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Abstract

We prove that a large class of smooth solutions 1 to the linear wave equation [y = 0 on subextremal
rotating Kerr spacetimes which are regular and decaying along the event horizon become singular at
the Cauchy horizon. More precisely, we show that assuming appropriate upper and lower bounds on
the energy along the event horizon, the solution has infinite (non-degenerate) energy on any spacelike
hypersurfaces intersecting the Cauchy horizon transversally. Extrapolating from known results in the
Reissner—Nordstrom case, the assumed upper and lower bounds required for our theorem are conjectured
to hold for solutions arising from generic smooth and compactly supported initial data on a Cauchy

hypersurface. This result is motivated by the strong cosmic censorship conjecture in general relativity.
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1 Introduction

In this paper, we study the linear instability of the Kerr Cauchy horizon under scalar perturbations. More
precisely, we consider the linear wave equatiorﬂ on the black hole interior of subextremal Kerr spacetime
with non-vanishing angular momentum (i.e., for Kerr parameters 0 < |a| < M - see for the formula for
the metric)

g =0 (1.1)

with (characteristic) initial data posed on the event horizon. We prove that there exists a large class of
smooth, polynomially decayinﬂ data such that the solutions have infinite non-degenerate energy on any
spacelike hypersurface intersecting the Cauchy horizon transversally. In particular, such solutions do not
belong to Wlif in any neighbourhood of any point on the Cauchy horizon. In addition to merely constructing
singular solutions, our main theorem identifies a sufficient condition only in terms of upper and lower bounds
of appropriate energy along the event horizon that guarantees the solution blows up at the Cauchy horizon.

We state our main result roughly as follows and refer the readers to Theorem for a precise statement.

Theorem 1.2 (Rough version of main theorem). Let ¢ be a smooth solution to in the interior of
a subextremal Kerr spacetime with non-vanishing angular momentum. If the energy of v along the event
horizon obeys some polynomial upper and lower bounds (see i)-iii) of Theoremfor precise bounds), then
the non-degenerate energﬂ on any spacelike hypersurface intersecting the Cauchy horizon transversally is

infinite.

Our result is motivated by the celebrated strong cosmic censorship conjecture in general relativity. We will
not discuss this conjecture in detail, but refer the readers to [0 [7, [I7] for further discussions. For the purpose
of this paper, it suffices to say that the maximal globally hyperbolic development of the Kerr solution for
0 < |a] < M has a smooth Cauchy horizon and the strong cosmic censorship conjecture suggests the following

instability conjecture of the Kerr Cauchy horizon for small perturbations of Kerr:

1Here, Oy denotes the standard Laplace-Beltrami operator for the Kerr metric g.
2with respect to the function vy (see Section .
3See Remark for further discussions on the non-degenerate energy.



Conjecture 1.3. Generic small perturbations of Kerr initial data for the Finstein vacuum equations
Ric(9) =0 (1.4)

lead to maximal globally hyperbolic developments such that the Cauchy horizons are so-called weak null sin-
gularities. In particular, for any continuous extensions of the spacetime metric, the spacetime Christoffel

symbols are not square-integrable.

Early formulations of this instability conjecture often suggest an even stronger instability - namely, that
a spacelike singularity may form “prior to the Cauchy horizon” and that the spacetime does not contain a
Cauchy horizon at all. However, recent work [7] shows that the Kerr Cauchy horizon is in fact C%-stable if
one assumes that the exterior region of Kerr is stable is a reasonably strong sense. On the other hand, the
estimates proven in [7] are consistent with the spacetime not having square integrable Christoffel symbols.
One can therefore still hope that the weaker formulation of the instability conjecture based on the non-
square-integrability of Christoffel symbols may holdﬁ

Theorem can be viewed as a first step towards establishing Conjecture Instead of considering
the full nonlinear Einstein vacuum equations, we only study a much simpler model equation, namely the
linear scalar wave equation . This can be regarded as a simplified linearization of the Einstein equations
in which we ignore the tensorial structure of the system and drop all the lower order termﬂ We prove
in Theorem that at least in this much simpler setting, there is indeed an instability mechanism. If

one moreover naively comparesﬁ the metric in ([1.4) with the scalar field in (1.1]), then the infinitude of the

2

i, norm of the Christoffel symbols as in

non-degenerate energy of 1 corresponds to the blow-up of the L
Conjecture

There is a long tradition in both mathematics and physics in studying the linear scalar wave equation on
black hole backgrounds. The existence of solutions to the linear wave equation on Kerr which are regular
at the event horizon but singular at the Cauchy horizon have been previously constructed in [20, 23] (see
also [I2]). Therefore, the main novelty of Theorem [1.2]is that it gives a sufficient condition for the solution
to be singular at the Cauchy horizon only in terms of L? upper and lower bounds of the solution along
the event horizon. Moreover, motivated by the known results in the case of the subextremal Reissner—
Nordstrém Spacetimeﬂﬁ with non-vanishing charge, one may conjecture that the bounds that are needed
in the assumptions of Theorem hold for some solutions to the linear wave equation arising from smooth
and compactly supported initial data on a complete 2-ended Cauchy hypersurface. This conjecture, if true,
means that generic smooth and compactly supported initial data on a Cauchy hypersurface lead to solutions
that are singular at the Cauchy horizon. We will return to this point in the discussions in Section [1.1

Our proof of Theorem [I.2] is based on energy identities and energy estimates in the interior of the Kerr

black hole, which are established by appropriate choices of various vector fields. Most importantly, we rely

4This formulation is due to Christodoulou [3]. In particular, if this formulation of the conjecture holds, then the maximal
globally hyperbolic developments of generic initial data in a small neighbourhood of Kerr data admit no extensions as weak
solutions to the Einstein vacuum equations.

5Notice in particular that the linear equation that we study is not a true linearization of the Einstein vacuum equations.

6Recall that in a generalized wave coordinate system, becomes a wave equation for the metric g. We should remark
however that this comparison is best taken only at a heuristic level, as a resolution of Conjecture mwill likely not be based on
generalized wave coordinates (cf. [7]).

7See Section for the metric of Reissner—Nordstréom spacetime and discussions on its geometry.

80ne can view the subextremal Reissner-Nordstrom spacetime (with non-vanishing charge) as a “poor-man’s version” of
the subextremal Kerr spacetime (with non-vanishing angular momentum) in the sense that they have similar global geometries,
including having smooth Cauchy horizons, while the geometry in the Reissner—Nordstrom case is simpler. Indeed, as we will
discuss in Section more is known about solutions to the linear wave equation in Reissner—-Nordstrém. Moreover, in that

case, there exists solutions arising from smooth and compactly supported Cauchy data such that analogues of the assumptions

of Theorem hold (see Section .



on the conservation lawﬂ associated to a Killing vector field Tpy+ (see for the definition) which extends
the null generators of the Cauchy horizon. This conservation law lets us propagate an L? lower bound from
the event horizon up to a spacelike hypersurface 7, (see for the definition) that approaches the Cauchy
horizon “at timelike infinity”. For an appropriate choice of the hypersurface v,, we can then propagate
this lower bound to a hypersurface transversally intersecting the Cauchy horizon using the energy identity
associated to the (non-Killing!) vector field %ar + ’”2:72“2& + 720,. In order t control the error terms
arising from this energy identity, we need to prove sufficiently strong stability estimates, which in turn are
also obtained via energy estimates. We refer the readers to further discussions on the ideas of the proof in
Section [T.2] where we sketch the argument in the slightly simpler case of the Reissner-Nordstrom spacetime.

In the remainder of the introduction, we will discuss the global Cauchy problem for in Section
In particular, we will point out the relevance of Theorem [I.2]to the global Cauchy problem. Then, in Section
we will outline some ideas of the proof in the setting of the Reissner—Nordstrom spacetime. Finally, we
will end the introduction with an outline of the remainder of the paper.

1.1 The global Cauchy problem

With an eye towards the instability of Kerr Cauchy horizon conjecture (Conjecture , one would like to
go beyond the study of solutions to the linear wave equation within the interior of the black hole region as
in Theorem but instead consider the problem of global evolution, where the initial data are prescribed
on a 2-ended complete asymptotically flat Cauchy hypersurface 3, (se@ Figure [1)).

Figure 1: The global Cauchy problem

Due to the blue-shift effect associated with the Cauchy horizon, it has been expected since the pioneering
work of Simpson—Penrose [24] that there is a global instability for the Cauchy problem such that generic
regular data give rise to solutions which are singular at the Cauchy horizon. This problem has been widely
studied in the physics literature, see for instance [2, [16], 18] [19].

The first rigorous result on the instability of solutions to the linear wave equation dates back to McNamara
[20], who gave a Conditionam proof of the existence of solutions arising from regular polynomially decaying
data but are singular at the Cauchy horizon, subject to verifying a condition regarding the non-triviality
of the “scattering map” of the solutions from past null infinity to the the Cauchy horizon. This condition

has recently been proven by Dafermos—Shlapentokh-Rothman [12], who also gave an alternative proof of this

9Recall Noether’s theorem which allows us to obtain a conservation law for the solutions to a wave equation from a symmetry
of the underlying spacetime.
101n fact, stability estimates are also needed to bound the “boundary terms” in the conservation law associated to Tey+ (see
discussions in Section .
11 Here, the interior of black hole region depicted in Figure on pageshould be thought of as the top “diamond” region in
Figure
12Notice that in the case of Reissner-Nordstrém, the condition also was shown to hold in [20].



result as part of their general treatment of blue-shift instabilities on black hole spacetimes. We give a rough

version of the theorem here and refer the readers to [12] for a precise statement:

Theorem 1.5 (McNamara [20], Dafermos—Shlapentokh-Rothman [12]). On any subextremal Kerr spacetime
with non-vanishing angular momentum, there exist solutions to the linear wave equation which arise from
polynomially decaying data (with an arbitrarily fast polynomial rate) on past null infinity but are singular at
the Cauchy horizon.

Another construction of solutions which are singular at the Cauchy horizon but have finite initial energy
follows from the results of Sbierski. More precisely, the following was proven in [23] by geometric optics

considerations:

Theorem 1.6 (Sbierski [23]). Consider a subextremal Kerr spacetime with non-vanishing angular momen-
tum. Let 3 be a complete 2-ended asymptotically flat Cauchy hypersurface and 31 be a spacelike hypersurface
in the interior of the black hole intersecting the Cauchy horizon transversally (see Figure . There exists
a sequence of solutions {1;}52, to the linear wave equation Ogtp; = 0 such that the initial energies on ¥g
satisfy E(1;, Xo) = 1 while the non-degenerate energies on X1 obey E(1;,$1) — +00.

Given the above result, an application of the closed graph theorenﬂ implies the existence of solutions
which initially belong to the energy class but then fail to be in the non-degenerate energy class near the
Cauchy horizon.

In the constructions in Theorems [1.5 and above, the solutions do not have compact support on the
Cauchy hypersurface ¥Xy. As pointed out in [23], Theorem also holds in the extremal case, i.e., when
0 < |a| = M. In that case, however, the instability may in fact be milder - it is known that for axisymmetric
data on extremal Kerr spacetimes which decay sufficiently fast on a Cauchy hype]rsurface{ﬂ7 the corresponding
solutions to the linear wave equation have finite non-degenerate energy in the interior of the black hole [15]
(see also [14} 22]). In other words, the analogue of Theorem in the extremal case only holds because
one considers general Cauchy data in the energy class. On the other hand, in the case of subextremal Kerr
spacetime, it is indeed expected that the singularity at the Cauchy horizon is not an artefact of the slow decay
of the initial data at spacelike infinity. It is therefore desirable to obtain an instability result for smooth and

compactly supported Cauchy data. We formulate this as a conjecture:

Conjecture 1.7. Generic smooth and compactly supported Cauchy data on %o to the linear wave equation
(1.1) in subextremal rotating Kerr spacetimes give rise to solutions such that the non-degenerate energy on

any spacelike hypersurface intersecting the Cauchy horizon transversally is infinite.

While the above conjecture remains an open problem, an analogue in the Reissner—Nordstrom spacetime
has been recently established:

Theorem 1.8 (Luk-Oh [I7]). Given any Reissner—Nordstrém spacetime with 0 < |e| < M, generic

smooth and compactly supported initial data on a complete 2-ended asymptotically flat Cauchy hypersurface

13More precisely, we use the following consequence of the closed graph theorem: Let X, Y, Z be Banach spacesand T : X — Y,
Q Y — Z be linear maps. If Q is bounded and injective and @ o T" is bounded, then T is bounded. In our setting, let X
be the energy space on ¥p, Y and Z be the non-degenerate and degenerate energy spaces on X respectively. If for the sake
of argument that all solutions initially in the energy class on Yo belong to the non-degnerate energy class on X1, then we can
define T to be the operator “solving the wave equation” and @ to be the inclusion map and derive a contradiction with Theorem
m using the above functional analytic statement. The key remaining analytic ingredient is the boundedness of Q o T, i.e., the
boundedness of the degenerate energy, which follows from [I1] together with considerations in Section [4

14By saying this, we have chosen a globally hyperbolic subset of the extremal Kerr spacetime for which there is an (incomplete!)
asymptotically flat Cauchy hypersurface which extends into the black hole region. For precise statements, see [23 [I5].



o (Figurﬁ give rise to solutions to the linear wave equation such that the non-degenerate energy on any

spacelike hypersurface intersecting the Cauchy horizon transversally is infinite.

This theorem was proved in [I7] via first showing that a lower bouncm on the energy along the event
horizon holds for a generic class of solutions arising from smooth and compactly supported data on 3. This
lower bound is in a similar form as that required for our main theorem (see assumption ii) of Theorem [3.2)).
Based on the known results in the Reissner—-Nordstrom case, one can therefore hope that in the Kerr case,
there exist smooth and compactly supported data on ¥ such that the solutions obey the assumptions of
Theorem [1.2] along the event horizon. In other words, by Theorem [1.2} Conjecture can be reduced”] to

the followmg conjecture:

Conjecture 1.9. There exist smooth and compactly supported initial data on a complete 2-ended asymptoti-
cally flat Cauchy hypersurface o (Figure|1]) in Kerr spacetime (with 0 < |a| < M ) such that the solutions
to the linear wave equation (L.1)) obey the assumptions on the energy along the event horizon in Theorem .

Let us finally remark that the upper bounds i) and iii) in the assumptions of Theorem are known to
hold for some ¢ > 0 [9} 1T}, 2T], 25]. Thus the main challenge is to obtain the lower bound ii). Moreover, one
needs to show near optimal upper and lower bounds such that i) and ii) in the assumptions of Theorem
hold with the same g > 0.

1.2 Outline of the proof by example of the subextremal Reissner—Nordstrom

black hole interior

In this section, we discuss the main ideas of the proof of our theorem. In order to describe the key points of
the proof without getting into the technical complications arising from the geometry of Kerr, we will restrict
our attention to Reissner—Nordstrom in this section. We first briefly recall the geometry of subextremal
Reissner—Nordstrom black hole interior in the case of non-vanishing charge. For 0 < |e| < M, the interior of
the Reissner-Nordstrém black hole is the manifold Mpzy = R x (r_,ry) x S? with the following metric:

oM ¢? oM 2
gry = —(1— == 4= Syae + (1 - %)*1 dr? + r2(d6? + sin® 0dy?),

where 74 = M + /M2 — €2 are the two roots of the polynomial Ary := 72 — 2Mr + €2. Define r* =
r—+ (M + 2\/ﬁ)logh‘ —ry|+ (M 2%/]\42782)10g(r —r_), vy =t+7r*, v_ =r*—t. Notice that v; and
v_ are null vanableﬂ The metric takes the form

% (dvy ® dv_ + dv_ @ dv) + 12 (d6? + sin® 0 dp?) .
"

We then attach the boundaries H* and CH' to Mgy, where HT is the set R x {r = r4} x S? in the
(vy,7,0,9) coordinate system and CH™ is the set R x {r = r_} x S§? in the (v_,r,0, ) coordinate system
(see Figure [2).

15Figure [1| was of course meant to depict the Kerr spacetime. However, since Kerr spacetime (for 0 < |a| < M) and

9gRN =

Reissner—Nordstrom spacetime (for 0 < |e| < M) can be described by the same Penrose diagram, we also use it to depict the
Reissner—Nordstrom spacetime for the purpose of the statement of this theorem.

16 Although it was not explicitly used in [I7], upper bounds analogous to those in Assumptions i) and iii) in Theorem are
also known in the Reissner-Nordstrém setting [8), 21, 25].

17Strictly speaking, the combination of Theorem and Conjecture only proves the ezistence of singular solutions arising
from smooth and compactly supported initial data. Nevertheless, by virtue of the linearity of the wave equation, this would
immediately implies the genericity of such singular solutions.

18Note that this is in contrast to the definitions of v and v_ that we introduce in the Kerr case, which will not be null

variables (see Section



Below, we will consider various vector fields using the following conventions: J; is to be understood as
the coordinate vector field in the (¢,7,6, ) coordinate system, while 0,, and d,_ are to be understood as the
coordinate vector fields in the (vy,v_, 0, ¢) coordinate system. Define also the vector fields (Q', Q2 Q?) :=
(—2feos2 g — sinpdy, — 205029 4 cos pdy, D,) and the notation that [Vy|? = L 327 |Q7[%.

sin 6 sin 6
Using the above notations, a precise version of the analogue of Theorem in the setting of Reissner—

Nordstrom black hole interior is given as followﬂ

Theorem 1.10. Let ¢ : My UHT — R be a smooth solution to the wave equation Oy, 1) = 0. Assume
that there exists some q¢ >0 and ¢ € [0,1) such that

i) the following upper bound holdﬂ on HT for all V>1,

((0v,0)? + |Y¥[?) r?*sin® O dvy dddp SV

HYO{vy =V}
ii) the following lower bound holds on HY for all V. > 1,

(8U+¢)2r2 sinZ 6 dv df dep > V—((I+6);

H+N{v >V}

iii) the following upper bound holds for the higher derivative of ¢ on HT,

3
Z / (00, Q)2 + |YQY|?) r?sin® O dvy df dp S 1.

Fhrnfog>1}
Then for every ug € R, there exists a sequence v € R with vy — 00 as k — oo such tha1E|
(B, )% sin? O dvy dO dp 2 (vy) =19, (1.11)
{v—=uo}n{v4>vi}

A slight variant of this theorem was proven in [I7] if ¢ is in addition assumed to be spherically sym-
metric. In other words, the methods in this paper give an extension to the corresponding result in [I7]
to allow for general . In fact, even when restricted to spherical symmetry, the present paper provides an
alternative approach to that in [I7].

Our strategy is to carry out the proof in the following steps:

1. Stability estimates,
2. Instability estimates up to the hypersurface v, via the 0;-conservation law,

3. Instability estimates to the future of 7,.

19Notice that in Theorem a lower bound which implies the infinitude of the non-degenerate energy is proven on a
null hypersurface. This is in contrast to a lower bound on a spacelike hypersurface in Theorem This is simply carried
out for expositional convenience and it is easy to pass from lower bounds on null hypersurfaces to lower bounds on spacelike
hypersurfaces.

20Tt is understood here, and below, that the implicit constants are independent of V.

21Using the coordinates (v_,r,0, ), which are regular at CH™, it is seen that %614 is regular at CH1. Moreover,
for constant v—, (—Agrn) decays exponentially in v4. Hence, the boundedness of the non-degenerate energy on {v— = ug}
would imply that the left hand side of decays at least exponentially in vg. See the discussions in the Kerr case in
and Remarks and for more details. Hence, implies in particular the blow-up of the non-degenerate energy on

{v— =uo}.



In each of these steps the key is the following energy identity, which holds for any solutions to the linear
wave equation in any compact region D C M with piecewise smooth boundary 9D, which is oriented with

respect to the outward pointing normal

/LT['(ZJ](Z#)” vol = /d(LT[¢](Z7.)ﬁ VOI) = /T[’QZJ]MVV“ZV VO], (1.12)

oD D D

where T[¢)] is the stress-energy-momentum tensor given by

1
T[w]uu = ,ﬂﬂaﬂ/) - igw/g_l(dwv dw)

The derivation of the energy identity relies on the fact T is divergence-free by virtue of the linear wave

equation. We refer the readers to Section for further discussions.

1.2.1 Stability estimates

We now explain each of the steps above. The first step, i.e., the stability estimates, is already carried out in
[13]. Since we need a slightly different version, we state it here in Proposition with a brief sketch of the
proof. The complete proof will be carried out in the Kerr case in Section[d] and in the sketch below, we will
point out where the analogue of each of the steps in the Kerr case will be carried out in the paper.

Before we state the proposition on stability estimates, we first need to define a hypersurface in the interior

of Reissner-Nordstrom, which plays a crucial role in the analysis. Define a function

fro (g, v-) = vy +v- — olog(vy)

for v4 sufficiently large and o > 0 and define a hypersurface v, in the interior of the Reissner—Nordstrom
black hole by

Yo = 13, (1): (1.13)

An analogue of this hypersurface was first introduced by Dafermos [4, 5] in the setting of the Einstein—
Maxwell—(real)—scalar—field system in spherical symmetry (see also [13]). This hypersurface has the important
property that its future, restricted to the past of {v_ = ug} (for arbitrary ug), has finite spacetime volume.
This fact will be the underlying geometric reason that the error terms in Proposition [1.23] are under control.

The following are the main stability estimates:

Proposition 1.14. Let a € [0,1), 79 € (r—,74+) and uy € R. Denote by vol the metric volume form
1 :
vol = 5(—ARN) sin 6 dv_ dvy df de.

Then there exists C' > 0 such that for all V > 1, the following stability estimates hold for v satisfying i) and
i11) in the assumptions of Theorem :

[ (@uwr+ 5P + Vel vl

(—AgnN)
{04 >Vin{raro}
=:IE;[¢;V]
1 ) ) ) B (1.15)
S — <oV
[ (a0 + 0w+ PR vl < oV
{v+2>V}in{f,, <1}
N{r<ro}
=:IEs[;V]



and
1

(—Agn)~

{r<ro}n{v-<ui}

(00, 0 + (0 0)* + V0 vol < C. (1.16)

Sketch of proof. Step One (Section The first step is to establish the following integrated energy estimates
to the past of the hypersurface {r = ro}:

TE[; V] + / (80, ¥)* + (Bu_¥)* + |V0[?) vol,
{vy 2VIn{r=ro}
S / ((Bu, )2 + |Y¥[?) 72 sin? 0 dvy df d

Hrnloe2Vy (1.17)

=:I[V]

+ / (12@@_1@2 + WJIQ) (—Apn)rsin® 6 dv_ do dyp.
(—AgrnN)
{ve=Vin{r=ro}

=:II[V]

Here, vol,. is chosen such that vol = dr A vol,..

This estimate can be achieved using the identity with a combination of well-chosen vector fields,
namely m&)_ +(1- 77*1(7ARN))8UJr very near r = r; and e”(@mr + 0y_) in the remaining region for
A and n~! suitably large.

By assumption i) of Theorem I[V] in (1.17) has the desired decay V~9. To deal with the term IT,
we notice that f\j *IIvy]dvy < IE[Y;V]. Using this and a standard argument based on the pigeonhole

principle (see Section {4.1.4)) then gives TT[V] < V4. In particular, (1.17) now implies firstly the desired
bound for IE;[t¢; V] in ([1.15) and secondly we also get the bound

((8v+1//)2 + (av,d))Q + |W¢|2) vol, S V71 (1.18)
{v42V3in{r=ro}
Step Two (Section In this step, our goal is to obtain stability estimates to the future of {r = ro}.

To this end, we again rely on the identity (1.12)). To the future of {r = ro} we use the vector field (1 +
N H=Arn)1T)(9y_ + 0Oy, ) very near r = r_ and the vector field e>""(8v+ + 0,_) in the remaining region

and choose A and 77! to be suitably large. As a consequence, for any u; and vy such that vy + uy = 278
(where rf is the value of r* when r = r¢), we obtain the following estimate:

1
/ (m (00, ) + (0u_v)*] + |Y7¢|2) vol
{vezvi}n{v_<us}

ﬂ{TST‘o} (119)

S [ (P @R+ ITUP) ol S ()
{vy>v1in{r=ro}
where the final bound follows from (1.18). Starting from the estimate (1.19), we make two observations.

Firstly, due to the choice of f, , we can choose v; < V with V < v; (where the implicit constant is
independent of V) such that the inclusion

{vy >VIn{f,, <1}n{r<ro} C{vy >vi}n{v- <w}n{r <rp}

holds. This observation and (|1.19) then imply the bound for IE5[v; V] in (1.15]), which, together with the
estimates in Step One, imply (|1.15).



Secondly, using ([1.19), we obtain the following for any u; € R:

/ (m [(aer'(/})Q + (51),1#)2} + |W’(/)|2) vol< C'. (1.20)

{r<ro}n{v_<ui}

Notice that to go from (1.15) and (1.20) to (L.16), it remains to improve the bounds for |Y¢| since 9,, ¢
and 9,_1 have already been shown to obey even stronger estimates.
Step Three (Section In order to improve the bounds for |[¥|, we need an auxiliary estimate. Using

the spherical symmetry@ of Reissner—Nordstrém, we can commute the wave equation with QF so that Q% is

also a solution to the linear wave equation. Therefore, we can apply the estimate in (1.20]) for Qi) together
with the assumption iii) in Theorem to get

3
3 / (% (00, Q)% + (Do Q)] + [V vol < C.

i=1 —Ary)
T H{r<roin{v_<ui}

Step Four (Section The estimates from Step Three controls 8, with the desired weight in (—A).
Recalling that |V1)|? ~ Zg’zl(Qi?j))z, the desired bounds from |¥4)| thus follows from a Hardy inequality.
O

1.2.2 Instability estimates

In the two steps of the instability estimates we deal with the regions to the past and to the future of v,
respectively (recall the definition of 7, in and see Figure |§| for a depiction of the spacetime regions in
the Kerr case). In the first step (see Proposition below and Section for the Kerr case), we use the
conservation law associated to the vector ﬁelﬂ 0y to prove a lower bound of the energy on 7,. In the second
step (see Proposition below and Section for the Kerr case), we then propagate the lower bound on
vo to the {v_ = up} hypersurface. In both of these steps, the stability estimates that have been derived play
an important role.

Proposition 1.21. There exists a sequence vy € R with vy, — oo such that the following estimate holds on

the hypersurface vy :
[ M, vy, 2 (o),

Yo {v4>vr }

where volg, is chosen so that vol = df,, Avoly .

Sketch of proof. We apply (1.12]) with Z = 0;. Since 0; is Killing, we in fact obtain a conservation law, which

220f course, the Kerr spacetime is not spherically symmetric and thus requires a modification of this part of the argument.
As it turns out, one can define differential operators Q;.ﬁ— and QéH+ such that while they do not commute with Oy, the

commutators are well-behaved near the horizons and can be controlled, see Section [4.2]
23In the Kerr case, we will use the conservation law associated to T4+, see Section
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implies the following lower bound for every v:

/ (0, (—df,, ") vol,,

Yo {vy>v}
2 / (D, ) r?sin® O dvy df dy
Lot=d (1.22)
=:1
-C / ((0v_¥)* + (—AgN)|YY|?) 7?sin® 0 dv_ dO de .

{vy=vin{fy, <1}

=11

Notice again that it is important that this is derived from a conservation law and there are no bulk terms. By
assumption ii) of Theorem the term I is bounded below by v~ (419 To treat the terms II, we crucially
rely on the stability estimate which allows us to pick, using the pigeonhole principle, a sequence
v, — 00 as k — oo such that the corresponding term decays as (vg)~(4TDTC7(1=2) Gince § < 1, for every o,

one can choose « close to 1 to conclude the proof. O
Finally, we prove the main conclusion of Theorem [T.10}

Proposition 1.23. For every ug € R, there exists a sequence vy € R with vy, — oo as k — oo such that

/ (B, ¥)r%sin® 0 dv d dp 2 (vy,) =10,
{v—=uo}n{vy>vi}
Sketch of proof. We use (1.12)) with Z = 0,, in the region to the future of 7, and to the past of {v_ =
up} UCH™. Noticing that the term “at the Cauchy horizon” vanisheﬁ and dropping a boundary term with

a good sign, we have

/ (D, ¥)r?sin® O dv df dy
{v—=uo}n{v4 >vi}
2 [ T0ud el -C [ (@ @R POl (120

Yo N{vy>vi} {v—<uo}n{vy>vy}
N{fo>1}

=:1

=11

First, I, which is the main term, can be bounded below by the term in Proposition [1.21] This is because

O = Oy, —0y_ and the term J T(dy_, (—df,,)*) voly,  has a favourable sign for this one-sided bound.
Yo {v4 2o}
As a consequence, I > (v;)~(a+9),

Then, in order to control the bulk error term I in ([1.24]), the key observation is that by choosing o > 0 to
be sufficiently large, the stability estimate (1.16]) implies that IT decays faster than any polynomial, i.e., for
any p, it is bounded by Cp(vx) P. The conclusion therefore follows by considering sufficiently large vy,. O

1.3 Outline of the paper

We end the introduction with an outline of the remainder of the paper. We will begin by a brief discussion

on the geometry of the interior of the Kerr black hole in Section[2] We will also introduce the preliminaries

24To justify this, one needs to use (I.15) and an approximation argument, see the proof of (5.9).
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about performing energy estimates in this section. We then give a precise statement of the main theorem in
Section[3] The proof of the main theorem will then occupy the remainder of the paper: In Section[d] we prove
the necessary stability estimates; in Section 5] we then prove the instability estimates, using in particular the

bounds derived in Section [l
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2 The interior of subextremal Kerr spacetime

We consider the standard (¢,7,6, ) coordinates on the smooth manifold M =R x (r_,r;) x S?, where r_

and ry will be defined momentarily. A Lorentzian metric g on M is defined by

2
g = gt dt* + g1, (dt @ dip + dop @ dt) + % dr? + p* d6* + gy, dp? (2.1)
where 011
p? =r*+acos’ g =—1+ Qr’
p
2Mrasin® 0
A=r?—-2Mr+a?, gw:—ipz ,
2Mra®sin® 0
Jop = [r2 +a® + ij] sin?6 .
p

Here, a and M, which are required to satisfy 0 < |a| < M, are constants representing the angular momentum
per unit mass and the mass of the black hole, respectively.

We now define 7_ < 74 to be the roots of A and fix a time orientation on the Lorentzian manifold
(M, g) by stipulating that —0, is future directed. The time oriented Lorentzian manifold (M, g) is called
the interior of a subextremal Kerr black hole. Moreover, let us fix an orientation by stipulating that the
Lorentzian volume form vol = p?sin@dt A dr A df A dy is positive.

-1

For later reference we note that the inverse metric g~* in the Boyer—Lindquist coordinates (t,p,r,0) is

given by

g g

A S;PI;Q ] A sitrf2 2] 0 0

1 Ag'w"’e _Ag'“?e 0 0

- — Sin Sin 22
g 0 0 4 0 (22)
0 0 0 3
P

Let r*(r) be a function on (r_,r;) satisfying % = e 4nd 7(r) a function on (r_,ry) satisfying

% = X. We now define the following functions on M:
’U+Z:t—‘r7'* ) (P+::SD+?7
v_i=1r"—t p_i=@—T.
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Here, to be precise, ¢ and ¢_ are defined modulo 27. It is easy to check that (v, oy, 7, 6) and (v—, p_,7,0)

are coordinate systems for M. The metric g in these coordinates takes the following form:

g = git dvf_ + Gip (dv+ Rdpt +doy ® dv+) + Gop dcpi_ + (dm_ @dr+dr® dv+)
—asin® 0 (dr @ dp, + dpy @ dr) + p* db?

= gy dv? — Gt (dv_ Rdp_ +dp_® dv_) + Gy do? + (dv_ ®dr+dr® dv_)
+ asin? 6 (dr ®dp_ +dp_ ® dr) + p2do? .

This shows that in each of the above coordinate systems the metric extends in fact analytically to all pos-
itive values of r. We now attach the following boundaries to the manifold M: using the coordinate chart
(vy, 4,7, 0) we attach the boundary R x {r = r, } x S?, which we call the event horizon and denote with
HT. Moreover, using the coordinate chart (v_,p_,7,6) we attach the boundary R x {r = r_} x S?, which
we call the Cauchy horizon and denote with CH ™. The resulting manifold with boundar is denoted with
M and is depicted using a Penrose-style representation in Figure

2.1 Hypersurfaces

Note that (dvy,dvy) = (dv_,dv_) = ‘IZS;#, thus showing that for a > 0 the level sets of vy and v_ are
timelike hypersurfaces away from the axis.
We now define the functions f* :=vy —r+7r, and f~ :=v_ —r +r_. An easy computation gives
o a’sin?@ A 2(r? +a?)
At dfty = (ap ey = Sl 5 AT e (2.3)
p p p
which shows that the level sets of f* and f~ are spacelike hypersurfaces. We introduce the notation ¥} :=
{fT =c}and &7 := {f~ = c}. Moreover, it is immediate that the hypersurfaces ¥ := {r = c} are spacelike.
We also define the function f, (v4,v-) := vy +v_ — olog(vy) for vy large enough, where o > 0, and
compute
a’0?sin’ 6 o (1?4 a?)?
df, df. y=2T Y g - Y Ta )
< f’Yoa f’Ya> U.2|_P2 + ( U+) APQ

Hence, for v, large enough the level sets of f., are spacelike hypersurfaces (recall that A < 0 on M). Let

Vo 1= 7_01(1). (2.4)

We define an orientation on the level sets of r (including the horizon H™) by stipulating that the volume
form vol_,., given by vol = —dr A vol_,, is positive. Similarly, we define positive volume forms vols+, vols—,
and voly by vol = df * Avoly+, vol = df = Avol;—, and vol = df, Avoly , respectively.

2.2 The principal null frame field

For convenience we introduce the abbreviations 8 = sin # and € = cos . Moreover, using the Boyer—Lindquist
coordinates, we define
V = (r*+a*)0; +ad, and W =0, + a8?0; .

25We note explicitly that with our convention, H1 only consists of one (future affine complete) null hypersurface and CH*
also only consists of one (past affine complete) null hypersurface. In particular, the dotted lines in Figure [2| are not part of the

M.
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Figure 2: The Kerr interior

The principal null frame is then given by

1 A 1
e1:=—0p, ez =50, — 5V,
P P p
w 1 1
= — = —(0 820 =0, — V.
() |W‘ pS ( » =+ a t) s €4 A
The vector fields e5 and e4 are null and future directed and satisfy (es, e4) = —2. Let us denote the distribution

spanned by es and ey by II and the to II orthogonal distribution by II*+. The vector fields e; and ey are not
defined on the axis, but where defined they form an orthonormal basis for IT-t.
Note that in (v_, 7,6, p_) coordinates we hav@

A0 2 0
egzﬁg‘i_ﬁv and 64:_5}7,
while in (vy,r,0, ¢4 ) coordinates we have
A0 ‘ and 0 ‘ 2
€3 = — — n ey =—— - —
3 P2 orl+ * orl+ A

Hence, the null vectors es and ey are regular at the Cauchy horizon CH ™', but not at the event horizon H*.
At the event horizon H™T the vector fields

- 1 -
€3 := —— €3 and €4 :=—Aey

A

are regular.

26In the following ‘i indicates a partial derivative in the (v4,7,0, p+) coordinate system.
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Using V to denote the Levi—Civita connection, the covariant derivatives can be computed to be

B r rA ~aC aCA
Ve, e1 = T2 + - 91 Ve, €2 = TR T g
Ve—gr —|—ae+a€ 4 A aCA Ve——§r2+a2e—Le+rAe
€92 1 — S p3 2p2 3 2p4 4) €92 2 — 8 p3 1 2p2 3 2p4 47
~ AaC a?8C ~aCA ar8
Veser = — A ey — 7 es, Veze2 = o e1 + ?63 ,
aC a?8e aC ars
Ve, €1 = *F@ - ?64 ) Ve, €2 = ?61 - ?64 )
(2.5)
rA AaC a?8C r aC a?8C
V61€3:F61_762+?637 V6164=—?61—pf262—73 4
__aCA r/A ar8 _aC r ar8
V52€3— p4 €1+F€2+F63 5 V62€4— p—Qel—?eg—F&;,
A 2a%8C 2ars A
Vese3 = 0r(—)es Veges = ————e1 €2 — (= )es
p P P
2a28C 2ars
Ve,3 = —761 T8 € , Vese4=0.
The commutators are
Cr2+a? aC aCA rA
[61762]=—gT€2—§63—pT€47 [62,63]=F€27
[ l r/A L 2a%8C [ l r
€1,€e3] = — €1 €3, €2,64| = —— €2,
pt p? p?
T 4ar8§ A
e, eq) = ——e1, es,eq4] = es — 0 (*)64~
[ ] pQ [ ] P3 T pQ

Finally, we compile the expressions for the Boyer—Lindquist coordinate vector fields written in terms of

the principal frame field:
ad 1 A

875:—*62—563—27)264; Op =per, (26)
0, p—Qe —le 0, —§(7“2—|—a2)e +82—ae —I—SQLAe |
T 2A 3 2 4 ga—p 2 2 3 2,02 4 -

2.3 Commutators

We define @oq+ 1= ¢ +(T a2y V= which is a regular angular function away from H™', and py+ = oy —

G iaz)v+7 which is a regular angular function away from CH'. A direct computation gives
T
C1PcH+ = 0 ’ e1Pn+ = 0 )
1 a’8? 1 a’8?
- (1 =2 = —(1-——
2t pS( re 4+ a2) ’ C2+ pS( ri + a2) ’
2 r2 4 g2 B (2.7)
€3Peu+ = —?a(l - m) ) ez =0,
0 2 ( r? + a? )
e = e = ——Q - 5 =) -
4Pey+ ; 4P+ A r2 + a?
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We now define the following vector fields on M:

cos 6 cos Do+ M+ .
QéHJr/HJr = — S0 W — sin pep+ /p+ Op
= —pcostcos Yoy + i+ - €2 — PSIN Yoyt gt - €1,
) Sin Qegy+ 34+ €08 0
Qe jp+ = — S0 W+ cos pepg+ 3+ 0 (2.8)
= —pcos 0siney+ /3t - €2+ PCOS P+ 3+ - €1
03 =W
CHt/HT =

= psinf - ey .

In order to understand the regularity properties of these vector fields, they should be compared to the
generators of the rotations Q' = e;;,2,;0; in R®, which are in particular smooth, and read as follows in
spherical coordinates

cos 0 cos .
Ql = _Togoaﬁa —Slngaag s
sin ¢ cos 0
0% = —SfT@w—I—cosgpag ,
3
2 =0,.

It is now easy to see that {QéH+7Q(22H+’Q§H+} is a collection of smooth vector fields which span IT+

everywhere and, moreover, extend smoothly to CH™', while {Q%-H?Q?-H’Qgﬁ} is a collection of smooth
vector fields which span II*+ everywhere and extend smoothly to HT. The angular coordinates g+ 7+
have been defined such that one has [, ., es] = 0 on CH™ and [, —Aes] =0 on HT. The importance

of this property will become obvious in Section [4.2

2.4 The wave equation and an energy estimate

Let v € C*°(M,R). The wave equation on the Kerr interior is defined by
Oy := (¢ )"' V.V, =0,

where V, as above, denotes the Levi—Civita connection on (M, g) and here, and below, repeated indices are

summed over. We recall that the stress-energy tensor T[] of ¢ is given by

T[w}m/ = ;ﬂﬂ&ﬂﬂ - %gw/g_l(dwvdw)

and satisfies V#T[1)],,, = Oy90,1. We also recall that the deformation tensor w(Z),, of a vector field Z is
given by
™) v = Vuly + Vo 2y

For a compact region D C M with piecewise smooth boundary 9D, which is oriented with respect to the

outward pointing normal, Stokes’ theorem now yields

/Lﬂrwuw Volz/d(ﬂﬂr[w}(z,~)”01) :/(T[w]u»V“Z”+Dg¢Z¢) vol . (2.9)

oD D D

We refer to (2.9)) as the energy estimate with multiplier Z in the region D.
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3 The main theorem

Let
a

Tyv =0 + ——
Mt t+r3_+a2

9y

denote a Hawking vector field of the event horizon; T4+ is Killing and orthogonal to H™. Moreover, we

denote with
Tent = (12 +ad®) 9, + ad, (3.1)

a Hawking vector field of the Cauchy horizon, which is Killing and orthogonal to CH'. We now state our

theorem precisely as follows:

Theorem 3.2. Let i) : MUHT — R be a smooth solution of the wave equation Dgp = 0. Assume that there
exists ¢ >0, 6 € [0,1) and C > 0 such that

i) for all V. > 1, the following upper bound holds on H™:

T[](N,é4) vol_,< CV ™9,

HTN{vy 2V}
where N is a future directed timelike vector field that satisfies [N7TH+] =0 onHT;

ii) for all V. > 1, the following lower bound holds on H™T:

v-td) < o / T[Y](Teg+, €4) vol_y; (3.3)

HN{vs >V}

i11) the following upper bound holds for the second order energﬂ on H*:

3 . ~
> / T[Q,+ ¥](N, &) vol _, < C .

=arafe>1

It then follows that for every ug € R there exists a sequence vy € R with vy — oo for k — oo such that the
following holdsF_.g]

/ TY)( — Aea, (—df~)F) vol,— 2 (v) @+ (3.4)
Z;OQ{U+ZU;€}

where the implicit constant is independent of vi. In particular, (3.4) implieﬂ that for every ug € R we have
/ T[] (e4, (—df ~)*) volj- = 0o . (3.5)
SupN{v4>1}

Note that the right hand side of (3.3)) is not manifestly non-negative, since Tp4,+ is spacelike on the event
horizon H™T.

Remark 3.6 (Alternative formulation of Theorem . Assumption ii) in Theorem can be replaced by

2"Recall the definition of Qé_ﬁ in (2.8).
28Here, in the preceding and in the following, # denotes the isomorphism between one-forms and vector fields given by “raising

the index with the inverse of the metric g”.
29The fact that ([3.4) implies (3.5) will be proven explicitly in Remarkbelow.

17



it’) The wave ¢ is azisymmetric (i.e., 0,1 = 0 everywhere in M) and there exists a § € [0,1) and a
sequence wy € R with wy, — oo for k — oo such that

w;(qﬂs) < / T[] (Teg+, €4) vol_,. . (3.7)

HEO{oy Zwi}

Note that under the assumption of axisymmetry the right hand side of (3.7) is manifestly non—negativ@.
Making use of this non-negativitﬂ allows us to weaken the lower bound (3.3) (which holds for every V.>1)
to a lower bound only along a sequence wy — co.

Remark 3.8 (Yet another formulation of Theorem . By pulling out the weight from under the integral
we see that i) follows from

/ (v4) T[] (N, é4) vol_, < 0o .
HEN{v4>1}

Moreover, for wy := 2%, where iy, — oo as k — 00, ii') follows from:
/ (v ) IO ST ] (Tpgg+ , €4) VOl = 00 holds for some € > 0 .
HEN{vy>1}

This is easily seen by contradiction: Assume that for all b > 0 there exists a ko € N such that for all k > kg
we have

/ T[] (Tesg+,4) vol_p < b - (2F) (@)
HAN{2k<v, <2k+1}

It then follows that

/ (02)7 T[] (Teggs , 4) vol_, < 29792 - (2%)
H+N{2k<vy <2k}

holds for all k > kq. Summing over k then gives the contradiction fH+m{v+>1}(v+)q+5_ET[¢](TCH+ ,eq)vol_,. <

0.

Remark 3.9 (Proof of (3.5)) from (3.4)). Recall that r*(r) satisfies

dr* 12+ a? r2 + a2 r2 +a?
= = 1 f _ .
d,r A (T—T+)(7“—T,) (’I",—T+)(’I"—T7) +O( ) OI‘T’\’I"

Hence, for any ro € (r—,ry) there exists a C > 0 such that

Llog(r—r,)—i—CZr*Z2L10g(r—7“,)—6’,

2K _ K
where we have introduced the surface gravity k_ = ﬁ of the Cauchy horizon. Thus, in (r_,r9) we have
rer_ < e =t <y (3.10)

We now prove (3.5) by contradiction, that is we assume

/ T[] (ea, (—df ~)*) vol;- < C'.

SapN{vy>1}

30This can be seen by noting that T,,+ is future directed and causal along HT and that for axisymmetric 1), the identity

T[W](Tep+€4) = (r2 + a®)T[W](Ty+, €4) holds on M.
31Gee the proof of Proposition
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It then follows from (3.10) and the relation v_ — 1 +1r_ = ug along ¥, that

/ —A - T[] (64, (—df_)ﬁ) vols- < / eVt et (uotr) T[] (64, (—df_)u) volp— S et

S N{vs >V} SN {vs >V}
This, however, contradicts (3.4]). In order to prove Theorem it thus suffices to prove (3.4).

Remark 3.11 (Blow up of non-degenerate energy). Let 3 be a smooth spacelike hypersurface that intersects
the Cauchy horizon transversally. Suppose X is given by a defining function f : M — R (i.e., ¥ = f~1(0))
such that (—df)* is a future-directed timelike vector field. Define the non-degenerate energy by

/ T(es + ey, (—df)ﬁ)volf,
=

where the volume form voly is defined such that vol = df A voly. (3.5) implieﬁ that the non-degenerate
energy on X N {vy > 1} is infinite for every ug € R.
Moreover, by proving energy estimates locally near the Cauchy horizon, it can be shown that the non-

degenerate energy is infinite on any smooth spacelike hypersurface intersecting the Cauchy horizon transver-
sally, as is claimed in Theorem [1.3

Remark 3.12 (Constructing solutions to the wave equation which satisfy the assumptions of Theorem [3.2]).
It is a standard fact that the linear wave equation is well-posed towards the future with smooth data imposed
on the event horizon H* N{vy > 1} and spacelike hypersurface X . Since the equation is linear, the solution
exists and remains smooth in {vy > 1} N{r € (r_,r4]}. Note that the data on H* N {vy > 1} can be
prescribed such that the assumptions i) — iii) of Theorem are satisfied. Moreover, the proof of Theorem
will show that the theorem also holds if 1 is only assumed to be a smooth solution in the smaller set
{vy > 1} {r e (r_,ry]}. Hence, there exists a large class of solutions to the wave equation in the interior
of the Kerr black hole which are initially reqular but have infinite non-degenerate energy near the Cauchy

horizon.

4 Stability estimates

4.1 Integrated energy decay for first derivatives

The results of this section depend only on the first assumption of Theorem [3.2

Assumption 4.1. Let ¢ : MUHT — R be a smooth solution of the wave equation Ogp = 0 and assume
that there exists a ¢ > 0 such that for all V >1

T[)(N, &) vol_» SV79,
HAN{vy >V}

where N is a future directed timelike vector field that satisfies [N,THJr] =0.

We prove:

32Notice that J T[] (es, (—df 7)) vol;— > 0.
SugM{vy 21}
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Proposition 4.2. Under Assumption the following holds: Let o > 0 and V be large enougﬂ. Then for
any o € [0,1) we have

[ (@ + @w? + e + @0?) v

{rt>vin{f,, <1}
M{7r>7blue }

b [ (A + 0]+ ) + ) el SV

(—A)e
{ft>vin{f,, <1}
N{r<rblue}

for some rppue € (1—, 7).

Proposition 4.3. Under Assumption the following holds: Let o € [0,1) and u; € R There then exists a
constant C' > 0 such that

((—1A)a {Az(ew)z + (631/02} + ((e20)” + (e1¢)2)) vol < C (4.4)

{r<rblue }N{f~<u1}
for rplue € (r—,r4) as in Proposition .

We depict in Figure [3] the regions of spacetime under consideration. The darker shaded region depicts
the region of integration in Proposition which is to the future of Z‘t and to the past of v,. This region
is further divided into two: the future and past of {r = rpu.}, where the weights in the integrated energy
decay estimates are diﬁ’erent@ The lightly shaded region, on the other hand, is the region of integration in
Proposition The estimate in Proposition is of course most useful to the future of 7,, i.e., for f, > 1,
for otherwise Propositionprovides a stronger boundlﬂ Notice that in the region {f,, > 1}, since (—A) is
sufficiently small, for later applications, we only need to show that the left hand side of is bounded@

CHT
{r <rpe} N{f™ <ui}

{er Z V} N {f’y” S 1} N {T S rbluc}

{f+ Z V} m{f'ya S ]-} N {71 Z rblue}

Tblue

HT

Figure 3: The spacetime regions under consideration in Propositions [{.2] and [.3]

33This is just to ensure that f,, is defined in the region {f* > V}

34We remind the readers that for 74,6 € (r—,74+), €4 and é; are the regular vector fields in the region to the past of {r = rp,e }
while e4 and e3z are the regular vector fields to the future of {r = ryjye}-

354t least when V > 1 is sufficiently large.

36Indeed, it holds that the left hand side of in Proposition decays like (—u1)~? for u;y — —oo. This stronger
statement, however, is not needed in what follows.
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The proof of Propositions and will be carried out using the energy estimate with appropriate
choices of multipliers Z. We will choose three different multipliers in three regions of spacetime - the multi-
pliers will be defined and discussed in Sections [4.1.1} [4.1.2| and [4.1.3] We then conclude this subsection and
prove Propositions [I.2] and [£.3] by combining the energy estimates obtained using these multipliers.

4.1.1 Multiplier in the red-shift region

The vector field T+ = 0, +
the event horizon we have

ﬁ&p is Killing and orthogonal to the null hypersurface H*. Moreover, on
7

VTH+TH+ = K+TH+ 5

where k4 = %"2) > 0 is the surface gravity. On the event horizon we have Ty + =

i 1 ~
2(r} 2(r1+a2)64'

Section 7 in [I0] shows that one can choose an req € (r—,r4) and a constant £ > 0 (depending on k4
and going to zero for k4 — 0) such that one can construct a future directed timelike vector field N that is

invariant under the flow of Ty +, i.e., [N,Ty+] = 0, and that satisfies in the region r € [ryeq, 7]
T w SN2 N2 2 2
()N = 1 (E0)" + (@) + (a10)” + (e20)”) (4.5)

4.1.2 Multiplier in the blue-shift region

We define
L= —— €4 and L:=es3.
0
Let us also write e, ® e, := %(eu ® e, + e, ®e,) Using (2.5) we find that the deformation tensors of L and
L are given by

2rA 2rA 4a%8C 4ars§ A
m(L)=—fe et —Fpedet+t—Fe e+ — €2®€3*3r<*2)64®63,
p p p p p
2rA 2rA 4Aa?8C 4Aar8 A
m(L) = i e1®ep + 7 62®62—T61®e4+ s 6266478,”(?) e3®ey . (4.6)

Consider now the vector field A
X:=L+L=2=0,=2(dr)".
p

Introducing the shorthand t; := e;(¢)) for i = 1,...,4, we obtain

y —-A 4a%8C dar$ 4a%A8C 4Aard 4rA
T[] 0w (X)) = 20, (—2) [0F + 93] + —5— V193 + —5—Yaths — ——=—1ths + ——hatha + —P3ibs .
P P P p P p
(4.7)
Note here that A
e o ry —Tr—
ar( p2 ) r=r_ o ’I"% + G/QGQ > 0 ’ (48)

and thus the first term on the right hand side of (4.7)) is positive for r close enough to r_.

‘We now introduce the function .

where a € [0,1) and r € [r_,r;]. Note that since a < 1 the function w, is bounded.
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We compute
T[w]uuﬂ(waX>uy = waT[w}uVﬂ-(X)Hy + 21‘[1/}] ((dwa)ﬁa X)

T[v]((dr)*, X)

= waT[Y]m(X)" +

~T[](L+L,L+L)

Y A? —2A
= wa T m (X + —xye [ rvd + v + —= @l +ud)].

It now follows from (4.7)), (4.8) and Cauchy—Schwarz that there exists an rpue € (r—,74+) (depending on «)
such that the following holds in R x (7_, rp1ue) X S? C M:

1 A?
T[] m(waX)™ 2 —xya [orvd + 5] + (01 +3) (4.9)

4.1.3 Multiplier in the intermediate region
Let wy(r) = e’ and compute

T[] (02X )" = AT ] (X)) + 2002 T[] ((dr)*, X)

A? —2A
= DNT[Yl X + A [t + 03+ o ik +u3)]

Without loss of generality we have rpjue < Tred- We can now choose Ay > 0 big enough such that in the
region r € [Fblue; Tred] We have
T[] (@ X)) Z 93 + 93 + 93 + 97, (4.10)

where we have set @ := wj,.

4.1.4 Putting everything together

Let ¢ > 0 be given and let &« € [0,1). Constructing the multiplier w,X in the blue-shift region such
that (4.9) holds determines ryjue € (r—,74+). The energy estimate (2.9) with multiplier N in the region
{r > riea} N{v1 < f1 <y}, see also Figure |4l yields

T[¥](N, (dr)u) vol_, + / T[] (N, (—df+)u) vol g+

2'7‘x'edﬁ{,UlS'JC*ES,UQ} 2320{7"27%%1}
1 v
+ / §T[1/J]W7T(N)” vol (4.11)
{r>rrea}N{v1 <fH<va}
- [ e eathveles [ TR0 @ vl
Zj’lﬂ{TZTrcd} HFN{v1 <oy <va}

We now note that since [N, Tj+] = 0 = [N, Ty+], the energy densities T[)](N,&,) and T[)(N,&,) are
comparable along H*. The same holds for the energy densities T[](N, (dr)*) and T[¢](wX, (dr)?) along
Y, ..q- The energy estimate with multiplier wX in the region {rpe < 7 < 7rea} N {v1 < fT < w2}, together
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V2

Tblue

fH+

Figure 4: Regions considered for the energy estimates in Section [4.1.4

with and Assumption yields
T[] (@ X, (dr)?) vol -, + / [(E40)® + (E31) + (e20)® + (ex9))?] voly+

e U1 ST <v2} S8, N {r>rbie
+ / [(€41)? + (E39) + (e290)? + (exy)?] vol (4.12)
{r>rote JN{v1 <fH<va}

< / [(Et0)? + (E300)? + (e21)? + (e21)?] volys + (v3)~ .

28 N {r>rhue

b3}

We need the following

Lemma 4.13. Let ¢ > 0 and let h be a positive measurable function on [1,00) that satisfies

to
h(t2) + /h(t) dt < C - (h(t1) +t; ) forall 1 <t; <ty < o0, (4.14)

t1

where C > 0 is a constant. It then follows that
h(t) St (4.15)
for every t > 1, with an implicit constanﬂ which is independent of t.

Proof. We start with showing
h(t) <tF (4.16)
for all 0 < k < |q].
The case k = 0 follows directly from after taking t; = 1 and ¢ = ¢t. So assume holds for a
non-negative integer k < [¢] — 1. We will prove for k replaced by k + 1.
Let 7, := 2™. In particular, together with imply

Tn+1
/ h(t)dt < Cyr,% forallneN,

n

37Indeed, it follows from the proof that the constant depends only on C, q and h(1).
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where Cj, > 0 is a constan@ depending on k, h(1), ¢ and C. Thus, for every n € N there exists a
7} € [T, Tnt1] such that
h(7),) < Cyr, KD (4.17)

holds. Moreover, it follows from (4.14)) that for all 7 € [r,,41, Tn12] We have

h(r) < C(h(r)) + (7))

4.17)
< Ck(T;(k+1)+T;q) (4.18)

< Cpry Y

which proves (4.16) for k replaced by k+1if k+1 < |q].
The above induction thus allows us to show (4.16]) for k < |g]. To continue, we let k = |¢| and repeat

the above proof up to (4.18). From there we conclude h(7) < Cj7,, 9, which proves the lemma. O
We now set
MO = [ [+ @)+ (et + ()] vl

SN {r>rbiue }

and recall vol = df ™ A voly+. Hence, (4.12)) implies that h(t) satisfies (4.14) and thus, by Lemma we
have h(t) < t9. Using this in (4.12)) and letting vo tend to infinity gives

T[] (@ X, (dr)?) vol _, + / [(E4)* + (E3)* + (e1t))” + (ex¥))] vol < (v1) 7.
e M1 <1} {r>roe fN{v1 <f+}
(4.19)
Finally, let us consider the energy estimate with multiplier w, X in the blue-shift region {r < rpe }N{f~ <
w1}, where uy = 21y, — 27blue — v1 + 7+ + 7— (see also Figure ﬂ

/ T[] (wa X, (—df 7)) vol,- + / (ﬁ (A%03 +03) + (43 + v3) ) vol

By M{r<rplue} {r<rowe }{f~<u1}

(4.20)
S / T[] (wa X, (dr)?) vol_, .

Zrpine M1 <f+}

This, together with and the fact that the energy densities T[¢](wX, (dr)?) and T[¢](wa X, (dr)*) are
comparable along ¥, ., proves in particular Proposition [4.3]

In order to prove Proposition let V:= f+ (’yg nx, 1) (this is well-defined for v; big enough - see also
Figure . Note that vy ('y(, nx, 1) is implicitly given by

114_(’)/0 OE;) +ur + (N, ) —r- —olog (v+(fyg ﬂE;l)) =1,

and thus, together with uy = 2rf,,, — 2rpe — v1 + 74 + r—, we obtain V S vy (v, N Xy, ) < v1. Thus, ([@.19)

38We will continue to write C}, below to emphasize the dependence of the constant on k. Notice however that we will allow
the constants to be different in every line.

39 Actually, one would carry out the energy estimate first in the compact region {r < rpue} N {f~ <u1} N {f+ < wv2}. The
boundary term along Eiz has a positive sign and can thus be dropped. One then takes vo — co. This approximation argument
is standard and will be silently omitted in the future.
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Tblue

fH+

Figure 5: The hypersurfaces ¥ and Z$

v1

and imply
[(Ea%)? + (€59)% + (e2))? + (exth)?] vol

{r>role }N{fT>V}

1
" / (i [0+ 93] + (W +03) ) vol
(r<rore}N{ g STIN{F+2V)
1
< / (W <A2¢Z + ¢§> + (¥7 + wg)) vol
{TZ"’blue}m{erZ’Ul}
1
+ / (e (8202 +48) + (63 4 03)) vo
{Térblue}m{f"ra Sl}ﬂ{f7 Sul}

S()1sve,

which proves Proposition 1.2}

4.2 Integrated energy decay for second derivatives

The result of this section depends, in addition to Assumption also on the third assumption of Theorem
0.2l

Assumption 4.21. Assume ¢ : M UHT — R is a smooth solution to the wave equation Ogp = 0 that

satisfies
3

> / T[Q%,+ (N, é4) vol . < C'.
=hatnfe,>1)

We prove

Proposition 4.22. Under Assumptions [/.1] and the following holds: Let o € [0,1) and u; € R. There
then exists a constant C > 0 such that

3
1 . ) , .
> (i (A% )7 + (€42 0)7) + (€199 + (€200 ¥)7) ) vol < ©
e~ <un)

(4.23)
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for rhlue € (r—,r4) as in Proposition .

4.2.1 Boundedness of second order energy on ¥

Tblue
For the proof of Proposition we commute the wave equation with the vector fields Q;_[ + oyt For a
vector field Z one had™|
1
Oy, Z]Y = 7 (2)*'V Vo + (Vum(Z)*) 0 — 58" (trw(Z))@uw . (4.24)

Summing the energy estimates for the functions Q?H+w in the region {r' < r < ry }N{f* > vi}, where
r" > Tred, with multiplier N (recall the definition of N and the bound (4.5)) from Section [4.1.1) gives

3
> / T[Q, )N, (dr)?) vol_,
Ehenif el

3
2 [ () + ERe) (Rt + (e vl
SHrzrnistze)

+ 23: / (7(e ) VTt + (Vs )™ ) D — %(aﬂ (b7 () ) Bt ) (V) vol

El>rn{ o)

=:Err
3 ) 3 )
<y / TIQh, I(N, (—df)?) volp + 3 / TR, 4] (I, (dr)f) vol_ .
st afree) =htngog )
(4.25)
We want to show that (4.25) implieﬁ
3 3
> [ M@l s14Y [ TR0 @)l (420)
=l A{ft>o) Elrsryn{ft>o)

This, together with vol = —dr A vol_, and Gronwall, then implies

3
> / T[Q, .+ ¥](N, (dr)?) vol_, < C'. (4.27)
i=1

Sy N >01}
In order to show (4.26)), let us first recall that (dr)* = 3(L + L) = %(p%é; — Aé3). Hence, we have
T+ YN, (dr)f) 2 —A(E3Q+ 1) + (Ea 1) + (e1Q+ 1) + (24 9)% . (4.28)

We now explain how one estimates the third term in (4.25): First recall that the tilded frame field
{€s, €4, €1,€e2} is invariant under the flow of the Killing vector field Ty,+. However, the orthonormal basis
{e1,ex} of IT+ is not smooth on the axis. We thus introduce in addition an orthonormal basis {e}, e, } of IT+

which is smooth in a small neighbourhood of the axis and also invariant under the flow of 75+ E

40Gee for example [I], Chapter 6.2

41Note that for any fixed vy, the two terms on the right hand side of are bounded (uniformly in r’ > ry.q) by the
smoothness assumption and Assumption

42Note that so far there was no need to introduce a frame that is also regular at the axis, since we only decomposed expressions
involving di), i.e., first derivatives of v, with respect to a frame field involving e; and ez. Technically, in such computations one
restricts the domain to the region under consideration with the axis deleted. After estimating and rearranging such expressions
we always ended up with the expression (e11/)? + (e2v)?2, which is equal to (gl )~ (di, dip) and thus extends smoothly to the
axis. By continuity, the obtained estimate thus also holds on the axis.

Now, however, we are about to decompose expressions involving VV1. Here, it is important that we decompose with respect
to a regular frame near the axis, since for example the term ez(e1?)) is in general unbounded when approaching the axis.
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We then split the domain of integration in the third term of in two disjoint regions A (disjoint of
the axis) and A’ (containing the axis) such that e; and ey are smooth on A and e} and e} are smooth on
A’. In the following we decompose Err in region A with respect to the frame {€3,é,,e1,e2} and in region
A’ with respect to the frame {é3,é4,¢€],e5}. To simplify the presentation, we will restrict ourselves in the
following discussion to region A. Region A’, however, is dealt with completely analogously.

From the coordinate representations of Qéﬁ in it is easy to see that these vector fields are invariant
under the flow of the Killing vector field T%+. Hence, the same holds for the deformation tensor (€2, ) and
its covariant derivative. The invariance under the flow of T3+ implies that the coefficients of the deformation
tensor and its covariant derivative, when expressed in terms of the tilded frame, are uniformly bounded in
the region under consideration. We proceed by writing all contractions in the term Err in terms of the
tilded frame, e.g. w(Q%,, )"V, V, b = W(Qé{+)ii(é4é4¢ + Ve, 4+ ...). Again by the invariance of the frame
field under the flow of the Killing vector field T4+ vector fields of the form Vg, é4 have uniformly bounded
coefficients when expressed in the tilded frame. We conclude that in region A the term Err can be written
as a sum of terms of the form h - e(fv) and h - e, where h is a uniformly bounded function and e and f are
members of the tilded frame field.

Using this structure, we can now estimate in region A terms of the form (h - ey))(NQ%, ¢) in the third
term of by

(B ep) (N4 90)| < e h2(eq))? + e(N Q4 9)? (4.29)

Choosing € > 0 small enough and recalling that N is invariant under the flow of T4+, the second term can be
absorbed by the second term in (4.25). The first term in (4.29)), after integration, is bounded by Proposition

It thus remains to deal with terms of the form h-e(f1) in Err. We again use Cauchy—Schwarz to estimate

(- e(f)) (N )] < e h2 (e(f))” + e(NQ, )2 .

Choosing € > 0 small enough, the second term can again be absorbed. Recalling (4.28)), we now show that the
first term can be controlled by Z?Zl T[Q%,. ¢](N, (dr)?) (modulo first order terms which, after integration,
can again be controlled by Proposition . Here, clearly, the structure of W(Qgﬁ) is important.

1. First consider terms of the form A2 - (e(fw))Q, where f € {e1,e2} and e € {ey,eq,é4}. Note that we
can assume without loss of generality this order for e and f, since the commutator is a first derivative
of ¥ and can thus be estimated as before. In region A we can write e; and ey as a linear combination
of the Qgﬁ where the coefficient functions have uniformly bounded derivative (since we are away from
the axis). Writing f thus and using the Leibniz rule, we see that the term h? - (e( f¢))2 is controlled
by Zle T[S, ¥](N, (dr)?) together with, after integration, Proposition

2. Now consider terms of the form h2 - (ég ( fz/J)), where f € {e1,e2}. Again, without loss of generality, we
can assume this order of the derivatives. We will show that h goes to zero like —A for r — 7, and

hence this term can be controlled as beford®™]
Note that for Q. and f =e;, i € {1,2,3}, j € {1,2}, the coefficient % is here given by
h = 2m(Qhy )Y = 2(—A)m (. )¥

43Notice that (—A) weight for the €31 term in the estimate (4.28).
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Using in particular (2.7)) and (2.5]), we Comput@

- 27T(Q%-[+)31 = <V€4Q%{+761> + <V619%{+764>

e2 p r? 4 2
acos @y, P +A( r?ﬁ—az) )
. 1 »p r? + a?
1 132
—27(Qy+ )77 = 2aCsin g+ (; - K(l - 77“14—@2)) ,
e p r? 4+ a? 2aC8
2 431 : 3 331
_27T(QH+) :2aslngﬂﬂ+(—7+x(l—m))7 —27T(Q,H+) = P R

L p
— 27T(Q$—L+)32 = 2aC cos P+ ( - ; + Z(l

r2+a2
) -

- —2m(Q2,. )32 =0.
7"_2~_+a2 7T( ’H*)

Hence, h goes to zero like —A for r — r.

3. Indeed, no terms of the form h? - (63(63¢))2 or h? - (é4(é41/)))2 are present. This follows from
(Ve Qv ea) = 0= (Ve, Q1 €3)
for all ¢ € {1, 2, 3}.

4. Tt remains to consider terms of the form h2 - (é4(é3w))2. Expressing the wave equation in the tilded
frame field we obtain

2

0= Dg¢ - *é4(é3¢) + (Vé4é3)1/) + Z (ei(eﬂ/f) - Veieilb) .

i=1
Hence, we can replace (é4(é3w))2 by terms we already know how to control.

We have now shown (4.26]) and thus proved (4.27]).

In the next step we consider the summed energy estimates for the functions Qé_ﬁlb in the region {rpe <
r < Trea} N{f* > v1} with multiplier wX. (Recall the definition in Section ) Note that in the region
{rblue <7 < Trea} we have

T[Qh ) (WX, (dr)?) 2 (E3y1)? + (62 10)? + (e1 Qs ¥0)? + (e295,.0)7 .

Hence, in order to be able to control the error term by T[Q%  ¥](wX, (dr)?) (together with Proposition
as before, the only structure needed this time is that no é3(€31) or é4(€41) terms appear in Err - which we
have already shown. One then obtains, using (4.27) and Gronwall,

3
> / T[Q},+ ) (WX, (dr)?) vol . < C'. (4.30)
e {01}

4.2.2 Integrated energy decay for second derivatives in the blue-shift region

We sum the energy estimates for the functions QéHer in the region {r' < r < rpe} N{f~ < uy} with
multiplier w,X. (Recall the definition from Section [4.1.2). Here, u, is given again by u; = 21}, — 27blue —

44Notice that after multiplying the following components of the deformation tensor by (—A), they vanish on H*. This fact
can be traced back to [Qé_ﬁ, €4 =0on HT.
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v+ ryetr_.

3
> / T[4 ] (wa X, (dr)f) vol .
= n{f - <u)

3
vY [ (a0 o] + [0t + 28] v

i:1{T’§T§Tb1uc}ﬁ{f’ <ui}

3
. ) 1 . .
+3 / (7?( bt )" TVt + V(g ) Oy — 50 (e gw))auzp) wa Xy 3 vol

Ll < < e N {f~ <us }

=:Err

3
< ; / T[Q 5,4 ¥ (wa X, (dr)?) vol_, .

Brprue T 201}

(4.31)

First we note that the right hand side Of, (4.31)) is finite: indeed, along 3,,, . one can write each Qé?—ﬁ’
i € {1,2,3}, as a linear combination of the €, with uniformly bounded coefficients such that, moreover, the

derivatives of the coefficients with respect to the principal frame are also uniformly bounded. Hence, (4.30))
together with (4.19)) show the claim.
We want to show that (4.31) implies

3
Z / ']T[QEH+ V) (wa X, (dr)¥) vol_,
=sn{f-<u}

3
e (e 0+ ol ) + [0 + (2]

—
T <r<rpe JN{f~ <ui}

3
S1+ Z / T[Qéy+¢](waX, (dr)#) vol .
Fl << N {f - <ur }

(4.32)

Recalling vol = —dr A vol_,. and using Gronwall then implies
3 .
Z / T[Qpq+ V) (wa X, (dr)*)vol_,. < C for all 7" € (r_, rpie) -
=y n{f-<ui}

Integrating this bound in r and substituting it into (4:32)) then proves Proposition [4.22]
We will now prove (4.32)). First note that one has

T[Qéy+w](waXv (dr)n) 2 (639éy+7/1)2 + A? [(64Qéy+7/})2 + (elﬁéww)Q + (62Qé7{+7/’)2} 2 wi (XQZcf;.ﬁw)Q .
(4.33)
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Moreover, the following components of the deformation tensors W(Qé,’_ﬁ_), 1=1,2,3, are needed:

. GQSG a2se
F(Qéq_fr)ll = 281H@CH+7 y (QCH+)11 = —2co0s Cont - pT ,
. 1 1 1 1
(chr) = -2 Sln(PCH+a2eS(m+p7) ; W(Q(QZH+)22 = 2cos poy+ -aQSG(m + ?) ,
2a fr2 + a2 G2A 2, . r2 I a2 G2A
Qg )1s = ~ Cosgent (= T5=s) — 7] s (g )is = ?sm%w([l ol ) 7
2aC . A r? +a? 2aC r2 4 g2 A
Qs = = singen [ = 0= ] wOedas = = eosen (- aa) = )
(QCH+)33 =0, W(QgWﬁ)SS =0,
4a28(°, . 4&286
W(Qég.[+)34 = - g sin e+ W(Qgﬁ+)34 — > COS Yot
T(QepJaa =0, (02 )14 =0,
7T(QC7-L+)11 =0, W(ngH+)22 =0,
2aCSA
W(Qg’H+)l3 = . W(QEH+)23 =0,
m( e )as =0 Ty )31 =0,
(4 )24 =0
(4.34)

We now estimate the third term of ( - by Cauchy—Schwarz: each of the individual terms of Err (after
squaring) is weighted with an & > 0, while the term w2 (X, . 1)? is weighted with e~'. By (4.33), the
latter term is controlled by T[QL,  ¥](ws X, (dr)?). We now show that the first terms are either controlled
by Proposition or, for € small, can be absorbed in the second term of .

Let us first consider the term 8“(tr7r(QéH+))6Mw in Err. In order to control this term (after Cauchy—
Schwarz) by Proposition we need to show that all eq1) terms come with a coefficient that is O(r —r_)
for r — r_; i.e., we need to show that

e3(trm(Qyy+)) = es[trm(Qhy+ )11 + trm(Qby s )a2 — trm(Qogyi )3a] = O(r —r_) for r —r_ .

This, however, follows easily from (4.34)), since e3 either acts on a function of r, which generates a A, or e3
acts on e+, which also goes linearly to zero for r — r_, see (2.7)).

The term V7 (Q,,+ )" 8,1 in Err is dealt with similarly. For 7 = (9, ) we compute

CH*
(V) (e3)s
=(Ve,m,e1 ®ez) + (Ve,m, 60 ®ez) — %<v537{, €4 ®e3) — %(Veur, e3 ® e3)
=e1(m3) + e2(me3) — %63(743) - %64(7@)3)

1 1
— <71'7 (Ve161 + v6262 — §V6364 — 5v6463) &® 63>

1
—e3® Ve, e3)

1
-4 @ Ve,e3 — 5

- <7T,61 ® veleS + e ® v62€3 — 5

1 1
=e1(m13) + ea(ma3) — 563(7@13) - 564(7T33)

4a%8€  Cr?+4a?
—(m (= =50
p S »p

rA rA ars rA
)el®eg+—el®el+ €2®62+ 63®62—p63®€3+ 64®€3>
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It is easy to check each of the terms and verify that (er(ﬂi

b M) (es)y = O(r —r_) for r —r_.
In order to discuss the term (€%, )"V, V.14, we again, as in Section split the domain of inte-

gration in two regions A and A’ and decompose 7(€2,, )

{e3,e4,€1,e2} and in region A’ with respect to a frame {es, e4, €], €5}, where again e} and €}, form a smooth

'V, V4 in region A with respect to the frame

frame field for II+ in A’. As before we limit our discussion to the region A.

1. We first consider the terms arising from F(Qéﬂ+)kl, where k, 1 € {1,2}. The arising second order terms
can be absorbed in the second term of after choosing ¢ to be sufficiently small. To see that the
arising first order terms (e.g. V., e1?) do not contain non-degenerate eq?) terms, we note that
shows

(Veser,e3) = —(e;, Ve, e3) =O0(r —r_) for r - r_ .

2. The second order terms arising from 7 (§2,,, +

and the arising first order terms do not contain ey4-derivatives since (V,e,,e3) = 0.

Y where p = 3, v = 1,2 can be absorbed (and controlled),

3. Tt follows from (4.34) that w(Q%,,+

second order terms can be absorbed (and controlled) and the first order terms can be controlled.

Y where p =4, v =1,2,is O(r —r_) for r — r_, and hence the

4. Tt follows from ([4.34) that 7(Qf,, )" =0 for p=v =3 and p=v = 4.

5. It remains to deal with the terms arising from m(Q%., ., )3*. Since 9 satisfies the wave equation we have

CHt

n%

(63 & 64)#Vvuvuw = (g‘HL) VMVVw ;

and we have already shown how to deal with the terms on the right hand side in the first point.

This finishes the proof of (4.32)) and hence Proposition is proved.

4.3 Improved integrated energy decay for the e¢; and e; derivatives

In this subsection, we complete the necessary stability estimates by improving the weights for (e11)? and
(e21)? in the estimate in Proposition (see Proposition below). Key to this improved integrated
energy decay estimate is the following lemma, which is a Hardy inequality:

Lemma 4.35. There exists 7 € (71—, roe] sufficiently close to r— such that the following estimate holds for

all smooth functions ¢ on M:

/ ﬁ& vol < Ca( / ¢ vol_, + / (_Z)a (e39)” VOI) ‘

{r<iin{f~<ui} Zrn{f~<ui} {r<iin{f~<ui}

Proof. Let h and ¢ be smooth functions on M. The product rule gives

/ (Leyh+hdiv(es))d? vol = / L, (h¢? vol) — / 2he (Ley¢) vol . (4.36)
{r<min{f™ <ui} {r<min{f™ <ui} {r<mIn{f~ <wi}
n{f*<v} n{f*<v} n{f*<v}

: _ 1
Setting h = ENEAL compute

« 1
esh = ——0,.A -
3 02 (—A)
and oA A
: _ e ol
div(es) = 7 3r<p2)



We thus obtain

1 1-—
esh+ hdiv(es) = 37 (%&A) .

Hence, (4.36) together with Stokes’ lemma yields

1—« 1 2
—OA) - ———@Pvol < / — 2 b(esd)vol
[ s (—ayes?)
(r<Fn{f~ <u} {r<Fn{s <ur}
N{f+<v} N{f*<wv}

1 A
+ / ¢2~<——)VOLT,
(=4)~ p?
Zen{f” <u1}
n{f* <o}
where we have dropped the negative boundary terms on the right hand side. Note that (—9,A)(r_) > 0.
Hence, we can choose 7 sufficiently close to r_ so that after letting v — oo and using the Cauchy—Schwarz

inequality we obtain

/ (_Z)a ¢ vol < o / 6 vol_, + / (_Z)a (e59)? vol ) .

{r<Fn{f=<ui} Srn{f~<ui} {r<Fn{f=<ui}

Using the above lemma, we obtain the following improved integrated energy decay:

Proposition 4.37. Under Assumptions and the following holds: Let o € [0,1) and u; € R. Then

there exists a constant C > 0 such that

1
(=A)«

{Tgrbluc}ﬂ{f_ S’Ufl}

for rplue € (r—,r4) as in Proposition .

(823 +y3 + v +43) vl < C (4.38)

Proof. By Proposition we only need to prove the estimate for 1 and 3. Moreover, using Proposition
again, it suffices to prove the desired bound after restricting the domain of integration to {r < 7}.
Applying Lemma with ¢ = Q,, .1 and summing in 4, we obtain

3

Elr<rn{f- <ui}

3 _ ) 1 _ , (4.39)
SC@ Z ( / (QZCHer)) VOl_r + / W(ESQEH+¢) VO]) .
=Uosin{f o <w) {r<in{f—<ui}
=:1 =11
By the definition of Q. ., we have
3 .
(e19)® + (e290)* ~ > (s ¥h)” (4.40)

i=1
Returning to (4.39)), I is bounded: This can be proven using (4.40) and also the argumen@ that leads up

to (4.19). I1 is also bounded by Propositions Therefore, the left hand side of (4.39)) is bounded, which
then implies the desired conclusion by (4.40]). O

45Indeed, this can be proven by straightforward modifications of the vector field wX.
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5 Instability estimates

5.1 From the event horizon to the hypersurface ~,
Proposition 5.1. Let o > 0 be given. Under the assumptions of Theorem|3.2, and also if ii) is replaced by
ii') of Remark[3.6, we have
T)(— Aes, (—dfs, ) voly,, 2 v @
Yo W fT 205}
for k € N big enough, where vy, € R is a sequence with vy — oo for k — oo.
Let us remark that if i) is not replaced by #i’), then one even has
T[]( — Aes, (=dfy,)) voly,, 2 V70t
Yo fT2V}
for every V' > 1. This stronger statement is, however, not needed in what follows.

Proof. We only give the proof in the case that assumption ii) of Theorem is replaced by assumption ii’)
of Remark The other case is analogous, but easier.

Using (2.2) and (2.6) we compute

(—df ) = —% o IR, % s (5.2)
and
Tey+ = (r2 +a®) 0, +ad,
:é(TQ_""Q_)e2_1(7“%4-@2@2)63—&( 2 1 a%C¥ey . (5:3)

p 2 202
Abbreviating T[] with T, this implies
T[] (Terer» (—df 1))
<~ AlT(es,e2)] + [Te2,€3)| — AT(es,e2)] + =5 T(es, es)| + [Tles,en) + A T(enen)]  (5.4)
§iw§ + (Aa)” + Y1 + 05

We now consider the sequence wy € R from assumption ii") of Remark Recalling vol = df*+ A vol ¢+
and using the pigeonhole principle, Proposition implies that there exists a sequence vy, € [%wk, wy] and a
constant C' > 0 such that

/ ((541@2 + (€39)* + (e2t))* + (611/))2) vol +

= N {r>roie}

+ / (e (A% + (e)?] + (eat)? + (ext?) volys < €07

Ejk m{"'S"‘blme}m{f'yg <1}

(5.5)

holds for all k € N big enough.
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At the heart of the proof is the energy estimate in the region {f* > vi} N {f,, < 1} with multiplier
TC'H+Z

T[] (Tep+ s (—dfy, )F) voly,,

'Yam{f+2vk}
(5.6)
= / T[] (ch-ﬁv (—df+)ﬁ) voly+ + / T[] (ch-ﬁ, (dr)ﬁ) vol_,. .
23, N fre <1} HEN{f+>vx}

We are going to show that the first term on the right hand side decays faster than the last term on the right

Figure 6: Propagating the lower bound

hand side. It follows from ([5.4)) that

/ T[] (Tew+, (—df T)?) | volp+
=3, N {fre <1}
S [ (@R @ e + @0)?) volys
3, N {r>roe}
w( s amn)s [ (A ) + ean] + (e + (eaw)?) vy
£, N {r<rotue} Ay (=A)

A{fy, <1} Ej%?;rgzl{}ue}
Yo =

(5.7)

Moreover, (3.10) implies —A > e~ (++v=) for r € [r_, rpie]. Also using f,, = vy +v_ —ologvy < 1, we
thus have

1 _ 1—- - _
sup INED 5 sup (6 n_alogv+) @ S Uk k_o(l—a) )
Z:rkﬁ{TSTblue} (_ ) Z;rk
N{fre <1}

Hence, (5.7) together with (5.5) yield

/ ‘T[w] (TC?-ﬁv (_df+)ti) ’ V01f+ <C- ,Uk—(tH-l)—m,o(l—oc)

SH Ny <1)

for all k& € N big enough. Recall that assumption (3.7) states w,;(qH) < f?—[+ﬂ{v+>wk} T[] (Tegg+, €4) VOl
Since the integrand is manifestly non-negative for axisymmetric v, the same holds with H* N {vy > wy}

34



replaced by HT N{v, > v;}. Putting these two things together, and using v, € [%wk,wk], we infer from

(5.6) that
T[¢)] (TCH‘*'v (—df%)ﬁ) VO]f% > . vk—(q+6) —C. v};(qﬂ)fn,o—(lfa)
Yo {ft>v}

for some C,C” > 0. We can now choose o € [0, 1) sufficiently close to 1, depending in particular on ¢ > 0
and § € [0, 1), such that for all k& € N sufficiently large we havﬁ

T[] (Tep (—dfy,)F) voly,, 2 vy (0F) (5.8)
Yo N {fT>uvi}

We are going to write Tpq+ as a difference of a future and a past directed causal vector field. Recalling (5.3))

and adding and subtracting %B e4, where B is a positive constant, we obtain

S 1 A A
TC’}-L+ = %(TZ - 7'3)62 - 5(7’2_ +a262)€3 + 27/)2B€4 - 27[)2(B +’/’3 +a2(32) €4
A
= Y_ 27%)2(34'7”27 +a262)e4 5

It now follows from 5es
a”8% 9

YY) = —(—1r*)* +2(r> +a°C?) A
P

202
that 0 < B < oo can be chosen big enough such that Y is past directed timelike. Since T[¢)] (Y, (—df%)ﬁ) <0
and 271)2(3 + 72 4+ a2@?) is bounded, (5.8)) shows that

B

T[] ( — Aeq, (=df,,)*) voly,, = vy @0

Yo N {f+>v}

holds for all k € N large enough. This finishes the proof of the proposition. O

5.2 From the hypersurface 7, to the Cauchy horizon

Starting from Proposition [5.1] we now finish the proof of Theorem[3.2] At the centre of this step is the energy
estimate with multiplier L = —% eq in the region {f~ <wo} N{ft > v} N{f,, > 1} (see also Figure
where v € R is the sequence as given by Proposition [5.1

/ T[)(L, (—df~)*) vol -

SuoM{fT2v}
ﬁ (5.9)
> [ e v, - [ Ty el
Yo fH2vp} {f~ <uo}n{fT>uvi}

N{fre 21}

46Notice that the implicit constant here is allowed to depend on ¢ and §.
4TWe briefly elaborate on how one derives this energy estimate by approximation by compact sets: using (5.2)), we obtain

T (= Aea, (—dfH)F)| < A%0F + 97 + 43 .
It then follows from Proposition that there exists a sequence wé € R with wé — oo for £ — oo such that
+ _ — Aey,(— vole+ — or £ — oo. ence, one can consider the energy estimate in the
S A{f- <uonife, 31} T A dft)?) vol 0 for ¢ H ider th i in th
! —_ Yo =
W

region {f~ <wuo} N{w, > ft > v} N {fy, > 1} and let £ tend to infinity. Moreover, a positive boundary term is dropped on
the right hand side.
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We will show that one can choose ¢ (and hence the auxiliary hypersurface 7, ) such that the bulk term (i.e.,
the second term) on the right hand side decays faster than the first term on the right hand side.
It easily follows from (4.6 that

T[] (L) S ¥F + 93 + 93 + (Avha)® .

Moreover note that (3.10)) implies (—A)* < e**~(“++-) for regions where 7 is bounded away from 7, and

hence

ak_ologvy __ ok_o

sup (-A)* < sup e sup vy S og?
{fro 2130{fT 201} {fyo 213N {fT>vi} {fro 2130{fT 205}

KR«

In order to obtain (3.4)), it suffices to take k sufficiently large and assume without loss of generality that
{f~ <wrn{ft >w}tn{f, >1} C {r < ryue}. Proposition m thus implies for anﬂ a € [0,1), the
following holds:

|T[w]w7r([/)’“" vol

{f~ <uo}n{ft>vi}
N{fyo =1} (5.10)

1
(0 s (o) = (A%0F + 3 + 9 +43) vol S v
{Frg 21IN{f+ >0} (-4A)
{r<rpe}N{f~<uo}

On the other hand, by Proposition and using the fact that p% is bounded uniformly above and below on
M, we can bound the first term on the right hand side of ([5.9) as follows, with some C > 0:

— )
T)(L, (—dfy, )?) voly,, > € v @, (5.11)
’Yam{f+2”k}
Combining (5.9)), (5.10) and , we obtain
/ T[] (L, (=df ~)¥) voly- > C vy T — 7 o7 (5.12)
Saon{f+ 2o}

for somﬁiﬂ C,C" > 0. Without loss of generality we can assume that o € (%, 1). We finally fix o > 0 such
that $|k_|o > g+ 6. Note that this choice is independent of o. Hence, (5.12)) shows (3.4) and thus finishes
the proof of Theorem 3.2}
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