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Abstract
Revenue Management in Online Advertising

Sami Najafi Asadolahi

2011

Online advertising is a multibillion-dollar business with a promising revenue increase
for the coming years. Web publishers that generate revenues from online advertising
face several challenging decisions. They need to decide on how many advertising slots
to have on their website, whether to hire a sales force to attract advertisers to post ads
on their website or rely on advertising networks, how many impressions to promise
to deliver, and how much to charge, etc. Revenue management, in particular pricing,
is considered one of the most challenging tasks and currently ad-hoc approaches are
frequently used. In this dissertation, we provide systematic approaches for managing

revenues in online display advertising.

In the first chapter, we consider a web publisher facing uncertain demand from
advertisers requesting space on its website, and an uncertain supply of impressions
from viewers visiting the website. Formulating the problem as a novel queuing sys-
tem we show, for example, that the optimal cost-per-impression (CPM) can increase
in the number of ads rotated in a slot, which goes against the intuition of supply and
demand. In the second chapter, we consider a different pricing scheme, the so-called
cost-per-click scheme. Formulating the problem as another novel queuing system,
we show that the general heuristic applied by practitioners to convert between the
CPC and CPM pricing schemes using the so-called click-through rate (CTR), can be
misleading. In the third chapter, we explore the interactions of two web publishers

in a competitive setting and provide various interesting insights about their strategic



pricing behavior at equilibrium. Lastly, In the fourth chapter, we obtain the opti-
mality conditions for the advertisers’ demand process when the demand distribution,

instead of being Poisson, follows an arbitrary continuous distribution.
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Introduction

The research conducted in this dissertation lies in the interface of operations, market-
ing, information technology, and economics. Much of this work focuses on providing
new tools for understanding and resolving complex operational challenges faced by
web publishers in online advertising, using a variety of management science tech-
niques such as stochastic models, game theory, and optimization methods. These
sophisticated operational tools assist web publishers in pricing and the revenue man-
agement of display ads while operating in risky and uncertain environments. The
models discussed in this Ph.D. dissertation reflect, as extensively as possible, the
reality of online display advertising by considering some of the most important as-
pects of a web publisher’s advertising operations. The research in this thesis is one
of the very first steps to bridge the gap between much of the academic literature on
pricing in online advertising, which mainly focuses on deterministic models and the
much more complex online advertising settings encountered in practice. The models
developed and discussed in this Ph.D. dissertation provide significant contributions
to the currently developing management science literature on online advertising, and
help to distance from the commonly made assumptions of deterministic systems in
the marketing literature. Beyond all, some of the introduced models in various sec-
tions of this thesis (particularly, those introduced in Chapters 1 and 2) can serve as

decision making tools for web publishers running advertising operations, for instance,
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by providing extra layers of intelligence on top of their pricing engine software.

Any web publisher that generates revenues from display advertising faces several
challenging decisions. They need to decide how many advertising slots to have on its
website, whether to hire a sales force to attract advertisers to post ads on its website
or rely on advertising networks, how many impressions to promise to deliver, and
how much to charge, etc. Revenue management, in particular pricing, is considered
to be one of the most challenging decisions that publishers face and currently ad-hoc
approaches are frequently used. In this Ph.D. dissertation, we provide systematic
approaches to bridge this pricing gap. The chapters that constitute the remainder
of this dissertation deal with four different aspects of this problem, all of which are

of significant importance to the online advertising industry.

In Chapter 1, we consider a web publisher that generates revenues from displaying
advertisements on its website and charges according to a cost-per-impression (CPM)
pricing scheme. The advertisers request their ad to be displayed to a certain number
of visitors to the website. We focus on the main operational challenge of matching
uncertain demand from advertisers requesting advertising space, to uncertain supply
from viewers. The publisher faces challenging decisions of determining the price per
impression, number of advertising slots, number of advertisements that share each
advertising slot and others. Our stylized model is a new queuing system with no
waiting space (loss system), where advertising slots correspond to servers. What
sets this novel system apart from known multi-server queuing systems is its service
mechanism; the advertising slots act as synchronized servers. We derive a closed-form
solution for the system’s steady-state probabilities and determine the optimal price.
Using this solution, we analyze the publisher’s optimal decisions and for example

show that the optimal price increases in the number of impressions made of each ad,

xii



which goes against the quantity-discount commonly offered in practice. In addition,
we conduct an empirical analysis of advertisers’ and viewer’s arrival processes at a
large Scandinavian web publisher and link its implications to our model’s assump-
tions. Finally, using extensive simulations for more general operational settings, we

demonstrate that the proposed results are promising.

In Chapter 2, we consider a different pricing scheme, the so-called cost-per-click
(CPC). We formulate this problem using a different queuing system, where the slots
correspond to serving channels. The resulting queuing system is quite complex and
different from the system considered in Chapter 1, owing to its multidimensional
state space and the fact that the service rate of each server has an inverse relation to
the number of active servers. We derive the closed-form solution for the steady-state
probabilities of the number of advertisers in this system. Using this solution, we show
that the behavior of the two pricing schemes at the optimal level can be considerably
different. As described in Chapter 1, for instance, the optimal cost-per-impression
(CPM) prices decrease in the number of advertising slots, while in Chapter 2, we
show that the optimal CPC prices may increase with the number of slots. A more
important result which we show in this chapter is that the common tendency among
practitioners to convert the prices between the two schemes using the click-through

rate (CTR) can be misleading.

In Chapter 3, we explore the interactions of two web publishers in a competitive
setting and provide various interesting insights about their strategic behavior at
equilibrium. We focus on the steady-state equilibriums (SSE), which tends to be
significantly more reliable in the players’ behavior predictions than the equilibriums
obtained merely in a one-stage game. The reason for this is that by considering

SSE, we study the strategic behavior of the publishers in the limit when the game
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is played many times. As a result, the players learn from the past and become
more sophisticated decision makers. One of the insights that we demonstrate is that
in the competition setting more web traffic (visitors) may not mean more revenue
for a publisher, as a substantial traffic increase for one of the publishers may lead
all publishers to lose profits as a result of the consequent price wars. In addition,
we consider the zero-sum repeated competition of incomplete information on one
side between the two web publishers. We find that the publisher having private
information about the market can always guarantee reaching a higher payoff by

adopting a proper partially revealing strategy.

Lastly, in Chapter 4, we obtain the optimality conditions for the advertisers’ de-
mand process when the demand follows an arbitrary continuous distribution rather
than being Poisson. The results in this chapter go beyond online advertising as they
are related to any setting based on customers’ demand distributions. More specifi-
cally, in this chapter, we consider the optimality condition introduced by Gallego and
van Ryzin (1994) for Poisson customers’ demands with finite time horizon as well
as the optimality condition introduced by Araman and Caldenty (2009) for Poisson
demands with stopping (or infinite) time horizon. We extend these two demand

optimality conditions from Poisson to an arbitrary continuous demand distribution.
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Chapter 1

Revenue Management for a Web
Publisher Using Advertising

Networks

1.1 Introduction

The Internet has been a fast growing advertising medium. It provides access to a
large consumer base and companies are constantly increasing the portion of their
marketing budget allocated to online advertising (IAB 2010). Online advertising is
a $23 billion business (IAB 2010). It can be divided into two domains: sponsored
search advertising, involving advertisers paying a fee to appear next to search results
for particular search words (e.g., Google) and display advertising where publishers
display banner ads on their website (e.g., CNN.com). Sponsored search advertising
involves well established payment procedures based on auctions, while pricing display

ads lacks systematic approaches. In this chapter, we focus on display advertising.



Web publishers that generate revenues from display advertising face several chal-
lenging decisions. They need to decide on how many advertising slots to have on
their website, whether to hire a sales force to attract advertisers to post ads on their
website or rely on advertising networks, how many impressions to promise to de-
liver, and how much to charge, etc. Revenue management, in particular pricing, is
considered to be one of the most challenging tasks and currently ad-hoc approaches
are frequently used. In this chapter, we provide systematic approaches for managing

revenues in online display advertising.

When modeling the advertising operation of a web publisher we focus on the
main operational challenge of matching uncertain demand from advertisers request-
ing advertising space to uncertain supply from viewers visiting the website (often
referred to as impressions). We consider a common setting for small and medium
publishers where the publishers do not have their own sales force but use advertis-
ing networks to provide them with advertisers (see the Appendix for more details
on ad networks). The advertisers are charged based on the “cost-per-impression”
(CPM) pricing scheme. This setting captures around 25% of the $23 billion online

advertising market (IAB 2010, Business Week 2009, and Media Banker 2009).

We consider the demand faced by the web publisher as “arrivals” of advertisers
and the supply as “arrivals” of viewers. Advertisers complete their service when
the agreed number of viewers has visited the website while the ad is displayed. A
web publisher that uses ad networks is only visible to advertisers approaching the
ad network when it has advertising slots available. Therefore, if all advertising slots
are taken the web publisher does not have advertisers queueing up for their ad to
be displayed. Similar dynamics occur with direct sale channels in the case when all

advertising slots are full and advertisers are not willing to wait for a slot to become



available. Our model captures both settings, but we will refer to the ad network

setting for the remainder of the thesis.

The main contributions of this chapter are:

1. We construct a modeling framework capturing the main trade-offs in the oper-
ation of a web publisher dealing with an ad network that comes from matching
supply with demand. We consider a general setting of multiple webpages, mul-
tiple types of ads (e.g. based on location and size) with different prices, and
allow ads to share an advertising slot. This model can serve as a building
block for studying more complicated operational issues of a web publisher such
as competition for which we provide some initial but promising results. (See

Sections 1.3 and 3.3.)

2. We derive a closed-form solution of the probability distribution of the number
of advertisers in the system. This enables us to determine the optimal price
for the web publisher to charge advertisers and analyze the publisher’s system

in detail. (See Sections 1.3 and 1.5.)

3. We show that the optimal price increases in the number of impressions. While
this can be explained based on operational insights, all web publishers we
approached offer either fixed prices or quantity discount, except for Yahoo! that
recently started to charge a higher price per impression for contracts delivering
a large number of impressions'. We provide further insights on how the price
is affected by web traffic, number of ad slots, number advertisers that share
a slot, and other decision factors and design parameters of the website. (See

Sections 1.5 and 1.6).

! Confirmed by Prof. Preston McAfee, VP and Research Fellow at Yahoo!



4. We provide an analysis based on a real data set from a Scandinavian web pub-
lisher and use it to support our assumptions along with a simulation analysis.

(Section 1.7.)

The chapter is organized as follows. In the next section, the relevant literature is
reviewed. Section 1.3 presents the model developed for the web publisher’s operation.
The optimal price to charge advertisers is derived in Section 1.5. Section 1.6 provides
numerical examples for further insights and Section 1.7 presents several extensions
to the model including competition. Finally, we conclude in Section 1.8 and present

directions for future research.

1.2 Literature Review

The literature on online advertising within the marketing area is quite extensive. Ha
(2008) gives an overview of research on online advertising published in advertising
journals and Evans (2008) summarizes the economics of the online advertising indus-
try. Novak and Hoffman (2000) provide an overview of advertising pricing schemes
for the internet. However, there is limited literature on analytical models for optimal
pricing and other decision making for a web publisher with an advertising operation.
(For issues faced by advertisers such as predicting audience for advertising campaigns

see, e.g., Danaher (2007) and papers referenced therein.)

Research on online advertising within the operations research and operations
management areas is fairly limited and there are few papers on pricing in online
advertising. Mangani (2003) compares the expected revenues from the cost-per-click
(CPC) and the CPM schemes using a simple deterministic model. Unlike our paper,

he does not consider the uncertainties involved with the advertisers’ demand and



viewers’ supply. Chickering and Heckerman (2003) develop a delivery system that
maximizes the click-through rate given inventory-management constraints in the form
of advertisement quotas. Both of these papers assume the prices are fixed. Najafi-
Asadolahi and Fridgeirsdottir (2010) focus on pricing for a CPC pricing scheme. The
common misconception exists in the industry that CPC prices are simply CPM prices
scaled by the click-through rate. This paper addresses that issue and shows that the
simple scaling has flaws as the actual click-through rate depends on how many ads
are on display. The paper develops a novel model for the CPC pricing scheme, which
is different from the CPM model as the CPC system has a service rate that depends

on the state of the system.

There has been some recent literature on online search and sponsored search ad-
vertising, the other section of the online advertising market. Johnson et al. (2004)
conduct an empirical study to examine the dynamics of online search behavior. Ghose
and Yang (2009) provide an empirical analysis of search engine advertising for spon-
sored searches on the internet. The nature of search advertising is fundamentally

different from display advertising, as its pricing is mainly based on using auctions.

Some researchers have focused on the problem of pricing of goods and services
on the internet. Brynjolfsson and Smith (2000) and Clemons et al. (2002) conduct
empirical evaluations of price dispersions and price differentiations on the internet.
Bakos and Brynjolfsson (1999, 2000) study the optimal strategies of product bundling
for a retailer selling products through the internet. Dewan et al. (2000) and (2003)
examine the problem of optimal product customization and price strategy both in
monopoly and in competition. Jain and Kannan (2002) and Sundararajan (2004)
analyze the optimal pricing of information goods. Although all of these papers con-

sider a variety of online pricing problems, none are applicable to the web publisher’s



setting.

Sometimes web publishers do not only generate revenues from advertising but
also from subscriptions. Baye and Morgan (2000) develop a simple economic model
of online advertising and subscription fees. Prasad et al. (2003) model two offerings
to viewers of a website: a lower fee with more ads and a higher fee with fewer
ads. Kumar and Sethi (2008) study the problem of dynamically determining the
subscription fee and the size of advertising space on a website. They use optimal
control theory to solve the problem and obtain the optimal subscription fee and the
optimal advertisement level over time. Unlike our paper, all these papers are focused
on capacity management problems not pricing decisions with the price assumed to

be fixed.

Scheduling the delivery of ads on a website has recently become a popular topic.
Kumar et al. (2008) develop a model that determines how ads on a website should
be scheduled in a planning horizon to maximize revenue. They consider geometry
and display frequency as the two most important factors specifying the ads. Their
problem belongs to the class of NP-hard problems and they develop a heuristic to
solve it. They also provided a good overview of other related papers on schedul-
ing. Our paper does not consider the details of scheduling individual ads rather we

approach the problem at a higher level.

In this chapter of the dissertation, we develop a novel queuing system to char-
acterize the web publisher’s system. Relatively few papers in the queuing literature
consider systems with similar characteristics. Green (1980), Brill and Green (1984),
Courcoubetis and Reiman (1987), and Hong and Ott (1989) study systems with si-
multaneous service requirements with a concept of similar nature as the synchroniza-

tion feature of the publisher’s system that is discussed in Section 1.3. Nevertheless,



the approaches in these papers do not prove useful when analyzing the publisher’s

system as the problem structures and the dynamics are significantly different.

We end this section by a short review of related work in revenue management.
For a comprehensive reference of traditional revenue management models, we refer
the reader to the book by Talluri and van Ryzin (2004a). However, the book does
not cover the online setting. Savin et al. (2005) consider revenue management
for rental businesses with two customer classes. Although considering a different
problem, they have assumed uncertainty in the customers’ demand in their model,
which has some similarity to our model. Araman and Popescu (2009) also study
revenue management for traditional media, specifically broadcasting. Their model is
concerned with how to allocate limited advertising space between up-front contracts
and the so-called scatter market (i.e., a spot market) in order to maximize profits and
meet contractual commitments. Unlike our paper, both of these papers are mainly

concerned with the capacity decisions.

We approach the web publisher’s operation in a similar manner as Araman and
Fridgeirsdottir (2010) with arrivals of advertisers and viewers. They focus on pricing
and capacity management for a system where advertisers are willing to wait. This
leads to intractable formulations. However, they solve a scaled version of their sys-
tem and determine asymptotic optimal solutions and show that the fluid solution
derived from a system with no uncertainties is asymptotically optimal. They pro-
vide insights on the impact of uncertainty on the pricing and capacity management.
In contrast, this chapter of the dissertation derives a closed form solution of the
web publisher’s operation with advertisers that are not willing to wait or request
advertising campaigns through advertising networks. This enables us to provide well

supported managerial insights and analyze the system in detail. The well established
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Figure 1.1: An illustrative example demonstrating a webpage with three different
types of slots. Advertisers’ arrivals tend to be independent as each advertiser deter-
mines why type of slot he looks for in advance.

characterization of the publisher’s operation based on the closed-form solution can

serve as a building block for more complex setting such as competition (see Section

3.3).

1.3 The Model

We consider a web publisher facing uncertain demand from advertisers requesting
advertising space and uncertain supply of impressions from viewers?. The advertis-
ers request their impressions through an ad network. The ad network supplies the
web publisher with advertisers as long as the publisher has space available. If no
space is available the network does not assign ads to that publisher. This implies
that the publisher’s website is a loss system (see the Appendix for details on ad

networks). Our models also apply to the setting where direct sales channels are used

2The ad impressions are often referred to as ad inventory, i.e., the impressions are the items that
satisfy the advertisers’ demand.



with advertisers not willing to wait for space to become available.

A web publisher often charges different prices based on the size of the ad, the
page on which the ad is posted, and the ad’s allocated position on the page; e.g.,
the leaderboard (the horizontal banner at the top) on the homepage of a news site is
more expensive than a small square at the bottom of the lifestyle page. Hence, when
a web publisher registers with an ad network it classifies similar advertising slots
that are charged the same price and registers each group with a separate tracking

code.

We assume the web publisher’s website (the system) contains J pages labeled
from 1 to J. For example, for a news site these pages could correspond to the
business page, travel page, etc. Each page can have several groups of ads that are
priced equally. For instance (see Figure 1.1), the top of the page can display two
equally sized ads. Likewise, similar ads can be positioned along the left and right
sides of the page (skyscrapers), while several small ads can be placed at the bottom
(rectangles). This leads to a total of three ad groups. More formally, for each page
j we group the ads into M7 groups (the subsystems) of equivalent slots, where each
subsystem m, 1 < m < M7, contains n/™ equivalent slots. (In Figure 1.1 we have
M7 =3, n/' =2, n/? = 4, and /> = 4.) We denote by A" the rate with which the
advertisers arrive requesting space in the subsystem (j, m). An advertiser requesting
a slot in group m on page j requires his ad to be posted on the website until displayed
X7"™ times to viewers visiting the system. X?™ is a random variable. We denote the

traffic rate of viewers to a page j by u.

The publisher can often serve more advertisers than there are slots. For example,
two ads could share the same slot with each ad displayed to every other viewer. We

can experience this kind of rotation of ads into slots when we reload a webpage and



see a new set of ads. Then if we continue reloading the page we come back to the first
set of ads. We denote s™ as the number of sets of ads being served in subsystem
(j,m), i.e., we need to refresh the page s/™ times to see the same set of ads being

displayed.

Furthermore, we note that in practice, the publisher does not usually leave a slot
empty; rather it places a “default” ad in there. A default ad (or a filler ad) is often
the publisher’s own ad that does not generate any revenue. Then, when a revenue

generating ad is sent to the publisher it would immediately free up this slot.?

The publisher’s goal is to maximize its total revenue rate by determining the
right prices to charge. The revenue rate for each subsystem consists of the payments
made by an advertiser multiplied by the “effective” demand rate for that subsystem.
Each payment consists of the price per impression, denoted by p’™, multiplied by
the number of impressions requested, X?™. We capture the price-sensitivity of the
advertisers with the price-demand function, p? (A\™), which is assumed to be contin-
uous and decreasing in the arrival rate of the advertisers. (In Sections 1.7.1 and 1.7.4
we consider the price also to depend on the number of impressions.) Even though
it might not be trivial for the publisher to determine this function, we assume it
can do so with trial and error. (Ad networks often encourage publishers to start by
offering low prices and then gradually increase them to the appropriate value.) The
process of advertisers being matched to web publishers based on type preference and
willingness-to-pay can be modeled specifically. However, ultimately it will lead to a
price-demand relationship. We will not model the process in detail here but provide

in the Appendix a description, from one of the ad networks, of the matching process.

3Sometimes the ad network provides the publisher with filler ads. We show in the Online
Supplement that charging a (fixed and usually low) price for the filler ads does not affect our
pricing results.
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Note that an advertiser chooses his desired subsystem in advance when registering
with the ad network. For instance, he may request a right hand side banner on the
sport page. If that subsystem is fully occupied at the publisher’s site then the
network does not offer slots in this subsystem. Given that the publisher registers
each subsystem separately with the ad network, we consider the demand for each

subsystem to be independent.

Now, only a part of the advertisers’ demand per time unit can usually be met
by the publisher. That is, the demand rate for each subsystem is scaled down by
the probability that there are advertising slots available. We denote the probability
of having 7 advertisers in subsystem (j,m) by P2, i € {0, ..., s/™n/™}. Note that
a total of s/™n/™ advertisers can be served with s/™ advertisers sharing the same

slot.

As we have a one-to-one relationship between the prices and the arrival rates
of the advertisers, we will optimize the revenue rate with respect to the arrival
rates and then determine the prices from the price-demand functions, p? (\™). The
optimization problem of the publisher of maximizing its expected revenue rate can

be formulated as follows:

J M
— J,m Jm. xyJm ,Jjm ojmo g ;e (\ > J,m
A{I’laﬁi] R(Alv "'a ;mz PSJ mpJ, m()‘ 7X y 10 y S y ))p] ()‘ )E<X )
t )
(M )\JM]> € [0, 400, j=1,..,J (1.1)

In this formula P/ S nim 15 the probability that the subsystem (j, m) is full. There-

fore, M™(1 — P2™ (NI XM pdm gim o d)) s the effective advertisers’ arrival

sdmnd,m

rate to subsystem (j,m). (We are slightly abusing the notation by writing P’

sismpd,m

as a function of X.) Note that since the demand processes of the subsystems are
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independent and the publisher is considered a risk neutral decision maker, we can
write the publisher’s problem as the sum over all the subsystems. (More on this

later.)

For the next sections we make the following assumptions. However, in Section

1.7 we illustrate how our results hold without them.

Assumption 1 Advertisers’ demand follows a Poisson process. The demand for
the publisher’s slots belonging to the subsystem (j,m) comes through an ad
network. We do not attempt to model the operation of the ad network rather
assume that the publisher receives a certain rate of demand that depends on
the price it offers for a certain number of impressions. For tractability, we
assume that the demand for subsystem (j, m) is stationary and follows a Poisson
process with rate M™. A Poisson assumption of this type is common in the
service literature (see e.g. Savin et al. 2005). Our goodness-of-fit tests in
Section 1.7.3 based on real data from a Scandinavian web publisher indicate
that this is a restrictive assumption. However, our extensive simulation analysis
in Section 1.7.3 illustrates that the Poisson assumption minimally affects the

optimal revenues.

Assumption 2 Advertisers are offered the same number of impressions. We assume
the web publisher offers a single number of impressions z7™, i.e., the ad will be
shown to 27 viewers. This assumption is restrictive, as the advertisers may
choose to request different numbers of impressions. Nevertheless, in Sections
1.7.1 and 1.7.4 we consider different generalizations of this assumption and
show through numerical simulations that even if the advertisers choose different
numbers of impressions according to the random variable X?™ and charge a

price depending on X7, the problem can be well approximated by assuming
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that all advertisers request /™ = BE(X7™) with a single price charged. On
a different note, some ad networks allow the advertisers to request a certain
advertising campaign length instead of the number of impressions. We consider

that case in Section 1.7.2.

Assumption 3 Viewers’ visits follow a Poisson process. The viewers are assumed
to visit a webpage containing a subsystem (j, m) according to a Poisson process
with rate 7. This assumption could be considered restrictive as some research
supports that web traffic shows self similarity, long range dependence and heavy
tailed distribution (see Gong et al. 2005), which are not properties of the Pois-
son process. However, other studies recognize that a Poisson distribution is
a reasonable assumption (see Cao et al. 2002). Our goodness-of-fit tests in
Section 1.7.3 based on real data from a Scandinavian web publisher indicate
that this is an appropriate assumption. Furthermore, our extensive simula-
tion analysis in Section 1.7.3 illustrates that the Poisson assumption minimally

affects the optimal revenues.

When an advertiser requests a particular type of slot that is available in one of the
publisher’s subsystem, the ad is displayed. More specifically, when a viewer arrives
at that page all the advertisers whose ads are displayed are served together. That
is, the remaining numbers of impressions for all the displayed ads decrease by one at
the same time. We refer to this phenomenon as synchronization or the synchronized
service. Synchronization differentiates the publisher’s system from classic multi-

server systems, where servers are independent.

If we consider the case with no rotation of ads into slots, i.e., /™ = 1, then
it takes 29 viewers with exponential interarrival times with rate p/ to serve one

advertiser in subsystem (j,m). Therefore, the service time of an advertiser follows
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Erlang(x?™, p?™) distribution. The fact that the displayed slots operate in a syn-
chronized manner makes this system different from the Erlang Loss System, denoted
by M/Em/n/™/n?™ in our context, where servers operate independently. Note
that with only one slot (i.e. n/™ = 1) there is no notion of synchronized servers and
the web publisher’s system is equivalent to the Erlang Loss System. For this case,

o gdm

T7marm (see Gross and

the probability of having the subsystem (j,m) full is P; =

Harris (1998)) where rim = 2"

%

Let us now consider the service structure for the case with rotation of ads, i.e.,
s7™ > 1. We assume that each slot can display up to s/ different ads, one at a
time sequentially, i.e., up to s/ ads can share the same slot. Hence, every time the
webpage is loaded one of the ads sharing the slot is displayed to the viewer. Since
each ad is only shown to every s/ viewer, s/™z viewers need to visit the website
to complete the service for each ad. In addition, the ad might need to wait for its
turn among other ads in the same slot. We denote by H the initial position of the
ad among the ads that share the slot, with 1 < H < s/™. For example, H = 1
means that the ad is going to be immediately displayed to the next viewer, while
H = h indicates that the ad is going to be displayed to the h'" viewer. Hence, a
total of s/™x 4+ H — 1 viewers need to visit the website to complete the service of an
ad. As H << s/™z we assume that the waiting time of starting display is negligible
and the number of impressions needed to complete each advertiser’s service can be
well approximated with s/™z. As a result, the publisher’s revenue function can be

re-expressed as:

J M

Jmax R(Aq,...,Ay) = Z Z N1 — Pz’;?nnj7m()\j’m; S I gh B ) ) BN g
j=1 m=1

) LNt )
Aj - <)\]71’ "-7>\]7MJ> € [O’ +OO)MJ7 ] = 1a () J. (12)
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Therefore, each subsystem m on page j, which has n?™ slots, delivers 2/™ impres-
sions, and rotates among s»™ ads, is approximately equivalent to a system with

s3mnd™ slots, that delivers s/™27™ impressions, without ad rotation.

Note that the revenue function in (1.2) is separable in the decision variables A"
The reason is that the advertiser specifies his target class (i.e., subsystem) in advance
with the ad network. For instance, he may specify that his ad should be displayed
in the first page of a sport website as a side rectangle. The network then matches
this demand with the publisher’s listed specifications®. This means that the demand
processes for the subsystems are independent. Now, the service processes of the
subsystems are dependent as the number of ads occupying each subsystem depends
on the common arrival stream of viewers. However, as the publisher maximizes its
expected revenue rate the objective function depends on the sum of the expected
number of ads in each subsystem, which allows for separation of the revenues from
each subsystem. That said, instead of maximizing the whole revenue function, the
publisher simply maximizes each subsystem separately and for convenience we drop

the indices (j, m):

max R(N\) = A1 — Py, (A; sz, sm, 1)) p(N) (1.3)

A€ [0, +00).

In order to solve the optimization problem above the full-state probability, P, (X; sz, sn, ),

should be characterized. We derive its closed-form solution in the next section.

4Note that most ad networks are blind, which means that the advertiser does not know on which
website his ad will be placed.
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1.3.1 The Probability Distribution

Having Markovian arrival and service processes we can now model a subsystem using
Markov chains. For convenience, in this section we refer to this subsystem as a
system. Without loss of generality we set s = 1 and consider later how the rotation
affects our results. Note that even though we are ultimately interested in keeping
track of the number of advertisers in the system, in order to set up a Markov chain
we need to keep track of the system at a more detailed level; i.e., of the number
of impressions left to be delivered for each slot. When an advertiser arrives, he is
randomly assigned to one of the available slots with equal probability as they are
equivalent. This random ad-to-slot allocation means that we can keep track of the

dynamics of the system without distinguishing between the slots.

We formulate the problem as a queuing model with the state vector k = (kq, ..., k;,0, ..., 0)
with 1 < k; <z for j =1,2,...,¢ < n. This indicates that in the system, there is one
slot with k; impressions remaining (i.e., impressions left to be satisfied), another slot
with ks impressions remaining, etc. Then there are n—1 slots empty. As the slots are
considered to be identical, we do not distinguish between them. Consequently, any
rearrangement of vector k’s components does not lead to a new state. For example,
(5,2,0,7), (7,2,5,0), and (0,7,5,2), all refer to the same state of the system. In

order to see the nature of the state transitions we consider the following example.

Consider the state of the system k = (ky,....%;,0,...,0) with 1 < k; < z for
7 = 1,2,...;i < n. When a viewer arrives at the system, since all the ads are
displayed, the state of the system goes to k= = (ky, ..., k; ,0,...,0) with rate u, where
k; =k; —1, ie., all the positive components’ values reduce by one at the same time
(the synchronization), while the zero components do not change. Note that one

important difference between the publisher’s system and the more traditional loss
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systems such as Erlang is that in those systems we do not need to define the n-tuple
vector k to characterize the system as we need here. As a result, the characterization
of the Erlang Loss System is significantly easier, which is due to the independence
among the servers (or lack of synchronization). Now, when an advertiser arrives, the
publisher assigns one of the empty slots to him with = impressions to be displayed.
Hence, the state of the system will do a transition from k to (ki ..., k;, z, ..., 0), with

rate \.

In order to find my, the probability of finding the system in state k, we char-
acterize all possible states and transitions of the system and solve the flow balance
equations. The following proposition states the closed-form solution of the probabil-
ity distribution of the web publisher’s system. The proof of the proposition can be

found in the Appendix A. All other proofs can be found in the Appendix B.
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Proposition 1 The probability of a web publisher’s system with n slots being in state
k = (ki1,...,k;,0,...,0), where ki, ka, ..., k; impressions are left in i slots and n —i are

empty is:

7,,2(1 + T)nfifl

m(r,z,n) = — , 1< n, (1.4)
Z (x—i-?—l)rj
=0
r’ .
mk(r,x,n) = — ,i=mn, (1.5)
Z (m—&-?—l)r]’

<
Il
o

where v = \/p. Moreover, the steady-state probability of having i advertisers in the

system 1is:

Pi(r,z,n) = (“Z’;)ri(l hl T)niiil, i<mn, (1.6)
Z ($+?*1)r‘j
7=0
r+n—1\ n
P.(r,z,n) = n( n )r . 1=n. (1.7)
($+?_1)7~j
7=0

Note that my(r, x,n) does not depend on the actual number of impressions left in

each slot, it only depends on the number of filled slots.

Let us consider how the interaction between the empty and the occupied slots
comes through in the publisher’s system. In the formula for P;(r, z,n), r* plays the

n—i—1

role of the i occupied slots while (1+7) plays the role of the n—i empty slots. The
multiplication of those two terms captures the effect of the interaction of 7 occupied
slots with n — ¢ empty slots. Since in P,,(r, z,n) all the n slots are occupied there is

no interaction between the empty and the occupied slots. Therefore, P, (r, z,n) does

not have a term of the form (1 + r).
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With the proposition above we have fully characterized the probabilistic prop-
erties of the web publisher’s system with a closed-form solution of the steady-state
probabilities. Next we provide some structural properties for P, (r, z,n), the proba-

bility that the system is full and

L(r,z,n) = X1 = P,(r,z,n))z/u, (1.8)

the average number of advertisers in the system (based on Little’s law). Those are
useful when proving properties of the optimal price for the web publisher to charge

in the next section.
Proposition 2 YV, n,r the full-state probability of the system, P,(r,z,n), defined
by (1.7) satisfies:

(Z) 8]1% (r,z,n) 0’

(it) Pp(r,z + 1,n) — P,(r,z,n) > 0,

(113) Ppii(r,z,n+ 1) < P,(r,z,n).

This proposition confirms the intuition that the web publisher is busier if there

is more demand, less traffic, more impressions, and fewer slots. Numerical analysis

indicates that PP, is not necessarily concave in the number of impressions.

Proposition 3 Vz,n,r the average number of advertisers, L(r,z,n), defined by

(1.8) and its increment AL,(r,x,n) = L(r,x+ 1,n) — L(r,z,n) satisfy:

(i) AL, (r,x,n) >0, AL,(r,x+ 1,n) < AL,(r,z,n),

(Zl) OL( rmn) > O BLa(;mn) < 0’

(113) L(r,x,n) < L(r,z,n+ 1).
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Part (i) implies that the average number of advertisers in the web publisher’s
system is increasing and concave in the number of impressions. Hence, the publisher
is busier the larger number of impressions it offers. However, the impact levels off.
Part (ii) implies that the average number of advertisers in the system is increasing
and concave in the intensity, ». Hence, the publisher is busier with more demand,
less traffic, or higher demand-traffic ratio. However, the impact levels off. Finally,
Part (iii) indicates that the average number of advertisers in the web publisher’s
system increases in the number of slots. More slots on the website imply that fewer

advertisers are being rejected and more can be served.

1.4 Comparison With Known Queuing Models

As the synchronization of the publisher’s advertising slots leads to a novel queueing
model, in this section we briefly compare it to related models from a queueing theory

stand point before we move to the pricing section’.

1.4.1 Erlang’s Loss System

We first compare the web publisher’s model with the M/E, /n/n queue, the so-called
Erlang’s loss system. As in our system this system does not have any waiting space
and the only jobs in the system are the ones being served by one of the n servers.

The difference comes from the operation of the servers.

In Erlang’s loss system the servers operate independently, while in our system the

slots are synchronized, i.e., the advertisers receive service simultaneously. Erlang’s

®The reader who is interested in pricing only can conveniently skip this part and move directly
to the next section.

20



loss formula that represents the probability distribution of the number of jobs in the

system is the following:

which we can compare to the distribution for the web publisher’s system:

]Pi:

(z+21:—1)7,i(1 +7,)n—i—1
Yo ()
G

a Z?:O (x+j 71) rj

, 1<,

If n =1 the two formulas yield the same results as expected.

As we discussed before 7 plays the role of the i occupied slots while (1 + 7)"~*!
plays the role of the n —i empty slots. The multiplication of those two terms captures
the effect of the interaction of 7 occupied slots with n — i empty slots. Since in P, all
the n slots are occupied there is no interaction between the empty and the occupied
slots. Therefore, P, does not have a term of the form (1 + r). This is different
from the M/E,/n/n model with its independent servers, where the formula for P;,

0 <17 < n, has the same format even though there are empty servers.

In the following proposition we compare the probability of the system being full

for Erlang’s loss system and the web publisher’s system.

Proposition 4 The probability of a fully occupied system is higher for the web pub-
lisher than for the Erlang’s loss system, i.e., P, > PE. In addition, the average
number of jobs in the web publisher’s system is less than the average number of jobs

wn the Erlang’s loss system, L < Lg.
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This proposition shows that the online system is less efficient than Erlang’s loss
system with independent servers. This is intuitive as the synchronization of servers

imposes a restriction compared to independence.

1.4.2 Bulk Service

A bulk service system, denoted AM/M™ /1, has arrivals that are Poisson and the
service time is exponential. There are n slots for service and an infinite waiting
space. When n or less jobs are in the system they are all served at the same time
and if a job arrives during the service and a slot is empty that job is also served and
finishes at the same time as the others (memoryless service property). If there are

more than n jobs in the system only n are served simultaneously and the rest wait.

This system with the additional assumption of no waiting space is the same as
the online system with one impression. We can denote it by M/M™ /1/n. Since
having one impression is not realistic for the online setting there does not seem to
be much to gain for us from the bulk service literature. However, next we illustrate
how we can use the results from the web publisher’s system to learn more about the
bulk service system. First, the solution of the system M /M /1 (Gross and Harris

(1998)) is the following:

IP>OB - (]' —$0),

PP = (1—mo)xl, i=1,2,3,..,

where 1z is the unique solution (between zero and one) of the characteristic equation:
pr™ — (N + p)x + X = 0 with X as the customers arrival rate and ju as the service

rate (corresponds to the arrival rate of viewers, \,, in the online setting). The
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Figure 1.2: Comparison of the full-state probabilities

characteristic equation is of order (n + 1) and has at most (n + 1) roots but in most
applications there is one real root. The drawback of this formula is when n is large or
approaches infinity, i.e., the bulk service system has very large or infinite capacity, the
characteristic equation will be hard to solve. However, in our model when n — oo
the assumption of having no waiting space does not play a role anymore and the
result from the web publisher’s model can be used to approximate the bulk service

solution. This is formalized in the following proposition.

Proposition 5 As the number of service slots in the bulk service system approach
infinity, n — oo, the probability distribution of the number of jobs, PP has the
following property:

PE — !

i W fOT' n — oQ. (19)

In addition, the average number and the variance of jobs in the system are LP = r

and Var? = r(1 +r), respectively, where r = \/pu.
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Figure 1.3: Comparison of the average number of jobs in the system

Let us explore this in a numerical example where we consider two systems M /M /1
and M /M /1 /n (which is the same as the online system with n slots and one impres-
sion) with A = 15 and p = 10 and different values for n. When calculating accurately
the average number of jobs in M /M /1 (using the characteristic equations above
from Gross and Harris (1998)) and in M /M /1/n (using Equations (1.7) and (1.8)
with x = 1) we obtain a difference in L, the average number of jobs in the system,

of less than 1.2% with n > 10. Figure 1.3 illustrates this difference.

Note that L for the M/M™ /1 system is higher as could be expected since there
can be jobs waiting in a queue ready to go into service while the M /MM /1/n system

needs to wait for the next arrival.

The full state probability is illustrated in Figure 1.2. The convergence of P, is a

bit slower and there is less than 1.4% difference for n > 10.

The bulk service system with Erlang service time (instead of exponential) is not

the same as the web publisher’s system. In the publisher’s system the “jobs” can leave
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and enter the “bulk”; i.e., the jobs being served simultaneously are not necessarily in
the same phase of Erlang distribution. However, in the bulk service system all jobs

belonging to the same bulk have the same service time.

1.5 The Optimal Price

The web publisher’s objective is to determine the price to charge per impression in or-
der to maximize the revenue rate, which we can write as R(\) = A(1—-P,(\, p, n, x))px

L(\)pp, based on Equation (1.8).

As we have a one-to-one relationship between the price and the arrival rate of the
advertisers, A, we will optimize the revenue rate with respect to A and then determine
the price from the price-demand function, p(A). The optimization problem of the
web publisher can now be expressed as:

max R(A\) = A1 = P,(\; p,n,x))p(N)z. (1.10)

A € [0, +00).

The following proposition ensures the existence of the optimal solution and gives

an implicit equation for the optimal price.

Proposition 6 If the price-demand function, p(\), is concave decreasing in the ad-
vertisers’ arrival rate, X, then R(\) is concave in \. Furthermore, at the optimal

advertisers’ arrival rate, \*, the following condition is satisfied:

| o+ B 1o o (111)
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Note that in order to ensure concavity of the objective function, p(\) needs to
be concave. This includes a linear price, which is widely used in the economics
literature. In Section 1.6 we show that even some convex pricing functions give a
unimodal revenue function. (Other “weaker” conditions such as assuming concave
payment rate Ap(A) or monotonicity of the price elasticity —2—;‘% are not sufficient.)
Furthermore, Equation (1.11) implies that at the optimal point, A*, the proportional

change in the average number of advertisers, L, equals the negative proportional

change in the optimal price, p(\).

The proposition below confirms the intuitive results that the web publisher in-
creases its revenue by having more slots, offering higher numbers of impressions, and
having more traffic to its website. We denote R(\") by R, ,(A*(n, x); i) to emphasize

the dependence on n, x, and pu.

Proposition 7 The optimal revenue rate, R, ,(\"(n,z); 1), defined by (1.10) satis-
fies:

(i) Rno(N(n,2); 1) < Rpgra (A (n+1,2);5 1),

(1) Rpo(N(n,2); 1) < Ryt (N (0,2 + 1); ),

(iii) R o (,2); 1) < Ry (N (n, 2); 42), 1 < 422

Note that although some of the results of Propositions 2, 3, and 7 are intuitive,
we will see in Section 3.3 that a few of them are overturned in competitive settings.
For instance, part (ii) of Proposition 7 mentions that the optimal revenue increases
with the number of slots in the publisher’s system. However, we note that in the
competition setting more slots may no longer mean more revenue. Furthermore, we

observe a similar interesting behavior with respect to the web traffic p indicating
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that in the competition setting more traffic to the publisher’s system may not mean

more revenue (see Section 3.3).

The following proposition states the counter-intuitive result from a marketing
point of view that it is optimal to charge more per impression if the advertisers are

offered a higher number of impressions.

Proposition 8 If the price-demand function, p(\), is concave decreasing in the ad-

vertisers’ arrival rate X\, then p(\*) is increasing in x.

This proposition is interesting as in practice web publisher’s usually offer quantity
discounts. However, from an operational point of view when more impressions are
requested per advertiser, the advertisers provide more workload to the system and
fewer advertisers are needed, which means a higher price can be charged. Practically
speaking, the web publisher should not offer quantity discounts from an operational
point of view. All publishers we had a conversation with offer quantity discounts
except Yahoo!. Prof. Preston McAfee, a vice president and senior research fellow at
Yahoo!, confirmed that they now increase the CPM price for large contracts instead
of giving a discount. However, they did not have any theoretical underpinnings for
doing so, rather they had come to this pricing approach through a series of trials and
errors over time. We were pleased to offer a theoretical explanation. It is interesting
to mention that our analysis of the competitive setting indicates that larger contracts
impact not only the publisher offering them but also its competitor. Hence, both

will charge a higher price if one offers more impressions.

We note that in the price-demand function, p(\), we have not yet considered the
fact that advertisers might not be willing to pay as much for their ad to be posted on

a website with many ads compared to a website with few. To capture this feature,
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we set the price to depend not only on the advertisers’ arrival rate, A, but also on the
number of slots n. Proposition 9 describes the solution of the publisher’s objective
revenue function. We use the notation \*(n) to emphasize the implicit dependence

on n at the optimal value.

Proposition 9 Let the price function p(\,n) be decreasing in the advertisers’ arrival
rate, \, and the number of slots, n. In addition, let n, € R™ be the continuous version

of n. Giwen the following property is satisfied:

1"

p()\,nc)) Smin(—pi\,nc _@) (1.12)

M 1"
) e e Lo

then:

.y OL(\n)
1) =3~ >0
() o)) AF

(it) \'(n+1) > X*(n),
(iii) p(A* (n+1),n + 1) < p(A\"(n),n),

(iwv) LA*(n+1),n+1) > L(A*(n),n).
Proposition 9, Part (iv) indicates that with an upper bound on the ratio of
the price and the number of advertisers in the system, the publisher has more ads

on display with a larger number of advertising slots, even though advertisers are

discouraged by a large number of advertising slots.
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1.6 Numerical Analysis

In Section 1.5, we derived the optimal price for the publisher to charge and sev-
eral structural properties. In this section, we show numerically that those structural
properties hold for more general price-demand functions than concave ones. More-
over, we provide further insights on how the number of slots on a website, the web
traffic, the offered impressions, and the number of ads that share a slot affect the

publisher’s system.

1.6.1 Advertising Slots

We first explore the properties of the optimal revenue and prices with respect to
the number of advertising slots. The viewers’ arrival rate at the publisher’s website
is p = 2,000. Each advertiser is offered x = 100,000 impressions through the ad
network. The price-demand relationship (per impression) for the advertisers is set
p(A) = 0.02—0.2X°, where ¢ = 0.8, 1, or 1.2, i.e., the price function is convex, linear,

Oor concave.

An extra slot on the website means additional capacity to serve advertisers.
Hence, the publisher charges a lower price to attract more advertisers as indicated
in Figure 1.5 and by doing so it increases the revenues (see Figure 1.4). However,

this effect levels off as indicated for ¢ = 0.8 in Figures 1.4 and 1.5.

As in Proposition 9 we set the price to depend not only on the arrival rate
of advertisers, A, but also the number of slots n. We consider the following price
function:

p(A,n) = 0.02 — 0.2X° — 0.001n.

29



Optimal price

90

80 H

70

60

50

40

Optimal revenue

30

20

0.016

0.015

0.014 P

0.013

0.012

0.011

0.01

0.009

0.008
1

—C =12

2 3 4 5 6 7 8
Number of slots

Figure 1.4: Optimal revenue vs. slots

Number of Slots

Figure 1.5: Optimal price vs. slots

30



Optimal revenue

1 2 3 4 5 6 7 8
Number of slots

Figure 1.6: Optimal revenue vs. slots with price depending on number of slots

Figures 1.6 and 1.7 show the optimal revenue and the optimal price vs. number

of advertising slots taking into account that ads can jeopardize each other.

Comparing Figures 1.4 and 1.6, we can see that the optimal revenue does not
continue to increase with the number of slots as before. Instead, after a certain
number of slots the impact of the price sensitivity with respect to the number of
slots starts playing a role and the revenue starts decreasing. Here, the optimal
number of slots to choose varies from three to four slots depending on the price-
demand relationship. On the price side, Figure 1.7 indicates that the optimal price
decreases more sharply in the number of slots than before. This means that the web
publisher has to lower the price faster to attract the customers lost due to the impact

of the increased number of slots.
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1.6.2 Impressions

Next, we consider the sensitivity of the optimal price and revenue with respect to
the number of impressions. We assume that there are two slots on the website,
n = 2, and the price-demand function for the advertisers is chosen as before to be

p(A) = 0.02 — 0.2)\°, where ¢ = 0.8, 1 or 1.2.

As shown in Proposition 8 and illustrated in Figures 1.8 and 1.9, the optimal
revenue and the optimal price increase with the number of impressions. From a
marketing point of view, one might expect quantity discounts, i.e., that the price
per impression would decrease with the number of impressions. However, from an
operational point of view the opposite is optimal as more impressions mean the web
publisher needs fewer advertisers and thus can charge higher price (based on the

decreasing price-demand curve).

By considering the advertisers’ expectations for quantity discounts, we incorpo-

rate this in a simple way in the price-demand function, p(\) = 0.02 — 0.2\° — 10~ "x.
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Figure 1.10: Optimal revenue vs. impressions with price depending on number of
impressions

Using this function we explore how the optimal price and revenues change with the
number of impressions. By incorporating quantity discounts in the pricing, the op-
timal revenue does not continue to increase as before, instead it starts decreasing,

indicating an optimal value for the number of impressions to offer.

1.6.3 Ad Rotation

We consider the impact of serving more advertisers than there are slots by rotating
the ads into slots. As defined before, s is the number of ads that share a slot.
We let the number of slots on the website be n = 4 and as before we assume the

price-demand function to be p(\) = 0.02 — 0.2\°, where ¢ = 0.8, 1 or, 1.2.

In Figure 1.12, in which the number of impressions is set to be x = 100, 000, we
observe that the optimal price is increasing in the number of rotating ads, while this

relationship is overturned in Figure 1.13 where we assume = 1,000, 000. Hence, the
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rotation does not have an obvious impact on the publisher’s optimal decisions. First,
increasing the number of rotating ads leads to an increase in the system’s capacity as
more advertisers can be served at the same time. However, rotating a larger number
of ads means that advertisers take longer to be served and occupy the capacity of the
system for longer. Hence, fewer advertisers are needed. Depending on the system

parameters (such as the number of impressions) one of these two impacts dominates.

1.7 Extensions

Our model provides a web publisher with insights on how to manage its revenues
based on the price to charge and the operational characteristics of its website. We
have focused on the fundamental trade-off of matching supply with demand under
the assumptions listed in Section 1.3. The web publisher’s advertising operation

is quite complex and we do not attempt to capture every element of it. However,
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we have provided significant steps towards a systematic approach. In the following
sections, we illustrate how our model can be extended and used as a building block
for more complicated settings than considered in the previous sections. In addition,

we show how our results hold without the assumptions listed in Section 1.3.

1.7.1 Different Numbers of Impressions

Publishers usually display any number of impressions requested by advertisers or
allow them to choose among several listed quantities. As mentioned in Section 1.3,
we can model this choice by defining X as a random variable representing the number
of impressions chosen by advertisers. In this section, we compare the simulated values
of two system quantities when random numbers of impressions are requested, with
their corresponding analytical values when all advertisers request the same number
of impressions, E(X) (Assumption 2). The random variable X can either have a
discrete distribution representing a list of numbers offered, or it can be assumed to
be continuous (as X is usually large) representing that any number can be chosen.
We denote this system by Stochastic Request system (SR) and the system where
Assumption 2 applies by Deterministic Request system (DR). Solving this SR system
analytically does not appear to be tractable but to gain further insights, we perform
a simulation study and simulate the system quantities of interest; L, the average
number of advertisers in the system and P,, the probability that the system is full.
In our simulation study, we let the advertisers’ arrival rate be equal to 0.1 per time
unit, A = 0.1, and the viewers’ arrival rate be equal to 10 per time unit, p = 10.
These numbers are chosen for illustration purposes. The number of slots is chosen
to be, n = 4. Each arriving advertiser requests X =Y - 1;y>qy impressions, where

Y ~ N(p,9p), ie., X is a truncated normal random variable. We compare the SR
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Figure 1.14: Comparison of L vs. the simulated L%

system with the DR system, in which all advertisers request E(X) = n/(1 — ®(5}))
impressions (the mean of a truncated normal random variable), wherein ®(-) is the
standard normal distribution and (1 — ®(=})) is the probability of the event {X >
0}. We run each simulation for 100,000 time units varying ¥ from ¢ = 0.05 to
¥ = 1. Figures 1.14 and 1.15 compare the values of L°% and P57 obtained through

simulations with the corresponding values L and P, calculated using the Equations

(1)-(1.8) for the DR system with z = B(X) = /(1 — ®(F)).

Based on Figures 1.14 and 1.15 we can see that the performance measures con-
sidered for the SR system are very similar to the ones of the DR system with an
increasing difference when the variance increases, as can be expected. Other simu-
lation results using different distributions for X confirm this result. These results
indicate that the DR system seems to be an accurate estimator for the SR system’s

behavior even for low numbers of impressions.

Note here we have explored two quantities characterizing the operation of the
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system, L and P,. In Section 1.7.4 we explicitly explore the impact of the random
number of impressions on the revenues and consider the case where the price depends
on the number of impressions, X. Hence, the publisher can adjust the optimal price

based on the requested impressions.

1.7.2 Fixed Advertising Campaign Length

Some ad networks allow the advertisers to request a certain advertising campaign
length instead of the number of impressions. The publisher might then give some
estimates on how many impressions the advertiser can expect to receive during the
campaign. This system is a special case of the SR system since the number of
impressions received by each advertiser during a horizon 7', is a random variable
Xr ~ Poisson(uT), where p is the viewers’ arrival rate, based on the fact that the
interarrival times of the viewers are exponential. Following the approach of the last

section, we can approximate this system of fixed campaign length by setting the
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single impressions’ number to be E(X ) = p7 in the DR system.

We can extend the fixed campaign length system to incorporate not a single hori-
zon T' but multiple horizon values that the advertisers can choose from. We define
the choice set as Q = {T1, ..., T,,}. We can argue that this system is equivalent to the
SR system. We let 7; € [0, 1] be the percentage of the advertisers preferring to stay
in the system for T; € ) time units. Since the viewers’ interarrival times are expo-
nential each advertiser choosing 7T; is served with X7, ~ Poisson(uT;) impressions.
This system of multiple campaign lengths can be approximated with a DR system
with z = i 74 1; impressions. The continuous version of the multiple campaign

i=1
lengths system, in which the service time 7' is a continuous random variable can be

approximated by a DR system with x = E(X) = fooo pth(t)dt impressions, where
T ~ h(T).

1.7.3 Non-Poisson Arrivals

In Section 1.3 we assumed that the advertisers’ arrivals at the web publisher from
the ad network follow a Poisson process (Assumption 1), which might not be the
case in reality. In addition, the viewers’ arrival process might not be Poisson either
(Assumption 3). In this section, we explore other distributions for both the demand
and supply sides. Figures 1.16 and 1.17 show the empirical distributions, based
on data from a large Scandinavian web publisher, for the advertisers’ and viewers’
arrivals as well as other fitted distributions. For the arrival distribution of the viewers,
the Poisson, Weibull, and Normal distributions pass the Kolmogorov-Smirnov (KS)
and Anderson-Darling (AD) goodness-of-fit tests at the 5% significance level. For
the arrival distribution of the advertisers only the Uniform and Normal distributions

pass the tests, not the Poisson. However, even though assuming Poisson arrivals of
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Figure 1.16: The empirical cumulative distribution of the viewers’ arrivals obtained
from a Scandinavian publisher based on daily data, and other fitted distributions.
advertisers might not be a realistic assumption, our simulation study illustrates that

the revenues of the web publisher are only slightly affected.

In our simulation study, we specifically examine the amount of revenue a pub-
lisher can lose by using the base model’s solution obtained in Section 1.5, while
both the advertisers’ and the viewers’ arrivals, in reality, do not follow a Poisson
process. We let the viewers’ arrival rate be ;o = 1. For the advertisers’ interarrival
time distributions, we consider the following distributions: Normal with mean 1/
and standard deviation 1/), Erlang-2 with mean 1/) and standard deviation 1/v/2),
Erlang-4 with mean 1/\ and standard deviation 1/2\, uniform with the two para-
meters 0 and 2/, exponential with rate A\, and finally deterministic arrivals. For the
viewers’ inter arrival time distributions, we consider the same distributions with A

replaced with p = 1.

The number of slots is n = 4. We choose the pricing function to be p(\) =

0.02 — 0.2A\%®. Moreover, we let the number of impressions be = 1000. The steps
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of each simulation process are as follows:

First, we obtain the advertisers’ optimal arrival rate, A}, , when the advertisers’
interarrival times follow the generic distribution D;, and the viewers’ interarrival
times follow D,. This includes simulating the publisher’s system for multiple values
of A and then selecting Ap, p,, the rate that gives the highest revenue. We represent

the revenue related to \p, p, with Rp, p,(Ap, p,)-

Next, we compute the optimal value for A using the solution provided in Equation
(1.11). We represent this with A%, . If the web publisher used our analytical solution
for a system that does not have Poisson arrivals on either side, its revenue would
be Rp, p,(A\g,p), where Rp, p,(Ag,,) is the simulated revenue given the advertisers’

arrival rate is Ap, p, = Ap,,-
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Figure 1.18: A schematic presentation of how the revenue gap is computed through
the mentioned steps.

Finally, we compute the revenue gap using the following formula

RD1,D2 (A*Dl,Dg) - RD1,D2 ()\*E'a:p)

. x 100(%). 1.13
RDLDQ(ADLDQ) ( O) ( )

Gap =

Figure 1.18 shows a schematic presentation of how the revenue gap is obtained using

the above steps.

Table 1.1 shows the relative revenue performance gaps for the different interarrival
time distributions considered for advertisers’ and viewers’ arrivals. We can observe
that the computed revenue gaps are usually between 0.1% — 3%. This suggests that
the Poisson policy tends to be a relatively accurate estimate for the publisher’s model
even when both the viewers’ and the advertisers’ arrivals are non-Poisson. Neverthe-
less, we notice that the revenue gap is considerably higher (i.e., about 9.4%) when the
viewers’ and the advertisers’ arrival processes are both deterministic. This implies

that Poisson’s policy may not be a good approximate when there is no uncertainty
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in the model. However, we notice that even when either arrival processes is not
deterministic, Poisson tends to perform well. Likewise, other simulation results indi-
cate that the converse also tends to be true. That being said, a purely deterministic
system might not be a good approximation for the Poisson system. This emphasizes

the fact that uncertainty plays a significant role in the publisher’s system.

Interarrival dist. Viewers

Advertisers Erlang-2  FErlang-4 Normal Uniform  Det. Ezxp.
Erlang-2 1.08% 1.15% 1.03% 0.99%  1.23% 1.34%
Erlang-4 0.40% 0.59% 0.50% 0.44%  0.56% 0.13%
Normal 0.52% 1.06% 1.09% 2.26%  2.48% 0.06%
Uniform 1.03% 1.05% 0.79% 1.23%  0.95% 1.05%
Det. 2.93% 2.89% 3.29% 2.80%  9.42% 2.73%

Exp. 0.10% 0.27% 0.38% 0.60%  0.24% —

Bp,,0y(AD).py) =By Dy (Npap) X 100(%)
RDl,DQ ()‘*DI,DQ)

Table 1.1: The relative performance gap

1.7.4 Random Price

To validate our results further, we consider the case where each advertiser requests
a random number of impressions, X, and the publisher charges a (random) price
accordingly. We specifically examine the amount of revenue a publisher can lose by
using the base model’s solution obtained in Section 1.5 (based on Poisson arrivals,
a single number of impressions offered, and a single price charged) to determine the
price, while the impressions requested are random and both the advertisers’ and the

viewers’ arrival processes are non-Poisson.

To explore this scenario, we assume the price function to be p(A, X) = 0.02 —
0.2)\%® — 10-7X, where X is a random variable following the arbitrary distribution
f, with E¢(X) = 1000. The rest of the simulations’ settings is the same as in Section

1.7.3. The steps for each simulation process are as follows:
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First, we obtain the advertisers’ optimal arrival rate, \x p, p,, when the adver-
tisers’ interarrival times follow the generic distribution Dy, the viewers’ interarrival
times follow D, and each advertiser requests a different number of impressions ac-
cording to a random variable X. This includes simulating the publisher’s system
for multiple values of A and then selecting )\}7D17D2, the rate that gives the highest

revenue. We represent the revenue related to A\ p, p_ with Rxp, p,(A\xp, p,)-

Second, we compute the optimal value for A\ using the closed-form solution pro-
vided in Equation (1.11) by assuming the price function to be p(A,z) = 0.02 —
0.2A%% — 107"z, where = E;(X) = 1000. We represent this optimal value with

+.5zp- 1f the web publisher uses our analytical solution with the average demand ,

for a system that does not have Poisson arrivals of advertisers and viewers, and each

advertiser requests X impressions its “real” revenue would become Rx p, p,(A; 5p)-

Finally, we compute the revenue gap using the following formula

Rxp,p,(Ax D, D,) = BX.D1D, (A 5p)

Gap = x 100(%).

Rxp,p,(AX D, D,)

Figure 1.19 illustrates a schematic presentation of how the revenue gap is com-

puted through the above steps.

Table 1.2 shows the relative revenue performance gaps for the different distri-
butions for the number of impressions resulting in random prices as well as the
interarrival time distributions for the advertisers when D5 is a normal distribution.
We observe that the computed revenue gaps are on average between 0.08% — 1.46%.
This suggests that the optimal revenue when considering the average of the requested
number of impressions tends to be very close to the revenue obtained through the

real-time price adjusting based on each advertiser’s requested impressions, while the
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Figure 1.19: A schematic presentation of calculating the revenue gap when the price
function depends on the number of impressions X in which X is a random variable.

f(X) Advertisers (Dy)

Impressions  FErlang-2  Erlang-4  Normal  Uniform  Exponential
Erlang-2 0.42% 1.25% 0.28% 1.20% 0.33%
Erlang-/ 0.29% 1.46% 0.63% 0.96% 0.08%
Normal 0.67% 0.40% 0.13% 0.95% 0.15%
Uniform 0.29% 0.43% 0.19% 0.57% 0.50%

R A3 -R Ax
Table 1.2: The relative gap X:D1.05 \x.p;.0,) XDy Do Z’Ew)xl()O(%)

Rx,D;,Dy(Mx D, .Dy)

arrival processes are non-Poisson.

1.8 Conclusion

Online advertising is a promising research area suitable for quantitative approaches.
Until recently this area has received little attention from the operations management
community. Managing revenues in online advertising is a challenging task and few

systematic approaches exist in practice. This chapter is a step towards filling that
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gap.

We consider a web publisher that generates revenues from displaying advertise-
ments on its website with advertisers being supplied through an advertising network.
We focus on the main operational challenge of matching uncertain demand from
advertisers requesting advertising space to uncertain supply from viewers visiting
the website. The publisher faces challenging decisions of determining the prices to
charge, number of ads to display, number of advertisements to share each advertising
slots, and others. The publisher’s website can consist of multiple pages and each page
can have ads of different sizes posted in different locations. We group the website’s
advertising slots into subsystems that specify the characteristics of the slots such as
page, location on a page, size, and price. When a web publisher registers with an ad
network it registers each subsystem with a separate tracking code. This enables us

to decouple the publisher’s website into subsystems and analyze them separately.

We develop a stylized model of a publisher’s system with the arrival process cor-
responding to the advertisers who are supplied by ad networks and are interested
in posting their ads and the service process corresponding to the viewers visiting
the website. Given the fact that all advertisers on display pay when a single viewer
uploads the webpage, the advertisers are served in a “synchronized” manner. These
dynamics are different from those of known multi-server systems with independent
servers corresponding to advertising slots. We derive a closed-form solution of the
probability distribution of the number of advertisers in the system, which enables us
to characterize the price and other decision variables for the publisher and analyze
in detail. For example, we show that the optimal price to charge per impression
increases in the number of impressions, contrary to the quantity discount common in

practice. Yahoo! is the only publisher we came across that charges higher CPM price
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for larger contracts instead of giving a discount. We are pleased to offer the theoret-
ical explanation that they were lacking. Furthermore, we show that the increase in
the number of ads that share a slot has a non-obvious impact on the optimal price.
To illustrate how our model can be used as a building block for a more complicated
setting, we extend it to incorporate competition and provide some initial results.
We observe that some of our results hold in competitive settings while others are

overturned.

The framework for the web publisher’s operations can be expanded beyond the
results of this chapter. Even though cost-per-impression is a common pricing scheme,
others exist such as cost-per-click or even a mixture of the two. Cost-per-click con-
tracts require different models and comparison of them to cost-per-impression con-
tracts can be found in the next chapter. Furthermore, exploring competition between
web publishers with different information structures would be an interesting exten-
sion. We consider this topic in Chapter 3. In addition, given how easy it is to keep
track of viewers” behavior and profile, targeted advertising is very attractive to adver-
tisers as well as to web publishers who can charge a higher price for a more targeted
audience. We have analyzed the operation of the web publisher from a steady state
point of view. Dynamic pricing would also be interesting and possible to implement
as advertisers often buy their advertising space online, which makes it feasible for

the web publisher to change the prices dynamically.

In summary, the modeling framework developed in this paper captures the fun-
damental operational challenges faced by a web publisher and with its closed-form

solution it can provide a basis for many promising research directions.
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Appendix A

A1l. Advertising Networks

Publishers have ad slots
to sell. They set their ask
price

Advertisers target content
categories that match
their desired audience’s
interest

The ad network
categorizes the
publishers’ website

Each advertiser gives his
maximum bid price per
impression

The ad network matches the publishers and advertisers
based on their specified categories

Among the available publishers whose ask price is
lower than the advertiser’s maximum bid price one is
selected. All non-available publishers are automatically
filtered and hence ignored by the network

The banner ad is displayed in the selected publisher's
website

Figure 1.20: The general steps for the transaction between advertisers and web
publishers through advertising networks

Ad networks act as brokers between advertisers and web publishers. Ad networks
can operate in many different ways. Some ad networks set the price themselves (e.g.,
for non premium publishers at the ad network Clicksor), but many allow the publisher
to set the price to charge advertisers (e.g., Clicksor’s premium advertisers and on
ADSDAQ). In addition to the price, the number of impressions that the publisher will
deliver is also stated. The mechanism of how advertisers are allocated to publishers

varies. In some advertising networks the advertisers can choose with which publishers
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their ad is placed (e.g., Adtoll) while other ad networks define different categories of
target websites for advertisers to choose from based on the content of the websites,
viewer’s locations, etc. (so-called blind ad networks, e.g., Contextweb, Valueclick,
and Clicksor). For those ad networks, matching advertisers with suppliers is usually
along the following lines: First, the advertiser selects its target website category
and his maximum willingness-to-pay (called bid price). Then the network selects
the relevant publishers that match the characteristics of the website category. The
network eliminates the publishers whose CPM (called the ask price) is higher than
the advertisers’ willingness-to-pay. Finally, the ad network sends the advertisers to
one of these websites. Ultimately, the publisher receives a certain rate of demand that
depends on the price it offers for a certain number of impressions. Figure 1.20 shows
the summary of the steps for transaction between advertisers and web publishers

through advertising networks.

A2. Proof of Proposition 1

Lemma 10 Given z € N, 1 € N, and k € R, the following result holds:

Zm: Zm: i K= <x+§_1)m. (1.14)

ki=lko=hk1  hki=h;1
Proof
Proofs of all lemmas are provided in Appendix C.
Lemma 11 Given k € NN [0,2 — 1] and © € NU {0}, the following result holds:
wil (Z) - (x i k) (1.15)
— \k k+1
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Lemma 12 Given z € NN [n—1,00) withn € N and r € R,

n—1 n—1
1 N
(x“ ) Ayt =S (‘H” ) (1.16)
0 =0

1=

Proof of Proposition 1

To prove Equations (1.4) and (1.5) we list the flow balance equations and show that

the probabilities are of the form:

T, = Arf(1 4+ )"t (1.17)

Ty = Ar™, (1.18)

where ky = (ky, ko, ..., k;, 0, ..., 0) represents the state of having i slots occupied (one
slot with k; impressions left to satisfy, another one with ks impressions left, etc.)
and n — ¢ empty slots and ky = (kq, ko, ..., k,,) represents the state of having all n

slots occupied. We use the following notation for compactness and define:

|Q>o
Z T where |G-o(k)| < n,

|Q>o( il
and k, 2 Z kjel, where |Goo(k)| = n,

in which, unless otherwise specified, k;, > k;, for j; > jo. eJT is an n-tuple row vector

where its j"*component is 1 and the rest of its components are zero. Moreover,

Goo(k) 2 {j| k> 0}, Gu(k) 2 {j| by =2}, (1.19)
Go(k) £ {j| kj =0}, Gu(k) 2 {j| k; = h}.
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Intuitively |G-o(k)| and |Go(k)| are the number of occupied and empty slots, respec-
tively. |G, (k)| is the number of slots whose impressions left to satisfy are equal to =,

i.e., no impressions have been delivered for these slots.

Next, we show by summing over the relevant 7’s that the probabilities of finding

a certain number of advertisers in the system are of the form:

) — 1 . )
P, — <x T )Awu Fr)l i =0,1,2, 00— 1, (1.20)
i
—1
Pn:<x+n )Ar", 1 =n.
n

Finally, we use the fact that > " ;P; = 1 and solve for A.

We first consider a Markov chain where the state of the system is the vector
1G>0 (k)|
k= > kje]T and k; represents the number of impressions left to satisfy in a slot.
j=1
(We do not distinguish between the slots.) After identifying the possible transitions

of the system, we list the flow balance equations. The flow balance equations are

equations are as follows:

i) For k =(0,...,0) = 0 we have:
rTe = Z’/TV_T, where v;-f = Zejr. (1.21)
i=1 j=1

For example, if k = (0,0,0) then the transition equation becomes: 7m0y =

T(1,0,0) + T(1,1,0) T T(1,1,1)-

G>0(k)

ii) The second group of states are when k = >
=1

slots are empty) and |G, (k)| = 0 (the impressions left to satisfy in all slots are

\
kje] with |G-o(k)| < n (some
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iii)

iv)

less than x). The transition balance equation for k becomes:

1Go (k)|
(1 + 7n)ﬂ—k = 7Tk+v|Tg W) + Z 7Tk—i—vﬁ (k)|+qu’ (122)
-0 g=1G0 (k)| +1 -

T A ‘g>0(k)‘ T T A q T .
where vig o = Z e; and w, = > e; . For example, if we take
Jj=1 t=|G>o(k)[+1

x =5 and n = 3 then for the state k = (4,0,0) we have G-o(k) = {1} and
Go(k) = {2,3}, Vig_,a0; = (1,0,0), w3 = (0,1,0), and wj = (0,1,1). Hence,

the flow balance equation becomes: (1 + 7)m(40,0) = T(5,0,0) + T(5.1,0) + T(5,1,1)-

|G ()| 1G>0 (k)]
Ifk = Z a;ejT + > k:je;‘.r where |G-o(k)| < n (some slots are empty),
=1 J=1. ()1

|G.(k)| > 0 (the impressions left to satisfy in some slots are x) then the flow
balance equation becomes:

(L +7)Tk = rT(k_4eT)TD, > Where Doy 2 [e2:€3:...:€, 1:015p)nsen  (1.23)

For example, if we take # = 5 and n = 4 and k = (5,5,4,0) then k—zel =
00 0O

1 000
(0,5,4,0) and Dyyy = . Hence, (k—zel)"D,x, = (5,4,0,0).

0100

0010
- = 4x4

Therefore, the flow balance equation becomes: (1 + )7 (55.4,0) = 77(5,4,0,0)-

Ifk= 3 zel + >, kjel, where [G.o(k)| = n (all slots are occupied),
J=1 7=z (k)| +1

|G.(k)| > 0 (the impressions left to satisfy in some slots are ) then the flow

balance equation becomes:

Tk — Tﬂ(kfxe’iT‘)TDanU)h}e'feDan = [825832...Een,1201><n]n><n. (124)
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For example, if z = 5 and n = 4 and k = (5,5,4,3) then k—zel = (0,5,4,3)

0000

1 0 00
and Dy, 4 = . Hence, (k—zel)"D,,.,, = (5,4,3,0). Therefore,

0100

0010
= 4x4

the flow balance equation becomes: (5 54,3) = r'7(54,3,0)-

|G>o0(k)|
Ifk = Z kjel with |G.o(k)| = n, (all slots are occupied), |G, (k)| = 0 (the

impressmns left to satisfy in all slots are less than x) then the flow balance

equation becomes:

|G>o(k
T = TipT, o , where V|g o) = Z el (1.25)
For example, if x =5 and n = 4 and k = (4, 3,2,1) then v| o) = =(1,1,1,1)

and the flow balance equation becomes: m(4321) = T(54,3,2)-

Next we verify that the functional form stated in Equations (1.17) and (1.18)

satisfies the Flow Balance Equations i) - v):

By inserting Equations (1.17) and (1.18) into the flow balance equation we
obtain a left hand side of Ar(1+7)""! and a right hand side of A[r(1+r)""2+
r2(1+r)" 3 4+ .+ 7" 1 +7)° 4+ r"]. We use induction to show that both
sides are equal, i.e., > 777, Pri(1 4 ) I 4 = (1 + )" We start with

= 1 and note that both sides are equal to r. We now assume that the
equality holds for n = k, ie., ZJ (L )P b = (1 4 ) In

order to show that the equality then holds for n = k + 1 we need to show that
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ii)

Z?Zl ri(1 4+ 7)) 4+ rFt = (1 +7)*. We have that

N

1
r] 1+7) k Ikt — (I+7) rj(l + r)k_j_l + P 4 Rt (1.26)
1

M;r

Jj=1 J

Using the induction assumption we obtain
(L) [r(L )t =R ek T = (L) — P BT = (1 4r)F, (1.27)

which completes the induction proof.

Using a similar approach as for Case i) we need to show that

n—i—1
ACY P (L) ) = (L) AP (L) (1.28)

Jj=0

which is the same as showing

n—i—1

Z (L) I = (1) (1.29)
=0
To simplify the notation we set m = n — . We then need to show that
27;01 rI(1+ )" 971 4™ = (14 7)™ We prove this equality by induction. If
m = 1 both sides of the equality are 1+r. Let us now assume that the equality
holds for m = k, i.e. Z i1+ )k = (14 )k, We now need to
show that the equality holds for m = k+1, i.e., that Zf:o rI(14r)k7 4kt =

(14 r)k*L. We have

T
L

k
er 1+r)k I phtl — (1+7") rj(1+r)k_j_1 + P 4 Rt (1.30)

Jj=0

.
Il
o

Using the induction assumption this equals to (1+7)[(1+7)* —r*] +rF +rFl =
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(1 + r)**1 which completes the induction proof.

iii) We need to verify that (1 + r)Arkt(1 + r)n=k=0=1 = pApk=1Hi(1 4 p)n=h=d)

which always holds.

iv) We need to verify that Ar™ = rAr"~1 which always holds.

v) This equation always holds.

When deriving A, we first need to formulate IP;, the probability that there are
i advertisers in the system, and then use the fact that > " P, = 1 to solve
for A. First, we know that Py = mg = A(1 + )"~ . Let us then consider i,
0 < 7 < n. The probability of having ¢ advertisers in the system where each

has k; impressions left to satisfy with

1G>0(k)]
k= > ke], [Goo(k)| =i <n, |G:(k)| =0. (1.31)

J=1

Without loss of generality, let £; be increasing in j, i.e., by < kg < ... < k;. We
observe that P; is the sum over all possible values that £; can take while there

are ¢ people in the system (|G-o(k)| = i). Hence, by Lemma 17,

P, —Z Z Z e = <x+2_1>wk (1.32)

k1=1 ko= ki=ki_1

As a result P; = ("M Ar(1 4+ )"t for i < noand P, = ("7 Arm.

Moreover, since » .  [P; = 1 we have that

n—1
-1 , —1
<x +1 ) P )i <m +Z )Ar" =1, (1.33)
=0

)
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which gives
1

Z;L:—Ul (x—l—;‘—l)rj(l + T)nfjfl + (:c+;1—1)7,n.

A= (1.34)

1 - which completes the proof.

Finally, using Lemma 19 we get A = ——==—+—
o (")
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Appendix B

B1. Proofs of Other Propositions

Proof of Proposition 2 (i) In order to show PP, is increasing in r we show its
derivative with respect to r is always positive. By differentiating P, with respect to

r and simplifying we get:

0Py _ 2 (L)) =) (1.35)

or > ico (H?_l)ri B

which is always positive. Hence, P, is increasing in r.

(ii) After some calculations we get

i () () (%)
iy (T L ()

P,z +1)—P,(2) = (1.36)

which is always positive. Hence, P, (z + 1) — P, (z) > 0.

(iii) For the last part we prove P,.; < P, using contradiction. Let us assume

P, +1 > P,. This is the same as saying

n+1

rHn~ 7(z+n-—1)! r(z +n)!
> T NS 1.37
rn—l—lgz'!(x—l—n—l—z’)! Zz’!(m+n—z’)! (137)

Next we reindex the sum on the right hand side of (1.37) by setting ¢ = j + 1 and

we get

n n

ri(z +n)! 1 r(z +n)!
— (n+1il(z+n—1-1) - ;+jZO G+Dl(z+n—1—j) (1.38)

7

By comparing the sums term by term we see that each term on the left hand side of
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(1.38) is smaller than the corresponding one on the right hand side, which contradicts

the assumption of P,,.; > IP,. Hence, we must have P,,; <P,. W

Lemma 13 Given any natural numbers x € N and n € N,

ég <x+?_ 1) (x§n>r”j > Z:; (‘%LZ_ 1> <x—;n)r”+i(n—i). (1.39)

Proofs of all lemmas are provided in the Appendix C.

Lemma 14 Let Q(z) = Qn(x)/Qp(x), where

Z”:(x+?—1) <xzn)r++§ (x+z—1> (xjn)Tn+i(n_i)>

=0

Qn(z) = (

and
Qp(z) = (; (‘“j‘ 1); (“”j ”)) (1.41)

Then for any x, n € N, and r € R, Q(x) is increasing in x.

Lemma 15 Given any natural numbers x € N and n € N,

ii(m—l—?—l) (x+?_1>riﬂ2i<x+2_l) <I+?_1>r””(n+1—i).

i=0 j=0 i=0
(1.42)

Lemma 16 Given any x,n € NU{0}, and r € Ry

ZHIXR: <x+?_1) (x+?_1>r”j(n+1—z’)(n+i—2j) > 0. (1.43)

i=0 j=0
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Proof of Proposition 3 (i)We set L, (x) = rz(1 —P,,(x)). We need to show that

AL,(z) = L(x + 1) — L(z) > 0. We have
AL,(z) =raz(P,(z) —P,(x+ 1)) +r(1 —Py(xz+1)). (1.44)

Focusing on the first term in AL, (z) we get

() e () = () 2, ()

z(Py(z) = Pu(x+1)) = s s (1.45)
Do ( +i l)rz > ( er )W
Knowing that (*I") = (“?_1) + (xffl_l) and after some simplification we get
n{x+n—1 n r+n\ i s
2(Po(z) — Po(z + 1)) = — (7 ) Y ()0 = ) (1.46)

> o (H?_I)Ti > ico (wtn) i

The result in (1.46) also shows that the full state probability is increasing in z. In

addition, we can see that

() ()

Do ()t X ()

(1.47)

Therefore we can simplify AL, (x) as

S (R — ) 4 S () S ()

ALn(.T) =T n T+n— : n z+n\ ;i
> ico ( +’i 1)TZ Zi:O( er )Tz

(1.48)
Now to show AL,(z) is positive we need to show its numerator is always positive.

That is,

inZ_l (x +7;_ 1) (I;n)r”j— y (x +Z - 1> (x—;n>7‘"”(n—z’) > 0. (1.49)

i=0 j=0 i=0

This is always true according to Lemma 20. Therefore, L, () is increasing in x.

60



(i) In order to prove that L, (x) is concave in x we need to show that

Sino () Y () () (e — )
i (T L, () ’

AL, (z)=1— (1.50)

is decreasing in x. But this is always true based on Lemma 21.

(iii) As » = A/p it is equivalent to showing that L is concave increasing in r

given p is fixed. We know that L,(z) = rz(1 — P,) = rx — rzP,. Hence, we get

aqufx) — _ma(gn) and 625:2(x) _ _$82éfgn)~ We first show that BLgT(m) > 0. We have
that:
0P, _ (IS ()41 ) sy
or Do (77
OLn ()

Hence, in order to ensure that —3-= > 0 we need to show that:

3 (“?‘ 1)#‘]? - [(“Z‘ 1> 3 (“?_ 1>ri+”(n+1 —i >0, (152)

1=0 =0

which is true according to Lemma 23. Hence, L, (z) is increasing in r. Now we show

that % < 0. Note that showing & Ln(z) < 0 is equivalent to showing 2 (rlPn) > 0.

dr? o2

So we work with the latter one. From the relation (54) in the paper we have

o) ()T, (1) (n 41— i)
or >, ) | (1:53)

Furthermore,

e = 9 M (A [ G I B

(1.54)
Based on Lemma 24 we have that % > 0.Hence, L, (z) is concave increasing in

r.
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(iv) The proof follows from the third part of Proposition 2 and Equation (6) in

the paper. N

Proof of Proposition 4 In the Erlang’s loss system with n servers the probability

of a full system is

Py = e = (1.55)
Z?:o% Zizou;T

While for the web publisher’s system it is

e

S (T

P, = (1.56)

Starting from (1.56) and simplifying yields

n n

T T

P, — ol >__

> - T Do e

=0 lz(z+1)(z+2)...(x+n—1—1) 1=0 glgn—1t
E

P,

Therefore P, > PE. Moreover, from Equation (6) in the paper we have that the
average number of advertisers in the web publisher’s system is L = rz(1 — P,).
According to Harel (1990) the same formula holds for the average number of jobs in
the Erlang’s loss system, i.e., L¥ = rz(1 — PF). As P, > PZ we have that L < LF.
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Proof of Proposition 5 For the web publisher’s system we showed in Proposition

1 that the probability distribution of the number of the advertisers in the system is:

P, = -~ ———, 1=0,1,2,..,n—1, (1.57)
>ico (7] i
($+Z:—1)7,i
]Pn = n Zm n—
Zz:ﬂ( +z l)rl

With x = 1 and n — oo we will get the distribution of the bulk service system with

infinite capacity. The distribution with £ = 1 and finite n is:

ri(1 4 )il B ri(1 4 )t

S, () Ak
B SN G Fe s

P; fori=0,1,2,...n—1, (1.58)

Using the binomial identity _,_, (7)r* = (1 + )" we get

Tz(]_ _|_7,)n7'ifl T,i .
P, = (1—|—T)" = (1—1—7“)“‘1’ 1=20,1,2,...,n—1, (1.59)
,r‘TL
IP)TZ - n n = (
> k=0 (k)rk

T
1+

).

Now if we pass n — oo then P(n) — 0, i.e., the probability of a full system is zero.

(3

However, P; = W, Vi € N.
For the second part, when n — oo we get the expected value of the number of

people in the system as

o] . [ee) 1—1
r r T
L=FE = S ' ) 1.
% Z(1+r)z+l (1+’I")2 ZZIZ(1+T) ( 60)

1=0
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Now taking = ¢ we obtain

T
1+r

E;, = Z 1+r T 70 (Zq) (1.61)

- (117«)2%(13(1) = Ty (1iq>2:“ (162

which is the desired result. To obtain the variance we first need to obtain the second

moment

= i = (i(i — 1) + i)t
B2 = —_— = - = E;,_ ;. 1.63
@2 Z (14 r)tt Z (14 r)itt (-1 T (1.63)

i b - 2 9 (&,
Bii-1 = Z(i—i—r)zﬂ_ —1—7“3;”_1 ( ) O <Zq1(>.64)
20 (q2—-q\ 9 L
(1+7”>33_q<(1—Q)2)_(1+r)3 ((1—(1)3)_2 '

Hence, using (1.61), (1.63), and (1.64) we get Bz = 2r% + r. Therefore Var; =

B —E2=r’+r. B

Proof of Proposition 6 (i) Using (7) in the paper we get

PPR(N)
ON?

P2L(\)
ox P

Léﬂp(A) N o IL(N) Op(A)

() + L= S, (1.65)

= 2
Knowing that p()\) is positive and concave decreasing and L is concave increasing we

R(N)
have that 2 a/\g < 0.

(ii) The expression for the optimal price follows from the FONC. W
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Proof of Proposition 7 (i) By abusing the notation slightly we denote the optimal

revenue with n + 1 slots as

Ry = N (n+ 1)1 = Pyt (M (n + 1)p(\ (n + 1))z (1.66)

Using optimality and part (iii) of Proposition 2 we get

R:,y > N (n)(1 = Py (A (0))p(A () > X (n)(1 — Pu(A*(n)))p(\* (n))z = R
(1.67)

which completes the proof for this part.

(ii) For the second part we again abuse the notation slightly and denote the

optimal revenues with x 4+ 1 impressions as

Ry = Lop (W (@ + 1)up(X (2 + 1)), (1.68)

Using optimality and parts (ii) and (iii) of Proposition 3 we get

Ry 2 Lo (N (@) up(N () = Le (X (2)) pup(X(2)) = R, (1.69)

which completes the proof for this part.

(iii) For the third part we note that the busy probability P,, depends only on
r = A/p, not on A and p separately. By adapting our notation we denote the

optimal revenues with y as the arrival rate of the viewer as

R () = RO (), 1) = X () (1 = P (A" (1) /1) )p (A" () ). (1.70)

According to Part (i) of Proposition 2, P, is increasing in A (and r) and thus de-
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creasing in p. Using that fact and optimality we have for p! > p? that

R () = N () (1=Pu (X (%) /) p(N (1)) = N (1) (1=P (A" (%) / 127))p (N (1)) = R (p®

(1.71)

which completes the proof. W

Proof of Proposition 8 The proof involves using the FONC and the Implicit

Function Theorem as well as comparing terms in multiple sums.

We need to show that a)‘ < 0. By Implicit Function Theorem we get - as

o G (L' (A))p(N) + 2(LOA))p () -
or — ZE o LT(W)p(N) + I'O)p () + L)y (A) + L))

Note that since x is discrete we are slightly abusing the Implicit Function Theorem.
However, we treat  for the remainder as discrete and, e.g., = (L'(\*)) corresponds
to A(L (/\))|>\:>\* =L, 1 (\*) — L (\*). Since, p(A\*) >0, p'(\*) <0, p"(\*) < 0 and
L(\*) >0, L'(\*) >0, L"(\*) < 0, therefore the denominator is negative. Hence,

we need just to show

S NP + L) <0 (1.73)

Using the FONC, L'(A*)p(\*) + L(\*)p' (\*) = 0, we are are left with showing that

0
ox

2

g(\") %(L(X‘))LI(A*) A (L'(\))L(A) = 0. (1.74)

Without loss of generality we set = 1 and thus A* = r. Now we have L = rz(1—-P,)

and then
oL
e =r(x+1)(1 =Puyq) —rz(l —Py). (1.75)
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(We denote P,, with P, to emphasize the dependence on z.) Also from the proof of

Proposition 3 we have that L' = z(1 — f,) where f, is

é Z?:() (:c—l—riz—l) (x-i—;l—l)rn—ki(n — 7+ 1) (176)

A N G G

Hence, we get

SO = 1= alfars = ) = o .7

Using (1.75) and (1.77) in (2.49) and after some algebra we get

QO‘*) = (1 - Px)(fxﬂ —fo) = (1= fx)(Pm-H - Px)- (1-78)

Next we calculate each term in g(\*) by inserting the relevant functions. Using the

relation (5) in the paper as well as (1.76) in (1.78) we get

Jev1 — fa (1.79)
oI > 0w el [ [0 [ e G
T LS i i (T ) O O )
Zz OZ OZk 0 (:c—;—n) (x-i—n) (x+n 1) (x—i—n 1) Z+J+n+k’( /{3—}-1)
D im0 20 2o 2o () (1) (TR (ke

(1.80)

Multiplying the both sides of (1.79) and simplifying the right side gives

(1 - Pz)(fa:+1 - fa:)

_ Yio Xm0 Theo Zi (1) I (1.81)
e | G G | G i -
Z:l OZ Ozk OZ? 01 (z+n l)(z )(z+n 1)(z+271)(z+771)ri+j+"+k+l(nfk+1)
0

S0 X0 o o e (’”*”) ()T Er ) (Rt

k

(J:'+ 1>(r+n) (acjl:n) (m+771)ri+j+n+k+l(nik+1)
T

7 7 l
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Using (1.76) we get

LS, () i)

Ppp1 — Py = n n z+n\ (z+n— i+
o > ico Zj:O( er )( +j 1)rz+]

(1.82)

Now we use (1.76) and (1.82) to obtain (1— f,)(P,+1 —P,), the second term in g(\*).

After some simplification we obtain

(1 - fx)(]P)x+1 - Pw)

- S Z;LZO P, (14—?—1) <z+?—1> <z+z—1) (1—]:71,) (z-}-n)ri+j+n+k+l(n7—k)

o X e e Sito X () (T () (YY) (ot
Yo X0 Xhoo (D (D) (R (I (R R i) (222)
3o Xm0 Xkmo Xoimo Thmo (775 ) (T ) () (TR T (iR

(1.83)

Adding Equations (1.81) and (1.83) gives (notice the denominators are in fact the

same)

9(X) (1.84)
T D T T ) ) ) () ) =k 1)
D0 2 =0 2ohmo 2otmo om0 (5 Y (Hn DM () (T itk

B CD DD DIND DD P (xJZrn) (:cjn) (v 1) (*+n- 1) (*+n- 1) PR (| 4 1)
D im0 D=0 Dk D=0 Daho () (Hn DEEEh (I+”)7~2+]+k+l+h

S S Sl Xl () () ) L) (1) =

Yoo Z] WS S, (errzL 1) (:c+n 1) (ern) (a:+n 1) (z+n)w+]+k+,+h

Zz =0 Z] =0 Zk 0 (x+Z 1) (w+r; 1) (a;—i—n 1) (z—jﬁ-n) (:c+n) z+]+k+n( — i+ 1)(n . j)
D00 20 2km0 210 D=0 () (Hn D () (P itk

To show that g(A*) > 0 we are left with showing that its numerator is always positive
as the denominator is clearly positive. To show this we need to systematically group
the terms in the numerator in the four sums together and show that the sum of the
terms in each group are positive. We do the grouping according to the power of r.

Let us assume that the power of r is z where 0 < z < 4n. If g(A\*) > 0 then the
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coefficient of r* for each and every z, 0 < z < 4n, needs be positive. We divide the
range into four parts: 0 < z <n, n < 2 < 2n, 2n < z < 3n, 3n < z < 4n. Here we

will illustrate the proof for 0 < z < n. The other ranges are proved similarly.

Let B(x,n,z) be the coefficient of 7% in the numerator for any given z. If 0 <

z<nandl=z—1i—j—k. Then after some algebra we obtain B(z,n, z) as

z z—i z—i—j

B(z,n,z) = ZZ Z H; ;i iw(x,n)C;jp(z,n), (1.85)

i=0 j=0 k=0

where H; j i(z,n) is

A fr+n—=1\(z+n—-1\/z+n—-1\[/oz+n—-1 r+n-—1 9
H’L ) — . . . . 207
wten £ () OO )T )L e

(1.86)

and C; j,(z,n) is

A n—k+1 z(n—Fk+1) n—k 1

C"’j”“(x’n):(:c+n—k)_(x+n—i)(x+n—j)_<w+n—k:)<:c’+n—(Z—i—j—k,)

(1.87)

).

We can see that H;, j(z,n) > 0. Hence, we only need to show C; ; x(x,n) > 0. After

some simplification in (1.87) we get

ijn—1—1)+n*tn—i—j—1—1)+kx(n—1)
m+x—i)n+x—j)n+x—k)(n+zx—k)

nr(2n —2i —2j —1—2)+2*(n—i—j—1)

n+zx—i)(n+z—j)n+x—k)(n+z—k)

(1.88)

Cijr(r,n) >

> 0.

Having in mind that z =7+ j+ k + [ and 0 < 2z < n we notice that in the right

side of (1.88) each term in the numerator (and the denominator) is positive. Hence,
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Cijk(x,n) > 0. Given that other ranges for z hold we have that g(A*) > 0, which
ensures %—f < 0. As the price is decreasing in A, we have proved that the optimal

price is increasing in . W

Proof of Proposition 9 i) From the paper we know that the revenue function

can be expressed as

R = uLp(\). (1.89)

Taking the first derivative with respect to A and making it equal to zero yields

oR oL Ip(N)
F=_—"—| =— L—/——=| =0 1.90
x|~ oW LT =0 (1.90)
which yields
L L2
oLl _ Lo : (1.91)
O |- p(A)
which is always necessarily positive as 8’(;—(/\’\) <0.
Using (1.90) we obtain
OF (n, \*) OF OXN*  OF
= — =0 1.92
an | . axan on|. (1.92)
from which, we get
. OF (n,\*)
* on .
=" 1.93
on |, OF ()| (1.93)
| .

which completes the proof of part (i).
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Using (1.92), (1.93), (1.90) yiclds

OF &L  d\'dp  dL dp &2p
_ I < 1.94
o~ avanr? T aranr Tarav T Yavan =V (1.94)

which is necessarily negative because of the assumption (b). On the other side

from (1.90) we get

OF (n, ")  d*’L OL dp d*p

= 2 L . 1.95
o P T (1.95)
Since 86/\2 % < 0, hence by assumption (c) it follows that
OF(n, \")
— < 0. 1.96
i) < (1.96)
From (1.93), (1.94), and (1.96) it follows that
ON*
>0 1.97
on|,. (1.97)
which completes the proof for part (ii).
For part (iii), from the chain rule we obtain
dp  Op(n*,\*)  Op OX*  Op
— = 1.98
dn* on* ON* On* + on*’ (1.98)

which is necessarily negative as aaf* <0. W
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B2. Filler Ads

In this section, we show that considering a charge for “filler” ads does not affect the

increasing property of the optimal price with respect to the requested impressions.

In order to see the reason for this issue, first consider the price function to depend
only on A (demand rate) and n (number of slots). In addition, assume that displaying
each filler ad generates the revenue e > 0 per impression for the publisher, which can
be considered as a transfer price if the ad is for a different division of the company
that the publisher belongs to, or a low fee charged to a non-profit organization®.
Our task is now to show that the charge for filler ads, e, does not play a role in the

monotonicity of the optimal price.

We can modify the revenue function to include the price as follows:

R\, i, x,m) = Lp(A,n)p+ (n — L)ep, (1.99)

where n is the number of slots and L is the number of advertisers in the publisher’s
system (in the steady state condition). Then (n— L) is the average number of empty
slots and (n — L)ep is the average revenue of displaying (n — L) filler ads per time
unit. For the next step, we apply L = raz(1 — P,(\,z,n)), with r = A/u to (1.99).

Our problem now reduces to

R\, iy x,n) = A1 — P, (N, i, 2))z(p(A, n) — e) + nep. (1.100)

Note that for a high value of e, i.e., e > p(\, n), the maximum of (1.99) with respect

to A becomes R* = neu. This is because a large e makes the first term negative,

6In the context of advertising networks, e can also be considered as the flat rate charged to the
ad network by the publisher for displaying low rate run-of-network ads.
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which leads to A* = 0. That is, the publisher denies all the arriving advertisers.

Given this, it only remains to show that e does not play a role in the maximization
problem above. In order to see that, we note that the two terms e, and nep in (1.100)
are both independent of A\. Hence, it is easy to see that the maximization of (1.100)

becomes equivalent to the maximization of
mAaxﬁ()\, pyz,n) = N1 =P, (A u,x))xp(A, n), (1.101)
where the price function is defined as
p(A,n) =p(An) —e=0. (1.102)

We can now see that (1.101) has the same form as the basic model considered in
our paper. In addition, since p(\,n) has the following properties p\(A,n) < 0,
py(\,n) < 0 (ie., the necessary technical conditions for Proposition 6 to hold),
so does p(A,n). As a result, the revenue function in (1.101) with the new price
function p(\,n) satisfies the necessary conditions for Proposition 6. Therefore, at
the optimal level, the price function p*(\*(z),n) would increase in x. However, it
is easy to see that in (1.101), p*(\*(x),n) increases in = as well. This is because
(A" (x),n) > 0 is the same as (p*(\*(z),n) —e). > 0. However, as e is a constant
(p*(\*(x),n) — e). > 0 reduces to p/*(A\*(x),n) > 0. Therefore, the result follows and

we can conclude that charging for filler ads does not change our monotonicity results.
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Appendix C

Lemma 17 Given z € N, 1 € N, and k € R, the following result holds:

i i i K= <x+§_1>m. (1.103)

k1=1ko=k1 ki=k;_1

Proof We prove the lemma with induction. For the case ¢« = 1, as mentioned

z+1-—-1

. ) Now let us assume that the formula holds for B; for ¢ = s,

earlier, B; = x = (
ie., By, = (”j_l) and for any x. We then need to show that it also holds for i = s+1,

ie., B = (ﬁf) Let us condition our counting of terms on the value of k,,.;. We

first assume k,.; takes the value of 1. The number of the terms in this case will
be exactly the same as for the problem with s filled slots which is equal to (”j_l)
according to the induction assumption. If ks, = 2 the other indices can vary from 2
to x. They can not take 1 anymore because all the states with 1 are already counted
for in the case with k;,; = 1. The number of terms in this case will be similar as

the first case except we only have x — 1 values to choose from, i.e., (H‘;*z). With a

similar reasoning for k.1 = 3 we obtain (”:’_3). Repeating the same reasoning we

can see that B, = (”5_1) + (”8_2) + (”5_3) + ...+ (%). By using Lemma 18 we

S S S

xr+s

. +1), which completes the proof. W

obtain that this summation is equal to (

Lemma 18 Given k € NN [0,x — 1] and x € NU {0}, the following result holds:

x+k—1 .
i x+k
= : 1.104
> (1)-(5) 10
i=k

Proof We prove the lemma by induction. For z = 1 we have both sides equal
to 1. Let us assume that for x = s we have Zfi,f_l (’) = (S+k). We then need to

k k+1

show that for = s + 1 we have 3777 (1) = (*}%+1). We can see that SO =
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Zfi;]:il (;) + (Szk) and by using the induction assumption we have Zs% (k) =

(Zﬁ) + (s+k) Using the Pascal’s rule, (“;1) + (Zj) = (}), we obtain Zs+k( ) =

(s+k+1

b1 ), which completes the proof. W

Lemma 19 Given z € NN [n—1,00) withn € N andr € R,

I e o D

1= 1=

Proof We prove the lemma by induction. If n = 1 then both sides are equal to

1. Let us assume the equality holds for n = &, i.e.,
k) £ 2 (x +: N 1) Pl )t - kg: <x " Ij - 1) r=0. (1.106)
Then we need to show it also holds for n = k + 1, i.e., that
D(k+1)= i (35 e 1)7~Z'(1 + )kt — i (m M k) = 0. (1.107)
i=0 ! i=0 !
We start from D(k + 1) and try to reach to D(k). We obtain

D(k+1) = 1+r§<x+z_1> i(1+r)’“‘i‘1+($+k’_1> i(mtkz)

1=

(1.108)
Using the induction assumption we get
D(k+1) (1.109)
k—1 k—1
r+k—1 r+k—1\ , x+k AW
— (1 % _ T
e () ()R () ()



and in the end using Pascal’s rule twice and setting the index in the first sum to

1 =7 — 1, we get

k—2 k—1
Dh+1) — (a:+k >r3+1+(azzk—1> <x+l§ )7@‘1110)
j=0 J i=0
k—1 k—1
_ Z(x+@—1>rj+l (az+k—1>ri+l
j=0 J i=0 t
= D(k) =0,

which completes the proof. W

Lemma 20 Given any natural numbers x € N, and n € N,

S (R () () e amy

i=0 j=0

(1

Proof The Lemma can be proved using the same approach as in the proof of

Lemma 23. W

Lemma 21 Let Q(z) = Qn(x)/Qp(x), where

. (Z (Frn (e (e <+)<_>>

=0 1=0
(1.112)

Qp(x) = (ZZ; (‘%L?Z_ 1>ri :O <xj”)r> . (1.113)

)

and

Then for any x, n € N, and r € Ry, Q(x) is increasing in x
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Proof We need to show that Q(z + 1) > @Q(x). This is equivalent to showing

that
SR (L) s
*iéé(“?”)(m?")(“Z“)(“n)w(n :
+§§§(w+?—l) (x;n>(x+n+l) (x+n) -
SRS
R
> 0

In order to show that the inequality above holds we need to show that for any z,
0 < z < 3n, the coefficient of r* is positive. We consider z in three separate regions,
namely, 0 < z <n, n < z < 2n, and 2n < z < 3n. Here we prove the inequality for
0 < z < n. The proof is similar for the other two regions. For any z, 0 < z < n, the

coefficient for r* in A(x,n) is
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where we set k = z —i — j and B(z,n,1, j, z) is obtained as

.ﬂmm@ﬁ@:($+ﬁ_§<mﬁv(x+n_w<x+n_v@ﬁ%f@+n+D

1 J z—1—] n
(1.115)
: 1 N (n—z+i+})
zx+ 1) (x+n—z+i+yj) zl@e+n—z+i+j)la+n—z+i+j+1)
1 (n—z+1i+j)

_ _ !

rz+n—10)(r+n—7+1) (z+n—i)(z+n+1—j)z+n—z+i+7)

Since z =1+ j + k and 0 < z < n we have

1 1
— — . . 1.116
zx+1)(z+n—2z+i+j) z(z+n—i)lz+n—j—1) ( )
(=i —in— jn+n?) + (nx + 2z — 2iz — 2jx) + (2 — i — j)
e+ ) (z+n—z+i+j)(z+n—i)(z+n—j—1)
> 0
as all three terms in the numerator are positive. In a similar way we have
(n—z+1i+j) B (n—z4+1i+j)
zx+n—z+i+j)z+n—z+i+j+1) (z+n—i)lz+n+1—j)(z+n—z+i+])
(1.117)

(n—z4+i+)((n—10)+ (n® —in — jn) + (nx + vz — 2ix — 2jx) +1ij
Cartn—zt+itfzdn—z+itj+D(@+n—i)(z+n+1-7j)

> 0.

Therefore, the coefficient of 7* is positive, which completes the proof for 0 < z < n.
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Lemma 22 For0< j <i<n andx > 1 we have

(CER)CR0) e

.’17+T‘L7 1) (:1:+n71

Proof We prove the lemma by contradiction and assume ( p . +j_z.) <

(m+n—1

" )(”]’7_1). After some algebra we have

nllz—1Dljle+n—-1-j)l<ilz+n—-1—-)(n+j—i)l(z+—-1—j+7).
With further simplifications we get

hejr1(n =i+ k) I (v 40— k) <k - (v +i— k),

r+n— 1) (x—l—n—l) >

which is a contradiction as n > . Hence, we conclude that ( p mrji

<x+n—1) (x—i—’r'z—l) ) [

n J

Lemma 23 Given any natural numbers © € N and n € N,

ii<x+?_1) (m+?—1>ri+jzi(m+z—1) (x+7;_1>r”+i(n+1—i),

i=0 j=0 i=0
(1.119)

Proof We prove this lemma by selecting a few “convenient” terms from the
double sum on the left hand side of (1.119) and then showing that their sum is

always greater than the sum on the right hand side.

We focus on the double sum on the left hand side of (1.119) and notice since all

its terms are positive this double sum is greater than a sum over a few of its terms.
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We first list the terms where ¢ + j = 2n, then the term with ¢ + 7 = 2n — 1, etc:

ii (H?_l) (HT-L_ 1)“” (1.120)

i=0 j=0 J

N (x+z—1> (:1:+Z—1)T2n+[(m—l—z—1) <x_£ﬁ;1>

(500
(om0 ()

+<x+n—l) (x+n—1)]r2n2+m+[( +Z—1) (x}’;ﬁgl)
50 ;

After some algebra we obtain

S (T () (L12)
i=0 j=0 ¢ J

n

2 () e (T G

o Z”: (x + 7; - 1) <§cn+_nl—_1i>]r%1 N LZ:;? (x - 7; - 1) (zanr_nz__li)]r%Q
+...+[i (xJ”Z_l) <$Zi;1)]rn

n

ST e
o i 1 n+j)—1

Now we subtract the term — 37 ("t (H?*l)r”“(n + 1 —j) from both sides of
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(1.121) to get

SN (Y (S () (e
- - (4 ] - n
=0 7=0 0

- j (1.122)
2 (i [ ) B G [ A (e

On the other side Lemma 22 tells us that the below result is always correct:

($+ﬁ_1><x+ﬂf—1) > <x+n_1)($+@_1> for0< j<i<nandz>1.
7 n+j—1 n

J

(1.123)
Replacing (1.123) in (1.122) we get

S (TG (N e

- j (1.124)
S () e
:ér”ﬂ[(“:j_l) (“?‘1)(71“—]')— (‘”Z—l> (”;.L_l)mﬂ—m

=0.

That shows the positivity of (1.119) and completes the proof. W

Lemma 24 Given any x,n € NU{0}, and r € R,

S (T (T e gesi2p 20 )

i=0 j=0 J
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Proof The lemma can be proved using a similar approach as in the proof of

Lemma 23. W
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Chapter 2

Cost-Per-Click Pricing for Display

Advertising

2.1 Introduction

Display advertising (including banner ads, video ads and all non-text-based ads) is a
$25 billion business with a promising revenue rise for the coming years (McAfee et al.
2010). Web publishers that generate revenues from display advertising face several
challenging decisions. They need to decide on how many advertising slots to have
on their website, whether to hire a sales force to attract advertisers to post ads on
their website or rely on advertising networks, how many impressions to promise to
deliver, and how much to charge, etc. Pricing is one of the most challenging decisions
web publishers face, with mostly ad-hoc approaches being used. It is now generally
believed that the optimal pricing of display ads is the key to the web publishers’
revenue success (Break Media 2009). Despite the vast amount of literature on the

subject of online advertising relatively few people address the optimal pricing of
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display banner ads. Majority of work assume that ad prices are fixed and are not

affected by other decision factors.

In this chapter, we fill this gap by providing systematic approaches for pricing
of display ads when a web publisher faces major uncertainties from the demand
from advertisers requesting space on one side and the supply from viewers on the
other. This supply is usually in the form of the number of impressions or number of
clicks. We focus on the price per click (cost-per-click or CPC). This is, in particular,
one of the alternative schemes to the cost-per-impression (CPM)! considered in the
first chapter. We show that the behavior of the two pricing schemes at the optimal
level can be considerably different. As described in the first chapter, for instance,
the optimal CPM prices decrease in the number of advertising slots, while in this

chapter, we show that the optimal CPC prices may increase with the number of slots.

More importantly, we demonstrate that in CPC contracts? the common tendency
among practitioners to convert the prices between the two schemes using the click-
through rate® (CTR) can be misleading. To see the importance of this result, consider
a web publisher facing the issue of determining the CPC price. In such a case,
the optimal approach for the publisher is to find the best price by considering the
CPC system with the uncertainties derived from the supply and demand directly.
Alternatively, in order to avoid the complexities involved with the direct modeling,
some web publishers tend to simply divide the CPM price by the CTR, and offer

that as the CPC price. (Of course, this is provided that they know the CPM price

! Generally, CPM price refers to the price for every 1000 impressions. However, throughout this
paper we slightly abuse the term and use the CPM price to refer to “price per every impression”.

2CPC contracts are those where the publishers promise and charge based on the number of
clicks.

3CTR is the probability that an ad is clicked. In practice, it is generally calculated by dividing
the number of viewers that click on a certain ad by the total number of visitors to the publisher’s

page.
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beforehand.) We show that this simple approach, though intuitive and broadly
used in practice, can be misleading as it may incur a significant revenue loss for the
publishers. The Appendix of this chapter demonstrates examples of two real websites

that explicitly divide the CPM price by CTR to obtain the CPC price.

Currently, available models do not provide a formal method for addressing prob-
lems where web publishers determine the CPC prices for the systems affected by the
two major uncertainties from the advertisers’ demand and the viewers’ supply. We
formulate the problem as a queueing system as a suitable approach for capturing
the dynamics of the advertisers’ uncertain demand and how it can be matched with
the dynamics of viewer’ uncertain supply*. In our queueing system formulation, we
assume that each of the slots in the publisher’s system is a serving channel. The
advertisers correspond to the customers of this queueing system requesting to be
served, and the viewers act as the servers of the system. We employ a vector-valued
state variable (with one entry per each slot), and for any given time, the pricing de-
cision depends on the advertisers’ demand, the viewers’ supply, the number of slots
in the website, and the number of clicks sold to each advertiser. This setup allows

for a fairly general dynamics for this problem.

The primary contributions of this chapter are:

1. We construct a modeling framework capturing the main trade-offs in the oper-
ation of a web publisher dealing with an ad network that comes from matching

supply with demand. We consider a general setting of multiple webpages, mul-

41t would be also possible to consider the mentioned uncertainties using alternative approaches,
for instance, stochastic dynamic programing and in particular, controlled Markov jumped processes.
However, it is easy to verify that due to the complexities involved with modeling the problem these
approaches, though seemingly more idealistic, easily fall into the trap of "the curse of dimension-
ality", which makes them become fruitless. In addition, due to practical issues, web publishers
mainly avoid dynamic pricing and strictly prefer to use static pricing, with minor time-based price
updates per each day.
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tiple types of ads (e.g. based on location and size) with different prices, and
allow ads to share an advertising slot. This model can serve as a building block
for studying more complicated operational issues of a web publisher such as

competition. (See the next chapter for a discussion on competition)

. We derive a closed-form solution of the probability distribution of the number
of advertisers in the system. This enables us to determine the optimal price
for the web publisher to charge advertisers and analyze the publisher’s system

in detail. (See Sections 2.3 and 2.4.)

. We derive additional theoretical results through out this chapter. An appeal-
ing result, for instance, is that the steady state probability of the number of
advertisers in the publisher’s system coincides with a version of the M /M /1/n
system. This result is rather surprising since the two systems have completely

distinctive characteristics. (See Proposition 26)

. On the managerial side, we demonstrate that the general heuristic widely em-
ployed in practice, in which a publisher simply uses the CTR to convert the
price of one scheme to the other can be misleading, resulting in a considerable

revenue loss compared to the optimal policy. (See Section 2.5)

. We provide further insights by showing that, unlike the CPM price considered
in the first chapter, the optimal CPC price may increase with the number of
advertising slots. This may go against our common intuition from the supply-
demand relationship: since an increase in the number of empty slots in the
system can be interpreted as an increase in the service capacity in the system.

As a result, one may expect the opposite result to hold. (See Section 2.6)

. Our model is among the first to bridge the gap between much of the academic
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literature on pricing, which mainly focuses on deterministic pricing models,
and the much more complex online display advertising systems encountered in
practice. It also provides a significant contribution to the currently developing
management science literature on online advertising, and helps to distance from
the commonly made assumptions of the deterministic models in the marketing
literature. The closed-form results of our model can also serve as decision tools
to help the web publishers running advertising operations, for instance, by

providing an extra layer of intelligence on top of their pricing engine software.

The remainder of Chapter 2 is organized as follows: The next section provides
the relevant literature. Section 2.3 describes the model formulation. Section 2.4
discusses the web publisher’s revenue maximization problem and Section 2.6 details
the numerical study. Section 2.7 presents some extensions to the publisher’s problem

and Section 2.8 concludes and presents directions for future research.

2.2 Literature Review

There are two streams of literature related to our research. The first is the literature
on online advertising within the marketing area, which is quite extensive. Novak and
Hoffman (2000) provide an overview of advertising pricing schemes for the internet.
However, there is limited literature on analytical models for optimal pricing and
other decision making for a web publisher with an advertising operation. (For issues
faced by advertisers such as predicting audience for advertising campaigns see, e.g.,

Danaher (2007) and papers referenced therein.)

The second stream of literature is on management science. The online advertising

research within this area is limited and there are few works directly related to online
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advertising pricing.

In some of the earlier work, Mangani (2003) compares the expected revenues from
the CPC and the CPM schemes using a simple deterministic model. Unlike this
dissertation, he does not consider the uncertainties involved with the advertisers’
demands and viewers’ supplies. At the same time, Chickering and Heckerman (2003)
develop a delivery system that maximizes the CTR given inventory-management
constraints in the form of advertisement quotas. Both of these papers assume the
prices are fixed. In the first chapter, we determine the optimal price for the CPM
system. However, our model there is not applicable to the CPC system. The main
reason is that unlike the CPC system, the service rate for each advertiser remains
fixed in the CPM system. Moreover, in the CPM system the advertisers receive
service in a synchronized fashion, which does not occur in the CPC system. Lastly,
the service-time for each advertiser in the CPM system is Erlang while in the CPC

system it does not have the properties of Erlang.

There has been some recent literature on online search, the other section of the
online advertising market. Johnson et al. (2004) consider an empirical study to
examine the dynamics of online search behavior. In addition, Ghose and Yang (2009)
provide an empirical analysis of search engine advertising for the sponsored searches
on the internet. None of the results in these two papers can be extended to ours, as
they do not develop analytical models for the price decisions. Moreover, the nature of
search advertising is fundamentally different from display advertising, as it is mainly

based on using auctions that we do not consider here.

Some researchers have focused on the relevant problem of pricing of goods and
services on the internet. Brynjolfsson and Smith (2000) and Clemons et al. (2002)

conduct empirical evaluations of price dispersions and price differentiations on the
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internet. Bakos and Brynjolfsson (1999, 2000) study the optimal strategies of the
products bundling for a retailer selling products through the internet. Dewan et
al. (2000) and (2003) examine the problem of optimal product customization and
price strategy both in monopoly and in competition. Jain and Kannan (2002), and
Sandararajan (2004) analyzed the optimal pricing of information goods from the
economics and game theoretic standpoint. Although all of these papers consider a
variety of online pricing problems, none are applicable to the CPC system, as the

settings in these papers are for quite different problems.

Some authors have considered the problem of a web publisher who not only
generates revenues from advertising but also from subscriptions. Baye and Morgan
(2000) develop a simple economic model of online advertising and subscription fees.
Prasad et al. (2003) model two offerings to viewers of a website: a lower fee with
more ads and a higher fee with fewer ads. Kumar and Sethi (2008) study the problem
of dynamically determining the subscription fee and the size of advertising space on
a website. They use optimal control theory to solve the problem and obtained the
optimal subscription fee and the optimal advertisement level over time. Unlike our
thesis, all these papers are focused on capacity management problems not price

decisions, and the price is assumed to be fixed.

Scheduling of ads on a website has also recently become a popular topic. Kumar et
al. (2008) develop a model that determines how ads on a website should be scheduled
in a planning horizon to maximize revenue. They consider geometry and display
frequency as the two most important factors specifying the ads. Their problem
belongs to the class of NP-hard problems, and they develop a heuristic to solve it.

They also provided a good overview of other related papers on scheduling.

As mentioned earlier, the queuing system developed in this chapter to character-
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ize the CPC system is new. Relatively, few papers in the queuing literature consider
systems similar to the CPC system. Green (1980), Brill and Green (1984), Courcou-
betis and Reiman (1987), and Hong and Ott (1989) study systems with simultaneous
system requirements. These papers are all related to the CPM system developed in
the first chapter. Nevertheless, none of these considers the constantly changing ser-

vice rates’ phenomenon as occurs in the CPC system.

Finally, we end this section by a short review of related work in revenue manage-
ment. For a comprehensive reference of the traditional revenue management models,
we refer the reader to the book by Talluri and van Ryzin (2004) (the book does not
cover the online setting). Savin et al. (2005) consider revenue management for rental
businesses with two customer classes. Although considering a different problem, they
have assumed uncertainty in the customers demand to their model, which has some
similarity to our model. Araman and Popescu (2009) also study revenue management
for traditional media, specifically broadcasting. Their model is concerned with how
to allocate limited advertising space between up-front contracts and the so-called
scatter market (i.e., a spot market) in order to maximize profits and meet contrac-
tual commitments. Unlike our thesis, both of these papers are concerned with the

capacity decisions and price is not an issue of focus.

In the next section, we discuss about the main model.

2.3 The Model

We consider a web publisher facing uncertain demand from advertisers requesting

space to display their ads®. Advertisers require a certain number of viewers to click

Note that the advertisers’ demand has two layers in nature: First of all, each advertiser requests
a space for his ad. For instance, this can be one of the empty slots in the publisher’s website.
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on their ads. The supply of viewers is uncertain as well as their clicking behavior.
The advertisers’ demands are sent through an ad network®. The ad network supplies
the web publisher with advertisers as long as the publisher has space available. If no
space is available the network does not assign ads to that publisher. This implies that
the publisher’s website is a loss system (see the Appendix for details on the matching
process of ad networks). Our model also applies to the setting where direct sales
channels are used with advertisers not willing to wait for space to become available,

which is common in the intense competition of web publishers for advertisers.

A web publisher often charges different prices based on the size of the ad, the
page on which the ad is posted, and the ad’s allocated position on the page; e.g.,
the leaderboard (the horizontal banner at the top) on the homepage of a news site is
more expensive than a small square at the bottom of the lifestyle page. Hence, when
a web publisher registers with an ad network it classifies similar advertising slots
that are charged the same price and registers each group with a separate tracking

code.

We assume the web publisher’s website (the system) contains .J pages labeled from

1 to J. For example, for a news site these pages could correspond to the business

Secondly, after an advertiser is provided with an empty slot, he requests an uncertain number of
clicks. Hence, the advertisers’ real demand is the number of clicks but given the publisher’s space
constraint. On the other side, the viewers’ supply is also the number of clicks. As a result, both
supply and (real) demand are of the same nature.

6In many instances, the ad networks guarantee the requested number of clicks. However, some ad
networks such as Yahoo! do not explicitly guarantee the number of clicks. Instead, in its contracts,
a sales representative of Yahoo! simply converts the requested number of clicks into the number of
impressions based on his/her own estimation (no methodology or decision making tools are applied,
and this estimation is completely based on the sales person’s own estimation). If after delivering the
number of impressions, the requested number of clicks is not satisfied, the sale representative assigns
extra impressions to be delivered for the second time based on his estimation, and completely free
of charge. However, if the company sees that the number of clicks is not met after a few times of
adding extra impressions (bad ads), it ends the contract one-sided. It is quite interesting to note
that in Yahoo'’s sales approach, though the company does not guarantee the number of clicks, it
delivers much more numbers of impressions and clicks than requested by advertisers completely free
of charge in order to satisfy the advertisers.
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page, travel page, etc. Each page can have several groups of ads where the same
price is charged within each group. For instance, the top of the page can display two
equally sized ads, while several small ads can be placed at the bottom (rectangles).
This leads to two ad groups. More formally, for each page j we group the ads into M7
groups (the subsystems) of equivalent slots, where each subsystem m, 1 < m < M/,
contains n/"™ equivalent slots. We denote by ™ the rate with which the advertisers
arrive requesting space in subsystem (j,m). An advertiser requesting a slot in group
m on page j requires his ad to be posted on the website until clicked X7™ times by
the viewers. X7™ is a random variable, which varies from one advertiser to the next.

We denote the expected value of X7 with E(X?™) = 7™,

Publishers do not usually leave a slot empty; rather they place a “default” ad in
there. A default ad (or a filler ad) can often be the publisher’s own ad or a run-of-
network ad that the ad network sends to fill the place. In both cases, a default ad
generates a minimal revenue. Hence, when a revenue generating ad is sent to the

publisher the filler ad would be replaced by a proper revenue generating ad.

Let p”™ denote the price per click for a banner posted in subsystem (j, m). The
subsystems on page j are differentiated by a set of attributes, e.g., the size, the
location, and the relevance of the content offered. The viewers’ preference for these

attributes could have them consider and click on a banner from one of the subsystems.

We denote the traffic rate of viewers to a page j by /. Next, we propose a choice

model capturing the viewers “click behavior”.

Viewers Choice Model When arriving at page j, a viewer considers ads in
each subsystem based on the attributes of the ads in the subsystem and his preference

for these attributes. We model the viewers’ preference by the coefficient vector
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VT = (1/vy,...,1/v;) > 0 (see Anderson et al. 1992), where each component indicates
the preference weight that viewers give to each attribute (such as size and location).
Then the viewer’s choice to consider the ads in subsystem (j,m) (see, e.g., Danaher
and Mullarkey 2003; Lohtia et al. 2003 for similar applications) can be expressed by

the following Multinomial-Logit (MLN) function:

(=A7%,V)

, (2.1)

wjm: 7

J

exp
M
> exp(—AT, V)
1 m=1
where wj,, is the probability that a viewer selects subsystem (j,m). In this
formula AT = (aj,,, ..., a},) is the attributes’ vector with a’,,, i = 1,...,1, referring
to the magnitude of each attribute of ads in subsystem (j,m), such as size and
location (see, e.g., Talluri and van Ryzin (2004a, 2004b) and Vulcano and van Ryzin

(2010) for similar applications of MLN choice models to describe individuals’ choice

behavior).

We note that when v; tends to zero for a certain attribute i the choice probability
in Equation (2.1) depends only on attribute i. Alternatively, when v; is very high,
the viewers become insensitive to attribute ¢. In the same way, if for all attributes, v;
tends to infinity, the viewers become indifferent towards the attributes and consider

ads in all subsystems with an equal probability.

As previously mentioned, viewers arrive at the publisher’s website with rate p per
time unit and their attentions are captured by subsystem (j, m) based on the choice
model described by Equation (2.1). We naturally assume that viewers always prefer
to consider and click on real ads compared to default (filler) ones in a subsystem.
For example, CNN.com or Financial Times frequently display their own default ads.

These ads are often not designed to be clicked on as a publishers’ major aim from
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displaying default ads is often to strengthen its own brand recognition. In addition,
if viewers choose subsystem (j, m) but it only has filler ads, we assume that they also

consider the ads in another subsystem (g, /), (the ads in subsystem g on page h) with

probability a?:ﬁl, or leave the website without considering any ads with probability
h
L—af,.

Rotation of ads The publisher can often serve more advertisers than there are
slots. For example, two ads could share the same slot with each ad displayed to the
viewers randomly based on pre-assigned display weights. Random weight-based ad
rotations are commonly used by ad management software such as Double-Click for
Publishers (DCP) by Google (DCP 2010). We denote s»™ as the number of sets of
ads being served in subsystem (j,m). In other words, each slot in subsystem (j, m)

is randomly rotated among s/™ ads.

The Optimization Problem The publisher’s goal is to maximize its total
revenue rate by determining the right prices to charge. The revenue rate for each
subsystem consists of the payments made by the advertisers multiplied by the “effec-
tive” demand rate for that subsystem. Each payment consists of the price per click,
denoted by p»™, multiplied by the number of clicks requested, X?™. We capture the
price-sensitivity of the advertisers with the price-demand function, pj’m()\j’m), which
is assumed to be continuous and decreasing in the arrival rate of the advertisers. (In
Sections 2.7.2 and 2.7.1 we consider the price also to depend on the number of clicks.)
Even though it might not be trivial for the publisher to determine this function, we
assume it can do so with trial and error. For instance, ad networks often encourage
publishers to start by offering low prices and then gradually increase them to the

appropriate value. The process of advertisers being matched to web publishers based
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on type preference and willingness-to-pay can be modeled specifically. However, ul-
timately it will lead to a price-demand relationship. We will not model the process
in detail here but in the Appendix we provide a description, from one of the ad

networks, of the matching process.

Note that an advertiser chooses his desired subsystem in advance when registering
with the ad network. For instance, he may request a right hand side banner on the
sport page. If that subsystem is fully occupied at the publisher’s site then the
network does not offer slots in this subsystem. Given that the publisher registers
each subsystem separately with the ad network, we consider the advertisers’ demand

for each subsystem to be independent.

In addition, it is common that only a part of the advertisers’ demand per time
unit can usually be met by the publisher. This means that, the real demand rate
for each subsystem is scaled down by the probability that there are advertising slots
available. We denote the probability of having ¢ advertisers in subsystem (j, m) by
P/ i € {0,..., s7™ni™}. Note that a total of s7n/™ advertisers can be served with

s7™ advertisers sharing the same slot on a random display basis.

As we have a one-to-one relationship between the prices and the arrival rates of
the advertisers, we will optimize the revenue rate with respect to the arrival rates
and then determine the prices from the price-demand functions, p/™(\™). The
optimization problem of the publisher of maximizing its expected revenue rate can

be formulated as follows:

J M
_ j,m J,1m jm. m . jm _jm  Jm j,m () J,m j,m
AHla:)IiJ R<A17“~7AJ) —;mZ:l)\] (1_st,mnj,m()‘j 7XJ 7nj 7Sj 7:ueff))p7 (AJ )E(X] )
. . A\t .
Ay = (V0 V) [0, 400) =1, (2.2)
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In this formula P/ is the probability that the subsystem (j,m) is fully oc-

shmpi,m

cupied. Therefore, N™(1 — P27 (™ Xdm pim, sjﬁm,ui’}ji)) is the effective ad-

sl mpi,m

J

vertisers’ arrival rate at subsystem (j,m). In addition, x

’;} is the viewers’ effective

arrival rate at subsystem (j, m), which is obtained through the following proposition.

Proposition 25 The effective viewers’ arrival rate at subsystem (j,m), ,ui’}'}, 18
given by ué}q} = (1 —PY™PS™, where P™, the probability that subsystem (j,m) is

considered, is given by

J M g,h

Jymng,mmgsh )
im hogm , Ym%h PPy (Wjm + @g.n)
A Jam 9h=0 Zgh gh dmpimmpg.h A
— 1—a? o' PP
g=1 h=1 0o Lo

Jm—gh
(g,h)#(3,m)

where p s the rate at which advertisers consider all subsystems and Ozi’f; (ag”f )
is the fraction of the advertisers that faced filler ads in subsystem (j,m) (subsystem

(g, h)) who approach subsystem (g, h) (subsystem (j,m)).

The proof of this proposition and other results are provided in the Appendix.

In order to obtain the optimal CPC price, we first need to characterize IPfﬂm mgivm
for each subsystem (j,m) 7.

Probability Distribution Recall that advertisers’ and viewers’ arrivals to sub-
system (j, m) are Poisson ®. This property is important as it helps us to characterize
]P’fﬂm mo.m Dy modeling subsystem (j, m)’s dynamics using Markov transitional balance

equations. In our analysis, we look at each subsystem (j,m) as a queuing system

"Note that we analyze the operation of the web publisher from a steady state point of view.
Dynamic pricing would also be possible to consider. Nevertheless, according to our discussions
with practitioners, the publishers price decisions are not frequently reset, so tends to have more a
static nature, rather than a dynamic one.

8We will relax this assumtion later.
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where the slots correspond to serving channels. In this queuing system, the arriving
advertisers request to be served. Each viewer triggers part of the service to one of
the advertisers by clicking on his ad. Each advertiser completes his service when
X7™ viewers click on his ad. For convenience, during this section we refer to the
arbitrary subsystem (j, m) as a system and drop all indices j and m. Without loss of
generality, we also set s = 1. To be able to fully characterize each of these queuing

models, we make the following assumptions.

Assumption 1 The advertisers’ demands follow a Poisson process with a station-
ary rate A. In practice the Poisson process might be inhomogeneous, i.e., A
can be a deterministic function of time, or it can even be a doubly stochastic
process, where )\ itself is a random variable or constitutes a stochastic process.
However, it is easy to verify that the corresponding state-space and the transi-
tion equations become too complicated even for very simple special cases. As
a result, we restrict our focus only to the homogenous Poisson process (but in
Section 2.7.2 we conduct a simulation analysis for the stochastic rates and in

Section 2.7.1 for non-Poisson arrivals on both advertisers’ and viewers’ sides).

Assumption 2 The viewers visit the publisher’s system based on a Poisson process
with stationary rate . This assumption has been criticized in the literature as
some research supports that web traffic shows self similarity, long range depen-
dence and heavy tailed distribution, which are not properties of the Poisson
process (see, e.g., Gong et al. 2005). Nevertheless, there are several studies
that recognize that the Poisson distribution is an appropriate assumption (see,
e.g., Cao et al. 2002). We construct our main model assuming Poisson arrivals.
However, we show in Section 2.7.1 that our results provide accurate estimates

for the publisher’s model even when the viewers’ arrivals are non-Poisson.
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Assumption 3 Advertisers request the same number of clicks, i.e., BE(X) = z. We
make this assumption for tractability reasons. However, in Section 2.7.2, we
consider different generalizations of this assumption and show through simula-
tions that even if the advertisers choose different numbers of clicks according to
the random variable X and are charged a price depending on X, the problem
can be well approximated by assuming that all advertisers request z = E(X)

with a single price charged.

Having Markovian arrival and service processes we can now model the system
using Markov chains. Note that even though we are ultimately interested in keeping
track of the number of advertisers in the system, in order to model the system’s
dynamics we need to keep track of the system at a more detailed level; the number
of clicks left to be delivered for each slot within the subsystem. When an advertiser
arrives, he is randomly assigned to one of the available slots with equal probability
as they are equivalent. This random ad-to-slot allocation means that we can keep
track of the dynamics of the system without distinguishing between the slots. Let

us define the state of the system and its transitions.

We formulate the system as a queuing model with the state vector

k :(]{71, ]{72, ceny k’n), 0 S kh S Z, (24)

in which each component represents the number of clicks left to satisfy in one of the
slots without distinguishing among the slots. For instance, kj indicates that there is
an ad in the system, which needs to be clicked kj, times more to leave the system. If
kn, = 0, it indicates that the corresponding slot is empty. Alternatively, if k;, = x it

indicates that an ad of a new advertiser has just been placed in the slot. Note that

98



as we do not distinguish between the slots (all slots in the subsystem are equivalent)
any combination of the same components does not lead to a new state. For example,
(3,4,2), (4,3,2), and (2, 3,4) all refer to the same state. In order to illustrate how

the state transitions work, we take the following examples:

Suppose that the system is in the state (ki, ks, ..., k;,0,...,0), where the first i
components are positive and the rest is zero (empty slots). The viewers consider the
system with the effective rate p ., (see Proposition 1). We then assure that each
viewer clicks on one of the ads in the system with the probability (3, or leaves the
subsystem with 1 — 8. Given that a viewer clicks on one of the ads, each of the ¢
equivalent ads has an equal chance, 1/i, to be clicked. As a result, the state of the

system makes a transition to the new state

K = (ky — 1, ko, ..., ki, 0, ..., 0)

with rate 7i/i, where i = p. ;3. Next, consider the state of the system to be

k =(ki, k1, ..., k1, kig1y o kny 0,...,0). We observed that in state k, i ads have the
AA,—/

same number of clicks left. Since we do not distinguish among the ads, the viewer
can click on one of the ads in this group with an ¢/h chance, while the other ads
have a 1/h chance each to be clicked. As a result, the state of the system makes a

transition to the new state

K = (ki — 1, k1, o, ko, Kty oo ks 0, .0, 0)

i—1

with rate igi/h. Lastly, consider the state of the system to be k =(kq, ko, ..., k;, 0, ..., 0).
——

n—i

Now, if an advertiser arrives at the subsystem, the publisher assigns one of the empty
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slots to his ad, and the state will make a transition to (kq, ke, ..., k;, 2,0, ...,0) with

rate \.

In order to find 7y, the probability of finding the system in state k, we characterize

all possible states and transitions of the system and solve the flow balance equations.

Note that the publisher’s system is significantly different from other systems
studied so far in the queuing literature. The reason for this difference is that each
advertiser receives his service not with a fixed rate, but with a constantly changing
rate, as the probability of viewers considering an ad depends on the number of dis-
played ads in the system at any point in time. For example, if there are three ads
displayed, since the ads are equivalent, each ad has a one-third chance of absorbing a
viewer’s attention; whereas if there are five, the chance reduces to one-fifth. The con-
stantly changing service rate, which depends on the state of the system, complicates

the analysis of this system.

For the purpose of the next proposition, we index the state k’s components from
h =1 to h = n. For example, if k =(2,3,5) then h(2) = 1, h(3) = 2, and h(5) = 3.
Furthermore, we define G.(k) = {h| k, = ¢} to be the set of slots in the subsystem
whose number of remaining clicks are ¢, ¢ = 0,1, ..., z, where h refers to the index
of c. |G.(k)| refers to the size of G.(k) indicating how many slots in the system
have remaining clicks equal to c¢. For instance if k =(2,2,3,5) then |Gy(k)| = 2,
|G3(k)| = 1, and |G5(k)| = 1. The next proposition gives the closed form solution of

the steady-state probability of the number of advertisers in the system.

Proposition 26 Let ky (0 < ky < x) be the number of clicks left in slot s (0 <
N

5
s < n) in the system. Define the state of the system as k =>_ csv,,, with v,

s=1

S el and G.. (k) = {h| kn, = c,} (i-e., the set of components in k with value
heGeg (k)
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¢s). Furthermore, define |G., (k)| as the size of G (k) (0 < ¢s < S) (i.e., the number
of components in k whose values are ¢, ), where S is the number the of the groups of
slots whose remaining clicks are the same. Then the steady-state probability of the

system for state k ewists, and is expressed as:

(31600001 ( £ 0.0

|'r , T =

=5, 0,01 28)

=) >

Tk
Furthermore, the steady-state probability of having © advertisers in the system is:

P(i) = %, 1=20,1,2,..n. (2.6)

It is surprising to see that Equation (2.6) in Proposition 26 (the probability of the
number of jobs) coincides with that of an M /M /1/n system with p = rx, where p is
often regarded as the traffic intensity. This coincidence is interesting since the two
systems have considerably different characteristics. Now, let us explore the reason
for this coincidence. we consider a similar system where the advertisers’ arrival rate
and the requested number of clicks take the values Ay = Az, and x; = 1 respectively.
It is easy to verify that Equation (2.6) remains unchanged. However, having \; =
Ar and x; = 1 suggests that the advertisers arrive at the system with rate A\; and
request only one click. In Figure 2.1 we setup a transition diagram for this system
where the state vector is an n-tuple vector with ¢ ones (which indicate there are i

advertisers in the system) and n — i zeros. That is, the state of the subsystem is
i

—
expressed as k = (1,1,1...,1,0, ..., 0).

The state of this new system can be collapsed into a one dimensional state space

based on the number of advertisers in the system (rather than the vector k). This
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Figure 2.1: An illustration of the CPC system transition diagram while the advertisers arrival
rate and the requested numver of clicks are A = Ax, and T = 1 respectively. It is easy to verify
that the probability distribution of the number of the advertisers in the system does not change in
comparison to the CPC system in which the advertisers’ arrival rate is A and the requested number
of clicks is x.

system is indeed the M/M/1/n queuing system. It is quite interesting that two
systems with very different dynamics have the same steady state probability of the

number of jobs in the system.

The other interesting observation regarding Proposition 26 is that 7, does not
depend on the actual clicks remaining in each slot. This result is consistent with the
first chapter, where we show that in the CPM setting the probability distribution of
the number of ads is independent of the number of impressions remaining for each

ad.

In the next two propositions, we show some structural properties of the average
number of advertisers in the system and the busy probability through the next two
propositions. They will be useful when considering the pricing problem of the web

publisher in the next section.

m

Proposition 27 V7™ n?™ in the subsystem (j,m) the full state probability, PJ™

defined by (2.6) satisfies:
(i) aZ]nT >0,
(i) B (2 4 1) — P, (29) > 0,

(ii) P () < PUT (30,

ndmy1
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This proposition is quite intuitive as one would expect the value of full state
probability at any point in time to be decreasing in the number of slots, and at any
given number of slots to increase in both the intensity rate and number of clicks.
Nevertheless, we shall show in Section 2.6 that Pi’zlm is not necessarily concave in the

number of clicks.

Proposition 28 Using Proposition (27) the average number of advertisers in the
subsystem (j,m), L' (x%™), and the increment AL, (x9™) = Lim(z9™ 4 1) —

L™ (3™ satisfies Vai™, n?™ .
(i) AL (297) > 0,

(i) ALY (29 +1) < ALY (a9m), rimaim > 1,

(iii) 5o > 0,225 <0, pimgim > 1,
(iv) ij (xPm) < LJ’]mH(a:j’m).

Proposition (28) (i) and (ii) imply that the average number of advertisers in the
web publisher’s system is increasing concave in the number of impressions. Further-
more, (iii) implies that the average number of advertisers in the system is increasing
concave in the intensity rate 7. Part (iv) also mentions that the average number

of advertisers in the web publisher’s system increases in the number of slots.

2.4 The Optimal Price

Having fully characterized the probabilistic properties of the web publisher’s oper-
ation in one of the subsystems, we now turn to the question of finding the optimal

pricing policy for the web publisher. Recall that ai’:; is the probability that a viewer
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who considers subsystem (j, m) and is faced with default ads, could check subsystem
(g, h) as well. For the purpose of tractability, at this stage we consider that the value
of a?ﬁl is sufficiently small to be ignored. This means that we focus on the case,
where there are no inter-flow rates between the subsystems, and hence p.;; = p.
Note that it is common in practice that there are no inter-flow between two subsys-
tems, which are located on two different pages. Generally, an average of 30% to 80%
of websites’ viewers consist of those who only visit a single page and then leave the
system (Alexa 2010). This percentage is often regarded as Bounce Rate. In addition,
a large publisher such as Yahoo! provides only one subsystem in most of its pages,
for instance games pages (McAfee 2010). Obviously, the viewers visiting the games’
page and facing default ads usually do not consider them. They rather tend to stay

in the same page to continue playing their games. As a result the interflow rate

becomes ignorable.

Recall that the advertisers’ arrivals at the subsystems are independent. The rea-
son is that advertisers choose their targeted subsystem in advance when they register
their ad with the ad network. Note that as the advertisers’ and viewers’ arrivals at
each subsystem are independent from other subsystems, the revenue maximization
problem indicated in (2.2) becomes separable in each subsystem. Therefore, we con-

veniently restrict our focus to one subsystem only.

The web publisher’s objective is to determine the optimal price to charge per
click that maximizes the revenue rate. (Without loss of generality we will ignore any

cost components.) The revenue objective function in (2.2) can be characterized by
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the following formulation:

M)fxx R(A) = M1—=P,(\1,n,x)p(N)x, (2.7)
s.t.
A € [0,400).

The following proposition ensures the existence of the optimal solution and gives

the optimal price.

Proposition 29 Let p(\) be a nonnegative concave decreasing function defined on
the support [0,400). Then the revenue rate R(X\) define by (2.7) is a nonnegative

concave function of \. Furthermore, the optimal advertisers’ arrival rate \* satisfies:

o . p(\") + 8}5_()\)\) . L(\*) = 0. (2.8)

The first part of Proposition (29) guarantees the concavity of the objective func-
tion defined by (2.7). Note that in order to ensure concavity we need p(\) to be
concave. Even though this might seem a restrictive assumption it includes a linear
price which is widely applied in Economics and Management Science literature. In
addition, the numerical analysis indicates that many convex price functions give a
unimodal revenue function as well. (Other weaker conditions such as assuming con-
cave payment rate Ap(\) or monotonicity of the price elasticity —‘Z—;g do not seem
sufficient.) Furthermore, the second part implies that at the optimal arrival rate, the

relative change in the average number of advertisers in the system is the opposite of

the relative change in the optimal price.

The next proposition gives the insightful result that the web publisher is better
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off with having more slots, offering higher number of clicks and having more traffic
on his website. In the following proposition, we denote R(\*) by R,, (A" (n,x); 1) to

emphasize n, x, and Ji.

Proposition 30 The optimal revenue rate R, .(\*(n,x);11) defined by 2.7 satisfies
(1) Rpo(N"(n,2);11) < Rogre (A" (0 + 1,2);70),
(i) Ry o(N(n,2); 1) < Rpgrr (A (0,2 + 1); 1),

(“Z) R”@()‘*(n7$)7ﬁl) S Rn,z(/\*(n, x)v“Z)u ﬁl S //12'

The following proposition states the counter-intuitive result that the optimal price

does not follow the economies-of-scale property with respect to x.

Proposition 31 If the price-demand function, p(\) € C?[0,+oc), is concave de-

creasing in the advertisers’ arrival rate, \ then:
(i) \* is decreasing in .,

(i1) p(\") is increasing in x.

The proposition above is quite interesting as one could expect the opposite, i.e.,
the price to be lower when more clicks are offered. In order to understand what drives
these results, we observe that there are two competing forces. First, the higher the
number of clicks the longer it takes to serve each advertiser, which means that the
web publisher does not need as many advertisers as before. Second, a higher number
of clicks makes fewer advertisers interested, i.e., \* is an implicit monotone decreasing
function of z. Therefore, the web publisher is more likely to face more empty spaces
in the long-run. However, the first effect seems to always dominate, which results in

a higher price with lower demand. Practically speaking, the web publisher should
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not offer quantity discounts from an operational point of view within the advertising
network. All the same, there could be marketing reasons for offering a quantity

discount. We will explore these in Section (2.6).

2.5 The Simple Heuristic Pricing

Many web publishers that promise based on numbers of clicks tend to use a simple
heuristic approach for obtaining the CPC prices. This heuristic is based on dividing
the optimal CPM prices by the CTR? to calculate the optimal CPC prices!’. In this
section, we study the shortcomings of this heuristic by comparing its revenue with

the optimal revenue obtained by using the correct model.

Let us look at the simple heuristic in more detail. Consider a publisher’s system
that has advertisers arriving with rate A\, viewers arriving with rate p, and each
advertiser requesting x clicks. In addition, let 3 be the fraction of the viewers clicking
on one of the ads in the subsystem considered before leaving. Since the publisher
does not know how to obtain the optimal CPC price (p},.) directly, it charges the
scaled CPM price p},. = p},,,/CTR as the publisher considers selling x clicks to be
on average equivalent to selling N = x/CTR impressions. We give the publisher
the benefit of the doubt and assume that the publisher knows to how to obtain the

optimal CPM price correctly!!.

In order to examine this popular approach, we consider a CPC system at which

9The CTR is the probability that an ad is clicked. In practice, it is generally calculated by
dividing the number of viewers that have clicked on a certain ad by the total number of visitors to
the publisher’s system.

0Examples of real publishers implementing this campaign include Clickz.com. Clickz.com also
provides a special page to help users calculate the CPC price using the CPM price and the CTR.
The page is available at: http://www.clickz.com/cpa-calculator

1 Obviously, using a wrong CPM price will only lead to an increased error.
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the advertisers arrive with rate A\, and the viewers arrive with rate = 100. The
numbers are illustrative and only for the purpose of example. We set the price
function per impression to be peym(A) = 0.005 — 0.01\°. In order to determine the
CPC prices, a publisher using the CPM prices, considers a CPM system at which the
advertisers arrive with rate A, the viewers arrive with rate p = 100, and the number
of impressions sold to each advertiser are N = x/CTR. Then the CPC price it offers
would be pepe(A) =

= pipm(A)/CTR. The CTR used in practice is the observed value
for the ratio of the number of people clicking on a certain ad to the total number of
people visiting the publisher’s system over a certain period, for instance one week. In
other words, the C'T'R value that practitioners observe is the average chance that an

ad would have in order to be clicked in a stable condition. The following proposition

gives the C'T'R value that a publisher observes in the log-run.

Proposition 32 The observed C'TR wvalue in the long-run converges to

- PP\, x,n
CTR(/\7 2 l’,”,ﬁ BZ cpc /l\tlu x)n) (29)

where r = N, i = pB, and P is the probability of having i ads in the pub-

lisher’s system.

As can be seen in the above proposition, the value of the observed CTR depends
on advertisers’ and viewers’ effective arrival rates, the number of requested clicks,
and the number of slots in its system. Note that in this proposition, /i refers to the
expected probability of an ad to be clicked (the actual CTR) on each visit of viewers
considering a particular subsystem when there are i ads displayed. Moreover, P{"/1—
PP refers to the proportion of the time that there are 7 ads in the publisher’s system

given that the system has at least one ad. Obviously, the reason for considering the
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conditional probability is that the actual CTR is non-existent for the periods that

the publisher’s system is empty.

Furthermore, Proposition 32 is quite interesting as it implies that the C'TR’s
observed value, in fact, changes with the price. By changing the price, the publisher
is in fact affecting the advertisers’ arrival rate A. This is due to the one-to-one
relationship between price and the arrival rate. Naturally, the change in the value of
A leads to the change in the value of the observed C'T'R. For the purpose example,

we set 3 = 0.5.12

For the rest of our analysis, we take the following steps:

Step 1. First, we obtain the optimal price per impression (pe,m ), and accordingly the
optimal advertisers’ arrival rate of the equivalent CPM system (A, ). In order
to find these two values, we apply the closed form results from the first chapter
for CPM systems. In Chapter 1, we showed that the closed-form steady-state

probability of the number of advertisers in a CPM system is expressed as

o NF=IY (1 p)s—ict
]P)ip (Aau7N7 3) = ( - s) (N—i-s—l) 5
ijo ( j )TJ

()

z;:o (NJFJ‘S_l)Tj ’

, 1< s,

PP™(\, i, N, s) =

where N is the number of impressions being sold, s is the number of slots in the
publisher’s system, and r = A/u. We represent the optimal advertisers’” arrival

rate for the considered corresponding CPM system with A_, . A7, is obtained

I2Note that we have made an extensive search for a possible appropriate candid function for j3
in the marketing literature. Nevertheless, our attempt has been unsuccessful. As a result, various
potential functions for 8 (as functions of the number of slots, etc) were examined. However, it was
observed that regardless of the chosen function for § the obtained insights tended to be the almost
the same. Therefore, for convenience of presentation we select a fixed value for 3.
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from the following maximization problem:

max chm()\cpm) = /\cpm(]- - ]P)»flpm(/\cpma 2 N7 n))pcpm(/\cpm)]\(2]-1)

cpm

s.t.
x
N = 2.12
{cm( Moy 177 ) (2.12)
CTR() 3) ﬁi P” Oy f1,2,7) (2.13)
cpmy Hy Ty 10, = cpc ) .
v H Pp )‘cpmyu7$7n>
Aepm = 0, (2.14)

where [.] in (2.12) refers to the integer sign.

Step 2. Next, we compute the obtained revenue of the CPC system using the corre-
sponding CPM system’s solution as follows (note that here P is the full-state
probability for the CPC system):

. . cpe pc m()\z m)
RCPC()\Cpm) = Acpm(l — ]P) P ( cpm> ,ua )) (OTR( P 'LQLD — /B)
cpmoy s s 10

) z, (2.15)

where CT'R is obtained using Equation (2.13). Equation (2.15) implies that the

publisher commits himself to delivering x clicks, each with the price peye(Apm) =

Pepm (A )/CT R, while the advertisers’ effective arrival rate is
)\:pm(l o ]P)Cpc( cpm> ,U, ))

Step 3. Then, we find the optimal advertisers’ arrival rate of the CPC system, \’

cpe?
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and compute the optimal revenue using the “correct” model as follows:

R, c(Nope) = maxAepe(1 — PP Acpe, 1, 7, 1)) Pepe( Aepe) 7(2.16)

cpe
cpe

s.t.
pcpm<)‘cpc)
cpe )\c c - ) 2.17
pp( p) CTR( CpC7/'L7xn6) ( )
1 PPN, z,n)
OTR<)\CpC7 My Ty 1y 6) - 6 Z IP)cpc A i, T n) (218)
)\cpc > 0. (219)

Sterp 4. Finally, we obtain the relative revenue gap using the following formula:

Rzpc<)‘zpc) - RCPC()‘:pm)
Rz (\)

cpe\"\epe

x 100 (2.20)

Gap =

Table 2.1 shows the relative revenue gap between the optimal revenue obtained
by the correct pricing, and the revenue obtained by the heuristic conversion of the

CPM prices for different numbers of slots and different numbers of clicks.

c=0.5 Number of slots (n)
Number of Clicks (x) n=2 n=8 n=4 n=5 n=6 n=7 n=2_§
z = 3,000 26% 35% 39% 41% 41% 41% 41%
x = 10,000 20% 25% 25% 25% 23% 22% 21%
z = 20,000 17% 20% 20% 18% 17% 16% 15%
z = 50,000 14% 15% 14% 13% 12% 11% 10%
z = 70,000 13% 13% 12% 11% 10% 10% 9%
z = 100,000 12% 12% 11% 10% 9% 9% 8%

Table 2.1: The relative performance gap CPC(AIZ{’,S) RepeQhepm) 5 100(%)

cpc()‘cpc)

As can be seen from the table, the relative revenue gap between the optimal
and the heuristic policies ranges between 8% at n = 8 and z = 100,000, and 41%

for 5 < n < 8 and x = 3000. For example, at x = 10,000 the relative revenue
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gap is on average around 23%, while at 2 = 100,000 the gap is approximately 10%.
Furthermore, from Table 2.1, it can be observed that the relative gap decreases in the
number of clicks. This observation is quite intuitive since with the increased number
of clicks the advertisers stay longer in the publisher’s system. As a result, the system
converges to a deterministic system in which all the ads are occupied and the CTR
converges to the fixed value CT R = (3/n. Therefore, the relative gap caused by the
conversion tends to diminish as the number of clicks increases substantially. From
the table, we also observe that the relative gap is concave in the number of slots.
Obviously, as n increases the gap caused by conversion increases. Nevertheless, when
n grows too large the publisher’s system behavior converges to that of a deterministic

always empty system in which the value of C'T'R becomes zero.

Note that the number of clicks sold in practice often does not grow so large. For
instance, our observation from the real data of a leading Scandinavian publisher for
the past six months suggests that the number of clicks sold to advertisers are often
around z = 20,000 or even less. The reason for selling relatively lower numbers of
clicks is mainly due to the low CTR value (often ranging between 0.1% and 0.13%
on average), which makes the advertisers stay for a very long time to complete their

requested service.

2.6 Numerical Analysis

In the previous sections, we obtained the closed-form solution for the steady state
probability distribution of the number of advertisers in the web publisher’s system.
Furthermore, we determined the conditions that ensure a unique optimal price. In

this section we derive important insights about the optimal price behavior with
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respect to factors such as the number of slots, the requested clicks for different

pricing functions.

Advertising Slots

First, we consider the sensitivity with respect to the number of advertising slots
and show that the behavior of the optimal price is non-obvious with respect to the

number of advertising slots.

In our analysis, we let the viewers’ arrival rate be p = 1,000. In addition, we let
the price-demand function be p(\) = 0.5 — A\, ¢ > 0. Figures 2.2 and 2.3 show the
relationship between the optimal price and the number of slots when the requested
numbers of clicks are x = 3,000 and x = 10,000 respectively. As can be seen from
the figures for low numbers of requested clicks the optimal price decreases in the
number of slots. Nevertheless, for high numbers of requested clicks, the optimal price
increases in the number of slots. The reason of this behavior is due to the trade-off
between the publisher’s serving capacity on one side and the increased service time
on the other: Adding an extra slot to the publisher’s system increases the system’s
capacity to serve more advertisers. However, as more advertisers are being served,
each advertiser has less chance to be recognized by a viewer and be clicked. As a
result, the advertisers’ average service time is increased as they need to stay longer in
the publisher’s system to complete their service. With the increased service time the
publisher can now serve fewer advertisers per time unit. As a result, the increased
service time reduces the publisher’s overall serving capacity, which may dominate
the extra service capacity added as a result of an additional slot. As can be seen in
Figure 2.2, for small numbers of requested clicks the capacity increase as a result of

an added slot is more than the capacity, which is lost as a result of the increased
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Figure 2.2: Optimal price vs slots for low number of clicks

service time. Hence, the overall serving capacity increases and the publisher can
serve more advertisers. In order to absorb more advertisers, the publisher reduces
its offered price. However, for large numbers of clicks the capacity loss due to the
increased service time dominates the direct capacity increase as a result of adding an
extra slot. Hence, the overall serving capacity decreases and the publisher can serve
fewer advertisers in the long-run. In order to respond to this change, the publisher

increases its offered price.

Numbers of Clicks

Next, we illustrate additional interesting insights about the optimal price by focusing
on its relation with the number of clicks. For this purpose, we set the number of
slots to be n = 4, and consider the rest of the setup to be the same as before. Figure
2.4 gives an idea of the relationship between the optimal price and the number of

clicks for alternative values of the number of slots, n.
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Figure 2.4: Optimal price vs number of clicks
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As observed in Figure 2.4, the optimal price increases in the number of clicks.
The reason for this behavior is that an increased number of clicks increases the
service time. That is, each advertiser stays longer in the system to be fully served.
Therefore, the publisher can serve fewer advertisers per time unit and as a result,

the publisher increases its offered price.

We note that in general, advertisers are often attracted by quantity discounts.
Therefore, it would make sense to offer a price per click that decreases with the
number of clicks explicitly. In order to consider this issue, we set the price to depend
not only on the arrival rate of advertisers A, but also on the number of clicks x. We

consider the following price function:

p(A\) =0.50 — X\ — 10 °x. (2.21)

We continue to explore the sensitivity with respect to the number of advertising
slots. Figure 2.5 illustrates the relationship between the optimal revenue and the
number of slots. We find that the optimal revenue is not increasing anymore, but
becomes a concave function with a global maximum. Obviously, the reason for such
a behavior is because of the trade-off made between the price increase as a result of
the service capacity loss (due to the increased service time), and price decrease as a

result of the promised quantity discount.

2.7 Extensions

There are many directions the CPC model can be extended to. In this section, we

discuss two of them, leaving the rest for future research.
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2.7.1 Non-Poisson Arrivals

In Section 2.3 we assumed that the advertisers’ arrivals at the web publisher from
the ad network follow a Poisson process (Assumption 2), which might not be the
case in reality. In addition, the viewers’ arrival process might not be Poisson either
(Assumption 3). In this section, we explore other distributions for both the demand

and supply sides.

In our simulation study, we specifically examine the amount of revenue a publisher
can lose by using the base model’s solution obtained in Section 2.4 (based on Poisson
arrivals, a single number of clicks offered, and a single price charged) to determine
the price, while the clicks requested are random and both the advertisers’ and the

viewers’ arrival processes are non-Poisson.

We let the viewers’ arrival rate be ;i = 1. For the advertisers’ interarrival time
distributions, we consider the following distributions: Normal with mean 1/A and
standard deviation 1/), Erlang-2 with mean 1/\ and standard deviation 1/v/2),
Erlang-4 with mean 1/\ and standard deviation 1/2\, uniform with the two para-
meters 0 and 2/, exponential with rate A\, and finally deterministic arrivals. For the
viewers’ inter arrival time distributions, we consider the same distributions with A
replaced with 72 = 1. The number of slots is set to be n = 4. We choose the pricing
function to be p(\, X) = 0.5 — A>® — 107X where the random number of requested
clicks, X, follows a Normal distribution with mean x = E(X) = 1000 and standard

deviation 500. The steps of each simulation process are as follows:

First, we obtain the advertisers’ optimal arrival rate, \x p, p,, when the adver-
tisers’ interarrival times follow the generic distribution Dy, the viewers’ interarrival

times follow Dy, and each advertiser requests a different number of clicks according
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to a random variable X. This includes simulating the publisher’s system for a range
of values of A and then selecting Ay p, p,, the rate that gives the highest simulated

revenue. We represent the revenue related to A\ p, p, with Rxp, p,(\xp, D,)-

Second, we compute the optimal value for A\ using the closed-form solution pro-
vided in Equation (2.7) by assuming the price function to be p(\,z) = 0.5 — \*® —
107%X, where = E(X) = 1000. We represent this optimal value with A} p,,. If the
web publisher uses our analytical solution with the average demand x, for a system
that does not have Poisson arrivals of advertisers and viewers, and each advertiser re-

quests X clicks its “real” revenue would become Rx p, p,(A; £.,). See the Appendix

for a detailed schematic graph illustrating the explained steps.

Finally, we compute the revenue gap using the following formula

Rxp,p,(Axp, p,) = BxD1.D, (A 52p)

Gap = x 100(%).

Rxp,p,(AX D, D,)

Table 2.2 shows the relative revenue performance gaps for the different interarrival
time distributions considered for advertisers’ and viewers’ arrivals as well as the
random the number of requested clicks, X, that results in generating adjusted price
for each click request. We observe that the computed revenue gaps are between
0.77% — 4.25%. This suggests that the Poisson policy while considering the average
of the requested clicks tends to be an accurate estimate for the publisher’s model
even when both the viewers’ and the advertisers’ arrivals are non-Poisson and the

price is adjusted based on each advertiser’s requested clicks.
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Interarrival dist. Viewers
Advertisers Erlang-2  FErlang-4 Normal Uniform  Det. Ezxp.

Erlang-2 2.31% 2.30% 2.15% 2.26% 2.03% 2.19%
Erlang-4 1.57% 1.80% 1.74% 1.25% 1.42% 1.53%
Normal 1.99% 3.1% 3.08% 3.18%  2.3™% 2.92%
Uniform 1.39% 1.94% 1.74% 1.22% 1.55% 2.06%
Det. 0.77% 1.41% 1.16% 1.01% 0.83% 0.97%
Ezxp. 4.25% 3.82% 2.36% 4.03% 3.57% —

X,Dy,Dy (A3 )=Rx,D;,0y (A} pap)
1,02\ X, Dy,Do 1,D9 JExp > 100(%)

Table 2.2: The relative performance gap f Fxb 0% s o)
12 »D1,Do

2.7.2 Model’s Reliability Under More General Conditions

Our purpose from this section is to show that closed-form results obtained in the
Model’s section are relatively accurate estimates when the publisher’s system op-
erates in more general conditions than assumed in this chapter. We explore this
observation by simulating the publisher’s operation while relaxing some of the re-
strictive assumptions, which we had made primarily for tractability. We show that
the gaps between the closed-form values of L (the average number of advertisers
in the system) and PP, (the probability that the system is full) obtained from the
stylized model, and their corresponding simulated values for more general model are
often less than 1%. As a result, the solution of our stylized model is a relatively
accurate estimate for more general models. We specifically investigate the model’s

performance by relaxing the following assumptions from our stylized model:

1. Uncertain Click Requests In Section 2.3 we assumed that all advertisers re-
quest x clicks. This assumption was principally made for tractability. In this
section, we consider the number of clicks requested by each advertiser to be a
random variable X following a certain probability distribution. For example,
in many ad networks, the advertisers can choose the number of clicks from a

limited option list, i.e., x1, ...,xx. As a result, it can be thought that in the
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long-run any value x; is selected by a proportion of advertisers, namely p;,
where 0 < p; < 1. Similarly, in some ad networks, although there is no limit on
selecting the number of clicks, it is natural to consider that advertisers select

the number of clicks based on a continuous probability distribution.

2. Asymmetric Click Through Rates The second issue that we are concerned
with is each ad having the same chance to be clicked by the viewers entering
the publisher’s system. That is the CTR is the same for all ads. Although the
ads belong to the same subsystem, and thus it is natural to assume the ads
to have similar click through rates, it might be more realistic to assume that
due to some external factors such as the designs of ads, they may demonstrate

different levels of attractiveness. In this section we consider this issue as well.

3. Non-stationary Arrival Rates In Section 2.3 we assumed that advertisers’
Poisson arrival process is stationary. Nevertheless, in reality, the arrival rates

might change over time. In this section, we consider this issue as well.

In order to explore items (1) —(3), we let the advertisers’ arrivals follow a Poisson
process with rate A, where A itself follows the truncated Normal distribution with
mean 1 and standard deviation 0.2. That is, A = Y1liysoy, and ¥ ~ N(1,0.2).
Furthermore, we assume that the viewers’ arrivals at the publisher’s system, follow
a Poisson distribution with rate g = 10 per time unit. Note that as the viewers’
arrivals remain unaffected by the ad network filter, we consider the viewers’ rate
constant over time. The numbers are just illustrative and only for the purpose of our
example. We let the number of slots be n = 4. Each arriving advertiser requests X
clicks, where X follows a truncated normal distribution with mean m (the average

of the requested clicks) and standard deviation 0.5m. That is, X £ Y1gyoy clicks,
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where Y ~ N(m,0.5m). The high standard deviation of ¥ makes the number of

clicks requested by one advertiser be considerably different from the next.

On the viewers’ side, we index the slots from 1 to n. Upon arrival at the pub-
lisher’s website, a viewer observes the ads in the system, and decides to click on one
of them based on his preference. The viewer’s preference in clicking on the slots is
asymmetric. In order to consider this asymmetry in our analysis, we assume that the
viewer selects the ads with the index value I = [B x N,+1], with B ~ Beta(0.1,0.1),
where [.] is the integer sign, and N; is the number of ads displayed on the page upon
the viewer’s arrival. The selection of Beta distribution is arbitrary and for the pur-
pose of example'. It can be observed that the majority of time the viewer clicks on
the ads whose indices are 1, and 4, while the other two ads, if available, attract less

of his attention to click'*.

For convenience, we refer to the abovementioned system as the Ezxtended System

LF5 and PES respectively. In

and denote its average and full-state probability by
addition, we refer the stylized system developed in the Model’s section as the Base
System and denote its average and full-state probability by L and P, as before. We
vary the average of the requested clicks from m = 0 to m = 1000 with steps of
50 clicks. For each value of m, we conduct a discrete event simulation with a time
horizon of T = 50,000 time units. Note that in every time unit, on average, one
advertiser and 10 viewers arrive at the system. Therefore, each of the simulations
consists of an average 550,000 “events” where each event is either arrival of an ad-

vertiser, or a viewer. Furthermore, note that the reason for considering L¥ and P2

only is that we need these two parameters only for the web publisher’s optimization

13Note that we have considered a variety of different distributions for W. However, all of them
lead to similar result. Therefore, we decided to mention the results based on Beta distribution, which
appeared to us as a good representative example for modeling the asymmetric clicking process.

4 This can be, for instance, because the slots 1 and 4 are located in a more visible positions.
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problem in (2.7) above.

We observe, the ratio (L — L”®) /L is less than roughly 0.03% for all values of
m. In addition, the ratio (IP’n—]P’fS ) /P, is less than about 0.2% throughout!'®. As a
result, the closed-form results obtained from our stylized system are almost identical
to the simulated results obtained for the extended system. Hence the base system is
a relatively accurate estimate for more complex circumstances. We also note that as
m becomes very large, the ratios turn to zero very quickly, confirming that the two

systems perform in a very similar way.

2.8 Conclusion

In this chapter, we have presented a revenue optimization model for a web publisher
selling his advertising space through an advertising network. The web publisher
generates revenue by displaying ads on its website and charges according to the CPC
pricing scheme. The web publisher operation is modeled with a queuing system,
where the arrival process corresponds to the advertisers sent by the ad network for
posting their ads, the service process corresponds to the viewers visiting the website,

with the advertising slots playing the role of servers.

A primary feature of most advertising networks is that they only deal with im-
mediate inventories. This means that when a publisher’s system is full, the network
ignores it. Instead, the network directs the advertisers to other available systems
within the advertisers’ selected category. In queuing terms this corresponds to a

system with no waiting spaces.

The queuing model developed is different from models existing in current lit-

15To conserve the space, we have moved the simulation’s results graph to the Appendix.
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erature. Despite the complexity of the model, we are able to derive a closed-form
solution of the probability distribution of the number of advertisers in the publisher’s
system for any number of banners and any number of requested clicks. This enabled
us to set up the revenue-maximizing problem of the web publisher and derive the

optimal price to charge per click, which was one of the purposes of this chapter.

We derive additional theoretical results through this chapter. An interesting
result, for instance, is that the steady state probability of the number of advertisers
in the publisher’s system coincides with that of the M/M/1/n system. This result

is rather surprising since the two systems have different dynamics.

On the managerial side, we demonstrate that the general heuristic widely em-
ployed in the CPC contracts where a publisher simply uses the CTR to convert the
price of one scheme to the other can be misleading, resulting in a considerable rev-
enue loss compared to the optimal policy. In addition, we provided further insights
by showing that, unlike the CPM price considered in the first chapter, the optimal
CPC price may increase with the number of slots. This may not seem intuitive
in comparison to our common understanding from the supply-demand relationship,
since an increase in the number of empty slots in the system can be interpreted as
an increase in the serving capacity in the system. As a result, one may expect the

opposite result to hold.

We considered the model’s robustness by considering random click requests, non-
stationary arrival rates, and asymmetry in click-through rates through an extensive
simulation study and concluded that the solutions of the simulated systems are only

minimally different from our basic model.

We believe that, in view of the model’s high flexibility in response to numerous

uncertain circumstances, the results we obtain can be naturally integrated into au-
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tomated pricing software to generate relatively optimal prices, and enhance revenue
performance of countless numbers of websites selling their slots through advertising

networks.

Our model is among the first to bridge the gap between much of the academic
literature on pricing, which mainly focuses on deterministic pricing models, and
the much more complex online display advertising systems encountered in practice.
It also provides a significant contribution to the currently developing management
science literature on online advertising, and help to distance from the commonly
made assumptions of the deterministic models in the marketing literature. The
closed-form results of our model can also serve as decision tools to help the web
publishers running advertising operations, for instance, by providing an extra layer

of intelligence on top of their pricing engine software.

In conclusion, we do not claim that our model solves all significant issues regarding
the CPC optimal pricing. However, we think that the modeling framework developed
in this chapter can provide a good basis for multiple research directions, which would

explore analytically many relevant issues in online advertising.
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Appendix A

A1l. Overview of the publisher’s problem

In this section, we explain in detail how the publishers sell their slots to the adver-
tisers through ad networks'®. In most ad networks the advertisers do not approach
the web publisher directly, but arrive at the system through the ad network. An ad
network is a company that connects the web publishers who want to sell their slots
(also called online inventory), with the advertisers who want to run their ads in the
relevant websites. Large publishers often sell around 60% of their inventory through
ad networks. However smaller publishers often sell their entire inventory through ad
networks. In our dissertation, we consider a common type of ad networks, known
as blind networks. A blind network is such that advertisers place their ads, and
clearly define the category of target websites for their ads (e.g., based on the size
and format of their ads (i.e., leaderboard, or small rectangle), the target websites’
contents, the average number of viewers per week visiting the target websites, and
viewers geographical locations), but do not know the exact places where their ads
are being placed. They will only know their ads will be placed in one of the target
websites within the category of their request. Contextweb, Valueclick, and Clicksor

are examples of these large blind networks.

Note that most ad networks work with immediate inventories. That is, when
a publisher’s website falls into the advertiser’s target category, and all slots are
already occupied the ad network never wastes time waiting for that publisher to

become available. Instead, it directs the ads to one of the other websites within

16The current market size of display advertising within ad networks is significant with the 2009
predicted revenue of $5.2 billion only in the United States. It is currently considered the fastest
growing sector of online advertising market, and is anticipated to reach $7.6 billion by 2012 (Think
Equity 2007).
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that category, and the selection of the target website is usually made randomly. In
several networks, if the number of the available websites in the requested category
is low or there are no available websites at the time of the advertiser’s request, the
ad network again does not wait for one of the sites to become available. Instead
it uses the available websites in the requested category from other ad networks in
partnership programs in order to increase the number of available websites. Usually
the partnerships of such ad networks are managed by other companies called ad
exchanges (i.e., ADSDAQ.com). Ad exchanges can be ad networks too, their main
difference being that in addition they have direct access to resources of several other
ad networks as well. Ad exchanges’ performances are sometimes considered similar to
stock exchanges like NASDAQ), since they provide a single virtual market for multiple
networks to sell their inventories. An example of a large ad exchange is ADSDAQ

(we can easily notice the similarity of its name to NASDAQ).

The important question here is, if the advertisers and the publishers do not di-
rectly interact with each other, is the price still set by the web publishers themselves
or do the networks automatically choose this for them? The answer is for many of
the ad exchanges like ADSDAQ it is still the publishers who determine their prices.
Nevertheless, some other networks like Clicksor have different policies. Clicksor di-
vides its publishers into the two main categories of premium and non-premium. The
premium publishers are still free to choose their own prices. However, the slot prices
for the non-premium publishers are automatically determined by the network. These
networks also do not reveal the price information to their non-premium publishers,
though they guarantee to pay at least a minimum amount of payment to these pub-
lishers. In our dissertation, we restrict our attention to the networks in which the

publishers are completely free to select their prices.
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Publishers have ad slots Adbvertisers target content
to sell. They set their ask categories that match
price (i.e. CPC) their desired audience’s
interest
The ad exchange Each advertiser gives his
categorizes the maximum price
publishers’ website willingness to pay per
(Sport, travel,...) click for their target
websites

The ad exchange matches the publishers and advertisers
based on their selected categories

Among the publishers whose ask price is lower than the
advertiser’s maximum price willingness one of them is
(often) selected randomly

The banner ad is displayed in the publisher's website

Figure 2.7: The general steps for transaction between advertisers and web publishers
through advertising exchages

The price (per click) determined by the publishers is called the publisher’s (or
the slot’s) ask-price. Note that, when registering the slots in the ad network, a web
publisher registers each group of equivalent slots in his website (based on such factors
as size, format, and location), with a separate, unique code and then sets a different
ask-price for each group (the size and format of each group follow the standards of
Internet Advertising Bureau (IAB)). Therefore, each publisher can register several
subsystems. However, since the advertisers clearly determine their target group when
registering in the network, each single group of slots can be viewed on its own as
an independent, separate CPC subsystem having equivalent slots that are priced the

same.

In order to match the slots’ ask price with the advertisers’ willingness to pay, the
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advertisers are always asked to bid the maximum price they are willing to pay while
registering with the ad network. The ad network then uses these maximum bid prices
to screen the websites in the advertisers target category with ask prices lower than
the advertiser’s maximum. After this step, the network sends the advertiser’s ad to
one of these websites. The advertisers then pay the ask price to the ad network and
the network, taking a certain percentage of the publisher’s revenue as commission,
ranging from 25% to 50%, transfers the rest to the publisher’s account, usually
on a monthly basis. Figure 2.7 summarizes the necessary steps to take for online

transactions between publishers and the advertisers through the ad networks.

In addition to the pricing mechanism explained above, there are two further pric-
ing schemes that are employed; however, we do not consider these in this dissertation.
In the first scheme, there are some networks like Adtoll (Adtoll.com), in which the
publishers’ steps are almost the same, but the steps for advertisers are a little differ-
ent. Adtoll Company allows the advertisers to see the full list of websites on hand in
their selected target category, and also allows them to choose the list’s most favoured
websites. This process especially coincides with the abovementioned steps if we as-
sume the websites in the target category are equivalent in the advertiser’s point of
view, and as a result, have the same chance of being selected. The second pricing
scheme is the pure auction model, which is (partly) practiced by such networks as
Right Media, acquired by Yahoo! in 2003. In these networks, first the publisher de-
termines an ask-price for his slot in a quite similar way to the one described above.
However, if not sold with the determined price, in order to avoid unsold inventory,
the slot will be auctioned, in the same way as products are auctioned in the eBay
website. Finally, the network sells the slot to the advertiser with the highest bid.
Pure auctioning of the slots is an interesting field. Nevertheless, we leave it for future

works.
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A2. Proof of Proposition 26

We consider a Markov chain in which the state of the system is defined to be the

vector kyi = (i1,02, ooy in) = > csVe, € (NU{0})". ¢s € NU{0} with s € NN[1,7]
s=1

represents the identical number of clicks that is left in a group of slots. Further,

the vector v., € (NU{0})" is defined as v,, 2 >, e wherein the set G, (k) is
jegcs (k)

characterized as G, (k) S {j(k,e;) = ¢, } in which (k,e;) is defined as the inner
product of the two vectors k and e;, the unit jth vector. We need to identify all
the possible states of the system and obtain the transition balance equations for
every state. In view of the complexity of the transition equations, there is not any
standard technique to solve them in a single system. Thus we illustrate the results
hold by verification. The symmetric CPC system has in general 10 distinct transition

equations as follows:

i) For k =(0,...,0)= 0,1 the flow balance is straightforward to obtain. k can
either go to (k + xeip) with rate A or come from the sate (k + elT) with rate

1. As a result the flow balance equation becomes:

Tk = Tieyel - (2.22)

ii) If k = ie] with i € NN [1,2 — 1] then state k can either go to sate (k — e{)
with rate p or to state (k + xeg) with rate A. It also can either come from the
state (k + eip) with rate p or the state (k + eg) with the rate A/2. Hence the

balance equation becomes:

(1 +7“>7Tk = 7Tk+e1T + §7Tk+e§'
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k
iii) If k = iv,, with v; = >~ el in which k € NN [I,n — 1] and i € NN [1,2 — 1]
=1

iv)

‘77
then the state k transits to state (k + xe;‘fﬂ) with rate A. It also transits to
state (k — eip) with rate p. Further, the two states (k + eip) and (k + efﬂ)

lrizny+(k+1)1g—1y
k+1

transit to the state k with rates p and ( ) i respectively. As a

result the flow balance equation becomes:

1 1oz + (B+ 1)1
(L4 )T = T Mierep + ( s — ) mer (2.23)

e}r and i € NN [l,z — 1] then k can either come
j=1
from (k + elT) with the rate 4/n or go to the state (k — elT) with the rate p.

Therefore, the flow balance equation becomes:

1
T = Mhere - (2.24)

Define 9(k, z) 2 > 1Ge. (k)| for any z € NN [1,7]. The the state k = > ¢5ve,
s=1

s=1
with 0 < ¢; < g < ... < ¢, ¢s € NN [,z — 1] in which v., = > el and
ueGe, (k)

G..(k)| € NN[1,n—1] goes to the state k + xe’, with the transition
. (9(k,r)+1)
s=1

rate A, and to one of the sates k — e(%(ka_l)ﬂ),for all z € NN [1,7], with the

transition rate % i. k also comes from either the state k + e%;g(k,r) +1y With

k _ .
rate <1{°1>1}+(19g(ck1 i)ﬁjl)l{”l}> w or from one of the states k + e@(k’z,l)ﬂ) with

all z € NN [1,7], with rate

1{cz+1>cz+1} + 1{Z=r} + (|g02+1 (k)‘ + 1)1{cz+1:cz+1}
Ik, 1) "
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As a result the flow balance equation becomes:

Lies13 + (|G, (k)| + 1)1 —yy
(14 7r)m, = ( ﬂ(k7 T Therely ) (2.25)
N Z Lieoset1y + L=y + ([Geon (0] + D1 i—evny -
19(1{, T) ktelh 1))

vi) If k = Y eve, with 0 < ¢ < o < ... < ¢, ¢ € NN [l,z — 1] and
s=1

ve, = >, el and |Gy(k)| = 0 the system goes to one the possible states
ueGe, (k)

k — e@(kyzfl)ﬂ) with all z € NN [1,7] with the transition rate |ch(

,u, and
comes from one the possible states k + e?ﬁ(kﬁz_l)ﬂ) with all z € NN [1, 7] with

the transition rate

(1{cj+1>cj+1} + ]-{z:r} + (‘g6z+1 (k)| + 1)1{Cz+1=cz+l}> I
n

As a result the flow balance equation becomes:

k+e

Tk = i Lejisep1y + 1=y + (‘ng—o—l(k)} + 1)1{cz+1=c2+1}
n (9(k,2— 1)+1)

(2.26)

z=1

For example, take k =(1,1,2,2,3) then ¢; = 1, co = 2, ¢c3 = 3, |G, (k)| = 2,
1Ge,(K)| = 2, |G, (k)| = 1. Moreover both ¢ = ¢; + 1, and ¢3 = ¢ + 1
hold.  Also k+ e{y0c011) = (2,1,2,2,3), K+ €(ypenyy = (1,1,3,2,3), and
k + e@(kz)ﬂ) = (1,1,2,2,4). Therefore, the balance equation becomes: 7(11,223) =

3 2 1
5T(2,1,2,2,3) T 537(1,1,3,23) T 5T(1,1,2,2,4)-

|Gz (k)]
vii) For k = zv,, where v, = z el and |G, (k)| < n with an analogous argument
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the balance equation becomes:

B losny + (1G.(k)| +1) 1o—1y
(L 7)he = "Ml g, T ( |G (k)| +1 Metefig, a0+

(2.27)

n

viii) For k = zv,, with v, = > el the balance equation turns out to be:
u=1

The = Ty (2.28)

r G (k)| |Gz (k)| +0 (k,s)
ix) If k = v, + ;csvcs, where v, = 21 el and v, = > el

u=|Gy (k)|+39(k,s—1)
|Go(k)| > 0 the system goes to the state k+xea’gw(k)‘+ﬁ(k7r)+1) with rate A

. Gu(k
or to k — el with rate (W) por to k — eagz(k”w(k’zfl)“) for z €
[Gese ()

N N [1,r] with the transition rate (m

) (. Moreover, the state k

14+{Gey (k)|1{c1—1})

. T .
comes from either the state k + €(g, ) +9(x,)+1) With rate ( G, (0 () 11

or from k + eagz(k)\+19(k,z—1)+1)7 z € NN [1,r] with the transition rate

Lo, ettt o=y +(|Ge, 41 (k) |+l)1{cz+1:cz+1}
G ()| T 0 (k,1) f-

Hence the flow balance equation becomes:

T
Lo c 1}+1{z:7‘}+(|g6 1(k)|+1)1{c =cz+1}
1+r)me=rr E {eapaeat — S T
(1 +7)me k—el . |Ga (k)[40 (k) ke (i, (19 +0( s~ 1)+1)

z=1

1""|g61 (k)|1{01=1}
v .
+ < G )01 ) Thetellg a0 v atom 1)

r |Gz (k)| G2 (k)| +9(k,s)
x) fk =2v,+ > cyv.,withv, = > el v, = 3 el 1Go(k)| =0
s=1 u=1 u=|Gg (k)|+9(k,s—1)
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then we obtain:

Tk =TT (2.29)
. 1{cz+1>cz+1} + 1{2:7“} + (lgcz+1 (k)‘ + 1>1{Cz+1:5z+1}
" Zl ( n Tietefg, aol o141

Verifying the items 1 to 4, as well as 7 and 8 are immediate. Therefore, we need
just to verify the solution for items 5,6,7,9, and 10.We only verify the solution for

number 5. The rest are verified the same way.

For number 5 we need to show

L1y + (|G, (K)| + 1)1,y
(1 + T)Wk - < ﬂ(k, T) 11 k+e(7;9(k,r)+1) (230)
+ ZT: l{cz+1>cz+1} - l{Z:T} + (}gchrl(k)‘ + 1)1{c,z+1:0z+1} s
—1 ﬁ(k, T) kel g 1)11) ’

We show this in multiple stages:

I. For the first case assume that ¢; > 1 and ¢; 41 > ¢;+1 forall 1 < j <. For the

d(k,r)
|Ge, )| [Gey (W) |G, (k)|

A ey >a+(|Gey (0)[+D1ge = . .
Ri(k) = ( ey 2] ’19(11<,r)-i’-1 fe =} Ml gy ay” LDET for the first term in the right

left side we get (147)mc = ( ) (1+7)r?%") For convenience define

D(k,r)+1

side we get Ry(k) = G., )]
2y ()]

m( )r*tt. After some simplifications

G, (k)|

g, (¥

we obtain

v(k,r)

ﬁ(kv T)' ,r,k—f—l.
g, ). A

)i -
9017 Mg, )

s=1

Ri(k) = ( (2.31)

g, (k)|
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For the second term in the right side define

k+e

1clcz +]—zr+ Cot1 +11021:Cz
Ry(k,z) = ( {ezr1>c.+1} {z=r} ﬁ(l}{gr)ﬂu )‘ M. +1})7T

(00ca-1+1)
(2.32)
Considering the assumptions Ry(k,z) becomes as
1 v(k,r)
Ry(k,z) = —< ’ )'rk, (2.33)
i Ik, r)\[G., &) [G.,(K)] . (|9.. ()] = 1) 1...|G,, (k)|
that after some algebraic manipulation it is reduced to
Ik, r)—1)!
Ru(k,z) = |6 (0| ) =D (2.34)
I1 /6.0

Hence the whole right hand side R.H.S = R;(k)+ >_._, Ro(k,z), becomes

#rk. (2.35)
E[ . (K)|!

Cz

RH.S = r’%kr k+1+z
g wp =

After some simplifications, knowing that Y7, |G._ (k)| = U(k, r) we obtain

Ik kpr O (2.36)
1116.. ) IT1G.. (K)|!

s=1

RHS =

which completes the proof.

II. If ¢; = 1 then we get < {Cl>1}+(ﬁg(ij£1;)r|1+l SL 1}) < ﬁ(k;l)gfl)') . Hence for

Ry(k) we get

B ., (k)] Ik, r) + 1 ks
Fa (k) = (z?(k,r)—l—1> (( LX) 6., &) QCT(k)|) ’ (2.37)
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where after some simplification of (2.37) we get

v(k,r)

d(k,r)!
M= 2 Tk 2.38
G., (k)| .. ' ' (2:38)

Qw(k)O lo.®)

s=1

Ri(k) = (

g, (k)|

which is the same as what we obtained previously for (2.31). From this point on the

rest of steps are the same.

ITI. Finally, if for any arbitrary z € NN [1,r — 1], ¢,41 = ¢, + 1, then

1{Cz+1>cz+1} + 1{Z=r} + (’g02+1 (k)l + 1)1{Cz+1:Cz+1} . 1+ ‘gcz-u(k)‘
9k, 1) - 0(k,7) '
(2.39)

Thus Rs(k,z) turns out to become

k.

(1 - \g%(k)}) ( Ik ) )
Ry(k,2z) = | —2—+—
Il ) 6., 1.,00] - (19..00| = 1) (|9..,, (0| +1) .|, ()
(2.40)
After some manipulation (2.40) is simplified to Ry(k,z) = |G, (k) %Th
g, (K)|!

s=1

which is the same result as in (2.34). As a result (2.36) always remains unchanged,
and all the steps for verification will be identical afterwards. Hence the proof becomes

complete. MW
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Appendix B

B1l. Comparison of The CPC System with Erlang’s Loss Sys-

tem

As previously mentioned, the queuing model developed in this chapter is new. One
of the queuing models in the literature related to ours is M/E,/n/n, the so-called
Erlang’s loss system. As in our system, this system does not have any waiting space
and the only jobs in the system are the ones being served by one of the n servers.

The difference comes from the operation of the servers.

In Erlang loss system, the servers operate independently, while in the CPC system
the service rate of each server depends on the number of active servers in the system
at any point in time. So the servers are not independent anymore. The Erlang loss
formula, which represents the probability distribution of the number of jobs in the

system is the following:

which we can compare to the distribution for the CPC system:

P; = —n(rx) , 0<i<n.
(ra)i
=0

J

If n = 1 the two formulas yield the same results as expected. Nevertheless, for
n > 2, the inter-dependencies of slots in the CPC system start playing a role. The
following proposition compares the probability of the system being full for Erlang’s

loss system and the CPC system.
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Proposition 33 The probability of a fully occupied system is higher for the cost-per-
click system than for Erlang’s loss system, i.e., P, > PE. In addition, the average
number of jobs in the cost-per-click system is more than the average number of jobs

wn the Erlang’s loss system, i.e., L > Lg.

This proposition is quite intuitive. Since the service rate of each server in Erlang’s
loss system is more than the effective service rate in the CPC system, PZ and Lg

become smaller than P, and L respectively.

Moreover, note that one important difference between the CPC system and Erlang
loss system is that we do not need to define the n-tuple vector k to characterize
Erlang system as we had to for the CPC, since its characterization is much simpler.
This observation confirms that the CPC system indeed contributes to the queuing

literature as it cannot be characterized in a similar way to the traditional systems.

B2. Proofs of Other Propositions

Lemma 34 For anyn € N, and p € R*, n— (n+1)p+ p"™ > 0.

Proof The proof is with induction. For n = 1 the verification is immediate.

Assuming that for n =k, k — (k+ 1)p + p*™ > 0. For n = k + 1 we get

k+1—(k+2)p+p"=(k—(k+Dp+p")+(p-1 (o' =1). (21)

Due to the induction assumption, the first term is always positive. For the second
term if p > 1 then p**' > 1. Hence (p—1) (p*™ —1) > 0. Also if p < 1 then

pF < 1.As aresult (p — 1) (p*™' — 1) > 0 and this completes the proof. W

138



Proof of Proposition 25 In order to derive 77/™, we note that there are two

streams of viewers that consider subsystem (j, m). The first stream consists of viewers

who have initially considered subsystem (j,m) (for instance, ads on the top of page

7), which we denote by W}, := pwj .. Out of those viewers, S}, = W}, (1—P§™)

can see real ads while B}m = I/Vj%m]P%’m only see filler ads displayed on subsystem
Jm=jm

(j,m). Thus, W(lj’sfl’)h) = a?" B! of the viewers consider ads in the subsystem (g,h)

(the subsystem h located in page g) and the rest leave the system. From those

17(gvh) _ le(gvh)

Gm) = Yim) P%" see only filler ads

viewers who consider the subsystem (g, h), B
in the subsystem (g, h). Therefore, Wﬁm = afny(lj(i)h ) of the viewers check back
subsystem (j, m) for real ads, while the rest leave the website. In short, Wﬁm is the
fraction of the le,m viewers who had initially considered ads in subsystem (j,m),
but after experiencing a loop have come back to recheck subsystem (j,m) for the
second time'. Note that theoretically the same loop of procedures can be repeated
infinitely. However, in practice ai’f,‘l or aé’f,? might be near zero meaning that viewers

may leave the website quickly just after once or twice check of empty (of real ads)

subsystems. Given this, in loop k, we find

Sim = Wim(1 = Bg™), (2.2)

. . . k—1
K — g’h J,mm],m J:h —
Wi = 1@jm (Oéj,m%,hpo P, > , k=1,2,..

where S7, is the fraction of the pw@;,, viewers who had initially approached the
subsystem (7, m) in the first loop and after a few checks eventually consider ads that

are posted in subsystem (j,m) in loop k. As a result, the overall number of viewers

!Since the subsystems can belong to different pages, the publisher might post new ads in a
subsystem before a viewer re-checks it. In addition, some ads may leave the subsystems and give
their place to other ads or filler ads.
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in the first stream (in interaction with subsystem (g, h)) can be obtained as

o (o] h—1
K j,m h mpd,MmY,
Sim = D St = iim(1 =B S (admad iRy PE" )
k=1 k=1
m(l =Py
1 Iuwjg h ( J mPJ,m]P)ﬂ h” (2'3)
- aj m g h

The second stream of viewers includes those who had initially chosen subsystem
(g, h) but finally had to approach subsystem (j,m). Based on a similar argument it

can be shown that

Ky(3m) _ ypks(3m) im
’47(j’m) g,h j7m j7h k=1
W(g,h) = ng,hpo (OéthChmPo ]P)o > , K= 1, 2,
where S ] ’m) is the fraction of the puw, ) viewers who had first selected to consider

ads in subsystem (g, h), but shifted to consider ads in subsystem (j,m) instead, in

loop k. Thus, the total number of viewers in the second stream is

k—1

Z Séig(li = Uwg,hpgﬁ(l - Pgm) Z <amhahmpgmﬂ%h>
k=1

_ ng,hpg’ (1— P{;m)

Jymdsh

(2.5)

Proof of Proposition 27

i) Showing % 6P" > 0 is the same as showing 8P" > 0 in which p = rz. From

Proposition (26) we have P, = ’i (lnfl) . Taking the derivative of P, with respect

to p, we get
dp (1 — pr1)? ’ ‘
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ii)

By Lemma 34 the numerator is always positive and the proof is complete.

Since x is discrete, showing P, (z+1) — P, (z) > 0 directly is a challenging task.
Instead, knowing that

(ra)™ (1 —rz)

Pulw) = 1— (rz)ntt ’

r €N, (2.7)

We consider the alternative real-valued continuous function Q,(y) defined by

(ry)" (1 —ry)

+
1= (g yeR™. (2.8)

Quly) =
It is evident that for the points in which y = x € N the two functions are the
same; namely, P, (z) = Q,(x). In order to show P,(x) is increasing in =, we
are enough to show Q,(y) is increasing in y. This is true because Q,(y) being
increasing in y also implies Q,(y + 1) — Q,(y) > 0 for any y € R including
any natural number x. Hence Q,(z + 1) — Q,(x) > 0 for any y € N, which
implies P,,(x+1) — P, (z) > 0. But showing Q,,(y) is increasing in y is the same
as showing ‘98%" > 0, which was proven in part (i). This completes the proof for

part (ii).

In order to show P,(z + 1) — P,(x) > 0 directly we have

(r(z +1)" > i o(re) — (ra)" 351 o(r(z + 1)’
D oimo(r(z + D)) o (re)’] '

P.(x+1)—P,(x) =

After some manipulation, we get

Yo" (@ @+ )" — 2"z + 1))
Do (r(z + DY (re)’]

P.(x+1) —P,(x) =
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But this is clear to see that z'(z + 1)” — 2"(z + 1)* > 0. This is true because
after some manipulation we get -5 <1 that always holds. As aresult P,(x +

1) — P,(x) > 0 and this completes the second proof for part (ii).

iii) As in part (ii) showing directly that P, ;(z) — P,(z) > 0 is not easy. Hence

we consider the alternative continuous function as T, (m) defined by

mmw:ﬁfig%f%meR. (2.9)

We can say T, (m) is a continuous version of P, as when m gets natural values

the two functions become the same. As a result to show P, is decreasing in n

we are enough to show T, (m) is decreasing in m, namely to show %fnm) <0.

This is true because T, (m) decreasing over any real number m automatically
implies its decreasing over any natural number, namely T, (m)—T,(m+1) > 0

for any m € N. But this is the same as saying P, 1(z) — P, (x) > 0, x € N that

we are looking for. Thus we calculate mrg—xl) to get

ITy(m) — (z—1)a"Log(z)
T T (2.10)

which is clearly negative, and this completes the proof of part (iii). H

Proof of Proposition 28 (i) To show L is increasing in « we have L(z+1)—L(z) =

n

> i (Py(x+1) = P,(z)). After some simplifications we obtain
i=0

i=0 j=0

(i%rj(a: - 1)j> <Zn:0rjxj>
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Lz +1) - Liz) =
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Hence we need to show Z(x) defined as below is positive. That is,

Z(x) 2 33 (@ + 1) it (( i )j _ ( v )1> > 0. (2.12)

=0 i< r+1 r+1
After some algebraic operations Z(x) can be represented as the sum of polyno-
mials increasing in orders of r. That is,

n

Z(x) =3 Gi(z,s)r + % Go(z, s)r°,

s=0 s=n-+1

where,

i=0 ZE'+1 l’—f—l

Gl(x,s)éi(x+1)si(< ‘ )H—( ° )) (z,8) e Nx ZN1[0,n], (2.13)

and

7

Ga(z, s) = én(wrl)%’ ((x_il)H— ( ’ >> , (z,s) e NXZN[n+1,2n].
(2.14)

We separately show that G;(z,s) and Gy(z, s) are always positive for s = 2k and

for s = 2k + 1.

i-1) For s = 2k, Gy(x, s) is simplified to:

Gy(z,2k) = (z + 1)2’%2’“;@'(% — %) ((m :"; 1>i . <$ fr 1)2“) ,

)2k—i

in which (L)Z — ( z

pen ol > 0 since 2k — i > 4. So the result follows. With a
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similar argument, for s = 2k,

Golw, 2k) = (x + 1)%r2k izgn(zk — 2i) ((x i 1)i - (x i 1)n> .

However, it can be easily verified that (mi“)l — (;ﬁ)n > 0, which completes the

proof.

i-2) For s = 2k + 1 then simplify G;(z, s) as follows:

z+1

+k(<xi1)k— (xi1)k+l)‘ (2.15)

We can easily see that (ILH)Z — (xiﬂ)%ﬂfi > 0, since 2k + 1 — 4 > 0. Also this is

clear to see that (xiﬂ)k — (%H)k—i-l > 0 always holds. Therefore, Gy(x,2k + 1) > 0.

k—1 i 2k+1—i
Gi(z,2k +1) = (z+ 1) 5 2k + 1 — 20) ((L) — ( ° ) )
i=0 x+1

In a similar way,

i=2k—n r+1

() -65)) 219

which is always positive, and the proof is complete.

Go(z,2k +1) = 12 (g 4 1)20+1 kil Z’(2k+1—2i)(< z )Z_( x )”)

In order to prove L’s convexity, we note that convexity only holds for rz > 1.
Convexity of L on a real continuum of x implies its convexity over discrete values as

well. Hence, assuming z a real variable and taking twice differentiations of L and
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making simplifications, we get
n n n L L
aQL ZO ;)kzorz—w—l—kxz—i-j-i-k—?(ﬁ o Z]) (Z +j — 1= 2/€)
1=07=0 k=

or2 - 3
(E)

n n n
However, it can be checked that for rx > 1 we have > > Y pifithyitith=2(;2
i=0 j=0 k=0

(2.17)

ij) (i+j —1—2k) < 0. Hence the result follows.

(i) To show L is increasing in r, we have L = Y i(rz)'/ > (rxz)’. Taking the
i=0 i=0

2
derivative of L we get 2L = <Z > (ra) I — Zj)) / (Z(rw)3> . We observe
=1j=1 =0

that & > 0 if and only if > > (ra)"™~!(: — ij) > 0. Using the new indexing
i=1 =1

s =1+ j and simplifying, we get

ilil( 2)H (2= i) :é(ii(m—s)) (m)s—1+s§f+l (ﬁ; @'(2@'—5)) (rz)* 1,
(2.18)
After some simplification, we obtain
g:l]é(r o) NP —ig) = é%s(s%—l)(s—ﬂ)(rz)s1+S:2§§rl%(2n—s)(2n+1—s)(2n+2—s)(rw)31.

(2.19)

Therefore, > > (rz)™*~1(4> —ij) > 0, and the proof is complete. The proof to
i=1j=1

show the convexity of L in r has a similar procedure to part (i) and is omitted. W

Lemma 35 For anyn € N andr € R, 330 (377 ((ra)'(n —i+1)(n+1i—2j) > 0.
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Proof Define the function F(z) 2 Yoo 2 io(re)(n—i+1)(n+i—2j). After
some manipulation F'(z) is simplified to F(z) = Y7 (ra)' 377 _(n — i 4+ 1)(n +
i —2j)]. On the other side the sum » 7 (n — i+ 1)(n + i — 2j) is reduced to:
>io(n—i+1)(n+i—2j)=i(n+1)(n+1—1i).The result follows by replacing the
reduced sum in F(z). W

Proof of Proposition 29 i) The first derivative of R(\) with respect to A is

OR(N)  OI'()\)
o\ O\

) + B ). (2.20)

Thus the second derivative becomes

O*R(\)  O°T(N)

oL () op(x) | 9°p(N)
ONE AN

oXN O ON?

p(\) + 2 r(\). (2.21)

To show ZEQ < 0, Assuming

a,\2

8&) <0 and 681”( ) <0, we need to show I'(\) is

increasing concave, namely or (’\) >0 and 2 61;2 ) <. By definition,

(N = Az(1 = Bo(N) = pra(l — Po(\). (2.22)

In order to show the result, without loss of generality, we take the derivative of
I'(\) with respect to r for a given p. For the first derivative, we get
or'(A) 9 (rP. (V)
— = - —". 2.23
5 = HE (2.23)

Thus in order to show I is increasing, we need just to show 7P, () is increasing
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in 7 (for a given ). We observe that

7,.i+1$i

BN = Sy

(2.24)

Taking the derivative of (2.24) and simplifying gives

8(7“1;7;0\)) _ (Z(n+ 1— Z)(Tl’)H-H) / (Z(T,x)z> > 0. (2.25)

i=0 =0

Thus I'(\) is increasing in r. Now taking the second derivative of I'(\) with

respect to r gives

(N 02 (rPa(\)
i e (2.26)

62(757;(’\)) > 0. To show this we take the

Therefore, I'(\) is concave if and only if

derivative of (2.25) to get

0 (gliz(k)) _ (Z S ) =i+ 1) (n+ i — 2j)> / (Zmy) . (227)

i=0 j=0 i=0

However, based on the lemma 35, 37" (37" (rz) ™" (n—i+1)(n+i—2j) > 0.

92 (rPp (M)

Therefore, —5 % ) > 0 and the result follows.

(ii) The proof of part (ii) is immediate from (2.20). W

Lemma 36 Let I'(\) = Ax(1 = P,(\)), z € N, n € N, A € R,. Then we have
Le(N) < Teya(N).
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Proof In order to show I',(\) < I, 1(A) we write (I,11(A) — () as

(Fx—&-l()\)u_ &(M) = r2[Po(z) — Pp(z 4+ 1)] + 7[1 — Po(z + 1)] (2.28)

Furthermore, from (2.7), for (P,(z) — P,(x + 1)) we get

e (S o+ )" = (o 4+ 1))

ro[Py(z) — Pp(z 4+ 1)] = (o0, (r(z + 1)) (o1 (r2)1)

(2.29)

Likewise, for (1 —P,,(x 4+ 1)) we obtain

[l —Py(z+1)] = <7« z_:(r(x + 1))i> / (Z(m + 1))@‘) . (2.30)

1=0 =0

Replacing (2.29) and (2.30) in (2.28) and simplifying gives

(rxﬂw - m))
L
S T 1) — " @+ 1)) + [ (4 D) (4 1)
S (rle + DY (ra) |

(2.31)
The first sum in the numerator of (2.31) can be simplified as
n n—1
— Z T (o) = 2" 2+ 1)) = =Y TP T ()" = 2" (2 1)),
i=0 i=0
(2.32)

Likewise, after some algebraic operations, the second sum in the numerator of (2.31)

becomes
n—1 n n—1 7
Z (x+1)) Z(T(JE—H))Z] = ZT’ZxJ (14-z) 71+ Z Z I (14x)!
=0 =0 i=1 7=0 i=n+1 j=i—1-n

(2.33)
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where some manipulations on (2.33) yields

n—1 7 n—1 n—1 n—1 n—1
Z 7 Z 2 (142) 771 —I—Z il Z g (1) > Z il Z g1z
=1 7=0 =0 Jj=t =0 7=t

(2.34)

However, it is straightforward to see that (Z;;.l (1 + x)3> is simplified to

n—1
ST @I 4o = 2 @4 1) - 2" o 1) (2.35)

j=i

Replacing (2.32), (2.33), (2.34), and (2.35) in (2.31) we obtain

(FHI(A)M_ FM)) (2.36)

- _ Z?:_()l ,rn—‘ri—f—l(x’i—‘rl(x + 1)71 _ J;n—&-l(x + 1)2) + Z?:_Ul Ti+n+1(xi+1(x + 1)n _ SCTH_I(.CL’ + 1)7,)

N D i (r(e + D)2 (re)’]

=0.

Therefore, I',11(\) > I';(\) and the proof is complete. W

Proof of Proposition 30 (i) Adapting our notation, we denote the optimal rev-

enue with n + 1 slots as

Ry = Rua(N (n+1)) = M+ 1)(1 = Put (N (n+ D))pN"(n + D). (237)

Using optimality and part (iii) of Proposition 27 we get

Ry = N (0)(1 = Py (N (0)p(A (m) > X*(n)(1 = Po(X (0)))p(A° () = RS,
(2.38)

which completes the proof for this part.

(ii) For the second part we again adapt our notation and denote the optimal
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revenue with x + 1 clicks as

Ry = Ropr (N (2 + 1)) = Toa (M (@ 4 1)) up(A (2 + 1)) (2.39)

Using optimality and Lemma 36 we have

Ry 2 Fopa (N (@) pp(N () = Ta(A () pup (N (7)) = R, (2.40)

which completes the second part of the proof.

(iii) For the third part we note that the busy probability P, depends only on
r = A/u, not on \ and p separately. Adapting our notation we denote the optimal

revenues with p as the arrival rate of the viewer as

=
*
G
!
=
>
=
=
!

AT () (1 =P (A" () /1) Jp (A" () ). (2.41)

According to Part (i) of Proposition 27 P, is increasing in r and thus for a given A

decreasing in p. Using that fact and optimality we have for 1, > p, that

R (1) 2 N (ko) (1=Pu (A" (p12) / 112)) P (N (112)) = A" (p12) (L=Pr (A" (112) / 112) )P (X" (1)) = R* (1),
(2.42)

Which completes the proof. H

Lemma 37 Let I'(r) = ra(1—P,(x,r)) in which P,(x,r) is the full state probability.

Then I'(r) is increasing concave in r (and hence in X).
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Proof Taking the first derivative of I'(r) = %Z:;E:g; and simplifying gives
T

o) _ Tia Tpar) D) SLiny
or T .

F(Sied) (Sl

which is indicating that I'(r) is increasing in r. In order to get the convexity, we

take the second derivative of I'(r). After some simplifications, we get

021 (r) ~ S Z;L:O(rx)i”i(i —1-2j) (2.44)
or’ 2 (Sl

where after the reindexing s = ¢ + j, becomes

PT(r) _ Soaa(ro)* 30 i(3i — 25 — 1)+ 3500 (re) 300, i(31 — 25 — 1) “0
or2 2 (Z?:O(Tx)j)
(2.45)

which proves the convexity. To see why (2.45) holds it is effortless to verify that
Yoo i3t —2s—1)=0;1<s<mn,and ) i3i—2s—1)=n+1)2n+1-—

1=s—n

s)(n—s) <0;n+1<s<2n, hence the result follows. W

Proof of Proposition 31 We need to show that % < 0. By Implicit Function

Theorem, we get aai as
X

N e 2 (I (XDpO) + Z (TP (V)
(2.46)
in which by First Order Necessary Condition we have
F=T"(\)p(\*) + T(\)p' (A1) = 0. (2.47)
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Note that since x is discrete we are slightly abusing the Implicit Function Theorem.
Consider \* to be a continuous function of x rather than the discrete one. If we
show A" is increasing in real x we have indeed shown it increases in any integer x.
Similarly, if we show the functions I'(\*) and I''(\*) are increasing (/ decreasing)
in any increasing sequence of real values x then the monotonicity is automatically
transferred to any increasing sequence of integer values x. Since, p(\*) > 0, p' (\*) <
0, p'(\*) < 0and I'(\*) > 0, I'(\*) > 0, I'"(\*) < 0 (See Lemma (37)), the

denominator is negative. Hence, we are left with showing

T NP + (PO () <0 (2.45)

Using the FONC, I'"'(\*)p(\*) + T'(A*)p' (\*) = 0, we need to show

9O) = PN~ L) = 0 (2.49)

Without loss of generality, we set © = 1 and thus \* = r. Now we have I'(r) =

Z?:l(m:)i

Sy Hence we get
i

ore)  (Cyie ) (Sira) ) — (i re)) () i)

o (Spotr)

After some simplifications, we get

or(r) _ D it Z?:o(rm)iﬂ(i —J) > i i(ra)’

Oa o (Sialred) e (Salra)

Hence

Or(r) O1(r) _ Y00y S5 (ra) )
Jor  Or (Z;:o (m)f)

(2.50)
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Moreover a%(F "(\*)) is obtained as

) ) o(ra) (2 — 24
2 1y - Tl Tholr2) )
(Zyorap)

Hence 2 (I"' (X)) I'(A\*) becomes

0 r (V)T = Zl 12] OZk 1(7“x)z+j+j: (e 2@7).

—(
o (Zotray)

(2.51)

In order to show g(A*) > 0 we are enough to show

P(z,r,n) ZZ ra) Il ZZZ ra) TR (2 — 2i5) > 0.

i=1 7=0 i=1 j=0 k=1

Note that we can represent P(z,7,n) as

P(xz,r,n) = Z cs(ra)s

in which c, is the appropriate coefficient of the term (rz)*~!. We show that P(z,r,n) >
0 by showing ¢, > 0, 2 < s < 3n. Consider the three intervals 2 < s < n,
n+1<s<2n, and 2n+1 < s < 3n. We need to show ¢, > 0 holds in each
of these intervals separately. Since the procedures of proofs for the three intervals
are similar we only show for 2 < s < n. For every s € {2,...,n} the coefficient of
the term (7’:1:)5_1 in 77 Y0 o(ra) g becomes Y77 i(s — i), while the coeffi-
cient of (rz)*~! in the second sum, » 37" 77 (>0 L (ra) FTE1(2 — 25) becomes

D1 e 1(i —2i(s — i —k)). Hence we get

S

Cs = Zi(s D i(ﬁ —2i(s —i—k)) = 0. (2.52)

i=1 k=1
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This is true because 7 i(s—i) = S0, S0 (2 —2i(s—i—k)) = Fs(s+1)(s+2).
Using the same procedure it can be checked that ¢, > 0 for other intervals as well.
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Appendix C

C1. Graphical Presentation of the Revenue Gap in Section

5.3

The following figure illustrates a schematic presentation of how the revenue gap is

computed through the steps 1-3 in Section 5.3 (Non-Poisson Arrivals).

F--—--—-r-—-———---2>

¢
’ The revenle gap /

R

Revenue Rate

D1,Dz(7‘Exp'H02)

7‘Exp

S NN

Advertisers' arrival rate ()

Figure 2.1: A schematic presentation of calculating the revenue gap when the adver-
tisers’ and the viewers’ interarrival processes are non-Poisson, and the price function
depends on the number of clicks X in which X is a random variable.

C2. Examples of Real Publishers Obtaining CPC By Dividing

CPM by CTR

In this section, we give two examples of real publishers that obtain the CPC price

by dividing the CPM price by the CTR.
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Theorem Creations The first example is from the leading web banner ad design
firm Theorem Creations. This well-known company specializes in rich media
online advertising across all media platforms including Flash, Animated GIF,
DART Motif, PointRoll, Eyeblaster, Yahoo Rich Media, Atlas, and other ban-
ner ad technologies. As depicted in the slide below, this company provides a
relatively full explanation of how to convert the CPM prices to the CPC prices
by dividing the CPM prices by the CTR. To see the company’s page visit:

http:/ /www.theoremcreations.com/ppc/cpm__ calculator.php .

tact Us - 1-800-277-2656 2
(" “CIERTTOGN™]

CPM Caloulator

'.-". theorem
Creations-

This tonl calculatas how mich you pay par
dlick based on CPM,

GPM (cost por thousand):  §  [100 =]

chek Through Rate (%) F|

Cost Per Click $ |05

Calculating CPM

CPM stands for Cost Per Thousand Impressions and is the industry wide unit used to set pricing for banner ads. If
the publisher charges £4.00 CPM, you will ba paying .4 cents avery time your banner ad is displayed on thair
webste regardiess of how many imes your banner ad 15 dicked on. To see what you will pay for each wstor to
your site, you would want to measure the Cost Per Click (CPC). If you get a 1% dick through rate (CTR), effectivaly
you will get 10 visiters to your sito for §4.00 or 0 conts por visitor,

The difference between CPC, CPM, and CPA

The most common method of determining price of a banner ad is in Cost per Thousand Impressions or CPM. For
every thousand times your banner ad is displayed, you will be charged » amount of dollars, regardless of how
many clicks you receive. CPC or Cost per Click advartising means you will pay 2 cartain price avery time your banner
ad 13 dicked on, regardiess of how many times it is displayed. CPA or Cost per Adbon is similar to & revenue share
model. In this farmat, you will not pay fer dicks or impressions; rather you will pay each time a cartain action i
compluted, such a5 & purchase completid. Each method has its pros and cons and each should be nvestigated
when starting a new online advertising campaign.

Google Crscunut

bl ] = theorem =

Anil Batra.com The other example (below slide) belongs to the website of a lead-
ing Search and Analytics Practitioner, which recommends the same heuristic

for converting the prices.

The page can be reached at: http://www.anilbatra. com/digitalmarketing /web-analytics-

jobs.asp.
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CPM Calculator

Totsl Cost of Campaign
Rumber of Impressions

CPM

Chcks

Bounce Rate %
cpC

ECPC

CTR

CPa
Action

cPa

Cal:unul Qnﬁml

=l

o
P
—

—
—
—
—

—
—

L

This tool allows you to Calculate Cost, Impressions, CPM, CPC or CPA of the advertising ba

Optional: Enter Number of Clicks below to calculate CPC and CTR and
enter the Bounce Rate o celculate ECPM

S

Optional: Enter Number of Actions/Success events below to calculate

Consulting |

ng b

Note: Enter the optional values (Clicks, action) at once if available before pressing 'Calculate’, Always pross ‘Start Over'
if you wish to add Optional data (Clicks, Action) after you have calculated the CPM.

Logking for @ consultant
to holp you with Wt
#nalytics or Behavioral
Targeting?
Gontact me at
batraonline®gmail .com
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Appendix D

D1. Direct Sales Channels

In Chapter 2, we focused on the CPC pricing scheme through advertising networks.
Cost per click pricing through ad networks captures around 25% of the whole online
advertising market (IAB 2009; Business Week 2009; Media Banker 2009). One of the
related problems, which can be explored is how CPC pricing policies can be affected
if a publisher sells the slots to the advertisers using its own direct sale’s channel

rather than using ad networks 2.

In this section, we do not intend to model the CPC pricing of the publishers
using direct sales channel in detail as it focuses on a different section of the market
and adds several layers of complexities, which make its analysis beyond the scope
of this chapter. In this section, we only consider a special case, where the publisher
deals with impatient advertisers only, and leave the more extensive analysis of this

extension for the future research.

In order to consider this extension, we assume the web publisher has only a single
page. We label the slots from 1 to n. The slots can be different from each other. We
define the type-i advertisers to be the advertisers interested in occupying the slot 7
(0 < i < n). Similarly, we consider the type-i viewers to be the visitors whose first
clicking-decision is to click is on the ad i. We let the type-i advertisers’ and viewers’
arrival rates be \;, and pu; respectively. We let the number of slots be equal to n.
Upon arrival at the publisher’s system if a type-i advertisers realize that the slot i is

unavailable, they consider slot j (j # i), instead, with the probability p;; = ay A;/\;,

2Note that the share of the CPC pricing though publishers’ direct sales’ channels is also about
25% of the whole market. That said, the two different section are approximately equally divided.
(TAB 2010; Business Week 2009; Media Banker 2009)
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with oy, < min{\;/\;} for all 0 <4, j < n. k is the number of ads in the publisher’s
system. The structure of p;; has been made for tractability. p;;’s structure implies
that if slot 7 is unavailable the advertisers are more likely to check more popular slots

first.

Similarly, upon arrival at the publisher’s system if a viewer faces with an empty
slot or a filler ad he considers the ad positioned in slot j with the probability p;; =
Yok M/ 1, where v, is a coefficient, which is related to the number of empty slots
with v, < min{p;/p,;} for all 0 <4, j < n. That is, if a viewer decides to consider
other ads in the system, he is more likely to consider and click on the more popular
ones. The following proposition gives the closed-form solution of the steady state

probability of the number of clicks left for each ad in the system.

Proposition 38 Let A\, and p,, be the type-k advertisers’ and viewers’ arrival rates

respectively. Then the general flow balance equation of the publisher’s system is:

<1 + V\Qo(kﬂ) Z ’uj + (1 + a‘g>0(k)‘) Z )\j ﬂ-(k) (253)
7€G>0(k) j€Go (k)
- Z Iu](l * ,ylg()(k)\{j}‘)ﬂ(k-’_eyr) * Z /\J<1 T Cl{\g>0(k)|*1)ﬂ—(k—acjeJT)7
J€(G>0(k)\Gx (k))UGo (k) §€G. (k)

where xy, is the number of clicks requested by the type-k advertiser. Furthermore,
the steady state probability of the number of clicks left to satisfy for each ad is ex-

pressed as

|G>0(k)|-1 |Go(k)|—1
Tk =17 (Hi:>10 (1+ al)) <Hi€g>o(k) Ai) <Hj:01 (1+ 7]')) <Hjego(k)'uj) )

(2.54)
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where 1 1s a positive coefficient, which is obtained as

x1 Tn -1
Goo(U)|—1 Go(U)|—1
n= (Z Y (HL:?O( (! +ai)> (Tieg..ou)\.) (HL‘zol( M +7j)> (Hjego(U)Nj)> :
'LL1:0 'un=0
(2.55)

D2. Random Display Ad Rotations

Another extension to the CPC model is its natural connection to the CPM system
in which multiple ads are displayed, one at a time, in the location of a single slot.
In order to consider this relation, we let the number of slots be merely equal to 1.
(An example of a system with a single slot is the free E-mail environment websites,
which often provide a single skyscraper ad slot on the right side or top of the page.)
This single slot is used to display up to n individual banner ads, one at a time. We
let advertisers arrive at the system with the stationary rate A\, and request their ads
to be shown to x unique viewers appearing to the system. We also let the viewers
arrive at the system with the stationary rate . Upon arrival at the system, the

viewer sees only one of the ads on hand with identical probability.

It is easy to notice that the abovementioned system, in essence, corresponds to
the CPC model that we considered in Chapter 2. Hence, all the results discussed in
Section 2.6 of Chapter 2 are applied here as well. For example, if the ads are given
different display weights, which is in fact more common in practice, the system’s
performance becomes almost the same as the CPC. By the same token, the results do
not change if the advertisers request randomly different clicks, or, even if their arrival
rates constantly change instead of being stationary. Nevertheless, with more slots
(unless there are no inflows among them), investigating the system’s characteristics

turns out to be excessively complex. Exploring this system is beyond the scope of
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this manuscript, and we leave it for future research.

D3. Slot Assignment Decisions Among Subsystems

D3.1. Slot Assignment Decisions Between Two CPC Subsystems

In Chapters 1 and 2, we focused on pricing of the display as one of the significant
problems that web publishers face. In those chapters, the number of slots in each
subsystem was considered fixed. One of the related problems is the capacity decisions.
That is, the publisher may know the prices of each subsystem and wishes to know
how to split the total capacity of each page (in terms of the possible number of
slots) into different subsystems. In this section, we consider briefly this issue using

a stylized model, and leave a deeper analysis of this issue for future research.

In order to start, we assume the publisher has only a single webpage. The page
contains S distinct subsystems, namely s = 1,2, ..., S. There are n slots in the page
on the whole. We assume that the slots can be assigned to any of the subsystems
with only little change in the size and shape. Each subsystem s contains ng slots,
which is the decision variable. Let A\, be the effective arrival rate of the advertisers
interested in posting their ads in subsystem s. Likewise, let 11, be the viewers’ arrival
rate whose first decision is to click on one of the slots in subsystem s. Each advertiser
interested in subsystem s requests x clicks on average. The price per click for each
ad in the subsystem s is assumed to be p,. The web publisher wishes to maximize
the page’s overall expected revenue rate given the best slot assignments the decision

variables ng, s = 1,2, ...,.5. Thus, the web publisher’s maximization problem can be

161



expressed as

S

. Max ) R(ny,....ng) = Y A1 =P (Ag, phy, T, 0) ) PsTs (2.56)
Ny,...,NNS s=1
s
st. dYong = mn,
s=1

where P%(\,, 11, s, ns) is the probability of having i advertisers in the subsystem s.
For convenience, we consider S = 2. That is, we assume that the page has only
two subsystems, namely, high price and low price. Then, the publisher’s objective
function can be expressed as

oy Awmpi (L= (rag)™) | Aewapa(1 — (reae)"™™)
N%X R(min) = (1 — (rymq)mtt) (1= (raap)n—mitt)

(2.57)

The subsequent proposition gives the conditions that determine the optimal policy

for the slot assignments between two subsystems.

Proposition 39 In an n-slot system with S = 2 independent subsystems the optimal

policy for slot assignments satisfies

/\1$1P1P71q71($17 ny —1) ]P%(f”?v n —nj) (2.58)
)\Ql'gpgpizil(wg,n —ni—1) — Pi(zy,n3) '

)\1351]?11@711; (51717 ”I) Pg(@, n—nj— 1) (2 59)
)\2x2p2p721;_2(3327 n—mni— 2) N ]P)(l)(xh ny + 1) ‘

(2.58) implies that at the optimal allocation level, the ratio of the first subsystem’s
lost sales with capacity (nf — 1) to the second subsystem’s lost sales with capacity
(n — nj — 1) is more than the ratio of the empty-state probability of the second
subsystem to the first, when one unit of capacity is added to each of the subsystems.

Likewise, inequality (2.59) implies that the ratio of the first subsystem’s lost sales to
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Figure 2.2: The optimal number of slots assigned to Subsystem 1. It can be observed
that the optimal number of slots allocated to a subsystem is non-monotonic in the
requested number of clicks.

the second subsystem’s lost sales with the respective capacities nj, and n — nj — 2

is less than the ratio of the empty-state probability of the second subsystem to the

first, when one unit of capacity is added to each of the subsystems.

As an illustrative example, we set the advertisers’ arrival rates for both sub-
systems equal to 1. We also set the viewers arrival rates for the subsystems to
1y = 1,000,000 and p, = 500,000 per time unit. Further, we consider the prices
p1 and py to be equal to $0.75 and $2 per every click respectively. The advertisers
for the subsystem 2 request x5 = 1,000, 000 clicks at all times. We vary the number
of slots in the system from 1 to 15. Figure (2.2) shows the optimal number of slots
assigned to subsystem 1 for different values of z;. From the figure, it is clear that the
optimal number of slots assigned to each subsystem is not monotone with respect to

the requested numbers of clicks for that subsystem.
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D3.2. Slot Assignments Between A CPC and A CPM Subsystems

Next, we consider the related problem of the optimal slot assignments between a
CPC and a CPM subsystems. Clearly, using (2.10), the publisher’s maximization

problem can be expressed as

Max R(ncpm ) — )\cpmxcpmpcpm

nePT 1 [pCPTM g pcpm | ] ene __cpm
Zj:O ( ! )rcpm \°P mcpcpcpc(l o (Tcpcl'CpC)n n

Yt (T (1 <>()>
2.60

where n™ is the number of slots assigned to the CPM subsystem. Although (2.60)
considers only one subsystem from each type, it is still very difficult to solve analyt-

ically. Hence, we restrict our focus on only an illustrative numerical analysis.

As in the previous section, we let the advertisers’ arrival rates at both subsystems
be equal to 1. We also let the viewers’ arrival rates for the two subsystems be
1y = 1,000,000, and gy, = 50,000 per time unit. Furthermore, we consider the
CPM price p®P™ = 0.05, and the CPC price p®° = 5. The number of impressions
requested for the CPM subsystem is on average x™ = 1,000, 000. Figure (2.3) shows
the optimal number of slots assigned to the CPC subsystem for different values of

requested clicks ¢,
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Figure 2.3: Optimal number of slots assigned to the CPC subsystem. It can be
observed that the optimal number of slots allocated to the CPC subsystem is non-
monotonic in the requested number of clicks.
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Appendix E

Proof of Propositions in Appendix D

Proof of Proposition 38 Let G.o(k) = {i|k; >0}, Go(k) = {i|k; =0} ,and
G.(k) = {i|k; = x;}, where z; is the number of clicks assigned to the banner lo-

cated in slot i. Let

el be an n tuple row vector with 1 in the ith position and zero elsewhere. Then

the state of the system can be written as

k= (ki ky, k) = Y kel + Y me] (2.61)

1€G>0(k)\Ga (k) i€Gx (k)

Hence all the flow balance equations of the system can be represented as the

following single general transition equation. That is,

"‘7‘9 ) Z i =+ Y. 0<k>\ Z A | Ty (2.62)

J€G>o0(k) jeGo(k

- Z #i(1 +7|go(k>\m\) (+eT) * Z A \g>o<k)|—1>ﬁ<k—fjef>'
J€(G>0(k)\Gx (K))UGo (k) 7€Ga (k)

In order to illustrate better, before the rest of the proof let us see some examples

for this.

Example 1 Ifk= (kl, Ta, 0, k?4) thenn = 4, g>0<k) = {]_, 2, 4}, g()(k) = {3}, g;,;(k) =

{2}, Goo(k)\Ga(k) = {1,4}, (G-0(k)\Ga(k))UGo (k) = {1, 2,4}, |G-0(k)| = 3, |Go(k)| =

166



1. Hence we get

[(1+4) Z py + (14 ag)Asfm (2.63)
j€G>o(k)
= Z ”j(l + 7 160t G} )W<k+e]T> A1+ aZ)ﬂ(kfwzezTY

J€(G>0(k)\Gz(k))UGo (k)

By expanding, we obtain

1 + ’71 Z lug 1 + 042))\3]77-@1,12,0,1%) = Z :u](l + /yl)ﬂ((kl,zz,o,k4)+e3.“) (264)

jef1.2.4) jef1,4)
+ Z MJJ,@ ((k1,2,0,k4) +eT)
JE{3} 1

+ )\3(]. + 062)71'

((k1,22,0,kq)—22(0,1,0,0))’

which is simplified to

1 + /71 Z i =+ 1 + 052))\3]71'(]61’12’0’164) - Ml(l + 71)77'(k1+1,x2,0,k4) (265)
je{1,2,4}

+ :u4(1 + 71)7T(k1,w2,07/€4+1)+

H3T (e w0,1,k0) T A3(1 + az)w(@,o,o,@)'

By expanding, we obtain

1 + 71 Z 'LLJ 1 + a2))\3] (kl 12,0 k4) Z 'uJ 1 + 7 ((kl,zg,o,k4)+ejT) (2'66)

je{1,2,4} Jje{1,4}

+ Z 'U'J\ 1 + 70), ((k1,29,0, k4)+eT)
JE{3} 1

+ A3(1 +a,)7

((k1,72,0,kq)—22(0,1,0,0)) 7
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which is simplified to

[(1+71) Z py+ (1 + aQ))\3:|7T(k1,x2,0,k4) = 1 (1 Y )Ty +1,22,0,k4) (2.67)
je{1,2,4}

+ :u4(1 + ’71)7T(/€1,332,0,/€4+1)

+ H3T (k1 w0,1,ka) T /\3(1 + 042)77'(]6170’0’}64).

Example 2 If in (2.62) we have G.¢(k) = {1,2,...,n}, and Go(k) = G, (k) = {}
then |G-o(k)| = n, |Go(k)| =0 ,and k = Z kiel (k; < ;). Therefore, we get

=1

n
= ( E kel J=1 ( E kjel +el)
i=1

Example 3 If Go(k) = {1,2,...,n}, and G-o(k) = G,(k) = {}, G=0(k)\G.(k) =
{}then |G-o(k)| = 0 and |Gy(k)| = n. Thus (2.62) is simplified to

n n
(Z )\j> T, =1+, ) Z T -
=1 () kel j=1 ’

Going back to the proof, consider the equation (2.62).In order to find a solution

for it, we present it the in following way:

Z (1+ 7\90(k>|)“j [77(10 - 7T<k+e]r)] (2.68)
7€G>0(k)\ Gz (k)
+ E |g (®)] :uj ) )\-(1 + Oélg>o(k)|—1)7r(k71je§”)] (2_69)
J€G k)
i Z ‘9>0<k>|)7r<“> — (14 7\90<k)\—1)ﬂ<k+ejr)] = 0. (2.70)
Jj€Go(k
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This is a vector difference equation, where does not have any standard way to
solve. In order to obtain the solution of this equation, we treat it like an identity
and make each of the disjoint sums (2.68), 2.69), and (2.70) equal to zero, and
obtain some results. Later we show that the obtained results, indeed, construct the

equation’s unique solution. From (2.68)-(2.70), we obtain respectively

7T(k) = 7r(k+eT); Vj S g>0(k)\ga:(k)> (2.71)
(U4 Y g 5o = ML+ T s Vi € GalK), (2.72)
/\](1 + alg>0(k)|)7r(k) = :uj(l + 7|g0(k)\_1)7r<k+eJT>; VJ € go(k> (273)

Now using the following two lemmas, we verify the solution.

Lemma 40 Let k = Z kel + Z z;el’ be the vector of the number of

i€G>0(k)\Ga (k) i€z (k)
clicks left in each slot. If the identities (2.68), (2.69), and (2.70) hold then the

following relation always holds.

|9>00)[-1

i€Gz (k) i=|G>0(k)|—[Gx (k)|

ﬂ-(k) - ﬂ—( E kel + E a;.eT) - |Gz (k)|+Go (k)| —1 g § : ’
155 15 H ,u H (1 + ,y) ( kieZT)
1665 0 (\Ga () 1667 (k) ool G 7 iegs0 (0N ()

(2.74)

Proof By (2.82) we have (1 + ’y\go(k)|)ﬂj7r(k) = \(1+ a|g>0(k)|71)7r(kizje?) for
Vj € G,(k). Hence we get
i _ A o ) ji € Gal(k)
( Z k’ie,LT"F Z IzeZT) /'le(l + ry‘go(k)‘) ( Z kie;r+ Z z’ie;’T)
€050\ Gz (k) €00 (k) €050\ G (k) i€ga (N1}
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Similarly, for any js € G,.(k)/{j1} C G.(k) we have

_ A (14 O‘\9>o<k>\—2)

7T( Z kiel+ Z zie]) B Mh(l + ’7|g0(k)‘+1) ( Z kel + Z zie;r)‘

€G>0 (K)\Gz (k) i€Gz (L1} €950 (K)\Ga (k) €00 (K\ 1,52}

Continuing with a similar way get

™
( E kiel'+ E ziel)

i€g>0(k)\gz(k) 1€Gz (k)
_ )\jl(l + Q\g>0(k)|—1) )‘jz (1 + a|g>0(k)\_1) )\j|gz(k)\ (1 - &\g>0(k)|—|gx(k)\) -
i (1+ 7|Qo(k)\) Fi, (1+ 7\@0(k)|> i gat (L+ 7|Qo(k>\+\gx<k>|—1) ( Z kiel)
i€95.0(k)\Ga (k)
[G50(k)|—1
IT A I1 (1+a,)
_J€Ga(k)  j=G50(k)|~|Gx (k)|
- |Gz (1) +1Go (k)| —1 ’
0o I (4a) (2 =
€2 (k) i=1Go (k)| 190G (19
which completes the proof. W
Lemma 41 Let k = Z kiel be the vector of the number of clicks left in
i€G>0(k)\Gz (k)
each slot. If all the identities (2.68), (2.69), and (2.70) hold then:
|950()| |Gz (k)| ~1
Ai I (d+a)
' . i=1
7r L . (2.75)
(D Iow I (1+7)
1€9>0(k)\Ga (k) i€Gx(k) =[G (k)|+|Gx (k)|
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Proof By (2.83) we have

] o (2.76)
( Z el ( Z el +el)
1€G50(k)\Ga (K) €050 )\Gx (K)\ {51}
A (1+a )
J k z(k ;
— I/L a _!g;‘)( A )\{];}l 7T on € G-o(k)\Gu (k).
i 190 ()UG () ( > °)
1€G0 (K)\Ga (K)\ {1 }

We note that |G-o(k)\G.(kK)\{j1}| = |G=0(k)| — |G.(k)| — 1, and |Go(k) U G, (k)| =
Go(k)| + (G (k)| -

In addition, with a an analogous argument we get

T = (2.77)
( el ( el +el)
i€950(k)\Ga (K)\ {71} €950 (k)\ga ()\{j1 N\ {2}

A (1+a
]2< + |g>0(k>\gz(k>\{j1}\{j2}\)

H, (1+ 7|go<k>ugz<k>\+1> ( E : )
€050\ G (0N (31 1\ (i}

J2 € Go0(K\Ge (K)\ {71},

where |Goo(k)\G:(K)\{j1}\{j2}] = |G>0(K)| — |Ga(k)| — 2. Combining the two

results above gives

7‘(’ pr—
( e
i€G5 0 (k)\Gz (k)

A, (14 g o016, (1) Az (1 + Oz\g>0(k)|flgz(k)\*2)ﬂ'

) jlaj? S g>0(k)\g$(k)
1 (U F Yig0001+10:001) M (LY g w0 vigaaore) ¢ > )

k3

i€G50)\Gz (k)\{j1,52}
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Keeping on this way we get

i =

( E el

1€G50 (k) \ Gz (k)
A, (14 g o011, 091-1) X2 (1 Q16,0012
i, (L Y60001416:091) o (1 Vg ivigaoren)
(1 + g0 ()] ~1G: (K|~ (G50 ()\G: (0)])

(1950 (0)\Gz (1))

o

| 1+ B
J(lgw(k)\gm(k)l)( V(Go (01 +1G: () [+150(1)\G ()| 1)

Furthermore, it is easily observed that
L+ QiG] -16. (0] +1050 )\ ()] = 1 + 0 = 1,
and

L+ VG0 (K)[+(G (K)[+]G5 0 (k)\Ga (k) -1 = L+

Hence the result follows and the lemma is proven. M

Going back to the proof, consider the equation (2.62).In order to find a solution

for it, we present it in the following way:

Z (1+ 7\go<k>|)“3' h(k) - W<k+eJT>] (2.78)
JEG>0(k)\Ge (k)
- Z + /y|g )l Iuj (k) - )\j(l + a|g>0(k)|*1)7r(kfzjer)] (279)
]egz J
* Z ‘g>0(k)|)ﬂ_(k) B ’uJ(l + V\QO(k)‘_l)W(kJre}*)] =0. (280)
Jj€Go(k

This is a vector difference equation, where does not have any standard way to

solve. In order to obtain the solution of this equation, we treat it like an identity
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and make each of the disjoint sums (2.78), 2.79), and (2.80) equal to zero, and
obtain some results. Later we show that the obtained results, indeed, construct the

equation’s unique solution. From (2.78)-(2.80) we obtain respectively

7T(k) = 7T(k+eT); \V/j S g>0(k)\gw(k)7 (281)
(1+ ,y\go(k)l)’ujﬂ-(k) = \(1+ O‘\g>0<k)|71)7r(k7mjejT>; Vi € G.(k), (2.82)
(1 + alg>0(k)|)7r(k) = (1 + 7|go(k)\_1>7(k+e§r); Vi € Go(k). (2.83)
By Lemma 40, we showed
|G5000)]-1

[T A Il 1+ )

i€Gz (k)  i=[G>0(k)|—|Gz (k)|

T, =T = T .
. ( E kiel + E ziel) |G () |+1Go ()| 1 Z o
R R e x AL e 1l (T+7,) (ieg 9\ (1) o
i€Gx (k) i=|Go (k)| >0tEe
However, from (2.81), we have
T =7 . (2.84)
( E k;el) ( E eT)
i€G50()\Ga (k) i€G50(k)\Ga (K)
Hence we get m as
|9>0(k)[-1

_i€Gx(k)  i=|G>0(k)|—|Ge (k)| T

k k;eT zeT |G (1) [ 4] Go ()| —1
C 2 e ) wmel) 1 I (+v) ¢ > )

1€G50(k)\gz (k) i€Gz (k) . . i
>0 1€G2 (k) i=1Go (k)| €9>009NG (1)

(2.85)

™
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Using Lemma 41, we get

|90 ()1 |90 ()| =G ()| -1
_ | €G=(k)  i=IG50(k)|=|Gx ()| i€G>0(k)\Gx (k) =t
e = 192 ()] +190 ()|~ 1 n1 Moy
o 11 (47) IT w [T @+)
1€Gs (k) i=|Go (k)| i€Gz(k)  i=[Go(k)|+[Gx (k)|
(2.86)
where after some manipulation becomes
|9>00) |1
I x I (+a)
i i=1
T, = €G>0(k) — ’ﬂ'(o) (287)

II w 1T (T+7)

i€G>o(k)  i=|Go (k)|

Hence 7, with the above relation is the solution of the system. Now if we take
WO—nHMzH 1+7,), (2.88)

then we get 7, as

[G>0(k)[-1 1Go (k)| -1
m=n J[ A H L+a) I w T @+ (2.89)
1€G>0(k) 1€Go (k) i=1

In order to obtain 7, knowing that Z T, = 1, we obtain

|50 (k)|—1

ny I A H L+a) I] & OH (1+7,)=1 (2.90)

k i€G-o(k) i€Go (k)
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Hence

—1
[0 (k)| -1 1Go (k)| -1

Z Z II » H (1+a,) Huz H . (2.91)

k1=0  k,=0icG~o(k) i€Go(k

Finally, the probability that there are ¢ advertisers in the system becomes

= 7 (2.92)

k
19>0(k)[=t

Proof of Proposition 39 Using the definition of R(ny;n) and after some simpli-

fication we reach to

2 n—mi 2

Rl Rty — P (L= R params) (1 )

(1 — (rymy)™ ) (1 = (ryx)"™) B (1= (rame)™ ™)(1 — (T2$2)n—n1+1>'
(2.93)

However, it is easy to see that

pr(riwe)™ py (1 — ryw)?

(1= (riwy)™) (1 = (ri)™)

= )\lxlplpm 1(%'1,711 - 1)]P%(5E17 n1)> (2'94)

and

Pa(ram2)™ ™ iy (1 — 1ro25)?
(1 = (raae)" ™)(1 — (rama)" ™)

= /\QQ:QpQIP’iS_l(xQ, n—ny — DP:(29,n — ny).

(2.95)

Hence from R(nq;n) — R(ny — 1;n) > 0 and the first condition follows. The

second condition is obtained with a similar procedure and the result follows. WM
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Chapter 3

Competition between Publishers

3.1 Introduction

The Internet has revolutionized the way companies do business. It has created op-
portunities for new businesses and made business processes more efficient. Many
companies are taking advantage of the Internet to reach out to more customers and
are allocating increasing portions of their marketing budgets towards online adver-
tising. Display advertising is a growing business with about $25 billion revenue in
2010. This revenue is expected to rise with a promising rate over the coming years

(McAfee et al. 2010).

Web publishers are often affected by intense competition that they need to con-
sider when planning their advertising operation. For instance, just recently Google,
the online search ad giant, has announced that it has decided to enter the online
display advertising business competition. As a result, the company has started a
vigorous advertising campaign, called Watch This Space, for its display advertising

platform (New York Times 2010).
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In this competitive environment one of the most challenging issues faced by web
publishers is how the publishers’ (display) pricing policies are affected when the
publishers are competing with other firms. Despite the vast amount of literature on
the subject of online advertising and in particular display advertising little work has
addressed competition among web publishers and the strategic pricing implications
for them. In this chapter, we fill this gap by providing a stylized extension of our

basic model in the first chapter incorporating competitive settings.

Currently, available models do not provide a formal method for addressing prob-
lems where web publishers determine the CPM prices for the websites affected by
the intense competition. In this chapter, we explore the interactions of two web
publishers in a competitive setting and provide various interesting insights about
their strategic behavior at equilibrium. First, we focus on steady-state equilibriums
(SSE), which tend to be significantly more general than equilibriums obtained merely
in a one-stage game. The reason for this is that by considering SSE, we study the
strategic behavior of the publishers in the limit when the game is played many times.
As a result, the players learn from the past and become more sophisticated decision

malkers.

In addition, as the SSE game is very difficult for analytical tractability, we con-
sider an alternative stylized model similar to SSE game. This is called infinitely re-
peated competition game of incomplete information on side between two publishers.
The incomplete information feature, where one publisher enjoys private information,
is not discussed in the SSE competition as it is intractable analytically. By private
information, we mean that the first publisher knows about the real advertisers’ ar-
rival rates into the competition setting. However, this information is private only to

the first publisher. The second publisher is unaware of this critical information and
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decides on its prices based on its observations from the two publishers’ past price
decisions. Note that the repeated incomplete information competition still tends
to be too challenging to analyze analytically. As a result, we limit our focus only
on zero-sum competitions, where the publishers’ payoffs always sum to zero at each
interaction stage. That is, a revenue gain for a publisher at one stage is the other

one’s lost opportunity cost.

The primary contributions of this chapter are:

1. We construct a modeling framework capturing the main trade-offs in the op-
erations of two web publishers interacting with each other in a competitive
environment. We consider the steady-state equilibrium competition as well as
the repeated competition game of incomplete information on one side. Both of
the competition models discussed in this chapter appear to be new compared

to the work in the literature.

2. In the steady-state equilibrium game between two publishers we demonstrate

the following observations:

e We observe that for two publishers competing in the same market, the
optimal managerial policy is to choose a mixture of cooperation and com-

petition rather than a pure competition.

e We observe that making larger contracts (with more impressions) with
advertisers, not only benefits the publisher but also its competitor. That
is, if a publisher offers larger contracts the revenue of both publishers

increase at equilibrium.

e We observe that competing with a publisher that has more slots on its

website, may be less profitable for the competitor. That is, an increase
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in the number of slots in a publisher’s system will lead its competitor’s
revenue to decrease. However, we note that the increase in the number
of slots has a non-obvious impact on the publisher’s own revenue, which
depends on the current number of slots on the website and the number
of slots added. For instance, if many slots are added both publishers’
revenues can decrease. We observe a similar behavior with respect to the

web traffic.

e An increase in a publisher’s marginal cost will cause both publishers’
prices to increase at equilibrium. However, the publisher whose cost has

increased loses revenues, while the other achieves more.

3. In the repeated competition game of incomplete information on one side with
show that the publisher possessing private information can always guarantee
a higher payoff for itself by misleading the other publisher through strategic
price manipulations during the history of the game. In addition, we show that
the competition always has an equilibrium. That is, the game always has a

value.

The remainder of this chapter is organized as follows: The next section provides
the relevant literature. Section 3.3 describes the model formulation and the results
for the SSE competition games. Section 3.4 discusses the model formulation and the
results for zero-sum repeated competition games of incomplete information on one

side and Section 3.5 concludes.
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3.2 Literature Review

There are two streams of literature related to our research. The first is the literature
on online advertising within the marketing area, which is quite extensive. Novak and
Hoffman (2000) provide an overview of advertising pricing schemes for the internet.
However, there is limited literature on analytical models for optimal pricing and
other decision making for a web publisher with an advertising operation. (For issues
faced by advertisers such as predicting audience for advertising campaigns see, e.g.,

Danaher (2007) and papers referenced therein.)

The second stream of literature is on management science. The online advertising
research within this area is limited and there are few works directly related to online

advertising pricing.

In some of the earlier work, Mangani (2003) compares the expected revenues from
the CPC and the CPM schemes using a simple deterministic model. At the same
time, Chickering and Heckerman (2003) develop a delivery system that maximizes the
CTR given inventory-management constraints in the form of advertisement quotas.
Both of these papers assume the prices are fixed. Unlike our work, none of these

works consider competition among web publishers.

There has been some recent literature on online search, the other section of the
online advertising market. Johnson et al. (2004) consider an empirical study to
examine the dynamics of online search behavior. In addition, Ghose and Yang (2009)
provide an empirical analysis of search engine advertising for the sponsored searches
on the internet. None of the results in these two papers can be extended to ours,
as they do not develop analytical models for the price decisions to be applicable in

a competition setting. Moreover, the nature of search advertising is fundamentally
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different from display advertising, as it is mainly based on using auctions that we do

not consider here.

Some researchers have focused on the relevant problem of pricing of goods and
services on the internet. Brynjolfsson and Smith (2000) and Clemons et al. (2002)
conduct empirical evaluations of price dispersions and price differentiations on the
internet. Bakos and Brynjolfsson (1999, 2000) study the optimal strategies of the
products bundling for a retailer selling products through the internet. Dewan et
al. (2000) and (2003) examine the problem of optimal product customization and
price strategy both in monopoly and in competition. Jain and Kannan (2002),
and Sandararajan (2004) analyzed the optimal pricing of information goods from
economics and a game theoretic standpoint. Although all of these papers consider a
variety of online pricing problems, none are applicable to our work, as the settings

in these papers are for quite different problems than websites competing together.

Some authors have considered the problem of a web publisher who not only
generates revenues from advertising but also from subscriptions. Baye and Morgan
(2000) develop a simple economic model of online advertising and subscription fees.
Prasad et al. (2003) model two offerings to viewers of a website: a lower fee with
more ads and a higher fee with fewer ads. Kumar and Sethi (2008) study the problem
of dynamically determining the subscription fee and the size of advertising space on
a website. They use optimal control theory to solve the problem and obtained the
optimal subscription fee and the optimal advertisement level over time. Unlike our
thesis, all these papers are focused on capacity management problems not price
decisions, and the price is assumed to be fixed. In addition, competition is not

considered in any of these papers.

Scheduling of ads on a website has also recently become a popular topic. Kumar et
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al. (2008) develop a model that determines how ads on a website should be scheduled
in a planning horizon to maximize revenue. They consider geometry and display
frequency as the two most important factors specifying the ads. Their problem
belongs to the class of NP-hard problems, and they develop a heuristic to solve it.

They also provided a good overview of other related papers on scheduling.

The game setting developed in this chapter to characterize the competing of web
publishers is new. There are few papers in the literature that consider competition
in online advertising. In fact, we could not find any paper that explicitly studies
this problem. However, we find more papers focusing on the issue of traditional
advertising. Erickson (1985) uses a dynamic model of advertising rivalry between
competitors in a duopoly and obtains analytical results for the case of pure market
share rivalry in a mature market. In addition, Erickson (1995) uses a dynamic
model of oligopolistic advertising competition, in which competitors are assumed to
make a series of single-period advertising decisions with salvage values attached to
achieved sales in each period. Espinosa and Mariel (1998) develop a dynamic model
of oligopolistic advertising competition. Their model examines predatory advertising
and informative advertising as particular cases. Using a differential game framework
and comparing the open-loop and feedback equilibria to the efficient outcome, they
find that for the informative advertising competition game, advertising levels are
closer to the collusive outcomes in a feedback equilibrium. In the case of predatory
advertising, expenditures are inefficiently high in a feedback equilibrium and the
open-loop solution is more efficient. None of these papers considers the impact of

competition on prices as decision variables.

Finally, as this chapter is still related to pricing and revenue management, we

end this section by a short review of related work in revenue management. For
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a comprehensive reference of the traditional revenue management models, we refer
the reader to the book by Talluri and van Ryzin (2004) (the book does not cover
the online setting). Savin et al. (2005) consider revenue management for rental
businesses with two customer classes. Although considering a different problem, they
have assumed uncertainty in the customers demand to their model, which has some
similarity to our model. Araman and Popescu (2009) also study revenue management
for traditional media, specifically broadcasting. Their model is concerned with how
to allocate limited advertising space between up-front contracts and the so-called
scatter market (i.e., a spot market) in order to maximize profits and meet contractual
commitments. Unlike our thesis, both of these papers are concerned with the capacity

decisions and price is not an issue of focus.

In the next section, we discuss about the main model.

3.3 The Steady-State Competition

Web publishers are often affected by intense competition that they need to consider
when planning their advertising operation. In this section, we extend our basic
model to incorporate competitive settings. For illustration purposes, we focus on
the case with two publishers (a duopoly) where each has one type of slots, i.e., each
website can be considered as a single webpage, which contains a single subsystem as
considered in Chapter 1. Advertisers wanting to post their ads arrive with rate A and
consider both publishers. We model their choice of a publisher based on a Binomial-
logit (BNL) model, which is widely used in the management science literature (see,

e.g., Talluri and van Ryzin (2004a, 2004b) and Vulcano and van Ryzin (2010)).!

! Another possibility would be to consider the inverse demand functions, instead of choice models,
to characterize the competitive setting (see, e.g., De Miguel and Adida 2010 or Goyal and Netessine
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Let p; and py denote the price per impression announced by Publishers 1 and
2, respectively. The two websites are differentiated by a set of attributes, e.g., the
price, the number of slots, and the number of impressions offered. The advertisers’
preference for these attributes could have them select a slot from the more expensive

website?.

The advertisers’ preference for the attributes is modeled by the coefficient vector
MT = (1/my,1/ma,1/m3) > 0 (see Anderson et al. (1992)), where each compo-
nent indicates the preference weight that advertisers give to each attribute. The
probability that an advertiser will choose Publisher ¢ can be expressed as

exp(—A} M)
exp(—ATM) + exp(— AT

wi(Af, A7) = (3.1)
where AT = (p;,n;, x;) is the attributes’ vector with AT (s), s = 1,2, 3, referring to

the price, number of slots, and number of impressions.

When m, tends to zero for a certain attribute A7 (s), s € {1,2,3}, the choice
probability in Equation (3.1) depends only on attribute A7 (s). Alternatively, when
my is very high, the advertisers become quite insensitive to attribute A7 (s). In the
same way, if for all attributes, m, tends to infinity, the advertisers become indifferent

towards the websites’ features and choose either website with an equal probability.

Advertisers arrive with rate A\ to consider both publishers. As soon as advertisers
have determined which publisher to approach based on the choice model described

in Equation (3.1), they check that publisher’s availability. If Publisher i’s website is

2007). Nevertheless, our initial exploration indicates that both approaches tend to yield equivalent
insights. In this section, we restrict our focus on the choice models, as used by Anderson (1992),
and leave the other approach for future research.

?Note that this setting is better suited for publishers serving advertisers that approach them
directly and are not willing to wait for display.
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fully occupied the arriving advertisers are rejected. We assume that each rejected
advertiser then chooses to approach Publisher j with probability «;; or leaves with
probability 1 — a;;. Let ¢; be the marginal cost and ©; be the fixed cost for Publisher

1. Then Publisher ¢’s equilibrium profit rate function is given by

max I1; = Xi(l P (T))(pZ —¢) — 0, (3.2)

pi
where )\ is the advertisers’ effective rate at Publisher i’s website.

When deriving Xi, we note that there are two streams of advertisers that approach

Publisher 7. The first stream consists of advertisers who have initially selected Pub-

lisher ¢, which we denote by W} := A, (AT, AT). Out of those S}; := Wi(1—P! (X))

have their ads displayed on Publisher i’s website, while the rest B}, := WP (Xz)

e g

are rejected. Then, I/Vé := «;; B}; of the rejected advertisers decide to approach Pub-

lisher j, and Bj; = WP}, (Xj) of those are again rejected by Publisher j. Therefore,

i n;

2 _ . pl
Wi = a; B,

. of them reconsider Publisher 4, while the rest leave. In short, W3 is

the fraction of the W} advertisers who had initially selected Publisher i, but have
undergone a complete rejection loop and have arrived at Publisher 7’s website for the

second time. Note that theoretically the same loop of procedures can be repeated

infinitely. Generally, in loop «, we have

S = W1 — P, (V) (3.3)

k—1

Wit = dai(Af AT (ayyslh, (VB (V)L k=12,

5

where S% is the fraction of the \ww;(AT, AT) advertisers who had selected Publisher

7 in the first loop and are eventually admitted into Publisher i’s system in loop k.
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As a result, the overall number of advertisers in the first stream can be obtained as

Z = i (AT, AD) (1 — P ( i (awaﬂP’ (B, (Xj))n1

AT A B ()
1 — agjo;P% (T)IP’%]()\])

(3.4)

The second stream of advertisers includes those who had initially chosen Publisher
7 but finally had to place their ads on Publisher i’s website. Based on a similar

argument it can be shown that

S = Wil =P, (\)), (3:5)

o I N
Wy = Xeo; (AT, AD)B, (V) (o, (VB (X)) k= 1,2,

5

where S% is the fraction of the Aw;(A], A7) advertisers who had first selected Pub-
lisher j, but made a contract with Publisher 7 in loop . Thus, the total number of

advertisers in the second stream is

= 3 55 = ey (AT ALJBL ()01 B (V) 3 (g, (082, ()

k=1

)\wJ(AlT,AT)PJ (W)(1— W’))‘ (3.6)
.

X )P, (% <‘j>

1-— OéijOéﬂ

Figure 3.1 illustrates the interaction of the publishers in loop . The following

proposition summarizes this result.?

Proposition 42 In a two publisher competitive setting, the effective advertisers’

3Note that here we consider the steady-state equilibrium (SSE), which tends to be different from
the equilibrium obtained through a one-stage game. Clearly, in the one shot game, the rejected
advertisers cannot approach the alternative publisher as this would require the game to be repeated.
Nevertheless, the SSE considers the behavior of the publishers in the limit when the game is played
infinite times.
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(1 - ;) B (1—a;;)B"

x L

;i B
%y > ‘ Wi
——> Publisher @ Publisher j le——
u‘j;”_;—}
(1 — ai )Py, (X )i B (1 — ai)BS, (X )i B

Figure 3.1: An illustrative presentation of the Publishers’ interaction in loop . From
the Wz’; = a;; B

¢ advertisers approaching Publisher j, (1 — aﬂ)IP’{Lj (N)av; B leave

the game while the rest O[ji]P)';Lj (Xj)aing consider approaching Publisher i as W/,
arrival rate at Publisher i’s website in equilibrium is 7(1 - P (T)) with N given by

MNewi(A], A7) + @, (AT, A)ayP) (V)
1-— O-/ijajip%i (T)]P)%J (X])

: (3.7)

where X is the rate at which advertisers consider both publishers and o; (o) is
the fraction of the rejected advertisers by Publisher i (Publisher j) who approach
Publisher j (Publisher i).

We note that Publisher 7’s profit is a function of P, (T) and p;. However, P!, (Xz)
is a function of Xi, which is again a function of PP, (XZ) and p;. Providing analytical
results for these complex relationships is beyond the scope of this chapter. Instead,
we provide a numerical analysis that reveals interesting insights about the strate-
gic behavior of the publishers. Table 1 shows the results of the impact of several
parameters on the optimal prices, the optimal profit rates, and other factors in the
competition at equilibrium. We found the results to be consistent throughout vari-

ous sets of parameter values that we considered. For illustration purposes, the choice
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Dependent variable

Indep. var.  p; Dj I1; I1; NN P P, L L
ij / / / / SN S N SN

z; / / / / N 7 S/

i N\ N\ ~ N\ 0NN N NN

p N\ N\ ~ N\ NN N N N N

Ci / / N\ / N SN SN S

Table 3.1: The effect of an increase in each of the indep. variables on the dep.
variables

model considered has price as a single attribute.

From Table 3.1 it can be seen that an increase in the fraction «;;, the proportion
of advertisers rejected by Publisher ¢ that approach Publisher j, leads to an increase
in both publishers’ profits. The reason for this behavior is that an increase in «;;
increases the advertisers’ arrival rate at Publisher j’s website. Publisher j responds
to this demand change by increasing its price. The increase in Publisher j’s price
will affect the advertisers’ choice decisions described by Equation (3.1) in favor of
Publisher 7. In order to respond to the consequent demand increase, Publisher 7 in-
creases its price, which leads to more advertisers choosing Publisher j. This feedback
cycle is repeated until the steady-state equilibrium is reached. It can be seen that at
equilibrium?, the prices as well as profits of both publishers increase. Furthermore, a
counter-intuitive observation is that although Publisher ¢ sends more advertisers to
Publisher j’s website, Publisher j’s website becomes emptier at the limit. In addi-
tion, the profit increase for both publishers suggests that the cooperation of Publisher
i with its competitor (e.g., by recommending Publisher j to its rejected advertisers)

not only benefits Publisher j but also Publisher i itself.

In addition, Table 3.1 indicates that an increase in the number of impressions for

Publisher 7 leads to an increase in both publishers’ prices. This is because the increase

4Given that the equlibrium exists for the game.
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makes Publisher i’s system more congested. Naturally, Publisher ¢ responds to this
issue by increasing its website’s price as observed in the monopolistic case. However,
Publisher i’s price increase will affect the advertisers’ choice decisions in favor of
Publisher j, which leads to an increase in its website’s demand. As a consequence,
Publisher j’s response would be to increase its price. The eventual outcome of
these interactions is that both the equilibrium prices and the profits increase. From
this observation, it can be inferred that larger contracts (in terms of number of
impressions) with advertisers, not only benefit the publisher offering them but also

its competitor.

Furthermore, we observe that increasing the number of slots on Publisher i’s
website has an interesting impact on its profit. When Publisher ¢ increases the
number of slots, it decreases its price to attract more advertisers, which leads to
fewer advertisers approaching Publisher j. To respond to its demand reduction,
Publisher j lowers its price, which results in profit loss. However, we note that the
increase in the number of slots has a non-obvious impact on Publisher i’s own profit,
which depends on the current number of slots on Publisher i’s website, and the
number of slots added. For instance, if many slots are added both publishers’ profits
can decrease. Generally, this observation suggests that competing with publishers
having many ad slots can be less profitable for the competitors as more slots may

not mean additional profit due to the subsequent price war between the publishers.

Similarly, we observe that an increase in Publisher i’s number of viewers (i.e.,
web traffic) has a non-obvious impact on its profit. This is because an increase
in the number of viewers for Publisher i, enables it to serve more advertisers. As
a result, the number of rejected advertisers who consider approaching Publisher j

would decrease. In response to the decreased demand, Publisher j reduces its price

189



leading to more advertisers choosing its website. In addition, the decrease in price
causes Publisher j’s profits to decline. To respond to the decrease in its demand,
Publisher ¢ reduces its price. This interaction continues until the game reaches an
equilibrium, where the publishers do not change prices anymore. We note that the
impact of the increased traffic on Publisher i’s own profit is non-obvious. Generally,
the profit function seems to be concave with respect to the viewers’ arrival rate. That
is, depending on the value of other decision factors, a slight increase in Publisher ¢’s
website traffic may increase its profit. However, a dramatic increase can lead to a
loss for both publishers. This observation suggests that in the competition setting
more web traffic may not mean more profit for a publisher. In addition, a substantial
traffic increase for one of the publishers may lead both publishers to lose profit as a

consequence of a price war.

Finally, as can be seen from the table, an increase in Publisher ¢’s marginal cost
will cause an increase in the equilibrium prices for both publishers with the difference
that Publisher ¢ loses profit, while at the same time Publisher j gains more. The
reason for this behavior is that in response to the increase in its cost, Publisher i
raises its price to be able to maintain its profitability. However, this price increase
causes more advertisers to choose Publisher j, leading it to increase its price and

improve its overall profit.

3.4 Repeated Competition of Incomplete Infor-

mation on One Side

Finding analytical results for the SSE game is quite difficult. As a result, in this

section, we consider an alternative game setting that, while similar to the SSE com-
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petition, is stylized enough to provide us with analytical results. In our analysis, we
limit our focus on two identical publishers and zero-sum competitions. In a zero-sum
competition if one publisher makes a profit by selling impressions to an advertiser,
the other publisher loses exactly the same amount of revenue as the lost opportunity
cost. As in the previous section there are two publishers, Publisher 1 and Publisher
2. Nature chooses a state A € A according to a commonly known probability on A,
and the first publisher, but not the second publisher, is informed about the nature’s
choice. After each stage of the game, both publishers are informed of each others’
actions. The game is repeated infinitely and the chosen state of A\ remains constant
throughout play. Although the chosen state A\, along with actions of players, deter-
mines the stage payoffs, during the play the second publisher learns nothing about

its correct payoff and how far its pricing decision is from being optimal.

This can be represented by an infinite game tree where nature takes the first
action of choosing A and afterward never takes a second action. The information set
of the second publisher is determined by the past behavior of both publishers and
the information set of the first publisher is determined by the past behavior of both

publishers and by choice of nature.

The Publishers Behavior Strategies In all states of nature, the first and
second publisher have the same finite countable sets of CPM prices to choose from
as their actions. The two price sets are denoted by P; and P, respectively’, and we
assume that |P;| and |Ps| are both at least two. A behavior strategy of Publisher
1 is an infinite sequence of P; = (a!,a?,...) such that for each [, o! is a mapping

from A x (P; x P2)'™! to A(Py), the publisher’s mixed strategy space (i.e., the set

®Note that unlike the previous section the prices are not continuous but the price sets are
assumed to be countable and finite. This assumption is necessary for tractability.
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of all probability distributions on the set P;). A behavior strategy for Publisher 2
is an infinite sequence Py = (', 47, ...) such that for each I, ' is a mapping from

(P x P2)'=t to A(Py), the set of all probability distributions on the set Ps.

The Publishers Payoff Functions Define the set of finite play-histories of
length [ to be H; := A x (P; x P,)!, and define H;' to be the subset {\} x (P; x Py)t.

For every h € H; with h = (A, pi, p3, ..., p}, pb) define

1< 1
gl<h) = 5 Z’]ﬁ(plfapg) and 92<h) = % Z’N?(p]fapg)a

k=1 k=1

where 7;(p¥, p§), i = 1,2, is the profit (i.e., payoff) of Publisher i at stage k when the
state of the nature is A € A and Publisher 1 has selected p} € P; and Publisher 2 has
chosen p& € P,. As the game is zero-sum, Publisher i’s profit is incurred on Publisher
j as a penalty or lost opportunity cost. That is at each stage, m1(p¥, p§) = 7(pk, p§) =
—7o(p¥, p5). Let gn(h) = (g1(h), g2(h)) be the vector of the average payoffs after n

stages of interactions. That is,

k)

where 7 = (7, m,). Next, we define the value of the game.

The Min-Max Function For every probability distribution Q = (¢*, ..., ¢/*!) €

A(A) we define the matrix A(Q) = >, ¢*A*, where A* is a |Pi| X |Pa| payoff

matriz of Publisher 1 when the state of the nature is A € *. We define the function

192



a*: A(A) - R by

Q) = in cA = mi A
Q8 TV i B QT

The function values a*(Q) represent the value of the game to Publisher 1 when both
publishers believe that Q is the probability distribution on the state of advertisers’
arrival rate into the competition setting. For the rest of analysis, we need to define

cav and vex of a function.

Concave and Convex For any real valued function f on a convex space C'
let cav(f) (respectively vex(f)) be the smallest concave function (largest convex
function) larger or equal to (smaller or equal to) the function f. Given a real valued
function f on C' let G be the graph of f, namely G; := {(z,y)|y = f(2)}. cav(f)
and vex(f) can be obtained in the following way: Let Uy := {(z,y)|y > f(x)}
and Ly := {(z,y)|y < f(z)}. For any set S in the convex space let C'o(S) be the
convex hull of S. cav(f(z)) can be defined with Co(Ly) and vex(f(x)) by Co(Uy),
with cav(f(2)) = sup{y| (z,) € Co(Ly)} and vea(f(x)) = inf{y| (z,5) € Co(Uy)}.
Furthermore, if C' is a subset of a finite dimensional Euclidean space then for any

x € C there will be a finite subset S C C' with some o € A(S) such that z =)

ass and cav(f(x)) = Y cq s f(s).

sES

The next proposition ensures that in the two publishers game, for any probability

distribution Q € A(A) Publisher 1 can guarantee gaining a payoff of cav(a*(Q)).

Proposition 43 For any probability Q € A(A) in the two publishers competition
Publisher 1 has a behavior strategy that guarantees a payoff of cav(a*(Q)) in the

competition where Q 1is the probability on the total advertisers’ arrival rates states
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determining nature’s choice.

Proof. As explained above for a point x = Q belonging to the set A(A) there
exists a finite subset S C A(A) with some a € A(S) such that Q = > ¢ ays
and cav(a*(Q)) = > ,cq asa*(s). Note that each point s refers to a value that
Publisher 1 reports to Publisher 2 in place of the true value of \. At the start of
each stage of the interactions Publisher 1 chooses a value s € S according to the
probability distribution a = (a; s € S). Once an s is chosen Publisher 1 reports
that value (falsely) as the value of A\ and plays according to strategy optimal in
the game A(s), which makes it gain a*(s) for that stage. In this way, using the

probability distribution ¢ at the beginning of each stage, Publisher 1 guarantees

itself cav(a*(Q)) = > cq @sa*(s). ®

For the rest of the analysis, we argue that cav(a*(Q)) is in fact the value of the
repeated competition between the two publishers. In order to consider this issue,

first we need to define the concept of Approachability.

Definition 44 A set C' is approachable for Publisher 1 with a behavior strateqy o if
for all € > 0 there exists an N such that for all behavior strategies T for Publisher 2
and n > N it follows that

By (d(C, gn)) <€,

where d is the Euclidean distance.

A set C' is excludable by Publisher 2 with a behavior strateqy T if there exists some
0 >0 and an N such that for all choices o of behavior strategies for Publisher 1 and
n>N

Eor (d(C, gn)) > 6.
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A set C' is approachable for Publisher 1 if there exists a behavior strategy o for
Publisher 1 such that C' is approachable for Publisher 1 with ¢. For any probability
distributions o € A(P;) and 7 € A(P,) define

Ro(pr) :+ = Co({ Z O (P1,p2) | p2 € Pa}), Vp2 € P,
p1€PL

Ri(pa) : =Co({ Y 7pr(p1,p2) | p1 € P1}), Vp1 € Pr.
p2€P2

The next proposition states an important result about approachability, which is

needed for the Publishers’ competition.

Theorem 45 (Blackwell 1956) Let C' be a closed and convex subset of R". C' is

approachable if and only if for all T € A(Ps) it holds that

C'N Ri(p2) # 0.

If C is not approachable then letting T be any choice A(Py) with C' N Ry(py) = 0
the set C' is excludable with a behavior strategy T for all histories of the Publishers

competition game.

Blackwell’s theorem is quite useful in its application in the following proposition.

Proposition 46 Let y € R™ be a (payoff) vector for Publisher 2 such that y.
Q >a*(Q) for all Q € A(A). Then the subset Cy = {v | v* < y* VA € A} is

approachable by Publisher 2.

Proof. According to Blackwell’s Theorem we need to show for any fixed mixed

strategy o € A(P;) of the one-stage game for Publisher 1 that Cy N Ry(0) # 0. This
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is equivalent to showing that there is a mixed strategy 7 € A(P;) such that for all

cAME<y*forall \EA. =

With ¢ € A(P;) fixed, we can construct a new zero-sum game played between
Publisher 2 and Nature. Nature chooses a probability Q € A(A) and Publisher 2
chooses a 7 € A(Py). If Publisher 2 chooses a price p; € P, and Nature chooses
the advertisers’ arrival rate A € A then the direct payoff for Publisher 2 is 3.
However, as Publisher 2 should pay UA’\e§72 to Nature, his overall payoff would be
y)‘—aA)‘eZ ,,where the unit vector ef, , implies that Publisher 2 selects the price p; with
probability one, while the rest are selected with zero probability. By y.Q >a*(Q)
for all Q € A(A) we know that for any choice Q € A(A) by Nature there is a price
p2 € Po such that y.Q > aA(Q)e]tD2 which means that the min-max value of the game
for Publisher 2 (between Publisher 2 and Nature) is at least zero. By the min-max
theorem there must be a 7 € A(Ps) such that for all A € A, y* —oc A ! > 0, meaning

that o ANt < g,

The next proposition summarizes the results obtained in this section.
Proposition 47 A zero-sum infinitely-repeated and undiscounted competition of in-
complete information on one side between two web publishers has a value and this

value is cav(a*(Q)), where Q € A(A) is the distribution on the advertisers’ arrival

rate, X\, into the competition setting governing Nature’s choice.

Proof. By Proposition 43 the min-max value is at least cav(a*(Q)). By Proposition

46 the min-max value is no more than cav(a*(Q)). =
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3.5 Conclusion

In this chapter, we considered the interactions of two web publishers in a competi-
tive setting and provided various interesting insights about their strategic behavior at
equilibrium. We first studied the steady-state equilibrium (SSE) game. As mentioned
earlier, the equilibriums obtained in steady-state games tend to be significantly more
general than the equilibriums obtained merely in single-stage games. The reason for
this is that by considering steady-state equilibriums, we study the strategic behavior
of the publishers in the limit when the game is repeated several times. Therefore,
the publishers learn from the past and become more sophisticated decision makers.
One of the insights derived from the SSE game is that when two publishers compete
in the same market, the optimal managerial policy for each of them is to choose a
mixture of cooperation and competition rather than a pure competition. Further-
more, our observations indicated that making larger contracts with advertisers (with
more impressions), not only benefits the publisher but also its competitor. That
is, if a publisher offers larger contracts the revenue of both publishers increase at

equilibrium.

Our examination of the SSE game also suggested that competing with a publisher
that has more slots on its website, may be less profitable for its competitor. That is,
an increase in the number of slots in a publisher’s system will lead its competitor’s
revenue to decrease. However, we note that the increase in the number of slots has
a non-obvious impact on the publisher’s own revenue, which depends on the current
number of slots on the website, and the number of slots added. For instance, if
many slots are added both publishers’ revenues can decrease. We observe a similar

behavior with respect to the web traffic.
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Although the SSE game is quite attractive to analyze, obtaining tractable results
for it appears to be overly difficult. As a result, we considered an alternative similar
game, namely, the zero-sum repeated competition of incomplete information on one
side between the two publishers. This game tends to be more stylized than the SSE in
some aspects. However, it is more general in some other. For instance, it deals with
quite general payoff functions. In addition, it provides interesting tractable analytical
results. We showed analytically that the publisher having private information about
the market can always guarantee a higher payoff for itself by adopting a partially
revealing strategy compared to be fully revealing or non-revealing. As a future
research, the model introduced for the publishers’ competition can be extended to
zero-sum repeated competition of incomplete information on both sides, where the
market is characterized by two pieces of information, each of which is private only to
one of the publishers. One can also examine the none-zero-sum repeated competition

of incomplete information on one (both) side(s).

198



Chapter 4

The Optimality Conditions for
Continuous Demand Distributions

With Independent Increments

4.1 Introduction

This section does not discuss about online advertising but is still related. The central
focus of this chapter is finding the optimality conditions for the customers (in on-
line advertising advertisers) demand process when the demand is not Poisson; rather
follows any continuous distribution. Modeling the correct demand distribution of
customers is of significant importance as the type of the demand process can con-
siderably impact the suggested policies. A check of real demand processes shows
that the customers’ demand process can be frequently non-Poisson for a variety of
reasons. For instance, one of the needed assumptions made in the Poisson process is

that the average of the demand is equal to its variance. Nevertheless, in reality this
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assumption does rarely hold.

In this chapter, we consider the optimality condition applied by Gallego and van
Ryzin (1994) to characterize Poisson demands with finite time horizon as well as
the optimality condition introduced by Araman and Caldentey (2009) for Poisson
demands with a stopping (or infinite) time horizon. We extend these two demand
optimality conditions from Poisson to any arbitrary continuous distribution with
mean A\t and variance o?t at time t. We consider both finite and stopping time
horizons for the demand. We show that in the both extensions an extra second order
term appears in the optimality condition. This extra term explains the adjustment,

which is needed when the demand is continuous.

4.2 Optimality Condition for a Finite Determin-

istic Time Horizon

Consider that the stochastic demand process X, follows an arbitrary continuous

distribution C' with mean \;(Xy, us, t)t, and variance o2( Xy, ug, t), i.e.,
Xy~ C()\t(Xta Ut)t, O't(Xtaut)\/Z),

where u; is the control variable!. Then, the total revenue gained through the demand

from the initial time ¢ = 0 to the terminal time ¢t = 7" is

J*(@, T) = sup By| /0 Fo(X, 1) dX), (@1)

ut

'For instance, at the simplest case where \;(u;) = u; we aim to control the average of demand.
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where fo(Xy,u;) is the seller’s revenue associated with the stochastic demand X,
0 <t <T. Clearly, X; can be re-expressed as X; = A\ (X, us)t + 04( Xy, ut))?t, where
)/(\'t is a new process with the mean scaled to zero and variance t. Thus, based on
Doob—Meyer’s decomposition theorem (e.g., see Protter 2005), the process dX; can

be uniquely expressed as

dX, = N(Xy,u)dt + o(Xy, up)d Xy, (4.2)

where the increment process d)?t has the mean 0 and variance dt. In order to show the
reason that the variance of the increment process d)/(\'t is equal to dt, i.e., var [d)/(\'t] =
dt, we assume that the process )?t has independent increments, i.e., cov(d)A(t, d)/fs) =
0 for any t # s. Next, we fix an arbitrarily fine partition {to, 1, ..., t,} of the interval
[0, T, say into n subintervals all of equal length At with At — 0, so that t; = to+iAt.
We shall call At the mesh of the subdivision. Furthermore, we note that d)?t =
A)?t = )A(HN — )?t with At — 0. Let us write v the common value of the variance
of the increment AX, = Xy, a; — X,. Thus, v = var[AX,] = B[(AX,)?] — (B[AX,])?

and hence since E[AX,] = 0, we have for all ¢

v =E[(AX,)?].

In addition, we recall that that the formula for the variance of the sum of two random

variables A and B when they are independent, namely

var(A+ B) = war(A)+var(B) + 2cov(A, B)

= war(A) + var(B),
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which means that the variance is additive. We thus have by the additivity of variance

over the independent increments that

UWKXT - )?0)] = ZUW[()A(T—iAt - )?Tf(iJrl)At)]
i=1

_ ZW[A)@] - ZE[(A@?J

= nv=vT/At.

If in the limit as At — 0, the limiting random variable )A(t is to have a finite variance
at t =T and t = 0, the limit of v7'/At¢ must be also finite. This conclusion, which
results from the independence of increments A)?ti and the requirement of finite
variance at each time, leads to the natural following standardization of the limiting
process. A straightforward verification shows that if

var(AX,)
At

lim — 1, as At — 0

then the process X, has finite variance under C' and also Uar()?t) = ¢ for any arbitrary

value of t. As a result var(dX,) = dt.

Next, we consider that a straightforward application of (4.2) to the optimal rev-

enue function (4.1) gives

foT Jo(X, ug) \e( Xy, ug)dt

J*(z,T) =supEx . R . (4.3)
ut +f0 fO(Xtaut)Ut(Xtaut)dXt)
Note that in the above formula, since dX, is a martingale with E[d)?t] = 0 and

fo( X4, up)oi( Xy, ug) is bounded, the term fOT fo( X, up)on (X, ut)d)?t) is a martingale

transform of the process )?t and hence is itself a martingale. Therefore its expected
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value is zero. That is,

EX[/O fO(Xtaut)Ut(Xtaut)dXt)] = 0. (4.4)

Hence, the revenue function can be re-expressed as

J*(x,T) =supEy [/0 Jo (X4, ) N ( Xy, ug)dt], (4.5)

where = = Xj. Our goal is now to derive the optimality conditions from (4.5). First
of all, from (4.5), we establish that

At
X )M (X, )t
T (2, T) = supByx | °° foXe, 1) e Xe, ) . (4.6)

" +fATt Jo( X, w) M (X, ug)dt

The essential observation is that, using the Mean Value Theorem, the expected value

Ex [fOAt Jo( X, ug, ) Ae( Xy, ug, t)dt] can be expressed as

At

Ex| i Fo( X, ug) M( Xy, ug)dt] = folx, u) Nz, u) At 4 01 (At), (4.7)

where u = u; is a control function defined for 0 < s < At, and the last term o (At)
is a function of At that has the property that o(At)/At — 0 as At — 0. Now, the

crucial use of the law of repeated expectations (Tower property) gives

J*(x,T) = sup fol@ WMz, WA+ : (4.8)

“ \ BxByacl[x, fo(Xe w)\(Xy, up)dt] + o1 (At)

In addition, an easy application of (4.7), and the change of variable 6, = t — At to
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the second term EX,At[fATt Jo (X, ue) N ( Xy, ug)dt] gives

T—At
EX,At[/ fo (Xe—f—At» U9+At))\9+At (% U9+At)d9t]
0

= J(Xa, T — At) = J(z — AX, T — Ab). (4.9)

The key observation in obtaining the second equality is noting that Xa; = Xo—AX =

x — AX . Thus, the optimality condition reduces to
J(x,T) = Ex[fo(z,u")A\(z,u")At + J*(x — AX, T — At) + 01 (At)], (4.10)

where u* belongs to the optimal control trajectory. Now, by applying the two di-
mensional Taylor’s expansion to J*(z — AX,T — At) and replacing in (4.10), we
find

F(e.T) = Bx fo(z, u )Nz, u*) At + 01 (At) + J*(z,T)— | (411)

JHAt — JPAX — LTI (AX)? + 0a(AY)

Denoting o1 (At) + 02(At) by o(At), we are now ready to invoke (4.2) in order to

simplify (4.11) as

2, )AL — JEAL — TNz, u) At — JYAX
0—my | ) ’ ( )A L (412)
— L7 (N, w) At + o(z,u*) AX)? + o( At)

Note that an essential observation is that E[(AX)2] = var[AX] = At, which reduces

(4.12) to

x

0= folz,u*)At — JHAt — J* N, u*) At — %J*”J2(x, u*)At + o(At). (4.13)
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Finally, dividing both sides of (4.13) by At and passing to the limit as At — 07

gives optimality condition as follows:

/ 1 1"
I3 = folz,u*) — JF Ma,u*) — 5‘]; o?(z,u").

4.3 Optimality Condition for a Stopping Time

In this section, we examine an extended version of the optimality condition considered
by Gallego and van Ryzin (1994), which was applied by Araman and Caldentey
(2009) for characterizing Poisson demands when the time horizon is a stopping time?.
In order to start, we consider the modified revenue function introduced by Araman

and Caldentey (2009) as follows

J(x) = SupEX,T[/ e " fo(Xy, up)dt + e " R. (4.14)
wug,0 0

dXt = )\t(Xt,Ut)dt + Ut(Xt,Ut)d)?t

To(x) = inf{t >0:X; =0}

In the above formula x = X is the realization of the initial demand’s value at time
t = 0. In addition, 7 = 74(Xy) = 7¢(x) is the stopping time by reference to the
underlying stochastic demand process X; reaching a prescribed level 6, which is to
be chosen optimally. We suppose that Xy = = # 6. r is the discount factor, and

R is the salvage value received by the seller at the stopping time 74(x). With an

2Note that considering an infinite time horizon follows the same lines of proof with the stopping
time horizon and leads to the same optimality condition.
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argument similar to the one used in the previous section, we find that

A A
J*(z) =supEx , fol@, u)at + or(A%) : (4.15)

ut,0 + fATt €_th0(Xt7 Ut)dt + e "R
To obtain (4.15), we used the Mean Value Theorem as stated in (4.7). Now, an easy
change of variable h =t — At gives

fo(z,u)At + 01 (At)

J*(z) = sup N . (4.16)
ut9 +EX,T[IOT7 ef(thAt)rfo(XhJFAt, Uptat)dh + e R)

Setting 7 R At, X, £ Xniae, Up £ Upiae, and using the law of repeated

expectations (Tower property), we find that

(@) fo(z,u*)At + 01 (At) (4.17)
x) = , .
‘l‘@iTAtEX’TEy’F[fOT €7hrf0 (Yha ﬂh)dh + eirT*R]

where u* is the optimal control trajectory and 7* = inf{t > 0 : X; = 6"} is the
stopping time when the stochastic demand process X; reaches the prescribed optimal

level #*. Furthermore, it is easy to observe that
J*(Xar) = B4 / e fo(Kn, ) dh + ¢ R).
0

Thus, replacing in (4.17) gives

J*(x) = folz,u*) At + 01 (At) + e MEx [ (X ar)] (4.18)
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The essential observation in (4.18) is that

Xar = Xo—AX =2 — AX, (4.19)
T(Xar) = 7(x) — At =T, (4.20)
e A = 1 —rAt + 0y(Al). (4.21)

Applying (4.19)-(4.21) in (4.18), we find
J*(z) = folx,u")At + 01 (At) + (1 — rAt + 02(AL))Ex . [J*(x — AX)].

A straightforward application of one dimensional Taylor’s expansion and summariz-

ing the sum of all error terms as the single term o(At) gives

() = fo(z, u*)At + o(At)
(1 —rA)Ex [T (x) — J"(2)AX + L] (2) (AX)?]

Noticing that E[AX] = A(x, u)At and var[AX]| = o?(z,u)At, J*(x) reduces to

() = J*(@) + folz, u*) At — J*(v)rAt—
J ()N, u) At + %J*” (x)o?(x,u) At + o At)

Finally, dividing both sides by At and passing to the limit as At — 07 we obtain

the optimality condition as follows

0= folw,u™) — J*(@)r — J*(2)\ () + %J*"(:c)a2(a:, w).
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4.4 Conclusion

In this chapter, we extended the optimality condition used by Gallego and van Ryzin
(1994) to characterize Poisson demands with finite time horizon and also the opti-
mality condition used by Araman and Caldentey (2009) for Poisson demands with
a stopping (or infinite) time horizon to any arbitrary continuous distribution with
mean M\t and variance o?t at time t. As observed, in the both extensions, an extra
second order term appears in the optimality condition, which is a function of the
demand’s variance. This extra term explains the “adjustment” needed when the

demand process becomes continuous.
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