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Photon indistinguishability measurements under pulsed and continuous excitation
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The indistinguishability of successively generated photons from a single quantum emitter is most commonly

measured using two-photon interference at a beam splitter. Whilst for sources excited in the pulsed regime
the measured bunching of photons reflects the full wave-packet indistinguishability of the emitted photons, for
continuous wave (cw) excitation, the inevitable dependence on detector timing resolution and driving strength
obscures the underlying photon interference process. Here we derive a method to extract full photon wave-packet

indistinguishability from cw measurements by considering the relevant correlation functions. The equivalence
of both methods is experimentally verified through a comparison of cw and pulsed excitation measurements on

an archetypal source of photons, a single molecule.

DOI: 10.1103/PhysRevResearch.4.013037

I. INTRODUCTION

Many photonic quantum technologies rely on the quantum
interference of photons, including linear optical quantum in-
formation processing [1], cluster state generation [2], boson
sampling [3], quantum metrology [4], and Bell-state mea-
surements in quantum communication [5], and teleportation
schemes [6]. However, this quantum interference is only
possible if the photons used are quantum mechanically indis-
tinguishable, and it is therefore paramount when developing
a single photon source that the indistinguishability of emitted
photons is quantified. While this can in principle be inferred
through separate characterization of the photons’ polariza-
tion, spatial, temporal, and frequency modes, a more rigorous
method which directly proves their usefulness is to measure
the two-photon interference effect itself.

This two-photon interference effect was first seen in an
interference pattern by Ghosh and Mandel [7], followed by
Hong, Ou and Mandel showing interference at a beamsplit-
ter [8], both using photons probabilistically generated through
spontaneous parametric down-conversion of a pump laser in a
nonlinear crystal. Since then routes toward generating photons
on-demand have emerged [9], for example those using single
quantum emitters such as atoms [10], quantum dots [11-14],
crystalline defects [15] and single molecules [16]. For these
systems it is common to interfere successively emitted pho-
tons from a single source by introducing an appropriate delay
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and mixing the two signals on a beam splitter. The interfer-
ence is then manifest as a reduction in coincidence counts at
the beam splitter outputs, as measured by the second-order
correlation function g (7).

If the emitter is excited regularly with a pulsed laser, then
the normalized time-integrated difference between g®(7)
measurements for photons input with perpendicular and par-
allel polarization directly gives the full photon wave-packet
indistinguishability Z = (v, |y2), where |y ) represent the
quantum states, or wave functions, of the two interfering pho-
tons at the point of measurement. This reflects the underlying
modal purity of the photons and gives the probability of two
photon interference, sometimes called the coalescence proba-
bility [11,17]. This probability is independent of any temporal
post-selection or detector timing response.

On the other hand, source excitation with a continuous
wave (cw) laser is also commonly used [18-21], and the time-
resolved g (1) is credited with indicating the extent of the
two-photon interference phenomenon. These measurements
generally measure the visibility of the interference effect.
However, visibility is inconsistently defined and frequently
limited to commenting on the photon interference at zero time
delay. The value of g®(0) is highly dependent on detector
timing resolution and tends to zero for perfect detector res-
olution regardless of the photon spectral purity [22], as the
measurement itself is effectively a frequency filter. This metric
does not account for spectral purity and is dependent on detec-
tor timing response, meaning it cannot directly correspond to
full photon wave-packet indistinguishability. While methods
to extract detector resolution independent metrics from cw
measurements have been proposed [23], they do not give the
unitless indistinguishability measure found in the pulsed case.

In this paper, we derive correlation functions for both
pulsed and cw excitation of a single photon emitter and de-
velop a method to determine the full photon wave-packet
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indistinguishability under cw excitation, as opposed to just
stating the visibility at Tt =0 as is currently performed.
Our method also takes into account the dependence of the
measurement on driving strength. This is experimentally
verified through measurements of a single dibenzoterrylene
(DBT) molecule in an anthracene host matrix. Pulsed and
cw measurements are performed on the same molecule to
independently determine Z, showing the correspondence of
the two methods. This equivalence provides a useful analysis
tool for developing on-demand photon sources from single
quantum emitters.

II. THEORY

To begin we consider a beam splitter with successively
generated photons from a single quantum emitter at its inputs.
The derivation of the unnormalized second-order correlation
function of photons from a single emitter measured at the
outputs of this beam splitter is outlined in Appendix A. For
parallel polarized input photons with positive electric field
operator E (t), this is

GP(t.1) = Y4GH . ) — [ET( + DEW)’
+ (ETOEOVE ¢+ DEC + 1), (1)

where Gipr(t, 1) = HET(OET(t + DE( + 1)E(1)) is the
Hanbury Brown and Twiss second-order correlation function,
relating to the case whereby only one input field is incident on
the beam splitter.

For the case of pulsed off-resonant excitation, we model
the emitter as a two-level system initially populated in its
excited state, with dipole operator o = |g) (e|, with |e) and |g)
the excited and ground states. We integrate Eq. (1) over ¢ to
give a coincidence probability per pulse [24], to find

G?(1) =/02l[Pe(t)Pe(t 1) =10+, 0P, @)
0

where the first order-correlation function is g(t;, ) =
(o T(t1)o (12)), the excited state population at time ¢ is P,(t) =
(0ee(t)) With 0., = 070 and the input electric field operators
are set to the dipole operators to capture the two—level system.
Under pulsed excitation GS&T(I, 7) =0, as 6% = 0 [25]. For
perpendicular input polarizations photon distinguishability is
imposed, and the coincidence probability becomes

GP(r) = / ” diP,(t)P.(t + 1), 3)
0

where the interference term goes to zero. The photon in-
distinguishability is defined as the normalized difference in
coincidence events for parallel and perpendicular input polar-
izations for photons arriving simultaneously, integrated over
all detection time differences 7 [26]:

s [dt GP(r) - [dt G‘(‘z)(r).
[dr GP(r)

For the case of a quantum emitter with spontaneous decay
rate I'; and dephasing rate I', = I";/2 4 y where y represents
some pure dephasing, we find Z = I'; /(2T"), see Supplemen-
tal Material for further details [28].

“

Under nonresonant cw excitation conditions, Eq. (1) is
evaluated in its steady state by taking t — oo giving the
measured coincidences for parallel inputs to be

g2t +1)— gV + 7, 0)
2P2

@) L.
g (@) = 5 + lim O
which in this case is normalized by the square of the excited
steady-state population P, = lim;_, , P,(¢) and we have de-
fined g (11, 1) = (o7 (t))o " (ty)o (t2)a (1)) [25]. For the case
of perpendicular inputs where the fields can be treated as
uncorrelated, we have

2 1 . 8P, t+1)
g0 =5 + Jim = ©)
It is common to consider a reduction in g(H2 )(r) at T =0 as
an indication of the probability of two-photon interference
and photon purity. However, since o (¢)> = 0, it follows that
g, 1) =0, while gV(z, 1) = P.(¢t), and one can therefore
see from Eq. (5) that g(Hz)(O) = 0 regardless of the photon co-
herence. In experiments, deviations from this value arise due
to detector imperfections being unable to precisely resolve
T = 0. As such the value of g(H )(0) at best reflects a combi-
nation of the detector response and photon distinguishability.
We could, perhaps, integrate over t as in the pulsed case, but
as these cw quantities give coincidences per unit time and the
system is driven, the time-integrals diverge. To overcome this,
we propose to first subtract the excited steady-state population
which recovers a convergent integral similar to that in Eq. (4),
which after cancellations becomes

Jdril — g (@)1= [dr[l — gP(1)]
Jdrll —gP ()]

which in general is a function of the cw driving strength de-
scribed by the saturation parameter S. Our crucial observation
is that in the limit of weak driving Z(0) = Z, and we see that
cw measurement contains the true photon indistinguishability
that we seek.

It is not, of course, possible to measure the correlation
function at S = 0 as no photons are emitted. We therefore seek
an analytical expression for I(S), from which 7 can be ex-
tracted. To do so we consider an incoherently driven effective
two-level system, obtained by adiabatically eliminating a fast
decaying higher energy state used for off-resonant excitation.
The adiabatic elimination is valid provided decay from the
pump level at a rate S is fast compared to the other system
rates (8 > ST, I',), see Appendix B for details.

The result is a second-order Born-Markov master equation
for the effective two-level system density operator p:

dp(t) =T1(Ls[p(O] + SLo[p(O) + 2y Lo, [p(D)],  (8)

where Lx[p(1)] = Xp(®)XT — %{XTX, p(t)} is a Lindblad op-
erator which captures open quantum system dissipators. The
first dissipator describes the spontaneous emission of the emit-
ter. The incoherent driving is captured by the term involving
the saturation parameter S = Q2/(BT";) where Q is the Rabi
frequency between the ground and higher energy pump level.
The final dissipator represents the pure dephasing of the emit-
ter with rate y. Using this master equation and the quantum

Z($) = . (D
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regression theorem [27], we find the correlation function for
parallel polarization alignment to be

g?ﬁ)(t) - 1= ;e—rl(l‘hg)h’\(l + M e—ZV\ﬂ)’ (9)

where we have introduced V to account for any imperfec-
tion in anti-bunching visibility and M to account for any
modal distinguishability with no temporal dependence on the
timescale of the detector timing resolution, such as incoherent
sideband emission or polarization mismatch. For perpendicu-
lar polarization g(f)(r) is given by Eq. (9) with M = 0. Using
these in Eq. (7) we find

INTCRERY)

7§y =m0

(10)
which allows for cw measurements of g(HZ/) ' (7) to be integrated
ataknown S and extrapolated to S = 0 to give Z. The effective
two-level system model from which Eq. (10) is derived holds
for B > ST'|, which is well within the validity of our system
parameters (see Ref. [28] ). At high S stimulated emission
from S ,-¢ leads to deviations from the behavior described
in Eq. (8) [29].

III. EXPERIMENT AND RESULTS

We now turn to indistinguishability measurements of pho-
tons emitted by a single DBT molecule to verify our theory.
To isolate a single molecule we used a DBT-doped anthracene
nanocrystal grown using a reprecipitation technique [30], see
Fig. 1(a). This crystal was deposited onto a gold-coated silicon
substrate with a 85 nm silica spacer layer and protected with
a 200-nm-thick layer of PVA. The gold mirror increases the
collection efficiency of light from the molecule [31]. The sam-
ple was cooled to 4.7 K in a closed-cycle cryostat (Montana
Cryostation) that forms part of a confocal microscope shown
in Fig. 1(a). A nanocrystal was selected and illuminated with
a cw Ti:Sapphire laser (MSquared, SolsTiS), directed using
the scanning mirrors. Figure 1(b) shows the energy level
diagram of a DBT molecule and the laser frequencies used
for excitation. The laser was tuned in frequency to identify
a molecule resonance through excitation of the So0 — Si,0
zero-phonon line (ZPL) transition, around 784 nm, while the
red-shifted fluorescence (> 790 nm), shown in Fig. 1(c), from
the S;.0 — So.u>0 transitions was collected in a multi-mode
fiber and detected with a silicon avalanche photodiode (APD).

A single DBT resonance was found at 784.45 nm, and
initial characterization was performed by repeating scans at
increasing excitation powers to determine the maximum count
rate and linewidth Av of the molecule at each power. This
was used to determine the dephasing rate I'; and satura-
tion behavior of the molecule using the power-broadening
relationship [32]

r
Av=—
i

14S. (11)
From this, we find I'; = 27 x 35(4) MHz.

The cw laser was then tuned to 766.67 nm resonant with a
80,0 = Si.n>0 transition, shown as a blue arrow in Fig. 1(b).
The collection was changed to use a single mode fiber and
a narrowband (0.15 nm) tunable reflective notch filter po-
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FIG. 1. (a) Schematic of the nanocrystal and experimental ap-
paratus used. Diagrams of dibenzoterrylene (DBT), anthracene (Ac)
and a DBT containing Ac nanocrystal are shown. In the simplified
experimental apparatus, blue lines are single mode fibers, green is
the excitation laser, dark red is all molecular emission and light red
is ZPL emission. The confocal microscope setup consists of; 90:10:
90% reflection, 10% transmission beam splitter; Obj.: Objective lens;
LPF: long-pass filter; NF: notch reflection filter. The interferometer
consists of; 50:50: 50% reflection, 50% transmission single mode
fiber beam splitter; PC: fiber polarization controller; APD: avalanche
photodiode. (b) Energy level diagram of the DBT molecule used
showing the two electronic energy levels and the associated vibra-
tional levels. Approximate wavelengths of the transitions are shown.
(c) Fluorescence excitation spectrum of the DBT molecule ZPL
showing the change in detected photon counts as the laser is tuned
relative to the Sy o — S o transition frequency of the molecule. Data
(grey) are fit with a Lorentzian (red) to obtain the linewidth. (Inset)
Energy levels showing the excitation (784 nm) and collected fluores-
cence (> 790 nm) wavelengths.

sitioned before the APDs. The filter response function and
the expected effect on the molecule spectrum is shown in
Ref. [28]. Only the coherent emission from the S; ¢ — So0
ZPL transition will provide measurable interference; the nar-
row band filter is used to remove emission from the phonon
sideband [31] and S| o — So.,~0 transitions. After filtering we
expect a ratio of coherent to total collected emission of >99%.

To verify single photon emission a Hanbury Brown and
Twiss g»(7) measurement was performed, shown in Fig. 2,
by splitting the fluorescence directly on a 50:50 beam splitter
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FIG. 2. A cw intensity correlation g (7). Experimental data is
in black, with theoretical fit using Eq. (12) with (solid) and with-
out (dashed) accounting for detector response. After correction for
timing jitter we find a visibility of V = 1.()0f8_03, indicating a single
emitter is being probed. (Inset) Energy levels showing the excitation
(767 nm) and collected fluorescence (784 nm) wavelengths.

before two APDs. Fitting the data using [32]

g(2)(.c) =1 =V DU+l (12)

we find a visibility of V = 0.98f8:8§, which when accounting
for detector timing jitter gives V = 1.00’:8_03 indicating we
are observing a single emitter. Accounting for the measured
saturation parameter S (see Ref. [28]) we find a population
decay rate of I';) = 2w x 40(2) MHz. This is independently
verified using a time-correlated single photon counting mea-
surement with a pulsed Ti:sapphire laser (Coherent, Tsunami)
which gives ' =27 x 39(3) MHz. Comparison of the

dephasing and population decay rates gives I'; /2", = 0.57 +
0.09, typical at these temperatures due to the excess thermal
dephasing [31,32].

Turning now to measuring indistinguishability using cw
two-photon interference, the fluorescence was sent to the
fiber-based interferometer shown in Fig. 1(a). A 50:50 fiber
beam splitter and delay fiber was used to temporally over-
lap photons at a second beam splitter, where two-photon
interference occurs. A fiber polarization controller allowed
for measurements of photons with parallel or perpendicular
polarization.

The results of the parallel and perpendicular interfer-
ence measurements at S = 1.3 = 0.1 are shown in Figs. 3(a)
and 3(b). The data fall below 0.5 in the parallel case due to
photon interference and coalescence. The side dips arise from
antibunching at different time delays due to the different com-
binations of possible optical paths [20]. Fitting these side dips
determines the S and V parameters. Equation (9), convolved
with the detector response function, is plotted over the data us-
ing the determined experimental parameters and M = 0.98,
showing a good correspondence between the measurement
and expected result. The nonconvolved function is shown as
a dashed line. This is repeated for the orthogonal polarization
g(f)(r) measurement, shown in Fig. 3(b), where M = 0.04.
For a measurement with perfectly orthogonal polarization
M =0, however polarization drift during measurement re-
sulted in a small two-photon interference contribution. This is
characterized in Ref. [28]. Parallel and perpendicular interfer-
ence measurements for § = 4.4 4= (0.2 are shown in Figs. 3(c)
and 3(d). The difference between the theoretical curves in
Fig. 3(c) at T = 0 show the large effect the detector response
has on using g(Hz)(O) as a measure of indistinguishability. Al-
though detector jitter affects this value, it does not affect the

=30 -20 -10 0 10 20 30 =30 -20 -10
T(ns)

0 10 20 30 =30 -20 -10 0 10 20 30

T (ns) T (ns)

FIG. 3. Continuous wave (cw) and pulsed measurements of photon indistinguishability performed on the same molecule. Experimental
data is in black, and colored curves show theoretical fits with (solid) and without (dashed) accounting for detector response. Measurements
using cw excitation of (a) g(Hz)(r) and (b) g(f)(r) at § = 1.3 £ 0.1 and of (¢) g(uz)(r) and (d) g(f)(r) at § = 4.4 £ 0.2 with theoretical curves
using Eq. (9). The effect of detector response on the narrow central feature in (c) is clearly visible. Pulsed excitation measurements of (e)
G‘(lz)(r) and (f) G(f)(r) displaying anti-bunching and two-photon interference, with theory curves using Eq. (9), modified to account for the

pulsed behavior.
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FIG. 4. Extracted Z as a function of saturation parameter (S). The
prediction from Eq. (10) is shown as the solid line, with the shaded
region indicating uncertainties in I'y and I';. Data points are from
Eq. (10) using integration of the data (black) and fitted functions
(orange). The data point at S = 0 is from pulsed measurements in
Figs. 3(e) and 3(f).

integral of the correlation function and as such does not affect
the value for Z, we obtain using Eq. (7).

Figure 4 shows the ratio of the integrals described in Eq. (7)
for measurements taken at S = 1.3+ 0.1 and S =4.4 +0.2;
both values are well within the validity range for our model.
Values of 7 based on the raw data (black) and the deconvolved
functions (orange) are shown, and agree within error. Fitting
Eq. (10) with M as the free variable gives M = 0.96 £ 0.01
and an indistinguishability of Z = 0.53 £ 0.01 at S = 0.

To confirm this result, we now turn to using pulsed ex-
citation. We use a pulsed Ti:sapphire laser (Spectra-Physics,
Tsunami) tuned to 766 nm and filtered to a bandwidth of 5 nm
to excite the molecule again on a Sp o — S >0 transition. The
parallel and perpendicular correlation functions are shown in
Figs. 3(e) and 3(f), with each normalized to one. Here the
~12.5 ns laser repetition period is only a few times longer
than the ~4 ns lifetime of the molecule, and as such photons
from subsequent pulses (}z)artially overlap. When taking the
difference between the G | /)J_(r) measurements in Eq. (4) con-
tributions from the overlapping side features cancel, though
this is not the case inthe denominator. This requires fitting
to subtract the contribution of side features from the data to
give the true integral of the central feature needed to quan-
tify the indistinguishability according to Eq. (4). In doing
so we find Z = 0.48 & 0.02. This is lower than in the cw
measurement due to imperfect temporal overlap arising from
a mismatch of the fiber delay and the pulse repetition pe-
riod in our interferometer. This can be accounted for with a
correction factor of e T'A7 where At is the time difference
between the laser repetition period and the delay time from
the fiber [33]. This is 0.91 £ 0.02 for our setup, and after
this correction, we find Z = 0.53 £ 0.02, matching the value
found through cw excitation. This is in line with the expected
7 value when considering Z = I'; /2", x M = 0.54 +0.09,
where the polarization drift (0.95) and branching ratio (0.99)
are contributing to M. The indistinguishability is limited
primarily by excess thermal dephasing, which greater cool-
ing can eliminate [19,31]. Additionally, these measurements

highlight the potential of single molecules for quantum tech-
nology applications [16] when considering their integration
into nanophotonic structures such as waveguides [34,35], pat-
terned polymers [36,37], and cavities [38].

IV. CONCLUSIONS

In this work, we have shown a method to extract the
full wave-packet indistinguishability of photons from a cw-
excited single quantum emitter using two-photon interference
measurements. This was experimentally verified by compar-
ing photon indistinguishability found from cw and pulsed
measurements performed on a single DBT molecule at cryo-
genic temperatures. Previous discussion of cw two-photon
interference measurements has been limited to stating g(uz/)L(O)
values, a metric that is not independent of the detector tim-
ing resolution and does not account for S. In this work,
we provide a method for measuring indistinguishability of
the full photon wave packet across all time, and functions
describing measurements performed at S # 0. We note that
our underlying theoretical treatment holds for other emitters
and more complex systems. We already account for the co-
herent excitation to a third energy level and find a suitable
parameter range for disregarding coherent effects and could
be expanded to considering the effects of optical cavities on
photon emission [14]. The interference of photons from two
separate emitters has also been demonstrated with defects in
diamond [39,40], quantum dots [41,42], and molecules [43].
Our method could be straightforwardly extended to account
for the effects of driving on these systems, and could include
further parameters such as different central frequencies and
dephasing rates of the two emitters used.

In contrast to the pulsed case, determining indistinguisha-
bility from cw excitation requires multiple measurements at
known pump powers, or a single measurement at a known S.
However, it allows extraction of the indistinguishability from
the raw data independently of the ratio of emitter lifetime to
laser repetition rate. As such there is also no requirement for
the interferometer delay to be a multiple of the laser repetition
period, and cw excitation may also be more convenient due
to the higher count rates and the greater spectral selectivity
provided. These advantages open the possibility of performing
multimode quantum interference experiments such as boson
sampling [3] with a single cw-driven emitter and appro-
priate optical delay lines, thereby simplifying experimental
demonstrations.
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APPENDIX A: INTERFERENCE THEORY

We seek to derive the general second-order correlation
function for the output fields of a two-photon interference

013037-5



ROSS C. SCHOFIELD et al.

PHYSICAL REVIEW RESEARCH 4, 013037 (2022)

|v)
le) B o el
— SO Iy
|g> |g> v A\ 4
(b)

FIG. 5. (a) Schematic diagram of nonresonant driving from the
ground |g) to a higher vibrational level |v), modelled by coherent
driving with the Rabi frequency €2. The fast nonradiative decay rate
from |v) — |e) is given by 8. Spontaneous emission from the excited
state |e) is given by I'; and pure dephasing is given by y . (b) Effective
two level system by adiabatic elimination of the pump level, giving a
driving rate ST"; with the saturation parameter S.

experiment. For this set up we have two (positive) input fields
Ei(¢) and E,(¢t) which pass through a 50:50 beam splitter
and are related to the (positive) detected fields E5(t) and
Ey(1) by E3(1) = J5(Er(t) + Ex(1)) and E4(t) = 5 (Ea(t) —
E;(2)) [24]. The unnormalized general cross-correlation func-
tion for the output fields with parallel polarization between
interferometer arms is

G\ (r.1) = (E{(OE](t + T)E4(t + T)E3(1)),

where the output field E5 is detected at # and the output field
E, is detected at t 4 7 leading us to define t as the time
delay between the two detection measurements. Substituting
the input fields into Eq. (A1), we find

GP(r.1) = H(E](6) + EfO))E] (t + 1) — E{ (t + 7))

X (Ex(t + 1) — E1(t + T))(E (1) + Ex(1))).
(A2)

(AD)

Simplifying Eq. (A2) as we assume E; and E, originate from
the same emitter and are statistically independent; we there-
fore factorize and drop the numbered subscript. Expanding
the correlation function in Eq. (A2) gives eight terms which
are linear in (E) and two terms in the form (EE) which both
g0 to zero, as expectation values linear in ladder operators are
zero [25]. We find the general form

G (r.1) = J(ETE™(t + DE(t + TE(1))
+(ETOEONE ¢t +TE(F + 1)) (A4)
—IET(t + r)E(t)>2). (A5)

(A3)

APPENDIX B: ADIABATIC ELIMINATION

To model nonresonant continuous wave excitation of a
single emitter the three-level system shown in Fig. 5(a)
is first considered. Defining the states |v) = (1,0, 0), |e) =
(0,1,0), |g) = (0,0, 1) and the operators o = |g)(e|, 0,5 =
|v){gl, and o, = |e){v|. The subsequent Born-Markov
second-order master equation to describe this system is

O p(t) = —ilHs, p] +T'1Ls[p(t)]
+ BL,, [oM)] + 2y Lowe[p@)], (B1)

with Hy = Q/2(0y, + ojg) representing the coherent driving
with Rabi frequency €.

Deriving an effective two-level system by adiabatically
eliminating the higher order energy state, see Fig. 5. Starting
with the optical Bloch equations for the three level nonreso-
nantly driven system found from Eq. (B1), we find

2
pvv(t) = %(pvg(t) - :Ogv(t)) - ﬂpvv(t)s (BQ,)
Pee(t) = =1 pee(t) + Bpuu(t), (B3)
19)

Ibgg(t) = _%(pvg(t) - /Ogv(t)) + Flpee(t)a (B4)
: i2 B

Pou(t) = T(pgg(t) — puu(1)) — Epgv(t), (B5)
. iQ2 I

;Oge(t) = _Tpve(t) - jpge(t) - V:Oge(t)a (B6)

) RLY; I B B7
pve(t) - _?pge(t) - ?pve(t) - Epve(t) - )/Pue(f), ( )

where pxy (t) = (X |p(¢)|Y) [44]. Solving firstly Eq. (B5) with
an integrating factor to find

iQ [ 1 —Ba—r) ’ ’
;Ogv(t) = 7 dt'e (ng(f ) - pvv(t ))7 (B8)
0

which can be solved for the case of 8 > Q to give 4 (f) ~
% (pgg(t) — pw(t)), and by similar methodology p.,(f) ~
—%(pgg(t) — puo(t)). Using these forms for p,,(t) and p,,(t)
and substituting into Eq. (B2), we find

QZ + ﬂZ 92

Tpvv([) + ?pgg(l) (B9)

Solving Eq. (B9) using an integrating factor again we have

Ibvv(t) = -

Q2 [t g /
F e )pgg(t/)dt/
0

2

pvv(t) =

~ mpgg(t). (B10)

Finally, solving Eq. (B7) using the same methodology as
above we find

Q[ e
putt) == [ ar
0
~ Q

Pge(1). (B11)

Nt
B+T1+2y

Making a change of variables to the saturation parameter de-
fined by S = Q?/BT|, we recover the ground and excited state
optical Bloch equations for the effective two-level system

) Q?
Pee(t) = —T1pee(t) + ﬂmpgg(t)
~ _Flpee(l) + Srlpgg(t)v

pgg(t) ~ Flpee(t) - SFlpgg(t)a

(B12)
(B13)
which holds as long as 8 > Q2. We can further manipulate this

equality as 2 = /ST"; B, leading to the constraint § > ST';.
The final optical Bloch equation to consider is the g (1)
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contribution. This leads to an interesting prefactor upon sub-
stitution of Eq. (B11) into Eq. (B6), we find

__ SIup
2(B 4+ 2I'y)

which for B > I', can be simplified to recover the two-level
system optical Bloch equation

r
,bge(t) = ;Oge(t) - Tlpge(t) - V,Oge(t), (B14)

. ST Iy
pge(t) = __pge(t) - 7pge(t) - J/pge(t)v (BIS)

2

which can be represented as a Born-Markov master equation
as

apt) =T1(Lelp@] + SLet[pM]) + 2y Lo, [p@)],
(B16)

where Lx[p(t)] =Xp®)X" — %{X*X, p(@®)} is a Lind-
blad operator which captures open quantum system
dissipators.
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