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ABSTRACT

Layered structures have appeared in many engineering systems such as bi-
ological tissues, micro-electronic devices, thin films, thermal coating, metal oxide
semiconductors, and DNA origami. In particular, the multi-layered metal thin films,
gold-coated metal mirrors for example, are often used in high-powered infrared-laser
systems to avoid thermal damage at the front surface of a single layer film caused by
the high-power laser energy. With the development of new materials, functionally
graded materials are becoming of more paramount importance than materials having
uniform structures. For instance, in semiconductor engineering, structures can be
synthesized from different polymers, which result in various values of conductivity.
Analyzing heat transfer in layered structure is crucial for the optimization of thermal
processing of such multi-layered materials.

There are many numerical methods dealing with heat conduction in layered
structures such as the Immersed Interface Method, the Matched Interface Method,
and the Boundary Method. However, development of higher-order accurate stable
finite difference schemes using three grid points across the interface between layers for
variable coefficient case is mathematically challenging. Having three grid points ensures
that the finite difference scheme leads to a tridiagonal matrix that can be solved easily
using the Thomas Algorithm. But extension of such methods to higher dimensions

is very tedious. Recently there have been some solution to such complex systems
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with the use of neural networks, that can be easily extended to higher dimensions.
For the above purposes, in this dissertation, we first develop a gradient preserved
method for solving heat conduction equations with variable coefficients in double
layers. To this end, higher-order compact finite difference schemes based on three
grid points are developed. The first-order spatial derivative is preserved across the
interface. Unconditional stability and convergence with O(7% + h*) are analyzed using
the discrete energy method, where 7 and h are the time step and grid size, respectively.
Numerical error and convergence rates are tested in an example. We then present
an artificial neural network (ANN) method for solving the parabolic two-step heat
conduction equations in double-layered thin films exposed to ultrashort-pulsed lasers.
Convergence of the ANN solution to the analytical solution is theoretically analyzed
using the energy method. Finally, both developed methods are applied for predicting
electron and lattice temperature of a solid thin film padding on a chromium film
exposed to the ultrashort-pulsed lasers. Compared with the existing results, both

methods provide accurate solutions that are promising.
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CHAPTER 1

INTRODUCTION

1.1 General Overview

Structures having layers are used very commonly in engineering systems and
applications. Some examples where researchers use layered structures are thermometric
power conversion, thermal coating, metal oxide semiconductors, biological tissues,
micro-electronic devices, thin films, reactor walls, and thermal processing of DNA
origami nano structures, etc [1-8]. When dealing with multilayered structure and
thermal processing, lasers, especially ultrashort-pulsed lasers, are important tools.
They have wide applications in biology, chemistry, medicine, physics, and optical
technology due to their high efficiency, high power density, minimal collateral material
damage, lower ablation thresholds, high precision production ability, and high-precision
control of heating times and locations in thermal processing of materials [9]. This
technology in particular has been extensively used in thermal processing of materials,
such as structural monitoring of thin metal films and laser processing in thin-film
deposition [9]. During ultrashort pulsed laser heating, especially when involving
metals, the thermal conductivity varies with time because of its dependence in electron
and lattice temperature. Also, with the development of new materials nowadays,

functionally graded materials are becoming more important than materials having



uniform structures [10, 11, [12]. For example, in semiconductor engineering, structures
can be synthesized from different polymers. This results in variable conductivity.
Therefore, thermal analysis in layered structures is crucial for the design and operation
of devices and the optimization of thermal processing of materials.

There are many numerical methods dealing with the thermal analysis of
layered structures; the Peskin Immersed Boundary Method [13-18], the Immersed
Interface Method [19-31], the Ghost Fluid Method [32-34], the Matched Interface
and Boundary Method [35-42], the Immersed Finite Element method [43-49], the
Petrov-Galerkin Finite Element Method [50-53], and body-fitting approaches [54] 55],
as well as the summation-by-parts operator with simultaneous approximation terms
for time-dependent problems [56-60]. However, these methods across the interface
usually provide only a second-order truncation error when using three-grid points.
This reduces the accuracy of the overall numerical solution even if the higher-order
Compact Finite Difference method is used at other points. If not using three grid
points the resulting matrix from finite difference scheme becomes very complex and
time consuming to solve, whereas having three grid points makes the matrix tridiagonal
which can be easily solved using the Thomas Algorithm. Coming up with three point
grid scheme, is mathematically very challenging specially for the interface. Dai and
his collaborators recently [61] have developed the Gradient Preserved Method (GPM).
This is a higher-order accurate finite difference method that uses three grid points
across the interface between layers by preserving the first-order derivative, u,, in the
interfacial condition and/or the boundary condition. By coupling it with the three

grid points in space and fourth-order accurate Padé scheme [62] at interior points, an



accurate, stable, and convergent scheme has been obtained for solving heat conduction
equations with constant coefficients in double layers. But in many cases such as
functionally gradient materials, and also when dealing with ultrashort pulsed lasers,
the thermal conductivity is not constant. To incorporate variable thermal conductivity
into the finite difference scheme, while maintaining three grid points is mathematically
very challenging, even in one spatial dimension. With the advancement of computation
power, new directions for solving problems such as data driven scientific computing,
artificial intelligence, machine, and deep learning techniques have emerged [64-72].
Dr. Karniadakis and his colleagues [73] recently have introduced the idea of Physics
Informed Neural Nets (PINN) for solving physics-based problems. The PINN method
consists of a fully connected deep neural network whose output is considered as the
solution of the equation based on the equation that we want to solve. The loss function
consists of the equation along with the initial and boundary conditions, which are
used to optimize the weights and biases in the neural network solution. The iteration
continues until the loss function attains a small enough value to obtain an accurate
neural network solution. This method although is not tedious as the finite difference
method, is much slower in computation. However the computation speed can be
greatly increased with the implementation of GPU and parallel computation. Also,
this method can be easily extended to higher dimension with just some minor changes
which is not the case for finite difference methods. But one of the issues in general
for neural networks is its failure to capture high shock values or sharp discontinuities.
Such high shock values are common during thermal processing of materials. For

example, heating with an ultrashort-pulsed laser involves high-rate heat flow from



electrons to lattices within picoseconds. When heated by photons (lasers), the free
electrons that are confined within skin depth primarily absorb the laser energy and
get excited. Within a few picoseconds, electrons shoot up to several hundreds or
thousands of degrees without the metal lattices getting disturbed. A major portion
of the thermal electron energy afterwards is transferred to the lattices; meanwhile
another part of the energy diffuses to the electrons that are in the deeper region of the
material. Since the pulse duration is so short, the laser is turned off before thermal
equilibrium between electrons and lattices is reached. In this time interval, this stage
is often called non-equilibrium heating due to the large difference of temperatures
in electrons and lattices [74]. This kind of problem requires an accurate numerical

method, and using a neural network method is challenging.

1.2 Research Objective and Organization

The objective of this dissertation is to propose two computational techniques
for solving heat conduction with variable coefficients in double layers. For this purpose,
the first method in this dissertation extends the GPM to the variable coefficient case
(even temperature-dependent coefficients). Developing a higher-order accurate and
stable finite difference scheme using three grid points across the interface between layers
for the variable coefficient case is much more mathematically challenging than that for
the constant coefficient case. We aim at obtaining a stable and convergent Compact
Finite Difference scheme for solving the heat conduction equation having variable
coefficients in double layers. We then apply it to the parabolic two-temperature heat

equations for predicting the electron and lattice temperature in double-layered thin



film exposed to ultrashort-pulsed lasers. For the second method, we aim to create a
neural network method based on Physics Informed Neural Network (PINN), that is
able to capture high shock values efficiently. We then apply it to solving the parabolic
two-temperature heat conduction equations in double-layered thin film exposed to
ultrashort-pulsed lasers. Finally, we compare our computational results with existing
references.

The organization of the rest of dissertation is as follows. Chapter 2 provides
a background review related to this research. Chapter 3 proposes the Gradient
Preserve Method for heat conduction equations with variable coefficients in double
layers. Chapter 4 proposes the Neural Network Method for solving the parabolic
two-temperature heat conduction equations in double-layered thin film exposed to
ultrashort-pulsed lasers. Chapter 5 tests both the GPM and the Neural Network
method for thermal analysis in a gold layer padding on a chromium layer exposed to
ultrashort-pulsed lasers, and compares with existing references. Chapter 6 concludes

the dissertation and discusses some directions for future research.



CHAPTER 2

BACKGROUND REVIEW

This chapter provides the related research background for the research in this

dissertation. Also, it discusses the previous work done related to this dissertation.

2.1 Heat Conduction Equations
A heat conduction equation in mathematics and physics represents a particular
partial differential equation that deals with the flow of heat. Joseph Fourier in 1822
gave the first theory of heat equation[75]. It is also known as Fourier’s law, and it
states that: “ the heat flux ¢, resulting from thermal conduction, is proportional to
the magnitude of the temperature gradient and opposite to it in sign” [76]. If k is the

proportionality constant then mathematically,
q(X,t) = —kVT(X,1). (2.1)

The SI unit of ¢ is Wm™2 (Watt per meter square). The constant k is known as
the thermal conductivity with ST unit Wm™'K~! (Watt per metre Kelvin). X is
the spatial vector, ¢ is time, and VT is the temperature gradient with SI unit Km™!
(Kelvin per metre). This law of Fourier has other equivalent forms. The discrete

analogue form is Newton’s law of cooling; the electrical analogue is Ohm’s law, and

the chemical analogue is Fick’s laws of diffusion.



2.1.1 Heat conduction equation with constant coefficients
The thermal conductivity k is usually considered as a constant (which is always

the case). The Fourier law from Eq. (2.1) in one dimension can be written as:

T
Rate of heat trans fer _ —k‘a—. (2.2)
area O

To obtain the heat equation for a material with constant thermal conductivity k, in
the form of a rod with uniform cross section [77, [78], we let the density of the material
be p, specific heat be ¢, and cross section area be A. Consider a very small arbitrary
element of the rod of length Az and assume that the temperature throughout the
element is T'(x,t). Then, the heat energy needed in this small segment in order to

raise the temperature T'(z,t) degree can be calculated as:
heat energy of segment = cpAAxT (x,t). (2.3)
By the conservation of energy, we have:

change of heat energy of segment in time At

= heat flow in from left boundary — heat flow out from right boundary.

Therefore, from Eq. (2.2) and (2.3) we have:

T T A
AN (0t + At) = Aa (211 O+ Av D)y (2.42)
Ox Ox
T(x,t+ At) —T(x,t) _k O ine — L, . (2.4b)
At cp Ax
Taking the limit At, Ax — 0, gives the following equation:
T 2T

ot oxr?



where K = k/(cp) is called the thermal diffusivity. This equation is known as the
heat conduction equation with constant coefficient thermal conductivity. To obtain

the temperature T'(x,t), we need more information. This information includes:

1. initial condition (the initial temperature information 7'(x,0) of the material),
2. boundary condition (the temperature condition on the boundaries of the mate-

rial).

There are three types of boundary conditions: (a) Dirichlet boundary condition,
(b) Neumann boundary condition, and (¢) Robin boundary condition. The Dirichlet
boundary condition specifies the temperature at the boundary for t > 0. The Neumann
boundary condition gives the heat flux information on the boundary in the form of
spatial derivative (07/0x). The Robin boundary condition gives us information in
the form of an equation combining both the temperature T" and its spatial derivative

(0T /Ox). Thus, the one dimensional heat conduction problem can be written as:

orT o*T
— =K — 0<z<L, t>0 2.6
ot og2’ o= ’ (2:6)
with initial condition
T(z,0)=a, 0<z<L, (2.7)

and one of the boundary conditions (Dirichlet, Neumann, or Robin)

Dirichlet : T(0,t) = p1,T(L,t) =P, t>0 (2.8a)
T(0,t T(L,t
Neumann : oT(0, 1) =, oT(L,t) =, t>0 (2.8b)
Oz Oz
aT(0,t oT'(L,t
Robin : aT(0,t) +b 0(m7 ) =mn,al(L,t)+ b% =, t>0 (2.8¢)

where a and b are constants.



The heat conduction equation with constant thermal conductivity can be

extended to n-dimensions (z1, z, ..., ) as :

oT ~ 0*T
n=1 ?

If there is a source term involved in the heat conduction equation, such as an external

source of heat that is being used to heat the material, Eq. (2.9) becomes

or ~~ 0*T
N =KY ——+F(X1), (2.10)

where X = 21, x9, ..., x,. Here, F(X,t) is the source term.
2.1.2 Heat conduction equation with variable coefficients

The case discussed above has a fixed thermal conductivity k. In most cases the
thermal conductivity may not be constant because it may depend on a lot of factors such
as the density of material, non uniformity of material, ambient temperature, moisture of
material, etc. Nowadays with the advancement of technology in manufacturing industry,
Functionally Graded Materials (FGMs) have become of paramount importance. FGMs
are characterized by spatially variable microstructures, are heterogeneous materials
that have spatially variable macroscopic properties to enhance the material or its
structural performance [79]. The concept of modern man-made FGMs was proposed
first by material scientists in 1984 in Japan as a means of developing thermal protection
materials.

To obtain the temperature in such variable thermal conductivity structures,

the heat equation with variable thermal conductivity in one dimension can be changed
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to:

or 9 (k(x)é‘T

E - % %> +F($,t>, (2.11)

where k(x) is the spatially varying thermal conductivity. The initial conditions and
the boundary conditions are developed similarly as discussed for the constant thermal
conductivity case.

For n-dimension form, Eq. (2.11) can be extended as:

o _ Z 9 (k(x) 8T) + F(X,1), (2.12)

— 33:1 Bx,

where X = 1, 29, ..., Tp.

2.1.3 Heat conduction equation in double layers

Layer 1 Layer 2

Interface

Figure 2.1: Double-layered structure.

A Heat conduction problem in a single layer can be solved by having the heat
conduction equation with the initial and boundary conditions. But when it comes
to double layers apart from the initial and boundary conditions, we need additional

information on the interface between layers to solve the problem. The interfacial
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conditions are mainly based on heat and mass conservation principles. For perfectly

thermal contact cases, it requires that:

1. the same temperature at the area of contact be maintained between the two
layers,

2. the heat flux at the surface of the first material must be the same as the heat
flux at the surface of the second material, because the heat flux flows only from

one surface to the other.

Mathematically, these two conditions give the following interficial conditions:

T($l+,t> = T(Il,,t), t> O, (213&)
kzw - Iﬁ%, t>0, (2.13b)

where k; and k5 are the thermal conductivity for layer 1 and layer 2, respectively, as
shown in Figure [7?7] Here x;— and x;; represent the locations in the interface in layer
1 and layer 2, respectively. For the variable coefficient case, k; and ko in Eq, (2.13b)

are replaced with variable functions ki (x) and ko(x).

2.1.4 Parabolic two-temperature heat conduction equations in double lay-
ers

Laser heating of materials is most commonly given by the heat conduction
model [79]:

T
C%—t = V(kVT) + S, (2.14)

where C' is the volumetric heat capacity, k is the thermal conductivity, and S is the

laser heat source. This model has two underlying assumptions:

1. radiation energy is instantaneously converted into lattice energy
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2. energy transfer in solids is a diffusion process.

The above equation is called the Parabolic One Step (POS) model. For ultrashort-
pulsed laser heating, the above basic assumptions may not be accurate. The wave type
of propagation in heat has been suggested in [80-98], which gives us the Hyperbolic

One-Step radiating heating model (HOS):

T _ _vo+s (2.15a)
ot
T%—? +EVT +Q =0, (2.15b)

where () is the heat flux and 7 is the relaxation time of free electrons in metal. In 1974,
S. I. Anisimov, B. L. Kapeliovich and T. L. Perelman suggested that the conversion
of radiation energy into internal energy is not instantaneous [91]. It involves two
energy-deposition steps:

1. radiation heating of free electrons

2. the subsequent energy redistribution between electrons and the metal lattice.

They proposed a Parabolic Two-Temperature radiation heating model (PTTM) given

by:
oT.
CelT)5f = V(kVT,) - G(T, — T1) + 5, (2.16a)
)2 = a(r. ), (2.16b)

where T, and T; are the electron and lattice temperature, C, and C; are electron and
lattice heat capacity respectively, G is the electron lattice coupling factor, and S is the

laser source term. Qui and Tien in 1994 [I00] proposed the hyperbolic two-temperature
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model (HTTM):

Ce(Te) 887;6 = _VQ - G<Te - T‘l) + 57 (217&)
am) S = e ), (217b)
0Q  T. _

o T AV A Q=0. (2.17¢)

This model removes the assumption of instantaneous radiation deposition as well as
diffusive energy transport in the POS model.

Energy transfer mechanisms during laser heating are determined by the electron-
lattice thermalization time and the electron relaxation time. It can be seen from Figures
3. and 4. in [80] that the thermalization time very weakly depends on temperature,
and especially at low temperatures and the electron relaxation time is extremely
sensitive to the lattice temperature. At high temperatures, the thermalization time is
longer than the relaxation time, which indicates that the effect of two-temperature
non-equilibrium heating is stronger than that of hyperbolic transport. The situation
is reversed at lower temperatures. For slow heating processes, the POS model is
applicable, whereas for the fast heating processes the PTTM model is applicable at
relatively high temperatures, and for low-temperature and fast heating processes the
HOS model is applicable. In certain low-temperature and fast heating regimes, the
HTTM model must be used. For more details, we refer to [79]. Keeping this idea
in mind, Qui and Tien in 1994 [79], gave the parabolic two temperature model as

simplified from the HTTM model:

. or. o0 < i T, 0T,

E - % Tl o ) - G(Te - T‘l) + Sa (218&)
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o7,
= G(Te - 7—’1)7 (218b)
ot

where the electron heat capacity is proportional to the electron temperature, and the

thermal conductivity is modified by the ratio of the electron temperature and the

lattice temperature.

2.2 Numerical Methods
The main idea behind numerical methods or simulations is discretization. For
this purpose, a continuous problem has to be changed into a discrete problem, based
on which the computational domain will change into a mesh or grid that has multiple
cells or elements. This discrete problem will be in the form of algebraic equations.

Discretization of the domain and the equations are co-related.
2.2.1 Compact finite difference method
Let us consider an example where the derivative of a function at a point z is

given:

Fa) -t LEFD) =T

h30 h (2.19)

Therefore, the difference quotient (f(x + h) — f(z))/h is an approximation of the
derivative f’(z). This approximation gets better as h gets smaller. To know how far

this estimation is from the actual value, we use the Taylor theorem:
h2
[+ h) = f(z) +hf'(z) + 5 ') 0 € [z,2+h] (2.20)

Rearranging the above equation gives us:

flz+h) ~ () N

f(n). (2.21)
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Eq. (2.21) tells us that error is proportional to h'. Therefore, (f(z + h) — f(x))/h
gives us first order approximation of f’(z). If h = Ax is a finite positive number then
(f(zx + Azx) — f(z))/Ax is known as the first-order or O(Axz) forward approximation
of f'(x). Similarly, if h = —Ax, which gives (f(z) — f(x — Ax))/Ax is the first-order
backward approximation of f’(z). In addition, f’(z) can be approximated by the

symmetric difference quotient (f(x + Ax/2) — f(z — Az/2))/(Ax), expanding which

we get:
o 8ef2) S I Bl L) 4 B2 piw) + B8 iy + B2 57
@)+ 2@ - A )
+ 2L i), (2.22)
= Pla)+ S, (2:220)

where 7 is a number in the interval [x — Az/2, z + Az/2]. Here, one may see that the
approximation is of second order or O(Az?) as the error is directly proportional to
Az?. This error is called the truncation error. Therefore, different ways or schemes
can be used to approximate the same derivative, leading to different orders of accuracy.
This kind of descretization technique to solve the partial differential equation is known
as the finite difference method. Here are some of the commonly used second and fourth
order finite difference formulas for approximating first and second-order derivatives,

O (Az?) centered difference approximations:

flz+ Azx) — f(z — Ax)
2Ax ’

f(z): (2.23a)
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flz+ Ax) —2f(z) + f(z — Ax)

f(z) : A2 ; (2.23b)
O (Az?) forward difference approximations:
;o —3f(x) +4f(z + Az) — f(z + 2Ax)
fi(x) - N : (2.24a)
() :2f(:c) —5f(x + Az) + KZ];(? +2Ax) — f(z + 3Aa:); (2.24b)
O (Az?) backward difference approximations:
() :2f(;r) —5f(x — Az) + 4Af$(;v —2Az) — f(x — 3A:z:); (2.25D)
O (Az*) centered difference approximations:
() :—f(x +2Ax) + 8f(x + Az) — 8f(x — Ax) + f(z — 2Ax)7 (2.26a)
12Ax
” —f(x+2Ax) +16f(x + Az) — 30f(x) + 16 f(x — Ax) — f(x — 2Ax)
f@): 12427 '
(2.26D)
In general, we may obtain O(Az") accuracy using the formula as
f(x); = Z a; f(x)i_n + O(AZ™), (2.27)

i=—n

where z;,.1 = © + Az. However, we may need to know at least 2n + 1 values of
f(z). This creates a lot of difficulties when solving the partial differential equation
near boundaries because the function values outside the boundary are unknowns. In
1992, Lele proposed a new method called the Compact Finite Difference Method to

overcome this problem[62]. This method uses as few grid-points as possible to obtain
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the higher order possible. For example, let us consider the 1-D heat equation:

ou 0%u
— F <r< <t <T 2.2
5 kax2—|— (x,1), 0<z<bh 0<t< (2.28)

with initial and boundary conditions
u(z,0) = up(x), uz(0,t) = uz(b,t) =0, (2.29)

where u(z,t) is the temperature at location z and time ¢. Now let us discretize the
domain in the x-direction into N points with equal grid size Ax and in the t¢-direction

with time increment At into M points such that:

b—0 T-0
Ay =-—— At=—— 2.
TN = (2.30)

Figure shows the general structure of discretized mesh used in the finite difference

method.

t l
vy (-\ O N J NS O ,)
( (‘\ ) 'S ) '@ )
x. .
e r ) B ) a D)
at _[
C It A=l L] i+1.] s s D)
A e N \ N
X:
i,j—=1
C ¢ @, C O 6 O
C 0 O C O— >
O O ) O N N ) ) -
T X
AXx

Figure 2.2: General structure of a mesh for finite difference method
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We use the Compact Finite Difference formula as given in [63],

1 nt 2 n+l n+2 1, o+l n+2
T B e U DR AR )
Am n+% 3 2
+ ?(FI)O + O(Ax® 4+ At?), (2.31a)
E(dtuiff +100,u 2 4 uy2) = 0%u; + 5 F YL 10FME R
+O0(Az* + A, 1<i<N-1 (2.31b)
1 n+3 n+i 2 n+3 n+i

A6“”’/’(17 )2 L O(AZ® + At), (2.31c)
where
Sl = Alt (W — ), ut =172 b ul), 0<i< N, (2.32)
52ur =< iy = 2uf t ), 0<i<N. (2.33)
Now this system forms a tridiagonal system for solving u** (i =0,1,..., N) as
_ bp —c O 0 0 0 11 up [ dy -
—a; by —¢ 0 0 0 u?“ dy
0 —as be —Cy 0 0 ugﬂ do
0 0 0 E |
0 0 0 —an-1 by-1 —cn—s uith dn_1
0O 0 0 0 —any by uht! dy
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where
5 At 1 At
bo = E—i_kﬁ’ Co = _6+k@’ (2.34a)
5 At 1 At A .
dO_[g_k_Axg]Uo [6 k_sz]ul+E[5<F0+ + FY)
AzAt
+(E 4 B+ = (B + (F)p). (2.34b)
1 At 5 At 1 At
= R = o = 2.
GET TR T TR Ae AT T TR A (2.352)
1 At 5 At .1 At
d; = [ﬁ + A_xz]ui—l + [6 - kA—ﬂ]ui + [ﬁ + A—xQ]Um
At +1 n n—+1 n n+1 n
+ ﬂ[(Fi—l + FL) +10(F + ) + (F + Fig)l, (2.35D)
1 At 5 At
ay = —64‘7?@, by = 64‘]{?@, (2.36a)
1 At 5 At AE
AxAt
+ (F 4 FR)l + = (B + (B)R). (2.36b)

This tridiagonal matrix along with the information in Eq. (2.39) can be easily solved
using the Thomas Algorithm. The above described method is a Compact Finite
Difference Method and has a trunction error of O(Az* + At?) . It is compact because
it uses just information from three grid points at a single time level for the interior

points and two grid points at a single time level at the boundary.
2.2.2 Numerical methods for interface

Obtaining an accurate solution for interfacial problems is challenging. There

has been a lot of research done in addressing the interfacial problems. In 1977, the
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Immersed Boundary Method (IBM) was proposed by Peskin to simulate the blood flow
in the heart [10-12]. The interfacial problem here was introduced from the singular
source at the time-varying boundary. The main idea in IBM is the use of a discrete
delta function to distribute a singular source to nearby grid points [14]. This method
is first order accurate in the interface. Due to the simplicity, efficiency and robustness
of the IBM, it has been used for many applications [104-106]. Later, Peskin and
his co-worker proposed higher order versions of IBM [9-10]. A globally fourth-order
scheme for problems with singular sources was developed by Tornberg and Engquist
at the interface [105]. They obtained the scheme by using some sophisticated discrete
delta functions with a narrow support.

For solving elliptic equations with interface problems, LeVeque and Li proposed
the Immersed Interface Method (IIM) in 1994 [23]. IIM uses the Taylor Series
Expansion Technique near the grid points in the interface. It then utilizes the interface
condition to determine the weights for these points. The local truncation error at
the interface is of first order, but the overall accuracy of IIM is second-order. In the
following years many methods have been improved the original IIM. Some of them
are the multi-grid method [20], the discrete maximum principle [24], a fast iterative
algorithim for problems with piecewise constant coefficient [26]. Moving interfaces
have also been solved using ITM with the level set approach [20, 21]. The IIM has a
lot of applications [106-108]. IIM was explained in detail by Li and Ito [?].

The Ghost Fluid Method (GFM) was proposed by Merriman and his colleagues

in 1994 [32]. Due to its simplicity, GFM has been widely used even though it is a first
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order method. In this method, the interface jump conditions are captured implicitly
by assuming the interface extends to the other layer.

The Matched Interface and Boundary (MIB) method was developed by Wei
and his colleagues in 2006 [35, 39]. It was mainly developed for the purpose of
simulating electromagnetic wave scattering and propagation. It was formulated based
on the Tensor Product Derivative Matching Method [110]. The MIB can be viewed
as the generalization of the IBM, IIM and GFM techniques for solving elliptical
interface problems. In this method, fictitious values are extended to both sides of
the interface. These values are extrapolated numerically by enforcing the boundary
condition, and the number of these values are determined by the order of the Central
Finite Difference Method. The MIB Method can also be used without fictitious values
based on interpolation formulation as described in [39].

By generalizing MIB, GFM and IIM techniques, Pan and his colleagues
developed an interpolation matched Interface and Boundary (IMIB) Method [109].
This method is of second-order accuracy. All methods discussed above have been
extended to deal with time dependent interface problems. Methods to solve time de-
pendent interface problems by using summation-by-parts operators with simultaneous
approximation were described in [I10} ITI]. These methods can be utilized to derive
higher order spatial discretization that are stable, as described in [114-116].

Sun and Dai provided a Compact Finite Difference scheme for solving heat
conduction in a double-layered film with the Neumann boundary condition [I15]. This
method has fourth order accuracy in space and is conditionally stable. A fourth-order

compact finite difference method for solving the 1-D Pennes bioheat transfer was given
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by Dai and his collaborators in 2004 [I16]. This method solves the heat equation in a
triple-layered skin structure. Dai and his collaborators have proposed several finite
difference schemes for solving the heat conduction equations in nano-scale [119-123].
All of these method are second order accurate in space. Lately, Dai et. al presented a
finite difference scheme for solving the fractional parabolic two step heat equation for
nano-scale heat conduction [122]. This method is fourth-order accurate in space.
Recently, Dai and his collaborators [61] have developed the Gradient Preserved
Method (GPM). By preserving the first-order derivative, u,, in the interfacial condition
and/or the boundary condition, they obtained a higher-order accurate finite difference
method. This method uses only three grid points across the interface between layers.
They coupled the three point grid in space with the fourth-order accurate Padé scheme
[62] at interior points to obtain an accurate, stable and convergent scheme for heat
equation with constant coefficients in double layers. We use this idea of preserving the
derivative at the interface and the boundary to derive our compact finite difference

scheme for the variable coefficient case.

2.3 Energy Method
2.3.1 Energy estimate method for the heat conduction equations

Consider the simple heat equation,

Uy = Uy, 0<x<1, t=>0, (2.37a)

w(0,8) =u(l,t) =0,  t>0, (2.37h)

u(z,0) = g(z), 0<z<1 (2.37¢)
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Then the term

1
E(t) = / (u(z,t))*dw, (2.38)

0
defines the energy of the solution. To see how the energy evolves with time, we take

the derivative of F(t) w.r.t. t,

E(t) = % /0 lu(z, t)|*dz. (2.39)

We interchange the order of integration and derivative assuming u(x,t) is smooth,

E(t) = /0 lg(u(x,t))de, (2.40a)
- /0 sy, e (2.40D)
:.KM%WW@MM (2.40c)
:ZMWJﬁ%@Jﬂb—Qlfmﬂxjﬁwx (2.40d)
~ 9 /O (e e <0, (2.40¢)

This shows that E(t) is a non-increasing function, i.e.

mwgmm:Ag%mx (2.41)

This energy estimate could help us to prove uniqueness and stability.

Uniqueness of the solution
Assume that Eq. (2.37) has two solutions u;(z,t) and us(x,t). Let r(z,t) =

ui(x,t) —us(x,t). Then, r(x,t) satisfies

ri(x,t) = re(z, 1), 0<z<1, t>0, (2.42a)
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r(0,t) =r(1,t) =0, t>0, (2.42Db)

r(z,0) =0, 0<z<L (2.42¢)
Since both wuy(z,t) and us(x,t) satisfy Eq. (2.37), we obtain from Eq. (2.41) that

/1(7"(35,75))2(11' < /1(r($,0))2d$ =0, (2.43)
0 0
implying that r(z,t) = 0, and hence wu;(z,t) = ua(x,t). This indicates that Eq. (2.37)
has a unique solution.
Stability of the solution

Assume the Eq. (2.37) has two solutions us(x,t) and wug(z,t) with initial
conditions ¢;(z) and go(z), where g;(z) = g2(x) 4 € and the same boundary condition.

Let r(x,t) = uy(z,t) — us(x,t). Using a similar argument as above, we obtain

/0 l(r(a:,t))de < /0 l(r(x,O))de - /0 . (2.44a)

implying that

1 1
/ (s (2, 1) — wa, )2z < / d. (2.44b)
0 0
Thus, if € is small, the difference between wu;(z,t) and wus(z,t) will be also small. This
indicates that a small perturbation in the initial conditions leads to small perturbation
in the solution. The inequality in Eq. (2.44b) can be referred to as the stability

estimate.

2.3.2 Discrete energy method
We list some fundamental lemmas, which are usually used in the discrete energy

method for proving the stability and convergence of finite difference schemes.
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Lemma 2.3.2.1 [123] (Cauchy-Schwarz inequality). If a, b € R, then it holds
that

1
2ab < ea® + gb2, (2.45)

where ¢ is a small positive number.
Lemma 2.3.2.2 [124] (Gronwall’s Lemma). If ¢(¢) > 0, ¢(t) > 0, ¢(t) < K

+ LfttJ P(s)p(s)ds on ty <t < tp, then we have
$(t) < Kbl vl (2.46)

The discrete version of this inequality is given by

n—1
E"<K+LAtY EY = E" < Ke"®, (2.47)
k=1

Lemma 2.3.2.3 [125] If U; and V; are mesh functions, then

—hmZ(aiUi)Vi = hi(ain_%)@xVi_;) + (DL UWVo + (D_Up)Vin,  (2.48)

=1 =1

where (DrU;) = 0,U,z1.
Proof. The proof can be seen in [I125]. However, for convenience, we give a

proof here. It can be seen that

m—1 m—1
~h ) (U= = (0U s — U1V
=1 i=1
m—1 m
=Y (DU, 1)V = > (0:U; 1)Ving
=1 =2
m—1

=Y (0.0, 1)(0:V; 1) + (D U)Vo + (D-Up) V. (2.49)

i=1
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IftVvy=V,=0,U, =V, then

m—1

b Y (@)U = U (2.50)

=1

Lemma 2.3.2.4[125] If U; is a mesh function, then

, mh
—sin (m) |UIP < |UF < 2||U||2, a<z<b. (2.51)

Proof. It can be seen that

m 1 m
’U‘% = hZ(axUF%)Q < ﬁh Z(Uz - Ui71)2,
i=1 i=1

m

2
< sh) (UP+ULY)
=1

U2+ZU2+ U2 _h2\|U\|2 (2.52)

Lemma 2.3.2.4[125] If V; is a mesh function with Vj =V, = 0, we have,

m—1
Vb—a
hy (“EVVi = VI Ve < 5 —IVIn VI < Vs (2.62)
i=1
Proof. We have,
Vi=) (V= Vi, _hZav L, (2.63a)
j=1 J=1
Vi= > (V= Vi Z Vit (2.63D)
j=i+1
Now using Lemma 2.3.2.1, we have
2 2 2 (o 2
V2 < “”‘Z; 12)[h 2(%;) | = (z;—a)h Z;@wvi;) , (2.64a)
j= = j=

VZ<(h Y ) Y (Vi) = (b—az)h > (0.V, 1) (2.64b)
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Multiplying (b — x;) with Eq. (2.64a) and (z; — a) with Eq. (2.64b) respectively and

adding them together, we obtain
(b—a)?
(b—a)V? < (wi—a)(b—w) [V} < ——VIi,

implying that

Vb —
Vil < = vy, i=1,2,...,m— 1.
Hence,
b—a
Wil < %),
Furthermore,

m—1
(b—a) \VH2<hZ —a)(b—z)|VIT=hD ilm =)V},
=1

m—1 m—1

= h3(m2i— Zz“')W\l = é (m® = DRIV,

Thus, we obtain

b—a
V.
\/6| |1

Lemma 2.3.2.5[125] For mesh function V; we have:

1
VIS < elVIT+ ZIVIF, Vo=V, =0.

1 1
2 < 2 S 2 < x <b.
VI <elVE+(C+ VI as<as<
Proof. It can be seen that

i—1

VP = Z(‘/;Q-i-l - Vf) - th 18 V]+ )
j=0

j=1

(2.65a)

(2.65b)

(2.65¢)

(2.66a)

(2.66D)

(2.66¢)

(2.66d)

(2.67a)

(2.67b)

(2.68a)
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m—1 m—1
V=D VR VD) =2k ) Vi dV. (2.685)
j=i J=t

Now using the Cauchy Schwarz inequality, we obtain

1

m—1 m—1 m—
1
VZ<h E : ’V]+%”8xV]+%’ <c¢eh E (8zvj+%)2 + Eh E :(Vj+%)2>
=0 =0

§=0
2 1 2
<elVE+ VP (2.69)

Similarly we can prove Eq. (2.67b).

As the stability estimate of the analytical solution was found in Eq. (2.44b),
one may derive the stability estimate of the numerical solution. Since the numerical
solution is in discrete form, so the energy of the solution often is called the discrete

energy, such as

EP =h>» (UP), (2.70)
where U is the numerical solution at time ¢, and location z;, and h is the grid size.

To show the discrete energy estimate of the numerical solution, we consider the simple

discretization of Eq. (2.37a) at (z;,t,) as an example:

Ut - up _Ur, 207+ Uf,

- 2 (2.71a)
UPT = UP + 5 (U2, — 207+ UP,), (2.71D)

with the boundary condition
U(0,t) =U(1,t) =0, t >0, (2.71¢)

where 7 is the time increment and h is the space increment. It can be seen that



Eptl _ hz Up+1 Up) }
N-1
= hY (Ut U Ut - up).
i=1

Substituting Eq. (2.71b) in Eq. (2.72), we have

EPtl _pP = Z (UPH - UPYUP, —2UP + U?)

D‘I‘\

N-1 N-1

=1 =1

Z urtiur, + Uby)).

Using the summation by parts we obtain

N-1 -1
Z Uzp(Uzp—l - 2Uip + Uz‘p+1) (Uzpﬂ - Up)

%
1

=

i=1 %

Now, using the time stepping scheme in Eq. (2.71b), we can obtain

N-1 N-1

2 Uty = Z P2 S (UL, — UT)

i=1 1=1
and using the Cauchy Schwarz inequality, we have:

N-1

S U, 4 U)) < S (U + (U7,

Therefore by using the Eq. (2.74a-2.77b):

N-1

EPT — Er < h( 1+ 2]12)(2(@?;1 —UP)?) + 3 T (P — Ep).

i
=1

]
= T UNUL, — 207 + ULy 2 3D P
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(2.72)

(2.73)

(2.74)

(2.75)

(2.77a)

(2.77D)

(2.78)
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Now, if
1422 <0 - (2.79)
h2 =7 h2 = 2 '
then from Eq.(2.78)
i
(1— ﬁ)(Ep“ - E%<0 (2.80a)
= (B - E%) <0, (2.80b)

provided the condition in Eq. (2.79) holds. Hence, Eq. (2.80b) gives us the stability
estimate of the scheme in Eq. (2.24c) for the Eq. (2.23a). Also, this stability estimate
tells us that in order for the numerical scheme described in Eq. (2.24¢) to be stable,
the step size in time and space direction should satisfy Eq. (2.24). Thus the scheme
shown in Eq. (2.72b) is conditionally stable. The above example has been taken from
[102].

This analysis of the numerical method is known as the energy method or the

Discrete Energy Method.

2.4 Thomas Algorithm
The Thomas Algorithm, also known as the tridiagonal matrix algorithm, is a
simplified form of Gaussian elimination, which is used to solve the tridiagonal linear
system of equations. Note that in a tridiagonal linear system, the equation number
7 involves unknowns with numbers j — 1, 7 and j + 1, which means that the matrix
of the system has non-zero elements only on the diagonal and in the positions to
immediate off diagonal lines. Consider a tridiagonal linear system to be solved as

shown below [101] :
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- bp —co O 0 0 0 11 Ug - - dy -
—-a; b - 0 0 0 Uy dy
0 —as b —Co 0 0 U ds
0 0 0 B
0 0 0 —an-1 byo1 —cn— UN_1 dn_1
0 0 0 0 —ay by Uy dn

This system can be written in the equation form:

—QiUj—1 + bzul — CilUjy1 = di, 1= 1, 2, Yy N — 17 (281&)

Ug = 0, unN = 0. (28113)
The coefficients a;, b;, ¢; and d; are known and assumed to satisfy the condition:

b;| > |ai| + el i=1,2,--- N—1, (2.82a)

bol > leol,  [bn] > |an]. (2.82b)

These conditions ensure that the matrix is diagonally dominant, which guarantees
that the system has a unique solution. The Thomas Algorithm reduces the system to
upper triangular form. It does so by eliminating the term w;_; in each of the equations.

Assume that the first n equations of Eq. (2.81) have been reduced to
U; — U1 = G5, 1= 1, 27 e, N, (283)
and the next equation that needs to be reduced is

—Qpt1Un + bn+1un+l — Cpp1lUn42 = dnJrl- (284)
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Eliminating w,, from Eqgs. (2.83-2.84), we obtain

n dn n n
P Cn+1 Uy = St + ant1g ‘ (2.85)

anrl — Apy100p, bn+1 — Qp410p

Comparing Eq. (2.83) with Eq. (2.85), we have the recurrence relation:
Ci di + a;gi :
_ = — =1,2,--+ N —1, 2.86
i bi — a1’ bi — aicviq ' ( )
Co do

=—, = —. 2.86b
Qo by 9o b ( )

On the other hand, the linear system reduces to

_ 1 a9 0 0 O 0 11 U _ _ 90 _
01 a4 0 O 0 Uy 431
0 0 0 =
00 0 0 1 ana UN—_1 gN-1
0O 0 0 0 O 1 un gN

Using back substitution, the above system can be solved easily by the following

recurrence:

unN = gn, U; = Gi — OUjqq- Z:N—LN—2,,1 (287)

2.5 Neural Network Method
A neural network consists of layers of interconnected nodes as shown in Figure
2.3l Each node is called a perceptron. Each perceptron feeds the data produced by
a multiple linear combination into an activation function. An activation function is

the output produced by the node, when a set of input is given to it. The activation
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function can be linear or nonlinear. The most commonly used activation functions
are sigmoid or logistic function, hyperbolic tangent function (tanh), Rectified Linear
Unit (ReLU). One of the major properties of neural networks is that it can adapt to
changing input, so it generates the best possible result without needing to redesign
the criteria for output. In general, a perceptron consists of three main parts: (¢) input
layer, (ii) hidden layers and (iii) output layer as shown in Figure The input layer
is the beginning of the neural network. This feeds in the input data to the hidden
layers of the neural network for further processing. In the hidden layers, weights and
biases are applied to the inputs, and they are passed through the activation function
as the output. The number of hidden layers can vary from one to many depending
on the data to be processed. The output layer produces the final result. Whenever
there are multiple hidden layers associated with a neural network, it is called the Deep
Neural Network (DNN). Figure shows a picture of a fully connected DNN with
3-hidden layers. It is called fully connected because each node is connected to every
other node in the previous layer.

It can be seen from Figure that the perceptron performs two functions.
One is to multiply each input by weights, sum them up and then add a constant
(bias) to it. The other is to pass the previously calculated value through an activation
function G. This is now the output for the perceptron becomes an input for the next
perceptron, and the process continues in the same way till the output layer is reached.

As such, for the neural net in Figure [2.3] we have

7

y) =G (W + o)), (2.882)
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Input Layer Hidden Layer Output Layer

Mee
,V
74 “'.,( ) 0

"w w}\w

Figure 2.3: General structure of a fully connected neural network.

4

=1
4
u =GR oW + b)), (2.88¢)
=1
4
=y Wl + by, (2.88d)
=1
4 ~
2= Wiy + by, (2.88¢)
i=1

where I/Vi(j ), bgj ), Wi, I/T/i, b, and by are the weights and biases involved in the neural

network for ¢,7 = 1,2, 3.

The first idea of how a neuron works was given by Warren McCulloch, a

neurophysiologist, and Walter Pitts, a mathematician, on their publication in 1943

[126], 127]. They modeled a simple neural network using electrical circuits. In 1949,
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S=Z?=1 Wixi + b;

Figure 2.4: General operation in a perceptron.

D. O. Hebb pointed out the fact that neural pathways are strengthened each time
they are used in his book [128]. In the 1950’s, the first step towards simulating a
hypothetical neural network was made by Nathanial Rochester from the IBM research
laboratories.

Models called ADALINE and MADELINE were developed in 1959 by Bernard
Widrow and Marcian Hoff in Stanford University. ADALINE recognized binary
patterns. It could predict the next bit by reading streaming bits from a phone line.
The first neural network applied to a real world problem was MADELINE. It uses an
adaptive filter that eliminates echoes on phone lines. The air traffic control systems
still use it commercially. A learning procedure was developed by Widrow and Hoff in
1962 [127]. They gave a rule for weight change as: Weight Change = (Pre-Weight line
value) * (Error / (Number of Inputs)). The procedure examines the value and adjusts
the weights (i.e. 0 or 1) according to this rule.

The first multilayered network was developed in 1975 by Fukushima [129).

In 1982, John Hopfield from Caltech, California presented a paper to the National
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Academy of Sciences that proposed to create more useful machines by using bidi-
rectional lines [I30} I31]. In the same year, a hybrid network that used multiple
layers was given by Reilly and his colleagues [132]. In 1986, David Rumelhart and his
collaborators came up with ideas similar to what it is now called back propagation
networks [I33]. Throughout the network, it distributed pattern recognition errors.
Hybrid networks have only two layers, whereas back-propagation networks may have
many layers.

Up to day, neural networks have been used in many applications. Methods like
data driven scientific computing have become more and more popular. Machine and
deep learning techniques have been playing a major role in it [64} 65, 66], 67, (68, 69, [0,
71], 73, [72]. Karniadakis et al. recently have introduced the Physics Informed Neural
Nets (PINN) [73] for solving partial difference equations. The main idea in PINN is
to use the output of a deep neural network and treat it as the solution of the partial
differential equation. Also, it exploits the use of auto derivative for differentiating the
neural network output and uses it in the loss function. As such, the loss function is
composed of the differential equation itself, the initial condition, and the boundary
condition. The neural network is trained till it achieves a certain tolerance/ minimum
number of iterations. The neural network method in the dissertation takes the idea
from this method.

Karniadakis et al. also presented the DeepONet, which is based on the universal
approximation theorem. This technique can learn non-linear operators for identifying
differential equations [164]. DeepONet is a deep neural network that encodes the

discrete input function space (branch net) and another deep neural net that encodes
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the domain of the output functions (trunk net). Karniadakis et al. showed that their
technique could learn various explicit/implicit operators such as integrals, fractional
laplacians, and operators for deterministic and stochastic differential equations.
Various PINN methods have been applied/developed for solving partial dif-
ferential equations as well as inverse problems since 2019 [134-163]. Recently, more
methods have been developed for solving similar kinds of problems. Li et al. came
up with the Graph Kernel Network for solving partial differential equations in their
paper [165], 166]. This method generalizes neural networks in order to learn mappings
between infinite-dimensional spaces (operators). The same group also developed the
multipole graph neural operator method for solving partial differential equations.
Their method was developed based on the classical multipole methods proposing
a novel multi-level graph neural network framework for solving partial differential
equations with linear complexity. They also created the Fourier Neural Operator
for the parametric partial differential equation, where the network could map from

functions to functions [167].

2.6 Summary
In this chapter, we have reviewed the required background for understanding
the research of this dissertation. We have reviewed the heat conduction equations that
we plan to solve in this dissertation. Also, we have summarized the previous work
that has been done, both in the field of numerical methods and data driven scientific

computing methods that lay the foundation of our research.



CHAPTER 3

GRADIENT PRESERVED METHOD FOR VARIABLE
COEFFICIENT CASE

3.1 Mathematical Equation for Double-Layered Structure

Layer 1 Layer 2

X
Interface
Layer 1 Layer 2
|- h - - A A
0 X
Xo X1 Xm2  Xmi Xm  Xmtl Xmt2  eee XNXN
Interface

Figure 3.1: Double-layered structure (above) and mesh for numerical schemes
(below).
In this dissertation, we consider a heat conduction problem with variable

coefficients in double layers, as shown in The mathematical equations are given as

ou(xz,t) 0 Ou(x,t)

5 = %(kl(:v) e )+ Fi(z,t), 0<z<Il, t>0 (3.1a)
ou(xz,t) 0 Ju(x,t)
- <
Y ax(kz(x) e )+ By(z,t), (<x<L, t>0 (3.1b)

38
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where initial and boundary conditions are given as
u(z,0) = ¢1(z), 0<a<Il; u(z,0)=d¢s(z), | <x<L, (3.2)

ue(0,8) = at),  u.(L,t) = B(t), t>0, (3.3)

and the interfacial condition is assumed to be
U(Z'H_,t) = u(xl—’ t)> k2(xl+)ux($l+>t) = kl(zl—)u:c($l—>t)v t>0. (34)

Here, ki(x) and k() represent the spatially varying functions for the first and second

layers, respectively.

3.2 Higher-Order Compact Finite Difference Scheme

To develop an accurate finite difference scheme, we initially design an equidistant
mesh as shown in Figure , where x; = jh,t, =n7,0 <5 < N,n >0, and z,, = mh
is the interfacial grid point. Here, h and 7 are the grid size and time step, respectively.
We use the same grid size h for double layers to simplify our derivations. However, it
can be easily generalized to the case of using different grid sizes for different layers. We
denote uf as the analytical solution u(xj, t,) and U /' as the numerical approximation

of u}. We further define the following finite difference operators as
Ujyp — U] pyl u;-““l + uf

Vx’LL;L = T, Uj = T, 5tu

n+1 n

1 . — .

nty Y Uj
J

T

We now establish some important lemmas related to our finite difference scheme.
Lemma 3.2.1. Assume that the analytical solution u(z,t) in Egs. (3.1)-(3.4)

is smooth in [0, L] x [0, 00). Then it holds at zg
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il wrl 1 W .

by enba = S (k) M eyl
+ [—% Z—z((k]:f));]a’(tmé) T RO ), (35)

where
o= & dlicle | B lihhP 3kt .
L o
ot gl
polon %)00 o 4[0%>012K—kl?;i§f;>o<km>o] e

[g - g(f,;f))oo](ﬂz)ﬁ + Z—;Flm)g*%. (3.6)

Here, ky, denotes 0k;/0x, and (k;)o denotes k;(z), and so on for others. It can be

seen that if ki(x) is a constant. Thus, Eq. (3.5) reduces to

1 1
55{% + E(Stul = E[ ! h L — (ug)y °]+ §(F1)0
h n+i h2 n+i
+ 6(F11)0+2 + ﬂ(Fm)oﬂ +O(7% + h?). (3.7)

Proof. We apply the Taylor series expansions at x1/ and then at xzg. This

gives
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n+s n+i
U, 2 — 0 2 nti 10 ntl h 82 n-+
(ke 0 = Lo D ) 2
h2 83 2 h 2 h2 (9 n+2
18 0 3(k1u1)‘0 + 24(/61’&33”)‘0 + Ea_(klumxﬂo
O(h®). (3.8)
From Eq. (1a), one may see
Uy = klxu:c + klurx + F1> (393)
Uty = klmzucp + Zklmu:tcp + kluazxw + Fl:):
ki
k’lmux + Qk—(ut klxux — Fl) + klumz + Flac- (39b)
1
Solving for kit from Eq. (3.9) gives
k1g kiz)? kiz
i Uppe = Uge — 2—Z01; + [2( 12) — kigz|uz + PR AR A (3.10a)
k1 k1 k1
a klx 4(k1x)2 - 3k1k1xx
_x(kluaa‘x) = Utzx — Qk_lutac + (k1)2 Uy
5k1k1xk1xx - 4(]{711’)3 3k1klmc - 4(k1x)2
Ty ) TR
kla}
ol R (3.10D)

ki
Thus, substituting Eq. (3.10) at (zo,t,41/2) into Eq. (3.8) and then Eq. (3.8) into

the right-hand-side (RHS) of Eq. (3.5), we obtain

+% h h? (klzv)() n+2 h? n+*
RHS AQ(ux) + Al( ) + [6 - ﬂ (k?l)o ](Utz> + 24(Utm:)
h B (ko n+y 2, 13
Bt -t o ), 2 (ts) + fo 2+ O 4 1), (3.11)
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where
Ay = %(1 — c3) (k1o + Z;[5<k1)“(k“>°§2§ﬁ;’ — 4ol _ (K1z0a)o)
T :—4[2% ~ (kaae)ol (3.12b)
B = —5(F)f ™ 4 o2 0 my - apy
Z_;[3(k1)0<klf($lif)o_]24[(klx)0]2 (I + 2((’21)) (Fio)" )
_ g(ﬂm)ﬁ (3.12¢)

+1/2

Based on Eq. (3), we obtain (u, ), = o/(tn41/2) and then substitute it and Eq.

(6d) into Eq. (11). This gives

1 h ntl B2 n
RHS = Ag(u,)y 2 + Ay (u w)y () A g (e L0 40P, (313)

On the other hand, we apply the Taylor series expansion at (g, tp41/2) to the

left-hand-side (LHS) of Eq. (3.5). This gives
2

n 1 n 1 n 1
LHS = (e1 +eo)(u)y * +eahlun)g 4oy (usa)y * +O(F° +17). (3.14)

Matching Eqgs. (3.13) and (3.14), we obtain

AQZO, Cl+02:A1, CQZE, (315)

which gives ¢y, ¢o, ¢35 as listed in Egs. (3.6a)-(3.6¢), and hence complete the proof.

Using a similar argument, one may obtain the following lemma for a scheme at

IN.
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Lemma 3.2.2. Assume that the analytical solution u(z,t) in Egs. (3.1)-(3.4)

is smooth in [0, L] x [0, 00). Then it holds at zx

Gl + Eadpul ] = %{@(@)N( DT () %M]
*ig+ 5_421((]2 )) 18(tp) + FuF 0G24 1Y), (3.16)
where
G = % + % ((’Z:)Zv N Z_; 4[<k2ﬂ7)N}2[(_k23)§Vk]22)N(k2mx)N’ 3.17)
€z = % (3.17b)
o S
_ 48(232 - [5(k2)N(k2x>N[<(IZI)IN)]]g — 4 (kaa)n)® ) (3,179
e = [; +£<(’§Z)> Z; [(Kar) ][(_k;;;k]?N%%HNKFZ)?Vﬁ
[Z + 3_51((]2 )) ](Fga;)n+2 + ;Lz(Fm)n+2- (3.17d)

Here, ko, denotes Oko/0x, and so on for others. It can be seen that if ky(x) is a

constant, Eq. (3.16) reduces to

1
n—i—% n+3

n+3 n+3 ko nti U —Un_ 1 n+3 h n+3
5t > + 35 5tu A= E[(uﬂc)N : - %] + 2(F2) =Py ?
h2 n+2 3
+ 24(Fm) +O(T* + 1®). (3.18)

Lemma 3.2.3. Assume that the analytical solution u(z,t) in Eqgs. (3.1)-(3.4)

is smooth in [0, L] x [0, 00). Then it holds at the interior points x;, j = 1,2,...,m—1,



44

nl nl nil 1 h? nl nl
(ca)j0ru;_¢ + (c5)0mu; ° + (c) 0wy = ﬁ[(kl)j—&-% - 57 g f —uy ?)

+ 7O+ Y, (3.19)
where
1 h (k)i 5 1 h (kiw)jn
=y 2 \Me)j—l o - D \MejjHl 9
(04)] 12 24 (k1>j71 ’ (65).7 67 (06)] 12 24 (kl)j+1 ) (3 Oa)
(CRI
(Dl)]+1 =2 (kl)j+l - (klzm>j+%7 (320b)
n+i h? (k)i (kiee); — (k1)3 ntd B2 (k) n+3
e I ) - 5 (Fe);
12 (Kk1)3 12 (K1),
h2 n+%
+ E(Flm’)j . (3.20C)
It can be seen that if k1 (x) is constant, then Eq. (3.19) reduces to
1 n++ 10 n+s 1 n+s kfl n++ n+s n+s n++
E(Stuj_f + Eé}uj 24+ E(stuj+12 = ﬁ[uj_f - QU] 2 4+ Uj+12] + (F1>j 2
B o)™ 4 O(2 + 1 3.21
+E( lacac)j + (T + ) ( : )

Proof. Using the Taylor expansions at x;,,/and x;_; 9, respectively, and then

at z;, we obtain

1 n+3 n+3 n+s nti
ﬁ[(kl)j-&-%(uﬁ-f — Uy ) — (kl)j—%(uj : - uj—12)]
(k1>J+1 n+i h? n+i h? n+3
- 2 v 3
pr )yt g (asa)j 1 F 15 ()11
(k1)1 41 B3 41 h? 41
_ nTa e nTy n+3 4
gz ) gt o (awa); £ 4 fgpp(ua)j {1+ OF)
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h? o ntl  h2 0 n
24(9 3<k1 :t)’ i + __(klumcx)‘ +2 + O(h4) (322)

a n+2

" o
Substituting Eq. (3.1a) and Eq. (3.10b) at (x;,%,41/2) into Eq. (3.22), and then using

the second-order central difference approximation, we obtain

1 n+3 n+3 n+ n+3
ﬁ[(kl)ﬁ%(ug‘ﬂz — Uy ) - (kl)jf%(uj ‘- j—12)]
n+i h2 n+3 h2 0 kla: n+i h2 0 (klz)Q n+3
- : 1o m'Q____ ;2 —=1(2 _kacx :1:‘2
e TIC ) A vy e ml i v (G toa ) Ual
h? (k)i (kee); — (R1)3,  nrd B2 (k); nti  h? ntl
_ - F-Q—#Fx~2——F:m-2
MR (k1)? I(R); "+ 35 (kl)j( 1)) 12 (Flaz);
+ O(h%)
ntl  h? ntl b (k)i , ot (kie)jo1, o+l
- (ut)j + = 12 (ut:c:r:) 24[ (kl)j+1 ( t)j+1 (kl)jfl ( t)]fl]
B2 [(e)ypa]? W -t
b e (Braw) jp ]2}
24 (k’l) % 2 h
I (T Wt
+ {2 = (b)) )
24 (kl)j_% 2 h
h? (k1) j(kigs); — (k1)3 nel % (ki) n+3
-1 w JI(F) T2 Ny F), 2
HARRET (k)3 ST (K1); (Fia);
h2 n—+
(RO, (3.23)

Thus, substituting Eq. (3.23) into the RHS of Eq. (3.19) gives

nti h2 n+i h k’x i n+l kx i n+1
RHS = ()" + 1 () — Lodien g oot (el ey

12 24" (k1) - 7T (k) o

+O(7* + hY). (3.24)
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Now we take the term _h/24[(k193)j+1/(k1)j+1](Ut)?ill/z—i-h/%[(klx)J (k) 1](%)”“/2]
in Eq. (3.24) to the LHS of Eq. (3.19), apply the Taylor expansions at t,1/, and

then at x; for the LHS. This gives

LHS = () = g7 5 00 (e
o + g i + 0
= llew); - % ((Izlx))jll + (cs); + (c6); + 2}2 ((]:f)ijjll](ut);ﬁé
s+ gy G — e+ i G
e+ gy e+ = g 5 e
R
+O(7% + 1Y), (3.25)

On the other hand, Eq. (3.24) reduces to
h2

RHS = (u)"* + = 12

—(uge); 2+ O + BY). (3.26)

Matching Eqgs. (3.25) and (3.26), we obtain

()i = g e+ s+ g =1 (2
(AR il CURE T e D
()i + gt ey = g g

which gives (c4);, (¢5);, (c6); as listed in Eq. (3.20a), and hence complete the proof.
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Using a similar argument, one may obtain the following lemma for a scheme at

the interior points z;, j =m+1,...,N — 1.
Lemma 3.2.4. Assume that the analytical solution u(z,t) in Eqgs. (3.1)-

(3.4) is smooth in [0, L] x [0,00). Then it holds at the interior points x;, j =

m+1m+2,....N—1,

~ n+l ~ n+i ~ n+i 1 h2 n+2 nti
(€a)j0euj—f + (Cs)j00u; * + (Co)j0euyps’ = 5 l(ka)jps — 57 (Da)jipl(ujes —u;™?)
1 h2 n+é n+%
- ﬁ[(kQ)]—% - ﬂ(DQ)j—%]<uj - uj—l )
+ f]’.”z +O(r2 + ), (3.28)
where
_ 1 h (koz)j—1 . 5 . 1 h (koz)js1
= — 4+ — == = = 2
( 4)] 12 24 (k2>J_1 ’ (05)J 67 (66)] 12 24 (kQ)]+1 ) (3 9&)
[(k2x)j+l]2
(Da)jy1 =2——=—— — (Kaa) 11, (3.29Db)
Jt3 (k2)]+% Jt3
fm% — - h_2(k2)j(k2m)j - (kh)?](FQ)“% B h_2<k21)j(F2 )wg
ST ET T ey
h? nil
+ E(F2xx)j+2 (3.29¢)
It can be seen that if ko(x) is constant, then Eq. (3.28) reduces to
1 n+i 10 n+i 1 n k n+z n+z n n+z
E(Stujjf + 12(5tuj+2 + 125tujj:f —z[ujjf - 2uj+2 + ]j:f] + (Fz)jJr2
h2 n+ 2 4
+ E(Fsz)j P+ O(T"+ R (3.30)

We now derive a scheme at the interfacial grid point (2, t,11/2).
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Lemma 3.2.5. Assume that the analytical solution u(z,t) in Egs. (3.1)-(3.4)

is smooth in [0, L] x [0,00). Then it holds at x,,_

n+l nt1 1 nt1 1 ntl a1
bt + exduun® = pleo(a)on(a)n = = k), 1 (™ = u79)]
n++ 2 3
—T,,_*+0(1°+ 1), (3.31)
where
= -+ — 3.32
Cr7 6 + 24 (]fl)m ) ( a)
1 h (klx)m h2 4[(k1x)m]2 - 3<k1)m(k1xx)m
=4 — 3.32b
S 3T 2 () |48 [(er )2 ’ (3:32)
h2 2[(k1x)m]2
h3 5(k1)m(klx)m<klmx)m - 4[(klx)m]3
— — (K1zza)m]s 3.32¢
48(k31)m[ [(kl)m]Q ( 1 ) ] ( )
TE 2 ()2 — 077 (3.32d)
with
ntl 1 h (kig)m  h?3(k E1or)m — 4[(k12)m]? ntd
ftzz[_ _(1) (k1) m (K1sz) 2[(1)]](F1)m+2
2 12 (k) 48 [(K1)m]
h h2 <k1m>m n+i h2 n+i
- | A F m 2 a1 FJ::L‘ m 27 . 2
h? K3 (k12)m
- _- _ - . 321
1T 48 (k) (8-320)
If ki (z) is a constant, then Eq. (3.31) reduces to
n n k? n+l 1 n+l n+1 h n 1 n
éétu,:l + 35tum+ = #[(ugc),,j_2 — E(umJr2 — umtﬁ)] + 24(utm)m+_ + 2(F1) =
h n+1 h2 n+ 3
— —(Fio)m > 4+ = (Fiaz)m > +O(T* + h). (3.33)

6 24
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Proof. Using the Taylor series expansion at x,,_ similar to that for the RHS

of Eq. (3.11) in Lemma 3.2.1, we have the RHS of Eq. (3.31) as
h2 (klz)m n-l—% h2 TH-%
2 (1) J(ttz)n? + ﬂ(umm>m—

nal n—4+i h
RHS = P2<u:r)m+—2 + Pl(ut)th + [_g
1

1 n+3 (F1z)m n+i n+i
- §(F1)m - ﬁ[2 G (F)m * — 4(Fie)m *]

(klx)m n—l—% _ n—&-%
(kl)m (le)m Q(Flm)m }

h? 3(k)m(kiea)m — 4(k1o)m)® . \ntd
t o =2

h2 h3 (klx)m n+% n+% 2 3

(3.34)

where
b (e B2 ALl — 30k (Free)e
= ), TR o)l ’ (3.350)

S| =

h [(klx)m]2
— 2R ()l 3.35b
Expanding the LHS of Eq. (3.31) at (@, t,41/2) gives

h? ntl
: + "L O+ RY). (3.36)

LHS = (c7 4 cs) () ® — crh(ug)m ® + 07?(%“)
Matching Eqgs. (3.34) and (3.36) gives P, = 0, c;+cg = Py, ¢r = 1/64+h/24[(k12)m/ (k1) m),

from which we obtain ¢7, cg, ¢y as listed in Egs. (3.31a)-(3.31c), and hence the proof is

completed.
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Using a similar argument, one may obtain the following lemma for a scheme at
T, from the RHS of interface.
Lemma 3.2.6. Assume that the analytical solution u(z,t) in Eqs. (3.1)-(3.4)

is smooth in [0, L] x [0,00). Then it holds at x,,

1 1
n+3 n+3

Egdtuﬁ% + 575tunmi%1 = %[(k2)m+;—um+l ;um - 59(/€2)m(ux)nm1%]
T O 4 Y, (3.37)
where
=t - . ((k]j:)):, (3.38)
o plle | e dliadnl - Snllan)e, .
=t g g~ o]
T B L e
ThE2 = () — fi2, (3.38d)
with
i [% B %((722:)): B Z_;3(/€2)m(/fzf(xlz;;m—];l[(k2x)m]2](Fz)ﬁ%
+ [% - Z—z((%:)):](sz)ﬁé + Z—z(Fm)ﬁ;, (3.38¢)

h* b3 (kox)m
=5t B () (3.38f)

zZ9
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If ko(z) is a constant, then Eq. (3.37) reduces to

n+3 n+i
nt+i 1 n+l ]{32 Uy, 2 — Um, 2 ntl h ntl
_5tu ’ + 65tUm+21 = E[—HT - ( )m+2] + 24 (utftx)m+2
il F Z(F +3 ~(F T
+O(T* + h?). (3.39)

Based on the above lemmas 3.2.5-3.2.6, we now are able to derive a finite
difference scheme at the interfacial grid point (,,,¢n+1/2) using only three grid points.

Lemma 3.2.7. Assume that the analytical solution u(z,t) in Eqgs. (3.1)-(3.4)
is smooth in [0, L] x [0,00). Then it holds at (z,,,t,41/2)

+7
cloétu 1 + cllétum + clgétumH

1

n+3 n+i 3 n+3 n+%

= o)y I (k) L T 0GR 41, (3.40)
where
co = ¢9/C, Clo = C7 + z1a + ool (3.41a)
C11 = Cs + Cols + 210 + Cozab, Cra = Cofr + 210 + Cozod, (3.41Db)
T2 = T e f g SR ez S (3.41c)
Here, ¢7, ¢z, cg, Cg, €9, Cg, 21, 22, f;il/z, f:;lﬂ are given in lemmas 3.2.5-3.2.6, and
a= % - ((]il)):, b=—(a+c), (3.42a)
e | Y=
Q= % - 5((:12)):, b= —(a+¢), (3.42¢)
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~ h (k2)m h? (klw)m(k2)m !

RS T PR P B
S = m[(FQt)?n > — (Fi)m 2, (3.42¢)
Sy? = Q(kl)mm):f — (Fat)m 2. (3.42f)

Proof. We multiply Eq. (3.37) by ¢y and then add with Eq. (3.31). This gives

n+i - n+i N nti
704, 7 + (€8 + coCs)0pum * + CoCrlptt, 3

1 n+i n+i n+i ntl
= galco(ke) 1 (Ut —um *) = (k1)1 (um® =y, 3)]
2 2

(T T 4 O 4 ), (3.43)
where
ThE2 = 2y ()2 = fl?, T = 2p(tgan)? — fini®, (3.44)
n+1/2

We now discretize (uy,) as

m—

ntx n+ n+i nt1
(Utzz ) = AU 2 2

"2 DOy 2 + Oy 2 — g ?, (3.45)

n+1/2

where dyun, (un' —um) /7, and a, b, ¢ and g5/

m—  are constants to be determined.

Using the Taylor series expansion at t,.1/2, we obtain the RHS of Eq. (3.45) as

1
n+j

RHS = a(uy)n 2 +b(ug)m 2 + c(u)md — gm 2 + O(72). (3.46)

Using the Taylor series expansion at x,,, we obtain

n+3 n+3 n+3 h? n+i

(ut)erl - (ut)m—‘r + h(utw)m-i- ?( tx:p)m_A,_ + O<h3), (347&)
n-‘r% o n—i—% TL-‘:—% h2 n—&-% X

(Ut) 3 = (Ut) 2 = W(Uta)py? + = (Utaz) 2 + O(R7). (3.47b)

2
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From the interfacial condition in Eq. (3.4), we have (uy),. "~ = (k1)m/(k2)m(u

and (utt ) m+

. Furthermore, from Eq. (3.1b) we obtain

()2 = (o )on ()2 + (B () i? + (Bl 2,

and hence
(e = ol = (har) () = (P57
. 1 u n+% (kfl)m u n+ +1
- (k2)m[( t)m— (ka)m(k2)m( :v) (F2) ]7
ntl 1 u nty (k1)m u n+3 n+i
(Utex )y = <k2)m[( ) m— (k2z)m<k2)m( te)m— — (Fat)m °]
= ol + () + (R
~ (a2 T = o (B
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)n+1/2

m—

(3.48)

(3.49a)

(3.49b)

Substituting them into Eq. (3.47a) and then Eq. (3.47) into Eq. (3.46), we have from

Eq. (3.45)
(taa) 2 = (@ + b+ ) (w)" 2
. (—ah + dgg;im . (C]Z)m[(mm _ (mmEZ;;:]) ()2
L Iyttt ),

(3.50)

where S™"/? is given in Eq. (3.42e). Matching both sides of Eq. (3.50) indicates

a+b+c=0,
g b P )
P T B (el (e 120

(3.51a)

(3.51b)
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ah?®  ch?(ky)

o’ m 351
> T 20, (3:51c)
LS gt L O 4 h3) = 0, (3.51d)

which gives a, b and c as listed in Eqs. (3.42a)-(3.42b), and ¢"""/* = —S™/2 L 0O(72+h)
note that a, ¢ are hidden in O(h?)). Similarly, we can express (u /2 s
( ) ( )) Y, p ( tcc;t)er

n+i n 1
(Utza) J; —C(Stu 1+b5tum +a5tumtrl gm?, (3.52)

where coefficients @, b, & are listed in Eqs. (3.42¢)-(3.42d), and g/t"/? = —siH/?
O(72 + h). Substituting Egs. (3.45) and (3.52) into Eq. (3.44) and then substituting

Eq. (3.44) into Eq. (3.43), we obtain

nal . < sl B oo nal
(c7 4+ z1a + cozzé)étumt"’l + (s + cols + 210 + cong)étum+2 + (coCr + z1c + 0022a)5tum121

1 n+s nti n+i n+l
- ﬁ[co(k2)m+%(um+21 —Um *) — (kl)m_%(um * - Umtzl)]

’I’Ll nl ’I’Ll ’I’Ll
T e et ST gz S 4+ O(72 4+ ), (3.53)

which gives Eq. (3.40) and coefficients as listed in Eq. (3.41), and hence complete the
proof.

It should be pointed out that one may easily extend the above lemma for the
discontinuous interface case, such as u(z;y,t) — u(z_,t) = @1(t), ko(z))uz (14, t) —
k1 (z))ug (21—, t) = @a(t). Based on the above lemmas 3.2.1-3.2.7, we first replace unH/2

with

i §(u?+1 +uj) 4+ O(r?), (3.54)
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and then drop out the truncation errors, as well as use the notation U}, an approxi-

mation of u!, and the notations

n+1 n n+1 n
J ) '

2 J T

N[

(3.55)

Thus, an accurate compact finite difference scheme for solving Eqgs. (3.1)-(3.4) is

obtained as

CLoUr " 4+ Coo U2 = %[(/ﬁ)l /2 ;! ; Ui — Cs(k1)ocr(t, 1 1)]
* [_1_h2 ;L_jl((l:f))oo]a/(t"+§) * fg+%; (3.562)
(CoLBUE + (CoppU; ™ + (COBUIE = 5y — (D), )0 - 07
k), g — D0, O
AT I< <m— 1 (3.56b)
CoO U2 4 G U™ + CodUl2 = %[Co(kz)m+;(l7;i% — Ut

(C)iUS 3+ (Ca)i6l} 2 + (Co) bl = %Wﬂ?)ﬂé N Z_z(D”Hé](Uﬁlé 07
)y — (), )07 - )
T M 1< <N -1 (3.56d)
Cro e + Cod Ui = %[C'g(kz)Nﬂ(thr;) - (kz)N_;w]
+ [l—hz + g%]ﬁ’(m;) I (3.56e)
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U;):¢1(x])7 ]:0717 7m_]-7m7 UjongQ(l’])? ]:m+17 7N7 (3566)

Where coefﬁcients 01 = Cq, 02 = Ca, 03 = C3, (04)]' = (04)]', (05)]' = <C5)j, (Cﬁ)j = (Cﬁ)j,

Cr = 10, Cs = 11, Cyg = 12, Cy = ¢y, C1 = &1, Cy = &, C3 = &3, (Cy); = (G);,

(Cs); = (é5); and (Cs) = (é); which are based on Lemmas 3.2.1-3.2.7, and also

n+1/2 pn+1/2 fn+1/2
fj 7fj

n+1/2 mn+1/2
0 ) T

S 5T "7, Dy and Dy are given in Lemmas 3.2.1-3.2.7.

It can be seen that the truncation error for the above scheme is O(72 + h?) at
To, Ty, and zy, and O(7% 4 h*) at interior point x;. Furthermore, Egs. (3.56a)-(3.56€)
consist of a tridiagonal linear system for solving U }”1, j=0,---, N, which can be
obtained using the Thomas algorithm. It should be pointed out that we have never

discretized u, in the interfacial and boundary conditions in our derivations.

3.3 Stability and Convergence
A Priori Estimate:
To analyze the stability and convergence of the present scheme, we first obtain a priori
estimate. A priori estimate is an estimate for the size of a solution or its derivatives
of a partial differential equation. We obtain a priori estimate for the following finite

difference scheme as
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n+1 a1 n+l 1 _atl P §
Cr8 U3 + Cs,Un * + CodUp' 3 = ﬁ[co(kQ)m+%(Um—:—i ~Un'?)

= n+2 = nti = n-+ 1 h2 —n4 2 —nti
(Ca)j0:U;_ 2 + (Cs);6:U; % + (Co) 00Uy, hQ[(k2)J+§ - ﬂ( 2)+2 (Ui —U; %)
1 h2 —n+é —n+%

- ﬁ[(kQ)j_% - ﬂ(Dﬂj—%](Uj —Yi-1 )

g P mE1<j<N -1 (3.57d)

= n+ i ~ n+i 1 Un+%—(7n+% n4+i

Cl5tUN+2 + 025tUNJ3 = _ﬁ(k2)N—%% + 9N+27 (3.57e)

where g?H/ 2, 0 < j < N, is a mesh function and the coefficients are given in Eq.

(3.56).
Lemma 3.3.1 (Gronwall’s inequality). If {y,}, {f.} and {g,} are non-negative

sequences and satisfy

n—1

k=0
then it holds
n—1 n—1
Un < fut > frgrexp(d_g;), n>0. (3.59)
k=0 j=k

Theorem 3.3.1. The finite difference scheme in Eq. (3.57) satisfies

E" < exp(CT)[E*+ T max G*'1], (3.60)

0<k<n—1

where 0 < n7 < T and
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m—1
mn 1~ h2 n
E"=h  ool(kr);yy = 57 (D)) (VaU))?
j=0
N-1 1 hg
+hy Solk2)j4 1 — o2(D2) 2l (VUF), (3.61a)
j=m
c T 1 c N k+1
1 = ES
G =20 (g ) 2 Y (g )2 (3.61b)
4e = 4e Pt

Here, C' and ¢ are positive constants, ¢y and ¢y are given in Lemmas 3.2.5 and 3.2.6.
Proof. We now multiply Eqs. (3.57a)-(3.57¢e) by hégétUgl+1/2, hégétU;H/g,
héos, U2 hcgéthﬂﬂ, and h09(5tU]T\L]+1/2, respectively, and then add them together.

This gives an equation where the LHS is

LHS = hés[C1(8,Uq " 2)2 + Co(8,U5 ) (5,U; T2))]

FhY a [(CO,U]EUSE) + (C),007 + (o 0] )

1

3

J
+ 1 [Cod (U ) OURH) 4+ Co@Un )2 + G ) (8 )]

N-1

+h ST e [(C U U + (Coy () + (Cols (U607 )]

j=m+1
+ heo[CL(8,UST2)2 4 Co(GURT2) (8,U)], (3.62)

and the RHS is
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1
2
1' &= ~ n+i  =nts n+ n+i n+
+ E Co [(kl)j"r%(Uj-‘rlQ - Uj 2) - (kjl)]—%(U] ‘- U] 12 )] (6tU] 2)
j=1
h s ~ —n+1 N+ n+ —n+1 n+
= 52 D (D) (O = O77%) = (D), 4 (072 = 07| 6 ™2)
j=1
1 n+tg Sl ~ ntg g n+3
+lealks), 1 (Unid = Un'?) = Co(ka)yoy (Un * = Up )]0l )
— n+i —nti n+s n+i n+s
+ - Z C9 |:(k2)j+%(U]+12 - U] 2) - (k2>]—%(Uj ? - U] 12)] (5tU] 2)
j=m+1
h — n+4 n+s n+ —nt1 n+
—5p D 0 |(Da), (T = 07%) = (D), 1 (0% = 0759 ()%
j=m+1
1 n 1 n n L ~ n
— ey(ka) 1 (O8N = O (OUN?) +hée Y gy 2 (U] 2)
§=0
N 1 1
+hey > g7 (6U;?). (3.63)
j=m+1
Using the Young inequality, we have
SUTEYG U > —S[(BU"TE) 4 (5,U™ ) 3.64
(6:U; )(tj+1)—_§[<tj )7+ (0:U;5°)7) (3.64)

and so on for other similar terms. Thus, Eq. (3.62) becomes

(Cs);
2

m—1
LHS >Ag+hY & {_(C“)j (6:U;7) + o (0,7 2)? —

T 0 i

<6th+‘?>2}

Jj=1

N-1 ~ ~
- C i n+i ~ n+i C i n+i
+An+h > cgl (24)J (5tUjf12)2+aj(5tU.+z)2_ﬂ((w 22

Jj=m+1

+ Ay, (3.65a)



where,
I e
;= [(Ca)y — {90 _ (Gl
Ag = héy(Cr — %)(@USHF%)Q e (5th+%)2
A, = —59207 (G:U"T3)2 4 hé(Cs — % - %)(@Uﬁf _ heoC (6,
Ay = _hc;@ (5tU]7\1f+_%)2 + heo(Cy — %)@U;Jr%y
which can be further simplified to
LHS > hégno(0,U2)? + hégm (5,07 2)2 + hmi e (O,U )
j=1

n l ~ n l n l
+ hégm (6,Un 2)? + hégya(6,Um 2)? + hys(8,Ups2)?

N-1

il : gl 3 gl
+h Z conj (0:U; T2V hegiino (6,Uy-3)? + hegiin (3,Uy ?)2.

j=m+1

where,
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(3.65D)

(3.65¢)

(3.65d)

(3.65¢)

(3.65¢)

(3.66a)

(3.66D)

(3.66¢)

(3.66d)

(3.66¢)

(3.66¢)
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¥z = co[(C5)ms1 — 5(04)m+1 — 5(04)m+2 - §(éﬁ)m+1] — 55909 (3.66g)

. . 1, - 1 -
Ny = |y §<C4>j+1 - 5(06%#1 (3.66h)
) [ 1 - 1 - 1 - 1~ .
NIN-1 = (05)N—1 - 5(04)N—1 - 5(06)]\[_2 — 5(0@)]\]_1 — 502 (3661)
S W .
v =C1 — 502 - §<CG)N—1 (3.66j)

After some detailed algebraic computations, these coefficients in Eq. (3.66a) satisfy

1 5h (klw)o h_2 4(klz)0 - S(kl)o(klrm:)()

=73~ g 1o 48[ ol ], (3.67a)
2 h (k) (Rt (K)o

R (I YRR YA (8.670)

n; = 2 h [(klx)jJrl . (klgc)jfl]7 (367(3)

— _I_ -
3 48 (k1)jr1 (ki)j

1 — —

TR 48@ ~ 5. (k1)m [(Kk2)m]?

]

i (k11>m (klm)mfl _ (klm)m—Z 9
38! R R S W |+ 07, (3.67d)

13 1 (k)m | (k2)my |, Thi(kie)m  (K2)

T 1_6[(k‘z>m " (/ﬁ)m] * 56! (kD)m (1@):]
D (Bia)m(k2)m B (ko) (1 )m ) )
52 [(k)nl? 32 (k)P O(h%), (3.67¢)
= 31 1 (k)m n ﬁ[(b)m(lﬁx)m n (k2x)m]

T 48 T A8 (k) 96 [(k1)ml? (k2)m

— i (k2z)m | (K2w)mt1 _ (Kog )m2 9
48[ (k2)m (k2)ma1 (k2 )y ]+ O(h7), (3.67f)

nj = % + %[(Z{]?:))j:ll B ((1{1;2;))]1—11], (3.678;)
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. 2 h o (kop)nv  (kow)n-1 (Kow)n—o
W= 3 5 0y T v G (3.67h)

~ 1 5h (k2:r)N h2 4<k21)N — 3(k2>N(k2xac)N
NN = 3 + =

1R —(kZ)N + E[ (o) w2 B (3.671)

implying that they are all positive if h is small. Hence, when h is small enough, we

may obtain
1 N-1 1 1
LHS > K |h(&Uy ?) +h > (U7 ) + h(8,Ux *)?| (3.68)
j=1

where K is a positive constant.
On the other hand, we rewrite Eq. (3.63) by shifting the indices for couple of

the summations and then re-grouping the summations. This gives

_ 1
n+2

1
_ h? uytE - ntl
RHS:CEJQ(DO%%(@UO ?)
ol n? O 0™
- hzéf’[(kl)ﬁ% - ﬁ(Dl)]+§] : h ’ E(St(UjHZ - Uj %)
j=0
h2 —7’frll+% . —TL+% L
_69ﬂ(D1)m—l h UL (5t m 2)
1 1
h? U:j? B _:);Jrg n+3
+ o7 (D2)ny g - ; (6,Um ?)
N—-1 nti _ L
h? U 12 -U; *1 n+3 n+i
_hZCQ[(l{Zg)JJF% — ﬂ(D2>]+%] J+ - J Eét(U]_A,_l _UJ )
j=m
1 1
h2 [_]77'"'5 — ﬁnt7 nt+i
—CQﬂ(DﬂN_, N h N 1(5tUN+2>
N g S nd s e
+h0929j (0:U; ) + heg Z 9; ((5tUj ). (3.69)
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Using the notation V, U”Jrl/2 = /RO — g Eq. (3.69) can be simplified to
g

J+1 J
m—1 h2
~ * n+2
RHS = —hzcg[(k’l)ﬁ% - ﬂ(Dl)j-i-%](vaj )(6tV U; %)
7=0
N-1 B2
—h Y ellke) 1 = 52 (Do) 1]V DICARIAED
j=m
h* n+3 n+i h? _ n+3 n+3
+ o (D) (05 U = 80D,y (VU5 G0 )
? n+ts3 nt; h? nt; n+3
+ 579(D2)ni 1 (Valm *)(0Um *) = 5reo(De)n—1 (VaUy_1)(0Uy ?)
m N )
n+ n+ n+s
+hég Y g7 26U +hey Y g o U (3.70)
7=0 j=m+1
Note that
gl nti 1 " "
(V.U 2)(6:,V,U; " ?) = 5 (Va0 2 (VUM (3.71)
Eq. (3.70) becomes
1 m—1 h2
RHS = __Th Z 59[(k1>j+% — ﬁ(‘Dl)]+%H(VIUjﬂ+1)2 _ (VxU]n)2]
=0
- et ol = O J(VU P~ (.U
h2 n+2 n+2 h2 n+2 n+2
+ 570D 1 (Voo *) (6o *) = 760(D1) s (Va1 (6Um *)
h2 n+2 n+2 h2 n+2 n+2
o o(D2) e (VU YGRS = Soeo(Da)y_y (VoUR D) GUR)
m N )
+ thZg]+25th+2 + heg Z gj+25tU;L+§ (3.72)
7=0 Jj=m+1

By the Cauchy-Schwarz inequality, we have
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—n+l n+i 1 1 nt1
VLU0 < (VLU e (U
1 ol
< (VLU + (VaU7)) + 200 T2, (3.73a)
g, e < 4—8(9]-“)2 +e(8,U; )2, (3.73b)

and hence if A is small enough, then Eq. (3.72) can be further written as

m—1 ~ 9
RHS <~ 1Y 2 {(k)0 — 5g(D0) 1[0 — (V.07

=0

N—-1 co h2 - .
—h Y ok — 5 (D2 [(VaUF ) = (VU7

j=m

h h%e _ 1
+ Tog200 | (PU3| [Va(UG ™) 4+ Va(UR)*] 4+ G 0(0l ™)

h2 ~ h26~ n+l
+ 10520 | (Pt | [ValURE)" + Ve (Un1)] + 580 (0Um *)?

w2 h%e ntl
+ 15529 | (P2 3| [ValURT) + Vo (UR)] + S eo (0l *)?

i h2e ntl
* 192509 <D2)N—% [vf‘”(U}\lfJ:ll)2 + Vo (Uy 1)’ + ﬁ%(&UN 2)?

m 1 N )
+hety Y (BU] 22+ heey > (U] )
j=0 j=m+1
D R 1 N
+Cg4—€h2(gj 2)2+cg4—€h Z (gj 2)2. (3‘74)
3=0 j=m+1

Choosing small £ and a constant eg > max(hecy/24, heég /24, ecy, e¢g) such that
K — &0 Z 07

we obtain from Eqs. (3.68) and (3.74) that
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N—1 m—1 ~
ntl L a1 é h?
(K —eo)h[(6,Uy %) + (6:U; IR (GUN ) +h Z £[<k1)j+% - ﬂ(Dl)j+%]
j=1 Jj=0
~ec h?
n n 9 mn n
(VLU = (VUDP 4 1Y S2[(0n)yy — 5 (D), (VU = (V.07

h2 ~ n n n n
< 257 00(|(DU)y [V (U5 4+ ValU)) + | (D1)y | [V U5 + V(U 1)?)
h2 n n n
+ 23 00(| (Do) | [V (U2 + Va U] + | (D)y | [Va U+

m N
21 n+i 1 n+x
VU)o h D0 ek S0 (T (375)
7=0

j=m+1
Using the notation in Eq. (3.61) and noticing
B Co (Dl)j+§
C192e (k1)

59 ‘

192¢

(Dl)j+% (kl)]ur% < A(/ﬁ)ﬂé, (3.76)

1
2

where A = max;[Cy |(D1)j1/2] (k1)j41/2: o [(Da2)jy2| (k2)j11/2]/(192¢), Eq. (3.75)

can be simplified to
E" — B < Aht(E"™ 4 E™) 4 2rG"3, (3.77)
implying that

(1— AhT)(E™' — E™) < 2AhTE"™ + 27G™ 2, (3.78)

If 7 is sufficiently small such that 1 — AhT > 1/2, then we have

E" — EY < 4ATE" + 4G 2, (3.79)
implying that
n—1 n—1
E" < E°+4Ar Y EF a7y GRe (3.80)
k=0 k=0

By the Gronwall inequality, we obtain the priori estimate in Eq. (3.60).
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Using the above priori estimate, we can straightforwardly obtain the following
theorem.

Theorem 3.3.2. Assume that (U;)} and (U)} are two numerical solutions
obtained based on the scheme in Eq. (3.56a)-Eq. (3.56e) with same boundary
and interfacial conditions, but different initial conditions and source terms Fl(l)(:c, t),
FyD(x,t) and F{2(x,t) , B (w,t). Let UP = (Us)7? — (U7, and Fi(z,t) = F{2(x,t) -

FY(z,t), Fy(x,t) = FP(x,t) — F\" (2, t). Then it holds

E" <exp(CT)[E*+ T max G*'1], (3.81)

0<k<n—1

where 0 < n7 < 7T and

~ 2 > 24
N—-1 1 h2
+hy Sol(k2)j41 = S2(D2);41)(VaU})?, (3.82a)
Jj=m
1 . m
Gis = ECQhZ[( g2 4 cgh Z (3.82b)
j=0 j=m+1

Here, (g)fﬂ/ ? is a mesh function related only to the source terms. Eq. (81) indicates
that the scheme is unconditionally stable (i.e., no restriction on the mesh ratio).

We now analyze the convergence of the present scheme. For simplicity, we first

define the inner products and norms for mesh functions as

N
(", v") = hZuj B = B3N e = m ) (38
]:
Lemma 3.3.2 [115]. For any mesh function v;,j =0,--- , N, and any positive

constant ¢, it holds

11
loll% < el Varll® + (< + pllell™ (3.84)
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Theorem 3.3. Assume that u(z;,t,) is the analytical solution of Egs. (3.1)-
(3.4) and U7 is the numerical solution obtained based on the scheme in Eq. (3.56a)-

Eq. (3.56e), respectively. Let e} = u(z;,t,) — UJ. Then it holds
lle"]|oo < K (7% 4 1Y), (3.85)

where K is a constant.

Proof. It can be seen that e? satisfies

s SPOR L SR VO Sl A
10t€y = + Ca0e; = h( 1)1/2 3 +ry °; (3.86a)
(Cy); 5t€] i + (Cs); 5te + (Ce) 015, = ﬁ[(kl)ﬁ% - Q(Dl)ﬁ (e -t
1 h2 _n+% _n+%
- ﬁ[(lﬁ)ﬁ% - ﬁ(Dﬂ],%](ej —€_q )
n42
+r; L l<j<m—1; (3.86Db)
n _n 1
Croiel s+ Cudyen ™ + Codel2 = 2[c;o(/<;2)m+1( ta gty
— (k) s — )]
e (3.86¢)
nt+l ~ ntx n+i 1 h2 ntl nptl
(C); oeej 1 + (Cs)j0ie; * + (Cs);61e = ﬁ[(l@)ﬂ% - ﬂ(D2>j+%}<€j+l2 —& °)
1 h2 _TL+§ _n—l—%
~ ikl = 57 (Do) 7 — 1)
+r Em 1< <N -1 (3.86d)
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n 1 € - — n+z
015t€N + Cydie +21 = —E(kz)N_%% + TN+2, (3.86¢)
) =0, j=0,1,--- N, (3.86f)
where T?H/Q is O(T2 + h?) at g, T, Tn, and is O(T2 + hY) at aj, j=1,--- , m— 1,
m+1,---, N — 1. From now on, for simplicity we denote K as a positive constant

without specifying. At different places, it may have a different value.

We multiply Eqs. (3.86a)-(3.86¢) by héodrey /%, hégdie ™, hégd,em /?,
h095t€?+1/ ? and h09(5t67]i,+1/ ?_ respectively, where & and ¢y are given in Lemmas 3.2.5.
and 3.2.6, and then add the results together. Proceeding in the same way by which
we obtained Eq. (3.75) and then replacing n by p and summing up to k, we obtain

when h is small enough that

m—1 - h2

C
KZ||5@p+2||2+hZ 9 kl +2 24(D1)]+ ](vm€k+1>

Y (k)0 — o (D) )Tk

[(vweﬁj——ll)g

IA
>
[\]
g
o
o
Ne)
=
—
S
SN—
N =

[(Vaeh™)2 + (Tach)?] + | (D),

where
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rk—i—f k rp—l-% B Tp—% r% Tk-&-%
R = éohef ' — =3 " Goheh 2" — Gohel > + Gohel
T o T T T
7’5?7 — : : T]H_%
— chhep - cghe = 4 cghelitt N
T T
p=1
k AR o 3 kg m—1 .
— chheg’v - 2 cghef X+ Z 4—59h Z(rf 2)?
p=1 T p=0 j=1
Eoq N1
+) oCoh DORGARE (3.87Db)
p=0 j=m+1
Here, we have used the fact that
: rk+2 i rp+% — Tp_% T%
Z (5peh 2 )b e = et 07_ - Zeg% — e, (3.88)
p=0 p=1
Using a similar procedure as before, one may obtain
m—1
L. h? k41
h 5 Gol( j+1 24(D1) ](vxe )?
7=0
ey h2
+h Z Seol(k2) 1 = 57(D2);1](Vaef ™)’
j=m
i CoTh?
1 9
+ 7K Y 12 = 2 (| (D) ] (Taeb ™) = D)y (Va2

p=0

-1 (Voen™)? ]

oeTh? H(DQ)er% (Vaehy2 — ’(D2>N

192¢

2rh2 & ~
102¢ >_Les

p=0

(D) g | (Vaeh)?

(V;B@ ) + Co

(Vaed)? + 9 |(D1) 2

(D1),

IN

(3.89a)

(Voel_1)’] + R,

+ c9 (DQ)N_%
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R = Gyhleg
p=
)+ Z 4_569Th Z(rj
j=1

k+1 k+2 P+2
+ cohley eN — 7Ty
p=0

(3.89b)

+ Z —CgTh Z p-I—
(3.90a)

j=m+1

We choose h small enough such that
(k1)j412 = h*(D1)j1/2/24 > K
—héy |(Dy):| /(1928) > —K (3.90Db)
and, as well as for other terms. As such, we obtain
m—1 N—
1. h? 1 h?
h par 569[(k1)j+% 24(D1) ] m€k+1)2 + h Z 509[(k2)j+% 24(D2) 1]
k4142 Th? k+1 k+1
(Vaek )2 = 2 [ |(Da)y| (Ve ™) + 8 | (D) oy | (Vaehih)?
00| (D) | (Vaehi )2 + o [ (D)y_y | (Vaeh )
N—-1
> K1 —7)h )y (Vpebith)? (3.91)
=0
Letting
Goh?
9
"= o 2 (0] (Vaeh)? + | (D1)cy | (Vach)?]
(Vach 2+ [(Do)yos | (Taeh ] (3.92)
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and using Eq. (3.91) and the values of er/Q, Eq. (3.89) can be simplified to

=

k
K(1=7)h Y (Vae ™2+ K73y ||tz |2

J

Il
o

p=0

k
< KrE¥+ Kh|ef™| (7 +1%) + ZKTh leb| (72 + B®) + Kh ek (72 + h®)

p=1

k
+ZK7h|e”|(T + 1) + Kh|ef | (77 + %) + > Krh|eR | (7% + h?)

+ K(7% 4+ h*)2 (3.93)
As such, we obtain

N k
K(1—7)h Y (Veeh )2 4 K )7 ||6,er |2
j=0 p=0

k
< KTEF+ K(7% 4+ W[ ||l + K (72 + 17 ) [[eP]lo + K(7 + b2 (3.94)

p=0

Since €Y = 0 and hence

k
1
et =7y b7, (3.95)

we obtain
k
ekt1)2 Zétep 2 < e (G2, (3.96)
p=0

Multiplying Eq. (3.96) by h and summing up for ¢, we have

k
1
FIE < D7 103 (3.97)
p=0

implying that
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K
K(1=7)[[ Vet e 2

k
< K7EM 4+ K(7 + W] | + K(77 + 17 Y |[e”]|oo + K (72 + 1*)%. (3.98)

p=0
By Lemma 3.3.2 and the Cauchy-Schwarz inequality, we obtain

k
K(1 =)l [5, < KrEB* + K(r* + W[ oo + K (72 + 07 Y [[e”][o

p=0

+ K(T2 + h4)2

k
K K K
< KTB* + [l % + 5 (7 + h*)* + 372 lle”] 15
p=0

2 2
K , 4\2 2 4\2
+5(r + h*)* + K (7% + h*)*. (3.99)
Note that
el P
hQ(vx€§)2 _ h2[ ]+1h 1]2

< 2[(€51)* + ()]

< 4f|e”|I%, (3.100)
implying that E*¥ < K Z];:o |eP||2,. Therefore, if 7 is small enough such that

1 —2K7 > 1/2, then we obtain from Eq. (3.99) that

k
e < K DNl + K 4 ) (3101)

p=0

Thus, by the Gronwall inequality, we obtain

e+ |2 < K (72 + hY2[1 + KT exp(KT)], (3.102)
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and hence complete the proof.

It should be pointed out that Sun and Dai [I15] obtained a fourth-order compact
finite difference scheme for the heat conduction equation with constant coefficients
in double layers. Although their scheme is unconditionally stable, there are some
restrictions on coefficients (see Eqgs. (4.1)-(4.3) in [62]). The present scheme does not

have such restrictions on coefficients even if the coefficients are constants.

3.4 Numerical Example
To verify the accuracy of the present scheme in Eq. (3.56), we first consider a

simple heat conduction problem as

0

u = a_x(2(x2+x+1)um) + Fi(z,t), 0<z<1,t>0, (3.103a)
0 (0
= (@ o+ Dug) + By 1),  1<x<24>0, (3.103b)

where the source terms are
Fy(x,t) = [87%(2® + x + 1) — 1]e 'sin(2nz) — 4722 + 1)e 'cos(2nz), (3.103c)
Fy(x,t) = [1672 (2 + 2 + 1) — 1]e 'sin(4rx) — 47 (22 + 1)e ‘cos(4mx), (3.103d)
the initial and boundary conditions are given as
u(z,0) = sin(2mx), 0 <z <1; u(z,0)=sin(drz), 1<z<2; (3.103e)
ue(0,8) = 27, ug(2,t) = 4m, t >0, (3.103¢f)
and the interfacial condition at z =1 is

u(1—7t) - u(l-i—a t)) 6U$(1_, t) = 3u$(1+a t)7 t>0. (3103g)
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It can be seen that the analytical solution for the above problem is u(x,t) =

e tsin(2rx) when 0 <z <1, and u(x,t) = e'sin(4rz) when 1 <z < 2.

0.4 LI —
03—
02—

01—

u(x,1)

-0.1

-0.2 =

——analytical solution ]
03| M interface N
© numerical solution

P T S B B SRR
0 0.2 0.4 0.6 0.8 1 1.2 14 16 18 2

Figure 3.2: Solution profile at ¢t = 1 along the x-direction.

Table 3.1: Maximum error and convergence order in space when 7 = 107% and
0<t< 1.

h E(7, h) Convergence order
1/10 | 2.96772209 x 10~! -
1/20 | 1.83704916 x 102 4.00
1/40 | 1.14868809 x 1073 3.99
1/80 | 7.18955235 x10~° 3.99

In our computation, we calculated the maximum error E(7, h) = max;,, |u(z;, t,)
—U}| and the convergence orders in space and in time are based on ¢ = log(E (7, h2)/E(7, h1))
/log(hs/hy) and q = log(E (1, h)/ E(11,h))/log(m2/T1), respectively. In particular, we
computed the convergence order in space by choosing h = 1/10,1/20,1/40,1/80 and
7 = 107%, and on the other hand, we computed the convergence order in time by

choosing 7 = 1/10,1/20,1/40, 1/80 and h = 107°. Results are listed in Table [3.1| and
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Table 3.2: Maximum error and convergence order in time when h = 107 and
0<t< 1.

h E(T,h) Convergence order
1/10 | 2.54812728 x 103 -
1/20 | 6.38902058 x 10~ 1.99
1/40 | 1.53023681 x 1074 2.06
1/80 | 3.47321759 x 107 2.13

3.2 From these two tables, one may see that the convergence orders in space and in
time are about 4.0 and 2.0, respectively, which coincide with the theoretical analysis.
Figure shows the profile of the solution at ¢t = 1 obtained based on the present

scheme using h = 1/80 and 7 = 1076,

3.5 Summary

In this chapter, we have derived some important lemmas for developing a
compact finite difference scheme for solving the heat conduction equation with variable
coefficients. Based on these lemmas, we have derived a higher order finite difference
method for solving the heat conduction with variable coefficients in double layers.
The scheme has fourth-order accuracy in space and second-order accuracy in time.
The stability and convergence of the scheme have been analyzed and proved using the
discrete energy method. Finally, the scheme has been tested in an example to verify
the accuracy and the convergence order. This work has already been published in the
journal Applied Mathematics and Computation, volume 386, 2020 [172]. The doi for

the article is https://doi.org/10.1016/j.amc.2020.125516.
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CHAPTER 4

ARTIFICIAL NEURAL METHOD FOR
DOUBLE-LAYERED STRUCTURES

4.1 Parabolic Two-Temperature Heat Conduction Equation in
Double-Layered Structure

Layer 1 Laver 2

Interface

Figure 4.1: Schematic diagram for a double-layered film, where 0 < x < x; represents
the first layer and z; < x < x, represents the second layer.

In this chapter, we consider a double-layered thin film exposed to an ultrashort-
pulsed laser heating, where the governing equations are the parabolic two-step model

as shown in [Tk

(m) (m)
o e _ 9 <k<m> ot

)—mngnqy%+ym@ﬁ, (4.1a)

ot or\ ¢ oz
() 0T, (m)
e P — g e 7, (4.1b)

where the heat source is given as

1- m t—2t
ST (z,t) = 0.94 RJeXp (_x_ —2.77( p)2) : (4.2)
I 5 i

76
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with the initial condition

m oT™ (2,0) a1 "™ (x,0
Te(m)(x,()) = 1—’[( )(.CIZ,O) = 7—‘07 aix’ ) — l 815‘1:7 ) — O7 (433)

the thermal insulated boundary condition

(m) (m) (m) (m)
O™ (0.0) _ 0508 _ T M(ant) | L™ (ent) _ (4.3D)
ox Ox Ox Ox

and the perfectly thermal-contact interfacial condition

(1) (2)

T (xp,t) = T (2, 1); & :
e (xb ) e ($l, )7 e O e o

(4.3¢)

Here, m = 1, 2 represent the first layer (0 < z < ;) and the second layer (z; < z < xp),
respectively, and 0 < t < tp, T} is the initial temperature, cm (T ) ) = C’égl I im) /T,
and k™ = EEVTI )T where €Y and kY are constant heat capacity and
conductivity.

For the heat source, R = 0.93 is the reflectivity, ¢, = 0.1 (ps) is the full-
width-at-half-maximum duration of the laser pulse, 6 = 15.3 (nm) is the radiation
penetration depth, J = 500 (Jm?) is laser fluency.

The above parabolic two-temperature model and its extension to hyperbolic two-
temperature models coupled with the insulated boundary condition, where 9T, /01 =
01;/0n = 0 and 7 is the outward normal vector on the boundary, have been widely
used in thermal analysis for micro/nanoscale heat conduction in thin films induced by
the ultrashort-pulsed laser heating. We refer readers to references in the literature
such as [172-189] and to Tzou[191] as well as to the references therein for details. In
this study, we would like to develop a neural network method for solving the above

model and predict the lattice and electron temperatures.



4.2 Neural Network Method
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In order for the neural nets to learn better, we make the above equations in

dimensionless form by introducing the following variables:

(m) (m)
ey Lo = To ey _ L — 1o
e TO ’ l TO ’
) t t
gj*zi’ 5*__7 t*:—, t* _p
xr xr tr” Py

Replacing 2™, '™, z, t and ¢, in Eqs. (4.1)-(4.3) based on

(4.4a)

(4.4D)

Eq. (4.4), we obtain

ars™ 9 ars™
C*(m) € — k*(m) € . G*(m) T*(m) . T*(m S* (m) (% t* 4.5
e at* ax* ( e ax* ( e ) + ( m’ )7 ( a)
Ol(m l _ G*(m) (T;(m) _ ’1"[ (m ), (45b)
ot
where the heat source is given as
1-R ; =21
S (1) = 0.94 Jrexp [ —=m —2.77( £y, (4.6)
t%0* 0* tr
with the initial condition
aTy ™ (zx,0)  oT7"™ (2, 0)
Tk, 0) = T/ (27,,0) = 0 ——m2 = 2L om0 (47
e (xm7 ) l (xm’ ) ’ at* at* ’ ( )
the thermal insulated boundary condition
L) _ OO ) _ o OELE) _OLTE) | e
ox* N ox* o ox* B ox* o '
and the perfectly thermal-contact interfacial condition
T*(l)(.l?* t*) _ T*(2)(.CE* t*) k*(l aT — 1.x(2) aT:(2) (4 8b)
¢ b ¢ bes COrt or* '

Here, C;'™ = c0(Tx™ 4 1), k2t

=tk (TE + 1) /(a3 (17 +

1)), G*™ =ty

G J* = J/(xTy), 0 < 2* = x;/2; < 1. For simplicity, we omit asterisks in the

following texts.
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Pam————.. |
9= it
NN1 nitial +
®H— @ { Pde1 ] Q [Bnundlrvl:undlﬁons]
00— Initial +
@__‘___‘ Pde2 T Boundary Conditions

Initial +

dary Conditions

Layer 2 —

E \ ¥ e ! Output

Hidden Layers

Figure 4.2: ANN schematic for solving the parabolic two-temperature model.

Since there are four unknowns (i.e.,Te(l) Te(2),Tl(1),T2(2>)7 we first design four
individual neural nets and make all the neural nets fully connected, as shown in Figure
[4.2] Here, ui, v1 represent the electron and lattice temperatures in the first layer, and
Usg, V9 represent the electron and lattice temperatures in the second layer, respectively.
We assume that neural nets NN1, NN2, NN3, and NN4 have L, Lo, L3 and L4 number

of hidden layers, and M;, My, M3 and M, number of hidden units, respectively. Let
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the input be X = (x,t). The output from NN1, which is the ANN solution u; can be

expressed as

My

w (1) =3 W™ 4o, (4.92)
=1
2 =03 WY 40, j=2,..Li; i=12 .., M: (4.9b)
k=1
zz-(l) = U(Wi(l’o)ai + VVi(l’l)t + b§1’0)), i=1,2,.., My; (4.9¢)

where o is the activation function which is the hyperbolic tangent function (i.e.,
oly) = (e —e¥)/(eY +e7Y)). Here, VVi(l’O), I/Vi(l’l) W,Si’j), I/Vl-(l)7 bgl’o),bgl’j),b(l) are
weights and biases which are to be optimized. For simplicity, we list all the weights
and biases into a vector and denote 81 = [Wl(l’o),--- ,WE{O),WI(M),--- ,Wﬁl’l),

: ,Wl(l), e ,W]Sl),- . ,b§1’°), e ,bgéflo), -+ ,bW]. For the neural net NN2, NN3 and
NN4, we have similar expressions for vy, us, v2 as the above u, and vectors 6@, )

and 0% as set of weights and biases for NN2, NN3 and NN4, respectively. Let

0 =10",02 6% 0W]. We define the loss function as
JLoss(0) = Lossggm + Lossff,)jE1 + Lossfpll))E2 + Lossgg)m

+ Loss% + Loss% + Lossg)c + Lossgé + Loss;p, (4.10)

where Lossglrg B> Lossg%) 525 Loss%), Lossgg, and Lossp are loss functions calculated

based on PDEs in Eqgs. (4.8a)-(4.8b), the initial condition in Eq. (4.7), the boundary

condition in Eq. (4.8a), and the interface condition in Eq. (4.8b), respectively. These
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loss functions are expressed in lo-norm as

Lossm = (m Z U (5,0) — T, (2, 0)]?, (4.11a)
N(BlgrL) N(Blgn)
1 m
Loss{™ = Tl D (0, 8:) =T (0,6 + Y 0 (0, 8;) — T™ (0, £)?]
Npe o i=1
N(2m>

2m Z (1, 8;) — T (1, 4;) 2

+ Z lom (1, ;) — T™ (1, 8) ), (4.11Db)

1
LOSS[F = N_ Z |U,1(l,tz) - Ug(l,ti)|2
IF i—1

1 Juy (1, t;) Juy(l,t;) o
= 2\ ) (2)— 411
+NIFZZI|6 Bz | (4.11c)
N
Losstpp = —gm 2 1CT (wn)o(is 1) = (K™ () o) (i, 1)
PDE =1
+ Gt (23, ;) — V(23,15)] — ST™ (23,85, (4.11d)
. N
Lossih ) = (m > 1CT n)e(wi, 1) — Gl (@i, t) — v (@, 1) (4.11e)
PDE i=1

Here, m = 1, 2 represents the first and second layers, respectively. N I(g), N gém),N ](31(’;”),
Nip and N SZ}E are numbers of training points selected from the initial condition,
boundary condition, interface condition and the interior domain.

To obtain the optimal @ from J7,ss(0), we use a combination of the Adam
Optimization method [168] and the L-BFGS method [169] for optimizing the weights

and biases. The Adam method is a gradient based optimization technique that uses for
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estimates of lower order moments while the L-BFGS is a quasi-Newton method that
uses approximate Hessian matrix. We use the Adam Optimization method because
of its efficiency in computation and fewer memory requirements and because it is
invariant to diagonal re-scaling of the gradients and is well suited for large number
of data points. On the other hand, the L-BFGS method is more stable than other
optimization algorithms and can handle large batch sizes very well. And also since the
L-BFGS uses curvature information from only the most recent iterations, it is more
practical and saves time as well as storage space. The L-BFGS has a tendency to be
attracted to saddle points, whereas the Adam method avoids saddle points. Therefore,
we believe that a combination of both methods could be better. In this study, we first
apply the Adam optimization method followed by the L-BFGS method to achieve
better convergence for obtaining the optimal 6.

Note that the Adam Optimization method involves the hyper-parameters «,
[1, and (o, where « is the learning rate, and 3y, 32 are the exponential decay rates for
the moment estimates. To start the Adam method, we initialize the first and second
moment vector represented by mg and vg to 0. Let 8y be the starting initial weights
and biases of the neural net. And let (67)y represent the individual elements of 8;. We

compute the gradient of Jy,s5(6) with respect to each component in € and store it as

(gj)l = v(@;)OJLOSS<<9;>O)' (412&)

We then update the first and second moment vectors as

(m)1 = Bi(my)o + (1 — Bi)(g;)1, (v = Ba(vj)o+ (1 — B2)(g;)7,  (4.12D)
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After computing the bias corrected first and 2nd moments

m Vs
(M) = 1( 4)11, (7)1 = 1( ])117 (4.12¢)
— P — P2
and hence update 0 as
(05)1 = (7)o — - @ (4.12d)

(01 +€
The process continues till the maximum number N; of iterations is completed and the

Adam optimization @ is saved as Oy, .

We then start the L-BFGS method with 8y = 0y, as
(07)ir1 = (0))i — iBiVi: Jr005(8:), i=0,1,..., Ny — 1, (4.13a)

where N; is the maximum number of iterations, «a; is the step length. Here, B;

represents the inverse Hessian approximation, which is given by
Bi = VZT_IBi_lvi_l + piflsi_lsiT_l, (41313)

where

S; = éi—l—l - éia r, = VGJLoss(éi—l-l) - VOJLoss(éi)v pP; = I‘TS'7 (413C>
T S0 T'o
Vi =1I- pP;TriS; ,BO = I, or B() =7 L (413d)

Note that we store only a limited number of B; implicitly by storing say (w) pairs of
(s;,r;) used in the above equations.

It should be pointed out that because the pulse duration is very short, this
requires the random learning points to be able to catch the pulse in order to obtain
the accurate solution. In this study, we divide the whole time interval into several

sub-intervals and then run the algorithm for the first sub-interval to obtain the neural
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network solutions. Once they are done, we use the solutions at the time end of the
sub-interval as the initial condition for the next sub-interval and run the algorithm
until all the solutions are obtained. In this way, we can obtain a more accurate as well
as faster solution. The main idea is to select a high resolution of training points across
time for the first interval. This ensures the proper catching of the pulse. The next
time intervals can be of lower resolution, and by using the already captured result as
an initial condition we can propagate on the next sub-interval rather quickly, utilizing
fewer points for training. This technique increases the speed as well as accuracy of

the neural network solution.
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4.3 Algorithm

Algorithm: ANN for solving the parabolic two-temperature model

Step 1. Initialize weights and biases in 0y; set maximum iterations
Nz = N1+ Noj select training points X = (x,t) for input;
calculate Jr,s5(60)

Step 2.  Compare with tolerance e (default machine floating-point precision)
or threshold if J7,s5(609) < € or iteration number > N,,,, return 6,
else

Step 3. Adam Optimization method
Set a (learning rate), £;(=0.99), f2(= 0.999), my = 0, vy =0
and k (iteration)
while £ < N; do
E<+—k+1
81+ VoJross(Or—1); my « Bimy_y + (1 — B1)gy;

Vi Bavio1 + (1= B)gi

my, <= my/(1 = BY); Vi, < vi/(1 = B3)

0 < 01 — Oﬂﬁk/(\/@*’ €) (€=107%)
end while and return 6y,

Step 4. L-BFGS method
Set 8y = Oy, w = integer, i + 0

while : < N, do
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S,

set B =Ifori=0and By =

§r°I fori >0
1o
pi < —BiVoJross(0;)
n < min(i,w — 1)
B, « (VI .V, Bo(Vii1 .. Vi)
+0; 1 n(VE VT sy 1 pst (Vien... Vi)
+Pi (Vi1 Vi 1)8i-n8i_n(Vient1.. Vio1)
+.o. 4 Pi1Si—1SE
01 =0; + a;p;
end while and return 0y,
end if
Step 5. Input domain required for prediction; output wuy, vy, us, vo

based on 8y, ; transform uy, vy, us, vo back to the solutions

with dimensions

4.4 Convergence Analysis
Since we require the loss function to be small in the artificial neural network
computation, we may assume that Jr,ss(0) < e, where ¢ is small value. Note that
the neural network solutions, u,,, v,,, are composite functions of hyperbolic tangent

functions, which are smooth functions. Thus, we may assume that they satisfy the

following problem as

Mty Pty
o B _ gl _ G, )4 50 £, (414)
T
m a m m
cmZm _ Gm () 4 o™, (4.14b)
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with initial and boundary condition

U (2,0) = Ty + 1™, vp(@,0) =Ty + ™, (4.15a)
8u1 auQ

0,t W Z2(1,t) = @ 4.15b

5, 0t =0, Z=(L 1) =, (4.15b)

and the interfacial condition at z = x;

0

09U _ e Ote

™ Rt UWD = UD 4oy, (4.16)

Here, gpém), gol(m), ném), #™ 1)y and 1) are functions which are assumed to satisfy

m)

) an’?Wﬂ} Sé?, (4.17)

max{‘gogm
wherem=1for0 <z <z,m=2forxy;<z<1l,and 0 <t <1.
We would like to show the convergence of the ANN solution to the analytical
solutions in Eqgs. (4.5)-(4.8).
Theorem 4.4.1. Assume that the analytical solutions and the neural network

solutions are smooth. The loss function Jy.s(0) < &, where € is small value. Assume

that C{™ and k™ (m =1,2) are constants. Then, it holds

/ / [(EM)Y? 2 dadt + / / EOV 4 (EPV)dadt <eA,  (4.18)

where A is a constant.
Proof. Let B (x,t) = up, — T0™ and EM™ (2,t) = vy, — T™. From Egs.

(4.5)-(4.8) and Egs. (4.14)-(4.16), we obtain E™ and E ) satisfying

oB™ *up, m
e o K 852 — G — BI™) + o™, (4.19a)
o OE™ m m
CimM=ZL . — gm(pm — B 4 ol (4.19b)
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with initial and boundary conditions

E™M(2,0) =0, E™(z,0) =", (4.20a)
aE(l) 8E(2)

° (0,t) = oW C(1.t) =P 4.20b
ax(’>¢’ a£(,)¢, ( )

and the interfacial condition at z = x;

oEW OE®
EW(zy,t) = E@ (), kD=2 t) = k="
e (xl’ ) e (xl’ )+1/)1’ e o (mh ) e o

(x1,t) + o. (4.20c)

Multiplying Eq. (4.19a) by ES™ and Eq. (4.19b) by E™, and integrating
them with respect to x over [0, x;] for m = 1, and over [z;, 1] for m = 2, respectively,

and then summing the results, we obtain

1d
2dt

[l o s g [l Ee o el

oy OB b, 0B &
kD (=) / kO (—)d / GOED — EM2d
o[RS [ KO [T OB - B R

1
+ / GOE® — E?)2dx

Ty

|OE! OEY &
=k EQ g+ kP - EOL + / eV ED da + / oV BV dz
T xr 0 0
1 1
+/ M B dm—l—/ oD EPdz. (4.21)
x] 1)

Based on the interfacial condition and boundary condition Eqgs. (4.20b)-(4.20c), we

have
OB OED OEY OE
W22 pme 4 p(2) 27 p2))l | < |[f(2) c p@ _ ) c g N
e @(L‘ e 10 + e @l’ e ‘xl — [e @l’ e e ax e ]|l
OB ) >aE @)
+ |k, 5 Eo| + |k o E~ |y (4.22a)
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oEM 0 OB
V2= pQ A ey
¢ oz ¢ o'+ ox |xl
OE® OB
< |[kP—=— 5 E® — (kP —— e + ) (B + 91)][a, | + [k oW ED o] + [kP P EP |, |
- 8E ® @ B @) 4(2) (@)
< | 1 V(BT + )]l + k¢ o] + [EP 6P EP],|. (4.22Db)

Using the smoothness of solutions and Eq. (4.17), Eq. (4.22) can be further simplified

to

1) OB 0B

kD= EW)E 4 k@ <eB, (4.23)
Xz

E(2) 1
o e |:cl

where By is a constant. Using the Cauchy-Schwarz inequality and Eq. (4.17), we have

Ty ] 1 1
2/ goe E dx—i—?/ cpl E d:z:—|—2/ gpe E dx—|—2/ g0l(2)El(2)d1,
0 0

xy x

< 2B, + / [CO(EM? 4 V(BN da + / [COED)? 4 P (BP)da,
0

x

(4.24)

. (4.23) - (4.24) into Eq. (4.21)

and then denoting

Ty 1
D(t) = / [CD(EDY? + CHED)dz + / CO(E®Y + CHEP))dz,  (4.25)

0 )

Eq. (4.21) becomes

d

dtD( ) < D(t) +eBy +e°By, (4.26)

implying that

D(t) < et[/ot e (B + &2By)dr + D(0)] < e'[eBy + 2By + D(0)]. (4.27)
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Thus, we obtain

1 1
/ D(t)dt < [eB; + 2By + D(0)] / e'dt
0 0

< [eB1 + &*By + D(0)]e. (4.28)
Note that

D(0) = /Oml[c*é%é”)?+c§”<n§”>2]dw+ / [CO @) + O ()] dae

< &”Bs, (4.29)

where Bj is a constant. We obtain

B, / / [(EW)? ?|dxdt + / / [(E®)? + (E®)?|dadt

1
< / D(t)dt < [eBy + £2By + £ Byle, (4.30)
0

where By = min{C’e(l),C’éz),C’l(l),C'l(z)}, and hence Eq. (4.18) is obtained, where

A= €[Bl + EBQ + 5Bg]/B4.

4.5 Summary
In this chapter, we have presented an artificial neural network (ANN) method
and its algorithm for solving the parabolic two-temperature heat conduction equations
in double-layered thin films exposed to ultrashort-pulsed lasers. Convergence of the
ANN solution to the analytical solution has been analyzed theoretically. This work
has already been published in the journal International Journal of Heat and Mass

Transfer, volume 178, 2021 [196]. The doi for the article is | https://doi.org/10.1016/.
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CHAPTER 5

SIMULATION OF HEAT CONDUCTION IN
GOLD-CHROMIUM THIN FILMS EXPOSED TO
ULTRASHORT-PULSED LASERS

In this chapter, we will present our numerical results obtained based on the
gradient preserved scheme and the neural network method developed in chapters 3
and 4 for solving parabolic two-temperature model in double-layered thin film exposed

to ultrashort-pulse laser heating.

5.1 Results Obtained Based on Gradient Preserved Method

To show the applicability of the Gradient Preserved Method, we consider a
50-nm gold film padding on a 50-nm chromium film, which is exposed to the ultrashort-
pulsed laser heating. This is a benchmark problem given in [80], and the temperature
rise in these two films can be modeled by the well-known parabolic two-temperature

heat conduction model as

Te(m) Te(m) Te(m)
™ (T™) g 4 (k: J — GU(T — 7™ 4 Sz, t),  (5.1a)

ot~ ox \""pm ow ¢ l
( aT(m) )
sz) 8lt = G — Tl(m ), (5.1b)

where the heat source is given as

1-— m t—2t
S(Tm,t) = 0.94 RJeXp (_a:_ —2.77( p)2) : (5.1c)
tp0 J ty
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with the initial condition as
T (z,0) = T™ (2,0) = 300K,

0T (2,0) _ 91" (2,0) _
ot B ot -

the thermal insulated boundary condition as

0T (0.8) _ o™ (0.t) _ o OT(Lt) _ 0T (Lt) _
ax - 8x - al’ - (9:5 -

and the thermal perfectly insulated interfacial condition as
or 1 or?

e S
L) 252 ’
T(l) ox T(l) ox

TO(,t) =TV (1, 1).
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(5.1d)

(5.1e)

(5.1f)

(5.1g)

(5.1h)

Here, m = 1,2 represents the gold layer (0 < z < [) and the chromium layer

(I <z < L), respectively, with [ = 50 (nm) and L = 100 (nm). 7, and 7} are the

electron and lattice temperatures, respectively, k,, is the thermal conductivity, G(™

is the electron-lattice coupling factor, C™ = (CO)™T, /Ty and C™ are the electron

heat capacity and the lattice heat capacity, respectively. The thermal properties of

these parameters are listed in Table [80].

Table 5.1: Thermal properties of gold and chromium.

\ Parameters \ Gold \ Chromium
G 2.6 x 10 Wm3K=! | 42 x 10'® Wm3K~!
CY 2.1 x 10" Jm—3K™! 5.8 x 10" JmPK™!
C 2.5 x 10% Jm—3K™! 3.3 x 10° Jm—3K™!

k 315 Wm1K™! 94 Wm 1K
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For the heat source, R = 0.93 is the reflectivity; ¢, = 0.1 (ps) is the full-width-
at-half-maximum duration of the laser pulse; § = 0.1 (fs) is the radiation penetration

depth, and J = 500 (Jm?) is laser fluency.

It can be seen that Eq. (5.1a) is virtually a nonlinear equation. To apply our
present method to the model, we employ three levels in time, n — 1, n, n + 1, where

in our scheme Eq. (3.56), is set to be

T
L (@, tn)
Com(Tm) = CE(TE (1)), (5.2b)

. As such, the scheme for solving the above model can be expressed for the left

hand-side boundary as

1 Te(l) n __ Te(l) n
nd (T + 08 (T = 1 (k)1 T TEH o yar)
h b (kia)o (W) (1) _ A1)
_ - / _ T n
+[ 12 24 (kl)[) ]a (tn)+/81G ( e l )0
+ BGOTH — T+ o (5.3a)

for the first layer as
(0a) ;0 (T2 4+ (05);0:(TE) D + () ;00 (T

1 h?
A CONEEEE

(Dl)j—&—%]((fe(l))?—i-l - (Te(l));‘t) - ﬁ[(lﬁ)]_%

h2 = (1)\n 7= (1)\n T T n
= 51Dy = (@)50) + 60T = 1),

+HGOTD — T+ GO T~ T)p + 1< <l-1 (53D)

e
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for the interface as
a7 (TP y + a1ob (T + a0 (TN

= oloo(k)s (T — T2 — ey (B - (@)

+ BsGO(TD — TN 4 B:GO(TD — TN + apBeGP(TY — TPy,

+ B GO (TP — T | + (5.3¢)

for the second layer as

~ n ~ n ~ n 1 h2
(64);0(T)5 )+ (655);00(T2) 7 + (6) ;0 (T = ﬁ[(kQ)jJr% — 57 (D2)j+1l
_ N h? n n
(T2)0 = () = 5k s = 53(D2); )LL) — (L))

+ BSG@) (Te(z) - TZ(Z))T'L— + 64G(2)(Te(2) - TZ(Z))T.L + 65G(2)( 78(2) - Tl(2))?+1

+fMI+1<j<N—-1m (5.3d)

for the right hand-side boundary as

STV, + a8 (TN, = ashanstn) — (k) y T T o
s Py 4 goo@® -1y
12 24 (ko) y
+ BGOTD TP + fi (5.3¢)
where
s = (15)CO T, (5.40)

12



95

as = (1+ 210000 (ko (K1zaz)o]
+ ey el 2 ABhE ez, a0
=tk 2 b Sl
+ [% - Z—z({:f))oo](&)a‘ + Z—i(Sm)g; (5.4d)
o= (G s Il et ooy, s
82 = (55)COTP), (5.5b)
e L o (W
- Py Z Wb, cery,
(5.5¢)
e ks B bl st
-+ 3 s+ s (550
(o) = (5 + 37 (IO Ty (5.60)
(as); = ()OO TO, (5.60)
(00); = (5 = 37 oY) (5.60)
(D), = 2[(23;%]2 — (K1za)j4 1, (5.6d)
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fp = el 2 Oy g i)y g0 Wi e (5
12 (k)3 12 (k) T 12 v (5.Ge)
50— (- h (k2a:)Jfl (2) ((2)\n
(014)] - (12 + 24 (k2)j—1 )Ce (Te )j’ (56&)
(G5); = (2)c@(T@)n
5); = ()G (T (5.6b)
. 1 h (koy)jt1
gl = (— — — (2) ((2)\n
( 6)] (12 24 (kQ)y.i,.l )Ce (Te )j? (570)
[(ka)j-i-l]Q
(D2)j+% - Zm - (k:2$$>j+%a (57(:1)
7 h? (ka)j(Kk2e)j — (k2>2' 1 p? (koz); h?
fr=n-—= J J 1ghte L \M2e)j n_ nts
! 12 (ka)3 15; 12 (k2); (Se)j o+ 12<Sm)j + (5.7¢)
=14 h2 [(ku)l,gku)lﬁ (k)2 = 2(ka)im + (kl)l] .
12(/€1)l_% (lﬁ)l—% 212 ) ( . a)
Go— 14 h2 [(kzx)H%(/{?Qz)H% (k) =20k + (l{;l)l+2] -
12(k2)l+% (k2>l+% 2h2 ) (5.8b)
o =
07 dy’ (5.8¢)
3 h (kiz)—1 1
= [= - e 2 o@Wpyn
as = [gas + o s 57 Ce (T )iy (5.8d)
1 ho(kie)ioy 1
=[-aqg — — 2 o 1) n
a7 [8a9 24 (kl)l_l + 24]03 (Te )l_la (5.86)
- 3 h (ka)l-i-l 1
= [=fg — — 2 4 0@ p@2)yn
8 [80z9 24 (k’z)H; + 24]03 (Te )l+%’ (5.8f)
1 ho(kea)ipr 1
lge— s L@@y
=50 Ty, 20 0y (5-8g)

aip = ag + apas, (5.8h)



97

ag h (Rt ap1 —agh b

e (k) s + s T oa) (Sl

Fadl( P+ sy, - (- s e
Br=p1 = 1_25, By = = I—;, (5.9a)
Bs = I—; - 2—];]21””8, (5.9b)
fum 24 12 bl () 590
Bs = 1—21 + %]2?(%), (5.9d)
s = 1_21 - %%:(f))’ (5.9¢)
Bs = I—Ql - %%;8, (5.9g)
o= =3 (<]2f>>ll_f B (<]Z>):f g 6
Br = —éag + Q—Z ((]:S)ll; — 2—14, Br = _%dg + % (<k::)):; ~ ot (5.91)

Here, we use the notations
(T — (T?)?+12—T(T?)?_l (T = () -QF (TQ”)?*,
@™y = (75 ;F (Tm;

In our computation, we chose 40 grid points in the z-direction with h =

2.5 x 107%(mm) and 7 = 0.001(ps). Based on our scheme, we obtained that the
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maximum temperature rise is 3474.80 (K). Figure represents electron temperature
profiles and lattice temperature profiles respectively at various times in the 50-nm
gold/ 50-nm chromium two-layer film during 0.1 (ps) laser pulse heating with J = 500
Jm™2. As compared with Fig. 6 given in [80], our numerical results are not visibly
different from those shown in Fig. 6 in [80]. In particular, we would like to point out
that Fig. 6 in [80] was obtained based on the Cranck-Nicolson scheme on a 400-grid
point mesh, which is a second order accurate scheme. On the other hand, our results
were obtained based on a 40-grid point mesh, which is many fewer grid points. This

indicates the advantage of our higher-order compact scheme.

5.2 Results Obtained Based on the Artificial Neural Network Method

To test the applicability of the present artificial neural network method and its
algorithm, we consider the parabolic two-temperature heat conduction model in Egs.
(4.1)-(4.3) in three cases: (i) linear one dimension where C{™ and k{™ are constants;
(ii) nonlinear one dimension where clm = C’e(g1 I /Ty and B = ki?)Tém) / Tl(m);
and (iii) nonlinear two dimensions in 2 and y where C™ = CUVT{™ /Ty and k™ =
k:égl)Te(m)/ﬂ(m). In the algorithm, we chose 3; = 0.99, 5; = 0.99, ¢ = 1078,

Case 1 (Linear one dimension). We consider a 50nm gold layer padding
on a 50nm chromium layer exposed to a ultrashort-pulsed laser heating where the
parameters in the energy absorption rate were chosen to be J = 13.4 (J/m?), R = 0.93,
t, =100 (fs), 6 = 15.3 (nm) [I70], the thermal properties of gold and chromium were

listed in Table and Ty = 300 (K). Since a lower laser fluence J was chosen, we

assumed CL™ = C and k™ = k3" in BEq. (4.1a), which becomes a linear equation.
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For this case, we would compare our ANN solutions with those obtained in
[116], where the time interval is 0 < t < 1 (ps). To catch the pulse duration, we
first divided the time interval into three sub-intervals as (i) 0 < ¢ < 0.5 and (ii)
0.5 <t <1.0. For 0 <t < 0.5, we made a dimensionless transformation based on
Eq. (4.4) where t7 = 0.25. We then discretized ¢ and x into 400 and 400 grid points,
respectively, and chose randomly 80 grid points as initial, boundary, and interface
training points for Eqs. (4.7)-(4.8) from the discretized set of points.We further
used the Latin hypercube sampling technique[86] to select 25,000 computer-generated
random points as training points for the PDEs in Eq. (4.5) in each layer within the
dimensionless domain of 0 < ¢ < 1 and 0 < x < 1. Because the pulse occurs in this
time sub-interval, we designed 11 hidden-layers with 150 units each for the neural
nets in Figure to capture the pulse. In our algorithm, we set the iteration number
N1 = 50000 for the Adam optimization method and N, = 50000 for the L-BFGS
method. Based on the algorithm, we obtained the final value of the loss function to be
9.668900 x 107°, and hence obtained the values of weights and biases for ui, vi, us,
and vy in this sub-interval. The training time for this interval was 20493.2312 seconds.

For 0.5 <t < 1.0 (ps), we first used the obtained values of u;, vy, ug, and vy at
t = 0.5 (ps) as the initial values for the PDEs in Eq. (4.5). and made a dimensionless
transformation based on Eq. (4.4), where to = 0.5, t7 = 1.0 and

*

o b=ttt

= = . 5.9
tr —to Pty —tg (59)

We then discretized ¢ and x into 100 and 200 grid points, respectively, and chose

randomly 50 grid points as initial, boundary, and interface training points for Eqs.
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(4.7)-(4.8) from the discretized set of points, and then we selected 20,000 computer
generated random points (using latin hyper cube sampling technique) as the training
points for the PDEs in Eq. (4.5) in each layer. We kept the hidden layers and units
as well as the number of iterations same as those used for the first time interval, and
based on the algorithm, we obtained the final value of the loss function to be 7.312010
x 107°, and the values of u1, v1, us, and vy, in this sub-interval. The training time
for this interval was 19271.5810 seconds.

Figure 5.2 shows electron temperature profiles and lattice temperature profiles
respectively at various times ¢ = 0.2,0.25,0.5,1.0 (ps), respectively. As compared
with Figures 2 and 3 obtained in [I70], we see from Figure that our present results
agree well with those in [I70].

Case 2 (Nonlinear one dimension). We considered a 50nm gold layer
padding on a 50nm chromium layer exposed to a ultrashort-pulsed laser heating where
the parameters in the energy absorption rate were chosen to be J = 500 (J/m?),
R =10.93, t, =100 (fs), 6 = 15.3 (nm) [80], and Tj = 300 (K). Since laser fluence J is
higher, we chose C™ = CUVTI™ /Ty and k™ = KT /7™ in Eq. (4.1a), which
becomes a nonlinear equation.

For this case, we would compare our ANN solutions with those obtained in
[80]. Note that the initial condition in [80] was set at t = -2¢,. We chose the time
interval to be 0 < t < 6.2 (ps) in our computation. Once the solutions were obtained,
we shifted the time back by -2t, to compare with those in [80]. To simulate the
nonlinear heat conduction, we divided the time interval into three intervals as: (i)

0<t<0.7, (ii) 0.7 <t < 1.2 and (iii) 1.2 < ¢t < 6.2. We discretized ¢ and z into
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500 and 400 grid points, respectively, and chose randomly 50 grid points as initial,
boundary, and interface training points for Eqs. (4.7)-(4.8) from the discretized set
of points. Then we selected 10,000 computer generated random points (using latin
hyper cube sampling technique) as training points for the PDEs in Eq. (4.5) in each
layer. Here, we used higher resolution points in ¢ to capture the pulse properly. In
our algorithm, we employed 4 hidden-layers with 100 units each for the neural nets
in Figure and set N; = Ny = 50000. Based on the algorithm, we obtained the
final values of the loss function at t = 0.3 (ps) and ¢t = 0.7 (ps) to be 4.7904734 x
107°, and hence obtained the values of weights and biases for u;, vy, us, and v, in this
sub-interval. The training time for this time interval was 4095.0951 seconds.

For 0.7 <t < 1.2, we used 4 hidden layers with 80 hidden units each and
discretized t and x into 300 and 200 grid points, respectively, with 40 grid points as
initial, boundary and interficial training points and the same number of training points
for the PDE’s and the same number of iterations as used in the first time sub-interval.
Based on the algorithm, we obtained the final loss function value to be 6.262183 x
1073, and hence obtained the values of weights and biases for u, vy, us, and vy in this
sub-interval. The training time for this tie interval was 4189.9203 seconds.

For 1.2 <t < 6.2, we used 5 hidden layers with 120 units each and discretized
into dimensionless intervals 0 <t < 1 and 0 < x < 1 into 400 and 200 grid points,
respectively, with the same numbers of training points for initial, boundary, and
interface as above but 20,000 training points for the PDEs in Eq. (4.5) for each layer.
Here, we selected more training points of slightly higher resolution and more number

of layers and units because the time interval is longer as compared to the other time
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intervals. Based on the algorithm, we obtained the final loss value to be 3.4241533 x
107°. The training time for this time interval was 4860.0788 seconds.

Figure 5.3 shows electron temperature profiles and lattice temperature profiles
at various times ¢ = 0.1,0.5,1.0,2.0,6.0 (ps), respectively, which were obtained based
on the solutions of uy, vy, uy and vy after the time was shifted back by -2¢,. As
compared with FIG. 6 obtained in [80], we see from Figure that the present
solutions agree well with those obtained in [80].

It should be pointed out that for the linear case, more hidden layers and units
along with more training points were used as compared to the nonlinear case. This
is because for the linear case, the lattice temperature remains almost same for most
of the part except for a very small jump at the interface. To capture such a small
jump, the number of layers and units needs to be high along with more training points.
Furthermore, from our experience more high resolution training points are needed
to capture the pulse. Once the pulse is captured, one may use fewer training points,
layers and units for the other time intervals.

Case 3 (Nonlinear two dimensions). We extended the above Case 2 to a

two-dimensional case, where the parabolic two-temperature model is given as
com gL _ 0 (T O 0 (o T 9T
e ot o U0 1™ O oy \" 7™y

— Gm)(Tm) Tl(m)) + S(xpm, y, 1), (5.10a)

= Gm(Tm — Tl(m)), (5.10Db)
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with the heat source

1-R Tm (Y —10)° t =2t
=0.94 —_— = 277 5.10
S t) = 094 oxp (2 = e D FRNCRUS

the initial condition

o1 (2,y,0) 9T (x,y,0)

1w,y 0) = T (9, 0) = T, or O (G100
the thermal insulated boundary conditions
OL™ 0,y t) _ L™ Oyt) _ o LM (anyt) _ O™ @nyst) _ 50
ox B Ox o Ox B ox T
8Te(m)(x,(),t) B aTl(m)(x,O,t) _0 (9Te(m)(x,yL,t) B 8Tl(m)(x,yL,t) 0, (5.100)
Ox N Ox - Ox N Ox o
and the interfacial condition at x = x;
T ortV ¥ o1
o e ol 9 e (5.10g)

Tl(l) or @ Tl(z) ox

Here, m = 1,2 represents the first layer (0 < x < x;, 0 <y <y ) and the second
layer (x; < x <z, 0 <y < yr), respectively.

We would like to point out that in the two dimension case, zgl) in Eq. (4.9¢)

changes to

2D = (W 4 W0y 4wty 4 p 0y, i=1,2,..., M; (5.11)

(2 3

Also, the loss function in Eq. (4.10) will have additional loss terms from the other
boundaries as shown in Eq. (5.10).

For this case, we considered a 50nmx 1000nm gold layer padding on a
50nm x 1000nm chromium layer exposed to a ultrashort-pulsed laser heating where the
parameters in the energy absorption rate were chosen to be J = 500 (J/m?), R = 0.93,

t, = 100 (fs), 6 = 15.3 (nm) [80], Tp = 300 (K), and w = 10 (m) [I71]. We compared
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our ANN solutions with those obtained in [80], where the time interval is 0 < ¢ < 6.2
(ps).

Again we first divided the time interval into four subintervals as: (i) 0 < ¢ < 0.7,
(i) 0.7 <t < 1.2, (i) 1.2 < ¢t < 2.2 and (iv) 22 <t < 6.2. For 0 < ¢ < 0.7, we
employed 5 hidden layers with 100 units each for the neural nets in Figure . We
discretized the dimensionless intervals 0 <t < 1,0 < x <1 and 0 <y < 10 into 500,
1200 and 500 grid points, respectively, and chose randomly 400 grid points as initial,
boundary, and interface training points for Egs. (5.10d)-(5.10g) from the discretized
set of points. Then we selected 35,000 computer generated random points (using latin
hyper cube sampling technique) as training points for the PDEs in Eq. (5.10a)-(5.10b)
in each layer within the dimensionless domain of 0 <t <1, 0<x <1land 0 <y < 10.
In our algorithm, we set the iteration number N; = 100000 for Adam Optimization
method with learning rate of 0.0001 and N, = 50000 for L-BFGS method. Based on
the algorithm, we obtained the final value of the loss function to be 5.89723 x 1076
for t =0.3 and t = 0.7 (ps). The training time for this time interval was 21584.0974.

For 0.7 <t < 1.2, we kept the same neural net structure and discretized ¢ ,
x and y into 100, 600 and 400 grid points with selection of 150 random grid points
as initial, boundary, and interface training points for Egs. (5.10d)-(5.10g) from the
discretized set of points. We further selected 10000 computer generated random points
(using latin hyper cube sampling technique) as training points for the PDEs in Eq.
(5.10a)-(5.10b) in each layer within the dimensionless domain of 0 <t < 1,0 <z <1
and 0 < y < 10. In our algorithm, we set the iteration number N; = Ny = 50000 for

both Adam optimization and L-BFGS method. Based on the algorithm, we obtained
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the loss function value to be 2.5809063 x 107%. The training time for this time interval
was 14599.0725 seconds.

For the rest of the time subintervals, we kept the same configuration and
number of training points used for 0.7 < ¢ < 1.2. Based on the algorithm, we obtained
the values of loss function to be 2.5809063 x 1075 and 6.2730214 x 1077, respectively.
The training time for all these time intervals was quite close to the previous time
interval.

Figure [5.4] shows the electron temperature profiles and lattice temperature
profiles at the cross-section y = 500 (nm). One may see from the figure that the result
agrees well with that in the nonlinear case and that obtained in FIG. 6 obtained in
[80]. Figure and Figure display contours of electron temperature distributions
and lattice temperature distribution at various times ¢ = 0.1,0.5,1.0,2.0,6.0 (ps),

respectively.

5.3 Summary
In this chapter, we have applied the Gradient Preserved Method and Artificial
Neural Network Method to solve the well-known parabolic two-temperature heat
conduction model and predict the electron and lattice temperatures of a 50-nm gold
film padding on a 50-nm chromium film, which is exposed to the ultrashort-pulsed
laser heating. We have then compared both the results with each other and also with

the benchmark results. Results show that they agree well with each other.
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Figure 5.1: (a) Electron temperature and (b) lattice temperature profiles at various

times in a 50-nm gold/ 50-nm chromium two-layer film, with interface at 50-nm,
during 0.1 (ps) ultrashort-pulsed laser heating at a fluence of 500 Jm~2 .
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Figure 5.2: (a) Electron temperature and (b) lattice temperature profiles at various
times in a 50-nm gold/ 50-nm chromium two-layer film, with interface at 50-nm,
during 0.1 (ps) ultrashort-pulsed laser heating at a fluence of 13.4 Jm~2,



4000

3500

3000

2500

2000

Electron temperature (K)
&
(=]
o

-
[=]
[=]
o

500

650

Lattice temperature (K)
B P [$)] [$)] [<2]
(=] [$)] (=] a (=]
o o o o o

[2]
a
o

X (nm)

300
0

—0.1ps
= =05ps | -
v PS
—==2ps i

- =6 ps

108

Figure 5.3: (a) Electron temperature and (b) lattice temperature profiles at various
times in a 50-nm gold/ 50-nm chromium two-layer film, with interface at 50-nm,

during 0.1 (ps) ultrashort-pulsed laser heating at a fluence of 500 Jm~2 .
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Figure 5.4: (a) Electron temperature and (b) lattice temperature profiles at various
times in a 1000-nm wide, 50-nm gold/50-nm chromium two-layer film, with interface
at 50-nm along the x-axis, during 0.1 (ps) ultrashort-pulsed laser heating at a fluence
of 500 Jm~? at the cross section y= 500(nm).
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CHAPTER 6

CONCLUSIONS

In this dissertation, we have developed two computational methods for solving
heat conduction in double layers. In the first method, we have presented an accurate
compact finite difference scheme for solving the heat conduction equation with spatially
variable coefficients in double layers. The scheme is obtained based on the three-
grid point Compact Finite Difference Method. While deriving the scheme, we have
preserved the derivative term on the boundary and interface and hence we call
it the Gradient Preserved Method. We have then shown by the Discrete Energy
Method that the scheme is unconditionally stable and fourth order accurate in space
and second order accurate in time. The method is tested by an example to verify
the convergence order and accuracy. This method is extended to deal with the
temaperature-dependent coefficient case, which is shown with the applicability of
the present method in predicting the temperature profiles when a gold-chromium
micro-scale double layer is exposed to an ultrashort pulsed laser heating. We compared
the result with the benchmark in[80] and showed that with our method we can achieve
the same result using 1/10th of the grid-points used in that benchmark.

In the second method, we have presented an Artificial Neural Network (ANN)
method and its algorithm for solving the parabolic two-temperature heat conduction

equations in double-layered thin films exposed to ultrashort-pulsed lasers. Convergence
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of the ANN solution to the analytical solution has been theoretically analyzed. We have
tested the ANN method and its algorithm in three cases for predicting the electron and
lattice temperatures in a gold layer padding on a chromium layer exposed to ultrashort-
pulsed lasers. Results show that the present ANN method is promising. This present
ANN method and its algorithm can be easily extended to three-dimensional cases or
to deal with the parabolic N-temperature model where there are N energy carriers in
the materials such as cells exposed to ultrashort-pulsed lasers [192, 193], 194] [195]. It
should be pointed out that when N is large, solving the N-temperature model using
the common numerical methods will be very tedious. However, the present ANN
method can solve the N-temperature model more effectively with the aid of GPU
computing. Also, this method shows in general the way to capture very high shock
values using neural networks.

In the future, the research will focus on thermal analysis in three-dimensional
multi-layered thin films, and/or more complicated geometric materials, as well as other
models related to the ultrashort-pulsed laser heating, especially when the mean free
path of the electron is larger than the length of the material. Also, further research
will be directed towards: (i) making the ANN method faster and (ii) combining the

numerical method and the neural network method to come up with a hybrid technique.
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