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1 INTRODUCTION

It is well known that on the real line the nonlinear terms u” are irrelevant w.r.t. linear diffusive behavior if p > 3. In detail we
have: Consider

ou=0%u+ul,  ul_y=u, (1.1)
witht >0, x € R, p € N, and u(x,t) € R. Then for p > 3 and C > 0 there exists a 6 > 0 such that
llugllpr + llugll Lo <6
implies
luC. Ol <€ and  JluC, 0]l < CA+072 (1.2)

for all t > 0. It is the goal of this paper to prove that a similar result holds true, if (1.1) is posed on an infinite periodic metric
graph.

A metric graph is a network of edges connected at vertices. The mathematical analysis of nonlinear PDEs on such graphs
attracted recently a lot of interest, cf. [1,5,11,13]. The use of graphs is motivated for instance by nano-technological objects with
a similar geometric structure, such as nano-tubes or graphene. See [2] for further motivations. In order to explain our approach
without too many technical details we restrict the subsequent presentation to the necklace graph shown in Figure 2 which has
already been used in [7] for other purposes. We will discuss at the end of Section 2 how to handle more general one-dimensional
periodic graphs.

Stability and blow-up results for (1.1) on the real line have been discussed by a number of authors, cf. [6,20]. The idea has
been transferred to more complicated problems such as the stability of spatially periodic equilibria in the Ginzburg—Landau
equation, cf. [3,4], in pattern forming systems, cf. [16,17], or in pattern forming systems with a conservation law, cf. [9]. There
are various approaches to establish such results. These are the discrete and continuous renormalization approach, the use of
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A1

other spedtrum

FIGURE 1 The eigenvalues A(¢) plotted versus the Bloch wave numbers #. The diffusive behavior comes from the parabola-like curve A,
through (¢, A) = (0, 0). The rest of the spectrum leads to exponential decay. Due to the periodicity w.r.t. the Bloch wave number £ we can restrict
ourselves to £ € [-1/2,1/2]

FIGURE 2 The periodic metric graph I'

- ~ OO )
shown in the upper panel is of the form
U U

I'= @ I, with Fn = Fm() @ Fﬂd— & rﬂ,—’

nez = n>
where the I',  are the horizontal links between T
: n,—

the circles and the I, , the upper and lower
semicircles, all of the same length 7, forn € Z.

The part I,  is identified isometrically with the L
interval I, = [2zn,2zn + x] and the T, , with — P —
the intervals I, . = [27n, 27(n + 1)]. See the '
lower panel. For a function u : I' — C, we denote
the part on the interval I, , with u, ; and the parts - I
n,—

on the intervals I, , withu, .

Lyapunov functions, and L'-L®-estimates. See [18, Chapter 14] for more details. Although not explictely stated in the literature,
Equation (1.1) with smooth spatially periodic coefficients can be handled like these more advanced problems. Problem (1.1)
posed on the necklace graph is a new challenge in the sense that we are in a very irregular situation. Restricting to solutions
which are symmetric in the lower and upper semi-circle, cf. Figure 2, our problem can be mapped to a problem on real line with
a periodic &’-potential, cf. Remark 2.2.

We follow the L'-L®-approach. In a first step the spectral picture necessary for diffusive behavior has to be computed. Since
we have a spatially periodic problem the solutions of the linearized system are of Bloch wave form

u(x,t) = e’l”(f)’eifxf,,(f, x),

with 4,(¢) € R, n € N, Bloch wave number £ € R, and f, having the same periodicity w.r.t. x as the metric graph. For (1.1)
posed on the necklace graph we obtain a spectral picture as sketched in Figure 1.

The fact that the spectrum can be estimated from above by —C#? near the origin is a necessary condition that a r~/2 decay can
be established. However, the approach presented in [12] and its generalization, in case of additional exponentially damped modes,
presented in [18, Chapter 14], cannot be used directly since both do not fit together with the local existence and uniqueness theory
for (1.1) posed on infinite periodic metric graphs. In Remark 6.8 we explain why we think that a pure L'-L* approach will fail.
As in [18, Chapter 14] we separate the diffusive modes from the exponentially damped modes with some projections which are
defined for every fixed #. However, in contrast to [18, Chapter 14] only the diffusive modes, corresponding to 4,, cf. Figure 1,
are handled with L' and L*. For the linearly exponentially damped modes we use the domain of definition H? = D(0§|r),
from the local existence and uniqueness theory, as suitable function space. This space is closed under pointwise multiplication.
Hence the L'-L®-estimates for the exponentially damped modes used in [18, Chapter 14] are replaced by L>-estimates for these
modes. We believe that the presented approach in Section 6 is conceptually more easy and more easy to apply in other situations.
The detailed formulation of our stability result requires a number of notations and is therefore postponed to Section 6. Under a
number of smallness assumptions on the initial conditions the solution will satisfy sup - [u(x, )] < C(1 + n~1/2,
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The present paper is a first step in answering similar problems for dispersive equations, cf. [19], such as Klein—Gordon or NLS
equations. To our knowldege, so far, global existence results, which are based on dispersive estimates, do not exist for equations
posed on non-trivial infinite periodic metric graphs. In [10] dispersive estimates for finitely many spectral bands for a problem
on the real line with a periodic 6-potential has been shown. The situation in [10] is therefore one derivative more regular than
the situation on the graph which corresponds in the symmetric case to a periodic 6’-potential, cf. Remark 2.2.

The plan of the paper is as follows. We transfer (1.1) into a vector-valued problem on the real line with boundary conditions
at the vertices. In order to do so we recall and use the notation from [7] and explain in Section 2 what is meant exactly by posing
(1.1) on an infinite periodic metric graph. In Section 3 we discuss the spectral problem associated to the linear diffusion operator
6)2( defined on the metric graph I'. In Section 4 we introduce the functional analytic set-up, in particular some function spaces and
Bloch transform. In Section 5 we separate the diffusive modes u, from the exponentially damped modes u,. Then we establish
linear L'-L* estimates for the diffusive part u, and L*-estimates for the exponentially damped part u,. In Section 6 we prove
the irrelevance of the nonlinear terms u” w.r.t. linear diffusive behavior, i.e., we prove that the decay rates from Section 5 for u,
in the linear system hold in the nonlinear system, too.

Notation. Throughout this paper, many different constants are denoted by C if they can be chosen independently of time ¢ > 0.

2 | THE PDE ON THE METRIC GRAPH

Considering (1.1) on the periodic metric graph I" shown in Figure 2 means the following: For a function u : I' - C, we denote
the part on the interval I, ; associated to I', , with u,, ) and the parts on the intervals I, , associated to I', , with u,, ,. The scalar
PDE problem on the periodic metric graph I is transferred to a vector-valued PDE problem on the real line by introducing the
functions

u,ox), xel,,
up(x) =4 "0 0 @.1)
0, xel,,,
and
u, . (x), xel,,
u, (=4 " " (2.2)
0, X € IVl,O'

We collect the functions u, and u, in the vector U = (ug, u,u_) and rewrite the evolutionary problem (1.1) as

oU=0U+U" 20, xeR\{kr:kez} (2.3)

where the nonlinear term U stands for the vector UP = (ug, u’} ,uP ), and where at the vertex points {x = nz : n € Z} we have

Kirchhoff boundary conditions. These are given by the continuity of the functions at the vertices
un’0(27m + 7,0 =u, Qrn+x,1)= un,_(27m + 7, 1),
un+1’0(27t(n +1),1) = un’+(27r(n +1),0)=u,_QCrn+1),1), 2.4
and the continuity of the fluxes at the vertices
Oyt o2rn+x,t) = 0u, , 2an+x,t) + o, _(2zn+x,1), 2.5)

Oytty10Cr(n+1),1) = dyu, , Qr(n+1),1) + o, _Qr(n+ 1),1).

Remark 2.1. Alternatively, the problem could be considered as a scalar problem on the real line. In order to do so we identify
[, with Bzn,3zn+ x), I, _ with Bzn + z,32n+2x) and I, , with 3zn + 27, 37x(n + 1)). The transfer of the boundary
conditions is straightforward, we have for instance

Iim w(x)= lim wu(x)= lm w(x).
X—=>71,X<TT X—=T,X>T x—=2w,x>21
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The values in x = nx with n € Z are arbitrary, we can choose for instance u(nr) = lim,_,,; (. u(x). It is obvious that every
reasonable periodic graph can be brought info this form. Nevertheless, we think that our approach is more natural. In [7, Section
7] it is explained how to handle other one-dimensional infinite periodic metric graphs with our approach. The spectral pictures
for the examples of other periodic metric graphs, presented in [7, Section 7], have to be rotated by an angle of z. Moreover, the
eigenvalues are real and no longer imaginary.

Remark 2.2. The subspace of solutions with u, = u_ is invariant. In the subspace our problem is equivalent to the scalar problem
ou= 0)2(u +Vu+u,

with V' (x) = —=6'(x)/2 for x = nz with n odd and V(x) = §'(x) for x = nz with n even, which has to be understood in the
distributional sense

31 SPECTRAL ANALYSIS

We start with the discussion of the linear problem
oU=0U, 120, x€R\{kr:keZ} (3.1
with the Kirchhoff boundary conditions (2.4) and (2.5). It is solved by U (x, ) = W (x)e*! leading to the spectral problem
W =W, x€eR\{kz:kez)} 3.2)

with Kirchhoff boundary conditions at the vertices. The spectral problem has already been discussed in [7]. We recall some
details, which are necessary for the subsequent analysis. Since (3.2) with the Kirchhoff boundary conditions at the vertices is a
periodic ODE problem, there is a basis of eigenfunctions W which are given by Bloch waves

Wx)=e""f(£,x), ¢,x€ER, (3.3)

where f(¢,-) = (fy, f1, f_)(€, ) is a 2z-periodic function for every £ € R. Since these functions satisfy the continuation con-
ditions

f(&,x)=f&,x+2n), fx)=f({€+1,xe*, ¢x€eR, 34

we can restrict the definition of f(£,x)tox € T,, = R/(2xZ)and ¢ € T; = R/Z. The torus T,, is isometrically parameterized
with x € [0, 2z] and the torus T; withZ € [—1/2, 1/2], where the endpoints of the intervals are identified to be the same. Hence,
f can be found as a solution of the eigenvalue problem

O, +it)f =ME)f, x€eT,, (3.5)

with associated boundary conditions

{fo(f, m) = f(¢, 1) = f_(¢,m), 56)
fo(#.0) = f,(£.27) = f_(¢.2)
and
{(ax +i0) fo(l,m) =0, +iO)f (€, m)+ (0, +if)f_(, 7m), 37
0y +i8)fo(£,0) = Oy +il) f (€, 27) + (0 + i) f_(£,27).

The functions f(Z,-) and f,.(Z, -) have supports in I, = [0, 7] C T,, and I, = [x,2x] C T,,. The spectrum consists of two
parts. There is a sequence of eigenvalues at {— m2}meN of infinite multiplicity. The associated eigenfunctions are supported
compactly in each circle. Moreover, there are countably many curves of eigenvalues which correspond to the eigenvalues of the
monodromy matrix M. They can be computed via roots p; , = e>™i? of p> —tr(M)(=A)p + 1 = 0, where

tr(M)(=1) = i[9 cos(2r\/—4) — 1]. (3.8)
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FIGURE 3 The eigenvalues A(¢) plotted versus the Bloch wave
numbers £. The diffusive behavior comes from the parabola-like curve
-4 A, through (7, 4) = (0,0). All other curves lead to exponential decay

The spectral bands of the periodic eigenvalue problem (3.5) are shown on Figure 3.

Remark 3.1. At a first view it seems that the infinitely many localized eigenfunctions E’”’k , indexed with m € N and k € Z,
with the explicit representation

mhk __ mk __ :
W.o= 0, Wi =6, sin(mx),

cannot be written in Bloch form (3.3). However, the linear combination
wr'y =), Wi, = e (),
with f;"o(f, x) = 0 for x € [2zn,27zn + x) and
— —if(x=2 :
f}f”i(f, x) = +e Y072 gin(mx)

for x € [2zn + z,2z(n + 1)) is of the required form. It is an easy exercise to show that the f satisfy (3.4).

4 | THE FUNCTIONAL ANALYTIC SET-UP

The diffusive behavior can be seen in the spectral picture plotted in Figure 3. The parabola-like curve touching A =0atZ =0
leads to such diffusive behavior. Hence, a natural approach to establish the diffusive decay estimates (1.2) is an expansion of
(2.3) w.r.t. the associated eigenfunctions, the Bloch modes.

4.1 | The system in Bloch space

Bloch transform 7~ generalizes Fourier transform 7 from spatially homogeneous problems to spatially periodic problems, cf.
[15]. Tt is defined by

We,x) = (Tu)(t,x) = Y, ulx +2xn)e™ ' 727 .1

nezZ
The inverse of Bloch transform is given by
12
u(x) = (771%) (x) = / (L, x) dE . 4.2)

-1/2

By construction, u#(#, x) is extended from (¢, x) € T; X T,, to (£, x) € R X R according to

WE,x) =Wt x +2x) and W(Z,x) = WL + 1,x)e™. 4.3)
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Multiplication of two functions u(x) and v(x) in x-space corresponds to the convolution integral in Bloch space:

1/2
@@= 0)Z,x) = / W& — m,x)0(m,x)dm, (4.4)
-1/2

where (4.3) has to be used for | — m| > 1/2.
We apply the Bloch transform 7 to all components of U = (uy, u.,, u_) and obtain

o,Ut,¢,x)= LU, ¢,x)+ N(U)t.¢,x), 4.5)

where U = TU, L = T LT !, with L the linear operator defined on the right-hand side of (3.1), and ]\7([7) = TN(T‘lﬁ)
with N(U) = U?. By definition Ut,2,x) = (g, U, u_)(t, ¢, x) satisfies

Ut,t,x)=U,¢,x+2x) and U@t ¢, x)=U, £+ 1,x)e™. (4.6)

4.2 | The function spaces
In order analyse (4.5), we define L>-based spaces for fixed £ € T,.

Definition 4.1. Let
L2 := {17 = i, iy 7)€ (L2(Ty)) = supp(@,) = Iy, j € {0, +,—}} 4.7)
and
H(?) := {(7 er’: @ eH(I)), je(0,+—-}, (B6)-37) ar satisﬁed},

equipped with the norm

~ 2 ~ 2 ~ 12 1/2
= U + (|u + |[u .
. (012 )+ Wy, + 0, )

|1

The parameter ¢ is defined in ng(f ) by means of the #-dependent boundary conditions (3.6)—(3.7). We recall [7, Lemma
2.1].

Lemma 4.2. For fixed ¢ € T, the operator —Z(f ) = —(0, + i£)? is a self-adjoint, positive semi-definite operator in L%.
The domain of definition of the operator Z(f ) is given by:
Definition 4.3. We define

2 ={0er?(T.13): @el’(T H>(I)), jel0+-), (G6-(G7) aestsfid],

equipped with the norm

12 1/2
-t _ ~ N ~ N ~ A2
19]... = ( [ o (lluo(f, R CRCID e CA (e )||H2(,07_)) df) .

We have the following local existence and uniqueness result:

Theorem 4.4. For every 170 € H2, there exists a Ty = T0<||(70”ﬁ2> > 0 and a unique mild solution Ue C([O, Ty1, 772) of
4.5) withU|,_y = U,
Proof. In Appendix A we prove the local existence and uniqueness of solutions in 42, the domain of definition of the operator

L:= 0}2( in physical space. For the definition of 74 see Appendix A. Theorem 4.4 follows immediately from Theorem A.4 since,
according with [7, Lemma 4.2], Bloch transform 7 is an isomorphism between the spaces H> and H>. |
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We close this section with the remark that the global existence in H? of the solutions in which we are interested follows with
the subsequent diffusive estimates. They can be used as a priori estimates such that Theorem 4.4 can be applied again and again.
Hence, it remains to establish the polynomial decay rates (1.2).

5 | DIFFUSIVE AND EXPONENTIALLY DAMPED MODES

As explained in the introduction we separate the diffusive from the exponentially damped modes. In the following we use the
abbreviation @, (¢) = fL(#, ) and the normalization (51(1/”), 51(1/”)) = 1, where (u, v) = f02” Mu(x) dx.

The curve of the eigenvalues 4, (/) is separated from the rest of the spectrum, cf. Figure 3. Since Z(f ) is a self-adjoint operator
for fixed Z, cf. Lemma 4.2, we define the orthogonal projection on the diffusive modes by

B0 = (510).00)) 5 ().

Moreover, we let Eg(f )(7 &) = INI(f )— IN’c(f )[NJ(f) be the orthogonal projection on the exponentially damped modes. We use
the projections to separate (4.5) in two parts, namely

0,5.(,1) = L (O),(£1) + E(f)ﬁ(ﬁ)(f,z), (5.1)
0,5,(C,x.1) = L(O),(,x.1) + i(f)ﬁ(ﬁ)(f, x,1). (5.2)

where ZC @) = Z(f )130(1,” ) and zs(f )= z(f )f’s(f ). By construction the operators E(f ) and }N’C(f ) commute with Z(f ). System
(5.1)~(5.2) is solved with initial conditions &,|,_o = P,(Ul,—o) and ,l,_o = P,(Ul,—y). Then 3, and ¥ are defined via the
solutions of (5.1)—(5.2).

Since the sectorial operator ZS has spectrum in the left half plane strictly bounded away from the imaginary axis, we obviously
have the following result, cf. [8, Theorem 1.5.3.].

Lemma 5.1. For the analytic semigroup generated by ZS we have the estimate
HetZS “ < e,
H2—H?

foraoc,>0andallt > 0.
For the handling of the T, we introduce the following two spaces.

Definition 5.2. Let
X = {(7 e L' (T,12) : & e L' (T, H U,)), je{0,+-}, (B6-37) ar satisﬁed},

equipped with the norm

N 1/2
17, = / . (W M 201+ VM a2y + T s, ) dE

and
X = {17 eL®(T,L}): ;€ L®(T,Hy)), j€{0,+ -}, (3.6)-(3.7) are satisﬁed},
equipped with the norm

95 = s0 (W@ Mty + WMy + 1T, )
e l : ’ ’

Moreover, we set X2 = H2.
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For analyzing the U,-part we use its representation
0.(¢,x) =0 () ;(Z, %), (5.3)
with 0, (¢) € C, j € {0,+,—}. Since ¢, ; € C;f)izh(4.3)(vl’H2(IO,j)) we have
1/2
15,0 = / S 8O0y JdE < ClRlLn)
—1/2 \ je(0,+,-) ’

Since the norm || ;(Z, )|l g2 I, is not only bounded from above, but also from below, we also have

101y < ClITN 30
Similarly, we find
10cll 50 < ClD N Loocr,) and 15l peocry) < CNT oo

For the U,-part we therefore obtain

Lemma 5.3. For the analytic semigroup generated by Zc we have the estimates

HetLC (L, (L, <cr\/2,

<C, . o <
X xl

e = 5. =
X0 Yo

e

)

~ ~ <
Xloxl =
Proof. Since A,(£) < —~C¢? for small £ and e'LO)F (£) = 11T (£) we obviously have

(L.~
“e 7,

A (k ~ ~
o <[] 1o < iz

Ak ~ ~
Y i N AP el AT

XOO

Xl

<[] 15w < BN O

6 | THE NONLINEAR DECAY ESTIMATES

6.1 | Preliminiaries

For the proof of the diffusive decay estimates (1.2) we first need a number of inequalities. From [7, Lemma 3.1 and Lemma 4.2]
we know that X2 = H2 is closed under the convolution (4.4).

Lemma 6.1. There exists a C > 0 such that for all i, T € X2 we have
I+ 0ll 52 < Cllull 519l 52 (6.1)
Next we need:
Lemma 6.2. There exists a C > 0 such that for allu € X! and T € XP with p € {2, 00} we have

I 5 Bl 5, < Cllll 3 115015, (6.2)

Proof. Since the H?> (Io, j) are closed under multiplication, by classical Young's inequality ||z 0|l ;, < C||al| ;11|0]| ., for con-

volutions it follows

1/2
“'L‘l’* Zi”fp = Z / ﬁj(f—fl,x)aj(fl,x) df] HZ(IU’j)(dX)
jelo .-y /=172 LP(d?)
172
<ol [ 3w - 60 Dl

172 je{0,+,-)

Lp(d?)
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<C D @l < Clldlz 19 5
J€{0.+.—}
Lemma 6.3. There exists a C > 0 such that for all i, 5 € X2 we have

I 0l 5 < Clltll 511011 52-

Proof. We proceed as above, but use || * 0| ;o < C||@]| 2|7l ;2. We find

1/2
fFsdlge =] Y / T = 10,1 ) A |

jelo+.-y|| /=172 Lo(de)

1/2
<ol [ 3w - 0 Dl
=172 je(0+,-)

1/2
=€ Z H/ ”Ej(f - fl’x)”HZ(IO’j)(dx)HBj(fl’ X)”HZ([OJ)(dx) e,
je(0,+,-) I/-1/2

<C Y ElRIT g < Cllillg 18l -
JE€{0.+.—}

Moreover, we need the following embedding.

Lemma 6.4. There exists a C > 0 such that for allu € X2 we have

lull 51 < Cllull 5.

Proof. Since # € T! we have

||”I||§1 = Z ”’I’Tj(fax)”Hz(IO,j)(dx)

j€{0,+,—} Ll(df)

<C 2 ”llaf'(f’x)”Hz“o,fXdX) ’ 1||L1(df)
JE{0+,-} '

<C X M o | 2 g, 12001
Jj€{0.+,—}

<C X DN o | 2 g, < CMllz-
JE{0+,—} '

Finally, we need the following interpolation inequality.

Lemma 6.5. There exists a C > 0 such that for all i € XN X we have

~n2 ~ ~
all5, < Cllull g lluell 51-

1/2
¢ Z H/ 2, = €1, W 121, a 10 15 D 2, yax) 421
je(04+,-y IIV-172

Lo(d?)

6.3)

6.4)

(6.5)



CHIRILUS-BRUCKNER ET AL. MATHEMATISCHE 1255

NACHRICHTEN
Proof. We estimate
2
@05, =l > 1@ 0l w2,
JE{0,+,—} Lz(df)
— ~ 2
= 2 1@,
Jje{0,+,—} Ll(df)
< 10731, g VM1,
je{oz,;r,—} ’ 08 Loo(aey T 0N gy
< Cllull go llall 51 - O
6.2 | Irrelevance of the nonlinear terms
We proceed as in [12] and consider the variation of constant formula
~ t ~
U,(1) = e'Le7,(0) + / =9t PN (7,7, (r) dr, (6.6)
0
- t -~
U,(1) = e'L5T,(0) + / "I PN (D,,7,)(r)dr 6.7)
0

for (5.1)—(5.2). In the following we use the abbreviations

a®) = sup .00 e
0<r<t

b)) = sup ||1+0)*5,@)| 5,

0<z<t

0= gn Jaro o],

and
r(t) = a(t) + b(t) + c(t).
Moreover, many different constants are now denoted with the same symbol C, if they can be chosen independently of #(¢) and 7.

a) Lemma 6.2 and Lemma 6.4 imply

@ +5)”

~ o~ ~ ~ P ~ ~ P
5 S Cllo, +USII‘;51 < C(IT Mz + 155l 51)" < C(IB M50 + 1T,1152)

< C(T+072b(0) + A+ 07 4e)” < 1+ 7P rey,

where 0P denotes the p — 1-times convolution of 7.

b) In the same way we obtain

@ +5)”

~ ~ p—l ~ ~
» < C||Uc+Us”A~,1 ”Uc+US”j§2
~ ~ p—1/~ ~
< OBl + 1001 5)" (1515 + 1311 52)
~ ~ =1~ 1/21~ 1/2 ~
(AT CA T S CARACA A CATTS

< C((1+ 077260 + (1 + 07 e)”™ (1 + 07 4a@) 26072 + (1 + 17341

<C(l+ t)(l_p)/2_1/4r(t)p,

where we additionally used Lemma 6.5.
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¢) The estimates for “ (. +7,)" ||Zoo are more involved. We use that

p
(0. + ES)*p = Z (p> oy Ef(p_j)’
j=0 \J

use the triangle inequality, and estimate ”Ej’ 5 DR )HN

i) Using Lemma 6.2, Lemma 6.4, and Lemma 6.3 yields

~0 2 4
17571l oo < 11T || || | g < 1D || IIU 15, <Cd+n" /Aty

ii) Using Lemma 6.2 and Lemma 6.3 yields

5*2

~i(p=2) , 2 ~ 1 1p—2
e PR Al O

| o SUBIZ2NTIZ, < €+ 0@ P23 0y,

iii) All terms D':j * ’17:(” =) with Jj = 2 obviously can be estimated as in 1) and ii). Hence two terms remain.

iv) Using Lemma 6.2, Lemma 6.3, and Lemma 6.5, the first of these terms is estimated by

—1 ~
[0 % | < CUBIZ I, * Bl e
< CUTNE 1T, 2 1 2
1/2 1/2
3 o[ e T AT (A A

< C(1+nEP2VAS3 A 1yp = (14 07221 (1)
v) Using Lemma 6.2 the last term is estimated by

1727l 7o < CITNI, Bl 5 < €U+ DD 2y,
Summarizing all estimates i)-v) yields

H(Ec + 55)*1)”;?00 < C(1 + 1Py,

‘We have:

Aa) We estimate

~

t ~
/ elm0Le P, N(U (T) dr
0

/ ” (t-1)L,

t
<C / (1+7)" P D247 . r@t)P < Crt)?,
0

oo [N 2 .

where the integral is bounded w.r.t. 7 since p > 3.

Ab) Next we estimate

t ~
(140)!/? / et PN (T,.7,)(r)dr
0

< (1+t)1/2/t ||e(t—r)fc
0

_ ot N (e 7) @) 5, dr
Xl

t
< C(1+t)‘/2/ (t =) P4+ P 2 de -y
0
t/2
<ca+n'’? / /2721 42) P2 dz - (e
0

t
+C(1+0)'/? / (t =) P41/ P2 dr - r(1)? < Crn)P.
t/2
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B) For the linearly exponentially damped part we estimate

t - . ~
(1+Z)3/4 / e(t—T)LgPSN('Ec,B’S)(T) dr < (1+T)3/4/ ”e(t—r)LS
0 v 0

X2

e [N @ 7) @), a2

t
< C(1+03* / e =D 4 ) I=P 2214 g p(ryP
0
< Cr@ty

due to the uniform boundedness of

t
(1+t)3/4/ e—O'S(I—T)(l +T)(1_P)/2_1/4d1-
0

t

t/2
< (1404 / e 21+ )P dr 4 (142)3/ // e TO(1 4 1/2) 1P/ e
0 t/2

Remark 6.6. In the last estimate the pre-factor (147)>/# can be replaced by the pre-factor (1 + #)?~1/2+1/4 without destroy-
ing the uniform boundedness w.r.t. . Therefore, in principle for our problem the decay for 7,(-, f) can be improved to

15, D)l 32 < C(L + 0 =P/271/4,

We used the slower decay (1 + ¢)~>/* to show that the result is true even if quadratic terms, i.e. p = 2, are present in the
linearly exponentially damped part. Hence, the approach used in the proof of Theorem 6.7 is an alternative to the approach
given in [18, Chapter 14] and thus allows to redo the stability proofs for spatially periodic equilibria in a number of pattern
forming systems in a slightly different manner.

C) Summing up all estimates yields an inequality
r(t) < Cr(0) + Cr(1)’.

Comparing the curves r — r and r = Cé + Cr” for 6 > 0 small, it is easy to see that r cannot go beyond 2Cé. Hence, if
r(0) < 6, with 6 > 0O sufficiently small, we have the existence of a C > 0 such that R(¢) < 2C6 for all t > 0.
Therefore, we have established:

Theorem 6.7. Consider (5.1)—(5.2) with p > 3. Then for all C > 0 there exists a 6 > 0 such that
5 li=oll g1 + 10 |i=oll 5o + 10510l 52 < 6
implies

10.C. 0l 50 <C, 0Dz SCA+D2 and |5, Dl < CA+HT/

forallt > 0.

A direct consequence of Theorem 6.7 is

sup |u(x, )] < C(1 +1)7'/2,

xel’

since 7 € X! is mapped continuously to u € L*('), and u; € X2 implies u, € X2, due to [7, Lemma 4.2], which again is
mapped continuously to u € L*(I") due to Sobolev's embedding theorem.

Remark 6.8. As far as we can see, we cannot solely work in X! and X*. The space X2 is used in Lemma 5.1. Establishing this
lemma in X! and X* would require additional knowledge about the eigenfunctions ¢, (7, -).

Remark 6.9. We expect that for (1.1) the decay rates for (-, ) can be improved further, at least by an additional factor t~'/2
due to the fact that ¢, (0, x) = 1. Therefore, ¢,(0, x)”? = 1 and the projection on the U;-part vanishes at £ = 0. This vanishing
corresponds to a derivative which gives a factor =1/ in case of diffusive behavior, cf. [18, Chapter 14].
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Remark 6.10. In the critical case p = 3 stability and instability depend on the sign of the nonlinearity. In the unstable case +u?
we have decay on an exponentially long time scale @(e~!/%) with & the size of the initial condition.
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APPENDIX A: LOCAL EXISTENCE AND UNIQUENESS

For completeness we show the local existence and uniqueness of solutions of (2.3). In order to do so we consider the operator
L= 0)% in the space

3
£’ = {U = (up, U, u_) € (LZ(IR)) : supp (un,j) =1I,;, n€Z je {O,+,—}}
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with the domain of definition
H*:={UecL’: u,;€H*(I,;), n€Z je{0,+ -}, (24)— (2.5 aresatisfied},

equipped with the norm

1/2
. — 2 2 2
Ul += (Z [ R L ||un,_||H2(,m_)> :

nez

We recall [7, Lemma 3.1] and [7, Lemma 3.2].
Lemma A.1. The space H? is closed under pointwise multiplication.

Lemma A.2. The operator —L with the domain H? is self-adjoint and positive semi-definite in L>.
As a direct consequence of the last lemma, abstract semigroup theory [14] implies:

‘L’) In particular there exists a

Corollary A.3. The sectorial operator L is the generator of an analytic semigroup (e 50"

constant Cy, such that

”eLz

H2 o2 < CL'

We are now ready to prove the local existence and uniqueness of solutions of the initial value problem associated with (2.3)
in H2.

Theorem A.4. For every U, € H?, there exists a Ty = To(lonlle) > 0 and a unique mild solution U € C([O, Tyl, Hz) of
23) withU|,_g = U,,.

Proof. The estimates from Lemma A.1 and Corollary A.3 allow us to proceed with the general theory for semilinear dynamical
systems [14]. We rewrite the initial value problem associated with (2.3) as the integral equation

t
U@,-) =e"U(,-)+ / eIy (2, P dr. (A.1)
0

We search for solutions in the space

M = {U € C (0. Ty H?) : sup Uy schnU(o,-)lle},
1€[0.Ty]

where the constant C; is from Corollary A.3. Forevery U, € H?, there is a sufficiently small Ty = T, (/U ll;2) > O such that the
right-hand side of (A.1) is a contraction in the space M. Therefore, the existence of a unique mild solution U € C ([0, Tol, H2)
follows from Banach's fixed-point theorem. d



