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RELATIVE SEMI-AMPLENESS IN POSITIVE
CHARACTERISTIC

PAOLO CASCINI AND HIROMU TANAKA

Abstract. Given an invertible sheaf on a fibre space between
projective varieties of positive characteristic, we show that fibre-
wise semi-ampleness implies relative semi-ampleness. The same
statement fails in characteristic zero.
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1. Introduction

It is a fundamental problem in algebraic geometry to study under
what conditions a nef line bundle on a projective variety is semi-ample.
For instance, the abundance conjecture predicts that, on a minimal
projective variety, the canonical divisor is always semi-ample. On the
other hand, it is not easy in general to find criteria that hold for any
line bundle.
Over a field of positive characteristic, it seems that semi-ampleness

sometimes behaves better than in characteristic zero. One of the most
typical examples is Keel’s result [Kee99], which has recently played a
crucial role in the minimal model program of positive characteristic
(e.g. see [HX15]).
The goal of this paper is to provide a necessary and sufficient con-

dition under which, given a morphism of Fp-schemes f : X → Y , an
invertible sheaf L on X is relatively semi-ample. More specifically,
the following is our main result (note that it only holds in positive
characteristic, cf. §7.2):

Theorem 1.1. Let f : X → S be a projective morphism of noetherian
Fp-schemes. Let L be an invertible sheaf on X. Assume that L|Xs

is
semi-ample for all the points s ∈ S, where Xs denotes the fibre of f
over s.
Then L is f -semi-ample.

In general, even if the schemes X and S appearing in Theorem 1.1,
are of finite type over a field of positive characteristic, we need to
consider not only closed points of S but all the points of S (cf. Exam-
ple 7.3). On the other hand, we may ignore non-closed points of S if
the base field is uncountable:

Theorem 1.2. Let k be an uncountable field of positive characteristic
and let f : X → S be a projective k-morphism of schemes of finite type
over k. Let L be an invertible sheaf on X. Assume that L|Xs

is semi-
ample for all the closed points s ∈ S, where Xs denotes the fibre of f
over s.
Then L is f -semi-ample.
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1.1. Description of the proof. Although the schemes X and S ap-
pearing in Theorem 1.1 could be of infinite dimension, it is easy to
reduce the problem to the case where X is of finite dimension (cf. Re-

mark 2.14). Furthermore, replacing S by Spec ÔS,s for a point s ∈ S,
we may assume that X and S are excellent. Then the proof of Theo-
rem 1.1 proceeds by induction on the dimension of X . To clarify the
structure of the proof, we introduce the following three statements:

Theorem A. Let f : X → S be a projective surjective morphism of
excellent Fp-schemes with connected fibres, where X is normal and of
dimension n ∈ Z≥0. Let L be an invertible sheaf on X such that L|Xs

is semi-ample for all the points s ∈ S.
Then L is f -semi-ample.

Theorem B. Let f : X → S be a projective surjective morphism of
excellent reduced Fp-schemes, where X is of dimension n ∈ Z≥0. Let
L be an f -numerically trivial invertible sheaf on X such that L|Xs

is
semi-ample for all the points s ∈ S.
Then L is f -semi-ample.

Theorem C. Let f : X → S be a projective surjective morphism of
excellent Fp-schemes with connected fibres, where X has dimension
n ∈ Z≥0. Let L be an invertible sheaf on X such that L|Xs

is semi-
ample for all the points s ∈ S.
Then L is f -semi-ample.

Remark 1.3. After we submitted a preliminary version of this paper,
B. Bhatt kindly informed us that he and P. Scholze have a proof of
Theorem B as a consequence of [BS17, Theorem 1.3]. Since their proof
is very different from ours, we decided to keep it as it was (see Section
4).

For any n ∈ Z≥0, we denote by (Theorem A)n, (Theorem B)n, or
(Theorem C)n the corresponding theorem in the case where X has
dimension n. For any n,m ∈ Z≥0, (Theorem B)n,m denotes the cor-
responding theorem in the case where X has dimension n and S has
dimension m. The proof of our main theorem is divided into three
steps.

(I) (Theorem C)n−1 implies (Theorem A)n (cf. Theorem 3.3).
(II) (Theorem A)n implies (Theorem B)n (cf. Theorem 4.5).
(III) (Theorem A)n and (Theorem B)n imply (Theorem C)n (cf. The-

orem 5.6).

We now briefly describe these steps.
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(I) Let f : X → S be as in (Theorem A)n. As X is normal, we may
assume by standard arguments that both X and S are integral normal
schemes. Using the Iitaka fibration induced by L|XK(S)

where XK(S)

denotes the generic fibre of f , we are reduced to the case where L|XK(S)

is numerically trivial or ample (cf. Claim in the proof of Theorem
3.3). Note that, in this argument, we might replace X by a birational
model and this requires the condition of X to be normal. If L|XK(S)

is numerically trivial, then we are done by taking a suitable alteration
of the base scheme (cf. Proposition 3.2). Thus, it suffices to treat the
case where L|XK(S)

is ample. By a relative version of Keel’s theorem

(cf. Proposition 2.20), it is enough to show that the restriction of L
to its f -exceptional locus Ef(L) is relatively semi-ample. This directly
follows from (Theorem C)n−1.

(II) Let f : X → S be as in (Theorem B)n. We may reduce the
problem to the case where S is an integral normal scheme (cf. Propo-
sition 4.2). Let ν : Y → X be the normalisation of X , and let CX and
CY denote the conductors in X and Y respectively. Then we proceed
by a quadruple induction on (dimX, dimS, δ(f), η(f)) ∈ Z4

≥0, where

we equip Z4
≥0 with the lexicographical order and, if ξ is the geometric

generic point of S and CX,ξ is the fibre of CX → S over ξ, we denote
by δ(f) the dimension of Xξ and by η(f) the number of the connected
components of CX,ξ. As we are assuming (Theorem A)n, we have that
ν∗L is relatively semi-ample and, by the induction hypothesis, we may
assume that L|CX

is relatively semi-ample.
By a result of Ferrand, we can normalise X only along one horizontal

component of CX , which drops η(f) exactly by one. For the sake of
simplicity, we briefly overview two crucial cases: η(f) = 0 and η(f) = 1.
Assume first that η(f) = 0. After taking a suitable faithfully flat

finite cover of S (cf. Step 1 of Proposition 4.4), we may assume that
there exists a closed subscheme Γ of X such that Γ→ S is a generically
universal homeomorphism. Applying Proposition 2.29, we may find a
closed subscheme X ′ on X that is set-theoretically equal to Γ over a
generic locus over S and which satisfies the following properties (cf.
Step 3 of Proposition 4.4):

(i) L|X′ is relatively semi-ample by the induction hypothesis, and
(ii) the relative semi-ampleness of L|X′ implies the one of L.

Thus, we are done in the case η(f) = 0.
Assume now that η(f) = 1. We consider the generic fibre Xη of f

and, by assumption, the restriction of L to Xη is semi-ample. Using an
argument similar to the previous case, we can show that L is relatively
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semi-ample (cf. Step 4 of Theorem 4.5). We refer to Section 4 for more
details.

(III) Let f : X → S be as in (Theorem C)n. We consider the nor-
malisation ν : Y → X of X . The most significant part of this case is
to show that L is EWM (cf. Subsection 2.1.1). To this end, inspired
by [Kee03, Theorem 0.1], we prove the following theorem (see Section
5 for its proof):

Theorem 1.4. Let S be a noetherian Fp-scheme. Let f : Y → X be a
finite surjective S-morphism of reduced algebraic spaces proper over S.
Let L be an invertible sheaf on X which is nef over S.
Then L is EWM over S if and only if

(1) L|Y is EWM over S, and
(2) there exists a positive integer m0 such that for all the geometric

points s ∈ S, the L|Xs
-equivalence relation on Xs is bounded by

m0 (cf. Definition 5.4).

By (Theorem A)n, we have that f
∗L = L|Y is relatively semi-ample,

hence (1) of Theorem 1.4 holds. Moreover we have that (2) of Theorem
1.4 also holds, by the assumption that L|Xs

is semi-ample for all the
points s ∈ S. Therefore, we may apply Theorem 1.4, i.e. there exists
an S-morphism g : X → Z to an algebraic space Z proper over S such
that g contracts all the L-trivial curves. By a variant of (Theorem
B)n (cf. Theorem 4.6), we conclude that L⊗m = g∗LZ for a positive
integer m and an invertible sheaf LZ on Z. Thus, the Nakai–Moishezon
criterion implies that Z is projective over S, as desired.

Remark 1.5. It is worth explaining why the schemes which appear
in Theorem A, B, and C, are assumed to be not only noetherian but
excellent. There are three advantages for this. First, it is necessary
to impose the universally catenary condition to apply induction on
the dimension of X (cf. Section 2.3). Second, we frequently take the
normalisations of both the total and the base space, which compels us
to treat only universally Japanese schemes. Third, we use Gabber’s
alteration theorem, which only holds for quasi-excellent schemes (cf.
Theorem 2.30).

Remark 1.6. Note that even if we are interested to prove Theorem
1.1 only for schemes of finite type over fields, our proof requires us to
treat schemes that are not essentially of finite type over a field. This
is because we repeatedly make use of henselian or complete local rings
in the proof of Theorem B (cf. Lemma 2.16).
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2. Preliminary results

2.1. Notation and conventions.

• A variety X over a field k is an integral scheme which is sepa-
rated and of finite type over k. A curve is a variety of dimension
one. Given a scheme X , we denote by Xred its reduced struc-
ture. We refer to [Har77, I.§1] for the definition of dimension of
a topological space.
• A morphism f : Y → X of schemes is a birational morphism
if there exists an open dense subset X0 such that f−1(X0) is
dense in Y and the induced morphism f−1(X0) → X0 is an
isomorphism of schemes.
• Given a morphism f : X → Y of algebraic spaces, and given a
point y ∈ Y , we denote by Xy the fibre of f over y. We say
that f has connected fibres or f is a morphism with connected
fibres if for any field K and morphism SpecK → Y , the fibre
product X ×Y SpecK is a connected algebraic space.
• For definition of catenary, universally catenary, quasi-excellent
and excellent schemes, we refer to [Liu02, Definition 8.2.1 and
8.2.35]. Throughout this paper, excellent and quasi-excellent
schemes are assumed to be quasi-compact i.e. noetherian, al-
though [Liu02, Definition 8.2.35] does not impose such an as-
sumption.
• An algebraic space X is noetherian (resp. excellent) if X is
quasi-compact and for any étale morphism U → X from an
affine scheme U , the ring Γ(U,OU) is a noetherian ring (resp.
an excellent ring). Note that if X → Y is a morphism of finite
type between algebraic spaces and Y is excellent, then so is X
(cf. [Mat89, §32] and [Gro65, Proposition 7.8.6]).
• Given an integral scheme X , we define K(X) := OX,ξ where ξ
is the generic point of X . For an integral domain A, we define
K(A) := K(SpecA).
• Given an abelian group H , we define HQ := H ⊗Z Q and given
a homomorphism of abelian groups ϕ : H → K, we denote by
ϕQ : HQ → KQ the induced homomorphism.
• A morphism of noetherian schemes f : X → Y is generically fi-
nite if there exists an open dense subset Y ′ of Y such that the in-
duced morphism f−1(Y ′)→ Y ′ is a finite morphism (cf. [ILO14,
Exposé II, Proposition 1.1.7 and the sentence after that]).

2.1.1. Properties of invertible sheaves. We refer to [Kol13] for the clas-
sical definitions concerning a divisor on a proper normal varieties over
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a field k (e.g. nef, semi-ample, big). Let f : X → S be a proper mor-
phism of noetherian algebraic spaces and let L be an invertible sheaf
on X .

• L is f -nef if for any field K and morphism SpecK → Y ,
the pullback of L to the base change X ×Y SpecK is nef (cf.
Lemma 2.6).
• L is f -numerically trivial if both L and L−1 are f -nef.
• L is f -free if the natural homomorphism f ∗f∗L → L is surjec-
tive. In particular, if L is f -free then it induces a morphism
X → P(f∗L) over S.
• L is f -very ample if it is f -free and the induced morphism X →
P(f∗L) is a closed immersion.
• L is f -semi-ample (resp. f -ample) if L⊗m is f -free (resp. f -very
ample) for some positive integer m.
• L is f -weakly big if there exist an f -ample invertible sheaf A on
X and a positive integer m such that if g : Xred → S denotes
the induced morphism, then

g∗((L
⊗m ⊗OX

A−1)|Xred
) 6= 0.

Assuming that X is normal, L is f -big if, for any connected
component Y of X , the restriction L|Y is h-weakly big, where
h = f |Y is the induced morphism.
• The f -stable base locus of L is defined as the following closed
subset of X :

Bf (L) =
⋂

m≥1

Supp Coker(f ∗f∗L
⊗m → L⊗m).

• Assume that X is a scheme. If L is f -nef, the f -exceptional
locus of L, denoted by Ef(L), is defined as the union of all the
reduced closed subschemes V ⊂ X such that L|V is not f |V -
weakly big. Later, we shall prove that Ef (L) is a closed subset
of X (cf. Lemma 2.18).
• If L is f -nef, then we say that L is endowed with a map (EWM)
over S if there is a proper S-morphism g : X → Y to an al-
gebraic space Y proper over S such that, for any point s ∈ S
and for any irreducible closed subspace Z of Xs, we have that
dim g(Z) < dimZ if and only if (L|Xs

)dimZ · Z = 0.

When no confusion arises, if L is f -nef (resp. f -big, . . . ), we will
simply say that L is relatively nef (resp. big, . . . ) or L is nef (resp.
big, . . . ) over S.
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Note that if X is a reduced scheme, then [Gro67, Proposition 21.3.4]
implies that any invertible sheaf on X is of the form OX(D) where D
is a Cartier divisor on X .

2.1.2. Projective morphisms. Let f : X → Y be a morphism of alge-
braic spaces. We refer to [Knu71, Ch. II, Section 7], for the definition
of (quasi-)projective morphisms between algebraic spaces. If X and
Y are schemes, these definitions coincide with the one in [Har77, page
103], but differ from the one given by Grothendieck [Gro61, Définition
5.5.2]. On the other hand, it is known that their definitions coincide in
many cases (cf. [FGI+05, Section 5.5.1]).

2.2. Basic results. In this subsection, we summarise some basic facts
which will be used later. Although some of the material here might be
well-known, we provide their proofs for the sake of completeness.

Lemma 2.1. Let S be a noetherian Fp-scheme and let f : X → Y be
a surjective S-morphism of proper S-schemes with connected fibres.
Then the induced map

H0(Y,O×
Y )Q → H0(X,O×

X)Q

is an isomorphism of groups.

Proof. Let

f : X
f ′

−→ Y ′ η
−→ Y

be the Stein factorisation of f . Since the fibres of f are connected,
η is a finite universal homeomorphism. By [Kol97, Proposition 6.6],
there exists a positive integer e such that the e-th iterated Frobenius
morphism F e : Y → Y factors through η. Since f ′

∗OX = OY ′, it follows
that H0(Y ′,O×

Y ′) → H0(X,O×
X) is bijective. Since F e factors through

η, it follows that H0(Y,O×
Y )Q → H0(Y ′,O×

Y ′)Q is bijective. �

Lemma 2.2. Let S be a noetherian Fp-scheme and let f : X → Y be a
finite universal homemorphism of algebraic spaces proper over S. Let
L be an invertible sheaf on X.
Then L is EWM over S if and only if f ∗L is EWM over S.

Proof. By [Kol97, Proposition 6.6], there exists a positive integer e such
that the e-th iterated Frobenius morphism F e : X → X factors through
f . Thus, the claim follows. �

Lemma 2.3. Let
X ′ α
−−−→ Xyf ′

yf

S ′ β
−−−→ S
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be a cartesian diagram of morphisms of schemes, where β is an affine
morphism.
Then the induced homomorphism

θ : f ∗β∗OS′ → α∗OX′

is an isomorphism.

Proof. We may assume that S and S ′ are affine: S = SpecR, S ′ =
SpecR′. If j : U → X is an open immersion and U ′ := U ×X X ′, then
we obtain

j∗θ : j∗f ∗β∗OS′ → j∗α∗OX′ = (α|U ′)∗OU ′ .

Thus, we may assume that X is affine: X = SpecA. Then both sides
of

θ(X) : Γ(X, f ∗β∗OS′)→ Γ(X,α∗OX′)

are naturally isomorphic to A⊗RR
′. Therefore θ is an isomorphism. �

Lemma 2.4. Let A ⊂ B be an integral extension of integral domains
such that the induced field extension K(A) ⊂ K(B) is a finite exten-
sion.
Then there exists a subring B′ of K(B) which satisfies the following

properties:

(1) K(B′) = K(B), and
(2) B′ contains A and B′ is a free A-module whose rank is equal to

[K(B) : K(A)].

Proof. We may assume that K(A) ⊂ K(B) is a simple extension. Since
K(A) ⊂ K(B) is simple, there exists an element β ∈ K(B) such that
K(B) = K(A)[β] and

βn + α1β
n−1 + · · ·+ αn = 0

where n := [K(B) : K(A)] and α1, . . . , αn ∈ K(A). For each i, we
may write αi = ai/a

′
i for some ai, a

′
i ∈ A with a′i 6= 0. Killing the

denominators and after possibly replacing β by aβ for some a ∈ A\{0},
we may assume that αi ∈ A for all i. In particular, β is an element of
K(B) which is integral over A. Let

B′ := A[β].

Consider the surjective A-algebra homomorphism

ϕ : A[t]→ A[β] = B′ such that ϕ(t) = β.

It is enough to show that Ker(ϕ) = f(t)A[t], where

f(t) := tn + α1t
n−1 + · · ·+ αn ∈ A[t].
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Since the inclusion Ker(ϕ) ⊃ f(t)A[t] is obvious, it is enough to prove
that Ker(ϕ) ⊂ f(t)A[t]. Pick g(t) ∈ Ker(ϕ). Since f(t) is monic, we
have

g(t) = f(t)h(t) +

n−1∑

i=0

cit
i

for some h(t) ∈ A[t] and c0, . . . , cn−1 ∈ A. It follows that

0 = g(β) =
n−1∑

i=0

ciβ
i.

Since 1, β, · · · , βn−1 is a K(A)-linear basis of K(B), we obtain c0 =
c1 = · · · = cn−1 = 0 and g(t) ∈ f(t)A[t], as desired. �

Lemma 2.5. Let R be a noetherian ring and let A ⊂ B be a ring
extension of R-algebras, where B is a finitely generated A-module and
a finitely generated R-algebra.
Then A is a finitely generated R-algebra.

Proof. Let b1, · · · , bm be generators of B as an R-algebra. Since A ⊂ B
is an integral extension, for any i ∈ {1, . . . , m}, there exist ai,1, . . . , ai,ni

∈
A such that

bni

i + ai,1b
ni−1
i + ...+ ai,ni

= 0.

Let A′ be the R-subalgebra of A generated by all the ai,j. In particular,
A′ is a finitely generated R-algebra. We have the inclusions:

A′ ⊂ A ⊂ B.

Since A′ is a noetherian ring and B is a finitely generated A′-module,
also A is a finitely generated A′-module. Thus, A is a finitely generated
R-algebra, as desired. �

Lemma 2.6. Let f : X → S be a proper morphism of noetherian
schemes and let L be an invertible sheaf on X.
Then the following are equivalent:

(1) L is f -nef.
(2) L|Xs

is nef for all the points s ∈ S.
(3) L|Xs

is nef for all the closed points s ∈ S.

Proof. It is enough to show that (3) implies (2). To this end, we may
assume that S = SpecR where R is a discrete valuation ring. Moreover,
by Chow’s lemma, we may assume that f is projective.
Let ξ ∈ S (resp. 0 ∈ S) be the non-closed (resp. closed) point.

Given a curve Cξ on Xξ which is projective over k(ξ), it is enough to
show that (L|Xξ

) · Cξ ≥ 0. Since f is projective, there exists a closed
immersion C → X such that the composite morphism C → X → S is
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flat and C×SSpec k(ξ) = Cξ. Since the intersection number is invariant
under flat family, we get

(L|Xξ
) · Cξ = (L|X0) · (C|X0) ≥ 0,

as desired. �

2.3. Dimension formulas for universally catenary schemes. The
goal of this subsection is to show that some of the standard dimension
formulas for a proper morphism between varieties extend to the cate-
gory of universally catenary schemes.
We believe that the results in this subsection are well known, but we

include proofs for completeness.

Lemma 2.7. Let f : X → Y be a proper surjective morphism of uni-
versally catenary noetherian integral schemes.
Then

dimX = dimY + tr.degK(Y )K(X).

Proof. See [Gro65, Corollaire 5.6.5]. �

Proposition 2.8. Let f : X → Y be a proper surjective morphism of
universally catenary noetherian integral schemes, where A is a local
ring and Y = SpecA. Let X ′ be an irreducible closed subset of X.
Then there exists a sequence of irreducible closed subsets of X

X =: XdimX ) XdimX−1 ) · · · ) X0 6= ∅

such that X ′ = Xi for some i ∈ {0, · · · , dimX}.
In particular,

dimX ′ + codimXX
′ = dimX.

Proof. We first treat the case where X ′ = {x} for some closed point x
of X . Since f is proper, the image y := f(x) is a closed point of Y .
Then we have that

dimOX,x − dimOY,y = tr.degK(Y )K(X) = dimX − dimY

where the first (resp. the second) equality holds by [Liu02, Theorem
8.2.5] (resp. Lemma 2.7). As codimX{x} = dimOX,x and dimOY,y =
codimY {y} = dimY , the claim follows.
We now prove the general case. We fix a closed point x of X which

is contained in X ′. Then X ′ corresponds to a prime ideal p of the local
ring OX,x at x. Since the claim holds in the case X ′ = {x}, we have
that dimOX,x = dimX . Thus,

dim(OX,x/p) + dim(OX,x)p = dimOX,x = dimX,
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where the first equality follows from the fact that OX,x is catenary.
Thus, the claim follows. �

Below, given a morphism f : X → Y between schemes and given a
subset W of X (resp. W ′ of Y ) we denote by f(W ) (resp. f−1(W ′))
the set-theoretic image (resp. inverse image) of W (resp. W ′).

Lemma 2.9. Let f : X → Y be a proper surjective morphism of noe-
therian universally catenary schemes. Let r := dimX−dimY . Assume
that f−1(y) is pure r-dimensional for any closed point y ∈ Y .
Then the following hold:

(1) For any irreducible closed subset Y1 of Y and any irreducible
component X1 of f−1(Y1) satisfying f(X1) = Y1, we have that
dimX1 − dimY1 = r.

(2) Assume that X and Y are integral schemes. If D is an irre-
ducible closed subset such that codimXD = 1, then

codimY f(D) ≤ 1.

Proof. We first show (1). Let Y1 and X1 be as in the statement. We
may assume that dimY1 <∞ and we prove the claim by induction on
dimY1. If dimY1 = 0, then there is nothing to show. Thus, we may
assume that dimY1 > 0. By generic flatness, there exists a point z ∈ Y1
such that

dimX1 − dimY1 = dim(f−1(z) ∩X1) ≤ dim f−1(z) = r.

Thus, it is enough to show that dimX1 − dimY1 ≥ r. As dim Y1 > 0,
we can find an irreducible closed subset Y2 of Y1 satisfying dimY2 =
dimY1 − 1. Since

f(X1 ∩ f
−1(Y2)) = f(X1) ∩ Y2 = Y2,

there is an irreducible component X2 ofX1∩f
−1(Y2) such that f(X2) =

Y2. By induction, it follows that dimX2 − dim Y2 = r. Since

X2 ⊂ X1 ∩ f
−1(Y2) ( X1,

we have that dimX2 < dimX1. Thus,

dimX1 − dimY1 ≥ (dimX2 + 1)− (dimY2 + 1) = r

and (1) holds.
We now show (2). Let y be the generic point of f(D). After replacing

f : X → Y by the base change X ×Y SpecOY,y → SpecOY,y we may
assume that Y = SpecA for some local ring A. If f(D) = Y , then there
is nothing to show. Thus, we may assume that f(D) ( Y . By (1), we
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have that dim f−1(f(D)) < dimX . Since codimXD = 1, it follows that
D is an irreducible component of f−1(f(D)). Proposition 2.8 implies

codimY f(D) = dimY − dim f(D),

and
1 = codimXD = dimX − dimD.

Since D is an irreducible component of f−1(f(D)), we have

codimY f(D) = dimY − dim f(D) = (dimX − r)− (dimD − r) = 1,

where the second equality follows from (1). Thus, (2) holds. �

2.4. Relative semi-ampleness. The purpose of this subsection is to
recall some basic results on the relative semi-ampleness of an invertible
sheaf. Many of these results are well-known however we provide proofs
for the sake of completeness.

Lemma 2.10. Let

f : X
f ′

→ S ′ α
→ S

be proper morphisms of noetherian schemes and let L be an invertible
sheaf on X.
Then the following hold:

(1) If L is f -semi-ample, then L is f ′-semi-ample.
(2) If L is f ′-semi-ample and α is finite, then L is f -semi-ample.

Proof. For any positive integer m, we have

f ∗f∗L
⊗m = f ′∗α∗α∗f

′
∗L

⊗m → f ′∗f ′
∗L

⊗m → L⊗m.

Thus, (1) holds. Since α is finite, we have that

f ∗f∗L
⊗m = f ′∗α∗α∗f

′
∗L

⊗m → f ′∗f ′
∗L

⊗m

is surjective. Thus, (2) holds. �

Lemma 2.11. Let

f ′ : X ′ β
→ X

f
→ S

be proper morphisms of noetherian schemes and let L be an invertible
sheaf on X.
Then the following hold:

(1) If L is f -semi-ample, then β∗L is f ′-semi-ample.
(2) If β∗OX′ = OX and β∗L is f ′-semi-ample, then L is f -semi-

ample.
(3) If X is an Fp-scheme, β has connected fibres and β∗L is f ′-

semi-ample, then L is f -semi-ample.
(4) If S is excellent, X is normal, β is surjective and β∗L is f ′-

semi-ample, then L is f -semi-ample.
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Proof. If L is f -semi-ample, there is a positive integer m such that

f ∗f∗L
⊗m → L⊗m

is surjective. Thus, the composite morphism

β∗f ∗f∗L
⊗m = f ′∗f∗L

⊗m → f ′∗f∗β∗β
∗L⊗m = f ′∗f ′

∗β
∗L⊗m → β∗L⊗m

is surjective. In particular, f ′∗f ′
∗β

∗L⊗m → β∗L⊗m is surjective. Thus,
(1) holds.
We now show (2). To this end, we may assume that S is affine. Pick

a closed point x ∈ X . Then, since β is proper and surjective, there exist
a closed point x′ ∈ X ′, a positive integer m and t ∈ H0(X ′, β∗L⊗m)
such that β|x′ = x and t|x′ 6= 0. Since β∗OX′ = OX , there exists
s ∈ H0(X,L⊗m) such that s|x 6= 0. It follows that L is semi-ample over
S. Thus, (2) holds.
We now show (3). Let X ′ → X ′′ → X be the Stein factorisation

of β. Since the fibres of β are connected, we have that X ′′ → X is
a universal homeomorphism. Thus, by (2), we may assume that β is
a universal homeomorphism. By [Kol97, Proposition 6.6], there exists
a positive integer e such that the e-th iterated Frobenius morphism
F e : X → X factors through β. Hence, replacing β by F e, we may
assume that β = F e. In this case, the assertion (3) is clear.
We now show (4). Taking the Stein factorisation of β, (2) implies

that we may assume that β is a finite morphism. Moreover, replacing
X ′ by its normalisation, the problem is reduced to the case where X ′

is normal. If the field extension K(X) ⊂ K(X ′) is purely inseparable,
then the assertion follows from (3). Therefore, taking the separable
closure of K(X) ⊂ K(X ′), we see that the problem is reduced to
the case where the field extension of K(X) ⊂ K(X ′) is separable.
Furthermore, taking its Galois closure, we may assume that K(X) ⊂
K(X ′) is a Galois extension with Galois group G. Pick a closed point
x ∈ X and let {x′1, . . . , x

′
k} be the inverse image of x by β. There exist

a positive integer m and t ∈ H0(X ′, β∗L⊗m) such that t(x′i) 6= 0 for
any i ∈ {1, . . . , k}. Then

t′ :=
∏

σ∈G

σ∗ti ∈ H
0(X ′, β∗L⊗m|G|)

descends to X , i.e. there exists s ∈ H0(X,L⊗m|G|) such that β∗s = t.
In particular, s|x 6= 0. Thus (4) holds. �
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Lemma 2.12. Let

X ′ β
−−−→ Xyf ′

yf

S ′ α
−−−→ S

be a cartesian diagram of morphisms of noetherian schemes, where f
is proper. Let L be an invertible sheaf on X and let L′ := β∗L.
Then the following hold:

(1) If L is f -semi-ample, then L′ is f ′-semi-ample.
(2) If L′ is f ′-semi-ample and α is faithfully flat, then L is f -semi-

ample.

Proof. By (1) of Lemma 2.11, if L if f -semi-ample, then L′ is (f ◦ β)-
semi-ample. By (1) of Lemma 2.10, we have that L′ is f ′-semi-ample.
Thus, (1) holds.
We now show (2). Since L′ is f ′-semi-ample, there exists a positive

integerm such that f ′∗f ′
∗L

′⊗m → L′⊗m is surjective. Since β is faithfully
flat, it suffices to show that β∗(f ∗f∗L

⊗m) ≃ f ′∗f ′
∗L

′⊗m, which follows
from [Har77, Proposition III.9.3]. Thus, (2) holds. �

Lemma 2.13. Let f : X → S be a proper morphism of noetherian Fp-

schemes and let L be an invertible sheaf on X. Let f ′ : Xred
j
−→ X

f
−→ S,

where j is the induced closed immersion.
Then

Bf (L) = Bf ′(L|Xred
).

In particular, L is f -semi-ample if and only if L|Xred
is f ′-semi-ample.

Proof. We may assume that S is affine. Clearly, Bf ′(L|Xred
) ⊂ Bf (L).

We now show the opposite inclusion. Let x ∈ X be a closed point
such that x /∈ Bf ′(L|Xred

). Then there exist a positive integer m and
s ∈ H0(Xred, L

⊗m|Xred
) such that s|x 6= 0. Let F : X → X be the

absolute Frobenius morphism. There exists a positive integer e such
that if t = (F e)∗(s), then t ∈ H0(X,L⊗mpe) and t|x 6= 0. Thus, the
claim follows. �

Remark 2.14. Let f : X → S be a proper morphism of noetherian
schemes. Let L be an invertible sheaf on X . Then the following are
equivalent:

(1) L is f -semi-ample.
(2) For any point s ∈ S, if S ′ := SpecOS,s → S is the induced

morphism and α : X ′ := X ×S S
′ → X is the projection, then

α∗L is semi-ample over S ′.
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(3) For any point s ∈ S, if S ′′ := SpecOhS,s → S is the induced

morphism for the henselisation OhS,s and β : X
′′ := X ×S S

′′ →
X is the projection, then β∗L is semi-ample over S ′′.

(4) For any point s ∈ S, if S ′′′ := Spec ÔS,s → S is the induced

morphism for the completion ÔS,s and γ : X ′′′ := X×SS
′′′ → X

is the projection, then γ∗L is semi-ample over S ′′′.

Indeed, it is clear that (1) and (2) are equivalent. It follows from
Lemma 2.12 that (2), (3) and (4) are equivalent.

Lemma 2.15. Let f : X → S be a proper surjective morphism of noe-
therian Fp-schemes with connected fibres. Let L be an invertible sheaf
which is f -numerically trivial and f -semi-ample.
Then there exists a positive integer m and an invertible sheaf M on

S such that L⊗m ≃ f ∗M .

Proof. We can apply the same proof as in [Kee99, Lemma 1.1]. �

Lemma 2.16. Let f : X → S = SpecR be a proper morphism of noe-
therian schemes and assume that there is a finite ring homomorphism
R0 → R such that R0 is a henselian local ring. Let L be an invertible
sheaf on X.
Then the following are equivalent:

(1) There exists a positive integer m such that L⊗m ≃ OX .
(2) L is f -semi-ample and f -numerically trivial.

Proof. It suffices to show that (2) implies (1). Let f : X
g
→ T → S be

the Stein factorisation of f . By Lemma 2.15, there exists a positive
integer m such that L⊗m ≃ g∗M for some invertible sheaf M on T . We
can write T = SpecA for some ring A finite over R, hence also over R0.
By [Fu15, Proposition 2.8.3], A is the direct product of finitely many
local rings. Thus, M is trivial, and in particular also L⊗m is trivial. �

For notational convenience, we state the lemma below using Cartier
divisors instead of invertible sheaves.

Lemma 2.17. Let f : X → S be a proper morphism of integral normal
excellent schemes satisfying f∗OX = OS. Let L be a Q-Cartier Q-
divisor on X. Assume that

(1) S is Q-factorial.
(2) L is f -nef.
(3) L|XK(S)

∼Q 0.

(4) For any prime divisor D on X, its image f(D) is either equal
to S or a prime divisor on S.
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Then there exists a Q-Cartier Q-divisor M on Y such that L ∼Q

f ∗M .

Proof. After possibly replacing L by rL for some positive integer r, we
may assume that L is a Cartier divisor. By (3), we may find a positive
integer m and ϕ ∈ K(X) such that

mL+ div(ϕ) = L′,

where L′ is a Cartier divisor on X such that SuppL′ ⊂ f−1(S0) for
some proper closed subset S0 of S.
We show the claim by induction on the number of irreducible com-

ponents of f(L′). If this number is zero i.e. if L′ = 0, then there is
nothing to show. Thus, we may assume that L′ 6= 0. Let D be a
prime divisor which is contained in the support of L′. Let E := f(D).
Then (4) implies that E is a prime divisor and (1) implies that E is
Q-Cartier. We may write

f ∗E =
∑

i∈I

eiDi,

where, for each i ∈ I, Di is a prime divisor and ei is a positive rational
number. There exists a unique rational number α ∈ Q such that if

L′′ := L′ − αf ∗E,

then the coefficient of L′′ along Di is non-positive for any i ∈ I and the
coefficient of L′′ along Di1 is equal to zero for some i1 ∈ I. We define

I ′ := {i ∈ I | the coefficient of L′′ along Di is negative}.

We distinguish two cases. We first assume that I ′ = ∅. Then the
number of irreducible components of f(L′′) is less than the one of f(L′).
By induction, it follows that L ∼Q f ∗M for some M . Thus, we are
done.
We now assume that I ′ 6= ∅. We want to derive a contradiction. By

(4), for each i ∈ I, we have that Di dominates E. Let K := K(E). By
abuse of notation, we denote by K also the generic point of E. The
fibre XK of X → S over K may be written as

XK =
⋃

i∈I

Supp (Di)K =


 ⋃

i∈I\I′

Supp (Di)K


 ∪

(⋃

i∈I′

Supp (Di)K

)
.

Since XK is connected, we can find j1 ∈ I \ I
′ and j2 ∈ I

′ such that
(Dj1)K ∩ (Dj2)K 6= ∅.
Since the coefficient of −L′′ along any prime divisor intersecting XK

is non-negative, there exists an open neighbourhood S̃ of K ∈ S such



18 PAOLO CASCINI AND HIROMU TANAKA

that −L′′|X̃ is effective, where X̃ := f−1(S̃). Fix a positive integer ℓ
such that ℓL′′ is a Cartier divisor. Let

s ∈ H0(X̃,OX̃(−ℓL
′′))

be the section corresponding to the effective Cartier divisor −ℓL′′|X̃ .
In particular, s|Dj1

∩X̃ 6= 0 and s|Dj2
∩X̃ = 0. Thus, s|(Dj1

)K 6= 0 and

s(Dj2
)K = 0. Since (Dj1)K ∩ (Dj2)K 6= ∅, we can find a K-curve C such

that s|C 6= 0 and C ∩Dj2 6= ∅. In particular,

s|C ∈ H
0(C,OC(−ℓL

′′))

is such that s|z = 0 for any point z ∈ C ∩Dj2. Thus, degC(−L
′′|C) >

0, and in particular L · C = L′′|XK
· C < 0, which contradicts the

assumption that L is f -nef. �

2.5. Relative Keel’s theorem. The goal of this subsection is to prove
a relative version of Keel’s theorem [Kee99, Theorem 0.2]. To this end,
we follow similar methods as in [CMM14, Lemma 3.3].
We begin with the following:

Lemma 2.18. Let f : X → S be a projective surjective morphism of
noetherian Fp-schemes. Let L be a f -nef invertible sheaf on X.
Then the following hold:

(1) Given an f -ample invertible sheaf A, a positive integer m and
an element s ∈ H0(Xred, (L

⊗m ⊗OX
A−1)|Xred

), if Z is the re-
duced closed subscheme of X whose support is equal to the zero

set of s, and g : Z →֒ X
f
−→ S is the induced moprhism, then

Ef (L) = Eg(L|Z).
(2) Ef (L) = X if and only if L is not f -weakly big.
(3) Ef (L) is a closed subset of X.

Proof. We first show (1) and (2). Clearly, the inclusion Ef (L) ⊃
Eg(L|Z) holds. Thus, it is enough to show the opposite inclusion. Pick
a reduced closed subscheme V of X such that L|V is not f |V -weakly
big. Then s|V ∈ H

0(V, L|⊗mV ⊗ A−1|V ) is equal to zero. It follows that
SuppV ⊂ SuppZ, which implies that Ef (L) ⊂ Eg(L|Z). Thus, (1)
holds.
Note that if U ⊂ S is an open subset and if f ′ : X ′ := X ×S U → U

is the projection, then Ef ′(L|X′) = Ef (L)∩X
′. Thus, in order to prove

(2) and (3), we may assume that S is affine. In this case, (2) follows
immediately from (1).
We now show (3). By (2), we may assume that L is f -weakly big.

Thus, there exist an f -ample invertible sheaf A, a positive integer
m and a nonzero element s ∈ H0(Xred, (L

⊗m ⊗OX
A−1)|Xred

). Let Z
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and g be as in (1). Then Z is a closed subscheme of X such that
Supp Z ( Supp X and (1) implies that Ef (L) = Eg(L|Z). By noe-
therian induction, we may assume that Eg(L|Z) is a closed subset of Z.
Hence it is also a closed subset of X . Thus, (3) holds. �

Lemma 2.19. Let f : X → S be a projective morphism of noether-
ian Fp-schemes, where S is affine. Let L be an f -nef invertible sheaf
on X and let D be an effective Cartier divisor on X such that A :=
L ⊗OX

OX(−D) is f -ample. Let r be a positive integer and let t ∈
H0(D,L⊗r|D).
Then there exists a positive integer e0 and t′ ∈ H0(X,L⊗rpe0 ) such

that t′|pe0D = (F e0)∗t, where F e0 : pe0D → D is the morphism induced
by the e0-th iterated absolute Frobenius morphism F e0 : X → X. In
particular, t′|D = t⊗p

e0 .

Proof. Consider the exact sequence

0→ L⊗r ⊗OX
OX(−D)→ L⊗r → L⊗r|D → 0.

For any positive integer e, we obtain the exact sequence

0→ L⊗rpe ⊗OX
OX(−p

eD)→ L⊗rpe → L⊗rpe |peD → 0

induced by taking the pull-back by the Frobenius morphism F e : X →
X . Since L is f -nef and A is f -ample, it follows that the invertible
sheaf

L⊗r ⊗OX
OX(−D) ≃ L⊗(r−1) ⊗OX

A

is f -ample. In particular, we can find a positive integer e0 such that

H1(X,L⊗rpe0 ⊗OX
OX(−p

e0D)) ≃ H1(X, (L⊗r⊗OX
OX(−D))⊗p

e0
) = 0.

Thus,

H0(X,L⊗rpe0 )→ H0(X,L⊗rpe0 |pe0D)

is surjective. Therefore, there exists t′ ∈ H0(X,L⊗rpe0 ) such that
t′|pe0D = (F e0)∗t, as claimed. �

Proposition 2.20. Let f : X → S be a projective morphism of noe-
therian Fp-schemes. Let L be an f -nef invertible sheaf on X and let

g : Ef (L) →֒ X
f
−→ S be the induced morphism.

Then Bf (L) = Bg(L|Ef (L)). In particular, L is f -semi-ample if and
only if L|Ef (L) is g-semi-ample.

Proof. Clearly, Bg(L|Ef (L)) ⊂ Bf (L). Thus, it is enough to show the
opposite inclusion. Let x ∈ X be a point such that x /∈ Bg(L|Ef (L)).
Note that if U ⊂ S is an open subset and if f ′ : X ′ := X ×S U → U
is the projection, then Ef ′(L|X′) ⊂ Ef (L). Thus, we may assume that
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S is affine. By Lemma 2.13, we are reduced to the case where X is
reduced.
By (2) of Lemma 2.18, we may assume that L is f -weakly big. Thus,

there exist an f -ample invertible sheaf A on X , a positive integer m
and a nonzero section s ∈ H0(X,L⊗m ⊗OX

A−1). Let Z be the closed
subscheme of X given by the zero set of s. Then it follows from (1)

of Lemma 2.18 that Ef (L) = Eh(L|Z), where h : Z →֒ X
f
−→ S. Since

SuppZ ( SuppX , it follows that

x /∈ Bg(L|Ef (L)) = Bg(L|Eh(L|Z)) = Bh(L|Z),

where the last equation follows from noetherian induction.
We may write X = X ′ ∪ X ′′ where X ′ (resp. X ′′) is the reduced

closed subscheme of X whose support is equal to the union of all the
irreducible components of X that are not contained (resp. are con-
tained) in Z. Thus, X ′′ ⊂ Z and D := X ′ ∩ Z is an effective Cartier
divisor on X ′. It follows that L⊗m|X′⊗OX′

OX′(−D) is f ′-ample, where

f ′ : X ′ →֒ X
f
−→ S is the induced morphism.

Since x /∈ Bh(L|Z), there exist a positive integer r and t ∈ H
0(Z, L⊗mr|Z)

such that t|x 6= 0, where t|x denotes the pullback of t to Spec k(x) for
the residue field k(x) at x. By Lemma 2.19, there exists a positive
integer e and t′ ∈ H0(X ′, L⊗pemr|X′) such that

t′|X′∩Z = t⊗p
e

|X′∩Z .

Since X ′′ ⊂ Z, we have that

t′|X′∩X′′ = t⊗p
e

|X′∩X′′ .

By the Mayer–Vietoris type exact sequence

0→ OX → OX′ ⊕OX′′ → OX′∩X′′ → 0,

we can find a section u ∈ H0(X,L⊗pemr) such that u|X′ = t′ and
u|X′′ = t⊗p

e

|X′′ . In particular, u|x 6= 0 and therefore x /∈ Bf (L). Thus,
the claim follows. �

2.6. Thickening process.

2.6.1. Partial normalisation.

Definition 2.21. Let X and Y be reduced noetherian schemes. We
say that f : Y → X is a partial normalisation if f is a finite birational
morphism of schemes. In this case, Y is called a partial normalisation
of X .



RELATIVE SEMI-AMPLENESS IN POSITIVE CHARACTERISTIC 21

Definition 2.22. Let A be a reduced noetherian ring. We say that
a ring homomorphism ϕ : A → B is a partial integral closure if the
induced morphism SpecB → SpecA is a partial normalisation. In this
case, B is called a partial integral closure of A.

Remark 2.23. Let A be a reduced noetherian ring whose integral
closure A→ AN is finite. By definition, a ring homomorphism ϕ : A→
B is a partial integral closure of A if and only if the integral closure
A→ AN factors through ϕ. If ϕ : A→ B is a partial integral closure,
then A and B admit the same integral closure.

Definition 2.24. Let A be a reduced noetherian ring and let ϕ : A→
B be a partial integral closure of A. We call

I := {a ∈ A | aB ⊂ A}

the conductor ideal of ϕ. Note that I is an ideal of A and also of B.

Note that if A → B is a partial integral closure of a reduced noe-
therian ring A and I is the conductor ideal, then the sequence

0→ A→ B ⊕A/I → B/I → 0

is exact, where the third arrow is defined by the difference.

Definition 2.25. LetX be a reduced noetherian scheme and let f : Y →
X be a partial normalisation of X . The closed subschemes CX and CY
corresponding to the conductor ideals are called conductor subschemes
of X and of Y for f , respectively.

2.6.2. Existence of special thickening subschemes.

Lemma 2.26. Let A be a reduced noetherian ring and let ϕ : A → B
be a partial integral closure of A. Let I be the conductor ideal for ϕ.
Let J be an ideal of A such that J = JB ∩ A and J ⊂ I.
Then the induced sequence

0→ A/J → B/JB ⊕A/I → B/I → 0.

is exact, where the third arrow is defined by the difference.

Proof. The exactness on A/J follows from the assumption J = JB∩A.
The exactness on B/I is clear. The exactness on the middle follows
from the fact that the sequence

0→ A→ B ⊕A/I → B/I → 0

is exact. �
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Lemma 2.27. Let

A
ϕ

−−−→ Byψ
yψ′

C
ϕ′

−−−→ D
be a commutative diagram of ring homomorphisms of rings. Assume
that

(1) A→ B is injective and the induced ring extension is integral.
(2) A → C is surjective and the above diagram is cocartesian, i.e.

the induced ring homomorphism B ⊗A C → D is bijective.
(3) The sequence

0→ A
(ϕ,ψ)
−−−→ B ⊕ C

ψ′−ϕ′

−−−→ D → 0

is exact.

Then the induced sequence

1→ O×
SpecA → (ϕ♯)∗O

×
SpecB × (ψ♯)∗O

×
SpecC → (ψ♯ ◦ ϕ′♯)∗O

×
SpecD → 1.

is exact.

Proof. Fix a prime ideal p of A. Let S := A\p, A′ := S−1A = Ap, B
′ :=

S−1B,C ′ := S−1C, and D′ := S−1D. Then it is enough to show that
the induced sequence

1→ A′× → B′× × C ′× → D′× → 1

is exact. After replacing A, B, C and D by A′, B′, C ′, and D′ respec-
tively, all the assumptions still hold. Therefore, we may assume that
A is a local ring and it suffices to prove that the sequence

(2.27.1) 1→ A× → B× × C× → D× → 1

is exact.
We first show that A× = B×∩A. Let a ∈ A\A×. It suffices to show

that a 6∈ B×. There exists a prime ideal p of A such that a ∈ p. Since
SpecB → SpecA is surjective by (1), there exists a prime ideal q of B
lying over p. In particular, we get a ∈ q, which implies a 6∈ B×. Thus,
(3) implies that the induced sequence

1→ A× (ϕ,ψ)
−−−→ B× × C× ψ′/ϕ′

−−−→ D×

is exact.
In order to prove the exactness of (2.27.1), it is enough to show that

B× → D×
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is surjective. Let I := Kerψ. Then (2) implies that D = B/IB. Let
d ∈ D×. There exist elements b, b′ ∈ B whose images in D = B/IB
are equal to d and d−1, respectively. Thus,

bb′ = 1 + x

for some x ∈ IB ⊂ mB, where m is the maximal ideal of A. Since A ⊂
B is an integral extension by (1), [AM69, Corollary 5.8] implies that
m is contained in the Jacobson radical of B. In particular, 1 + x ∈ B×

and b ∈ B×, as desired. �

Remark 2.28. Note that, using the same notation as in Lemma 2.27,
it is easy to check that the condition (3) is equivalent to assuming that
IB = I, where I = Kerψ.

Proposition 2.29. Let f : Y → X be a partial normalisation of a
reduced noetherian scheme X. Let CX and CY be the conductor sub-
schemes of X and Y , respectively. Let X1 be a closed subscheme of X
such that CX →֒ X factors through X1 →֒ X. Let Y ′ := Y ×X X1 and
let X ′ be the scheme-theoretic image of Y ′.
Then the following hold:

(1) The closed immersion CX →֒ X1 factors through X ′.
(2) SuppX1 = SuppX ′.
(3) The sequence

0→ OX′ → OY ′ ⊕OCX
→ OCY

→ 0

is exact, where the third arrow is defined by the difference.
(4) The sequence

1→ O×
X′ → O

×
Y ′ ×O

×
CX
→ O×

CY
→ 1

is exact.
(5) Let L be an invertible sheaf on X such that

L⊗m1 |X′ ≃ OX′ and L⊗m2 |Y ≃ OY

for some positive integers m1 and m2. If the restriction map

H0(Y,O×
Y )Q → H0(Y ′,O×

Y ′)Q

is surjective, then there exists a positive integer m such that
L⊗m ≃ OX .

Proof. The assertion (2) follows from the fact that f is proper and
surjecitive. To prove (1), (3) and (4), we may assume that X and Y
are affine: X = Spec A and Y = Spec B. In particular, the induced
ring homomorphism ϕ : A → B is a partial integral closure. Let I be
the conductor ideal for ϕ. Let J1 ⊂ A and J ′ ⊂ A be the ideals of



24 PAOLO CASCINI AND HIROMU TANAKA

X1 and X
′, respectively. Since the closed immersion CX →֒ X1 implies

J1 ⊂ I, we obtain

J ′ = J1B ∩ A ⊂ IB ∩ A = I ∩ A = I.

It follows from the definition of X ′ that J ′ = J1B ∩ A. Then [AM69,
Proposition 1.17] implies that J1 ⊂ J ′ and J ′ = J ′B ∩ A. Therefore
(1) holds. Moreover (3) (resp. (4)) follows from Lemma 2.26 (resp.
Lemma 2.27).
We now show (5). Since CX is contained in X ′, we have that

L⊗m1 |CX
≃ OCX

.
Consider the commutative diagram:

1 −−−→ O×
X −−−→ O×

Y ×O
×
CX
−−−→ O×

CY
−−−→ 1yα

yβ×id

yid

1 −−−→ O×
X′ −−−→ O×

Y ′ ×O×
CX
−−−→ O×

CY
−−−→ 1,

where both the horizontal sequences are exact by (4). Thus, we get a
commutative diagram

H0(Y,O×

Y )×H0(CX ,O×

CX
)

ǫ
−−−−→ H0(CY ,O

×

CY
)

δ
−−−−→ PicX −−−−→ PicY × PicCX

yi
yj:=id

yα1

y

H0(Y ′,O×

Y ′)×H0(CX ,O×

CX
)

ǫ′

−−−−→ H0(CY ,O
×

CY
)

δ′

−−−−→ PicX ′ −−−−→ PicY ′ × PicCX .

where both the horizontal sequences are exact. By a diagram chase, it
is easy to check that (5) holds. �

2.7. Alteration theorem for quasi-excellent schemes. The pur-
pose of this subsection is to prove Theorem 2.30. Our results essentially
follows from Gabber’s alteration theorem for quasi-excellent schemes
[ILO14], which in turn is a generalisation of de Jong’s alteration theo-
rem [dJ96].
We begin by recalling some of the terminology used in [ILO14].

(i) A morphism of noetherian schemes f : X → Y is said to be
generically dominant if the image of any generic point of X by
f is a generic point of Y [ILO14, Exposé II, Définition 1.1.2].

(ii) Let S be a noetherian scheme. We denote by alt/S the category
of reduced S-schemes X whose structure morphisms X → S
are of finite type, generically finite, and generically dominant
[ILO14, Exposé II, 1.1.9 and Définition 1.2.2]. [ILO14, Exposé
II, Proposition 1.2.6] implies that the category alt/S admits a
fibre product. Moreover its proof implies that the product of
X and Y in alt/S is the reduced closed subscheme given by the
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union of any irreducible component of the scheme-theoretic fibre
product X ×S Y , which dominates an irreducible component of
S.

(iii) We define the alteration topology [ILO14, Exposé II, 2.3.1, 2.3.3],
to be the Grothendieck topology on alt/S defined by the pre-
topology generated by
• étale coverings, and
• proper surjective morphisms which are generically finite.

Theorem 2.30. Let X be a normal quasi-excellent scheme.
Then there exist morphisms of normal quasi-excellent schemes

Xν
ϕν
−→ Xν−1

ϕν−1
−−−→ · · ·

ϕ2
−→ X1

ϕ1
−→ X0 := X

that satisfy the following properties:

(1) Xν is regular.
(2) For each i ∈ {1, · · · , ν}, ϕi satisfies one of the following:

(a) ϕi is an étale surjective morphism.
(b) ϕi is a morphism which is proper, surjective and generically

finite.

Proof. By [ILO14, Exposé II, Théorème 4.3.1] and the above definition
of the alteration topology, there exist morphisms of quasi-excellent re-
duced schemes

Yν
ψν
−→ Yν−1

ψν−1
−−−→ · · ·

ψ2
−→ Y1

ψ1
−→ Y0 := X

such that

(I) Yν is regular.
(II) For each i ∈ {1, · · · , ν}, one of the following holds:

(A) ψi is an étale surjective morphism.
(B) ψi is a morphism which is proper, surjective and generically

finite.

Let Xi be the normalisation of Yi for each i and let

Xν
ϕν
−→ Xν−1

ϕν−1
−−−→ · · ·

ϕ2
−→ X1

ϕ1
−→ X0 := X

be the induced sequence. Fix i ∈ {1, · · · , ν}. It is enough to show that
(a) or (b) holds. Assume (A), i.e. ψi : Yi → Yi−1 is an étale surjective
morphism. Then its base change ϕ′

i : Xi−1 ×Yi−1
Yi → Xi−1 is also an

étale surjective morphism. In particular, also Xi−1 ×Yi−1
Yi is normal.

Therefore, the induced finite surjective morphism Xi−1 ×Yi−1
Yi → Yi

coincides with the normalisation. Thus, (a) holds.
If (B) holds, then it is clear that (b) holds. �
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3. (Theorem C)n−1 implies (Theorem A)n

In this section, we prove that (Theorem C)n−1 implies (Theorem A)n
(cf. Theorem 3.3). To this end, we first deal with a special case (cf.
Proposition 3.2). We start with an auxiliary result:

Lemma 3.1. Fix a positive integer n and assume (Theorem C)n−1.
Let f : X → S be a proper surjective morphism of excellent Fp-schemes,
where X is a normal scheme of dimension n. Let L be an invertible
sheaf on X such that L|Xs

is semi-ample for all the points s ∈ S and
there exists an open dense subset S0 of S such that L|f−1(S0) is semi-
ample over S0 and big over S0.
Then L is f -semi-ample.

Proof. We may assume the following properties:

(1) S is an affine scheme.
(2) X and S are integral.
(3) f∗OX = OS. In particular S is normal.
(4) f is projective.

Indeed, we may assume (1) (resp. (2)) by taking an affine open subset
(resp. a connected component). By (2) of Lemma 2.10 and by taking
the Stein factorisation of f , we may assume (3). Finally, by (4) of
Lemma 2.11 and Chow’s lemma, we may assume (4).
By Proposition 2.20, it is enough to show that L|Ef (L) is relatively

semi-ample. By (3) of Lemma 2.18, it follows that Ef (L) is a closed sub-
set of X . Since S0 is a non-empty open subset of S and L|f−1(S0) is rel-
atively big, it follows that L is f -weakly big. Thus, (2) of Lemma 2.18
implies that Ef (L) is a proper closed subset of X and, in particular,
dimEf (L) < dimX . Thus, (Theorem C)n−1 implies that L|Ef (L) is
relatively semi-ample, as desired. �

Proposition 3.2. Fix a positive integer n and assume (Theorem C)n−1.
Let f : X → S be a proper morphism of excellent Fp-schemes satisfying
f∗OX = OS, where X is a normal scheme of dimension n. Let L be
an invertible sheaf on X such that L|Xs

is semi-ample for all the points
s ∈ S and L|Xξ

is numerically trivial for all the generic points ξ of S.
Then L is f -semi-ample.

Proof. We may assume that S is affine. Replacing X by a purely insep-
arable model, we may assume that the generic fibre of f is geometrically
normal.
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We want to construct a commutative diagram of morphisms of schemes

X =: X0
ϕ1
←−−− X1

ϕ2
←−−− X2

ϕ3
←−−− · · ·

ϕν
←−−− Xνyf=:f0

yf1
yf2 · · ·

yfν

S =: S0
ψ1
←−−− S1

ψ2
←−−− S2

ψ3
←−−− · · ·

ψν
←−−− Sν ,

satisfying the following properties:

(1) For any i ∈ {1, · · · , ν}, Si is a normal excellent scheme such
that dimSi = dimS.

(2) For any i ∈ {1, · · · , ν}, Xi is normal excellent schemes such
that dimXi = dimX .

(3) For any i ∈ {1, · · · , ν}, fi : Xi → Si is a projective surjective
morphism such that (fi)∗OXi

= OSi
.

(4) For any i ∈ {1, · · · , ν} and for any closed point t ∈ Si, we have
dim f−1

i (t) = dimXi − dimSi.
(5) For any i ∈ {1, · · · , ν}, one of the following holds:

(a) ψi is an étale surjective morphism and Xi = Xi−1×Si−1
Si.

(b) Both ϕi and ψi are proper, surjective and generically finite
morphisms, and Xi is the normalisation of the irreducible
component of Xi−1 ×Si−1

Si, dominating Si.
(6) Sν is regular.

The above diagram can be constructed as follows. Below, we denote
by (1)i0, ..., (5)i0 the corresponding conditions above in the case i = i0.
First, S1 → S is the projective birational morphism so that the

projection g1 : X
′
1 := X ×S S1 → S1 is the flattening of X → S,

whose existence is guaranteed by [RG71, Theorem 5.2.2]. Let X1 be
the normalisation of X ′

1 and let

f1 : X1 → X ′
1 → S1

be the composite morphism. Then (1)1, · · · , (5)1 hold.
If S1 is regular, then we are done, otherwise we proceed as follows.

The lower horizontal sequence

S1
ψ2
←− S2

ψ3
←− · · ·

ψν
←− Sν

is constructed by applying Theorem 2.30 to S1. In particular (1)1, . . . , (1)ν
and (6) hold. Moreover, one of the following holds:

(a)′ ψi is an étale surjective morphism.
(b)′ ψi is a morphism which is proper, surjective and generically

finite.

We now construct Xi inductively as follows. Pick i ∈ {1, · · · , ν − 1}
and assume that Xj, fj and ϕj have already been constructed and
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(2)j, · · · , (5)j hold for any j ∈ {1, . . . , i}. If ψi+1 satisfies (a)′, then we
define Xi+1 := Xi ×Si

Si+1 and let fi+1 and ϕi+1 be the projections.
Clearly (2)i+1, · · · , (5)i+1 hold in this case. Thus, we may assume that
ψi+1 satisfies (b)′. We provide the construction in the case that Xi, Si
and Si+1 are integral, as we can apply the same argument in the general
case by taking each connected component separately. Since ψi+1 is
generically finite, there exists a unique irreducible component X ′

i+1 of
Xi×Si

Si+1 that dominates Si+1, where we equip X
′
i+1 with the reduced

scheme structure. Let Xi+1 be the normalisation of X ′
i+1. Let fi+1 and

ϕi+1 be the induced morphisms. Then (2)i+1, (4)i+1 and (5)i+1 hold.
Further, since Si+1 is normal and (fi+1)∗OXi+1

|S0
i+1

= OSi+1
|S0

i+1
for

some open dense subset S0
i+1 of Si+1, also (3)i+1 hods. This completes

the construction of the commutative diagram above.

For each i ∈ {0, · · · , ν}, the morphism fi : Xi → Si and the invertible
sheaf L|Xi

satisfy the assumptions in the statement of the proposition.
We show the claim by descending induction on i.
We now show that L|Xν

is fν-semi-ample. To this end, we only treat
the case where Xν and Sν are integral schemes, as the general case
is reduced to this case by taking connected components. By (4)ν and
Lemma 2.9, it follows that the image of any prime divisor of Xν is
either a prime divisor on Sν or equal to Sν . In particular, Lemma 2.17
implies that L|Xν

is fν-semi-ample.
Fix i ∈ {0, · · · , ν− 1} and assume that L|Xi+1

is fi+1-semi-ample. It
is enough to prove that L|Xi

is fi-semi-ample. If ψi+1 satisfies (a) of
(5)i+1, then the claim follows from (2) of Lemma 2.12. Thus, we may
assume that ψi+1 satisfies (b) of (5)i+1. After replacing Xi, Xi+1, Si
and Si+1 by their connected components, we may assume that they are
integral schemes.
We have a commutative diagram:

Xi
ϕ′

←−−− Y
ϕ′′

←−−− Xi+1yfi
yg

yfi+1

Si
ψ′

←−−− T
ψ′′

←−−− Si+1

where Xi+1 → Y → Xi is the Stein factorisation of ϕi+1, and Y →
T → Si is the Stein factorisation of fi ◦ϕ

′. Note that Si+1 → Si factors
through T because T is the Stein factorisation of Xi+1 → Si.
Since L|Xi+1

is fi+1-semi-ample, it follows from Lemma 2.15 that
there exists a positive integer m and an invertible sheaf M on Si+1

such that
L⊗m|Xi+1

≃ f ∗
i+1M.
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By Lemma 3.1, M is semi-ample over T . Thus, (1) of Lemma 2.11
implies that L|Xi+1

is semi-ample over T . As Y is normal, (4) of
Lemma 2.11 implies that L|Y is semi-ample over T and, by (2) of
Lemma 2.10, it follows that L|Y is semi-ample over Si. Since Xi is nor-
mal, (4) of Lemma 2.11 implies that L|Xi

is semi-ample over Si. This
completes the proof. �

Theorem 3.3. Fix a positive integer n.
Then (Theorem C)n−1 implies (Theorem A)n.

Proof. Let f : X → S be a projective surjective morphism of excellent
Fp-schemes with connected fibres, where X is normal of dimension n.
Let L be an invertible sheaf on X such that L|Xs

is semi-ample for any
point s ∈ S. We want to show that L is f -semi-ample.
We may assume the following:

• S is affine.
• f∗OX = OS.
• X and S are integral normal schemes.

Indeed, we may replace S by an affine open subset. By (2) of Lemma
2.10, we may replace f by its Stein factorisation. Thus, we may assume
that f∗OX = OS and in particular, S is normal. Replacing X and S by
their connected components, we may assume that X and S are integral
schemes.
We first show the following:

Claim. There exists a projective birational morphism π : Y → X and
projective morphisms

g : Y
ϕ
−→ Z

h
−→ S

of integral normal schemes such that ϕ∗OY = OZ , g = f ◦ π and
π∗L⊗m = ϕ∗M , where m is a positive integer and M is an invertible
sheaf on Z such that M |h−1(S0) is ample over S0 for some open dense
subset S0 of S.

Proof of Claim. Since L|XK(S)
is semi-ample, it induces aK(S)-morphism

ψ1 : XK(S) → ZK(S)

to a projective normal K(S)-variety ZK(S) with (ψ1)∗OXK(S)
= OZK(S)

.

Thus, after possibly replacing L by a power of L, it follows that L|XK(S)

is the pull-back of an ample invertible sheaf on ZK(S).
By killing the denominators, we can spread out ψ1 over a non-empty

open subset S0 of S, i.e. there exist projective morphisms

f 0 : X0 = f−1(S0)
ψ0

→ Z0 h0
→ S0
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such that f 0 = f |f−1(S0) and the base change of ψ0 to K(S) is equal to
ψ1. In particular, L|X0 is the pull-back of an invertible sheaf M0 on Z0

which is ample over S0. Let Z be a normal projective compactification
of Z0 over S, so that we obtain

X 99K Z
h
−→ S.

Let Y be the normalisation of the resolution of the indeterminacies of
X 99K Z, with induced morphisms π : Y → X and ϕ : Y → Z. Note
that ϕ∗OY = OZ .
Since π∗L|Yz is semi-ample for any z ∈ Z and π∗L|YK(Z)

is numeri-
cally trivial, Proposition 3.2 implies that π∗L is ϕ-semi-ample. Thus,
Lemma 2.15 implies that π∗L⊗m = ϕ∗M where m is a positive integer
and M is an invertible sheaf on Z. Moreover, after possibly replac-
ing M0 by one of its powers, it follows that M |h−1(S0) ≡h M

0, hence
M |h−1(S0) is ample over S0. Thus, the claim follows. �

Since the fibres of ϕ : Y → Z are connected, it follows that also the
fibres of the restriction morphism ϕ|Ys : Ys → Zs are connected for any
s ∈ S. Thus, (3) of Lemma 2.11 implies that M |Zs

is semi-ample for
any s ∈ S. Therefore, Lemma 3.1 implies thatM is semi-ample over S.
By (1) of Lemma 2.11, it follows that π∗L⊗m = ϕ∗M is semi-ample over
S. Since X is normal, (4) of Lemma 2.11 implies that L is semi-ample
over S. This completes the proof of Theorem 3.3. �

4. Numerically trivial case

The main goal of this section is to prove that (Theorem A)n implies
(Theorem B)n (cf. Theorem 4.5). In Subsection 4.1, we treat the case
where the total space X is normal. In Subsection 4.2, we prove that
the problem can be reduced to the case where the base scheme S is
normal. In Subsection 4.3, we prove the required statement under the
assumption that the conductor of the normalisation does not dominate
the base scheme.

4.1. The case where the total space is normal.

Proposition 4.1. Fix a positive integer n and assume (Theorem A)n.
Let f : X → S be a projective morphism of excellent Fp-schemes, where
X is normal of dimension n. Let L be an f -numerically trivial invert-
ible sheaf on X such that L|Xs

is semi-ample for all the points s ∈ S.
Then L is f -semi-ample.

Proof. By Lemma 2.10, after possibly taking the Stein factorisation of
f , we may assume that f∗OX = OS. In particular, S is normal. Thus,
(Theorem A)n implies the claim. �
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4.2. Normalisation of the base. We now show that, in order to
prove (Theorem B)n, we may assume that the base scheme is normal.

Proposition 4.2. Fix a positive integer n and assume (Theorem B)n−1.
Let

X ′ α
−−−→ Xyf ′

yf

S ′ β
−−−→ S

be a cartesian diagram of excellent Fp-schemes, where f is a projective
surjective morphism with connected fibres, X has dimension n and β
is the composition of the induced morphism Sred → S and the normal-
isation S ′ → Sred of Sred. Let L be an f -numerically trivial invertible
sheaf on X such that L|Xs

is semi-ample for all s ∈ S. Let L′ := α∗L.
Then L is f -semi-ample if and only if L′ is f ′-semi-ample.

Proof. By Remark 2.14, we may assume that S = SpecR, where R is
a henselian local ring. If L is f -semi-ample, then (1) of Lemma 2.10
and (1) of Lemma 2.11 imply that L′ is f ′-semi-ample.
We now assume that L′ is f ′-semi-ample. By Lemma 2.13, we may

assume that X and S are reduced. Let CS and CS′ be the conductor
subschemes in S and S ′ for β. Let CX and CX′ be their inverse images
in X and X ′ respectively.

Claim. The following hold:

(1) The induced sequence

0→ OX → α∗OX′ ⊕OCX
→ α∗OCX′

→ 0

is exact.
(2) The induced sequence

1→ O×
X → α∗O

×
X′ ×O×

CX
→ α∗O

×
CX′
→ 1

is exact.
(3) There exists a positive integer m1 such that L⊗m1 |X′ ≃ OX′ .
(4) There exists a positive integer m2 such that L⊗m2 |CX

≃ OCX
.

Proof of Claim. We first show (1). By (3) of Proposition 2.29, we have
an exact sequence

0→ OS → β∗OS′ ⊕OCS
→ β∗OCS′

→ 0.

By Lemma 2.3 and by applying f ∗ to the exact sequence above, it is
enough to show that OX → α∗OX′ is injective. This follows from the
fact that α : X ′ → X is an affine surjective morphism onto a reduced
scheme X . Thus, (1) holds. Lemma 2.27 implies (2) and Lemma 2.16
implies (3). Finally, Lemma 2.16 and (Theorem B)n−1 imply (4). �
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By (3) and (4) of Claim, after possibly replacing L by L⊗m1m2 , we
may assume that L|X′ ≃ OX′ and L|CX

≃ OCX
.

We have a commutative diagram

1 −−−→ O×
X −−−→ O

×
X′ ×O

×
CX
−−−→ O×

CX′
−−−→ 1xζ

xξ
xη

1 −−−→ O×
S −−−→ O×

S′ ×O
×
CS
−−−→ O×

CS′
−−−→ 1,

where, by (2) of Claim, both the horizontal sequences are exact. Thus,
the following diagram is commutative:

H0(CX′,O×
CX′

)
δX−−−→ PicX −−−→ PicX ′ × PicCX −−−→ PicCX′

xη0
xζ1

xξ1
xη1

H0(CS′,O×
CS′

)
δS−−−→ PicS −−−→ PicS ′ × PicCS −−−→ PicCS′.

Since L|X′ ≃ OX′ and L|CX
≃ OCX

, there exists an element u ∈
H0(CX′,O×

CX′
) such that δX(u) ≃ L. Since CX′ → CS′ is a projec-

tive morphism with connected fibres, by Lemma 2.1 there is a positive
integer m and an element v ∈ H0(CS′,O×

CS′
) such that um = η0(v).

Therefore, L⊗m is contained in the image of ζ1, as desired. �

4.3. The vertical case.

Lemma 4.3. Fix positive integers n and m. Assume (Theorem A)n,
(Theorem B)n−1 and (Theorem B)n,m−1. Let f : X → S be a projective
surjective morphism of excellent reduced Fp-schemes with connected fi-
bres, where X has dimension n and S is an integral normal scheme
of dimension m. Let L be an f -numerically trivial invertible sheaf on
X such that L|Xs

is semi-ample for all s ∈ S. Assume that there ex-
ists a non-empty open subset S1 of S such that the induced morphism
f |f−1(S1) : f

−1(S1)→ S1 is a universal homeomorphism.
Then L is f -semi-ample.

Proof. By Remark 2.14 and the fact that the henselisation of an inte-
grally closed local domain is again an integrally closed local domain,
we may assume that S = SpecR, where R is a henselian local ring. We
divide the proof into two steps.

Step 1. Lemma 4.3 holds under the assumption that X is an integral
scheme.

Proof of Step 1. In this case, f : X → S is a projective surjective mor-
phism of integral excellent schemes. By assumption, the induced field
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extension K(S) ⊂ K(X) is finite and purely inseparable. We use the
following notation:

• Let ν : Y → X be the normalisation of X . Let CX and CY be
the conductor subschemes of X and Y , respectively. Then the
composite morphism

g : Y
ν
−→ X

f
−→ S

is a projective surjective morphism of integral normal excellent
schemes whose corresponding field extension K(S) ⊂ K(Y ) is
finite and purely inseparable. In particular, g has connected
fibres.
• Let X1 be a closed subscheme of X such that the closed immer-
sion CX → X factors through X1 and that SuppX1 is equal to
f−1(S ′) where S ′ := f(SuppCX)∪(S \S1). Since f

−1(S1)→ S1

is a universal homeomorphism, it follows that SuppS ′ ( S and
SuppX1 ( X . As SuppX1 is a proper closed subset of a nothe-
rian integral scheme X , it follows that dimX1 < dimX .
• Let Y ′ := Y ×XX1 and let X ′ be the scheme-theoretic image of
Y ′. By (2) of Proposition 2.29, it follows that X ′ and X1 have
the same support. In particular, we have that dimX ′ < dimX .

By Lemma 2.16 and (5) of Proposition 2.29, it is enough to show the
following:

(i) L⊗m1 |X′ ≃ OX′ for some m1 ∈ Z>0.
(ii) L⊗m2 |Y ≃ OY for some m2 ∈ Z>0.
(iii) The restriction map

H0(Y,O×
Y )Q → H0(Y ′,O×

Y ′)Q

is surjective.

Thanks to Lemma 2.16, (Theorem B)n−1 implies (i) and, similarly,
Proposition 4.1 implies (ii).
We now show (iii). Note that Supp Y ′ = Supp g−1(S ′). In particular,

both g : Y → S and Y ′ → S ′ have connected fibres. Thus, by Lemma
2.1, we have the isomorphisms of abelian groups

H0(S,O×
S )Q

≃
−→ H0(Y,O×

Y )Q

H0(S ′,O×
S′)Q

≃
−→ H0(Y ′,O×

Y ′)Q.

Since S = SpecR where R is a local ring, it follows that

R× → (R/I)×

is surjective for any ideal I of R. This implies that

H0(S,O×
S )Q → H0(S ′,O×

S′)Q
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is surjective, hence (iii) holds. This completes the proof of Step 1. �

Step 2. Lemma 4.3 holds without any additional assumptions.

Proof of Step 2. Let S2 := S \ S1. Let X1 be the closure of f−1(S1) in
X and let X2 := f−1(S2), where we equip X1 and X2 with the reduced
scheme structures. We denote by f1 the composite morphism:

f1 : X1 →֒ X → S.

The following hold:

(I) X1 and X2 are closed subschemes of X .
(II) The set-theoretic equality X = X1 ∪X2 holds.
(III) The set-theoretic equality X1 ∩X2 = f−1

1 (S2) holds.

By (II) and the fact that X,X1 and X2 are reduced, we have the exact
sequence

1→ O×
X → O

×
X1
×O×

X2
→ O×

X1∩X2
→ 1,

which in turn induces the exact sequence

H0(X1,O
×
X1

)Q ×H0(X2,O
×
X2

)Q → H0(X1 ∩X2,O
×
X1∩X2

)Q

→ (PicX)Q → (PicX1)Q × (PicX2)Q.

Therefore, it is enough to show the following:

(1) L⊗m1 |X1 ≃ OX1 for some m1 ∈ Z>0.
(2) L⊗m2 |X2 ≃ OX2 for some m2 ∈ Z>0.
(3) The restriction map

H0(X1,O
×
X1
)Q ×H

0(X2,O
×
X2
)Q → H0(X1 ∩X2,O

×
X1∩X2

)Q

is surjective.

By Lemma 2.16, Step 1 implies (1) and (Theorem B)n,m−1 implies
(2).
We now show (3). Since X2 = f−1(S2) and f has connected fi-

bres, also the induced morphism X2 → S2 has connected fibres. Thus,
Lemma 2.1 implies that the induced map

(4.3.1) H0(S2,O
×
S2
)Q → H0(X2,O

×
X2
)Q

is bijective. Since S is normal and f1 : X1 → S is a proper generically
universal homeomorphism of integral schemes, it follows that f1 : X1 →
S has connected fibres. Hence, (III) implies that also X1 ∩ X2 → S2

has connected fibres. Thus, Lemma 2.1 implies that

(4.3.2) H0(S2,O
×
S2
)Q → H0(X1 ∩X2,O

×
X1∩X2

)Q

is bijective. By (4.3.1) and (4.3.2), we have that the map

H0(X2,O
×
X2
)Q → H0(X1 ∩X2,O

×
X1∩X2

)Q

is surjective. Thus, (3) holds. This completes the proof of Step 2. �



RELATIVE SEMI-AMPLENESS IN POSITIVE CHARACTERISTIC 35

Step 2 completes the proof of Lemma 4.3. �

Proposition 4.4. Fix positive integers n and m. Assume (Theo-
rem A)n, (Theorem B)n−1 and (Theorem B)n,m−1. Let f : X → S
be a projective morphism of excellent reduced schemes with connected
fibres. Let L be an f -numerically trivial invertible sheaf on X such that
L|Xs

is semi-ample for all s ∈ S. Assume that

(a) dimX = n.
(b) S is an integral scheme.
(c) The conductor subscheme CX in X for the normalisation of X

satisfies f(CX) ( S.

Then L is f -semi-ample.

Proof. We divide the proof into three steps.

Step 1. In order to prove Proposition 4.4, we may assume the follow-
ing:

(1) S is an affine scheme.
(2) There exists a closed subscheme Γ of X such that Γ is an inte-

gral scheme and the induced morphism Γ → S is a generically
universal homeomorphism.

Proof of Step 1. Since the problem is local on S, we may assume that
S is affine.

Claim. There exists a closed subscheme T of X such that T is an
integral scheme, T → S is surjective and the induced field extension
K(T ) ⊃ K(S) is of finite degree.

Proof of Claim. Take the generic fibre X ×S SpecK(S), which is a
scheme of finite type over K(S). Since X ×S SpecK(S) is not empty,
there exists a closed point η ofX×SSpecK(S). It follows from Hilbert’s
Nullstellensatz that k(η) ⊃ K(S) is a finite extension. There exists a
unique closed subscheme T of X such that T is an integral scheme and
T ×S SpecK(S) is equal to η. By construction, g : T → S is dominant.
Since g is proper, we have that g is surjective. It follows from the
construction that the field extension K(T ) ⊃ K(S) is of finite degree.
This completes the proof of Claim. �

Let L be the separable closure of K(S) in K(T ). By Lemma 2.4,
there exists a finite faithfully flat morphism

S ′ → S

where S ′ is an integral scheme such that L = K(S ′). Take the reduced
structure of the base change:

f ′ : X ′ = (X ×S S
′)red → X ×S S

′ → S ′.
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Clearly the conditions (a) and (b) hold for X ′ and S ′. Since S ′ → S
is generically étale, also the condition (c) holds for f ′. Since S ′ → S is
faithfully flat, we can replace f by f ′ (Lemma 2.12). By construction,
we can find the required closed subscheme Γ of X ′ as an irreducible
component of S ′ ×S T . This completes the proof of Step 1. �

Step 2. In order to prove Proposition 4.4, we may assume the condition
(2) in Step 1 and the following conditions (3) and (4).

(3) S is normal.
(4) S = SpecR, where R is a henselian local ring.

Proof of Step 2. By Step 1, we may assume that f : X → S satisfies
(1) and (2). Let S ′ → S be the normalisation of S and consider the
reduced structure of the base change

f ′ : X ′ = (X ×S S
′)red → X ×S S

′ → S ′.

Clearly, (a), (b), (c), (1), (2) and (3) hold for f ′ : X ′ → S ′. By Propo-
sition 4.2, we may replace f by f ′. Thus, we may assume that (1), (2)
and (3) hold. By Remark 2.14, we are done. Note that the henseli-
sation does not break the condition (b) in our case. Indeed, if R is a
normal excellent local ring, then so is Rh, hence in particular Rh is an
integral domain. �

Step 3. Proposition 4.4 holds without any additional assumptions.

Proof of Step 3. By Step 2, we may assume that (2)–(4) hold. Let
ν : Y → X be the normalisation of X . Let g : Y → T be the Stein
factorisation of Y → S. We can find a closed subscheme S1 of S such
that

• SuppS1 ( SuppS,
• f(CX) ⊂ SuppS1, and
• Γ \ f−1(S1)→ S \ S1 is a universal homeomorphism.

We take a closed subscheme X1 of X such that SuppX1 = Γ∪f−1(S1).
Let Y ′ := Y ×X X1 and let X ′ be the scheme-theoretic image of Y ′.
By (2) of Proposition 2.29, it follows that X ′ and X1 have the same
support. It follows that X ′ → S and Y ′ → T have connected fibres.
By Lemma 2.16 and (5) of Proposition 2.29, it is enough to show the

following:

(i) L|X′ is semi-ample over S.
(ii) L|Y is semi-ample over S.
(iii) The restriction map

H0(Y,O×
Y )Q → H0(Y ′,O×

Y ′)Q

is bijective.
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Thanks to (Theorem B)n−1 and (Theorem B)n,m−1, we may apply
Lemma 4.3, hence (i) holds. Proposition 4.1 implies (ii). Since both
the morphisms Y → T and Y ′ → T have connected fibres, Lemma 2.1
implies (iii). This completes the proof of Step 3. �

Step 3 completes the proof of Proposition 4.4. �

4.4. (Theorem A)n implies (Theoerem B)n.

Theorem 4.5. Fix a positive integer n.
Then (Theorem A)n implies (Theorem B)n.

Proof. We first introduce some notation.
Let f : X → S be as in the statement of Theorem B. Let m = dimS

and let S1, · · · , St be the m-dimensional irreducible components of S
equipped with the reduced scheme structures. For any k ∈ {1, · · · , t},
let ξk be the generic point of Sk and let ξk be the geometric point
obtained by taking its algebraic closure. Let

δ(f) := max
1≤k≤t

dimXξk .

Let ν : XN → X be the normalisation of X and let CX be the con-
ductor subscheme of X for ν. For any k ∈ {1, · · · , t}, let ηk(f) be the
number of the connected components of the fibre CX,ξk over ξk of the
induced morphism

CX →֒ X → S.

Let

η(f) := max
1≤k≤t

ηk(f).

We consider the set-theoretic decomposition

CX = Ch
X ∪ C

v
X

so that Ch
X and Cv

X are closed subsets ofX which admit decompositions
into irreducible components

Ch
X =

r⋃

i=1

Ch,i
X , Cv

X =

s⋃

j=1

Cv,j
X

as closed subsets of X , where each Ch,i
X dominates Sk for some k ∈

{1, · · · , t} and each Cv,j
X does not dominate any of S1, · · · , St. We

equip Ch,i
X and Cv,j

X with the reduced scheme structures. In particular,

each of Ch,i
X and Cv,j

X is an integral scheme.
Let

Q(f) := (dimX, dimS, δ(f), η(f)).
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We proceed by induction on all the quadruples of non-negative integers
(n,m, δ, η) with respect to the lexicographic order (e.g. (1, 0, 0, 0) >
(0, 1, 0, 0)).

Step 1. Let f : X → S be as in the statement of Theorem B. Let
f ′ : X → S ′ be the Stein factorisation of f : X → S. Then the following
hold:

• S ′ is reduced.
• dimS = dimS ′.
• δ(f) = δ(f ′).
• η(f) ≥ η(f ′).

In particular, Q(f) ≥ Q(f ′).

Proof of Step 1. Let β : S ′ → S be the induced morphism. Let S ′
1, · · · , S

′
t′

be the m-dimensional irreducible componenets of S ′ and let ξ′ℓ be the
generic point of S ′

ℓ for ℓ ∈ {1, · · · , t
′}. Since X is reduced, so is S ′. Note

that for any open affine subset SpecR of S, if we denote by SpecR′ its
inverse image to S ′, then R → R′ is a finite injective ring homomor-
phism. Thus, [AM69, Theorem 5.11] implies the following hold:

• dimS = dimS ′.
• For any ℓ ∈ {1, · · · , t′}, there exists k ∈ {1, · · · , t} such that
β(ξ′ℓ) = ξk.
• For any k ∈ {1, · · · , t}, there exists a non-empty subset L of
{1, · · · , t′} such that β−1({ξk}) =

⋃
ℓ∈L{ξ

′
ℓ}.

Thus, it follows that δ(f) = δ(f ′) and η(f) ≥ η(f ′). This completes
the proof of Step 1. �

Step 2. Let f : X → S and let L be as in the statement of Theorem B.
Let

β : S ′′ → S

be a morphism satisfying one of the following properties:

• β is the normalisation of S.
• S and S ′′ are integral schemes and β is a finite flat generically
étale morphism.

Consider the reduced structure of the base change of f over S ′′:

f ′′ : X ′′ = (X ×S S
′′)red → X ×S S

′′ → S ′′.

Then the following hold:

• dimX = dimX ′′.
• dimS = dimS ′′.
• δ(f) = δ(f ′′).
• η(f) = η(f ′′).
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• If L|X′′ is f ′′-semi-ample, then L is f -semi-ample.

In particular, Q(f) = Q(f ′′).

Proof of Step 2. Since β is a finite surjective morphism, so is X ′′ → X .
Thus, we have that dimS = dimS ′′ and dimX = dimX ′′. It is easy
to check that δ(f) = δ(f ′′) and η(f) = η(f ′′). By Lemma 2.12 and
Proposition 4.2, we have that if L|X′′ is f ′′-semi-ample, then L is f -
semi-ample. This completes the proof of Step 2. �

Step 3. Fix positive integers n and m. Assume (Theorem B)n−1 and
(Theorem B)n,m−1.
Then (Theorem B)n,m holds for any morphism f : X → S such that

δ(f) = 0 or η(f) = 0.

Proof of Step 3. Let f : X → S and L be as in (Theorem B)n,m and
such that δ(f) = 0 or η(f) = 0. By Step 1 and Step 2, we may assume
that f has connected fibres and S is normal. Since the problem is
local on S, we may assume that S is an integral normal scheme. Since
δ(f) = 0 or η(f) = 0, we have that f(CX) ( S where CX denotes the
conductor of the normalisation of X . Thus, Proposition 4.4 implies
that L is f -semi-ample. �

Step 4. Fix positive integers n, m, δ and η. Assume that Theorem B
holds for all the morphisms f : X → S such that Q(f) < (n,m, δ, η).
Then Theorem B holds for any morphism f : X → S such that

Q(f) = (n,m, δ, η) and satisfying the following properties:

(a) f : X → S has connected fibres.
(b) S = SpecR, where R is an integral normal local henselian ring.

(c) The induced morphism fh,1 : Ch,1
X → S has connected fibres.

Proof of Step 4. Let ν : XN → X be the normalisation of X . By
[Fer03, Theorem 7.1], we can find morphisms

ν : XN → Y
π1−→ X

such that

(i) Y is a reduced scheme.
(ii) Both XN → Y and Y → X are finite birational morphisms.
(iii) The conductor DX of X for π1 : Y → X is set-theoretically

equal to Ch,1
X .

(iv) If fY : Y → X → S is the induced morphism, then η(f) >
η(fY ).

(v) Any irreducible component of the conductorDY of Y for π1 : Y →
X dominates S.
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Indeed, such Y can be constructed as follows. If C ′
X denotes the

scheme-theoretic image of the induced immersion CX∩(X \C
h,1
X )→ X ,

then we define Z1 as the pushout of the diagram XN ←֓ ν−1(C ′
X) →

C ′
X , whose existence is guaranteed by [Fer03, Theorem 7.1]. Let Z :=

(Z1)red. Then Z satisfies the corresponding properties (i)Z–(iv)Z to (i)–
(iv). We denote by EX and EZ the conductors of X and Z respectively
for the induced finite birational morphism µ : Z → X . Let

SuppEZ = (E1 ∪ · · · ∪ Ea) ∪ (F1 ∪ · · · ∪ Fb)

be the irreducible decomposition such that all of E1, · · · , Ea dominate
S and none of F1, · · · , Fb dominates S. Let C ′′

X be the reduced closed
subscheme of X that is set-theoretically equal to µ(F1 ∪ · · · ∪ Fb). We
define Y as the pushout of the diagram Z ←֓ µ−1(C ′′

X) → C ′′
X , whose

existence is guaranteed again by [Fer03, Theorem 7.1]. Since Z and
C ′′
X are reduced, so is Y . Hence (i) holds. The properties (ii), (iii) and

(v) follow directly from the construction. The remaining one (iv) holds
by (iv)Z and the fact that the induced morphism ZK(S) → YK(S) of the
generic fibres is an isomorphism.

Let η = Spec K(S) be the generic point of S and let Xη = X ×S
SpecK(S) be the generic fibre of f . Similarly, we denote

Yη = Y×SSpecK(S), DXη
= DX×SSpecK(S) and DYη = DY×SSpecK(S).

Note that DXη
and DYη are the conductor of the morphism Yη → Xη

in Xη and Yη respectively. We have the commutative diagram:

H0(Y,O×

Y )×H0(DX ,O×

DX
)

ϕ
−−−−→ H0(DY ,O

×

DY
)

ψ
−−−−→ PicX −−−−→ PicY × PicDX

yi
yj

y
y

H0(Yη,O
×

Yη
)×H0(DXη

,O×

DXη
)

ϕ′

−−−−→ H0(DYη
,O×

DYη
)

ψ′

−−−−→ PicXη −−−−→ PicYη × PicDXη
.

Claim. The following hold:

(1) There exists a positive integer r such that

L⊗r|Y ≃ OY , L⊗r|DX
≃ ODX

and L⊗r|Xη
≃ OXη

.

(2) Im(ϕ′
Q) ∩ Im(jQ) ⊂ Im(ϕ′

Q ◦ iQ).
(3) jQ : H

0(DY ,O
×
DY

)Q → H0(DYη ,O
×
DYη

)Q is injective.

Proof of Claim. We first show (1). Since we are assuming that The-
orem B holds for all the morphisms f such that Q(f) < (n,m, δ, η),
we have that L|Y and L|DX

are semi-ample over S. Thus, Lemma 2.16
implies that there exist r1 ∈ Z>0 such that L⊗r1 |Y ≃ OY and L⊗r1 |DX

≃
ODX

. By assumption, L|Xη
is semi-ample. Hence, again by Lemma 2.16,
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we may find r2 ∈ Z>0 such that L⊗r2 |Xη
≃ OXη

. Let r := max{r1, r2}.
Then (1) holds.
We now show (2). Let

RY := H0(Y,OY ), RDX
:= H0(DX ,ODX

), RDY
:= H0(DY ,ODY

).

Since these rings define the Stein factorisations of Y → S, DX → S,
and DY → S respectively, we obtain injective ring homomorphisms

(4.5.3) Γ(S,OS) = R→ RY → RDY
.

For U := R \ {0}, the left square in the diagram above induces the
commutative diagram

(R×
Y )Q × (R×

DX
)Q

ϕQ

−−−→ (R×
DY

)QyiQ
yjQ

(U−1RY )
×
Q × (U−1RDX

)×Q
ϕ′

Q

−−−→ (U−1RDY
)×Q.

Since DX → S has connceted fibres, Lemma 2.1 implies that

(4.5.4) (U−1R×
DX

)Q = (K(S)×)Q.

Pick α ∈ Im(ϕ′
Q) ∩ Im(jQ). We want to show that α ∈ Im(ϕ′

Q ◦ iQ). It
follows from (4.5.3) and (4.5.4) that, possibly after replacing α by αs

for some s ∈ Z>0, there exist β ∈ (U−1RY )
× and γ ∈ R×

DY
such that

α = ϕ′(β, 1) = j(γ).

In particular, we have that β, β−1 ∈ K(RY ) ∩ R
×
DY

. Since RY is an
integrally closed integral domain and RY → RDY

is a finite injective
ring homomorphism, [Mat89, Theorem 9.1] implies that β, β−1 ∈ RY .
In particular, we get β ∈ R×

Y . It follows that

α = ϕ′(β, 1) = (ϕ′ ◦ i)(β, 1) ∈ Im(ϕ′
Q ◦ iQ).

Thus, (2) holds.
Finally, we show (3). Let (DY )

N
red be the normalisation of (DY )red.

We have a commutative diagram:

H0((DY )
N
red,O

×
(DY )Nred

)Q
(jNred)Q−−−−→ H0((DYη)

N
red,O

×
(DYη )

N
red
)Q

xν
xνη

H0((DY )red,O
×
(DY )red

)Q
(jred)Q
−−−−→ H0((DYη)red,O

×
(DYη )red

)Qxρ
xρη

H0(DY ,O
×
DY

)Q
jQ
−−−→ H0(DYη ,O

×
DYη

)Q.
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Clearly, ν is injective. Since any irreducible component of DY domi-
nates S, it follows that (jNred)Q is injective. Lemma 2.1 implies that ρ is
bijective. Therefore, the composite map (jNred)Q ◦ ν ◦ ρ is injective and,
in particular, also jQ is injective. Thus, (3) holds. �

By (1) of Claim, after possibly replacing L by one of its powers, we
may assume that L|Y ≃ OY , L|DX

≃ ODX
and L|Xη

≃ OXη
. Thus there

exists an element a ∈ H0(DY ,O
×
DY

) such that ψ(a) = L. Since L|Xη
≃

OXη
, it follows that j(a) ∈ Im(ϕ′). Hence, after possibly replacing L

again, by (2) of Claim, we may assume that there exists an element
b ∈ H0(Y,O×

Y ) × H0(DX ,O
×
DX

) such that (ϕ′ ◦ i)(b) = j(a) and, in

particular, j(a ·ϕ(b)−1) = 1. By (3) of Claim, it follows that as = ϕ(bs)
for some s ∈ Z>0. This implies that L⊗s = ψ(as) = (ψ ◦ ϕ)(bs) = OX .
This completes the proof of Step 4. �

Step 5. Fix positive integers n, m, δ and η. Assume that Theorem B
holds for all the morphisms f : X → S such that Q(f) < (n,m, δ, η).
Then Theorem B holds for all the morphisms f : X → S such that

Q(f) = (n,m, δ, η).

Proof of Step 5. We shall reduce the problem to the case where (a), (b)
and (c) in Step 4 hold. By Lemma 2.10, Step 1, Step 2 and the fact
that the problem is local on S, we may assume the following:

(a) f : X → S has connected fibres.
(b)’ S is an integral normal affine scheme.

By Lemma 2.4, we can find a finite faithfully flat separable morphism
S1 → S from an integral affine scheme S1 such that for the commutative
diagram

X1 := (X ×S S1)red
α

−−−→ Xyf1
yf

S1
β

−−−→ S,

there exists an irreducible component D of α−1(Ch,1
X ) equipped with

the reduced scheme structure such that D → S1 has connected fibres.
Since S1 → S is separable i.e. generically étale, we have that α−1(Ch

X)
and the horizontal part Ch

X1
coincide over the open subset of S1 where

β is étale. In particular, (a) and (c) holds for f1.
Let S2 be the normalisation of S1 and set

f2 : X2 = (X1 ×S1 S2)red → S2.

By Step 2, we may replace f by f2. In particular, f satisfies (a),
(b)’ and (c). Finally replacing X → S by the base change of the
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henselisation of a stalk of S, we may assume (b). This completes the
proof of Step 5. �

By quadruple induction on n, m, δ and η, it follows that Step 3 and
Step 5 complete the proof of Theorem 4.5. �

4.5. Generalisation to algebraic spaces.

Theorem 4.6. Fix a positive integer n and assume (Theorem B)n.
Let f : X → S be a projective surjective morphism of excellent algebraic
spaces over Fp with connected fibres, where X is of dimension n. Let
L be an invertible sheaf on X such that L is f -numerically trivial and
L|Xs

is semi-ample for all the points s of S.
Then there exists a positive integer m and an invertible sheaf M on

S such that
L⊗m ≃ f ∗M.

Proof. Let f : X
g
−→ T

η
−→ S be the Stein factorisation of f . Since

the fibres of f are connected, η is a finite universal homeomorphism.
By [Kol97, Proposition 6.6], there exists a positive integer e such that
the e-th iterated Frobenius morphism F e : T → T factors through η.
Therefore, replacing f by g, we are reduced the case where f∗OX = OS.
Let β : S ′ → S be an étale surjective morphism from a scheme S ′.

Let X ′ := X ×S S
′, so that the following diagram is cartesian:

X ′ α
−−−→ Xyf ′

yf

S ′ β
−−−→ S.

Since the induced morphism f ′ : X ′ → S ′ is projective, it follows that
X ′ is a scheme (cf. [Knu71, Ch. II, Definition 7.6]). Therefore, (The-
orem B)n implies that L|X′ is semi-ample over S ′. After possibly re-
placing L by one of its powers, we have that

α∗L ≃ f ′∗N

for some invertible sheaf N on S ′.
We now show that f∗(L) is an invertible sheaf on S. By [Knu71, Ch.

II, Definition 4.1], it is enough to show that β∗(f∗L)) is an invertible
sheaf. By the flat base change theorem, we have that

f ′
∗(α

∗L) ≃ β∗(f∗L)).

Since f ′
∗OX′ = OS′ and α∗L ≃ f ′∗N , we have that

f ′
∗(α

∗L) ≃ f ′
∗(f

′∗N) ≃ N.

Hence, β∗(f∗L)) is an invertible sheaf, as desired.
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We have that the induced homomorphism

θ : f ∗f∗L→ L

is surjective, since so is its pull-back by α. Since both f ∗f∗L and
L are invertible, it follows from [Mat89, Theorem 2.4] that θ is an
isomorphism. �

5. (Theorem A)n and (Theorem B)n imply (Theorem C)n

Definition 5.1 (Definition 9.1, 9.2 and 9.4 of [Kol13]). Let S be a
scheme and let X be an algebraic space over S.

(1) A relation on X over S is a closed immersion σ : R→ X ×S X
over S, where R is an algebraic space over S.

(2) A relation σ : R→ X ×S X is finite if the composite morphism

R
σ
−→ X ×S X

pri−→ X

with the i-th projection morphism pri is finite, for i ∈ {1, 2}.
(3) Assume that R and X are reduced algebraic spaces over S. A

relation σ : R → X ×S X is a set-theoretic equivalence relation
over S if, for every algebraically closed field K and morphism
SpecK → S, denoting XK := X ×S Spec K and RK := R ×S
Spec K, we have that the image RK(K) of the induced map

σ(K) : RK(K)→ XK(K)×XK(K)

defines an equivalence relation on XK(K), i.e. the following
hold:
(a) If x ∈ XK(K), then (x, x) ∈ RK(K).
(b) If (x, x′) ∈ RK(K) with x, x′ ∈ XK(K), then (x′, x) ∈

RK(K).
(c) If (x, x′), (x′, x′′) ∈ RK(K) with x, x′, x′′ ∈ XK(K), then

(x, x′′) ∈ RK(K).
(4) Let σ : R→ X ×S X be a set-theoretic equivalence relation. A

categorical quotient ofX by R over S is an S-morphism q : X →
Y of algebraic spaces over S such that
(a) q ◦ pr1 ◦ σ = q ◦ pr2 ◦ σ, and
(b) Y is universal with respect to property (a), i.e. given any

S-morphism q′ : X → Y ′ to an algebraic space Y ′ over S
such that q′ ◦ pr1 ◦ σ = q′ ◦ pr2 ◦ σ, there is a unique S-
morphism π : Y → Y ′ satisfying q′ = π ◦ q.

(5) Let σ : R→ X ×S X be a set-theoretic equivalence relation. A
categoric quotient q : X → Y of X by R is called a geometric
quotient if q is finite and the induced morphism R → (X ×Y
X)red is an isomorphism. In this case, we denote Y by X/R.
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When no confusion arises, we will simply call a relation (resp. set-
theoretic equivalence relation, . . . ) on X over S as a relation (resp.
set-theoretic equivalence relation, . . . ) on X .

Example 5.2. Let S be a scheme and let f : X → Y be an S-morphism
of reduced algebraic spaces separated over S.
Then the induced closed immersion

(X ×Y X)red → X ×S X

defines a set-theoretic equivalence relation.

The following theorem is due to Kollár:

Theorem 5.3. Let S be a noetherian Fp-scheme and let X be an al-
gebraic space which is proper over S. Let σ : R→ X ×S X be a finite,
set-theoretic equivalence relation.
Then a geometric quotient X → X/R exists.

Proof. See [Kol12, Theorem 6]. �

Definition 5.4. Let K be an algebraically closed field and let X be
an algebraic space which is proper over SpecK. Let L be a nef in-
vertible sheaf on X . The L-equivalence relation on X is the subset
RL of X(K) × X(K) such that, for any (x1, x2) ∈ X(K) × X(K),
we have that (x1, x2) ∈ RL if and only if there exists a morphism
j : C → X from a one-dimensional proper connected K-scheme C such
that x1, x2 ∈ j(C(K)) and j∗L is numerically trivial. Given a positive
integer m0, we say that the L-equivalence relation is bounded by m0 if,
in the notation above, we can always choose C so that the number of
irreducible components of C is at most m0.

Remark 5.5. Note that, in general, the L-equivalence relation is not
a set-theoretic equivalence relation. We refer to [Kee03, §5] for an
example of a nef invertible sheaf L on a projective normal variety X
such that the L-equivalence relation is not bounded by any positive
integer.

We now prove Theorem 1.4.

Proof of Theorem 1.4. The only-if part is clear. We show the other
implication. Assume that (1) and (2) hold. Let g : Y → Z be the
morphism over S induced by L|Y . We may assume that g∗OY = OZ .
We have two set-theoretic equivalence relations on Y ×S Y , given by

(Y ×X Y )red and (Y ×Z Y )red.

We divide the proof into three steps.
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Step 1. In this step, we inductively define a reduced closed subspace
Rm of Y ×S Y for any m ∈ Z≥1.
We first set

R1 := (Y ×X Y ) ∪ (Y ×Z Y ),

equipped with the reduced closed subspace structure [Knu71, Definition
II.6.9 and Proposition II.6.10]. Assume that Rm is already defined.
Then we define Rm+1 as the image of the composite morphism

Rm
12 ×Y2 R

m
23 →֒ (Y1 ×S Y2)×Y2 (Y2 ×S Y3)→ Y1 ×S Y3

equipped with the reduced subspace structure, where Y1, Y2, Y3 := Y
and Rm

12, R
m
23 := Rm are equipped with the corresponding projection

morphisms. Since each Rm contains the diagonal ∆Y/S of Y ×S Y , we
have that

R1 ⊂ R2 ⊂ · · · .

Step 2. Let m1 = 2m0. Then

Rm = Rm1 for any m ≥ m1.

Thus, we define R := Rm1 .

Proof of Step 2. Let K be an algebraically closed field. It is enough
to show that Rm = Rm1 for any m ≥ m1, under the assumption that
S = SpecK.
Let m ≥ m1 and pick (y, ỹ) ∈ Rm(K). Let x, x̃ ∈ X(K) be the

images of y and ỹ respectively. Then there exist ℓ0 ∈ {1, 2, · · · , m0}

andK-curves C1, · · · , Cℓ0 inX such that x ∈ C1, x̃ ∈ Cℓ0 and
⋃ℓ0
i=1Ci is

connected. After possibly removing superfluous curves, we may assume
that Ci ∩ Ci+1 is not empty for each i. Let xi,i+1 ∈ X(K) be one of
the intersection points. Let C ′

1, . . . , C
′
ℓ0

be K-curves in Y such that

f(C ′
i) = Ci, y ∈ C

′
1 and ỹ ∈ C ′

ℓ0
. Let y

(i)
i,i+1 (resp. y

(i+1)
i,i+1 ) be a closed

point of C ′
i (resp. C

′
i+1) lying over xi,i+1. Note that L|Y ·C

′
i = 0 for all

i. Since, for each i, we have

(y, y
(1)
1,2) ∈ R

1, (y
(ℓ0)
ℓ0−1,ℓ0

, ỹ) ∈ R1,

(y
(i)
i−1,i, y

(i)
i,i+1) ∈ R

1, and (y
(i)
i,i+1, y

(i+1)
i,i+1 ) ∈ R

1,

it follows that (y, ỹ) ∈ Rm1 , as claimed. �

Step 3. We now prove Theorem 1.4.
Let RZ be the image of R in Z ×S Z, equipped with the reduced

closed subspace structure. By Step 2, R is a set-theoretic equivalence
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relation on X . Since R contains (Y ×Z Y )red, its image RZ is a set-
theoretic equivalence relation on Z. Fix i ∈ {1, 2}. We consider the
commutative diagram:

R
g̃

−−−→ RZyj
yj′

Y ×S Y
g×g
−−−→ Z ×S Zypri

ypr′i

Y
g

−−−→ Z,

where the upper vertical arrows are the induced closed immersions and
the lower vertical arrows are the i-th projection morphisms.
We now show that the induced morphism π′

i := pr′i ◦ j
′ : RZ → Z is

finite, for i ∈ {1, 2}. As π′
i is proper, being finite is equivalent to being

quasi-finite, i.e. it is enough to show that all fibres are zero-dimensional.
Therefore, we are reduced to consider the case where S = SpecK for
an algebraically closed field K. We assume by contradiction that π′

i is
not finite. Then there exists a closed point z of Z such that the fibre
RZ,z of π

′
i over z contains a K-curve C. Since g̃ : R→ RZ is a proper

surjective morphism, there exist a closed point y ∈ Y and a K-curve
CY in R such that g̃(CY ) = C, pri ◦ j(CY ) = {y} and g(y) = z. The
image CY of CY by the other projection: pr3−i◦j : R→ Y is a K-curve

in Y such that L|Y · CY = 0 and g(CY ) is not a point. However, this
contradicts the fact that g is the morphism induced by L|Y . Thus, π

′
i is

finite as claimed. In particular, RZ is a finite set-theoretic equivalence
relation on Z.
By Theorem5.3, there exists a geometric quotient q : Z → Z/RZ . In

particular, q is a morphism over S. Since

q ◦ pr′1 ◦ j
′ = q ◦ pr′2 ◦ j

′,

it follows from the diagram above that

(5.5.1) q ◦ g ◦ pr1 ◦ j = q ◦ g ◦ pr2 ◦ j.

Since f : Y → X is finite, [Kol12, Example 5] implies that the geo-
metric quotient q′ : Y → W := Y/(Y ×X Y )red exists and there is a
finite universal homeomorphism σ : W → X such that f = σ ◦ q′. In
particular, q′ is a finite morphism. Since R contains (Y ×X Y )red, it
follows from (5.5.1) and by (4) of Definition 5.1 that the morphism
q ◦ g : Y → Z/RZ uniquely factors through W . Let h : W → Z/RZ be
the induced S-morphism.



48 PAOLO CASCINI AND HIROMU TANAKA

We now show that L|W is EWM over S. Let s ∈ S be a point
and let V be an irreducible closed subspace of Ws. It is enough to
show that dim h(V ) < dim V if and only if (L|W )dimV · V = 0 (cf.
Subsection 2.1.1). Let V ′ be an irreducible closed subspace of Ys such
that q′(V ′) = V . Note that, since q′ is finite, we have that dimV ′ =
dimV and (L|W )dimV ·V = 0 if and only if (L|Y )

dimV ′

·V ′ = 0. Since g is
the morphism over S induced by L|Y , it follows that (L|Y )

dimV ′

·V ′ = 0
if and only if dim g(V ′) < dimV ′. Since q is a finite morphism, we have
that dimh(V ) = dim q(g(V ′)) = dim g(V ′), as claimed. Thus, L|W is
EWM over S and Lemma 2.2 implies that L is EWM over S. �

Theorem 5.6. Fix a positive integer n.
Then (Theorem A)n and (Theorem B)n imply (Theorem C)n.

Proof. Let f : X → S and L be as in (Theorem C)n. By Lemma 2.13,
we may assume that X and S are reduced. (Theorem A)n implies that
the restriction of L to the normalisation XN of X is semi-ample over
S.

Claim. There exists a positive integer m0 such that, for all s ∈ S, the
L|Xs

-equivalence is bounded by m0,

Proof of Claim. By assumption, for any point s ∈ S, we have that
L|Xs

is semi-ample. Let gs : Xs → Zs be the induced morphism. Let
ms be the maximum number of irreducible components of any fibre of
gs. Then the L|Xs

-equivalence is bounded by ms. Spreading gξ out for
any generic point ξ of S, there exists an open dense subset S0 of S and
morphisms

f 0 : X0 := f−1(S0)
g0

→ Z0 h0
→ S0

such that f 0 = f |f−1(S0) and g
0|Xs

= gs for all s ∈ S0. Thus, there exists
a positive integer m1 such that ms ≤ m1 for all s ∈ S0. By noetherian
induction, we may find a positive integer m2 such that ms ≤ m2 for all
s ∈ S \ S0. Thus, it is enough to take m0 = max{m1, m2}. �

Thus, L is EWM over S by Theorem 1.4. Let

f : X
g
−→ Z → S,

be the morphisms induced by L. Lemma 2.5 implies that Z is excellent.
By Theorem 4.6, there exists an invertible sheaf LZ on Z and a

positive integer m such that L⊗m = g∗LZ . Since g contracts the L-
trivial curves, LZ is ample over S by the Nakai–Moishezon criterion
(cf. [Kol90, Theorem 3.11], [KM98, Proposition 1.41]). In particular,
L is semi-ample over S. �
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6. Proof of the main theorems

Proof of Theorem 1.1. By Theorem 3.3, Theorem 4.5 and Theorem 5.6,
(Theorem C)n holds for any n ∈ Z≥0. Therefore Theorem 1.1 holds if
X is finite dimensional. By Remark 2.14, we can reduce the general
case to this case, after possibly replacing S by the affine spectrum of a
stalk. �

Lemma 6.1. Let k be an uncountable field and let f : X → S be a
projective k-morphism of schemes of finite type over k. Let L be an
invertible sheaf on X such that L|Xs

is semi-ample for all the closed
points s ∈ S.
Then L|Xs

is semi-ample for any point s ∈ S.

Proof. We show the lemma by induction on the dimension of S. If
dimS = 0, then the claim is clear. Thus, we may assume that dimS >
0 and that the claim holds if the dimension of the base is smaller than
dimS. In particular, it is enough to show that L|Xξ

is semi-ample for
the generic point ξ ∈ S of an irreducible component of S. Replacing S
by an open neighbourhood of ξ, we are reduced to the case where S is
an affine integral scheme such that f is flat.
By the semicontinuity theorem [Har77, Theorem III.12.8], for any

positive integer m, there exist a positive integer cm and a non-empty
affine open subset Um ⊂ S such that

cm = dimk(s)H
0(Xs, L

⊗m|Xs
)

for any point s ∈ Um. Since k is uncountable, there exists a closed
point

t ∈
⋂

m∈Z>0

Um.

As L|Xt
is semi-ample, there exists a positive integer m0 such that

L⊗m0 |Xt
is globally generated. By Grauert’s theorem [Har77, Corollary

III.12.9], the restriction map

H0(f−1(Um0), L
⊗m0 |f−1(Um0 )

)→ H0(Xt, L
⊗m0 |Xt

)

is surjective. Since the base locus of the linear system associated to
L⊗m0 is a closed subset of X , it is disjoint from Xt. In particular, L|Xξ

is semi-ample, as desired. �

Proof of Theorem 1.2. Theorem 1.1 and Lemma 6.1 immediately imply
the claim. �
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7. Examples

7.1. Examples over Fp. The following example shows that, over count-
able fields, we need to consider not only closed points of S but all the
scheme-theoretic points of S in Theorem 1.1 (cf. Theorem 1.2).

Example 7.1. Let E be an elliptic curve over Fp. Let X := E×E and
S := E. Let f : X → S be the first projection. Let L := OX(∆ − Z),
where ∆ is the diagonal divisor of X = E × E and Z := E × {Q} for
a closed point Q ∈ E. By [KM98, Example 1.46], L is f -nef but not
f -semi-ample. Note that L|Xs

is semi-ample for all the closed points
s ∈ S since the base field is Fp. On the other hand, Theorem 1.1
implies that L|Xξ

is not semi-ample for the generic point ξ of S.

7.2. Counterexamples in characteristic zero. The goal of this
subsection is to show that Theorem 1.1 does not hold in character-
istic zero. The following result is due to Keel:

Proposition 7.2. Let k be an algebraically closed field of characteristic
zero. Let C be a smooth projective curve over k and whose genus is at
least two. Let X := C ×k C and let πi : X → C be the i-th projection
for i ∈ {1, 2}. Let ∆ ⊂ X be the diagonal and let

L := OX(KX − π
∗
1KC +∆).

Then the following hold:

(1) L is nef and big.
(2) L|∆ ≃ O∆ and L ·D > 0 for a curve D in X other than ∆.
(3) L|2∆ is not semi-ample.

Proof. By [Kee99, Theorem 3.0], (1) holds. [Kee99, Lemma 3.2] implies
(2) and [Kee99, Lemma 3.4] implies (3). �

Example 7.3. Let k be an algebraically closed field of characteristic
zero. Let C be a smooth projective curve over k such that the genus
of C is at least three and C is not hyperelliptic. Let X = C ×k C and
let ∆ ⊂ X be the diagonal. Let L be as in Proposition 7.2. Then, by
[ACGH85, Exercise V.D-2], there exists a birational morphism f : X →
S onto a projective surface S such that the exceptional locus of f is
∆. Moreover, if s0 = f(∆), then [ACGH85, Exercise VI.A-5] implies
that Xs0 = ∆, i.e. Xs0 is reduced. Thus, (2) of Proposition 7.2 implies
that L|Xs

is semi-ample for all s ∈ S. However (3) of Proposition 7.2
implies that L is not f -semi-ample.
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