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Abstract. A redox flow battery (RFB) is an energy storage capable of contributing

to grid balancing under the fluctuation of renewable power sources and loads. An RFB

consists of reaction cells and tanks containing electrolytes that are pumped to the cells.

Modeling of the charging/discharging dynamics is necessary for controlling the flows

of the electrolytes and the current. The previous researches have assumed that the

transport delay is small and negligible. However, when the transport delay appears, it

affects the performance of the control systems. This paper aims to propose a model for

considering charging/discharging dynamics with transport delay. The delay appears

in the voltages of the cells in the tested system, and a model is introduced to simulate

the delay. The model is represented by delay differential equations (DDEs) of the ion

concentration in the cells with the Nernst relationship. The DDEs are derived from

the mass balance equation including the transport delay translated to the time delay.

The simulation result excellently agrees well with the experiment at results. In other

words, the model can predict the dynamics governed by the transport delay accurately.

Keywords: Redox flow battery, Modeling, State-of-charge, Nernst equation, Delay

differential equation, Transport delay

1. Introduction

Redox flow batteries (RFBs) [1] have attracted research attentions as energy storage in

power grids [2, 3]. An RFB consists of cells and tanks. Each of the loaded cells (main

cells) exchanges electric power and chemical potential through the membrane which

separates the positive and negative electrolytes. A tank keeps the chemical potential as

the form of ions in the positive or negative electrolyte. The positive electrolyte circulates

between the positive tank and the positive side of the cells by pumping, and vice versa.

RFBs show quick response and keep the long term operation [3, 4], simultaneously.

Therefore, they are applicable to both high power and high energy operation [5, 6]. The

former aims to regulate the frequency of electrical power and to compensate for voltage
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sag, and the latter deals with load leveling and peak shifting. Power grids require energy

storages which can satisfy both operations depending on the characteristics of the loads.

That is, RFBs are the candidate to satisfy this requirement.

The current of the external circuit and the flow rate of electrolyte in the internal

fluid circuit are the dominant parameters at the transient. The parameters govern the

evolution of ions in the cells, which decides the electric output power of the RFB and

the state-of-charge (SOC) of the cells. Controlling the parameters is directly connected

to the operation of RFBs [7, 8, 9]. A precise model of transient dynamics is essential

for the design of an effective control method.

There have been developed the dynamical models of the RFBs based on the chemical

reactions and the mass transfer in the cells [10, 11, 12, 13]. The models have promoted

the discussion of the charging/discharging dynamics associated with the parameters.

Among them, the flow rate of the electrolytes is substantial. Li et al. derived a

simple dynamical model of the RFB based on the oxidation-reduction reaction and

the advection in the cell [11]. Simulation with this model gives us some directions about

flow control systems [14]. The phenomena inside of cells are considered in more detail

[12, 13], for example, the side reaction and the diffusion of the ions.

The charging/discharging dynamics are also governed by the mass transport via

the pipes and the stay in the tanks, which occur out of the cells. They depend on the

finite speed of the electrolyte flow and causes the delay in the dynamics [15]. However,

the previous modeling researches have mostly neglected the delay derived from the fluid

circuit. Especially, the transport delay has not been considered. The delay has already

been observed from the voltages of the cells [11, 16]. The transport delay is a critical

issue in the control systems for the fluid system like the district heating system [17] and

the exhaust gas recirculation engine [18]. The delay can affect the performance of the

control systems [19, 20]. Therefore the consideration of the transport delay is inevitable

for the design of the flow control system.

This paper proposes a dynamical model of the RFB including the transport delay

and verifies the model with a tested system. Chapter 2 explains the delay in the

charging/discharging dynamics of the cells. Moreover, the two kind of the delays are

estimated from the voltages of cells in the tested system. Based on the measurement,

chapter 3 proposes a model to simulate the delays appeared in the voltages of the

cells. The model is represented by delay differential equations (DDEs) [21] of the ion

concentration in the cell and the Nernst relationship. The DDEs are derived from the

mass balance equations [22] due to mass the transport via the pipes as the time delay.

The model shows an excellent agreement with the experiment and well prediction of the

delays.
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Figure 1. RFB equipped with a monitor cell. The oxidation-reduction reaction occurs

in the main cell. The electrolytes are stored in the tanks. The OCV is observed from

the monitor cell.

2. Voltages of cells

2.1. RFB system configuration

Figure 1 shows an RFB system equipped with a monitor cell [23, 24]. The electrolytes

flow from the tanks into the pipes, which lead to the main cell and the monitor cell.

The following oxidation-reduction reaction [1] in the main cell changes the chemical

potential into an electrical potential.{
V2+ ⇌ V3+ + e− (Negative electrode)

VO+
2 + 2H+ + e− ⇌ H2O+VO2+ (Positive electrode)

(1)

The reaction (1) is accompanied by the transfer of protons across the ion exchange

membrane as follows.

H+(Negative half cell) ⇌ H+(Positive half cell) (2)

The supply of ions from the tank sustains the reaction (1).

The monitor cell has the same structure as the main cell. There will not appear

any oxidation-reduction reactions in the monitor cell. The open-circuit voltage (OCV)

is measured from the open port of the monitor cell. The monitor cell has been set in the

fluid circuit for the SOC estimation of the main cells [23, 24]. The symbols are listed in

Table 1.

2.2. Delay in state estimation with monitor cell

The SOC estimation using the monitor cells requires the assumption for the state of the

ions in the cells. This assumption neglects the mass transport via the pipes and the

stay in the tanks. However, the delays derived from the fluid circuit is not negligible

and contradict to the assumption for the SOC estimation. This section reconsiders the

condition for the SOC estimation with the delay derived from the fluid circuit.

The OCV of a cells is determined by the concentration of ions in the electrolyte

based on Nernst relationship [25]. Hereafter we call the relationship the Nernst equation.
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Table 1. Nomenclature.

Ee Open-circuit voltage (=g(c)) V

c Concentration of V2+ or VO2
+ mol L−1

cmain Concentration of V2+ or VO2
+ in main cell mol L−1

cmonitor Concentration of V2+ or VO2
+ in monitor cell mol L−1

Vmain Total voltage of main cells V

Vmonitor Voltage of monitor cell V

∆V Difference in voltage (= Vmain/m− Vmonitor) V

∆c Difference in ion concentration (=cmain − cmonitor) mol L−1

N 　Molar amount of V2+ or VO2
+ in RFB mol

R Gas constant JK−1 mol−1

T Temperature　 K

F Faraday constant Cmol−1

E0
e Standard electrode potential V

E0
eh Open-circuit voltage at c = cmax/2 V

cmax Maximum concentration of vanadium ions in cells mol L−1

m 　Number of main cells

I Current (charging : I < 0, discharging : I > 0) A

Wc Flow rate of electrolyte in cell Lmin−1

αc Volume of electrolyte in cell　 L

αt Volume of electrolyte in tank 　 L

τc Time constant in approximation of ∆V s

τd Time delay in DDE s

The Nernst equation gives the equilibrium potential of a process in an electrochemical

system. The equilibrium potential of the reaction (1) appears as the OCV of a cell.

Proton exchange (2) instantly achieves the equilibrium determined by reaction (1). The

potential of reaction (1) decides the OCV as follows (3).

Ee = E0
e +

RT

F
ln

[V2+][VO2
+][H+]2

[V3+][VO2+]
(3)

Here, it is assumed that the positive and negative half cells keep symmetry in

charging/discharging process [11]. The symmetry restricts the ion components in a

cell as follows.

[V2+] = [VO2
+] = c, [V3+] = [VO2+] = cmax − c (4)

From the restriction, each of the components of the vanadium ions is uniquely

determined by the value of concentration, c ∈ (0, cmax). The concentration c determines

SOC [26]. The variation in the OCV due to protons is negligible [27]. Then, equation
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Figure 2. Delay derived from the fluid circuit of the electrolyte. 1⃝ The disturbance

occurs in the current at t = t0. 2⃝ The electrolyte circulates in the fluid circuit. 3⃝
The effect of the disturbance appears at t = t0 + td.

(3) is simplified via restriction (4) as follows.

Ee = g(c) = E0
eh +

2RT

F
ln

c

cmax − c
(5)

g(c) gives the OCV of a cell. Here are introduced the critical assumption for estimating

the SOCs of the main cells through the OCV of the monitor cell as follows. †

cmain ∈ A,
A = {cmain ∈ R | |g(cmain)− g(cmonitor)| < ε} (6)

The assumption (6) assures that the difference of the ion distribution between the main

and monitor cells is small enough not to affect the estimation.

The function g(c) is unique and invertible in c ∈ (0, cmax). The ion concentration

in the main cells is estimated as follows under the assumption (6).

cmain ≈ cmonitor = g−1(Vmonitor) (7)

Here, Vmonitor is the OCV of the monitor cell. The voltage drop of the loaded cell depends

on the internal resistance on the time scale of seconds. The following relationship is held

from the assumption (6).

∆V = {g(cmain)− rI} − g(cmonitor)

≈ −rI (8)

Where ∆V is the difference in the voltages of the main cell and the monitor cell. r is

the internal resistance of the main cell.

Figure 2 shows the delay derived from the fluid circuit. The disturbance added to

the current at t = t0 affects the charging/discharging dynamics in all of the cells with

† The order of ε is about 0.01V in the experiment.

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



6

Table 2. Setting parameters for experiment.

Current (I) −50A or 50A

Threshold of Vmain 14.50V

Number of main cells (m) 10

Flow rate of electrolyte (Wc × (m+ 1)) 3.3 Lmin−1/5.5 Lmin−1

Volume of cell 125mL

Volume of tank 10 L

a delay td. The delay td is derived from the mass transport via the pipes and the stay

in the tanks. The significant delay appears in the monitor cell because the dynamics of

the monitor cell are only governed by the electrolyte flow. It is difficult to satisfy the

assumption (6) under the disturbances in the current. The consideration for the delay

is essential for estimating the state of the ions in the cells and discussing the dynamics.

2.3. Voltages of main cells and monitor cell in experiment

In this section, the voltages of the cells are discussed based on the experimental result

obtained in a tested system. The settings of the experiment are listed in table 2. Figure

3(a) is the photograph of the tested system. The system consists of an RFB and an

external circuit that enables the RFB to charge/discharge at a fixed current.

Figure 3(b) shows the structure of the cell stack in the RFB. The main cells and

the monitor cell are stacked in this component. Each of the main cells is electrically

connected in a series. The monitor cell has the same structure as the main cells.

Figure 3(c) shows the configuration of the external circuit, which includes a

charging/discharging controller, a DC supply (MATSUSADA PQ-20-60), a switcher,

and a load. First, the RFB is charged by the DC supply. The controller switches the

circuit at the moment when the total voltage of the main cells reaches the threshold.

The RFB is connected to the load for starting discharge. The current changes from

−50A to 50A instantly.

Figures 4(a) and (b) show the total voltage of the main cells (Vmain) and the voltage

of the monitor cell (Vmonitor). The monitor cell switches its mode from charging to

discharging. At the instant, there appears a delay of response to the main cell.

The averaged voltage of the main cells (Vmain/m) is shown with being compared

to the voltage of the monitor cell (Vmonitor) in figures 4(c) and (d). The difference

between Vmain/m and Vmonitor is denoted as ∆V . Stepping change of ∆V is expected to

follow equation (8). However, it behaves according to a first-order lag system in figure

(4). The similar behavior of the ∆V has been observed. Conventionally, the activation

polarization and the concentration polarization used to be considered at the transient

behavior [28]. However, the ∆V curve is assumed to be derived from the fluid circuit in

this paper, because we focus on the delay derived from the fluid circuit.
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Figure 3. Tested system. (a) Photo of tested system. (b) Configuration of cell stack.

The cell stack consists of 10 main cells and 1 monitor cell. The main cells are connected

electrically in series and loaded. The monitor cell has no load. The electrolytes flow

into cells through the parallel connection. (c) Configuration of external circuit with

RFB. The DC supply (MATSUSADA PQ-20-60) and the load enable the RFB to

charge/discharge for fixed current. First, the RFB is charged by the DC supply.

When the voltage of the main cell reaches the threshold, the circuit is switched by

the controller. Then the RFB begins to discharge.

It can be concluded that the assumption (6) is denied by the delays which appear

in the voltages of the cells. The delays imply the appearance of the mass transport via

the pipes in the voltages.

3. Model with transport delay

3.1. Representation of transport delay using DDE

This section introduces the model to describe the charging/discharging dynamics with

the transport delay. The modeling is fundamentally based on the idea of Li et al. [11].

We introduce the time evolution of the ion concentration in the cells. The time evolution

is represented by the DDEs which include a transport delay as the time delay.

The DDEs are derived from the mass-balance equations of V2+ in the main cell.

Here, V2+ is assumed to be distributed uniformly in each cell. The current in the

external circuit will obey Faraday’s law [25]; hence, the rate of the reaction (1) becomes
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Figure 4. Voltages of cells in experiment. (a), (b) Voltages of main cells and monitor

cell. The monitor cell switches its operational mode with a delay of 30.0 s or 15.4 s to

main the cell. (c), (d) Difference between the average voltage of the main cells and

the voltage of the monitor cell (∆V = Vmain/m− Vmonitor). m is the number of main

cells. A delay like a first-order lag appears at the beginning.

proportional to the current. Let us set a condition as follows.

(A) Ions stay in the tanks in a time duration τd.

This condition corresponds to the case of electrolytes, which flow into the cells at t = t0,

staying in the tank until t = t0 − τd. τd is the deadtime in the transfer of electrolytes

from the tanks to the cells.

The mass-balance equations in the cells and the RFB are written as follows.

dcmain(t)

dt
= − I(t)

αcF
+

Wc

αc

{ctank(t− τd)− cmain(t)} (9)

dcmonitor(t)

dt
=

Wc

αc

{ctank(t− τd)− cmonitor(t)} (10)

dN(t)

dt
= −mI(t)

F
(11)

The first term in equation (9) denotes the rate of the reaction (1). The other term

represents the flow of ions in the main cell. N(t) is the amount of V2+ in the RFB,

which is given by equation (12).

N(t) = mαccmain(t) + αccmonitor(t) + αtctank(t) (12)

The DDEs of cmain and cmonitor are derived from equations (9)–(12).

d2cmain(t)

dt2
= − Wc

αc

dcmain(t)

dt
− mWc

αt

dcmain(t− τd)

dt

− Wc

αt

dcmonitor(t− τd)

dt
− mWcI(t− τd)

αcαtF
− 1

αcF

dI(t)

dt
(13)
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Figure 5. Voltages of cells in simulation with the proposed model. The simulation

result (line) is compared to the experimental result (dots). (a), (b) Voltages of the main

cells and monitor cell (Vmain, Vmonitor). The delay in the mode switching (31.5 s and

18.7 s) appear in the switching of the operation. (c), (d) Difference between average

voltage of main cells and voltage of monitor cell (∆V = Vmain/m− Vmonitor). (e), (f)

Enlarged view of ∆V .

d2cmonitor(t)

dt2
= − Wc

αc

dcmonitor(t)

dt
− mWc

αt

dcmain(t− τd)

dt

− Wc

αt

dcmonitor(t− τd)

dt
− mWcI(t− τd)

αcαtF
(14)

dI(t)/dt = 0 in this paper.

The voltages of the main cells and the monitor cell are determined by cmain and

cmonitor based on the Nernst equation (5).

Vmain(t) = m{g(cmain(t))− rI}, Vmonitor(t) = g(cmonitor(t)) (15)

The simulation result is obtained by solving DDEs (13) and (14) with Runge-Kutta

fourth order method [29]. The time step is fixed at 0.1s. Memory is prepared to hold

the values, which are used as the delay terms in DDEs (13) and (14). The memory

holds the initial values in t ≤ td.

Figure 5 shows the result of simulation. This model reproduces both of the delay

in the mode switching and the ∆V curve.

The model has three fitting parameters; αc, αt, and τd. αc and αt are the volumes

of electrolytes in the cells and the tanks. αc and αt in table 3 are smaller than the

volume of cells, and the tanks in table 2. Moreover, the parameter αt depends on the
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Table 3. Parameters for simulations.

Wc × (m+ 1) Flow rate of electrolyte 3.3 Lmin−1 5.5 Lmin−1

αt Volume of electrolyte in tank 8.74 L 8.44 L

αc Volume of electrolyte in cell 0.045 L 0.045 L

τd Time delay 19 s 15 s

r Internal resistance (charging) 0.0018Ω 0.0018Ω

r Internal resistance (discharging) 0.0019Ω 0.0019Ω

flow rate of the electrolyte. The dead space [30] in the RFB is considered to be in

the smaller volume of electrolytes in the model. τd is expected to depend on the flow

rate of the electrolytes considering condition (A). As a result, τd is adjusted at 19 s for

Wc × (m + 1)=3.3 Lmin−1 and 15 s for Wc × (m + 1)=5.5 Lmin−1. τd definitely varies

with the flow rate of the electrolyte.

3.2. Analysis of two kinds of delays

This section discusses the two kinds of delays appeared in the voltages of the cells in

figure 4 under the proposed model.

Figure 6 shows the dependence of the simulation on the time delay. The flow rate

of the electrolyte is fixed at Wc × (m + 1) = 3.3 Lmin−1. Charging time and the mode

switching is precisely simulated by accepting the time delay. The ∆V curve appears

regardless of the time delay via the pipes. The transfer of ions in the cells is considered

to appears as the ∆V curve.

At the beginning of charging or discharging, ∆V curves as the first-order lag

response from the model equations (13)–(15). ∆V (t) can be linearized as following

equations (16) (ref. Appendix A).

∆V (t) ≈ g′(c0)∆c(t)− rI, ∆c(t) = cmain(t)− cmonitor(t) (16)

The time evolution of ∆c(t) does not include the time delay τd as following ODE (17).

d2(∆c(t))

dt2
= −Wc

αc

d(∆c(t))

dt
− 1

αcF

dI(t))

dt
(17)

The ODE (17) is obtained by taking the difference between DDEs (13) and (14). The

solution of ODE (17) is analytically obtained for dI(t)/dt = 0A s−1 as follows.

∆c(t) = − I(t)

WcF

(
1− e−

Wc
αc

t
)

(18)

The analytic solution (18) shows that ∆c approaches a constant value ∆c = −I(t)/WcF

within the time constant τc = αc/Wc. ∆V (t) is rescaled by τc = αc/Wc as follows.

∆V (t) = −g′(c0)
I(t)

WcF

(
1− e−

t
τc

)
− rI(t) (19)

τc depends on the flow rate of electrolyte.
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Figure 6. Dependence of the simulation result on the time delay. The lines show

the simulation result and dots are given from the experiment. (a), (b) Voltages of

the main cells and monitor cell. The delay in the mode switching (14.7 s and 31.5 s).

(c), (d) Difference between average voltage of main cells and voltage of monitor cell

(∆V = Vmain/m− Vmonitor). (e), (f) Enlarged view of ∆V .
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Figure 7. Flow dependence of time constant τc. The time constant characterizes

the transient behavior of ∆V at the beginning of charging. Here ∆V is the difference

between the average voltage of the main cells and the voltage of the monitor cell.

The line was obtained by τc (= αc/Wc), where αc is the volume of the electrolyte in

a cell. αc is set at 0.045L in the simulation. The dots are extracted by fitting the

approximation of ∆V to the experimental data.

Figure 7 verifies the dependence of the τc on the flow rate of the electrolyte.

The theoretically obtained τc are evaluated by the solid line of τc = αc/Wc. When

approximation (19) fits ∆V in the experimental data, τc is extracted as a parameter of

approximation (19). The dots show the extracted value. The flow dependence of the
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extracted τc is similar to its theoretical prediction. The similarity corresponds to the

∆V which appears due to the move of the ions in the cells.

4. Conclusion

This paper proposed the dynamical model of the RFB including the transport delay of

the ions via the pipes. This model is derived by considering the mass transport via the

pipes. The simulation explains the results corresponding to the experiment.

The proposed model is physically reasonable both in steady state and at the

transient state. The fluid circuit can be evaluated with fitting parameters of the

proposed model. In particular, the model clarifies the length of the transport delay

which governs the dynamics. Moreover, the volume of the electrolytes in the model

implies the effective volume in the charging/discharging dynamics. It will be an essential

indicator for evaluating the circulation system of the electrolyte in the RFB. If the effect

of the fluid circuit on the dynamics is physically analyzed with the proposed model, the

analysis offers a direction of the development for the dynamic flow control system with

considering the delay.
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Appendix A. Evaluation of approximation

The OCV of a cell is given by a function g(c). g(c) is linearized in the neighborhood of

ci = c0 (i = main, monitor) as following equation (A.1).

Ee = g(c)

= g(c0) + g′(c0)(c− c0) +O(c− c0)
2

≈ g′(c0)c+ g(c0) + g′(c0)c0 (A.1)

c0 is the initial value of cmain and cmonitor. If the linearization has validity, ∆V (t) is

represented by the approximation as follows.

∆V (t) = g(cmain(t))− rI(t)− g(cmonitor(t))

≈ {g′(c0)cmain(t) + g(c0) + g′(c0)c0} − rI(t)

− {g′(c0)cmonitor(t) + g(c0) + g′(c0)c0}
= g′(c0)(cmain(t)− cmonitor(t))− rI(t) (A.2)

Approximation (A.2) is compared to the model which is proposed in section 3.1 in figure

A1. Figure A1 shows the error of the approximation compared to the simulation result.

The time is rescaled as τc = αc/Wc. The error is over 0.01 after τ = 0.5. Thus, τc should

be extracted from the voltage data within t = τc/2 after the beginning of charging.
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Figure A1. Approximation error. The error is calculated by the ratio of the absolute

error to the simulation (∆V ). τ is the rescaled time with τc = 9.0 s.
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