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Abstract

In this paper, we characterize and compute the mixed and non-mixed
basis of Dihedral groups. Also, by computing the conjugacy classes,
we describe all the mixed and non-mixed normal subgroups of Dihe-
dral Groups.
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1 Introduction

There are many interesting functions from the family of Dihedral groups to set
of natural numbers. For the Dihedral group D,, of order 2n, Cavior [1975] proved
that the number of subgroups is d(n) + o(n) where o(n) is the sum of positive
divisors of n and d(n) denote number of positive divisors of n. For elemen-
tary facts about dihedral groups see Conrad [Retrieveda]. Conrad [Retrievedb]
describes the subgroups of D,,, including the normal subgroups. using characteri-
zation of dihedral groups in terms of generators and relations. Calugareanu [2004]
presents a formula for the total number of subgroups of a finite abelian group. In
Tarnduceanu [2010] an arithmetic method is developed to count the number of
some types of subgroups of finite abelian groups.

Subgroups of groups of smaller sizes are widely studied because their group
properties can be easily verified and larger groups are usually studied in terms of
their subgroups (see Miller [1940]). In this paper we characterize and compute
the different basis of Dihedral groups. Also we describe all mixed and non-mixed
normal subgroups of Dihedral groups via conjugacy classes.

2 Notations and Basic Results

Most of the notations, definitions and results we mentioned here are standard
and can be found in Gallian [1994] and Dummit and Foote [2003]. For any given
natural number n denote:

d(n) = the number of positive divisors of n.
o(n) = the sum of positive divisors of 7.
©(n) = the number of non- negative integers less than n and relatively

prime to n.

Also, the greatest common divisor of m and n is denoted by (m,n). Let G be a
group and ay, ag, . ..,a, € G. Then the subgroup generated by a1, as, ..., a, is
denoted by < aq,as, ..., a, >.

Definition 2.1. A group generated by two elements r and s with orders n and 2
such that srs~* = r~1 is said to be the n'* dihedral group and is denoted by D,,.

Theorem 2.1. For each divisor d of n, the group 7, has a unique subgroup of
order d, namely <g>

Theorem 2.2. For each divisor d of n, the group Z,, has exactly p(d) elements of
order d, namely {kzg 0<k<d-1, (k,d) =1}
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Theorem 2.3. The number of subgroups of Z,, is d(n), namely <g> where d is a

divisor of n.

Theorem 2.4. Let G be a group generated by a and b such that a® = e, b*> = e
and bab™! = a= . If the size of G is 2n then G is isomorphic to D,,.

By theorem 2.4, we make an abstract definition for dihedral groups.

Definition 2.2. Forn > 3, let R,, = {ro,71,...,"n_1}and S, = {so, 1, -, Sn_1}-
Define a binary operation on G,, = R, U S,, by the following relations:

i T5 = Titjmod(n) Ti* S5 = Sitjmod(n)
Si * 8§ = Ti—jmod(n) 8i*Tj = Si—jmod(n) Jorall 0<i,j7<n-—1.

Then (G, -) is a group of order 2n.

Note that in the group (G,,, -), the identity element is 7, r; = r; if and only if
i = jmod(n), s; = s; if and only if i = jmod(n), the inverse of r; is r,,_; and
the inverse of s; is s; for all 0 < 4,5 < n — 1. It is also clear that ri = 7; and
rj-so = s;forall0 <4,j5 <n — 1. Since G, is a group of order 2n and can be
generated by 7; and s( such that:

r? =7, =T, 3(2) =7y and sorlsal = SoT1Sp = 8_180 =T_1 =Tp_1 = 7’1_1.
Therefore the group G, is isomorphic to D,, =< ry, sy >. The elements of R,
are called rotations and that of S,, are called reflections. A subgroup of D,, which
contain both rotations and reflections is called a mixed subgroup and subgroups
contain rotations only is called non-mixed subgroup. From the group D,,, we have
the following.

Theorem 2.5. R, is a subgroup of D,, and is isomorphic to Z,,.

Theorem 2.6. If n is even, the number of elements of order 2 in D, is n + 1,
namely {r,;2,5;: 0 <j <n—1}

Theorem 2.7. If n is odd, the number of elements of order 2 in D,, is n, namely
{s;: 0<j<n-—1}

Theorem 2.8. If d divide n and d # 2, the number of elements of order d in D, is
@o(d) namely {rpn/q: 0 <k <d—1, (k,d) =1}

Theorem 2.9. If a and b are two elements in D,, then < a,b >= {a*b™ : 0 <
k,m<n-—1}

Definition 2.3. Let G be a finite group. An element y € G is said to be a conjugate
ofz € Giffy = grg™?, for some g in G.
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This relation conjugacy in a group G is an equivalence relation on GG. The
equivalence class determined by the element z is denoted by cl(z). Thus cl(z) =

{gzg™' : g € G}. The summation, Z |cl(z)|, where summation runs over one

zeG
element from each conjugacy class of z is called the class equation of G.

Definition 2.4. A subgroup H of the group G is said to be a normal subgroup if
ghg™ € H forallg € Gandh € H.

A normal subgroup which contain rotations alone is called a non- mixed nor-
mal subgroup and normal subgroups which contains both reflections and rotations
is called mixed normal subgroup.

Theorem 2.10. Every normal subgroup is a union of conjugacy classes.

Theorem 2.11. Every subgroup of a cyclic normal subgroup of the group G is
also normal in G.

3 Subgroups of D,

Theorem 3.1. The number of non-mixed subgroups of D,, is d(n), namely
{< rna>: d isadivisor of n}.

Proof. The non-mixed subgroups of D,, are subgroups of R,,. Since R, is
isomorphic to Z,, for each divisor d of n, the group R,, has a unique subgroup of
order d, namely < r,,4 >. Hence the number of non-mixed subgroups of D, is
d(n), namely {< 7,/ >: d is a divisor of n}. O

Theorem 3.2. Every mixed subgroup of D,, has even order of which half of them
are rotation and half of them are reflection.

Proof. Let H be a mixed subgroup of D, containing a reflection s. Let
A denote the set of rotations of H and B denote the set of all reflections of H.
Defineamap ¢ : A — Bby¢(r) =r-sforallr € A. If s; is an element in B
then s; - s is an element of A and (s, - s) = s;ss = s;. Hence ® is onto. Also
Y(r) =¢(') = rs=1r's = r =’ and hence 1) is one-one. O

Theorem 3.3. Every mixed subgroup of D,, is Dihedral.

Proof. Let H be a mixed subgroup of D,,. By theorem 3.2 , |H| = 2d for
some d and H N R, =< r,/q >. Since order of H is 2d and < 71,/ > is its
subgroup of order d, we have H =< 1,9 > U < 19 > 8§ =< Ty/q,5 >, for
some s in H. Since (r,/q)* = 74,8 = 19 and sry, /48" = (rnsq) ", we have
H = D, and hence the proof. O
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Corolary 3.1. If H is a mixed subgroup of D,, then,
1. |H| = 2d, for some d which divides n.
2. H=D, =<ryq,s > forsome s € H.

Here we have a usual question: If d divides n, does there exist a subgroup of
order 2d? If it exists, how many?

Theorem 3.4. If d divides n, the number of mixed subgroups of order 2d is g

Proof. By the corollary 3.1, it is clear that the mixed subgroups D,, of order
2d are {< 15,/4,5; >: 0 < j < n — 1}, all of them need not be distinct. Suppose
< Tnjd,Si >=<Ty/q,5; > forsome 0 <i,5 <n— 1.

< Tn/d; Si > =< Tn/d;Sj >
= <Tpja > U <Tpa> 8 =<Tpq>U<Tyq >S5
= < Tpid > Si =< Tp/d > 8
— sisj’l €< Ty >
> 58] = gy forsome 0 <k <d-—1
< 8iSj = Tkn/d
> Tioj = Tkn/d

= z—j—k—mod(n) forsome 0 <k <d-—1
= d(@—j)—Omod(n)

)
)

Hence the number of distinct mixed subgroups of order 2d in D, is g, namely

= i—jEOmod(

Q33

= izjmod(

{<rng s> 0<i< g}. a
Theorem 3.5. The number of mixed subgroups of D,, is o(n).

Proof. By theorem 3.4, the mixed subgroups of D,, is Z g = Z d=o(n).
d/n d/n
They are Uy/n{< Tn/a, 1 > 0 < i < g — 1} O
From theorem 3.1 and theorem3.5 we have,

Theorem 3.6. The number of subgroups of D,, is o(n) + d(n).
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Theorem 3.7. The number of abelian subgroups of D,, is d(n) +n if n is odd and
d(n)+n+ g if n is even.

Proof. All non-mixed subgroups of D,, are cyclic and hence abelian. So by
theorem 3.1, there are d(n) non- mixed abelian subgroups for D,,. If n is odd, by
theorem 3.3 and corollary 3.1, the mixed abelian subgroups of D,, are of order 2
and hence there are n such subgroups. Thus if n is odd, the number of abelian
subgroups of D, is d(n) + n. If n is even, by theorem 3.3 and corollary 3.1, the
mixed abelian subgroups of D,, are of order 2 and 4, and hence there are n + g
such subgroups. Thus if n is even, the number of abelian subgroups of D, is

d(n)—l—n—i—g. 0

Theorem 3.8. The number of cyclic subgroups of D,, is d(n) + n.
Proof. By theorem 3.1, the number of non-mixed cyclic subgroups of D, is

d(n). Also by theorem 3.3 and corollary 3.1,the mixed cyclic subgroups of D,, is
n. Hence the number of cyclic subgroups of D,, is d(n) + n. O

4 Basisof D,

A basis of D,, which contain both rotation and reflection is called a mixed
basis and other basis is called non-mixed basis. By the definition 2.2, it is obvious
that two rotations cannot generate D,,. Hence non-mixed basis of D,, are basis
consisting of two reflections.

Theorem 4.1. For n > 3, the number of mixed basis of D,, is np(n).

Proof. Let s;(0 < j < n — 1) be areflection in D,,. Then for any 0 < i <
n—1,
<rys;>={r"s; :0<m,t <n—1} ; by theorem 2.9
= {r"sj, r"rg :0<m <n-—1} ; since S; =s; Or 1
={r"s;, r" :0<m<n-—1}
={r"s; :0<m<n—-1}U{r" :0<m<n-1}
=<r; >s;U<r >=D, ifandonlyif (i,n) =1
Hence corresponding to each reflection s;(0 < j < n — 1) there are ¢(n) mixed
bases, namely {{s;,r;} : 0 <i <n—1and (i,n) = 1}. So the number of mixed
basis for D,,(n > 3) is ny(n). 0

Theorem 4.2. For n > 3, the number of non-mixed basis of D,, is ngo(n)

252



Mixed and Non-mixed Normal Subgroups of Dihedral Groups Using Conjugacy
classes

Proof. Since the dimension of D,, is 2, any basis of D,, contain exactly
two elements. The subgroup generated by two rotations always lies in R,, and
hence cannot form a basis. Therefore any non- mixed basis of D),, contain exactly
two reflections. : Let 5;(0 < j < n — 1) be a reflection in D,,. Then for any
0<i:<n-—1,

< 8,85 > =< T;-j85,8; >=<T;—;,8; >
>~ D, ifand only if i — j = k mod(n) and (k,n) = 1

Hence corresponding to each reflection s;(0 < j < n — 1) there are ¢(n) non-
mixed basis for D,, namely {{s;;;,s;} : 0 < i < n—1land (i,n) = 1}. If
{s;,s;} is a mixed basis corresponding to the reflection s;, then it is also a ba-
sis corresponding to the reflection s;. Hence the number of non-mixed basis for

Dy(n > 3) is ?w2(n)_ 0

3
Theorem 4.3. For n > 3, the number of different basis for D, is 7%0(71)

Proof.  The collection of all different bases of D,,(n > 3) is the union
of all mixed and non-mixed bases. Hence the different bases of D, (n > 3) is

20 | () = L), .

2

5 Congugacy classes of D,
In this section we will compute all conjugacy classes and class equation of
Dihedral groups.

3
Theorem 5.1. If n is odd, the number of conjugacy classes in D,, is nt .

Proof. Letr;(0 <i <n — 1) be arotation in D,,. Then

c(ry) = {rjrr; ' srs;t 0 0<j<n—1}
= {rjrir_;,sjris; + 0<j<mn-—1}
:{T’Z',SjTiSj : 0§j§n—1}
:{Tiysj—isj : Oéjén—l}

= {Tu T—i
Since n is odd, r; = r_; if and only if 7+ = 0. Therefore

cl(ro) = {ro} and cl(r;) = {r;,r_;}, atwo element set, forall 1 <i <n — 1.
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Also,

cl(sg) = {rjs()rj_l, SjSOSj_l :0<j<n-—1}
= {rjs()rj_l, s;sos; + 0<j<n-—1}
= {rjsor_;,s;s08; : 0<j<n-—1}
={sy; : 0<j<n—1}
={s; : 0<j<n-—1}, sincen odd.

Hence,ifnisodd, {{s; : 0<j<n—1} {ro},{ri,r— }: 1 <i<(n—1)/2}
are the conjugacy classes of D,,. Thus if n is odd, the number of conjugacy class

1
ﬁlhmgl—l+2:(n;$. O

Corolary 5.1. The class equation of D,,(nodd )is1+2+2+...+2+n =2n,
the summation runs over (n — 1)/2 times.

6
Theorem 5.2. If n is even, the number of conjugacy classes in D,, is n ; .

Proof. Letr;(0 <i <n — 1) be arotation in D,,. Then

c(ry) = {rjriry !, sjm-sj_l :0<ji<n—1} ={rjrr_j,s;rs; 0 0<j<n-—1}
= {’I”Z', S§iTiS; - 0 S j S n — 1}
={ri,s;_s; : 0<j<n-—1}

= {Tiu 7’71'}
Since nisevenr; = r_; if and only if 2 = O or g Therefore

cl(ro) = {ro}, cl(ry)2) = {rns2} and cl(r;) = {r;,r_;}, atwo element set, for all

1§i§n—1mﬁi#g.
Also,

cl(so) = {rjsor; ' sjs0s; "+ 0<j<n—1}
= {rjsor; ', sj508; + 0<j<n—1}
= {r;sor_;,s;508; : 0<j<n-—1}
:{S2j . OS]Sn/2—1}
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Again,
cl(sy) = {Tjslrj_l,sjslsj_l :0<j<n—-1}
= {rjslrj_l,sjslsj :0<j<n—-1}
= {rjsir_;,s;518; : 0<j<n-—1}
={sgj41 : 0<j<n—-1}
={s9j41 : 0<j<n/2-1}

Hence, if n 1s even,
{{82j 0< 7 <n/2) {9541 1 0< 4 <n/2} {ro}, {02}

{rirei b 1<i < (n—2)/2}

are the conjugacy classes of D,,. Thus if n is even, the number of conjugacy class

9
of D, is (”2 ) 4o (";6).

Corolary 5.2. The class equation of D,(neven )is1+1+2+2+4 ... +2+
n/2 + n/2 = 2n, the summation runs over (n — 2)/2 times.

O

Corolary 5.3. Each conjugacy class of D,, contains either rotations alone or re-
flections alone.

Corolary 5.4. The number of conjugacy classes of D,, which contain rotations

n+1)
2

alone is if n is odd and (n% if n is even.

Corolary 5.5. The number of conjugacy classes of D, which contain reflec-

tions alone is 1, namely D,, if n is odd and is 2, namely {szj : 0< 5 <

n/2},{s2j41 : 0<j < n/Q}}, if n is even.

6 Normal subgroups of D,

In this section we will describe all mixed and non-mixed normal subgroups of
D,.

Theorem 6.1. The number of non-mixed normal subgroups of D,, is d(n).

Proof. Since R, is a cyclic normal subgroup of D,,, by theorem 2.11, the
non-mixed subgroups and non-mixed normal subgroup of D,, are same. Hence
the number of non-mixed normal subgroups of D, is d(n). a
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Theorem 6.2. The number of mixed normal subgroups of D,, is 1 if n odd and 3
if n even.

Proof. Since normal subgroups are union of conjugacy classes, a mixed
normal subgroup contain at least one conjugacy class having reflection. If n is odd,
there is only one conjugacy class having reflection, namely {s; : 0 < j <n—1}.
Therefore D, is the only mixed normal subgroup of D,, if n is odd. If n even,
{s9; + 0 < j < n/2}and {sy;41 : 0 < j < n/2} are the only conjugacy
classes having reflection. Therefore {sy;,72; @ 0 < j < n/2}, {s941,72;

0 < j < n/2} and D, are the only mixed normal subgroups of D,, if n is even.
Therefore the number of mixed normal subgroups of D,, is 3 if n is even.
(]

Corolary 6.1. The number of normal subgroups of D,, is d(n) + 1 if n odd and
d(n) + 3 if n even.

7 Conclusion

In this paper, it is proved that the number of mixed basis and non-mixed basis

for D,,(n > 3) are np(n) and non)
non- negative integers less than n and relatively prime to n. Also it is shown that

respectively, where o (n)is the number of

3
the number of different bases for D,,(n > 3) is ?ngo(n) If n is odd, the number

of conjugacy classes in D, is and if n is even, the number of conjugacy

6
classes in D, is . Finally we have shown that the number of non-mixed

normal subgroups of D,, is d(n) and the number of mixed normal subgroups of
D, is 1 if n odd and 3 if n even.
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