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RELATIVE SEMI-AMPLENESS IN POSITIVE
CHARACTERISTIC

PAOLO CASCINI AND HIROMU TANAKA

ABSTRACT. Given an invertible sheaf on a fibre space between
projective varieties of positive characteristic, we show that fibre-
wise semi-ampleness implies relative semi-ampleness. The same
statement fails in characteristic zero.
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1. INTRODUCTION

It is a fundamental problem in algebraic geometry to study under
what conditions a nef line bundle on a projective variety is semi-ample.
For instance, the abundance conjecture predicts that, on a minimal
projective variety, the canonical divisor is always semi-ample. On the
other hand, it is not easy in general to find criteria that hold for any
line bundle.

Over a field of positive characteristic, it seems that semi-ampleness
sometimes behaves better than in characteristic zero. One of the most
typical examples is Keel’s result [Kee99|, which has recently played a
crucial role in the minimal model program of positive characteristic
(e.g. see [HX15]).

The goal of this paper is to provide a necessary and sufficient con-
dition under which, given a morphism of F,-schemes f: X — Y, an
invertible sheaf L on X is relatively semi-ample. More specifically,
the following is our main result (note that it only holds in positive
characteristic, cf. §7.2):

Theorem 1.1. Let f: X — S be a projective morphism of noetherian
[F,-schemes. Let L be an invertible sheaf on X. Assume that L|x, is
semi-ample for all the points s € S, where X, denotes the fibre of f
over s.

Then L is f-semi-ample.

In general, even if the schemes X and S appearing in Theorem [I.]
are of finite type over a field of positive characteristic, we need to
consider not only closed points of S but all the points of S (cf. Exam-
ple [[3). On the other hand, we may ignore non-closed points of S if
the base field is uncountable:

Theorem 1.2. Let k be an uncountable field of positive characteristic
and let f: X — S be a projective k-morphism of schemes of finite type
over k. Let L be an invertible sheaf on X. Assume that L|x, is semi-
ample for all the closed points s € S, where X, denotes the fibre of f
over s.

Then L is f-semi-ample.
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1.1. Description of the proof. Although the schemes X and S ap-
pearing in Theorem [L.I] could be of infinite dimension, it is easy to
reduce the problem to the case where X is of finite dimension (cf. Re-
mark 2.14]). Furthermore, replacing S by Speca;s for a point s € S,
we may assume that X and S are excellent. Then the proof of Theo-
rem [Tl proceeds by induction on the dimension of X. To clarify the
structure of the proof, we introduce the following three statements:

Theorem A. Let f: X — S be a projective surjective morphism of
excellent F)-schemes with connected fibres, where X is normal and of
dimension n € Z>o. Let L be an invertible sheaf on X such that L
is semi-ample for all the points s € S.

Then L is f-semi-ample.

Xs

Theorem B. Let f: X — S be a projective surjective morphism of
excellent reduced F,-schemes, where X is of dimension n € Zs(. Let
L be an f-numerically trivial invertible sheaf on X such that L|y, is
semi-ample for all the points s € S.

Then L is f-semi-ample.

Theorem C. Let f: X — S be a projective surjective morphism of
excellent F,-schemes with connected fibres, where X has dimension
n € Zso. Let L be an invertible sheaf on X such that L]y, is semi-
ample for all the points s € S.

Then L is f-semi-ample.

Remark 1.3. After we submitted a preliminary version of this paper,
B. Bhatt kindly informed us that he and P. Scholze have a proof of
Theorem [Bl as a consequence of [BS17, Theorem 1.3]. Since their proof
is very different from ours, we decided to keep it as it was (see Section

).

For any n € Zsq, we denote by (Theorem [A]),, (Theorem [Bl),,, or
(Theorem [C]),, the corresponding theorem in the case where X has
dimension n. For any n,m € Zsg, (Theorem [Bl),, , denotes the cor-
responding theorem in the case where X has dimension n and S has
dimension m. The proof of our main theorem is divided into three
steps.

(I) (Theorem [Cl),,_; implies (Theorem [Al),, (cf. Theorem B.3]).
(IT) (Theorem [Al),, implies (Theorem [B),, (cf. Theorem FT).
(IT) (Theorem[Al),, and (Theorem [B)),, imply (Theorem[Cl),, (cf. The-

orem [5.0]).

We now briefly describe these steps.
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(I) Let f: X — S be as in (Theorem [A]),,. As X is normal, we may
assume by standard arguments that both X and S are integral normal
schemes. Using the Iitaka fibration induced by L| Xs Where Xpe(s)
denotes the generic fibre of f, we are reduced to the case where L| Xrs)
is numerically trivial or ample (cf. Claim in the proof of Theorem
B.3). Note that, in this argument, we might replace X by a birational
model and this requires the condition of X to be normal. If L|x,.
is numerically trivial, then we are done by taking a suitable alteration
of the base scheme (cf. Proposition B.2]). Thus, it suffices to treat the
case where L|x, , is ample. By a relative version of Keel’s theorem
(cf. Proposition 2.20)), it is enough to show that the restriction of L
to its f-exceptional locus E¢(L) is relatively semi-ample. This directly
follows from (Theorem [C]),,_.

(IT) Let f: X — S be as in (Theorem [B]),,. We may reduce the
problem to the case where S is an integral normal scheme (cf. Propo-
sition [4.2)). Let v: Y — X be the normalisation of X, and let C'x and
Cy denote the conductors in X and Y respectively. Then we proceed
by a quadruple induction on (dim X, dim S,d(f),n(f)) € Z%,, where
we equip Zio with the lexicographical order and, if £ is the geometric

generic point of S and Cy ¢ is the fibre of Cx — S over ¢, we denote
by 0(f) the dimension of X and by n(f) the number of the connected
components of Cyz. As we are assuming (Theorem [Al),,, we have that

v* L is relatively semi-ample and, by the induction hypothesis, we may
assume that L|c, is relatively semi-ample.

By a result of Ferrand, we can normalise X only along one horizontal
component of Cx, which drops n(f) exactly by one. For the sake of
simplicity, we briefly overview two crucial cases: n(f) = 0 and n(f) = 1.

Assume first that n(f) = 0. After taking a suitable faithfully flat
finite cover of S (cf. Step [ of Proposition L4]), we may assume that
there exists a closed subscheme I' of X such that I' — S is a generically
universal homeomorphism. Applying Proposition 2.29) we may find a
closed subscheme X’ on X that is set-theoretically equal to I' over a
generic locus over S and which satisfies the following properties (cf.
Step Bl of Proposition A.4]):

(i) L|x is relatively semi-ample by the induction hypothesis, and
(ii) the relative semi-ampleness of L|y, implies the one of L.

Thus, we are done in the case n(f) = 0.

Assume now that 7(f) = 1. We consider the generic fibre X, of f
and, by assumption, the restriction of L to X, is semi-ample. Using an
argument similar to the previous case, we can show that L is relatively
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semi-ample (cf. Step @ of Theorem [A.5]). We refer to Section [ for more
details.

(ITT) Let f: X — S be as in (Theorem [C),,. We consider the nor-
malisation v: Y — X of X. The most significant part of this case is
to show that L is EWM (cf. Subsection ZI.]). To this end, inspired
by [KeeO3, Theorem 0.1], we prove the following theorem (see Section
for its proof):

Theorem 1.4. Let S be a noetherian Fy,-scheme. Let f: Y — X be a
finite surjective S-morphism of reduced algebraic spaces proper over S.

Let L be an invertible sheaf on X which is nef over S.
Then L is EWM over S if and only if

(1) Lly is EWM over S, and
(2) there exists a positive integer mqg such that for all the geometric
points s € S, the L|x,-equivalence relation on X is bounded by

mo (cf. Definition[57]).

By (Theorem [Al),,, we have that f*L = L|y is relatively semi-ample,
hence (1) of Theorem [[L4 holds. Moreover we have that (2) of Theorem
[L4] also holds, by the assumption that L|x, is semi-ample for all the
points s € S. Therefore, we may apply Theorem [[4], i.e. there exists
an S-morphism ¢g: X — Z to an algebraic space Z proper over S such
that ¢ contracts all the L-trivial curves. By a variant of (Theorem
B)),, (cf. Theorem [A6), we conclude that L®™ = ¢g*Lj for a positive
integer m and an invertible sheaf Ly on Z. Thus, the Nakai-Moishezon
criterion implies that Z is projective over S, as desired.

Remark 1.5. It is worth explaining why the schemes which appear
in Theorem [A], Bl and [, are assumed to be not only noetherian but
excellent. There are three advantages for this. First, it is necessary
to impose the universally catenary condition to apply induction on
the dimension of X (cf. Section [Z3]). Second, we frequently take the
normalisations of both the total and the base space, which compels us
to treat only universally Japanese schemes. Third, we use Gabber’s
alteration theorem, which only holds for quasi-excellent schemes (cf.

Theorem 2.30]).

Remark 1.6. Note that even if we are interested to prove Theorem
[T only for schemes of finite type over fields, our proof requires us to
treat schemes that are not essentially of finite type over a field. This
is because we repeatedly make use of henselian or complete local rings
in the proof of Theorem [B] (cf. Lemma 2.16]).
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2. PRELIMINARY RESULTS

2.1. Notation and conventions.

e A wariety X over a field k is an integral scheme which is sepa-
rated and of finite type over k. A curveis a variety of dimension
one. Given a scheme X, we denote by X,.q its reduced struc-
ture. We refer to [Har77, 1.§1] for the definition of dimension of
a topological space.

e A morphism f:Y — X of schemes is a birational morphism
if there exists an open dense subset X° such that f~1(X?) is
dense in Y and the induced morphism f~'(X°%) — X° is an
isomorphism of schemes.

e Given a morphism f: X — Y of algebraic spaces, and given a
point y € Y, we denote by X, the fibre of f over y. We say
that f has connected fibres or f is a morphism with connected
fibres if for any field K and morphism Spec K — Y, the fibre
product X Xy Spec K is a connected algebraic space.

e For definition of catenary, universally catenary, quasi-excellent
and excellent schemes, we refer to [Liu02, Definition 8.2.1 and
8.2.35]. Throughout this paper, excellent and quasi-excellent
schemes are assumed to be quasi-compact i.e. noetherian, al-
though Definition 8.2.35] does not impose such an as-
sumption.

e An algebraic space X is noetherian (resp. excellent) if X is
quasi-compact and for any étale morphism U — X from an
affine scheme U, the ring I'(U, Op) is a noetherian ring (resp.
an excellent ring). Note that if X — Y is a morphism of finite
type between algebraic spaces and Y is excellent, then so is X
(cf. [Mat89l §32] and |Gro65, Proposition 7.8.6]).

e Given an integral scheme X, we define K(X) := Ox¢ where &
is the generic point of X. For an integral domain A, we define
K(A) := K(Spec A).

e Given an abelian group H, we define Hp := H ®z Q and given
a homomorphism of abelian groups ¢: H — K, we denote by
vg: Hg = Kg the induced homomorphism.

e A morphism of noetherian schemes f: X — Y is generically fi-
nite if there exists an open dense subset Y’ of Y such that the in-
duced morphism f~!(Y”’) — Y is a finite morphism (cf. [ILOT4]
Exposé 11, Proposition 1.1.7 and the sentence after that]).

2.1.1. Properties of invertible sheaves. We refer to [Kol13] for the clas-
sical definitions concerning a divisor on a proper normal varieties over
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a field k (e.g. nef, semi-ample, big). Let f: X — S be a proper mor-
phism of noetherian algebraic spaces and let L be an invertible sheaf
on X.

e [ is f-nef if for any field K and morphism Spec K — Y,
the pullback of L to the base change X xy Spec K is nef (cf.
Lemma [2.6]).

e L is f-numerically trivial if both L and L™! are f-nef.

e [ is f-free if the natural homomorphism f*f,L — L is surjec-
tive. In particular, if L is f-free then it induces a morphism
X — P(f.L) over S.

e L is f-very ampleif it is f-free and the induced morphism X —
P(f.L) is a closed immersion.

o Lis f-semi-ample (resp. f-ample) if L™ is f-free (resp. f-very
ample) for some positive integer m.

o [ is f-weakly big if there exist an f-ample invertible sheaf A on
X and a positive integer m such that if g: X,.q — S denotes
the induced morphism, then

g*((L®m ®(9X A_1>

chd) 7£ 0.

Assuming that X is normal, L is f-big if, for any connected
component Y of X, the restriction L|y is h-weakly big, where
h = fly is the induced morphism.

e The f-stable base locus of L is defined as the following closed
subset of X:

By (L) = ﬂ Supp Coker(f* f. L™ — L®™).

m>1

e Assume that X is a scheme. If L is f-nef, the f-exceptional
locus of L, denoted by E¢(L), is defined as the union of all the
reduced closed subschemes V' C X such that L|y is not f|y-
weakly big. Later, we shall prove that E;(L) is a closed subset
of X (cf. Lemma 2T8]).

o If L is f-nef, then we say that L is endowed with a map (EWM)
over S if there is a proper S-morphism g: X — Y to an al-
gebraic space Y proper over S such that, for any point s € S
and for any irreducible closed subspace Z of X, we have that
dim g(Z) < dim Z if and only if (L|x,)4™% . Z = 0.

When no confusion arises, if L is f-nef (resp. f-big, ...), we will
simply say that L is relatively nef (resp. big, ...) or L is nef (resp.
big, ...) over S.
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Note that if X is a reduced scheme, then [Gro67, Proposition 21.3.4]
implies that any invertible sheaf on X is of the form Ox(D) where D
is a Cartier divisor on X.

2.1.2. Projective morphisms. Let f: X — Y be a morphism of alge-
braic spaces. We refer to [Knu7ll, Ch. II, Section 7], for the definition
of (quasi-)projective morphisms between algebraic spaces. If X and
Y are schemes, these definitions coincide with the one in page
103], but differ from the one given by Grothendieck [Gro61) Définition
5.5.2]. On the other hand, it is known that their definitions coincide in

many cases (cf. [FGIT05 Section 5.5.1]).

2.2. Basic results. In this subsection, we summarise some basic facts
which will be used later. Although some of the material here might be
well-known, we provide their proofs for the sake of completeness.

Lemma 2.1. Let S be a noetherian Fy-scheme and let f: X —Y be
a surjective S-morphism of proper S-schemes with connected fibres.
Then the induced map

H(Y,05)q — H(X, 0%)q
s an isomorphism of groups.
Proof. Let
fixLy Ly

be the Stein factorisation of f. Since the fibres of f are connected,
n is a finite universal homeomorphism. By [Kol97, Proposition 6.6],
there exists a positive integer e such that the e-th iterated Frobenius
morphism F°: Y — Y factors through 7. Since f.Ox = Oy, it follows
that HY(Y’,05,) — H°(X,O0%) is bijective. Since F* factors through
n, it follows that H(Y, Oy )o — H(Y’, O5,)q is bijective. O

Lemma 2.2. Let S be a noetherian F,-scheme and let f: X =Y be a
finite universal homemorphism of algebraic spaces proper over S. Let

L be an invertible sheaf on X.
Then L is EWM over S if and only iof f*L is EWM over S.

Proof. By [Kol97], Proposition 6.6], there exists a positive integer e such
that the e-th iterated Frobenius morphism F¢: X — X factors through
f. Thus, the claim follows. U

Lemma 2.3. Let

«

X — X

Y

g 2.5
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be a cartesian diagram of morphisms of schemes, where [ is an affine
morphism.
Then the induced homomorphism

0: 6,05 — a,Ox:
s an isomorphism.

Proof. We may assume that S and S’ are affine: S = SpecR, " =
Spec R'. If j: U — X is an open immersion and U’ := U x x X', then
we obtain
9*9 j*f*ﬁ*(/)s/ — j*Oé*OX/ = (Oz|U/)*OU/.
Thus, we may assume that X is affine: X = Spec A. Then both sides
of
¢9<X) : F(X, f*ﬁ*(/)g/) — F(X, Oé*OX/)

are naturally isomorphic to AQrR’. Therefore 6 is an isomorphism. [

Lemma 2.4. Let A C B be an integral extension of integral domains
such that the induced field extension K(A) C K(B) is a finite exten-
s10M.

Then there exists a subring B" of K(B) which satisfies the following
properties:

(1) K(B') = K(B), and

(2) B’ contains A and B’ is a free A-module whose rank is equal to

[K(B) : K(A)].

Proof. We may assume that K(A) C K(B) is a simple extension. Since
K(A) C K(B) is simple, there exists an element § € K(B) such that
K(B) = K(4)[] and

B+, =0

where n = [K(B) : K(A)] and ay,...,a, € K(A). For each i, we
may write «; = a;/al for some a;,a; € A with a; # 0. Killing the
denominators and after possibly replacing 3 by a/3 for some a € A\ {0},
we may assume that a; € A for all 7. In particular, 8 is an element of
K (B) which is integral over A. Let

B = Al8).
Consider the surjective A-algebra homomorphism
@: Alt] = A[B] = B' such that o(t) = 3.
It is enough to show that Ker(y) = f(t)A[t], where
f@) =t"+at" "+ +a, € A[t].
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Since the inclusion Ker(y) D f(t)A[t] is obvious, it is enough to prove
that Ker(p) C f(t)A[t]. Pick g(t) € Ker(y). Since f(t) is monic, we
have

olt) = SR + Y e

for some h(t) € At] and c,...,c,—1 € A. It follows that
n—1
0=g(8) =) ap'
i=0

Since 1,3,---,8" ! is a K(A)-linear basis of K(B), we obtain ¢y =
¢ =---=c,_1=0and g(t) € f(t)A[t], as desired. O

Lemma 2.5. Let R be a noetherian ring and let A C B be a ring
extension of R-algebras, where B is a finitely generated A-module and
a finitely generated R-algebra.

Then A is a finitely generated R-algebra.

Proof. Let by, --- , b, be generators of B as an R-algebra. Since A C B
is an integral extension, for any ¢ € {1,...,m}, thereexist a; 1,...,a;n, €
A such that

b 4 ai bl A+ ag, = 0.
Let A" be the R-subalgebra of A generated by all the a; ;. In particular,
A’ is a finitely generated R-algebra. We have the inclusions:

A'c Ac B.

Since A’ is a noetherian ring and B is a finitely generated A’-module,
also A is a finitely generated A’-module. Thus, A is a finitely generated
R-algebra, as desired. U

Lemma 2.6. Let f: X — S be a proper morphism of noetherian
schemes and let L be an invertible sheaf on X.

Then the following are equivalent:

(1) L is f-nef.

(2) L|x, is nef for all the points s € S.

(3) Ll|x. is nef for all the closed points s € S.

Proof. 1t is enough to show that (3) implies (2). To this end, we may
assume that S = Spec R where R is a discrete valuation ring. Moreover,
by Chow’s lemma, we may assume that f is projective.

Let £ € S (resp. 0 € S) be the non-closed (resp. closed) point.
Given a curve C¢ on X¢ which is projective over k(§), it is enough to
show that (L|x,) - C¢ > 0. Since f is projective, there exists a closed
immersion C' — X such that the composite morphism C' — X — S is
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flat and C'x gSpec k() = C¢. Since the intersection number is invariant
under flat family, we get

(Llxe) - Ce = (L]x,) - (Clx,) 2 0,
as desired. 0

2.3. Dimension formulas for universally catenary schemes. The
goal of this subsection is to show that some of the standard dimension
formulas for a proper morphism between varieties extend to the cate-
gory of universally catenary schemes.

We believe that the results in this subsection are well known, but we
include proofs for completeness.

Lemma 2.7. Let f: X — Y be a proper surjective morphism of uni-
versally catenary noetherian integral schemes.
Then

dim X = dimY + tr.degy ) K(X).
Proof. See [Gro65|, Corollaire 5.6.5]. O

Proposition 2.8. Let f: X — Y be a proper surjective morphism of

universally catenary noetherian integral schemes, where A is a local

ring and Y = Spec A. Let X' be an irreducible closed subset of X .
Then there exists a sequence of irreducible closed subsets of X

X = Xdimx 2 Xdimx—12 -2 Xo #0

such that X' = X; for some i € {0,---,dim X}.
In particular,

dim X’ + codimx X’ = dim X.

Proof. We first treat the case where X’ = {x} for some closed point x
of X. Since f is proper, the image y := f(z) is a closed point of Y.
Then we have that

dim Oy, — dim Oy, = tr.deg(y)K(X) = dim X — dimY

where the first (resp. the second) equality holds by [Liu02, Theorem
8.2.5] (resp. Lemma 2.7). As codimx{z} = dim Ox, and dim Oy, =
codimy{y} = dim Y, the claim follows.

We now prove the general case. We fix a closed point x of X which
is contained in X’. Then X’ corresponds to a prime ideal p of the local

ring Ox ., at x. Since the claim holds in the case X’ = {x}, we have
that dim Ox , = dim X. Thus,

dim(Ox . /p) + dim(Ox )y = dim Ox, = dim X,
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where the first equality follows from the fact that Ox, is catenary.
Thus, the claim follows. O

Below, given a morphism f: X — Y between schemes and given a
subset W of X (resp. W’ of Y) we denote by f(W) (resp. f~*(W'))
the set-theoretic image (resp. inverse image) of W (resp. W').

Lemma 2.9. Let f: X — Y be a proper surjective morphism of noe-
therian universally catenary schemes. Letr := dim X —dimY . Assume
that f~(y) is pure r-dimensional for any closed pointy € Y.
Then the following hold:
(1) For any irreducible closed subset Y1 of Y and any irreducible
component X, of f~HY1) satisfying f(X1) = Y1, we have that
dim X; —dimY; = r.
(2) Assume that X and Y are integral schemes. If D is an irre-
ducible closed subset such that codimxD =1, then

codimy f(D) < 1.

Proof. We first show (1). Let Y; and X; be as in the statement. We
may assume that dimY; < oo and we prove the claim by induction on
dimY;. If dimY; = 0, then there is nothing to show. Thus, we may
assume that dim Y; > 0. By generic flatness, there exists a point z € Y;
such that

dim X; — dimY; = dim(f~'(2) N X;) < dim f1(2) = .

Thus, it is enough to show that dim X; —dimY; > r. As dimY; > 0,
we can find an irreducible closed subset Y5 of Y] satisfying dim Yy =
dim Y; — 1. Since

fXain f71(Ya) = f(X1) NYz = Vs,

there is an irreducible component X3 of XN f~'(Y3) such that f(X5) =
Y5. By induction, it follows that dim Xy — dim Y5 = r. Since

Xy C Xinfi(Ya) € Xy,
we have that dim X5 < dim X;. Thus,
dim X; —dimY; > (dim Xy + 1) — (dimYa 4+ 1) =7

and (1) holds.

We now show (2). Let y be the generic point of f(D). After replacing
f: X =Y by the base change X xy Spec Oy,, — Spec Oy, we may
assume that Y = Spec A for some local ring A. If f(D) =Y, then there
is nothing to show. Thus, we may assume that f(D) C Y. By (1), we
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have that dim f~*(f(D)) < dim X. Since codimy D = 1, it follows that
D is an irreducible component of f~1(f(D)). Proposition 2.8 implies

codimy f(D) = dimY — dim f(D),
and

1 =codimxD = dim X — dim D.

Since D is an irreducible component of f~!(f(D)), we have
codimy f(D) = dimY —dim f(D) = (dim X —r) — (dim D —r) = 1,
where the second equality follows from (1). Thus, (2) holds. O

2.4. Relative semi-ampleness. The purpose of this subsection is to
recall some basic results on the relative semi-ampleness of an invertible
sheaf. Many of these results are well-known however we provide proofs
for the sake of completeness.

Lemma 2.10. Let /
fxlbeaag
be proper morphisms of noetherian schemes and let L be an invertible
sheaf on X.
Then the following hold:

(1) If L is f-semi-ample, then L is f'-semi-ample.
(2) If L is f'-semi-ample and « is finite, then L is f-semi-ample.
Proof. For any positive integer m, we have
[ALE™ = f ot a, fLLE™ — f*fLLE™ — L™,
Thus, (1) holds. Since « is finite, we have that
FALE™ = fratan fILET s f fLLE
is surjective. Thus, (2) holds. O

Lemma 2.11. Let
x5 x4Ls
be proper morphisms of noetherian schemes and let L be an invertible
sheaf on X.
Then the following hold:
(1) If L is f-semi-ample, then B*L is f’'-semi-ample.
(2) If 5:.0x: = Ox and B*L is f'-semi-ample, then L is f-semi-
ample.
(3) If X is an F,-scheme, [ has connected fibres and B*L is f'-
semi-ample, then L is f-semi-ample.
(4) If S is excellent, X is normal, 5 is surjective and B*L is f'-
semi-ample, then L is f-semi-ample.
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Proof. It L is f-semi-ample, there is a positive integer m such that
fHfLE™ — Lo
is surjective. Thus, the composite morphism
B L™ = fHLLE™ = [T LBBTLE™ = [ BT LI — BELET

is surjective. In particular, f*f/5*L®™ — B*L®™ is surjective. Thus,
(1) holds.

We now show (2). To this end, we may assume that S is affine. Pick
a closed point « € X. Then, since (3 is proper and surjective, there exist
a closed point 2’ € X', a positive integer m and t € H°(X', B*L®™)
such that 8|, = x and t|, # 0. Since S,0x: = Oy, there exists
s € H°(X, L®™) such that s|, # 0. It follows that L is semi-ample over
S. Thus, (2) holds.

We now show (3). Let X’ — X” — X be the Stein factorisation
of 3. Since the fibres of § are connected, we have that X" — X is
a universal homeomorphism. Thus, by (2), we may assume that f is
a universal homeomorphism. By [Kol97, Proposition 6.6], there exists
a positive integer e such that the e-th iterated Frobenius morphism
Fe. X — X factors through 5. Hence, replacing § by F€¢, we may
assume that § = F°. In this case, the assertion (3) is clear.

We now show (4). Taking the Stein factorisation of 3, (2) implies
that we may assume that 3 is a finite morphism. Moreover, replacing
X' by its normalisation, the problem is reduced to the case where X’
is normal. If the field extension K(X) C K(X') is purely inseparable,
then the assertion follows from (3). Therefore, taking the separable
closure of K(X) C K(X'), we see that the problem is reduced to
the case where the field extension of K(X) C K(X') is separable.
Furthermore, taking its Galois closure, we may assume that K(X) C
K(X') is a Galois extension with Galois group G. Pick a closed point
x € X and let {«,..., 2} } be the inverse image of x by 8. There exist
a positive integer m and t € H°(X’, *L®™) such that ¢(z}) # 0 for
any ¢ € {1,...,k}. Then

t'=[J ot € H'(X', prLO™)
ocG

descends to X, i.e. there exists s € H°(X, L®™¢l) such that f*s = t.
In particular, s|, # 0. Thus (4) holds. O
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Lemma 2.12. Let

X L x

b

«

S —— S
be a cartesian diagram of morphisms of noetherian schemes, where f
is proper. Let L be an invertible sheaf on X and let L' :== [*L.
Then the following hold:
(1) If L is f-semi-ample, then L' is f'-semi-ample.
(2) If L' is f'-semi-ample and « is faithfully flat, then L is f-semi-
ample.

Proof. By (1) of Lemma 2.IT], if L if f-semi-ample, then L' is (f o §)-
semi-ample. By (1) of Lemma 2.T0, we have that L’ is f’-semi-ample.
Thus, (1) holds.

We now show (2). Since L' is f’-semi-ample, there exists a positive
integer m such that f* f/L'*™ — L'®™ is surjective. Since 3 is faithfully
flat, it suffices to show that §*(f*f.L®™) ~ f™fIL'®*™ which follows
from Proposition I11.9.3]. Thus, (2) holds. O

Lemma 2.13. Let f: X — S be a proper morphism of noetherian F,-

schemes and let L be an invertible sheaf on X. Let f": X eq ENGEN S,
where j is the induced closed immersion.
Then

B (L) = By (Llx,0a)-
In particular, L is f-semi-ample if and only if L

- ,
X,oq 18 f'-semi-ample.

Proof. We may assume that S is affine. Clearly, By (L|x,.,) C Bs(L).
We now show the opposite inclusion. Let x € X be a closed point
such that = ¢ By (L|x,.,). Then there exist a positive integer m and
s € H°(Xyeq, L¥™|x..,) such that s|, # 0. Let F: X — X be the
absolute Frobenius morphism. There exists a positive integer e such
that if t = (F°)*(s), then t € H°(X, L®™") and t|, # 0. Thus, the
claim follows. 0

Remark 2.14. Let f: X — S be a proper morphism of noetherian
schemes. Let L be an invertible sheaf on X. Then the following are
equivalent:
(1) L is f-semi-ample.
(2) For any point s € S, if §' := SpecOg — S is the induced
morphism and a: X' := X xg 5" — X is the projection, then
a* L is semi-ample over S’.
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(3) For any point s € S, if S” := SpecO¢, — S is the induced
morphism for the henselisation (’)g’s and f: X" := X xg 58" —
X is the projection, then S*L is semi-ample over S”.

(4) For any point s € S, if S := Spec6g\7s — S is the induced
morphism for the completion 63\5 and v : X" := XxgS5" - X
is the projection, then v*L is semi-ample over S".

Indeed, it is clear that (1) and (2) are equivalent. It follows from
Lemma 2.12 that (2), (3) and (4) are equivalent.

Lemma 2.15. Let f: X — S be a proper surjective morphism of noe-
therian IF,-schemes with connected fibres. Let L be an invertible sheaf
which is f-numerically trivial and f-semi-ample.

Then there exists a positive integer m and an invertible sheaf M on
S such that L®™ ~ f*M.

Proof. We can apply the same proof as in [Kee99, Lemma 1.1]. O

Lemma 2.16. Let f: X — S = Spec R be a proper morphism of noe-
therian schemes and assume that there is a finite ring homomorphism
Ry — R such that Ry is a henselian local ring. Let L be an invertible
sheaf on X.

Then the following are equivalent:

(1) There exists a positive integer m such that L™ ~ Ox.
(2) L is f-semi-ample and f-numerically trivial.

Proof. Tt suffices to show that (2) implies (1). Let f: X % T — S be
the Stein factorisation of f. By Lemma I3l there exists a positive
integer m such that L®™ ~ ¢* M for some invertible sheaf M on T'. We
can write T" = Spec A for some ring A finite over R, hence also over R.
By [Ful5l Proposition 2.8.3], A is the direct product of finitely many
local rings. Thus, M is trivial, and in particular also L®™ is trivial. [

For notational convenience, we state the lemma below using Cartier
divisors instead of invertible sheaves.

Lemma 2.17. Let f: X — S be a proper morphism of integral normal
excellent schemes satisfying f.Ox = Og. Let L be a Q-Cartier Q-
divisor on X. Assume that

(1) S is Q-factorial.

(2) L is f-nef.

(3) L|XK(S) ~q 0.

(4) For any prime divisor D on X, its image f(D) is either equal

to S or a prime divisor on S.
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Then there ezists a Q-Cartier Q-divisor M on Y such that L ~q
f*M.

Proof. After possibly replacing L by rL for some positive integer r, we
may assume that L is a Cartier divisor. By (3), we may find a positive
integer m and ¢ € K(X) such that

mL + div(p) = L',

where L' is a Cartier divisor on X such that Supp L' C f~(S°) for
some proper closed subset S? of S.

We show the claim by induction on the number of irreducible com-
ponents of f(L'). If this number is zero i.e. if L' = 0, then there is
nothing to show. Thus, we may assume that L' # 0. Let D be a
prime divisor which is contained in the support of L. Let E := f(D).
Then (4) implies that E is a prime divisor and (1) implies that E is
Q-Cartier. We may write

f*E - Z eiDiv
iel
where, for each i € I, D; is a prime divisor and e; is a positive rational
number. There exists a unique rational number o € Q such that if

L' =L —afE,

then the coefficient of L” along D; is non-positive for any i € I and the
coefficient of L” along D;, is equal to zero for some i; € I. We define

I' := {i € I'|the coefficient of L" along D; is negative}.

We distinguish two cases. We first assume that I’ = (). Then the
number of irreducible components of f(L”) is less than the one of f(L’).
By induction, it follows that L ~g f*M for some M. Thus, we are
done.

We now assume that I’ # (). We want to derive a contradiction. By
(4), for each i € I, we have that D; dominates E. Let K := K(F). By
abuse of notation, we denote by K also the generic point of E. The
fibre Xx of X — S over K may be written as

Xk = USupp (D) i = U Supp (D;)x | U (U Supp (Di)K> .

icl ieI\I’ el

Since Xk is connected, we can find j; € I\ I’ and j, € I’ such that
(Dj1>K N (Dj2)K 7£ 0.

Since the coefficient of —L" along any prime divisor intersecting X
is non-negative, there exists an open neighbourhood S of K € S such
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that —L"|5 is effective, where X = f‘l(g). Fix a positive integer /¢
such that ¢L" is a Cartier divisor. Let

se HY(X,0g(—CL"))
be the section corresponding to the effective Cartier divisor —¢L"| .
In particular, s\Dhm} # 0 and S‘Djzm)? = 0. Thus, s|p, ), # 0 and
8(D;,)x = 0. Since (Dj, ) N (Dy,)k # 0, we can find a K-curve C' such
that s|c # 0 and C'N Dy, # (. In particular,

S|C c HO(C, Oc(—f[z”))

is such that s|, = 0 for any point z € C'N Dj,. Thus, deg-(—L"|¢) >
0, and in particular L - C = L"|x, - C' < 0, which contradicts the
assumption that L is f-nef. O

2.5. Relative Keel’s theorem. The goal of this subsection is to prove
a relative version of Keel’s theorem [Kee99, Theorem 0.2]. To this end,
we follow similar methods as in [CMM14], Lemma 3.3].

We begin with the following:

Lemma 2.18. Let f: X — S be a projective surjective morphism of
noetherian F,-schemes. Let L be a f-nef invertible sheaf on X.
Then the following hold:

(1) Given an f-ample invertible sheaf A, a positive integer m and
an element s € H(Xyea, (L™ @0, A7 |x..), if Z is the re-
duced closed subscheme of X whose support is equal to the zero

set of s, and g: Z — X Iy S is the induced moprhism, then
Ef(L) =E,(L|z).

(2) Ef(L) = X if and only if L is not f-weakly big.

(3) Ef(L) is a closed subset of X.

Proof. We first show (1) and (2). Clearly, the inclusion Ef(L) D
E,(L|z) holds. Thus, it is enough to show the opposite inclusion. Pick
a reduced closed subscheme V' of X such that L|y is not f|y-weakly
big. Then s|y € HY(V, LIY™ ® A7']y) is equal to zero. It follows that
Supp V' C Supp Z, which implies that Ef(L) C E,(L|z). Thus, (1)
holds.

Note that if U C S is an open subset and if f': X' := X xq U - U
is the projection, then Ep (L|x/) = Ef(L)NX'. Thus, in order to prove
(2) and (3), we may assume that S is affine. In this case, (2) follows
immediately from (1).

We now show (3). By (2), we may assume that L is f-weakly big.
Thus, there exist an f-ample invertible sheaf A, a positive integer
m and a nonzero element s € H°(X,eq, (L™ @0, A™)|x,.,). Let Z
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and ¢g be as in (1). Then Z is a closed subscheme of X such that
Supp Z C Supp X and (1) implies that E;(L) = E,(L|z). By noe-
therian induction, we may assume that E,(L|7) is a closed subset of Z.
Hence it is also a closed subset of X. Thus, (3) holds. O

Lemma 2.19. Let f: X — S be a projective morphism of noether-
ian F,-schemes, where S is affine. Let L be an f-nef invertible sheaf
on X and let D be an effective Cartier divisor on X such that A =
L ®o, Ox(—D) is f-ample. Let r be a positive integer and let t €
HO(D, L7"|p).

Then there exists a positive integer e and t' € HO(X, L®P) such
that t'|,cop = (F°°)*t, where F'°°: p*D — D is the morphism induced
by the eg-th iterated absolute Frobenius morphism F°: X — X. In
particular, t'|p = t<P°.

Proof. Consider the exact sequence
0— L¥ ®0, Ox(—D) — L¥" — L¥"|p — 0.

For any positive integer e, we obtain the exact sequence
0— L7 ®0, Ox(—p°D) — LE™" — L

induced by taking the pull-back by the Frobenius morphism F¢: X —
X. Since L is f-nef and A is f-ample, it follows that the invertible
sheaf

peD_)O

L% ®p, Ox(=D) ~ LV g, A
is f-ample. In particular, we can find a positive integer eq such that
H' (X, L @0, Ox(—p®D)) ~ H'(X, (L*" @0, Ox(—D))*") = 0.
Thus,

HO(X, LoP) — HO(X, L¥P| e0p)

is surjective. Therefore, there exists ¢ € H°(X,L®?) such that
t'|peop = (F'°)*t, as claimed. O

Proposition 2.20. Let f: X — S be a projective morphism of noe-
therian Fp,-schemes. Let L be an f-nef invertible sheaf on X and let

g:Ef(L) = X 1, S be the induced morphism.

Then By(L) = By(L|g,r)). In particular, L is f-semi-ample if and
only if Llg, () is g-semi-ample.
Proof. Clearly, By(L|g,z)) C Bs(L). Thus, it is enough to show the
opposite inclusion. Let z € X be a point such that z ¢ By(L|g,(r))-

Note that if U C S is an open subset and if f': X' == X xgU — U
is the projection, then E; (L|x/) C E;(L). Thus, we may assume that
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S is affine. By Lemma 2.I3] we are reduced to the case where X is
reduced.

By (2) of Lemma 218 we may assume that L is f-weakly big. Thus,
there exist an f-ample invertible sheaf A on X, a positive integer m
and a nonzero section s € H(X, L¥™ ®p, A™'). Let Z be the closed
subscheme of X given by the zero set of s. Then it follows from (1)

of Lemma PI8 that Ef(L) = Ey(L|), where h: Z — X LS. Since
SuppZ C SuppX, it follows that

v & By(Llg, ) = By(Llg,zi,) = Ba(Ll2),

where the last equation follows from noetherian induction.

We may write X = X' U X" where X’ (resp. X”) is the reduced
closed subscheme of X whose support is equal to the union of all the
irreducible components of X that are not contained (resp. are con-
tained) in Z. Thus, X” C Z and D := X' N Z is an effective Cartier
divisor on X'. It follows that L®™|x ®0,, Ox/(=D) is f'-ample, where

flo X =X I, S is the induced morphism.

Since z ¢ B, (L|z), there exist a positive integer r and t € H(Z, L®™"| ;)
such that |, # 0, where t|, denotes the pullback of ¢ to Spec k(z) for
the residue field k(x) at x. By Lemma 2.9 there exists a positive
integer e and t' € H(X', L®P"™"| ) such that

t'|xnz =t |xinz.
Since X” C Z, we have that
txrnxr =t | xinxe.
By the Mayer—Vietoris type exact sequence

0— Ox — Ox' & Oxr — Oxinxn — 0,

we can find a section u € HO(X,L®"™") such that u|x, = ¢ and
u|xn = t%°| xn. In particular, u|, # 0 and therefore x ¢ B;(L). Thus,
the claim follows. O

2.6. Thickening process.

2.6.1. Partial normalisation.

Definition 2.21. Let X and Y be reduced noetherian schemes. We
say that f: Y — X is a partial normalisation if f is a finite birational

morphism of schemes. In this case, Y is called a partial normalisation
of X.
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Definition 2.22. Let A be a reduced noetherian ring. We say that
a ring homomorphism ¢: A — B is a partial integral closure if the
induced morphism Spec B — Spec A is a partial normalisation. In this
case, B is called a partial integral closure of A.

Remark 2.23. Let A be a reduced noetherian ring whose integral
closure A — AV is finite. By definition, a ring homomorphism ¢: A —
B is a partial integral closure of A if and only if the integral closure
A — AN factors through . If ¢: A — B is a partial integral closure,
then A and B admit the same integral closure.

Definition 2.24. Let A be a reduced noetherian ring and let p: A —
B be a partial integral closure of A. We call

I'={acAlaB C A}
the conductor ideal of p. Note that I is an ideal of A and also of B.

Note that if A — B is a partial integral closure of a reduced noe-
therian ring A and [ is the conductor ideal, then the sequence

0—-A—BaA/l - B/l =0

is exact, where the third arrow is defined by the difference.

Definition 2.25. Let X be a reduced noetherian scheme and let f: Y —
X be a partial normalisation of X. The closed subschemes C'xy and Cy

corresponding to the conductor ideals are called conductor subschemes

of X and of Y for f, respectively.

2.6.2. FEuxistence of special thickening subschemes.

Lemma 2.26. Let A be a reduced noetherian ring and let o: A — B
be a partial integral closure of A. Let I be the conductor ideal for .

Let J be an ideal of A such that J =JBNA and J C 1.
Then the induced sequence

0—+A/J—B/JB& A/l - B/I — 0.
1s exact, where the third arrow is defined by the difference.

Proof. The exactness on A/J follows from the assumption J = JBNA.
The exactness on B/I is clear. The exactness on the middle follows
from the fact that the sequence

0—-A—Ba&A/l - B/l =0

is exact. ]
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Lemma 2.27. Let
A—*5 B

oo

c 4D
be a commutative diagram of ring homomorphisms of rings. Assume
that

(1) A — B is injective and the induced ring extension is integral.
(2) A — C is surjective and the above diagram is cocartesian, i.e.
the induced ring homomorphism B ®4 C' — D 1is bijective.

(3) The sequence

O—>A—>B@C—>D—>O

18 exact.

Then the induced sequence

I — OSpecA - ( ) OSpeCB X (w ) OSpecC - (w ) OSpeCD — 1
18 exact.
Proof. Fix a prime ideal p of A. Let S := A\p, A" :==S1A=A, B =
S™1B,C" .= S71C, and D' := S7'D. Then it is enough to show that
the induced sequence
1A - B"x(C™" - D" —1

is exact. After replacing A, B, C'and D by A’, B’, C’, and D’ respec-
tively, all the assumptions still hold. Therefore, we may assume that
A is a local ring and it suffices to prove that the sequence

(2.27.1) 1A > B*"xC* = D" —1

is exact.

We first show that A* = B*NA. Let a € A\ A*. It suffices to show
that a € B*. There exists a prime ideal p of A such that a € p. Since
Spec B — Spec A is surjective by (1), there exists a prime ideal q of B
lying over p. In particular, we get a € q, which implies a ¢ B*. Thus,
(3) implies that the induced sequence

1_>A>< (QDw chx w/SD DX

is exact.
In order to prove the exactness of ([2.27.1]), it is enough to show that

B* — D*
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is surjective. Let I := Kert. Then (2) implies that D = B/IB. Let
d € D*. There exist elements b, € B whose images in D = B/IB
are equal to d and d~!, respectively. Thus,

b =1+x
for some x € IB C mB, where m is the maximal ideal of A. Since A C
B is an integral extension by (1), [AMG69, Corollary 5.8] implies that

m is contained in the Jacobson radical of B. In particular, 1 +x € B*
and b € B*, as desired. 0

Remark 2.28. Note that, using the same notation as in Lemma 2.27],
it is easy to check that the condition (3) is equivalent to assuming that
IB =1, where I = Ker .

Proposition 2.29. Let f: Y — X be a partial normalisation of a
reduced noetherian scheme X. Let Cx and Cy be the conductor sub-
schemes of X and Y, respectively. Let X, be a closed subscheme of X
such that Cx — X factors through X, — X. Let Y :=Y xx X, and
let X' be the scheme-theoretic image of Y.

Then the following hold:

(1) The closed immersion Cx — X; factors through X'.
(2) Supp X; = Supp X’.
(3) The sequence

0—=0x = Oy ®0cy = Oc, — 0

is exact, where the third arrow is defined by the difference.
(4) The sequence

1= 0% — Oy xO5, — OFf, — 1

15 exact.
(5) Let L be an invertible sheaf on X such that
L®m1 ‘X’ ~ OX/ and L®m2 |y ~ Oy

for some positive integers my and mo. If the restriction map
H(Y,05)9 — H(Y',05))q

18 surjective, then there ewists a positive integer m such that
L®m ~ Ox.

Proof. The assertion (2) follows from the fact that f is proper and
surjecitive. To prove (1), (3) and (4), we may assume that X and Y
are affine: X = Spec A and Y = Spec B. In particular, the induced
ring homomorphism ¢: A — B is a partial integral closure. Let I be
the conductor ideal for ¢. Let J; € A and J' C A be the ideals of
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X1 and X', respectively. Since the closed immersion C'y < X; implies
Ji1 C I, we obtain

J=J,BNACIBNA=INA=1.

It follows from the definition of X’ that J' = J;B N A. Then [AMG9,
Proposition 1.17] implies that J; C J' and J' = J'B N A. Therefore
(1) holds. Moreover (3) (resp. (4)) follows from Lemma (resp.
Lemma [2.27]).

We now show (5). Since Cx is contained in X', we have that
L®m1|CX = OCX'

Consider the commutative diagram:

I — Oy —— Oy x0Of, — 05, —— 1

Ja lﬁxid lid
Il —— 0% —— Oy, x 05, —— Of, — 1,

where both the horizontal sequences are exact by (4). Thus, we get a
commutative diagram

HO(Y,0%) x H'(Cx,0%,) — H(Cy,0%,) —>— PicX — PicY x PicCx

li lj::id lal l
HO(Y',0%,) x H'(Cx,0%,) —— H°(Cy,0p,) —— PicX' —— PicY’ x PicCx.

where both the horizontal sequences are exact. By a diagram chase, it
is easy to check that (5) holds. O

2.7. Alteration theorem for quasi-excellent schemes. The pur-
pose of this subsection is to prove Theorem 2.301 Our results essentially
follows from Gabber’s alteration theorem for quasi-excellent schemes
[ILOT4], which in turn is a generalisation of de Jong’s alteration theo-

rem [d.J96].

We begin by recalling some of the terminology used in [ILOT14].

(i) A morphism of noetherian schemes f: X — Y is said to be
generically dominant if the image of any generic point of X by
f is a generic point of Y [ILO14 Exposé II, Définition 1.1.2].

(ii) Let S be a noetherian scheme. We denote by alt/S the category
of reduced S-schemes X whose structure morphisms X — §
are of finite type, generically finite, and generically dominant
[MLOT4], Exposé 11, 1.1.9 and Définition 1.2.2]. [ILOT4, Exposé
IT, Proposition 1.2.6] implies that the category alt/S admits a
fibre product. Moreover its proof implies that the product of
X and Y in alt/S is the reduced closed subscheme given by the



RELATIVE SEMI-AMPLENESS IN POSITIVE CHARACTERISTIC 25

union of any irreducible component of the scheme-theoretic fibre
product X Xg Y, which dominates an irreducible component of
S.

(iii) We define the alteration topology [ILO14, Exposé 11, 2.3.1, 2.3.3],
to be the Grothendieck topology on alt/S defined by the pre-
topology generated by

e ¢tale coverings, and
e proper surjective morphisms which are generically finite.

Theorem 2.30. Let X be a normal quasi-excellent scheme.
Then there exist morphisms of normal quasi-excellent schemes

X, 2 X, | 22X S X=X

that satisfy the following properties:

(1) X, is regular.
(2) For eachi € {1, --- v}, @; satisfies one of the following:
(a) @; is an étale surjective morphism.
(b) @; is a morphism which is proper, surjective and generically
finite.

Proof. By [ILO14l Exposé II, Théoreme 4.3.1] and the above definition
of the alteration topology, there exist morphisms of quasi-excellent re-
duced schemes

Yy
s,

v, Yy, N AT TR

such that

(I) Y, is regular.
(IT) For each i € {1,---,v}, one of the following holds:
(A) 1 is an étale surjective morphism.
(B) 1); is a morphism which is proper, surjective and generically
finite.

Let X, be the normalisation of Y; for each 7 and let

X, 2 X, 22X X=X

be the induced sequence. Fix i € {1,--- v}. It is enough to show that
(a) or (b) holds. Assume (A), i.e. ¥; : Y; — Y, is an étale surjective
morphism. Then its base change ¢} : X; 1 Xy, , ¥; — X,_; is also an
étale surjective morphism. In particular, also X; 1 Xy, | ¥; is normal.
Therefore, the induced finite surjective morphism X; ; Xy, , Y; = Y,
coincides with the normalisation. Thus, (a) holds.

If (B) holds, then it is clear that (b) holds. O
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3. (THEOREM [C]),,_; MPLIES (THEOREM [Al),,

In this section, we prove that (Theorem [C)),,_; implies (Theorem [Al),,
(cf. Theorem B.3]). To this end, we first deal with a special case (cf.
Proposition B.2]). We start with an auxiliary result:

Lemma 3.1. Fiz a positive integer n and assume (Theorem [Cl),,_;.
Let f: X — S be a proper surjective morphism of excellent F,-schemes,
where X is a normal scheme of dimension n. Let L be an invertible
sheaf on X such that L|x, is semi-ample for all the points s € S and
there exists an open dense subset SO of S such that L|p-1(s0y is semi-
ample over S° and big over S°.

Then L is f-semi-ample.

Proof. We may assume the following properties:

(1

(2
(3
(4

) S is an affine scheme.

) X and S are integral.

) f Ox = Og. In particular S is normal.
) f is projective.

Indeed, we may assume (1) (resp. (2)) by taking an affine open subset
(resp. a connected component). By (2) of Lemma and by taking
the Stein factorisation of f, we may assume (3). Finally, by (4) of
Lemma 21T and Chow’s lemma, we may assume (4).

By Proposition 220 it is enough to show that L|g, (1) is relatively
semi-ample. By (3) of Lemma[2T8§] it follows that E¢(L) is a closed sub-
set of X. Since S” is a non-empty open subset of S and L ;-1 (so) is rel-
atively big, it follows that L is f-weakly big. Thus, (2) of Lemmam
implies that Ef(L) is a proper closed subset of X and, in particular,
dimEy(L) < dimX. Thus, (Theorem [C)),_; implies that L|g, ) is
relatively semi-ample, as desired. 0

Proposition 3.2. Fiz a positive integer n and assume (Theorem [C),, ;.

Let f: X — S be a proper morphism of excellent F,-schemes satisfying

f:Ox = Og, where X s a normal scheme of dimension n. Let L be

an invertible sheaf on X such that L|x, is semi-ample for all the points

s € S and Ll|x, is numerically trivial for all the generic points & of S.
Then L is f-semi-ample.

Proof. We may assume that S is affine. Replacing X by a purely insep-
arable model, we may assume that the generic fibre of f is geometrically
normal.
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We want to construct a commutative diagram of morphisms of schemes

X=Xy X; «2— Xo +2— . 2 X,
lf:fo lfl sz lfu
S=8 +2— 5 25 B g,
satisfying the following properties:
(1) For any ¢ € {1,---,v}, S; is a normal excellent scheme such
that dim S; = dim S.
(2) For any i € {1,---,v}, X; is normal excellent schemes such
that dim X; = dim X.
(3) For any i € {1,--- v}, fi: X; — S; is a projective surjective
morphism such that (f;).Ox, = Os,.
(4) For any i € {1,---,v} and for any closed point ¢ € S;, we have

dim f;(t) = dim X; — dim S;.
(5) For any i € {1,--- ,v}, one of the following holds:
(a) 1); is an étale surjective morphism and X; = X; 1 x5, , S;.
(b) Both ¢; and v; are proper, surjective and generically finite
morphisms, and X; is the normalisation of the irreducible
component of X; 1 xg, , S;, dominating .5;.
(6) S, is regular.
The above diagram can be constructed as follows. Below, we denote
by (1)ig, ..., (5)i, the corresponding conditions above in the case i = 1.
First, S; — S is the projective birational morphism so that the
projection g;: X| = X xgS; — 5 is the flattening of X — S5,
whose existence is guaranteed by [RGT7I, Theorem 5.2.2]. Let X; be
the normalisation of X and let

f12X1—>X{—>Sl

be the composite morphism. Then (1), -, (5); hold.
If Sy is regular, then we are done, otherwise we proceed as follows.
The lower horizontal sequence

Sy G, & g,
is constructed by applying Theorem 230to S;. In particular (1)q,..., (1),
and (6) hold. Moreover, one of the following holds:
(a)’ 1); is an étale surjective morphism.
(b)" 7; is a morphism which is proper, surjective and generically
finite.

We now construct X; inductively as follows. Pick i € {1,--- v —1}
and assume that X, f; and ¢; have already been constructed and
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(2)j,---,(5); hold for any j € {1,...,i}. If ¥4, satisfies (a)’, then we
define X, ; := X, Xg, Six1 and let f;y1 and ;41 be the projections.
Clearly (2)i41,- -+, (5)i41 hold in this case. Thus, we may assume that
;11 satisfies (b)’. We provide the construction in the case that X;, S;
and S, are integral, as we can apply the same argument in the general
case by taking each connected component separately. Since ;1 is
generically finite, there exists a unique irreducible component X/, of
X; Xg, Si+1 that dominates S;;1, where we equip X/, with the reduced
scheme structure. Let X1 be the normalisation of X/ . Let f;1, and
@ir1 be the induced morphisms. Then (2);41, (4);41 and (5);1; hold.
Further, since S;;; is normal and (fi+1)*(9xi+1|sg+1 = Osi+1|5§)+1 for
some open dense subset S, | of S;y1, also (3);+1 hods. This completes
the construction of the commutative diagram above.

Foreachi € {0,--- , v}, the morphism f; : X; — S; and the invertible
sheaf L|x, satisfy the assumptions in the statement of the proposition.
We show the claim by descending induction on i.

We now show that L|x, is f,-semi-ample. To this end, we only treat
the case where X, and S, are integral schemes, as the general case
is reduced to this case by taking connected components. By (4), and
Lemma 2.9 it follows that the image of any prime divisor of X, is
either a prime divisor on S, or equal to S,. In particular, Lemma 2.17
implies that L|x, is f,-semi-ample.

Fixi € {0,---,v—1} and assume that L|x,,, is fi;1-semi-ample. It
is enough to prove that L|yx, is fi-semi-ample. If ¢, satisfies (a) of
(5)is1, then the claim follows from (2) of Lemma 212l Thus, we may
assume that ;1 satisfies (b) of (5);41. After replacing X;, X;.1,5;
and S;.1 by their connected components, we may assume that they are
integral schemes.

We have a commutative diagram:

/ 1

X, — vV &£ X,

ol |

Si < i T i Si+1
where X;.1 — Y — X, is the Stein factorisation of ¢;,1, and ¥ —
T — S; is the Stein factorisation of f;o¢’. Note that S;;1 — S; factors
through T because T is the Stein factorisation of X, ; — S;.
Since L|x,,, is fiy1-semi-ample, it follows from Lemma that
there exists a positive integer m and an invertible sheaf M on S;;
such that

L®m|Xz‘+1 = f;—lM
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By Lemma B, M is semi-ample over 7. Thus, (1) of Lemma 2.1T]
implies that L|x, , is semi-ample over 7. As Y is normal, (4) of
Lemma 2.I7] implies that L]y is semi-ample over 7' and, by (2) of
Lemma 210, it follows that L|y is semi-ample over S;. Since X; is nor-
mal, (4) of Lemma [ZTT] implies that L|x, is semi-ample over S;. This
completes the proof. O

Theorem 3.3. Fix a positive integer n.
Then (Theorem[d), 1 implies (Theorem[4l),.

Proof. Let f: X — S be a projective surjective morphism of excellent
[F,-schemes with connected fibres, where X is normal of dimension n.
Let L be an invertible sheaf on X such that L|x, is semi-ample for any
point s € §. We want to show that L is f-semi-ample.

We may assume the following:

e S is affine.

hd f*OX = OS-

e X and S are integral normal schemes.
Indeed, we may replace S by an affine open subset. By (2) of Lemma
210, we may replace f by its Stein factorisation. Thus, we may assume
that f,Ox = Og and in particular, S is normal. Replacing X and S by
their connected components, we may assume that X and .S are integral
schemes.

We first show the following:

Claim. There exists a projective birational morphism 7: Y — X and
projective morphisms

Y57 NS
of integral normal schemes such that ¢.Oy = Oz, g = fo7m and
T L®™" = o*M, where m is a positive integer and M is an invertible

sheaf on Z such that M|,-1(s0) is ample over SO for some open dense
subset S? of S.

Proof of Claim. Since L|x, , is semi-ample, it induces a K (S)-morphism

V' Xges) = Zrs)

to a projective normal K (S)-variety Zx sy with (wl)*OXK(S) = OZs)-
Thus, after possibly replacing L by a power of L, it follows that L| Xrs)
is the pull-back of an ample invertible sheaf on Zx g).

By killing the denominators, we can spread out ! over a non-empty
open subset SY of S, i.e. there exist projective morphisms

£O X0 = (80 B 20 1 g0
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such that f° = f|;-1(s0) and the base change of /° to K(S) is equal to
Y. In particular, L|yo is the pull-back of an invertible sheaf M on Z°
which is ample over S°. Let Z be a normal projective compactification
of Z° over S, so that we obtain

X-»2Znh5

Let Y be the normalisation of the resolution of the indeterminacies of
X --+ Z, with induced morphisms 7: Y — X and ¢: Y — Z. Note
that ¢, 0Oy = Oy.

Since 7Ly, is semi-ample for any 2z € Z and 7" Ly, ,, is numeri-
cally trivial, Proposition implies that 7*L is ¢-semi-ample. Thus,
Lemma, implies that 7* L®™ = ¢* M where m is a positive integer
and M is an invertible sheaf on Z. Moreover, after possibly replac-
ing M" by one of its powers, it follows that M|,-1(s0y =, M°, hence
M]|j,~1(g0y is ample over SO, Thus, the claim follows. 0

Since the fibres of p: Y — Z are connected, it follows that also the
fibres of the restriction morphism |y, : Yy — Z, are connected for any
s € S. Thus, (3) of Lemma [ZTT] implies that M|, is semi-ample for
any s € S. Therefore, Lemma [B.I]implies that M is semi-ample over S.
By (1) of Lemma2.1T] it follows that 7*L®™ = ¢* M is semi-ample over
S. Since X is normal, (4) of Lemma 2 TT] implies that L is semi-ample
over S. This completes the proof of Theorem O

4. NUMERICALLY TRIVIAL CASE

The main goal of this section is to prove that (Theorem [Al),, implies
(Theorem [Bl),, (cf. Theorem [A.H). In Subsection {1l we treat the case
where the total space X is normal. In Subsection 4.2l we prove that
the problem can be reduced to the case where the base scheme S is
normal. In Subsection .3 we prove the required statement under the
assumption that the conductor of the normalisation does not dominate
the base scheme.

4.1. The case where the total space is normal.

Proposition 4.1. Fiz a positive integer n and assume (Theorem[4]),.

Let f: X — S be a projective morphism of excellent IF,,-schemes, where

X is normal of dimension n. Let L be an f-numerically trivial invert-

wble sheaf on X such that L|x, is semi-ample for all the points s € S.
Then L is f-semi-ample.

Proof. By Lemma 2.10], after possibly taking the Stein factorisation of
f, we may assume that f,Ox = Og. In particular, S is normal. Thus,
(Theorem [A]),, implies the claim. U

S
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4.2. Normalisation of the base. We now show that, in order to
prove (Theorem [B]),,, we may assume that the base scheme is normal.

Proposition 4.2. Fiz a positive integer n and assume (Theorem|[B),_1.
Let

a

X — X

b

s 25 g
be a cartesian diagram of excellent F)-schemes, where f is a projective
surjective morphism with connected fibres, X has dimension n and 3
1s the composition of the induced morphism S..q — S and the normal-
isation S" — Sieq Of Srea. Let L be an f-numerically trivial invertible
sheaf on X such that L|x, is semi-ample for all s € S. Let L' := o*L.

Then L is f-semi-ample if and only if L' is f'-semi-ample.

Proof. By Remark 2.14] we may assume that S = Spec R, where R is
a henselian local ring. If L is f-semi-ample, then (1) of Lemma
and (1) of Lemma 2T imply that L’ is f’-semi-ample.

We now assume that L’ is f’-semi-ample. By Lemma 213, we may
assume that X and S are reduced. Let Cs and Css be the conductor
subschemes in S and S’ for 5. Let Cx and C'xs be their inverse images
in X and X’ respectively.

Claim. The following hold:
(1) The induced sequence

0— OX — OA*OX/ @D OCX — Oé*OcX, — 0

1s exact.
(2) The induced sequence

1 — 0% = a.0% X O, — a. éX,—>1

1s exact.
(3) There exists a positive integer m; such that L™ |y, ~ Ox.
(4) There exists a positive integer mq such that L& |o, ~ Oc, .

Proof of Claim. We first show (1). By (3) of Proposition 229, we have
an exact sequence

0— Og — 5*03/ ) OCS — 5*005, — 0.

By Lemma and by applying f* to the exact sequence above, it is
enough to show that Ox — «,Ox: is injective. This follows from the
fact that a: X’ — X is an affine surjective morphism onto a reduced
scheme X. Thus, (1) holds. Lemma 227 implies (2) and Lemma [Z.T0]
implies (3). Finally, Lemma 216 and (Theorem [Bl),,_; imply (4). O
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By (3) and (4) of Claim, after possibly replacing L by L®™™2  we
may assume that L|x ~ Oy and L|¢, ~ Oy, .
We have a commutative diagram

1 0% » Oy x 05, — 05, — 1

I Te o
> OF

1 Oy x Og, —— O¢,

— 1,

!

where, by (2) of Claim, both the horizontal sequences are exact. Thus,
the following diagram is commutative:

HY(Cxr, OF,) = PicX —— PicX' x PicCx — PicCx

[ Je [e [
HY(Cy,0F,) —*~ PicS —— PicS' x PicCs — PicCy.

Since L|x» ~ Ox and L|c, =~ Oc¢,, there exists an element u €
HO(CX/,OéX,) such that dx(u) ~ L. Since Cx,» — Cg is a projec-
tive morphism with connected fibres, by Lemma 2.1] there is a positive
integer m and an element v € H°(Cs, Of ) such that u™ = n°(v).

Therefore, L®™ is contained in the image of ¢!, as desired. U

4.3. The vertical case.

Lemma 4.3. Fiz positive integers n and m. Assume (Theorem [4)),,
(Theorem(B),,—1 and (Theorem[B), m—1. Let f: X — S be a projective
surjective morphism of excellent reduced IF,-schemes with connected fi-
bres, where X has dimension n and S is an integral normal scheme
of dimension m. Let L be an f-numerically trivial invertible sheaf on
X such that L|x, is semi-ample for all s € S. Assume that there ex-
1sts a non-empty open subset Sy of S such that the induced morphism
fly=rsn: f71(S1) = Sy is a universal homeomorphism.
Then L is f-semi-ample.

Proof. By Remark 2.14] and the fact that the henselisation of an inte-
grally closed local domain is again an integrally closed local domain,
we may assume that S = Spec R, where R is a henselian local ring. We
divide the proof into two steps.

Step 1. Lemma holds under the assumption that X is an integral
scheme.

Proof of Step [l In this case, f: X — S is a projective surjective mor-
phism of integral excellent schemes. By assumption, the induced field
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extension K (S) C K(X) is finite and purely inseparable. We use the
following notation:

e Let v: Y — X be the normalisation of X. Let C'x and Cy be
the conductor subschemes of X and Y, respectively. Then the
composite morphism

Y545 xLs
is a projective surjective morphism of integral normal excellent
schemes whose corresponding field extension K (S) C K(Y) is
finite and purely inseparable. In particular, g has connected
fibres.

e Let X be a closed subscheme of X such that the closed immer-
sion C'y — X factors through X; and that Supp X is equal to
f7YS") where S" ;= f(Supp Cx)U(S\S;). Since f71(S;) — S;
is a universal homeomorphism, it follows that Supp S’ C S and
Supp X; € X. As Supp Xj is a proper closed subset of a nothe-
rian integral scheme X, it follows that dim X; < dim X.

e Let Y :=Y xx X; and let X’ be the scheme-theoretic image of
Y’. By (2) of Proposition 2.29] it follows that X’ and X; have
the same support. In particular, we have that dim X’ < dim X.

By Lemma and (5) of Proposition 2.29] it is enough to show the
following;:
(1) Lem™ ‘X’ ~ O for some m,; € Z>0.
(i) L®™m2|y ~ Oy for some my € Z~o.
(iii) The restriction map

H(Y,08)q — H(Y, Osy)o
is surjective.

Thanks to Lemma 216, (Theorem [Bl),_; implies (i) and, similarly,
Proposition 1] implies (ii).

We now show (iii). Note that Supp Y’ = Supp ¢~ *(5’). In particular,
both g : Y — S and Y’ — S’ have connected fibres. Thus, by Lemma
2.1l we have the isomorphisms of abelian groups

H(S,0%)q = H°(Y, 0)q
H(S',0%)0 = H(Y',05.)q.
Since S = Spec R where R is a local ring, it follows that
R* — (R/I)*
is surjective for any ideal I of R. This implies that
H°(S,05)q — H(S", 04 )q
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is surjective, hence (iii) holds. This completes the proof of Step[Il O
Step 2. Lemma 3] holds without any additional assumptions.

Proof of Step[d. Let Sy := S\ Si. Let X; be the closure of f71(S;) in
X and let X5 := f71(S,), where we equip X; and X, with the reduced
scheme structures. We denote by f; the composite morphism:

flingX%S.

The following hold:
(I) X; and X5 are closed subschemes of X.
(IT) The set-theoretic equality X = X; U X, holds.
(ITT) The set-theoretic equality X; N Xy = f;'(S2) holds.
By (II) and the fact that X, X; and X, are reduced, we have the exact
sequence
1= 05— O0x, x 0%, = Ox nx, — 1,
which in turn induces the exact sequence
HO(X1,0%,)g x H*(X2,0%,)o — H*(X1 N X5,0% v, )0
— (PiC X)Q — (PiC Xl)Q X (PiCXQ)Q.
Therefore, it is enough to show the following:
(1) L™ |y, ~ Oy, for some my € Z-q.
(2) L®™2|y, ~ Oy, for some my € Z~q.
(3) The restriction map
H'(X1,0%,)q x H'(X3,0%,)q = H(X1 N X2, 0%, y,)e
is surjective.
By Lemma [2T6, Step [ implies (1) and (Theorem [Bl),, ,,—1 implies
2).
| )VVe now show (3). Since X, = f~1(S3) and f has connected fi-
bres, also the induced morphism Xy — S5 has connected fibres. Thus,
Lemma [2.1] implies that the induced map
(4.3.1) H°(S5,0%))g = H°(X2,0%,)o

is bijective. Since S is normal and f;: X; — S is a proper generically
universal homeomorphism of integral schemes, it follows that f;: X; —
S has connected fibres. Hence, (III) implies that also X; N Xy — S
has connected fibres. Thus, Lemma 2.1l implies that

(4.3.2) H°(S5,0%)o — H°(X1 N X2, 0%, nx,)0

is bijective. By (A31]) and (£3.2), we have that the map
H"(X3,0%,)o = H(X1 N X2, 0%y, )e

is surjective. Thus, (3) holds. This completes the proof of Step 2. [



RELATIVE SEMI-AMPLENESS IN POSITIVE CHARACTERISTIC 35

Step 2 completes the proof of Lemma O

Proposition 4.4. Fiz positive integers n and m. Assume (Theo-
rem [Al),, (Theorem [B),—1 and (Theorem [B),,m—1. Let f: X — S
be a projective morphism of excellent reduced schemes with connected
fibres. Let L be an f-numerically trivial invertible sheaf on X such that
L|x, is semi-ample for all s € S. Assume that

(a) dim X = n.

(b) S is an integral scheme.

(¢) The conductor subscheme Cx in X for the normalisation of X

satisfies f(Cx) € S.

Then L is f-semi-ample.

Proof. We divide the proof into three steps.

Step 1. In order to prove Proposition 4] we may assume the follow-
ing:
(1) S is an affine scheme.
(2) There exists a closed subscheme I' of X such that I" is an inte-
gral scheme and the induced morphism I' — S is a generically
universal homeomorphism.

Proof of Step[dl. Since the problem is local on S, we may assume that
S is affine.

Claim. There exists a closed subscheme T of X such that T is an
integral scheme, T — S is surjective and the induced field extension
K(T) D K(9S) is of finite degree.

Proof of Claim. Take the generic fibre X xg Spec K(.S), which is a
scheme of finite type over K(S). Since X xg Spec K(S) is not empty,
there exists a closed point 7 of X xgSpec K (). It follows from Hilbert’s
Nullstellensatz that k(n) D K(S) is a finite extension. There exists a
unique closed subscheme T of X such that 7" is an integral scheme and
T x g Spec K(9) is equal to . By construction, g: 7" — S is dominant.
Since ¢ is proper, we have that ¢ is surjective. It follows from the
construction that the field extension K(7") D K(95) is of finite degree.
This completes the proof of Claim. U

Let L be the separable closure of K(S) in K(7T'). By Lemma 2.4]
there exists a finite faithfully flat morphism
S'— S
where S’ is an integral scheme such that L = K(S’). Take the reduced
structure of the base change:

f/: X' = (X Xg S/)red — X Xg S = 9.
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Clearly the conditions (a) and (b) hold for X’ and S’. Since S" — S
is generically étale, also the condition (c) holds for f’. Since S" — S is
faithfully flat, we can replace f by f’ (Lemma [212]). By construction,
we can find the required closed subscheme I' of X’ as an irreducible
component of S” xgT'. This completes the proof of Step [II O

Step 2. In order to prove Proposition 4.4, we may assume the condition
(2) in Step [ and the following conditions (3) and (4).

(3) S is normal.
(4) S = Spec R, where R is a henselian local ring.

Proof of Step[2. By Step [, we may assume that f: X — S satisfies
(1) and (2). Let S” — S be the normalisation of S and consider the
reduced structure of the base change

f/: X = (X Xg S,)red — X Xg S — 9.

Clearly, (a), (b), (c), (1), (2) and (3) hold for f": X’ — S’. By Propo-
sition 2] we may replace f by f’. Thus, we may assume that (1), (2)
and (3) hold. By Remark 214 we are done. Note that the henseli-
sation does not break the condition (b) in our case. Indeed, if R is a
normal excellent local ring, then so is R, hence in particular R" is an
integral domain. O

Step 3. Proposition [£4] holds without any additional assumptions.

Proof of Step[3. By Step 2l we may assume that (2)—(4) hold. Let
v:Y — X be the normalisation of X. Let g: Y — T be the Stein
factorisation of Y — S. We can find a closed subscheme S; of S such
that
e SuppS; C Supp S,
e f(Cx) C Supp Sy, and
o '\ f71(S)) — S\ S is a universal homeomorphism.
We take a closed subscheme X; of X such that Supp X; = TU f~(S)).
Let Y/ := Y xx X; and let X’ be the scheme-theoretic image of Y.
By (2) of Proposition 2:29] it follows that X’ and X; have the same
support. It follows that X’ — S and Y’ — T have connected fibres.
By Lemma 2.T6land (5) of Proposition [2.29] it is enough to show the
following;:
(i) L|x is semi-ample over S.
(ii) L]y is semi-ample over S.
(iii) The restriction map

H(Y,05)9 — H(Y',05))q

is bijective.
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Thanks to (Theorem [B),—; and (Theorem [Bl),, -1, we may apply
Lemma [£3] hence (i) holds. Proposition 1] implies (ii). Since both
the morphisms Y — T and Y’ — T have connected fibres, Lemma 2.1]

implies (iii). This completes the proof of Step O
Step Bl completes the proof of Proposition [£.4] O

4.4. (Theorem [A]), implies (Theoerem [B]),.

Theorem 4.5. Fix a positive integer n.
Then (Theorem[A),, implies (Theorem[B),.

Proof. We first introduce some notation.

Let f: X — S be as in the statement of Theorem [Bl Let m = dim S
and let Sy,---,S; be the m-dimensional irreducible components of S
equipped with the reduced scheme structures. For any k € {1,--- ¢},
let & be the generic point of S; and let &, be the geometric point
obtained by taking its algebraic closure. Let

o(f) = max dim X, .

Let v: XV — X be the normalisation of X and let C'x be the con-
ductor subscheme of X for v. For any k € {1,---,t}, let np(f) be the
number of the connected components of the fibre C'yz over &, of the
induced morphism

Cx — X = 8.

Let
n(f) == max ni(f).

1<k<t
We consider the set-theoretic decomposition

Cx=Chucy

so that C% and C% are closed subsets of X which admit decompositions
into irreducible components

T

ch-Uek. cx-Ucy

i=1 j=1

as closed subsets of X, where each C%' dominates Sj for some k €
{1,---,t} and each C}’ does not dominate any of Sy,---,5;. We
equip C’;?’ and Cy’ with the reduced scheme structures. In particular,

cach of C%" and C'% is an integral scheme.
Let

Q(f) = (dim X, dim S, 6(f), n(f))-
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We proceed by induction on all the quadruples of non-negative integers
(n,m,d,n) with respect to the lexicographic order (e.g. (1,0,0,0) >
(0,1,0,0)).

Step 1. Let f: X — S be as in the statement of Theorem [Bl Let
f"+ X — S’ be the Stein factorisation of f: X — S. Then the following
hold:

e S’ is reduced.

e dim S = dim S".

e 0(f)=10d(f).

o 1(f) = n(f").
In particular, Q(f) > Q(f").

Proof of Step[dl Let 5 : S" — S be the induced morphism. Let Sj,--- .S},
be the m-dimensional irreducible componenets of S and let &, be the
generic point of S for £ € {1,--- ,¢'}. Since X is reduced, so is S’. Note
that for any open affine subset Spec R of S, if we denote by Spec R’ its
inverse image to S’, then R — R’ is a finite injective ring homomor-
phism. Thus, [AM69, Theorem 5.11] implies the following hold:

e dim S = dim 5"

e For any ¢ € {1,---,t'}, there exists k € {1,---,t} such that

B(EY) = &.

e For any k € {1,---,t}, there exists a non-empty subset L of

{1, '} such that 7' ({&}) = Upe {1
Thus, it follows that d(f) = 6(f") and n(f) > n(f’). This completes
the proof of Step [l O

Step 2. Let f: X — S and let L be as in the statement of Theorem [Bl
Let

B: 8" =8
be a morphism satisfying one of the following properties:

e (3 is the normalisation of S.
e S and S” are integral schemes and [ is a finite flat generically
étale morphism.

Consider the reduced structure of the base change of f over S”:
f”: X" = (X Xg S”)red — X Xg R
Then the following hold:
e dim X = dim X”.
e dimS = dim 5”.
o 5(f) =d(f").
e n(f) =n(f").
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o If L|xn is f”-semi-ample, then L is f-semi-ample.
In particular, Q(f) = Q(f").

Proof of Step[2. Since f3 is a finite surjective morphism, so is X” — X.
Thus, we have that dim S = dim S” and dim X = dim X”. It is easy
to check that 6(f) = o(f”) and n(f) = n(f”). By Lemma and
Proposition 2], we have that if L|x» is f”-semi-ample, then L is f-
semi-ample. This completes the proof of Step 2 O

Step 3. Fix positive integers n and m. Assume (Theorem [B),_; and
(Theorem Bl),, 1n—1.
Then (Theorem [B)),, ,,, holds for any morphism f: X — S such that

6(f) =0orn(f)=0.

Proof of Step[3. Let f: X — S and L be as in (Theorem [B)),,,, and
such that §(f) = 0 or n(f) = 0. By Step [ and Step 2, we may assume
that f has connected fibres and S is normal. Since the problem is
local on S, we may assume that S is an integral normal scheme. Since
d(f) =0orn(f) =0, we have that f(Cx) € S where C'x denotes the
conductor of the normalisation of X. Thus, Proposition [£.4] implies
that L is f-semi-ample. O

Step 4. Fix positive integers n, m, 0 and 1. Assume that Theorem [Bl
holds for all the morphisms f: X — S such that Q(f) < (n,m,d,n).
Then Theorem [B| holds for any morphism f: X — S such that
Q(f) = (n,m,d,n) and satisfying the following properties:
(a) f: X — S has connected fibres.
(b) S = Spec R, where R is an integral normal local henselian ring.
(c) The induced morphism f!: C’;?l — S has connected fibres.

Proof of Step[d. Let v: X — X be the normalisation of X. By
[Fer03, Theorem 7.1], we can find morphisms

v: XN oY & X
such that
(i) Y is a reduced scheme.

(ii) Both X — Y and Y — X are finite birational morphisms.

(iii) The conductor Dx of X for m: Y — X is set-theoretically
equal to C%".

(iv) If fy: Y — X — S is the induced morphism, then n(f) >
n(fy)-

(v) Any irreducible component of the conductor Dy of Y form;: Y —
X dominates S.
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Indeed, such Y can be constructed as follows. If C’% denotes the
scheme-theoretic image of the induced immersion Cx N(X\C%') = X,
then we define Z; as the pushout of the diagram X% «+ v=1(C%) —
(', whose existence is guaranteed by [Fer03, Theorem 7.1]. Let Z :=
(Z1)rea- Then Z satisfies the corresponding properties (i) z—(iv)z to (i)—
(iv). We denote by Ex and E the conductors of X and Z respectively
for the induced finite birational morphism p: Z — X. Let

Supp By = (Ey U+ UE,) U (FU---UF,)

be the irreducible decomposition such that all of £y, -, E, dominate
S and none of F,--- , F, dominates S. Let C% be the reduced closed
subscheme of X that is set-theoretically equal to p(Fy U ---U ). We
define Y as the pushout of the diagram Z < u~!'(C%) — C%, whose
existence is guaranteed again by [Fer03, Theorem 7.1]. Since Z and
C% are reduced, so is Y. Hence (i) holds. The properties (ii), (iii) and
(v) follow directly from the construction. The remaining one (iv) holds
by (iv)z and the fact that the induced morphism Zy(s) — Yk (s) of the
generic fibres is an isomorphism.

Let n = Spec K(S) be the generic point of S and let X, = X xg
Spec K(S) be the generic fibre of f. Similarly, we denote

Y, =Y xgSpec K(S), Dy, = DxxgSpec K(S) and Dy, = DyxgSpec K(S).
Note that Dy, and Dy, are the conductor of the morphism Y, — X,
in X, and Y, respectively. We have the commutative diagram:

HO(Y,05) x H'(Dx,05, ) —>— H%Dy,0} ) —% 4 PicX —— PicY x PicDy

| g | I
HO(Y,,0% ) x H*(Dx,, 05 ) —— H"(Dy,, 0} ) —Y 5 PicX,, — PicY,, x Pic Dy, .
k n n

Claim. The following hold:

(1) There exists a positive integer r such that
L®T|y ~ Oy, L®T|DX >~ ODX and L®T|X77 ~ OXW'

(2) Im(p) NIm(jg) C Im(pg o ig).

(3) jo: H'(Dy,Of )g — H°(Dy,, OEYn)Q is injective.
Proof of Claim. We first show (1). Since we are assuming that The-
orem [B] holds for all the morphisms f such that Q(f) < (n,m,d,n),
we have that L|y and L|p, are semi-ample over S. Thus, Lemma 210
implies that there exist r; € Z~q such that L®™|y ~ Oy and L¥"|p,, ~
Op, . By assumption, L|x, is semi-ample. Hence, again by Lemma[2.16,



RELATIVE SEMI-AMPLENESS IN POSITIVE CHARACTERISTIC 41

we may find ry € Z-( such that L¥?|y, ~ Ox,. Let r := max{r,r,}.
Then (1) holds.

We now show (2). Let
Ry = H°(Y,Oy), Rp, :=HDx,0p,), Rp, :=H"Dy,Op,).

Since these rings define the Stein factorisations of Y — S, Dx — S,
and Dy — S respectively, we obtain injective ring homomorphisms

(453) F(S, Os) =R— Ry — Rl)y.
For U := R\ {0}, the left square in the diagram above induces the

commutative diagram

(Bf)ex (Rp)a  ——  (Rp)e

Ji Js

“o

(U_lRy)(S X (U_lRDX)(S — (U_lRDy)(5~
Since Dy — S has connceted fibres, Lemma 2.1l implies that
(4.5.4) (UT'Rp, o = (K(S))o-

Pick a € Tm(pg) NIm(jg). We want to show that o € Im(pf 0 ig). It
follows from (53] and (4.5.4) that, possibly after replacing o by o®
for some s € Zg, there exist 8 € (U 'Ry)* and v € R}, such that

a=¢'(8,1)=j(y)
In particular, we have that 3,37" € K(Ry)N R} . Since Ry is an
integrally closed integral domain and Ry — Rp, is a finite injective
ring homomorphism, [Mat89, Theorem 9.1] implies that 3, 37! € Ry.
In particular, we get § € Ry. It follows that

a=¢(8,1)= (¢ 0i)(8,1) € Im(gg o ig).
Thus, (2) holds.

Finally, we show (3). Let (Dy)Y, be the normalisation of (Dy );eq-

We have a commutative diagram:
(Jrea)
HO((Dy)Xa, Oy v Ja =% H((Dy, )4, O, v Ja

N
red DYn )rcd

v Vn

(jre )
HO((DY)red> O(Xpy)red)(@ —dQ> HO((DYn)red’ O(XDYn)red)Q

P Pn

HDy,0p)e  ——  H'(Dy,,0p, )o.
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Clearly, v is injective. Since any irreducible component of Dy domi-
nates S, it follows that (j¥;)g is injective. Lemma 2Tlimplies that p is
bijective. Therefore, the composite map (j¥)g o v o p is injective and,
in particular, also jg is injective. Thus, (3) holds. O

By (1) of Claim, after possibly replacing L by one of its powers, we
may assume that L|y ~ Oy, L|p, ~ Op, and L|x, ~ Ox,. Thus there
exists an element a € H%(Dy, Of, ) such that ¢(a) = L. Since L|x, =~
Ox,, it follows that j(a) € Im(y'). Hence, after possibly replacing L
again, by (2) of Claim, we may assume that there exists an element
b e H'(Y,05) x H'(Dx, O} ) such that (¢’ o i)(b) = j(a) and, in
particular, j(a-o(b)~!) = 1. By (3) of Claim, it follows that a® = p(b*)
for some s € Z~q. This implies that L®* = ¢ (a®) = (¢ 0o ¢)(b*) = Ox.
This completes the proof of Step [l d

Step 5. Fix positive integers n, m, 6 and 7. Assume that Theorem
holds for all the morphisms f: X — S such that Q(f) < (n,m,d,n).
Then Theorem [Bl holds for all the morphisms f: X — S such that

Q(f) = (n,m,d,n).

Proof of Step[d. We shall reduce the problem to the case where (a), (b)
and (c) in Step d hold. By Lemma 2.0, Step [ Step 2 and the fact
that the problem is local on S, we may assume the following:

(a) f: X — S has connected fibres.
(b)” S is an integral normal affine scheme.

By Lemma 2.4] we can find a finite faithfully flat separable morphism
S1 — S from an integral affine scheme S; such that for the commutative
diagram

X, = (X X5 S1)red — X

n |s

S LN

there exists an irreducible component D of a‘l(C’;}’l) equipped with

the reduced scheme structure such that D — S; has connected fibres.
Since S; — S is separable i.e. generically étale, we have that a=1(C%)
and the horizontal part C;‘(l coincide over the open subset of S; where
§ is étale. In particular, (a) and (c) holds for f;.

Let Sy be the normalisation of S; and set

fa: Xo = (X1 X5, S2)rea = So.

By Step B we may replace f by fy. In particular, f satisfies (a),
(b)” and (c). Finally replacing X — S by the base change of the
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henselisation of a stalk of S, we may assume (b). This completes the
proof of Step d

By quadruple induction on n, m,  and n, it follows that Step Bl and
Step Bl complete the proof of Theorem 1 O

4.5. Generalisation to algebraic spaces.

Theorem 4.6. Fiz a positive integer n and assume (Theorem [B),,.
Let f: X — S be a projective surjective morphism of excellent algebraic
spaces over I, with connected fibres, where X is of dimension n. Let
L be an invertible sheaf on X such that L is f-numerically trivial and
Ll|x, is semi-ample for all the points s of S.

Then there exists a positive integer m and an invertible sheaf M on
S such that

L™ ~ f*M.

Proof. Let f: X & T X S be the Stein factorisation of f. Since
the fibres of f are connected, n is a finite universal homeomorphism.
By [Kol97, Proposition 6.6], there exists a positive integer e such that
the e-th iterated Frobenius morphism F¢: T — T factors through 7.
Therefore, replacing f by g, we are reduced the case where f,Ox = Og.

Let 5: S — S be an étale surjective morphism from a scheme S’.
Let X' := X xg.5’, so that the following diagram is cartesian:

«

X — X

lf’ lf

s 2.5

Since the induced morphism f’: X’ — S’ is projective, it follows that
X' is a scheme (cf. [Knu7ll, Ch. II, Definition 7.6]). Therefore, (The-
orem [B]),, implies that L|yx/ is semi-ample over S’. After possibly re-
placing L by one of its powers, we have that
oL ~ f*N
for some invertible sheaf N on S’
We now show that f,(L) is an invertible sheaf on S. By Ch.

I1, Definition 4.1], it is enough to show that S*(f.L)) is an invertible
sheaf. By the flat base change theorem, we have that

fula"L) =~ B*(f.L)).
Since f/Ox: = Og and o*L ~ "N, we have that
fula"L) = fI(f"N) ~ N.
Hence, 5*(f.L)) is an invertible sheaf, as desired.
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We have that the induced homomorphism

0: ff.L — L

is surjective, since so is its pull-back by «. Since both f*f.,L and
L are invertible, it follows from [Mat89, Theorem 2.4] that 6 is an
isomorphism. 0

d.

(THEOREM [A]),, AND (Theorem [Bl),, impLY (THEOREM [C]),,

Definition 5.1 (Definition 9.1, 9.2 and 9.4 of [Kol13]). Let S be a
scheme and let X be an algebraic space over S.

(1)
(2)

(3)

A relation on X over S is a closed immersion 0: R — X xg X
over S, where R is an algebraic space over S.
A relation 0: R — X xg X is finite if the composite morphism

RS X xe X 24 X

with the i-th projection morphism pr;, is finite, for ¢ € {1,2}.
Assume that R and X are reduced algebraic spaces over S. A
relation o: R — X Xg X is a set-theoretic equivalence relation
over S if, for every algebraically closed field K and morphism
Spec K — S, denoting Xg := X xgSpec K and Rix := R Xg
Spec K, we have that the image Ry (K) of the induced map

o(K): Ri(K) — Xg(K) x X (K)

defines an equivalence relation on Xy (K), i.e. the following

hold:

(a) If v € Xg(K), then (z,7) € Ri(K).

(b) If (z,2") € Rg(K) with z,2/ € Xg(K), then (2/,1) €
Rk (K). B

(c) If (z,2"),(2,2") € Rrx(K) with z, 2’2" € Xg(K), then
(z,2") € R (K).

Let 0: R — X xg X be a set-theoretic equivalence relation. A

categorical quotient of X by R over S is an S-morphism ¢q: X —

Y of algebraic spaces over S such that

(a) gopryoo =qopryoo, and

(b) Y is universal with respect to property (a), i.e. given any
S-morphism ¢': X — Y’ to an algebraic space Y’ over S
such that ¢’ o pry o 0 = ¢ o pry 0 0, there is a unique S-
morphism 7: Y — Y’ satisfying ¢ = w o q.

Let 0: R — X xg X be a set-theoretic equivalence relation. A

categoric quotient g: X — Y of X by R is called a geometric

quotient if ¢ is finite and the induced morphism R — (X Xy

X)red 18 an isomorphism. In this case, we denote Y by X/R.
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When no confusion arises, we will simply call a relation (resp. set-
theoretic equivalence relation, ...) on X over S as a relation (resp.
set-theoretic equivalence relation, ...) on X.

Example 5.2. Let S be a scheme and let f: X — Y be an S-morphism
of reduced algebraic spaces separated over S.
Then the induced closed immersion

(X Xy X)red — X Xg X
defines a set-theoretic equivalence relation.
The following theorem is due to Kollar:

Theorem 5.3. Let S be a noetherian F,-scheme and let X be an al-
gebraic space which is proper over S. Let 0: R — X Xg X be a finite,
set-theoretic equivalence relation.

Then a geometric quotient X — X /R exists.

Proof. See [Koll12| Theorem 6]. O

Definition 5.4. Let K be an algebraically closed field and let X be
an algebraic space which is proper over Spec K. Let L be a nef in-
vertible sheaf on X. The L-equivalence relation on X is the subset
Ry of X(K) x X(K) such that, for any (z1,22) € X(K) x X(K),
we have that (z1,79) € Ry if and only if there exists a morphism
7: C — X from a one-dimensional proper connected K-scheme C' such
that x1, 29 € j(C(K)) and j*L is numerically trivial. Given a positive
integer myg, we say that the L-equivalence relation is bounded by my if,
in the notation above, we can always choose C' so that the number of
irreducible components of C' is at most my.

Remark 5.5. Note that, in general, the L-equivalence relation is not
a set-theoretic equivalence relation. We refer to [Kee03| §5] for an
example of a nef invertible sheaf L on a projective normal variety X
such that the L-equivalence relation is not bounded by any positive
integer.

We now prove Theorem [1.4]

Proof of Theorem|[1.4] The only-if part is clear. We show the other
implication. Assume that (1) and (2) hold. Let g: Y — Z be the
morphism over S induced by L|y. We may assume that ¢.Oy = Oj.
We have two set-theoretic equivalence relations on Y xg Y, given by

(Y Xx Y)red and (Y Xz Y)red'
We divide the proof into three steps.
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Step 1. In this step, we inductively define a reduced closed subspace
R™of Y xgY for any m € Z>,.
We first set

R' = (Y xx Y)U(Y x2Y),
equipped with the reduced closed subspace structure Definition

I1.6.9 and Proposition 11.6.10]. Assume that R™ is already defined.
Then we define R™*! as the image of the composite morphism

12 Xy, Ry = (Y1 X5 Ya) Xy, (Y2 X5 V3) = Vi X5 V3

equipped with the reduced subspace structure, where Y7, Y5, Y3 ;=Y
and R, RYy := R™ are equipped with the corresponding projection
morphisms. Since each R™ contains the diagonal Ay, g of Y X5V, we
have that
R'C R*C

Step 2. Let my = 2mg. Then

R™ = R™ for any m > m;.
Thus, we define R := R™.

Proof of Step[d Let K be an algebraically closed field. It is enough
to show that R™ = R™! for any m > m;, under the assumption that
S = Spec K.

Let m > my and pick (y,y) € R™(K). Let 2,7 € X(K) be the
images of y and y respectively. Then there exist ¢, € {1,2,--- ,mg}
and K-curves C,--- ,Cy, in X such that x € 1,2 € Cy, and Ufozl C; is
connected. After possibly removing superfluous curves, we may assume
that C; N Cyy1 is not empty for each i. Let ;11 € X(K) be one of
the intersection points. Let C7,...,C; be K-curves in Y such that
f(C)) =Ci,y e Cland y € Cf. Let yZZZJr1 (resp. yf;l) be a closed
point of C! (resp. C”H) lying over x;,41. Note that L|y - C! = 0 for all
1. Since, for each i, we have

Z
(y.yts) € R, (yo”\ 4. 7) € RY,

; i+1)
(yz( )1 ,) Y; z—l—l) S Rl and (yz( 2)+17 yz(:l_—l ) S Rl

it follows that (y,y) € R™, as claimed. O
Step 3. We now prove Theorem [L.4]

Let Rz be the image of R in Z xg Z, equipped with the reduced
closed subspace structure. By Step 2l R is a set-theoretic equivalence
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relation on X. Since R contains (Y Xz Y)eq, its image Ry is a set-
theoretic equivalence relation on Z. Fix i € {1,2}. We consider the
commutative diagram:

where the upper vertical arrows are the induced closed immersions and
the lower vertical arrows are the i-th projection morphisms.

We now show that the induced morphism 7} := prioj': Ry — Z is
finite, for i € {1,2}. As x is proper, being finite is equivalent to being
quasi-finite, i.e. it is enough to show that all fibres are zero-dimensional.
Therefore, we are reduced to consider the case where S = Spec K for
an algebraically closed field K. We assume by contradiction that x/ is
not finite. Then there exists a closed point z of Z such that the fibre
Ry . of ] over z contains a K-curve C. Since g : R — Ry is a proper
surjective morphism, there exist a closed point y € Y and a K-curve
Cy in R such that g(Cy) = C, pr; 0 j(Cy) = {y} and g(y) = z. The
image C'y of Cy by the other projection: pry_,0j : R — Y is a K-curve
in Y such that L|y - Cy = 0 and g(Cy) is not a point. However, this
contradicts the fact that ¢ is the morphism induced by L|y. Thus, 7/ is
finite as claimed. In particular, Rz is a finite set-theoretic equivalence
relation on Z.

By Theorem[5.3] there exists a geometric quotient ¢: Z — Z/Ry. In
particular, ¢ is a morphism over S. Since

goprioj =qopryoj,
it follows from the diagram above that

(5.5.1) qogopryoj=qogopr,oj.

Since f:Y — X is finite, [Koll2, Example 5] implies that the geo-
metric quotient ¢': Y — W := Y/(Y Xx Y)q exists and there is a
finite universal homeomorphism o: W — X such that f = co¢'. In
particular, ¢’ is a finite morphism. Since R contains (Y X x Y )eq, it
follows from (B5J]) and by (4) of Definition B that the morphism
qog:Y — Z/Ry uniquely factors through W. Let h: W — Z/R, be
the induced S-morphism.
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We now show that L|y is EWM over S. Let s € S be a point
and let V' be an irreducible closed subspace of W;. It is enough to
show that dimh(V) < dimV if and only if (L|w)®™V -V = 0 (cf.
Subsection Z.TT]). Let V’ be an irreducible closed subspace of Y such
that ¢/(V’) = V. Note that, since ¢’ is finite, we have that dim V' =
dim V' and (L|w)¥™V.V = 0if and only if (L|y)¥™Y"-V’ = 0. Since g is
the morphism over S induced by Ll|y, it follows that (L|y)d™V". V" =0
if and only if dim g(V’) < dim V. Since ¢ is a finite morphism, we have
that dimA(V) = dimg(g(V")) = dim g(V”’), as claimed. Thus, L|y is
EWM over S and Lemma 2.2 implies that L is EWM over S. U

Theorem 5.6. Fix a positive integer n.
Then (Theorem[Al), and (Theorem[B), imply (Theorem[Q),.

Proof. Let f: X — S and L be as in (Theorem [()),,. By Lemma 2.13]
we may assume that X and S are reduced. (Theorem [Al),, implies that
the restriction of L to the normalisation X? of X is semi-ample over

S.

Claim. There exists a positive integer mg such that, for all s € S, the
L|x,-equivalence is bounded by my,

Proof of Claim. By assumption, for any point s € S, we have that
L|x, is semi-ample. Let gs: Xy — Z, be the induced morphism. Let
m, be the maximum number of irreducible components of any fibre of
gs.- Then the L|x -equivalence is bounded by m,. Spreading g¢ out for
any generic point £ of S, there exists an open dense subset S° of S and
morphisms

0 0
FOU X0 = 80 L 20 1 o
such that f¥ = f|s-1(s0y and ¢°|x, = gs for all s € Sp. Thus, there exists
a positive integer m; such that m, < m, for all s € S°. By noetherian

induction, we may find a positive integer ms such that m, < ms for all
s € S\ S Thus, it is enough to take mg = max{m;, my}. O

Thus, L is EWM over S by Theorem [[L4l Let
f: X528,

be the morphisms induced by L. Lemma[2.5implies that Z is excellent.

By Theorem [4.6] there exists an invertible sheaf Ly on Z and a
positive integer m such that L®™ = ¢*Ly. Since g contracts the L-
trivial curves, Ly is ample over S by the Nakai—-Moishezon criterion
(cf. [Kol90, Theorem 3.11], [KM98, Proposition 1.41]). In particular,
L is semi-ample over S. 0



RELATIVE SEMI-AMPLENESS IN POSITIVE CHARACTERISTIC 49

6. PROOF OF THE MAIN THEOREMS

Proof of Theorem[I.1. By Theorem [3.3] Theorem 4.5]and Theorem [5.6),
(Theorem [C)),, holds for any n € Zsq. Therefore Theorem [[1] holds if
X is finite dimensional. By Remark 214l we can reduce the general
case to this case, after possibly replacing S by the affine spectrum of a
stalk. U

Lemma 6.1. Let k be an uncountable field and let f: X — S be a
projective k-morphism of schemes of finite type over k. Let L be an
invertible sheaf on X such that L|x, is semi-ample for all the closed
points s € S.

Then L|x, is semi-ample for any point s € S.

Proof. We show the lemma by induction on the dimension of S. If
dim S = 0, then the claim is clear. Thus, we may assume that dim S >
0 and that the claim holds if the dimension of the base is smaller than
dim S. In particular, it is enough to show that L[y, is semi-ample for
the generic point £ € S of an irreducible component of S. Replacing S
by an open neighbourhood of &, we are reduced to the case where S is
an affine integral scheme such that f is flat.

By the semicontinuity theorem [Har77, Theorem II1.12.8], for any
positive integer m, there exist a positive integer ¢, and a non-empty
affine open subset U, C S such that

Cm = dimys) H(Xs, L™ x,)

for any point s € U,,. Since k is uncountable, there exists a closed
point

As L|yx, is semi-ample, there exists a positive integer mg such that
L®™0 |y, is globally generated. By Grauert’s theorem [Har77, Corollary
I11.12.9], the restriction map

HO(f ™ (Ui ), L™ p10,)) — HO(Xe, L™ | x,)

is surjective. Since the base locus of the linear system associated to
L®™ is a closed subset of X, it is disjoint from X;. In particular, L| Xe
is semi-ample, as desired. O

Proof of Theorem[I.4 Theorem [ Jand Lemmal6.Ilimmediately imply
the claim. 0
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7. EXAMPLES

7.1. Examples over F,. The following example shows that, over count-
able fields, we need to consider not only closed points of S but all the
scheme-theoretic points of S in Theorem [Tl (cf. Theorem [L2]).

Example 7.1. Let E be an elliptic curve over F,. Let X := E'x E and
S:=FE. Let f: X — S be the first projection. Let L := Ox(A — Z),
where A is the diagonal divisor of X = F x F and Z := E x {Q} for
a closed point @) € E. By [KM98, Example 1.46], L is f-nef but not
f-semi-ample. Note that L|x, is semi-ample for all the closed points
s € S since the base field is F,. On the other hand, Theorem [L1]
implies that L|x, is not semi-ample for the generic point £ of S.

7.2. Counterexamples in characteristic zero. The goal of this
subsection is to show that Theorem [[I] does not hold in character-
istic zero. The following result is due to Keel:

Proposition 7.2. Let k be an algebraically closed field of characteristic
zero. Let C' be a smooth projective curve over k and whose genus is at
least two. Let X := C x;, C and let m;: X — C be the i-th projection
forie {1,2}. Let A C X be the diagonal and let

L= Ox(KX - WIKC + A)

Then the following hold:

(1) L is nef and big.
(2) Lla ~ Oa and L - D > 0 for a curve D in X other than A.
(3) Ll|aa is not semi-ample.

Proof. By [Kee99, Theorem 3.0], (1) holds. [Kee99, Lemma 3.2] implies
(2) and [Kee99l Lemma 3.4] implies (3). O

Example 7.3. Let k be an algebraically closed field of characteristic
zero. Let C' be a smooth projective curve over k£ such that the genus
of C' is at least three and C' is not hyperelliptic. Let X = C x; C' and
let A C X be the diagonal. Let L be as in Proposition [(.2l Then, by
[ACGHSS, Exercise V.D-2], there exists a birational morphism f: X —
S onto a projective surface S such that the exceptional locus of f is
A. Moreover, if s = f(A), then [ACGHS5, Exercise VI.A-5] implies
that X, = A, i.e. X, is reduced. Thus, (2) of Proposition [[.2 implies
that L]y, is semi-ample for all s € S. However (3) of Proposition
implies that L is not f-semi-ample.




RELATIVE SEMI-AMPLENESS IN POSITIVE CHARACTERISTIC 51

REFERENCES

[ACGHS85] E. Arbarello, M. Cornalba, P. A. Griffiths, and J. Harris, Geome-

[AM69]

[BS17]
[CMM14]
[dJ96]
[Fer03]

[FGI*05]

[Ful5]

[Gro61]

[Gro65]

[Gro67]

[Har77]
[HX15]

[ILO14]

[Kee99]
[Kee03]

[KMOS)

[KnuT71]

try of algebraic curves. Vol. I, Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences], vol.
267, Springer-Verlag, New York, 1985.

M. F. Atiyah and I. G. Macdonald, Introduction to commutative alge-
bra, Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills,
Ont., 1969.

B. Bhatt and P. Scholze, Projectivity of the Witt vector affine Grass-
mannian, Invent. Math. 209 (2017), no. 2, 329-423.

P. Cascini, J. M®Kernan, and M. Mustata, Asymptotic base loci in posi-
tive characteristic, Proc. Edinb. Math. Soc. (2) 57 (2014), no. 1, 79-87.
A. J. de Jong, Smoothness, semi-stability and alterations, Inst. Hautes
Etudes Sci. Publ. Math. (1996), no. 83, 51-93.

D. Ferrand, Conducteur, descente et pincement, Bull. Soc. Math. France
131 (2003), no. 4, 553-585.

B. Fantechi, L. Gottsche, L. Tlusie, S. L. Kleiman, N. Nitsure, and
A. Vistoli, Fundamental algebraic geometry, American Mathematical
Society, Providence, RI, 2005.

L. Fu, Etale cohomology theory, revised ed., Nankai Tracts in Mathe-
matics, vol. 14, World Scientific Publishing Co. Pte. Ltd., Hackensack,
NJ, 2015.

A. Grothendieck, Eléments de géomélrie algébrique. II. Etude globale
élémentaire de quelques classes de morphismes, Inst. Hautes Etudes
Sci. Publ. Math. (1961), no. 8.

, Eléments de géométrie algébrique. IV. Etude locale des schémas
et des morphismes de schémas. II, Inst. Hautes Etudes Sci. Publ. Math.
(1965), no. 24, 231.

A. Grothendieck, Eléments de géométrie algébrique. IV. élude locale
des schémas et des morphismes de schémas IV, Inst. Hautes Etudes
Sci. Publ. Math. (1967), no. 32, 361.

R. Hartshorne, Algebraic geometry, Springer-Verlag, New York, 1977.
C. D. Hacon and C. Xu, On the three dimensional minimal model pro-
gram in positive characteristic, J. Amer. Math. Soc. 28 (2015), no. 3,
711-744.

L. Tllusie, Y. Laszlo, and F. Orgogozo, Travaux de gabber sur
Uuniformisation locale et la cohomologie étale des schémas quasi-
excellents, Astérisque (2014), no. 363-364, xiii—xix.

S. Keel, Basepoint freeness for nef and big line bundles in positive char-
acteristic, Ann. of Math. (2) 149 (1999), no. 1, 253-286.

, Polarized pushouts over finite fields, Comm. Algebra 31 (2003),
no. 8, 3955-3982, Special issue in honor of Steven L. Kleiman.

J. Kollar and S. Mori, Birational Geometry of Algebraic Varieties, Cam-
bridge Tracts in Mathematics, vol. 134, Cambridge University Press,
1998.

D. Knutson, Algebraic spaces, Lecture Notes in Mathematics, Vol. 203,
Springer-Verlag, Berlin-New York, 1971. MR 0302647




52 PAOLO CASCINI AND HIROMU TANAKA

[Kol90] J. Kollar, Projectivity of complete moduli, J. Differential Geom. 32
(1990), no. 1, 235-268.

[Kol97] , Quotient spaces modulo algebraic groups, Ann. of Math. (2)
145 (1997), no. 1, 33-79.

[Kol12] , Quotients by finite equivalence relations, Current developments
in algebraic geometry, Math. Sci. Res. Inst. Publ., vol. 59, Cambridge
Univ. Press, Cambridge, 2012, With an appendix by Claudiu Raicu,
pp. 227-256.

[Kol13] , Singularities of the minimal model program, Cambridge Tracts

in Mathematics, vol. 200, Cambridge University Press, Cambridge,
2013.

[Liu02] Q. Liu, Algebraic geometry and arithmetic curves, Oxford Graduate
Texts in Mathematics, vol. 6, Oxford University Press, Oxford, 2002.

[Mat89]  H. Matsumura, Commutative ring theory, second ed., Cambridge Stud-
ies in Advanced Mathematics, vol. 8, Cambridge University Press, Cam-
bridge, 1989, Translated from the Japanese by M. Reid.

[RGT71] M. Raynaud and L. Gruson, Critéres de platitude et de projectivité.
Techniques de “platification” d’un module, Invent. Math. 13 (1971), 1—
89.

DEPARTMENT OF MATHEMATICS, IMPERIAL COLLEGE LONDON, 180 QUEEN’S
GATE, LoNDON SW7 2AZ, UK
E-mail address: p.cascini@imperial.ac.uk

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, THE UNIVERSITY OF TOKYO,
3-8-1 KoMABA, MEGURO-KU, TokYyO 153-8914, JAPAN
E-mail address: tanaka@ms.u-tokyo.ac.jp



	1. Introduction
	1.1. Description of the proof

	2. Preliminary results
	2.1. Notation and conventions
	2.2. Basic results
	2.3. Dimension formulas for universally catenary schemes 
	2.4. Relative semi-ampleness
	2.5. Relative Keel's theorem
	2.6. Thickening process
	2.7. Alteration theorem for quasi-excellent schemes

	3. (Theorem C)n-1 implies (Theorem A)n
	4. Numerically trivial case
	4.1. The case where the total space is normal
	4.2. Normalisation of the base
	4.3. The vertical case
	4.4.  (Theorem A)n implies (Theoerem B)n
	4.5. Generalisation to algebraic spaces

	5.  (Theorem A)n and (Theorem B)n imply (Theorem C)n 
	6. Proof of the main theorems
	7. Examples
	7.1. Examples over Fp
	7.2. Counterexamples in characteristic zero

	References

