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Abstract: Let G be a connected graph with vertex set V(G) and d(u, v) be the distance between the
vertices u and v. A set of vertices S = {s1,5p,...,5¢} C V(G) is called a resolving set for G if, for any
two distinct vertices u, v € V(G), there is a vertex s; € S such that d(u,s;) # d(v, s;). A resolving set
S for G is fault-tolerant if S \ {x} is also a resolving set, for each x in S, and the fault-tolerant metric
dimension of G, denoted by f'(G), is the minimum cardinality of such a set. The paper of Basak
et al. on fault-tolerant metric dimension of circulant graphs Cy (1,2, 3) has determined the exact value
of B'(Cu(1,2,3)). In this article, we extend the results of Basak et al. to the graph C,(1,2,3,4) and

obtain the exact value of 8/(Cy(1,2,3,4)) for all n > 22.

Keywords: circulant graphs; resolving set; fault-tolerant resolving set; fault-tolerant metric dimension

1. Introduction

The distance between two vertices u and v, denoted by dg (1, v), is the length of the
shortest u — v path in a simple, undirected, connected graph G with the vertex set V(G)
and the edge set E(G). Whenever there is no possibility of confusion, we will simply
write d(u,v) instead of dg(u,v). A vertex z resolves two vertices x and vy if d(x,z) #
d(y,z). Let S C V(G) be a set with m elements. The code of a vertex w with respect to
S, denoted by c(w|S), is the m-tuple c(w|S) = (d(w,s):s € S). A set S is a resolving set
if distinct vertices have distinct codes, i.e., if c(x|S) = ¢(y|S) for all distinct x,y € V(G).
Equivalently, S is said to be a resolving set for G if for every pair of distinct vertices x and
y, there is a s € S such that c(x|S) # c(y|S). The metric dimension of G is the number
ming{|S|:S is a resolving set of G} and it is denoted by B(G).

Slater [1] and Harry et al. [2] have introduced the metric dimension of graphs. A
metric basis is a resolving set with the cardinality (G). Some times metric bases elements
may be considered as censors, see [3]. We will not have enough knowledge to deal with the
attacker (fire, thief etc) if one of the censors malfunctions. In order to overcome this kind of
problems, Hernando et al. have proposed the concept of fault-tolerant metric dimension
in [4].

A resolving set S of a graph G is fault-tolerant if for each u € S, S\ {u} is also
a resolving set for G. The fault-tolerant metric dimension of G, denoted by p'(G), is the
minimum cardinality of a fault-tolerant resolving set. A fault-tolerant metric basis is a
fault-tolerant resolving set of order p'(G).

Determining a graph’s fault-tolerant metric dimension is a challenging combinatorial
problem with potential applications in sensor networks. It has only been tested for a
few simple graph families thus far. Hernendo et al. characterized the fault tolerant
resolving sets in a tree T in their introductory paper [4]. They have also furnished an
upper bound for the fault-tolerant metric dimension of an arbitrary graph G as p/(G) <
B(G)(1+2-5F (6)-1). Saha [5] determined the fault-tolerant metric dimension of cube of
paths, and Javaid et al. [6] obtained B’(C,, ), where Cy, is a cycle of order n.
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n

Let n and t be positive integers with 2 < ¢t < bJ An undirected graph with
the set of vertices V = {v1,0,...,v,} and the set of edges E = {(v;,v;) : [i—j| = s
(mod n)), s € {1,2,...,t} is called a circulant graph and is denoted by C,(1,2,...,t). Note
that C,(1,2,...,|%]) is isomorphic to a complete graph on n vertices. Javaid et al. [7]
found p'(C,(1,2)), in [8], Imran et al. only bounded the metric dimension of C,(1,2) and
Cn(1,2,3), and then Borchert and Gosselin [9] extended their results and determined the
exact metric dimension of these two families of circulants for all 7.

In this article, we extend the results of Basak et al. [10] to the graph C,(1,2,3,4)
and obtain the exact value of p'(C,(1,2,3,4)) for all n > 22. It is worth noting that the
fault-tolerant problem for circulant graphs has also been studied in the context of network
robustness [11], which is different from the current setting.

2. Preliminaries and Notations

The distance between two vertices v; and v; inCy(1,2,3,4)is given by

(o139 = { ] i<l
B e sl B Eat]]

The diameter of C,,(1, 2, 3, 4) is PIT_ﬂ . If we take n as the form 8k + rwithr € {0, 1, 2, 3, 4,

5, 6, 7}, then diameter is k or k + 1 according asr € {0,1} orr € {2,3,...,7}. To fix this
variability of diameter for different values of r, we take n is of the form 8k 4 r with
re{2,3,4,5,6,7, 8, 9}. Throughout this paper, we denote that k + 1 is the diameter of
Cu(1, 2, 3, 4) and @ is the empty set.

The following lemma gives a basic property of a fault-tolerant resolving set for an
arbitrary graph.

Lemma 1 ([6]). A set F C V(G) is a fault-tolerant resolving set of G if, and only if, every pair of
vertices in G is resolved by at least two vertices of F.

Definition 1. A vertex u is called an antipodal vertex of v if d(u,v) = k + 1, where k + 1 is the
diameter of Cy(1, 2, 3, 4). Foreach j € {0, 1,2, ..., n — 1},, we denote the set of all antipodal
vertices of v; € V(Cu(1, 2, 3, 4)) by A(vj).

The lemma below gives the set of all antipodal vertices for each vertex v € C,(1, 2, 3, 4),
which can be verified easily.

Lemma?2. Letn = 8k+r, wherer € {2,3,...,7,8,9}. Then, for any vertex v; € Cu(1,2,3,4),

A(Uj) = {U4k+1+j/ v4k+2+j/~-rv4k+r—l+j}

and hence |A(vj)| = r — 1. Note that, for allv € Cy(1, 2, 3, 4), |A(v)| = 1 or 8, according to
n=8k+2orn=_8k+09.

Definition 2. For m € {2,3,4,5} and j € {0,1,...,n —m — 1}, define K, as the complete
subgraph of Cy(1, 2, 3, 4) induced by {v;, vj(1, ..., Vjym—1}. For the clique KL, we call the
vertices vj, Vjy 1 end vertices and the others intermediate vertices of K{n We shall denote the set
of all intermediate vertices of Kﬁn by I (K{n)

Example 1. The clique K% in C30(1,2,3,4) is a complete subgraph induced by {v7,vs,v9, v19,
v11}. The vertices vy and vy are the end vertices of KZ, whereas vg, vy, vqg are the intermediate
vertices for the same.
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Notation 1. A vertex vj in Cy(1, 2, 3, 4) is called a right or a left side vertex of vy according to
je{01,...,|5]}orje{|5]+1 |5]+1, ..., n—1}. Wedenote R(vy) as the set of all
vertices of Cn(1, 2, 3, 4) which are at right side of vy, i.e,

R(vp) = {vi € V(Cu(1,2,3,4):0<i< gJ }

Similarly, we define
L(oo) = {01 € V(Ca(1, 2,3, 4)): gJ +1<i<n-1}
and call it as the set of all left side vertices of vy.

3. Lower Bound for Fault-tolerant Metric Dimension of C,(1, 2, 3, 4)

In this section, we show that any fault-tolerant resolving set F of C,, (1, 2, 3, 4) contains
at least eight elements. Moreover, for n = 1 (mod 8), we show that one more element
should be added in F for it to be a fault-tolerant resolving set .

Lemma 3. For two positive integers a and j, P]Z—Lﬂ # “_Zi_lq implies j = a (mod 4) or
j=a+1 (mod 4) accordingasj < aorj>a+1

Proof. First we assume that j < a. Then there exists positive integers g and r such that
a—j=4q+swiths € {0,1,2,3}. Then

li—all  [49+s] [ gq ifs =0,
r | T |73 | Tg+1 ifs=123
Pf‘i_lw _ {4‘”:“} —g+1 forallr =0,1,2,3.

From the above two results, we conclude that Pj Z”W #* [%—‘ if s = 0, that is, if
j=a—4q=a (mod 4) provided j < a.

Next we assume thata +1 < jand let j —a — 1 = 44 + s for some positive integer g
and s € {0,1,2,3}. Then

liza-17 _ T4q+s]_[q  ifs=0,
P];”r‘ = [4‘74_45_'—1—‘ =g+1 forallr =0,1,2,3.

From the above two results, we conclude that W Zaw =+ Pj _Z_ll—‘ if s = 0, that is, if

j=49+a+1=a+1 (mod 4) providedj >a+1. O

Using Lemma 3, we have the following result.

Lemma 4. Let n = 8k + r be a positive integer. Let a,j € {0,1,...,n — 1} be two distinct
integers. Then {WW # [%W impliesj=a+n (mod 4)orj=a+1—n (mod 4)
according asj > aorj < a.

Notation 2. Recall that a vertex u resolve two vertices v and w if d(u,v) # d(u, w). We denote
the set of all vertices which resolve two consecutive vertices v, and v,41 by Ry 441

The lemma below gives an explicit form of R, ;41 foreacha € {0,1,..., n — 1}. From
here to onward, a non-negative integer j € [a], wemean j —a =0 (mod 4).



Mathematics 2022, 10, 124

40f16

Lemma 5. Let n = 8k + r for some positive integer k and r € {2,3,...,9}. For any two
consecutive vertices v, and v,1 of Cy(1, 2, 3, 4), the following are hold:

(a) Ifa<|5]—1,then Ry op1={vj: jea], 0<j<a}U{v;: jela+1],a+1<j<
a+1+4k}U{v;: je[r+al, at+r+4k<j<n-—1}

(b) Ifa> %], thenRaaH—{v €la, a—4k<j<atU{vj:jela+1],a+1<j<
n—1tU{v: jea+1—r7], 0§]§a+1—r—4k}.

Proof. Itis clear that A(v;) N A(v,41) = ¢ whenr =2 and for r # 2,

A(va) N A(Vg11) = {Varakt2 - -/ Vatdkir—1}

(a) Let v; resolve the vertices v, and v, y1. Then v; € A(vs) N A(vg41). Now the
distances of v, and v, 41 from v; are given by

(] fli-al <y,
[ - al> g,

(=] fgj-a-1y <4,

[#] ifj—a—1] > 2

d(vj, vg)

d(vj/ vl,lJrl)

Since v; resolve v, and v,41, (v}, va) # d(vj,v441), and when |j —a| < 7], applying
Lemma 3, we have j = a (mod 4) orj = a+1 (mod 4) according asj < aorj > a+ 1.
Again if [j —a| > |4], thenj > aasa < |%]| —1 and hence applying Lemma 4, we
have j = a +r (mod 4). Hence, proof of part (a) is complete. For part (b), proof will be
similar. O

Corollary 1. Let F = {v;, vj11, Viy2, Viy3} for some fixedi € {0, 1, ..., n —4}. Then for each
{ there exists an element v; € F such that vy and vy are resolved by v;, provzded both vy and vy q
are not in A(v;).

Corollary 2. Forn =1 (mod 8), Ry 501 ={vj: j€[a], 0<j<atU{v: je[a+1], a+
1<j<n—=1}\(A(va) N A(va11))-

Proof. Let n = 8k + 9 for some positive integer k. Note that

A(va) N A(Va41) = {Vatakt2, Vatak+3s - r Vatak+8 )}/

where the indices of vertices are taken to be modulo n. First we take a < L%J — 1. Then

from Lemma 5(a), we have Ry 541 = {vj: j€ [a], 0 <j<a}U{v: jefa+1],a+1<
j<a+1+4k}uU{v: j€la+1], a+9+4k <j<n—1}. Therefore, the result is true if
a < L%J -1 Again ifa > L%J, then A(Uﬂ) N A(va+l) = {va74k77/ VUg—4k—6r +--r va74k71}
and hence from Lemma 5(b), wehave R; ;41 = {vj: j € [a], a—4k—2<j<a}U{v;: j €
[a+1],a+1<j<n-1}U{v;: j € [a], 0 <j < a—8—4k}. Therefore the result is
true. [

Lemma 6. Let n = 8k + r, where k being a positive integer and r € {2,3,...,8,9}. Let K5 be a
clique in C,(1, 2, 3, 4). Then for every pair of vertices vy, vy in V(Ks) witha < b < a + 4, we
have the following.
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(a) Whenr =2, then

{va41, Vaaksa} fb=a+1,

Raa11 N Ry py1 =
e ’ %) otherwise.

(b) Whenr =3, then

{va11} fb=a+1,
Rea41 MRy ps1 = {varakrs} fb=a+2,
@ b=a+3.
(¢c) Whenr =4, then
{vat1} fb=a+1,
Ra,a_;’_lmRb’h_;'_l - @ !fb:a‘i‘z,
{voraka}, fb=a+3.
(d) Whenr € {5,6,7,8,9}, then

{var1} ifb=a+1

Ra,a+1 N Ry b1 =
e @ otherwise.

Proof. For symmetry of C,(1, 2, 3, 4), we prove the result for a K5 with V(Ks) = {vg, v1,
v, v3, U4 }. Then from Lemma 5, we obtain

Rog = {oo}U{vj:jel],1<j<4k+1}U{vj:jer], 4k+r<j<n—1},

Rip = {oi}U{vj:je2,2<j<4k+2}U{vj:jelr+1],4k+r+1<j<n-1},
Ryz = {vjU{v;:j€[3],3<j<4k+3}U{vj:je[r+2],4k+r+2<j<n—1},
R3qg = {o3}U{vj:je0],4<j<4k+4}U{vj:jelr+3],4k+r+3<j<n-1}

By putting the different values of » and on simple calculations, we get the required re-
sult. [

Example 2. Let n = 8 -6+ 5 and let us take V (Ks) = {v7,vg, v9, 019, v11 } in the circulant graph
Cs3(1,2,3,4). Then we have the following

R7s = {v3,v7} U{vs,v12,...,032} U{0v36,Vs0,---,052},
Rgo = {vo, 04,08} U{vg,v13,...,033} U{v37,041,...,009},
Roto = {v1,0509} U{v10,014,...,034} U{038,0s2,..., 050},
Rio1n = {v2,96,v10} U{v11,015,-.,035} U{v39,0a3, ..., V51 }.

Here we see that Ry 541 N Ry py1 = @ for |b —a| > 2, whereas Ry 511 N Raq1 042 = {0a41} for
a € {7,809}

Definition 3. Let U and S be two subsets of vertices of Cy (1, 2, 3, 4). We call the set U an S-block,
if all vertices of U are at equal distance from every vertex of S, or equivalently, C(u|S) = C(v|S)
foru,vel.

In the lemma below, we give the least number of elements that should be included in
a fault-tolerant resolving set F to resolve a clique Ky, for m € {2, 3, 4, 5}.
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Lemma 7. Let F be a fault-tolerant resolving set of Cgyy,(1, 2, 3, 4), where 5 < r < 9. Let S
be a subset of F and 1(K;) denotes the set of intermediate vertices of K. If there exists a clique
Ky (2 <m <5)in Cgy,(1, 2,3, 4) such that FN I(Ky,) = @ and V(K,,) is an S-block, then
|F| >2m —2+|S|.

Proof. For symmetricity of C,,(1, 2, 3, 4), it is sufficient to show that the result is true for
a clique K, with V(K,,) C R(vp). Let V(Ky) = {vj, ..., viym—1}. Since V(K;,) isan S
(C F)-block, C(u|S) = C(v|S) for every pair of vertices u,v € V(K,,). Again, as F is a fault-
tolerant resolving set of C,(1, 2, 3, 4), applying Lemma 1, we have |R; ,41 N (F\ S)| > 2
for eacha € {i,..., i+ m —2}. Again, since FNI(K;;) = @, so from Lemma 6, we
have (FN Ry 441) N (FNRp 1) = @ for distinct a, b € {i, ..., i +m —2}. Therefore,
|F\ S| >2(m—1),thatis, |F| >2(m—1)+1S|. O

Lemma 8. Let F be a fault-tolerant resolving set of Cgkﬂ(l, 2,3,4), where 2 <r < 4. If there
exists a clique K% in Cgy (1, 2, 3, 4) such that F N I(KL) = @ and F N [(KSH4H7=1) = @, then
|F| > 8.

Proof. Since F is a fault-tolerant resolving, applying Lemma 1, |[F N R, 5+1| > 2 for every a

with 0 < a < n — 1. If F is a fault-tolerant resolving set of Cg;1,(1, 2, 3, 4) such that FN

[(KL) = @and F N [(KSH 471y = @, then applying Lemma 6, we have (F N Ry 41) N (FN
i+3

Rppi1) = Dfordistinctaand bin {i,i+1,i+2,i+3}. Thus [F| > Y |[FNRyeiq| > 8. O

a=i

Lemma9. Letn =5,6,7,8,9 (mod 8) and F be a fault-tolerant resolving set of C,(1, 2, 3, 4).
Then for every cliqgue Ks in Cy,(1, 2, 3, 4), |F| > 8 — |[F N I(Ks)|, where 1(Ks) denotes the set of
intermediate vertices of Ks.

Proof. From the symmetries of C,(1, 2, 3, 4), we assume V(Ks) C R(vp) and let V(Ks5) =
{vi,vi41,Vi12,Viy3, Vitq}. For a fault-tolerant resolving set F with FNV(Ks) = @, |F| > 8
due to Lemma 8 with S = @. Since F is a fault-tolerant resolving set of C,(1, 2, 3, 4),
|FN Ry a41| > 2 forevery a with 0 < a < n —1 and in particular, a € {i,i+1,i+2,i+ 3}.
Let [FNI(Ks)| = ¢ (1 < ¢ < 3). In view of the values of ¢, we consider the following three
cases.

Case 1: [FNI(K5)| = 1. Suppose F N I(Ks) = {vp} forsome p € {i+1,i +2,i+ 3}. Let

Fy = F\ {vp}. First we assume that p = i + 1. Since [F N\ R, ;11| > 2foralla € {i,i+1,i+

2,i+ 3} and v; 41 ¢ Raa41 fora € {l +2,i+ 3}, we have |Ri,i+1 N F]l >1, |Ri+1,i+2 N F]l >

land [Rya41 NF1| > 2fora € {i+2,i+3}. As Fi N{vj41,vi12,0i43} = @, so applying

Lemma 6, we have (F; N R, 441) N (F1 N Ry pi1) = @ for distincta, b € {i,i+1,i +2,i+3}.
i+3

Therefore, |Fi| > Y |Raq41 N Fi| > 6 and hence |[F| > 7 as F; = F\ {v,}. Similarly, we
a=i

obtain |F| > 7 when p = i+ 3. Again, if we take p = i + 2, then by a similar argument,

one can easily prove that |[F;| > 6 as in this case |R;;+1 NFi| > 2, [Riz1i2NF| > 1,

|Rit2i+3 N F1| > 1and |Rjy3;+4 N F| > 2. Therefore, the result holds when |[FN I(Ks)| = 1.

Case 2: [FNI(Ks)| = 2. First we assume that FN I(K5) = {v;11,042}. Let Fj =
F\ {vi41,vi12}. Then by a similar argument as in Case1, we have |R;;11 NF| > 1,
|Rit2,i+3NFi| > 1 and |Rij;3,44 N Fi| > 2 as in this case none of v;;1 and v;,; are in
Rit3 4. Therefore |[Fi| > 4 and hence |F| > 6. By a similar argument, we can prove the
result when F N I(Ks) = {v;12,0;i13}. Next, we assume that F N I(Ks5) = {v;;1,v;.3}. Let
F, = F\ {v;11,v;i13}. Then, by a similar argument as in Case 1, we have |R;;41 N F| > 1
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forallt € {i,i+1,i+2,i+3}. Thus, we have |F,| > 4 and consequently, |F| > 6. So, in
this case, the result is true.

Case 3: |F N I(K5)‘ = 3. Here FN I(K5) = {Ui+1/ Vit2, Ui+3}- Let Fl = F\ {Uz’+1/ Viy2, Ui+3}-
Then, |R;jy1 NFi| > 1 and |R;;13;+4 NFi| > 1 and hence |F;| > 2, and consequently,
|F| > 5.

On account of the above three cases, we have |F| > 8 — [FNI(Ks)|. O

Using a similar argument of Lemma 9, we have the following results.
Lemma 10. Let n = r (mod 8) and F be a fault-tolerant resolving set of C, (1, 2, 3, 4), where
2 < r < 4. Then, for every clique K in (1,2, 3, 4), |[F| > 8 — ‘F N (I(Kg) U I(K?jk*"l))

where I(Ky) denotes the set of intermediate vertices of K.

7

Lemma 11. Let n =5,6,7,8,9 (mod 8) and F be a fault-tolerant resolving set of Cn(1, 2, 3, 4).
Let S C F. Then, for every clique Ks in C, (1, 2, 3, 4) with V(Ks) as an S-block, |F| > 8 — |F N
I(Ks)| + |S|, where I(Ks) denotes the set of intermediate vertices of Ks.

Theorem 1. Forn > 22 and n & {26, 27, 34, 35, 42},

8 ifn#1 (mod8),

p(Cu(1,2,3,4)) 2 { 9 ifn=1 (mod8).

Proof. Let F be an arbitrary fault-tolerant resolving set of C, (1, 2, 3, 4). Let n = 8k + r for
some positive integers k and r, where 2 < r < 9. We consider the following three cases.

Case 1: r € {2,3}. Since n > 22 and n ¢ {26, 27, 34, 35, 42}, so in this case, we have
n > 43. If there exists a clique K§ such that F N I(K}) = @ and F N I(Kl;flrkﬂ_l) = @, then

applying Lemma 8, we get | F| > 8. So, we assume F N I(K%) # @ or F N [(KLH4F7-1) £ @
F (1KG U (K41 )| > 1 for all
i € {0,1,...,n —1}. Without loss of generality, we can assume that vy € F. Recall
that I(KL) = {0i41,vi42, 03} and I(KG ) = {4000, .., 0ii 444} Now, from
P (105 T (K1) ) | > 1, we obtain

for every i satisfying 0 < i < n — 1, that is,

[7]—4
|F| > 1+ )y |F N {0i41,Vig2, Vi3, Visetrr - - Vit akra ]
(=0, (=0 (mod 3)

(extra one is here as vy € F). Since n > 43, the sets
Sp = {vp+1,0p+2,Vp+3, Up+dktrr---s Up+4k+4}

and Sg = {Vg41, 042, Vg+3, Vgdktrs - - Ugraka}

are disjoint for |[p —q| > 3and 0 < p,q < [ 5] — 3. Thus
[7]-4
Y |F N {0i41,0i12,Vi43, Oitdksrs -/ Virakrat] =7
=0, (=0 (mod 3)

and hence we obtain the result.

Case 2: ¥ = 4. In this case, 7 is of the form 8k + 4 for some positive integer k. Since n > 22
and n ¢ {26, 27, 34, 35, 42}, so in this case n > 28. We prove the result for n > 36. The
proof for n = 28 will be similar. Note that I(Ki) = {v;41,0;42,0143} and [(K5™4F3) =
{vi14k14} for all i. Thus, if there exists an i such that F N {v;;1,0;42,0;13} = @ and
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FN{vi14k14} = D, then applying Lemma 8, we get |F| > 8. So, we assume that at least one
of FN{vj1,vi12,vi13} and F N {v; 414} is non-empty, that is, foralli € {0,1,...,n —1},

|F N {0i41,Viy2, Vi3, Virakrat| > 1. 1)

Let S; = {vi11,0i12,0i13,Viyaksa) fori € {0,1,...,n —1}. Then §; N S; ;3 = @. Our claim
is

[FN(SiUSit3USitakta)| =3 2
for every i. Since (1) holds for every i, we have the following
[FNS)| > 1 forle{ii+3,i+4k+3,i+4k+4}.

Note that all S; N S;13, Si+3 N Sitaka3 and S;y3 N Si4414 are empty set. Also we have
SiNSiyakr3 ={vit2, Vitakia}t, SiNSiiapra = {viys}. Thusifv; 3 € F, then thesets FN' S;,
FNS;i3and FN S 444 are mutually disjoint and hence (2) holds. Again if v;, 3 € F, then
(2) is also true because |F N S;,3| > 1and |FNS; 4614] > 1 with v;13 € S;i3US; 414
Thus our claim (2) is true for every i. Without loss of generality, we can assume that vy € F.
Since n > 36 and hence k > 4, so by virtue of inequality (2) withi = 0,6 and (1) with i = 12,
we have the following

|F N {01,02,...,06, Vakta Vaky5, -, Vakys| > 3,
|F N {v7,08,...,012, Vak410, Vak+11/ - - -, Vsk14] = 3,
|F N {v13, 014,015, Vagy16] = 1

Since v € F, above inequalities imply that |F| > 8.

Case 3: 7 € {5,6,7,8,9}. If there exists a clique K% such that FN 1 (Ki) = @, then applying
Lemma 9, we get |[F| > 8. So we can assume that FNI(K§) # @ foralli, 0 <i <n—1.

Without loss of generality, we can assume that vy € F. Note that I (Kg )N I (Kg) =Q,
n—4

provided |p —gq| > 3. Thus |F| > 1+ ) ‘Fﬂ I(Kﬁ)‘ (extra one is added
=0, (=0 (mod 3)
n—4
as vy € F). Since n > 22 and ‘FOI(Ké)’ > 1, we have Y ‘FﬂI(Kg)‘ > 7.
(=0, (=0 (mod 3)

Therefore |F| > 8. Now we prove the theorem for n = 8k + 9. Assume to the contrary
that there is a fault-tolerant resolving set F with |F| = 8. Without loss of generality, we
can assume that vy € F. Note that A(vg) = {vy: £ € {4k+1,4k+2, ..., 4k +8}}. Let
So = {04k+2, Vak+3, Vaksa} C A(vo) and Sg = {vgeys, Vakss Vaki7} C A(op). Since [F| =8,
so applying Lemma 11 to the clique K&*! and K2 with S = {vg}, we get |[F N Sp| > 1
and |[F N S| > 1, respectively.

Ttis clear that A(vgyy2) N A(Vsk3) N A(Vakia) = {U8k+5, Uskr6, Usk+7, Usk+8, V0, U1} =
Uy and A(vsg+5) N A(vakre) N A(vakt7) = {v0, 01, 02, U3, V4, Ugkis} = Un. Note that for
every u € Sp, d(u,x) = k+1 for all x € U because the elements of U; are the common
antipodal vertices of three vertices vy 2, Vgt 3 and vgy3. Similarly, for each w € Sé),
d(w,y) = k+1forall x € Up. Now our aim is to show [FNS;| > 1and |[F N S;| > 1, where
S1 and S; are defined as S = {vgr 16, Usk 17, Uskis} C Uy and S’1 = {v1, vy, v3} C Uy. As
|F| = 8, applying Lemma 11 to the clique K§k+5 with S = FN Sy, we have [FN S1| > 1 (as
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|FN 59| > 1). Again applying the same lemma to the clique K2 with S = F N SE), we get
IFNS;| > 1.

Claim 1. |[FNSy| > 2and [FNS,| > 2 for ¢ € {0,1}.

Proof of Claim 1. From the above, we have |[FNSy| > 1 and |[FN Slé| > 1 for each
¢ € {0,1}. First we show that the claim is true for { = 0. Here A(vgr.6) N A(vgrr7) N
A(vgky8) = {Vak, Vi1, Vaki2, Vaki3, Oakrds Vakrs) and A(vr) N A(v2) N A(v3) = {Ogk4a,
Ugk+5, Usks6, Uakr7, Uskr8r Uskro}. Assume to the contrary that |[F N Sp| = 1. Since |FN
Si| > 1and vy € FN Sy, we have |(FNSy) U {vg}| > 2. By applying Lemma 11 to K2**+1
with S = (FN S1) U{vg}, we obtain |F| > 8+ |(FNSy) U{vg}| —1 > 9, a contradiction.
Hence |F N Sg| > 2. Similarly, if |[F N Sy| = 1, then applying the same lemma to K2+ with
S = (FNS}) U{v}, we have |F| > 9, a contradiction. Therefore, |F N Sy| > 2.

Now we prove the claim for ¢ = 1. If |[F N S1| = 1, then applying Lemma 11 to K§k+5
with S = FN Sy, we obtain |F| > 8+ |FN Sy| — 1 > 9, a contradiction (as |F N Sp| > 2).
Hence |F N $;| > 2. Again if [FN S| = 1, then we apply Lemma 11 to K2 with S =Fn S
and we get |F| > 9, a contradiction. Hence |[F N S,1 | > 2. This finishes the proof of the Claim
1.

Sincevg € F\ (SoUS; US,U S ) and the sets So, 51, Sh, S’ are mutually disjoint, we
0~ el 0/ °1 y dis)

obtain

8=|F| > 1+ |FNSo|+|FNSy|+|FNSi|+|FNS],
thatis,  |[FN S|+ |FNSy|+|FNSi|+|FNS;| <7.

By Claim 1, we obtain
IFNSo| + [FN Syl + |[FN Sy +|FNS;| > 8, acontradiction.

Hence |F| > 9. This completes the proof of the theorem. [J

4. Upper Bound for 8 (C,(1, 2, 3, 4))
In this section, we determine optimal fault-tolerant resolving set for C, (1, 2, 3, 4).

Lemma 12. Let £ and m be two integers in {4, 5, ..., |5 |}. If |[{ —m| > 2, then vy and v, are
resolved by at least two elements of {vy, v1,va, v3}. Moreover, if |{ — m| = 1, then vy and vy, are
resolved by at least one element of {vy, v1,v2,v3}.

Proof. Let Fr = {vg, v1,v3,v3}. Suppose that |[£ — m| > 2. Without loss of generality, we
can assume that m > ¢+ 2. Let { = a (mod 4), where a € {0,1,2,3}. First we suppose
that 2 € {0,1,2}. Then v,, v,41 € Fr. Now d(v,,vy) = ZTT“ = d(vg41,v¢), d(Va, Om) =
[me] > [42=2] > 52 4 1and d(v,11, vm) = [21] > [£52] > 552 + 1. Therefore,
d(vy,vp) # d(vx, vm) for x € {a, a+1}. Next we suppose thata = 3, thatis, ¢ = 3 (mod 4).
We now calculate the distances of v, and v, from vy and v3:

l £+1 m £+2] (45
o= [§] =42 oy = ]2 [2]- 52

d(0s, v) = =2, d(vs, o) = [’“‘ﬂ > V‘ﬂ _ 4t

4 4 4 4

Therefore, v, and v,, are resolved by both vertices vy and v3. Hence v; and vy, are resolved
by at least two elements of {vg, v1,v2,v3} provided [¢ — m| > 2.

Now we suppose that [/ — m| = 1. Without loss of generality, we can assume
thatm = ¢+ 1. Let { = a (mod 4). Then d(v,,vy) = 44;11 and d(vg, vm) = [ =
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[“}T_‘ﬂ = fﬁ%. Hence vy and vy, are resolved by v, € Fgr when ¢/ = a (mod 4), where
aef0,1,2,3. O

Lemma 13. Let Fg = {vg, v1,v2,v3} be an ordered set and ¢ be an integer with 4 < { < L%J
Then C(vy|Fr) and C(v,,13_¢|Fr) are reverse to each other.

Proof. The distances of v, and v, 3y from v,, where a € {0,1,2,3}, are d(v,, vy) = {4%“]

l+a—3
4

and d(vq, 0,43 ¢) = { —‘, respectively. Now the j-th coordinate in C(v,|Fr) and

C(v,,13_¢|Fr) are [Hi*j-‘ and Vﬂfﬂ , respectively, where j € {1,2,3,4}. Now C(v,|FRr)
and C(v,,3_¢|Fr) are in reverse order only if i-th element in C(v,|Fg) is equal to (5 — i)-th
element in C(v,,3_,|Fg) foreachi € {1,2,3,4}. The (5 — i)-th element in C(v,,,3_¢|Fr) is
[%—‘ , which is equal to the i-th element in C(vy|Fg) for each i € {1,2,3,4}. Hence the
result is proved. O

Corollary 3. C(vy|Fr) = C(v,,43_¢|Fr) only if ¢ =0 (mod 4).
From Lemmas 12 and 13, we have the following result.

Lemma14. Let {, m € {[5] +2, [5]| +3, ..., n— 1} be two integers. If |¢ —m| > 2, then vy
and vy, are resolved by at least two elements of {vy, v1, v, v3}. Moreover, if |¢ —m| =1, then v,
and vy, are resolved by at least one element of {vy, v1,v2,v3}.

Lemma 15. Let n = 4,5,6,7,8 (mod 8) and F; = {UL%J,UL%J+1,UL%J+2,UL%J+3}. If
0€{0,1,2,3andm e {4,5,... || -1y U{|5]| +4, |5] +5, ..., n—1}, then vy and vy,
are resolved by at least one element of Fy. Moreover, the result is also true for n =9 (mod 8) if we
add an extra vertex {v 2] +4} to Fy.

Proof. Let us assume n = 8k +r, wherer € {4,5,6,7,8,9}. Let S; = {4,5,..., | 5| —1}
and S, = { L%J +4, L%J +5,...,n— 1}. To prove the result, we show that there exist
uy, up € Fr such that A(u;) N'S; = @ and {vy, v1, v2, v3} C A(u;) fori € {1, 2}, where
A(u;) denotes the set of all antipodal vertices of u;. Recall that |A(u;)| = r — 1. First, we take
r€ {5,6,7, 8,9} so that |[A(u;)| is at least four. Now A(vg, 1) = {v0, v1,..., vr_2} and
A(vgrya) = {Vsks5, Uskres - - -, Uskrria}, Where the indices of vertices in A(vy, 4) are to be
taken modulo n. Here the set {vg1,_1, U414} is contained in F; or Fy U {UL% I+ 4} accord-
ingasr € {5,6,7, 8} orr =9; and the set {vy, v1, vy, v3} is contained in both A(vg,,_ 1)
and A(vgx,4). Moreover, we have S1 N A(vgy ;1) = @ and Sy N A(vgp14) = @. Therefore,
d(vg, Vg 1) = k+1> d(vm, Vgpyr—1) and d(vg, Vgryq) = k+1 > d(0yy, Vgpr 1) for each
£€{0,1,2, 3}, wherem € Sy and m’ € S.

Now the remaining caseis 7 = 4. Asn = 8k +4, the set {UL%J'UL%JH'UL%J”'UL%JH}
transfer to {vyx 2, Vak i3, Vakid, Vakys ). Since A(vgi3) = {vo, v1, v2} and A(4k +4) =
{v1, v2, v3},d(vy,vx) =k+1 > d(vy, vy) forallm € S;, where x = 4k +3orx =4k +4
accordingas ¢ € {0, 1,2} or ¢ € {1,2,3}. O

-

Lemma 16. Let n =3 (mod 8) and F = {Z)n— _1,0%,v%+1,v%+2}. Ift€{0,1,2, 3}

+4,...,n— 1}, then vy and vy, are resolved

—_ N

and m € {4,5,..., "T_l —2} U {”T_l—b—B, e
by at least one element of Fr U {v;}.

N‘

Proof. Letn = 8k + 3, where k being a positive integer. Then F; = {04k, Uar 11, Vaks2, Vaki3}-
Note that every vertex u has two antipodal vertices. It is easy to see that A(vg,,) =
{vo, v1} and A(vg,3) = {v1, v2}. Thus the result is true if £ € {0,1,2} and m €
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{45 55t —2fu {7t 43, 55 44, m =1} Nowif € = 3andm € {4,5,..., "5!-
2} , then d(vy, vy) = k and d(vg, vy) = [4]‘%’”—‘ < k—1. So v; and vy, are resolved
by o4 € FL when £ = 3and m € {4,5,..., %51 —2}. Similarly, if ¢ = 3 and m €

{”Tfl + 3, "2;1 +4,...,n— 4}, then we can prove that v, and v, are resolved by vy, 3 €

F;. Now we search for an element u € F; U {v,} that resolve v3 and v,, when m €
{n—-3,n—-2,n—-1} = {8k, 8k +1, 8k + 2}. Note that d(vy,vy) = k and d(vg, vm) =
k+1 for m € {vgr,1, vgki2}. Moreover, v3 & v, are adjacent, and v,,_3 & v, are non-
adjacent. Therefore v3 and v,, are resolved by an element of u € F; U {v,} when m €
{n —3, n—2, n—1}. On accounts of all cases considered here the lemma is proved. [

Lemma 17. Let n = 2 (mod 8) and F = {v%_3,vg_2,v%_1,v%}. Ift € {0,1,2,3} and

me{4,5,...,5-4U{s+1, 542, ..., n—1}, then v, and vy, are resolved by at least one
element of Fy.

Proof. Letn = 8k + 2, where k being a positive integer. Then F, = {vg_2, Ugk_1, Vsk, Va1 }
and m € {4,5,...,4k—3}U{4k+1,4k+2,...,8k+1}.If ¢ € {0,1,2,3} and m €
{4,5,...,4k—3}U{4k + 1, 4k + 2, ..., 8k — 4}, then v; and v,, are resolved by vy as
d(vy, vg) = k, d(vm, vg) < k—1. So we consider ¢ € {0,1,2,3} and m € {8k —
3, 8k —2, 8k — 1, 8k, 8k + 1}. Note that the antipodal vertex of an element vy 5., € Fy
is vgx_144, Where a € {0, 1, 2}. Therefore, if m = 8k — 1+ a, then d(vy, v4_o.,) = k and
d(vm, Vag_244) = k+1fora € {0, 1, 2}. Thus the lemma is also true for ¢ € {0, 1, 2, 3}
and m € {8k —1, 8k, 8k + 1}. Now take m € {8k — 3,8k —2}. For £ € {2,3} and
m € {8k — 3, 8k — 2}, we have d(v, vg_p) = k—1 and d(vm, vg_p) = k. Again if
¢ =0and m € {8k —3, 8k — 2}, d(vy, vgy1) = k+ 1 and d(vm, vy 1) = k. Moreover,
d(v1,v4¢41) = k and d(vgg_3,v4611) = k — 1. Therefore, the only remaining case is ¢/ = 1
and m = 8k — 2. In this case vy and v;, can be resolved by v,. O

Lemma 18. Let ¢ = 4q +r, where r € {—1,0,1,2} with 4 < £ < [ %] and m be an integer
from theset {|5|+1,...,n+1—4q} U{n—4q+5,...,n —1}. Then there are at least two
elements in {vg, v1, va, v3} that resolve the vertices vy and vy, provided both vy and vy, are not in
A(vy) N A(vz). Moreover, if ¢ =4q+2andm € {n+2—4q, n+3 —4q, n+4 —4q}, then v,
and vy, are also resolved by at least two elements from {vy, v1, vo, v3}.

Proof. Now we calculate the distances of v, from the vertices {vg, v1, v2, v3}:

_ {q  ifre{-1,0}
d(UO/ vf) - { q +1 ifr e {1/ 2}/
ifl" S _1/ 0/ 1 ’
d(vy, vp) = { Z+1 ifr:g }
d(vy, vy) = g forallr € {-1,0,1,2},
o q — 1 lf r = _1/
d(U3, vf) - { q ifre {O/ 1/ 2}

Now the distances of v,, from the vertices {vg, v1, v, v3} are given by

dowon) = |"H] 6=0.1,29)

Form € {|5]+4,...,n—4q,n+1—4q} witha € {2, 3}, we obtain

d(0a, Om) = [niz;+a" > {4q41+a" S
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Thusifm € {|5]+4,...,n—4q, n+1—4q}, then v, and v, are resolved by v, and v3.
Form e {n—4q+5,...,n— 1} witha € {0, 1}, we obtain

—m+ 4g -5+
d(va, vm) = ’71141’1161-‘<"q4a-‘<q_1'

Therefore, if m € {n —4q +5,...,n — 1}, then vy and vy, are resolved by vy and v;. So the
lemma is true when ¢ = 4q +r withr € {-1,0,1,2} andm € {[5] +4,...,n —4q, n+1—
49y u{n—4g9+5,...,n—1}. O

Theorem 2. Forn =4,5,6,7,8 (mod 8), the set F = {vo, 01,02, 03’UL§J’UL%J +1,0L%J+2,

UL%J+3} is a fault tolerant resolving set of C,(1,2,3,4). Moreover, F U {UL%JH} is a fault
tolerant resolving set of C,,(1,2,3,4), when n =9 (mod 8).

Proof. First we take n = 8k + t, where k is a positive integer and t € {4, 5, 6, 7, 8}.
Let Fr = {vy, v1, v2, v3} and F; = {UL%J, UL%J“' UL%J“' UL%J+3}. Then Fr U F] is a
disjoint union of F. Here we show that any two distinct vertices x and y of C,(1, 2, 3, 4)
are resolved by at least two elements of F. As V(Cy(1,2,3,4)) ={v;:0 <i<n—1}, we

assume x = vy and y = vy, for some ¢ and m with ¢,m € {0,1,...,n — 1}. If both x,y € F,
there is nothing to prove. Otherwise, we consider the following cases.

Case 1: Exactly one of v, and vy, belongs to F. Suppose v, € F. Without loss of generality,
we can assume that vy € Fg. Since v, ¢ F, then vy and v;, are resolved by v,. Again from
Lemma 15, vy and v,, are resolved by at least one element of F;. Therefore, v, and v;, are
resolved by at least two element of F.

Case 2: Neither vy nor vy, is in F. Let S = {4,5,...,|5] —1}and T = {[ 5] +4,|5] +
5,...,n—1}.Since vy, vy, € F, then¢,m € SUT.

Case 2.1: Both £ and m are from S or T. If v, and v,, are two consecutive vertices, then from
Corollary 1, vy and vy, are resolved by two elements of F, one from {vg,v1,v,,v3} and
another from { | 3], | 5] +1,[ 4] +2, 4] + 3}. Otherwise, vy and v, are not consecutive.
Then applying Lemma 12 accordingly ¢, m € S or £, m € T, we have vy and v, are resolved
by at least two vertices of {vg, v1,v2,v3}.

Case2.2: One of £ and m is in S and another is in T. Here we take / € Sand m € T. We
may write / = 4q + r for some integers g and r, where —1 < r < 2. If m € {|5] +
4,...,n—4qyU{n—49+5,...,n — 1}, then by Lemma 18, vy and v,, are resolved by
at least two elements from {vg,v1,vp,v3}. Now we determine the codes of remaining
vertices with respect to F, that is, for vy and v, where ¢ € {49 — 1, 4q9, 49+ 1, 49+ 2} and
me{n—4q+1,n—4q+2,n—4q+3, n —4q+4}. The codes of v, and v, with respect
to Fr are given by

(9,9,.9.9—1) forr = —1,
(9,9.9,9) forr =0,
Fr) =
(vaq+rlFr) (g+1,9,4.9) forr =1,
(g+1,q9+1,q9,49) forr=2

and
,q,9+1,9+1) fors=1,

(q

(9,9.9.9+1) fors =2,
(9,9.9,9) fors =3,
(g—1,9,9,9) fors = 4.

c(On—ag+sFR) =
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Let k be the diameter of C,(1, 2, 3, 4) and denote k — g by b. With this notation of
k — g, the codes of vy and v, with respect to Fy, are listed in below for different values of #.

(a) Whenn =4 (mod 8),

(b+1,b+1,b+2,b+2) forr=-1,
(o F) = (b+1,b+1,b+1,b+2) forr=0,
datrith (b+1,b+1,b+1,b+1) forr=1,

(b,b+1,b+1,b+1) forr =2,
b+1,b+1,b+1,b) fors =1,
b+1,b+1,b+1,b+1) fors=2,
b+2,b+1,b+1,b+1) fors=3,

(

_ )
C(0n74q+s|FL) - (
(b+2,b+2,b+1,b+1) fors=4.

(b)) Whenn =5 (mod 8),

b+1,b+1,b4+2,b+2) forr=-1,

(
(04 sr|FL) = (b+1,b+1,b+1,b+2) forr=0,
YT b+ 1,b+1,0+1,b+1) forr=1,
(

bb+1,b+1,b+1) forr =2,
(b+1,b+1,b+1,b+1) fors=1,
(o ) = (b+2,b+1,b+1,b+1) fors=2,
P T (b4 2,b4+2,b+1,b+1)  fors =3,
(b+2,b+2,b+2,b+1) fors=4.

(¢) Whenn =6 (mod 8),

(b+1,b+2,b+2,b+2) forr=-1,
(b+2,b+2,b+3,b+3) forr=0,

C(U4q+r|FL) = _
(b+2,b+2,b+2,b+3) forr=1,
(b+2,b+2,b+2,b+2) forr=2,
(b+1,b+1,b+1,b+1) fors=1,
(b+2,b+1,b+1,b+1) fors=2,

C(vn—4q+s|PL) = .
(b+2,b+2,b+1,b+1) fors=3,
(b+2,b+2,b+2,b+1) fors=4.

(d) Whenn =7 (mod 8),

(b+1,b+2,b+2,b+2) forr=-1,
(b+2,b+2,b+3,b+3) forr=0,

C(U4q+r|FL) = o
(b+2,b4+2,b+2,b+3) forr=1,
(b+2,b+2,b+2,b+2) forr=2,

(b+2,b+1,b+1,b+1) fors=1,
(o ) = (b+2,b+2,b+1,b+1) fors=2,
AT T Y (b2, b+ 2,0 42,b 4 1)
( )

b+2,b+2,b+2,b+2

fors =3,
fors = 4.
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(¢) Whenn =8 (mod 8)

(b+2,b+2,b+2,b+2) forr=-—1,
C(%H'FL) _ (b+1,b+2,b+2,b+2) forr=0,
(b+1,b+1,b+2,b+2) forr=1,
(b+1,b+1,b+1,b+2) forr=2,
(b+2,b+1,b+1,b+1) fors=1,
C(vn_sgrslEL) = (b+2,b+2,b+1,b+1) fors=2,
(b+2,b+2,b+2,b+1) fors=3,

(b+2,b+2,b+2,b+2) fors=4.

Thus c(v4g+|F) and c(vy, 44| FL) for respective values of r and s, are different by at least
two places.

Finally, we take n = 9 (mod 8), that is, n = 8k + 9 for some positive integer k. Here it
is sufficient to show that codes of vy and v,, with respect to F; = F U {v 2]+ 4} are differ
by at least two positions, where ¢ € {49 — 1, 4q, 49+ 1,49+ 2} and m € {n —4q+1, n —
49 +2, n —4q + 3, n —4q + 4}. For these values of ¢ and m, codes are listed in below. In
these codes b stands for k — g.

(9,9,9.9—1,b+2,b4+2,b+2,b+2,b+3), forr = -1,

(03 1rF) = (9,9.9,9.b+1,b+2,b+2,b+2,b+2), forr =0,
atr (9+1,999b+1,b+1,b+2,b+2,b+2), forr=1,
(g+1,9+1,9,9b+1,b+1,b+1,b+2,b+2), forr=2,
(9,9.9+1,9+1,b+2,b+2,b+1,b+1,b+1), fors=1,

c(o ) = (9,9.9.9+1,b+2,b+2,b+2,b+1,b+1), fors =2,
ndqrs (9,9,9,.9.b+2,b+2,b+2,b+2,b+1), fors =3,
(9-1,9,99b+3,b+2,b+2,b+2,b+2), fors = 4.

Thus from the above it is easy to verify that c(v4g;|F) and c(v,_4445|F) are differ by at
least two positions. This completes the proof of the theorem. [

Theorem 3. For n = 3 (mod 8), the set F = {00,01,02,03,%%_1,%% 12)+1/9] 2] |42}
forms a fault-tolerant resolving set of C,,(1,2,3,4).

Proof. Let n = 8k + 3 for some positive integer k. Suppose vy and v, be arbitrary two
vertices of Cy(1,2,3,4). For vy, v, € F, we are done. So we consider the following cases.
If exactly one of vy and vy, is in F, then using Lemma 15 and by a similar argument as
in Case 1 of Theorem 2, we get that v, and v, are resolved by at least two elements
of F. Therefore we assume that none of vy and vy, are in F. Then ¢, m € SU T, where
S={4,...,5] —2}and T = {[5] +3,...,n—1}. If both vy and v, are in S or in T,
then by a similar argument as in Case 2.1 of Theorem 2, we obtained that v, and v, are
resolved by at least two elements of F. Otherwise, we assume that vy, € Sand v, € T. Let

=4g+r,wherere {-1,0,1, 2} fme {|5]+4,...,.n—4q}U{n—49+5,...,.n—1},
then we obtain the result due to Lemma 18. Now we calculate the codes of the remaining
vertices with respect to F, that is, for vy and vy, where ¢ € {49 — 1, 49, 49 + 1, 49+ 2} and
me{n—4q+1,n—49+2,n—4q9+3,n—4g+4}U{[4]+3}. Form = |}] +3and
¢ € S, itis easy to see that vy and vy, are resolved by both v, and v3. Now we calculate codes
of vy, vy, where m € {n —4qg+1,n—4g+2, n—4qg+ 3, n —4g +4}. In the following
codes b stands for k+1 —g.
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( q/q/ 1 b b b b) f0r1’= —1,

,q,9,b—1,b,b,b forr =0,

(0391, |F) = (9.9,9,9.b ) -
(q+1 qIQ/q/ 1rb/b) fOI‘T’—l,
(g+1,9+1,4.94, —1,b—1,b—1,b) forr =2

and

( q/‘?"'l/q“‘l/b/b/b/b) fOI‘S:1,
,q,9+1,b+1,b,b,b fors =2,

C(on-sgssl) = { T ) -
(9,9,9,.9.b+1,b+1,b,b) fors =3,

(9—1,9,9,9.b+1,b+1,b+1,b) fors=4.

Thus c(v4q,|F) and c(v, 44| F) are differ by at least two positions. This completes the
proof of the theorem. [

Theorem 4. Forn =2 (mod 8), F = {vg,v1, 02, Ug,UL%J_gj,UL%J_2,Z)L%J_1,Z)L%J} is a fault-
tolerant resolving set of C,,(1,2,3,4).

Proof. Let n = 8k + 2. Suppose vy and v,, be arbitrary two vertices of C,(1,2,3,4). Let S =
{4,...15] —4}and T={|5]+1...,n—1}. Alsolet ¢ = 4g+r, wherer € {-1,0, 1, 2}.
We prove this theorem only for ¢ € {49 — 1,49, 49+ 1,49+2}andme {n—49+1, n—
49+2,n—4q+3,n—4g+4}U{|5]+1, |5]+2 5] +3}; because we can prove the
theorem for other values of £ and m using similar arguments of Theorems 2 and 3. The
codes of vy and vy, are listed as below for ¢ € {49 —1,4q,49+1,49+2} and m € {n —
49+1,n—49+2,n—49+3, n—4q+4}. Inthesecodesb =k+1—¢.

(9,9.9—1,9-1,b—-1,b—1,b,b) forr = —1,
(q, q,q,q,b—l b—1,b—1,b) forr =0,
(v4q+r|F) B
(g+1,9,9,9b—1,b—-1,b—1,b—1) forr =1,
(g+1,9+1,9,9b—-2b—1,b—1,b—1) forr=2
and
(9,9.9+1,9+1,b+1,b,b,b) fors =1,
(9.9,9.9+1,b4+1,b+1,b,b) fors =2,
C(vn74q+s|F) =
(9,9,9,9.b+1,b+1,b+1,b) fors =3,
(9-1,9,9,9b+1L,b+1,b+1,b+1) fors=4.

Thus ¢(v444,|F) and c(v,_4q4|F) are differ by at least two positions. Now we take
me {[5]+1,[5]+2 [4]+3}and ¢ € S. Then it is easy to see that vy and v, are
resolved by both v; and v,. Hence the theorem. O

Theorem 5. For the circulant graph C, (1, 2, 3, 4) with n > 22 and n ¢ {26, 27, 34, 35, 42},

P2z ={ g 21 medd

Moreover, if n € {26, 27, 34, 35, 42}, then p'(C,(1, 2, 3,4)) = 7.

Proof. The first part follows immediately from Theorems 1-4. Now we have to prove
that if n € {26, 27, 34, 35, 42}, then ‘B/(Cn(l, 2,3,4)) > 7. Here n is of the form 8k + r
with 7 € {2,3} and k > 3. We prove the result for r = 2. The proof will be similar for
r = 3. Let F be an arbitrary fault-tolerant resolving set of C;;(1, 2, 3, 4). Note that I(K) =
{011, 0i42, 0113} and I(KE ) = {04510, Vi agya} I ’F N (I(Ké) U I(KéHkH)M <

1 for some clique Ki, then applying Lemma 10, we get |F| > 7. Thus we assume
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’F N (I (KLUl (Ké“k*l)) ‘ > 2 for every i. Without loss of generality, we can assume
that vy € F. Then we have

|F N {v1, 02,03, V4kt2, Vak13, Vakrat| = 2,
|F N {v4, 05,06, Vsict5, Vak6, Va7t > 2,
|F N {v7,v8,v9, Vak18, Vak+9, Vak+10}| > 2.

Since vp € F and k > 3, so from the above inequalities, we have |F| > 7 for n € {26,34,42}.
Reader can verify that the sets {vg, v1,v2,v3,v4, 07,010}, {v0,v1,03,v6,09,012, 015} and
{v0,vs,v8,v11, V14, V17, V20 } are fault-tolerant resolving sets of C4(1, 2, 3, 4), C34(1, 2, 3, 4)
and Cy(1, 2, 3, 4), respectively. By a similar argument as described in above, it can
be shown that f'(C,(1, 2, 3,4)) > 7 when n € {27,35}. Also it is easy to verify that
the sets {vg, v1, v, V11, V12, V17, V22 } and {vo, vs, V19, V15, V20, V25, V30 } are resolving sets of
Cy7(1,2,3,4) and C35(1, 2, 3, 4), respectively. [
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