] d(e_Acz (t)_rGCZ (t))

T
= / e 42O 0a O f1(1)dt, (67)

0

where by Sec. 3.5.C in Karatzas and Shreve (1991) (upon using equations (5.11) and (5.12) therein,
and noticing that our P(S; > b) is equal to P(_“)(Tb < t) in the notation of Karatzas and Shreve

(1991)) we have
(e t 1 z + ,us _(z+;,{s)2
f) = / erz / ( S 2~ 1>e 2025 ds |dz, (68)
0 0 V27mo2s3 " 978

[l =

t
preral (il z— 1>dz. (69)

1 o0 12— (z+ut)?
=
27a2t3 Jo ot

Recalling that 1 = 2u/o?, straightforward algebra gives

(z+uty>  (z—ut)?
Az - 202t 202t (70)
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Changing variable in the integral (69) we obtain
0 (z—ut)?
1@ = ;/ e ey Z+”tz—1 dz
V2mo2t3 Jo o’t
2

© [y +2ut -
= l/ (y z” (y+/«tt)—1>;e 2wl dy
L ot V27rot

1 oB; +2ut
= ?E[ﬂ{aBtz—m}<t—’u( 0B, + ut) — 1>]
1 B; 3 2u?
T R

2 3 1 B}
< Lz + =K + - E VB, >—un} Tt -1 7D
o a\/;

The last term above may be evaluated as follows:

B
i m( -t (e
27t
2\ 00 2 2t
/ <—e_5> dy — ! e 2dy | =— K Le_ﬁ <0, (72)
V2nt -2 \ont o2\t

where, in the last equality, we have used the integration by parts. Using (71-72) above in (67) we

then conclude
T 2
0 cr\/_

® /«tz 3u
< / e Ae®) + —— |dt < 4+, (73)
0 o/t

where the last integral is finite because A (f)~ %(nc2 —k) as t— oo, 7, >k, and
4
Acz (0)=o0. O

An important consequence of the proof of Proposition 3.4 is that

[P —
sup AE=aVSI=fy (RS | o 4o for all (r, z) € O. (74)
0<t<oo

Moreover, it is not hard to verify that the Markov process (X;,S;, Y;,R;, fot P(Rs)ds)>p is also of
Feller type. Then, (Shiryaev, 2008, Lemma 3, Sec. 3.2.3 and Lemma 4, Sec. 3.2.4) guarantee that
there exists a lower semi-continuous function u which is the smallest superharmonic function
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larger than one (see Remark 3.1 for a detailed comparison with Shiryaev (2008)). Here, superhar-
monic refers to the property

u(r,z) > E[el[(z_“)vsf_(z_“)]_fo p(RS)ds u(Rg,Kﬁ)] (75)

for any stopping time 7 and any (r, z) € O. Now, let us introduce the sets

C:={rz)e0 : Urz)>1} (76)

S :={rz)e0 : Urz) =1} (77)
known in the literature as continuation and stopping sets, respectively. Thanks to (Shiryaev, 2008,
Thm. 1, Sec. 3.3.1 and Thm. 3, Sec. 3.3.3), and the fact that U is lower semi-continuous, we have
that U = u and that

T, i=inf{t >0 : (R,K,) € S} (78)
is the smallest optimal stopping time for (52), provided that P, ,(t,, < +00) = 1, otherwise it is an
optimal Markov time. In some instances below we will stress the dependence on the data (r, z) of
the optimal stopping time, that is,

.(r,z) :=inf {t >0 : (R/,K?) € S}. (79)

Moreover, recalling again that U is lower semi-continuous and given the process

A, 1= MEOVSEO-fipRMs R K ¢ >0, (80)
then
(Apr>o is a P, ;-supermartingale (81)
and
(A¢ar,)i0 is a P, ;-martingale (82)

forall (r,z) € o (see (Peskir, 2006, Thm. 2.4, Sec. 2, Chapter I) or (Shiryaev, 2008, Sec. 3.4)).
Next we provide a technical lemma which is useful to prove continuity of U later on.

Lemma 3.5. Forn > 0, let us denote

U™(r,z) = sup El|e* ((Z_“)VST_(Z_“))_IOTp(Rg)dS], (r,z) € O. (83)

0<r<n
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Then forall (r,z) € © we have
lim U"(r,z) = U(r, z). (84)
n-co
Proof. Clearly (U"), is an increasing sequence and U" < U for all n > 0. Therefore we denote

its limit U* :=lim,_ ., U" < U. Let us now fix (r,z) € R, X [a,+o0) and let 7, = 7,(r,z) be
optimal for U(r, z). Then

U(r,2) > E, o[ (708 an=E=0)=fy"" Pk (85)
and using Fatou’s lemma we conclude
US(r,2) = liminf U"(r, 2) 2 , - [lim inf et (=0Sespn=Goe0) =" ok
n—oo ’ n— o0

- Er,z [el ((z—cz)\/Sf* —(z—a))_fof* p(Rt)dt] =U(, Z). (86)

O

We close this section by proving that U is indeed continuous. It is worth remarking that all our
results hold without any restriction on y, o, and the only requirement is 2k6 > y? to guarantee
strictly positive rates.

Proposition 3.6. The function U is continuous on O and z — U(r, z) is convex for each r € R,.
Proof. First we show convexity. Since

7 ot [(z—e)vS: ~(z—)]— [ p(R%)ds (87)

is convex and sup(f + g) < sup(f) + sup(g), we easily obtain

U(r, Bz + (1 = B)z,)

< supE [ (Betl@—vSi—@-al 1 (1 - g)et @S~z )¢ pr(R.Z-)ds]
720

<BU(r,z) + (1 - BU(r, 2,) (88)

forall 8 € (0, 1).

Now we show that z — U(r, z) is continuous uniformly with respect to r € R,. Recall that
U(r, -) is decreasing (Lemma 3.3), let z, > z; and denote by 77 := 7,(r, z;) the optimal stopping
time for U(r, z;). Since 7, is suboptimal in U(r, z,) we get

0 < U(V7Z1) - U(V7Z2)

<E [e— k' p(Rt)dr<e/1((z1—oc)vsr1 ~(z21=@) _ J(@=o)V5;, —(zw))]
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<E []] 5, >zl—a}e/15fl —/o ! p(Ry)dt (e—ﬂ(zl—oc) _ e—l(zz—a))]
S ho (e_l(zl_a) j— e—ﬂ(zz—“)) (89)

where hj is as in Proposition 3.4 and we have also used that

e ~(22-) ¢ M(22=)VS:, ~(z2-a)| (90)

It only remains to prove that r — U(r, z) is continuous for each z € [a, +o0) given and fixed.
Since p is non-decreasing (cf. (i) in Assumption 2.1), then r +— U(r,z) is non-increasing
(Lemma 3.3) and lower semi-continuous (see the discussion above Lemma 3.5). Hence r — U(r, z)
is right-continuous for each z € [, +00). Recalling U” from Lemma 3.5, and noticing that
U(r,z) — U(r — h,z) < 0is non-decreasing as h | 0, we have

0> }lin%[U(r, z)=U(r—h,z)] = }lirr(l) lim [U"(r,z) — U(r — h, 2)]
N -0 n—o0

= lim lim[U"(r,z) — U(r — h, z)], 91)

n—-oo h—0

where we are allowed to swap the limits as both sequences are non-decreasing (asn — coand h —
0). Now we set 7, := 7,.(r — h, z), which is optimal for U(r — h, z), and consider the suboptimal
stopping time 7;, A n inside U". With no loss of generality we assume r — h > r,, for some ry > 0.
Then, using that p(R"™") > p(R™®) (in the last term of the expression below), we obtain
U'r,z)— U@ —h,z)
SE [1] (o, @ OVS g~ S o(RD)dt (1 A [P(Rf_h>—p(R{)]dt>]
> W<

+E []] {T >n}el((z—oc)v5n—(z—oc))—/0n p(R))dt .
h

.<1 _ Mg ~(z=a)vs,)- 5 [p<R{—h)—p(R;')]dte_ I p(RtrO)dt>] ‘ @)

We make a number of observations: (i) since 7, = inf{t > 0 : U(K} ,Rt’_h) =1}, and U(z,-)is
non-increasing, we have 7, | 7, P-a.s. as h — 0 with 7 a stopping time; (ii) the latter implies that
P-a.s. we have

Th n
limS, =S, and lirn/ p(R!)dt =/ p(R))dt forallr > 0; (93)
h—0 h—0 J, n
(iii) by dominated convergence and continuity of p we have, P-a.s.

dt =0, (94)

n
tim [ Jo )~ p(%)
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which also implies

Th
tim (Ve [ p(R) = p (RO}t ) =0, 5)
0
Recalling (74) we can use dominated convergence in (92) to obtain

0> lim irr(l)[U”(r, z)—U(r —h,2)]

1
n—-oo h—

> lim E [ﬂ{77>n}e/1((2—05)\/5nm_(Z_“))_ oyiAn p(RY)dt,
n—oo -

_ (1 _ AGaS; =Sy, p(R{O)dt>]. 96)

It is now easy to check that, P-a.s.

U

lim l/l((z —a)VS,—(Zz—a)V Sy — / p(R{O)dt] =0. (97)
n—oo
nAn

Hence, using dominated convergence once again in (96), gives

0> }lin(l)[U(r, z)—U(r — h,z)] = lim }lir%[U”(r,z) —-U(r—nh,z)] 20 (98)
N n—00 h—

as claimed. O

Continuity of U immediately implies that S is closed and that C is relatively open in ©: indeed,
by its definition, C may not be open in R? since it may include a portion of the lines {r = 0} and
{z = a}. For this reason we will use the notation C for the boundary of C in R? and d5C for the
relative boundary in O. Moreover Int C will denote the interior of C in R2.

Observe now that the (super)martingale property of the process A (see (81) and (82)), along
with standard arguments (see, e.g., (Karatzas and Shreve, 1998, Theorem 2.7.7)) give the following
corollary.

Corollary 3.7. The function U belongs to C? separately in the interior of C and in the interior of S
(so away from 0C), and it satisfies

LU(r,z)— p(r)U(r,z) =0, for(r,z) € IntC (99)
LU(r,z)— p(r)U(r,z) = —p(r), for(r,z) € IntS (100)
U(r,z) =1, for(r,z) € 05C. (101)

Refined regularity of U and its behavior at R, X {a} will be provided in the next section.
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3.2 | Differentiability of U
In order to obtain higher regularity properties for U we need some information on the shape of
the stopping region S. Recalling Lemma 3.3 (in particular the fact that U is non-increasing in z)
and defining, for r > 0,
b(r) :=sup{z € [a,+0) : U(r,z) > 1} (102)
with the convention that sup @ = o, we immediately find, forr € R,
S, :={z€[a,+x) : (r,z) € S} = [b(r), +0). (103)
This means that the r-section of the stopping set is connected and the graph of the map r —
b(r) describes the boundary that separates S from C (denoted by 05C above). Next we state few
important properties of the optimal boundary.
Lemma 3.8. Considerthe map b : R, — [a, +o0] defined in (102). Then
r — b(r) is non-increasing and right-continuous. (104)

Moreover, b(r) > a forallr > 0.

Proof. The fact that S is closed and (103) imply that r — b(r) is lower semi-continuous. Indeed
take any sequence (7, ),>1 converging to some ry > 0. Then

(rn,b(ry)) € S= S o liminf(r,, b(r,)) = (ry, liminf b(r,)) (105)
n—oo n—oo

and by (102) we have lim inf,,_, ., b(r;,) > b(r). Using again Lemma 3.3 (in particular the fact that
U is non-increasing in r) we have

(r,z) e S=>[r,+0)x{z} €S, (106)
that is, r — b(r) is non-increasing. Since b(-) is also lower semi-continuous, then (104) holds.

It only remains to prove the final statement. Take any ry >0, fix € >0 and denote
7, = inf{t > 0 : Rtro > ro + €}. For any ¢ > 0 the stopping time 7, A ¢ is admissible and suboptimal

for U(ry, a) so that
TeAL
> exp (E l/lSTEAt - / p(RZO)ds] ) (107)
0

where the final inequality is due to Jensen’s inequality. Recalling that p is non-decreasing
(Assumption 2.1) we have

ASz ni— OTEM o (R§° )ds

U(rg,a) > E [e

TeAL
/ p(RY)ds < p.(r. A1), (108)
0
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with g, := p(rg + €) = sup,_, <ro+e p(r). Now we use estimates as in (Peskir, 2019, Lemma 15). In
particular, we have

TN
E l/lS,EM - / p(Rgo)ds] >E l/la sup By — (1 +p)(T: A t)]
0

0<S<T AL

> AcE [ sup By — T <y sup BS] — (U + pe)t
0<s<t

0<s<t
1

1 2] 2
> AaE[sup BS] — AoP(r, < t)2E l( sup BS> ] —(u+ Pt

0<s<t 0<s<t
1
:/10'\/;<1_P(Ts < t)2> — (1 + Pt (109)

where in the final inequality we used that sup,_ ., B; = |B,| in law. Since P(z; > 0) = 1 and, con-
sequently, P(t, < t) —» 0 as we let t — 0, we have that the term involving \/? dominates. Hence,

plugging (109) in (107) and choosing ¢ sufficiently small we reach U(ry, ) > 1 which implies
b(ry) > a. Since r > 0 was arbitrary, the proof is complete. O

The simple properties that we have obtained above are crucial to guarantee global C! regularity
of U. We start by noticing that K and R are independent and have transition densities pX(t, z; z’)
and pR(t, r;r"), respectively, which are continuous with respect to the initial point, that is, z —
pX(t,z;z") and r — pR(t,r;r") are continuous for all t > 0, z’ € [a, +), ' € [0, +c0). Then it is
not hard to verify that the process (R;, K;);>¢ is strong Feller, that is, for any Borel measurable and
bounded function f : R, X R, and any ¢ > 0, it holds that (r, z) = E, [ f(R;, K;)] is continuous.
We then have the following important result.

Lemma 3.9. Forany (ry, zy) € 05C and any sequence (1;,2,)n>1 C C such that (ry, z,) — (ro, zo)
asn — oo, we have

y}im 7.(r,,z,) =0, P-as. (110)
Proof. Let us denote by o, the first hitting time of (K, R) to S:
o.(r,z) :=inf {t >0 : (R/,K?) € S}. (111)

It is well known (see (Dynkin, 1965, Chapter 13.1-2, Vol. II)) that since (R;, K, );> is a strong Feller
process, (111) holds if and only if all the boundary points are regular for S, namely

P (0, =0)=1 V(r,z) € 95C. (112)

(For further details on the above statement the reader may consult, for example, (Karatzas and
Shreve, 1991, Theorem 2.12, Ch. 4.2) and (De Angelis and Peskir, 2020, pp. 4-5 and Corollary 2).)
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Denoting by
6,(r,z) :=inf {t >0 : (R],K?) €IntS} (113)

the first entry time of (R}, K});»¢ to the interior of S, and noticing that o, < G,,, we now prove
(112) by showing that

P2(G.=0)=1 V(r,z) € 95C. (14)

Let (rg, z9) € 05C. Define R := [ry, o0) X [z, o), and denote by Int R and 0R respectively its
interior and its boundary in R2. Since r ~ b(r) is non-increasing, we have R C S. Also, let K be
a compact neighbourhood of (r(, z) and let Int £ and 0K denote, respectively, its interior and its

boundary in R?. Since (ry, zy) € 05C thenr, > 0and we assume that £ N {r = 0} = @. Then there
exists some 7, > 0 such that

N Zyr2mne onk (115)

so that the diffusion coefficient of the process (R;);>( is uniformly non-degenerate over K. Let us
define an auxiliary process (R;);o with dynamics

dK, = udt + odB,, Ky =z, 1m7)

where by (r) = k(6 —r) and yx(r) = y+/r on K, and are continuously extended to be constant
outside K. Notice that the uniform ellipticity condition (115) holds for yx on the whole R.

Since the process (R;, ft),zo is non-degenerate over the whole R?, it admits a continuous tran-

sition density p(-, -, -; 7, z) such that, for any ¢t > 0

M _p lr=ree=z? m _ng ez
—e T 2P Rz 2 e T (118)

for some constants M > m > 0, Ay > Ay > 0 (see, e.g., (Aronson, 1967, Theorem 1)). Moreover,
denoting

T :=inf{t >0 : (R,K;) & Int £ X (a, 00)} (119)
and

Te :=inf{t >0 : (R,,K;) & IntK X (a, 0)}, (120)
we have that

(R[/\T/C’K[/\TK) = (EIA?/C’E[A?K)’ PV(),ZO_a'S' (121)
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by uniqueness of the solution of the SDE (recall that the reflected process K is just a Brownian
motion with drift away from the reflection point «).

Now, let R/ be a (half) cone with vertexin (ry, z, ), whose closure is contained in Int R U (ry, 2),
and denote by E?’R and 6";% the corresponding entry times of (R, K) and (R, K), respectively, into
the interior of R’. Notice that this additional cone is needed in the argument that follows because
(to, zp) may lie on a horizontal/vertical stretch of the boundary 05C, in which case (65C NdR) \
(r0,20) # @ Whereas (35C NOR') \ (ry,zy) = @ always holds. Fixing t > 0 we then have, using
first that Int R C Int S,

Pz (@s S 2Py o (G <) 2Py (G <t Tje > 1)
=Py (0 ST > 1) =Py, (G, <) =Py, (G <t,T <1)

> Py (@ <O =P T <), (122)

where the first equality holds by (121). Thanks to (118)

_ |r—r0\2+|z—20|2
p(t, ro,zo;r,z)drdzz/ %e B i drdz. (123)
R/

Pro,zo(ggg <t)= /

R/

Using the fact that the change of variable s = ';0 ,¢ = Z\_/ZEO maps the cone R’ into a cone R, with

7

the same aperture but vertex in (0,0), we get

Prozo (@ < 1) / me=2oHgsde =1 g > 0. (124)
Ry

Letting ¢ — 0 we obtain P, . (b’;3 = 0) > g > 0 and therefore, by (122), also that P, , (&, = 0) >
g > 0 upon noting that P, , (T <t) > 0ast — 0.

Since {G,, = 0} is measurable with respect to the trivial o-algebra T‘f ’W, by the Blumenthal’s 0-1
Law we obtain P, , (6, = 0) = 1, which completes the proof. O

Lemma 3.10. Fixq € N. There is a constant ¢ > 0 such that, for all F&-W -stopping times 7, and any
(r,z) € R, X [a, +0), it holds

<c. (125)

T r T k
E[emf—/@ A [ [ (7)Y VR
0

Moreover the family

{eas,—fo’p(R{)dt /T e_gt [1 + (R[’)Hq] \/R_zdt’ T> 0} (126)
0

is uniformly integrable.
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Proof. Using that S is of finite variation we integrate by parts to get a first, convenient, upper
bound

T r T _E 1
eIy o)t / e 1 (R JRrde
0

T t k
<2 / ezsf—f()tp(R§)dS< / [?[H(RQ“Q] R§ds>d5t
0 0

TS — (RN ds— X 1
+ /e“f Jo (RS )ds z’[1+(R{) +q] RIdt
0

[ t k
<1 / e“z—/Jp(Rz)ds< / e‘53[1+(R§)“‘1] Rgds>ds,
0 0
© t " k
; / SR Py 4 (ry) Ry
0
=: A+B. (127)

Hence, to prove both claims of this lemma it is enough to show that E[A] + E[B] < +c0.
We start by proving that E[B] < +oc0. Using that p > 0 (see Assumption 2.1), that \/; <1+,
Fubini’s theorem and independence of S; and R, we obtain

© _k _k 1 2
E[B] < c/ E [e”l 4t]e 4[E[1 +R+ (R) T4 (R +q]dt (128)
0
for some constant ¢ > 0, which will vary from line to line. Observe now that (recall (59))

AS; — %t < Ao sup < s — gs - %s) <AoSP, withp = (129)

0<s<t

SERN

L
410"

Since P(S%, > x) = exp(—2px) for p > 0 (see Remark 3.2), as in (63) we easily get E[exp(1S, —
kt/4)] < ¢’ for some ¢’ > 0. Hence

© K
E[B] < c/ e E[L+ R+ (R) " (R) T a (130)
0

Now we recall (Dufresne, 2001, Thm. 2.3), which states that, for any ¢ € N, there is a constant
C¢ > 0, only depending on ¢ and the coefficients of the SDE (3), such that

E[(Rf)g] <Cy, forallt>0. (131)

Using the latter bound in (130) for ¢ = {1,1 + q,2 + q} we get E[B] < +oo0.

Next we show that E[A] < +oc0. We only provide full details in the case p(r) > c,r (see Assump-
tion 2.1), since the case p(r) > c; is easier and can be dealt with in the same way. Below we use
E[A] = E[E(A|F2)] and independence of R from FZ . Then, recalling that \/; <1+ r, byFubini’s



30 Wl L E Y BANDINI ET AL.

theorem we obtain

) - t k
E[A] < cE l / eﬂSrE(e—czfo Ryds / (1+R + (R + (R§)2+q)e_5sds|7’£>d5,]
0 0

& t , t k
<cE [ / eﬂSrE(e—czfo Rids / (1 +RO+ R+ (R§)2+q>e_5sds>d5,] (132)
0 0

for some constant ¢ > 0, which will vary from line to line. Repeated use of Holder inequality and
(8) give

t
E —szthdS r r1t+q \2+g _kg
e 2o 1+R,+(R)) "+ (RY) e 2°ds
0

N

1 2
Crrds ) 2 ! _k
3E<e—2czfode>> E ( / (1+R§+(R;)”q+(R;)2+q)e zsds)
0

1

2

1 r t k t 2 k
Se_EAZCZ(t)_Eczcz([)E[ / e 2'ds / (1 +R +(R§)1+q+(R§)2+q) e_fsds]
0 0
1 r
< C(r] e_EAZCz(t)_EGZCz(t)’ (133)

where the final inequality follows from (131), for ¢ = {1,1 + g, 2 + g}, and with some Cé > 0.
Plugging the last expression above in (132) gives

© 1 r
E[A] ch[ / Mg 2220730 W gg | (134)
0

The latter can be treated exactly by the same methods that we used to estimate (66), hence E[A] <
+00. O

The methodology that we adopt to prove C! regularity of the value function was developed in
De Angelis and Peskir (2020) for general multi-dimensional, finite-time and infinite-time horizon,
optimal stopping problems. However, due to the square root in the diffusion coefficient of the CIR
dynamics, some of the integrability conditions required in De Angelis and Peskir (2020) seem
difficult to verify directly. So in the proof of Proposition 3.11 below we adapt the method to our
setting.

Proposition 3.11. One has that U € C'(©). Moreover
Un(r,2) = =2Epz | Ugs, 5zmage ST o0 (135)

forall(r,z) € O.
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Proof. The proof is organized in two steps.

Step 1. We start by noticing that (135) trivially holds in the interior of S with U, = 0. Further,
we know that U, is continuous in Int C, so that if we can prove (135) in Int C, then Lemma 3.9 and
the use of dominated convergence will also imply continuity of U, across d5C. Finally, to show
that (135) holds in Int C we can repeat the same steps as in the proof of (De Angelis and Ekstrom,
2017, Thm. 5.3), upon replacing the discount factor therein by fOT* o(Ry)ds. We omit further details
in the interest of brevity.

Step 2. Here we prove that U, € C(O). We know that U, is continuous separately in Int C and
Int S. Then, it suffices to prove continuity across the boundary d;C. We start finding bounds on
U,.

Fix (r,z) € IntC, € € (0, &y), and denote 7., := 7.(7, z). Recalling Lemma 3.3 and optimality of
7, for U(r, z), we obtain

Ulr+e2z)—U(r,z)
€

02>

> Lg [emz—a)vs,* —(z—a)-[;* p(R;”)ds(l A (p(Rzﬁ)—p(R?))ds)]
€

€

Ty " T r+e\4 [pr+e_ . /pF
> 1E I:ell((z_a)vsr* —(Z—O())—fo P(Rs)ds <1 _ e/() C3<1+(Rs+ ) >( Rs+ \/R_s)ds>:| , (136)

where in the last inequality we have used Assumption 2.1, (i) and (iii), and the fact that r — R"
is non-decreasing.

Next, we notice that by Tanaka formula and Yamada-Watanabe’s theorem, the process A :=
\/1_2 is the unique solution to

(k6 N1 &k Y _

We then have

k

k k
d<At €5t> = ezt dAt + At gezt dt

k 2 k k

2 8)A 2
_O5[(Kke y*\ 1 Lty
=e:2 |:<7 - ? A_[ dt + ez Eth, (138)

which gives in the integral form

k k6 )/2 s ki1 s Ky
AS€28=A0+ <7—§>/0 ez A—dt+/0 ez Eth (139)

t

Hence, using the above formula, we obtain

k
(\/R§+E —~ \/Rg) ex’
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) . R _ /R
Ty (2T [,
NN
< VTV a40)

where the inequality follows from R” < R"*¢, upon recalling that 2k6 > y2. Therefore,

(Vr - i) < (e vie ™ 140

Hence, substituting (141) in the last integral of (136) and recalling € < ¢, we get

/OT* 03(1 + (R§+E)q> <\/1F— \/R?>ds
< (m_ \/?) /OT e‘gsc3<1 + <R§+E“>q>ds. (142)

Plugging this expression in (136) and using that

1
1— e(\/r+s—\/7)C — —£C/ ;e(\/rﬂ:u—\/ﬁcdu

0 24/r+cu

1
> _gce(\/"+50_\/;)c/ ;du
0 24/r+ceu

= —CeVTHVIC(\fr ke — /), (143)

for any C > 0 independent of €, we continue with the chain of inequalities

0

S Ulr+ez)—U(r,z)
- 3

S (Vr+e—+/r
—
A(z=a)VS,, —(z—a)— [, * p(RL)ds kg r+eo\?
-Ele T o P /e2c3 1+<Rs °> ds
0

Ty _ E q
-exp<<\/r+£0—\/;>/ e 2Sc3(1+(R§+5°> >ds>]. (144)
0
Now we let £ — 0 first, and then we also let ¢, — 0. Thanks to monotone convergence we obtain

0>U,(rz)

T r ) _k
> —LE [el((Z—a)vST* —(z—a))—f; " p(RY)ds / e (1 + (RDQ)e sts] ‘ (145)
24/r 0
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We notice that the right-hand side above is bounded by a constant, thanks to Lemma 3.10.

Now, fix (ry,zo) € 05C and take a sequence IntC 3 (ry, z,) — (ro, Z), as n — co. Using (145)
with (r,,, z,,) in place of (7, z), recalling that 7,(r,, z,,) = 0 by Lemma 3.9, and using dominated
convergence (justified by the second claim of Lemma 3.10), we get

0 > limsup U,(ry, z,) > liminf U,(r,, z,) > 0. (146)
n—oo h—c0
Since the boundary point was arbitrary we conclude that U, is continuous across d5C. 1

An immediate consequence of the above proposition is the following.
Corollary 3.12. Forallr € R, we have
U,(r,a+) = —AU(r,a). (147)
Proof. Fixr > 0andletz, | a asn — oo. Then, if
™i=1.(rz,)>1t¢=1,(r,a) asn— oo, P-as, (148)

it suffices to take limits in (135). Indeed, by dominated convergence (recall (74)) we obtain
U,(r.a+) = —AE [e“fi‘ ~h P(Rf)‘“] = AU Q) (149)

where, in order to remove the indicator function in the limit of (135), we have also used that
P(S;2 > 0) = 1, being P(t¢ > 0) = 1since b(r) > a by Lemma 3.8. So it only remains to prove con-
vergence of the stopping times in (148).

The sequence (K*#), is decreasing and therefore the sequence of stopping times (z}}),>; is
increasing with 7! < 7% for all n > 1. Hence, 7 T t* < 75, P-a.s., for some stopping time 7.
Now we show that 7*° = 7¢ as needed, using an argument similar to those used in (Chiarolla and
De Angelis, 2016, Lem. 4.17) and (Menaldi, 1980, Lem. 1.2) but under different conditions.

Recall that (¢,r, z) = (R} (@), K7(w))is continuous forallw € Q \ N and some universal null set
N by Kolmogorov-Chentsov continuity theorem. Fixw € Q \ N.Letd > 0besuchthatz$(w) > 6,
then by continuity of paths there exists cs > 0 such that

01356 (U(R](w), K¥(w)) — 1) > cs. (150)

Thanks to the explicit dynamics of (K} );»¢ in (50) we find K,Z" —Kf=(z,—a—-S)" <(z, — ).
The latter and (89) give

sup |U(R}(@), K@) — U(R}(), K;"(@)]

0<t<6
< ho sup (e_’l(K? @-a) _ e‘MKtZ"(“’)_“)>
0<t<6
< Ahy sup (K;"(w) — K*(w)) < Ahy(z, — ). (151)

0<t<6
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Then there is ns,, > 1 such that

it (U(R/@).K"(@) =1) 2 2 (152)

for all n > ns . Hence lim,,_, , 7{(w) > & and, since & was arbitrary
lim 73(w) 2 (). (153)
Recalling that w € Q \ N was also arbitrary, we conclude. |

We close this section by proving continuity of the optimal boundary (Theorem 3.13), its bound-
edness and its asymptotic limit as r — oo (Proposition 3.14).

It is worth noticing that for the continuity of the boundary, we cannot use (Peskir, 2019, Thm.
10). The second condition in Eq. (3.31) in the statement of that theorem fails in our case as di—(zr) =
0.

Theorem 3.13. Considerthemapb : R, — [a, +o0] defined in (102). Thenr — b(r) is continuous.

Proof. We suitably adapt the proof of (De Angelis, 2020b, Thm. 5.2) which holds in a parabolic set-
up. We already know that r — b(r) is non-increasing and right-continuous by (104) in Lemma 3.8.
It thus remains to prove that r — b(r) is left-continuous. We argue by contradiction.

Assume thus that there exists ry > 0 such that b(ry—) :=lim,_,, b(r) > b(r,). Then there also
exist zq, z, satisfying b(ry) < z; < z, < b(ry—) and r; < r( such that

Zi=(r,r) X (21,22) CC, {ro} X (z1,2,) C I5C. (154)

Now, by Proposition 3.11, we know that U € C'((©) and that (135) holds. Since P2 (T <400, S; >
z —oa) > 0 for any (7, z) € C and U, is uniformly continuous in any compact subset of C, then
formula (135) implies that there exists ¢y > 0 such that

ry +r0

U,<—¢g ondxn {r < } =: 0%. (155)

Moreover, by uniform continuity on any compact set, for any € > 0, there exists §, > 0 such that
8, > 0ase — O0and

sup  (|U,(r,2)| + |U(r,2)]) <. (156)

[ro=6¢.rolX[21,22]
In particular,
Uy(ro —6;,z) > —¢. (157)

Letusnowsetu := U,. Classical interior regularity results for PDEs (see, e.g., (Friedman, 1964,
Thm. 10, Ch. 3, Sec. 5)) guarantee that u € C*(Z) N C(Z). By differentiating the PDE for U given
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in Corollary 3.7 and taking into account (155), we get

Lu(r,z) — p(Nu(r,z) =0, (r,z)€Z,

u(r,z) =0, (r,z) €92 nd5C,

= 1
u(r,z) <0, (r,z) ez, (158)
u(r, Z) S _E()y (r, Z) (S 520

On the interval (1,7, — J.] we consider a process that is equal to (R;);>o away from ry — &, it
is reflected (downwards) at ry — &, and it gets absorbed on the portion of the boundary 9% \ 5C.
To this end, we introduce a process &€ with dynamics

d&f = k(@ —&dt +y4/§dW, — dA;, § =10~ 0, (159)
where A® is an increasing and continuous process with Aj = 0 such that

§f <ro—9, and dA} = Ly 5€}dA§ forallt > 0. (160)

=ro—

The existence of &° follows from standard results on reflecting diffusions, but can also be con-
structed as a time-change of a scaled reflected Brownian motion, see for example Lions and Sznit-
man (1984) or (Bass, 1998, Sec. 12, Chapter I) for more details. Let

$1=Z)=z+put+0B,, forze (z,2,), (161)
and set

ti=inf {t>0: ({,£&)€dz\a5CH. (162)
Then, the process (¢ fmg e ATE )i>o evolves in the rectangle (ry, rg — 8] X (21, 2,), it is reflected hor-
z

izontally (inward) at each time &° hits r, — &, and it is absorbed upon reaching the portion of
boundary 0% \ d5C. Notice also that E[75] < oo since it is dominated by the exit time of { from
the bounded interval [z, z,]. .

Let us now apply Dynkin’s formula to e™ e (§,i)duu(§ £,{.) on the (random) time interval [0, 5]
and use the first equation in (158):

0

e [e_for; p(g'i)d”u<§; i grg)] _ u(ro _ 55,2) e l/fz e_/otp@;)duur(gf’{t) dAf]

= u(ry—8.,z)— E l / G g”[)dAE] , (163)

0

where in the seEond equality we used (160). From the final condition in (158) and using that p > 0
is bounded on X, on the left-hand side of (163) we have

T e
< —¢E e~ Jo~ p(&i)duy
((s0)0)
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< —EOCP<(§%,§T§> €o%,), (164)

for some constant C > 0 only depending on X. Thanks to (157), on the right-hand side of (163) we
get

u(r() - 55’ Z) —E l/ ’ e /Ot p(gz)duur(r() - 55’ g[) dA§‘|

0
= e
>—¢—E / el Py (ry - 8,,¢,) dA° . (165)
0

Collecting (164-165), we obtain

0

—&C P((;fj;,g;;) e azo) > _¢—E l/ S e ey (- 5E,§,)dAf] . (166)

Next we want to take limits in (166) as € — 0. In order to avoid potential difficulties with the
continuity of U, at the boundary {ro} X (z1,2,) C d5C, we adopt an approach using test functions.
Let us take ¢ € C:°((21,22)), ¢ > 0. Thanks to (162) we can write 75, = 7;(2) A 7,(2) A n°, where

n®i=inf{t >0 : & <r},
71(z) ;=inf{t >0 : ¢ <z}, T5(z) :=inf{t >0 : ¢ >z} (167)

and notice that »* is independent of the initial condition z for the process ¢,. Multiplying (166) by
@(2), integrating over (z;, z,) and using Fubini’s theorem, we get

—6,C / & P@P( (82,4 ) € 0%y )dz

1

n® ¢ e 2z
>—e—E [ / e ho F(Eu)du( / Ly <oy nesyey Usr(fo = 82,2 + it + B) ¢(2) dz)dAf] ) (168)
0 z]

The mapping z — 7,(z, w) (resp. z — 7,(z, w)) is increasing and continuous for P-a.e.-w (resp.
decreasing, continuous). Monotonicity is by pathwise comparisons whereas continuity is a known
result for one dimensional diffusions (it may also be deduced by arguments analogous to those in
Lemma 112). It follows that z — 7,(2) A 7,(2) is P-a.s. continuous and it changes its monotonic-
ity at most once. In particular, for any w € Q \ N with P(N) = 0, there exist z(t,w) and z(t, w)
satisfying z; < z(t,w) < Z(¢,w) < z, and such that

{z€(z1,25) : T1(2,w) ATy(z,0) > t} = (2(t, w), Z(t, w)). (169)

Plugging (169) into (168) we obtain

—&C / p@P((85.¢5 ) € 9% )dz

1
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n® Z(t,w)
> —¢—E l / e—/o’f’(ﬁu)du< / U, (ro — 8c,2 + ut + B) 9(2) dz)dAf] . (10)

0 z(t,w)

Integrating by parts, recalling (156) and using that (z(¢t, w), Z(t, w)) C (z1, z,), we get

Z(t,w)
/ Uy (ro — 8012 + it + B,) p(2) dz

z(t,w)

B Z(t,w)
= [Up(ro — 8.2 + ut + B (@) ) / Up(ro — 8.,z + ut + B) ¢/ (2) dz

tw) z(t,w)

< &zy = z2D)19lleo + 119" loo)s 71)

where || - ||, denotes the supremum norm on (z;, z, ). Since this bound is deterministic and inde-
pendent of z, when we plug it back into the integral with respect to dA; we obtain

22
—_ 3 c _ _ / €
EOC/Zl P@P( (8585 ) € 9% )dz 2 —¢(1+ (22 — 2)lIplls + 1911 )E |45 | ).
From the integral form of £€° we obtain

E[A;E] —E lro — 5.+ / " k(6 — §'§)ds] - E[«’;’;E] < o + kOE[n°] - 1. (172)

0

By construction, £ < R™ for any € > 0. Then E[%¢] < E[#], where# :=inf{t > 0 : R[r" <r}and
the expectation of the latter hitting time is finite since the CIR process is positively recurrent
(cf. Section 12 in Chapter II of Borodin and Salminen (2002)). Then we have E[Af)g] <(C;,fora
constant C; > 0 independent of €.

Finally, we get

wC [ o@P((£.04) €95 )ds <1+ iz = 2ol + IP'lle). A7)

1

Then, taking limits as € goes to zero, the previous inequality yields

lim sup / B qo(z)P<(§%,§'T§ ) e 620>dz <o. (174)

e—0 Z

We now show that the above inequality leads to a contradiction. Notice that

P<(§% s ) €62) 2 POF < (71 AT(@) (175)
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and, letting u(dt; z) denote the (well-known) law of (7; A 7,)(z), we have

PO < (71 AT)(2) = / P(rE < 1) (dt; 2), 176)
0

by independence of »° and 7; A 75.
Since £¢ < R" by pathwise comparison, then

Pt <t)>P(n<t), foralle> 0. a77)

with 7 introduced above. Therefore we have

lim iglf Pt < (11 ATy)(2)) > / P(n < ) u(dt;z) := f(z) >0, Vz € (zq,2,). (178)
g 0

Then, from (174) and Fatou’s lemma we reach a contradiction. Thus r — b(r) is continuous. []
Proposition 3.14. One has:

(1) b(r) < 4+oo0 forallr > 0;
(ii) if p(r) > c; forsomec,; > 0, then b(r) < zc*1 forallr > 0, where zc*1 € (a, o0) is the free boundary
of the optimal stopping problem (52) with p(r) = ¢;;
(iii) if p(r) = cyr for some c; > 0, then lim,1, b(r) = a.

Proof. We prove each item separately.
(i) Suppose that there exists ry > 0 such that b(ry) = +o0. Then, by monotonicity, b(r) = +oo
forallr € [0,r)). Then taker € [0,ry)and set7 :=inf{t > 0 : R > ro}, P-a.s. Clearly, 7 < 7,

P, z-a.s. for all z > «, and therefore the superharmonic property of the value U (cf. (81) and
(82)) implies that

1<U(r,z)=E [el (e=avse—(a=a); p(RE) dSU<R’ KZ>]
) Faduiars

<E H{S?zz—a}e

A (Se~(z-c)—y p(R; )dsho]
+E [1] (Se<z-aj€ Jool®%) dSU<R;’ Kz )]
< e A-0E [ Sy p(RE)ds ho] TE [e_ Jy (RS dSU( RL,KZ )] , (179)
By noticing that T does not depend on z, recalling (74), and taking limits as z T co we obtain

Z—>0

lim =4 G- [e“?‘/ff’(R?)dsho] =0. 179)
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(i)

(iii)

On the other hand, for any r € [0, ry] we have

1< U(r,z) = supE [e’1 (@=a)VSe—(z=a)- fy P(Rg)ds]

720

ASe~(=a)=Jy () ds] + Sup E Vs, <z

<supE [“{s,zz—a} e up
T2

>0

< e =D gupE [e’1 Se=Jy P(RS )ds] +1
720

< hge M0 41, (181)

It follows thatlim,_,, o, U(r,z) = 1foranyr € [0, rq]. Recalling thatlim,_,, , K} = +ooa.s.,
and noticing that the CIR process is positively recurrent, this in turn yields

lim U(R;, K;) —1as. (182)

Z—>0

Thus, applying the Lebesgue dominated convergence theorem in (180), we get
1<E [e_ f(ff’(R?)ds]. (183)

Being P,(7 > 0) > 0 for any r € [0, ry), we reach a contradiction.
Assume that p(r) > ¢; for some c; > 0. Because of

U(r,z) < sup E[e? (G-aVSe=(E-ad-aTt] =: y(z;¢)), (184)

>0

one has for any r > 0 that
{z>a:z>2b(r)l={z>a: Ulr,z)=1}2{z>a: v(zc) =1} (185)

Notice now that v(z;c;) < e*#=97 for some constant 0 > 0 for all z > 0 (cf. (63)), and that
{z>a: v(z;e)=1}={z>a: z>z)} for some z;; € («,c0). Hence we conclude that
b(r) < zX.

Assume that p(r) > c,r for some ¢, > 0. To prove that lim,, b(r) = o we argue by contra-
diction and we suppose that b, :=lim,4, b(r) > a. Then take z;,z, such that a < z; <
z, < by, and for z € (z1,2z,) and r > 0 set & :=inf{t > 0 : K, & (z;,2,)} P,-a.s. Clearly,
R, X (z1,2,) C C, and therefore & < 7, P, ;-a.s., and this fact implies that (see (82))

1< U(r,z)=E [e/l (z—a)vSs—(z—a))- [, p(Rg)dsU(R;’K;)

< hyE [eﬂ (z—a)VSsg—(z—a))—c, /06 RE ds
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_ hoE[ easa—ACZ(ﬁ)—chz(ﬁ)]_ (186)
Here, (60) has been used for the penultimate step, while the independence of the Brownian
motions W and B led to the last equality, together with (8) and (9). Since the last expectation on

the right-hand side of (186) can be made arbitrarily small by taking r sufficiently large, we reach
a contradiction and we have thus proved that lim,;, b(r) = a. O

4 | SOLUTION TO THE DIVIDEND PROBLEM

In this section we show that we can find a couple (v, a) that satisfies all the assumptions in The-
orem 2.4, hence we obtain a full solution to problem (5).
Let us define the function v : O — R, as follows

u(r, z) ::/ U(r,y)dy. (187)

Using Proposition 3.11 we obtain that the functions v,, v,,, v, and v,, are continuous on O.

Proposition 4.1. The function v has a weak derivative v,, € L;> (O). Moreover, we can select an
element of the equivalence class of v., € L} (O) (still denoted by v,,.) such that

b(r)Az
vp(r,z) = ﬂ{b(r)Zcx})% ( / [e(NU(r,y) — uU,(r,y) — k(€ —r)U,(r,y)] dy) r!

2
o
_ﬂ{b(r)za}ﬁ (Ux(r,z AD(r) = Uy(r,a+) r. (188)

Proof. The main idea in this proof is to compute explicitly the weak derivative v,,.
Since v,(+, z) is a continuous function for all z > «, we say that its weak derivative with respect
to r is a function f € L'(O) such that, for any ¢ > 0 with ¢ € CZ(R,,), it holds

/ 0,7, 2)¢/ (n)dn = — / F.Dpdn,  forz € (a, +o0). (189)
0 0

We denote by g the generalized, right-continuous, inverse of the decreasing function b and, for
future frequent use, we also define g.(-) := g(-) —efore > 0.

Using that U, is continuous, with U,(,y) = 0 for n > g(y), and employing Fubini’s theorem
we can write

/ 0,7, 2)¢ (0)dn
0

= /Ooo (/az Ur(n,y)dy>go’(n)dn = /az </00o Ur(n,y)qo’(n)dn)dy
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z g z ()
= / ( / Ur(n,y)qo’(n)dn>dy = / (gr& / Ur(n,y)fp’(n)dn)dy
a 0 a 0

z g
= lim < / Ur(n,y)fp’(n)dn)dy, (190)
0

e—0 o
where in the last line we used dominated convergence. We now recall that
},2 0.2
?rUrr =p(NU — ?Uzz —uU; — k(6 —r)U, (191)

in C and that U,, is continuous away from 0C. This implies that for fixed € > 0 we can write
(recalling that ¢(0) = 0)

g:) g )
/ U,(, )¢’ (mdn = U,(g.(»), )o(g.(») — / U,.(n, y)p(m)dn
0 0

= U,(g(),»)e.())

2 g0 .2
- ﬁ< [ 0 [pmve) - 0.0, - u0..) - k@ - U 1.) <o<n)dn>. (192)

Plugging the latter into (190) we find

z g
lim / U, (0, )¢’ (m)dn |dy
a 0

= lim / U, (2.0, »)9(g.0))dy

z

2 g
—lim —( / N eMUm,y) — uU,(n,y) — k(6 — n)Ur(n,y)]co(n)dn)dy
0

2
E—»an

o
EOa

ZO.Z g
wtim [ E ([ ULy ). (193)
0

For the first two limits on the right-hand side of (193) we can use dominated convergence and
recall that U,(g(y),y) = 0 to get

/ 0,1, 2)¢ ()

0
Z 5 g

=_ / ;7< / 7 emU®, y)—uUz(n,y)—k(e—n)Ur(n,y)]qo(n)dn)dy
a 0

z (72 ()
wtim [ E ([ ULty ). (194)
0

—_
aOa
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For the remaining term on the right-hand side of (193), we set b.(n) as the generalized inverse of
g:(n), use Fubini’s theorem and obtain

z O_2 g
lim [ = / 77Uz (0, y)ep(n)dn |dy
0

e—0 o y
o2 2@ [ pzrb(n)
= % lim [ vty o ety
Ve e 0 a
o2 gla@)
=5 (U,(m,z Ab®)) — U,(n,a+)m o(n)dn, (195)
0

where in the last line we also used b, — b and g, — g. Combining (194) and (195), and using
Fubini’s theorem once more we find

/ 0,1, 2)0' ()i

0
gla) 2 b(mnz

- / ﬁ< / [p(n)U(n,y)—ﬂUz(n,y)—k(e—n)Ur(n,y)]dy>n‘1<p(n)d77
0 a

O.2 g(er) oo
+— / (U(n,2 Ab®)) = U (n, a+)n~ p(n)dn = — / (@, 2)p(n)dn, (196)
Y- Jo 0

where, noticing that { < g(a)} = {b(n) > a}, we have defined
b(n)rz
f(,z) .= ﬂ{b(n)Za}ﬁ / [eMU®,y) — uU,(n,y) — k(6 — U, (0, M]dy |n™*
[e4

2
(o} _
_]]{b(n)Za}ﬁ(Uz(U,Z Ab®) = U,(n, a+)m~". (197)

It follows that v,, = f in the weak sense.

O

In order to use Theorem 2.4 we need to show that v,, is continuous as well in the closure C of
the continuation set C, and we accomplish that in the next proposition. We remark that global C?
regularity of a solution to (13) is far from being a trivial result and, in particular, we are not aware
of any probabilistic proof of this fact.

Proposition 4.2. One has that v,, is continuous in cno.

Proof. 1t suffices to observe that for any (r,z) € C N O we have z < b(r). Hence

0.2) = Vel ( / () ) = KU(r,y) — k(O — UL, )] dy) -
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o? .
l {b(r)zoc}ﬁ U (r,z2) = U,(r,a+))r—, (198)

and the claimed continuity follows from Proposition 3.11. Notice that Ty,,)>q; = 1 for all ¥ <r,
where r, :=sup{r >0 : b(r) > a}. O

We conclude this section by proving that indeed V' = v and by providing an optimal dividend
strategy.

Theorem 4.3. Recall b from (102), V from (5) and v from (187). Then V(r, z) = v(r, z) forall (r, z) €
O and the process

D! :=sup [Z0—bRY)], 20 (199)

t
0<s<t

is an optimal dividend strategy; that is, for all (r, z) € © we have

TOC ¢
o(r,z) = V(r,2) = E,, / e~ o PRI gy | (200)
0_

Proof. 1t suffices to check that v of (187) satisfies all the conditions in Theorem 2.4. The function
v is continuous everywhere. Moreover, by Proposition 3.11, v,, v,,, U, and v,, are continuous on
0, and, by Proposition 4.2, v,, is continuous in cno.

Since U > 1 we have that v, > 1, with equality for z > b(r), r > 0. Moreover, by (135) we see
that v,, = U, < 0 for all (r, z) € O such that « < z < b(r). Hence v, > 1 for such values of (z,r)
because v,(r, b(r)) = U(r,b(r)) = 1. Also, 0 < v(r, z) < hy(z — ) for any (r, z) € O due to (60).

Forr € R, and o < z < b(r) we have by Corollary 3.7 and the dominated convergence theorem
that

0= / (£ = (U y)dy

1 1
= Eo'zvzz(r, z) + uv,(r,z) — <§czvzz(r, a+) + uv,(r, oc+)>

+%y2rvrr(r, z) + k(6 — r)v(r,z) — p(r)v(r,z) = (L — p(r)v(r, z), (201)

upon observing that %oz U,,(r,a+) + uv,(r,a+) = 0 by Corollary 3.12. Repeating the same calcu-
lations for z > b(r), r > 0, we find that (£ — p(r))v(r, z) < 0. Hence, (L — p(r))v(r,z) < 0 for a.e.
(r,2) € 0.

Therefore we have verified all the conditions in (13), and it thus follows that v = V and D* = D?
is optimal. O
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7D FIGURE 1 Anillustrative drawing
of the free boundary r — b(r) and of the
— b(r) optimal dividend payout. The red arrows
illustrate the vertical push that is needed
to keep the surplus process below the
interest-rate dependent boundary b. In
particular, the optimal dividend process
defines a continuous measure t —~ dD;
o D on R, which is completely singular with
ed respect to the Lebesgue measure [Color

figure can be viewed at
wileyonlinelibrary.com]

R

5 | CONCLUDING REMARKS
5.1 | Some comments on the optimal dividend policy

The optimal control from (199) prescribes to pay dividends in such a way to keep the surplus pro-
cess below the stochastic threshold ¢ — b(R,) at all times. In particular, the company distributes
the minimum amount of dividends that prevents the current surplus level from exceeding the cur-
rent optimal ceiling b(R;). Any excess of the surplus is paid as a lump sum. Figure 1 below provides
an illustration of the curve r — b(r), of the process (Z, R), and of the optimal dividend payout (we
refer to Section 5.2 for the numerical evaluation of the free boundary for some specific choices of
the discount rate). The optimal dividends distribution is therefore of barrier type but, differently to
classical models with constant discount rate and constant optimal barrier (see, e.g., Section 2.5.2
in Chapter 2 of Schmidli (2008)), here we observe dynamic (stochastic) adjustments of the bar-
rier. This strategy shows how the firm’s manager responds to the fluctuations of the spot rate and
allows to draw some economic/financial conclusions in a dynamic (random) macro-economic
set-up. In particular, since the free boundary b is a decreasing function, we observe that in scenar-
ios where the interest rate tends to increase, the firm manager will pay dividends more frequently
because the expected present value of future dividend payments decays. Of course this behavior
also increases the probability of an early insolvency of the firm since in our model the growth rate
of the surplus process is constant and independent of the current spot rate on the market. Despite
this general trend, we also observe that no matter how large the spot rate, an immediate liquida-
tion of the firm can never be optimal (final claim in Lemma 3.8). The combined uncertainty on
the future moves of the spot rate and the surplus process indeed encourage gradual liquidation in
light of a possible reversion of the spot rate towards lower values and/or upwards excursions of
the surplus process.

If the discount rate is such that p(r) > p, for some constant p, > 0 (e.g., it is of linear form
p(r) = pp + 1), one easily obtains from (5) that the value function with interest-rate dependent
discount force is smaller than the one with p(r) = p,. However, we also see that if p(r) > p,, then
the interest-rate dependent barrier b is uniformly bounded from above by the constant free bound-
ary ZZ;O arising in the problem with constant discount rate p, (Proposition 3.14-(ii)). Continuity of
the boundary r — b(r) implies that optimal lump sum payments can happen only at the initial
time with D(’)k = (z — b(r))". It thus follows that lump sum payments are larger than those in the
problem with constant discount rate, that is, (z — z;0)+. Moreover, according to Proposition 3.14-
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(iii), we see that in the linear case p(r) = p, + r the size of the lump sum payments increases with
the value of the interest rate (and indeed it attains its maximum when r T oo, with Dg =(z—-a)").
This is in contrast with the case of constant interest rate p(r) = py, where D = (z — z;0)+.

5.2 | Numerical illustrations

In this section we outline a simple numerical method that allows to compute the free boundary
b via the PDE associated to the value function U of the optimal stopping problem (52). A direct
study of the PDE for its value function V (cf. (5)) is possible in principle but more involved because
the gradient constraint V, > 1 is harder to implement than the obstacle constraint U > 1. While
the study of an optimized numerical scheme is outside the scope of our paper, the results in this
section show that the connection to optimal stopping also provides useful tools for numerical
solution of the original singular control problem.

We consider the two cases when p(r) = ro + r and p(r) = /ry + r, for ry = 0.05 (notice that
Assumption 2.1 is satisfied). The parameters’ values are:

a=0, o=1, u=1, 6=015 x=0.5 y=0.3, (202)

with respect to a time unit of one year (these are for illustrative purpose only and we leave the
question of calibration with real market data for future work).

The free boundary is determined as the boundary of the level set at 1 of the function U. The
function U is approximated numerically by the solution of a penalized PDE problem over the
truncated domain Onym = Fmins Pmax) X (0, Zmax), Where 7, = 0.005, rp. = 1.1 and z,, =
2.5 are chosen arbitrarily. In our experiments some care is needed for the choice of ry;, since {0}
is non-attainable for the spot rate R.

Given é = 0.01 we use the software Mathematica’s command NDsolve to solve the following
penalized problem:

LU(r,2) = p(NU(r,2) = 21— UL 2)*,  (r,2) € Oxum (203)
with Neumann boundary condition (cf. Corollary 3.12)
U,(r,0+) = —AU(r,0+), ¥ € (Fmins "max)» (204)

and Dirichlet conditions

U(r,Zmax) =1 = U(rpax.2) and U(0+,z) = (1 - 1_}_Lz>u(z). (205)

Here, u(z) = V2(z) is the derivative of the value function V' of the optimal dividend problem with
constant interest rate p(0) > 0 (recall that in our case p(0) equals either ry or \/ﬁ), whose explicit
formula can be found in (cf. eq. (3.3) in Lokka and Zervos (2008)).

This system of equations can be justified as follows:

(i) The penalization procedure is standard when solving variational inequalities arising in opti-
mal stopping (see, e.g., Bensoussan and Lions (1982)). One can show thatas § | 0 the solution
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FIGURE 2 Plots of the optimal
stopping boundary in the case

p(r) = ry + r (boundary of the black
area) and p(r) = /r, + r (boundary of
the grey area). Continuation regions lie
below the boundaries, while stopping
regions above the boundaries. The fact
that the boundaries curve downwards for
large r is an artifact of the boundary
condition at r,,,,

0.5+

02 04 06 08 10

of (203) converges to the true value function U uniformly on compacts (provided of course
that U is sufficiently regular, as in our case). The advantage of solving (203) numerically
instead of the free boundary problem in Corollary 3.7 is that the domain in (203) does not
need to be determined as part of the solution.

(ii) The first condition in (205), that is, U(rpax, 2) = U(F, Zmax) = 1, is justified by noticing that
the optimal boundary b(r) is bounded (cf. Proposition 3.14-(ii)) and converges to a = 0 as
r 1 oo (cf. Proposition 3.14-(iii)). So, for large values of r and/or z we expect to be in the
stopping region.

(iii) The second condition in (205) is the most delicate, since {0} is not attainable by R and so in
theory there is no need for a boundary condition. Numerically, however, such a condition
is needed. Here we use that U(r, z) < u(z) for any (r, z), and that, theoretically we expect
U(0, z) ~ u(z) for large values of z.

Drawings of the optimal stopping boundaries are presented in Figure 2. The boundary of the
black region is the one obtained for p(r) = r( + r, whereas the boundary of the grey area is the one
obtained for p(r) = 4/ry + r. For completeness we also plot the value function U of the optimal
stopping problems.

In Figure 2 we observe that the optimal boundary related to p(r) = 4/ry + r is smaller than
that related to p(r) = r, + r. Intuitively, because of its mean-reverting behavior, the interest rate
process R oscillates around 6 = 0.15 for all times with large probability. So 1/ry + R; ~ 0.2 (being
ro = 0.05), with fluctuations of order \/IT =~ 0.45. As a consequence, /rg + R; = ry + R;, which
implies that the value function U with linear discount rate is larger than the one discounted with
p(r) = /ro + r (see Figures 3 and 4). This fact in turn yields the ordering between the free bound-
aries observed in Figure 2.

From Figure 2 we also notice that the optimal boundary obtained for p(r) = \/ro + r seems
more convex than its counterpart in the case of linear discount rate, in a right neighborhood of
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FIGURE 3 PlotofU in the case
p(r) = ry +r [Color figure can be viewed
at wileyonlinelibrary.com| 08~
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FIGURE 4 PlotofU in the case

p(r) = y/ry +r [Color figure can be
viewed at wileyonlinelibrary.com]
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r = 0. This is due to the fact that when r = ry;,, the two value functions in Figures 3 and 4 take
the same value (cf. (205)) but a small increment in r affects the discount rate p(r) = 1/ro + r more
than in the linear case, hence causing a faster drop in the corresponding value function. We finally
notice that employing eq. (3.6) in Lokka and Zervos (2008), among others, the free boundaries
associated to the optimal dividend problems with constant discount rate p(r) = ry and p(r) = \/E
can be explicitly evaluated. In particular, for our parameter choice they assume values 3.56 and
1.98, respectively.

5.3 | On the case of correlated Brownian motions

Throughout this paper we have assumed that W and B are independent. Here we provide the
heuristic connection between the dividend problem and an optimal stopping problem when W
and B are correlated (see also De Angelis (2020b)). The connection used in Section 3 will then
follow as a special case. We do remark however that the stopping problem obtained for correlated
Brownian motions is structurally more involved than the one we solved in this paper. A complete
study requires different tools and it is left for future work (more details are presented at the end).

Recall the dynamics for (R, Z") given by (3) and (1) and assume E[B,W,] = ft, for some 8 €
(=1,1). The infinitesimal generator £ of the pair (R, Z°) is then defined by its action on twice-
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continuously differentiable functions f as

Lf:= %O'zfzz+ﬁay\/;frz+ %yzrfrr"':ufz"l'k(e_r)fr’ (206)

and the HJB equation for the dividend problem reads as in (13), but with £ given now by (206).
Letting z | « in the second equation of (13), assuming that [0, o) X {a} belongs to the inaction
set, we get

1
5 o2 v, (r,a4) + v, (r,a+) + Bay\/;vrz(r, a+)=0, (207)

using the fact that v(r, «) = 0 should imply v,(r, @) = v,,(r, &) = 0 for sufficiently smooth v. Set-
ting u := v, and differentiating the second equation in (13), we find

Lu(r,z) — p(r)u(r,z) =0, on{u > 1}
u(r,z) 2 1, ae.(r,z) €O (208)
u,(r,a+) + 2? ru(r,a+)+ i—’; u(r,a+)=0, r>0,

where the final equation is (207). A further condition of the form
Lu(r,z) — p(r)u(r,z) <0, ae.(r,z)eO (209)
should appear in variational problems related to optimal stopping. While this cannot be derived

directly from (13), we may equally expect that the variational problem for u be related to the opti-
mal stopping problem

2K pa T h —
U(r,z) :=sup E, . [e = h p(RS)dS], (r,z) € O, (210)

>0

where (recall (50)),
Ki=z-Y,+¢}, Y,=-ut+0B, and ¢ :=(z-a)VS —(z-a), (211)

so that (K)o is a Brownian motion with drift x and diffusion o, starting at z > « and reflected
at a (see Peskir (2006)); instead, the dynamics of the process R reads

~ ~ ~ 2 A ~
dR, = k(6 — R)dt + y\/R, dW, + g\/R, des, Ry=r, 12)

where W is also a Brownian motion and E[B[Wt] St as before.
In order to clarify why we expect u = U, assume u € C2(O®) be a solution to (208) with the
additional condition (209). Applying Dynkin’s formula to

2u fa

t ~
e (17l PRIy (R 7)) (213)
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on the random interval [0, 7], we get
2% pq (T . T 2% 0 gt R
u(r,z) = E,, [ea—sz Js PRIdsyy (R 7 _/ e il PRIy R g
0
T 2U pa_ b B R
+E,,Z[ / ezl /OP(RS)dSF(Rt,Kt)dff‘], (214)
0

where I'(r,z) :=u,(r,z) + 2% ru(r,z) + i—’; u(r, z). Then, using that Lu — pu <0 and that
[(R,,K,)d¢% = T(R,,a)d¢% = 0 we obtain

2 pa_ [T R ~
u(r,z) > E,, [eoZ ti=lo p(R“)dsu(RT,ZT)]

2U pa (T B
>E,, [ea_sz Jo P<R5)ds] (215)

for any stopping time 7. Therefore, u > U. Finally, by the first and second formula in (208), the
above inequalities become equalities if we choose

r=inf{t >0 : uR,K,) =1} (216)

and provided that P, ,(7 < c0) = 1 and suitable transversality conditions hold. Thus U=u.

If 8 = 0 we fall back into our original setting from Section 3, where R = R and R is independent
of K (then also U = U as in (52)). Such independence of the two processes is useful to establish
integrability and monotonicity properties of the value function U, which instead are no longer
guaranteed when 8 # 0 (the main difficulty is due to £% appearing also in the dynamics of of the
discount rate). Therefore, a study of the problem in full generality requires different methods to
the one we use in this paper and it is left for future work.
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