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Abstract: Tommi and Kiwi (J Stat Phys 135:535-546, 2009) showed that the Lyapunov
spectrum of an expanding map need not be concave, and posed various problems con-
cerning the possible number of inflection points. In this paper we answer a conjecture
in Jommi and Kiwi (2009) by proving that the Lyapunov spectrum of a two branch
piecewise linear map has at most two points of inflection. We then answer a question in
Tommi and Kiwi (2009) by proving that there exist finite branch piecewise linear maps
whose Lyapunov spectra have arbitrarily many points of inflection. This approach is
used to exhibit a countable branch piecewise linear map whose Lyapunov spectrum has
infinitely many points of inflection.

1. Introduction

For a differentiable dynamical system 7" : X — X, where for simplicity X is a subset
of the unit interval, the Lyapunov exponent of a point x € X is given by

A(x) = lim 110gI(T")’(X)I
n—oo n

whenever this limit exists. Typically the set of all Lyapunov exponents for a given map
T is a closed interval of positive length. An investigation into the size of the set of
points x corresponding to a given Lyapunov exponent « in this interval leads to the
notion, introduced by Eckmann and Procaccia [4], of the associated Lyapunov spectrum
L, being a map given by defining L(«) as the Hausdorff dimension of the level set
{x e X:A(x) =al.

The Lyapunov spectrum was studied rigorously by Weiss [21], continuing a broader
programme with Pesin (see e.g. [15,16]). In the setting of conformal expanding maps
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with finitely many branches, Weiss [21] proved the real analyticity of L, and also claimed
that L is always concave!. By contrast for expanding maps (on a subset of [0, 1], say)
with infinitely many branches the Lyapunov spectrum L can never be concave (see e.g.
[9, Thm. 4.3]), a simple consequence of the non-negativity of L and the unboundedness
of its domain (i.e. the interval of all Lyapunov exponents); the Lyapunov spectrum in
the specific case of the Gauss map has been analysed by Kessebohmer and Stratmann
[12] (cf. [6,17]), and in the case of the Rényi map by lommi [9].

Motivated by these examples, lommi and Kiwi [11] revisited the case of finite branch
expanding maps, and discovered that in fact the Lyapunov spectrum is not always con-
cave; indeed even in the simplest possible setting of two-branch piecewise linear maps
(see Definition 2.1) there exist examples with non-concave Lyapunov spectra (so such
examples have points of inflection, i.e. points at which the second derivative vanishes).
For finite branch maps the number of inflection points is necessarily even (cf. [11, p.
539]), and all examples of non-concave Lyapunov spectra exhibited in [11] have pre-
cisely two points of inflection.

The natural problem suggested by the work of lommi and Kiwi is the extent to which
it is possible to find Lyapunov spectra with strictly more than two points of inflection.
Specifically, the following conjecture and question are contained in [11, p. 539]:

Conjecture 1.1 (lommi and Kiwi [11]). The Lyapunov spectrum of a 2-branch expand-
ing map has at most two points of inflection.

Question 1.2 (Iommi and Kiwi [11]). Is there an upper bound on the number of inflection
points of the Lyapunov spectrum for piecewise expanding maps?

More broadly, the work of ITommi and Kiwi provokes interest in constructing maps
whose Lyapunov spectra have more than two inflection points, and in understanding
the general properties responsible for producing such inflection points. Henceforth for
brevity we shall often use the term Lyapunov inflection (of a map) to denote a point of
inflection in the Lyapunov spectrum of that map.

In this article we address both Conjecture 1.1 and Question 1.2, as well as the more
general issue of understanding maps with more than two Lyapunov inflections. Specif-
ically, we first give an affirmative answer to Conjecture 1.1 in the setting of 2-branch
piecewise linear maps:

Theorem 1.3. The Lyapunov spectrum of a two branch piecewise linear map has at most
two points of inflection.

We do not know, however, whether there are nonlinear 2-branch expanding maps
with more than two Lyapunov inflections.

Secondly, we construct explicit examples of maps with more than two Lyapunov
inflections (see e.g. Figs. 1, 2 below), and resolve Question 1.2 as follows, proving that
there is no upper bound on the number of Lyapunov inflections, and that indeed this can
be established within the class of piecewise linear maps:

Theorem 1.4. For any integer n > 0, there is a piecewise linear map whose Lyapunov
spectrum has at least n points of inflection.

A natural corollary of Theorem 1.4 is that there is also no upper bound on the number
of zeros of higher order derivatives of the Lyapunov spectrum:

1 In fact the word convex (rather than concave) is used in the claim [21, Thm. 2.4 (1)], though the inter-
pretation is that of concave in the sense that we use it (see [11, p. 536]); all specific examples of Lyapunov
spectra known at the time of [21] were indeed concave.
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Fig. 1. Graph of Lyapunov spectrum L for 22-branch piecewise linear map 7' with derivative 7" = 2 on one
branch, 7/ = 245 6n 20 branches, and T/ = 2100 51 one branch. The four Lyapunov inflections (with dashed
linear interpolations between them) are at o1 ~ 8.52, ap ~ 20.88, a3 =~ 34.22, ag =~ 61.73, with L convex
on [a1, @] and [«3, 4], and concave on complementary intervals in its domain
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Fig. 2. Graph of Lyapunov spectrum L for 7002-branch piecewise linear map 7 with derivative T’ = 2 on
one branch, 7" = 23! on 1000 branches, 77 = 211 on 6000 branches, and 77 = 259 on one branch. The
six Lyapunov inflections (with dashed linear interpolations between them) are at o1 ~ 14.66, oy ~ 21.85,
a3 & 41.48, ag ~ 60.01, a5 ~ 74.04, ag ~ 98.65, with L convex on [, a2], [@3, a4] and [as, 6], and
concave on complementary intervals in its domain
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Corollary 1.5. For any integers n > 0, k > 2, there is a piecewise linear map whose
Lyapunov spectrum has at least n points at which its kth order derivative vanishes.

A natural by-product of our approach to proving Theorem 1.4 is that by moving
into the realm of infinite branch maps, the first example of a map with infinitely many
Lyapunov inflections can be exhibited:

Theorem 1.6. There is an infinite branch piecewise linear map whose Lyapunov spec-
trum has a countable infinity of inflection points.

As above, this implies a corresponding result for zeros of higher order derivatives of
the Lyapunov spectrum:

Corollary 1.7. There is an infinite branch piecewise linear map such that for all k > 2,
its Lyapunov spectrum has its kth order derivative equal to zero at infinitely many distinct
points.

The organisation of this article is as follows. Section 2 consists of various preliminary
definitions and results concerning the Lyapunov spectrum and its first two derivatives.
Although we work exclusively with piecewise linear maps (see Definition 2.1), much of
Sect. 2 is valid in the more general setting of expanding maps. While most of Sect. 2 is
already in the literature in some form, our subsequent focus on inflection points motivates
the careful derivation of the formula for the second derivative of L (see Sect. 2.4 and
Sect. 2.5) in a way that is relatively self-contained. The key ingredients here are a
characterisation of L due to Feng et al. [7] (see Proposition 2.14), together with the well
known formula (8) for the derivative of pressure.

In Sect. 3 we prove Theorem 1.3, exploiting an explicit formula for the Lyapunov
spectrum in order to show that it has at most two points of inflection as a consequence
of a more general result (Theorem 3.3) concerning symmetric functions whose lower
order derivatives are of prescribed sign.

In Sect. 4 we prove Theorem 1.4, by exhibiting piecewise linear maps together with
explicit lower bounds on the number of their Lyapunov inflections. More precisely, we
define a sequence of maps Ty, where the lower bound on the number of Lyapunov
inflections for Ty grows linearly with N. It is possible to view the maps Ty as evolving
from each other, in the sense that each map Ty can be described in terms of adjoining
additional branches to those of T . At each stage the adjoined branches have derivatives
much larger than the existing branches, a phenomenon reminiscent of the construction
of ITommi and Kiwi [11], who showed that the 2-branch piecewise linear maps with
Lyapunov inflections are such that the derivative on one branch is much larger than that
on the other branch (in a certain precise sense, see [11, Thm. A], and Theorem 3.2). The
strategy for bounding from below the number of Lyapunov inflections for T exploits the
characterisation of inflection points as solutions to an explicit equation (namely (17),
derived in Proposition 2.27) involving a function related to the pressure of a certain
family of potentials. The Ty are then constructed so as to facilitate the definition of two
interlaced sequences of numbers converging to zero, with the property that one side of
the equation is dominant along one sequence, and the other side dominant along the other
sequence, up to a certain point (increasing with ) in the sequences. Consideration of
the intervals defined by consecutive points in the two interlaced sequences then yields at
least one solution to (17) in each such interval, up to a certain point that grows with N,
thereby guaranteeing an increasing number of Lyapunov inflections for the maps Ty .

In Sect. 5 we see that the coherence of the construction of the Ty produces, by
allowing the process to evolve indefinitely, an infinite branch piecewise linear map T
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(alternatively, the map T could be considered as the primary object, with the Ty viewed
as finite branch truncations of 7'). Minor modifications to the approach of Sect. 4 then
yield Theorem 1.6.

Lastly, in Sect. 6, we present several explicit examples of piecewise linear maps with
a prescribed number of Lyapunov inflections. While these examples are of a rather ad
hoc nature, it is noteworthy that (unlike the T of Sect. 4) it is possible to give an exact
count for the number of Lyapunov inflections in each case, and moreover the number
of branches needed in order to produce a given number of Lyapunov inflections is more
economical than in Sect. 4. This prompts a natural question (Question 6.5): what is the
minimum number of branches needed in order to witness a given number of Lyapunov
inflections?

2. Preliminaries

2.1. Piecewise linear maps. We shall be interested in full branch piecewise affine maps
defined on subsets of the unit interval; for brevity we call such maps piecewise linear:

Definition 2.1. Given an integer ¢ > 2, let {X i},.q: | be a collection of pairwise disjoint
closed sub-intervals of [0, 1], with lengths |X;| > 0. An associated piecewise linear
map is any of the 29 maps U?:lX ; — [0, 1] whose restriction to each X; is an affine
homeomorphism onto [0, 1] (necessarily with derivative £|X; [=h. Any restriction of
the map to an interval X; is referred to as a branch.

For any piecewise linear map 7', the set X := {x € [0, 1] : T"(x) € U?ZIXZ- for all n
> 0} depends only on the collection {X i}f: 1» and is such that the restricted piecewise
linear map 7 : X — X is surjective. We refer to X as the associated invariant set, and
henceforth always consider piecewise linear maps as dynamical systems 7 : X — X.

Remark 2.2. (a) The pairwise disjointness of the X; means the invariant set X is a Cantor
set (and is self-similar, cf. [5, Ch. 9]), whose Hausdorff dimension is the unique value
s such that Z;’:l |X;|® = 1 (aresult essentially due to Moran [13], see also e.g. [5,
Thm. 9.3]).

(b) A minor variant of Definition 2.1 would have been to only insist that the intervals X;
have pairwise disjoint interiors (i.e. allow possible intersections at their endpoints);
this would have involved choosing the value of T at any such points of intersection,
but otherwise the theory would have been identical to that developed here.

(c) Since each X; has length strictly smaller than 1, the derivative +|X;|~! of the piece-
wise linear map on X; is in modulus strictly larger than 1, so in particular the map
is expanding. It should be noted that the discussion in the following Sects. 2.2, 2.3
and 2.4 in fact applies to more general expanding maps (i.e. where the restriction
to each X; is a diffeomorphism onto [0, 1] with derivative strictly larger than 1 in
modulus), and only later (from Sect. 2.5 onwards) do we require the piecewise linear
assumption.

(d) Our piecewise linear maps were referred to as linear cookie-cutters in [11], following
e.g.[1,2,19].

(e) In Section 3 we shall be concerned with the general two-branch case, i.e. ¢ = 2.
In Section 4 we shall deal with particularly large values of ¢ in order to guarantee
Lyapunov spectra with many points of inflection.

Notation 2.3. Let M denote the set of T -invariant Borel probability measures on X.
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2.2. Lyapunov exponents and the Lyapunov spectrum.

Definition 2.4. The Lyapunov exponent A(x) of a point x € X is defined by

1
Ax) = lim —log [(T™) (x)|
n—+00 n

whenever this limit exists, and for a measure u € M, its Lyapunov exponent A(u) is
defined by

A =/10g|T/|dM-

Remark 2.5. Naturally there is a relation between the two notions of Lyapunov exponent:
if © € M is ergodic then A(x) = A(u) for u-almost every x, by the ergodic theorem,
since log |(T™) (x)| = Y1~ log |T'(T'x)|.

Definition 2.6. Since log |T’| is continuous, and M is both convex and weak-* compact
(see e.g. [20]), it follows that the set of all possible Lyapunov exponents is a closed
interval, which we shall denote by A = [omin, ®max]. More precisely, if X’ denotes the
set of those x € X for which A(x) = lim;,— 4+~ % log |(T™)(x)| exists, then the domain
A is defined by

A = [0min, Omax] = AM) = )\(X/) .

Remark 2.7. Note that the endpoints oy and oy are, respectively, the minimum and
the maximum Lyapunov exponent, and can be characterised as

Omin = min A (@) = min A(x)
neM xeX’

and

Omax = max A(pu) = max A(x).
nemM xeX’

Notation 2.8. For o € R let us write

Xeg=2"a)={x e X' : Ax) = a},
Mo =Aa)= (e M:A(p) =a},

and for a continuous function ¢ : X — R we write
1 n—1 .
Xo(p) = {x eX:lim =) o(T'x) :a} ,
n—-oon =
My (p) = {ueszwduza} ,

so that Xq = Xq(l0g|T']) and Mg = Mq(log |T)).

‘We shall be interested in the Hausdorff dimension (denoted dim ) of the level sets
Xu, for a € A. Recall (see e.g. [5,15]) that dimpy (Xy) := inf{$ : H%(X,) = 0}, where

H‘S(Xa) = limoinf { E diam(Ui)S :{U;} is an open cover of X, with each diam(U;) < s] .
£— -
1
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Definition 2.9. The Lyapunov spectrum? is the function L : A — R defined by
L(x) =dimy(Xy) -

Remark 2.10. In the special case that all the intervals X; have equal length, the modulus
of the derivative of the piecewise linear map 7 is constant, so the domain A is a singleton,
and the Lyapunov spectrum L : A — R is consequently a constant.

Proposition 2.11 [21]. The Lyapunov spectrum is real analytic on A= (Qmin, ¥max)-

Definition 2.12. A point @ € A= (0¢min, ®max) Which is a point of inflection of L
(i.e. such that L” (o) = 0) will be called a Lyapunov inflection.

2.3. Characterisations of the Lyapunov spectrum.

Notation 2.13. For a measure i € M, let h() denote its entropy. We refertoh : M —
R as the entropy map.

The Lyapunov spectrum L admits the following characterisation in terms of entropy:

Proposition 2.14. For a piecewise linear map, if ¢ € A then

1
L(a) = " Mrélﬁ h(w). (1)

Proof. The identity

h
(n) @)

dimy X4 (@) = max
¢ neMq(p) A()

was established in [7, Thm. 1.1].

In the special case ¢ = log|T’|, with [@du = A(u), then My(p) = M, and
A(n) = a forall u € Myu(p) = My, and Xy(¢) = Xq, therefore (2) yields the
required identity L () = dimy Xy = 1 max e, h(w) . O

Remark 2.15. (a) The characterisation (1) was implicit in the work of Weiss [21], and
appeared explicitly in Kessebohmer & Stratmann [12] in the setting of the continued
fraction map (cf. the discussion in [11, p. 539]). It was generalised in [10, Thm. 1.3]
to a wider class of countable branch expanding maps (see also Sect. 5).

(b) The characterisation (1) shows in particular that

L@ ==~ 3)

for a concave map C (since the entropy map # is affine [20, Thm. 8.1], C(«) =
max, ¢ A, h() is concave).

Henceforth let us assume that the intervals X; defining the piecewise linear map 7 are
not all of the same length, so that |T”| is not a constant function, and the domain A has
strictly positive length. On the interior A= (0¢min, @max) of the domain, the Lyapunov
spectrum L can be characterised in terms of the equilibrium measures associated to
potential functions of the form 7log |T’|, r € R. To make this precise, we define the
following two maps m and 7:

2 Also sometimes referred to as the multifractal spectrum of the Lyapunov exponent.
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Notation 2.16. Define m : R — M by letting m(t) be the equilibrium measure for
tlog|T'|, i.e. the unique measure which maximizes the quantity h(jt) + flog T\ du
overall u € M (see e.g. [14,18,20]).
Define t : A— R by
T=(Ao m)_1 ,

i.e. T(a) is the unique real number such that m(t(«)) has Lyapunov exponent equal to
o.

Then:

Proposition 2.17. For a piecewise linear map, if ¢ € A= ('min, @max) then
1
L(a) = &h(m(f(fx)))-

That is, on the interior A= (min, ®max) of the domain,

I— homot @

- id
Proof. This follows from Proposition 2.14 (i.e. the characterisation (1)), together with
the simple fact that max ¢ A4, A() = h(m(t(r))) (which holds because h(m(t(a))) +
T(@)a > h(w) + () A(p) forall u € M, thus h(m(t(x))) + t(@)a > h(w) + t(x)a
for all u € My). O

Notation 2.18. Recall that for a general continuous function ¢ : X — R, the pressure
P (@) is defined (see e.g. [14,18,20]) by

P(p) = lim llog Z P FO(T0+4p(T"1x) (5)
n—oon s

and admits the well known alternative characterisation
P(p) = max (h(u)+/<pdu> .
neM
Now define p : R — R by

p(t) = P(tlog|T']).

The function p is C® and strictly convex (since |T”| is not a constant), so its deriva-
tive p’ is an orientation-preserving C® diffeomorphism onto its image. Clearly p(r) =
P(t1log|T’]) = h(m(1)) + [ tlog|T'| dm(t), so in particular p(t(a)) = h(m(t())) +

at(a) forall o € A, in other words
pot=homort+id.t onA. (6)
We deduce the following result (which is well known, see e.g. [11, Eq. (3), p. 539]

which differs superficially due to usage of P(—tlog|T’|) rather than the P (¢ log|T’|)
considered here):
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Proposition 2.19. For a piecewise linear map, on the interior A = (tmin, ¥max), the
Lyapunov spectrum L can be written as

port
L = —T. 7

id M

Proof. This follows from Proposition 2.17 together with the identity (6). O

The C diffeomorphism p’ : R — (omin, @max) satisfies (see e.g. [14, p. 60], [18,
p. 133])

P = /log IT"|dm (1) = A(m(1)), )
so in particular p’(t(«)) = A(m(z(a))) = «, in other words
pot=id, )

sop :R— Aand 7 : A — R are inverses of each other. It follows that the Lyapunov
spectrum L can be expressed purely in terms of the function p as follows:

Proposition 2.20. For a piecewise linear map, on the interior A = (0min, ¥max), the
Lyapunov spectrum L can be expressed as

L= (ﬁ/ - id) o(p). (10)
P

Proof. This follows directly from (7) and (9). m|

2.4. Formulae for derivatives of the Lyapunov spectrum.

The identity (10) yields the following formula for the derivative of the Lyapunov
spectrum:

Proposition 2.21. For a piecewise linear map, on the interior A= (Amin, ¥max), the
first derivative L' of the Lyapunov spectrum can be expressed as

—po(p)!
L=—+-°~ 11

i (b
In other words, L' (@) = —p((p') " (@) /a2 forall @ € A = (0tmin, Cma)-

Proof. Now L = (5 — id) o (p)~! from (10), and differentiating this identity yields

/ PN 1y -pp” Nl 1 —po(p)!
L = —_— = d [e] . = o . = R
(1’/ l ) Py < (»"? ) ) p"o(p)! id?

as required. O

Corollary 2.22. For a piecewise linear map, the Lyapunov spectrum L : A — R has
precisely one critical point, namely at o = p'(— dimy (X)) = A(m(— dimpy (X))).
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Proof. From (11), L'(«) = 0 if and only if p(t(a)) = 0, since T = (p’)~'. That is,
L'(a) = 0 if and only if P(t(«)log|T’|) = 0, and this occurs if and only if 7(x) =
—dimpg (X), by Bowen’s pressure formula for the dimension of X (see e.g. [3], [5], [15,
Ch. 7]). Thus L'(«) = 0 if and only if « = 7~ (—dimg (X)) = p'(—dimy (X)) =
[log|T'|dm(—dimpy (X)) = A(m(— dimp (X))). O

We are now able to derive a formula for the second derivative of the Lyapunov
spectrum:

Proposition 2.23. For a piecewise linear map, and for a € A= (¥min» ¥max), the
second derivative L of the Lyapunov spectrum can be expressed as

2p()p" (1) — p'(t)?

L' (a) = (12)
p(t)p' ()3
where t = (p') V(o) = ().
Proof. From (11), L' (&) = —p((p')~'())/a?, and differentiation yields
o? p,/,((tt)) —2ap(t)
L//(a) J— pT
Now p/(t) = a (since t = (p') "' (@)), so
1e\2 PO —2p " )
L' () POy —2r 0p@) 2p)p” (1) — p'(0)
o) = — = s
pl(0)* p(np (1)}
as required. O

Corollary 2.24. For a piecewise linear map, the Lyapunov spectrum L has a point of
inflection at @ € A = (Wmin, ®¥max) if and only if

2p(0)p" (1) = p'(6)*, (13)

where t = (p') V(o) = t(a).

Remark 2.25. Formulae for the first and second derivatives of the Lyapunov spectrum in
terms of entropy appear in [9, §8]. Proposition 2.23 should be compared to the derivation
on [11, p. 544]°.

3 Note, however, that the exposition on [11, p. 544] is not completely correct: line 13 should read as

1 2d' (1) P(—tlog|T'D+a(r)? . b a o o
I0) w ()3 , and line 15 should read as o' (t) = —0“(t) = —P(—tlog|T'|)" < 0.
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2.5. Lyapunov inflections for piecewise linear maps. While the preceding analysis could
have been stated in the more general setting of (non-linear) expanding maps, henceforth
we use the fact that a piecewise linear map 7 is such that on each interval X; the absolute
value of its derivative 7’| is equal to |X;|~! (i.e. the reciprocal of the length of X;). In
this case from (5) we see that the pressure is given by

q
p(t) = P(tlog|T"|) = log (Z |Xi|t> : (14)

i=1
For ease of notation in what follows, we introduce the following function F:

Notation 2.26. Define F = Fr : R — R by

q
F(t)=Fr(t)=Y IXil". (15)

i=1
Clearly
pt) =log F(—t) forallt e R. (16)

Proposition 2.27. For a piecewise linear map, the corresponding Lyapunov spectrum
L has a point of inflection at @ € (Xmin, ®max) if and only if

1 F"(s)F
_F®F6) (17)
2log F(s) F’(s)?
where s = —(p’)_l(oz) = —1(w), and F is given by (15).
Proof. Rearranging (13) we see that « is an inflection point for L if and only if
1 (¢
A (18)

2p(t)  pl(t)?

where r = (p) (@) = ().

From (16), setting s = —t = —(p) Y@) = —t(a) then p(r) = log F(—t) =
log F (s), so the lefthand side of (18) is equal to the lefthand side of (17). Differentiating
(16),

7 . _F/(_t)
P =—F— =y
and
v« F(=DF"(=1) = F'(—1)
SO

;Mm_nﬁwww—F@N_mem_l
Pl F'(—1)?  Fl(s)? ’

in other words the righthand side of (18) is equal to the righthand side of (17), and the
proof is complete. O
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3. Two Branch Maps Have at Most Two Lyapunov Inflections

Consider a piecewise linear map with two branches, i.e. where ¢ = 2. If | X{| = |X>|
then the Lyapunov spectrum is constant (cf. Remark 2.10), and in particular has no points
of inflection. If | X{| # |X»| then without loss of generality |X{| > |X»|, and defining
a=1|Xi" and b = |X3]7! (sothatb > a > 1), the domain is A = [loga,logb].
As noted by Iommi & Kiwi [11, p. 539], the Lyapunov spectrum L has the closed form
expression

L()—l< <logb—a>l <logb—a> <a—loga)l (a—loga))
P =3 Vogwya) ) 8 ogbja) ) ~ \og/a) ) %\ tog/a) ) )
(19)

log b a—loga

since m (7 (c)) is the Bernoulli measure giving mass 1cvg(—b7;) to X1 and mass Togb/a) to
X5, with entropy (see e.g. [20, Thm. 4.26]) equal to

logh — « 1 logh — o o —loga ) o —loga
— 0 — og| ——— |,
logb/a) ) &\ logb/a) togb/a) ) & logb/a)
so that (19) is a consequence of Proposition 2.17.

Tommi and Kiwi [11, p. 539] conjectured that, in the setting of a two branch expanding
map, the Lyapunov spectrum has at most two points of inflection. In fact the number of
such inflections is necessarily even, since L is concave on some neighbourhood [log a, y]
of the left endpoint of A, and some neighbourhood [8, log ]] of the right endpoint of

A (see [11, p. 539]). In the case that the map is piecewise linear, we are able to answer
ITommi and Kiwi’s conjecture in the affirmative:

Theorem 3.1. For a 2-branch piecewise linear map, the Lyapunov spectrum L is either
concave or has precisely two inflection points.

The following more precise characterisation follows from Theorem 3.1 and [11,
Thm. AJ:

Theorem 3.2. For a 2-branch piecewise linear map, where without loss of generality
|X1| > | X2|, the Lyapunov spectrum L is concave if

log | X1| - J2log2 +1
log|X2| = /2log2 —1

and otherwise has precisely two inflection points.

~ 12.2733202,

Theorem 3.1 is in fact a consequence of the following more general result:

Theorem 3.3. Suppose the C> function ¢ : [0, 1] — R is negative, convex, symmetric
about the point 1 /2, and such that the third derivative ¢’ < 0on (0, 1/2) (hence " > 0
on (1/2, 1)). Then for ¢ > 1, the function M defined by

has at most two points of inflection (i.e. at most two zeros of its second derivative M" ).
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To see that Theorem 3.1 follows from Theorem 3.3, note that if we introduce

logh — «
X=—
log(b/a)

then the Lyapunov spectrum L in (19) can be written as

where

¢(x) =xlogx + (1 —x)log(l —x).

Since —a = x log(b/a) — log b then

L el
" log(b/a)x —c’

L(x)

where
logh
c=——>1
log(b/a)

and if we define

M(x) = p(x)
x—c
then
Ly = &
log(b/a)

and it is worth recording the following easy lemma:

Lemma 3.4. The functions L and M have the same number of points of inflection.

1395

(20)

Proof. Now M (x) = kL(x(x)), where k = log(b/a) and a(x) = —kx +logb, and

M"(x) = KL" (a(x)),

s0 xq satisfies M” (xg) = 0 if and only if L”(a(xp)) = 0. The affine function a(x) =
—xlog(b/a) +logb is in particular a bijection (from [0, 1] to [loga, log b]), so there is

a one-to-one correspondence between zeros of M” and zeros of L”, as required.

O

The fact that Theorem 3.1 follows from Theorem 3.3 is then a consequence of the

following properties of the function ¢ defined in (20).
Lemma 3.5. The function ¢ : [0, 1] — R defined by
o(x) =xlogx + (1 —x)log(l —x)

has the following properties:
(i) p(x) = ¢(1 — x) forall x € [0, 1],

(ii) ¢ <0o0n[0,1], and ¢ < 0on (0, 1),
(iii) ¢’ < 0on (0,1/2) and ¢’ > 0 on (1/2, 1),
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(iv) " >4 > 0on|0, 1],
(v) " <0on(0,1/2) and ¢ > 0 on (1/2,1).

Proof. Properties (i) and (ii) are easily seen to hold. The derivative formula

¢'(x) = log (ﬁ)

yields property (iii), the second derivative formula

@ (x) = -

yields property (iv), and the third derivative formula

2x — 1

% (x)=m

yields property (v). O

Now we prove Theorem 3.3, concerning the inflection points of the function

M(x) = M .
X —c
Note that
’ _ @' (x) _ @(x)
M(x)_x—c (x —¢)?’
and so

' (x)  2¢'(x)  2p(x)

M(x)zx—c x—0)? x—-0¢)3"

So if xq is an inflection point of M then M” (xo) = 0, and therefore (xg —c)3 M (xg) =
0, in other words

" (x0) (x0 — €)* — 2 (x0) (x0 — ¢) +2¢(x0) = 0,

hence necessarily either

_ ¢/@0) + V' (x0)? — 29 (x0)¢" (x0)

X0 —c¢ (21)

@" (x0)
or
' (x0) — /9 (x0)2 — 20 (x0)¢” (x0)

Xp—cC= . (22)

@" (x0)
If we now define functions ®* and ®~ by
BHx) = —x 4 LIV ~20(0¢" (@) 23)

@"(x)
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and
O () = —x + £E) = \/w%;cjzx; 20009 (x) o4
then we see that (21) and (22) are respectively equivalent to
¥ (x0) = —c¢ (25)
and
P (x9) = —c. (26)

That is, if x¢ is an inflection point of M then necessarily either (25) or (26) holds.
We now show that in fact (25) can never hold:

Lemma 3.6. If xq is an inflection point of M then necessarily (26) holds.

Proof. In view of the above discussion it suffices to show that (25) can never hold. For
this, note that an assumption of Theorem 3.3 is that ¢ > 1, so that —¢ < —1. We claim
that the image of ®7 is disjoint from (—o0, —1), so that no x¢ can satisfy ®*(xg) = —c.

Now ¢ < 0 on [0, 1], and ¢” > 0 on [0, 1], so ¢(x)¢”(x) < 0 for all x € [0, 1].
Therefore ¢’ (x)*> — 2¢(x)¢” (x) > ¢’ (x)?, and consequently

Vo' (02 = 2¢(x)¢" (x) > —¢'(x) forall x € [0, 1],

in other words

o' (x) + \/(p’(x)2 —2¢(x)¢"(x) = O0forall x € [0, 1],

and hence

¢'(xX) + /9 ()2 — 20(x)¢" (x)
" (x)

> 0 for all x € [0, 1],
since ¢” > 0 on [0, 1]. It follows from the formula (24) that ®*(x) > —x, and hence
that ®* > —1 on [0, 1], as required. O

Having eliminated the need to consider the function ®*, we now simplify our notation
by defining ® := &7, in other words we set

A Vo' ()2 = 2¢(x)¢" (x)
@"(x)

d(x) =P (x) = —x , (27)

and from Lemma 3.6 we know that if xq is an inflection point of M then necessarily
b (xg) = —c. (28)

To conclude the proof of Theorem 3.3, it now suffices to show (in Lemma 3.7 below)
that @ is strictly decreasing on (0, 1/2), and strictly increasing on (1/2, 1), since from the
above discussion it follows that any point —c € (—oo, —1) has at most two ®-preimages,
and hence that M has at most two points of inflection.

Lemma 3.7. Under the hypotheses on ¢ of Theorem 3.3, the function ® defined by (27)
is strictly decreasing on (0, 1/2), and strictly increasing on (1/2, 1).



1398 O. Jenkinson, M. Pollicott and P. Vytnova

Proof. Tt will be shown that @’ is strictly negative on (0, 1/2), and strictly positive on
1/2, 1.

The formula

1 @(p/” (p///
P =—1+ o <<p” + ) @) (fp’ — V() — 2<p<ﬂ”)
V(@) =209

simplifies to

(p/// (p(p// -
P = s ( T 9"+ (9)? = 209"
V(@) =209

and since by assumption ¢ is negative on (0, 1/2) and positive on (1/2, 1), it will
suffice to prove that

4

\/% — (p/ + +/ ((p/)z — Z(p(p” >0. (29)
@) — 299

Rewriting (29) as

(pw//
Ty e > YW 20
4

and then as
00" > ¢\ (9)? — 209" — ((w’)2 - 2<p¢”) :
it can then be rearranged as
@) — 99" > 'V (@) = 200" . (30)
The lefthand side of (30) is positive on [0, 1] (since ¢ < 0 and ¢” > 0), so (30) is

certainly true if its righthand side is negative (i.e. on the sub-interval [0, 1/2]). If the
righthand side of (30) is positive then squaring both sides gives

@)+ (00" =20 20¢" > @) (0 ~20¢") |
or in other words
@)+ (99" = 2009 > () = 2(¢")p¢"
which simplifies to become

(p9")* >0,

which is clearly true, so the result is proved. |
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4. The Number of Lyapunov Inflections is Unbounded

In this section we define a particular sequence of piecewise linear maps Ty, with the
property that the number of Lyapunov inflections of T tends to infinity as N — oo.

Definition 4.1. For integers N > 6, define

2
gn = Z 2/
j=6
Let Xy = {X i}?g | be a collection of pairwise disjoint closed sub-intervals of [0, 1],

where for each 6 < j < N, exactly 2/ : of the intervals have length equal to Z_Zj. Let
Tn be a corresponding piecewise linear map.

Theorem 4.2. For N > 27, the Lyapunov spectrum for the piecewise linear map Ty has
at least 2(N — 26) points of inflection.

Remark 4.3. (a) The Lebesgue measure of UTY X; is Z;V:ﬁ 277~ which is strictly

smaller than 1 for all N > 6 (note that Z;V:f, 2772 < 1078), so it is certainly
possible to choose the X; to be pairwise disjoint and contained in [0, 1].

(b) We prescribe the lengths of the intervals in the collection Xy, but need no further
information about the intervals themselves (beyond the fact that they are pairwise
disjoint, and contained in [0, 1]), since translating various of the X; does not change
the Lyapunov spectrum. Clearly it could be arranged that Xy C Xy, forall N > 6,
which would lend the interpretation of T4 evolving from the preceding map Ty (as
described in §1) by adjoining 2V +1? new branches.

(c) The number of branches g of Ty is large. For example Ty has 236 — 68,719, 476, 736
branches, with |T}| = 2% = 18,446, 744,073,709, 551, 616 on each branch. In
Theorem 4.2, the smallest value of N yielding more than two Lyapunov inflections
is N = 28, and the map Tg has gog > 1023 branches.

Notation 4.4. Following* the notation of (15), define Fy : R — R by

N N
Fn(s)= Y 272725 = 3 072, G1)
j=6 j=6
Define
Uj(s) = j*—2s,
so that
N
Fy =Y 2Y. (32)
j=6
For j > 1 define
2j+1
SJ' = 2]. .

4 The fact that various of the intervals in X; v have identical lengths allows the representation (31) as a sum
over the range 6 < j < N, rather than over 6 < j < gyn.
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and for j > 2 define the midpoint

_Sj S 6j —1
- 2 oo+l

mj : s
so in particular
S| >my > 8§ >m3 > 83> ...

and

lim s; = lim m; =0.
Jj—00 Jj—o0

Remark 4.5. The s are defined so that U;(s;) and U1 (s;) are equal, more precisely
Uj(sj) =Ujsi(sj) = j> —2j — 1,
and each m  is the mid-point of s; and s; 1, with
Ujmj) = j*—3j+1/2.

In light of Proposition 2.27, to prove Theorem 4.2 it suffices to establish the following
result:

Proposition 4.6. For N > 27, the equation

1 FU(s)F
_ N(f) N ($) _ (33)
2log Fy(s) Fy (s)2
has at least 2(N — 26) distinct solutions.
Proof. Introducing the auxiliary functions
GnN(s) :
§) = ——,
N 2log Fy(s)
Fn(s)Fy(s)
Hy(s) = — 25—~ 1,
Fy(s)
we claim that
Gn(my) > Hy(my) forall 26 <k <N, (34)
and
Gn(sp) < Hy(sg) forall 26 <k <N —1. (35)

Note that the proposition will follow from (34) and (35), since the intermediate value
theorem then guarantees that for each 26 < k < N — 1 there is a solution to (33) in both
of the intervals (myy1, s¢) and (sg, my).

To prove (34) and (35), first note that the derivative of Fjy can be written as

N
Fly = —(log2) Y " 27*Vi (36)
j=6
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and its second derivative as
N N
Fjy = (log2)*» " 2%*Vi = (log2)* > 2", (37)
j=6 j=6
where we set
Vi(s) :=2j+U;(s) = 2j + j* —2Js.

First we prove (34). The strategy for this will be to approximate each of Fy (my),
F},(my), Fy,(my) by the single j = k term in the respective sums (32), (36), (37). In
particular, we claim that if ¢ = 16/5 then, for all 26 < k < N,

Fy(mg) < 22Uk (1 4 c27K/2) (38)
and
Fl(mp) < (log2)? 22K+ Ukmo) (] 4 ¢p=k/2y | (39)

and combine these with the obvious lower bound

Fr(mg)? > (log2)? 22+2Ukmi) (40)
to give
F F//
Hy(m) = INIOEN MO k22 gea k2 20k

Fy, (my)?
whereas (38) yields
log Fy(my) < (log2)Ux(my) +log(1 + ¢27%/?) < (log2)(k* — 3k +1/2) + c27*/?

and therefore

1 1

G = .
N (i) 2log Fx(my) . (2log2)(k2 — 3k + 1/2) + c21-K/2

(42)

Since ¢ = 16/5, from (41) and (42) it is readily verified that Gy (my) > Hy (my) for
26 <k < N, as required.
To establish (38) and (39) let us first write

k—1 N
Fy (my) = 2Ux(mo ZzUj(mk)—Uk(mk) +1+ Z U (i) = Uy (my)
j=6 Jj=k+1
k—1 N
F,/\/,(mk) = (log 2)2 2 Vi(mi) Zsz(mk)—Vk(rnk) +1+ Z 9 Vi (mi)=Vi(m)
Jj=6 j=k+1

5 The appearance of the number 26 in Theorem 4.2 and Proposition 4.6 is due to this verification step.
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Now V;(my) — Vi(my) = 2(j —k)+Uj(my) — Up(my), so Vj(my) — Vi (my) is smaller
(respectively larger) than U (imy) — Uy (my) when j is smaller (respectively larger) than
k, so

Fy(my) < Uk (m) kilej(mk)—Uk(mk) +1+ ﬁ: 2 Vj (my)—=Vi(my) , (43)
Jj=6 j=k+1
and
k—1 N
F]Q//(mk) = (log 2)2 2 Vi (mi) ZZUj(mk)—Uk(mk) +1+ Z 2 Vjmg)=V(mg) | (44)
Jj=6 j=k+1

It therefore remains to derive upper bounds on

k—1
Z 2 Ujmi)=Us (my) (45)
j=6
and
o0
Z 2 Vilmi)=Vi(mi) (46)
j=k+1

To bound (45), writing j =k — i for 1 <i <k — 6 we calculate
Uk—i(mp) — Up(my) = —k/2+ (=2i +7/2 =3 - 27Hk+i2+27171 — 172,
and since —2i +7/2 — 3 - 271 <Ofori > 1,and k > i + 6, then
Uk—i(my) — Up(mp) < —k/2+ A(i),
where
AG) = (=2i+7/2 =327 +6)+i*+27 17 —1/2,

SO

k—1 k—6 k—6 00

372U 0=Ukmi) 5 gUiimi)=Ukm) < =k/2 52 940 g=k/2 37 940) — gp—h/2

j=6 i=1 i=1 i=1

47)

where

o
a=Y 240 =03 427802164 < 17/10.
i=1

To bound (46), writing j = k + i we have

Viei (mi) — Vi(my) = —k/2+ Qi +7/2 =3 -2k +i%+2i +2171 — 1,2
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and since k > 6, and 2i +7/2 — 3 -2/ < 0fori > 1, then
Viri(mg) — Vi (mp) < —k/2+ B(i),

1403

where
B(i):=6Qi+7/2—3-2)+i>+2i+271 —1/2,
SO
N N—k N—k

Z 2 Vilmi)=Vitme) _ Z 2 Vi (i) =Vi(my) . »—k/2 Z 2B _ po—k/2 (48)

Jj=k+1 i=1 i=1
where

N—k

b= 280 <ol2 4072407312y <32

i=1

Combining (47) and (48) gives

k—1 N
2:2U,~(m)41k(mk)Jr Z A Vilm)=Vilme) _ n—k/2
j=6 Jj=k+1

where

c=17/10+3/2 = 16/5,

(49)

and substituting (49) into (43) and (44) yields the claimed inequalities (38) and (39).

This completes the proof of (34).
To prove (35), assume that 26 < k < N — 1, and note that

Fr(sp) > 2060 — ok?—2k~1 ,

SO
1 1
< 9
2log Fy(se)  (2log2)(k2 — 2k — 1)

Gn(sk) =

and therefore
1

G <G L
Nk = GN(26) < i0ea = 863

We next claim that

F G Fn(se) 1

H =
(k) Fl (502 > 10"

and note that combining (51) and (52) will establish (35).
To prove (52), note that

k+1
Filst) —

(log2)?

D D e N b e §4kzk2—2k

’

(50)

(5D

(52)

(33)
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so combining with (50) gives

FN(Sk)F;\}(Sk) 54/(22/{2,4/{ '

—_— > — 54
(log2)? 2 (54
We now establish an upper bound on
FU(st) o~ e 22
— S N i (55)
log?2 ot
by combining the exact evaluation of the two-term sum
ol 2_5j 2ok 2 3 2
Zz]+} —2/ sy — (2k +2k+1)2k —2% sk =3. 2k2k —2k—1 — §2k2k —2k (56)
Jj=k
with upper bounds on the head
L A
Z 2J+i= =2 sk 57)
j=1
and tail
N ) i
DA (58)
Jj=k+2
To estimate (57), write j = k — i to give
L A k—1 _ o ,
Zz]+] 25 _ sz—z+(k—z) =271 Qk+1) _ ok —2k—1/2D(k) (59)
j=1 i=1
where
k—1 k—1 k—1

D(k) = Z2i27i72”'+1/272k(i+2’i73/2) _ Zznka’) — 1+ Zznk(i) (60)
i=1 i=1 i=2

and
() :=i>—i—2""4+1/2=2k(i +27" =3/2),

noting that ny (1) = 0.
Clearly D(2) = 1 and D(k) > 1. We claim that

D(k) < Z. 61)

To establish (61) note thatif 2 < i < k— 1 then ng (i) < ny(2), therefore 2% < 212
SO
k—1
Z 2nk(l‘) < (k _ 2)2nk(2) — (k . 2)29/4—3k/2 ) (62)
i=2
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The righthand side of (62) is decreasing in k, and we are assuming that k > 26, so

k—1
> o omD <24 5 27473 <1070 (63)
i=2
therefore combining (63) with (60) easily gives the claimed bound (61).
Combining (61) with (59) then gives

221+/ —27 sy 52k2 2k—1/2 _ B 2k2k2—2k2—k’ (64)
42

which is our desired bound on the head (57).
We now wish to estimate the tail (58), and for this write j = k + i so that

N N—k N—k
Y j : 2 i 2 Y i ; i
E 2./+./ —213‘]( — E 2k+l+(k+l) 2! (2k+l) — 2]{ +k E 2[+l —21+2k(l—21) (65)
j=k+2 i=2 i=2

and then write
N—k N—k
Z 2i+i272"+2k(z’72") — 24k (1 + Z 2i+i22i2+2k(2+i2i)) ) (66)
=2 =3

Nowk > 1,and2+i — 2/ < Ofori > 3,502k(2+i —2') < 4+2i —2!*! therefore

N—k N—k

Z 25+i2—2"—2+2k(2+i—2") < Z 2i2+3(i—2")+2 < =4 o188 54 %
i=3 i=3
so using this estimate in (66) gives
N—k ) ) 9
Z 2i+i272’+2k(i72’) - §22*4",
=2
and substituting into (65) yields
N 25 9 .2 9 2
Z 2/+j —27 53 < gzk +k+2—4k — 52/{2]{ —2k2—2k , (67)
Jj=k+2

which is our desired bound on the tail (58).
Substituting into (55) the identity (56), together with the bounds (64) and (67), gives

_FyGo < gkok?=2k §+ 5 27k+2272k 7
log2 2 42 2

and therefore

F 2 3 5 9 2
ACYee (_ IS _22k> . (68)
(log2) 2 422
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Combining (54) and (68) gives

F F// -2 -2
—N(sk) N(sk)>5 (§+—5 2k+222"> =B<1+—5 2k+3-22k> .

Fos? ~2\27442° 2 9\ 6v2
(69)
Note that the righthand side of (69) is increasing in k, and since k > 26 then
Fn(sk)Fl, 10 5 -2 11
M>—<1+—2—%+3.2—52> = 111111109159, .. > —
Fy (s1)? 9 632 10
and therefore (52) follows, as required. |

Although the map Tl is defined so that its derivative is identical on various branches,
it should be apparent that this is a convenience rather than a strict condition. The depen-
dence of the Lyapunov spectrum (with respect to e.g. some C* topology) on the under-
lying map is continuous, so that for example a sufficiently small perturbation of Ty to
a piecewise linear map Ty on a slightly different collection of intervals Xy = {X; }?2 1

such that the lengths |X;| (and hence the derivatives of the various branches) are all
distinct, will not change the number of Lyapunov inflections.

Similarly, T could be perturbed in a nonlinear way, yielding a nearby nonlinear (full
branch) expanding map with the same number of Lyapunov inflections. More precisely,
given Xy = {X; }?’:" 1 as in Definition 4.1, for any integer k > 1 let C Ilﬁ, denote the set of
maps U?i’ 1 Xi — [0, 1] such that the restriction to each X; is a C* diffeomorphism onto
[0, 11, equipped with the C¥ norm ||T [[x = sup{|T®(x)| : x € UTN, X;,0 < i <k},
where 7@ denotes the i-th order derivative of 7. As noted in Remark 2.2 (c), the
definitions and basic properties of Lyapunov spectra detailed in Sects. 2.2, 2.3 and 2.4
are valid for expanding members of Cf\,, in particular those that are sufficiently C¥-close
to Ty, and we deduce:

Theorem 4.7. For all integers k > 1, N > 27, there is a non-empty open subset of C 5‘\,
whose elements all have at least 2(N — 26) Lyapunov inflections.

5. An Infinite Branch Map with Infinitely Many Lyapunov Inflections

Using essentially the same strategy as in Sect. 4, we can prove the following:

Theorem 5.1. There is a countably infinite branch piecewise linear map whose Lyapunov
spectrum has a countable infinity of inflection points.

To prove Theorem 5.1 we can define X' = {X;}7°, to be a countable collection of

pairwise disjoint closed sub-intervals of [0, 1], consisting of 2/ ? intervals of length 2%’
for all j > 6. By analogy with Definition 2.1 we then define T to be a full branch affine
homeomorphism onto [0, 1] on each interval in X, with the analogous definition of its
invariant set. Such a T is in particular an expanding Markov-Rényi map (see e.g. [10] for
multifractal analysis in this general context), and the collection of its inverse branches is
a conformal iterated function system (see e.g. [8] for multifractal analysis in this general
context).
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The theory of Sect. 2 holds almost verbatim in this countable branch setting, the only
significant difference being that

o o0 5 .
F(y=> |x;|'=) 22"
i=1 j=6

is defined only for ¢ > 0, and
p(t) =log F(—t) forallt <O.
The approach of Proposition 4.6 can then be used to establish that

1 _ FI(9)F(s)
2log F(s)  F'(s)?

has infinitely many solutions, by again simply proving the analogues of (34) and (35)
for all k > 26, and this yields Theorem 5.1.
We also deduce the following:

Corollary 5.2. There is a countably infinite branch piecewise linear map such that for
all k > 2, its Lyapunov spectrum has its kth order derivative equal to zero at infinitely
many distinct points.

6. Examples with a Specified Number of Lyapunov Inflections

In this section we consider some specific piecewise linear maps with strictly more than
two points of inflection in their Lyapunov spectra. By way of a complement to the explicit
examples of Figs. 1 and 2, and the maps Ty of Sect. 4, the cases considered here show
that a given number of Lyapunov inflections (namely 4, 6, and 8) can be attained for
maps with relatively few branches (namely 7, 62, and 821), an issue we return to in
Question 6.5 below. The maps are defined as follows.

Example 6.1. (The map S4) Let {X ,~}l.7:1 be a collection of 7 pairwise disjoint closed
sub-intervals of [0, 1], where X; has length 4/5, the five intervals X», ..., X¢ all
have length 1/65 = (4/5)(1/52), and X7 has length 1/3380 = (4/5)(1/52)%, and
let S4 be any piecewise linear map associated to {Xi}i7=1- The invariant set for Sy
has Hausdorff dimension equal to 0.8167 ..., and its Lyapunov spectrum has domain
[log(5/4), log(3380)] = [0.2231...,8.1256...].

Example 6.2. (Themap S¢) Let { X; }iﬁil be a collection of 62 pairwise disjoint closed sub-
intervals of [0, 1], where one interval has length 4/5, thirty intervals have length 1/400 =
(4/5)(1/320), another thirty intervals have length 1/128000 = (4/5)(1/ 320)2, and the
remaining interval has length 1/40960000 = (4/5)(1/320)3, and let S¢ be any piecewise
linear map associated to { X; }?il . The invariant set for Sg has Hausdorff dimension equal
to 0.8600.. ., and its Lyapunov spectrum has domain [log(5/4), log(40960000)] =
[0.2231...,17.5281...].

Example 6.3. (The map Sg) Let {X; }f‘ill be a collection of 821 pairwise disjoint closed
sub-intervals of [0, 1], where one interval has length 4/5, 125 intervals have length
1/2000 = (4/5)(1/1600), 585 intervals have length 1/3200000 = (4/5)(1/1600)2,
109 intervals have length 1/5120000000 = (4/5)(1/ 1600)3, and the remaining interval

has length 1/8192000000000 = (4/5)(1/ 1600)*, and let Sg be any piecewise linear
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map associated to {X ,}?ill The invariant set for Sg has Hausdorff dimension equal to
0.865154 . . ., and its Lyapunov spectrum has domain [log(5/4), log(8192000000000)] =
[0.2231...,29.7341...].

Theorem 6.4. For n = 4, 6, 8, the Lyapunov spectrum for the map S, has precisely n
points of inflection.

Proof. In view of Proposition 2.27 it suffices to show that there are precisely n solutions
S] < §2 < ... < s, toequation (17). With F(t) = ?:1 |X;|" and p(t) = log F(—t),
the corresponding n points of inflection of L are (by Proposition 2.27) given by

e — _F/(Si)
o = p(=si) = Fs;)
fori=1,...,n.
Writing
. _F&F'(s)
6= SegFy - W= ez b

and I := G — H, the solutions of (17) are precisely the zeros of the function /.
For the map S4, the corresponding function F is given explicitly by

4 N 1 S 1 S
For= (5> *5(6> *(@) ’

while for Sg it is given by

4 S 1 N 1 N 1 N
Fes)=(2) +30(-—) +30 :
s) (5) * (400) " (128000) +<4096000O>

and for Sg it is given by

4 N ] § 1 S
F(s) = <-) +125( —=— ) +585| ———= | +
5 2000 3200000

1 s 1 s
109 ) ) -
( 5120000000 ) ( 8192000000000 >

In each of the three cases the corresponding function 7, which we denote respectively
by 14, I, I3, can be graphed (see Figs. 3, 4, 5, together with graphs of the corresponding
second derivative of the Lyapunov spectrum), and its zeros located (to arbitrary precision,
using e.g. the bisection method). For the map Sy4, four zeros of 14 are located, at 51 ~
—0.3975, sp & —0.0565, s3 ~ 0.0616, s4 =~ 0.4751, with corresponding Lyapunov
inflections a1 & 5.9895, oy ~ 4.4269, a3 ~ 3.8988, as =~ 2.0166. For the map Sg, six
zeros of I are located, at 51 ~ —0.5654, 5o ~ —0.4724, s3 ~ —0.1534, s4 ~ 0.2269,
s5 ~ 0.4275, s¢ ~ 0.6236, with corresponding Lyapunov inflections o) ~ 14.2732,
ay & 13.3822, a3 & 10.4393, ag = 6.6173, a5 =~ 4.7925, ag =~ 2.9345. For the map
Sg, eight zeros of Ig are located, at 51 & —0.5655, s ~ —0.4827, s3 & —0.4538, 54 =
—0.0660, s5 ~ 0.0649, s¢ ~ 0.4150, 57 ~ 0.4891, sg ~ 0.6883, with corresponding
Lyapunov inflections «; ~ 24.6075, ap ~ 23.1999, a3 ~ 22.7113, ag ~ 15.8995,
a5 ~ 13.7839, ag & 7.8754, a7 =~ 6.7335, ag ~ 3.5981.
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Fig. 3. Function I4 and the corresponding second derivative L”
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Fig. 4. Function I¢ and the corresponding second derivative L”
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Fig. 5. Function Ig and the corresponding second derivative L”

In each case, the fact that the above are the only zeros of I = I, can be proved
via an intermediate value argument together with piecewise monotonicity properties.
Specifically, 2n points s, < sf < s, < 55 < < s, < s& can be chosen,
where 57 < dimg (X), such that [ (s;) and 1 (s;r ) have opposite sign, and / can be
shown to be strictly monotone on (s; , s;) (by bounding I” away from zero). More-
over I can be bounded away from zero on the complementary intervals (—oo, s; ),
(57,55, (53,53 )s..., (s;_y, 5,), while on (s, 00) the function I is strictly positive on
(s, dimpg (X)), has a singularity at dim g (X) (since F(dimy (X)) = 1), and is strictly
negative on (dimg (X), 00). |

In view of Theorem 1.3, and the 7-branch map S4 with four Lyapunov inflections,
it is natural to wonder if there is a 3-branch piecewise linear map with four Lyapunov
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inflections, or failing that whether four Lyapunov inflections occurs for any piecewise
linear map with strictly fewer than 7 branches. More generally:

Question 6.5. For any (even) natural number n, what is the smallest number Q,, such
that there exists a Qn-branch piecewise linear map whose Lyapunov spectrum has n
points of inflection?

As a consequence of Theorems 4.2 and 6.4, together with [11], we have the following
bounds:

Corollary 6.6. For all even natural numbers n, the smallest number Q,, of branches of
a piecewise linear map needed to witness n points of inflection in its Lyapunov spectrum
satisfies

(i) Q2 =2,

(ii) Q1 <7,
(iii) Q6 < 62.

(iv) Os = 821,

(v) Qu = Y5670 277 < 20229 for all n,

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

References

1. Bedford, T.: Applications of dynamical systems theory to fractals—a study of cookie-cutter Cantor sets.
In: Bélair, J., Dubuc, S. (eds.) Fractal Geometry and Analysis. Kluiver, Dordrecht (1991)
2. Bohr, T., Rand, D.: The entropy function for characteristic exponents. Phys. D 25, 387-398 (1987)
Bowen, R.: Hausdorff dimension of quasicircles. Inst. Hautes Etudes Sci. Publ. Math. 50, 11-25 (1979)
4. Eckmann, J.P., Procaccia, I.: Fluctuations of dynamical scaling indices in nonlinear systems. Phys. Rev.
A 34, 659-661 (1986)
5. Falconer, K.: Fractal Geometry. Mathematical Foundations and Applications. Wiley, New York (1990)
6. Fan, A., Liao, L., Wang, B., Wu, J.: On Khintchine exponents and Lyapunov exponents of continued
fractions. Ergod. Theory Dyn. Syst. 29, 73-109 (2009)
7. Feng, D.-]., Lau, K.-S., Wu, J.: Ergodic limits on the conformal repellers. Adv. Math. 169, 58-91 (2002)
8. Hanus, P, Mauldin, R.D., Urbanski, M.: Thermodynamic formalism and multifractal analysis of confor-
mal infinite iterated function systems. Acta Math. Hungar. 1-2, 27-98 (2002)
9. Tommi, G.: Multifractal analysis for the backward continued fraction map. Ergod. Theory Dyn. Syst. 30,
211-232 (2010)
10. Iommi, G., Jordan, T.: Multifractal analysis of Birkhoff averages for countable Markov maps. Ergod.
Theory Dyn. Syst. 35, 2559-2586 (2015)
11. Iommi, G., Kiwi, J.: The Lyapunov spectrum is not always concave. J. Stat. Phys. 135, 535-546 (2009)
12. Kessebohmer, M., Stratmann, B.: A multifractal analysis for Stern—-Brocot intervals, continued fractions
and Diophantine growth rates. J. Reine Angew. Math. 605, 133-163 (2007)
13. Moran, P.: Additive functions of intervals and Hausdorff dimension. Math. Proc. Camb. Philos. Soc. 42,
15-23 (1946)

bt


http://creativecommons.org/licenses/by/4.0/

How Many Inflections are There in the Lyapunov Spectrum? 1411

14.

15.
16.

17.

18.

19.

20.
21.

Parry, W., Pollicott, M.: Zeta functions and the periodic orbit structure of hyperbolic dynamics. Astérisque
187-188, 1-268 (1990)

Pesin, Y.: Dimension Theory in Dynamical Systems. Cambridge University Press, Cambridge (1997)
Pesin, Y., Weiss, H.: A multifractal analysis of equilibrium measures for conformal expanding maps and
Moran-like geometric constructions. J. Stat. Phys. 86, 233-275 (1997)

Pollicott, M., Weiss, H.: Multifractal analysis of Lyapunov exponent for continued fraction and
Manneville-Pomeau transformations and applications to Diophantine approximation. Commun. Math.
Phys. 207, 145-171 (1999)

Ruelle, D.: Thermodynamic Formalism, Encyclopaedia of Mathematics and its Applications, vol. 5.
Addison-Wesley, Reading (1978)

Sullivan, D.: Differentiable structures on fractal-like sets, determined by intrinsic scaling functions on dual
Cantor sets. In: The Mathematical Heritage of Hermann Weyl (Durham, NC, 1987)’, 15-23, Proceedings
of Symposia in Pure Mathematics, vol. 48. American Mathematical Society, Providence (1988)
Walters, P.: An Introduction to Ergodic Theory. Springer, New York (1982)

Weiss, H.: The Lyapunov spectrum for conformal expanding maps and Axiom-A surface diffeomorphisms.
J. Stat. Phys. 135, 615-632 (1999)

Communicated by C. Liverani



	How Many Inflections are There in the Lyapunov Spectrum?
	Abstract:
	1 Introduction
	2 Preliminaries
	2.1 Piecewise linear maps
	2.2 Lyapunov exponents and the Lyapunov spectrum
	2.3 Characterisations of the Lyapunov spectrum
	2.4 Formulae for derivatives of the Lyapunov spectrum
	2.5 Lyapunov inflections for piecewise linear maps

	3 Two Branch Maps Have at Most Two Lyapunov Inflections
	4 The Number of Lyapunov Inflections is Unbounded
	5 An Infinite Branch Map with Infinitely Many Lyapunov Inflections
	6 Examples with a Specified Number of Lyapunov Inflections
	References




