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—— Abstract

Session subtyping is a cornerstone of refinement of communicating processes: a process implementing a

session type (i.e., a communication protocol) T' can be safely used whenever a process implementing
one of its supertypes T’ is expected, in any context, without introducing deadlocks nor other
communication errors. This paper presents the first formalisation of the precise subtyping relation
for asynchronous multiparty sessions: we show that the relation is sound (i.e., guarantees safe process
replacement, as outlined above) and also complete: any extension of the relation is unsound. Previous
work studies precise subtyping for binary sessions (with two participants), or multiparty sessions
(with any number of participants) and synchronous interaction. Here, we cover multiparty sessions
with asynchronous interaction, where messages are transmitted via FIFO queues (as in the TCP/IP
protocol). In this setting, the subtyping relation becomes highly complex: under some conditions,
participants can permute the order of their inputs and outputs, by sending some messages earlier, or
receiving some later, without causing errors; the precise subtyping relation must capture all such
valid permutations, and consequently, its formalisation and proofs become challenging. Our key
discovery is a methdology to decompose session types into single input/output session trees, and

then express the subtyping relation as a composition of refinement relations between such trees.

1 Introduction

Modern software systems are routinely designed and developed as ensembles of concurrent
and distributed components, interacting via message-passing according to pre-determined
communication protocols. In this setting, a key challenge is ensuring that each component
abides by the desired protocol, thus avoiding run-time failures due to, e.g., communication
errors and deadlocks. One of the most successful approaches to this problem are session types
[35, 22, 23, 24], which allow to formalise multiparty protocols as types, and verify whether
processes correctly implement them. Beyond their theoretical developments, session types
have been implemented in many practical programming languages [1, 20].

One of the key features of session types is the notion of subtyping, which can be interpreted
as protocol refinement: given two types/protocols T and T, if T” is a subtype (or refinement)
of T, then a process that implements 7" can be used whenever a process implementing
T is needed. Subtyping allows to safely replace typed software components, and makes
session types-based verification more flexible. For this reason, several papers have tackled
the problem of finding the largest, precise subtyping relations [11, 21]. A subtyping relation
< is precise when it is both sound and complete: soundness means that, if we have a
context C expecting some process P of type T, then T’ < T implies that any process P’
of type T” can be placed into C' without causing “bad behaviours” (e.g., communication
errors or deadlocks); completeness means that < cannot be extended without becoming
unsound. More precisely: if 7" € T, then we can find a process P’ of type T”, and a context
C expecting a process of type T, such that if we place P’ in C, it will cause “bad behaviours.”
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Precise subtyping for asynchronous multiparty sessions

The problem of finding the precise subtyping relation < is greatly complicated when it
combines asynchrony and multiparty interactions, i.e., the communication channels’ capability
to buffer messages after they are sent, and before they are received — as in the TCP/IP
protocol. For example, suppose we are using an asynchronous message transport where
the sending is non-blocking, and message order is preserved; consider a scenario where a
participant r waits for the outcome of a distributed computation from p, and notifies q on
whether to continue the calculation:

r<aP | paB, | q< Py |

p?success(x).if (z > 42) then qlcont(x).0 else qlstop().0
where P, = Y { 0 , }
p?error(fatal).if (—fatal) then qlcont(43).0 else q!stop().0

Above, r< P, denotes a process P, executed by participant r, p?¢(x) is an input of message
¢ with payload value x from participant p, and q!¢(5) is an output of message ¢ with payload
5 to participant q. In the example, r waits to receive either success or error from p. In case
of success, r checks whether the message payload x is greater than 42, and tells q to either
continue (forwarding the payload x) or stop, then terminates (0); in case of error, r checks
whether the error is non-fatal, and then tells q to either continue (with a constant value 43),
or stop. Note that r is blocked until a message is sent by p, and correspondingly, q is waiting
for r, who is waiting for p. Yet, depending on the application, r might be locally optimised,
by replacing P, above with the following process:

? ?

P = () then alaoni(43). 5 {0t O et quaton. 5 {77 ecens el O
Process P! internally decides (with an omitted condition “...”) whether to tell q to continue
with a constant value 43, or stop. Then, r receives the success/error message from p, and
does nothing with it. As a result, q can start its computation immediately, without waiting
for p. Intuitively, this optimisation that swaps the order of inputs and outputs should not
introduce any deadlock nor communication error in the system; consequently, it may seem
that a subtyping relation should allow it: i.e., if T" is the type of P/, and T is the type of
P,, we should have 7" < T (we illustrate such types later on, in Example 3.5) — hence, the
type system should let P/ be used in place of P,. Due to practical needs, similar program
optimisations have been implemented for various programming languages, e.g., [32, 31, 25, 10].
Yet, this optimisation is not allowed by synchronous multiparty session subtyping [21]: in
fact, under synchrony, there are cases where allowing T" < T would introduce deadlocks.
However, most real-world distributed and concurrent systems use asynchronous multiparty
communication: is the optimisation above always safe in these settings, and should the
subtyping allow for it? If we prove that such an optimisation (and others) are indeed sound,
it would be possible to check them locally, at the type-level, for each participant.

Formulating the largest, precise subtyping relation is technically challenging, as it must
consider type-level asynchrony, multiple participants, choices, and recursion. We solve this
problem by introducing a novel methodology, a session decomposition, from branching
and selection types into single input / output trees, and then express the subtyping relation
as a composition of refinement relations between such trees. For our development, we adopt
a recent advancement of the multiparty session type theory [34]: this way, we achieve not
only the largest, precise subtyping relation, but also a simpler formulation, and more general
results, than [11, 29, 21], by typing a larger set of concurrent and distributed processes.
Outline. Section 2 formalises the asynchronous multiparty session calculus. Section 3
presents our asynchronous multiparty session subtyping relation, with its decomposition
technique. Section 4 introduces the typing system, and Section 5 proves the preciseness of
our subtyping. Related work is in Section 6. Due to space limits, proofs are in appendices.
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M = Sessions

p<P | p<h individual participant P,Q == Processes
| M| M parallel Y icr Pi(x;).P; ext. choice
| error error | plle).P output

| if ethen Pelse Q@ conditional
h = Message queues | X variable

g empty queue | uX.P TECUTSion
| (a,4(v)) message | O inaction
| h-h concatenation

Table 1 Syntax of sessions, processes and queues. We assume that in recursive processes, recursion
variables are guarded by external choices and/or outputs.

[R-sEND] p<qlé(e).P | p<ahy [ M — paP |pahy-(q,L(v)) | M (edv)
[R-RCV] P9 ier a%i(zi).Pi | p<ahp | q<9Q | q<(p,€k(v)) - h | M (kel)
— paP{ar} [ Pahp [<9Q | gah | M
[R-connp-T]  pdif ethen Pelse Q| p<dh | M —paP |p<h| M (e | true)
[R-STRUCT] M= My, M — My, My = Ms E My — Mo
[err-Mism] P, q%i(wi). P | p<ahy [ Q| g<(p,£(v))-h | M — error (Vield; #Y)
[Err-opnN] PP | p<hy | q<@ | g<(p,(v))-h| M — error (q? & act(P))
[err-sTRY] P, qi(xi).Pi | q<4Q | q<qhq | M — error  (p! € act(Q), hq # (p, —(—)) - hq)
[ERR-EVAL] p<if ethen Pelse Q | p<h | M — error (Av:elv)
[ErrR-EVAL2]  p<qll{e).P | p<h| M — error (Av:elv)
[ERR-DLOCK] HjeJ(pj qzijelj q;%i;(xi;)-Pi; | pj<hp;) — error (V5 € J: hg; Z (pj, —(—)) - hgj)

Table 2 Reduction relation on sessions ([r-conp-F] is similar to [r-conn-T], and is omitted).

2  Asynchronous Multiparty Session Calculus

This section presents the syntax and operational semantics of an asynchronous multiparty
session calculus. Our formulation extends the synchronous calculus in [21].

Syntax. An asynchronous multiparty session (ranged over by M, M, ...), defined in Table 1,
is a parallel composition of individual participants (ranged over by p,q,...) associated with
their own process P and queue h (notation: p< P | p<h), also defined in Table 1. In the
processes syntax, the external choice ), p?;(x;).P; denotes the input from participant p of
a message with label ¢; carrying value x;, for any i € I; instead, p!¢(e).P denotes the output
towards participant p of a message with label ¢ carrying the value returned by expression e.
The conditional if e then P else @ is standard. The term p < h states that h is the message
queue of participant p; if a message (q, £(v)) is in the queue of participant p, it means that
p has sent £(v) to q. Messages are consumed by their recipients on a FIFO (first in, first
out) basis. The rest of the syntax is standard [21]. The set act(P) contains the input
and output actions of P, and is defined as: act(0) = (; act(p!l(e).P) = {p!} U act(P);
act(d ;c; Pli(x).P) = {p?} U, act(P;) (other cases are homomorphic).

Reductions and errors. The operational semantics is defined in Table 2. By [r-senp], a
participant p sends £(e) to a participant q, enqueuing the message (q,¢(v)), where “e | v”
means that expression e evaluates to v. Rule [r-rcv] lets participant p receive a message
from q: if one of the input labels ¢; matches a queued message (p,£i(v)) previously sent
by q (for some k € I), the message is dequeued, and the continuation P; proceeds with
value v substituting x;. The rules for conditionals are standard. Rule [r-struct] defines
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the reduction modulo a standard structural congruence =, with rules to unfold recursions
(uX.P = P{uX.P/X}), erase an inact participant (p<0 | p<@ | M = M) and rearrange
queued messages. (Full definition in Appendiz A.2)

hy- (a1, €1(v1)) - (92, €2(v2)) - he = hi - (d2,€2(v2)) - (qu,£1(v1)) - b2 (if g1 # q2)

Table 2 also formalises error reductions, modelling the following scenarios: in [err-mism], a
process tries to read a queued message with an unsupported label; in [err-oren], there is a
buffered message from q to p, but p’s process does not contain any input from q, hence the
message is orphan; in [err-strv], p is waiting for a message from q, but no such message is
queued, and g’s process does not contain any output for p, hence p will starve; in [err-gvar] and
[err-evar2], an expression like “succ(true)” cannot reduce to any value; and in [err-brock], the
session cannot reduce further, but there is some participant with a non-terminated process
or a non-empty queue. (Example A.2 shows the reduction rules in action.)

3 Asynchronous Multiparty Session Subtyping

This section introduces our asynchronous session subtyping relation, in two phases:

1. we introduce a refinement relation for session trees (defined below) having only singleton
choices in all branchings and selections, called single-input-single-output (SISO) trees;

2. then, we consider trees that have only singleton choices in branchings (called single-input
(SI) trees), or in selections (single-output (SO) trees), and we define the session subtyping
over all session types by considering their decomposition into SI, SO, and SISO trees.

This two-phases approach is crucial to capture all input/output reorderings needed by the
precise subtyping relation, while taming the technical complexity of its formulation.

We begin with the standard definition of (local) session types.

» Definition 3.1. The sorts S and session types T defined as follows:

S i=nat | int | bool T w= & P?i(Si) Ti | @DcrPi(Si) Ti | end | ptT | ¢
where for alli,j€l:i#j = {; #L;. We assume guarded recursion. We define = as the least
congruence such that pt.T = T{utT/¢}. We define pt(T) as the set of participants in T.

Sorts are the types of values (naturals, integers, booleans). A session type T describes the
behaviour of a participant in a multiparty session. The branching type (or external choice)
&icr P?i(Si).Ti denotes waiting for a message from participant p, where (for some i € I)
the message has label ¢; and carries a payload value of sort S;; then, the interaction continues
by following T;. The selection type (or internal choice) @, p!fi(Si).T; denotes an output
toward participant p of a message with label ¢; and payload of sort S;, after which the
interaction follows T; (for some i € I). Type ut.T provides recursion, binding the recursion
variable t in T; the guarded recursion assumption means: in ut.T, we have T # t’ for any
t’ (which ensures contractiveness). Type end denotes that the participant has concluded
its interactions. For brevity, we often omit branch/selection symbols in case of singleton
inputs/outputs, unnecessary parentheses, and ends.

/If/&P\gck

C P

. . . bool 4 Ly d

Session trees and their refinement °° / \ en
& ©q *ﬁ nat

To define our subtyping relation, we use (finite or infinite) ses- int % end

sion trees with the standard formulation of [21, Appendix A.2], &p real

based on Pierce [33]. The diagram on the right depicts a ses-
sion tree: its internal nodes represent branching (&p) or selection (®q) from/to a par-
ticipant; leaf nodes are either payload sorts or end; edge annotations are either ¢F
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or (¢, respectively linking an internal node to the payload or continuation for mes-
sage £. A type T yields a tree T(T): the diagram above shows the (infinite) tree of
pt. & {p?¢1(bool). @ {q!¢s(int).t, q!ls(real).end, } , p?la(nat).end}. Notably, the trees
of a recursive type pt.T and its unfolding T{ut.T/t} coincide. We will write T to denote a
session tree, and we will represent it using the coinductive syntax:

SISO trees. A SISO tree W only has singleton choices (i.e., one pair of payload+continuation
edges) in all its branchings and selections. We represent W with the coinductive syntax:
W == end | p?4(S).W | pl{(S).W

We will write W to denote a SISO session type (i.e., having singleton choice in both branching
and selection), such that 7(W) yields a SISO tree. We coinductively define the set act(W)
over a tree W as the set of participant names together with actions ? (input) or ! (output), as:
act(end) = 0; act(p?4(S).W') = {p?} U {act(W")}; and act(p!l(S).W’') = {p!} U {act(W')}.
We also define act(W) = act (T (W)).
SISO trees refinement. As discussed in Section 1, the asynchronous subtyping should
allow to reorder the input/output actions of a session type: this is crucial to achieve the
largest, most flexible, and precise subtyping. Such reorderings should allow anticipating a
selection toward participant p before a finite number of branchings, and also before other
selections which are not toward participant p. Dually, the subtyping should allow anticipating
a branching from participant p before a finite number of branchings which are not from p.

To characterise such reordering of actions we define two kinds of finite sequences of inputs
and outputs: AP contains only inputs from participants distinct from p, while the sequence
B®) contains inputs from any participant and/or outputs to participants distinct from p:

» Definition 3.2. The SISO tree refinement relation < is coinductively defined as:

§<:S WSW S'<:S W@ APIW  act(W) = act(AP W)
N 7 [REF-IN] ® ; y [REF-A]
p?0(S).W < p24(S').W p?0(S).W < AP p24(S').W
S<:§ WSW S<:S W<® BPIW  act(W) = act(BP).W)
= — [REF-0UT] [REF-B] [REF-END]
pl(S).W < ple(S').W/ ple(S).W < BP) ple(S').W/ end < end

Rule [rer-iv] relates inputs from a same participant with equal message labels; the subtyping
between carried sorts must be contravariant, and the continuations must be related. Rule
[rer-out] relates outputs from a same participant with equal message labels; the subtyping
between carried sorts must be covariant, and the continuations must be related. Rule [rer-A4]
allows anticipating an input from participant p before a finite number of inputs from any
other participant; the two payload sorts and the rest of the trees satisfy the same conditions as
in rule [rer-v), while “act(W) = act(AP) .W')” ensures soundness: without such a condition
we could “forget” some inputs, and derive, e.g., T (ut.p?4(S).t) < T(q?41(S1).ut.p?4(S).t) by
taking AP = q?¢;(S1). Rule [rer-5] enables anticipating an output to participant p before
a finite number of inputs from any participant and/or outputs from any other participant;
the payload types and the rest of the two trees are related similarly to rule [rer-out], while
“act(W) = act(B(P) .W')” ensures that inputs or outputs are not “forgotten” (as rule [rer-A4].)
The refinement < is reflexive and transitive (Lemma B.6). See also Example B.10.

» Remark 3.3 (Prefixes vs. n-hole contexts). The binary asynchronous subtyping in [12, 11]
uses the n-hole branching type context A == [ |" | &;er?¢;(S;).A;, which complicates the
rules and reasoning (see Fig.2, Fig.3 in [11]). Our A® and B have a similar purpose, but
they are simpler (just sequences of inputs or outputs), and cater for multiple participants.

B® == r20(S) | qU(S) | r20(S).B® | qle(S).B®) (q+#p)
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SO trees and Sl trees. We need two more kinds of session trees: single-output (SO) trees,
denoted U, have only singleton choices in their selections; dually, single-input (SI) trees,
denoted V, have only singleton branchings. We represent them with a coinductive syntax:
We will write U (resp. V) to denote a SO (resp. SI) session type, i.e., with only singleton
selections (resp. branchings), such that 7 (U) (resp. 7(V)) yields a SO (resp. SI) tree.

We decompose session trees into their SO/SI subtrees, with the functions [-Jso / [Js:
[[&iel p"ZZ(SZ)Tl]]SO = {&iel p'?ZZ(SZ)U :U e [[Tz‘]]so}
[Dic;pi(S:).Tils = {@;c; Pi(Si).V:V € [Ti]si}
[[&iEI p’?KZ(SZ)TZ]]s. {p7€(Sz)V 'V S [[Ti]]Shi S ]}
Hence, when []so is applied to a session tree T, it gives the set of all SO trees obtained by
taking only a single choice from each selection in T (i.e., we take a single continuation edge

and the corresponding payload edge starting in a selection node.) The function [-] is dual.
Notice that for any SO tree U, and SI tree V, both [U]s and [V]so yield SISO trees.

[[end]] so = {end}

[end]ss = {end}

Asynchronous session subtyping

We can now define our asynchronous session subtyping relation: it relates two session types
by decomposing them into their SI, SO, and SISO trees, and checking their refinements.

» Definition 3.4. The asynchronous subtyping relation < over session trees is defined as:
VUE [T]so YW €[T']s 3IW e [U]s 3IW € [V]s W <w
TLT
The subtyping relation for session types is defined as T < T iff T(T) < T(T').

Definition 3.4 says that a session tree T is subtype of T’ if, for all SO decompositions of
T and all ST decompositions of T’, there are paths (i.e., SISO decompositions) related by <.
The asynchronous subtyping relation < over trees is reflexive and transitive (Lemma B.9).

We now illustrate the relation with two examples: we reprise the scenario in the intro-
duction, and we discuss a case from [3, 4]. More examples are available in Appendixz B.1

» Example 3.5. Consider the opening example in Section 1. The following types describe
the interactions of P/ and P,, respectively:

cont(int). & p? success(int).end
/ ' error(bool).end o
T = @q' success(int).end T=&p
. 0 .
stop(unit). & p’ {error(bool).end

cont(int).end
stop(unit).end

success(int). @ q! {

cont(int).end
bool). !
error(bool). @ q {stop(unit).end

In order to derive T/ < T, we first show the two SO trees such that [7(T')]so = {U1,U2}:

success(int).end success(int).end

Ui = qlcont(int). & p? { Us = qlstop(unit). & p? {

error(bool).end error(bool).end

and these are the two SI trees such that [T (T)]s = {V1,Va2}:

cont(int).end
stop(unit).end

cont(int).end
stop(unit).end

Vi = p?success(int). @q! { Vy = p?error(bool). @q! {

Therefore, for all 4,5 € {1,2}, we can find W’ € [U;]s and W € [V,]so such that W < W
can be derived using [rer-8]. Hence, T’ < T holds.
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[’I‘—NUL] L [T—ELM] M ['I'—QUFIUFI] 3 ['I‘—O]
L€

o F (a,£(v)) : q14(S) Fhy-he:0o1-02 OFO0:en
0,X:THP:T OFe:S OFP:T

orx T "™ o quepqus) T "

[T-VAR]

0,X:THX:T

Viel O,z;:S5;+ P : T, OFe:bool OFP:T =12
[T-EXT]

OF Zie] q?;(x;).P; &icr q7¢;(S;).T; OF if ethen Py else P> : T

[T-CcOND]

OFP:T TQT/ F:{pi:((J’i,Ti)‘iEI} Viel VP :T; +h;:o;
[T-sUB] [T-sEss]

OFP:T LE L (pi < Pi | pi<hi)

Table 3 Typing rules for queues, processes and a session.

» Example 3.6. For the following types T, T’, we have T <T (proof: Appendiz B.1). Notably,
this relation cannot be proved by the binary asynchronous subtyping algorithm in [3, 4].

T = ut;. ? T" = ut,. ?
He &p {fg(Sg).;Lt2.p!£3(S3).t2 e &P ZQ(SQ).utg.pwg(Sg).tg

4 Typing System and Type Safety

Our multiparty session typing system blends [21] with [34, Section 7]: like the latter, we
type multiparty sessions without need for global types, thus simplifying our formalism and
generalising our results. The key differences are our asynchronous subtyping (Def. 3.4) and
our choice of typing environment liveness (Def. 4.4): their interplay yields our preciseness
results. Before proceeding, we need queue types for message queues, extending Def. 3.1:

o = e | pl(S) | -0

Type € denotes an empty queue; plé(S) denotes a queued message with recipient p, label £,
and payload of sort S; they are concatenated as o - o”.

» Definition 4.1 (Type system). The type system uses 4 judgments: (1) for expressions,
Ok e:S; (2) for queues, = h:o; (3) for processes, ©® = P : T; and (4) for sessions,
' M. They are inductively defined in Table 3, with typing environments defined as:

r == 0| I,p:(o,T) © ==0]6,X:T]| 6,z:S

The judgment for expressions is standard (see Appendix C, Table 7). The judgment for
queues means that queue h has queue type 0. The judgment for processes states that, given
the types of the variables in ©, process P behaves as prescribed by T. The judgment for
sessions states that multiple participants and queues behave as prescribed by I', which maps
each participant p to the pairing of a queue type (for p’s message queue) and a session type
(for p’s process). If © = () we write Fe:Sand - P : T.

We now comment the rules for processes and sessions (other rules are self-explanatory).
Rule [r-0] types a terminated process. Rule [r-var] types a process variable with the assumption
in the environment. By [r-rrc], a recursive process is typed with T if the process variable
body have the same type T. By [r-our], an output process is typed with a singleton selection
type, if the message being sent is of the correct sort, and the process continuation has the
continuation type. By [r-ext], a process external choice is typed as a branching type with
matching participant p and labels ¢; (for all i €I); in the rule premise, each continuation
process P; must be typed with the corresponding continuation type T;, assuming the bound
variable x; is of sort S; (for all i€ I). By [r-conn], a conditional has type T if its expression
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has sort bool, and its “then” and “else” branches have type T. Rule [r-sus] is the subsumption
rule: it states that a process of type T is also typed by any supertype of T (and since <
relates types up-to unfolding, this rule makes our type system equi-recursive [33]). By [r-suss],
a session M is typed by environment I' if all the participants in M have processes and
queues typed by the session and queue types pairs in T'.

» Example 4.2. The processes P, and its optimised version P, in Section 1 are typable using
the rules in Def. 4.1, and the types T, T’ in Example 3.5. And since T < T, by rule [r-sus]
our type system allows to use P/ whenever a process of type T (such as P,) is expected.

Typing environment evolutions. To formulate the soundness result for our type system,
we define typing environment reductions. The reductions rely on a standard structural
congruence relation over queue types, that is the least congruence satisfying:
g€ = €0 =0 o1+ (02-03) = (01-02) 03
o pl!fl(sl) . pQ!EQ(SQ) . O', = O0- p2!£2(52) . p1!1€1(51) . O'I (if P1 7& pz)

For pairs of queue/session types, we define structural congruence as (o1, T1) = (02, To) iff
01 =09 and T; = Te, and subtyping as (01,T1) < (02,T2) iff 07 = 02 and Ty < Ts.
By extension, we write T' = I” (resp. ' < I) iff Vp &€ dom(I'NT’): T'(p) = I''(p) (resp.
I'(p) < TV(p)) and Vpedom(I'\I'"),q€dom(I'\T): T'(p) = (e, end) =I"(q).

» Definition 4.3 (Typing environment reduction). The reduction =5 of asynchronous session
typing environments I' is inductively defined as follows:

mrev] P (e (Sh)-0, To), 0: (0a, &ye g PP4(S).Te), T 2% pi (0, Tp), q: (0q, i), T (k€ 1,5} <:S%)
senn]  p: (0, @,e; Ai(Si)To), T 2555 b2 (6l (Sk)-e, Tx), T (ke
wstruer] =Ty ST =0 = 571/

We often write T' — T instead of T = T", when « is not important.

Rule [e-rev] says that an environment can take a reduction step if participant p has a message
toward q with label ¢, and payload sort S}, at the head of its queue, while g’s type is a
branching from p including label ¢ and a corresponding sort Si being supertype of S}; the
environment evolves with a reduction labelled q:p?¢y, by consuming q’s queued message and
activating the continuation T in q’s type. In rule [e-sexp] the environment evolves by letting
participant p (having a selection type) send a message toward q; the reduction is labelled
p:qli (with ¢ being a selection label), and it places the message at the end of p’s queue.
Rule [e-struct] closes the reduction under structural congruence.

Similarly to [34], we define a behavioral property of typing environments (and their

1

evolutions) called liveness': we will use it as a precondition for typing, to ensure that typed

processes cannot reduce to any error in Table 2.

» Definition 4.4 (Live typing environment). A typing environment path is a finite or infinite
sequence of typing environments (I';);cr, where I = {0,1,2,...} is a set of consecutive natural
numbers, and, Vi € I, T'; — T';41. We say that a path (I';);cr is fair iff, Vi € I:

(F1) whenever I'; LEN I, then 3k, ¢ such that I > k+1 >4, and T'y, LN Tri1
F2) whenever I'; Ll IV, then 3k such that I 3 k+1 >4, and 'y, LN |
+

We say that a path (T;);er is live iff, Vi € I:

1 Notably, our definition of liveness is stronger than the “liveness” in [34, Fig. 5], and is closer to “liveness™”

therein: we adopt it because a weaker “liveness” would not allow to achieve Theorem 5.15 later on.
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(L1) if Ti(p) = (qU(S) - o, T), then Fk: I35 k+1>1i and Tp 25 Tpps
(L2) #Tilp) = (0p, &y A765(S;).T5 ), then 3, 0: I3 k1> 0 and Ty Z5 Ty

We say that a typing environment I is live iff all fair paths beginning with T' are live.

By Def. 4.4, a path is a (possibly infinite) sequence of reductions of a typing environment.
Intuitively, a fair path represents a “fair scheduling:” along its reductions, every pending
internal choice eventually enqueues a message (F1), and every pending message reception is
eventually performed (F2). A path is live if, along its reductions, every queued message is
eventually consumed (L1), and every waiting external choice eventually consumes a queued
message (L2). A typing environment is live if, under “fair scheduling,” it yields a live path.
Liveness is preserved by environment reductions and subtyping, i.e., if " is live and I' — T,
then I" is live (Proposition C.2); and if ' is live and IV < T', then I" is live (Lemma C.13).

Our Theorem 4.5 below says: if session M is typed by a live I', and M — M’ then M
might anticipate some inputs/outputs prescribed by I', as allowed by subtyping <. Hence, M
reduces by following some I <T', which evolves to I that types M’. (Proofs: Appendiz C.3).

» Theorem 4.5 (Subject Reduction). Assume T'F M with T' live. If M — M', then
there are live type environments I, T such that T <T', TV —* TV and TV + M.

» Corollary 4.6 (Type Safety and Progress). Let T'+ M with T live. Then, M —* M’
implies M’ # error; also, either M’ =p<0 | p<@, or AIM" such that M' —s M" # error.

Notably, since our errors (Table 2) include orphan messages, deadlocks, and starvation,
Corollary 4.6 implies session liveness: a typed session will never deadlock, all its external
choices will be eventually activated, all its queued messages will be eventually consumed.

5 Preciseness of Asynchronous Multiparty Session Subtyping

We now present our main results. Our asynchronous multiparty subtyping < (Def. 3.4) is pre-
cise, with two meanings: it is the largest sound subtyping for our type system (Theorem 5.14),
and it is the largest liveness-preserving refinement (Theorem 5.15).

A subtyping relation < is sound if it satisfies the Liskov and Wing’s substitution principle
[28]: if T < T, then a process of type T’ engaged in a well-typed session may be safely
replaced with a process of type T. If < is the largest relation with such a property, then < is
precise; in this case, the implication in the soundness statement is also true when reversed

sz — and the reversed implication is called completeness. This is formalised in Def. 5.1 below
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(where we use the contrapositive of the completeness implication).
» Definition 5.1 (Preciseness). Let < be a preorder over session types. We say that < is:
(1) a sound subtyping if T < T implies that, for all r & pt(T’), M, P, the following holds:
a. if (VQ: FQ:T = Thkr<Q|r<@ | M for some live F) then
(FP:T = (r<aP|r<@ | M —* M implies M' # error))
(2) a complete subtyping if T £ T’ implies that there are r & pt(T’), M, P such that:
a. (VQ: FQ:T = TFraQ|ra@ | M for some live T')
b.-P:T

c. raP|ra@ | M —* error.
(8) a precise subtyping if it is both sound and complete.

As customary, our subtyping relation is embedded in the type system via a subsumption
rule, giving soundness as an immediate consequence of the subject reduction property.
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p! € act(W’) p? & act(W’) p! € act(W) p? & act(W)
———— [N-ouT] [N-INP] [N-oUT-R] —————————— [N-INP-R]
plo(S).W £ W p?e(S).W £ W W £ pl(S).W W Z p?4(S).W'

X S'&:S S <:SWZW
[N-INP-£] [N-INP-S] [N-INP-W]
p?e(S).W £ p?¢'(S").W' p?l(S).W £ p?4(S"). W' p?e(S).W £ p?4(S").W'
ki [N-A-1] > £S5 [N-A-S]
p?l(S).W £ AP p2¢/(S).W’ p?l(S).W £ AP p24(S").W'
§'<:S WL AP W
[N-A-W] [N-1-0-1] [N-1-0-2]
p?l(S).W Z AP p24(S").W’ p?0(S).W £ q!¢'(S").W' p?l(S).W £ AP gl (S").W’
£ S%: s S<:S WZW
[N-ouT-£] [N-ouUT-S] [N-oUT-W]
ple(S).W £ p!¢'(S").W' ple(S).W £ ple(S'). W’ ple(S).W £ ple(S’).W’
U ./ ./ (p) U
L#£Y (N-B(] SZ:S (N-B.S] S<:S" WL B®.W x-B-W]
p!U(S).W £ B®) ple'(S"). W' p!U(S).W £ B® ple(S').W/ p!U(S).W £ B® ple(S').W/

Table 4 The relation € between SISO trees.

26 B Theorem 5.2 (Soundness). The asynchronous multiparty session subtyping < is sound.

w2 Proof. Take any T, T’ such that T < T', and r, M satisfying the following condition:

VQ: FQ: T = ThkraQ|r<@ | M for some live I (1)

Ww
R
©%

s If F P: T, we derive by [r-sus] that + P : T’ holds. By (1), T'Fr<P | r<@ | M for some
s live I'. Hence, by Corollary 4.6, r<a P | r<@ | M —* M’ implies M’ # error. <

33 To prove the completeness of <, we show that it satisfies item (2) of Def. 5.1, in 4 steps:

s [Step 1] We define the negation £ of the SISO trees refinement relation by an inductive
334 definition, thus getting a perspicuous characterisation of the complement € of the

W
@

335 subtyping relation. In addition, for every pair T, T’ with T £ T” we choose a pair U, V’
336 satisfying U £ V' and T (U) € [T (T)]so and T(V") € [T(T')]s.

;  [Step 2] We define for every U a characteristic process P(U). If T(U) € [T (T)]so, we prove
338 that - P(U) : T.

W
@

w
@

s [Step 3] For every V' with T(V’) € [T (T")]s, and for every participant r & pt(V’), we define
340 a characteristic session M, ys, which is typable if composed with a process @ of type T":
VQ: FQ:T = T'hkraQ|r<@ | M,y for some live I'.

s [Step 4] Finally, we show that for all U, V' such that U € V', the characteristic session
342 M., v (Step 3) reduces to error if composed with the characteristic process of U (Step 2):
raP(U) | ra@ | M,y —* error.

w3 Hence, we prove the completeness of < by showing that, for all T, T’ such that TLT', we
s can find r & pt(T’), P = P(U) (Steps 1,2), and M = M,y (Step 3) satistying Def. 5.1(2)
us  (Step 4). We now illustrate each step in more detail.

us  Step 1: subtyping negation

sr  In Table 4 we inductively define the relation & over SISO trees. It contains all pairs of SISO
us  trees that are not related by <, as stated in Lemma 5.3 below. (Proof in Appendiz D).
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The first category of rules checks a direct syntactic mismatch: whether their sets of
actions are disjunctive ([x-out], [N-ive], [v-our-R], [x-ve-R]); the label of the LHS is not equal to
the label of the RHS ([x-ive-£], [v-our-£]); or matching labels followed by mismatching sorts or
continuations ([x-ive-S], [N-0UT-S], [N-INP-W], [N-OUT-W]).

The second category checks more subtle cases related to asynchronous permutations; rule
[n-A-¢) checks a label mismatch when the input on the RHS is preceded by a finite number of
inputs from other participant; similarly rules [x-4-s] and [v-A-w] check mismatching sorts or
continuations. Rules [v-1-0-1] and [x-1-0-2] formulate the cases such that the top prefix on the
LHS is input and the top sequence of prefixes on the RHS consists of a finite number of inputs
from other participants and/or outputs. Finally, rules [N-B-¢, [x-8-s] and [x-B-w] check the
cases of label mismatch, or matching labels followed by mismatching sorts or continuations of
the two types with output prefixes targeting a same participant, where the RHS is prefixed
by a finite number of outputs to other participants and/or inputs. (Details: Appendiz D).

» Lemma 5.3. Let W and W’ be SISO trees. If (W < W') then W £ W’ is derivable.

It is immediate from Def. 3.4 that T is not a subtype of T', written T £ T’, if and only if:
JU e [T(T]s IV € [T(T)]s YW € [U]s YW’ € [V']so W £ W (2)

Moreover, we prove that whenever T € T, we can find regular, syntaz-derived SO/SI trees
usable as the witnesses U, V' in (2) (Appendiz, page 50). Thus, T £ T’ implies:

JU, V' T(U)e[T(T)])so T(V)e[T(T)]s YWe[T(U)]s YW [T (V)]0 W LW’ (3)
» Example 5.4. Consider the example in Section 1, and its types T/ and T in Example 3.5:

success(int).end cont(int).end
error(bool).end

— L p?
success(int).end T=&p

error(bool).end

success(int). @ q! {

cont(int).end
bool). !
error(bool). B a {stop(unit).end

cont(int). & p? {

T’:@q!

stop(unit). &~ p? {

We have seen that T/ < T holds (Example 3.5), and thus, by subsumption, our type system
allows to use the optimised process P/ in place of P, (Example 4.2). We now show that
the inverse relation does mot hold, i.e., T € T’, hence the inverse process replacement is
disallowed. Take, e.g., U,V as follows, noticing that 7(U) € [T(T)]so and T (V") € [T (T")]«:
success(int).q!cont(int).end cont(int).p?success(int).end
U=gp’ {error(b(ool)).qqlstop(fmit)).end V= { e )
For all W € [T(U)]s = {p?success(int).qlcont(int).end, p?error(bool).qlstop(unit).end}
and all W € [T(V')]so = {a!cont(int).p?success(int).end, q!stop(unit).p?error(bool).end}
we get by [nv--o-1] that W £ W’. Therefore, we conclude T & T.

stop(int).p?error(bool).end

Step 2: characteristic processes

For any SO type U, we define a characteristic process P(U) (Def. 5.5): intuitively, it is a
process constructed to communicate as prescribed by U, and to be typable by U.

» Definition 5.5. The characteristic process P(U) of type U is defined inductively as follows:
P(end) =0 P(t) = Xi P(ptU) = pX,. P(U) P(p!e(S).U) = ple(val(S)).P(U)

P(&ie[ p?&'(Si).Ui) = > e Pi(x;).if expr(z;,Si) then P(U;) else P(Us;)

here: val(nat) =1 wval(int) = —1 wval(bool|) = true
where: expr(e, bool) = (—e) expr(e, nat) = (succ(e) > 0) expr(e,int) = (inv(e) > 0)

stop(unit).end

XX:11
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By Def. 5.5, for every output in U, P(U) sends a value val(S) of the right sort S; and for
every external choice in U, P(U) performs a branching, and uses any received value x; of
sort S; in a boolean expression expr(z;, S;).

Crucially, for all T and U such that 7(U) € [T(T)]so (e.g., from (3) above), we have
U < T: therefore, P(U) is also typable by T, as per Prop. 5.6 below. (Proof: Appendiz D)

» Proposition 5.6. For all closed types T and U, if T(U)e[T(T)]so then =P(U):T

Step 3: characteristic session

The next step to prove completeness is to define for each session type V' and participant
r & pt(V’) a characteristic session M, v, that is well typed (with a live typing environment)
when composed with participant r associated with a process of type V' and empty queue.
For a SI type V' and r € pt(V') = {p1,...,pm}, we define m characteristic SO session
types where participants pq,...,pm are engaged in a live multiparty interaction with r,
and with each other. Def. 5.7 ensures that after each communication between r and some
pept(V’), there is a cyclic sequence of communications starting with p, involving all other
gept(V’'), and ending with p — with each participant acting both as receiver, and as sender.

» Definition 5.7. Let V' be a SI session type and r € pt(V') = {p1,...,pm}. For every
ke{l,...,m}, if m>2 we define a characteristic SO session type cyclic(V’, pg,r) as follows:

cyclic(end, pg,r) = end

cyclic(t, pk,r) =t

cyclic(ut.VY, pk, r) = pt.cyclic(VYy, p,r)

cyclic(pr?4(S). V' px,r) = r14(S).pr+1¥(bool).px—17¢(bool).cyclic(V’, px,r)
cyclic(q?4(S).V', px,r) = pr—17€(bool).ps+1¥(bool).cyclic(V’, px,r) (if 9% px)
cyclic(D;c; Pilli(S;)- Vg, PrsT) = & ey T (S5)-pr+1'4;(bool).pr—17¢;(bool).cyclic(V}, p, )
cyclic(@D;c, a'%i(S;)-Vj, pr,r) = &ics Pr—17¢;(bool).pr+1!¢;(bool).cyclic(Vy, pr,r)  (if 97#pr)

If m=1 (i.e., if there is only one participant in V') we define cyclic(V’, p1,r) as above, but
we omit the (highlighted) cyclic communications, and the cases with q#px do not apply.

» Example 5.8 (Characteristic session types). Consider the following SI type:

V' = ut. @ {q!lz(nat).p?¢1(nat).t, q!¢3(nat).p?ly(nat).t}
Let r¢ pt(V’). The characteristic session types for participants p,q€pt(V’) are:
q7¢2(bool).q!l2(bool).rl¢1 (nat).q!¢1 (bool).q7¢1 (bool).t
q7¢3(bool).q!l3(bool).rlls(nat).q!ls(bool).q?ls(bool).t
r?¢2(nat).p!lz(bool).p?la(bool).p?¢; (bool).pléy (bool).t
r?¢s(nat).p!¢3(bool).p?¢s3(bool).p?ls(bool).p!ls(bool).t
Note that if r follows type V', then it must select and send to q one message between £
and {3; correspondingly, the characteristic session type for q receives the message (with a
branching), and propagates it to p, who sends it back to q (cyclic communication). Then, r
waits for a message from p (either ¢; or ¢4, depending on the previous selection): p will send
such a message, and also propagate it to q with a cyclic communication. |

cyclic(V',p,r) = ut. & {

cyclic(V',q,r) = pt. & {

Given an SI type V', we can use Def. 5.7 to construct the following typing environment:
I ={r(eV)}U{p:(6,Up) | pept(V')} where Vpept(V'):U, = cyclic(V',p,r) (4)

i.e., we compose V' with the characteristic session types of all its participants. The cyclic
communications of Def. 5.7 ensure that I" is live. We can use I' to type the composition of
a process for r, of type V', together with the characteristic processes of the characteristic
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session types of each participants in V’: we call such processes the characteristic session
M, ys. This is formalised in Def. 5.9 and Prop. 5.10 below.

» Definition 5.9. For any SI type V' and r&pt(V’), we define the characteristic session:
My = Toepeern (pd’P(Up) | p<1®) where Ypept(V') : U, = cyclic(V',p,r)

» Proposition 5.10. Let V' be a ST type and r&pt(V’). Let Q be a process such that F Q : V.
Then, there is a live typing environment I' (see (4)) such that TFr<Q | r<a@ | M, y.

Crucially, for all T/ and V’ such that 7(V’) € [T(T')]s (e.g., from (3) above), we have
T’ < V'. Thus, by subsumption, M, v is also typable with a process of type T’ (Prop. 5.11).

» Proposition 5.11. Take any T, r&pt(T’), SI type V' such that T (V)€ [T (T")]«, and @
such that = Q : T'. Then, there is a live I' (see (4)) such that THr<@Q | r<@ | M, y.

Step 4: completeness

This final step of our completeness proof encompasses all elements introduced thus far.
(Proofs in Appendix D)

» Proposition 5.12. Let T and T’ be session types such that T £ T’'. Take any r&T’. Then,
there are U and V' with T(U) € [T(T)]so and T (V') e[T(T")]s and U L V' such that:

1L.VQ: FQ:T = TFraQ |r<@ | M,y for some liveT';  (by (4) and Prop. 5.11)
2. - PU): T, (by Prop. 5.6)
3. raPU) | r<@ | M,y —* error.

Intuitively, we obtain item 3 of Prop. 5.12 because the characteristic session M, y’ expects
to interact with a process of type V' (or a subtype, like T’); however, when a process that
behaves like U is inserted, the cyclic communications and/or the expressions of M, v/ (given
by Def. 5.5 and 5.7) are disrupted: this is because U € V', and the (incorrect) message
reorderings and mutations allowed by % (Table 4) cause the errors in Table 2.

We now conclude with our main results.

» Theorem 5.13. The asynchronous multiparty session subtyping < is complete.

Proof. Direct consequence of Prop. 5.12: by taking r and letting M = M,y and P = P(U)
from its statement, we satisfy item (2) of Def. 5.1. <

» Theorem 5.14. The asynchronous multiparty session subtyping < is precise.

Proof. Direct consequence of Theorems 5.2 and 5.13, which satisfy item (3) of Def. 5.1. <«

Our results also provide a proof that our multiparty asynchronous subtyping is precise
wrt. liveness, as formalised below — where I'{p — (o, T)} is the typing environment obtained
from T" by replacing the entry for p with (o, T).

» Theorem 5.15. For all session types T and T', multiparty asynchronous subtyping < is:

sound wrt. liveness: if T<T', then VT' with T'(r)=(e,T"), if T is live, T{r—(e,T)} is live;
complete wrt. liveness: if TLT', then 3T live with T'(r)=(¢e,T"), but T'{r— (¢,T)} is not live.

Proof. Soundness of < is a result used to prove subject reduction (Lemma C.12). Complete-
ness, instead, descends from Prop. 5.12: for any T, T’ such that T T’, it builds live a typing
context T (see (4)) with I'(r)= (¢, T") and cyclic communications (item 1). Observe that the
environment I'{r — (¢, T)} types the session of Prop. 5.12(3), that reduces to error. Hence,
by the contrapositive of Corollary 4.6, we conclude that I'{r — (¢, T)} is not live. <
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6 Related Work and Conclusion

The preciseness of subtyping relations has been adopted to justify the canonicity of refinement,
in the context of both functional and concurrent calculi. Operational preciseness of subtyping
was first introduced in [2] (and later published in [27]), and applied to A-calculus with
iso-recursive types. Later, [17] adapts the idea of [2] to the setting of the concurrent -
calculus with intersection and union types by [16]. In the context of the A-calculus, a
similar framework, semantic subtyping, is proposed in [9]: each type T is interpreted as
the set of values having type T', and subtyping is defined as subset inclusion between type
interpretations. This gives a precise subtyping as long as the calculus allows to operationally
distinguish values of different types. Semantic subtyping is also studied in [7] (for a w-calculus
with a patterned input and IO-types), and in [8] (for a m-calculus with binary session types);
in both works, types are built using type constructors including union, intersection and
negation. Semantic subtyping is precise for the calculi of [7, 8, 18]: this is due to the type
case constructor in [18], and to the blocking of inputs for values of “wrong” types in [7, 8].

In the context of binary session types, the first general formulation of precise subtyping
(synchronous and asynchronous) is given in [12, 11], for a w-calculus where processes are
typed by giving session types to channels (as in [22]). The first result by [12, 11] is that the
well-known branching-selection subtyping [19, 13] is sound and complete for the synchronous
binary session 7- calculus. [12, 11] also examine an asynchronous binary session m-calculus,
and introduce a subtyping relation (restricting the subtyping for the higher-order w-calculus
by [29]) that is also proved precise.

In the context of multiparty session types, an asynchronous subtyping relation was
proposed in [30] (and claimed to be decidable — a claim later disproved in [6]). Following an
approach similar to [12, 11], [21] shows that the synchronous multiparty extension of binary
session subtyping [19] is sound and complete, hence precise.

Asynchronous session subtyping was shown to be undecidable, even for binary sessions,
in [26, 5], using a link between session types and communicating automata theories [14, 15].
Various proposals of limited decidable subsets of binary session automata are in [3, 26, 6]. The
aim of our paper is not finding a decidable approximation of asynchronous multiparty session
subtyping, but defining a canonical, precise subtyping. Interestingly, our SISO decomposition
technique leads to: (1) intuitive but general refinement rules (see Example 3.6, where <
proves an example not supported by the algorithm in [3]); and (2) preciseness of < wrt.
liveness (Theorem 5.15) which is directly usable to define the largest multiparty asynchronous
refinement relation wrt. liveness in communicating session automata [14, 15].

Conclusion. Unlike this paper, no other published work addresses precise asynchronous
multiparty session subtyping. A main challenge was the exact formalisation of the subtyping
itself, which must satisfy many desiderata: it must capture a wide variety of input/output
reorderings performed by different participants, without being too strict (otherwise, com-
pleteness is lost) nor too lax (otherwise, soundness is lost); moreover, its definition must not
be overly complex to understand, and tractable in proofs. We achieved these desiderata with
our novel approach, based on SISO tree decomposition and refinement, which yeilds a simpler
subtyping relation than [12, 11] (see Remark 3.3). Moreover, our results are much more
general than [21]: by using live typing environments (Def. 4.4), we are not limited to sessions
that match some global type; our results are also stronger, as we prove soundness wrt. a
wider range of errors (see Table 2). Our future work includes the study of precise subtyping
for richer multiparty session 7-calculi, with multiple session initiations and delegation.
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A Appendix of Section 2

We list an example of processes from Section 1 and omitted definitions from Section 2.

A.1 Syntax

Multiparty sessions are ranged over by M, M',...; session participants by p,q, . ..; processes
by P,Q,...; queues by h, I, ...; message labels by £,¢',...; values, by v,V/,...; expressions
by e, e, ...; expression variables by x,y,z...; and process variables by X,Y, Z,. ...

We give a full definition of act(P) below:

(p7} Ufact(P):ie T} P=Y,,pi(x:).P,

{p!} U{act(P")} P =pli(e). P’

act(P) =4 act(P1)Uact(P) P =if e then P; else P
act(P') P=uX.P
0 P=0

A.2 Operational semantics

We give the operational semantics of expressions. A value v can be a natural number n, an
integer i, or a boolean true / false. An expression e can be a variable, a value, or a term built
from expressions by applying the operators succ, inv, -, or the relation = . An evaluation
context £ is an expression with exactly one hole. The value v of expression e (notation e | v)
is computed as defined in Table 5. The successor operation succ is defined only on natural
numbers, the inverse operation inv is defined on integers, and negation — is defined only on
boolean values.

succ(n) | (n+1) inv(i) | (—i) —true | false —false | true viv

eglvi exlve vi=ve e lvi exlve viFve elv S(v)ivl
(e1 = e2) | true (e1 = e2) | false Ee) LV

Table 5 Expression evaluation

Table 6 defines structural congruence rules.
» Remark A.1. Some error rules in Table 2 partially overlap: e.g., a deadlocked session may

reduce to error via [err-peaprock], and pOSSibly also via [err-orpu-msc] and [Err-sTARv].

» Example A.2 (Reduction relations). We now exemplify the operational semantics using
the running example from the Introduction. The session

MZ p?success(x).if (z > 42) then qlcont(x).0 else qlstop().0 | pa- | qa-- |
p?error(fatal).if (—fatal) then qlcont(43).0 else qlstop().0 P a

cannot reduce further since r is blocked until a message is sent by p to r. If this does not
happen, the session will reduce to error by [err-starv]. However, the optimised session

r<if (...) then qlcont(43). Z {p?success(x).o} else qlstop(). Z {p"success(@ 0}

p?error(y).0 p?error(y).0
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hi - (qi,£1(v1)) - (q2,€2(v2)) - h2 = h1 - (g2, £2(v2)) - (1, £1(v1)) - he if g1 # g2
d-h=h h-@=h h1~(h2 hg) (hl hg)-hg

uX.P = P{uX.P/X}

p<0 | pa@ | M=M My | Ma=Mo | M1 (M1 | M) | Mz =My | (Mz | Ms)
PEQandh15h2:>p<1P\p<lh1|MEp<1Q|p<1h2|M

Table 6 Structural congruence rules for queues, processes and sessions

can reduce since r internally decides whether to reduce, either to

‘?
qu{p success(w ) }|r<(q,cont(43)) | pa--- | qa--- |

p?error(y

rqz{p?succesS(CE).O} | ra(q, stop()) | pa--- | qa--- |

p?error(y).0

by the rule [r-senp] and then q to continue the reduction with the rule [r-rcv]. Further, r reduces
to 0 if it receives the success/error message from p. This kind of desirable optimisation will
be achieved by means of subtyping in the following section.

B Appendix of Section 3

We say that a binary relation R over single-input-single-output trees is a type simulation if
it complies with the rules given in Definition 3.2, i.e., if for every (W;,W5) € R there is a
rule with W; < W5 in its conclusion and it holds (W}, W5) € R if W] < W) is in the premise
of the rule. It is required that all other premises hold as well.

» Example B.1. In this example, we present some basic cases when inputs and/or outputs
can be swapped. We give three simple examples and prove that W; < W5 by constructing
in each case a suitable tree simulation for 7(W;) < 7(Ws) (denoted as Wy < Wa):

if Wy = ut.ple(S).q?0'(S').t, Wo = ut.q?¢/(S').ple(S).t, the tree simulation is
R = {(W1,W2), (q7'(S )Wl,qw’(s')-Wz)}
if Wy = pt.plé(S).p?l'(S').t, Wo = ut.p?¢/(S’).ple(S).t, the tree simulation is
R = {(W1,Wy), (p?'(S"). W1, p?¢'(S).W2)}

» Lemma B.2. If R C< is a tree simulation and (W,W’) € R then act(W) = act(W').
» Lemma B.3. 1. If B® =+ B9 and there are Wy and Wy such that W = B®) W, and
W = B@ Wy, then one of the following holds:
a. W=B® BY W, where B = B® B and Wy, = BV W,;
b. W= B@ BP W, where B® = B B and W, = B W, .
2. If AP) = A@ gnd there are Wy and W such that W = AP W, and W = A Wy, then
one of the following holds:
W = A(p).qu).Wg, where A@) = A(p).qu) and W, = qu).Wg ;
b. W= A<q>.A§").W1, where AP) = A<q>.A§'°> and Wy = Ag").wl.
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3. IfW = BP W, and W = AD W,, for some Wy and Wa, where B®) is not an I-sequence,
then W = A(q).ng).Wl, where BP) = A(q).ng) and Wy = ng).Wl.

» Lemma B.4. Let R C< be a tree simulation.
1. If (B®) ple(S).W,W') € R then

W = B ple(S1).Wy or W' = ple(S;).Wy, where S <:S,.
2. If (AP p?0(S).W, W) € R then

W = AP 520(S1). Wy or W' = p26(S1). W1, where Sy <:S.

Proof. 1. The proof is by induction on the structure of context B®). The basis step is
included in the induction step if we notice that the lemma holds by definition of < for
(p!(S).W,W’) € R. For the inductive step, we distinguish two cases:

a. Let BP) = q!é’(S’).Bép) and p # q.
Then, (q!f’(S’).Bép).p!E(S).W, W) € R could be derived by rules [rer-out] or [rEF-B].

i. If the rule applied is [rer-our] then we have
W = ql¢'(S").W" and ' <: S” and (B .ple(S).W,W") € R.
By induction hypothesis
W = B® ple(S1).Wy or W = ple(S1).Wy, where S <:S;.

Both cases follow directly.
ii. If the rule applied is [rer-8] then we have

W = B9 q1¢/(S").W” and S’ <: §” and (BP ple(S).W, BV W) € R.

By induction hypothesis one of the following holds:
A. 1t B9 W” = B pl6(S;).W; then,
either ng) = ng) and W = pl¢(Sq).W; and
W = B9 q1e/(S").ple(S1).Wy,
or, if ng) # ng), by Lemma B.3
B W = B BP ple(S1). Wy, where BV BP = B and
W = B BP) ple(S1).Wy, or
B W = B® p10(5,).BY W, where B* = B ple(S;).B{ and
W = BP) ple(S,).B q1e (S”).W".
B. If ng).W” = pl¢(S1).Wy, where S <: Sy, then, either Biq) = pl¢(Sy) and W =
Wy, or by Lemma B.3

BYY W = ple(S1).BY W, where B = ple(S,).B%.

In both cases the proof follows directly.
b. Let B = q?é’(S').Bép). Then, (q?ﬁ'(S’).ng).p!E(S).W,W’) € R could be derived by
rules [rer-IN] OT [REF-A].
i. If [rer-iv) is applied then we get this case by the same reasoning as in the first part
of the proof.
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ii. If the rule applied is [rer-4] then
W = A q2¢/(S").W” and S” <: S and (B .pl(S).W, AV W) € R.

By induction hypothesis we have only the case AY W” = B pl¢(S;).Wy, where
S <:'Sq, since the case qu).W" = pl4(S1).W; is not possible. By Lemma B.3 we
have qu).W” = qu).ng).p!Z(Sl).Wl, where .qu).Bép) = ng).
2. The proof is by induction on the structure of context A® and follows by similar reasoning.
|

By definition of < we consider related pairs by peeling left-hand side trees from left to right,
i.e. by matching and eliminating always the leftmost tree. The proof of transitivity requires
also to consider actions that are somewhere in the middle of the left-hand side tree. For
that purpose, we associate each binary relation R over SISO trees with its extension R™ as
follows:

Rt = R U {(BPW,BP W) (B®pleS).W,BP ple(S)).Wy) € R}
U {A®W, AP W) (AP p2e(S).W, AP p20(S1). W) € R}
U {(BP.W,W,) : (B®).ple(S).W,ple(S).W;) € R}

{(AP) W, W) 1 (AP p?0(S).W, p?4(S;).W1) € R}.

(-

» Lemma B.5. If R C< is a tree simulation then R is a tree simulation.
Proof. We discuss some interesting cases. Let (B®).W, ng).Wl) eRT\R.
1. If B®) = que/(5').B) then,
(a0 (5").BP) ple(S). W, B ple(Sy).Wy) € R
could be derived by two rules:
a. if the rule applied is [rer-our] then
BP = qir'(5").B and (B ple(S).W, BP pl(S1).W;) € R, where S’ <: 5.

By definition of R+, we get (B .W, B W) € R*.
b. if the rule applied is [rer-5] then B plf(S1).W; = B@ q1¢/(S”).W” and by Lemma B.3
we distinguish two cases
i.
B ple(S1).Wy = B@ qle'(”).BP plé(S1). Wy, where B = B@ q1¢'(S").BP
Then, by [rer-8] we get (BP.ple(S).W, B@ BP ple(S1).W,) € R and S’ <: S”. By
definition of R*, we have (B W, B@ B w,) € R+.

B ple(S1). Wy = B ple(S1).B .q1¢' (S”).W", where B ple(S1).B = B
Then, we apply similar reasoning as in the first case.

2. if B® = q?2¢(S").BP and (q2¢'(S').BP ple(S).W, BP) ple(S,).W1) € R, then by Lemma B.4
we have B ple(S1).Wy = A q2¢/(S").W” and S” <: S'. By Lemma B.3

B ple(S1). Wy = A q2¢/(5").BP) ple(S1).Wy, where B = AW q7¢/(5").BP.

Then, by [rer-A] we get (Bép).p!E(S).W, qu).Bép).p!f(Sl).Wl) € R, and consequently
(BP W, AW BP wy) e RT.
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» Lemma B.6. The refinement relation < over SISO trees is reflexive and transitive.

Proof. Reflexivity is straightforward: any SISO tree W is related to itself by a coinductive
derivation which only uses rules [rer-w], [rEF-ouT], and [rer-enp] in Def. 3.2.

We now focus on the proof of transitivity. If W; < W5 and Wy < W3 then there are tree
simulations Ry and Rs such that (W;,Ws) € Ry and (W2, W3) € Ro. We shall prove that

relation
R=Rio0 R;

is a tree simulation that contains (Wi, Ws3). Tt follows directly from definition of R*
that (W1,W3) € R and it remains to prove that R is a tree simulation. Assuming that
(W), W5) € R we consider the following possible cases for W :

1. W/ = end : By definition of R there is W} such that (end, W}) € Ry and (W5, W4) € RS
Since R; and 7'\’,5r are tree simulations, it holds by [rer-exo] that W, = end and also
W4 = end.

2. W} = pl¥(S).W : By definition of R there is W} such that (p!¢(S).W,W}) € Ry and
(W5, W4) € RS . Since R; is tree simulation, using definition of B-sequence and applying
[rer-out] OT [REF-B], We get three possibilities for W):

a. W, = plé(S;).W with S <:'S; and (W,W’) € R; : Since RJ is tree simulation and
(W5, W4) € RY, there are two possibilities for W4 (by [rer-out] or [rer-8]):
i. W4 = ple(S2).W” and S; <: Sy and (W/,W") € RJ : Then, by transitivity of <:
and definition of R we get

S SZ 52 and (W,WH) € Rl OR;_ =R.

ii. W5 = B® ple(Sy).W” and S; <:' Sy and (W', BP).W") € Ry : Then, by transitivity
of <: and definition of R we get

S <:Sy and (W,BP W") e R o RS =R.
b. W) = q!¢/(S").B®) .p!l¢(S;).W with S <:'S; and
(W, q!?'(5).B® W) € Ry and act(W) = act(q!¢'(5').BP W) : (5)

Since (W), W4) € R3, we have two cases (by [rer-out] Or [rer-B]):
i W, = B9 qle/(S")W” with S’ <: §” and (B®.ple(S1).W', B{Y W") € RS, By
Lemma B.4, we have that

W, = B p1e(Sy). W and Sy <: Ss.

By Lemma B.3, there are two possibilities:
A. Wy = B qle/(57).BP ple(Sy). W and p! ¢ act(BY) :

(qe'(S").B® W', B qle'(5").BP W) € R} and
act(q!0'(S').BP W) = act(BY q1¢/(S").B W) (6)
Hence, we conclude from (5) and (6) that

(W, B9 q1e/(S").BP W) € Ry o RS and act(W) = act(BY .q1¢/(5").BP W)

XX:21
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73 B. W} = ng).p!f(Sz).Bg).qw'(S”).W” and q! € act(l’)’gp)) : The proof is similar to
733 the previous case.

ii. W5 = qle/(S”).W” with S’ <: S" and (B®).p!¢(S;).W' ,W") € RJ.

c. Wh =q?0'(S").B®) ple(S;).W' with S <: S; and

(W,q?¢'(S").B® W) € Ry and act(W) = act(q?¢'(S").B® W) : (7)
737 Since (W5, W%) € R;‘ , we have two cases (by [rer-iv] and [rer-5]):

i. W, =q20/(S").W" and S” <:'S" and (B®.pl4(S;).W',W") € RY):

730 ii. W5 =A@ q2¢/(S").W” and S” <: S’ and (B®) pl¢(S;).W/, ADW") € RY):

70 3. W) = p?4(S).W : The proof in this case follows similarly.

741 |

72 » Lemma B.7. Let [T]g ={V;:j e J} and letY = {W; : j € J}, where W; € [V;]so for
uws  j € J. Then, there is U € [T]so such that [U]s C Y.

s Proof. In this proof we consider coinductive interpretation of the definition of tree T.

s 1. T = end: Since [T]ls = {end}, by selecting U =Y = end the case follows.
e 2. T =8, p?4;(S;).T;: Assume [T]s = {p?&(Si).V;i : V;q € [T:ls, Ji € Ji,i € I'}. Then,

747 Y = {W] S [[Vj]]so 1 j € J} = {le = pf?EZ(SZ)W;l : W;l S [[Vi]]soaji € J;,i € I}

748 Since for ¢ € I we have [T;]s = {V§, 1ji € Ji}and Y; = {ng S [[V;‘i]]a : Ji € Ji}, we can
749 apply coinductive hypothesis and obtain U; € [T;]so, such that [U;]s C Y;. Hence, for
750 U= &ic; P?i(Si).U; we have U € [T]so and [U]s C Y.

m 3. T = @iEI p'ﬁl(Sz)Tl Assume [[T]]g = {®i61 p'él(Sz)Vgl : V;l S [[Tiﬂg,.,ji € J;,1 € I}
752 Then,

753 Y = {WJ S [[Vjﬂso 1 j € J} = {ka = p'&(Sl)chb W;CL S [[Viﬂso;ji e K, CJj,i1eNC I}

754 We claim that there is ¢ € I such that for all j; € J; holds {p!¢;(S;).[V;,]so} NY # 0.
755 To prove the claim let us assume the opposite: for all i € I there is j; € J; such that
756 {p!i(S:).[Vj.]so} NY = 0. For such j;’s, let us consider V = @, ; p!¢i(S;).V;,. Since
757 V € [T]s and [V]so NY = 0 we obtain a contradiction with the definition of Y.

758 Let us now fix 4 € I for which the above claim holds. Let Y = {Wj_: pl¢;(S;).W}. € Y}.
759 For T; we have [T;]s = {V;q : j; € J;} and for each j; € J; there is W;l € [[V;i]]so
760 such that W;»j € Y’. Hence, we can apply coinductive hypothesis and get U’ € [T;]so
761 for which [U']s C Y’ holds. By taking U = p!¢;(S;).U" we can conclude U € [T]so and
762 [Us € {p!:(S:) W), - W €Y'} C Y.

763 <
% B Lemma B.8. For any tree T we have

765 YU € [T]so YV € [T]s IW  such that W € [U]s N [V]so-

w6 Proof. By coinduction on the definition of tree T.

77 1. T =end: Since [T]so = [T]s = {end}, the proof follows directly.
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2. T= & ;e P?i(Si)-Ti: Then,

Ue {&p?(Si).U U € [Tiso}
il
Ve {p?(S;).V : V' € [Ti]a,i € I}
By coinductive hypothesis for all i € I we have

YU’ € [Ti]so YV’ € [Ti]s W' such that W’ € [U']s N [V']so.

Thus, for all U € [T]so, ¢ € T and V € {p?4(S;).V' : V' € [T;]s} we obtain there exists
W = p?4(S;).W’', such that

W e [U]s N [V]so
3. T=@B,.; pi(Si).T;: Follows by a similar reasoning.

<

» Lemma B.9. The asynchronous subtyping relation < over trees is reflexive and transitive.

Proof. Reflexivity is straightforward from Lemma B.8 and reflexivity of <.
We now focus on the proof of transitivity. Assume that T; < T and T, < T3. From
T1 < Tg, by Definition 3.4, we have

YUy € [T1]so YV2 € [Ta]ls IW1 € [U1]s IW3 € [Va]so W1 S Wo (8)
From T, < T3, by Definition 3.4,

YUz € [Ta]so ¥V3 € [T3]ls W5 € [Uz]s IW35 € [V3]so W5 S W3 (9)
Let us now fix one U; € [T1]so. By (8) we have that

WWa € [Ta]s W3 € [Va]so IW; € [Uq]s such that Wi < Wy (10)

and let Y be the set of all such Wy’s. By Lemma B.7, there exist U € [T3]so such that

[Uls € Y. Now from (9) we have VW3 € [T3]s IW2 € [U]s IW3 € [Vs]so such that Wy < Wi,

Then, we conclude by transitivity of < that

VUl c [[Tl]]so WS S HTS]]SI E|VV1 S [[Ulﬂsu ElWS S HV3]]SO Wl 5 W3~

B.1 Further Examples
We illustrate the refinement relation with an example.

» Example B.10. Consider Wy = pt.p!4(S).q?¢'(S').t and Wy = pt.q?¢'(S).ple(S).t. Their
trees are related by the following coinductive derivation:
T(W1) S T(Wy)
q?l'(S). T(W1) < q?'(S'). T(W2)
T(Wy) $T(W2)

[REF-IN]

[reF-B] With B = q?(l(S/)

Next we give a simple asynchronous subtyping example.

XX:23



XX:24

799

800

801

802

803

804

805
806
807

808

809

810

811

812
813
814
815
816
817
818
819
820
821
822

823
824

825

826

827

828

829

Precise subtyping for asynchronous multiparty sessions

» Example B.11 (Asynchronous subtyping). Let T = p!¢1(S1). &7 q? {283:23 and T =
P p! (1(51).q7(5(Ss)-end We show that T < T’. Notice that T is a SO type and T’ is
62(52) end

a SI type: hence, by Def. 3.4, we only need to show that there are W € [T(T)]s and
W’ € [T(T")]so such that W < W'. Since:

[[T(T)ﬂy = {pwl (Sl)q7€3(53)end, p'El(Sl)q7€4(S4)end}
[[T(T/)]]SO {p!El(Sl).q’.’ég,(Sg).end, p!Eg(Sg).end}

we have that W < W’ holds for W =W’ = pl¢;(S1).q7¢3(S3).end, by reflexivity of <.

Next we consider a complex example of asynchronous subtyping which contains branching,
selection and recursion. This example is undecided by the algorithm in [3, 4] (it returns

“unknown”) but we can reason by our rules using the SISO decomposition method as

demonstrated below.

» Example B.12. Consider the examples of session types M; and M, from [4, Example
3.21], here denoted by T and T’, respectively, where

- ,(S1).plls(S3).plls(Ss).plls(Ss) .t £1(S1).pY¥3(S3).t1
T = pt1. & p? {62(52).ut2.p!€3(53).t2 T = pt1. & p? { £2(S2).pta.plls(Ss).to

l

£1(S1) 52(52)

T: ! p7 ! 43(53)
3(53) £3(53) 161 l
£5(S2)
13(53) T/Z £3(S3)
£3(S3)

In [3, 4], 1f the algorlthm returns “true” (“false”), then the considered types are (are not)
in the subtypmg relation. The algorithm can return “unknown”, meaning that the algorithm
cannot check whether the types are in the subtyping relation or not.

For the considered types, the algorithm in [3, 4] returns “unknown” and thus it cannot
check that T < T’, which is, according to the authors of [3, 4], due to the complex accumulation
patterns of these types which cannot be recognised by their theory.

Here our approach comes into the picture and we demonstrate that the two decomposition
functions into SO and SI trees are sufficiently fine-grained to recognise the complex structure
of these types and to prove that T < T’. We show that types T and T’ are in the subtyping
relation T < T, i.e., the corresponding session trees are in the subtyping relation
T(T) < T(T') by showing that

VU E[Tle W €[T]s IWeE[Uly IW €[V]©w WIW

where T = T(T) and T’ = T(T"). For the sake of simplicity, let us use the following notations
and abbreviations:

W3 = T (put.p?1(S1).p!3(S3).p!l3(S3).p!l5(Ss3)-t)
st Ep7€1(51)p'€3(53) W?E’R’l ..... .

T3 = p?él(51).pwg(Sg).pwg(Sz;).pwg(Sg) 7T§L =T3..... 3.
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Then [T]so = {T} since T is a SO tree, whereas

[[T/ﬂy = {Wl,Wg,ﬂ'l.Wg,ﬂ'%.Wg,...77T?.W2,...}
then U =T and
[[U]]5| = {W37W2,7T3.W2,7T§.W2,...,W?.Wg,...}

Notice that all V' € [T']s are SISO trees hence [V']so = {V'} and W' = V"

We show now that for all W’ € [T'] there is a W € [U]g such that W < W’ by showing:

1. W3 < W,
2. 8 Wo S \Wo, n >0

1. The simulation tree for W3 < W; is

R = {(W3 W),
((p'03(S3))3.W3, p!l3(S3).Wy),
((p!03(S3))* W3, W1),
(PY3(S3).- W3, p?€1(S1).Wy),
(W3, (p?41(S1).p?41(S1))"™ W),
((p!03(S3))>-Ws3, (p?01(S1).p?¢1(S1))". '53(53) Wi),
((p!03(S3))%. W3, (p?1(S1).p?1(S1))™- W),
(p!03(S3)-Ws, (p?£1(S1)-p?41(S1))"-p?41(S1). W) [ n > 1}

where (p?01(S1).p?41(S51))" = p?41(S1).p?41(S1). ... p241(S1).p?¢1(S1). n € Nand (p'l3(S3))°

2n

i
Proof. The trees W3 and W, are related by the following coinductive derivations:
forn>1

Ws < (p261(S1)-p?£1(S1))" 1. W,
pl05(S3).Ws < (p?1(51)-p?1(51))".p21(S1).W;
(p'5(S3))2.Ws < (p?£1(S1).p?1(S1))™. W,
(p'5(S3))3 W3 < (p201(S1)-p?¢1(S1))™.pll5(S3).W;
W; < (p?41(51)-p741(51))" W,

[REF-B], B® = (p?61(S1).p741(S1))" 1

[REF-B], B® = (p?41(S1).p?€1(51))"

[REF-IN]

W3 < p?41(S1).p?41(S1)-Wy
p105(S3). W5 < p2l1(51).W,
(p3(S3))*. W3 S W,
(p!03(S3))3.W5 < pll3(S3).Wq
W; S W,

[REF-B], B®) = p?¢;,(S1).p?41(51)

[REF-B], B® = p?¢,(S1)

[REF-0UT]

[REF-IN]

2. Case w5 Wy S 7\Wa, n > 0.
If n =0, then Wy < Wy holds by reflexivity of <, Lemma B.6.
In case n > 0, we first show that

ﬁg.WQ S 7T1.7T§L_1.W2

[REF-B], B® = (p?£1(51).p?€1(S1))"p?41(S1)
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The tree simulation is

R = {(71'?.\/\/2,71’1.71'?71.\/\/2),
(( '£3(53))3.7T3_1 VVQ, '63(53) _1.W2)7
((p!3(S3))>. 773 LW, W),
( 'fg(Sg) 7'('3 W2,7T1 p'€3(S3). UE: 2.W2),
(71'" LWy, 7. Ty 2W2)

(7T3 Wa, 1. W2)

((p!5(S3))? . Wa, plf3(S3).Wa),
((p!03(S3))*. W2, Ws),
(pH5(S3).-W2, Wa),

(W2, Ws)}

The refinement 7§.Wy < 7T1.7T§L71.W2 is derived by the following coinductive derivation

Wy < W,
pll3(S3).Wa S Wo
(p'05(S3))%. Wy < W,
(p!¢3(S3))* Wa < plf3(S3).Wo
m3.Wa < 1. W5
p!l3(S3).m5.Wa < 71.pll3(S3).Wa
(p!5(S3))?.m3.Wo < 3. Wo
(p!3(S3))* m3. W2 S pll3(S3).m3. W2
2. Wy < my.m3.Wa

[REF-B], B® = p?¢1(S1)

[REF-B], B® = p?4,(S1)

[REF-OUT]

[REF-IN]

[REF-B], B® = p?¢1(S1)

[REF-B], B® = p?0,(S1)

[REF-0OUT]

[REF-IN]

- n [REF-IN]
7T§L.VV2 5 7T1.7T§l7 .W2

This coinductive derivation proves all refinements
Fg_k.WQ < 711.7r§_k_1.W2, k=0,...,n—1.

By k consecutive application first of [rer-out] and then [rer-iv], it holds that
7T]1€7T3 kW, <7rk+1 5 FIW,, k=0,...,n—1.

which means that

w8 Wy S < . 7Tn71 W,
1 n 2
7T1.7T3 W2<7T1 VVQ,

TR Wy < b T =l wy,

7w Wy < o Wy

then 78 .Wo < 71 .Wa follows by transitivity of <, Lemma B.6.

This concludes the proof that T < T’, which could not be given by the answer (Yes or
No) by the algorithm in [4, Example 3.21].
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Ot n:nat OFi:int © | true : bool O I false : bool ©,z:Sktx:S

O e:nat OFe:int ©Fe:bool OFe :int OFey:int
O I succ(e) : nat © Finv(e) : int O —e : bool O+ e} = e : bool

OFe:S S ¢
OFe:S

Table 7 Typing rules for expressions.

C Appendix of Section 4

C.1 Typing Rules for Expression

Table 7 lists the typing rules for expressions.

C.2 Proof of Theorem C.13

The main aim of this section is to prove Theorem C.13.
» Lemma C.1. IfT is live and T =T" then T is also live.

Proof. From the the definition of I' = TV, T and I perform exactly the same reductions (i.e.,
they are strongly bisimilar). Therefore, the result follows by Definition 4.4. <

» Proposition C.2. If T is live and T' — T, then, I is live.

Proof. Direct consequence of Def. 4.4. <

In the rest of this section, we will use the following alternative formulation of Def. 4.4,
that is more handy to construct proofs by coinduction.

» Definition C.3 (Coinductive liveness). ¢ is a p-liveness property iff, whenever o(T'):

(Lp&] L'(p) = (0p, Tp) with Ty = &7, a74i(Si).T; implies that, for all fair paths (T';);es
such that To =T, 3Jh € J k€I such thatT' —* I',_1 — 'y, with:

1. Tp_1(p) = (0p, Tp) and Th_1(q) = (p!k(S) - o', Tq);
2. Th(p) = (0p, Ti) and Th(q) = (o', Tyq);

wee] I'(p) = (qM4(S) - 0, T,) implies that, for all fair paths (T';);cs such that o =T,
dh e J k €I such thatT' —* T',_1 — Ty, with:

1. Tho1(p) = (q¥(S) - 05, Ty) and Th_1(q) = (0q, &rier P7Ei(Si)-Ti);
2. Tn(p) = (0p, T,) and Tx(q) = (og, Tr);

wp—] I'— T implies o(I7).

We say that T is p-live iff ©(T) for some p-liveness property ¢. We say that T is live iff T is
p-live for all p € dom(T).
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0 Definition C.4 (SISO tree projections). The projections of a SISO tree W are SISO trees
s0  coinductively defined as follows:

end |' p = end end |’ p = end
(PL(S).W) [' p = ple(S).(W' ' p) (P?4(S).W') I” p = p?¢(S).(W' | p)
o1 o W I'p ifq#p Apept(W) e W T p ifq#p Apept(W)
(@E)WITP = | ena if a#p A pgpt(W') @)W TP =1 ena _fa#pA peZpt(W')
W ' p if pept(W’) W ” p if pEpt(W)
end if pgpt(W') end if pgpt(W')

sz B Definition C.5b. The strict refinement T between SISO trees is coinductively defined as:

—

(q76(S)W') I p (alé(S)W') [ p = {

S<:S WCW S<:§ WCW
o pUSWCpSHwW Y s we pes)w T Gad Eena S
804 By Def. C.5, C is a sub-relation of < that does not allow to change the order of inputs

g5 nor outputs. And by Prop. C.6 below, the refinement < does not alter the order of inputs nor
w6 outputs from/to a given participant p: the message reorderings allowed by < can only alter
so7 interactions targeting different participants, or outputs wrt. inputs to a same participant.

s B Proposition C.6. For all W and W' and p, if W < W/, then (W ['p) T (W' ['p) and
w (W7 p) E (W [”p).

wo Proof. By coinduction on the derivation of W < W', |

w1 B Proposition C.7. Take any p-live T' with T'(p) = (0, T). Take T" =T{p+— (o', T")} with
w o T' < oT. Then, for any fair path (I';) e with I'y =T":

ws 1. for all n, the first n inputs/outputs of p along (F;-)jeJ/ match the first n input/output
004 actions of some W' € [U']s, with U" € [T']so;

ws 2. there is a fair path (I';);es with To =T such that, for all n, the first n inputs/outputs of
a06 p along (I';) e match the first n input/output actions of some W € [V]so, with V € [T]s;
907 and

908 3 O'/‘W/ 5 o-W.

w Proof. Before proceeding, with a slight abuse of notation, we “rewind” I" and I", i.e., we
o0 consider I and IV in the statement to be defined such that:

L(p)=(e,0T)  T'(p) = (e,0"T") (12)

a3 i.e., the outputs in o and ¢’ are not yet queued; instead, the queues of T'(p) and I'(p) are
as empty, and the outputs o and ¢’ are prefixes of the respective types, and are about to be
a5 sent. We will “undo” this rewinding at the end of the proof, to obtain the final result.

016 Since o’-T' < o-T (by hypothesis), by Def. 3.4 we have:

g1 W el T WeloTly Woe[U]s W €[Vl W2 SW, (13)

a0 Observe that U" and V in (13) are quantified over sets of session trees beginning with a
w0 same sequence of singleton selections (¢’ and o, respectively). Therefore, such sequences
e of selections appear at the beginning of all SISO trees extracted from any such U’ and V’,
o2 which means:

923 vU’ e [[T/HSO YV e [[Tﬂy aw, € [[U/]]s| aw, € [[VHSO 0/~Wa 5 oWy (14)

924
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We now define a procedure that, using the first m steps of a fair path (1";) jeJg, constructs
the beginning of a fair path (I';);c; also, the procedure ensures that: (1) in the first m
steps of (I'}) e, participant p follows ¢’ and then a prefix of some W,; (2) the path (T';) e
is constructed so that p follows o and then some W, such that o/-W, < 0-Wp; and (3) such
W, and W, are quantified in (14). In particular, the procedure lets each participant in
[\ p=T\p fire the same sequences of actions along (I'})jc; and (I'j)jes. The difference is
that some actions may be delayed in (I';);cs, because p in I may anticipate some outputs
and inputs (thanks to subtyping) wrt. I', and unlock some participants in I earlier than T':
the procedure remembers any delayed actions (and their order), and fires them as soon as
they become enabled, thus ensuring fairness.

For the procedure, we use:

p-actions’(i): sequence of input/output actions performed by p in IV when it reaches I'.
We begin with p-actions’(0) = ¢;

~(%): number of reduction steps constructed along (I';);cs when I'” has reached I',. We
begin with v(0) = 0;

p-actions(7): sequence of input/output actions performed by p in I when I'" reaches I
(note that, at this stage, I' has reached I'y(;)). We begin with p-actions(0) = ¢;

W(i): set of SISO tree pairs (W4, W,) such that, when I has reached I'}, and I' has
reached I',(;), the sequence p-actions’(i) matches a prefix of o’-W,, and the sequence
p-actions(z) matches a prefix of o-Wy, and o-W, < 0/-W,. We begin with W(0) containing
all pairs W, and W, quantified in (14);

delayed(i): sequence of reduction labels that have been fired by I when it reaches I';,
but have not (yet) been fired by I when it reaches I',(;). Labels in this sequence will be
fired with the highest priority. We begin with delayed(0) = e.

We also use the following function:

if d = e then (d', f, s)

tryFire(d, T, d’, f,s) = { else if T 22", 17 then tryFire(tail(d), TV, d’, f-head(d), s-T')

else tryFire(tail(d), T, d'-head(d), f, s)

The function tryFire(d,T',d’, f, s) tries to fire the environment reduction labels in the
sequence d from I'. The other parameters are used along recursive calls, to build the triplet
that is returned by the function:

d': a sequence of labels that have not been fired. It is extended each time the topmost
label in d cannot be fired;

f: a sequence of labels that have been fired. It is extended each time the topmost label
in d is fired; and

s: a sequence of typing environments reducing from one into another through the sequence
of labels f. It is extended each time f is extended (see above).

When (T'})je- performs a step m + 1, with a label o such that I'},, 5T, .1, we proceed
as follows:
1. if & does not involve an input/output by p, i.e., « = q:r?f or o = q:r!l¢ for some q,r # p:
a. p-actions’(m + 1) = p-actions’(m)

2. otherwise (i.e., if @ = p:q!¢ or a = p:q?¥):
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S bW

(i1)

 W(m+1) = {(wa,wb) € W(m)

a. p-actions’(m + 1) = p-actions’(m)-«;

L (d, f,s) = tryFire(delayed(m), Lyim)s € €, e) (i.e., try to fire each delayed action)
. I'" =if |s| > 0 then last(s) else 'y (i.e., I'* is the latest env. reached from I")
- Vi= 18| i Tymy4s = 5(4) (i.e., we extend the path of I" to reach I'*)
. if I* 25 T (for some I''), we add T to the path of T, as follows:

a. Isgm)s1 =T

b. y(m+1)=~(m)+|s|+1

c. delayed(m+1)=4d

d. if @ does not involve an input/output by p, i.e., « = q:r?¢ or a = q:r!¢ for some q,r # p:

i. p-actions(m + 1) = p-actions(m) extended with all labels in f involving p;
e. otherwise (i.e., if & = p:ql¢ or a = p:q?¥):
i. p-actions(m + 1) = p-actions(m) extended with all labels in f involving p, followed
by a;

. otherwise (i.e., if there is no I'” such that I'* <% T''), we add « to the delayed actions,

as follows:

a. p-actions(m + 1) = p-actions(m) extended with all labels in f involving p
b. y(m+1) =~(m) +[s|
c. delayed(m+ 1) =d-«
W, matches p-actions’(m + 1)
W, matches p-actions(m + 1)

The procedure has the following invariants, for all ¢ > 0:

p-actions’(7) is the sequence if inputs/outputs of p fired along the transitions from I'fy = I
to I';

o7 (12) p-actions(i) is the sequence if inputs/outputs of p fired along the transitions from I'y = T'
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to I'ya);
W(i) # 0 and V(Wg, Wp) € W(i): W, matches p-actions’(:) and W, matches p-actions(z).

We now obtain our thesis, by invariants (i1)-(i3) above: by taking any fair path (I'}) ;e

with I'j, = I, and applying the procedure above for any n = | p-actions’(m)| for some m > n

such that m € J’ (i.e., for any number n of reductions of p that are performed along the

path, within m steps), we find some W’ such that ¢’-W’ matches p-actions’(m), and we

construct the beginning of a fair path (I';);ec; where p behaves according to some W such
that o-W matches p-actions(m), and such that o'W’ < ¢-W; and by increasing n and m, we
correspondingly extend the sequences p-actions’(m) and p-actions(m).

(I

To conclude the proof, we need to undo the “rewinding” in (12). Consider any path
)jesr, and the corresponding (I';);cs obtained with I, T rewinded as in (12): we can

undo the rewinding of ¢’ and o by:

1.

2.

choosing a path (I'}) ;e that fires the outputs in ¢’ in its first reductions, thus reaching
the “original” I from the statement;

then, for such a path of IV, the procedure gives us the beginning of a corresponding live
path (T';);es that fires all outputs in o, within k steps (for some k). By induction on k
and o, we can reorder the first k actions of (I';);es so that the outputs in ¢ are fired
first, thus reaching the “original” T" from the statement;

. after the outputs in o and ¢’ are fired along such paths of I and T, we have that p follows

SISO trees W, and W, extracted respectively from T’ and T, and we have o-W, < o’-W,:
therefore, such paths satisfy the statement.
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» Proposition C.8. Tuke any p-live T’ with I'(p) = (0, T). Take I" =T{p+ (¢/,T')} with
o T' < o T. Assume that there is a fair path (I'}) e with Iy = I such that, for some
q,4,S;:

vieJ o, T,: I‘;-(r) # (q!(Sy)-0v, Ty) (15)
Then, there is o fair path (T';) ;e with To =T such that,
Vje o, Te: Tj(r) # (q1(S)-0v, Tt) (16)

Proof. Take the path (F )jesr. By Prop. C.7 there is a SISO tree W’ descrlblng the first n
reductions (for any n) of p in I, and a corresponding SISO tree W such that o'W’ < oW
describing the reductions of p in I" along a fair path (I';);es. By Prop. C.6, o/-W’ contams
the same sequences of per-participant inputs and outputs of o-W; moreover, by Def. 3.2, W’
can perform the outputs appearing in W, possibly earlier. And by the path construction in
Prop. C.7, each participant q € dom(I") = dom(I") (with q # p) can fire along (I'}) ;e at
least the same outputs and the same inputs (in the same respective order) that it fires along
(I'j)jes. Now, observe that by hypothesis (15), along the fair path (I'}) e/, participant r
never produces an output q!4(S,); but then, along (I';);e.s, participant r never produces the
output q!¢(S,), either. Therefore, we obtain (16). <

» Proposition C.9. Tuke any p-live T' with T'(p) = (0, T). Take TV =T{p— (¢/,T')} with
o' T < o T. Assume that there is a fair path (I';)je with Ty = I such that, for some
q,1, Kzasr,z;Tr,z (Z S I)

VjeJ o T(r (0,,&q i ) (17)

el

Then, there is a fair path (T';) ;e with To =T such that:

Vje Joo: Ty(r) # (Ur,&q?@(sr,i)Tr,vﬁ) (18)

il
Proof. Similar to Prop. C.8. |

» Definition C.10 (Queue output prefixing). We write o-T for the session tree obtained by
prefizing T with the sequence of singleton internal choices matching the sequence of outputs
mo.

» Lemma C.11. If T, p:(o,T) is p-live and o’'-T' < 0T, then T, p:(c’, T') is p-live.

Proof. Let £ be the set of all p-live typing contexts, i.e., the largest p-liveness property by
Def. C.3. Consider the following property:

rerl
p)=(0,T) (19)

P=LUL wherel = {T{p~ (¢/,T}|T(p) =
o T <o T

We now prove that P is a p-liveness property — i.e., we prove that each element of P
satisfies the clauses of Def. C.3. Since all elements of £ trivially satisfy the clauses, we only
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need to examine the elements of £’: to this purpose, we consider each TV € £, and observe
that, by (19), there exist ', 0, T, o', T' such that:

I'=T{p~ (o', T} (20)

I'(p) =(o,T) (21)

o T <oT (22)
By (22) and Def. 3.4, we also have:

VU € o' T o WV E[oT]ls IW; €[U]s IW2 € [V]so Wi < Ws (23)

Observe that by the definitions of [-[so and [-]s on page 6, and by Def. 3.2, all relations
Wi < W5 in (23) are yielded by a same refinement rule. We proceed by cases on such a rule.

Case [rer-mno].  In this case, we have o/-T' < 0T = end, which means ¢/ = ¢ = ¢ and
T’ =T = end. Therefore, by (21) and (20), I =T € L, and thus, we conclude that I
satisfies the clauses of Def. C.3.

Case [rer-v].  In this case, we have:

o=0=¢ (24)
Jq,1,1',¢;,S;,S,, T;, T; such that:
T = & q2:(S).T; and T =K q2(S:).T; (25)
ieIur iel
Viel:S;<:S, and T, ST (26)

We now show that IV satisfies all clauses of Def. C.3:

clause [Lpg]. Since I' is p-live, we know that, for all fair paths (I';),;es such that
T'o=T, JheJkelsuchthat ' —* I'y_1 — 'y, with:
1. Th_1(p) = (0, T) and Th_1(q) = (p!¥(Sq) - 0q, Tq) with £ = ¢; and Sq < S; for some
1el
2. I'n(p) = (0, Ti) and I'n(q) = (og, Tq)-
Now, for all such (I'j);es, we can construct a path corresponding (I'}) ;e such that:
ro=r’
Vne0.h—1:T, =T {pr— (¢/,T)};
I, =Tp{p— (', T))} (ie., the queue of I'y(p) is preserved in I'} (p));
the rest of the path after the h-th reduction is arbitrary (but fair).
Observe that (T';) e is fair, reproduces the first i steps of (I';) e, and triggers the
top-level input of I (p). Also, observe that all fair paths from I'V eventually trigger
the top-level input of I(p): in fact, if (by contradiction) we assume that there is a
fair path from IV that never triggers I''(p)’s input, then (by inverting the construction
above) we would find a corresponding fair path of I' that never triggers I'(p)’s input —
i.e., we would conclude that T is not p-live (contradiction). Thus, we conclude that T
satisfies clause [LP&] of Def. C.3;
clause [LP@]. The clause is vacuously satisfied;
clause [LP—]. Assume I' — I'”’. We have two possibilities:

(a) the reduction does not involve p. Then, there is a corresponding reduction I' — T/
with IV =T""{p — (¢’,T')}. Observe that I is p-live, and thus, I'"" € L; therefore,
by (19), we have I'" € £’ C P. Thus, we conclude that T” satisfies clause [LP—] of
Def. C.3;



Ghilezan, Pantovié, Proki¢, Scalas, Yoshida XX:33

1001 (b) the reduction does involve p. There are three sub-cases:

1002 (i) p is enqueuing an output toward some participant r. This case is impossible, by

1093 (25),

1004 (ii) p is receiving an input from q, i.e., I'(q) = I'(q) = (p!4;(Sq) - 04, Tq) with Sq <: S/

1095 and I'(p) = (¢, T}) (for some i € I). Notice that, since I is p-live, the same

1006 output from q can be received by p in I', and thus, there is a corresponding

1007 reduction I' — I'"”” where I'"”'(p) = (0, T;) and I'' =T""{p — (o', T})}. Observe

1008 that T is also p-live, and thus, I’ € L; therefore, by (26) and (19), we have

1009 I'" € £’ C P. Hence, we conclude that I satisfies clause [LP—] of Def. C.3;

1100 (iii) one of p’s queued outputs in ¢’ is received by another participant. This case is

1101 impossible, by (24).

1102 Case [rer-A]. In this case, we have:

1103 c=0 =¢ (27)

1104 LI, 0,SLT: T'= & q?(S)). T, (28)
ieIur’

for all Wy, Wy in (23), 3i e I, A9 ¢;,S;,S,, W, W', such that:

Wi = q?6:(S)).W'  and Wy = AW q24;(S;).W (29)

1107 $;<:S, and W <AWW and act(W)=act(AW.W) (30)

1108

1100 We now show that I satisfies all clauses of Def. C.3:

1110 clause [LP&]. We proceed by contradiction: we show that if there is a fair path (F;) jeJ
un (with Ty = I") that violates clause [LP&], then there is a corresponding fair path (T';) e
112 (with Ty =T') that violates the same clause, which would lead to the absurd conclusion
1113 that I is not p-live. Such a hypothetical path (I‘;) jegr consists of a series of transitions
1114 Iy AN I (for j € J') where, Vj € J', a; does not involve p (by (27)). This means
1115 that:

e VjeJ : ATq,0q,Sq: T(q) = (p!i(Sq)-0q, Tq) With Sq <: S} (for any i € I)  (31)
1118 But then, by Prop. C.8, there is a fair path (I';);cs with I'g = I" where p reduces
1119 according to some Wy in (29), and such that:

120 Vi€ J:ATq,0q,5q:Tj(a) = (p¥:(Sq)-0q, Tq) with Sq <:'S; (for any i € I)  (32)
122 Now, observe that the fair path (I'j);ecs is constructed using Prop. C.7, and therefore,
123 will eventually attempt to fire the input q7¢;(S;) of Wz in (29) — but no suitable
1124 output will be available, by (32): thus, we obtain that I' is not p-live — contradiction.
1125 Therefore, we conclude that I satisfies clause [LP&] of Def. C.3;

1126 clause [LP@]. The clause is vacuously satisfied;

1127 clause [LP—]. Assume IV — I'/. We have two possibilities:

1128 (a) the reduction does not involve p. The proof is similar to case [rer-v][LP—](a) above;
1129 (b) the reduction does involve p. There are three sub-cases:

1130 (i) p is enqueuing an output toward some participant r. This case is impossible, by
1131 (28),

132 (ii) p is receiving an input from q, i.e., for some i € I:

1133 F’(q) = F(q) = (p'&(Sq) : O'q,Tq) with Sq <: S; (33)
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I P9 T with T (p) = (o, T)) (34)

By Prop. C.7, the fair paths of I that match some witness Wy in (29) eventually
perform the reduction « above. But then, consider the session tree T* that only
has SISO trees similar to Wy in (23), except that each one performs the input
q?4;(S) immediately — i.e.:

VU € o' T']so0 YV* € [o-T*]s

IW; = q?4;(S)HW € [U]s 3IW* = q24;(S;). ADW € [V¥]so Wy SW* (35)

And now, consider the typing environment I'* = I'{p — (0, T*)}. Such I'* is
p-live: it realises (part of) the fair paths of I', except that it consumes q’s
queued output earlier — and thus, we have I'* € £. Now, consider I such that

RN by clause [LP—] of Def. C.3, we have I'"" € £. Also, we have
" (p) = (o, T**) such that:

YU € [o' Tl WV** € [0 T

W, =W e U]y IWF = A@ W e V] Wi < W* (by Def. 4.3 and (30))

Therefore, by Def. 3.4, we have I'"(p) = (o, T**), and TV = T""{p — (¢, T})},
with ¢/-T, < o-T** — hence, by (30) and (19), we also have I € £’ C P. Thus,
we conclude that I' satisfies clause [LP—s] of Def. C.3;

(iii) one of p’s queued outputs in ¢’ is received by another participant. This case is
impossible, by (27).

Case [rer-out]. In this case, we have:

Jq,4,0,0',S,5,T1, Ty such that:
o' T'=ql{(S').T; and o T=ql{(S). Ty (36)
S/ SZ S and T1 g Tg (37)

We now show that IV satisfies all clauses of Def. C.3:

clause [Lp&]. If T’ does not begin with an external choice r?¢,(S}), the clause is
vacuously satisfied. In the case where T' = & 1?4, ;(S; ;). T, the proof is similar to
case [rer-A][LP&] above; Thus, we conclude that I satisfies clause [LP&] of Def. C.3;
clause [LP@]. We proceed by contradiction: we show that if there is a fair path
(I'})jes (with Ty = I") that violates clause [LP@], then there is a corresponding fair
path (I';);es (with I'g =T') that violates the same clause, which would lead to the
absurd conclusion that I' is not p-live. We need to consider any output at the head
of the queue of I''(p) up-to reordering via =: let such an output be r!¢(S}) (for some
r). Consider the hypothetlcal non-p-live path (I‘ )jegr: it must consist of a series of

transitions I';_; AN I, (for j € J') where, Vj € J', a; # r:p?f. Hence:

VieJ Bo, 1,6:,S.:,Ti(iel): = <a,,&p 0( ) (38)

el
with ¢; = ¢, and S, <: S, ; (for some i € I)

But then, by (38) and Prop. C.9, there is a fair path (T';),;es with Iy = I" such that:

VjeJ: Ao 1,055 Teili € 1) : = <a,,&p ci) ) (39)

i€l
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with ¢; = ¢, and S, <: S, ; (for some i € I)

Now, observe that the path (I';);cs is constructed using Prop. C.7; therefore, by (20),
(21), (22), and Prop. C.6, an output rl¢,(S,) (with S; < 'S,) occurs along (I';),cs; and
by (39), such an output will never be consumed: this means that I' is not p-live —
contradiction. Thus, we conclude that I satisfies clause [L.P&] of Def. C.3;
clause [LP—]. Assume IV — I'/. We have two possibilities:
(a) the reduction does not involve p. The proof is similar to case [rer-iv][LP—](a) above;
(b) the reduction does involve p. There are three sub-cases:

(i) p is enqueuing an output toward some participant r. In this case, we have:

T = Prie(s). T (40)

i€l
I/ PR T T {p s (o/r16(S}), )} (for some i € I) (by Def. 4.3) (41)
I = I{p s (o r1(S0), T} (by (41) and (20)) (42)
o'l (ST, <o T (by induction on o', using (40) and Def. 3.4) (43)
o'l (S) T, <o T (by (43), (22), and Lemma B.9) (44)
e CP (by (44) and (42)) (45)

Therefore, by (45), we conclude that I satisfies clause [LP—s] of Def. C.3;
(ii) p is receiving an input from some r. In this case, we have:

31,0, Th: T = & r24:(S).T) (46)
iel

I 5T with a = p:r?¢; (for some i € I) (47)

o =c¢€ or head(c) = ql¥(S) (by (36)) (48)

Now, from (48), (36) and (37),

£ oo
letting oy, such that o’ = q!¢(S’).0{, and g = ‘ no=e
tail(o)  otherwise

for all Wy, W, in (23), Ji € I,D",4;,S;,S,, W, W', such that:
Wi = qlU(S").oh.r?20(S)).W'  and  Wsy = q!¢(S).00.D™.r26;(S;).W (49)
S; <:Sh and  o}.r?0:(S)W' < 60.DW r24;(S;).W (50)

where D) is a sequence of outputs to any participant, or inputs from any
participant except r, for which (50) can be derived with 0 or more instances of
[rer-A4] or [rer-B]. Notice that, by induction on o, and 00.D", for each pair of
SISO trees related in (50) we prove that:

oh 20 (SHW' < 00.r744(S;). DO W (51)

Now, by Prop. C.7, the fair paths of T' that match some witness Wy in (49)
eventually perform the reduction « in (47). But then, consider the session tree
T* that only has SISO trees like the RHS of (51): such trees are similar to W in
(49), except that each one performs the input r?¢;(S;) earlier. And now, consider
the typing environment I'* = I'{p — (o, T*)}. Such I'* is p-live: it realises (part
of) the fair paths of T', except that it consumes r’s queued output earlier — and
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thus, we have I'* € L. Now, consider I such that T'* LASCNY 3 by clause
Lp—] of Def. C.3, we have I’ € L. Also, we have I’ (p) = (o, T**) such that:

VU € o' Tiso YV** € o T[4

W, = oW e U]y TW = 0g DOW € [V Wy <wye (Y Def 43 and (51))

Therefore, by Def. 3.4, we have I'"’(p) = (o, T**), and I'V = T""{p — (¢/, T})},
with ¢’-T, < o T** — hence, by (30) and (19), we also have IV € £’ C P. Thus,
we conclude that I satisfies clause [LP—] of Def. C.3;

(iii) one of p’s queued outputs in o’ is received by another participant. We have two

possibilities:

(c) the received output is rl¢,(S)) (for some r # q). In this case, we have:

31,¢,,Slo" : o' =rle,(S])-o" (52)
31,4,,S,, 04,07 : o' = 0,14, (S))-07 with r! € act(o}) (by (52) and queue congruence)
(53)
I" 5T with a = r:p?4, (54)
for all Wy, W, in (23), B, 4,,S,,S",W,W", such that:
Wi = .11, (S).0). W' and Wy = BM rl4,(S,).W” (55)
S/ <:S, and  of.rl(S).0r. W < BM e (S,). W (56)

Therefore, by (56), and by induction on oy, using (53),
e (S,).0p.01. W' < af.rle,(S)) .0 W (57)

Notice that, by induction on B, for each pair of SISO trees related in (56)
we prove that:

oh.10(S).ot W' < rley(S,).B0 W (58)
From which we get:

re(S)).0.05 W' < r16,(S,).BY W (by (57), (58), and Lemma B.9) (59)
oh.oh W < B w” (by (59) and [rer-our])  (60)

Now, by Prop. C.7, the fair paths of I' that match some witness Wy in (55)
eventually perform the reduction « in (54). But then, consider the session
tree T* that only has SISO trees like the RHS of (58): such trees are similar
to (55), except that each one performs the output r!4,(S,) earlier. And now,
consider the typing environment I'* = I'{p — (0, T*)}. Such I'* is p-live: it
realises (part of) the fair paths of I', except that performs the output to r
earlier — and thus, we have I'* € £. Now, consider I'"”” such that T'** LI 2
by clause [LP—] of Def. C.3, we have I'"” € L. Also, we have I'"(p) = (o, T**)
such that:

VU € o' Tiso VVW** € [o-T*]q

Def. 4.
W = ool W E [y W = BOW € [V Wy < we (DY Def 4.3 and (60))

Therefore, by Def. 3.4, we have I'""'(p) = (o, T**), and IV =T""{p — (¢/, T})},
with ¢/-T; < o-T** — hence, by (30) and (19), we also have I'V € L' C P.
Thus, we conclude that IV satisfies clause [LP—s] of Def. C.3;
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(d) the received output is q!¢(S’) from (36). The proof is similar to case (¢)
above, letting r = q — but the development is simpler, since we have o(, = e,
and B is empty;

case [rer-8]. In this case, we have:

1,4:,S;, Ty o' T =D alti(S)).T; (61)
i€l
for all Wy, Wy in (23), Ji € I, B9, 4;,S;,S,, W, W', such that:
W, = ql4;(S)).W'  and Wy = B .q!4;(S;).W (62)
§/<:S; and W <B@OW and act(W)=act(B9.W) (63)

We now show that I satisfies all clauses of Def. C.3:

clause [LP&]. The proof is similar to case [rer-our][LP&] above;
clause [LPg]. The proof is similar to case [rer-out][LP&] above;
clause [LP—].  Assume I — I'’. We have two possibilities:

(a) the reduction does not involve p. The proof is similar to case [rer-iv][LP—](a) above;
(b) the reduction does involve p. There are three sub-cases:

(i) p is enqueuing an output toward some participant r. In this case, we have:

T = EB rle;(S).TY

icJ

and the proof is similar to case [rer-our][LP—](b)(i) above;

(ii) pisreceiving an input from some r. The proof is similar to case [rer-our][LP—](b)(ii)
above;

(iii) one of p’s queued outputs in ¢’ is received by another participant. The proof is
similar to case [rer-out][LP—](b)(iii) above.

Summing up: we have proved that each element of P in (19) satisfies the clauses of Def. C.3
for participant p, which implies that P is a p-liveness property. Moreover, by (19), we have
that for any T, if T, p:(0, T) is p-live and T < T, then T, p:(c0, T') € P’ C P. Therefore, we
conclude that T', p:(o, T') is p-live. <

» Proposition C.12. Assume that T is live, and that T'(p) = (o, T). If o/-T' < 0T, then
T{p+— (o/,T")} is live.

Proof. By Def. C.3, we need to show that I" is g-live for all participants q € dom(I"") =
dom(T'). By hypothesis, we know that I' is g-live for all participants q € dom(T'). By
Lemma C.11, we know that I' is p-live — and in particular, IV is in the p-liveness property
P defined in (19). We are left to prove that I is g-live for all other participants q # p.

By contradiction, assume that I is not g-live for some q € dom(I"”). This means that we
can find some I'"” such that IV —* I’ and T'"” is not g-live because it violates clause [LP&]
or [Lpa] of Def. C.3. Now, consider the p-liveness property P in (19): since P contains T,
it also contains I (by iteration of clause [LP—s] of Def. C.3), and by (19), there exists a
corresponding p-live I'” such that:

F”/\p:F,/\p (64)
F///(p) — (O'/N,TN/) and Fl/(p) _ (0'/17T”) SuCh that O'N/'TIN < U”'TN (65)

Let us examine the two (non-mutually exclusive) cases that can make I not g-live:
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I’ violates clause [LP&] of Def. C.3. This means that in I'"” there is a participant r
with a top-level external choice from some participant q, but some fair path of I never
enqueues a corresponding output by q. In this case, similarly to the proof of Prop. C.11
(case [rer-AJ[LP&]), we conclude that I is not r-live, hence not live — contradiction;

I violates clause [LP@] of Def. C.3. This means that in I’ there is a participant r
with a top-level queued output toward participant g, but some fair path of I’/ where
g never consumes the message. In this case, similarly to the proof of Prop. C.11 (case
[rer-out][LP&]), we conclude that I is not r-live, hence not live — contradiction.

Summing up: if we assume that IV is not g-live for some q € dom(I"), then we derive a
contradiction. Therefore, we obtain that I is g-live for all g € dom(T"). Thus, by Def. C.3,
we conclude that TV is live. <

» Lemma C.13. IfT is live and I’ < T, then I is live.

Proof. Assume dom(T") Ndom(I) = {p1,p2,...,pn}- We first first show that:
L, = T{p1—=T(p1)}.. {p2—=T'(p2)}.. . {pi = I"(p;)} is live, for all i € 0..n

We proceed by induction on ¢ € 0..n. The base case ¢ = 0 is trivial: we apply no updates
to I', which is live by hypothesis.

In the inductive case i = m + 1, we have (by the induction hypothesis) that Ty, is live.
By Definition of IV < T (see page 8), we know that I"(p;) < I'(p;). Therefore, by Prop. C.12,
we obtain that I'; is live.

To conclude the proof, consider the set dom(I"”) \ dom(T,,) = dom(I”) \ dom(T") =
{d1,92,...,9x}: it contains all participants that are in I, but not in I. By Definition of
I < T (see page 8) we know that Vi € 1..k : T'(q;) = (¢, end). Therefore, if we extend T,
by adding an entry q; : (¢,end) for each ¢ € 1..k, we obtain an environment I'” such that
I'" =T, and I'" = I — hence, I',, = I''. Therefore, since I',, is live, by Lemma C.1 we
conclude that I is live. <

C.3  Proofs of Subject Reduction and Type Safety

» Lemma C.14 (Typing Inversion). Let © - P : T: Then,
1. P=puX.P, implies ©,X : T1F Py : Ty and Ty < T for some Ty;
2. P=73%,.;9%(x;).P; implies

a. &ie] q7‘€z<sz)Tz < T and
b.VieI ©,z;:S;, - P :T;;

3. P =qll(e).P, implies
a. ql4(51).T1 < T and
b. ©Fe:S and S; <:S and
c. OF P1 : Tl;
4. P =if e then P, else P, implies
a. ©OF e:bool and
b. P : T
c. OFP: T

Let = h:o. Then:
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5. h=0 implies 0 =¢
6. h=(q,(v))-hy implies Fv:S and o =qll(S)-c’ and F hy:o'.

LetT' = M. Then:

7. IfF H HiEI(piq‘Pi | p1<1h2) then

a.Viel: WP, :T; and
b.Viel: Fh;:o0; and
C. F:{pZ(M“Tl)ZEI}

Proof. The proof is by induction on type derivations. |

» Lemma C.15 (Typing congruence). 1. IfOFP:T and P=Q then©®F Q : T.
2. IfF hy : 01 and hy = ho then there is oo such that o1 = o9 and F hs : 09.
3. If V= M’ and M = M’, then there is T such that T =T’ and T' = M.

Proof. The proof is by case analysis. |
» Lemma C.16 (Substitution). If ©,2:S+P:T and ©Fv:S, then O F P{v/z}:T.
Proof. By structural induction on P. |
» Lemma C.17. If O+ e: S then there is v such that e | v.

Proof. The proof is by induction on the derivation of ) - e : S. <
» Lemma C.18. Letth:o. If h# (p,—(—)) - theno #£p! — (=) 0’

Proof. The proof is by contrapositive: assume o = p! — (=) - ¢’. Then, by induction on the
derivation of ¢ = p! — (=) - ¢/, we may show that h = (p,—(=)) -’ . <

» Lemma C.19. If © - P : T then there is T such that T < T and © - P : T/ and
act(T’) C act(P).

Proof. By induction on © - P : T. The only interesting case is [r-coxn]. In this case, we have
that © I if e then P; else P : T is derived from © e :bool, O P, : Tand ©F P, : T. By
induction hypothesis we derive that there exist T; and Ts such that

OF P :T; and T; < T and act(Ty)

< (Pr) (66)
OF Py: Ty and Ty < T and act(Ty)

C act
C act(P,) (67)
We will show that there is T/ such that T{ < T < Tand To < T' < T and

act(T") C act(Ty) Uact(Tz2) (C act(P1)Uact(P) = act(P))

Let us now expand the derivations of T; < T and Ty < T given in (66) and (67):

VU; € [Ti]so YW € [T]s W7 € [U1]s IW] € [V]so W; S W) (68)
YUz € [Tolso WV € [Tls W2 € [Ua]s 3IW5 € [V]e Wi S W) (69)

Let us consider the sets:

A as the set of all actions occurring in any U; in (68);
As as the set of all actions occurring in any Us in (69);
A’ as the set of all actions occurring in any V' in (68) (or equivalently in (69)).
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Notice that act(T;) = A1, act(T2) = As and act(T) = A'.
Furthermore, let us also consider the sets:

By as the set of all actions occurring in any Wj selected in (68);

Bs as the set of all actions occurring in any Wy selected in (69);

B as the set of all actions occurring in any W/ selected in (68);

B, as the set of all actions occurring in any WY selected in (69).

Now we have:

B C A (70)

By C Ay (71)

BiUB,CA (72)

By =B, (from W; < W) (73)

By = B (from Wy < W) (74)

Therefore, by (73) and (74) we have

B1UB; = BjUB, (75)
and thus, by (70), (71), (66) and (67), we obtain

BiUB, C AjUA; C act(P)Uact(P2) = act(P) (76)

Now, consider the set D = A"\ (A; U A3): it contains all actions that occur in T, but
not in Ty nor Ty. Consider any action a € D: it must belong to some SISO tree W” which
was not selected neither as W in (68), nor as W} in (69). Therefore, it must belong to
some action of some SO tree in [V']s, that is never selected by Ty nor Ty. This means
that « belongs to some internal choice branches of T that are never selected by T; nor Ts.
Therefore, if we prune T (i.e., the syntactic type with tree T) by removing all such internal
choice branches, we get a session type T with tree T” < T such that:

VU1 € [T1]so YV € [T"]s 3IW; € [U1]s IW] € [V]so Wi S W, (77)

YUz € [Te]so W € [T"]s 3W3 € [Ugs 3IW5 € [V]so Wi S W, (78)
Hence, T{ < T” and T, < T”.

Now let A” = act(T”). If we compute D' = A"\ (A1 U Ay) (i.e., the set of all actions
that occur in T, but not in Ty nor Tg) using (77) and (78), we obtain D’ C D, because
« (and possibly some other actions in D) have been removed by the pruning. By iterating
the procedure (i.e., by induction on the number of actions in D), noticing that D is finite

(because T is syntax-derived from some T), we will eventually find some T” with tree T’ such
that:

TLT and T;<T and To < T’
act(T') C act(Ty) Uact(Ts)
OFP:T
act(T’) C act(P)
<

» Lemma C.20 (Error subject reduction). If M — error then there is no type environment
T" such that T is live and ' = M.
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Proof. By induction on derivation M — error.
Base cases:
[err-mism]: We have

M=pa> q%(x;).P; | p<ahy | 9Py | qa(p,t(v)-h | My

jed
Ve b4
My =T](pi<P; | pi<ahs)
iel

Assume to the contrary that there exists I' such that:

r+-m
I is live

By Lemma C.14.7,
- Zq?zj(xj).Pj T

jeJ

Fhp:op
FPy:Ty
F(p,4(v))-h:o
Viel: FP:T;
Yiel: Fh;:o;
F'={p:(0p,T),q: (0, Tq)}U{p;: (04, T;):0 €I}

By Lemma C.14.2, there are T, S’ (for j € J) such that:

& a?;(S). T <T
jeJ

VjedJ: xj:S;FPj:T;
By Lemma C.14.6, there are ¢’,S such that:

Fv:S and o =pl(S)0’ and Fh:o

Now, let:
I = {p: (0, & a7¢;(S}).T)),a: (pU(S)-0", T)y U {pi : (04, Ti) i € I}
jeJ
Then, we have:
I''<T (by (93), (91), (90), (94))
I is live (by (95) and Lemma C.13).

By (80), (96) and Definition 4.4 we get a contradiction.

[err-evaL]: We have

M =p«if ethen P else P, | p<ah | M,

(97)
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Av:elv
My =i P | piahi)
iel

Assume to the contrary that there exists I" such that:

I'eM

I is live
By Lemma C.14.7,

Fif e then Py else P, : T

Fh:o

Viel FP:T;

Viel Fh;:o;

P={p:(0,T)}U{pi:(0:,T;) i€}
From (102) and by Lemma C.14.4:

FP T
l_PQZT
Fe:bool

By Lemma C.17, there is a value v such that e | v, which leads to contradiction with

assumption (98).
[err-rvaL2]: We have

M =p<qllle).P | p<h | M

Av:elv
My =i P | piahi)
el

Assume to the contrary that there exists I' such that:
I'tM
I is live
By Lemma C.14.7,
Fp<aqgll(e).P:T
Fh:o
Viel FP:T,
Viel = hz L0y
F={p:(0,T)}U{pi:(0:,T;) i€}
From (115) and by Lemma C.14.3:

qle(S1).T1 <T
Fe:S

(110)
(111)
(112)
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S, <:S (122)

By Lemma C.17, there is a value v such that e | v, which leads to contradiction with
assumption (111).
[err-opnN]: We have:

M=paP|pahy | qaPy|a<a(p,l(v)h| M (123)

q? & act(P) (124)

My = H(Piﬂpi | Piﬂhi) (125)
i€l

By Lemma C.14.7,

FP:T, (126)
F (p,4(v))-h: o4 (127)
- Py T, (128)
Fhp:op (129)
Viel: FP:T, (130)
Viel: Fho; (131)
={p:(0p, Tp),q: (g, Tq)} U{pi: (03, Ti) si €1} (132)
By Lemma C.14.6, there are ¢’,S’ such that:
Fv:S and oq=pl(S)-0’ and +h:o (133)
Let
={p:(0p,Tp) a: (PUk(S')-0", T) U{pi: (04, Ti) ni € I} (134)
Then we have
r=r (by (132) and (137)) (135)
I is live (by Lemma C.1) (136)

By (126) and Lemma C.19 we have that there is T’ such that T' < T, and - P : T/ and
act(T’) C act(P). Now let

={p: (0p, T"),q: (pPYk(S")-0", Tq)} U{pi: (03, Ts) i € I} (137)

Then we have I'"" < I, and hence, I'” is live (by Lemma C.13). This gives a contradiction
with (124), act(T’) C act(P) and Definition 4.4 (since q? ¢ act(T’) holds, the message in
the queue of q will never be received in any reduction of I'").

[err-sTrv]: We have

szqu?éj(xj).Pj\p<1hp|q<1Pq|q<1hq|M1 (138)
jed

p! & act(Fy) (139)

hq # (P, —(=)) - g (140)

My =]](piaPi | piahi) (141)

icl
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Assume to the contrary that there exists I'" such that:

I'FM (142)
T is live (143)

By Lemma C.14.7,

E a?(z) P T, (144)
jeJ
Fhq:og (145)
- Py T, (146)
Fhy:o (147)
Viel: FP:T; (148)
Viel: Fh: o (149)
={p:(0p,Tp),a: (0, Tq)} U{pi: (03, T;) ri € I} (150)
By Lemma C.14.2, there are T, S’ (for j € J) such that:
& a?;(S)). T, < T, (151)
JjeJ
VjieJ: xj:S;-}—Pj:T;- (152)
Now, let:
I = {p: (05, & a76;(S}).T}),a: (00, Ta)} U {pi: (05, o) i € I} (153)
jeJ

Then, we have:

I'<T (by (150), (151), (153)) (154)
I is live (by (154) and Lemma C.13) (155)

By (140), (145) and Lemma C.18 we have that o4 # p! — (=) - ¢’. By (146) and Lemma C.19
there is T’ such that T’ < Tq and - Py : T" and act(T’) C act(Py,). Now let

" ={p: (05, & a2;(5)).T5).q 2 (06, TV} U{pi: (03, Ti) i € I} (156)
jeJ
Then we have I'” < I, and hence, I'” is live (by Lemma C.13). This gives a contradiction
with (139) and act(T’) C act(P,) and oq # p!— (—) -0’ and Definition 4.4 (since p! ¢ act(T’)
and oq # p! — (=) - ¢’ hold, none of the active inputs in p will be activated in any reduction
of ).

Inductive step:
[r-struct]. Assume that M — error is derived from:

M = Ml (157)
My — error (158)
By the induction hypothesis, there is no live I'y such that I'; = M;. Assume on the contrary
that there is live I' such that I' = M. Then, by Lemma C.15.3, there is I's such that I' =T’y

and I's = M;. Since I is live, by Lemma C.1 we obtain I's is live, which is a contradiction
with the induction hypothesis. <
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17z Lemma C.21. IfT' =T then I <T".
157 Proof. Directly by the definitions of ' =TV and T < I". <

10 » Theorem 4.5 (Subject Reduction). Assume TI' = M with T live. If M — M, then
a1 there are live type environments I, T such that T” < T, TV —* TV and T+ M.

&2 Proof. Assume:

1583 ©-I'-M (by hypothesis) (159)
1584 T is live (by hypothesis) (160)
1585 M — M (by hypothesis) (161)

1ss7 The proof is by induction on the derivation of M — M.
188 Base cases:
1589 [r-sexp]: We have

1590 M= p<1q!€<e>.P | p<]h ‘ My (162)
1591 € \L \% (163)
1592 M/:pﬂp | p<1h~(q,€(v)) | My (164)
1593 M1 = 1_[(pZ < Pi | p; < hl) (165)
1504 el

1595 By Lemma C.14.7,

1596 H q'f(e>P =T (166)
1597 Fh:o (167)
1508 Viel FP:T; (168)
1599 Yiel Fh;:o (169)
1690 F={p: (o, T)}U{pi: (04, T;):i €I} (170)
e By Lemma C.14.3, there are T',S’ such that:

1603 q(S). T <T (171)
1604 Fe: S, and S/ SZ S (172)
1608 FP: T/ (173)
wor  Now, let:

1608 I = {p: (U,qw(S).T/)} U{p;i: (04, Ti):i e} (174)
1609 I'= {p: (o q'E(S),T’)} U{p;: (04, Ty): i €1} (175)
1 Then, we conclude:

1612 r” < r (by (174), (171), and (170)) (176)
1613 I is live (by (176) and Lemma C.13) (177)
1614 " —r1 (by (174), (175), and [e-sexp] of Def. 4.3) (178)
1615 I is live (by (177), (178), and Proposition C.2)

1616 Ik MI ((164), (175), and Def. 41)



XX:46

1618

1619

1620

1621

1622

1623

1624

1633

1643

1644
1645

1646

Precise subtyping for asynchronous multiparty sessions

[r-rov]: We have

M = deq?Ej(xj).Pj | p<hp | <Py | q<a(p,i(v))-h | My (for some k € J) (179)

jeJ

M =p<aP{v/zp} | pahy | qaPy | q<ah | My
My =i P | piahi)

iel

By Lemma C.14.7,
=Y a?(y). P T
jeJ

F(p le(v)-h:o
FPy:Tq
Fhp:op
Viel: FP:T;
Yiel: Fh;:o;
r= {p : (O-va)aq : (Uqu)} U{pt : (UivTi) S I}

By Lemma C.14.2, there are T/, S’ (for j € J) such that:
& a?;(S)).T < T
jed
VjedJ: :I:j:S;-}—Pj:T;-
By Lemma C.14.6, there are ¢’,S’ such that:
Fv:S and o= ply(S) o
Now, let:

I ={p: (0p, & a24;(S;).T}), a1 (PUk(S') 0", Tq) Y U {ps : (04, Ts) 1 € I}

jed
Then, we have:
I <r (by (192), (191), (189), (188))
I is live (by (193) and Lemma C.13)

Observe that we also have:

§'<:S)

(180)
(181)

(193)
(194)

(195)

To prove (195), assume (by contradiction) that S’ £: S,. Then, the premise of [e-rev] in
Def. 4.3 does not hold, and thus, p’s external choice in I cannot possibly synchronise with
g’s queue type. But then, by Def. 4.4, T is not live, which gives a contradiction with (194).

Therefore, it must be the case that (195) holds.
Now, let:

= {p : (UPaT//'c)’q : (U/aTq)} U {Pi : (UiaTi) NS I}

(196)
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And we conclude:

r"—rt (by (192), (195), (196), and rule [e-rev] of Def. 4.3)
I is live (by (194), (197), and Proposition C.2)
- M (by (190), (195), (180), Lemma C.16, (196), and Def. 4.1)

[R-cOND-T] ([R-COND-F]): We have:

M =paif ethen Pelse Q | pah | M;
M =p<aP|pah| My (M =p<Q|p<h]| M)
My =i P | piahi)

iel

By Lemma C.14.7,

Fifethen Pelse Q: T

Fh:o

YViel: FP:T;

Yiel: Fh;:o;

F={p: (o, T)}U{pi:(0s,T;):i €}
By Lemma C.14.4:

FP:T
FQ:T
e :bool

Then, letting IV =T =T, we have:

"<r (by reflexivity of <)
Iﬂ// ____>* IW/
=M (by (199), (202), (206) or (207), and Def. 4.1)

Inductive step:
[r-struct] Assume that M — M’ is derived from:

MEMl
M1—>M/1
M =M

From (159), (212), by Lemma C.15, there is I'; such that

FlEF
Iy =M.

By induction hypothesis, there is are live type environments I'}, T such that:

I <T; and T —* T

(197)

(198)
(199)

(200)

(209)
(210)
(211)

(212)
(213)
(214)

(215)
(216)

(217)
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I = M) (218)
Now, by (214) and Lemma C.15, there is a live environment IV such that
I'=T) and T’ F M’ (219)

We conclude:

r"<r (by (217), (215), Lemma C.21 and transitivity of <) (220)
" —*1 (by (217), (219) and rule [s-struct] of Def. 4.3) (221)
<

We may now show Type Safety and Progress results, that are both corollaries of Subject
Reduction and Error subject reduction results.

» Corollary C.22 (Type Safety and Progress). Let I' - M with T live. Then, M —* M’
implies M’ # error; also, either M’ = p<0 | p<@, or IM" such that M’ — M"" +# error.

Proof. Assume I' - M with I live, and M —* M’. By Theorem 4.5 (subject reduction),
there is some live I such that:

I+ M (222)

This implies that M’ cannot be an (untypable) error — which is the first part of the thesis.
For the “also...” part of the statement, we have two possibilities:

1. M’ =p<0 | p<@. This is the thesis; or,
2. M'#£p<0 | p<g. We have two sub-cases:

a. there is M” such that M’ — M"" # error. This is the thesis; or,
b. there is no M” such that M’ — M" # error. This case is impossible, because it
means that either:

i. AM"” i M' — M”. This case is impossible. In fact, it would imply that M’
cannot reduce by rules [r-senn], [r-rov], [R-conn-1], OF [r-conp-r] (possibly via [r-struct]) in
Table 2. Since M’ % p<0 | p<@, this can only happen because M’ has some process
stuck on an external choice without a matching message, or has some expression (in
conditionals or outputs) that cannot be evaluated. But then, by the rules in Table 2,
we have M’ — error by at least one of the rules [err-mism], [ERR-DLOCK], [ERR-EVAL] OT
[err-evar2]. This leads to case 2(b)ii below;

ii. M’ — error. This case is impossible. In fact, if we admit this case, by (222) and
the contrapositive of Lemma C.20, we have that IT” is not live, which means (by the
contrapositive of Proposition C.2) that I' is not live — contradiction.

D Appendix of Section 5

Stepl: subtyping negation
The rules in Table 4 relate two SISO trees when:

their sets of actions are disjunctive ([x-out], [x-ive], [N-0UT-R], [n-iNp-R]);
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their top prefixes are both inputs or outputs, targeting the same participant, and the
label of the LHS is not equal to the label of the RHS ([x-ixp-], [x-our-£]);

their top prefixes are both inputs or outputs, targeting the same participant, with
matching labels followed by mismatching sorts or mismatching continuations ([x-ie-S],
[N-ouT-S], [N-INP-W], [N—OUT—W]);

they both consider input prefixes, targeting the same participant, where the input on the
RHS is preceded by a finite number of inputs from other participant, and the label of the
LHS is not equal to the label of the RHS ([n-4-1));

they both consider input prefixes, targeting the same participant, where the input on
the RHS is preceded by a finite number of inputs from other participants, with matching
labels followed by mismatching sorts or mismatching continuations ([x-A4-S], [n-A-W]);

top prefix on the LHS is input and the top sequence of the prefixes on the RHS consists
of a finite number of inputs from other participants and/or outputs ([n-1-o-1], [x--0-2]);
they both consider output prefixes, targeting the same participant, where the output on
the RHS is preceded by a finite number of outputs to other participants and/or inputs,
and the label of the LHS is not equal to the label of the RHS ([N-B-1);

they both consider output prefixes, targeting the same participant, where the output on
the RHS is preceded by a finite number of outputs to other participants and/or inputs,
with matching labels followed by mismatching sorts or mismatching continuations ([v-B-s],
[N-B-W]).

We aim to prove that for every pair of SISO trees that are not related by coinductevely
defined relation <, we can derive that they are related by inductively defined relation %. Let
us consider all possible pairs (Wy, W}) of regular SISO trees. We can undoubtedly divide
them in cases with act(W;) = act(W}) and act(W;) # act(W}). In the former case, we
make the classification taking for W, one of the three possible forms, and list all possible
forms of W/ with respect to the position of the first appearance of the top (if any) prefix of
Wj. In what follows, we list all the pairs we get with such a reasoning.

1. act(W;) = act(W))

a. W; = end and W/ = end;
b. Wy = p?4(S).W and
i. Wi =p?20/(S).W, or
ii. W, = AP p?¢/(S').W', or
iii. W, =ql¢/(S').W and p? € act(W’), or
iv. Wi = AP ql¢/(S").W and p? € act(W');
c. Wy = pl{(S).W and
i. Wi =pl/(S).W, or
ii. W, =B® ply(S).W/;
2. act(W;) # act(W))

p? € act(Wy) and p? & act(W}), for some p, or
p! € act(W;) and p! € act(W}), for some p, or
p? € act(Wy) and p? € act(W}), for some p, or
p! € act(W;) and p! € act(W)), for some p.

e o oo

Every pair, except (end, end) is in the conclusion of at least one rule in Table 4. If we
know that a pair (W, W) is related by £, i.e. it can be derived by the rules in Table 4
applying the rules downwards, then the pair can also be verified if we apply the rules upwards.
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In a finite number of steps, staring from (Wy, W/) and applying the rules upwards, we will
end by application of a base rule. Consequently, if the upward verification procedure applied
on some pair (W1, W]) does not terminate, it applies in each step one of the non base rules:
[N-INP-W], [N-OUT-W], [N-A-W], [N-B-W].

» Lemma D.1. Let W and W' be SISO trees. If (W S W') then W £ W' is derivable.

Proof. The proof is by contraposition: we shall prove that W £ W’ is not derivable implies
W < W’. Let us assume that W £ W’ is not derivable. The case (W, W’) = (end, end) follows
directly. Take (W, W’) # (end, end) and notice that it certainly appears in a conclusion of
a rule in Table 4. Consider now an algorithmic procedure that applies the rules given in
Table 4 upwards, starting from W £ W’. In each step of the procedure, we can apply only
one of the four rules: [x-ive-W], [N-our-W], [N-A-W], or [x-B-W]. Otherwise, W € W’ is derivable,
since all other rules are base cases. Also, each premise that is reached by the procedure has
the form W; £ W/ with act(W;) = act(W}). In case act(W;) # act(W}), the procedure
reaches one of the forms of the conclusion of [x-out], [v-vp], [N-out-R] [v-ve-R].The procedure
terminates only in case it reaches in a premise end % end (which happens in case W and W’
are finite and related by <).

Let R(W, W) be the minimal (possibly infinite) set of pairs of trees satisfying the following
properties:
(1) (W, W) € R(W,W) and
(2) if (W1, W) € R(W,W’) and Wy £ W] is the conclusion and Wy £ WY} is in the premise
of one of the rules [v-me-W], [v-our-W], [N-A-W],[x-8-W] (with all other assumptions in the premise
satisfied as well), then (Wq, W}) € R(W, W’).
It follows directly that R(W, W’) complies with the rules in Definition 3.2. <

Regular representatives for subtyping negation

In the sequel, we will always consider only regular representatives of SO and SI trees that
appear in the definition of the negation of subtyping. Before we adopt that approach, we will
prove that whenever there exist a pair of (possibly irregular) representatives U € [T (T)]so and
V' € [T(T')]s with U £ V', there is also a pair of regular representatives 7(U;) € [T(T)]so
and T(V}) € [T(T")]s such that 7(U;) £ T (V).

We start by proving that for each irregular tree U € [T(T)]so there is a regular tree
Uy € [T(T)]so such that U and U; overlap in at least top n levels, for a given n. For that
purpose, we introduce two auxiliary functions, reg, (U,¢, T,T’) and mu™ (T). The function
reg,,(U,4, T, T"), with U € [T(T)]so, follows in the tree of T the pattern determined by top
i levels of U and extracts (step by step) a type U with the tree 7 (U) that follows the same
pattern. The type U might not be unique, but all such types have the same top ¢ levels.
Each step of the procedure applies one of the three options that are introduced and clarified
along the following lines.

(1) If T = pt.Ty, then
reg., (U, i, ut. Ty, T') =ut.reg (U, 7, Ty, ut.Ty), for every i > 0;

The function goes behind pt and in the same time the forth parameter keeps the
information on the form of the u type (it might be needed later on for unfolding).
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w3 (2) If T # pt. Ty, for any t and Ty, and ¢ > 0, then

end ,U=-end
’f (S )regSO(U 1,?1‘j,’]l") ,UZP!ZJ'(Sj).Uj,jGK,
T T/ = . keK )
1824 regso(U, i, T, T") &keK p?ﬁk(sk).regso(Uk, i lka»Tl) U= &kEK p?0x(Sk).Ur,
T = &keK p‘?fk(sk)Tk,
e reg.,(U,i,T1,T') T =t,T = put.T
1826 The function extracts from T the prefix for U that will induce the same level in its tree
1827 as U. If T = t, it first applies unfolding, recovering the form for substitution from the
1828 forth parameter.

wo (3) If T #£ pt. Ty, for any t and Ty, and ¢ = 0, then
1830 reg,,(U,0,T,T') = Uy for some T(Uy) € [T(T{""/t:})]so, where T’ = ut;.T” and

1831 T" = pto. T"{t2/t,} (we choose here a fresh name tg). The choice of Uy is not unique
1832 and we will always choose one that satisfies act(U) D act(7 (Uy)).
1833 One can notice that the previous procedure might create some terms of the form pt.U’

e with t ¢ U’. These terms are cleaned up by mu™(T), that is defined as follows:

end T = end
GakEK p!Zk(Sk).mu* (Tk) T = GakEK p!ék(Sk).Tk
1835 mu (T) = &kEK p?ék(Sk).mu* (Tk) T = &kEK p‘?fk(Sk)Tk
ut. T T=uptT teT
u (T) T=ptT t&T

we B Lemma D.2. If U € [T(T)]so then there is Uy such that T(Uy) € [T(T)]so and T(U;)
13 overlaps with U at top n levels.

138 Proof. If U is finite, then we choose U; = U. If U is infinite, then we choose U; =
1w mu (regg,(U,n, T, T)). <
1840 In the following two examples we illustrate the procedure on some interesting cases.

wa > Example D.3. Take T = puty.(p!¢1(S1).t1&p!¥a(S2).ute.p!¥3(S3).t2) and choose U €
w2 [T(T)]so such that U = p!€1(S1).p¥2(S2).p!¢5(S3) ... We show here that the procedure
3 introduced above gives a regular U; that overlaps with U (at least) in the top 3 levels and

1844 T(Ul) S HT(T)HSO

1845 [Ull :regso(U,3,T,T)
1846 :Mt1~regso(U737 pwl( ) &p'fz(Sg) pta. p'€3(53) to, )
1847 :utl.plél(s ) regso(pwg(sz) 3 53) ,2,t1,T)
regso( 'KQ(SQ) '63

(
o —pb1.pl (S1). (S3) .2, ply(S1).b1&plla(Sa) piba.plls(Ss) ba, T)
1849 =pty.pll1(S1).pll2(S2).reg., (p!¥s(Ss) .. ., 1, puta.plls3(Ss).te, T)
1650 =pt1.pll1(S1).p!l2(S2). puto.regy, (pls(Ss) . . ., 1, pl3(Ss).t2, it2.plls(Ss).t2)
1851 =pt1.p!01(S1).pW2(S2).uto.plls(Ss).reg. (p1¢s(Ss) . . ., 0, ta, ute.plls(Ss3).t2)
1952 =puty.pW1(S1).p!la(S2).puta.plls(Ss).uts.plls(Ss).ts.

18sa  After erasure of the meaningless y terms, we get

1855 [Ul :muf(U’) = muf(utlp'&(sl)p'EQ(Sg)utgp'€3(53),ut3p'€3(53)t3)
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“(p!1(S1)-ple2(S2).put2.plls(Ss). 1uts.plls(Ss) - ts)
:p'El(Sl) '62(52) mu (/LtQP'Eg(Sg)ﬂtg,p'Eg(Sg) 3)
:p!€1(51> p7€2 52) '63(53).mu_(utg.p!€3(53).t3)
(Sl) p7€2(52) '53(53)ﬂt3p'£3(53)t3
» Example D.4. Take T = pt.(p'¢1(S1).p?704(S4).t&p!2(S2).t) and choose U € [T(T)]s

such that U = p!¢1(Sy) ... We consutruct here a regular U; that overlaps with U at the top
level and T (Uy) € [T(T)]so-

=mu

U} =reg,(U,1,T,T)
:,ut.regSO(U7 1, p!ﬁl(51).p?€4(54).t&p!€2(52).t, T)
=pt.pll1(S1).reg, (U,0,p?04(S4).t,T)

We can now choose any Uy such that
T(Ug) S [[T(p?€4(54).,ut1.(p!él(51).p7€4(54).t&p!£2(52).t1))]]SO.
For example, with UQ = p?€4 (S4).ut2.p!€2 (52).t2 we get

Ul =mu (,utp'él (Sl)Ug)
=mu (ut.p!ﬁl (Sl).p?£4(S4).Mt2.p!£2(52).t2)

» Lemma D.5. If V' € [T(T')]so then there is VY such that T (V) € [T(T')]s and T(V})
overlaps with V' at top n levels.

Proof. The construction is analogous to the one from the previous lemma. <

» Corollary D.6. Let U € [T(T)]so and V' € [T(T")]s be such that U £ V'. Then, there are
Uy and VY such that T(Uyp) € [T(T)]so and T (V) € [T(T")]s and T(Uy) £ T(V}).

Proof. If U £ V' was derived in n steps (n > 1), there is k such that prefixes from top n
levels of U that appear in V/ are placed in the top k levels of V' (those that are considered
for the negation derivation). By Lemma D.2 and Lemma D.5, there are U; and V] such that
T(Uy) € [T(T)]so and T(V}) € [T(T’)]s such that T (U;) ovelaps with U in top n levels and
T (V1) ovelaps with V' in top k levels. It can be derived in n steps that 7(U;) € T(V]). =

Step2: characteristic process

The proof that characteristic process of U is typable by T (U) is exactly the same as in the
case of synchronous multiparty sessions (See [21]). We consider only single-output processes
and for such processes there is no difference in typing rules. The whole proof is replicated
here, adapted to single-output processes.

» Lemma D.7 (Strengthening). If ©,X : U F P: U and X & fv{P} then ©F P : U.
» Lemma D.8 (Weakening). If O+ P: U and X & dom(0©) then ©,X : U - P : U.

» Lemma D.9. If ©,X; : Uy + P(U) : T(Uo) where Uy = T(Uy) (for some Uy), and
o={9&X)/¢ |t € fv(U)}, then ©, X : Us = P(U) : T(Uc’), for any Uy = T (Us) (for some
Un) and o’ = (o {B3/2}) U {02/4).
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Proof. By induction on the structure of U. <

» Lemma D.10. For ecvery (possibly open) type U, there are © and o such that dom(©) =
{X¢ | tefv(U)} and © -P(U) : T(Uo), where o is a substitution such that o = {U/t | te

Proof. By induction on the structure of U.

U = end : P(end) = 0 and, by [r-o], - P(end) : end.
U=t:P(t) =X,
By [r-var], X¢ : T(U') F X¢ : T(U’) for any U'. For o = {U'/t}, we have

X : T(U) FP(t) : T(Uo).

U= & p?:(S;).U; : P(U) = >° p?l;(x;).if expr(z;,S;) then P(U;) else P(U;)

iel i€l -
By thee induction hypothesis, ©; - P(U;) : T(U;o;), where o; = {Ut/t | t € fv(U;) and
T(Uy) = ©;(Xt)} for some O, and every ¢ € I. Let us denote by © the environment
consisting of assignments X : 7(Uy) for arbitrarily chosen Ug, where Xy € dom(©;)
for some i € I. By typing rules, ©,z; : S;  expr(z;,S;) : bool, for every i € I. By
Lemma D.9, [r-conp] and weakening, for each i € I, we have the judgements:

0,x; : S; I if expr(z;,S;) then P(U;) else P(U;) : T(U;0%)

t € fv(U;) and

where o = {U‘/t ‘ T (Uy) =0(X)

} . Now, by [T-EXT], W€ have

© ) " p?(x;).if expr(x;, Si) then P(U;) else P(U;) : & p?4(S;). T(Uio}) .

icl iel
We conclude this case by remarking that & p?¢(S;). T (U;o;) = T (Uo) for 0 = Uicro; =
iel
{Ue/t | t € fv(U) and T (Ug) = O(Xy)}.

U = pl(S).U" : P(U) = pl(val(S)).P(U")

By the induction hypothesis, ® + P(U’) : T(U'o’), where o/ = {Us/t | t € fv(U’)
and T (Uy) = ©'(Xt)} for some ©'. Let us denote by © the environment consisting of
assignments Xy : 7 (Uy) for arbitrarily chosen Uy, where X; € dom(©).

By [T-ouT],

O’k ple(val(S)).P(U) : ple(S). T(U'c").

U=tV : P(U) = pXy. P(U)
By induction hypothesis, there is ©" such that

0'+PU): T(U ) where ¢/ = {Uv /¢’ | t' € fv(U’) and T(Uy) = O'(Xy)}

We have two cases:

(i) t € fv(U’). In this case, Xy & fv(P(U’)) and ©”, Xy : T(U") F P(U') : T(U'0’), for
some U” (either ® = ©", Xy : T(U”) or it is obtained by weakening of ©’). By [r-ruc],
we get ©” F uXy. P(U) : T(U'o) with o/ = 0.
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(ii) t € fv(U’). In this case, Xy € fv(P(U’)) and ©' = 0", X, : T(U”) for some U”. By
Lemma D.9,

0", X, : T(U'a") F P(U') : T(U'o”)
where ¢ = {Uv/t' | t' € fv(U')\ {t} and T(Uy) = 0" (Xy)} U {U'o'/t}
i.e., the difference between ¢’ and ¢” is that ¢” contains U'e’/t instead of U”/¢. Then,

by [r-rec], we conclude ©” F uX¢. P(U') : T(U'c) where 0 = {Us/t | t € fv(U) and
T(Ue) =T"(Xe)} = o \{V''/s}.

<
» Lemma D.11. Let T be a session type tree. Then
(i) VUe[Tlso UK T
(i) W e [T]s T <V
Proof. Follows from the definition of decompositions. |

» Proposition D.12. For all closed types T and U, if T(U)e[T(T)]soc then =P(U):T.
Proof. As a direct consequence of Lemma D.10 we get = P(U) : U. Since by Lemma D.11
for every U with 7(U) € [T (T)]so, T(U) < T(T), by [r-sus}, - P(U) : T. <
Step3: characteristic session

» Proposition D.13. Let V' be a ST type and r&pt(V'). Let Q be a process such that = Q : V.
Then, there is a live typing environment I' (see (4)) such that THr<Q | ra@ | M, v.

Proof. Follows directly from the construction of the characteristic session types and the
definition of the live typing environments. <

» Proposition D.14. Take any T, r¢pt(T’), SI type V' such that T (V') €[T(T')]s, and Q
such that = Q : T'. Then, there is a live I’ (see (4)) such that THr<Q | r<@ | M,y .

Proof. By Proposition 5.10, - Q1 : V' implies there is a live typing environment I'’ such
that

IMbraQq|r<a@ | Mo v

where I =T",r : (&,V’). By Lemma D.11 we have T < V’. Since for I' =T1",r: (&, T') we
have I' < T, by Lemma C.13 we obtain that I' is also live. Hence, if - Q : T', then we may
show

F'FraQ | r<@ | M,y

and I' is live. |

Step4: completeness

In order to describe the shape of V/ type when U € V' is derived using cases that involve
context B®) (for the corresponding projections that satisfy W £ W’) we define context C(P)
with holes, that (as V) have only single inputs, and, in which there are no outputs on p.
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[N-UV-ouT-AcT] [N-UV-INP-ACT] [N-UV-ouT-ACT-R] [N-UV-INP-ACT-R]
p! € act(V') p? & act(V') p! & act(V) p? & act(V)
pl4(S).U £ V/ & p20i(Si).Us £ V' g4 LI ACHA U & p2e(S).V’
il iel
[N-UV-INP] [N-UV-A]
Viel: 6 A0V SZL:S VULV  Viel:li#0VSLS vUZLAPV
& p?i(S:).Ui £ p?4(S).V' & p?4i(S:).U; £ AP p26(S).V/
il iel
[N-UV-IN-0UT-1] [N-UV-IN-0UT-2]
i€l jeJ iel jeJ
IN-UV-ouT] [N-UV-C]
Viel: 040 VSZS VULV, VneNViel, : L#0; vV SZS, vULZEC? | n) Vi
pl4(S).U £ @D pl4i(S:).V: pl(S).U % C® [P plts(S:).Vi]" <N
el 1€ln

Table 8 Shapes of unrelated U and V' type trees

CP u=[1" | q2(S).® | @riti(S).C® & @Hriti(S:).V;  r#pandp! & act(V))

el iel’

Note that, in case of selection, context C®) may have holes only in some branches while
the rest of the branches contain no outputs on p. This allows us to determine all the “first”
outputs appearing in some V' type tree. We write C(P)[]*€N to denote a context with holes
indexed by elements of N and CP)[V/]"€N to denote the same context when the hole [ ]”
has been filled with V/,. We index the holes in contexts in order to distinguish them. For the
rest of the paper we assume C(P) are nonempty, i.e., it always holds that C®) # [].

[]"€N we may apply a mapping CP) | n that produces the

Furthermore, for a context C(P)
projection of the context into the path that leads to the hole indexed with n, i.e., it produces

the corresponding B®).[]".

» Lemma D.15. If =(U < V') then U € V' can be derived by the inductive rules given in
Table 8.

Proof. If =(U < V') then YW € [U]s and YW’ € [V']s, holds W £ W’'. Now the proof
continues by case analysis of the last applied rules for W £ W',

Case [v-out]: If VW € [U]g and YW’ € [V']so W £ W’ is derived by [x-our], then from
W = pl4(S).W; we conclude U = pl4(S).Uy, by the definition of [ Js. Since YW’ € [V']so
holds p! € act(W’), we may conclude p! & act(V’) (by definition of [ Jso). Hence, we get
that U and V’ satisfy the clauses of [x-UV-ouT-acr].

Cases [v-ive], [v-our-R] and [x-ve-R]: By a similar reasoning as in the previous case we may
show that U and V’ satisfy the clauses of [x-UV-ixp-act], [U-UV-our-act-R] and [N-UV-iNp-acT-R],
respectively.

Cases [n-inp-¢], [v-ive-S] and [n-ive-W]: Assume IW € [[U]]g and IW’ € [[V/]]so such that W £ w’
is derived by [n-inp-£], [N-ivp-S] OT [n-ixp-W]. Then, from W = p?¢(S).W; and definition of [ [
we may conclude U = &, p?/;(Si).U;. Also, from W’ = p?¢/(S').W] and definition of
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[ Iso, we conclude V' = p?¢/(S").V]. Since YW € [U]g and YW’ € [V']s, holds W £ W' we
distinguish three subcases:

YW € [U]s YW € [V']so W £ W' is derived by [n-ie-(];

AW € [U]s W € [V']so W £ W’ is derived by [x-ve-S], but could not be derived by
[N-INP-£];

AW € [U]s AW’ € [V']so W £ W' is derived by [v-me-w], but could not be derived by
[N-inp-€] and [N-iNp-W].

In the first subcase we conclude that Vi € I : ¢; # ¢'; in the second 3i € I : £; = ¢’ but
S’ £:S;; while in the third case Ji € T : £; = ¢’ and §’ <:'S; but YW, € [U;]s VW] € [V!]so
holds Wy £ W/. Thus, we derived that Vi € T : £; #¢ v S’ £:S; v U; € V', which are
the clauses of [x-UV-mvp).

Cases [nv-A-¢], [v-A-S] and [x-4-w]: Follow by a similar reasoning as in the previous item,
only deriving that U and V' satisfy rule [x-Uv-A4].

Cases [v-1-0-1] and [v--0-2: Assume W € [U]s and IW’' € [V']so such that W £ W’
is derived by [v-r-o-1] or [vro-2]. Using the definition of [ Jso and [ ]s we conclude
U= &rics P?4i(Si).Ui and, V! = @, ; ql;(S;).Vj or V/ = AP B, ql¢;(S;).V}, e, U
and V’ satisfy [v-UV-mv-out-1] Or [v-UV-iv-out-2], respectively.

Cases [v-our-£], [v-out-S] and [x-our-w]: Follow by a similar reasoning as in the item with
[v-ive-£], [n-ive-S] and [v-we-wW], only deriving that U and V' satisfy rule n-Uv-ouT].

Cases [v-B-£], [v-8-S] and [v-B-w]: Assume W € [U]s and IW’ € [V']so such that W £ W/
is derived by [x-B-¢, (v-8-5] or [x-B-W]. Then, W = p!¢(S).W; and W' = B®) pl¢/(S').Wj.
By definition of [ ]s we directly obtain U = p!¢(S).U;. By definition of [ Jso we obtain
p! € act (V') and V' # @, ; p!i(Si). Vi, ie., YW’ € [V'[s either W' = B®) ple”(S"). Wy
or p! ¢ act(W’). Thus, we may conclude V' = C(®) [@Bics, Pi(Si).Vi]"N. Furthermore,
since VW € [U]s (that have form W = pl¢(S).W;) and YW’ € [V'][s (that have form
W = (CP | n)[p!4;(S;).W!] or p! ¢ act(W’)) hold W £ W', we may distinguish three

cases:

YW = pl4(S).W; YW = (CP) | n)[p!4;(S;).Wi] W £ W is derived by [x-B-;

W = pl4(S).Wy IW = (CP) | n)[p!l;(S;). W] W £ W is derived by [x-8-s], but could
not be derived by [n-B-£];

W = ple(S).Wy IW' = (CP) | n)[p!l;(S;).W!] W £ W' is derived by [x-8-w], but could
not be derived by [v-B-¢ or [n-B-S].

In the first case we get that Vn € NVi € I,, £ # ¢;; in the second that dn € N3i € I,
such that £ = ¢;, and S «£: S;; and in the third that 9n € N3i € I,, such that £ = ¢; and
S <:S;, but W Z (C®) | n)[p!;(S;).W!]. Notice that in the third case YW € [p!¢(S).U;]s
and YW’ € [(C® | n)[p'l(S;).V]]so, where S <: S;, we have W £ W' is derived by
(v-8-W]. Then, we may conclude that YW, € [U;]s and YW{ € [(C®) [ n)[V!]]so, We have
W; £ W/, ie., we obtain U; £ (C® | n)[V!]. Therefore, we concluded that U = p!¢(S).U,
and V' = CP [, ., p!li(S;).Vj]"N, and that Vn € NVi€ I, : L #4; V S £:S; V Uy &
(C®) [ n)[V/], that are the clauses of [x-uv-c].

» Lemma D.16. IfS £:S' there is no v such that expr(val(S), S’) | v.

Proof. By case analysis, we consider expression expr(val(S]), S’):

int «: nat : expr(—1,nat) = (succ(—1) > 0);
bool «£: nat : expr(true,nat) = (succ(true) > 0);
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nat £: bool : expr(l, bool) = —1;
int £: bool : expr(—1,bool) = =(—1);
bool £: int : expr(true, int) = (inv(true) > 0).

In each case, the expression is undefined since the following expressions are undefined:

succ(—1), succ(true), =1, =(—1), inv(true). <

» Lemma D.17. IfS <:S' then expr(val(S), S’) | true or expr(val(S), S’) | false.

Proof. By case analysis:

nat <:nat : expr(l,nat) = (succ(1l) > 0) | true;
int <:int: expr(—1,int) = (inv(—1) > 0) | true;
nat <:int : expr(l,int) = (inv(1) > 0) | false.

<

» Proposition D.18. Let U and V' be session types such that T(U) £ T (V') and pt(V’') C
{pr : 1 <k <m} and U,, = cyclic(V’, pg,r). If

M = r<PU) | r<«@ | H (P <P(Up,) | pr<9)
1<k<m
M = raP|r<h, | H (Pr < Pr. | pr.<hy),
1<k<m

where raP(U) | ra@ —*raP | rah, and

IT (raP@,) [pe<a2) — [[ (Pr<Pilpr<hn)

1<k<m 1<k<m
then, M —* M’ and M’ —* error.

Proof. The proof is by induction on the derivation of 7(U) £ T(V’). We extensively use
notation U = T(U) and V' = T(V’). The cases for the last rule applied are derived from
Table 8.

We first consider the cases with act(U) # act(V’).

‘ act(U) # act(V')

[N-UV-out-act] : U = pw(S).Ul and p! 5{ aCt(V/).
In this case, if p € pt(V’) by definition of characteristic session type and characteristic
process, r? & P(Up). Thus,

M=r<«PU) |r<«@ |p<P(U,) | p<@ | M}
=r<aP(pl(S).U;) | r<@ | paP(U,) | p<a2 | M}
—raP(Uy) | ra(p,t(val(S)) | p<aP(Up) | p<@ | M —s error  (by [err-opmn])

If p ¢ pt(V) weuse M =M | p<a0 | p<@ and derive the analogous proof as above.

[N-UV-ivp-act] : U = &iel p?éi(si).Ui and p? € aCt(V').
In this case, if p € pt(V’) by definition of characteristic session type and characteristic
process, rl ¢ P(Up). Thus,

M=r<«PU) |r<«@ | p<P(U,) | p<@ | M}
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EKIP(& p?&-(Si).Ui> |ra@ | paP(Up) | pa@ | M}
icl
=rd Z p?i(xi).P; | r<@ | paP(Up) | p<@ | M] — error (by [err-sTRV])
iel
If p ¢ pt(V) weuse M =M | p<0 | p<@ and derive the analogous proof as above.
[x-UV-out-act-R] : p! € act(U) and V' = @iel pl4;(S;).Vi.
In this case, by definition of characteristic process, p! ¢ P(U).

M=raP(U) | ra@ | p<1’P<cyclic(@ p!4:(S:).V,p, r)> |pao | M,
iel
=r<P0) |r<a@ | p< Z p?l;(z;).P; | p<@ | M| — error (by [Err-sTrV])
iel
[N-UV-inp-acT-R] : p? g act(U) and V' = prw(S)V/l
In this case, by definition of characteristic process, p? & P(U).
M=r<aP(U) | r<a@ | p<aP(cyclic(p?4(S).Vi,p,r)) | p<@ | M}
=r<aP(U) |r<@ | parlt{val(S)).P | p<aa | M}

—r<aPU) | ra@ | paP | pa(r,b(val(S))) | M; — error (by [Err-oPHN])

In the following cases, U type tree is rooted with an external choice.

In these cases, we have
P(U) = Z p?l;(x;).P;, where
i€l
P; =if expr(z;,S;) then P(U;) else P(U;)
According to Table 8, we distinguish four cases (not already considered), depending on the
form of V'.
-Uv-el: V= p2(S). Vi and Vie T : 4, A4 vV S£L:S; VvV U; L V).
Now we have

M Erde?&(xi).Pi | rag@ | paP(cyclic(p?4(S).Vy,p,r)) | p<@ | M}

el
=ra Y p2i(x;).P; | ra@ | parlé(val(S)).P' | pa@ | M}
i€l
—ra Y pi(x;).P | ra@ | p<a P’ | pa(r,L(val(s))) | M}
i€l

:ZM1
We now distinguish three cases.

Vi€ I:4; # ¢ Session My reduces to error by [err-misu].
diel:l;=0 A Sﬁsl

M; — r<if expr(val(S),S;) then P(U;) else P(U;) | r<@ | p< P | pa@ | M}

By Lemma D.16 and [rr-rvar], the session reduces to error.
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diel:l;=0NS<ZS; A Uzi{v/l

M; — r<if expr(val(S),S;) then P(U;) else P(U;) |r<@ | p< P’ | p<a@ | M}
By Lemma D.17, we further derive

My —*r<aP(U;) | r<a@ | p<aP | pao | M}
where (assuming p = p; = pm+t1)

P’ =pyll(true).p,,2¢(z).
if expr(val(z),bool) then cyclic(V],p1,r) else cyclic(V],p1,r)

M) = H (pr < pr—17¢(x).if expr(val(z),bool) then Qy else Q | pr < D)
2<k<m

where Q) = pg+1!€(true).P(cyclic(V], pg,r)). Hence, we have
M; —*raP(U;) | r<a@ | p<cyclic(Vy,p,r) | p<a |
[T (px <Plcycric(V),pk,1)) | px<2)
2<k<m
Since U; € V1, by induction hypothesis the session reduces to error.
-uv-al: V= AP p20(S). Vi and Vie T : 4; #6 vV S£:S; v U; £ AP V.
Assuming p; = pm+1 = p, we have
M=ra p?i(z,).P | ra@ | pa P(cyclic(A(P).p7€(S).V’1, P, r)) | pag |
iel
H (px < P(cyclic(A(p).p?ﬁ(S).V'l, Pk, r)) | pr < 9)
2<k<m
By induction on context A® we may show that
M —"r« Z p?l;(x;).P; | r<a@ | p<aP(cyclic(p?4(S).Vi,p,r)) | p<o |
iel
I (pr<aP(cyctic(p?4(S). V), pr.r)) | pr <hi)
2<k<m

where for all 2 < k <m: hy = (r,¢1(val(S41))) - ... (r,£n(val(S,))) when

AP = AP 520, (8). AP AP 20, (,,). APE)

where instead of Agp’“) contexts there could also be empty contexts, and if p? ¢ act(AP)
then hy = @. Using the last observation, we have

M —*ra  p?(x:).P; | ra@ | parlé(val(S)).P' | pa@ |
i€l
I (Px < Pleycric(p?(S).- Vi, pk, 1) | pr <)
2<k<m
—ra Y pi(z;).P; | ra@ | paP' | pa(r,L(val(S))) |
el
IT (px <P(cycric(p?e(S).V), pi,r)) | pr < k)
2<k<m

We now distinguish three cases
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2139 Viel:l; #¢

2140 diel:l; =0 NSLS;

2141 Jiel:li=0ANS<:S; AU; £ AP V],

a2 In the first two cases M reduces to error by the same arguments that are presented for the case

sz of [v-UV-ive]. For the third case, again using the same arguments as in the case of [N-UV-vp],
2144 we have that

215 M —*raP(U;) | r<a@ | p<cyclic(Vy,p,r) | p<a |
2146 H (pkqp(cyclic(Vll,pk,r)) ‘ pkﬂhk)
2<k<m
= M/

s Since, U; £ APV and
2150 M” =raP(U;) | ra@ | pacyclic(AP V), p,r) | paa |
2151 H (pr < P(cyclic(A(p).Vll, Pk, F)) | pr <2)

2<k<m
_>* M/
a5 which can also be shown in the same way as for M (by induction on A(p)), by induction
a5 hypothesis we get M —* M’ —* error, and hence, M —* M’ —* error.
2157 [N-UV-IN-0OUT-1]: V' = @jGJ q!ﬁj (SJ)VQ
258 Assuming p; = pym41 = q we have

2150 M=r<P(U) | r<«@ | qaP(cyclic(V',q,r)) | q<o | M}

2160 —rdeV P|r<®|q<2r‘7fgcj Pl qa@ [ M)
2161 i€l JjeJ
222 where
2163 M) = H kaZpk 1705(5) Ppklpkqg)
2<k<m jeJ

a6e The session reduces to error by [err-prock].

2165
2166 [N-UV-IN-OUT-2]: V' = A(p). @jEJ q!fj(Sj).V;
267 Let us first assume q # p. Denoting p1 = pyt1 = q and ps = p we have

2168 M Erﬂzp?éi(zi)-Pi | rag |

el
2169 H (pr 9P| cyclic(A AP) @ q% Vj, Pk,T) | pr <)
1<k<m jed

2170
an  Using a similar reasoning as in the case of [x-Uv-4] (by induction on AP)) we obtain
2172 M —)*rQZp‘?&(acl)Pl | r1g |

el

o173 H (pr <P | cyclic( @q'ﬂ )-Viprt) | | pr<hy)

1<k<m jeJ
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=M
where for all 1 <k <m: hy = (r,¢1(val(Sq1)) - ... - (r, £, (val(S,))) when
AP = AP 520, (S1). APH AP 920, (S,) APE)

where instead of Agp’“) contexts there could also be empty contexts, and if py? ¢ act(AP)
then hy = @. Since p? ¢ act(AP), for the last derived session we have

M =r< p?i(x;).P; [ ra@ [ qa ) r2(z;).P} [ qah |

i€l jeJ
pQZq?Zj(:Ej).PJPk |p<a@ | H p;ﬂZPk 1205 (25).PP* | pr < hy)
jed 3<k<m j€d

the session reduces to error by [err-prock]. In case q = p, the proof follows similar lines.
In the following cases, U type tree is rooted with an internal choice.
U =pl(S).U;

In these case, we have P(U) = pl¢(val(S)).P(U,).
Depending on the form of V/| we distinguish two more cases (according to rules in Table 8).

[N-UV-ouT]: V = @1’,6[ p'&(SZ)V; andViel:/l 7& b vV S ﬁi 51 VvV U 7{ V;
Now we have

M =r < plé(val(S)).P(U;) | r< o | p<1’P<cyc11c @p'ﬂ ).V op,r )) |pa@ | M}
i€l

=r<pll(val(S)).P(U;) |r<®|p<12r7€ ).P | pao | M}
el
—raP(Uy) | ra(p.(val(S))) [ pa ) r2i(xi).P; | pao | M)
iel
Now the proof proceeds following the same lines as in the case of [v-UV-mp].
-uv-cl: V= CP[P, ., pls(S:). V"N and Vn € NVie€ L, : L #4; V S£:S; V Uy £

(€ | n)VI)
Let us denote p; = p;my1 = p. We have

M =r < plé(val(9)).P(U;) | r<@ | pd'P(CyCliC(C(p)[@ plli(S;). Vi]" <N p, r)) | pa@

lEITI

T (pk<l7><cycllc CPEP p!i(Si). V)] "EN,pk,r)> | Pk 92)

2<k<m iel,

[]mey

By induction on C(P) we may show that either M —* error or there is n € N such

that

M —*raP(U)) | r<(p,£(val(S))) - h, | p<177<cyc11c @ p!l;(S;). Vi, p,r )) | p<ahy

i€ly
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I (pk<17><cyc11c(@ p!&(Si).V;,pk,r)> | pr < hi)

2<k<m i€ly
:2M1

where there exist output-only context B(") and A" context (where instead of r we could use
any other fresh name) such that

Mo :rqp(p!E(S).B(r).U’1> lrao | p<P<cyclic(A(r). @D p!t:(S:). V. p, r)> | pao

icl,

O IT (e <17’<CY01iC(A(r)- P piti(S:). Vi, pr, r)) | P <9)

2<k<m i€l
—*M 1
and where B .U} £ A®.V/ can be derived from U; £ (C®) | n)[V!] by applying the rules
given in Table 8 from conclusion to premises.

Note that the above A®") is actually derived from (CP) | n), by taking out all the outputs
(that are transformed into the inputs in the characteristic session), since they have found the
appropriate outputs in Uy, and also some inputs (that are transformed into outputs in the
characteristic session), that have found the appropriate inputs in U;: these pairs of actions
enabled session M to reduce to My. Along these lines B(').U'1 is derived from Uj.

The above also implies that by the assumption B(r).U'l < A(').Vg we could derive U; <
(C®) 1 m)V2).

Since

P (cyclic(@ p!l;(S;). Vi, p, r)) = Z r2l;(z;).P;

i€l, i€l
we distinguish three cases
Viel:l#£L;
diel:0=40; NSLS;
Fiel:l=0; ANS<:S; AU £(CP TV
In the first two cases M reduces to error using similar arguments as for [x-Uv-mve]. For the
third case we have that
M; —*raP(U}) | r<h, | p<P(cyclic(Vi,p,r)) | p<hy
| TI (Pe<Pleycric(Vi pe,r) | pr <)
2<k<m
=M
Similarly as in the case of [v-UV-4], we have
M” =rq P(B(').Ull) |rag |pa 77(cyclic(A(r).V§7 P, r)) | pa@
| TI (e aP(cyc1ic(A?. Vi py, 1) | pia2)
2<k<m
____>* hA/
Since BM .U} £ AM.V/ can be derived from U; £ (C® | n)[V/] by applying the rules given

in Table 8 from conclusion to premises, we may apply induction hypothesis and obtain
M” —* M" —* error. Hence, M —* M’ —* error. <
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» Proposition D.19. Let T and T’ be session types such that T £ T'. Then, there are U
and V' with T(U) € [T(T)]so and T(V') € [T(T")]s and U L V' such that:
raPU) |r<a@ | I pr<(P(Up,) | pr <) —* error,
1<k<m

where pt(V') C {pr: 1 < k <m} and U,, = cyclic(V, pg,r).

Proof. If T(T) £ T(T'), there are U and V such that U € [T(T)]so and V' € [T(T’)]s and
U £ V'. By Corollary D.6, there are U and V' such that 7(U) € [T(T)]so and T(V') €
[7(T)]s and T(U) £ T(V"). Now the proof follows by Proposition D.18. <

» Theorem 5.13. The asynchronous multiparty session subtyping < is complete.

Proof. Let T and T’ be such that 7(T) £ 7(T’). Then, by Proposition D.19 there are U
and V' with 7(U) € [T(T)]s and T (V") € [T(T')]so and T(U) £ T(V’), such that,

raP(U) | r<a@ | M,y —" error, (223)
where

Moy =TI pr<a(P(U,) | pra2)

1<k<m

and pt(V') C {pr : 1 <k <m} and Up, = cyclic(V’, pg,r).
By Proposition 5.11, - Q4 : T/ implies there is a live typing environment I' such that

I F’ rd (;)1 ‘ r<og | vA/1r,\/’

Since by Proposition 5.6 - P(U) : T, we conclude the proof by (223). <
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