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Recently, the steady states of non-unitary free
fermion dynamics are found to exhibit novel
critical phases with power-law squared corre-
lations and a logarithmic subsystem entangle-
ment. In this work, we theoretically under-
stand the underlying physics by constructing
solvable static/Brownian quadratic Sachdev-Ye-
Kitaev chains with non-Hermitian dynamics. We
find the action of the replicated system generally
shows (one or infinite copies of) O(2) × O(2)
symmetries, which is broken to O(2) by the
saddle-point solution. This leads to an emergent
conformal field theory of the Goldstone modes.
We derive the effective action and obtain the uni-
versal critical behaviors of squared correlators.
Furthermore, the entanglement entropy of a sub-
system A with length LA corresponds to the
energy of the half-vortex pair S ∼ ρs log LA,
where ρs is the total stiffness of the Goldstone
modes. We also discuss special limits with more
than one branch of Goldstone modes and com-
ment on interaction effects.

1 Introduction
Under unitary evolution, local quantum information
of a generic closed many-body system goes through
the process of scrambling and disperses into the en-
tire system. It has long been known that such a pro-
cess is closely related to thermalization, in which
the entanglement entropy of a small subsystem ap-
proaches thermal entropy with volume law scaling
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[1, 2]. Ever since then, systems that evade quantum
thermalization have been of special interest. Several
mechanisms have been proposed in an effort to real-
ize such systems, including many-body localization
[3, 4], prethermalization [5, 6], and non-unitary evo-
lution.

Among these mechanisms, the non-unitary evolu-
tion is especially natural since all experimental sys-
tems are inevitably open [7]. In a unitary dynamics
under repeated measurement, if we follow the quan-
tum trajectories, the steady state is non-thermal and
can exhibit entanglement phase transition from a vol-
ume law phase to an area law phase [8–25]. The un-
derlying mechanism also applies to other non-unitary
dynamics that host exotic non-thermal phases [26–
32]. For instance, in free fermion non-unitary sys-
tems, it is shown that a stable critical phase exists,
in which the entanglement entropy is logarithmic in
the subsystem size and the correlation functions in
the spatial direction exhibit power-law decay [25, 33–
35]. While these results have been corroborated in
numerous numerical simulations, concrete solvable
models, in which the entanglement entropy and cor-
relation function can be determined analytically, are
still lacking and will prove valuable in the under-
standing of the intimate relation between quantum
thermalization and non-Hermiticity.

The Sachdev-Ye-Kitaevq (SYKq) models [36–38]
describe N randomly interacting Majorana fermions
with infinite-range q-fermion interactions. It is found
to be solvable in the large-N limit where the en-
tanglement entropy and its quench dynamics can
be studied [35, 39–46]. Based on the original
SYK model, different generalizations have been con-
structed. In particular, SYK chains (i.e. coupled
SYK dots) have been proposed to understand vari-
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Figure 1: (a). Schematics of the non-Hermitian SYK2
chains studied in the work. The total Hamiltonian is
given by H = HR−iHI and the interaction can be either
static or Brownian, (b/c). The path-integral contour
for the squared correlator F1/F2. Here the triangles
represent the contraction with the initial state |ψ0〉. The
crosses represent the insertion of Majorana operators.

ous dynamical problems in 1D [47–53]. In [54, 55],
the authors further consider introducing the tempo-
ral randomness into the SYK model, where the static
random interaction terms are replaced by Markovian
random interactions. This is known as the Brown-
ian SYK model, which is an analogy of the Brownian
circuit models [55–61].

In this work, combining ideas of non-Hermiticity
and the SYK models, we construct a set of concrete
non-Hermitian SYK2 chains. We derive the dynam-
ical properties of the steady states in the large-N
limit. By analyzing the saddle-point equation, we ex-
plicitly show that for generic values of the coupling
parameters, the replicated system exhibits a replica
conformal symmetry due to the existence of Gold-
stone modes [62]. We demonstrate that the Goldstone
modes can be probed by the squared correlator, which
features the universal critical scaling. We then ar-
gue that the entanglement entropy for a subsystem A
with length LA corresponds to the energy of a half-
vortex pair [25], given by S ∼ ρs logLA, where ρs is
the stiffness of the Goldstone mode [63, 64]. We fi-
nally comment that when the interaction is added, the
Goldstone mode acquires a mass, leading to volume-
law scaling in the entanglement entropy, which can
again be understood from a domain wall picture.

2 Model and setup
We consider the non-Hermitian SYK2 chain with a
Hamiltonian written in terms of

HR =
∑
x,ij

[
iJx,x+1
ij χixχ

j
x+1 + iJ̃xijχ

i
xχ

j
x/2

]
,

HI =
∑
x,ij

[
iV x,x+1
ij χixχ

j
x+1 + iṼ x

ijχ
i
xχ

j
x/2

]
.

(1)

Here i = 1, 2...N labels the Majorana modes on each
site. The total Hamiltonian for the chain reads H =
HR− iHI . Random hopping parameters Jx,x+1

ij , J̃xij ,
V x,x+1
ij , Ṽ x

ij are independent Gaussian variables with
zero expectation values. We first focus on the case of
static correlations and take their variances as

(Jx,x+1
ij )2 = J2

1/2N, (J̃xij)2 = J2
0/N,

(V x,x+1
ij )2 = V 2

1 /2N, (Ṽ x
ij )2 = V 2

0 /N.
(2)

The case of Brownian correlations will be considered
in the Appendix C.

We aim to understand the steady states under the
non-Hermitian dynamics. We consider preparing the
system in some initial state |ψ0〉. For a given disorder
configuration, at time T , the system is in the state

|ψ(T )〉 = e−iHT |ψ0〉/
√
〈ψ0| eiH†T e−iHT |ψ0〉.

(3)
We are interested in understanding the emergence of
the criticality in the non-unitary dynamics [35, 65].
A natural object to study is the Keldysh equal-time
two-point function

〈
χixχ

j
0

〉
≡ 〈ψ0| eiH

†T e−iHT/2χixχ
j
0e
−iHT/2 |ψ0〉

〈ψ0| eiH†T e−iHT |ψ0〉

evaluated on the steady state with T →∞. However,
in random systems, the disorder averaged correlator〈
χixχ

j
0

〉
vanishes, and we should instead consider the

disorder averaged squared correlators. We define two
types of squared correlators as

F1 =
∑
ij

〈
χixχ

j
0

〉2
/N, F2 =

∑
ij

∣∣∣〈χixχj0〉∣∣∣2/N.
These correlators measure the fluctuation of two-
point functions over disorder realizations.

The computation of the correlation functions for
disordered quantum systems generally requires the
introduction of additional disorder replicas. How-
ever, for the SYK-like models in the large-N limit,
the saddle point solution is diagonal in the disorder
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replicas [37, 66, 67]. Consequently, F1 and F2 can be
represented as four-point functions on the replicated
partition function in a single disorder replica:

Z2 = (〈ψ0| eiH†T e−iHT |ψ0〉)2. (4)

In the path-integral formulation of F1,2, there are
four branches of the evolution contour, as shown in
FIG. 1 (b-c). We label these four branches by 1-
4 where the evolution is forward on 1, 3 and back-
ward on 2, 4. Following the standard SYK derivation,
the system is described by a bilocal G-Σ action (see
Appendix A), which can then be treated within the
saddle-point approximation. The effective action that
governs the fluctuations around the saddle point can
be subsequently derived, which allows to determine
the squared correlators analytically. Moreover, the
entanglement calculation can be viewed as introduc-
ing defects on the boundary of the contour at time T .
They excite the fluctuations with an energy increase
equal to the entanglement entropy.

3 Saddle point and symmetry

We begin with analyzing the saddle-point equation.
From now on, we keep the Majorana index i implic-
itly. For SYK-like models, the saddle-point equation
is equivalent to the Schwinger-Dyson equation for
Gabx (t, t′) ≡

〈
χax(t)χbx(t′)

〉
with a, b ∈ {1, 2, 3, 4}

labeling Majorana fields on different branches of the
contour. Viewing G as a matrix in both branch and
time space, we have[

(−1)a+1δac∂t − Σac
x

]
◦Gcbx = Iab. (5)

For our static model, the self-energy Σac
x reads

Σab
x =(V 2

1 − (−1)a+bJ2
1 )
Gabx+1 +Gabx−1

2
+ (V 2

0 − (−1)a+bJ2
0 )Gabx ,

(6)

this equation contains large symmetries which are
rotations between the 1, 3 or 2, 4 branches. To
see this, we define the Fourier transformation as
Gabx (ω1, ω2) ≡

∫
dtdt′ ei(ω1t+ω2t′)Gabx (t, t′). The

Schwinger-Dyson equation is then invariant un-
der G(ω1, ω2) → O(ω1)G(ω1, ω2)OT (−ω2), with
O(ω) = exp(−γ13θ

ω
13 − γ24θ

ω
24), here (γcd)ab =

δacδbd − δbcδad is a 4 × 4 matrix in the branch
space. Consequently, there are infinite copies of the
O(2) × O(2) symmetry, labeled by the frequency ω.

Similar symmetry appears when computing the spec-
tral form factor [68]. We note that there is an ad-
ditional time-reversal symmetry under t → −t and
Gab(t, t′)→ (−1)a+bG5−a,5−b(−t,−t′) [69].

Now we present the solution of the saddle-point
equation away from the boundary t = 0 or t = T .
Assuming sufficiently large T , such that the system
reaches the steady state and the Green’s function be-
comes translationally invariant in both space and time
directions Gabx (t, t′) = Gabs (t − t′) [70]. Since the
branches 1, 2 decouple from the branches 3, 4, we ex-
pect Gabs to be block diagonal with G13

s = G14
s =

G23
s = G24

s = 0 and Gabs = Ga+2,b+2
s for a, b ∈

{1, 2} [71]. In the low-energy limit |ω| < 2J2
√
J2+V 2 ,

Gs(ω) reads

G11
s (ω) = iω

2J2 ,

G12
s (ω) = − 1

2J2

√
4J4

J2 + V 2 − ω
2,

(7)

together with G22
s (t) = −G11

s (t) and G21
s (t) =

−G12
s (t). Here we have defined J2 ≡ J2

0 + J2
1 ,

V 2 ≡ V 2
0 + V 2

1 . For |ω| > 2J2
√
J2+V 2 , we instead

have

G11
s (ω) = i

ω

(
1−

√
1− 4(J2−V 2)

ω2

)
2(J2 − V 2) ,

G12
s (ω) = 0.

(8)

For each frequency |ω| < 2J2
√
J2+V 2 , the solu-

tions (7) break the O(2) × O(2) symmetry but pre-
serve the time-reversal symmetry. The solutions
are only invariant under the symmetry transforma-
tion when θ13 = θ24. We denote the residue sym-
metry group by O(2)+, where the subscript repre-
sents the generator is γ13 + γ24. The Goldstone
mode lives in the coset space O(2) × O(2)/O(2)+
space and is given by [Gs, γ13 − γ24]. In terms
of the original bilocal fields, they correspond to
δG14

k=0(ω,−ω) = δG23
k=0(ω,−ω). Here we have de-

fined the fluctuation of G fields as δGabk (ω1, ω2) ≡∑
x e−ikxδGabx (ω1, ω2). This suggests there should

be a line of Goldstone modes labeled by frequency
ω. Similar physics has also been observed in [25],
where only a single O(2)×O(2) group exists [72].

Special limits exist in which the symmetry of the
model is enlarged from O(2) × O(2). As explained
in the Appendix D, when J1 = V0 = 0 or J0 =
V1 = 0, rotations between 14 or 23 branches are also
allowed, which leads to additional Goldstone modes
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at δG13 and δG14. The detailed analysis also shows
the mode is near k = π. However, as we will see
later, such modes are not excited when considering
a finite subsystem A, and thus does not contribute to
the entanglement entropy. Nevertheless, as will be
explained below, these modes can be probed by the
squared correlators.

4 Effective action and squared correla-
tors

We now consider fluctuations around the saddle-point
solution (7). The effective action for fluctuations is
given by expanding the G-Σ action around the low-
energy saddle-point solution (7). Since we are in-
terested on the low-energy limit, we focus on fluc-
tuations involving two replicas {δG13, δG14, δG23,
δG24}. These modes decouple from single-replica
modes at the quadratic level. Using the permuta-
tion symmetry between two replicas, we combine
them into symmetric and anti-symmetric components
φ± = (φ1

±, φ
2
±) = 1√

2(δG13 ± δG24, δG14 ± δG23).
For general coupling parameters, only the symmetric
component φ+ is expected to be gapless due to the
existence of Goldstone mode.

We are interested in the long-range asymptotic be-
havior of correlators, which is determined by the ef-
fective action at small k and ω. Leaving details of
the expansion in Appendix B, we find that for the
static model the effective action of φ+(ω1, ω2) takes
the form:

− Ieff/N = 1
2

∫
ω1ω2k

φ+

 2V 2 i(J2+V 2)3/2

2J2 Ω
− i(J2+V 2)3/2

2J2 Ω −J2
1 +V 2

1
2 k2 + (J2+V 2)2Ω2

8J4

φ+.

(9)
Here we have defined Ω = ω1 + ω2. As we expect,
there is a line of Goldstone modes at Ω = 0 labeled
by ω = (ω1 − ω2)/2. Since the solution (7) is only
valid for |ωi| < 2J2

√
J2+V 2 , the effective action (9) is

only valid below this cutoff. The theory is a con-
formal field theory with dynamical exponent z = 1,
as observed in previous numerics for J0 = V1 = 0
[35]. It is also useful to reformulate the effective ac-
tion using the fields θω(Ω) in the coset space. Using
δG14 = δG23 = sin θω(Ω)G12

s (ω) ≈ θω(Ω)G12
s (ω)

and integrating out φ1
+, we find

Ieff

N
= 1

2

∫ (
J2

1 + V 2
1

J2 + V 2k
2 + J2 + V 2

4J2V 2 Ω2
)
|θω(Ω, k)|2.

(10)
The effective action can also be inferred directly

from the symmetry perspective: When Ω = k = 0,
the Goldstone modes δG14 cost zero energy while
δG13 is gapped. Moreover, under the time-reversal
symmetry, we have Ω → −Ω and φ+ → σzφ+,
which explains the off-diagonal terms that are linear
in frequency. Finally, one can add quadratic terms in
Ω and k allowed by symmetry, which leads to (9).
Consequently, we expect the form of the effective ac-
tion to be universal.

This leads to universal scaling for two-point func-
tions of φ+. In the language of the original fermions,
they just correspond to squared correlators F1 and F2.
Working out the Fourier transformation, we find the
general scaling form

F1 = −N 〈φ+φ+〉11
2 ∼

∫
eikx

Ω2

Ω2 + k2 ∼
1
x2 ,

F2 = N 〈φ+φ+〉22
2 ∼

∫
eikx

1
Ω2 + k2 ∼ log x.

(11)
Here we have omitted parameters that depend on the
details of the models. F2 takes the same form as the
correlation function of 2D massless bosons, while F1
acquires taking additional derivatives. The result
(11) is under the assumption of disorder replica di-
agonal saddle-point solutions and the large-N expan-
sion. Comparing to previous works, the scaling of F1
matches the result for the traditional squared correla-
tors evaluated on steady states at small N [8]. The
logrithmic divergence of F2 reflects the fact that the
coset field θω(Ω) has a scaling dimension which van-
ishes in the large-N limit: We consider computing
the two-point function of G12

s + iδG14 ∼ G12
s e

iθω
.

The result takes the form of x−2∆, where ∆ ∝ 1/N
is the scaling dimension of eiθ

ω
. Expanding in terms

of 1/N gives rise to the logrithmic behavior of F2.
The result of F1 may be modified if additional

Goldstone modes exist. Following a similar route,
when there is an additional Goldstone mode at G13

and G24 (at momentum π) for special limits, we in-
stead find F1 ∼ (−1)x log x in the large-N limit.

5 Entanglement entropy
We finally turn to the study of the second Rényi en-
tanglement entropy of |ψ(T )〉. We choose the sub-
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Figure 2: A sketch for the calculation of the second
Rényi entanglement entropy on the steady state. (a).
The path-integral contour for the purity calculation. (b).
The effective theory is an XY model on a half-infinite
plane, with twisted boundary condition on the boundary
t = T . The energy increase due to the creation of the
half-vortex pair is equal to S(2)

A (∞).

system A as first LA sites of the chain, and its re-
duced density matrix ρA(T ) = trB |ψ(T )〉 〈ψ(T )| is
obtained by tracing out the remaining part B. We
consider

trAρ2
A =

trA
(

trB e−iHT |ψ0〉 〈ψ0| eiH
†T
)2

(
〈ψ0| eiH†T e−iHT |ψ0〉

)2

≡ Z2(T,A)
Z2(T ) ,

(12)

and the second Rényi entropy is given by S(2)
A (T ) =

− log trA(ρA(T ))2. Again, by assuming replica diag-
onality in the disorder replica space [37, 66, 67], one
has

S
(2)
A (T ) ≈ logZ2(T,A)− logZ2(T, ∅). (13)

The calculation of entanglement entropy can be
mapped to the problem of computing the energy
of half-vortex pair that emerges due to the special
boundary conditions in the Rényi contour [25]. To
illustrate this, we consider the evolution time T to be
long enough and focus on the boundary at t = T . For
subsystem A, the twisted boundary conditions con-
nect branches 14 and 23 (see FIG. 2 (a)) which ex-
cites the Goldstone mode and effectively imposes a
θ = π/2 vortex on one boundary region of A and
a θ = −π/2 antivortex on the other. On the con-
trary, for subsystem B, the boundary condition fa-
vors θ = 0 according to previous analysis. Together

0.5 1.0 1.5
x

0.1

0.2

0.3

ρ
s

x = J1/V1

x = J1/V0

x = V1/J1

Figure 3: Numerical result for the stiffness ρs in the
static SYK2 chain. The coupling parameters not men-
tioned in the plots are set to zero. The analytical ex-
pressions (14) is plotted in dashed lines for comparison.

with the effective action (10), the problem maps to
(infinite copies of) 2D XY models on a half-infinite
plane with additional pinning fields creating half-
vortex/antivortex on the boundaries. A sketch for this
system is shown in FIG. 2 (b). The entanglement en-
tropy (13) is equal to the energy of this half-vortex-
antivortex pair with spatial separation LA, which is
known to be S(2)

A ∝ ρs logLA [63, 64]; such a critical
behavior is consistent with previous numerics [35].
Similarly, the mutual information is equal to (the ab-
solute value of) the interaction energy between two
half-vortex pairs, which scales with 1/d2 where d is
the distance between two subregions.

In the large-N limit, the XY model is at zero-
temperature and we can directly apply the mean-field
approximation. The stiffness (or the superfluid den-
sity) ρs is given by summing up contributions from
different ω, which gives

S
(2)
A ∝ ρs logLA ∝

J

V

√
J2

1 + V 2
1

J2 + V 2N logLA. (14)

Specifically, for large J1/V0 and J0 = V1 = 0 the
result J1/V0 logLA is consistent with the numerical
observation in [35]. We further perform numerical
simulation to verify that the scaling form (14) holds
in a large parameter region with finite J and V ; the
numerical result for the stiffness ρs is shown in Fig. 3
[73].

6 Connections to circuits at finite N

The non-unitary random dynamics of free fermion
models are also considered in [25, 33, 34] using
Gaussian fermionic circuits. In all these works, the
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steady states exhibit critical phases which have log-
arithmic entanglement entropy and are interpreted in
different approaches. In [33], authors propose a non-
linear master equation for squared correlators, which
predicts the 1/x2 scaling, consistent with the numer-
ics. In [25], authors argue the replicated random
fermionic circuits can be described by an effective
sine-Gordon theory. Different from our result, there
is only a single Goldstone mode when the system is in
the critical phase. This is due to the absence of energy
conservation, which couples fermion modes with dif-
ferent frequencies. Similar behavior can also be ob-
served if we consider the Brownian non-Hermitian
SYK2 chains, and we leave this discussion in the Ap-
pendix C.

7 Discussions

In this work, we study the non-unitary dynamics
of the SYK2 chains for both the static model and
the Brownian model. In the replicated space, ei-
ther system shows (copies) of the O(2)×O(2) sym-
metry, which is broken into O(2)+ by the saddle-
point solution. The system then obtains an emergent
replica conformal symmetry from the fluctuation of
Goldstone modes, leading to the universal scaling of
squared correlators. The entanglement entropy of a
subsystem A can be understood as the energy of a
half-vortex pair, which is logarithmic in the subsys-
tem size.

There are a lot of interesting extensions of this
work. Firstly, our derivations can be directly ap-
plied to the higher dimensional SYK2 lattices with
minor modifications. For 2D lattices, the result
is an XY model in 3D. Choosing subsystem A as
a circle with perimeter LA, the entanglement en-
tropy then corresponds to the energy of a half-vortex
ring, which is proportional to ρSLA logLA. Sec-
ondly, we can add interactions to our model. As
an example, consider adding a Brownian SYK4 in-
teraction ∆HR =

∑
ijkl,x g

x
ijkl(t)χixχjxχkxχlx. This

leads to an additional self-energy term −gδ(t −
t′)(−1)a+bGa,bx (t, t′)3, which breaks theO(2)×O(2)
symmetry explicitly. Consequently, the replicated
system becomes gapped, and there is no conformal
symmetry anymore. Furthermore, the entanglement
entropy corresponds to the energy of a domain wall
with length LA, instead of a vortex pair, leading to
the volume law. Finally, it is also interesting to con-
struct models with entanglement transitions. Such a
model exists if we introduce two copies of the SYK

chain and add non-Hermiticity on the fermion parity
operator between two copies. The system shows a
transition between a critical phase and an area law
phase when there is no interaction. After adding
interactions, the system shows a second-order tran-
sition between a volume-law phase to an area-law
phase. These results will be presented in a separate
paper [74].
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A The path-integral representation of the replicated system

As explained in the main text, we focus on the path-integral representation of the replicated system. The time
evolution of a density matrix ρ is

ρ(t) = e−iHtρeiH
†t, (15)

and it does not preserve the normalization. To evaluate ρ(t) using path integral, one needs two contours similar
to the Keldysh contour. Denoted by 1 and 2 for forward and backward evolution, the action on these two
contours schematically is

−I =
∫
dt

(1
2χ

a
x(−1)a∂tχax + (−1)a

(
Jx,x+1χaxχ

a
x+1 + Jxχaxχ

a
x

)
+ i

(
V x,x+1χaxχ

a
x+1 + V xχaxχ

a
x

))
,

(16)

where a = 1, 2 denotes two contours, and the superscript for Majorana species on each site is suppressed. After
introducing two replicas, we aim to compute

Z2 = (〈ψ0| eiH†T e−iHT |ψ0〉)2. (17)

This basically doubles the action on the Keldysh contour. Namely, it requires four contours denoted by 1, 2, 3,
4. The effective action on these four contours after integrating out disorder is

− I

N
=
∑
x

1
2Tr log

(
(−1)a+1δab∂t − Σab

x

)
+
∫
dtdt′

[
− 1

2Σab
x G

ab
x

+1
4[V 2

0 (Gabx )2 + V 2
1 G

ab
x G

ab
x+1]− (−1)a+b

4 [J2
0 (Gabx )2 + J2

1G
ab
x G

ab
x+1]

]
, (18)

where Gab and Σab are the bilocal fields with time arguments t and t′ omitted, which characterize the two point
function of Majarana fermions or the corresponding seld-energy at a and b contours. As a result, the saddle
point equation is

[G−1
x ]ab = (−1)a+1δab∂t − Σab

x , (19)

Σab
x = [V 2

0 − (−1)a+bJ2
0 ]Gabx + [V 2

1 − (−1)a+bJ2
1 ]
Gabx−1 +Gabx+1

2 . (20)

B The derivation of the effective action

The effective action is given by expanding the G − Σ action (18) or (30) around the saddle-point solution. In
this section, we give a detailed derivation for the effective actions.

B.1 The effective action of the static model

We consider the saddle point fluctuations,

Σx(ω1, ω2) = Σs(ω1)2πδ(ω1 + ω2) + δΣx(ω1, ω2). (21)

and similar for G, where we have used the convention Σ(t1, t2) =
∫ dω1

2π
dω2
2π Σ(ω1, ω2)e−iω1t1−iω2t2 for Fourier

transformation. The trace log term in (18) gives rise to [as the first line in (18) does not depend on lattice site,
we suppress lattice index x until we move on to evaluate the second line in (18)]

−1
4

∫
ω1,ω2

δΣab(ω1, ω2)Gdas (ω1)Gbcs (−ω2)δΣcd(−ω2,−ω1). (22)
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where we have defined
∫
ω ≡

∫ dω
2π for conciseness. We will be interested in the correlation between 1, 2 and

3, 4, so we focus on these correlation functions. Assuming the symmetry Σab(t1, t2) = −Σba(t2, t1), we can
bring the kernel into

∫
ω1,ω2

1
8J4 σ̂(ω1, ω2)


ω1ω2 −f(ω1)f(ω2) −iω1f(ω2) −iω2f(ω1)

−f(ω1)f(ω2) ω1ω2 −iω2f(ω1) −iω1f(ω2)
iω1f(ω2) iω2f(ω1) −ω1ω2 f(ω1)f(ω2)
iω2f(ω1) iω1f(ω2) f(ω1)f(ω2) −ω1ω2

 σ̂(−ω1,−ω2),

(23)

where we have defined σ̂ ≡ (δΣ13, δΣ24, δΣ14, δΣ23) and f(ω) ≡
√

4J4

J2+V 2 − ω2.
If one notices the coupling term−1

2
∫

ΣabGab in (18), then it is a straightforward task to integrate out σ̂ field,
and the resultant action reads∫

ω1,ω2

(J2 + V 2)2

8J4

×ĝk(ω1, ω2)


−ω1ω2 f(ω1)f(ω2) iω1f(ω2) iω2f(ω1)

f(ω1)f(ω2) −ω1ω2 iω2f(ω1) iω1f(ω2)
−iω1f(ω2) −iω2f(ω1) ω1ω2 −f(ω1)f(ω2)
−iω2f(ω1) −iω1f(ω2) −f(ω1)f(ω2) ω1ω2

 ĝ−k(−ω1,−ω2), (24)

where ĝk ≡ (δG13
k , δG

24
k , δG

14
k , δG

23
k ). We restore the lattice index by going to the momentum space using

gk ≡ 1√
L

∑
x gxe

−ikx with L the number of sites.
The second line in (18) is simple, and leads to

∫
ω1,ω2

1
2 ĝk(ω1, ω2)


V 2
k − J2

k 0 0 0
0 V 2

k − J2
k 0 0

0 0 V 2
k + J2

k 0
0 0 0 V 2

k + J2
k

 ĝ−k(−ω1,−ω2). (25)

So the effective action is given by the sum of (24) and (25).
The fields δG14 and δG23 are related to a Goldstone mode. More precisely, δG14 + δG23 is the Goldstone

mode, so they are gapless at zero frequency and momentum. Expanding the effetive action near zero frequency
and keeping the leading term, it reads

−Ieff

N
=

1
2

∫
ω1,ω2

φ̂+

 J2 − J2
k + V 2 + V 2

k −
(J2+V 2)2(ω1+ω2)2

8J4
i(J2+V 2)3/2

2J2 (ω1 + ω2)
−i(J2+V 2)3/2

2J2 (ω1 + ω2) −J2 + J2
k − V 2 + V 2

k + (J2+V 2)2(ω1+ω2)2

8J4

 φ̂+

+φ̂−

 −J2 − J2
k − V 2 + V 2

k + (J2+V 2)2(ω1−ω2)2

8J4
i(J2+V 2)3/2

2J2 (ω1 − ω2)
−i(J2+V 2)3/2

2J2 (ω1 − ω2) J2 + J2
k + V 2 + V 2

k −
(J2+V 2)2(ω1−ω2)2

8J4

 φ̂−, (26)

where we make the symmetrization and antisymmetrization of the fields φ̂± = 1√
2(δG13±δG24, δG14±δG23),

like the conventional Kelydsh rotation. And remember J2
k = J2

0 +J2
1 cos k, V 2

k = V 2
0 +V 2

1 cos k. Only keeping
the φ̂+ part and expand each element to the leading order in small k and ω, we get the effective action presented
in the main text.

B.2 Relation to the entanglement entropy

Here we explain the boundary condition for θ when computing the entanglement entropy. As discussed in the
main text, the entanglement entropy corresponds to

e−S
(2)
A = limT→∞trA

(
trB(e−iHT |ψ0〉〈ψ0|eiH

†T )trB(e−iHT |ψ0〉〈ψ0|eiH
†T )
)
. (27)

Accepted in Quantum 2021-10-27, click title to verify. Published under CC-BY 4.0. 12



In other words, for sites in the subsystem B, the boundary condition connects the forward and the backward
evolution in the same replica which favors G12 , 0 and G14 = 0, while for sites in the subsystem A, the
boundary condition connects the forward and the backward evolution in different replicas which favorsG12 = 0
and G14 , 0. This directly corresponds to the excitation of Goldstone modes. More explicitly, if we work out
the low-energy manifold

Gx(t) =


G11
s cos(θ)G12

s 0 sin(θ)G12
s

− cos(θ)G12
s −G11

s sin(θ)G12
s 0

0 − sin(θ)G12
s G11

s cos(θ)G12
s

− sin(θ)G12
s 0 − cos(θ)G12

s −G11
s

 . (28)

Then in B/A subsystem, the boundary condition favors θ = 0 or π/2. Computing the entropy corresponds to
the calculation of the energy of two half-vortexes with opposite charge.

C The Brownian non-Hermitian SYK2 chains
We can also generalize our SYK2 chain to the Brownian case. Now, we treat Jx,x+1

ij , J̃xij , V
x,x+1
ij , Ṽ x

ij as
time-dependent variables with

Jx,x+1
ij (t)Jx,x+1

ij (0) = J1
2N δ(t), J̃xij(t)J̃xij(0) = J0

N
δ(t),

V x,x+1
ij (t)V x,x+1

ij (0) = V1
2N δ(t), Ṽ x

ij (t)Ṽ x
ij (0) = V0

N
δ(t).

(29)

Since the Hamiltonian is time-dependent, and we keep the time-ordering in (15) and (17) implicit. Following
similar steps, the result reads

− I

N
=
∑
x

1
2Tr log

(
(−1)a+1δab∂t − Σab

x

)
+
∫
dtdt′

[
− 1

2Σab
x G

ab
x

+δ

4[V0(Gabx )2 + V1G
ab
x G

ab
x+1]− (−1)a+bδ

4 [J0(Gabx )2 + J1G
ab
x G

ab
x+1]

]
, (30)

Here we have ommited the time arguments for bilocal fields as in the static case. The main difference compared
to the static case is the appearance of the additional δ = δ(t1 − t2) due to the lack of correlation in the time
direction. This gives

[G−1
x ]ab = (−1)a+1δab∂t − Σab

x , (31)

Σab
x = δ[V0 − (−1)a+bJ0]Gabx + δ[V1 − (−1)a+bJ1]

Gabx−1 +Gabx+1
2 . (32)

Different from the static case, now there is only a single O(2)×O(2) symmetry, given by the transformation
G(t, t′)→ OG(t, t′)OT with O = exp(−c13θ13 − c24θ24). The saddle-point solution takes a simpler form

G11
s (ω) = iω

ω2 + Γ2/4 , G12
s (ω) = − Γ/2

ω2 + Γ2/4 . (33)

Here Γ = V +J = V0 +V1 +J0 +J1 is the quasi-particle decay rate. Similar to the static case, the saddle-point
solution also breaks the symmetry down to O(2)+, leading to a single Goldstone mode.

Now we consider saddle-point fluctuations,

Σ(t1, t2) = Σs(t1, t2) + δΣ(t1)δ(t12), G(t1, t2) = Gs(t1, t2) + δG(t1, t2). (34)

We first evaluate the Tr log term and then the interaction terms. Expanding the Tr log term into second order,
we arrive at

−1
4

∫
ω,Ω

Tr [Gs(ω + Ω)δΣ(Ω)Gs(ω)δΣ(−Ω)] = 1
2

∫
Ω
σT (Ω)Mσ(−Ω), (35)
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where
∫

Ω ≡
∫ dΩ

2π , and we have used the Fourier transform δΣ(Ω) =
∫
dtδΣ(t)eiΩt. In evaluating the kernel,

we have used the symmetry of bilocal field Σab(t1, t2) = −Σba(t2, t1), so there are four independent diagonal
fields and six independent off-diagonal fields. The full kernel implies that (a) off-diagonal fields decouple from
diagonal field and (b) four out of six independent off-diagonal fields have nontrivial interactions. We denote
these four nontrivial off-diagonal fields to be σ =

(
δΣ13, δΣ24, δΣ14, δΣ32)T , and the corresponding kernel

reads

M = Γ
2(Ω2 + Γ2)


−1 −1 −i i
−1 −1 −i i
i i 1 −1
−i −i −1 1

 . (36)

It is easy to check that the kernel has two zero modes, and we can make redefinition of the fields

ϕ(−Ω) = Uσ(−Ω), U = 1√
2


1 1 0 0
0 0 −1 1
−1 1 0 0
0 0 1 1

 , (37)

such that the last two fields are zero modes and the quadratic action for the first two fields are (we use ϕ to
denote the first two fields in the following)

1
2

∫
Ω
ϕT (Ω)MUϕ(−Ω), MU = UMU † =

(
− Γ

Ω2+Γ2
iΩ

Ω2+Γ2

− iΩ
Ω2+Γ2 − Γ

Ω2+Γ2

)
. (38)

Now we are ready to integrate out ϕ fields. For the two zero modes, because they couple linearly to δG fields
in the action (30), integrating them out leads to two constraints.

δG13(t, t) = δG24(t, t), δG14(t, t) = −δG32(t, t). (39)

For notational simplicity, we introduce another fields

φ1(Ω) =
√

2
∫
dt δG13(t, t)eiΩt, φ2(Ω) = −

√
2
∫
dt δG14(t, t)eiΩt. (40)

In terms of these field of interest ϕi, φi, i = 1, 2, the quadratic action reads

−Ieff

N
= 1

2
∑
x

∫
Ω

(
1
2ϕ

T
x (Ω)MUϕx(−Ω)−

√
2

2 [φx(Ω)ϕx(−Ω) + ϕx(Ω)φx(−Ω)]
)

+1
2

∫
Ωk

(Vk(φ1,kφ1,−k + φ2,kφ2,−k)− Jk(φ1,kφ1,−k − φ2,kφ2,−k)) . (41)

where we restore the space index and make Fourier transform to momentum space in the second line, φx =
1√
L

∑
k φke

ikx, L is the number of the site of the chain. And we also define Jk = J0 + J1 cos k, Vk =
V0 + V1 cos k, and one should distinguish it from the case of regular SYK2 model. It is then straightforward to
integrate out ϕ field to have

−Ieff

N
= 1

2

∫
Ωk
φk(Ω)

(
J − Jk + V + Vk −iΩ

iΩ −J + Jk − V + Vk

)
φ−k(−Ω). (42)

Expanding each element to the leading order in small k and ω, we get

− Ieff

N
= 1

2

∫
Ωk
φk(Ω)

(
2V iΩ
−iΩ −(J1 + V1)k2/2

)
φk(Ω). (43)

In terms of the coset space variable θ(Ω), this becomes the effective action of a single Goldstone mode

Ieff

N
= 1

2

∫
Ωk

(
J1 + V1

4 k2 + 1
4V Ω2

)
|θ(Ω, k)|2, (44)

Accepted in Quantum 2021-10-27, click title to verify. Published under CC-BY 4.0. 14



0.5 1.0 1.5
x

0.15

0.20

0.25

0.30

ρ
s

x = J1/V1

x = J1/V0

x = V1/J1

Figure 4: Numerical result for the stiffness ρs in the Brownian SYK2 chain. The coupling parameters not mentioned
in the plots are set to zero. The analytical expressions (45) is plotted in dashed lines for comparison.

which takes a similar form as the static case due to the time-reversal symmetry. Consequently, the universal
scaling of the squared correlators still applies and ρs can be extracted from (44) to obtain

Brownian: S
(2)
A ∝ ρs logLA =

√
J1 + V1
V

N logLA. (45)

Such a scaling is again verified numerically; the numerical value of the stiffness ρs is shown in Fig. 4.

D Discussions on special limits of the model

As mentioned in the main text, in special limits, the symmetry of the system can be larger and additional
Goldstone modes appear. In this section, we give a detailed discussions on these cases. We take the static case
as an example, and finally comment on the Brownian case.

For the saddle-point equation (19), we consider:

1. In special cases the symmetry of the equation can be larger than O(2)⊕O(2) (for each frequency ω). For
example, when we have purely Hermitian evolution with V0 = V1 = 0, we can define G̃ab = (−1)aG̃ab.
The self-consistent equation then reads

iω1G̃
ac
x (ω1,−ω2)−

∫
dω3
2π Σ̃ab

x (ω1,−ω3)G̃bcx (ω3,−ω2) = Iacδ(ω1 − ω2),

Σ̃ab
x (ω1, ω3) = −J2

1
G̃abx+1(ω1, ω3) + G̃abx−1(ω1, ω3)

2 − J2
0 G̃

ab
x (ω1, ω3).

(46)

The equation now becomes O(4) symmetric: G̃acx (ω1, ω2)→ O(ω1)G̃acx (ω1, ω2)OT (−ω2) with arbitrary
O(4) matrices O(ω). The effective action now leads to diffusive behavior

〈
δG13δG13

〉
= −

〈
δG24δG24

〉
∼ 1

Ω2 + k4 . (47)

where we have dropped non-universal coefficients.

2. There is additional symmetry between the forward and the backward evolution if J0 = 0 and V1 = 0. The
reason is that if we consider two evolutions and neglect their boundary conditions

e−iHT eiH
†T = e−iHRT−HIT eiHRT−HIT (48)
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If we define χ′x = χx(−1)x, we find HR → −HR with HI unchanged. Consequently, There is an addi-
tional Goldstone mode with momentum π. The mode appears at G13

k=π(ω, ω) and G24
k=π(ω, ω). Explicitly,

we have 〈
δG13δG13

〉
= 1
ω2 + (k − π)2 . (49)

3. Similar modes exists when we instead have V0 = 0 and J1 = 0. The idea is again to perform the
transformation G̃a,c = (−1)aG̃a,c. The self-energy becomes:

Σ̃ab
x (ω1, ω3) = V 2

1 (−1)a+b G̃
ab
x+1(ω1, ω3) + G̃abx−1(ω1, ω3)

2 − J2
0 G̃

ab
x (ω1, ω3) (50)

Back to the evolution operator language, this corresponds to the self-consistent equation of

e−iHRT−HIT e−iHRT+HIT e−iHRT−HIT e−iHRT+HIT (51)

Here we neglect boundary conditions. Now if we perform a momentum shift by χ′x = χx(−1)x
for e−iHRT+HIT contours, then the path-integral show O(4) symmetry, and again we have modes on
G13
k=π(ω,−ω) and G24

k=π(ω,−ω). Note that compared to the previous case, the frequency for the modes
are different. This leads to 〈

δG13δG13
〉

= 1
Ω2 + (k − π)2 . (52)

4. The purely imaginary evolution with J0 = J1 = 0 is also special. On the one hand, both contours are
symmetric and there should be O(4) symmetry. However, in this case we have G12 ≡ 0 and there should
be no symmetry breaking and thus no Goldstone modes. Calculation gives

〈
δG13δG13

〉
∼ Θ(ω1ω2)
k2 + |Ω|

〈
δG13δG13

〉
∼ Θ(−ω1ω2)

k2 + |ω| . (53)

For the Brownian model, similar analysis shows for V0 = 0 and J1 = 0, there is a similar Goldstone mode at
G13 andG24. However, when V1 = 0 and J0 = 0, the mode does not appear due to the lack of correlation in the
time domain. Furthermore, different from the static model, G12 is non-trivial even under the purely imaginary
evolution. Consequently, the result is the same as the general case, as mentioned in the main text.
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